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Résumé

Cette these porte sur des problémes de statistiques mettant en jeu une série temporelle multivariable y;,
de grande dimension M définie comme la somme d’un bruit gaussien blanc temporellement et spatiale-
ment et d'un signal utile généré comme la sortie d’'un filtre 1 entrée / M sorties a réponse impulsionnelle
finie excité par une séquence déterministe scalaire non observable. Si I'on suppose que y est observé
entre les instants 1 et N, un bon nombre de techniques existantes sont basées sur des fonctionnelles
de la matrice de covariance empirique Ry, des vecteurs de dimensions ML (y(nL))n:l,m,N obtenus en em-
pilant les vecteurs yi entre les instants n et n+ L —1, ou L est un parametre bien choisi. Lorsque 'on
est en mesure de collecter un nombre d’observations trés nettement plus grand que la dimension ML
des vecteurs (y(nL))n:Lm,N, Ry, a le méme comportement en norme spectrale que son espérance math-
ématique, et cela permet d’étudier les techniques d’inférences basés sur Ry, par le biais de techniques
classiques de statistique asymptotique. Dans cette these, nous nous intéressons au cas ou ML et N sont
du méme ordre de grandeur, ce que nous modélisons par des régimes asymptotiques dans lesquels M et
N tendent tous les deux vers I'infini, et ot1 le rapport ML/N converge vers une constante non nulle, L pou-
vant aussi croitre avec M et N. Les problémes que nous résolvons dans ce travail nécessitent d’étudier
le comportement des éléments propres de la grande matrice aléatoire R;. Compte tenu de la structure
particuliere des vecteurs (y%))nzl,._,,N, R; coincide avec la matrice de Gram d’une matrice Hankel par
bloc X1, et cette spécificité nécessite le développement de techniques appropriées.

Dans le chapitre 2, nous nous intéressons au cas ou le nombre de coefficients P de la réponse im-
pulsionnelle générant le signal utile et le parametre L restent fixes quand M et N grandissent. La ma-
trice Xy, est alors une perturbation de rang fini de la matrice Hankel par bloc Wy, constituée a partir
du bruit additif. Nous montrons que les éléments propres de Ry, se comportent comme si la matrice
W, était a éléments indépendants et identiquement distribués. Cela nous permet d’aborder I'étude de
tests de détection du signal utile portant sur les plus grandes valeurs propres de Ry, ainsi que la mise en
évidence de nouvelles stratégies de détermination du parametre de régularisation de filtres de Wiener
spatio-temporels estimés a partir d'une séquence d’apprentissage. Techniquement, ce dernier point est
abordé en caractérisant le comportement asymptotique des éléments de la résolvente de la matrice Ry.
Nous montrons enfin également que ces résultats permettent d’analyser le comportement d’algorithmes
sous-espace de localisation de sources bande étroite utilisant la technique du lissage spatial.

Dans le chapitre 3, motivés par le cas ou P et L peuvent tendre vers I'infini, nous nous écartons
quelque peu du modele initial, et supposons que la matrice X1 estla somme de la matrice aléatoire Han-
kel par bloc Wi, avec une matrice déterministe sans structure particuliere. En utilisant des approaches
basées sur la transformée de Stieltjes et des outils adaptés au caractere gaussien du bruit, nous montrons
que la distribution empirique des valeurs propres de R; a un comportement déterministe que nous car-
actérisons. Sous réserve L2/MN tende vers 0, nous faisons de méme pour les éléments de la résolvante
de RL.

Dans le chapitre 4, nous revenons au modéele initial, mais supposons que P et L tendent vers I'infini
au méme rythme. Dans ce contexte, la contribution du signal utile a la matrice X est une matrice dontle
rang tend vers l'infini, et les techniques utilisées dans le chapitre 2 ne sont plus applicables. En utilisant
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les résultats du chapitre 3, nous établissons que si L2/MN tende vers 0, les éléments de la résolvante
de Ry se comportent comme les éléments d’'une matrice déterministe qui coincide avec 1'équivalent
déterministe de la resolvente d’'un modeéle information plus bruit dans lequel les éléments de la matrice
de bruit sont indépendants et identiquement distribués. Dans le cas ot L/M tend vers 0, ceci nous
permet d’étendre les résultats du chapitre 2 relatifs a la détermination du parametre de régularisation
des filtres de Wiener spatio-temporels estimés a partir d'une séquence d’apprentissage.



Abstract

This thesis focuses on statistical problems involving a multivariate time series y; of large dimension
M defined as the sum of gaussian white noise temporally and spatially and a useful signal defined as
the output of an unknown finite impulse response single input multiple outputs system driven by a
deterministic scalar nonobservable sequence. Supposing (y,).=1,..N is available, a number of exist-
ing methods are based on the functionals of empirical covariance matrix Ry, of ML-dimensional vectors
(yg“)) n=1,..,N obtained by stacking the vectors (yi)k=n,.. n+1—1, where Lis a relevant parameter. In the case
where the number of observations N is much larger than ML the dimension of vectors (y%L)) n=1,..N» Ry
behaves as its mathematical expectation in the sense of spectral norm. This allows us to study the infer-
ence technique based on Ry, via classical techniques of asymptotic statistics. In this thesis, we interested
in the case where ML and N have the same order of magnitude, we call this the asymptotic regimes in
which M and N converge towards infinity, such that the ratio % converges towards a strictly positive
constant, given that L may scale with M, N. To solve the problems in this work, it is necessary to investi-
gate the behaviour of the eigenvalues and eigenvectors of the random matrix R; . Taking account of the
particular structure of vectors (y%)) n=1,..N R coincides with the Gram matrix of a block-Hankel matrix
21, and this specificity requires the development of appropriate techniques.

In chapter 2, we interested to the case where the number of coefficients P of the finite impulse re-
sponse generated the useful signal and the parameter L remain fixed when M, N grow large. As a con-
sequence, the matrix Xy, is a finite rank perturbation of block-Hankel matrix W, composed of additive
noise. We prove that eigenvalues and eigenvectors of Ry behave as if the entries of matrix Wy are inde-
pendent and identically distributed. This allows us to construct detection tests of useful signal based on
largest eigenvalues of Ry and to develop new estimation strategies of the regularization parameter of the
spatio-temporal Wiener filter estimated from a training sequence. This approach is characterized by the
asymptotic behaviour of the resolvent of matrix R;. We also prove that these results provide consistent
subspace estimation methods for source localization using spatial-smoothing scheme.

In chapter 3, motivated by the case where P and L may converge towards infinity, we move off some-
what the initial model. We suppose that the matrix Z; is the sum of the block-Hankel random matrix Wr,
with a deterministic matrix without particular structure. Using the approaches based on Stieltjes trans-
form and tools adapted to gaussian noise, we prove that the empirical eigenvalue distribution of Ry has
deterministic behaviour which we shall describe. Provided 1\%_; converges towards 0, we do likewise for
the elements of the resolvent of Ry.

In chapter 4, we return to the initial model, but we suppose that P, L converge towards infinity with
the same rate. In this context, matrix X1 is a matrix whose rank goes to infinity, and thus the techniques
employed in chapter 2 are not applicable. Using the results obtained in chapter 3, we establish that
when 1\%_?\1 goes to 0, the elements of the resolvent of R; behave as the elements of a deterministic matrix
which coincides with the deterministic equivalent of the resolvent of the information plus noise model in
which entries of the noise matrix are independent and identically distributed. In the case where ﬁ goes
to 0, this allows us to extend the results of chapter 2 related to the determination of the regularization
parameter of the spatial-temporal Wiener filter estimated from a training sequence.



Chapter 1

Introduction

1.1 Introduction

Due to the spectacular evolution of data acquisition devices and sensor networks, it becomes common
to be faced to multivariate signals of high dimension. Very often, the sample size that can be used in
practice to perform statistical inference cannot be much larger than the dimension of the observation
because the duration of the signals are limited, or because their statistics are not time-invariant over
large enough temporal windows. In this context, it is well established that fundamental statistical signal
processing techniques implemented in existing systems (e.g., source detection, source localisation, esti-
mation of various kinds of spatial and spatio-temporal filters, or of equalizers, blind source separation,
blind deconvolution and equalization,...) show poor performance. It is therefore of crucial importance
to revisit the corresponding problems, and to be able to propose new algorithms with enhanced per-
formance. In the last decade, a number of mathematical tools were thus developed in the context of
high-dimensional statistical signal processing. Among others, we mention the use of possible sparsity of
certain parameters of interest, and large random matrices. This thesis concentrates on the development
of large random matrix tools, and to their applications to important high-dimensional statistical signal
processing problems.

Large random matrices have been proved to be of fundamental importance in mathematics (high di-
mensional probability and statistics, operator algebras, combinatorics, number theory,...) and in physics
(nuclear physics, quantum fields theory, quantum chaos,..) for along time. The introduction oflarge ran-
dom matrix theory in electrical engineering is more recent. It was introduced at the end of the nineties
in the context of digital communications in order to analyse the performance of large CDMA and MIMO
systems. Except the pioneering work of Girko ([26], [27]), the first works using large random matrix the-
ory in the context of multivariate statistical signal processing were published in the second part of the
2000s, see e.g. [53], [54], [565], [40], [57], [43], [58]. These works were followed by a number of subse-
quent contributions, e.g. [12], [16], [17], [18], [19], [72], [33], [74], [79], [80]. The common point of the
above mentioned works is to address statistical inference problems for the narrow band array processing
model, also called the linear static factor model in the statistical terminology. In this context, the obser-
vation is a M-dimensional signal y,, defined as a noisy version of a low rank K useful signal on which
various informations have to be retrieved from samples (y,);=1,..N. In particular, one may want to de-
tect the presence or the absence of the useful signal, to estimate its rank K, the corresponding signal
subspace, or to estimate certain parameters (e.g. direction of arrival). A number of statistical inference
methods are based on the observation that the relevant informations are contained in the "true" spatial
covariance matrix R = E(y,y}), and that, in the case where M << N, the empirical spatial covariance ma-
trix R behaves as R. Therefore, many detection / estimation schemes use functionals of R, which, when
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M << N, behave as the corresponding functionals of R. When M and N are large and of the same order
of magnitude, it is well established that R is a poor estimate of R in the sense that functionals of R do
not behave as the functionals of R. The above mentioned papers developed methodologies that allow
to evaluate the behaviour of functionals of R in the asymptotic regime M and N converge towards infin-
ity at the same rate, and to take benefit of the corresponding results to propose improved performance
statistical inference schemes.

In the present thesis, we address statistical inference problems for the wide band array processing
model in which the useful signal is low rank in the frequency domain, or, in other words, coincides with
the output of an unknown K inputs / M outputs filter (with K < M) driven by a K-dimensional time
series. In this case, the empirical spatial covariance matrix does not convey enough information on
the low rank component, and several inference schemes are rather based on empirical spatio-temporal
covariance matrices R defined as the empirical covariance matrices of augmented ML-dimensional
vectors yg“) =(yL,... ,yfl +L_1)T where L is a relevant parameter. Our goal is thus to study the asymptotic
behaviour of functionals of random matrices R when M and N converge towards infinity, to use the
corresponding results to analyze the performance of traditional detection / estimation schemes, and to
propose improved methods. The main originality of this research program follows from the particular
structure of the ML x N augmented observation matrix Yy, = (y(lL), . ,y%) ). This matrix has a block-Hankel
structure, so that the analysis of the asymptotic behaviour of R = YLY; /N needs the establishment of
new results.

1.2 Review of useful known results.

In this section, we review some fundamental results concerning large empirical covariance matrices.

1.2.1 The Marcenko-Pastur distribution.

The Marcenko-Pastur distribution was introduced 40 years ago in [52], and plays a key role in a num-
ber of high-dimensional statistical signal processing problems. In this section, (v,),=1,. N denotes a se-
quence of i.i.d. zero mean complex Gaussian random M-dimensional vectors for which E(v,v}) = 6%Iy.
We consider the empirical covariance matrix

1N .
— v,V

which can also be written as

I
— ) vV =
Nn:1nn NWN

where matrix Wy is defined by Wy = .,VNn). Wy is thus a complex Gaussian matrix with inde-

L

\/ZN (Vl yeo
pendent identically distributed A% (0, %) entries. When N — +oo while M remains fixed, matrix WNW;T
converges towards Iy in the spectral norm sense. In the high-dimensional asymptotic regime defined
by

M
M—>+oo,N—>+oo,dN=ﬁ—>d>0 1.2.1)

it is well understood that ||WNW;] — oIyl does not converge towards 0. In particular, the empirical
distribution iy = ﬁ Z%: 1 SMN of the eigenvalues A; Ny =... = Ay N Of WNWI’iI does not converge towards

the Dirac measure at point A = 0. More precisely, we denote by U4 o2 the Marcenko-Pastur distribution
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of parameters (d, 02) defined as probability measure

VA=AT)A*=\)

_ -1
it 2N = Bol1 ~d s +

Tpeae (A dA

with A~ = 62(1 = V/d)? and A* = 6%(1 + V/d)?. Then, the following result holds.

Theorem 1.2.1. The empirical eigenvalue value distribution [in converges weakly almost surely towards
Wgs2 wWhen both M and N converge towards +oo in such a way that dy = % converges towards d > 0.
Moreover, it holds that

AMn —o21+Vd)ias. (1.2.2)
Aminiy) — 02(1—Vd)? a.s. (1.2.3)

We also observe that Theorem 1.2.1 remains valid if Wy is a non necessarily Gaussian matrix whose
i.i.d. elements have a finite fourth order moment (see e.g. [5]). Theorem 1.2.1 means that when ratio %
is not small enough, the eigenvalues of the empirical spatial covariance matrix of a temporally and spa-
tially white noise tend to spread out around the variance of the noise, and that almost surely, for N large
enough, all the eigenvalues are located in a neighbourhood of interval [A\~,A*]. While the spreading of
the eigenvalues is not an astonishing phenomenon, it is remarkable that the behaviour of the eigenvalues
can be characterized very precisely.

In order to establish the convergence of fin towards 4 42, the simplest approach consists in studying
the asymptotic behaviour of the Stieltjes transform 7y (z) of {1y defined as

m()f 1dﬁ() 1% ! (1.2.4)
N(2) = ——dn(z) = — — 2.
R*A—2 M1 AmN—2

and to establish that for each z € C —R", it holds that

lim miN(z) = mg 42(2) a.s., (1.2.5)
N—+o00 ’

where my 42(2) = [z ﬁ dpg 52 (M) represents the Stieltjes transform of p; 2. Function my 2 is known
to be the unique Stieltjes transform of a probability measure carried by R* satisfying the equation

1

o2
1+02d mg ;2(2)

My 52 (2) = (1.2.6)

-z+

for each z. m; 42(z) can also be defined as the first component of the solution of the coupled equation

1
—z(1+ 0%y 52(2))
1
—z(1+02dmy ;2(2))

(1.2.7)

my 52(2)

ity o2 (2)

The second component 72, 42 (z) of the solution of (1.2.7) then coincides with —(1-d)/z+d m  42(z) i.e.
with the Stieltjes transform of (1 — d)do + d 4 42. It is easily seen that

(1—d)60+d|.ld’02 = Hg-1,624 (1.2.8)

Therefore, it also holds that
Mg,o2(2) = Mg 624(2) (1.2.9)
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for each z € C—R™*. In order to establish (1.2.5), it is sufficient to use a Gaussian concentration argument,
and to prove that E(r1n(2)) satisfies a perturbed version of (1.2.6). In the Gaussian case, this last point
can be addressed using the integration by parts formula and the Poincaré-Nash inequality, see below for
more details. We also mention that function w 2(z) defined by

1

Wy s2(2) = — (1.2.10)
’ zmg 52 (2)Mg 52 (2)

is analytic on C — [\, A*], verifies % >0ifze€C-R, wy2(A\) = —0%Vd and wy ;2(A*) = o2 Vd.

Moreover, w, 42(A) increases from —oo to —02v/d when A increases from —oco to A~ wq 52 (A) increases
from 62v/d to +oco when A increases from A to +oo, and the set {wgg2(A),A € [A~,A"]} coincides with

the half circle {0%v/d %} where 6 increases from —7 to 0. Using (1.2.7), it is possible to express mg s2(2)

in terms of wy 52 (z). More precisely, =7 IZ(Z) =—(1+ szmd 52(2)) so that
, o )

1+0%dmgy 42(2)

Wq g2 (2)=- Ma o2 @
Solving w.r.t. m, 42(z) leads to
1
= —— 1.2.11
Md,02(2) Wy o2 (2) +02d ( )
It can be shown similarly that
1
7i = 1.2.12
md,()'z (Z) I,Ud'o.z (Z) + 0_2 ( )
Plugging (1.2.11) into (1.2.6), we obtain that w, 2(2) is solution of the equation
Gyoz (Wao2(2)) =2 (1.2.13)
for each z € C where ¢ 52 (w) is the function defined by
(w+0?)(w +0?d)
b2 (W) = (1.2.14)
w
It is useful to notice that if Qw n(z) denotes the resolvent of matrix WyWY; defined by
Qun(2) = (WyW — 2ly) (1.2.15)

then N (2) coincides with ﬁTr (QW,N(Z)). We also note that it is possible to establish a stronger result,
i.e. for each z € C —R*,
a% (Qwn(2) — mg 42 (2)Iy) by — O a.s. (1.2.16)

for each deterministic vectors an, by for which supy (llan|l, by ) < +oc0. A similar result holds for QW,N (2)
defined as the resolvent of W;IWN, i.e.

Qun(2) = (WiWy —zIy) ! (1.2.17)
More precisely, it holds that
ay (Qwn(2) — 7 o2 (2)In) by — O a.s. (1.2.18)

for each deterministic vectors ﬁN,f)N for which supy(llay |I,BN ) < +00. Moreover, for each z € C —R™, it
holds that
ay; (QwN(2)Wn)by — 0 a.s. (1.2.19)

Finally, convergence properties (1.2.16, 1.2.18, 1.2.19) hold uniformly w.r.t. z on each compact subset of
C*—[A7,A"].
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1.2.2 The Information plus noise spiked models.

An information plus noise model is a M x N random matrix model Zy defined as
2N =By +Wpy (1.2.20)

where complex Gaussian random matrix Wy is defined as above, and where By is a deterministic M x N
matrix. In the asymptotic regime (1.2.1), this kind of models were initially studied by Girko (see e.g.
[26]) , later by Dozier-Silverstein (see [20], [21]), and by [32] in the case where the entries of Wy are
INZy arranged in the decreasing order. When the rank of matrix By is a fixed value K that does not scale
with M and N, it is clear that the eigenvalue distribution ZNZI’(I still converges towards the Marcenko-
Pastur distribution p,; ;2. More importantly, [9] and [10] proposed an elementary analysis that allows to
characterize quite explicitly the largest eigenvalues and corresponding eigenvectors of matrix ZNZy.

More precisely, we denote by A1 x> Az N ... > Ag,x the non zero eigenvalues of matrix ByBy, arranged
in decreasing order, and by (ug n)k=1,. x and (fixn)k=1,. x the associated left and right singular vectors
of By. The singular value decomposition of By is thus given by

.....

K

1/2 ~ 1/2yy*

By=), AeNUkNT = UnAN Uy
k=1

Moreover, we assume that:

.....

...>Ag when N — +oo.

Here, for ease of exposition, we assume that the eigenvalues (A N)k=1,... x have multiplicity 1 and that
Ak # A for k # 1. However, the forthcoming result can be easily adapted if some A coincide.

Theorem 1.2.2. We denote byKs, 0 <K <K, the largest integer for which
Ak, > 02Vd (1.2.21)
Then, for k =1,...,Ks, it holds that

a.s

: A+ 02 (A +02d)
Pk = bgg2(Ak) = £ L >

At (1.2.22)
N—oo )\k

AN
Moreover, for k =K +1,...,K, it holds that
AN — AT as. (1.2.23)

Finally, for all deterministic sequences of M—dimensional unit vectors (an), (bx), we have fork=1,...,K;

b —)\i —o b (@) ( )
ay N = ayu Ny +0(1) a.s. 1.2.24
NS NYE NUN Ak()\k o2 d) NYENYE NON

This result implies that if the some of the non zero eigenvalues of BxBy, are large enough, then the
corresponding greatest eigenvalues of ZNZ;I escape from [A7,A*] that can be interpreted as the noise
eigenvalue interval. Moreover, each eigenvector tix N, k = 1,...,K; associated to such an eigenvalue has a
non trivial correlation with eigenvector u n (take ay = by = ug y in (1.2.24)) while uZNﬁk,N — 0 for each

10



CHAPTER 1. INTRODUCTION

;o'
)\k()\k+0'2 d)
02v/d. We also remark that if hga 2 (2) represents the function defined by

[ # k. We note that the term is less than 1, and is close to 0 when Ay is close to the threshold

(w2 (2)]* - 0*d

h _ 1.2.25
a,0*(2) Wy 62(2) (Wy 02 (2) + 02 d) ( )

then, (1.2.13) implies that
M —o'd h 1.2.26
Reher ot ot Pr o

As eigenvalue Xk,N converges towards py, (1.2.26) leads to

A2 —o%d

d,02( k,N) )\k()\k+02d)

*

Therefore N

and each bilinear form of ug yu? ,, can be estimated consistently from A;y and

Ai-o'd
’ )\k()\k+0'2d)
fi,\ as soon as o2 is known.

In order to understand which particular properties of matrix Wy play a role in this result, we pro-
vide a sketch of proof of Theorem 1.2.2. We first justify (1.2.22). In the following, we prefer to follow the
approach used in [17], which, while equivalent to [10], is more direct. For this, we denote by Qn(z) and
Qn(z) the resolvents of matrices ZNZ;I and Z;]ZN respectively. The proof is based on the observation
that det(ZNZf{I — zI) can be expressed in terms of det(WNW{{I — zI), and that, in regime (1.2.1), the cor-
responding expression allows to check whether some of the K largest eigenvalues of ZyZ{ may escape
from [A™ —¢,A™ + €] where € > 0 may be arbitrarily small. We express ZNZI”\} —zl as

- Ay 1 U;
1/2 N K
ENE - 21 = Wy W — 21+ (Uy, Wy Oy AL )( Lo )( A%\I/Zﬁ?if ;I) (1.2.27)

Using (1.2.2) and (1.2.3), we obtain that if z # 0 is chosen real and outside [\~ —¢,A" + €], then matrix
WNW;I — zl is invertible. Therefore, for such z, ZNZ;I — zI can be written as

INZN -2l = (WaWY - zI)

. An Ig U
I+QW,N(Z)(UN;WNUNAII\I/2)( )( L2eN o )) (1.2.28)
Ik 0 )\ AY?O; Wy

Therefore, if z # 0 is real and outside [\~ —¢,A" +€] , zis eigenvalue of Zn X}, if and only if

3 An Ik U
det(l+QW_N(Z)(UN,WNUNAI/Z)( )( Lo )):0
Nl o0 ALPOL Wy

or equivalently, if and only if det(Fn(z)) = 0 where Fy(2) is the 2K x 2K matrix defined by

U*

Fn(2) =k + /20y ars
ALZTEWS

AN IK)

)QW,N(zMUN,wNﬁNA;{Z)( A

It turns out that it is possible to evaluate the behaviour of the entries of matrix Fy(z) when N — +o0.
More precisely, the entries of Fy(z) depend on bilinear forms of matrices Qwn(z), Qwn(2)Wy, and
Wi QN (2)WN =1+ zZQwn(2). (1.2.16, 1.2.18, 1.2.19) imply immediately that Fy(z) converge towards ma-
trix F(z) given by
F(2) :( Ix+mz)A m(2)Ig )
Q1+zm(z)) A I

11



CHAPTER 1. INTRODUCTION

where A is the diagonal matrix A = Diag(Aj,...,Akx) and where we have denoted Stieltjes transforms
mg s2(2) and my 52(z) by m(z) and m(z) in order to simplify the notations. Therefore, if z # 0 is cho-
sen real and outside [\~ —¢, A" +¢], the limit form of equation det(ZNZI’{] —-zD=0is

det(A—w(2)Ix) =0 (1.2.29)

where w(z) is defined by (1.2.10). Using the properties of function w(z), we obtain immediately that
(1.2.29) has K solutions that coincide with the ¢(Ag) = pg for k =1,...,K;. This, and some extra technical
details lead to (1.2.22).

We now justify (1.2.24). Again, we do not follow [10], and rather use (1.2.28) as well as the approach
developed in [75]. For this, we consider k < K;. As Xk,N converges towards pi > A", projection matrix
N, can be written as

k,N
A A 1 * -1
BN N =5 (ENZN-2l) dz (1.2.30)
k

where %} is a contour enclosing the eigenvalue A kN> Pk» and not the other eigenvalues of N (. (1.2.24)
is based on the observation that it is possible to evaluate the almost sure asymptotic behaviour of the

bilinear forms of (ZNZI’(I - zI)_1 = Qn(z) for each z € €. For this, we express Qn(z) in terms of Qwn(2)
by taking the inverse of Eq. (1.2.27). After some algebra, we obtain that

AN I)><

QN:QW,N_QW,N(UN,WNﬁNAII\]/Z)( I o (1.2.31)

-1
U3 ~ A1
I+( All\l/zﬁ%w; )QW(UNvWNUNAll\I/Z)( I 0 )] (Ausziw* )Qw

Using (1.2.16, 1.2.18, 1.2.19) as above, we obtain that

)QW(UN’WNGNAII\IIZ) as ( m(z)1 0 )

e
APOLWY 0 (L+zm(2)A
Using again (1.2.16, 1.2.18, 1.2.19), we obtain after some algebra that for each sequence ay, by of M-
dimensional unit vectors, it holds that

ay (Qn(2) —Sn(2)) by — 0 a.s. (1.2.32)

for each z € C —R", where Sy (2) is the M x M matrix-valued function defined by

Sn(2) ( 1+ () + — BN )_1 (1.2.33)
2)=|-z(l+0°m(2) + ————— 2.
N 1+0%2dm(z)

Moreover, it is easily seen that the convergence in (1.2.32) is uniform on each compact subset of C — R™.
This property is however not sufficient to claim that

* S Ak ]‘
aj; (uk,NukyN -5 ﬁg Sn(2) dz) by — 0 (1.2.34)
k

To justify this, we check that (1.2.32) holds uniformly on contour . For this, we first verify that function
Sn(z) is analytic in a neighbourhood of 6. By (1.2.7), we obtain that w(z) = z(1+ a?m(2)(1 +o2dm(z)).
Using (1.2.11), Sn(z) can thus also be written as

w(z)

* -1
wiz +o2d BNBy W@

Sn(z) =

12
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Using the properties of w(z) recalled in paragraph 1.2.1, it is easily checked that when z describes con-
tour 6k, w(z) describes a contour 9y enclosing A, eigenvalue Ay n, and not the other eigenvalues of
BNB;I. Therefore, BNBf{I — w(z)Iis invertible in a neighbourhood of 6%, leading to the conclusion that
Sn(2) is analytic in any such neighbourhood. As almost surely for N large enough, Qn(z) is also analytic
there, (1.2.32) also holds uniformly on <€k This justiﬁes (1.2.34). In order to evaluate the contour integral

in (1.2.34), we write Sy (z) as Sy(2) = SN(z) w (z), and obtain that
1 1 1 w(z) % -1
— S dz=— BnBy — I d
21'7[] n{z)dz 2in Jog, W (2) w(z)+02d( NBy — w(z) ) w(z)dz

Differentiating (1.2.13) w.r.t. z, we get immediately that

W = — P (1.2.35)
Z)= —————— 2.
w?(z) - o*d
Therefore, it holds that
1 w? —od 1
— | Sn(®dz=—| ———— (BxnBy—w®@I) dw
f N(2) 2in Jo, w(w+02d)( NEN (@1
2 _0.4d
Using residue theorem, we obtain that this contour integral coincides with m uy Nu - There-

fore, (1.2.34) implies (1.2.24).

Remark 1. Itis important to notice that the properties that have been used in the above discussion are the
following:

* (i) The eigenvalue distribution of WNWY{; converges almost surely towards the Marcenko-Pastur dis-
tribution

* (ii) For each € > 0, all the non zero eigenvalues of WNWY; are located inside [\~ — ¢, A" + €] almost
surely for N large enough

e (iii) (1.2.16, 1.2.18, 1.2.19) hold uniformly w.r.t. z on each compact subset of C* —[\~,A*].

Therefore, Theorem 1.2.2 holds if Gaussian random matrix with i.i.d. entries Wy is replaced by a random
matrix verifying the conditions (i, ii, iii).

Remark 2. It is possible to evaluate the asymptotic behaviour of the bilinear forms of matrix Qn(z) using
the same kind of calculations. After some algebra, we obtain that

a5, (Qn(2) -Sn(2)) by — O a.s. (1.2.36)

for each z € C—R*, whereSy(z) is theN x N matrix-valued function defined by

BBy !

Trolmia oy (1.2.37)

Sn(2) = [-z(1 + o?dm(2) +

Moreover, (1.2.36) holds uniformly on each compact subset of C — R™*.

13
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1.2.3 The Information plus Noise model.

We now briefly review some results related to the information plus noise model Xy = By + Wy where By
is a deterministic matrix whose rank may scale with N. We refer the reader to [20] and to [72] for more
details. In order to simplify the presentation, we assume that By satisfies the condition

sup ||IBx|l < +oo (1.2.38)
N

It is well known that the empirical eigenvalue distribution sequence ({in)n=1 of ZNZ( has almost surely
the same asymptotic behaviour than a sequence of probability measure (un)n>1 carried by RT. Measure
pN is characterized by its Stieltjes transform my (z) which appears as the unique solution of the equation

BnBj -1

_ 1.2.39
1+ o2dnmyn(2) ( )

mn(z) = ﬁTr —z(1+o’mn(2) +

in the class #(R*) of Stieltjes transforms of probability measures carried by R*. In (1.2.39), mN(2) is

defined by min(z) = dy mn(z) — I_ZdN, and thus coincides with the Stieltjes transform of measure fix =

dnpn + (1 — dn)dg. Therefore, it holds that

1
MTr(QN(z)) —mpn(z) —0a.s.

for each z € C — R*. Matrix Tn(z) defined by

BnBj -1

—z(1 2 5 7N
21+ 07N (2) + 1+o2dymy(2)

Tn(z) = (1.2.40)

coincides with the Stieltjes transform of a M x M positive matrix valued measure py carried by R* satis-

fying puy (R*) =1y, i.e.

dpuy\) d
A-z

Tn(z) is thus holomorphic on C —R". It can be shown that for each sequence of deterministic M x M

matrices Dy such that supy [Dn|l < +o0, it holds that

Tn(z) = A
R

1
MTT((QN(Z) -Tn(2))Dn) — Oa.s. (1.2.41)

for each z € C — R*. Moreover, for each sequence of deterministic unit vectors ay, by, we have
af{I (Qn(z) —TNn(2)) by — Oa.s. (1.2.42)

for each z € C—R™. It is interesting to point out the differences between Ty(z) and Sy(z) defined by
(1.2.33): the expressions are the same, except that my and my are replaced by their Marcenko-Pastur
analogues m and m. As my and my have the same asymptotic behaviour that m and m in the case
where K/N — 0, the entries of Ty (z) and Sy (z) have the same behaviour.

We also note that matrix Ty(z) defined by

BBy 7'

—_— 1.2.4
1+02mn(2) (1.243)

Tn(2) = |—2(1 + 0%dymn(2) +

is the Stieltjes transform of a N x N positive matrix valued measure fiy carried by R* satisfying fiy(R*) =
Iy, and 7in (2) coincides with 17N (2) = % Tr (Tn(2)). Moreover, (1.2.41) and (1.2.42) still remain valid when
Qn(z) and TN (z) are replaced by Qn(z) and Tn(z) respectively. When K/N — 0, the entries of Ty (z) and
of Sy (z) defined by (1.2.36) have the same behaviour.

We finally mention that the support 4 of measure py can be characterized (see [72]), and that it
was proved that almost surely, for N large enough, there is no eigenvalue of Zny X in intervals [a, b] for
which [a—¢€, b+ €] N H = @ for each N large enough ([48]).

14
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1.3 Behaviour of the eigenvalues of the empirical spatio-temporal covari-
ance matrices of temporally and spatially complex Gaussian noise.

We consider a M-dimensional time series (y,)=1,.. N Observed between time 1 and time N + L — 1 where
Lis a certain integer. We consider the ML-dimensional random vector y(,,L) defined by

Vo = (Vi o, Vi ntLoToee o, YV o YLt 1—1) (1.3.1)

The ML x ML empirical covariance matrix

. 1Y
L L), (L
Ryx = N > Va'vn" (1.3.2)
n=1

is usually called an empirical spatio-temporal covariance matrix. This kind of matrix plays of course an
important role in a number of statistical inference problems related to multivariate time series. There-
fore, it is potentially useful to study the properties of the eigenvalues of R(yLl)\I. When N — +oo and that

ML remains fixed, the law of large number implies that ||1A1§/L1)\I — [E(y(nL)y(nL)*) [ — 0. However, in a number

of contexts, N is not much larger than ML, and the above mentioned traditional regime does not allow to
predict the properties of R(yL1)\I It is therefore of great interest to study the matrix R(yLl)\I in the asymptotic
regime

ML
N — +o00,ML — +o00, CN:Y—>C>0 (1.3.3)

This kind of problems was essentially studied in previous works when (y;),=1,. N coincides with
a sequence (vy),=1,.. N of i.i.d. zero mean complex Gaussian random M-dimensional vectors for which

..........

Vin,n

of A(0, "NZ) random variables defined by w,, , = m where v, , represents element m of vector v,,. For

eachm=1,...,M, Wl(\lm) represents the L x N Hankel matrix whose entries are given by

()

If we define Wy as the ML x N matrix

ij = wm,i+j—1: 1= l SL)I S]SN (1.3.4)

Wy = . (1.3.5)

then, it is easily seen that the empirical spatio-temporal covariance matrix IA{E)L%\I coincides with matrix

WN W

pendent and identically distributed. When L does not scale with N, i.e. if M and N are of the same
order of magnitude, the works of Girko ([26], Chapter 16) and of [24] allow to conclude that the empirical
eigenvalue distribution of WyW{, converges towards the Marcenko-Pastur distribution p. 52. When M is
reduced to 1, matrix Wy is reduced to a Hankel matrix. When the w ;, for N < n < N + L are forced to 0,
matrix WyWY{; coincides with the traditional empirical estimate of the autocovariance matrix of vector
(wWin,..., w1 ns1-1)". Using the moment method, it was shown in this context in [6] that the empirical
eigenvalue distribution of Wy WY, converges towards a non compactly distributed limit distribution. The
case where M — +oo while L may also converge towards +oo is studied in [49]. As in the case where
L is finite, it is shown that the eigenvalue distribution converges towards i, ;2. More importantly, it is

15



CHAPTER 1. INTRODUCTION

established in [49] that if L = ¢ (N%) with « < 2/3, then, almost surely, all the eigenvalues of WNWI’(] are lo-
calized in a neighbourhood of the support of u. ;2. More precisely, the main result of [49] is the following
Theorem.

Theorem 1.3.1. When M and N converge towards oo in such a way that cy = % converges towards
c € (0, +00), the eigenvalue distribution of WNW{, converges weakly almost surely towards the Marcenko-

Pastur distribution with parameters (62, c). If moreover
L=0N% (1.3.6)

where a < 2/3, then, for each € > 0, almost surely, for N large enough, all the eigenvalues of WyWY; are
located in the interval [0% (1 —/¢)?> —€,02(1++/c)?> +€] ifc < 1. Ifc > 1, almost surely, for N large enough, 0
is eigenvalue of WNWY, with multiplicity ML—N, and the N non zero eigenvalues of WNWY, are located in
the interval [6°(1 — /c)?> —€,0%(1 + /¢)? + €]

It is standard that the convergence towards the Marcenko-Pastur distribution p, 52 and the almost
sure location of the non zero eigenvalues in a neighbourhood of [0?(1 — v/c)?,0%(1 + /¢)?] imply the
almost sure convergence of A; x towards 62(1 + v/¢)? and of Aminavr,ny,n towards o2(1 — /¢)?. Therefore,
Theorem 1.3.1 implies that if the rate of convergence of L towards +oo is not too fast (i.e. if (1.3.6) holds),
or equivalently if M = @(NP) with 1/3 < < 1), then the eigenvalues of WNWYJ are localized as if the
entries of Wy were independent identically distributed, a property which is of course not verified. As
shown below, properties (1.2.16, 1.2.18, 1.2.19) are also verified for d = c. Consequently, matrix Wy
satisfies the properties mentioned in Remark 1. The behaviour of the largest eigenvalues of matrices
such as (By + Wy) (By + Wy) * where By represents a deterministic matrix whose rank does not scale with
M, N, L will thus appear to be governed by Theorem 1.2.2.

1.4 Contributions of the thesis.

The general topic of the thesis is to study detection/estimation problems for M dimensional signals
(Yn)nez that can be written as

P-1

Yn=_ hysp_p+vy=[h(2)]s,+v, (1.4.1)

p=0
where (s;)nez is @ non observable scalar deterministic sequence and where h(z) = ZE;(I) hpz’p is the
transfer function of an unknown l-input / M—outputs linear system. While h(z) is assumed unknown,
P, which represents an upper bound on the number of non zero coefficients of h(z), is assumed to be
known. (v,),cz represents a temporally and spatially complex Gaussian white noise of variance 2. In
model (1.4.1), signal [h(z)]s, represents a useful wideband signal on which various informations have to
be inferred from the observation of N samples (y,) ,ez. We have considered the case of a single wideband
signal to simplify the exposition, but we feel that the various results we obtained could be generalized in
the presence of K wideband signals where K does not scale with M and N.

