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Chapter 0

Introduction

Soit k un corps algébriquement clos. Deux notions d'applications entre variétés algébriques sur k sont
classiquement considérées: d'une part, les morphismes -d'espaces annelés sous-jacents- (X,OX) →
(Y,OY ) et d'autre part, les applications rationnelles X 99K Y , qui sont des morphismes dé�nis sur
un ouvert non vide de X. Celles-ci donnent lieu à deux relations d'équivalences classiques: �être
isomorphes� et �être birationnellement équivalents�.

On peut considérer une troisième relation d'équivalence sur les variétés algébriques: l'équivalence
birationnelle stable. On dit qu'une variété X est stablement birationnelle à une variété Y s'il existe
des entiers positifs r et s tels que X × Prk est birationnelle à Y × Psk. L'importance de cette dernière
relation d'équivalence est soulignée notamment par le fait suivant dû à Larsen et Lunts ([49]). Notons
K0(Vk) l'anneau de Grothendieck des variétés; son groupe abélien sous-jacent est le groupe abélien libre
engendré par les classes d'isomorphismes de variétés modulo les relations de la forme [X−Y ] = [X]−[Y ]

où Y est une sous-variété fermée de X. Le produit est donné par le produit cartésien. Notons
I ⊂ K0(Vk) l'idéal principal engendré par la classe L de A1. Nous avons le théorème:

Théorème 0.0.1. (Larsen et Lunts, [49]) Si la caractéristique de k est nulle, il existe un isomorphisme
d'anneaux

K0(Vk)/I ' Z[SB]

où Z[SB] désigne l'algèbre du monoïde (multiplicatif) des classes d'équivalence birationnelle stable de
variétés.

Ceci nous amène au problème de la caractérisation des variétés rationnelles i.e. des variétés pro-
jectives lisses sur k birationnellement équivalentes à l'espace projectif. Une question apparentée est la
caractérisation des variétés stablement rationnelles i.e. des variétés projectives lisses sur k stablement
birationnelles à l'espace projectif.

Pour les variétés lisses projectives de dimension 1, i.e. les courbes, il existe un critère très simple,
savoir l'annulation du genre géométrique, ce dernier étant dé�ni comme la dimension du k-espace vec-
toriel H0(C,ΩC/k) des sections globales du faisceau des di�érentielles algébriques de la courbe C.

Dans le cas des courbes, le fait remarquable suivant, en rapport avec le problème de rationalité,
fut prouvé par Lüroth ([51]) en 1876:

Théorème 0.0.2. (Lüroth) Soit C une courbe lisse sur k. Supposons qu'il existe une application
rationnelle dominante P1 99K C alors C est rationnelle.

Rappelons ici la notion de variété unirationnelle: on dit d'une k-variété projective X qu'elle est
unirationnelle si elle admet une paramétrisation unirationnelle i.e. s'il existe une application rationnelle
dominante PN 99K X pour un N ∈ N∗ que l'on peut prendre égal à la dimension de X. Toute variété
stablement rationnelle est unirationnelle. Une façon de le voir est d'utiliser la traduction algébrique
de ces notions, qui les réduit à des propriétés du corps de fonctions k(X) de X:

• la rationalité d'une variété X de dimension n se traduit par l'existence d'un k-isomorphisme de
corps k(X) ' k(X1, . . . , Xn);
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• la rationalité stable, par l'existence d'un entier s ≥ 0 et d'un k-isomorphisme de corps k(X)(X1, . . . , Xs) '
k(Y1, . . . , Yn+s);

• l'unirationalité par l'existence d'un entier N > 0 et d'une k-inclusion k(X) ⊂ k(X1, . . . , XN ).

Un isomorphisme k(X)(X1, . . . , Xs) ' k(Y1, . . . , Yn+s) entraîne évidemment une inclusion k(X) ⊂
k(Y1, . . . , Yn+s). Le théorème de Lüroth a�rme qu'en dimension 1, les variétés unirationnelles sont
rationnelles. La recherche pour les surfaces, d'un énoncé semblable à celui obtenu par Lüroth fut l'une
des motivations du travail de Castelnuovo et Enriques sur les surfaces; déterminer si une surface S
pour laquelle il existe une application rationnelle dominante P2 99K S est rationnelle. En 1893, Castel-
nuovo (voir [94]) trouva le critère de rationalité pour les surfaces dé�nies sur le corps des complexes:
l'annulation des k-espaces vectoriels H0(S,ΩS/k) et H0(S, (∧2ΩS/k)

⊗2) des sections globales des �brés
vectoriels associés au faisceau des di�érentielles algébriques ΩS/k et de son tenseur (∧2ΩS/k)

⊗2. Ce
critère fut étendu plus tard par Zariski aux surfaces dé�nies sur d'autres corps algébriquement clos.
En l'utilisant, on obtient le

Théorème 0.0.3. (Castelnuovo) Une surface unirationnelle dé�nie sur un corps algébriquement clos
de caractéristique 0 est rationnelle.

Lorsque la caractéristique de k est positive, le théorème précédent reste vrai à condition d'ajouter
une condition de séparabilité pour la (une) paramétrisation unirationnelle de S. Autrement, des contre-
exemples, comme les surfaces K3 supersingulières qui sont unirationnelles ([50]) et pourtant loin d'être
rationnelles, existent. Ces résultats appellent naturellement la question de l'existence d'un énoncé
semblable pour les variétés de dimension ≥ 3:

Problème 0.0.4 (Problème de Lüroth). Les variétés unirationnelles sont-elles rationnelles?

Ce problème admet la variation suivante:

Problème 0.0.5 (Problème de Lüroth stable). Les variétés unirationnelles sont-elles stablement ra-
tionnelles?

Les travaux de Iskovskikh et Manin ([44]), prouvèrent en 1971 que certains solides quartiques com-
plexes fournissaient une réponse négative au problème de Lüroth. Clemens et Gri�ths ([15]), eux,
prouvèrent en 1972, que les solides cubiques complexes, qui sont connus pour être unirationnels, ne
sont pas rationnels donnant ainsi un autre contre-exemple au problème de Lüroth. Artin et Mumford
([3]) en�n fournirent pour certains solides doubles quartiques une réponse négative au problème de
Lüroth stable. La production de ces contre-exemples et d'autres qui apparurent par la suite, nécés-
site l'introduction et l'étude d'invariants birationnels pour la dé�nition desquels nous introduisons
maintenant quelques outils.

0.0.1 Théorème de résolution des singularités

Sur un corps K de caractéristique 0, par les travaux de Hironaka ([40]), et, à la condition que les
variétés impliquées soient de dimension au plus 3, sur un corps K de caractéristique positive pour
lequel il existe un sous-corps parfait K0 tel que ΩK/K0

est un K-espace vectoriel de dimension �nie,
par les travaux d'Abhyankar ([1]), Cossart et Piltant ([24],[25]), nous disposons du théorème suivant
qui permet de mieux comprendre les applications rationnelles:
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Théorème 0.0.6. Soit φ : X 99K Y une application rationnelle entre variétés projectives lisses sur k.
Alors il existe un diagramme:

Γ̃X
φ̃

  A
AA

AA
AA

A

τX
��
X

φ // Y

où τX : Γ̃X → X est la composition d'éclatements le long de centres lisses et φ̃ un morphisme.

Associons à toute variété projective lisse X, un groupe abélien P (X). Supposons que cette associ-
ation jouisse des fonctorialités suivantes:

1. l'existence d'un morphisme de groupes f∗ : P (Y )→ P (X) pour tout morphisme f : X → Y ;

2. l'existence d'un morphisme de groupes f∗ : P (X)→ P (Y ) pour tout morphisme f : X → Y ;

3. de l'égalité f∗f∗ = deg(f)idP (Y ) pour tout morphisme génériquement �ni f .

Si P est associé à un invariant birationnel, il faut en particulier que l'on ait un isomorphisme P (X̃)
τ∗'

P (X) pour tout éclatement τ : X̃ → X le long d'un centre lisse.

Proposition 0.0.7. (voir [27]) Si les fonctorialités ci-dessus sont véri�ées par X 7→ P (X), alors
P (X) est un invariant birationnel (resp. stable) si et seulement si P (X) est invariant par éclatement
le long d'un centre lisse (resp. et par produit avec l'espace projectif).

Preuve. En e�et, considérons une application birationnelle φ : X 99K Y et une résolution des indéter-

minées telle que donnée par 0.0.6; l'invariance par éclatement fournit un isomorphisme P (Γ̃X)
τX,∗'

P (X) et la troisième fonctorialité demandée indique que φ̃∗ est injectif et fait de P (Y ) un facteur

direct de P (Γ̃X)
τX,∗' P (X).

Considérons l'application birationnelle inverse φ̃−1 : Y 99K Γ̃X . Par application du théorème 0.0.6
à φ̃−1, nous obtenons un diagramme:

Γ̃X
φ̃

!!B
BB

BB
BB

B

τX
��

Γ̃Y
˜̃
φ−1
oo

τY
��

X
φ // Y

Nous avons la relation φ̃ ◦ ˜̃φ−1 = τY puisqu'elle est valable sur un ouvert sur lequel φ̃−1 est dé�ni (et

les variétés sont séparées). Par la troisième fonctorialité ˜̃φ−1
∗ est surjectif. De plus, τ

∗
Y =

˜̃
φ−1

∗
◦ φ̃∗ et

en composant par ˜̃φ−1
∗ on obtient ˜̃φ−1

∗ ◦ τ∗Y = φ̃∗. Comme τ∗Y est un isomorphisme (l'inverse de τY,∗
par la troisième fonctorialité), φ̃∗ est aussi surjectif; c'est donc un isomorphisme.

De plus, si P (·) est un invariant birationnel (stable) nul pour l'espace projectif, alors la fonctorialité
(3) permet d'a�rmer que P (X) est de torsion pour toute variété unirationnelle X.