In this thesis, we address the following problems when M and N converge towards +oo:

* Problem 1. Detection of an unknown wideband signal from (y;),=1,..N-

* Problem 2. Estimation of the parameter of a regularized spatio-temporal Wiener filter in the case
where a length N training sequence (s,) =1, N is available.

.....

e Problem 3. Subspace estimation of directions of arrivals of narrowband sources using spatial
smoothing schemes when the number of snapshots N is much smaller than the number of an-
tennas M.
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The various approaches that are proposed are based on the study of the eigenvalue/eigenvector decom-

position of the spatio-temporal covariance matrix f{g,L) defined by (1.3.2). In order to understand the

structure of f{(yL), we remark that augmented vector y(nL) defined by (1.3.1) can be written as

v =HVsL) +v P (1.4.2)
where s(nL) represents P + L — 1-dimensional vector s(nL) = (Sp=(P=1)r--+»> Sn+L— DT and where ML x (P+L—1)
matrix HY is a block row matrix

H(L)
1
Hv =
(L)
Hy,

where each block H(,%) isa L x (P+L—-1) Toeplitz matrix corresponding to the convolution between se-
quence s and the impulse response (hy;, ) p=o,...p-1 0of component m hy,(z) of filter h(z). If we denote by
Y the ML x N matrix defined by

L L L
YO =y, yb)
then (1.4.2) implies that
yO — gL 4y (1.4.3)

Therefore, Y is the sum of the low rank P + L — 1 deterministic matrix H®S® with random matrix V\,
In order to simplify the notations, we denote by >® BL WD the normalized matrices

L L) gL L
YO oo HUSY ) VO
VN VN VN

and remark that ﬁ(yL) =>M3L* and that

s

>0 gD L Wb (1.4.4)

Therefore, f{g,L) coincides with the Gram matrix 22 ®0* of a low rank deterministic perturbation of the
structured random matrix W™ which has exactly the same properties than matrix Wy defined by (1.3.5).
The study of the properties of W Z1* crucially depend on the behaviour of the rank P+ L—1! of B,

In chapter 2, itis assumed that P and L do not scale with M, N, and we address Problem 1 and Problem
2 under this hypothesis. Problem 3 is also studied in chapter 2 because it appears equivalent to the study
of the eigenvalue/eigenvector decomposition of the Gram matrix of a structured fixed rank information
plus noise model similar to ™. Chapter 3 is devoted to the case where P and L may scale with M and N,
and Problem 2 is revisited in this more difficult context.

Contributions of Chapter 2.

« In section 1, we first establish that the largest eigenvalues / eigenvectors of matrix £ xZM* are
governed by Theorem 1.2.2 where parameter d should be replaced by ¢ = (limy—. +c0 %) L. As briefly
mentioned at the end of section 1.3, this result holds because matrix W satisfies the 3 properties
mentioned in Remark 1. As the 2 first properties follow directly from Theorem 1.3.1, it is sufficient
to establish (1.2.16), (1.2.18), (1.2.19).

IThe rank of H) may be smaller than P + L — 1 if the components of h(z) share a comon zero. As this property is generically
not satisfied, we assume in the following for the sake of simplication that Rank(H™) =P +L -1
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* In section 2, we consider detection Problem 1. It can be formulated as the following composite
hypothesis testing problem in which the hypothesis Hy corresponds to y, = v, for n = 1,...,N
and in which the hypothesis H; corresponds to y, = [h(z)]s, + v, for some scalar deterministic
sequence s and some SIMO filter h(z) of maximal degree P — 1 where P is supposed to be known.
The generalized likelihood ratio test cannot be implemented in this context because the maximum
likelihood ratio estimate of s and h(z) cannot be expressed in closed form. Motivated by the GLRT
in the context of narrow band signals ([12]), we thus study the reasonable pragmatic test statistics
consisting in comparing the sum of the P + L — 1 largest eigenvalues of matrix RS,L) to a threshold.
Using the results of section 1, we study the conditions under which the above test is consistant,
and discuss on the optimum value of the parameter L.

* In section 3, we consider the problem of estimating a regularized spatio-temporal Wiener filter
from the observations (y,),=1,..N When a training sequence (s,),=1,... is available at the receiver
side. The regularized spatio-temporal Wiener estimate of sequence s is defined by

2 _ s (L)
$n=8""¥n

where the regularized spatio-temporal Wiener filter §* is the ML-dimensional vector given by
. -1
gV = (RY 4 £

where féL) is the empirical cross covariance between the augmented observations (y'-) n=1,..N and
the training sequence (s;);=1,.,N. Our main contribution is the derivation of a new estimation
scheme of the regularization parameter A that consists in choosing A so as to maximize the sig-
nal to noise plus interference ratio SINR(A) provided by the regularized spatio-temporal Wiener
estimate. The SINR appears to be a random variable depending on the noise samples corrupting
the observations (y;),=1,..n. However, we prove that in the high dimension regime, it converges
almost surely towards a deterministic term ¢(A), depending on A and on the coefficients of h(z),
and that can be expressed in closed form. Although the coefficients of h(z) are unknown, we prove
that ¢p(A) can be estimated consistently from the observations (y,) ,=1,...N by a term (I)()\) foreach A,
and we propose to choose the regularization parameter that maximizes ¢(A). In order to mention
the technical results that we develop, we consider the normalized matrix >@® and the resolvent
Q(2) of matrix W =M* Our results are based on the characterization of the asymptotic behaviour
of bilinear forms of matrices Q(z), Q(z2)Z®, =M*Q?(2) =W, zW*Q(z)HPHW* =M when z lies on
the negative real axis. For this, we use the hypothesis that P + L — 1 does not scale with M and N,
and take (1.2.31) as a starting point to express the above mentioned bilinear forms in terms of bi-
linear forms of matrices depending on the resolvent Qyuw (z) of the noise part W of =@ whose
behaviour is known.

* In section 4, we address the estimation of the directions of arrival of K narrow band sources im-
pinging on a large uniform linear array of sensors in the case where the number of snapshots N is
large, but much smaller than the number of sensors M. In this context, it is standard to use spa-
tial smoothing technics in order to generate L non overlapping subarrays of M — L + 1 sensors, and
to multiply by L the number of snapshots. More precisely, the observations (y;);=1,..n follow the
classical narrow band array processing model

.....

Yn=AMS, +Vy,

where Ay = (ap(01), ..., apm (0k)) is the M x K matrix of directional vectors associated to the K sources.
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For each n, we denote by @n(L) the (M- L+ 1) x L Hankel matrix defined by

Yl,n yz,n e YL'n
Yon Y3,n cee eeo Yit+1,n
M = : : N : (1.4.5)
YM-L+1,n YM-L+2,n -+ -+  YMn

Column ! of matrix %, corresponds to the observation on subarray [ at time n. Collecting all the
observations on the various subarrays allows to obtain NL snapshots, thus increasing artificially
the number of observations. We define Yl(\lf) as the (M —L + 1) x NL block-Hankel matrix given by

vy = (o, o) (1.4.6)

Matrix Yl(\? has a block Hankel structure similar to matrix defined by (1.4.3), the difference being
that the Hankel matrices are block columns in (1.4.6) while they are block lines in (1.4.3). It is there-
fore expected that the mathematical results developed to address Problems 1,2 can be used in the
context of Problem 3. It is easily seen that Yl(\];) is the sum of a rank K matrix whose range coincides
with the space generated by the (M — L + 1)-dimensional vectors ay;_1.+1(01),...,am-1+1(0x)) with

the noise matrix V%) defined in the same way than Yl(\?. As

it possible to develop consistent subspace estimation methods of the angles (0x)x=;,. x in the
asymptotic regime where NL — +oo and M — L + 1 remains fixed. This regime corresponds to val-
ues of L for which the virtual subarrays have a small number of elements, thus leading to poor
resolution methods. It is thus much more relevant to address the case where M-L+1 =M, i.e.
% — 0. We thus consider an asymptotic regime in which N — +co, M — +o0 and ¢y = % -
where ¢ > 0. Adapting the above mentioned results to the present context, we are able to charac-
terize the largest eigenvalues and corresponding eigenvectors of the empirical covariance matrix
Y%)Y%)* INL provided N = @(MP) for 1/3 < p < 1, and to deduce from this a consistent subspace

estimation method of the directional parameters.

Contributions of Chapter 3. In Chapter 3, we address the case where the observation y is generated
by a general model
Yn=Xp+Vy

where x is a deterministic signal which is not necessarily defined as a filtered version of a scalar se-
quence. In this context, matrix Y& = X + V(I where X is not necessarily rank deficient. In this more
general context, we study the behaviour of the empirical eigenvalue distribution of normalized matrix
>Ox®* in the case where L = 6(N%) for a < 2/3. Generalizing the Gaussian tools used in [49], we prove
that the normalized traces and the bilinear forms of the resolvent Q(z) of matrix =™ >®* have the same
behaviour than the normalized traces and the bilinear forms of a deterministic matrix-valued function
T(z) defined as the solution of a certain (complicated) equation. This result implies that the empirical
eigenvalue distribution fiy of M Z1* has a deterministic behaviour. However, we have not been able
to characterize the properties of the corresponding deterministic approximation of {iy (in particular its
support), and to obtain results concerning the almost sure location of the eigenvalues of >OxL* How-
ever, the results of Chapter 3 are useful in Chapter 4.
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Contributions of Chapter 4. In Chapter 4, we consider again the wide band model (1.4.1), but as-

sume that P and L may scale with N, and that ¢y = % converges towards a non zero constant c. We
assume that when P and L converge towards +oco, P = @(L). This implies that the rank of normalized

matrix B = &\/%m may scale with M and N, but that Rank(B™)/N — 0.

* Insection 3 and 4, we establish that matrix T(z) can be replaced by matrix defined by (1.2.40) corre-
sponding to a standard information plus noise model in which the noise matrix is i.i.d. Moreover,
scalar Stieltjes transform my(z) can also be replaced by the Stieltjes transform of the Marcenko-
Pastur with parameters (¢, 2). If more information could be obtained on the location of the eigen-
values of T ZM*  this result could be useful to understand the behaviour of the projection ma-
trices on certain eigenspaces.

¢ In section 5, we take benefit of the results of Chapter 3 to revisit Problem 2 in the case where P
and L may converge towards +oo. In particular, using Gaussian tools, we are able to generalize the
asymptotic behaviours of bilinear forms of Q(z)Z(L), Z(L)*QZ(Z)Z(L) found in section 3 of Chap-
ter 2 when L = @(N%) for a < 2/3. The study of the SINR also needs to evaluate bilinear forms of
Z(L)*Q(z)H(L)H(L)*Z(L), which, in the case where P and L are fixed, is an easy task. When P and
L scale with M and N, the problem appears more difficult. We however found a satisfying result
provided ﬁ — 0 (a condition nearly equivalent to L = 6(N%) for a < 1/2) because a number of
complicated terms vanish. Under this extra assumption, the SINR has the same asymptotic ex-
pression than in the case where P and L are fixed. However, we feel that the asymptotic behaviour
of Z(L)*Q(Z)H(L)H(L)*Z(L) could also be characterized when L =G (N%) for 1/2 < a < 2/3, and that a
correcting term could appear in the expression of the limit form of the SINR.

We finally mention the publications connected to this thesis.

e G.T. Pham, P Loubaton, P. Vallet, "Performance analysis of spatial smoothing schemes in the con-
text of large arrays", IEEE Trans. on Signal Processing, vol. 64, no. 1, pp. 160-172, January 2016.

* G.T. Pham, P. Loubaton, P. Vallet, "Performance analysis of spatial smoothing schemes in the con-
text of large arrays", Acoustics, Speech and Signal Processing (ICASSP), 2015 IEEE International
Conference on Year: 2015, Pages: 2824 - 2828.

* G.T. Pham; P. Loubaton, "Applications of large empirical spatio-temporal covariance matrix in
multipath channels detection”, Signal Processing Conference (EUSIPCO), Nice, September 2015.

¢ G.T. Pham; P. Loubaton, "Performances des filtres de Wiener spatio-temporels entrainés: le cas des
grandes dimensions", Proc. Colloque Gretsi, Lyon, September 2015.

* G.T. Pham; P. Loubaton, "Optimization of the loading factor of regularized estimated spatial-temporal
Wiener filters in large system case", Proc. of Statistical Signal Processing Workshop (SSP), Palma
de Majorque, June 2016.
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Chapter 2

Spatial-temporal Gaussian information
plus noise spiked model

2.1 Introduction

In this chapter, we assume that the M dimensional signals (y,) ez is generated as

pP-1
Yn= ) hpsp_p+vy=[h(2)]s,+vy (2.1.1)
p=0

where (s;)nez is @ non observable scalar deterministic sequence and where h(z) = ZP ! ohpz7P is the
transfer function of an unknown l-input / M—outputs linear system. While h(z) is assurned unknown,
P, which represents an upper bound on the number of non zero coefficients of h(z), is assumed to be
known. (v;),cz represents a temporally and spatially complex Gaussian white noise of variance o?.

In the following, we propose approaches based on the empirical spatio-temporal covariance matri-
ces of y to address 3 well defined inference problems. We recall that if y! is the ML-dimensional vector
defined by

L _ T
n — (Yl,n,---»Yl,n+L—1,~-,YM,n»-~-»YM,n+L—1)

then the spatio-temporal covariance matrix R(yL) is the ML x ML matrix defined by

Y(L) Y(L) *

RL — L@+ — N "N
R = N ; Zyn vy = - (2.1.2)

o (L)) As mentioned in Chapter 1, matrix Y(L) can be written as

where Y( =(y;
L _ gLl , yvb
Yy =HYS +Vy (2.1.3)

where ML x (P + L— 1) matrix H is the block row matrix

.....

(P+L-1) x N matrix SN is the Hankel matrlx whose entries are defined by (SN )i,j = Si+j—P-
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Therefore, Yl(\lf) is the sum of the low rank P + L. — 1 deterministic matrix H® S%) with random matrix
V%). All along this chapter, we assume that P and L do not scale with M and N. Therefore, if we denote
21(\%)’ BI(\]I“), W%) the normalized matrices

ngm (L)
>0 _ IN o_ H7SY o W

NTURNTTUR NN
then normalized matrix Z%) = B%) +Wl%) can be interpreted as a finite rank deterministic perturbation of
the structured random matrix Wl(\lf). We first characterize in section 2.2 the largest eigenvalues and corre-
sponding eigenvectors of Z%)Z%)* = ﬁg,Ll)\I, and establish that they behave as if block line Hankel random
matrix Wl%) was i.i.d. In section 2.3, we study the problem of detecting the wideband signal [h(z)]s, and
in section 2.4 we propose a new approach to select the regularization parameter of estimated spatio-
temporal Wiener filters when a lenght N training sequence (s,),=1,. N is available at the receiver side.
Finally, we study in section 2.5 the performance of spatial smoothing schemes for the subspace estima-

tion of the directions of arrival of K narrow band sources impinging on a uniform linear array of sensors
in the case where the number N of snapshots is large, but much smaller than the number of antennas M.

2.2 Behaviour of the largest eigenvalues and corresponding eigenvectors of
PAC) AR
N <N

In this section, we establish that the largest eigenvalues and corresponding eigenvectors of Z%)ZI(\];) * be-

have as if the entries of noise matrix W%) were i.i.d. (see Theorem 1.2.2). We first define some notations.
We denote by dy and cy the ratios dy = % and ¢y = % It is assumed that dy — d so that ¢y — ¢
where ¢ = dL. (XECL;\T)IC:L...,ML represent the eigenvalues of LD N arranged in the decreasing order and

() k=1, ML are the corresponding eigenvectors. )\ng)\I > )\;Ll)\] = A{BL_ 1

of Bl(\I]“) Bl%)* and (ug)g=1,. p+1-1 are the corresponding eigenvectors.

y are the non zero eigenvalues

We first remark that matrix Wl%) verifies Theorem 1.3.1. Therefore, the empirical eigenvalue distribu-
tion of W%)Wl(\]f)* converges almost surely towards the Marcenko-Pastur distribution 4y, ;2 while almost
surely, for N large enough, all the non zero eigenvalues W%)W%)* are localized in a neighbourhood of
[)\i,)\f] where A[ = o2(1 - vdL)? and )\f =o2(1+VdL)?2.

In this section, we formulate the following assumption:

. . L . L
Assumption 2.2.1. TheP +L—1 non zero eigenvalues ()\SC,;\I) k=1,..K Of matrix Bl(\I

(9] L L)
AT >AT > > AL

)B%) * converge towards

when N — +oo.
Then, the following Theorem holds.

Theorem 2.2.1. We denote byKy, 0 <Ky, <P +L -1, the largest integer for which )\§<LL) > 02vV/dL. Then, for
k=1,...,Ky, it holds that

)\k N N—oo pk = (‘de,O'Z (Ak ) = A(L)
k

»

>\ = 0%(1+VdL)?

whileforszL+1,...,P+L—1,)A\;CL}\I—>AE a.s.
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Finally, for all deterministic sequences of ML-dimensional unit vectors (ax), (bn), for k=1,...,Ky, it

holds that
A2 - otdL

A\OOD ;o2

af{]ﬁk,NﬁZ’NbN = a{ﬁluk,NuzbeN +o(l) a.s. (2.2.1)
Proof. In order to simplify the notations, we will denote matrix WI(\]I“) by Wy in the course of the proof.
The resolvents of matrices W%)Wl%)* and W%)*W%) will also be denoted Qn(z) and QN(z) respectively.
Finally, the Stieltjes transforms m ;2 and m, ;2 will be denoted by m(z) and m(z).
As matrix Wy verifies Theorem 1.3.1, Remark 1 implies that it is sufficient to check the following
properties:

* (i) For each deterministic vectors ay, by for which supy(llax|l,bx ) < +o0,
af{] (Qn(z) — mc(2)Iy) by — Oa.s. (2.2.2)

foreach ze C - R™.
e (ii) For each deterministic vectors ay, by for which supy (llan I, bnl) < +00.
a5, (Qn(2) — M (2)IN) by — O a.s. (2.2.3)
foreach ze C - R™.
e (iii) For each deterministic vectors ay, by such that supN(llaNll,f)N I < +o0.
ay (Qn(2)Wx) by — 0 a.s. (2.2.4)
foreach ze C—R™.

* (iv) Convergence properties (2.2.2, 2.2.3, 2.2.4) hold uniformly w.r.t. z on each compact subset of
C* —[AZ, NS

Properties (2.2.2, 2.2.3, 2.2.4) hold as soon as MWL — ¢, ¢>0and M = 6(NP) where f > 0, or equiva-
lently L =0 (N%), a < 1. In particular, condition L finite or L = G (N%), a < 2/3 are not needed. We thus use

the minimal conditions in the proofs. Item (iv) however needs that L = ¢ (N%), a < 2/3 holds.

We first establish (2.2.2). This property is nearly proved in [49], and appears as a particular case of
more general results in Chapter 3. However, to make the present proof reasonably self-contained, we
provide in the following a sketch of proof synthesizing the various points developed in [49]. We first
remark that

ay (Qn(2) — mc(2)) by = ay (Qn(2) — E(Qn(2))) by + ay (E(Qn (2) — mc(2)T) by

and establish that the 2 terms at the right hand side of the above equation converge towards 0. In order to
simplify the notations, we denote by & the first term. The almost sure convergence of ¢ towards 0 follows
from the Poincaré-Nash inequality (see e.g. Proposition 2 of [49] as well as Chapter 3 of the present
Thesis). More precisely, { can be considered as a smooth function £(Wy, Wy) of the entries of Wy and
of matrix V_VN whose entries are the complex conjugates of the entries of Wy. For each m =1,...,M, we
denote by Wlff‘j the entry (7, j) of Lx N matrix W{\Im). Then, the Poincaré-Nash inequality is a concentration
inequality which states that

[ 08 (om0 )
Var(®) < Y [EkaWZ?jE(wl.yj(wi,yj,) )(W) ]+

(08 \" (o oo [0
2 F (a——m) E (W W) )(a—m’ )

!y 77! 7/ P
m,m-i,]j,1,] i,j l",j’
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We notice that the structure of Wy implies that

2
(W Wy)") = 30 80m - mdGi+j =i+ ) (2.2.5)

so that the above sums reduce to simpler terms. The above upper bound of Var(§) was evaluated in
Proposition 3-1 in [49] (see Eq. (3.2)): Var(§) = E[§|? = @"(%) = @’(ﬁ). As M — +oo, this implies that ¢
converges in probability towards 0. In order to prove the almost sure convergence, we briefly justify that
for each k, it holds that

EE)2k =@ ((I/M)k) 2.2.6)

(2.2.6) is established by induction on k. As mentioned above, (2.2.6) is verified for k = 1. We now assume
that it holds until integer k — 1, and prove (2.2.6). For this, we use the obvious relation:

2
EIg* = (Elel*)” +Var")
In order to manage Var(£¥), we use again the Poincaré-Nash inequality. As

oEk s o

oW ow™.
ij i,j

the Poincaré-Nash inequality leads to

D , o |
var(E¥) < Kk E [ 122 ——E(W (W) )" ( ; ) ]+
D o A e

K Y, Y E[lgPF? (;_v—ﬁm) E(w;’fj(wﬁf’j,)*)(_a_a)

m'
m,m'z,]yu,]r i,j GWl-,,jf

Following the proof of Proposition 3-1 in [49], it is easy to check that the Poincaré-Nash inequality leads
to

Var(tF) < C %[Euaz"‘z)

where C is a constant that depends on z but not on the dimensions L, M, N. As (2.2.6) is assumed to hold
until integer k — 1, this implies that Var(Ek) =0 ((L/ N)k). The Schwartz inequality leads immediately to

(B8] < EqeD EqEP )

which is a @ ((L/N)*) term. This establishes (2.2.6). As M = G (NP) with f > 0, it is clear that it exists ko for
which ﬁ < ﬁ for some 6 > 0. Therefore, (2.2.6) for k = kg leads to

E(1gP*) =@(N11+5)

The use of the Markov inequality and of the Borel-Cantelli lemma imply that § converges towards 0 al-
most surely as expected.
It remains to justify that

ay (E(Qn(2) — me(2)D by — 0 (2.2.7)

For this, we first simplify the notations and denote by W, Q, Q the matrices Wy, Qx(2), Qn(z). Moreover,
Q is a ML x ML block matrix, so that we denote by Q?:li;mz its entry (i + (m; — 1)L, ip + (m — 1)L). We also
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denote (w;);=1,..N the columns of W. Although it is not stated explicitly in [49], (2.2.7) can be deduced
from various intermediate evaluations. In order to be more specific, we mention that it is proved in [49]
that matrix E(Q) can be written as

E(Q(2)) =Im ® Rn(2) + An(2) (2.2.8)

(see Eq. (4.14) in [49]) where Ryn(2) is a L x L. matrix whose expression is omitted, and where An(z) is
shown to verify ayAn(z)by — 0 using the Poincaré-Nash inequality (see Eq. (5.3) in [49]). As it will be
useful to establish (2.2.3), we give some insights on the proof of (2.2.8). [49] uses the identity
my,m 1 . . 1 )\ 111,12
E [Q y 2] = —~ (i1~ iz)5(m1 — m2) + —E [(wa ) ] 2.2.9)

i1,02 i1,lp
It turns out that the second term of the righthandside of (2.2.9) can be expressed in terms of the entries

(o)™ = @y ]

Il

of E(Q). To obtain the corresponding expression, [49] evaluates E

for each k, j, i1, i, my, my. For this, the identity

ma

E{@Qwip" (w)),

— my,Mayaris Y2
- Z [E(Qil,iS Wl3,kW12;])

i3,m3

and the so-called the integration by parts formula
=M
a (Q;TiSms Wiz ’2])

[E(le'm3WZ3ka2 ) -y [E(wglfkv_v??fj,) E W
1,]

inis ZZYj W
1,]
are used. After some calculations, this allows to express

my,mp

1,12 i1,iz

E IZ(QWW*)MI.;mZ] _ g (QW]‘W;)

in terms of the entries of E(Q), and to plug the corresponding expression into (2.2.9). This, in turn, leads
to (2.2.8).
In order to complete the proof of (2.2.7), it remains to justify that

ay (Im ® Rn(2) — mc(2)) by — 0

or equivalently that
ay; (Im ® Rn(2) — M, (2)I) by — 0 (2.2.10)

where m,, (z) is the Stieltjes transform of the Marcenko-Pastur distribution of parameters (cn, 02), which,
of course, verifies m(z) — m.(z) — 0 because cxy — c. The reader may check that (2.2.10) follows from
Corollary 5.1, Theorem 7.1 and Eq. (7.3) in [49].

Sketch of proof of (2.2.3). Using the Poincaré-Nash inequality, it can be proved as above that
a5 (Q-EQ)by — 0 a.s.

and establish that
ay; (E(Q(2)) — mc(2)I)by — 0 (2.2.11)

for each z € C —R*. The behaviour of matrix E(Q) is not studied in [49]. However, it can be evaluated
using the results of [49]. We first briefly justify that

EQ=R+A (2.2.12)
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where R is a certain N x N matrix, and where A verifies é;]ABN — 0. The proof of (2.2.12) uses the same
ingredients than the proof of (2.2.8). We first remark that

WQW=QW*W =1+ 2zQ (2.2.13)

The above mentioned evaluation of E for each k, j, iy, i2, my, my allows to calculate

m «\M2
Qwp)!" (w].)iz
[E((W*QW) j,k) in terms of the entries of E(Q) and of [E(Q). Plugging this relation as well as (2.2.8) into
(2.2.13) leads to the expression (2.2.12). As previously, ayAby — 0 is obtained using the Poincaré-Nash
inequality.

The proof of a5, (R(z) — /i1¢(2)I) by — 0 is omitted as it needs the introduction of several notations of
[49].

We establish (2.2.4). For this, we first remark that for each 0 € R, the distribution of matrix Wye®
coincides with the distribution of Wy. Therefore, it holds that

E(Qn(2Wne™) =EQn@Wy)

which implies that E (Qn(2)Wy) = 0. In order to complete the proof of (1.2.19), it is sufficient to establish
that if we denote by ky the random variable kn = al’(I (Qn(2)Wn) by, then, for each p = 1, it holds that

L7
[EIKN—[E(KN)IZ”=6’((N) ) (2.2.14)

Choosing p large enough leads to kx — E(kn) = ky — 0 a.s. as expected. (2.2.14) can be proved as above
by using the Poincaré-Nash inequality.

We finally justify that, (2.2.2), (2.2.3), (2.2.4) hold uniformly w.r.t. z on each compact subset of C* —
[A7,A}] when L = O(N%) for a < 2/3. We just prove that it is the case for (2.2.4). By Theorem 1.3.1, for
each € > 0, almost surely, for N large enough, there is no eigenvalue of WyWy, outside [A; —€,A] +€] U {0}.
Therefore, almost surely, for N large enough, function z — kN (2) is analytic on C* — [A; — os,)\;r +¢€]. We
use a standard argument based on Montel’s theorem ([64], p.282). We first justify that for each compact
subset # c C* — [A; —€,A] +¢], then it exists a constant n such that

sup |kn(2)| =n (2.2.15)
zZeEX

for each N large enough. We consider the singular value decomposition of matrix Wy:
Wy = INAN®S,
where Ay represents the diagonal matrix of non zero singular values of Wy. kn(z) can be written as
* 2 -1 * 1o
kn(2) =ayI'n (A - zI) ~ An®ybn

Therefore, it holds that X
kn @)1 < | (8% —21)"" Ax | lan 1By

The entries of AZN are located almost surely into [A; —¢, )\: + €] U {0} for each N large enough. Therefore,
for each z € A, it holds that

1
dist([A; —€,Af +€] U {0}, %)

|(a%-21" x| <
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The conclusion follows from the hypothesis that vectors ay and bn satisfy supy (llanll, Ibx ) < +o0. (2.2.15)
implies that the sequence of analytic functions (kyx)nz1 is @ normal family . Therefore, it exists a subse-
quence extracted from (ky)n=1 that converges uniformly on each compact subset of C* — [A7 —€,A} +€]
towards a certain analytic function k.. As (2.2.4) holds for each z € C—R™", function k. is identically zero.
We have thus shown that each converging subsequence extracted from (kn)ns>1 converges uniformly to-
wards 0 on each compact subset of C* — [A; — e,)\j +¢€]. This, in turn, shows that the whole sequence
converges uniformly on each compact subset of C* — [A; —¢,A{ +€]. As this property holds for each € > 0,
the sequence also converges uniformly on each compact subset of C* — [A,A}] as expected.

Remark 3. Remark 1 leads to the conclusion that convergence properties (2.2.2, 2.2.3, 2.2.4) and their
uniformity w.r.t. z on each compact subset of C* — [\;,\}] implies that the bilinear forms of matrices
(ZNZKI —zD ! and (Zf{IZN — zI)™L have the same behaviour than the bilinear forms of matrices Sx(z) and
Sn(z) defined by (1.2.33) and (1.2.37).

2.3 Detection of a wideband signal.

2.3.1 Introduction

The multi-antenna detection of low rank non observable narrow band signals corrupted by an additive
spatially and temporally white Gaussian noise is a fundamental problem that was studied extensively e.g.
in the contexts of array processing (see e.g. [45], [11]) and more recently of spectrum sensing (see among
others [65], [47], [25]). The most popular method to solve the above problem is the GLRT test, which,
in the present case, can be expressed in closed form. In order to obtain some insights on the statistical
performance of the generalized likelihood ratio test (GLRT), it is standard to assume that the number of
observations N converge towards oo, and to characterize the asymptotic distribution of the GLRT statis-
tics under the null and the alternative hypothesis. In practice, this approach provides reasonable results
when N is much larger than the number of antennas M at the receiver side. When the antenna array is
large, the assumption that N >> M is often not justified and the standard asymptotic analysis does not
provide reliable results (see e.g. [36] in the context of supervised detection). In this context, it is now
standard to consider the large system regime M — +o0o, N — +o0 in such a way that % — d where d > 0.
We refer the reader to the papers [57], [43], [12] in which this approach is developed.

In this section, we assume that M and N are large and of the same order of magnitude. We address the
detection of a single signal in a multipath propagation channel, i.e. its contribution to the observation
coincides with the output of an unknown finite impulse response SIMO filter driven by an unobserv-
able deterministic scalar sequence s = (s;)ez. The signal to be detected is thus a rank 1 signal in the
frequency domain. We assume moreover that the number of paths P, or equivalently the number of co-
efficients of the SIMO filter is much smaller than M. [65] studied the GLRT when s is an i.i.d. Gaussian
sequence and the filter has an infinite impulse response, or equivalently when P = +co. Under certain
assumptions, [65] proposed to evaluate the log likelihood ratio using the Witthle approximation, and ob-
tained an expression based on integrals over the frequency domain. When P is finite, the GLRT cannot
be expressed in closed form because the maximization of the likelihood over sequence s and the filter

As the GLRT cannot be used, a pragmatic approach is to observe that the signal to be detected can
be interpreted as a superposition of P narrow band deterministic signals. Therefore, it is possible to
use the corresponding GLRT which consists in comparing the sum of the P greatest eigenvalues of the
empirical spatial covariance matrix of the observation to a threshold, at least if the noise variance is
known. However, it is intuitively more appealing to consider the greatest eigenvalues of the empirical
spatio-temporal covariance matrix in order to take benefit of the particular convolutive structure of the
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signal to be detected. We compare these 2 approaches in the asymptotic regime M — +oo, N — 400 in
such a way that % — d where d > 0. In this regime, the first order behaviour of the largest eigenvalues
of the empirical spatial covariance matrix is well known, and this allows to evaluate the relevance of
the "narrow band" test. In this section, we use Theorem 2.2.1 in order to evaluate the behaviour of
the greatest eigenvalues of the empirical spatio-temporal covariance matrix. This allows to have a clear
understanding of the advantages of the use of the spatio-temporal covariance matrix.

This section is organized as follows. In subsection 2.3.2, we precise the signal models and the un-
derlying assumptions. In subsection 2.3.3, we deduce from Theorem 2.2.1 the first order behaviour of
the detection test based on the greatest eigenvalues of the empirical spatio-temporal covariance matrix.
Finally, subsection 2.3.4 present numerical experiments sustaining our theoretical results.

In the following, A (x,T’) represents the M-variate complex Gaussian (i.e. circular) distribution with
mean x and covariance matrix I.

2.3.2 Problem formulation.

In the following, we denote by (y,),=1,. N the M-dimensional signal received on the M-sensors array.
Under hypothesis Hy, the observation is reduced to a spatially and temporally complex Gaussian noise,
i.e.

Yn=vVy,n=1,...,,N (2.3.1)

where (v,,) =1, N are i.i.d. A(0,021) distributed random vectors. We assume from now on that o? is
known in order to simplify the exposition, but our results can be easily generalized if 62 is unknown (see
below). Under hypothesis H;, the observation is given by

P-1
Vo= hpspp+vy, n=1,..,N (2.3.2)
p=0

where (s;,) ez is @ non observable deterministic scalar sequence and where the M x 1 transfer function
h(z) = X)_3hyz "7 is unknown. We however assume that P is known, which, in practice, means that
an upper bound of the number of paths is available. s is assumed deterministic in order to avoid to
formulate restrictive hypotheses,e.g. that signal (s,) ,cz is an i.i.d. Gaussian sequence.

In order to test hypothesis Hy versus H;, the GLRT cannot be implemented because, under H;, the
maximum likelihood estimator of filter h(z) and sequence (s;) ,=—p-1),.. N cannot be expressed in closed
form (see e.g. [66], [38]). We note that when s is an i.i.d. Gaussian sequence, [65] derived an approxi-
mate GLRT based on the Whittle approximation, but without assuming that filter h(z) is FIR. Moreover,
the approach of [65] needs the observation of at least M independent realizations of the observation
(Yn)n=1,..N, an hypothesis which is not formulated in the present paper. Finally, the approach of [65]
cannot be adapted to the case of a deterministic signal (sy) sez-

As the GLRT cannot be implemented, we study pragmatic alternative approaches. The most obvious
solution is based on the observation that signal [h(z)]s(n) = Zi;}, h, s, can be interpreted as a super-

position of P narrow band signals. It is thus possible to test the hypothesis Hy against hypothesis HI1
defined by

P-1
Yu=Y hys? +v, 2.3.3)
p=0

where signals (s?)) p=0,.,p—1 are non observable deterministic signals. Hypothesis H'1 is of course not
equivalent to H; because the particular structure of silp )= Sn—p is ignored in the formulation of H'1 We
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denote by Y the M x N matrix defined by Y = (yy,...,yn). Then, H’1 is of course equivalent to
Y=A+V (2.3.4)

where A is a rank P deterministic matrix, and where V is defined as Y. The corresponding GLRT is easy to
derive, and consists in comparing the statistics

YY*
) (2.3.5)

p
NN = 7\'(
2NN

to a threshold. Here, ()\i (YYT))

The matrix % coincides with the empirical spatial covariance matrix of the observations. In order to
take benefit of the particular convolutive structure of signal [h(z)]s;, it seems however more appropriate
to consider a statistics based on the largest eigenvalues of spatio-temporal covariance matrices. If L is

an integer, we denote by y’ the ML-dimensional vector defined by

M represent the eigenvalues of % arranged in decreasing order.
i=1,...,

L) _ T
Yo' =i Vinatl-1r- o YMnr -+ o) YM,n4L-1)

and by Y the ML x N block-Hankel matrix defined by Y = (y(lL), oo 1%)). We note that Y depends
on (yn)n=1,..N+L-1 While, in principle, the observation y,, is available until n = N. As we consider in the
following asymptotic regimes in which N — +oo while L remains fixed, the above mentioned end effect
has no consequence on our results.

Under hypothesis Hy, matrix Y\ is reduced to VI, and under H;, YWD is given by

Yo - gWg® 4y (2.3.6)

(see (2.1.3)). Instead of using nn defined by (2.3.5), we propose to consider the statistics n%) given by

P+L-1 YDy«
Loy ( ) (2.3.7)

n
N i=1 N

for a suitable value of integer L. We note that if L =1, then Y and n{}’ coincide with Y and n.

In order to obtain some insights on the merits of statistics nl%) in the case where M and N are large
and of the same order of magnitude, we evaluate under both hypotheses the first order behaviour of
r]l(\? in the asymptotic regime M — +o0, N — +o0 in such a way that dy = % — d where d > 0. We also
assume that P and L do not scale with M, N. In the following, N — +oc0 should be understood as the above
asymptotic regime. The study of r]l(\ll‘) when N — +oo is equivalent to the study of the largest eigenvalues
of matrix %

Remark 4. The case 02 unknown. When o2 is unknown, the GLRT corresponding to hypotheses Hy and
H'1 given by (2.3.4) consists in comparing statistics % to a threshold. Therefore, it is relevant to
replace statistics r]l%) by IT%
L Tr(YOYD*/N)
towards o? in the absence and in the presence of signal. Therefore, the characterization of the first order

asymptotic behaviours of r]%) and of its normalized version are equivalent.

It is easily seen that ﬁTr(Y Lyl /N) converges almost surely

@L

2.3.3 Asymptotic behaviour of n’.

W%), B%) and ZI%) are the normalized matrices defined by Wl%) = Vl%)/ VN, B%) = \/LNH(L)S(L) and Zl%) =

B%) + W%). We notice that Y%) /v/N coincides with Wf\]]“) under Hy and with Z%) under H;. The content of
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this chapter is based on Theorem 2.2.1 which, allows to evaluate the asymptotic behaviour of the largest
eigenvalues of =’ =%,

In the following, we denote by (X%i\l)kzl ML the eigenvalues of ZI(\]]“) Zl(\]]“)*, and by AL > )\g“l)\I >

..... LN
L : L) pL)*
Apip 1N the non zero eigenvalues of BBy

In order to simplify the following discussion, we formulate the following hypotheses on vectors (hy) y-o,....p-1
and on signal () pez:

Assumption 2.3.1. ¢ (i) When N — +oo, matrix H*H converges towards aP x P matrix A

e (ii) For each integersi,j = 1, %Zl,le sn+,-_ps;+j_P converges towards a limit. In this case, the limit
only depends on i — j, and is denoted R;_;.