0.1 L'anneau de Chow et les correspondances

Soit X une k-variété de dimension n i.e. un schéma intègre, séparé, de type �ni sur k de dimension
n. Un cycle de dimension i (ou de codimension n− i) est une somme formelle de sous-variétés fermées
(intègres) de dimension i (ou de codimension n− i) de X. On note Zi(X) (resp. Zn−i(X)) le groupe
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abélien libre engendré par les sous-variétés intègres de dimension i de X.
On note Zi(X)rat ⊂ Zi(X) le sous-groupe des cycles de dimension i rationnellement triviaux; il

est engendré par les éléments de la forme pr−1
2,V (0) − pr−1

2,V (∞), pour V ⊂ X × P1 une sous-variété
fermée de dimension (i+ 1) telle que pr2,V : V → P1 est dominant. Deux cycles sont rationnellement
équivalents si leur di�érence appartient au sous-groupe Zi(X)rat.

Dé�nition 0.1.1. On dé�nit le groupe de Chow de dimension i, CHi(X), comme le quotient Zi(X)/Zi(X)rat.

On dé�nit aussi le sous-groupe Zi(X)alg ⊂ Zi(X) des cycles algébriquement triviaux comme le sous-
groupe engendré par les cycles de la forme pr−1

2,V (x1) − pr−1
2,V (x2), pour V ⊂ X × C une sous-variété

fermée de dimension (i + 1) de X × C, C étant une courbe projective lisse, telle que pr2,V : V → C

est dominant et x1, x2 ∈ C(k) sont des points de C. On a l'inclusion évidente Zi(X)rat ⊂ Zi(X)alg.
Le sous-groupe Zi(X)alg dé�nit l'équivalence algébrique sur les cycles qui est, par l'inclusion ci-dessus,
plus grossière que l'équivalence rationnelle. L'équivalence algébrique est, en général, strictement plus
grossière que l'équivalence rationnelle comme le montre l'exemple d'une courbe C de genre strictement
positif: par dé�nition de l'équivalence algébrique, pour une telle courbe Z0(C)/Z0(C)alg = Zx où
x ∈ C(k) tandis que Z0(C)alg/Z0(C)rat est égal à la jacobienne de C qui est une variété abélienne non
réduite à 0.

Si de plus X est lisse, on peut dé�nir (voir [30]) un produit d'intersection · : CHi(X)×CHj(X)→
CHi+j(X) qui munit la somme directe

CH∗(X) = ⊕ni=0CHi(X)

d'une structure d'anneau.
On dispose d'une fonctorialité pour ces groupes; d'un morphisme f∗ : CHi(X)→ CHi(Y ) pour les

morphismes propres f : X → Y , d'un morphisme f∗ : CHi(Y ) → CHi(X) pour les morphismes plats
f : X → Y ou pour les morphismes entre variétés lisses.

Les correspondances Γ ∈ CHi(X × Y ), cycles algébriques sur les produits de variétés lisses X, Y
jouent un rôle particulier dans la théorie des cycles algébriques entre autres parce qu'ils induisent des
morphismes de groupes de Chow:

Γ∗ : CHk(X)→ CHk+i−dimk(X)(Y ) z 7→ prY,∗(Γ · pr∗Xz)

et

Γ∗ : CHk(Y )→ CHk+i−dimk(Y )(X) z 7→ prX,∗(Γ · pr∗Y z)

où prX : X × Y → X et prY : X × Y → Y sont les projections canoniques.
L'anneau de Chow est un invariant algébrique associé à une variété algébrique. On dispose, pour

le morphisme birationnel élémentaire qu'est l'éclatement le long d'un lieu lisse et irréductible, des
formules de Manin:

Proposition 0.1.2. Soit X une variété projective lisse et Z ⊂ X une sous-variété lisse de X de
codimension r ≥ 2. En notant X̃Z l'éclaté de X le long de Z, nous avons la formule suivante:

CHl(X̃Z) '
⊕

0≤k≤r−2

CHl−r+k+1(Z)⊕ CHl(X). (1)
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Présentons ici, suivant la discussion de 0.0.1, un premier invariant birationnel: CH0(X). Il s'agit
même d'un invariant birationnel stable puisque CH0(X×Pr) ' CH0(X) pour toute variété X. En par-
ticulier, siX est une variété rationnelle ou stablement rationnelle, alors CH0(X) = CH0(Pdimk(X)) = Z.

Plus généralement, il su�t que tout couple de point (x1, x2) d'une variété X soit contenu dans une
courbe rationnelle i.e. l'image d'un morphisme non constant P1 → X pour avoir CH0(X) = Z. On dit
dans ce dernier cas que la variété est X rationnellement connexe. Il existe alors une famille g : C →M

de courbes paramétrées par une variété M , dont les composantes des �bres géométriques consistent en
des courbes rationnelles et une application d'évaluation ev : C → X telle que ev(2) : C ×M C → X ×X
est dominante. Lorsque le morphisme ev(2) est de plus séparable, on dit que X est séparablement
rationnellement connexe. Une variété unirationnelle est rationnellement connexe; il su�t, pour le voir,
de prendre pour un couple de points (x1, x2) ∈ X2 contenus dans l'image d'une paramétrisation unira-
tionnelle deX, la courbe rationnelle donnée par l'image de la droite joignant un couple (p1, p2) ∈ (Pn)2,
préimage de (x1, x2).

Mais il est, en général, di�cile de calculer les groupes de Chow. Les exemples suivants illustrent la
complexité de leur comportement en général.

Exemple 0.1.3. 1. Nous avons CH0(Pnk) ' Z[x] où x ∈ Pn(k) est un point k-rationnel (n'importe
lequel) de Pn.

2. Soit C une courbe lisse propre sur k (k étant algébriquement clos), alors, d'après le théorème
d'Abel, le groupe des 0-cycles s'insère dans la suite exacte:

0→ J(C)→ CH0(C)
deg→ Z→ 0

où J(C) est la Jacobienne de la courbe C. Le groupe des zéro cycle a donc la dimension d'une
variété (groupe) algébrique.

3. Le théorème suivant est dû à Mumford:

Théorème 0.1.4. (Mumford [59], 1968) Soit S une surface projective lisse sur C telle que
H0(S,∧2ΩS) 6= 0. Alors pour tout entier m, la �bre générale de l'application naturelle

αm : S(k)(m) × S(k)(m) → CH0(S)alg

donnée par (s1 + · · ·+ sm, t1 + · · ·+ tm) 7→
∑

i si−
∑

i ti est dénombrable; on dit que CH0(S) est
de dimension in�nie.

En particulier, pour une surface satisfaisant les hypothèses du théorème, le groupe CH0(S) n'a
pas la �dimension d'un groupe algébrique�.

0.2 Cohomologie à coe�cents constants

Pour analyser les groupes de Chow des variétés projectives, on utilise alors les groupes de cohomologie à
coe�cients constants, qui présentent l'avantage d'être, dans notre contexte, des modules de types �nis
sur l'anneau des coe�cients et d'o�rir plus d'outils pour leur calcul (théorème des sections hyperplanes
de Lefschetz, théorème des coe�cients universels, dualité de Poincaré...).



14 Chapter 0. Introduction

0.2.1 L'application classe de cycle

Cas k = C.

Lorsque X est une variété projective lisse sur le corps de complexes, l'ensemble des points complexes,
X(C), est muni d'une structure de variété di�érentielle (en fait holomorphe) compacte; on peut donc
utiliser la cohomologie de Betti de la variété X(C) à coe�cients Z,Q ou C comme théorie coho-
mologique.

On dispose d'une application classe de cycle:

[ ] : CHk(X)→ H2k(X(C),Z)

qui associe à une sous variété (intègre) Z ⊂ X, le dual de Poincaré du poussé en avant de la classe
fondamentale d'une désingularization Z̃ -qui est une variété projective lisse- de Z. L'application classe
de cycle induit même un morphisme d'anneaux

(⊕dim(X)
i=0 CHi(X), ·)→ (⊕2dim(X)

i=0 H2i(X(C),Z),∪)

de l'anneau de Chow (muni du produit d'intersection) vers l'anneau de cohomologie (muni du cup
produit).

L'application classe de cycle permet de dé�nir l'équivalence homologique sur les cycles algébriques:
les cycles homologiquement triviaux de codimension k sont les éléments de CHk(X)hom := Ker([ ]).

On a l'inclusion CHk(X)alg ⊂ CHk(X)hom. Cette inclusion est stricte en général comme le montre
le théorème suivant dû à Gri�ths:

Théorème 0.2.1. (Gri�ths [32], 1969) Soit X ⊂ P4
C une hypersurface quintique générale. Alors X

admet une classe de courbe homologiquement triviale non algébriquement triviale modulo torsion.

Dé�nition 0.2.2. Soit X une variété projective lisse sur C. On appelle groupe de Gri�ths des cycles
de codimension k, le quotient Griffk(X) := CHk(X)hom/CHk(X)alg.

Le théorème 0.2.1 de Gri�ths a�rme que pour X une hypersurface quintique générale de P4,
Griff2(X) ⊗ Q 6= 0. On dispose d'une amélioration de ce résultat due à Clemens ([14]) a�rmant que
pour une telle hypersurface X, Griff2(X)⊗Q est un Q-espace vectoriel de dimension in�nie.

Le résultat suivant permettra de montrer que certains invariants P (X) sont des invariants bira-
tionnels pour X projective lisse.

Fait 0.2.3. (1) Par une généralisation du théorème d'Abel, on sait néanmoins que le groupe de Gri�ths
Griff1(X) des cycles de codimension 1 est nul pour toute variété projective lisse X.

(2) On a aussi par construction Griff0(X) = 0 pour toute variété projective lisse X.

Cas k 6= C.

Lorsque k est une corps quelconque algébriquement clos, les travaux de Grothendieck et ses collab-
orateurs permettent de dé�nir la cohomologie étale à coe�cients de torsion H i

ét
(X,Z/mZ), m étant

premier à la caractéristique de k ou `-adique H i
ét

(X,Z`) := lim←−
n

H i
ét

(X,Z/`nZ)-adique, avec ` un nom-

bre premier di�érent de la caractéristique de k. On dispose encore, dans ce contexte d'une application
classe de cycles:

[ ] : CHk(X)→ H2k
ét (X,A)
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où A est l'un des anneaux Z/mZ ou Z`, qui induit un morphisme d'anneaux

(⊕dim(X)
i=0 CHi(X), ·)→ (⊕2dim(X)

i=0 H i
ét(X,A),∪).

On défnit dans ce contexte, l'équivalence homologique à coe�cients dans A sur les cycles algébriques,
comme avec la cohomologie de Betti, grâce au noyau Ker([ ]) ⊂ CHk(X) ⊗ A. Il n'y a pas, dans
ce cas, d'anneau des coe�cients A naturel et la relation d'équivalence dé�nie dépend du choix de
l'anneau, comme l'illustre la situation suivante: soit γ ∈ CHk(X) un cycle de t-torsion non trivial sur
une variété projective lisse X, pour t un nombre premier. Alors pour tout ` di�érent de t, [γ] = 0

dans H2k
ét

(X,Z`) car t est inversible dans Z` mais en général [γ] 6= 0 dans H2k
ét

(X,Zt). Cependant, en
utilisant les groupes de cohomologie H i

ét
(X,Q`) := H i

ét
(X,Z`) ⊗Z`

Q`, une des conjectures standards
(conjecture D) sur les cycles algébriques formulées par Grothendieck ([33]), prédit que l'équivalence
homologique `-adique modulo torsion sur les cycles algébriques de dépend pas du choix de ` (di�érent
de la caractéristique de k).

Toutefois, étant donné que pour les variétés �presque rationnelles�, comme les variétés unira-
tionnelles, les invariants birationnels utiles à l'étude des questions de rationalité, comme le problème
de Lüroth (stable), sont �de torsion�, on utilisera plutôt les coe�cients Z` et on choisira, comme on
est amené à le faire dans le chapître 2, le nombre premier ` adapté à l'étude que l'on se propose de mener.

On dispose encore, pour les groupes de cohomologie, de formules de Manin pour l'éclatement, val-
ables pour la cohomologie étale (où A peut être pris égal à Z/mZ ou Z`, Q` . . . ) et pour la cohomologie
de Betti (où A peut être pris égal à Z, Q . . . ):

Proposition 0.2.4. Soit X une variété projective lisse et Z ⊂ X une sous-variété lisse de X de
codimension r ≥ 2. En notant X̃Z l'éclaté de X le long de Z, nous avons, en notation générique, la
formule suivante:

Hk
· (X̃Z , A) '

⊕
0≤i≤r−2

Hk−2i−2
· (Z,A)⊕Hk

· (X,A). (2)

De plus, [ ] est compatible avec les décompositions données par (1) et (2).

Les formules de Manin pour les groupes de Chow et de cohomologie et leur compatibilité avec
l'application classe de cycles permettent de dé�nir un certain nombre d'invariants birationnels nuls
pour l'espace projectif.

Procédé 0.2.5. (1) Notons, pour une variété projective lisse X, P∗(X) un sous-quotient fonctoriel du
groupe de Chow de dimension ∗. Supposons que pour un certain entier m et pour toute variété X et
tout entier i ≤ m, Pi(X) est nul. Alors les formules de Manin assurent que le groupe Pm+1(X) est un
invariant birationnel.

(2) De même, si P ∗(X) est un sous-quotient fonctoriel du groupe de Chow de X de codimension ∗,
et si pour un certain entier m, P i(X) est nul pour toute variété projective lisse X et tout entier i ≤ m,
alors Pm+1(X) est un invariant birationnel.

(3) De façon semblable, pour un sous-quotient fonctoriel P ∗(X) (tel que la torsion ou les classes
de Hodge modulo les classes algébriques) de H∗(X), si pour un certain entier m, P i(X) est nul pour
toute variété projective lisse X et tout entier i ≤ m, alors Pm+2(X) est un invariant birationnel.

Considérons un premier exemple qui correspond à (3): posons P ∗(X) := Tors(H∗(X,Z)). Le
groupe de cohomologieH1(X(C),Z) ' Hom(H1(X),Z) (resp. H1

ét
(X,Z`) ' lim←−n Homconts(π1(X,x),Z/`nZ)
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if k 6= C and ` 6= car(k)) est sans torsion pour toute variété projective lisse. Il en résulte d'après (3)
que le groupe:

Tors(H3(X(C),Z)) (resp. Tors(H3
ét(X,Z`))) (3)

sous-groupe de H3(X(C),Z) (resp. de H3
ét

(X,Z`)) est un invariant birationnel, qui est évidemment
nul pour l'espace projectif, donc pour toute variété stablement rationnelle. C'est l'invariant utilisé par
Artin et Mumford pour produire une réponse négative au problème de Lüroth stable: ils prouvent qu'il
existe une classe de torsion non nulle dans la cohomologie de degré 3 de certains solides quartiques
doubles désingularisés, ce qui montre que ces solides, connus pour être unirationnels, ne sont pas sta-
blement rationnels.

Partant du constat que sur l'espace projectif, équivalences algébrique et homologique coïncident, on
peut sur ce modèle exhiber des invariants birationnels stables nuls pour l'espace projectif: les formules
de Manin nous donnent la décomposition suivante pour les groupes de Gri�ths de l'éclatement X̃Z

d'une variété projective lisse le long d'une sous-variété lisse Z:

Griffk(X̃Z) '
⊕

0≤i≤r−2

Griffk−i−1(Z)⊕Griffk(X)

et Griffk(X × Pr) '
⊕

0≤i≤r−1 Griffdim(X)+r+2−k−i(X)

1. Étant donné que Griff1(Y ) = 0 pour toute variété projective lisse Y par le théorème d'Abel, on
obtient que le groupe Griff2(Y ) est un invariant birationnel stable nul pour l'espace projectif.

2. Étant donné que Griff0(Y ) = 0 pour toute variété projective lisse Y , le groupe Griff1(X) est un
invariant birationnel stable nul pour l'espace projectif.

La question suivante est posée par Voisin dans ([92]):

Problème 0.2.6. Le groupe Griff1(X) est-il nul pour toute variété X séparablement rationnellement
connexe?

Cette question suggère que Griff1(X) est un invariant conjecturalement inutile pour tester les
di�érences entre les classes de variétés presque rationnelles.

Tian et Zong ([76]) ont répondu par l'a�rmative à cette question pour les variétés intersections
complètes générales de l'espace projectif qui sont de Fano (donc rationnellement connexes) d'indice au
moins 2 sur un corps algébriquement clos de caractéristique 0. Dans la section 1, nous étudions la
question 0.2.6 pour les variétés des droites F (X) des hypersurfaces X de l'espace projectif et présentons
des bornes portant sur le degré de X et sa dimension pour assurer une réponse positive à la question
0.2.6 pour F (X):

Théorème 0.2.7. Soient k un corps algébriquement clos de caractéristique 0 et X ⊂ Pn+1
k une hyper-

surface de degré d > 2 lisse et su�samment générale pour que sa variété des droites F (X) soit lisse et
connexe. Alors, Griff1(F (X)) = 0 dès que d(d+1)

2 < n.

Notons que la borne présentée ici demande que F (X) soit Fano d'indice au moins 3 (contre 2 pour
les hypersurfaces d'après [76]) pour assurer l'annulation du groupe Griff1(F (X)).
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0.2.2 Classes de Hodge et classes de Tate

Cas k = C.

La variété X(C) est également munie d'une structure de variété kählérienne compacte. On rappelle le
théorème classique:

Théorème 0.2.8. (Décomposition de Hodge) Soit Y une variété kählérienne compacte. Alors, pour
tout entier k ≥ 0, l'espace vectoriel complexe Hk(Y (C),C) admet une décomposition en sous-espaces
vectoriels complexes

Hk(Y (C),C) =
⊕

p+q=k
p,q≥0

Hp,q(Y ), (4)

où les classes de Hp,q(Y ) peuvent être représentées par des formes di�érentielles de type (p, q) i.e.
dont l'expression dans des coordonnées holomorphes locales est une combinaison de formes de type
dzi1 ∧ · · · ∧ dzip ∧ dz̄j1 ∧ · · · ∧ dz̄jq . Cette décomposition satisfait la symétrie Hp,q(Y ) = Hq,p(Y ) et on
dispose des isomorphismes Hp,q(Y ) ' Hq(Y,Ωp

Y ).

Il est bien connu que, sous le morphisme de changement de coe�cients induit par l'inclusion Z ↪→ C,
l'image de l'application classe de cycle CHk(X) → H2k(X(C),C) est contenue dans le sous-espace
vectoriel Hk,k(X).

Dé�nition 0.2.9. Soit Y une variété kählérienne compacte. Étant donné un entier k ≥ 0, on dé�nit
le sous-groupe Hdg2k(Y,Z) (resp. Hdg2k(Y,Q)) de H2k(Y (C),Z) (resp. H2k(Y (C),Q)) comme le
sous-groupe des classes α ∈ H2k(Y,Z) (resp. H2k(Y (C),Q)), telles que α ⊗ 1 ∈ H2k(Y,C) appartient
au sous-espace vectoriel Hk,k(Y ). On appelle Hdg2k(Y,Z) (resp. Hdg2k(Y,Q)) le groupe des classes
de Hodge (resp. classes de Hodge rationnelles).

On a donc l'inclusion Im([ ] : CHk(X)→ H2k(X(C),Z)) ⊂ Hdg2k(X,Z). Considérons la question
suivante:
�Conjecture de Hodge entière�: Soit X une variété projective lisse sur C. Alors toute classe de
Hodge est la classe d'un cycle algébrique i.e.