As the entries of matrix HV*H® depend on the entries of H*H, (i) implies that H*H" converges
towards a matrix A" whose entries depend on the entries of A. In the following, we also denote by R™
the (P +L—1) x (P + L~ 1) Toeplitz matrix defined by RE.L]? =Ri-;.

. - . . . LgL* . .
As the non zero eigenvalues of B%)Bg“)* coincide with the eigenvalues of matrix HD*H® %, itis

clear that Assumption 2.3.1 implies that Assumption 2.2.1 holds, and that )\ECL) = Ak (A(L)R(L)).

As Assumption 2.2.1 holds, Theorem 2.2.1 holds. It is clear that nl(\%) converges almost surely n
defined by

@L

Ky
=3 pM+@P+L-1-Kp)o?(1+VdL)? (2.3.8)
k=1
We note that if Ky, = 0, or equivalently, if the largest limit eigenvalue )\SL) of matrix B%)B(L)* is below

the detectability threshold ?v/dL, then the first order asymptotic behaviour of r]l%) under hypotheses
Hp and H; coincide. In this case, the test based on r]l(\? is not consistent, in the sense that it does not

allow to distinguish between the 2 hypotheses when N — +oo. If however )\(IL) is greater than 02V/dL, the

(L)

asymptotic behaviours of ;” under Hyp and H; do not coincide and the test is consistent. In other words,

N
the test based on n%) is consistent if and only if

)
A1

o02v/dL

A(lL)
. . . \/ﬁ . . . . .
the consistency of the GLRT test point of view. In order to obtain some insights on the optimal choice of

L, we first assume that (s;),cz coincides with a realization of a unit variance zero mean i.i.d. sequence
and that the limit A of matrix H*H is diagonal, a condition meaning that the P paths are decorrelated.
In order to simplify the notations, we denote by &y, ...,0p_; the diagonal entries of A which represent
the powers of the various paths. We notice that Zf?;(l) dp coincides with the power of the signal to be

>1 (2.3.9)

This condition implies that the value of L for which is maximum can be considered as optimal from

detected. It is easily seen that for each L, matrix A" is diagonal as well, and that its largest entry is equal
to Zl;;é 8, if L= P, and to max—g,p_L Z;;%) 8p+k if L <P. As matrix R™ is equal to Ip_1 41, this implies
that the largest limit eigenvalue A\ is equal to Zg;}) 8, if L= P, and to maxy_p_L Z]r;;}) 8psk ifL<P.If
L = P, the left handside of (2.3.9) is equal to

ZP—I 5

p=0~P

02V dL

while it is equal to
maxg=o, . p-L ZI,;_:%) Op+k

o2v/dL
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if L < P. The optimal value of L of course depends on the particular values of dy,...,8p_;. If the powers
all coincide with a common term 0, the optimal value is L = P, and the test based on r]l(\}; ) is consistent if
and only if

2
o°vd
0> vd (2.3.10)
VP
In contrast, we mention that if L = 1, the consistency condition is
&>0%Vd (2.3.11)

Therefore, choosing L = P allows to gain a factor P w.r.t. L= 1. If L > P, the consistency condition is
equivalent to

o%Vd

o> vL/P (2.3.12)

thus showing that an overdetermination of L may also induce a loss of performance.

We now consider a more realistic scenario in which matrix A is not diagonal. We assume that the
signal to be detected is a sampled version of a continuous time linearly modulated signal },, 5,8, (¢ —
nT) where (s,) ez is an i.i.d. sequence of symbols and where g,() is a continuous time shaping filter.
The propagation channel is a Rayleigh multipath channel with Q uncorrelated paths with time-delays
To,...,TQ-1. In this context, vectors (hy) =, p-1 are given by

Q-1
h,=) A;8a(pT—1y) (2.3.13)
q=0

where vectors (A4)4=0,.,0-1 are the realizations of independent zero-mean random Gaussian vectors.
We denote by A the M x Q matrix A = (Ag,...,Ag-1), and assume that matrix A* A converges towards plq.
In practice, this hypothesis means that the Q paths share the same power. AsH = (hp_y,...,hp) is given by
H = AG where G = (gp-1,...,80) and where each Q-dimensional vector g, is given by g,, = (g4((P - 1)T —
10),.--,8a((P— DT —1-1))7, itis clear that matrix H*H converges towards A = uG*G, and that HD*HU
converges towards AY = pG®»*G® where matrix G! is the QL x (P+L~1) block-Toeplitz matrix with first
block line (gp_1,...,80,0,...,0). Therefore, the largest eigenvalue A" of A1 is equal to pA; (G*GD).
The optimal value of L thus depends on the way the largest eigenvalue of GM*G® increases with L. As
the optimal value of L cannot be found using analytical arguments, we give a numerical example. We
assume that g,(t) is a square root Nyquist filter with excess bandwidth 0.5 which is truncated to interval
[-2.5T,2.5T]. Moreover, Q =2, 19 =0, 11 = 2T, d = 1/2 and the SNR % is equal to 2 dB. In figure 2.1, we
plot the largest eigenvalue of GV*G® and the lefthandside of (2.3.9) versus L. It is seen that the optimal
value of L is equal to 3, it is thus different from P, which, is the present context is equal to P = 7.

2.3.4 Simulation results.

In this section, we provide numerical simulations illustrating the results given in the previous para-

graphs. We first consider the case where matrix H coincides with a realization of a Gaussian random

matrix with i.i.d. A¢(0,1/(MP)) entries. In this context, matrix H*H converge towards Ip/P. Sequence

(Sn)n=2-p...N—p+1 is a realization of an i.i.d. sequence taking values +1 with probability 1/2. In this con-

text, we have shown before that the optimal value of L is equal to P. In order to illustrate this behaviour,

we consider the case M = 80,N = 160 and P = 5, and represent in figure 2.2 the ROC curves, evaluated
L

using Monte-Carlo simulations, corresponding to the statistics nN),nN, A (Y(L)E(W ) and A (Y%), referred

to as spatio-temporal, spatial, Imax-st and Imax-s in figure 2.2. The numerical results confirm that the
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Largest eigenvalues of G(L) G(L)*
16 T T T T

14t -
12 -

10 T

Largest eigenvalues

B [«2) [ee]
T
|

-3

Largest eigenvalues to detectability thresholds
1.9 T T T T

Figure 2.1 — Ratio Largest eigenvalue over detectability threshold versus L

use of ']1(\?) leads to much better results than the use of ny which corresponds to L = 1, and that it is in-
deed beneficial to take into account the P + L — 1 largest eigenvalues of the empirical spatio-temporal
covariance matrix, and not only the largest one.

We now generate vectors (hp),=o,...p-1 according to model (2.3.13) for Q = 2,19 = 0,11 =2T,P =7
and when g,(?) is a square root Nyquist filter with excess bandwidth 0.5 which is truncated to interval
[—2.5T,2.5T]. In figure 2.3, we assume that M = 80,N = 160 and again represent the ROC curves cor-

YOy

responding to the statistics r]l(\]]“),r]N,)\l( N ) and A\ (Y?\{I*) for L = 3. This time, it is seen that it is not

beneficial to take into account the L+ P — 1 largest eigenvalues of YMYY*/N, and that the best strategy
is to consider the largest eigenvalue, which, for L. = 3, provides the best results.
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ROC curves with SNR=4 and L=5
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Figure 2.2 - ROC curves of different statistics,A diagonal
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Figure 2.3 - ROC curves of different statistics, A not diagonal



CHAPTER 2. SPATIAL-TEMPORAL GAUSSIAN INFORMATION PLUS NOISE SPIKED MODEL

2.4 Estimation of regularized spatio-temporal Wiener filters

2.4.1 Introduction

Finite impulse response spatio-temporal Wiener filter estimation using a training sequence is a very
classical problem. When the useful signal is corrupted by an additive temporally and spatially white
Gaussian noise, the optimal estimator is known to be the standard least-squares estimate defined as the
action of the inverse of the empirical spatio-temporal covariance matrix on the empirical cross corre-
lation between the observation and the training sequence. However, it is known for a long time that
regularizing the empirical spatio-temporal covariance matrix by a multiple of the identity matrix may
enhance the performance of the estimate because this matrix can be ill-conditioned or even non in-
vertible when the size of the training sequence is smaller than the dimension of the vector associated
to the Wiener filter. The choice of the regularization parameter appears to be a crucial issue that was
addressed in a heuristic manner in a number of references (see e.g. [39], [78, p. 748], [50] and [42]) be-
cause classical figures of merit such as the signal to interference plus noise ratio (SINR) produced by the
estimated Wiener filter are difficult to estimate in the general case. In the context of large dimensional
systems where the number of sensors and the length of training sequence are both large, the situation
appears more favourable due to some subtle self-averaging effects. The existing related works addressed
the purely spatial context. Ledoit and Wolf proposed in [44] to find the loading factor so as to minimize
the mean-square error of the estimated empirical covariance matrix, and showed that the optimal value
can be estimated consistently. This approach was generalized in [16] to the Tyler estimator in the context
of robust estimation. Mestre and Lagunas [53] considered the case where the array response is a priori
known (no training sequence) and where the interference plus noise covariance matrix is unknown. It
is shown in [53] that the SINR produced by the regularized estimated Wiener filter can be consistently
estimated from the available observations, and [53] proposed to estimate the loading factor as the argu-
ment of the SINR maximization. The optimization of the SINR was also considered in [83] in the context
of robust estimation.

In the present section, we assume that the observation is a M-dimensional time series defined as a
noisy output of an unknown SIMO finite impulse response system driven by the sequence of interest.
We assume that a length N training sequence is available at the receiver side in order to estimate a regu-
larized degree L — 1 FIR spatio-temporal Wiener filter from the N M-dimensional observations collected
during the transmission of the training sequence. In the large system context in which M and N both
converge towards +oo at the same rate and where L remains fixed, we establish that the SINR produced
by the regularized estimated Wiener filter, which, in principle, depends on the additive noise corrupting
the N available observations, converges towards a deterministic term depending on the loading factor,
the noise variance, assumed to be known, and the unknown filter. We show that, while the channel filter
is unknown, the above limit SINR can be estimated consistently from the N available observations for
each value of the regularization parameter, and propose to estimate the loading factor as the argument
of its maximum.

This section is organized as follows. In subsection 2.4.2, we present the signal models and the un-
derlying assumptions. In subsection 2.4.3, we present some useful technical results. In subsection 2.4.4,
we establish that the SINR converges towards a deterministic term, and subsection 2.4.5 addresses the
consistent estimation of the limit SINR. Finally, subsection 2.4.6 presents numerical experiments sus-
taining our theoretical results, and comparing our proposal to the Ledoit-Wolf ([44]) estimator of the
regularization parameter and to other empirical schemes proposed in the past ([39], [78, p. 748], [50]
and [42]).
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2.4.2 Problem formulation.
We assume that the observation is a M—dimensional time series (y;) ,cz defined by

P-1

yn=Y hysp_p+vyn=1,..,N (2.4.1)

p=0
where h(z) = Zi;(l) h,z"P represents the transfer function of the unknown FIR SIMO system and (v,,) nez
is an i.i.d sequence of complex Gaussian random vectors with spatial covariance matrix oI. Although
h(z) is not known, we assume that P is known, i.e. in practice, that an upper bound of the support
of the impulse response associated to h(z) is available. We assume that a length N training sequence
(Sn)n=1,.. N is available at the receiver side, and estimate from (y,),=1,..N the Wiener spatio-temporal
filter g = (gg, . .,g{_ 1)T defined in such a way that Z%:_Ol 8) Yn+! represents the minimum mean-square
estimate of s;,. If we denote by yg“) the ML-dimensional vector defined by

® _ T
Y. = (y1,nr---;y1,n+L—1,---,YM,n»--.rYM,rHL—l)

we study the performance of the estimated regularized Wiener filter §) defined by

-1
R 1 N . 1 X .
S DI MML) (ﬁ R Sn) (2.4.2)
n=1 n=1

g is destined to estimate the unknown transmitted data (s,),>n. In the following, foreach m=1,..., M,
we denote by Hy, the L x (P + L — 1) Toeplitz matrix corresponding to the convolution of signal (s;) ez
with sequence (hy, ) p=o,..,p-1, and define ML x (P + L— 1) block-Hankel matrix H by H = (H],..., Hy))".

Assuming sequence (s,) >N i.i.d., the signal to interference plus noise ratio produced by g;” is easily
seen to be equal to

gy hel*
SINR@E) = — A . (2.4.3)
ST GH  H g + 02811
where hp is column P of H, and matrix H_p is obtained by deleting column P from matrix H. SIN R(gg\L))

is random in the sense that it depends on the vectors (y,);=1,..N, Which are random themselves due to
the presence of the additive noise. When N — +oco and M, L remain fixed, it is easy to see that if A = 0, the
filter &, converges towards Wiener filter (HH* + 0I) "'hp and that SINR(g&,) converges towards y defined
by
_ by (HH +021) " hp

1-h} (HH* +021) " hp
Similar results hold when A > 0. On the contrary, when M, N are of the same order of magnitude, the
analysis of the behaviour of SINR(g)) is different and requires much more work. From now on, we as-
sume that

(2.4.4)

M, N — +o0, the ratio dy = % — d >0, and P and L remain fixed.

To simplify the notations, N — +oo should be understood as the above asymptotic regime. We also de-
note by ¢y the ratio ey = % which converges towards ¢ = dL.
In the following, we again consider the normalized block-Hankel matrices Zy and Wy defined by

1 o o I o W

Sn=—0P, Ly wy = —wl, v D)
VN ! N VN ! N

respectively. Then, the relations between the available observations and sequence (s;);=1,..N can be

expressed as
2y =HUjn +Wy (2.4.5)
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where Uy is the (P + L —1) x N Hankel matrix defined by (U(L))i,n = su+i—p/VN. As the dimensions of
matrices H and Uy scale with M, N, we have to formulate the following hypothesis:

Assumption 2.4.1. supy [|H|| < +oo, supy [UnIl < +oo

Without loss of generality, we can assume that UyUY = I, because it is possible to replace H by
H(UNU3)'? and Uy by Uy (UnU) ™2 without modifying the model and Assumption 2.4.1.

In the following, we define Qn(z) (resp. QN (2)) as the resolvent of matrix ZNZfiI (resp. of matrix
2 ZN), and remark that the estimated Wiener filter g, can be written as

gl = Qu(-N)Znug

where uy = LN (s1,-..,Sn) is the P-th row of matrix Uy. To evaluate the behaviour of the SINR given by
formula (4.4.2) when N — +o0, it is sufficient to study the following 3 terms:

ri,n =hpgy =hpQn(-A)Znuy (2.4.6)
ron =HZpg) = H ,Qn(-A) Znuy (2.4.7)
rsN = 18117 = unZ{ QN (—N)* Znuy; (2.4.8)

r1,N and each component of P + L — 2—-dimensional vector r» y are bilinear forms of matrix Qn(z) Xy for
z=—A. As P and L do not scale with M, N, the asymptotic behaviour of |, y|? is equivalent to that of
each component of r, n. Therefore, evaluating the behaviour of each bilinear form of Qn(z) 2y for z=—-A
allows to characterize |h;‘,g7\|2 and |H” ;g\ 1> when N — +o0.

In order to study r3 N, we remark that the derivative w.r.t. z of Qn(z) coincides with (QN(z))Z. There-
fore,

* 2 a *
ZyQn(2)"EN = 3z [Z}Qn(2)2N]

Using the identity 2} Qn(2)Zn = Qn(2) 2% Zn = I+ 2Qn (2), we finally obtain that

0 -
>QN(2)*EN = 32 [z2Qn(2)] (2.4.9)

Hence, in order to evaluate the asymptotic behaviour of r3 v, it is sufficient to study the behaviour of the
bilinear forms of zQy(z), and to differentiate w.r.t. z for z e R™*.
2.4.3 Asymptotic behaviour of the bilinear forms of Qy (z) Zx, zQn(2), and (2Q(2)) .
In this paragraph, we evaluate the behaviour of the bilinear forms of Qy(2)Zy, zQn(2) and (ZQN(Z))/.
For this, we introduce the following notations: If Ey and Fy represent 2 sequence of ML x ML or N x N
matrices, we will write that Ex = Fy if for each sequence of unit vectors ay, by;, it holds that agExbn —
a;IFNbN — 0.

As Qn(2)ZN = Qn(2)HUy + Qn(2)WN, we have to evaluate separately the bilinear forms of Qn(2)Wy

and of Qn(z) (recall Assumption 2.4.1). For this, we denote by Qwn(z) and QW,N(z) the resolvents of
matrices WNWf{I and W;IWN. (2.2.2,2.2.3,2.2.4) imply that

Quwn(2) = me(2)Imr, Qwn(2) = M (2)IN, QN (2)WN =0 (2.4.10)

for each z € C —R", where m.(z) represents the Stieltjes transform of the Marcenko-Pastur distribution
of parameters (c,0?). Using this, it is easy to check that the calculations of paragraph 1.2.2 devoted to
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the case where matrix Wy has i.i.d. entries are still valid (see Remark 3)). In particular, (1.2.32) remains
valid, i.e.
Qn(2) = Sn(2)

where Sy (z) is the M x M matrix-valued function defined by

Sn(2) = |—z(1 + 0% (2) + _HHT 7
NI ¢ 1+ 02cme(z)
or equivalently by
Sn(2) = me(2) (1- zm(2) i (2) HH*) ™! (2.4.11)
Therefore, it holds that
Qn(2HUY = m,(2) (1- zmc(2)m.(z)HH*) "' HUy (2.4.12)

In order to evaluate the bilinear forms of Qn(z)Wy, we express Qn(z) in terms of Qwn(z) by a formula
similar to (1.2.31), except that the singular value decomposition of the deterministic part of Zy is re-
placed by factorization HUy with UNUy, = Ip41-1. We have:

N I |
QN=Qw,N—Qw,N(H,WNUN)( I 0 )x (2.4.13)

-1
H* L (1T U,
1+( UNW, )QW(H,WNUN)( I 0 )] ( UNW, )QW

Using (2.4.10), we obtain after some algebra that
Q)W = —m¢(2) (1 + 2/ (2) (I- zme(2) mc(z)HH*)_l HUy (2.4.14)
Therefore, it holds that
Qn(2)EN = —zmc(2) M (2) (I zmc(z)ﬁlc(z)HH*)_l HUy (2.4.15)

or equivalently,
Qn(2)ZN = (HH" - wc(z)l)_l HUy (2.4.16)

As for zQn(z), (1.2.36) remains valid, i.e.
Qn(2) = Sn(z)

where Sy(z) is the N x N matrix-valued function defined by

s UXH*HUy \ !
_ 2 N
SN(Z) = —Z(l +0 cmc(z)) + Tﬁ’lc(z)
which can also be written as
o _ 2 ~ P -1 _ 1 P—, -1
Sn(2) = (1+ 0% (2)) (UNH*HUN — we(2)I) =— —— (UXH"HUN — wc(2)1) (2.4.17)
C Z
Therefore, it holds that
S Jrap— -1
~ — UyH HUy — 2.4.18
z2Qn(2) — (U5 N— We(2)) ( )
or, using the expression (1.2.11) of m(z) in terms of w,(z),
2Qn(2) = (we(2) + 0%¢) (ULH HUy — w,(2)) ™" (2.4.19)

38



CHAPTER 2. SPATIAL-TEMPORAL GAUSSIAN INFORMATION PLUS NOISE SPIKED MODEL

Writing the deterministic equivalent of zQN(z) in terms of w.(z) is useful because the calculation of the
derivative w.r.t. z of the righthandside of (2.4.20) appears easy due to the rather simple expression of

2
W (2) - (see 1.2.35).

wC(Z) = w%(z)—o“
In order to obtain an approximation of the bilinear forms of (zQn(2)) , we remark that it is possible
to differentiate (2.4.20) because the convergence of the corresponding bilinear forms is uniform on each

compact subset of C — R*. After some algebra, we obtain that

wZ(2)

(2Qn(2)) = (U H*HUy — we(2)) (U5 H*HUy + 02c) (2.4.20)
c

w?(z) — o*

2.4.4 Asymptotic behaviour of the SINR

Using (2.4.16) and (2.4.20), we obtain after some algebra the following result.

Proposition 2.4.1. For each X > 0, when N — +oo, the three terms |[hjgx |1, IH*,8x[1% et Ig\1* can be
approximated (i.e. have the same almost sure behaviour) by the following deterministic quantities:

o Ihpg\l1* = (b (HH* — we(-\)D ™' hp) (2.4.21)

* IH pgall* = we (=N hy (HH* — we(-N)D " hp +
hj (HH* — w, (-1 'hp (1 -hy (HH* — w.(-M)D 'hp)  (2.4.22)

o?c

m (1 —l’ll>l;<.(I'IH>!< - wc(—)\)l)_lhp)

A 12
e lIgall” =

we(=N) (02 c+ we(=N)
we(—\) —atc

hy(HH* — w (~\)D 2hp  (2.4.23)

Moreover, if we introduce a(A) = hi,(HH* — w(~\)D) "' hp and p(A) = hi; HH* — w.(—\)D) ~2hp, it holds that

SINRE™) - p(A) — 0 (2.4.24)

almost surely, where G(A) is defined by

a(A)?
[1— [ + —2 1+ w%(—x)(wc(—mmz)ﬁ()\)

w?(-\)—o* wz(-N)-o*c

b)) = (2.4.25)

When ¢ = dL < 1, almost surely, for N large enough, Qn(z) is analytic in a neighbourhood of 0. There-
fore, the results of Proposition (2.4.1) also hold for A = 0. Using the observation that w.(0) = —0?, we
obtain immediately that

$0) =Y a-dbly (2.4.26)

y+dL
where y is the SINR corresponding to the true Wiener filter (see Eq. (2.4.4)). Consequently, the estimation
of the Wiener filter by g(LO) produces a SINR loss equal to (1 - dL) Y+—YdL, which, of course, is considerable
when dL is close from 1. As shown below, the use of a convenient regularization coefficient allows to

improve considerably the SINR in this context.
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2.4.5 Consistent estimators of the SINR
Itis clear that function A — ¢(A) depends on matrix H which is unknown. We establish in this subsection
that it is possible to estimate ¢(A) consistently for each A > 0. For this, it is sufficient to estimate a(A)
and B(M) (see (2.4.25)). In the following, we show that a(A) and B(A) can be expressed in terms of Sy(z)
given by (2.4.17) and of the derivative of zSx(2), and build the estimators from the observation that
Qn(2) = Sn(2) and from (2Qn(2)) = (2Sn(2)) for each ze C-R*.
We first observe that

H* (HH* - w.(2)1) ' H= (H*H- w.(2)1) ' H'H=1+ w(2) (H*H- w(21) "

Taking the (P, P) entry of this matrix equation, we obtain that a(A) can be written as
a(N) =1+ we(-N(HH- we(-ND Hpp
We also remark that
(H*H- we(-N)D Hpp = uy (UYH HUN — we(-M)D ™ Huy,

(2.4.17) implies that

(ULH*HUy - we(2)D) 1) = - Sn(2)

+02m.(2)
and that
Sn(z)

we(2) (UFH*HUN - we(2)D ™) = ——
mc(Z)

As it holds that Qn(z) = Sx(z), we conclude that (H*H - w.(—A)I)"!)pp can be consistently estimated

- m un Qn(-A) uy, and that
unQn(-Nu
a\) =1- M (2.4.27)
ma(—A)
is a consistent estimate of a(A). In order to obtain an estimator 6()\) of B(A), we observe that
hi (HH" — w. (-1 *hp = (H*H - we(-N)D ™ pp + we(—A) (H*H - we (- *)pp (2.4.28)

As the first term of the righthandside of (2.4.28) can be consistently estimated, it remains to be able to
estimate (H*H — wc(—)\)I)‘z)Rp. For this, we remark that (2.4.20) leads to

un 2Qn (2) uy = (We(2) + 020) (H*H - we(2)D) ™ Hpp

Differentiating this w.r.t. z, we obtain immediately that (H*H — w.(—A)I) 2)pp can be consistently esti-
mated and that 3(A) can be estimated by 3(A) defined by

0'2(,‘

(we(=A) +02¢)?
w?(-\) —o’c
we(=N)(we(=N) +02¢)

P = - AunQn (-Nugy

[un (Qn (=N = AQE (—A)uy ] (2.4.29)

Replacing a(A) and B(A) by &(A) and [3)()\) in formula (2.4.25), we obtain immediately a consistent esti-
mator p(A) of the asymptotic SINR ¢p(A). Moreover, it is possible to establish that function ¢p(A) — G(\)
converges uniformly towards 0 on each compact subset of R} . Therefore, if we denote by Aopr and Xopt
the argument of the maximum of ¢ and ¢ on a fixed compact of R, it holds that ANopt — }\op; — 0. There-
fore, maximizing function A — {(A) allows to estimate a regularization parameter for which the true
asymptotic SINR ¢(A) is maximum. We also notice that this approach allows to choose the smoothing
factor L: it is sufficient to evaluate (T)(f\opt) for each choice of L, and to select the smoothing factor for
which the latter term is maximum. This is of course not a computationally efficient procedure because
it needs to evaluate matrix Qn(—A) et Qu(—A) for each A and each integer L.
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2.4.6 Numerical experiments.

In this section, we provide numerical simulations illustrating the results given in the previous sections.
We first illustrate the accuracy of the approximation SINR(gg\L)) = ¢(A) where we recall that SINR(gg\L))
is the true SINR defined by (4.4.2). Matrix (hy,...,hp_;) is a realization of a normalized version (so as to
obtain a Frobenius norm equal to 1) of random matrix (a(8p), ...,a(0p-1)), with a(8) = \/%\71(1’ . ei(M_Ue)T,
and where the angles are drawn uniformly on [0,2n]. The sequence (s;),=1,.. N is a realization of an i.i.d
+1 sequence with probability 1/2. The signal to noise ratio SNR is thus equal to 1/02. In the follow-
ing experiments, N = 200,M = 40 and P = 5. In figure 2.4, SNR is equal to 8dB, L = 5, and we evaluate
by Monte-Carlo simulations (10.000 realizations are generated) function A — SINR(gg\L)). We represent
the graph of the function ¢(A) along with 2 plots representing the lower and upper bounds of the 95%
confidence interval of A — SINR(gg\L)). We can notice that the 3 graphs are close one from each other.

Confidence interval with SNR=8 and L=5

5 | ! ‘
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4 | —]
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—*— SINR
0 I I | | ‘ | ‘ 1
-4 -3.5 -3 -2.5 -2 15 1 oy !

lambda

Figure 2.4 — Confidence region and asymptotic curve of SINR versus A

We now evaluate the performance of the estimator Xopt of Ayp: and evaluate by Monte-Carlo simu-
lation the root relative least mean squares error of ¢(5\0 pt) —OAopy). We also evaluate the same quantity,
butwhen A, is estimated by other existing schemes: the Ledoit-Wolf estimator ([44]), 3 empirical meth-
ods mentioned in [53] to be referred to as M1 ([39], [78, p. 748]), M2 [50], M3 [42] in the figure 2.5, and
the naive estimate obtained by maximizing w.r.t. A the expression (4.4.2) in which matrix H is replaced
by XU*, which, of course, is not supposed to be a good estimator when M and N are of the same order of
magnitude. The various root relative mean squares errors are given in figure 2.5 for various values of the
smoothing parameter L.

We finally justify that our approach may be used in order to estimate a relevant value of the smooth-
ing parameter L. Keeping the same parameters as above, we first represent in Figure 2.6 function A —
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RMMSE of different diagonal loading methods
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Figure 2.5 - RMMSE of different diagonal loading methods versus L

¢(A) for L = 1,2,3,4,5,6,7,8, and conclude that L = P = 5 maximizes ¢(A,p;), but that L = 6,7,8 also
provide reasonable optimum asymptotic SINR.
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Figure 2.6 — Asymptotic SINR versus L and A
In order to estimate the optimum value of L, we evaluate (T)(f\opt) for each possible value of L, and

propose to select the value L, of L for which the latter term is maximum. We represent in Figure 2.7 the
histogram of 10.000 realizations of L,,; when Ly, is forced to belong to {1,2,3,4,5,6,7,8,9,10}. Figure
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2.7 shows that the selected values of L provide reasonably optimal SINR.

Histogram of L which maximizes the SINR

T T T T T T T T

5000 T

4500 |- a

4000 :

3500

3000 [

2500 r

2000 [

numbers of occurence

1500

1000 r

500

Figure 2.7 — Histogram of Lo ¢

2.5 Performance analysis of spatial smoothing schemes in the context of
large arrays

2.5.1 Introduction

The statistical analysis of subspace DoA estimation methods using an array of sensors is a topic that has
received a lot of attention since the seventies. Most of the works were devoted to the case where the
number of available samples N of the observed signal is much larger than the number of sensors M of
the array (see e.g. [69] and the references therein). More recently, the case where M and N are large
and of the same order of magnitude was addressed for the first time in [53] using large random matrix
theory. [53] was followed by various works such as [40], [72], [34], [33]. The number of observations
may also be much smaller than the number of sensors. In this context, it is well established that spatial
smoothing schemes, originally developed to address coherent sources ([22], [68], [62]), can be used to
artificially increase the number of snapshots (see e.g. [69] and the references therein, see also the recent
related contributions [70], [71] devoted to the case where N = 1). Spatial smoothing consists in consid-
ering L < M overlapping arrays with M — L + 1 sensors, and allows to generate artificially NL snapshots
observed on a virtual array of M — L+ 1 sensors. The corresponding (M —L + 1) x NL matrix, denoted Yl%),
collecting the observations is the sum of a low rank component generated by (M — L + 1)-dimensional
steering vectors with a noise matrix having a block-Hankel structure. Subspace methods can still be de-
veloped, but the statistical analysis of the corresponding DoA estimators was addressed in the standard
regime where M — L + 1 remains fixed while NL converges towards co. This context is not the most rele-
vant when M is large because L. must be chosen in such a way that the number of virtual sensors M—L+1
be small enough w.r.t. NL, thus limiting the statistical performance of the estimates. In this paper, we

43



CHAPTER 2. SPATIAL-TEMPORAL GAUSSIAN INFORMATION PLUS NOISE SPIKED MODEL

study the statistical performance of spatial smoothing subspace DoA estimators in asymptotic regimes
where M — L +1 and NL both converge towards co at the same rate, where % — 0 in order to not affect
the aperture of the virtual array, and where the number of sources K does not scale with M, N, L. For this,

it is necessary to evaluate the behaviour of the K largest eigenvalues and corresponding eigenvectors of
(L) yr(L)

the empirical covariance matrix “g—. To address this issue, we prove that the above eigenvalues and

eigenvectors have the same asymptotic behaviour as if the noise contribution Vl(\lf) to matrix Y, a block-
Hankel random matrix, was a Gaussian random matrix with independent identically distributed entries.

To establish this result, we use the same approach than in the proof of Theorem 2.2.1. This allows to ob-
(L) y7 (L)%

tain a characterization of the behaviour of the largest eigenvalues and eigenvectors o YNNﬁV . We deduce
from this improved subspace estimators, called DoA G-MUSIC SS (spatial smoothing) estimators, which
are similar to those of [72] and [33]. We deduce from the results of [74] that when the DoAs do not scale
with M, N, L, i.e. if the DoAs are widely spaced compared to aperture array, then both G-MUSIC SS and
traditional MUSIC SS estimators are consistent and converge at a rate faster than ﬁ Moreover, when the
DoAs are spaced of the order of ﬁ, the behaviour of G-MUSIC SS estimates remains unchanged, but the
convergence rate of traditional subspace estimates is lower.

This section is organized as follows. In subsection 2.5.2, we precise the signal model, the underlying

assumptions, and formulate our main results. In subsection 2.5.3, we establish that the largest eigenval-
(L)y (L) *

ues and eigenvectors of matrix —“{— behave as if the entries of VI%) werei.i.d., and obtain a result similar
to Theorem 2.2.1. In subsection 2.5.4, we use the main result of subsection 2.5.3, and follow [33] and [74]
in order to propose a G-MUSIC algorithm adapted to the spatial smoothing context of this paper. The
consistency and the convergence speed of the G-MUSIC SS estimates and of the traditional MUSIC SS
estimates are then deduced from the results of [74]. Finally, subsection 2.5.5 present numerical experi-

ments sustaining our theoretical results.

2.5.2 Problem formulation and main results.
Problem formulation.

We assume that K narrow-band and far-field source signals are impinging on a uniform linear array of M
sensors, with K < M. In this context, the M-dimensional received signal (y,),>1 can be written as

Yn =AmMSy +Vy,
where

* Ay = [am(0y),...,am(0kx)] is the M x K matrix of M—dimensionals steering vectors ay(01), . .., av (0x),
with 01,...,0 the source signals DoA, and ay;(0) = \/LM 1,...,eM-10T.

s, € CK contains the source signals received at time 7, considered as unknown deterministic ;

* (V,)pn=1isatemporally and spatially white complex Gaussian noise with spatial covariance E[v,v;] =
2
ol

The received signal is observed between time 1 and time N, and we collect the available observations in
the M x N matrix Yy defined

Y~ =[y1,..., yn] =AMSN + VN, (2.5.1)

with Sy = [s1,...,sn] and Vy = [vy,...,vn]. We assume that Rank(Sy) = K for each M, N greater than K.
The DoA estimation problem consists in estimating the K DoA 03,...,0x from the matrix of samples Yy.
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When the number of observations N is much less than the number of sensors M, the standard sub-
space method fails. In this case, it is standard to use spatial smoothing schemes in order to artificially
increase the number of observations. In particular, it is well established that spatial smoothing schemes
allow to use subspace methods even in the single snapshot case, i.e. when N =1 (see e.g. [69] and the
references therein). If L <M, spatial smoothing consists in considering L overlapping subarrays of di-
mension M—L+1. At each time 7, L snapshots of dimension M —L+1 are thus available, and the scheme
provides NL observations of dimension M—L+1. In order to be more specific, we introduce the following
notations. If L is an integer less than M, we denote by @n(L) the (M —L+ 1) x L Hankel matrix defined by

Yin Y2,n T W
Yo,n Y3.n cee eee YL4ln
@M = : : Do : (2.5.2)
YM-L+1,n YM-L+2,n -+ --- YM,n

Column [ of matrix %, corresponds to the observation on subarray / at time n. Collecting all the obser-
vations on the various subarrays allows to obtain NL snapshots, thus increasing artificially the number
of observations. We define Yl(\? as the (M — L+ 1) x NL block-Hankel matrix given by

Y0 = (20,... o0 253)

In order to express Y(L), we consider the (M — L+ 1) x L. Hankel matrix =" (0) defined from vector apm (0)
in the same way than %", We remark that <7 (0) is rank 1, and can be written as

AV 0) = V/LM-L+1)/May_1.1(0) (a.(0)" (2.5.4)
We consider the (M — L+ 1) x KL matrix A
AY = (P01, 02),..., 54V 61) (2.5.5)

which, of course, is a rank K matrix whose range coincides with the subspace generated by the (M—L+1)-
dimensional vectors ap_1.+1(01),...,apm—1.+1(0x). Y1(\If) can be written as

Y%) — A(L) (Sn®1Ip) +V1(\]I~) (2.5.6)

where matrix V%) is the block Hankel matrix corresponding to the additive noise. As matrix Sy ® I, is full

rank, the extended observation matrix Y%) appears as a noisy version of a low rank component whose
range is the K-dimensional subspace generated by vectors ay—r+1(01),...,am-1+1(0x). Moreover, it is
easy to check that

Ly
VN VN

2
=0Ty
NL M-L+1

Therefore, it is potentially possible to estimate the DoAs (0x)k=1,. x using a subspace approach based
on the eigenvalues / eigenvectors decomposition of matrix Y%)Y%)* /NL. The asymptotic behaviour of
spatial smoothing subspace methods is standard in the regimes where M — L + 1 remains fixed while NL
converges towards co. This is due to the law of large numbers which implies that the empirical covariance
matrix Y%)Yl(\];)* /NLhas the same asymptotic behaviour than A" (SxSy ® I /NL) AV* + 6%Iyi_1.41, In this

S (L . .
context, the orthogonal projection matrix Hl(\]) onto the eigenspace associated to the M—L+1—-K smallest
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eigenvalues of Y%)Yl(\]f)* /NLis a consistent estimate of the orthogonal projection matrix I on the noise
subspace, i.e. the orthogonal complement of sp{ay—1.+1(01),...,am-1+1(0x)}. In other words, it holds that

| -] —o0as. (2.5.7)
The traditional pseudo-spectrum estimate ﬁ{\? (6) defined by

A0 (0) = ap—r.+1(0) “TIY ani_1.+1(6)
thus verifies

sup A (0) —1(0) ﬁ»o. 2.5.8)

Oe[—m,m]

where 1(0) = ay;_141(0)*ITWay_1,1(0) is the MUSIC pseudo-spectrum. Moreover, the K MUSIC tradi-
tional DoA estimates, defined formally, for k =1,...,K, by

0} = argmin Ay’ (6), (2.5.9)

e€fk

where .#; is a compact interval containing 84 and such that ., N .%; = @ for k # [, are consistent, i.e.