Im([ ] : CHk(X)→ H2k(X(C),Z)) = Hdg2k(X,Z).

La conjecture de Hodge entière est vraie dans les degrés suivants:

1. en degré 0 et 2dim(X) trivialement;

2. en degré 2 par le théorème de Lefschetz sur les classes (1, 1).

En général, la conjecture est fausse, comme le montrent les contre-exemples suivants, qui prouvent
aussi que les degré 0, 2dim(X) et 2 sont les seuls degrés dans lesquels la conjecture peut être vraie en
général:

• par des méthodes de K-théorie topologique Atiyah et Hirzebruch ([4]) ont exhibé une variété
admettant une classe de Hodge de torsion de degré 4 qui n'est pas algébrique.

• Kollàr ([46]), montre que sur une hypersurface de P4 très générale de degré très divisible, il existe
une classe de Hodge de degré 4 d'ordre in�ni qui n'est pas algébrique -dont un multiple non
trivial est algébrique-.
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Revenons au principe 0.2.5 et formons, pour une variété Y , les quotients

Z2i(Y ) := Hdg2i(Y,Z)/H2i(Y,Z)alg

où H2i(Y,Z)alg désigne l'image de l'application classe de cycle. Comme Z2dim(Y )(Y ) = 0 et Z2(Y ) = 0

pour toute variété projective lisse, le procédé 0.2.5 nous indique que les groupes Z2dim(X)−2(Y ) et
Z4(Y ) sont des invariants birationnels stables, nuls pour toute variété stablement rationnelle.

Concernant le groupe Z4(X), Voisin ([85]) obtient par des méthodes de variation de structure de
Hodge, le résultat suivant en dimension 3:

Théorème 0.2.10. ([85, Théorème 2]) Soit X une variété complexe projective lisse de dimension 3,
soit uniréglée soit satisfaisant KX ' OX et H2(X,OX) = 0. Alors Z4(X) = 0.

Ce résultat indique qu'en dimension 3, l'invariant Z4(X) n'est pas pertinent pour la distinction
entre di�érentes classes de variétés �presque rationnelles�. Mais en dimension supérieure, les travaux
de Colliot-Thélène-Ojanguren et Colliot-Thélène-Voisin permettent d'obtenir le résultat suivant:

Théorème 0.2.11. ([19], [23, Théorème 5.6]) Il existe des variétés complexes unirationnelles, qui sont
des �brés en quadriques de dimension 6 qui véri�ent Z4(X) 6= 0. En particulier ces variétés ne sont
pas stablement rationnelles.

Cas k 6= C.

Lorsque k est un corps arbitraire algébriquement clos, une variété projective X est toujours dé�nie sur
un corps kX ⊂ k d'engendrement �ni sur son sous-corps premier; on peut prendre pour générateurs
les coe�cients du nombre �ni d'équations d'un système d'équations dé�nissant X dans un plongement
projectif donné. Par la théorie du schéma de Hilbert, une sous-variété Z ⊂ X se déforme sur une sous-
variété Z ′ ⊂ X dé�nie sur une extension �nie k′X de kX . La classe de Z dansH2k

ét
(X,Z`(k)) (` 6= car(k))

est donc invariante sous l'action du groupe de Galois Gal(k|k′X). Donc l'image de l'application classe
de cycles est contenue dans

⋃
U

H2k
ét

(X,Z`(k))U où U parcourt le système de sous-groupes ouverts de

Gal(k|kX). Le groupe
⋃
U

H2k
ét

(X,Z`(k))U est le groupe des classes de Tate. Nous avons la conjecture

de Tate:

Conjecture 0.2.12. (Conjecture de Tate) Soient X une variété projective lisse sur un corps algébrique-
ment clos k et ` un nombre premier di�érent de la caractéristique de k. Alors toute classe de Tate est
la classe d'un cycle algébrique i.e.

Im([ ] : CHk(X)⊗Q` → H2k
ét (X,Q`(k))) =

⋃
U

H2k
ét (X,Q`(k))U .

La conjecture de Tate est, encore une fois, trivialement véri�é en degré 0 et 2dim(X) mais, con-
trairement au cas complexe (théorème de Lefschetz sur les classes (1, 1)), il n'existe pas de preuve, sauf
sur certaines variétés, de cette conjecture en degré 2.

Par ailleurs, considérons la question suivante:
�Conjecture de Tate entière�: Soient X une variété projective lisse sur un corps algébriquement
clos k et ` un nombre premier di�érent de la caractéristique de k. Alors toute classe de Tate est la
classe d'un cycle algébrique i.e.

Im([ ] : CHk(X)⊗ Z` → H2k
ét (X,Z`(k))) =

⋃
U

H2k
ét (X,Z`(k))U .
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De même que pour la conjecture de Hodge entière, il existe des contre-exemples dus à Totaro ([77]).
Il est à noter cependant que pour le cas des classes de Tate de degré 2, la conjecture rationnelle entraîne
la formulation entière.

Nous pouvons encore former, pour ` 6= car(k), les quotients:

Z2k
` (X) :=

⋃
U

H2k
ét (X,Z`(k))U/H2k

ét (X,Z`(k))alg

où H2k
ét

(X,Z`(k))alg désigne l'image de l'application classe de cycles. Le Z`-module Z2dim(X)−2
` (X) est

un invariant birationnel stable nul pour l'espace projectif.
Sur la clôture algébrique des corps �nis, on dispose du théorème conjectural suivant, dû à Schoen

([70]):

Théorème 0.2.13. ([70]) Soit X une variété projective lisse sur un corps �ni de caractéristique
p > 0. Si la conjecture de Tate pour les classes de degré 2 sur les surfaces dé�nies sur les corps �nis
de caractéristique p est vraie, alors, la conjecture de Tate entière est vraie pour les classes de degré
2dim(X)− 2 sur X i.e. Z2dim(X)−2

` (X) = 0.

Ce résultat indique que sur la clôture algébrique des corps �nis, l'invariant Z2dim(X)−2
` (X) est

trivial. Voisin ([88]) en déduit l'énoncé suivant:

Théorème 0.2.14. ([88, Théorème 1.6]) Soit Y une variété projective lisse sur C et rationnellement
connexe. Supposons la conjecture de Tate vraie pour les diviseurs (degré 2) sur les surfaces dé�nies sur
les corps �nis. Alors Z2dim(Y )−2(Y ) est nul.

L'invariant birationnel Z2dim(X)−2(X) n'est donc, si la conjecture de Tate est vraie en degré 2, pas
utile pour tester les di�érences entre les classes de variétés �presque rationnelles�.

0.2.3 Jacobiennes intermédiaires

Soit X une variété projective lisse sur C de dimension n. Grâce aux travaux de Gri�ths ([31]), il
est encore possible d'étudier une partie des cycles homologiquement triviaux grâce à la cohomologie.
Généralisant les applications et variétés de Picard et d'Albanese, Gri�ths introduit, dans [31], des tores
complexes construits en utilisant les structures de Hodge sur la cohomologie de X et des applications
d'Abel-jacobi

Φk
X : CHk(X)hom → J2k−1(X)

où J2k−1(X) est dé�ni par

J2k−1(X) :=
H2k−1(X(C),C)

⊕p+q=2k−1,p≥kHp,q(X)⊕H2k−1(X(C),Z)
.

Le théorème d'Abel généralisé fournit l'isomorphisme CH1(X)hom ' J1(X)(C) = Pic0(X)(C).
L'application d'Abel-Jacobi Φ

dim(X)
X : CH0(X)hom → J2dim(X)−1(X) = Alb(X) est l'application

d'Albanese; celle-ci est surjective. Son noyau peut être �de dimension in�nie� comme le montre le
théorème de Mumford rappelé dans la série d'exemples 0.1.3. Nous disposons toutefois du théorème
dû à Roitman:

Théorème 0.2.15. ([67]) Soit X une variété projective lisse sur un corps k algébriquement clos.
Alors l'application d'Albanese induit un isomorphisme entre les groupes de torsion première à la car-
actéristique de k de CH0(X)hom et Alb(X)(k). En d'autres termes, en caractéristique 0 (resp. en

caractéristique p > 0), le groupe CH0(X)tors,AJ := Ker(Φ
2dim(X)−1
X|CH0(X)tors

) est nul (resp. de torsion p-
primaire) pour toute variété projective lisse.
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Une des conséquences d'un résultat profond de K-théorie algébrique de Bloch portant sur les cycles
de codimension 2 des variétés projectives est le théorème suivant:

Théorème 0.2.16. ([11], [21, Corollaire 5]) Soit X une variété complexe projective lisse. Alors
l'application d'Abel-Jacobi Φ2

X : CH2(X)hom → J3(X) est injective sur le sous-groupe des cycles de
codimension 2 de torsion et homologiquement triviaux. En d'autres termes le groupe CH2(X)tors,AJ :=

Ker(Φ2
X|CH2(X)tors,hom

) est nul pour toute variété complexe projective lisse.

Comme les résultats énoncés dans les théorèmes 0.2.15 et 0.2.16 (auquel il faut ajouter le théorème
d'Abel généralisé) sont valables pour toute variété projective lisse, le principe 0.2.5 de construction
d'invariants birationnels stables montre, grâce aux formules de Manin, que le groupe

CH1(X)tors,AJ := Ker(Φ
dim(X)−1
X|CH1(X)tors,hom

) (5)

des 1-cycles de torsion contenus dans le noyau de l'application d'Abel-Jacobi et le groupe

CH3(X)tors,AJ := Ker(Φ3
X|CH3(X)tors,hom

) (6)

des cycles de torsion de codimension 3 contenus dans le noyau de l'application d'Abel-Jacobi sont des
invariants birationnels stables ([87]), nuls pour les variétés stablement rationnelles.

Les hypersurfaces lisses de l'espace projectif complexe forment une classe de variétés naturelles sur
lesquelles il est intéressant de tester les invariants introduits jusqu'ici. Les quadriques étant trivialement
rationnelles, les cubiques sont le premier cas non trivial, il s'avère même assez subtil:

En dimension 1, une cubique lisse est une courbe elliptique et n'est donc pas rationnelle;
En dimension 2, toute surface cubique (lisse) est rationnelle et s'obtient comme éclatement du plan

projectif P2 en 6 points en position générale;
En dimension 3, Clemens et Gri�ths prouvent ([15]) qu'aucune hypersurface cubique (lisse) n'est

rationnelle. L'invariant qu'ils utilisent porte sur la jacobienne intermédiaire J3(X) des cubiques de
dimension 3. Commençons par rappeler les faits généraux suivants:

Choisissons une polarisation OX(1) ∈ Pic(X) sur une variété projective complexe X. La structure
de variété kählérienne compacte dont elle munit X(C) non seulement permet de munir les groupes
de cohomologie Hk(X(C),C) d'une décomposition de Hodge (0.2.8) mais permet aussi de dé�nir sur
Hk(X(C),Z) une forme bilinéaire (−1)k-symétrique 〈·, ·〉k par la formule:

〈α, β〉k :=

∫
X
c1(OX(1))n−k ∪ α ∪ β

pour toutes classes α, β ∈ Hk(X(C),Z). La décomposition de Hodge est orthogonale pour la forme
hermitienne (α, β) 7→ ik〈α, β〉k induite sur Hk(X(C),C).

Notons H i(X(C),Q)prim := Ker(∪c1(OX(1))n−i+1 : H i(X(C),Q) → H2n−i+2(X(C),Q)) la coho-
mologie primitive de X et, pour p+q = i, Hp,q(X)prim := Hp,q(X)∩H i(X(C),C)prim. Nous disposons
du théorème:

Théorème 0.2.17. (1) Les groupes de cohomologie admettent la décomposition:

Hk(X(C),Q) =
⊕
2r≤k

c1(OX(1))r ∪Hk−2r(X(C),Q)prim

et celle-ci est orthogonale pour 〈·, ·〉k et induit sur le sous-espace c1(OX(1))r ∪Hk−2r(X(C),Q)prim la
forme (−1)r〈·, ·〉k−2r.

(2) De plus, (−1)
k(k−1)

2 ip−q−k〈·, ·〉k est dé�nie positive sur Hp,q(X(C),Q)prim.
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Cette forme véri�e donc, sur la décomposition de Hodge de Hk(X(C),C)prim, les relations dites de
Hodge-Riemann:

1. 〈α, β〉k = 0 pour tout α ∈ Hp,q(X)prim et β ∈ Hp′,q′(X)prim avec (p, q) 6= (p′, q′);

2. (−1)
k(k−1)

2 ip−q−k〈α, α〉k > 0 pour tout α ∈ Hp,q(X)prim.

Lorsque k = 2s − 1 est impair et que Hk(X(C),Z)prim est de niveau 1 i.e. Hk(X(C),C)prim admet
une décomposition de Hodge de la forme Hk(X(C),C)prim = Hs−1,s(X)prim⊕Hs,s−1(X)prim, les rela-
tions de Hodge-Riemann permettent de munir l'espace vectoriel Hs−1,s(X)prim de la forme hermitienne
dé�nie positive −i〈·, ·〉k; on obtient ainsi, par le théorème d'Appell-Humbert, une polarisation sur le
tore Hs−1,s(X)prim/H

2k−1(X(C),Z)prim/Tors qui est donc, dans ce cas, une variété abélienne.
Lorsque la dimension n de X est impaire et que Hn(X(C),Q) est réduit à Hn(X(C),Q)prim et

est de niveau 1, la dualité de Poincaré se traduit par le fait que la forme d'intersection 〈·, ·〉n sur
Hn(X(C),Z)/Tors est unimodulaire i.e. (Jn(X), 〈·, ·〉n) est une variété abélienne principalement po-
larisée. En dehors du cas des courbes, un des premiers cas où une telle particularité apparaît est celui
des variétés séparablement rationnellement connexes de dimension 3. En e�et, la connexité rationnelle
séparable d'une variété X peut se traduire de la façon suivante:

Théorème 0.2.18. ([47, Théorème 3.7, Chap. IV]) Soit X une variété projective lisse sur k. Alors
X est séparablement rationnellement connexe si et seulement s'il existe un morphisme f : P1 → X tel
que le �bré f∗TX est ample, TX désignant le �bré tangent de X. Les déformations d'un tel morphisme
permettent alors de recouvrir un ensemble dense de X par des courbes rationnelle satisfaisant la même
condition de positivité du tiré en arrière de TX .

Lorsque cette condition est satisfaite, d'une part la courbe rationnelle considérée est mobile dans
X et d'autre part, f∗ΩX et donc tous les (f∗ΩX)⊗r sont des �brés se décomposant en �brés en droites
de degré strictement négatif. On obtient donc le corollaire suivant:

Corollaire 0.2.19. ([47, Corolllaire 3.8, Chap. IV]) Soit X une variété séparablement rationnellement
connexe sur k. Alors H0(X, (ΩX)⊗r) = 0 pour tout r > 0.

En particulier, pour un solide X séparablement rationnellement connexe, ce corollaire fournit
l'annulation de H1(X(C),Z) et de H3,0(X) (donc de H0,3(X) également) si bien que H3(X(C),Z)

est de niveau 1 et est réduit à H3(X(C),Z)prim car H5(X(C),Z) ' H1(X(C)) = 0 puisque X est
simplement connexe ([71]); la jacobienne intermédiaire (J3(X), 〈·, ·〉3) est une variété abélienne princi-
palement polarisée. Rappelons le fait suivant:

Proposition 0.2.20. ([15, Corollary 3.26]) Soit X un solide complexe rationnel. Alors (J3(X), 〈·, ·〉3)

est isomorphe à une somme de jacobiennes ⊕i(J1(Ci), 〈·, ·〉1) de courbes (connexes) projective lisses Ci.

Preuve. Étant donné un diagramme de résolution des indéterminées d'une application birationnelle
ϕ : P3 99K X:

Γ̃
φ

��@
@@

@@
@@

@

τ
��
P3 ϕ // X

où τ : Γ̃→ P3 consiste en une série d'éclatements de courbes (connexes lisses) Ci et de points et φ est
le morphisme birationnel résultant. L'éclatement des points laissant invariant le troisième groupe de
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cohomologie, les formules de Manin fournissent l'isomorphisme (J3(Γ̃), 〈·, ·〉
Γ̃
) ' ⊕i∈I(J1(Ci), 〈·, ·〉Ci).

Le morphisme φ étant de degré 1, nous avons l'identité φ∗φ∗ = idJ3(X) i.e. (J3(X), 〈·, ·〉X) est un

facteur direct de (J3(Γ̃), 〈·, ·〉
Γ̃
). Or la décomposition de (J3(Γ̃), 〈·, ·〉

Γ̃
) en somme de variétés abéliennes

principalement polarisées est unique à permutation des facteurs près (théorème de Poincaré) et la
jacobienne d'une courbe connexe et lisse J1(Ci) est irréductible comme variété principalement polarisée,
donc (J3(X), 〈·, ·〉X) s'identi�e à une somme partielle ⊕i∈J(J1(Ci), 〈·, ·〉Ci) (J ⊂ I).

Clemens et Gri�ths montrent dans [15] que la jacobienne intermédiaire d'un solide cubique n'est
pas isomorphe à une somme de jacobienne de courbes -en tant que variété abélienne principalement
polarisée-, ce qui montre son irrationalité. Le critère de Clemens-Gri�ths (0.2.20) est aussi l'invariant
birationnel utilisé plus tard, en 1985, par Beauville, Colliot-Thélène, Sansuc et Swinnerton-Dyer ([9]),
pour exhiber un exemple de variété stablement rationnelle non rationnelle. Le résultat de Clemens et
Gri�ths sur les solides cubiques laisse néanmoins ouverte la question:

Problème 0.2.21. Le solide cubique très général est-il stablement rationnel?

Les invariants que nous avons introduits jusqu'ici une permettent pas de répondre à cette question
puisqu'ils s'annulent tous pour un solide cubique.

Plus généralement le problème suivant reste ouvert:

Problème 0.2.22. Existe-t-il des hypersurfaces cubiques lisses non (stablement) rationnelles de di-
mension > 3?

Quelles informations avons-nous sur les invariants birationnels introduits jusqu'ici pour les cubiques
X ⊂ Pn+1

C , n ≥ 3?
Les travaux de Bloch et Srinivas ([13]) permettent d'a�rmer, sous l'hypothèse que CH0(X) = Z,

que Griff2(X) = 0. Les travaux de Shen ([72]) sur les 1-cycles sur les cubiques permettent d'a�rmer
que Griff1(X) = 0.

La conjecture de Hodge entière est trivialement véri�ée pour les 1-cycles sur les cubiques de sorte
que Z2n−2(X) = 0. Concernant Z4(X), le seul cas dans lequel la structure de Hodge de H4(X(C),Z)

est non triviale (non donnée par le théorème des sections hyperplanes de Lefschetz) est pour n = 4.
La conjecture de Hodge entière a, dans ce cas été établie par Voisin ([86]), de sorte que Z4(X) = 0

pour toute hypersurface cubique.
Concernant l'invariant birationnel stable CH1(X)tors,AJ , nous expliquons, dans la section 1, qu'une

conséquence des travaux de Shen ([72],[73]) est:

Proposition 0.2.23. Soit X ⊂ Pn+1
C une hypersurface cubique lisse. Alors CH1(X)tors,AJ = 0.