A(f)  a.s.
Gk)N m’ ek. (2510)

However, the regime where M — L + 1 remains fixed while NL converges towards oo is not very inter-
esting in practice because the size M — L + 1 of the subarrays may be much smaller that the number of
antennas M, thus reducing the resolution of the method. We therefore study spatial smoothing schemes
in regimes \Lvhere the dimensions M — L+ 1 and NL of matrix Yl%) are of the same order of magnitude

and where 3 — 0 in order to keep unchanged the aperture of the array. More precisely, we assume that

integers N and L depend on M and that

B 1 M-L+1
M — +o0o,N=0(M ),§<ﬁsl, cN:T—»c (2.5.11)

In regime (2.5.11), N thus converges towards co but at a rate that may be much lower than M thus
modelling contexts in which N is much smaller than M. As N — 400, it also holds that NML — c. There-
fore, it is clear that L = (M%) where a = 1 —f verifies with 0 < a < 2/3. L may thus converge towards co
(even faster than N if p < 1/2) but condition a < 2/3 (or equivalently § > 1/3) implies that the conver-
gence speed of L to +oo is not arbitrarily fast. As explained in paragraph 2.5.2, condition L = ¢ (M%) with
o < 2/3 implies that matrix V%), behaves, in some sense, as a random matrix with i.i.d. entries, and that
the results of [33] and [74] obtained in the case L = 1 can be extended to asymptotic regime (2.5.11).

Asinregime (2.5.11) N depends on M, it could be appropriate to index the various matrices and DoA
estimators by integer M rather than by integer N as in definitions (2.5.5) and (2.5.9). However, we prefer
to use the index N in the following in order to keep the notations unchanged. We also denote projection
matrix II'Y and pseudo-spectrum n(0) by Hl%) and 1y (0) because they depend on M. Moreover, in the
following, the notation N — +oo should be understood as regime (2.5.11) for some 3 € (1/3,1].
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Main results.

In regime (2.5.11), the empirical covariance matrix Y%)Yl(\lf)* /NL is not a good estimate of the true covari-
ance matrix A (SyS¥ ® I /NL) AV* + 6%Iy_ 11 in the sense that

[ Y& Y& /NL- (A (385 8 10/NL) AV* + 02Ty 11|

does not converge towards 0 almost surely. Roughly speaking, this is because the true covariance matrix
depends on w = O(M?) parameters, and that the number of independent random variables
that are available for estimation is equal to MN, which, in regime (2.5.11), is of course not sufficient.
Therefore, (2.5.7) is no more valid, and hence, (2.5.10) is questionable. In this chapter, we show that it is
possible to generalize the G-MUSIC estimators introduced in [33] and [74] in the case where L =1 to the
context of spatial smoothing schemes in regime (2.5.11). In order to explain this informally, we denote

(L) (L)
by XN, Zx, and By the matrices defined by Xy = %, In = %, and By = \/#NTA(L) Sy ®11) (we do not

mention that these matrices depend on L in order to simplify the notations), and observe that
XN =By +Zy

We deinote by (Ui N)k=1,...k and (Ag,N)k=1,...k the non zero eigenvalues of matrix ByBy, and by (Gix,N) k=1,..,m
and (Ag,N)k=1,..,m the eigenvalues of matrix XyX{,. Matrix Xy coincides with the sum of rank K determin-
istic matrix By and bloc-Hankel random matrix Zy due to the noise, and it is of course of fundamen-
tal interest to precise the behaviour of the K largest eigenvalues (}\k,N)k:I,...,K and related eigenvectors
(g, N) k=1,..x in the asymptotic regime (2.5.11). If matrix Zy was i.i.d., Theorem 1.2.2 would imply that,
under the so-called separation condition

AN > 62V/c, for each N large enough (2.5.12)
then, for each k=1,...,K, it would hold that
aM—L+1(e)*ﬁk,Nﬁ;’;NaM—L+1 0) = h(}\k,N)aM—L+1(e)*uk,Nu;;’NaM—L+1 0 +0() a.s, (2.5.13)

for each 0, where function & coincides with function h, ;2 defined by (1.2.25). This would immediately
imply that the traditional pseudo-spectrum estimate ﬁl(\? (8) would verify

K
10 =1- Y h\en)av-L+10) wenuf yam-L110) +01)  a.s., (2.5.14)
k=1

and that the true MUSIC pseudo-spectrum

O = ay-r4100) T ay_141(0)
K
= l-ay_1(0)" ), ug Nuy yaM-L+1(0)
k=1
could be estimated consistently by
L |
AN(O) = @v—1.41(0)" [I— ) ——— N1} | am-1+1(0) (2.5.15)
=1 h(AkN) '

While matrix Zy is of course not i.i.d. as soon as L > 1, we prove that the fundamental identity (2.5.13),
in principle valid when Zy is i.i.d., still holds in the asymptotic regime (2.5.11). For this, we again use
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Remark 1, and check the corresponding items. This not only implies (2.5.14) and the consistency of
fin(0) for each 0, but also that

K
sup f]g) 0 - (1 - Z h(ApN)aM-L+1 (6)*uk,Nu,t,NaM_L+1(9))' -0 a.s. (2.5.16)
0e[—m,m] k=1
and
sup |fin®) —Nn@®)|—0 a.s. (2.5.17)
0e[—m,m]

These uniform consistency properties allow to study the asymptotic behaviour of the traditional MUSIC

..........

the asymptotic regime (2.5.11) the proof of Theorem 3 of [33] and the proof of Theorem 5 of [74] (these
theorems address the case L = 1), and to conclude that, under the separation condition (2.5.12), it holds
that:

..........

MO -6 — Oas, (2.5.18)
M®in-0r) — Oa.s. (2.5.19)

(2.5.18) and (2.5.19) hold when the DoA (0) =1, x are fixed parameters that do not depend on M and
N. In practice, this assumption corresponds to practical situations where the DoA are widely spaced
because when the DoA (03) =, x are fixed, the ratio

mingx; 10 — 8]
2m/M

converges towards co. Adapting the proof of Theorem 6 of [74], we obtain that:

e IfK=2, S“{\?; — I, and if the 2 DoAs scale with M, N is such a way that 6,y — 01§ = @(ﬁ), then
the G-MUSIC SS estimates still verify (2.5.19) while the traditional MUSIC SS estimates no longer

verify (2.5.18)

As in the case L = 1, the separation condition (2.5.12) ensures that the K largest eigenvalues of the em-
pirical covariance matrix (Y %)Y%)*) /NL correspond to the K sources, and the signal and noise subspaces
can be separated. In order to obtain some insights on this condition, and on the potential benefit of the
spatial smoothing, we study the separation condition when M and N converge towards co at the same

rate, i.e. when % — d, or equivalently that f = 1 and that L does not scale with N. In this case, it is clear

. . . SxS; . .
that ¢ coincides with ¢ = d/L. Under the assumption that IY\IN converges towards a diagonal matrix D

when N increases, then we establish that the separation condition holds if
o?Vd
VL

for each (M, N) large enough. IfL = 1, the separation condition introduced in the context of (unsmoothed)
G-MUSIC algorithms ([33]) is of course recovered, i.e.

Ak (Ayy_111AM-1+1D) > (2.5.20)

Ak (Ay;AmD) > 0*Vd
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If M is large and that L << M, matrix A}

M-L+1AM-L+1 is close from AK,IAM and the separation condition is
nearly equivalent to

o’Vd
vL

Therefore, it is seen that the use of the spatial smoothing scheme allows to reduce the threshold o%v/d
corresponding to G-MUSIC method without spatial smoothing by the factor vL. Therefore, if M and
N are the same order of magnitude, our asymptotic analysis allows to predict an improvement of the
performance of the G-MUSIC SS methods when L increases provided L << M. If L becomes too large,
the above rough analysis is no more justified and the impact of the diminution of the number of antennas
becomes dominant, and the performance tends to decrease.

)\K (AK/[AMD) >

(L )Y(L)*
2.5.3 Asymptotic behaviour of the largest eigenvalues and eigenvectors of " .

In this subsection, N, M, L still satisfy (2.5.11) while K is a fixed integer that does not scale with N. We
consider the (M +L—1) x NL block-Hankel random matrix V%) defined previously, as well as matrices Zy

defined by Zy = \/_7Vl(\lf ,Bn = ﬁA(D Sy ®Ip), and Xy =By +ZN = } 1%) The entries of Zy have of

NSK
N

*

Sy
| < +o0 (2.5.21)

Sn
sup ||
N

a condition which implies that By satisfies

sup [|IBn|l < +o0 (2.5.22)
N

We denote by A; N > A2N... > AgN the non zero eigenvalues of matrix ByBy, arranged in decreasing
order, and by (ug n) k=1, x the associated eigenvectors. Moreover, we assume that:

Assumption 2.5.1. TheK non zero eigenvalues (A N)k=1,...x of matrix BNBy, converge towards Ay > A, >
..> Ag when N — +oo.

Here, for ease of exposition, we assume that the eigenvalues (A n)k=1,.. x have multiplicity 1 and that
Ak # A for k # 1. However, the forthcoming results can be easily adapted if some Ay coincide.

The purpose of this subsection is to formalize claim (2.5.13), and to establish that the K largest eigen-
values (A k,N)k=1,...x of matrix XyX{ as well as of their corresponding eigenvectors (fix n)k-=1,...x behave
as if the entries of Zn were i.i.d.

We denote by m(z) the Stieltjes transform of the Marcenko-Pastur distribution p. 42 of parame-

ters (c,02) and by 1m.(z) the Stieltjes transform of cpi. 52 + (1 — ¢)8g. w,(2) represents function w,(z) =
m and h(z) is defined by h(z) = m Finally, we denote by Qn(z) and QN(Z) the resol-
vents of matrices ZnZy; and Z{ Zy respectively. Then, the following Proposition holds.

Proposition 2.5.1. * (i) The eigenvalue distribution of matrix ZNZy, converges almost surely towards
the Marcenko-Pastur distribution y s>

* (ii) For each € > 0, almost surely, for N large enough, all the eigenvalues of ZNZy, belong to [02(1 -
V)2 —e€,02(1+c)? +el ifc<1,and to [0*>(1 - /c)? —€,0%(1 + /©)? +€] U {0} ifc > 1.
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* (iii) Moreover, ifan, by are M—L+1)-dimensional deterministic vectors satisfyingsupy(lan|l, Ibx|l) <
+00, then it holds that for each z€ C —R*

ay (Qn(2) —mc(2)Dby — 0 a.s. (2.5.23)

Similarly, ifaN and BN are NL-dimensional deterministic vectors verifying supy(lan|l, ||I3N||) < +00,
then for each z € C—R™, it holds that

a5, (Qu(2) - mc(2)I) by — 0 a.s. (2.5.24)
Moreover, for each z € C—R", it holds that
ay; (Qn(2)Zn) by — 0 a.s. (2.5.25)

Finally, for each € > 0, convergence properties (2.5.23, 2.5.24, 2.5.25) hold uniformly w.r.t. z on each
compact subset of C* — [0%(1 — /¢)?,02(1 + /¢)?]

Proof. Proposition 2.5.1 follows directly from Theorem 1.3.1 and from the results established in the
course of the proof of Theorem 2.2.1. In order to explain this, we denote by Wy the NL x (M —L+1) matrix

defined by
1

Wy can be written as Wy = Wy (DT, W(N)T)T where matrices (W ))n 1,..,N are independent identically
distributed L xM-L+1) Hankel matrices built from i.i.d. standard complex Gaussian sequences with
variance o L —- As Z: NIN = CNWNW* and that ZNZ* = CNW Wy, the use of Theorem 1.3.1 when (M, N)
is exchanged by (N,M — L + 1) immediately implies that item (i) holds. More precisely, the empirical
eigenvalue distributions of WyWy; and of W{ Wy converge almost surely towards p1 52 and pgg2q1
respectively. Therefore, the empirical eigenvalue distributions of Z{Zy and of ZNZy, converge towards
Hc1 g2 and p g2 Tespectively as expected. (ii) holds for similar reasons. Item (iii) eventually follows from
the application of (2.2.2, 2.2.3, 2.2.4) to matrix Wy as well as from the uniformity of the convergence of
(2.2.2,2.2.3,2.2.4) on the compact subsets C* — [02(1 — Ve 1)2,62(1 + Ve 1)2].
Using Remark 1, we obtain immediately the following Theorem.

Theorem 2.5.1. We denote by s, 0 < s <K, the largest integer for which
As>0%y/c (2.5.26)
Then, for k=1,...,s, it holds that

Ak + %) (A\p +0%¢)

o2(1+ ). (2.5.27)
Ak

A, N oo Pe=0A0) =
Moreover, for k = s+1,...,K, it holds that

Arn — 021+ Vo)  as. (2.5.28)
Finally, for all deterministic sequences of unit vectors (d; n), (d2n), we have fork=1,...,s

d;Nﬁk,Nﬁ]t,NdZ,N = h(pk)diNuk,Nu]tyNdZ,N +o0(1) a.s., (2.5.29)
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2.5.4 Derivation of a consistent G-MUSIC method.

We now use the results of section 2.5.3. We recall that (Xk,N) k=1,..M-L+1 and (G N) k=1, M-L+1 Tepresent

and (ug N) k=1, k are the non zero eigenvalues and corresponding eigenvectors of %A(L) (SNS;] IN® IL) A(b *.
We recall that Hl%) represents the orthogonal projection matrix onto the noise subspace, i.e. the orthogo-
nal complement of the space generated by vectors (ap—-1.+1(0k)) k=1, x and that nx(0) is the correspond-
ing MUSIC pseudo-spectrum

NN (0) = ap-r+1(0)* IIY ayi—1.41(6)

Theorem 2.5.1 allows to generalize immediately the results of [33] and [74] concerning the consistency
of G-MUSIC and MUSIC DoA estimators in the case L = 1. More precisely:

Theorem 2.5.2. Assume that the K non zero eigenvalues (A N)k=1,.,.x converge fowards deterministic
terms A1 > Ay > ... > A¢ and that
Ak > 02V (2.5.30)

Then, the estimator fix(0) of the pseudo-spectrum nn(8) defined by

K 1
INO) = (@v-1+1(0)" | 1= Y ———tkNi x| av-1+1(0) (2.5.31)
=1 h(AkN)
verifies
sup_[in(6) -y (6)] =0, (2.5.32)

Oe[—m,m]

(2.5.31) is a direct consequence of (2.5.29) and (2.5.27). (2.5.32) can be proved as Proposition 1 in
[33]. We notice that the proof of this Proposition uses extensively Lemma 5 in [33], which, in the context
of the present paper has to be replaced by item (iii) of Proposition 2.5.1.

In order to obtain some insights on condition (2.5.30) and on the potential benefits of the spatial
smoothing, we explicit the separation condition (2.5.30) when M and N converge towards oo at the same
rate, i.e. when ¥ — d, or equivalently that f = 1 and that L does not scale with N. In this case, it is clear

N
that ¢ coincides with ¢ = d/L. It is easily seen that

*

1 SNS%

SnS:
ZAD (% ® IL)A(L)* =M-L+1/M) Ay—1+1 (

- -AEKL)AK/[_LH (2.5.33)
where o represents the Hadamard (i.e. element wise) product of matrices, and where B stands for the

. . . SnS;;
complex conjugation operator of the elements of matrix B. If we assume that IY\IN converges towards

NS}
N

Diag (AE}_\L) = D. Therefore, % . (AE}_\L) =~ D when N is large enough. Using that ﬁ — 0, we obtain that
the separation condition is nearly equivalent to

a diagonal matrix D when N increases, then . (AEKL) converges towards the diagonal matrix D e

o’Vd
VL

o’Vd
VL

for each (M, N) large enough. IfL = 1, the separation condition introduced in the context of (unsmoothed)
G-MUSIC algorithms ([33], [74]) is of course recovered, i.e.

Ak (Av-LriD Ay 1) >

or to

Ak (Ay_r+1AM-L+1D) >

(2.5.34)

Ak (Ay;AmD) > 0*Vd
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*

for each (M, N) large enough. If M is large and that L << M, matrix Ay

and the separation condition is nearly equivalent to

Anr-1+1 is close from Aj Ay

o?Vd
vL

Therefore, it is seen that the use of the spatial smoothing scheme allows to reduce the threshold o?v'd
corresponding to G-MUSIC method without spatial smoothing by the factor vL. Hence, if M and N are
the same order of magnitude, our asymptotic analysis allows to predict an improvement of the perfor-
mance of the G-MUSIC methods based on spatial smoothing when L increases provided L << M. If L
becomes too large, the above rough analysis is no more justified and the impact of the diminution of
the number of antennas becomes dominant, and the performance tends to decrease. This analysis is
sustained by the numerical simulations presented in subsection 2.5.5.

Ak (Ay;AmD) >

We define the DoA G-MUSIC SS estimates (0 ) x=1,..x by

BN = argmin [N (©)], (2.5.35)
GEJ]C

where % is a compact interval containing 0, and such that %, n.%; = @ for k # [. As in [33], the uni-
form consistency (2.5.32) as well as the particular structure of directional vectors ap-1+1(0) imply the
following result which can be proved as Theorem 3 of [33]

Theorem 2.5.3. Under condition (2.5.30), the DoA G-MUSIC SS estimates (ék,N) k=1,..K verify
M (Oxn—0x) — 0 a.s. (2.5.36)
foreachk=1,...,K.

. SnS: . .
Remark 5. We remark that under the extra assumption that NN N converges towards a diagonal matrix, [33]

(see also [74] for more general matrices S) proved when L = 1 that M>/? (é kN — Ok) converges in distribu-
tion towards a Gaussian distribution. It would be interesting to generalize the results of [33] and [74] to the
G-MUSIC estimators with spatial smoothing in the asymptotic regime (2.5.11).

Theorem 2.5.1 also allows to generalize immediately the results of [74] concerning the consistency
of the traditional estimates (egct)N)kﬂ,....K in the case L = 1. In particular, while the traditional estimate

ﬁl(\? (8) of the pseudo-spectrum is not consistent, it is shown in [74] (see Theorem 5) thatif L = 1, then the
arguments of its local minima (é;ct)N) k=1,..k are consistent and verify

M(6) - 0x) — 0 as. (2.5.37)

for each k =1,...,K if the separation condition is verified. The proof of Theorem 5 in [74] can be imme-
diately adapted to the context of the present paper. For this, it is sufficient to follow the proof of [74], and
to use Theorem 2.5.1, as well as the uniform consistency property

sup —-0 a.s. (2.5.38)

Oe[—m,m]

K
NMOE (1 =) hpray-ia (e)*uk,NuZ,NaM—L“(e))
k=1

which can be proved in the same way that (2.5.32). We note that, as Xk,N — Pk, then (2.5.38) and (2.5.16)
are equivalent. Therefore, the following result holds.
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Theorem 2.5.4. Under condition (2.5.30), the DoA traditional MUSIC SS estimates (égf)N) k=1,..K verify

M(0{ - 0] — 0 as. (2.5.39)
foreachk=1,...,K.

. . . . . SnS;, . .
Remark 6. It is established in [74] in the case L = 1 that if IY\IN converges towards a diagonal matrix,

then M3/2 (é;f)N - Ok) has a Gaussian behaviour, and that the corresponding variance coincides with the

asymptotic variance of M>'2 (é kN —0k). In particular, if L = 1, the asymptotic performance of MUSIC and
G-MUSIC estimators coincide. It would be interesting to check whether this result still holds true for the
MUSIC and G-MUSIC estimators with spatial smoothing.

Theorems 2.5.2 and 2.5.3 as well as (2.5.37) are valid when the DoAs (0¢) =1, x are fixed parameters,
i.e. do not depend on M and N. Therefore, the ratio

mingz; [0 — 0]
2m)/M

converges towards +oo. In practice, this context is able to model practical situations in which supy.; [0 —
;| is significantly larger than the aperture of the array. In the case L = 1, [74] also addressed the case
where the DoA’s (0 N)=1,...x depend on N,M and verify 0 n—0; n = @(ﬁ). This context allows to capture
practical situations in which the DoA’s are spaced of the order of a beamwidth. In order to simplify
the calculations, [74] considered the case K =2, 0y = 01N + % and where matrix SNI\?;‘ — I,. However,
the results can be generalized easily to more general situations. It is shown in [74] that the G-MUSIC

estimates still verify (2.5.39), but that, in general, M (é;ct)N - Gk) does not converge towards 0. The results
of [74] can be generalized immediately to the context of G-MUSIC estimators with spatial smoothing in
regime (2.5.11). For this, we have to assume that 0,y =0 N + ﬁ (in [74], M and N are of the same order
of magnitude so that the assumptions 0y = 0; N + % and O, N =01 N+ ﬁ are equivalent), and to follow
the arguments of section 3 in [74]. The conclusion of this discussion is the following Theorem.

Theorem 2.5.5. AssumeK=2,0,n=01n+ ﬁ, and that SNl\?N — I,. If the separation condition

1 —|sinck/2| > o’c (2.5.40)
holds, then the G-MUSIC SS estimates (ék,N) k=1,2 defined by

ék,N = argmin |f]N (6)| ) (2.5.41)

0eIin
where Fi N = [0 N — %, OrN+ %] fore small enough, verify
M (0 n —Oxn) — 0 a.s. (2.5.42)
In general, the traditional MUSIC SS estimates defined by (2.5.41) when the G-MUSIC estimate fi (0) is re-

placed by the traditional spectrum estimate fh(\? (8) are such thatM (égan -0 k,N) does not converge towards
0.
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2.5.5 Numerical examples

In this section, we provide numerical simulations illustrating the results given in the previous sections.
We first consider 2 closely spaced sources with DoAs 6; = 0 and 6, = ﬁ, and we assume that M = 160
and N = 20. The 2 x N signal matrix is obtained by normalizing a realization of a random matrix with
A¢(0,1) ii.d. entries in such a way that the 2 source signals have power 1. The signal to noise ratio
is thus equal to SNR = 1/02. Table 2.1 provides the minimum value of SNR for which the separation
condition, in its finite length version (i.e. when the limits (Ag)=1,._x and c are replaced by (Ax N) k=1, K

and cy respectively) holds, i.e.

.....

(02)‘1—L\/(M—L+ 1)/NL
AN

It is seen that the minimal SNR first decreases but that it increases if L is large enough. This confirms the
discussion of the previous paragraph on the effect of L on the separation condition.

L 2 4 8 16 32 64 96 128
SNR | 33.46 | 30.30 | 27.46 | 25.31 | 24.70 | 28.25 | 36.11 | 51.52

Table 2.1 - Minimum value of SNR for separation condition

In figure 2.8, we represent the mean-square errors of the G-MUSIC SS estimator 0, for L = 2,4,8,16
versus SNR. The corresponding Cramer-Rao bounds are also represented. As expected, it is seen that the
performance tends to increase with L until L = 16. In figure 2.9, L is equal to 16, 32, 64, 96, 128.

N =20,M =160,0, =0,0, = ﬁ
10~ T T T T T T T

MSE

10'7 I I I I
18 20 22 24 26 28 30 32 34

SNR

Figure 2.8 - Empirical MSE of G-MUSIC SS estimator 6, versus SNR

For L = 32, it is seen that the MSE tends to degrade at high SNR w.r.t. L = 16, while the performance
severely degrades for larger values of L.
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N =20,M = 160,6, = 0,6, = 7

T
—=—L=16
—— | =32

: L=64
e -’-ngﬁ
(- [y I om | =128

-3 N ~,

10 "k : S : ~; — CRB

MSE

10'7 I I I I
18 20 22 24 26 28 30 32 34

SNR

Figure 2.9 — Empirical MSE of G-MUSIC SS estimator 6, versus SNR

In Figure 2.10, parameter L is equal to 16. We compare the performance of G-MUSIC SS with the
standard MUSIC method with spatial smoothing. We also represent the MSE provided by G-MUSIC and
MUSIC for L = 1. The standard unsmoothed MUSIC method of course completely fails, while the use
of the G-MUSIC SS provides a clear improvement of the performance w.r.t. MUSIC SS and unsmoothed
G-MUSIC.

We finally consider the case L = 128, and compare as above G-MUSIC SS, MUSIC SS, unsmoothed
G-MUSIC and unsmoothed MUSIC. G-MUSIC SS completely fails because L and M are of the same order
of magnitude. Theorem 2.5.2 is thus no more valid, and the pseudo-spectrum estimate is not consistent.

We now consider 2 widely spaced sources with DoAs 68; =0 and 6, = SZM“, and keep the same param-
eters as above. We consider the case L = 16, and represent in Fig. 2.12 the performance of MUSIC, G-
MUSIC, MUSIC-SS, and G-MUSIC-SS. It is first observed that, in contrast with the case of closely spaced
DoAs, MUSIC-SS and G-MUSIC-SS have the same performance when the SNR is above the thresholfl
6 dB. This is in accordance with Theorem 2.5.4, and tends to indicate that, as in the case L = 1, if %
converges towards a diagonal matrix, then the asymptotic performance of G-MUSIC-SS and MUSIC-SS
coincide (see Remark 6). The comparison between the methods with and without spatial smoothing also
confirm that the use of spatial smoothing schemes allow to improve the performance.
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N =20,M =160,L = 16,6, = 0,0, = ;&

T T T
==@== Empirical MSE (G-MUSIC)
m=)== Empirical MSE (MUSIC) ]
=={ll== Empirical MSE (G-MUSIC SS) |

Empirical MSE (MUSIC SS) )

v

v v

MSE

-7

10 ‘
18 20 22 24 26 28 30 32 34
SNR
Figure 2.10 — Empirical MSE of different estimators of 6; when L=16
, N =20,M =160,L = 128,6; = 0,6, = 5
10 T T T

T I I
==@== Empirical MSE (G-MUSIC)
Empirical MSE (MUSIC) i
=== Empirical MSE (G-MUSIC SS) |1
Empirical MSE (MUSIC SS)
— CRB

MSE

-7 I I I

10

|
18 20 22 24 26 28 30 32 34
SNR

Figure 2.11 — Empirical MSE of different estimators of 8; when L=128
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N=20, M=160, L=16, 6 =0, 6 =5 x21

10°

T T T T
==@== Empirical MSE (G-MUSIC)
=== Empirical MSE (MUSIC)
=== Empirical MSE (G-MUSIC SS)|
Empirical MSE (MUSIC SS)
—— CRB

10” I I I I I I I I I
-8 -6 -4 -2 0 2 4 6 8 10 12
SNR

Figure 2.12 — Empirical MSE of different estimators of 8; when L=16 and widely spaced DoAs

57



Chapter 3

Complex Gaussian information plus noise
models: the deterministic equivalents

Before introducing the content of this chapter devoted to the study of information plus noise block-
Hankel large random matrix models, we have to define some useful notations and tools.

3.1 Notations and useful tools.

3.1.1 Complex numbers and nice polynomials.

C™ denotes the set of complex numbers with strictly positive imaginary parts. The conjugate of a com-
plex number z is denoted by z* or z depending on the context.

A nice polynomial is a polynomial with positive coefficients whose degree and coefficients do not
depend on the dimensions L, M, N of the matrices under consideration.

3.1.2 Matrix notations and Toeplitzification operators

If A is a matrix, [|A| represents the spectral norm of matrix A, and A* (resp. AT) denotes the conjugate
transpose (resp. transpose) of A. If A and B are 2 matrices, A ® B represents the Kronecker product of A
and B, i.e the block matrix whose block (i, j) is A; ;jB.

If A is a ML x ML matrix, we denote A:.Tl.’zmz the entry (i1 + (my — 1)L, iz + (my — 1)L) of matrix A, while
T | . We also denote by A the L x L matrix defined by

my,ny .
A" ™2 represents the L x L matrlels(il'iZ)S

. 1 M
A=—Y amm (3.1.1)
Mm:l

It is clear that |A|| < [ A, and that for each pair (b,c) of L-dimensional vectors, it holds that

" 1
b*Ac= e (A(Iv ® cb™)) 3.1.2)
Foreach1=i<Land1<m=<M,f] represents the vector of the canonical basis of CML whose non zero
component is located at index i + (m — 1)L, f”* and f; represent the vectors of the canonical basis of cM
and C respectively. If 1 < j <N, e j is the j th_vector of the canonical basis on CN.

If A is a square matrix, Re(A) and Im(A) represent the Hermitian matrices Re(A) = A+TA* and Im(A) =
Ag—?* respectively.
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If (AN)N=1 (resp. ((bn)n=1)) is a sequence of matrices (resp. vectors) whose dimensions increase with
N, (AN)N=1 (resp. ((bn)n=1)) is said to be uniformly bounded if supy.; AN < 400 (resp. supys; IbNIl <
+00).

We now introduce certain Toeplitzification operators that will play an important role in the following:

Definition 1. e IfAisaKxK Toeplitz matrix, we denote by (A(k)) x=—x-1),..x-1 the sequence such that

Ari=Ak—1).

.....

 For any integer K, Jx is the K x K “shift” matrix defined by (Jx);, ji= 0(j—i=1). In order to short the
notations, matrix J is denoted by ]121' although Jx is of course not invertible.

.....

as the sequence

1 P K
@A)k = —Tr[A(Ip®JK)] = X Z (””’:—KZZ PP hskusk (B13)
l ] kp =1lu=1

* ForanyPKxPK block matrixA and for 2 integersR and Q such thatQ <K, matrix I . ® q (A) represents

theR x R Toeplitz matrix given by

Q-1
Tho@= Y P’ (3.1.4)
q=-Q-1

In other words, for (i, j) € {1,2,...,R}, it holds that

Ex (P)(A)) =P @A) i - ) Ui jicq-1 (3.1.5)

..........

and matrlx TIr,Q(A) in order to szmplljj/ the notations. We note that if A is a PK x PK block matrix
matrix, then, it holds that
Pk =1 K (3.1.6)

for each k, where we recall that matrix A is defined by A = %ZZZIA(’””’).
The reader may check that the following straightforward identities hold:

* If Ais a R x R Toeplitz matrix, for any R x R matrix B, it holds that

R-1
lTr(AB)_ Y AT®B)(K) = —Tr(AJRR(B)) 3.1.7)
R k=—(R-1)

e If A and B are both R x R matrices, and if Q <R, then,
Q-1

1
I (Tre@B)= ) W@ TB)Ig) = —Tr( TrQ(B)) (3.1.8)
=-(Q-1

¢ If Ais a PK x PK matrix, if B is a R x R matrix, and if R = Q and Q <K, then it holds that

Q-1
I BRH@)= ¥ @K P @)-k (3.1.9)
R k="@-1)
Moreover when Q = K, we have
1
=T r(BI @) = KTr [(Ip ® Tk k (B)) A] (3.1.10)
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¢ If Cis a PK x PK matrix, B is a K x K matrix and D, E R x R matrices with K <R, then, it holds that

1 1
L BTk (DTR (OE)| = s I [€ (I © Tik BT x (BID))| (3.1.11)

The above various Toeplitzified matrices have integral representations that allow to simplify a num-
ber of issues. In order to introduce these representations, for each integer K, we define ax(v) and dg (v)
as the K-dimensional vectors defined by

1 2imy 2inK-1)v) T
ag(v) = \/E(l,e e ) 3.1.12)
and
2imV 2int(K-1)v T
dK(v):(l,e e ) (3.1.13)

Then, the following representation holds.

Proposition 3.1.1. IfA is a PK x PK block matrix, then, it holds that
K-1 _ .
Y P ke ™ = ag(v)*Aag(v) (3.1.14)
k=—(K-1)

Moreover, matrix Q”R(PI’() (A) can be written as

1
3—}{(}2(1\) =f0 dr(V)dr(V)* ag(v)*A ag(v) dv (3.1.15)

Proof. Using the expression (3.1.6) of TP (A)(k), the term Z}fi K-1) T® (A)(k)e 2%V can be written

as
1 K-1 .
Tr A _ Z e—ZZTIkVII]g
K="&-1
It is easily seen that
1 K-1 .
< 2 T R=aaxWm”
k=-(K-1)

from which (3.1.14) and (3.1.15) follow immediately.

We now establish some useful corollaries of Proposition 3.1.1.
Proposition 3.1.2. IfA is a PK x PK positive definite matrix, then, for each integer R it holds that
(P)
Tk B)>0 (3.1.16)
Proof. As A is positive definite, matrix A is also positive definite which implies that ag(v)* A ag(v) >

0 for each v. Therefore, matrix Q*R(II)() (A) is hermitian. For each R-dimensional vector b, the integral
representation (3.1.15) leads to

1
b*%(,?(A)bZ[O Ib*dr()|* ax (V) * Aax (v) dv

which is of course strictly positive as expected.

60



CHAPTER 3. COMPLEX GAUSSIAN INFORMATION PLUS NOISE MODELS: THE
DETERMINISTIC EQUIVALENTS

Proposition 3.1.3. IfA is a PK x PK matrix, then, for each integer R, it holds that

|75 @] < sup JacwAaxm| <)l (3.1.17)
ve[0,1]

Proof. The first inequality of (3.1.17) is a well known property of Toeplitz matrices (see e.g. [13]). We
however provide the proof for the reader’s convenience. For each R—dimensional vectors b and c,

b*"—(P)(A)c| sup |ax(v)*Aag(V)| |b dr()[|[dr(W) *cl dV
ve[0,1]

The Schwartz inequality leads to

1 1 12, . 1/2
f [b*dr(V)||dr(V)*cldv < (f b*dR(v)dR(v)*de) (f c*dr(v)dr(v)*cdv
0 0 0

and the conclusion follows from the observation that
1
f b*dr(v)dr(v)*bdv = ||b]|?
0

Therefore, we have checked that

b7, M)e| = sup [axv)*Aaxv)| bl el

ve([0,1]
which implies the first inequality of (3.1.17). The second inequality of (3.1.17) follows directly from
IAIl < IA].

Remark 7. We can notice that

1 P
ag(v) (F ) APP

1 M
ag(v) = = > Tr(APPag(v)ag (V)
p=1 P

p=1

= —Tr(A (Ip ® ax(V)ag (V)))

= |~

==Tr (A

a~l

P
Y fP(fP)T) ® aK(v)a;g(v)))

p=1

"UI»—'

Z AP @ ag (v)) (f” ® ak (v)) )

P
Z (7 @ ax(v))" A(f” ® ag(v)) (3.1.18)

"Ulr—'

with (£, ..., 1) the canonical base ofCP. So that from (3.1.17), it holds immediately

P
| 7R @) < sup Z (f” ® ax(v))* A (f” @ ak (V). (3.1.19)
ve[0,11| P p=1
We finally establish the following result.
Proposition 3.1.4. IfA is aK x K matrix and if R is an integer, then, it holds that
Trk@A) (TrxA)" = Trk(AA") (3.1.20)

61



CHAPTER 3. COMPLEX GAUSSIAN INFORMATION PLUS NOISE MODELS: THE
DETERMINISTIC EQUIVALENTS

Proof. The proof takes benefit of the integral representation (3.1.15) and follows directly from a ver-
sion of the matrix-valued Schwartz inequality: If u(v) and v(v) are R—-dimensional vector-valued func-
tions defined on [0, 1], then it holds that

[u,v] ([v,v]) ! [u,v]* < [u,u] (3.1.21)

where [u,v] represents the R x R matrix
1
[u,v] :f u(v)v(v)* dv
0

We use (3.1.21) for u(v) = ax(v)*A ax(v) dg(v) and v(v) = dg(v). It is clear that [u,v] coincides with
Irx(A), that [v,v] =1, and that

1
[u,u] = fo lax(v)*Aag(V)|* dr(v) dr(V)* dv

The conclusion follows from the inequalities
* A 2 * ARk
|lax (v)*Aax (v)|” < ak(v)*AA*ax (v)
and
’ - AP < Ly (p.p)
< APPAPPI* < — (AA*) p.p

ac B e

12 12
— Y APP|[ =Y AlPP

which can be seen as a matrix Jensen inequality.

3.1.3 Resolvents and Stieltjes transforms.

Let p be a finite positive measure with support supp(u) < R. Its Stieltjes transform m, (z) is the function
defined by :

du(A
my (z) =f api) VzeC\supp(W).
RA—2Z
my, satisfies the following properties:
Property 3.1.1. * my is holomorphic on C\ supp(u);
* my verifies (m(2))* = my(z*);
* zeC" implies m,(2) €C*;

* my(z) satisfies

Imy(2)] < HE®) (3.1.22)
H dist(z,supp(p))
foreachze C\supp(p), and
Im,(2)| = H® (3.1.23)
" IIm(z2)|

foreach ze C\R.
If moreover supp(n) < R*, then it holds that

» zeC" implieszm,(z) €C*;
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* my(z) satisfies

p(R) p(R)
Iy, (2)] = dist(z,supp(W) = dist(z,R") (3.1.24)

foreach ze C\R*.
The following property shows how to recover the measure p from its Stieltjes transform m,,(z).
Property 3.1.2. The mass [L(R) can be recovered through the formula

uR) = yli_polo—iymu(iy). (3.1.25)
Moreover, for all € C.(R,R), the set of all compactly supported real valued smooth functions, it holds that
1
[q)()\)dp()\) = —limIm (f bxX)my(x+iy)dx|. (3.1.26)
R T ylo R
Finally, if a and b are continuity points of |,
b
u(la, b)) = li{{)lf Im(my(x+iy))dx. 3.1.27)
y a

The Stieltjes transforms are characterized by the following properties.
Property 3.1.3. Ifa function m(z) verifies the following conditions
1. m(z) is holomorphic on C*
2. zeC* implies m(z) e C*
3. limsup,,_.liy m(iy)| <oco

then m(z) is the Stieltjes transform of a uniquely defined positive measure y. If moreover zm(z) € C* when
z€C*, then y is carried by R*.