D'après le théorème de Roitman (0.2.15), CH3(X)tors,AJ = CH0(X)tors,AJ est nul pour un solide
cubique. D'après la proposition précédente, CH3(X)tors,AJ = 0 pour les cubiques de dimension 4.
Pour les cubiques de dimension 5, nous présentons en section 1, le résultat suivant faisant le lien entre
la géométrie de la cubique et celle de sa variété des droites:

Théorème 0.2.24. Soit X ⊂ P6
C une hypersurface cubique lisse. Notons F (X) ⊂ G(2, 7) sa variété

des droites et P ⊂ F (X)×X la correspondance donnée par le �bré en P1 universel au-dessus de F (X).
Alors l'action P∗ de la correspondance induit un morphisme surjectif

P∗ : CH1(F (X))tors,AJ → CH3(X)tors,AJ .

Mais l'annulation de CH1(Y )tors,AJ pour les variétés de Fano Y n'est pas connue.
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Cas k 6= C.

Lorsque k 6= C, on ne dispose pas, en dehors des variété de Picard et d'Albanese, en général d'une
variété grâce à laquelle les cycles homologue à 0 puissent être étudiés. Il existe néanmoins une appli-
cation dite d'�Abel-Jacobi `-adique�, à laquelle nous ne nous intéresserons pas, dé�nie en utilisant la
suite spectrale de Hochschild-Serre pour la cohomologie étale permettant d'étudier les cycles au-delà
l'équivalence homologique.

Pour les cycles de codimension 2, cependant, Murre prouve dans [63], grâce à des méthodes de
K-théorie algébrique, qu'il existe une variété abélienne J3(X), appelée représentant algébrique de
CH2(X)alg, véri�ant dim(J3(X)) ≤ dimQ`

H3(X,Q`) et un morphisme de groupes régulier Φ2
X :

CH2(X)alg → J3(X)(k) qui est universel pour les morphismes réguliers. On dit qu'un morphisme
de groupes ρ : CH2(X)alg → A(k) à valeurs dans une variété abélienne A est régulier si pour toute
famille, Z ⊂ T ×X, de cycles de codimension 2 de X paramétrée par une k-variété quasi-projective
lisse T , l'application T (k) → J3(X)(k), composition de T (k) → CH2(X)alg, t 7→ Zt − Zt0 suivie de ρ
est induite par un morphisme de variétés algébriques T → A. Il est donc possible d'analyser les cycles
algébriquement triviaux grâce à cette variété abélienne. Mais en général, il n'existe pas de lien entre
une polarisation de J3(X) et un produit d'intersection sur la cohomologie de X.

Pour les variétés X de dimension 2m + 1 qui sont des �brés en quadriques ordinaires au-dessus
de P2

k (car(k) 6= 2), i.e. tels que la courbe discriminante dans P2 est lisse, Beauville ([7]) montre
qu'il existe un représentant algébrique de CHm+1(X)alg, une variété abélienne principalement polar-
isée (J2m+1(X), θ) et un morphisme régulier universel Φm+1

X : CHn+1(X)alg → J2m+1(X). De plus
l'accouplement de Weil associé à la polarisation principale θ est directement lié, comme dans le cas
complexe, au produit d'intersection sur H2m+1(X,Z`). Les solides cubiques entrent dans cette caté-
gorie et Mumford ([60]) montre que le représentant algébrique de CH2(X)alg muni de sa polarisation
n'est pas isomorphe à une somme de jacobiennes de courbes connexes et lisses, ce qui devrait être le
cas si X était rationnel. Il étend ainsi aux corps de caractéristique plus grande que 3, le résultat de
non rationlité des solides cubiques. Dans ce cas aussi, la question de la rationalité stable des solides
cubiques reste ouverte.

0.3 Décomposition de la diagonale

Nous avons vu que le groupe des 0-cycles était un invariant birationnel stable grâce à l'existence
d'une résolution de singularités et la discussion 0.0.1. En l'absence de théorème de résolution de
singularités en dimension > 4 en caractéristique positive, donnons, suivant [23], une autre preuve de
cette invariance:

Proposition 0.3.1. Soit φ : X 99K Y une application birationnelle entre variétés projectives lisses sur
un corps L (pas forcément algébriquement clos). Alors CH0(X) ' CH0(Y ).

Preuve. Considérons la fermeture Γφ ⊂ X×Y du graphe de φ et la fermeture Γφ−1 ⊂ Y ×X du graphe
de φ−1. Le point essentiel est que nous avons une égalité de cycles

Γφ−1 ◦ Γφ = ∆X + Z dans CHn(X ×X) (7)

où Z est un cycle supporté sur D × X, pour D ⊂ X un fermé algébrique strict. Cette égalité est
prouvée dans [23, Lemme 3.5] et repose sur le fait que (en référence à la dé�nition de la composition
des correspondances) les schémas p13(p−1

12 (Γ(φ
−1)∩p−1

23 (Γφ)), où les pij sont les projections deX×Y ×X
sur les di�érents produits de deux de ses facteurs, et ∆X coïncident sur un ouvert U ×X.
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Il su�t alors de laisser agir (7) sur les 0-cycles de X, en notant que Z∗ est nul sur CH0(X), pour
voir que Γφ−1,∗ ◦ Γφ,∗ = idCH0(X) i.e. Γφ,∗ : CH0(X) → CH0(Y ) est injective. De même, on a une
égalité

Γφ ◦ Γφ−1 = ∆Y + Z ′ dans CHn(Y × Y )

où Z ′ est supporté sur D′ × Y , pour un fermé strict D′ ⊂ Y , grâce à laquelle on obtient la surjectivité
de Γφ,∗ : CH0(X)→ CH0(Y ).

Ainsi, si X est une variété rationnelle projective lisse sur k de dimension n, CH0(X)
deg
' Z mais il

y a plus: notons φ : Pnk 99K X une application birationnelle; par changement de base, on obtient une
application birationnelle φL : PnL 99K XL pour toute extension de corps L/k. L'invariance birationnelle

du groupe des 0-cycles donne alors CH0(XL)
deg
' Z. On a la dé�nition suivante:

Dé�nition 0.3.2. Soit X une variété projective lisse sur k de dimension n. On dit que X est à CH0

universellement trivial si CH0(XL)
deg
' Z pour toute extension de corps L/k.

Par l'invariance birationnelle de CH0 et du fait que CH0(XL×L PsL) ' CH0(XL), la propriété �être
à CH0 universellement trivial� est une propriété invariante par équivalence birationnelle stable. Les
variétés stablement rationnelles sont donc à CH0 universellement trivial. Comme remarqué par Auel,
Colliot-Thélène et Parimala ([5]), cette propriété peut être reformulée de la façon suivante. Introduisons
la dé�nition suivante, inspirée des travaux de Bloch et Srinivas ([13]):

Dé�nition 0.3.3. On dit que X admet une décomposition de Chow de la diagonale si on a l'égalité:

∆X = X × x+ Z dans CHn(X ×X) (8)

où Z est un cycle supporté sur D ×X pour D un fermé algébrique strict de X.

Il est montré dans loc. cit, que les deux propriétés sont en fait équivalentes pour X projective lisse.
Esquissons l'argument:

Appliquons la propriété CH0 universellement trivial à l'extension k(X)/k et intéressons-nous au
0-cycle fourni par le point k(X)-rationnel, δX , de Xk(X) qu'est la diagonale, obtenu en prenant la
limite sur les ouverts de X du morphisme diagonal X → X × X (V → V × V → V × X). Comme
CH0(Xk(X)) ' Z et que δX et xk(X) := x×k k(X), où x ∈ X(k), sont des 0-cycles de Xk(X), de degré
1, ces derniers sont rationnellement équivalents sur k(X) i.e.

δX − xk(X) = 0 dans CH0(Xk(X)).

Maintenant, CH0(Xk(X)) = CHn(Xk(X)) et nous disposons de la formule de Bloch CHn(Xk(X)) =

lim−→U⊂X, ouvert CHn(U ×X); elle nous permet donc d'a�rmer qu'il existe un ouvert non vide U0 tel que

(∆X −X × x)|U0×X = 0 dans CHn(U0 ×X). Nous obtenons alors l'écriture:

∆X = X × x+ Z dans CHn(X ×X)

où Z est un cycle supporté sur D ×X pour D un fermé algébrique strict (D = X\U0).
Réciproquement si une variété X admet une décomposition de Chow de la diagonale (8), alors,

étant donné une extension L/k, par changement de base, on obtient

∆XL
= XL ×L xL + ZL dans CHn(XL ×L XL).
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En faisant agir cette identité sur un 0-cycle z ∈ CH0(XL), on obtient z = deg(z)xL dans CH0(XL) i.e.
CH0(XL) ' ZxL.

�Être à CH0 universellement trivial� est donc équivalent au fait d'admettre une d'ecomposition de
Chow de la diagonale.

Dans une série d'articles entamée autour de 2012, Voisin a étudié cette propriété, elle a notam-
ment montré ([91]) en utilisant une méthode de dégérescence, que la condition nécessaire pour la
rationalité stable donnée par cette propriété est strictement plus forte que l'annulation des invariants
d'Artin-Mumford (torsion dans le troisième groupe de cohomologie) et qu'elle permet de conclure à
la non rationalité (stable) de certains solides dont l'irrationalité ne peut être détectée par le critère
de Clemens-Gri�ths (jacobienne intermédiaire modulo les jacobiennes de courbes), en exhibant une
famille d'exemples de solides n'admettant pas de décomposition de la diagonale, donc non stablement
rationnels, mais pour lesquelles les invariants d'Artin-Mumford et de Clemens-Gri�ths ne permettent
pas de détecter la non rationalité (stable). La méthode de Voisin, améliorée notamment par Colliot-
Thélène et Pirutka ([20]), a permis récemment (2016) à Hassett, Pirutka et Tschinkel ([39]) de montrer
que la rationalité stable n'est pas une propriété invariante par déformation.