The concept of Stieltjes transform can be extended to finite positive matrix valued measures defined
on R. A finite positive matrix valued measure p is a o—additive positive matrix valued function defined
on the set of all Borel sets of R for which ||p(R)|| < +oco. For such a measure, the support of p is defined
as the support of the scalar positive measure Tr(n). The Stieltjes transform my,(z) of p is the function
defined for z € C\ supp(n) by

1
mp(z):fwmdp()\) (3.1.28)

my, (z) satisfies properties that can be interpreted as matrix generalizations of Properties 3.1.1, 3.1.2 and
3.1.3. In particular, we have:

Property 3.1.4. * my is holomorphic on C\ supp(u);
o my verifies (my(2))* = my(z*);

* zeC" impliesIm (my(2)) > 0;
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o Ifu®) =1, my(2) satisfies

% I
my(2) (my(2))" < (3.1.29)
¥ " [dist(z,supp(p))]2
foreach ze C\ supp(p), and
* I
mp(z) (mp(z)) = m (3.1.30)
foreach ze C\R.
If moreover supp(p) < R*, then it holds that
* zeC" impliesIm(zmy(2)) > 0;
o Ifu(R) =1, my(z) satisfies
* I I
my(2) (my(2))" < (3.1.31)

= <
[dist(z, supp)]®  [dist(z,R")]?
foreach ze C\R*.

Proof. Bounds (3.1.29, 3.1.30, 3.1.31) are not classical so that we provide the proof of e.g. (3.1.23).
The proofis based on a version of the matrix Schwartz inequality. We denote by [%(u) the space of all row
vector-valued functions u(A) defined on R satisfying fRu()\) dpM)u(A)* < +oo (see [63] for more details
on the definition of the above integral). .2 (u) endowed with the scalar product < u,v > defined by

<u,v>= [ u\) dp(M)v(A)*
R

is a Hilbert space. Then, if U(A) = (u; ()\)T,...,up()\))T)T and V(A) = (v ()\)T,...,vp()\))T)T are matrices
whose rows are elements of L2 (u), it holds that

[U,V] (IV,V)! [U,V]* < [U, U] (3.1.32)
where [U, V] is matrix defined by ([U,V]); ; =<u;,v; >. Using (3.1.32) for U(A) = ﬁ and V=1, and re-
marking that |A - z|2 = |Im(z)|? for each A, we obtain immediately (3.1.30).

Proposition (3.1.3) can also be extended as follows:
Property 3.1.5. Ifa square matrix valued function m(z) verifies the following conditions
1. m(z) is holomorphic on C*
2. ze C* impliesIm(m(z)) >0
3. limsupy_,JroO iy Tr(m(iy))| < oo

then m(z) is the Stieltjes transform of a uniquely defined positive matrix valued measure n. If moreover
Im(zm(z)) >0 when z€ C*, thenu is carried by R*.

Definition 2. In the following, we will denote by % (R") the set of all Stieltjes transforms of positive C** -
valued measures p carried by R* and satisfyingp(R*) =Ip.

We will often use the following consequence of Montel’s theorem ([64]).

Proposition 3.1.5. If (f,(2))nen and (8,,(2)) nen are Stieltjes transforms of positive measures ([,) nen and
(Vi) nen carried by R* and satisfying sup,, i, (R*) < k and sup,, v,(R") < x, and if ,(z2) —gn(2) = 0 ina
certain domain 9 of C*, then, f,, — g, converges towards 0 uniformly on each compact subset of C\R™.
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Proof. For each compact subset £ € % (R*), (3.1.24) implies that | f,,(z) — gn(2)| < W for each
z € X . Therefore, (f;, — €n)nen is a normal family on C\ R*. Each convergent subsequence extracted
from (f, — gn)nen thus converges uniformly on each compact subset of C\ R* towards a function h(z)
which is analytic on C\R*. As f,,(z) — gn(z) converges towards 0 for each z € 9, then h(z) = 0 for each
z€9. As h is analytic on C\R*, h must be zero on C\R". This shows that the limits of each convergent
subsequence extracted from (f,, — g,)nen are zero, thus showing that the whole sequence (f;;, — gn) nen
converges uniformly towards 0 on each compact subset of C \ R*. O

If Ais a P x P matrix, we recall that the resolvent of AA* is defined as the matrix valued function

1

Q(2) = (AA* —zI)~ (3.1.33)

IfAA* = Zi: 1 Akuguy, is the eigenvalue / eigenvector decomposition of AA*, then, Q coincides with the
Stieltjes transform of the positive matrix-valued measure carried by R* p defined by

P
*
TEDIIWIH
k=1

where §,, represents the Dirac distribution at point A;. As u(R) =1, Q verifies properties (3.1.29, 3.1.30,
3.1.31). We also recall that %Tr(Q(z)) is the Stieltjes transform of the empirical eigenvalue distribution of
AA*. We finally mention that Q(z) satisfies the equation

Ip 1 .
Q(2) =-—+-Q(2)AA (3.1.34)
Z Z

3.2 Random variables notations and tools.
If x is a complex-valued random variable, the variance of x, denoted by Var(x), is defined by
Var(x) = E(|x[*) - |E(x0)[?

The zero-mean random variable x — E(x) is denoted by x°. x is said to be A4, (a,0?) (complex circular)
distributed if E(x) = a and if Re(x) and Im(x) are independent real Gaussian variables of variance o2/2.
Multivariable complex circular distribution is denoted 4. (e, I') in the following.

We now present the 2 fundamental tools that are used in the following.

Proposition 3.2.1. Integration by parts fgrmula. Let&=[Ey,..., T be a N.(0,Q) distributed complex
Gaussian random vector. IfT : (§) — T'E,&) is a €' complex valued function polynomially bounded to-
gether with its derivatives, then

al"(i)

m

E[E,T(®)] = Z QpnkE 3.2.1)

Proposition 3.2.2. Poincaré-Nash inequ_ality. Let & = [61,...,EK]T be a A;:(0,Q) distributed complex
Gaussian random vector. IfT : (§) — T'&,&) is a 6! complex valued function polynomially bounded to-

gether with its derivatives, then, noting VeI’ = [GE . ’aﬁ o T andV I= [gar T
1
Var(F(€)) <E [VeT(©)" @ V{F({)] +E [vgr(z)* Q VI (3.2.2)
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3.3 Overview of the results of Chapter.

We are now in position to present the results of this chapter, and first introduce the random matrix model
under study.

.....

where M, N, L are integers. We define the L x N matrices (Wl(\]m)) m=1,..,M as the Hankel matrices whose en-
tries are given by

(W?) = wimijo1, 15i<L1s<j<N (3.3.1)
1]
and Wy represents the ML x N matrix
w
%)
Wy
Wy = X (3.3.2)
)
Wy

In this Chapter, we study the complex Gaussian block-Hankel information plus noise ML x N random
matrix model defined by :
YN =AN+Wyn (3.3.3)

where
* matrix Ay is deterministic and satisfies supy; |[An|l < oo,
e matrix Wy is defined as in (3.3.2).

in the asymptotic regime:

Assumption A-1: M — +oo,N — +o0 in such a way that cy = % — ¢, where0 < ¢ < +o0

In order to avoid technicalities, we however consider the following regime which is nearly equivalent
to Assumption A-1

Assumption A-2: N — +00, ¢y = % — ¢, where0 < c < +o00, L=C(N%) fora<1.

To shorten the notations, N — +oo should be understood as the asymptotic regime defined by As-
sumption A-2.

Model (3.3.3) is a generalization of the normalized random matrix models Xy = By + Wy considered
in Chapter 2 in which the rank of deterministic matrix By does not scale with N. In this Chapter, we
study the behaviour of the resolvents Q(z) = (YnYy, - zI)_1 and Qn(z) = (VYN - zI)_l, and show that
they behave as deterministic matrices Tx(z) and Tn(z), called the deterministic equivalents of Qn(z) and
Qn (2), which are defined as the solutions of the following system of equations:

-1

~ -1
Tn(2) = | -2 Ty + 02Ty © T (T (2))) +An (IN +o2on TN (Tﬁ(z))) AL

(3.3.4)

- " - -1
Tn(2) = [—z (In+ 02N TP (TR (2)) + A (e + 02T © T1,1.(T (2)) ' Aw|

Tn(z) and Tx(z) are the Stieltjes transforms of matrix valued measures whose masses are equal to Iy,
and Iy respectively, and ﬁTr(TN(z)) is the Stieltjes transform of a probability measure denoted pn. We
establish that if By and By are uniformly bounded ML x ML and N x N matrices, then, under Assumption
A-2, it holds that

1 1 ~ - _
v T LQN(2) ~ TN () BN] = 0, a.s. ZTr[(Qn(2) ~Tn(2)) By] — 0, as.
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If moreover a < 2/3, a condition nearly equivalent to # — 0, then, we prove that bounded bilinear
forms of (Qn(z) —Tn(z)) and (QN(Z) - TN(Z)) also converge towards 0 almost surely. These results imply
that the empirical eigenvalue distribution of YNYI’(I has the same behaviour that py. The deterministic
behaviour of the bilinear forms of Qn(z) and Qn(z) can be of interest to study eigenvectors of YNY;T pro-
vided informations on the location of the eigenvalues can be collected: evaluation of the support of puy
and derivation of results showing that no eigenvalue of YNYy, can belong to intervals that are outside the
support of uy for each N large enough. However, we have not been able to obtain the corresponding re-
sults. In particular, the equation (3.3.4) looks complicated, and this makes the analysis of the support of
un very difficult. As for the derivation of almost sure location of the eigenvalues of YN Yy, the most direct
approach would be to generalize the Haagerup-Thornbjornsen-Schultz approach ([35], [67]) used in [49]
in the case Ay = 0. The method consists in expanding of E (ﬁTI(QN(Z))) up to the required order, and to
check that the various coefficients are Stieltjes transforms of distributions whose support are included
into the support of py. Even if Ay = 0 (uy is the Marcenko-Pastur distribution of parameters (cy, 02)), the
calculations are very complicated, and we have chosen to address different topics. However, the study of
the behaviour of the bilinear forms of Qn(z) and QN(Z) are used in Chapter 4 in order to generalize the
results of section 2.4 to the case where P and L scale with N.

In order to study the asymptotic behaviour of Qn(z) and QN(z), we use the integration by parts for-
mula and the Poincaré-Nash inequality. We first establish that the variance of the various functionals
converge towards 0, and evaluate E(Qn(z)) and [E(QN(Z)) using the integration by parts formula. This al-
lows to establish that E(Qn(z)) and E(Qn(z)) have the same behaviour than deterministic matrix valued
Stieltjes transforms Ry (z) and Ry (z) satisfying a perturbed version of equation (3.3.4). We then establish
the convergence towards 0 of the normalized traces and of the bilinear forms of E(Qn(z)) — Tn(z) and
of E(Qn(2)) — Tn(2). Generally speaking, we evaluate the above terms for z € C* because this allows to
simplify the notations. A number of upper bounds are products of polynomials of |z| and of ﬁ that
do not depend on the dimensions L, M, N (such polynomials are called nice polynomials in the follow-
ing). However, the above evaluations can be extended for z € C — R* by replacing Im(z) by the distance
between z and R*.

This chapter is organized as follows. In section 3.4, we evaluate the variances of various useful func-
tionals of Qy(z) and QN (z). In sections 3.5 and 3.6, we use the integration by parts formula and the
Poincaré-Nash inequality to establish that E(Qn(z)) and E(Qn(2)) are close from the above mentioned
matrix-valued functions Ry(z) and Ry(z). The rate of convergence of various functionals is in particu-
lar evaluated. In section 3.7, we show that equation (3.3.4) has a unique solution in the relevant class
of matrix-valued functions, and in sections 3.8, 3.9, we prove that the normalized traces and bilinear
forms of E(Qn(2)) — Tn(z) and of E(Qn (2)) — Tn (2) converge towards 0. Note that in contrast with the case
Ay = 0 studied in [49], due to the lack of time, we have not been able to evaluate the corresponding rate
of convergence. This issue will be addressed in the next future.

3.4 Poincaré-Nash variance evaluations

In this section, we take benefit of the Poincaré-Nash inequality to evaluate the variance of certain impor-
tant terms. In particular, we prove the following useful result.

Proposition 3.4.1. Let B be a deterministic ML x ML matrix for which supy |Bll < k, and consider 2 ML-
dimensional deterministic vectors by, by such that supy |b;|l < x for i = 1,2 as well as 2 L-dimensional
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deterministic vectorsuy,uy such thatsupy llu;|| <k fori =1,2. Then, for each z € C*, it holds that

1 , 1
Var(mTr(BQ(z))) <C(2)x m 3.4.1)
Var (b;Q(2)bz) < C(2)x* % (3.4.2)
* 1 M m,m 4 L
Var | u] v ZI(Q(Z)) M, | < Cl2)x VN (3.4.3)
m=

where C(z) can be written as C(z) = P1(|z|)P» (ﬁ) for some nice polynomials Py and P,. Moreover; if G is
aN x N deterministic matrix verifying supy |Gl <k, the following evaluations hold:

1 . s 1
Var(M—LTr(BQ(z)YGY )) =CK" o (3.4.4)
Var (b} Q(2)YGY*by) < C(2) k® % (3.4.5)
* 1 M *\1M,m 6 L
Var|uj | = Zl (Q(2)YGY™) u | <CK o (3.4.6)
m=

where C(z) can be written as above. Moreover, if B is aML x N deterministic matrix verifying supy |IB| <k,
the following evaluations hold :

Var(iTr(Q(z)BY*)) <COE — (3.4.7)
ML N MN o
Var (b} Q(2)BY*b,) < C(2)x® % (3.4.8)
* 1 M Sy )M, M 6 L
Var(uj | = Z_l (Q(2)BY") u | <CK o (3.4.9)

Proof. We first establish (3.4.1) and denote by  the random variable £ = ﬁTr (BQ(z)). As the various
entries of 2 different blocks W, W"%2 are independent, the Poincaré-Nash inequality can be written as

ot \” —m O
varg = Y .E[(a_m ) E(w;jl,jlwiz,jz)m/_v—m + (3.4.10)
m,i1,12,]1,]2 ilrjl ig,jg
s pp—_—
Y B\ [E(Wihflwl'z’h)(awm, (3.4.11)
m,i1,12,]1,]2 1 12,]2

In the following, we just evaluate the right hand side of (3.4.10), denoted by a, because the behaviour of
the term defined by (3.4.11) can be established similarly. It is easy to check that

—_—m = —QYej(fm) Q

m

oW, ; ’

so that ot )
— = ——Tr(BQYe;(f™7'Q

which can also be written —ﬁ(flf")TQBQYe j- We recall that [E(WZ’,].IV_VZ jz) = %26(1'1 —ip = jo— J1) (see
(2.2.5)). Therefore, a is equal to the mathematical expectation of the term

1 o2

. P . T <7 ok 1o g * T .
(ML)ZW Z 8(jo—j1=101 —lz)ejlY Q'B*Q fZl(f?;) QBQYeJZ

m,ix, iz, j1, j2
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We put u = iy — ip and remark that Y-, ; _;,—y fl’.? (fZl)T =Iq ®J;“. We thus obtain that

1 0.2 L-1 T
a= — > Y e Y'Q'B*Q*(Im ®J;“)QBQYe;
(ML)2 N u=—(L-1) jo—j1=u n ’

. ol _y*u
Usingthat}.j,_j -, ej,e; =Jy", we get that

1 0.2 L-1 1
e — —T B *MY* *B* *I ® *U
CTMLN u:_Z(L_D i T (QBQUY'Y' QB Q" My & 1)

If C is a ML x N matrix, the Schwartz inequality as well as the inequality (xy)'/2 < 1/2(x + y) lead to

M—LTr(clN”c ImeJi™M)| = MTr(CIN”]{(IC )+ MTr(c (Im ®J;“JC)

It is clear that matrices J"J§ and J; “J{" are less than Iy and I, respectively. Therefore,

1
< —Tr(CC") (3.4.12)

Tr(CI‘C* Am ®J; 1)) il

1
ML
Using (3.4.12) for C = QBQY for each u leads to
a< o gL Tr(QBQYY*Q*B*Q*)]
~ MN |ML

The resolvent identity (3.1.34) can also be written as QYY" =1+ zQ. This implies that the greatest eigen-
value of QYY*Q* coincides with the greatest eigenvalue of (I + zQ)Q™* which is itself less than [|Q| +
1z|1QII%. As |Q| < ﬁ, we obtain that

1
QYY'Q* < — (1 + ﬂ) L (3.4.13)
Imz Imz
Therefore, it holds that
<L (1+ |Z|) Y (QBB*Q*)] (3.4.14)
< — _— | — —Ir S
Imz Imz) MN | ML

We eventually obtain that a < C(z) K2 ﬁ where C(z) is defined by

C(z) =

F4
(Imz)3 ( * E)

The conclusion follows from the observation that C(z) verifies

C(z) < 1
(2) < (Imz)? + (Ima)? (lz| +1)
In order to prove (3.4.2) and (3.4.3), we remark that
* 1 *
b] Qb2 = MLmTr(ngbl)
w | % Q)™M uy = LLTT(Q(IM®UZU*))
YIM, &= ML !
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(3.4.2) and (3.4.3) follow immediately from this and inequality (3.4.14) used in the case B = bgb;‘ and
B = Iy ® upu; respectively.

We provide a sketch of proof of (3.4.4), and omit the proof of (3.4.6) and (3.4.5) which can be obtained
as above. We still denote by & the random variable ¢ = ML == Tr (Q(z2)YGY™), and only evaluate the behaviour
of the right hand side « of (3.4.10) denoted «. After easy calculations, we obtain that

20% 1

a < m[E mTr(QYGY BQYY'Q*B*YG'Y*'Q*)| + (3.4.15)
—20 E 1 Tr(G*Y"'Q*B* BQYG)] (3.4.16)
MN | ML o

The term defined by (3.4.16) is easy to handle because Q*B*BQ < (Inf(z ))2 I. Therefore, (3.4.16) is less than

(Izlg(z")) > w15 E [ 715 Tr (YGG*Y*) | which is itself lower bounded by 1 (I?;g (;))2 To evaluate the righthandside

of (3.4.15), we use (3.4.13) twice, and obtain immediately that is less than Cl(vzﬁ\'f .

We finally provide a sketch of proof of (3.4.7). We still denote by ¢ the random variable ¢ = MiLTr (Q(z)BY*),
and only evaluate the behaviour of the right hand side a of (3.4.10) still denoted a. We obtain that

o« = 22| Ly (QYY*Q*YB*BY*) | + (3.4.17)
MN | ML
20 [ 1 Tr (QBB*Q* ))] (3.4.18)
MN' | ML

For the same reasons that above, we obtain immediately that the term « is @’(ﬁ) term. We omit the
proof of (3.4.8) and (3.4.9), which can be obtained similarly.

Remark 8. The above Poincaré-Nash evaluations imply that under Assumption A-2, all the functionals
considered in Proposition 3.4.1 have almost surely the same asymptotic behaviour than their mathemati-
cal expectation. We just briefly justify that

1 1
mTr (BQ(z))-E [mTr BQ(2))| — 0, a.s. (3.4.19)

and
b} Q(2)b, —E (b]Q(2)bz) — 0, a.s. (3.4.20)

We denote by X1 the term defined by (3.4.19). Then, (3.4.1) leads to [E(lelz) = @(ﬁ), which, using the
Markov inequality and the Borel-Cantelli lemma implies that X1 converges towards 0 almost surely. We
denote by X the term defined by (3.4.20). This time, [E(|X2|2) = @(ﬁ) = ﬁ(ﬁ), which does not allow to
conclude that x, — 0. However, using the same approach as in the proof of (2.2.6), it is possible to establish
thatE(lx21*%) =@ (ﬁ)) =0 (ﬁ)) for each integer k. Choosing k in such a way that k(1 — ) > 1 leads to
X2 — 0 almost surely.

This discussion shows that in order to evaluate the asymptotic behaviour of terms such as MLLTr (BQ(2)),
bikQ(Z)bz, or b;‘Q(z)ﬁY* b., it is sufficient to evaluate the behaviour of their mathematical expectation.
This is the purpose of the next sections.

O
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3.5 Expression of matrices E(Q) and F(Q) obtained using the integration by
parts formula

In this section, we use the integration by parts formula in order to express E(Q(z)),E(Q(z)) as terms
which will appear to be close from T(z),T(z) where we recall that T(z),T(z) represent the solutions of
the equation (3.3.4). For this, we have first to introduce useful matrix valued functions of the complex
variable z and to study their properties.

Lemma 3.5.1. For each z € Ct, matrices I+ o cNfT(M) (E(Q(2))) and Iy, + 0°Iy ® g1, LEQ(2)) are in-
vertible. We denote by H(z) and H(z) their inverses, i.e.

a-M)
H(z) = [In -+ 0% en Ty, ([E(Q(z)))] 550
H(2) = [y + 0’ Iy ® JL,L(rE(Q))]
Then, functions z — H(z) and z — H(z) are holomorphic in C* and verify
2
H(z)H(2)* < ( L ) In
(3.5.2)
A2 AR < 'm'z) I
Similarly, for each z € C*, these following matrices
R(2) = [~z Iy + 0%y ® T1 1 (EQT))) +AHTA*]‘1
_ o (3.5.3)
R(2) = |-z (In+ o2on Ty} EQD) +A*HTA]

are well-defined and functions z — R(z) and z — R(z) are holomorphic in C*. Moreover, it exists positive
matrix-valued measures p and i carried by R™ satisfyingn(R*) = Iy, and j(R*) = Iy, and for which

dp(A dp(A
R(z):f M R( )_f H( )
R+ )\ zZ +

A=z

Therefore, it holds that

R(2)R(2)* < ()1
(2)R(2)* (Il )2 ML (3.5.4)
R(2R(2)" < (53) In
Finally, H,H,R,R are analyticon C\R".
Proof. The proof is sketched in the appendix.
We introduce the main result of this section :
Proposition 3.5.1. The expectation of matrices Q and Q can be expressed as
E(QQ =R+Y
(9) _ (3.5.5)
EQ =R+Y

whereY and Y are terms which converge towards zero in a certain sense.
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Proof.
In order to be able the integration by parts formula, we use the identity (3.1.34) which implies that

E[Q™| = —26(1'1 — i2)8(my — my) + %[E [ (Quy);] (3.5.6)

11,102 1,12

We express (QYY*)""™ as

i1,02

my,m N my, N, N
(Q )11 112 ¢ = Z (Qy]y]) Z (Qy]) 12 ]

j=1 j=1

=1,..,

for each pair (k, j). For this, we use the

ey s « | 112
it is necessary to express E [(Qyw f)il . ] [(ka)l1 (y ])
identity

+E

E|(Qvi);" (y}f)zz] = [E[(szc);f” (YZT)ZZ

(Qap)™ (y;f)zz] (35.7)

,,,,,,,,,, N represent the columns of W and A, and use the integration by parts
formula to evaluate the 2 terms of the right-hand-side of (3.5.7). As for the first term :

E [(ka)zil (yj)Z‘Z _ Z [E(Q’,"l;mswms Y, ]) (3.5.8)

11,13
13,Mmsg

We apply the integration by parts

[E(le.’ms W Y le ]) 0 leymsymz ) ]

AT )[E[—( k)

1,13 —M
l’ ]’ GWl.,’j/
It is easy to check that
o[
: J —
% = Q"™ 8(my = m3)d(i = i2)8(j = j) - (Qy] ) QZ’Z’"WZ?].
i/,j, ’

(3.3.1) implies that E (WZSkV_VTSj,) = 0szi(ig —i = j — k). Therefore, we obtain that

2
[E(Q’.”l:’”3wm3 Y, ]) —8(i3—ip = j—k)d(mz = ms)[E(le-‘mS)

11,13 11,13

- % i%;/ dlis—i =j —k)E [(Q}’JJ)ZT1 (y}*):z f'fs,m3]

i,i3

and that
Y E(Qp W) = Y 8- = - k)Bms = ma)E Q™) (3.5.9)
i3,m3 13 ms
N Z 25(13—1 =] —k)E[(Qy]) (y,) :”j””] (3.5.10)
13 ms i’ ] )13
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The term on the right-hand-side of (3.5.9) is reduced to :

02 nmy,m
1,172
~NE (Qiuiz—(k—j)) bist-tk- =t

As for the term of (3.5.10), we put i = i — i3, and get that

L-1
—ofon Y, ek ienE | (Qui)i (v ) Z Zng.mg]
i:_(L_l) 13 i

Using the definition (3.1.3), (3.5.12) is equal to

L-1

- o’en Y Mek-isNE|T
=—(L-1)

™ Q1) (Qyk-i)]" (y]]mz]

Plugging ((3.5.11),(3.5.13)) into ((3.5.9),(3.5.10)) and using (3.5.8), we obtain that

2
— my,my

(o)
B E[E (Qilyiz—(k—j)) ﬂlfiz—(k—j)SL

E|@Qwo}” (vi),

-0’ cN Z T=k-i=nE | T (@) (Qyi- i (Y]) 2

-(L-1)

Setting u = k — i, the second term of the right-hand-side of (3.5.14) can be written as

ZT(M)(Q)(k W@ n<k-usi1 (Qyu); ( 1) 2

u=1

-0 cN[E

or, using the observation that ™ Q) (k- W -1)<k-us1-1= (9}%) (Q))k (see Eqg. (3.1.5)), as
’ u

- o’cnE | e G'(M)(Q)

()i (),

We express matrix Q as Q = E(Q)+Q° and define the following N x N matrices Xm L

(xl(:zli.zmz)k, =E [(ka)?fl (Y§)Zz]

(B02i),, =@y hstmaepa |
(Bo ;:l,li;mz)k, i Qi e Mso-te- =L
(Qv1);"
1
U™ = ot onE | 00 @) Qy:z)i‘ (oD M) - 0%

11,12

)i

ny
2

(3.5.11)

(3.5.12)

(3.5.13)

(3.5.14)

my Brm , 1M Bom1 mz my,ny
i,z i1,i2

(3.5.15)
(3.5.16)

(3.5.17)
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We notice that matrix

(Q}ﬁ)?i
@ (o e o)
(Qyn)
can also be written as
y; Q" .
| () () G
Q'
or as T (om . T
Y'Q' () (g) ¥
Therefore,
™ = —o2onE | TN Q) Y QT (fZ“)(fZ’Z)TS_{] (3.5.18)

It is useful to notice that matrix B"f‘ , is a band Toeplitz matrix whose (k, [) element is zero if |k — [| = L.
It is clear that Eq. (3.5.14) is equivalent to

- (Br), - o%ox (0P €@ (U], @5a9)

11,12 2

E|@wo” (v;),

Now we evaluate the second term of the right-hand-side of (3.5.7). It is clear that

m; * my _ my * my my * my
E[Qan}" (vi), | =E|@an]" (a]),"| +E|@an]" (w}); ] (3.5.20)
We define N x N matrix DZ“I.’Zmz as
Dml,mz =F my ()™ (3.5.21)
il Jkj (Qak)h a; iy "~
We can see easily that
m « )2 _ my,ms x M3 3172
E (Qak)ill (Wj)iz - Z [E(Qil,lig 3Ai3,3kWin) (3.5.22)
13,M3
Applying the integration by parts formula, we get that
o[y mar)
my,ms p M m 11,13 13,
[E(Qlllh A, Wm) ’Z,[E(le, W,Z,)IE —— ]
i'j l",j’

It is easy to check that
my,ms x M
a(Qpar )

1,13

Ql:ﬂl,mz TY Qf’ﬂgAmg

aw”fZ/ = i1,i
)
(3.3.1) implies that[E(W,2 JW ) %28(1'2— i =j - j). Therefore
Y QAW = - Z Bli—1i =] - DE| Q)" e, Y'Q I f"A}",
ms,is ,] ms,is
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It is easy to check that }_,, ;, :nskf:”E‘ = ay = Aey, by (3.5.22), the last equation leads to

E|(Qa)]” (w;f)ff] -- Z Bliz =i = j = E[Q" €} Y Qaey|
Weput i =i, — i' in the above sum and get that
(Qay);" (Wj)::b] = o l:]:(i:_l)ﬂlsiz—isLlE [QZlyli'szl-ﬂlsi+jsNe,T+jY*QAek]
= —%2 . LZI T<ip-i<LE [QT,’;”Z,HKH j=N(Y*QA)jyj k (3.5.23)
i=—(L-1)

By decorrelating the term

E lel'n_lzl(Y QA)l+]k

= E(Q)")E[ (Y QA)is j ] +E Q7" (V" QA);1 k.

We can see that it is necessary to calculate the expectation of matrix Y* QA

=W*QA +A*QA. For this, for
all 1 = p, g =N, we can easily see that

E[W'QA),q] = Y E[Qap)] w7
ms, 13
Using (3.5.23) when m; = my = ms, iy = i» = i3, k = g and j = p, we get that

2
9 *
E[(Qag)) wy)| =-= E|QU% ™ ey =10 QA)it pg iz piisn |
N - L 1)

Therefore

L-1
E[(W*QA)p,q] = —0%cn % JEIvE Z Q% " N<iy- i<t (Y"QA) 14 pgi<pisn
i=— mg, i3
AS ﬁng,iy, Qm3'm3’[|

igty—i Nsig—isL = =M (Q)(i) (see Eq. (3.1.3) ), we obtain that

E[W*QA)pq]=-0’cn Y. E[T™ Q)Y QA)ispgli<p+i=]
i=—(L-1)

Setting r = p + i, the above equation can be written as

N
E[(W*QA)pq] =—0?cn Y E(T™ Q) (r — P 1-1)=r-p=<1-1(Y*QA) 1 4)

Moreover, it holds that T™ QU -pg-1p<r-psL-1 = (O'(M)[E(Q)) (see Eq. (3.1.5)), and using Q =
E(Q) +Q°, we get

N
E[WQA)pq] = —0%en . (00 E@) JE
r=1 n

(Y'QA)sg) -0 CNZ (TP @1V QA) g
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As a consequence, we obtain that

E[(W*QA)pq] = —o’on |7 (EQ)EV' QM) —oey [E(7 @Y Q|

»

—o%ex [ 700 (EQD) (EW* Q) + E(A” QA))]pq—o CN[[E(LOTI\%(QOT)Y*QA)]M
| (3.5.24)

In order to evaluate matrix E(W* QA), we express (3.5.24) as

Iy + o?en T ([E(QT))] EW*QA) = ~o’ex T, WEQDEA* QA) - o cN[E(G*(M QY QA) (3.5.25)

Lemma 3.5.1 implies that matrix [IN +0%enT I\%) ([E(Q(z)))] is invertible for each z € C*, and we recall
that its inverse is denoted by H(z). (3.5.25) leads to

EW*QA) = —o®oxH" 7\ EQ")EA’ QM) - o?onHE (7} @) Y" Q4|
We recall that Y*QA = W*QA + A*QA. Therefore, the above equation can be expressed as

E(Y*QA) = |Iy - o?onH 7, (EQ") | EA" QA) - o enHE (7, (@)Y @A)

Using that H' = [IN + cchf’Tl\g\f) ([E(QT))] , we obtain immediately that Iy — o?cyH' Ty .M ([E(QT))
Therefore

E(Y*QA) = HTA*E(Q)A - o%cyH'E (ﬂ‘l\%) Q°Hy* QA) (3.5.26)

Recalling (3.5.23) and setting r = i + j, we get

my g2 Lol
(Qak)Z“ (W;)iZ ] = ——i_% l)ﬂlsiz—isLE[Qlel "2 N<iv jsN (Y QA) iy j &
- —G—ZZ[E[Q”“"”Z 1 (Y*QA) i
N &~ inia—(r—j) 1<i,—(r—j)<L rk
o2 N
= ——Z (Q:?ll'zmzr PLEE < E(Y* QA)r,k_ﬁ I[E[Qozhl’zm%r phsi-o- H<t(Y*QA) &

We plug (3.5.26) into the expression of E(Y*QA) in the above equation, we get

E|Qap)}" (wj)” ] =—%§ E(Q)™, ) hsi-i-per) (ATAEQ@A-o?onH'E (7Y @)Y Q4) )

11 = (r—j)

ke

i1,l—(r—j)

g2 N i
-— ) E [Q°~ PR ﬂlsig—(r—j)sL(Y*QA)r,k]
N r=1

76



CHAPTER 3. COMPLEX GAUSSIAN INFORMATION PLUS NOISE MODELS: THE
DETERMINISTIC EQUIVALENTS

Using the definitions of Bl’."ll.’m2 and B° Z”i'zmz in ((3.5.16), (3.5.17)), we obtain that

(Qak)’”‘( ) =——Z( ml.'mZ)r’j (HTA*[E(Q)A—ochHT[E(fTI\ﬁ‘f)(Q"T)Y*QA)) .

1,12

)

-— Z [E[(B””l "), 00 QA) ]

2 4

_ O (M, Mo\ TyqT o # o my,ma Ty T (M)
- < (B THTA [E(Q)A)j'k+ o (B THE (T @y QA))]k
_G_ omy,Ma~T
N [E((B i1,lp ) Y QA)],]C
2 4
_ g my, Mo Ty T g % T ¢ my, Mo Tyg T M) (yoT T
- = (((Bibi2 "H'A"EQA] )k’j+ S CN(((BM H'E (7Y @)Y 4 .
% (( B/ M) Ty QA T (3.5.27)
N i1,i» k,j e
Finally, recall that
m «) 2 m «) ™2 m «\ M2 m «) 2
[E[(Qy’c)ill(yj)ig ‘[E[(Q“’k)ill(yf)iz +E|Qapy” (i) 7| +E| @aw" (2], ]
By (3.5.15), (3.5.19), (3.5.21) and (3.5.27), we can rewrite the above equation as
2
my,my _ 0_ my,m; _ o*(M) ml my my,my
(Xilin )k,j - N (Bil,iz )k,j o* N ( ([E(Q))X )k,j+ (Ui1,i2 )k,j
o2 . T ot
2 1,M2\T¢yT A * > ml,mg TyyT o~ (M) oT
(@A Q) )k,j ' NcN(((B HE(Y QY Qa)) )k,j

o? T
- ZE((@ 7 Tya) |+ (D)
N 1,12 k,j 1,12 k,j

Therefore, we have

o (M) my,m szm my,m 02 my,ma\TyyT T
[IN+0 NT ([E(Q))]X pima D _grm (U. L 2)— —((Bi e TH A*[E(Q)A)

N 11,12 11,12
+ 0—4C ((BmlnyZ)THT[E(r(M)(QOT)Y QA)) _ G_Z[E(( om1J’ﬂ2)TY QA) +Dml,m2
NN N

2 2 2

Using that H = [IN + g2 eNTy, g M) ([E(Q))] , matrix Xm L2 s equal to

2
my,my _ G_ my,my my,mp _ 0_ my, M \TyyT A * T
X[ = < HB"." + HU}" NH((BMZ "H'AEQA)
L H (B THE (7,00 @)y QA)) - 0—2H([E((B°m1’m2)TY*QA))T+ HD".™2
N N N i1,1p i1,i2

(3.5.28)

The term E (QYY"); L coincides with Tr( X7 mz) Therefore, taking the trace of both side of (3.5.28),
we obtain

1,12

E(QYY*)™™ = %ZTr (BB )+ Tr(HUT™) - %zTr((BZf‘i;’"z)THTA*[E(Q)AHT)
+ %cNTr((B’”“mZ)THTrE(G*(M) Q"Y' Qa)H") - NTr( (7 v Qa) ') + Tr (HDJ™ ™ )

11,12

(3.5.29)
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We can easily compute Tr (H D;’“.’mz), where we recall D" is defined by (3.5.21)
1,12 i1,ia

Tr (HDT”I:’”Z)

11,12

E[(Qap)" @)} H,
(k J) 1

E|(Qaen)" HY ;(e]A")]" ]

(k N=1
_ T p %) M1,
- lE(QAH A )il,iz
As matrix B;’: 1i,zrnz is Toeplitz, it holds that (see Eq. (3.1.7))
1 n1 nl Nt mip,m
which also coincides with
mp,m = mp,m.
NTr (H B/ z) _ ;L I)T(H)(u)[E(Qihli’ﬁZu) T<iysust
u=l—

because Ti<j,+u<1. = 0 if |u| = L. Setting v = i3 + u, this term can be written as

—Tlr(HB’"1 mZ):i[E( ml""z)T(H)(v i)

otz v=1
or, using definition (3.1.5), as

L

3 [E(szzmz) (FLLm),,,

v=1

(EQ™™)TLL(H); .

%Tr (H B ’"2)

As the entry (iy, i2) of matrix E(Q""""2) 1,1.(H) coincides with ([E(Q) Iv® 97, L(H)) LMz it holds that

1
NTI' (H B;:l,li;mz) ([E(Q) I ® 97, L(I’I))m1 e

2

Computing in the same way we get the following relations

1 ) TyyT A * T , o T T\ A
. ﬁTr((ls:?l’jl.z’m) H'A*E(QAH ):([E(le "), (HA'E(Q')AH));
my,niy

=(EQ) (v ® I.,L.HATEQQ"AW)));

i1,i2

. %Tr((BT}i’zmz)THT (T(M)(QoT)Y QA) HT) :(E(le’MZ)%’L (H[E(ATQT?‘%\%)(QO))H))I.MZ
([E(Q) (IM ®ILL (H[E (ATQT??]-I\%\E) (Qo)) H)))'j”l;l’ﬂg

1,12

.é ( ((Boml mg)TY QA)HT) [E(Qoml,mZJ (HATQ Y))

11,1 l] 12

ny,my

E(Q° (Ime JiLHATQ'Y)); |

11,12
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(3.5.18) implies that

11,12

i,z
To simplify the notations, we define
A= o onEQ (Iv e T11 (HE(ATQ'YSY @) H) | - 0%E(Q° (1w & F1,L(HAQ'D))
—o?onE (QVA P QNH'Y') (3530
Eq. (3.5.29) eventually leads to
E(QYY*) = 0’E(Q) (Iy ® J1,L(H)) - 0’E(Q) (Iv ® I1,L(HATE(Q)AH)) + E(QAH'A* +A  (3.5.31)
By (3.1.34), it holds that QYY" = I, + zQ. Therefore, we deduce from (3.5.31) that
E(Q) [-zIvr +AH'A*| =Ty + 0°E(Q) [y ® J1,1. (-H + HATE(QQDHAH)] - A (3.5.32)
We claim that
Lemma 3.5.2. The term —H + HATE(Q")AH is an approximation of zE(Q") in a sense to be defined.