Soit X une variété à CH0 universellement trivial ou, de façon équivalente admettant une décompo-
sition de la diagonale. Considérons donc une écriture de la forme (8) et introduisons une désingulari-
sation D̃, s'il en existe une, de D et choisissons un cycle Z̃ ∈ CHn−1(D̃×X) tel que (j, idX)∗(Z̃) = Z

dans CHn(X ×X), où j : D̃ → X est la composition de la résolution des singularités de D suivie de
l'injection de D dans X. Le cycle Z̃ existe à condition de choisir D convenablement.

Soit γ un cycle de codimension d < n ou une classe de cohomologie de degré k < 2n. Alors, l'action
de l'identité (8)∗ sur γ donne:

γ = j∗Z̃
∗γ (9)

et Z̃∗γ est de codimension d− 1 sur D̃ ou de degré k− 2. De même, si γ un cycle de dimension d > 0,
l'action de l'identité (8)∗, sur γ donne:

γ = Z̃∗j
∗γ (10)

et j∗γ est de dimension d − 1 sur D̃. Ces deux remarques (et la fonctorialité des groupes de Chow,
de cohomologie, de l'application classe de cycles...) montrent que la décomposition de Chow de la
diagonale assure la nullité des invariants birationnels stables obtenus grâce au procédé 0.2.5. En e�et,
(9) et (10) montrent que l'identité se factorise par les groupes en dimension (resp. codimension, degré)
�un de moins� dont l'annulation pour toute variété nous avait permis d'obtenir l'invariant birationnel.

Par exemple lorsque k = C, (9) montre que l'identité sur CH3(X)tors,AJ se factorise à travers
CH2(D̃)tors,AJ qui est nul d'après 0.2.16.

L'existence d'une décomposition de la diagonale contrôle donc les invariants dé�nis dans la section
précédente.

Nous avons remarqué plus haut que la plupart des invariants de la section précédente sont nuls
pour les hypersurfaces cubiques et ne permettent donc pas de détecter une éventuelle non rationalité
stable des cubiques. Voisin a étudié dans [90] la décomposition de Chow de la diagonale pour les
hypersurfaces cubiques. Elle obtient notamment en dimension 3, un critère, une condition nécessaire
et su�sante, pour l'existence d'une décomposition de Chow de la diagonale qui lui permet de prouver
le fait suivant:

Théorème 0.3.4. ([90, Théorème 1.7]) Les solides cubiques admettant une décomposition de Chow de
la diagonale sont paramétrés, dans l'espace des modules des solides cubiques par au moins une union
dénombrable non vide de sous-variétés de codimension ≤ 3 de l'espace des modules des solides cubiques.
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En particulier, on peut encore espérer prouver que la cubique complexe très générale n'est pas
stablement rationnelle grâce à la décomposition de la diagonale.

La condition obtenue par Voisin se résume au fait que la classe minimale, qui est une classe de
Hodge entière de degré 2g − 2 (égal à 8 dans notre cas) sur la jacobienne intermédiaire, une variété
abélienne principalement polarisée de dimension g, est algébrique.

Dans la section 2, on présente une adaptation à la caractéristique positive d'une partie des résultats
obtenus par Voisin sur C ([90]) sur les cubiques de dimension 3 permettant d'obtenir une condition
analogue à celle de Voisin. On obtient alors, comme conséquence du théorème 0.2.13 de Schoen, le
résultat suivant:

Théorème 0.3.5. Soit k = Fp avec p > 2. Supposons la conjecture de Tate vraie pour les classes
de degré 2 sur les surfaces dé�nies sur les corps �nis de caractéristique p. Alors toute hypersurface
cubique lisse de P4

k admet une décomposition de Chow de la diagonale.

Ce résultat nous dit que si la conjecture de Tate est vraie, la décomposition de la diagonale n'est
pas un invariant assez �n pour détecter l'éventuelle non rationalité stable des solides cubiques sur la
clôture algébrique des corps �nis.

Pour une variété X, être à CH0 universellement trivial peut se réécrire sous la forme suivante:
il existe x ∈ X(k), tel que, en notant ix : x ↪→ X l'inclusion, ixL,∗ : CH0(xL) → CH0(XL) est
surjectif pour toute extension L/k i.e. ix,∗ est universellement surjectif. De même, pour un fermé
iY : Y ↪→ X, on dit que iY,∗ : CH0(Y )→ CH0(X) est universellement surjectif si pour toute extension
L/k, iYL,∗ : CH0(YL)→ CH0(XL) est surjectif. On dit alors que CH0(X) est universellement supporté
sur Y . Voisin introduit, dans [90], la dé�nition suivante:

Dé�nition 0.3.6. ([90, Dé�nition 1.2]) La dimension CH0 essentielle d'une variété X est l'entier
minimal k ≥ 0 tel qu'il existe un fermé Y ⊂ X de dimension k tel que CH0(X) est universellement
supporté sur Y .

Les variétés à CH0 universellement trivial i.e. celles admettant une décomposition de Chow de la
diagonale sont exactement les variétés dont la dimension CH0 essentielle est nulle. Dans [17], Colliot-
Thélène prouve le fait suivant:

Proposition 0.3.7. ([17, Proposition 2.5 et Remarque 2.6]) Soit X une variété complexe projective
lisse véri�ant CH0(X) ' Z. Alors la dimension CH0 essentielle de X est ≤ 1 si et seulement si elle
est nulle (i.e. X admet une décomposition de la diagonale).

Dans la dernière section de ce mémoire, nous nous intéressons à la di�érence qui existe entre
variétés dont la dimension CH0 essentielle est ≤ 2 et les variétés à dimension CH0 essentielle nulle.
Nous obtenons notamment les énoncés suivants:

Théorème 0.3.8. Soit X une variété complexe projective lisse de dimension n véri�ant CH0(X) ' Z.
Supposons que la dimension CH0 essentielle de X est ≤ 2. Si:

1. Tors(H2(X(C),Z)) = 0 et

2. H3(X(C),Z) = 0

alors X est de dimension CH0 essentielle 0 (i.e. X admet une décomposition de la diagonale).
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Théorème 0.3.9. Soit X une variété complexe projective lisse de dimension n véri�ant CH0(X) ' Z.
Supposons que la dimension CH0 essentielle de X est ≤ 2.

S'il existe un schéma projectif lisse Y de dimension (n− 1) et un morphisme j : Y → X tel que

j∗ : Pic0(Y )→ CH2(X)alg

est universellement surjectif,
alors X est de dimension CH0 essentielle 0 (i.e. X admet une décomposition de la diagonale).





Chapter 1

Remarks on the CH2 of cubic

hypersurfaces

Résumé: Dans ce chapitre, nous présentons deux façons de ramener les problèmes portant sur les
2-cycles d'une hypersurface cubique lissse X sur un corps algébrquement clos de caractéristique 6= 2,
en problèmes portant sur les 1-cycles de sa variété des droites F (X). La première méthode utilise les
droites osculatrices de X et le théorème de Tsen-Lang. Elle permet de montrer que CH2(X) est en-
gendré par CH1(F (X)), via l'action de la correspondance donnée par le �bré en P1 universel au-dessus
de F (X). La seconde méthode repose sur une extension aux cycles de dimension supérieure d'une
formule d'inversion dévoloppée par Shen ([72], [73]) pour les 1-cycles de X. Cette formule d'inversion
permet de relever les 2-cycles de torsion de X en 1-cycles de torsion de F (X). Pour les hypersurfaces
cubiques X de dimension 5, cela permet de montrer que l'invariant birationnel de X, CH3(X)tors,AJ
est contrôlé par l'invariant birationnel CH1(F (X))tors,AJ de F (X).

Abstract: In this chapter, we present two approaches to reduce problems on 2-cycles on a smooth
cubic hypersurface X over an algebraically closed �eld of characteristic 6= 2, to problems on 1-cycles
on its variety of lines F (X). The �rst one relies on osculating lines of X and Tsen-Lang theorem. It
allows to prove that CH2(X) is generated, via the action of the universal P1-bundle over F (X), by
CH1(F (X)). The second approach consists of an extension to subvarieties of X of higher dimension of
an inversion formula developed by Shen ([72], [73]) in the case of 1-cycles of X. This inversion formula
allows to lift torsion cycles in CH2(X) to torsion cycles in CH1(F (X)). For complex cubic 5-folds, it
allows to prove that the birational invariant provided by the group CH3(X)tors,AJ of homologically
trivial, torsion codimension 3 cycles annihilated by the Abel-Jacobi morphism is controlled by the
group CH1(F (X))tors,AJ which is a birational invariant of F (X).

1.0 Introduction

Let X ⊂ Pn+1
C be a smooth hypersurface of degree d ≥ 2. Let Fr(X) ⊂ G(r + 1, n+ 2) be the variety

of Pr's contained in X and Pr = P(Er+1|Fr(X)) ⊂ Fr(X)×X be the universal Pr-bundle. One has the
incidence correspondence

pr : Pr → Fr(X), qr : Pr → X.