Proof. To prove lemma 3.5.2, we calculate the expectation of 6 =(Y'Y- zIN)_l. For this we remark that
Y*QY = QY'Y = zQ + I. The above calculate allow to compute E(Y*QY). Indeed, for 1 < j,k < N, we
express

ECY'QY)jx = ) ElY)] Qye)]"1 = ) X3k, j (3.5.33)
m,i m,i

Using the equation (3.5.28) when m; = my = m and i) = i = i, we can express lelm

X;i = N HB; ;" + HU, ;™ — N
4 2
g ° % T ) o * T
+ NcNH((Blff“;’”)THT[E(Lf)/—l\g{‘g)(q Ty QA)) - NH([E((B mmTy QA)) + HD!™

H ((B;.’;’m)THTA* [E(Q)A)T

Summing over m and i, we can notice that

: ﬁm(‘*ﬁ'm)k,j:ﬁmﬁbm Moy hziu-par] = TV EQ) k- = (T EQ)

L ), - [ e ] <@ = (@),
, ’ m,i

ML &
-y (U;?jm)kyj =—o’en ) E [3}(}{) Q) Y Q" (f7) (f;.“)T?] . —o%eNE [3—1\5{‘5) Q) YTQT?] o
» X (o77), = X E[@Qavf @)y | = Y E|@)] Qapy'| =E[A"Qa]  =E[ATQ'A],

So that we eventually get
Y X" = o2y HT,N EQ) -0 cN[E(O‘(M)(Q )YTQTY) o cNH( M (EQT))HTA* [E(Q)A)
T —
+04(CN)2H( 7 (EQ” ))HT[E(G*(M)(Q"T)Y QA)) —ochH([E(Fl\%)(Qf’T)Y*QA)) +HATE(QQD)A
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By (3.5.33), we get

E(YQY); = 0’ ex (HIY E@)), -~ 0en [HE(FY @Y Q'Y]]

—oley H(f’/—l\g\f) ([E(QT))HTE(S’TI\%) (Q°T)Y*QA)) ]

+0*(cn)?

H(7 (EQ)H'AEQA) |
»J

k,j

oy [H(E(7 @MY QA)) |+ (HATEQDA),,

k,j

So that we can obtain

E(Y'QY) = o’ on Ty} (EQMHT +A"EQAH" - o?ey (7Y (EQD) | HTA"EQAH"
o CNE(Y QYBT(M)(Q“))HTM (cn) (O—(M’(([E(Q )))HTE(O—(M)(Q"T)Y QA)HT (3.5.34)

o cN[E( 7 Q)Y QA) HT
To short the notations, we define

A =—o?onE (Y QYT @) HT + 0% (en)? (7, (EQ) | HTE (70 @ D)Y* Q| BT

o cN[E( M Q)Y QA) (3.5.35)
Recalling that Y*QY = QY*Y = zQ +1, (3.5.34) can be rewritten as
ZEQ) = —Iy + 0%cn (ffl\%i[) ([E(QT))) H' +A*EQAH" —o’on gy} (EQ"))H'A'E(QAH" +A
which can be factorized into

ZE(Q)

[ In +02enT, (M)([E(QT))HT] [In —A*E(QAH'] + A

- [_(HT) lto cNL/Nf‘If) ([E(QT))] H' [Iy-A*E(QAH'] +A
-1 ~
Using the definition of H = (IN + ochﬂ*l\g\I/f) ([E(Q))) , 2E(Q) is reduced to

ZE(Q) = -H' [IN-A*E(QAH'] + A

We obtain thus the relation
—H + HATE(QQDAH = zE(QT) - A" (3.5.36)

Equation (3.5.36) shows us that z[E(QT) can be approximated by —H + HAT[E(QT)}_\H since A is an error
term with its normalized trace and bilinear form converge towards zero. This point will be proved in next
section 3.6. O

We resume our previous calculations. Plugging (3.5.36) into (3.5.32), we get
E(Q [~2lw.+AHA"] =T, + 0°E(Q) [Im ® 1, (2EQ") - A1) -
which leads to the equation
E(Q) [~z (Tuw + 0%Iy  TLLEQ") + AH'A*] =Ty, - 0’EQUm®TLLA) - A
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Lemma 3.5.1 implies that matrix [~z (I + 0%Iv ® J1,1.(E(QT))) + AHTA*] is invertible for each z € C*,
and we recall that its inverse is denoted by R(z). We obtain that:

FQ = R-0’EQIyeJLL(A")R- AR
= R+Y(ANA) (3.5.37)
with
YA A) = —0’EQ)Iy ® 3—L,L(AT)R — AR (3.5.38)

Now, plugging Eq. (3.5.37) into Eq. (3.5.36), we eventually get
~ 1 ~ ~
EQ =-[-H' +H'A*RAH" + H'A*Y(A,A)AH" +A] (3.5.39)
V4

By lemma 3.5.1, matrices
~ ~ -1
H =Ly + 0°In © 91,1 (E(Q(2)))]

and
~ 11
R= [—z (IN +o%en T ([E(QT))) + A*HTA]
are well-defined for each z € C*. Moreover, we claim that
Lemma 3.5.3. The following equality holds
~H' +H'A*RAH" = zR (3.5.40)
Proof. We have that RAH! = H" AR because it holds that

R(2) = [~z Iy + 0%y ® I11. (EQT))) + AHTA*] ! R!=—z@") ! +AHTA*
_ - -1 — - .
R(2) = [~z (I + 0% on T3 EQ1)) + A" HTA] R =z +A*ATA

which give us

{ Iy = —zRA") ' + RAH'A* (3.5.41)
Iy = —z ) 'R+ A*H'AR (3.5.42)

Multiplying (3.5.42) by RAH', we get
RAH' = —zRAR+RAH"A*A'AR
By (3.5.41), it is clear that RAH'A* = I + zZR(AH") . Plugging into the above equation we get
RAH' = —zRAR + (I + zRAY) " HATAR = HTAR
Thus we have
~H'+H'"A*RAH" =H' (-Iy +A*H'AR) =H' (-R ' +A*"H'AR=H"zH") 'R = zR
It finishes the proof of the lemma. O
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As a consequence, we can rewrite (3.5.39) as

EQ = R+- [HTA Y(A,A)AH' +A]
= R+Y(A,A) (3.5.43)
with )
YA A) = - [HTA*Y (A, A)AH" +A] (3.5.44)

By (3.5.37) and (3.5.43), we finally get that

E(Q =R+Y(AA)
EQQ) =R+Y(AA)

It completes the proposition 3.5.1. ([l

3.6 Preliminary controls of the error terms Y, Y

In this section, to short the notation, we will drop A and A inthe error terms Y(A, A) and Y(A, A), and just
denote by Y and Y. We evaluate the behaviour of various terms depending on Y, i.e. normalized traces
ﬁTrYB, quadratic forms b} Yb,, quadratic forms of matrix Y= ﬁ Zl\rfz:l Y™™ Using rough estimates
based on the results of section 3.4 and the Schwartz inequality, we establish that the normalized traces

are @’(MN) and that two other terms are @ (8n) where 8y = sup ( 1/ %) We first establish the following

proposition.

M2’

Proposition 3.6.1. LetB andB be ML x ML and N x N matrices such that supy IBll <k and supy IB|l < k.
Then, it holds that

1 L
‘—TIYB =C(@)——=K (3.6.1)
ML MN

| . L
‘—TrYB <C(8)—=K (3.6.2)
N MN

where C(z) can be written as C(z) = P1(|z]) P, ((Imz)‘l) for some nice polynomials P, and P.

Proof. We only prove (3.6.1), (3.6.2) can be obtained similarly. We first express ﬁTrYB, for this we
recall that
Y = —0?EQIy ® J1,1, (AT) R-AR

We get immediately that

oy % [[E(Q) (1 ® I (AT)) RB] _ L N (aRB)
ML ML M= ILL ML

We denote by y; the term — Z=Tr [[E(Q) (IM ® E/—L_L(AT)) RB] and by y; the term — - Tr (ARB).
We first evaluate the term y;. Using (3.1.10), we can see that
1 ~T T
- - o
T [(IM ®J1LA )) RB[E(Q)] Clr [(IM ®J1LA )) (RBE(Q)) ]
_ o—(M)
= NTr[ (7Y RBEQ))) ]
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We recall the expression of A :

A= -0k (V' QY (700 @Q) )BT + 0% (en)? (730 € Q" HE (71 @)Y Qa) BT
—o2enE (3‘1\%) Q°Hy* QA) HT
=A+A+A;
So that we have
Y1=—%Tr [A (70 ®BEWQ) ]—%Tr [AQ(T(M)(RB[E(Q))) ]—%Tr [Ag(f(M)(RB[E(Q))) ]

=Y1,1tY1,2+Y1,3

We will prove that the term y; 3 is a @’(ﬁ) quantity and omit to check yj,; and y;,2. As we can see that

Y13=0"exE —Tr(ﬂ*(M)(Q“)Y QaH" (7} RBEWQ) )]

ML

Using Eq. (3.1.9) and the identity T™ ((Q*)T) (-w) = ™ (Q°) (), we get that

L-1 1 T
Y ™MW S (QAHT (%@ﬁ) (RB[E(Q))) JKIY*)

u=—(L-1)

2
Y13=0 CN[E

We can easily notice that ”J .M (RB[E(Q))” < [IRIIBINE@Q) < > since [R] and |E(Q)| are upper-
bounded by Im(z) and ||B|| = k.

Equations (3.4.1), (3.4.7) imply that [E|T(MJ(Q°)(—u)|2andVar( Tr(QAHT(O—(M)(RBrE(Q))) I”Y*)) are

upperbounded by 5 Cla) K2 The Cauchy-Schwartz inequality thus implies immediately that y; 3 < C(2)k 75 L .
We now evaluate the term Yo, recall the expression of A

A = o'oNEQ (v T1 (HE(ATQ'YHY @) H)) - 0%E(Q° (Iw® 71, (HATQV)))
—o2enE (QY?/‘I\%) QHHTY* )
Ai+Ar+As

ﬁTr [(A2 + A3) RB] can be evaluated in the same way than y; 3. As for the term ﬁTr (A;RB), by (3.1.10)
we notice that

MiLTr [E@ (1ve 71,1 (HE(ATQ"YY (@) H) | RB| = —Tr [HE(A"Q"YY @) ) H (7}’ (RBEW))]

Expanding I 7, M L Q%) as ZI;__(L 1 TQ*) (w)]J"*, and using the same arguments than previously, we obtain
that | Tr (AlRB)| < C(2) g k- Therefore (3.6.1) holds.

Recall that Y = 1 [¢?HTA*YAH" + A]. Since [H] < Inllz(lz) and supy, [|A| < +oo, using the same arguments
than prev10usly, we can easily get that

1 L
—TrYB| < C(z)—«
N MN

We now evaluate the behaviour of quadratic forms of matrices Y, Y and Y
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Proposition 3.6.2. Let 0y = sup (MN, 1/ %) Letb; andb, 2ML-dimensional vectors such thatsupy [|b; | <
K fori=1,2. Then, it holds that
Ib} Yb,| < k*C(2) 8y (3.6.3)

foreachze C*.
Letc;, i = 1,2 be 2 deterministic L-dimensional vectors such thatsupy lc;|l < x. Then, it holds that

¢ | <x%C(2)6N (3.6.4)

¢ MZY

m=1

foreachze C*.
Moreover, for by andb, 2 N-dimensional vectors such that supy |Ib;|l < x fori =1,2. Then, it holds that

Ib; Yb,| < x*C(2) 8n (3.6.5)

foreach z € C*. Where C(z) can be written as C(z) = P1(|z|) P, ((Imz)_l) for some nice polynomials P, and
Ps.

Proof. We recall that
Y = —02E(Q) (IM ® g*L,L(AT)) R-AR

So that we can express
b} Yb, = ~0?b]E(Q) (In ® J1.L.(A")|Rb, — b} ARb

By equation (3.1.10), we can see that

bEQ (m®TiL(AD)Rb, = Tr((lu e JiL(A")| RbsbEWQ)

ML
_ WTr( " 7.0 (Rb,b} [E(Q)))

L-1 1
= (N _Z(:L 5 MLTI‘ (A ] )(bl E(Q) (IM ®IL)Rb2)

We notice that |b}E(Q) (I ® J) Rby | < By (3.6.1), we have that

- (Im ))2
2

*E(Q) (IM ®J1.L(A )) Rbg) < KZC(Z)L—N - KZ(:(z)m

As for the term b} ARb>, we recall that A = A; + A, + A3 (see Eq. (3.5.30) ). We will control these terms
separately, we have that

bjA2Rb, = -0?bjE(Q°(Iy®JLLHA'Q'Y)))Rb,

= —o?E[Tr ((Iy ® I1,L(HA'Q"Y)) Rbyb; Q°)]
L-1

= -o’E| Y T(HATQT?)(u)Tr((Q°(IM®J{”)Rb2b;‘)}
=—(L-1)
L-1 _

= —o’E| Y, THA'Q'V(W(b;Q’ (lueJ;")Rby)
=—(L-1)

(3.4.2, 3.4.7) and the Schwartz inequality lead immediately to

VMNV N VMN

Ib} A2Rby| < k*C(2)L
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Using the same tricks we can prove that the term b} AzRb; is upperbounded by K2C(2)y/ ﬁ %
To evaluate the term bj A1 Rb,, we can see that

b ARb, = 04chfE(Q)(IM®5’TL,L(H[E(ATQTS_L"T(M)(Q"))H))RbZ

ot enE [Tr ((IM&JO‘L,L((HATQTY,Q—(M) Q )H)) szb;‘[E(Q))]

L-1

otenE| Y T™@Q)WTr ((Iv ® J1,1 (HATQ'YJ“H)) Rbyb E(Q))
| u=—(L-1)

L-1 L-1
olenie| Y Y t™Q)wTHEATQ'YIH) (D Tr (v ®J;)Rb,b}E(Q)
u=—(L-1)I=—(L-1)

L-1 L-1

o'kl Y Y t™@)wrHATQYIH)(1) b} (EQ)(m © ;)R] by
| u=—(L-1) I==(L-1)

As |b* (E(Q)(Im ®]*Z)R)b2| < (Im(z) e (3.4.2, 3.4.7) and the Schwartz inequality lead immediately to

1 1 L2
Ib} A1Rby| < [*k* ————C(2) = KZC(Z)—

vMN vMN

As N has the same order of magnitude than ML, it holds that @ (1\%—;) =0 (%) and @ (\/% L) =0 ( %),
thus the convergence rate is sup (MN, 1/ %) . This establishes (3.6.3).
We now establish (3.6.4). Firstly, we remark that

1 M

CT (M Z ymm C2

m=1

1 *
= MTr((IM ®cc;)Y)

1 \ - 1 \
= -0’ r (v c2e)E@Iv® T, (AT)R] - T (v @ czc))AR)

~ - - T -
Since Iy @ F1L(A") = (Ilye I (A))" = (z?;}(L_D 1A (DIy ® ];j’) =¥, TA) DIy @ JL, we can
rewrite the term

1 . o &T 1 . L-1 _ ;
—Tr ((IM ®c2¢))E(Q) (IM ® JLL(A ))R) =—Tr{Im®ccEQ) Y 1A DIve);R
M M I=—(L-1)
= LZ_I T(A)(l)iTr ((IM®c2cj‘)[E(Q) (IM ®11)R)
[=—(L-1) M L
L-1 _ 1 M k
= ) 1AMD= ) cfEQUv e IR ™ e,
[=—(L-1) M m=1

We can notice that ||[E(Q) (Im ®] bR| < e Z) . Since (E(Q) (IM ®Il JR)™™ is a sub-matrix of E(Q) (I ®IL)R

we can easily deduce that |c; (E(Q) (I ® J)R) ™™ ¢y | < It yields immediately that

Im(z))2
L % *EQ) I 8 THR) ™My | < < (3.6.6)
M =, T BT = o )2 &

(3.6.1) implies that T(A")(1) is an @ (k). The term &Tr ((IM ® cocEQ) (IM ® JiL(A )) ) is thus up-
perbounded by KZI\I/E—;C(Z).
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As for the term ﬁTr ((IM ® czci‘ )AR), we recall that A = A} + A, + Az. We can express each term separately
like as the following

1 * 1 * a- Yo °
» Tr(T@coc))AIR) = ooy Tr ((IM ® coc)E(Q)Iy ® T11 (H[E (ATQTYJIQI{) Q )) H) R)

L-1
=o'ex Y T(H[E(ATQTT{ETIQ‘Q(Q‘J)) )(k) ~Tr ((IM®c2c1)[E(Q)(IM ®J; )R)
k=—(L-1)
L-1 _ L-1 1
=o'ey Y E|T[HATQ'Y Y T(Q°)(l)1;’H) (k) —Tr((IM®c2cf)[E(Q)(IM®1;k)R)
k=—(L~1) I==(L-1) M
L 1 M
=o'y E[r@) 0 (HATQTH) (0] - Y- ¢ EQ o) IR™ e,
kl——(L 1) m 1

(3.4.1) and (3.4.7) imply that E|T(Q°)|* and E |t (HATQYJ}'H) (k) |2 are upperbounded by terms of the
form C(z) ﬁ The Cauchy-Schwartz inequality thus implies immediately that

2

1T((1® HAR)| < 2 I o
—Ir C2C =K —=
M 26175 MN

As for the second term

l * _ ZL * o o TATYF
. MTr (@®cac))A2R) = -0 MTr (I ®c2¢))EQ°IM ® I1,1.(HA'Q Y)R)

L-1
Tr((IM®czc1)Q Y. tHATQM()aueTHR
I=—(L-1)

L 1

E[Tr((IM@’CZCl)(Q (v ©J;)R)) THATQ' D ()|
I=—(L-1)
L-1 M _
-2 ¥ L1y [E[((fm®c1)*(Q°(IM ®J;’)R)(f’”@cz))r(HATQTY)(l)]
I=—(L-1) M m=1

=% ZIQN

((3.4.2),(3.4.1)) imply that E|(f" ® ¢;)* (Q° (Im ®J; YR) (" ® ¢,)|? and E|T(HATQ"Y) (1)|? are upperbounded
by K4C(z)§ and C(z) ﬁ terms respectively. Hence, by Cauchy-Schwartz inequality, it holds that

2 L [1 , [LL
R)| =KL/ =1/ —=C(z) =k“\/ — —=C(2)
NV MN MN

. ﬁTr((I@cch)AgR) - —UZCNﬁTr((IM®c2ci‘)[E(QY M (QHTY* )R)

iTr((lm cHA
M 241 1

As for the third term

L-1
Tr((legc;)QY Y @WILH'Y*R

5 1
=-0“cn—E
M I=—(L-1)

1 M
=—o’on Y — ) E[(@ ®c)"QULHY'RE" 0 ¢,)) TQ")(1)
1=~y M m=1

Using ((3.4.1),(3.4.5) and the Schwartz inequality, we obtain that IﬁTr (@®c2c})A3R) | is upperbounded

by k?4/ % %C(z) . Thus we can conclude (3.6.4).
Finally, we recall that Y = 1 [o°H'A*YAH" + A]. Using the same tricks as previously, it is easy to prove
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(3.6.5) O

Proposition 3.6.2 implies that the bilinear forms of Y and ¥ converge towards 0 if 55 — 0. As 1\]/]—; =
@(#), it is clear that 65 — 0 if and only if # — 0. As it is assumed that L = 0 (N%) with a < 1, ﬁ -0
holds if and only if the following assumption is verified:

Assumption A-3: L=0N%) witha < 2/3.

We finally remark that Proposition 3.6.2 implies the following stronger properties.

Corollary 3.6.1. Under Assumption A-3, it holds that

> /L
IIY||=II[E(Q)—RIISC(Z)SUP(W, W)*O’ 3.67)
11 = IE@) - Rl < @ sup | oo/ L] 0 3.6.8)

- - p MNy M3 . .0.

for each z € C* where C(z) can be written as C(z) = P1(|z|) P2 ((Imz)_l) for some nice polynomials Py and
P>. Moreover,

M (£ Rl <C L? L 3.6.9

19y (EQ -R) [l <C(z)sup viN' Ve (3.6.9)
L 2 L

1911 (E(Q) —R) | = C(z) sup VN W) (3.6.10)

Proof. As C(z) in (3.6.3) does not depend on L, M, N and on by, by, (3.6.3) implies that

sup  |biYby| =Y <C(2)8y —0
by lI=1,[bslI=1

(3.6.8) holds for the same reason. (3.6.9) and (3.6.9) follow from Proposition 3.1.3.

3.7 The deterministic equivalents: existence and uniqueness

In this section, we prove the existence and uniqueness of the solution of the equation governing the
matrix-valued deterministic equivalents of Q(z) and Q(z).

Theorem 3.7.1. The deterministic system of equations :

8 -1 17!
~2 (v + 02l © T LT (2)) +A Iy + 02T (1T (2))) - A* ]

T(z) =
) (3.7.1)
T(z) = [—z (IN +olen T (T (z))) +A* (Iy + 0%y ® f/‘L,L(TT(z)))‘lA]
admits a unique solution (T(z),T(2)) for whichT € Ay (RY) and T € AR, i.e.
RRY) =y, ,fR") =1y
) i (3.7.2)
{T(z) = fr B F(2) = [, BN

forzeC*.
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Remark 9. We recall that as T(z), T(z) belong to AuL(RY) and A (R*) respectively, they verify

Ivr T(2)T(2)* <

% In
TaT@) = @ (Im(2)?

(3.7.3)

forevery ze C* (see (3.1.30)).

Proof of Theorem 3.7.1. We will prove that the solution of (3.7.1) exists and is unique. For this let us
consider the following propositions :

Proposition 3.7.1 (Uniqueness of solution). Assume that there exist two solutions (T1(z), T1(2)) and (T2 (z), T2(2))
of the system (3.7.1). Then it holds that (T1,T1) = (T2, T2).

Proof. Let us calculate T; (z) — T2 (z) for ze C* :
T1(2) - T2(2) =T1(2) (T3 (2) - T; ' (2)T2(2)
Standard calculation gives us that
T1(2) - T2(2) = 0°2T1(2)In ® I1L(T] (2) - T} (2)T2(2)

+o cNTl(z)A(IN+0 cNfT(M)(T"zf(z))) T (1] (2) - T} (2)) (IN+c cNf'T(M)(T{(z))) A*T(2)

By (3.1.17), Iy ® 1,.(T] (2) - T} (2)) || < I1T1(2) - T2(2) |l and |.T,{\" (T} (2) - T} (2)) I < Ty (2) — T2(2)]), s0
that we get

IT (2) -T2(2)l = 0*IzlI Ty (2 I T2(2)] I T1 (2) —Tz(z)ll

+ e IAIZ IT @) T2 (I + 0% en Ty (T1(2))) ‘H In+ 02N T} (T2(2))) ” IT)(2) - Ta2(2)]
As (T;(2),Ti(2))i=12 satisfy (3.7.2), it holds that
IT;(2)l < : (3.7.4)
el = Im(z) o
I+ 02y T (Ty(2)))
Moreover, we can prove for i = 1,2 that (IN+026N (M)(T, (z)) H < Inlnzlz) bynotlclngthat—(Nm x IZ‘L i ]

is an element of A (R*). We omit the proof which it is similar to the proof of lemma 3.5.1.
We introduce the following maxima :
- ML N
M(z) = max{||T; (2) — T2(2) |, IT1 (2) — T2(2) I} and cN = max(—, —)
N ML
Note that ¢y = ¢cN = % and ¢y = 1 and recall that supy |All = C < +co .We obtain thus the following
upperbound of ||T; (z) — T2(2) |l

|z|?

IT1(2) = T2(2) | < Tn (ozi +02C? M(z) = £(2)M(z) (3.7.5)

Im(z)2 (Im(z))*

where £(z) = 29 'Zl(l +c2La )

Im(z)? (Im(2))?
The same kind of calculation yields

Ti(2)-T2(2)= © chTl(z)J W (T (2) — T2(2)T2(2)

+0°T1(2)A* (Iyy, + 0Ty ® 91,L(T2 @) Iy @ T1L (0T (2) — TL(2)) (I, + 0% # TLL(ET (2)) 7 AT (2)
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which gives us the inequality
IT1(2) - T2(2) || <§&(2)M(2) (3.7.6)

Finally, gathering (3.7.5) and (3.7.6) we obtain
M(z) < &(z)M(z) (3.7.7)

If z verifies I%I < 2 and Im(z) large enough, one has &(z) < %, which, by (3.7.7), implies that M(z) =0,
i.e. that T1(z) = T2(z) and T1(z) = T2(z) for these values of z. The analyticity of (T;,T;);=1 > implies that
T, =T, and T; =T on C —R™. Proposition 3.7.1 is proved.

O

Proposition 3.7.2 (Existence of solutions). There exists (T, T) € A (R") x A (R") , solution of equation
(3.7.1).

Proof. We construct the desired solution by induction. Let

I
T(O) (Z) — _&
<
; I
T0z) = -2
z

It is clear that T (z) and T (z) satisfy (3.7.2). For p = 0, let

-1

TPV (z) =

~2 (I + 07Ty ® T (T (2)1) +A (I + o2 ey T30 (T (Z”T))_IA*]

TP+ () = [_ 2 (IN + o2 en T (@) (z))T)) +A* (Iu, + 0° Iy ® 7,1 (TP (z))T))_lA] B

Using the same arguments as in the proof of lemma 3.5.1, we can check that for each p = 0, T and T'"’
belong to Ay (R*) and A (R*) respectively.
We denote by

M) (2) = max{| T?*V () - TP @) I, IT?*" (2) - TP (2) I}

The same calculations as in the proof of Proposition 3.7.2 yield

M7 (z) < E(2MP (2),

where £(z) = 2Ll (1 +x2 4 )

Im(2)? (Im(2))?
Let z € C* be such that Ir‘nz(lz) < 2. For Im(z) large enough, T%”)(z) and T'”)(z) are Cauchy sequences of
matrices w.r.t to spectral norms on CML*ML gnd cNxN respectively. Denote by T(z) and T(z) their cor-
responding limits. Moreover, (T%”)(z)),, is a normal family over C*, since each T'"(z) satisfies (3.7.2),
its norm is upperbounded on every compact set included in C* uniformly in p (see (3.7.3) ). Therefore
one can extract, by Montel’s theorem, converging subsequence whose limit is analytic over C*. Since the
limit of any converging subsequence is equal to T in the domain {z € C*, % < 2,Im(z) large enough},
TP)(z) converges towards an analytic function on C*, so that T(z) is analytic. Similar arguments can be

applied to prove the analyticity of T(z).

We now prove that T(z) and T(2) satisfy (3.7.2). The convergence of TP (2) immediately yields that

Im(T%)(z)) =0 = Im(T(2)) =0

Im(zTP) (2)) 20 = Im(zT(2)) =0 3.7.8)
TPV (2)" < ity = TETR)" < gtk
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onC™.
Finally, as TP (2)

T(z), T(z) is therefore written as
p—+oo

_ -1
T(2) = |-z (v + 0°In ® T, (T (2)) +A(1N +0%enT ) (TT(z))) ‘A ]

It is easy to see that limy,_. ;o —iyT(iy) = I, this and (3.7.8) prove that T(z) € v ([RY). We can prove
similarly that T(z) verifies (3.7.2). Proposition 3.7.2 is proved.
O

3.8 Convergence towards the deterministic equivalents: the normalized traces

In the following, we establish that

L — g
{ e 1T (E(Q(2)) —T(2)) — 0 (3.8.1)

NI EQ(2) ~T(2)) — 0

for each z € C\R™", with T and T are defined as in Theorem 3.7.1.
In the following, we thus prove (3.8.1). Proposition 3.6.1 implies that for uniformly bounded ML x ML
and N x N matrices B, B, it holds that

1 L
mTr [(E(Q(2)) —R(2))B] = @(m)

! ) o . (3.8.2)
NTI [(E(Q(2)) —R(2))B] = @(m)
for each z € C*. Recall that
R(2) = [~z (IyL + 0?1y © T1 1 (EQT))) + AHTA*] '
R(z) = [—z (IN +o2on TN ([E(QT))) +A*ﬁTA] -
with .,
H(2) = Iy +o?en Ty EQ2) |
H(2) = [Ive. + 0°Iy ® T1,LEQ)]
and N
T(z) = [—z (I + 02Ty ® T (1T (2))) +A(1N +0%en T (TT(z)))_lA* ]
T(2) = [~z (In + 02 (11 (2)) + A" (v + 02w © 1,1 (17(2)) ' A
We will establish that
1
—Tr[(R(2) -T(2))B] — 0
ML (3.8.3)

1 ~ - _
NTI [(R(z) -T(2))B] — 0
For this, we first mention that straightforward computations lead to
- _ -1
R-T= 0%zRIy & JLLEQ") - T T+o?exRA (I + o2 ex 7 1)) 7 € @Q") T H A" T
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Writing that E(Q) —T=E(Q) —R+R-T and E(Q) - T = E(Q) - R+ R~ T, we obtain that
R-T=0%2RIv® 7L (EQ") - R") T+0?nRA (I + 02 on Ty} (TT))_I 7™M EQT) ~RHHTA'T
+022R 1y ® T LR" ~T") T+ 0% onRA (In + 02 on T,y (TT)) TMR'-THH'A'T  (3.8.4)
so that we have

M—LTr[(R T)Bl=0 zM—Tr[(TBR) IM® ILLEQ -R) ]

_1\T
(HTA*TBRA(IN+02cN3*1\§f‘f)(TT)) 1) Tar EQ - R)]

2
+0°¢ —Tr
NML
1 _
+GzzmTr [(TBR)" Iy ® 97, L(R-T) |

1 T
(HTA*TBRA(IN+0 T (TT)) ) TMR- T)]

2 1
+0°cn—Tr
ML

Direct application of (3.1.10) to the case P =M, K =L, R = N implies that

L R-T)B) = 022~ Tr[([E(Q) R 7P (TBR)" )]

ML
1 T
+0° T (EQ R Ive Ji; (HTA*TBRA (In+ o2y @) )
X (3.8.5)
+o2Tr [(R-T) 7Y (TBR))
2 1 T o o)1)
+0° =T (R-D) Iy e Jiy (H A*TBRA Iy + o?en gy (1) ) ]
We define matrix G(B) by
T
GB) =911 (HTA*TBRA (In+o2ena ") ) (3.8.6)

We now prove that

sup LTM(R—T)C)‘ -0

ICl=<1

sup
ICll<1

1 -

~Tr((R- T)C)‘ -0

when z belongs to a certain domain. For this, we first remark that Proposition 3.1.3 implies that
100 ((TBRYD| < T IR B

IG@I = I ITIIRI IAJ? | (I + o2 en gy b)) H IBI

We assume that z € C*. By lemma 3.5.1, it holds that [[H| < (Inllzé)) and ||R| = ﬁ By (3.7.4), we have

<

that | T|| < == and

Im(z

(IN +0 CNPT ) (TT)) Consequently, we get that

Im(z)

178 (TBR) ) < IBJ
|2l

(Im(2))*

(Im(2))?

IGB) = 1A% IBI|
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We recall that supy [|A]| = C < +oo. For each MLx ML matrix B such that || B|| < 1, it holds that IIFI(M) B =
Bl <1 and that |[Ip ® 91,1.(B) || < [IB|| < 1. Thus, it follows

<L .00 1 L (B —RIE ‘

T | €@ - R 700 (TBR )]' (z))2 Izllllgl SIrEQ -RIC)
1 o~
o —T R-TJ _— T R-T)C
r|® = @2 b [N T )'

. —Tr[([E(Q)—R)I @G(B)]’ e T R)C)‘
ML M (Im(z))* |C||£)1 ML

U LTI‘[(R—T)I ®G(B)]‘ i u —Tr((R—T)C)'
ML M (Im(2))4 ||C||£)1 ML

Proposition 3.6.1 implies that

1 L
sup mTr(([E(Q) —R)C)’ = @’(—)

IClI=1

sup
ICI=1

Tr(([E(Q) —R)C)‘ @(—)

This and Eq. (3.8.5) eventually imply that

1 L o?|z| 2K2|z|?
—Tr(R-TC)|<O(——)+ ———— sup

sup
ML MN'  (Im(2))2 ge; IN

1
sup |—Tr((R— T)C)‘
ICll=1

(Im(2))* =1 | ML

(3.8.7)
Using similar tricks, we obtain

02(:1\ﬂ<2|z|2
sup

(Im(z))4 HCllSl

2
<@(_) o“enlzl sup

—T R-T)C
T (( )C) MN"  (Im(2))? |cj=1

sup
ICl<1

lTr((f{—T)(":)‘

ML
(3.8.8)
Denote by 8 = supcj<; |5 Tt (R—T)C)| and § = sup; ¢ <, |5z Tr (R—T)C)|, we have that

{6 < GO fimy 0+ O i)

m(z))? (Im(2))*

o?cynlzl o2 enk?|zl? L
6< (Im(2))? 6+ (Im(z))* 5+@(MN)

(3.8.9)

which is equivalent to

(Im(z))*

0% enK?|z[? ozc |z| L
1- (Inl\i(z))“ )6 L 5+@’(W)

(3.8.10)

o2k?|z|? o%lz] & L
{(1_ )8 = (Im( z))25+@(m)
~ (Im(2))?

Let z € C* such that —ZL- < 2. For Im(z) large enough, 1 — 25122 < 1 anq 1 - Caxlzl 1 (3.8 10) thus

Im(z) (Im(z)* — =32 (Im(z)* — 2
verify that

)

IA

0’|zl 1 g L
(Im(z))z 1- 021(2\7442 6 + @(W)
(Im(z)) (3811)

o?enlz|
(Im(z))l _ cNKZ\z\Z 6 +@(MN)

(Im(2))*

5

IA

which leads to \ ,

o cenlzl 1 L

(Im(z))4 a- 02K2\z\2)(1_0 enK2|z2 8+6>(MN)
(Im(2))4 (Im(2))%

R Eon i 5+0(5r)
(Im(2))4 (Im(2))4

)

IA

oenlzl?

5 (Im(2))*

IA
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Therefore, if z € C* such that i 'Z(lz) < 2, for Im(z) large enough, we obtain that

1 L
8= su —Tr((R—T)C)’ =0(—)
1o | ML MN
§= su lTr((R—T)C)’ —6(—
s - MN

This establish (3.8.3) for uniformly bounded ML x ML and NxN matrices B, B whenever z is well chosen.
Moreover, for these values of z, MLTr (R-T)B) and 4 ~Tr(R-T)B) are @ ( ) terms and thus —Tr (E(Q)—
T)B) and < NI (([E(Q) T)B) are @ ( ) terms. A standard application of Montel’s theorem (see Proposmon
3.1.5) 1mp11es that (3.8.3) holds on C\ R*. This, in turn, establish (3.8.1)

O

3.9 Convergence towards the deterministic equivalents: the bilinear forms

In this section, we prove the following Proposition. We recall that 6y = sup (MN, 1/ %)

Proposition 3.9.1. Under Assumption A-3, it holds that

IR(z)-T()I =  sup |bj(R(z)-T(2)bz| -0 (3.9.1)
b1 l=lb2[I=1

IR(z) -T2 =  sup |bj(R(z2)—T(2)bz| —0 (3.9.2)
IbylI=l1b.[I=1

foreach ze C\R*
Proof. We consider 2 unit vectors by and b,. It is easy to check that
b} (R-T)b, = 0?zb;RIy; ® I L([EQ") —R") Th,
+ cchb;‘RA(IN + o2 enT M (TT)) T8 EQY) -RHH'A*Th,
+0%zbiRIy ® I (RT —T") Th,
+02enbRA (I + 0% on T\ (TT)) T RT -T)H'A*Tb,
So that we have
b} (R—T)bz| < 6®|z| [by | bl IR] Iy ® ILLEQ") - RN T
+aZen bl bzl IRJ AL 1 (I + 02 on Ty (TT))_1 1173y €Q") RO IH | IA™ ] IT]
+0°|zllby || 2]l IR [Ty @ T, RT =TH ||

+a2enlby | b2l IRI AT I {1y + 02en 30 @) 1100 R 10 1T 1A 1 i
We assume that z € C*. We recall that supy |All < C < +oo, |HI| < Im Z), IRIl < gmzy ITI < Im(z) and
‘ (IN +0 CNFT M) (TT) H <i nllz(lz Therefore, it holds that
2 2 2 2
. |z]| - 0°cNK7 Z] ™M)
sup |b;R-Tby|=[R-T| = 1Im © TLLEQ) - R + ———— 1Ty (EQ) —R)|l
Ibul=lbol=1 (Im(2))? (Im(z)* "N
o?|z| o ofenklz
+ — = Mm@ T LR-TD) + —— -1y R-T
Im(2)2 v ® I1,L(R-D Im(2)" 1Ty R=DI
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We recall that |E(Q) — R|| = @(8y) and that |E(Q) — R| = @ (8x). Proposition 3.1.3 thus implies that,

2zl - o?enk?|zf?
(Im(z))?

IR-TIl = & (8n) + IR-D)I + Im(2)’?

IR-T]| (3.9.3)

We denote by y = [R-T]|| and y = |[R-T]. (3.9.3) leads to

o?lzl _ o%cnKk?z)?
Im@)2" " (m()?

YS@(SN)+

Using the same calculations, we get that

o?enlzl +02K2IZI2~
m(2)2" " (m()t "

Y<O (6n) +

2l <9 and Im(z) large enough, we have

From this, it is straightforward to check that if z € C* verifies (g =

Y=IR(2) - T(z)| = G(5N)
Y=IR(z) -T(2)| =G (5N)

We now establish that |R(z) — T(z)|| and |R(z) — T(z)| converge towards 0 for each z € C\ R* using
an argument "a la Montel". For this, we assume that it exists zg € C\ R* for which [|Rn(zo) — Tn (o) |l
does not converge towards 0. We consider 2 unit vectors by n(2g), b2 n(2p) such that [|[Rx(zg) — Tn(20) |l =
Ib1 N (20)* (RN (20)—Tn(20))b2,n(20)|. Then, sequence by n(2zp) * (Rn(2z0) —Tn (20))b2,n(z0) does not converge
towards 0. However, if we consider the sequence of analytic functions fi(z) defined by by n(zp)* (Ry(2) —
Tn(z))ba,N(20), fu(z) converges towards 0 when z € C* verifies Inllz(lz) < 2 and Im(z) large enough. Se-
quence fy is a normal family on C\ R*. Therefore, by Montel’s theorem, fx(z) converges towards 0 for
each z € C\R", and also for z = zj, a contradiction. Therefore, (3.9.1) holds for each z € C\R*. (3.9.2) is

proved in the same way.

Remark 10. We remark that Proposition3.9.1 does not provide the rate of convergence of |R(z) —T(z) || and
IR(z) —T(z)|| because analytic continuation arguments does not allow to preserve the rates of convergence.
We suspect that it is possible to establish that |R(z) —T(z)|| and |R(z) —T(z)| are G (8n) for each z € C\R™.
However, the proof of this result does not seem to be an easy task.

As we have shown the [|[E(Q(z)) —R(2z)|| and ||[E(Q(z)) -R@)| converge towards 0 (see Corollary 3.6.1),
the following Corollary holds.

Corollary 3.9.1. Under Assumption A-3, it holds that

IEQ(2) -T2 = sup |b](EQ(2))—T(2)bz|—0 (3.9.4)
[Ibyl=[ba|l

IEQ)-T@)I =  sup |b](EQ(2)-T(2)bz|—0 (3.9.5)
[Iby I=ba I

foreach ze C\R™.

Proof. It just remains to justify that [|[E(Q(z)) — R(z)|| and IE(Q(2)) —R(2)|l converge towards 0 for
z€ C\R™. For this, it is sufficient to use again the argument "a la Montel" used in the proof of Proposi-
tion 3.9.1.
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3.A Proofoflemma 3.5.1

We use the same ingredients than in the proof of Lemma 5-1 of [28]. The invertibility of Iy +0? cNJ ([E(Q(z)))
for z € C* is a direct consequence of Im(Q(z)) > 0 on C* as well as of Proposition 3.1.2 . In order to prove
(3.5.2), we first establish that function G (z) defined by

coincides with the Stieltjes transform of a positive CN*N matrix valued measure v; carried by R* such

that vi(RY) =1y, i.e
dV1

R*A—2
For this it is sufficient to check that Im (G (z)) and Im(zG; (z)) are both positive on C*, and that limy ;0 —iyG(iy) =
In(see proof of Lemma 5-1 of [28]).
Im(G; (2)) can be written as

Gi(z) =

H(z) 1 H(2)*
m©G,2) = 22 L a (g - Han*] = @
z 2i
which is equivalent to
Im(G, (2)) = —[E [Im(z) +o?en T

As Im(zQ(z)) >0 on C*, this implies that

Im(G1(2)) > | T )H( JH(2)" 20

The term zG; (z) = —H(z), so that we have
Im(zG1(2)) = -Im(H(2)) = ~H(=2) [(H_l(z))* —H_I(Z)] H(z)*

which is equivalent to
Im(zG1 (2)) = 6° enH(2) T (EIm(Q(2))H(2)*

AsIm(Q(z)) >0onC™, thus Im(zG1 (2)) is positive.

Moreover, since [|Q(2)|| = Im( Z» We can easily get

-1
11m —lyGl(ly) hm [IN+0 cNT- (M)([E(Q(ly))) =1y

Therefore, since G (z) is the Stieltjes transform of vy, it is clear that

1
—I
A — z|2 Im(z) N

Im(G,(2)) = Im(Z)f

So that we have

1 m(z)
—— =>Im(G;(2)) >

M@ 2 —— H(2)H(2)"

which implies

H(2)H( )*<( |z] )21
e = Im(z) N

The other statements of lemma 3.5.1 are proved similarly.
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Chapter 4

Convergence towards spiked model : the
case of wideband array processing models

4.1 Introduction

In this chapter, we take benefit of the results of chapter 3 to revisit the information plus noise block-
Hankel random matrix model built from samples collected from the M-dimensional time series (y;) nez

given by
P-1
yn= hysp_p+vy n=1,.,N
p=0

between time 1 and time N. Here, h(z) = ZI;;O hpz’p represents the transfer function of an unknown
FIR(Finite Impulse Response) SIMO complex channel, s is a scalar non observable sequence and (v;) ez
is an i.i.d sequence of A;(0, o2I) random vectors.

If Lis an integer, for each m =1,...,M, we define for n =1,...,N the L-dimensional vector y%) » given
by

y%?n = (J’m,n: cesy J/m,n+L—1)T
and the ML-dimensional vector y(nL) given by
L L L L
Yo = (DT ) e ) DT

We denote by Yl%) the ML x N matrix defined by

(L) _ (D) (L)
YN —(Yl yeeey N)

and notice that Y%) is given by

L
YI,N
(L) _ .
(L)
YM,N
in which, for each m, matrix Y%N is defined as
Ym1i Ym2 Ym,N
Ym2 Ym3 < YmN+1
Y%N =| ¥m3 ot YmN+2
YmL YmL+1 *°° YmN+L-1
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Moreover we notice that for each m, matrix Y%N is equal to H(r];l),NS%) + V%N, where V(nI;),N has the
same structure of Y%N, and ’HS;)N is the L x (P + L — 1) Toeplitz matrix defined by

hm,P—l hm,O 0 0
0
L _
%m,N_
: . ) ) .0
0 o 0 hmpor o hmgo

and Sl(\If) is the (P + L—1) x N Hankel matrix defined by

$2-p -t SN-P+1
sy =
S o SN+L-1
Therefore, it holds that
Hix Vix
N I o i B
Hy Viin

Finally, we rather consider normalized versions of the above matrices, i.e. define Zy = LYI%), AN =

VN
’Hl(\%) \/LNS%) and Wy = \/LNV%)' The model thus becomes

IN =AN+Wy 4.1.1)

As in the previous chapter, we study this model in the asymptotic regime

Assumption A-4: We assume that ML and N converge towards +oo in such a way that cy = % satisfies

cN — ¢ where0 < ¢ < +o00, and that moreover, BL are © (N*) with0 < a < %

Matrix Xy is a particular case of random matrix models defined in the previous chapter by Egs.
(3.3.3), except that matrix Ay has the particular structure Ay = ’HI(\? \/LNS%)‘ Ay is in particular a rank
P + L — 1 matrix, which, under the Assumption A-4, is much smaller than N. Matrix Xy is also similar
to model (2.4.5) of chapter 2 except that P and L may scale with M and N in the context of the present
chapter. Therefore, the methods used in chapter 2 are no more valid. The purpose of the present chapter
is to extend the results of section 2.4 of chapter 2 to the case where P and L may converge towards +oo

according to Assumption A-(4). For this, we take benefit of the general results derived in chapter 3.

4.2 Overview of the results.

As in the previous chapters, we denote by Qy(z) and Qn(z) the resolvents of INZ) and X 2N respec-
tively. AsP+L—1= o(N), itis clear that the empirical eigenvalue distribution of Zy X}, converges towards
the Marcenko-Pastur distribution p 42 of parameters (c, 02), i.e. the normalized trace of Qn(z) has the
same asymptotic behaviour than the Stieltjes transform of p ;2. However, this property is no longer true
for the bilinear forms of Qy(z) whose asymptotic behaviour is useful to extend the results of section 2.4
of chapter 2 to the case where P and L may converge towards +oo.

In section 4.3, we study the asymptotic behaviour of the bilinear forms of Qx(z) and Qn(z) in the
context of model (4.1.1). The results of chapter 3 show that these bilinear forms have the same behaviour
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than the forms of Ty (z) and Tn(z). As matrices Tn(z) and Ty(z) have complicated expressions, we use

the particular structure of matrix Ay = ’H%) ﬁs{\? to establish that the bilinear forms of Qn(z) and Qy/(z)

behave as if P and L were fixed integers. More precisely, we define T; n(z) and TLN(Z) as the solutions of
the equation

1+0? NN
AAy )7L
1+0%6 n(2)

~ N X -1
{TI,N(Z) = (—z(l +02h N (2) L + Ly (z)) 4.2.1)

Tin() = (~201 +02entin(2) Iy +

where £ N(2) = MiLTr (T1 N(2)) and where 7] N(z) = %Tr (T1,n(2)) also coincides with ¢y t N(2) — (1 —cn)/ 2.
Itis clear that T; n(z) and TLN (z) correspond to the deterministic equivalents of the resolvents of matri-
ces ZLNZT N and Z’f nZ1,N Where 2 N represents a virtual information plus noise model

ZIN=ANtWiN 4.2.2)

where Wy y represents a ML x N random matrix with A7 (0, 02/N) independent, identically distributed
entries, see . Eq (1.2.40, 1.2.43) in chapter 1. Then, we establish that Tn(z) = T} n(z) and Tn(z) = TLN(Z)
where we recall that the symbol = means that the bilinear forms of the 2 matrices have the same asymp-
totic behaviour. Moreover, as P+ L—1 = o(N), Stieltjes transforms #; ny(z) and 7; n(z) can be replaced
by the Stieltjes transforms m.(z) and m.(z) associated to the Marcenko-Pastur distribution p. 4. If we
denote by Sn(z) and Sx (2) the functions defined by

1+02cme(
Aay )7L
1+021m.(2)

* _1
{SN(z) = (—z(l +02 e (2) v + %) (4.2.3)

Sn(z) = (—z(l + 02eme(2)Iy +
then, it also holds that Ty N(z) = Sx(z) and Ty n(z) = Sx(2). It is shown in chapter 2 that Qn(z) = Sn(2)

and QN(z) =~ Sx(z) when P and L do not scale with N. Therefore, we generalize this result to the case
where P and L converge towards +oo at rate strictly less than @ (N%/3).

4.3 Simplified behaviour of the bilinear forms of Qy(z) and Qy(2).

In this section, we prove that Tn(z) = T n(z) and Tn(z) = Tl,N(z) for each z € C*. Montel’s theorem will
thus imply that this equivalence also holds for z € C\R*. The proof of Ty n(z) = Sn(z) and TLN(z) =~ SN(2)
is straightforward, and thus omitted.

The above equivalence holds true however under certain hypotheses on filter h(z) and on sequence

.....

ofh(z), and if v € [0, 1], we denote by K™ (v) and h(v) the terms h" (e2i™) and h(e?™).

Assumption A-5: We assume that

M
sup sup Z |1 (v)|? < +o0.
M vel0,1] m=1

Remark 11. Assumption A-5 implies that supy II’H{\? || < +o0. To see this, we can notice that
HL = f[ - e EDY M (ydy (vydy,, (Vdv

and that o

Hixn _

: = f[ o (M P-DYh(v) @ dr(V))dp,;_, (VdV

L
HM,N
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Using the definition of spectral norm, we can write

IHPI=  sup bfﬂl%)bz| = sup b* (2P DVh(v) e d(V)d},, (VIbadv
bl ECML;bQ E(I:PHJI b1 ECML;bz €CP+L71 (0,1]
RS by 1= 1byl=1

.....

equality, we obtain that

b} H{ by =

M .
f ( Y Ay pim (v)b;‘n’ldL(v)) d;,; (Wbadv
(0,1] \m=1

2
dv f d:..  (by|[*dv
f[o,l] \/[0.1]| P+L-1 2|

M ) M 2
=\ f[ > [ Y b, | dvibe
1

M
> KM (wby di(v)

m=1

<

0,1] m=1 m=

2
b, div)| av by

M , M
5\ sup ) [h" (V)] \f[oll 2
m=1

vel[0,1] m=1

vel[0,1] m=1

M M
s\ sup Y. |h(m)(\/)|2\ > b || dv bzl
m=1

M
s\ sup Y[R V)7 byl b2

vel0,1] m=1

Therefore, it holds that

M
sup II’H%)II < sup\l sup Z |h(”” (v)|2 < +00
N M

ve[0,1]l m=1
|
Finally, we formulate the following assumption on signal s,
Assumption A-6: We assume that (s;) nez is a real stationary random process defined as
00 00
sn:Z(xjen_j, Zl(xj|<+oo ,00=1 (4.3.1)

j=0 j=0

wheree, is an i.i.d. sequence of zero mean unit variance random variables having finite moments of all
order, and whose characteristic function 2(0), satisfies

sup |2(0)=p0g) <1
10]>09>0

andE(e,) =0 andE(e?) = 1.
In addition, we assume that, there exists a certain n > é — 1 for which

Y lajl=6(m™) 4.3.2)
=m

99



CHAPTER 4. CONVERGENCE TOWARDS SPIKED MODEL : THE CASE OF WIDEBAND ARRAY

PROCESSING MODELS
In the following, we denote by ¢(v) the continuous function defined by
+0o X . 2 +0oo .
V) =Y aje ™| = 3 y,edmvH (4.3.3)
j=0 U=-—00

where v, = Z;r:g 0410714150 = E(Spm+uS),) and remark that ¢ (v) coincides with the spectral density of s.

The hypothesis that sequence s is real is certainly not necessary, and could probably be replaced by
s complex circular, i.e. in representation (4.3.1), the real part and the imaginary parts of €,, are mutually
independent sequences sharing the same probability distribution. However, the technical results we
use in the following (a moderate deviation result related to the periodogram of sequence (s;);=1,..N) is
apparently only available in the real case. Due to the lack of time, we have not tried to extend it to the
complex circular case.

Lemma4.3.1. Under Assumption A-6, when N — oo, the empirical covariance matrix %S%)SI(\]]“) * converges
almost surely towards the (P +L— 1) x (P + L— 1) Toeplitz matrix Rs defined by

Rs = f[ RO (4.3.4)

in the spectral norm sense. Moreover, it holds that

1 /log(L)
(L) g(L)* —
H SN Sy —Rs“—@( l_a),as

Proof. The proofis given in the appendix.

We recall that the deterministic equivalents T, T of the resolvents Q = (ZX* — zIp) ! and Q =*x-
zIN) ! are defined by

_ -1
T(2) = [—z (v + 02T ® TLL (AT (2))) +A (I + 02 oY (17(2) ‘A ]

T(2) = [~z (In + 02 on TP (17 ()] + A" (. + 02w © T1,0.(7(2) ' A

We will show that T, T converge in the spectral norm sense towards the deterministic equivalents of clas-
sical complex Gaussian information plus noise model (see e.g [9],[48],[32]) which we denote by T,,T;.
These quantity T;,T; are defined by

-1
—(_ 27 __AAT
{Tl—( 201+ 0% (D) + a5 ) uss)

A*A )_

Tl = (—Z(l + O'ZCN 3] (Z))IN + m

where #;(z) = g Tr (T1) and 7 (2) = £ Tr (T1).

Proposition 4.3.1. Under assumptions A-6 and A-5, it holds that

{ IT(2) = T1 (2| = supyp, = b, =1 b} (T(2) — T1 (2))ba| — 0 13.6)

IT(2) = T1 (&)l = supy, = b,y =1 P} (T(2) = T1(2))b2] = 0

foreach ze C\R™.
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Proof: By standard algebra, we have that

ZCN

1+02ent(2)
oley

1+02ent(2)

~ ~ -1
« T-T; = 20T Iy © F1, (BT -TH T+ T,A (IN + o2 enT (TT)) FTM T _1hHA*T

+20°T Iy ® I1,.(TT - K (DI T + T1A (I + 0% on Ty (TT)) TN - 1 (D) A'T

(4.3.7)
2
e T-T = z0?’eyT1 7 (1T - T T + mTlA* (I + 0%y ® T, (D) ' Ty © F1,.(TT - THAT
: (z
2
(0) ~ - ~ - ~
202 enT TP (1] - ) T + T TIA* (ye + 02Ty @ T L(TD) ' Iy 0 T1L (T - 1 (2) AT
(4.3.8)
To prove Proposition 4.3.1, we first prove that
log(L)
19300 (1 = )l = CY 1 (43.9)
- log(N)
19LL(T1 —aIn) |l = C(2) N%—O‘ (4.3.10)

foreach ze C*.

First step: Proof of (4.3.9)

__AAT
1+02cext (2)

-1
We first express T} — 1 (z)Iy. Recall that Ty = (—z(l + 028 (2) v + ) . We notice that

T =T (204 0%RE@ T
zd+02f(z) M1 ! 1) 2+ 021, (2)
1

=T;AA* —
z(1+ 025 (2)(1 +02cent(2)

(4.3.11)

Taking the normalized trace of both side, and noticing that # (z) = ﬁTr (T1) we get that

-1 1
z(1+ 021 (2)) MLTr (T1AA™) z(14+ 025 (2)(1 +0o2ent (2)

h(z) =

Thus, we can express Ty — £ (2) Iy as

-1 1 AA* 1
— ——Tr(T;AA%) _ (4.3.12)

Ti-n@h =T - ) "ML z(1+ 025, (2) (1 + 02ent (2)

Plugging (4.3.11) into (4.3.12), we obtain

1 o *
21+ 02h @) (Lt otenti (o) 1AM ~ 1T TAA L) (4.3.13)

T - 1 (2Imr =

Since the Toeplitzification operator I (M)( ) is linear and I (M) L (Imp) = In, we obtain that

1
z(1+ 025 (2)(1 +02cent1(2)

o—(M) (T - v = ("—(M)(T AA* )—M—Tr(TlAA )N (4.3.14)

We recall (see paragraph 1.2.3)) that T; belongs to A (R*) coincides with the Stieltjes transform of a

positive matrix-valued measure py carried by R* such that py(R) = Iy i.e

du(A)

T, =
! R* A—2Z
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Therefore, it is clear that t; (z) and 7;(z) are Stieltjes transforms of the probability measures py = ﬁpN
and ey + (1 — ¢N) 8o, so that we have |11(z)| and |7, (z)| are bounded by

. . oy s 1
From section 3.1.3, in chapter 3, it is easy to check that P ETeT—Te and

Im(z)*

are also Stieltjes trans-

1 1
z(1+02cn (2) z(1+0%1(2)

)

* ) (4.3.15)

1
z(1+021 (2)

and

forms of probability measure carried by R*, which particularly implies that
are upper-bounded by ﬁ
Therefore, taking the spectral norm of both side of (4.3.14), we get that

1
z(1+ 025 (2)(1 +o2ent (2)

”J T (T, - 111Iy) ”

(ua—m

|z]
= Im()? (”J

Since ||T; || < —— and the rank of A is the same as that of ™, i.e P + L— 1, it holds that

Im(z

1 [T;AA*] < ——

C(2)
ML M

Thus, (4.3.15) becomes

|z] C(z)

(Im(z))?

H%(“ﬁ’ (Ty — t1lmr) “ < “PJ-(M

It remains to prove that “f’/—l\?\f) (T1AA") Nie

=0 ( IOgEL) ) For this, we first recall from (3.1.19) that

1 M
— Y (" ea (v)" TIAA (f" ®ar (V)

m=1

1T (T1AAY) | < sup
ve[0,1]

with (f1,...,f) the canonical base of CM. By Cauchy-Schwarz inequality, we have that
|(F" ®ag (v))* TIAA* (" ®ag (V)] < (" ®a. (V)" T\T; " @ a . (v))"'* (" @ ap(v))* (AA*)* (" @ aL(V)))“2

As Tyl < ﬁ, the following inequality holds

sup (" ®ar(v))* T;T; (" ® ar.(v)) Y2 2 imy) <
VE[O;?H(( L(V)* T1 T} ( (V) ITy | o

Moreover, as we assumed that supy |Al| = C < 4+o0, we obtain that

(" @aL(v)* (AA*2(E" @a (v))''” < Al (" ® aL(v)* AA* (" @ ar (v)))"'?

<C(f" ®aL(v)* AA* (" & ay (V)"
Thus, the following inequality is obtained
M

1 N o
Im(z) v?—:l[lopl]ﬁmzl (" ®ar(v))" AA™ (" @ aL(v)))

1/2

1T (T1AA") | <

gl
On the other hand, we recall that AA* = H o SST*’H(L) *. Therefore,

AA* = HD ( sts®

S Rs)’H(L)* + HURsH D
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In this way we obtain

sLgM) 4
N
+({ " @a (v)* HPRHP* (" @ ap (V)

" ®ap (v)* AA* (" ®ap (v)) = " ®ar(v))* HP ( - Rs) HY* (" ® ap (v))

NN

S + (" eaL(v)* HYRsHP* " @ ar(v))

<|HV)?

_RS

By lemma 4.3.1, we have that

% —Rg “ = @( 1;%51;) ) Moreover, |H"| is uniformly bounded by

Remark 11. Hence, |HW ||2|

gL .
% -Rg ” = @’( lﬁﬁ(_? ) Therefore, in order to prove ||, 1\%) (T;AAY)| =

(0} (\/ 11(\’]%51;) ), we will prove that sup,¢(g 1 ﬁ Z%zl f"ear (V) HYRsHD* " oay (v) =0 (ﬁ) =0 (ﬁ)
We notice that

%(1L)RS7-L§L)* .. ?_LgL)RS%&)

HORHDY” = : :
(L) (L)* L )
%M RS7'L1 %M Rs?‘tM

It is easy to see that

1 M 1 M
Y @ ea () HURHD @ oar(v) =au)” | o 3 HRSHL) |auv)
m=1 m=1

<

In order to calculate T(H%)RSH%)*)(Z), we express (’H%)RS’H%LZ)*)NC, forl<j,k<sLandl<sm=<M.
We can notice that

(HRHE") j 1= el HRsH Y e
with (e, ..., er) the canonical base of CL.

Recall that
Rs = f[ | DO O ©)d0
,1

It is clear that

© e MYy = 0,0, hp-1, 0,0, .., 0)
—_— ——— ——
j-1 P L-j

e HY*er =(0,...,0, ip_1) .00 Hm 0,0, ..., 0)T

[ ———
k-1 P L-k

We eventually get

P-1 p-1
T L L 2i j —2i k
e Hy)RsH ) e = f[o L, 0® (Z e l“(“ﬂ"hm,p_l_t) (Z e 2 )ehm,P—l—u)de
) t=0 u=0

L P-1 P-1 .
:f (b(e)ezn'[(]—k)e (Z ezmtehm,}’—l—t) (Z e—21nu9hmyp_1_u) 4o
[0,1]

t=0 u=0

_ f HO) R (0)[22ITU~00 gg
[0,1]
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where we recall that 2" (0) = Zg;(l) hm,ue_zmel.
It yields immediately that
HORGHD" = f[ | GO @FdO)d] ©)a0
Asaj (v)d.(0) = % 2 o€ MO \ve get that
1 L-1 0 ! 2
) 1=0

Finally, we have that

2
dao (4.3.16)

-1
Z e—lZn(O—v)l

1=0

1 1
L Z aL(v) 1Y Rs%”*aL(v)=—f Z R @) | p(6) ~
M Jio,1] L

m 1

Assumption A-5 give us that supy;supg Z%:l [h"™(0)|? < +o0 and ¢(0) is the spectral density which is
finite positive and bounded, thus there exists a constant C such that

2

Z h(iﬂ)(@) <C

m=1

sup sup IG))

As a consequence, it yields

2
dao

L-1

Z e—i2n(6—v)l

1=0

v Z ar (V) H G ReH G “aL(v) < %fi

m 1 L

Moreover, Parseval identity leads to
1[ L-1
LJiou |15

1 M * *
— Y ap W HERsH L *ar (v)
M m=1

2

—i27‘[(6—v)l de - lL - 1
L

By (4.3.16), it follows

C
S_
M

for all v € [0,1], and C is a constant independent of N,M and L. We conclude that

C
< —

“91\%) (H(L)RsH(L)*) =<0

from which (4.3.9) follows immediately. (|
Second step: Proof of (4.3.10)
- -1 - -
We recall that T = (—z(l +0%ent (2)In + W;‘()) and f;(z) = %Tr (Ty).
Using the same approach as in (4.3.11), we obtain that

- -1 1 _ 1
t =V —T T A*A =
(2) z(l+02ent(2) * N M )z(1+02t1(z))(1+020Nt1(z))
It follows )

L _ 1
T, - #(2)Iy = (TlA*A— ST (T1A*A) Iy

z(1 +0221(Z))(1 +O‘26Nt1 (2))
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since J1,1.(.) is linear, we get that

1
z(1+ 025 (2)(1 +02ent(2)

. - - 1 5
T p (T AN = (STL,L(TIA*A) T (TIA*A)IL)

taking the spectral norm, we get

1
lz(1+ 0271 (2))(1 + 0%ent(2)]

1F5,L(T — AN < (||91,L(T1A*A) |+

1 _
—Tr(T1A*A
N (Tq )D

We recall that ||T; || < Im and we remark that the rank of matrix Ais P+L—1 and P and L have the same

order of magnitude. Hence
1 - L 1 1
’—Tr(TlA*A) <=Ca)==0 (—) =0 (—)
N N M N1-«

It remains to prove that

- log(N)
ETI :@( - )
By (3.1.17), we have that
IFLLTIA*A) | < sup |ag(V)T A" Aay (V)| (4.3.17)

ve([o0,1]

By Cauchy-Schwarz inequality, for all v € [0, 1], it yields
lag;(V)T1A* Aay (V)] < (@ (VT T*an (V)2 (ag; (V) (A*A)2an (v) /2

As | T < ﬁ, supy Al < C, and recall that A*A = % Dxqq L f}, we obtain

)1/2

C
lay (V) T1A"Aay (V)] < Im(z —— (ay (VA" Aay (V)

(2)

C Wegy 1y SV "
(e )( ay(v) \/_H H \/NaN(V))
CIHD gD*gD 172

S—( ay(V)——— aN(V))

Im(z)
L*gM 1/2

—aN(v)) (4.3.18)

<C(2) (af;(v) N

(4.3.18) is obtained by recalling that supy IH D < +00, thus it exists a constant Cy > 0, such that supy IHW| <
Co.
Combining (4.3.17) and (4.3.18), we get

_ gL*gM 172
17L,L(T1A*A) | < C(2) sup (af{T(V)—aN (v)) (4.3.19)
ve[o,1]
s S(] logN . .

It remains to prove that sup,¢g 1y ay (V) >—x—an(v) = i |- For this we can notice that
S2-P  *t SN-P+1 1 YN siopye® ™

S W) 1 ) ) ) 1 .

—aN\V) = — . . . = — .

\/N N . . s ~ N . .
SL ottt SN+L-1 e2in(N=-1)v 212:1 SL+k€2mkV

105



CHAPTER 4. CONVERGENCE TOWARDS SPIKED MODEL : THE CASE OF WIDEBAND ARRAY
PROCESSING MODELS

and that
2

2 1 P+L-1 2ink
S_P+l+k-e iy (4.3.20)

_lezi

1 N

VN iz

H —an(v)

2
We notice thatforl <[ <P+L-1, | ﬁ lej:l S_p+i+k| istheperiodogram of the sequence (S—_pij+1,S—p+7+2)---» S—P+I+N)

Il(\? (v). And we use the following result due to [3]

that we denote by

Remark 12. Under Assumption A-6, it holds

In(v)
lim max ———— =1, a.s (4.3.21)
N—oove[0,1] G(v)logN
withIn(v) = % |Z§:1 s,1e_2i“‘”l|2 the periodogram of sequence (sy, ..., SN) and G(v) = | ]‘x(’)(x e 2V |2 the

spectral density of s.

By (4.3.21),for 1 =/ <P +L-1, Ve >0, almost surely, for N large enough, we have that

I(l) (V)
ve[o 11 G(v) log(N)

Almost surely, for N large enough, we thus have
Vvelo1], I{\? (v) = (1 +e)dp(v)log(N)

Applying this inequality to (4.3.20), almost surely, for N large enough,

2 P+L-1

Vvelo,1] 'ia M| == Z (1+e)d(v)log(N)
’ VN N 3 &

P+L-1
<1+ e)(p(v)Tlog(N)

2
Since PL are ¢ (N%), withO<a < 1, SUPye(0,1] “ \/iNaN(v) || = (1(1)\Ig1 — ) This and (4.3.19) give us that

- log(N)
197%,.(F1A A)n:@’( %)

This completes the proof of (4.3.10). O
Now, let (b;,by) two unitary ML-dimensional vectors, and (b;,by) two unitary N-dimensional vectors.
Recall the expressions of (4.3.7) and (4.3.8), we take the bilinear forms

by (T—-Ty)b, = z6°b; Ty Iy ® T, L(TT —T])Th,
o?cen

+ _—

1+ O’ZCN t1(2)

+ Z()'2b1 T1 IM ® {O]LL(TF{ — f] (Z)IN) Tbg

b,T;A (IN +o CNQ’—(M)(TT)) T (1" - T)) A" Th,

O'ZCN

-1
Frorenn P A I+ e ah) A - n @) AT
1
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61 (T — Tl)f)z = .ZO'2 CNf)l Tl g~1\§I\I/f) (TT — Trf) Tf)g
0.2
+
1+ 02 11 (2)
+ zZ0 CNb1 T1 O—(M) (TT - tllML)TbZ
2

61 Tl A* (IML + O'ZIM ® f/—L,L(TT))_I Iv® JO—L,L(TT — TF{)ATBZ

+—— by T1A* (IyL + 02y @ T, (A1) Iy @ J1,L (T - 7 (2)In)ATh,
1+ 028 (2) ' ’

It is clear that

by (T —T1)by| < |zl6? by || 1Tyl 1Ty ® IL,L(ET =TI ITI byl

20N

+ S —
1+ 02%ent(2)]
+1zlo? by 11Ty || 1Ty ® TL,L(T] — £ (2T [T by

ZCN

+—
1+02cent(2)

by HITy 1A '

-1
(Ix + o?oni @) “ ITNL (T =TDI AT [ITH b

by 1Ty 1 A ‘

In + 0 enT Y (TT H 1T (T = 62T AT b |

-1
E4]
= Im(z)’

(1 + o2y @)

Since by, b, are unitary vectors, Al <k, |IT|| < e’ T < e’ ‘

1 M) /log(L) % = _ log™N)\ ., .
T+02en 1y @) < Im(Z)’ ”3— (T — uIm)ll = ( W)’ and 19T —aINn)l =0 (W)’ it yields

|z|lo? S =
b;(T—-Tp)by| < eI (T-T
[by ( 1)ba| Im(2)? 1Iv ® I7,1.( Dl
o2cenK?| 2l log(L)
o—(M) T—T
+—(Im(z))4 TN ( DI+ N

Recall that | F7,1.(TT=TDIl < sup; | 1s,1=1 /b1 (T-T1)bz| and ||J T (T=TD)I| < supyp, | jb,=1 b1 (T-T1)b2],
we can simply get that

|2l0® B T
sup  |bi(T-Tbzl<s ———=  sup [|bi(T-Ti)by]
Iy, I =1 (Im(2)= g, b, 1=1
2 2 log(L
(Im(2))* b, 1, Ib, =1 N
Similar calculations give us that
- - |zlo%c
sup by (T-Tpbsls ———% sup [by(T-Tp)by|
1511, 1b =1 (2D o =1
2.2 - . log(L
GK|ZL sup by (T—Ty)byl +0 % (4.3.23)
Im(2)% g, 16,11 =1 N

Solving the system of linear inequalities (4.3.22), (4.3.23), we obtain that for z € C* well chosen ||T(z) —

T1(2)]| = SUP|, j yby1 b (T = Tyl and [T(2) — Ty (2]l = supys, 4,11 16} (T~ T1)by| are both /&%

terms. Using the argument "a la Montel" used in the course of the proof of Proposition 3.9.1, we obtain
the convergence towards 0 of | T(z) — T1(2)|l and of | T(z) — T1(2)|| for each z€ C\R™.

We finally mention that T; and T; behave as S and S defined by (4.2.3), and that this implies that
IT—-S| and | T-S| converge towards 0. More precisely, the following Corollary holds.
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Corollary 4.3.1. Foreach z € C\R", it holds that
ITi(z2)-Sz)| — 0 (4.3.24)
ITi(2) =S — 0 (4.3.25)
and that
IT(z)-S(2)|] — O (4.3.26)
IT(2-S@I — 0 (4.3.27)

The proof of (4.3.24, 4.3.25) is based on the observation that ¢; (z) —m.(z) — 0 and that #; (z) —m(z) —
0, while (4.3.26, 4.3.27) follows directly from (4.3.6).
O

4.4 Application to regularized estimated spatial-temporal Wiener filters in
large system case

In this section, we revisit Section 2.4 in the case where P and L may converge towards +oco. We recall that
(Sn)nez represents an i.i.d. sequence available from n =1 to n = N. We study the performance of the
estimated regularized Wiener filter ) defined by

-1
R 1 X . 1 X .
f=|g Ly MML) (— R Sn) (4.4.1)
N n=1 N n=1

g, is destined to estimate the unknown transmitted data (s;) ,>n. We recall that the signal to interference

plus noise ratio produced by g(AL) is equal to

IS L

1g;hy
A L L)* A N
gHOLHY g+ 0218012

SINR(@)) = (4.4.2)

where h{}” is column P of £, and matrix ") is obtained by deleting column P from matrix H®.
SINR(gg\L)) is random in the sense that it depends on the vectors (y;),=1,..N, which are random them-
selves due to the presence of the additive noise. In the following, we generalize the results of Section
2.4 and establish that, provided % — 0, SINR(g)) has exactly the same asymptotic behaviour than in the
case where P and L do not scale with N, i.e. SINR(g)) converges almost surely towards term ¢(A) defined
by (2.4.25). The reader may check that in the present context, the estimate ¢p(\) of ¢p(A) introduced in

Section 2.4 is still consistent in the context of the present chapter. From now on, we assume that

Assumption A-7: ML and N converge towards +oo in such a way that cN = % satisfies cy — ¢« where
0<c, <400.PLareG (N%) with0 < o< %, and tharM = 0 (N'~%).

and that

Assumption A-8: Sequence s is an independent identically distributed sequence verifying Assumption
A-6

To simplify the notations, N — +oo should be understood as the above asymptotic regime.
As in Section 2.4, we denote by Uy the matrix (P +L—1) x N defined by Uy = \%NSI(\P. We also denote by

Z%) and Wl(\];) the normalized observed and noise matrices Yf\]]“) /v/N and V{\]]“) /v/N. In Section 2.4, it was
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1/2
assumed without restriction that Uy verified UnUY, = I because replacing ‘H by H (\/LNSI(\]]“)) and Uy

-1/2
by (ﬁs{\?) Uy had no impact. In the present context, this is however apparently not true because

) | «m)!2 | em) 12 )
replacing ’H and Uy by H (\/_NSN ) and (\/_NSN ) Uy breaks the Hankel structures of the 2 matrices.
The Hankel structures were important to establish that | T(z)—T; (z)|| and | T(z)—T; (2) | converge towards

0. However, as sequence s verifies Assumption A-8, matrix UNU;I verifies

IUNUN —Ipsr-1ll— 0

1/2 -1/2
and it is easy to check that the replacement of ‘H by ‘H (\/LNSI(\]]“)) and of Uy by (\/LNS%)) Uy has no
impact on the proof of Proposition 4.3.1. We therefore assume without restriction that UyUy; = I as in
Section 2.4.

In the following, we define Q(z) as the resolvent of matrix X * defined by Q(z) = (ZX* — zIy) !, and
recall that the estimated Wiener filter g can be written as

gl =Q(-Nzu’

where u = \%N(sl,...,sN) is the P-th row of matrix U. To evaluate the behaviour of the SINR given by

*

formula (4.4.2) when N — +o0, it is necessary to study |thA|2 ,IIHTg;\ %, and [F3N |I2. These terms depend
on bilinear forms of matrices Q(—A) and Q(—\)? whose asymptotic behaviour have thus to be evaluated.
In the following, we prove that the above 3 terms behave as in the case where P and L do not scale with
N, thus showing that the SINR has also the same behaviour.

4.5 Asymptotic behaviour of the SINR

In this section, we study the asymptotic behaviour of the SINR and evaluate |g;h{})|2, g;%‘}%%%* &\
and [|g[1°.

4.5.1 Evaluation of g;h{})

This subsection is devoted to the evaluation of g;hi}), or more generally, of b*g) = b*Q(—A)Zu*, where
b is a deterministic ML-dimensional vector such that supy Ibll < k.

Now let z€ C\R", and consider b*Q(z)Zu*. To short the notation, we omit the variable z in the calcula-
tions of Q. Remark 8 implies that

b*[QZ -E(QX)]u* —0

almost surely. It is thus sufficient to evaluate E(QX)

Expression of E(QZX)

For this, we express E(QX) as E(QX) = E(QW) + E(QA), and we calculate E(QW) using the integration by
parts formula. We recall the notation (QW) ;”j, the entry (i + (m—1)L,n) of ML x N matrix QWfor 1 = m <
M, 1=<i<Land1 < j <N and use the identity

[E[(QW);’fj =Yy [E(szi,lmlwml,)

2 inj
ny, i
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By the integration by parts formula, it yields

m,miyas
[E(Qirill ll])

—m
ij

ow

oQu™
m Ll
ey e 2
It is easy to check that

m,m;
a‘wllyrl;ll — _(QZ),m]erl Iy

1
i'j'

(3.3.1) implies that [E(WTZ“.WY-"‘.,) =28(iy — i’ = j' — j). Therefore, we obtain that

[E(Q?:ll.’lmlw::“]) =—— Z d(i—i'=j' - jE [(QZ):”]/Q:nlllml
We put u = i1 — i’ in the above sum, and get that

[E m,mlwml _ _0_2 =l my,ny
(Qi,h il:j) - N Z ((QW)Z u+]Q

l-l_,”l) T<u+jenTi<i—usL
u=-(L-1)
and that

E|@wyy] = X E[Qrmw]

1,
my, 1

2 L-1
o
-7 Z [E((Q‘N)Z?u+j1]lsu+jsN Z an:l lel ﬂ1<11 u<L)
N ="t i
Using the definition T™(Q)(-w) = 55 X, 1, QZ“ l'fl‘lﬂlq]_usb we get that
ML L-1
ElQw)]=-0*— ¥

m =My (—
N2 E@W] et @)

Setting k = u + j, the righthandside of the above equation can also be written as

—oon Y. E(@2)1 ™ @ =k + N1 1=k j=i 1]
k=1

or, using the observation that ™ (Q)( TR -n<j-k<1-1

(7)) (Q)) (see Eq. (3.1.5)), as

N
~o%on ) E ((QZ),k(“‘(M)(Q ). )
k=1

Therefore,
N M
E|@w)]) =—chNI;1[E((Q>:) (@), )
ot |[ezr @)
It is clear that

EQW] = —0”enE [ Q2 (@)
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Thus, we obtain that
E[QX] = E[QW] +E[QA]
= —o’onE| Q2 (@) | +ElQiA
We express matrix Q as Q = E(Q) + Q°, and obtain that
FIQZ] = E(QA - 0°oxE Q] 7YY EQ") - 0?enE [ Q2 ((@V))]

Hence, we get that
EIQX] Iy + 0?en Y EQ")| = E@A-E [z (@")")]

The invertibility of [IN + ochf’Tl\%\f) ([E(QT))] is proven in section 3.A, and we recall that its inverse is de-
noted by H. We obtain that
E[QZ] = E(Q)AH +F [ng—ﬁ“ ((Q°)T)] H 4.5.1)

Convergence of bilinear form b*E(QX)u”

In this subsection, we prove that the bilinear form b*E(QX)u* converges towards a deterministic quan-
tity. First of all, we prove the lemma

Lemma 4.5.1. Under assumption A-7, it holds that
b* [E[QZ] — E(QAH]u* — 0
when N — oo.

Proofoflemma (4.5.1): Using the equation (4.5.1) and the definition 3—1\%) (@) =xi! (1) ™M Q) (DY,
we can obtain that:

b* [E[QZ] — E(Q)AH]u* = b* ([E [QZQ*I\%) ((Q")T)] H) u’

L-1
=Tr(E|Qz Y ™M@y Hu*b*)
I=—(L-1)
L-1
=] Y t™@Q")(b*QzJ'Hu*
I=—(L-1)

(3.4.1,3.4.7) imply that E[T™ (Q°)())|? and Var (b*QZJ'Hu*) are upperbounded by terms of the form $12
and KZC(Z)§ respectively. The Cauchy-Schwartz inequality thus implies that

L LL L
b* [E[QX] - E(Q)AH]u*| < kC(z)L =0|\/——=|=0|\/—=
[b™ [E[QZ] - E(Q)AH]u"| = xC(2) MNZ MN M3)
As % — 0, the lemma is thus proved. O
We now prove that
Proposition 4.5.1.
1
b* |[EQAH- ————TjA|u* =0 45.2
[ Q 1+ 02ent1 (@) 1 ( )

~ -1
with Ty = (~2(1+ 0271 (2) Iy + VT = (—20+ oPonn(@)In+ 524 5) L f(2) = g Te(T)

and 1 (z) = £ Tr (T1).

AN
1+02cen 1t (2)
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Proof. We recall that H = (IN+0 CNJ ([E(Q))) . It is clear that
b* |[EQAH- ————— T1A|u*
@ 1+c2ent(2) ! ]u
1
=b*EQ) -TP)AHuU* +b*T1A|H- ——— Iy |u*
EQ -THDAHu +b'Ty [ Tt o2ennim ™
1
=b*EQ)-TPAHu* +b*T;AH [(1+0%cenf(2)IN-H ] ————u*
(E(QQ -T)AHu" +b"T1AH [(1+0”cnt1(2)In ]1+026Nt1(z)u
_b* X 2 2 (M) 1 .
=b*EQ) -T)AHu* +b*T;AH [(1+o cNtl(z))IN—(IN+0 NI\ L ([E(QD)] T+ 2t
1
=b*(E(Q -T))AHu"
0'26N
— = b*T,AH Iy - T M (T M Ty - M (F
ot P TAH [n@ - gD + 78] - 77 (EQN) |w

2
_h* _ * o‘*-(M)
=b* (E(Q) - T)AHu" + 1+020Nt1(z)b T AH( (£ (2) Ty, — Tl))

TN pepam (700 (1T - EQD)) u* (4.5.3)
1+02cent(2)
Since supy Al < +oo, |H] = In|12(|z), Corollary 3.9.1, Proposition 4.3.1 and ( (4.3.9)) imply (4.5.2). O

Therefore, we have the following result.
Proposition 4.5.2. Under Assumption A-7, it holds that

1

——— TiA|u* =0, as 4.5.4
1+02cent(2) ! ( )

b* |Q=-
foreach ze C\R".

In order to connect this with the corresponding result in Section 2.4 (see Eq. (2.4.16)), we remark that
t1(z) and T (z) can be replaced in (4.5.4) by m.(z) and S(z) where m(z) is the Stieltjes of the Marcenko-
Pastur distribution of parameters (c,5?) and where S(z) is given by

HH* -1

—_|_ 2~ e
S(z)=|-z(1+0°m.(2)) + T+ o2em. @

(see Corollary 4.3.1). Moreover, A = HU and Au* = HUu". As U is assumed orthogonal, Uu* = ep where
ep is the P-th vector of the canonical basis of C®*L~1, Therefore, (4.5.4) is equivalent to

b*QZu”* - b*Shp — 0, a.s (4.5.5)

1+02cmg(2)

for each z € C\R*, which is precisely the evaluation that follows from (2.4.16). in section 2.4.

4.5.2 Evaluation of ||g, ||

In this subsection, we study the behaviour of || g)\ll when N converges towards co. In order to do this,
we express g2 = uZ*Q?(-A)Zu*. As we can notice that £ Q(2) = Q*(z), we can obtain

i( 2*Q(z)Zu”)
dz u Z)zu

= i(Z*Q( )Z)
_udz V4 u

uz*Q%(z)Zu* =

112



CHAPTER 4. CONVERGENCE TOWARDS SPIKED MODEL : THE CASE OF WIDEBAND ARRAY
PROCESSING MODELS

We recall that 2*Q(2)Z = Q(2)* X = Iy + 2Q(2). It follows that
* 2 * d * *
uZ’Q (a)zu’ =u—~ (Z*"Q(2)Z)u
d oo
=u— (In+2Q(2))u
—ui( Q(@)u*
=u_~ z2Q(z

d (zuQ(z)u*)
= — (zuQ(2)u
dz
We have thus to evaluate the behaviour of qu(z)u* for z € C\R™ and to differentiate w.r.t z to obtain the
behaviour of [|g) %. As uQ(z)u* —uE(Q(z))u* — 0 almost surely for each z € C\R", we have just to study
[E(uQ(z)u*). Again, the result we obtain is the same as in Section 2.4. In particular, we have the following
result.

Proposition 4.5.3. Forall ze€ C\R", it holds that
d o
u— [z(E(Q) -Ty)]u* -0 (4.5.6)
dz

when N — oco.

Proof. We express E(Q)—T; = E(Q)—T+T-T;. (3.9.4) and (4.3.6) imply that u(E(Q) —T)u* and u(T-T;)u*
both converge towards 0, when N — oo, for all z€ C\R*. Hence, it holds that

u(EQ) -T)u* -0

forallze C*. (4.5.6) is obtained by noticing that the convergence of zu(E(Q) —T;)u* towards 0 is uniform
on each compact subset of C\R™. O

In order to retrieve the result of Section 2.4, we remark that, by Corollary 4.3.1, T; (z) can be replaced
in (4.5.6) by S(2) given by
_ U* * U -1
S(2) = |-2z(1 + 0% cme(2) + H—:H
1+02m.(2)

4.5.3 Evaluation of g;?{(};%(};* o
This subsection is devoted to study the behaviour of the quantity g;%(_Lg,%(_L;*gA when N grows large.
First of all, we express

HH Y 5 =us QU H Y gz

We denote D = ?-L(_L}),?-L(_LI)J* . By Poincaré-Nash inequality, we can prove easily that u(Z*QDQXZ-E(Z*QDQX))u* —
0, almost surely. Therefore, it is necessary to calculate matrix E(Z*QDQZX) and to study the behaviour

of its bilinear forms. For this, we still use the integration by parts formula. However, the calculations are

this time very tedious because it is necessary to evaluate E(X*QDQZX) which is more complicated than

E(QX). We therefore do not present all the calculations we did, and just provide a summary of the main

steps.

Firstof all, for 1 < j, k <N, it is clear that

(ZQDQz); = Y &N QDQ)™ET

. i1,02
nmy,mp,1y,12
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Recalling that ~ = A+ W, we evaluate the following term.

E|QDQ] ™ (N | = E|@DQI " WIEED T | +E|@DQ) AT (W

11,13 11,13 11,13 Iz

+E [(Q’DQ)"“ AT (A ] 4.5.7)

Remark 13. We recall that = between matrices means that their spectral norms have the same asymptotic
behaviour.

We use the integration by parts to evaluate the 2 first terms on the righthandside of (4.5.7). We can
easily get that

2
o . . .
E[QDQy Wi = | = Y O —i'=j = k)
i/,]'/

E[-(@2)]", QD)™ (2% - QDO Q)™ (2% + @DQ)]" ™ 8(m; = my)diz = i8(] = /)|

(4.5.8)
and that
2
o
E [(QfDQ)lel3m3Am3 (W )mz ] — Z ES(Q _ l-l — j/ —])[E [_Q:'?:,li,/mz (Z QDQ)]/ i — (QDQ)Imlﬂmz (Z Q)], iy, k]
l./yj,
(4.5.9)
Summing both side of (4.5.8) and (4.5.9) over m3 and i3, we obtain that
ny EXN 47 _ 2 T(M) ™ *\ M
E[@Daw =7 | = ~o?exE| [0z (70 @DQ) (=7
i1,
—o2eNE (QDQZJNL Q )) = +—[E[(Q’DQ)lelZmz(k ])]ﬂlsiz—(k— pel, (4.5.10)
and that
2
o *
E|QDQA); (W )Z”;] TN, (L , [Q:j’zi’?(z QDQA);-i k +QDQ);" 72 (Z*QA)j-ik | hisivip<thi<j-isN
(4.5.11)

We recall that zQ = Z*QZ — Iy. From (4.5.10), setting m; = my, i} = i» and summing over my, i;, we get
that

E[Z"QDQW];, =-0 ZenE

z*Qz (7} (@) ] - o%eE[ 2 QDQE Y Q" )] + 0% enE | T QDO

j.k

=g cN[E[(z Qz- IN)(G‘(M)(QDQ))

s cN[E[z QPQz 7, Q" )]
Jk

= —o?onzE Q[T (QDQ) ] - o%eE[2'QDQE AT @] (4.5.12)
» ]’k

ik

We obtain immediately that

E[Z*QDQW] = —02cyzE Q(O—(M (QDQ)) e cN[E[z QDQ= I, (M)(QT)]

:—ochz[E(Q)(ﬂ*(M) ([E(Q’DQ))) - o?enE(2*QDQZ) 7 EQT) (4.5.13)
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Similarly, from (4.5.11), setting m; = my, i; = i, and summing over m;, i1, we get that

E[W'QDQA|; , = —0%exE [f’/—l\%) Qb z*QDQA]j —o%nE

(7% @p@)' Z*QA] L es
I

It follows that

E[W*QDQA| = —6%cnE [3‘NL QhH = QDQA] o2 enE

(7 N‘“{”(QDQ)) Z*QA]
~ 0’ en T EQTVE(2°QDQA) - o ox (T EQDQ)) E (2" Q)
~o’en Iy EQE(W'QDQA) - o’ en Ty} (EQN))E(A"QDQA)

—oley (97““) ([E(QDQ))) E(Z*QA) (4.5.15)

(3.5.26) in chapter 3 implies that
E[Z*QA] ~HTA*E(Q)A

-1
while we recall that H = (IN +0%enT, 1\%) ([E(Q))) . Therefore, (4.5.15) becomes

[ + 0o Y EQT) | E[W* QDQA] = 0 ex T EQTIA'EQDQ A~ ey (7,4 EQDQ)) HTA’EQA
It follows that

E[W*QDQA] = —o*cxH' F{\" EQ") E(A*QDQA) - o*cyH" (ﬂﬁ,“ﬁ)([E(QDQ)))T H'A*E(QA (4.5.16)
By (4.5.13),(4.5.16), it is clear that
E[Z"QDQZ] =E[Z*QDQW| +E[W*QDQA| +E[A*QDQA]
= —o”onzE(Q) (7)) €QDQ)) -~ o’ enE (2°QDQE) 7Y EQT)
- o?oyH! 700 EQ1) E(A*QDQA) - 0 cNHT(O—(M)([E(QDQ))) H'A*E(QA+E[A*QDQA]
Hence, we eventually obtain
E[2*QDQE] [Iy + 0* ex T €Q")] = ~o%enzE (Q) (7,0 E@DQ))

~o%oxH' (7 €QDQ)) HAEQA+ [Iy - o?exH! 70 €Q")] E(A*QDQA)

Noticing that Iy — o?cyH' Ty g M) ([E(QT)) =H', it holds that

E[2*QDQz] = ~o’ceyzE (Q) (7Y EQDQ)) H'
_o2enHY (9 (O‘(M) ([E(Q’DQ))) H"A*E(QAH” + HTE(A*QDQA)H” (4.5.17)

We notice immediately that it is necessary to calculate the expectation of QDQ. To do this, we can ob-
serve that QDQXX* = zQDQ+QD. Therefore, we will evaluate E(QDQXX*). However, simply plugging
(4.5.10) and (4.5.11) to the expression

E[QDQD))" (=" | =E[@PQw) ") | +E[ @D W | +E QDA AT
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and summing over k = j, will not allow us to have a closed form equation of E(QDQ).
To circumvent this problem, we will use the same technique as in chapter 3. More precisely, we define
the following N x N matrices

], =El@pez) ] (45.18)
i, =@ (4.5.19)
BZZ;’"Z] —[E[(Q Q" j)]ﬂlsig—(k—j)sL (4.5.20)
ctrlmzzmz] [er?llzmz(k B ]ﬂlsiz—(k—j)sL (4.5.21)

and notice that E [(Q’DQZZ )m1 mz] Tr (Xl{";z’mz). Therefore, we will calculate matrix Xi’:lzmz.
Using (4.5.12), (4.5.14), after a few calculations, we obtain that

2
(0)
X[ = CHBYL™ - ot ond ) €DV - % " EQDQ)" AHC!"™
T

oen(C)"; ’”Z)THT(G*‘M)([E(QDQ))) HTA*[E(Q)A—(B;f_li'z’”Z)HTA*[E(Q)A

2
+—H
N

+HAT EQDQ)" £ (f;;“) A (4.5.22)
Taking the trace of both side of (4.5.22), we obtain after some calculations that
E(QQDQZZ*) =E(QDQ) [AH'A* — 0 zly ® T L(EQ"))] - 0’E(Q)Iy & I L(HAT (E(QDQ))" AH)
+0" NEQTv @ T (HAT[E(QT)AHJO“‘M) EQDQ)H) - o* NEQ Iy @ 1,1 (HT,Y EQDQ)H)

-0 CN[E(Q)AHT T I)([E(QDQ)) HTA +0'EQ)Iy ®JLL(HJ ([E(QDQ))HAT[E(Q )AH)
N,L
(4.5.23)

Now, we remark that

_ L-1 1 _
Iv eI, (HA" EQDQ)' AH) = ) —Tr(HAT([E(QDQ))TAHII)Im®Ifl
I=—(L-1)

and we recall that the rank of Ais P + L — 1. As a consequence

1 T Teryl L
‘NTI (HA" EQDQ)" AHY') =C@)5

It follows that )
[Tm ® 1, HAT (EQDQ)) ' AH) || < C(z)Lﬁ =0 (%)
which converge towards 0 under assumption 7. Similarly, we have that
|tv & 910 (HATEQDARSY € @DQ)H]| 0
v & 1. ([E(QDQ))HAT[E(Q AH)| -0
Therefore, (4.5.23) can be simplified as follows
ZEQDQ) +E(QD) ~EQDQ) [AH'A” - 0*zIy ® I1,L (EQ"))]

o' o E@My 0 71 (HTY EQDQ)H) - o’ oy EQAH" (70 €@QDQ)) H'A”
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or equivalently
EQDQ) [z (Im.+ 0Ty ® TLLEQ")) + AH'A*| =

EQ) |D+o CNIM®JLL(H (M)([E(Q’DQ))H)+0 cNAHT(G*(M ([E(Q’DQ))) H'A*

Recalling that R = [~z (Iyy, + 02Ty ® I1,1.(E@Q"))) + AHTA*] ', it holds that

EQDQ) = QDR+ 0" cxEQ)Iw © 71 (AT, EQDQ)H) R+ 0%y EQAHT (7,3 EQDQ) HTA'R

(4.5.24)

Lemma 4.5.2. Under assumption A-7, for each z € C\R™, it holds that
IEQDQ) - TDT| — 0 (4.5.25)
Proof. This lemma will be proved in the appendix. O

Moreover, we have that |E(Q) — T|| — 0 and ||E(Q) — T|| — 0. Denoting by Hr = |Ix + O'ZCNgIél\f) M|
(4.5.17) becomes

E[2*QDQZ| =~ -0 chT(G'(M) (TDT))
- oZenHE (7Y (TDT)) HIA*TAHT + HE A*TDTAH] (4.5.26)

Since D = H(_LI))H(_LI),* , therank of D is P+L—2. As a consequence, the rank of TDT is P +L—2. Therefore,

by remarking that
o LS 1)) g/
Iy IDT) = —Tr ([TDT (I ® X
b= 1——%—1) ML r( (M IL))IN

we can have immediately that ”J g M) (TDT) ” Wthh converges towards 0. Therefore,

lo?onzT (7Y (T'DT)) H] - o?onHy (7Y (TDT)) HIA*TAHL| — 0 (4.5.27)
Hence, equation (4.5.26) can be simplified into
E[Z*QDQZ] = H A*TDTAH; (4.5.28)
Recalling that (T1,T;) are defined by
Ty = (~201 + 62F (2) Iy + —28°_ )"
1— (_Z( +0 tl (Z)) ML + 1+O'ZCNI1(Z))
Ty = (20 + o2onti(@In + 7225

where f;(z) = Tr (T1) and % (2) =
1T () — n(z)IMLn — 0, with #;(2)

LTr(T)), under assumption A-7, we have that |T—T;|| — 0 and
LTr (Ty). Itis clear that

|

Remarking that ¢, (z) and T; (z) can be replaced by m.(z) and S(z), we obtain that

N

T—

—  In[[— O
1+cnh(2) NH

1 S 2
H_pU (4.5.29)

B2 QD] = e o)

A*SDSA = (U*'H* —_—
1+ o2enme(2)

which is exactly what can be obtained from (2.4.16) when P and L remain fixed.
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Appendix

4.A Proofoflemma 4.3.1

To prove lemma 4.3.1, we first consider the (P +L—1) x (N+2(P + L — 1)) matrix

0 -+ 0 S2-p -+ SN-P+1 SN-P+2 ' SN+L-1
~ : : 0
ST = (4.A.1)
0 . . . . . .t .
S-p  tt SL-1  SL "t SN+L-1 0 . 0

and we define the following (P + L — 1) x (P + L — 2) matrices

0 . 0
sv_| T sep (4.A.2)
0 B
S2-p  t SL-1
and
SN-P+2 *°° SN+L-1
: o 0
s® = (4.A.3)
SN+L-1 - :
0 . 0

We can notice that S = (S(_L), S(L),SErL)). As a consequence we have

al)a L)L
sLgn- s . sPgm* ,_N shgm+
N+P+L N+P+L N+P+L N+P+L N

N N N+P+L N N
It follows that
gLgm)* LG
N Joy dVdpL1(Vdp,;_; (Vdv = N+P+L _-[[0,1] G(V)dpsr-1(V)dp,;_(V)dv
P+L SBEL*  ghghx gbg
N N+P+L N N

The introduction of matrix S is motivated by the observation that matrix SYS®*/N+L~-1is a

..... SN+L-1°

Existing results will be used to establish that sup,, |<f)(v) — ¢ (v)| — 0, and this will imply that

UK
| -

N+P+L - [0,1] ¢(V)dP+L_1 (V)d;+L—l (V) av

118



CHAPTER 4. CONVERGENCE TOWARDS SPIKED MODEL : THE CASE OF WIDEBAND ARRAY
PROCESSING MODELS

The strategy of the proof consists in proving the three following properties.

LM logD)
o Fews _f[o, ](l)(v)dP+L 1Vdp,;_,(Vdv|=0 Nia | @S (4.A4)
S(L)S(L)* Llog(L
o | —— N_ :@’( Ol\gI( )) ,a.S (4.A.5)
S(L)S(L)*
° + N+ _ (LIONg(L)) a.s (4A6)
It is clear that
P+L g(L)S(L)* P+L S(L)S(L)*
= - d d; d
N HN+P+L N “N+P+L 0.1 ‘NV) p+L-1Mdp,y (VIdV
P +L
H o ¢V dpir—1(Vdp,_, (V)dv
1]
and that
” ¢V dprr—1(V)dp,;_,(V)dv| = sup [$p(V)| < +o0
0,11 vel0,1]
Moreover, since ~&= P+L =0 (N1 <= ), we can easily conclude that | %—ﬂi%‘f{ =0 (ﬁ), almost surely.

4.A.1 Proofof (4.A.4)

We prove the first point (4.A.4). We denote (e1,...,ep,1_1) the canonical basis of C°*1~1, For 1 < k,I <
P +L-1, it holds that (S(US(U* )k l l_eTS§SWS§W*e; and we can easily see that

N+P+L N+P+L k

¢ eiS(L) = (0)“' IOISZ—PI"' )SN-I—L—I;O)"' ;O)

—_— — ———

P+L-1-k N+P+L-2 k-1

e SU*e;=(0,,0,5p,, SN71-1,0,--+,0)"

el _( [ ;SZ—P)"';SN+L—1) PR )

—_—— e ——

P+L-1-1 N+P+L-2 -1
Thus, it yields

1 N+L-1-(k-10)

L Spen St k=1
N+P+L m:ZZ_P m+(k=0)>m

1 N+L-1-|k-]|

1>
-
T

SLgM=
(N+P+L k.l

*
— SmSppaiy k<1
N+P+L , 5,

Therefore, % is Toeplitz, and its entries are the &_;. We denote by (])(v) the well-known windowed
periodogram estimate of ¢ (v):

R P+L-2 hy S L)S(L)*
dv= Y Juet™'=al,  (V———ap-1(V) 4.A.7)
u=—(P+L-2) N+P+L
and notice that
§LIGL=

N+P+L Joa ¢(V)dP+L 1Wdp,_(v)dv

From this, we obtain immediately the followmg result:
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Lemma 4.A.1. Almost surely,for N large enough, if

vel0,1] Ni-«

R log(L
sup |¢(v)—¢(v)|=@( 08 ))

then we have

—S(L)S(L)* * log(L)
HN‘I‘P'FL _\[[0,1]¢(V)dP+L_1(V)dP+L—1(V)dV =0 W

almost surely.

Proof: By the definition of spectral norm, we have that

LWL . . i .
H——f ¢(V)dps-1(Vdp,;_(Vdv|= sup |b; (/ (cb(V)—¢(v))dp+L_1(V)dp+L_1(V)dVJbz
N+P+L [0,1] by, b,eCP+L-1 [0,1]
[Iby I=IIbz|I=1
< sup f IGv) — W) b} dps1-1(V)dp,;_; (V)baldv
bl,b2€CP+L71 (0,1]
by lI=lbz =1
< sup I(T)(v)—q)(v)l sup f Ib’l"dp+L_1(v)d§+L_1(v)b2|dv
ve(o,1] bl,bZECP+L_1 [0,1]
[bylI=[bzlI=1
A 1/2 1/2
< sup [p(V)-b(V)|  sup U Ibi‘dp+L—1(V)I2dV) (f dp,; _,(Vbzl*dv
vel[0,1] b;,byeCP+L-1 \J[0,1] [0,1]
by lI=lbzlI=1
< sup [p(v) — W)
velo,1]
This concludes the lemma. |

According to the result obtained in the lemma 4.A.1, we will prove (4.A.4) in two steps, sup,,c 0,1] |[E((f)(v)) -

O] =0 (=) and sup,e o 1) 1OV ~EG(W)| = 0 (\/%)

First step.
The first step consists in showing that

sup |E(((v)) — b(v)| =@(

ve[o,1] Nl_"‘)

for large N.
For this, we can rewrite the spectral density as

+00 3 +00 3
(P(V) — Z (xke—Zznvk Z aleZval

k=0 =0

+00 400

— —2invu
= Z Z O+ 100 Ty 1>0e

u=-00[=0

+00 2
—Z2ITIVU
> Yue

uUu=-—00o

where
+00

Yu= Z Oyt 10 V120 = E(SmvuSyy)
=0
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represent the autocovariance coefficients.

It follows that
. P+L-2 _ _
EGV)-dW) = Y EFw)-Yye 2™+ Y yue ™
u=P+L-2 lu|=P+L-1
Hence, forall v € [0,1]
A P+L-2
EQW) oM=< Y EF)-vul+ Y lyul (4.A.8)
u=P+L-2 lu|=P+L-1
Since, Yu = xopoT Z%ZLZ__IP_"” Sm+uSs, itis easily seen that
1 N+L-1-|u| 2+ |u|
E(¥,)= —— [y =
Yo=xper &, M ( N+P+L)Y”
This leads to
P+L-2 P+L-2
Y EW - Yul S 1 Y @+ lublyul
u=P+L-2 N+P+L ,_p71
2P+L-1)—1 P+L72
s————| Y vl
N+P+L  \u=p7i-2
Now since ZI;ZIL,;ZL_Z lYul < +oo, it is clear that
“ L 1
E¥w) —Yul =0 N =0 m (4.A.9)

As for the term ¥, ;>p+1.-1 |Yul, we can see that

+00

Z lyul = Z Z 0100 Ty 120
|u|=zP+L-1 |u|=zP+L-11=0
= Y Yo laggllogl+ ) Y lagllagl
|u|2P+L—1|1|>L%J |u|2P+L—1|l|sL%J

We can easily determine an upperbound for the term

Yo lagellogl= ) Y logallogl

|u|2P+L—1|”>L%J |l|>L¥JIu|2P+L—1

(gl z,, ]

By (4.3.2), ZIH>L%J log| =0 (%), which implies that

1
> Y lagslla] =@’(ﬁ) (4.A.10)

|u|zP+L-1 |l|>LP+§‘1J

Using the same trick, we obtain similarly that

Yo dagellogls Y el Y lal

|u|=P+L-1 |l|SLL§_1J |l|s[—P+;‘1J |lu|=P+L-1
1
= Y | Y lwl|=0 o 4.A11)
e |kl > 25— ]
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as Z|l|<LP+L—1J log| < Z;r:gkxﬂ < +o00.
=l

(4.A.10) and (4.A.11) imply that

Y ii=0(55)-0 ()

|u|=P+L-1

Since n > é — 1, the convergence rate ﬁ is faster than ﬁ This, (4.A.9) and (4.A.8) imply that

. 1
sup |[E(G(V)-dV)[=0 (m)

vel0,1]
0
Second step.
The second step consists in showing that, almost surely, for N sufficiently large
N R Llog(L) log(L)
sup [p(V) —E(GWI=0 |\ —— |=0C (4.A.12)
VE[OIY)H (b q) ( N ( Nl_(x )

We recall the expression of the estimator of the spectral density ¢(v) = Ziiﬁf 1L-2) Yue 2™ Since p(v)
is a trigonometric polynomial of order 2L, we can bound its maximum by the maximum over a discrete
grid. More precisely, we use lemma 3 in [82]:

Lemma 4.A.2. Let S(v) = %ao + X lakcosuvk) + by + sin(2nvk)] be a trigonometric polynomial of
order n. Forany 8 >0 and 1 > 2(1 +8)n, we denote by v = %foro < j <. Then, it holds that

1
max [S(v)| = (1+ <) max [S(v;)l.
0 o<j<I

vel0,1]
For6>0,letv; = m, for 0 < j < [4(1+06)L], then bylemma 4.A.2,
o ~ 1 o o
sup |G(v) —E(b(W)] = (1+ Z)max|Pp(v;) —E(p(v)))l (4.A.13)
ve[o,1] &

Moreover, we have for each € > 0 that

P(mjax@(v D-E@v)I>e) <Y PGV —E(dV)))] > €] (4.A.14)
J

We evaluate then the quantity P[|((v) — E(p(v))| > €] for each v € [0, 1]. For this we express the estimator
of the spectral density as

P+L-2 1 N+L-1

N —2intvu
dwv = ) ——— > smsy|e
u=—p11-2| N+P+L, 75 p
m-n=u
1 P+L-2  N+L-1 pirvmen)
* —ZITvVim—n
=— ) Y. Smspe
N+P+L __ 512 mn=2-p
m-n=u

%, with Qy is the quadratic form of s, defined as

*
Qn= Z Am,nSmSy
2—-P<m,n<N+L-1

We can notice that ¢(v) has the form
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with a, , = e_Zi“V(’”_")ﬂ|m_n|5p+L_2. In addition, sup,,, , |@m,x| <1and a, , =0when |m—n|>P+L-2.
This remark leads us to adapt Theorem 10 from [82] to our case. More precisely, the theorem 10 from
[82] gives us a bound on the quantity P[|Qn —E(Qn)| > €]. To apply this, we have to justify some technical
conditions.

Firstly, we propose the following lemma which assures that s, is in £7, Vp = 1:

Lemma4.A.3. Foreveryp=1, s,€ £"P
Proof. We recall the expression of s,, = Z;;i‘f) OkEp—k-

s Forp=1,

Els,l=E

+00
) ak€n—k
k=0

+00
<Y laglEley—kl < +oo
k=0

as ZZZ‘(’) |ag| and Ele,,_| are both bounded for all n, k
* For p > 1, there exists an integer g which satisfy % + % =1, using Holder inequality, we get

p

+00
Elsnl? =E|)_ axen—k
k=0
+00 14
<E[ ) lagllenkl
k=0

LIy 1/ b
<E| ) logl" okl Plen—kl
k=0

oo 14 (4o 1Up\P
<E (Z I(Xkl) (Z IakIIGn—klp) )

k=0 k=0

< (flakl)p/q (flakl[ﬂen_kl”)

k=0 k=0

Since ZZZ‘(’) |ag| and E|e,_x|P are both bounded for all n, k, we can conclude that s,, € 7. [ |
For p = 1, we define

o0
O,(t)=) 8p(n), t=2-B whered,(n)=lsp—s,lp,
n=t
where s, = ZzO:O;I#Z—P Qk€p—k + Xpip-2€,_p ande, . isanii.dcopyofez p.
In Wu (2005) [81], the quantity 8,(n) is called physical dependence measure. We make the convention
that 6, (n)=0forn<2-P.

We will prove that the process s, satisfies the short-range dependence condition ©, := ©,(2 —P) < oo,
Vp = 1. For this we calculate

! 1 ! 1/
8,(1) = lIsp — Syl p = lanp—2(€2-p —€5_p)llp = lansp—2| (Eleo—p —€5_pl?) "7

I 1/
s|(xn+P—2|([E(|€2—P|+|€2_p|)p) P

1/
<G, " lapspal

with
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where M; = [E(|€2_p|i), i=0,..., p the p+1 moments of €,_p, so that we have

0,2-P)= Y 8,(m=C," ) ldnsp2l<oo
n=2-P n=2-P

Moreover we can easily see that ®,(m) = @0 (m™"), n > 0 since Y5, la,| = @ (m™"). We can now adapt

the theorem 10 from [82]

Theorem 4.A.1. Assume that s, € £P, p>4,E(sp) =0, and©,(m) =0 (m™"). Setcp = (p +4) ep/4®i. For
any a > 1, let xy = 2cp\/NLIlog(L)a. Assume that L — oo and L = 0 (N%) for some 0 < « < 1. Then for any
a <P < 1, there exists a constant Cpap>0 such that

P(|QN_|E(QN)| .
N+P+L ~ N+P+L

)st'a,ﬁxglz(log(N)) (NL)PANTPPI2 L NLP27171PPI2 N+ C gL
(4.A.15)

We recall that (T)(v) = %. Therefore, it is clear that ILT)(V) - [E((f)(v))l = %. Applying theorem
4.A.1, we get that

« N 2
Pllpv) —E(dV)| =

cp\/NLlog(L)a) —c pi2

14 N\g— 12 /2—-1- 12 -
NPl papXl - (log(N)) | (NL)P'* NTPP/2 L NLP/Z-1=0BPI2 4 N | +C) L7
(4.A.16)

for every v e [0,1].
(4.A.16) and (4.A.14) imply that

2¢p+/NLlog(L)a

N+P+L

Zcp\/NLlog(L)a)

P(m]axl¢(Vj)—E(¢(Vj))| = N+P+L

) < ZP(@(W) —E(@(vj)]>
7
<1(Cpapf logN)) | (NL)P/ I N—8P/2 . NLPI2-1-BP/2 1 N| 4. C), 0177

Recall that L = 0 (N%), where 0 < a < 1. We choose a < § < 1 and consider the values of a and p verifying

1
e a>1+—and
o

B 8 (1)
p=max B 1-a+2npa’ «

Then, it is easy to check that

L(Cpapx* QogN)) | (NL)P! I NT8P/2.4 NLP2110012 N 4G, 517

isC (ﬁ), with a certain 8 > 0. Consequently, almost surely for N large enough, it holds that

Llog(L)
N

m]ax@(v N-E@v)l=C

This and (4.A.13) imply that almost surely, for N large enough

R R Llog(L log(L
sup Itb(v)—[E(cb(v))|=@’( o8l )) =@’( 1(\)5—())

vel0,1] N

This finish the proof of (4.A.4). ([l
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4.A.2 Proofof (4.A.5) and (4.A.6)

We only prove (4.A.5), (4.A.6) is obtained similarly. For this, we recall the expression of S*

0 . 0

s — DT Sp
0

S2-p SL-1

(L)
We can notice that spectral norm of ?/;N is equal to spectral norm of the (P + L —2) x (P + L —2) matrix

So_p 0 e 0
S 1 : T :
0 = —
vN| .0
SL-1 S2-p
Otherwise, Sy can be expressed as
L-1
So= L Z N e_Zin(l+P_2)VdP+L Z(V)d}t L 2(V)
_ +L-
\/N [0,1] j=o—_p
As aresult, we have the following inequality
2
shgh = —2in(l+P-2)v
<sup —| ) se
ve[0,1] 1=2-P
2in([+P-2)v

_ 2. .
Since itis easy to remark that 57— +L 5 |Z I—o_pSiLe | is the periodogram of sequence (s2_p, ..., SL.—1),

(4.3.21) implies that
—2in(l+P—2)v|2

Pil— 2|Zl —>-pSi€

lim sup =1, a.s
L—oove[0,1] (b(V) log(P +L-2)
from which we obtain that, Ve > 0,3N; such that VN > Ny, Vv € [0,1]
Z sy e—2in(l+P—2)v
1- <X |(P-f—L2 2)Plog(P+L—2) | =l+e as
—~ %M
It follows
2
P+L-2)log(P+L-2 1] : P+L-2)log(P+L-2
1-e’ )log( o= 2| T g e2mtav) <4 )log( L o), as
N N, 52 N
This implies directly that
sLshrx ) o (Llog(L))
N - N

Therefore, we get (4.A.5). (4.A.6) is obtained in the same way.
Combining (4.A.4), (4.A.5),(4.A.6), we conclude that

H S(LSL)*_R H:@( /log(L))
S NI—O(
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4.B Proofoflemma4.5.2

M

-1
L) (T)] , we introduce the linear functional

Recalling that Hy = (I + GZCNE’I—I\E

T
O(X) = o onThy © T1,1 (Hr Ty OHz | T+ 0% eNTAHE (53} (%)) HTA'T

It is proved in chapter 3 that |[E(Q) — T|l and ||R — T|| converge towards 0. Therefore, the approximation
(4.5.24)

E(QDQ) = EQDR+0" NEQIy®I11 (HIYY EQDQ)H| R+ 0? onE(QAH" (7" ([E(QDQ)))T H'A*R

can be written as
E(QDQ) =TDT + ®([EQDQ)) (4.B.1)

Moreover, by equation (4.5.27), we have that
[®(TDD—0
Therefore, denoting by A = E(QDQ) — TDT, we can express (4.B.1) as
A=DA)+d

with 8 = ®(TDT) + €. We mention that the matrix € is the negligible matrix which appears implicitly in
the approximation (4.B.1). Its spectral norm converges towards 0. Thus, it is clear that ||8]| — 0.
We can notice that the functional ® verifies

[eX)]l = C(2) Xl

where C(z) is a nice polynomial which does not depend on M, N, L.
Thus, for z € C\R* well chosen such that |C(z)| < %, for all fixed dimensional matrices X, the series
Y, @™ (X) converges.
We notice that «
A=Y oW @) +0® ()
k=0
which implies immediately that

o0
A=) oW )
k=0
It is clear that
Al < C(2)lI8

Therefore, for z well chosen [|A|| — 0. We can extend this convergence on C\R*, for this, it is sufficient to
use again the argument "a la Montel" used in the proof of Proposition 3.9.1.
O
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