We will be particularly interested in this chapter in the cases r = 1 and r = 2, d = 3. It is known (see
for example [29], [83]) that if X is covered by projective spaces of dimension 1 ≤ r < n

2 , that is qr is
surjective, then CHi(X)Q ' Q for i < r and for n

2 > i ≥ r, there is an inversion formula implying that

Pr,∗ : CHi−r(Fr(X))hom,Q → CHi(X)hom,Q

is surjective. We recall brie�y how it works: Up to taking a desingularization and general hyperplane
sections of Fr(X), we can assume that Fr(X) is smooth and qr is generically �nite of degree N > 0.
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Let HX = c1(OX(1)) ∈ CH1(X) and h = q∗rHX ∈ CH1(Pr). Given a cycle Γ ∈ CHi(X)hom, we
have NΓ = qr∗q

∗
rΓ and we can write q∗rΓ =

∑r
j=0 h

j · p∗rγj where γj ∈ CHi+j−r(Fr(X))hom. Now,

dqr∗(h
j · p∗rγj) = dHj

X · qr∗(p∗rγj) = 0 for j > 0 since

dHX · = i∗XiX,∗ : CHl(X)hom → CHl−1(X)hom,

where iX is the inclusion of X into Pn+1, factors through CHl(Pn+1
C )hom hence is zero. So we get

dNΓ = qr∗p
∗
r(dγ0)

which gives CHi(X)hom,Q = 0 for i < r since in this range CHi−r(F (X)) = 0, and more generally the
desired surjectivity. Working a little more, this method gives, in the case of 2-cycles on cubic �vefolds,
the following result (which is a precision of [29], [65]):

Proposition 1.0.1. Let X be a smooth cubic �vefold. Then the kernel of the Abel-Jacobi map
CH2(X)AJ := Ker (ΦX : CH2(X)hom → J5(X)) is of 18-torsion.

Proof. For cubic hypersurfaces of dimension ≥ 3, after taking hyperplane sections of F1(X), the degree
of the generically �nite morphism P1 → X is 6. If Γ ∈ CH2(X)AJ , we can use the fact that 3HX ·Γ = 0

in CH4(X) and thus (using the notation P, p, q in this case)

3h · q∗Γ = 3(h · p∗γ0 + h2 · p∗γ1) = 0 (1.1)

in CH4(P ). As h2 = h · p∗l − p∗c2 in CH2(P ), where l and c2 are the natural Chern classes on F1(X)

restricted from the Grassmannian, we deduce from (1.1):

3γ0 = −3l · γ1 in CH3(F1(X)).

Combining this with the previous argument then gives 18Γ = q∗p
∗(3γ1 · l3) where 3γ1 is a codimen-

sion 2-cycle homologous to 0 and Abel-Jacobi equivalent to 0 on F1(X). Finally we conclude using [13,
Theorem 1 (i)] and the fact that F1(X) is rationally connected, which implies that CH2(F1(X))AJ =

0.

The denominators appearing in the above argument do not allow to understand 2-torsion cycles.
On the other hand, as smooth cubic hypersurfaces admit a degree 2 unirational parametrization ([15]),
all functorial birational invariants are 2-torsion so that, for functorial birational invariants constructed
using torsion cycles, the above method gives no interesting information. Our aim in this chapter is
to give inversion formulas with integral coe�cients, allowing in some cases to also control the torsion
of the group of cycles, which is especially important for those hypersurfaces in view of rationality
problems.

In this chapter, we present two approaches to study the surjectivity of the map P1∗ on cycles with
integral coe�cient for cubic hypersurfaces. The �rst one is presented in the �rst section and uses the
osculating lines of X; it gives the following result:

Theorem 1.0.1. Let X ⊂ Pn+1
k , with n ≥ 2i + 1 be a smooth cubic hypersurface over an algebraically

closed �eld k of characteristic not equal to 2, containing a linear subspace of dimension i < n
2 . Assuming

resolution of singularities in dimension ≤ i, P1,∗ : CHi−1(F1(X))→ CHi(X) is surjective.

In the case where i = 2, the theorem associates to any 2-cycle a 1-cycle on F1(X). As, for
i = 2, the condition to apply the theorem is dimk(X) ≥ 5, F1(X) is a smooth Fano variety hence
separably rationally connected in characteristic 0. By work of Tian and Zong ([76]), CH1(F1(X)) is
then generated by classes of rational curves. A direct consequence is the following:
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Corollary 1.0.2. Let X ⊂ Pn+1
k be a smooth cubic hypersurface over an algebraically closed �eld k of

characteristic 0. If n ≥ 5, then CH2(X) is generated by cycle classes of rational surfaces.

Remark 1.0.3. This result is true for a di�erent reason also in dimension 4, see Proposition 1.2.1.

In the second section, we study 1-cycles on F1(X) in order to prove that, in some cases, we can
take as generators of CH1(F1(X)) only the �lines� i.e. the rational curves of degree 1, of F1(X). We
obtain the following result:

Theorem 1.0.4. Let X ⊂ Pn+1
k be a smooth hypersurface of degree d over an algebraically closed

�eld k of characteristic 0. If d(d+1)
2 < n and F1(X) is smooth then Griff1(F1(X)) = 0. Moreover,

CH1(F1(X)) is generated by lines.

This theorem has the following consequence in the case of cubic hypersurfaces:

Corollary 1.0.5. Let X ⊂ Pn+1
k be a smooth cubic hypersurface over an algebraically closed �eld k

of characteristic 0. If n ≥ 7, then CH2(X) is generated by classes of planes P2 ⊂ X and therefore
CH2(X)hom = CH2(X)alg. If n ≥ 9, then CH2(X) ' Z.

Remark 1.0.6. Some of the results of the �rst two sections had already been obtained by Pan ([66]) in
characteristic 0 but with weaker bounds. For example for cubic hypersurfaces, he proves the surjectivity
of P1,∗ : CH1(F1(X))→ CH2(X) for n ≥ 17, the fact that CH1(F1(X))hom = CH1(F1(X))alg for n ≥ 13

and that CH2(X) = Z for n ≥ 18 (see [66, Theorem 1.2 and Proposition 2.2]).

The last section is devoted to a second approach to the integral coe�cient problem; it consists of
a generalization of a formula developed by Shen ([72], see also [73]) in the case of 1-cycles of cubic
hypersurfaces. Let us introduce some notations. Let us denote Y [2] the Hilbert scheme of length 2

subschemes of any variety Y . For a smooth cubic hypersurface X, let us denote iP2 : P2 ↪→ X [2] the
subscheme parametrizing length 2 subschemes supported on a line of X. The variety P2 admits, by
de�nition a projection pP2 : P2 → F1(X) associating to a length 2 subscheme, the line it is supported
on. We prove the following:

Theorem 1.0.7. Let X ⊂ Pn+1
k be a smooth cubic hypersurface over a �eld k, and Σ a smooth

subvariety of X of dimension d. Then, there is an integer mΣ such that:

(2deg(Σ)− 3)Σ + P1,∗[(pP2,∗i
∗
P2

Σ[2]) · c1(OF1(X)(1))d−1] = mΣH
n−d
X

where OF1(X)(1) is the Plücker line bundle.

This inversion formula is more powerful than the �rst approach as it will allow us to lift, modulo
Z · Hn−2

X , torsion 2-cycles on X to torsion 1-cycles on F1(X). The application we have in mind is
the study of certain birational invariants of X. When k = C, it was observed in [87] that the group
CH3

tors,AJ of homologically trivial torsion codimension 3 cycles annihilated by the Abel-Jacobi map
is a birational invariant of smooth projective varieties which is trivial for stably rational varieties
and more generally for varieties admitting a Chow-theoretic decomposition of the diagonal. This is a
consequence of the deep result due to Bloch ([11], [21]) that the group CH2(Y )tors,AJ of homologically
trivial torsion codimension 2 cycles annihilated by the Abel-Jacobi map is 0 for any smooth projective
variety. For cubic hypersurfaces, as already mentioned, it follows from the existence of a unirational
parametrization of degree 2 that CH3(X)tors,AJ is a 2-torsion group. Although we have not been able
to compute this group, we obtain the following:
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Theorem 1.0.8. Let X ⊂ Pn+1
C be a smooth cubic hypersurface, with n ≥ 5. Then for any Γ ∈

CH2(X)tors, there are a homologically trivial cycle γ ∈ CH1(F1(X))tors,hom and an odd integer m such
that P∗(γ) = mΓ.

Moreover, when n = 5, starting from a cycle Γ ∈ CH2(X)tors,AJ = CH3(X)tors,AJ , we can �nd a
γ ∈ CH1(F (X))tors,AJ such that P∗(γ) = Γ. In particular, if the 2-torsion part of CH1(F1(X))tors,AJ
is 0 then CH3(X)tors,AJ = 0.

As a consequence of a theorem of Roitman ([67]) asserting that torsion 0-cycles of any smooth
projective variety Y inject in Alb(Y ), the group CH1(F1(X))tors,AJ is a stable birational invariant of
the variety F1(X) which is trivial for stably rational varieties or even for varieties admitting a Chow
theoretic decomposition of the diagonal.

The group CH3(X)tors,AJ has a quotient which has an interpretation in terms of unrami�ed co-
homology. We recall that, for a smooth complex projective variety Y and an abelian group A, the
degree i unrami�ed cohomology group H i

nr(Y,A) of Y with coe�cients in A can be de�ned (see
[12]) as the group of global sections H0(Y,Hi(A)), Hi(A) being the sheaf associated to the presheaf
U 7→ H i(U(C), A), where this last group is the Betti cohomology of the complex variety U(C). The
groups H i

nr(Y,A) provide stable birational invariants (see [19]) of Y , which vanish for projective space
i.e. these groups are invariants under the relation:

Y ∼ Z if Y × Pr is birationally equivalent to Z × Ps for some r, s.

Unrami�ed cohomology group with coe�cients in Z/mZ or Q/Z has been used in the study of
Lüroth problem, that is the study of unirational varieties which are not rational, to provide exam-
ples of unirational varieties which are not stably rational (see [3],[19]). In the case of smooth cubic
hypersurfaces X ⊂ Pn+1

C , since there is a unirational parametrization of degree 2 of X (see [15]) and
there is an action of correspondences on unrami�ed cohomology groups compatible with composition
of correspondences (see [23, Appendice]), the groups H i

nr(X,Q/Z), i ≥ 1, are 2-torsion groups. It is
known that H1

nr(X,Q/Z) = 0 for n ≥ 2 since this group is isomorphic to the torsion in the Picard
group of X (see [16, Proposition 4.2.1]).

Since for cubic hypersurfaces of dimension at least 2, H2
nr(X,Q/Z) is equal to the Brauer group

Br(X) (see [16, Proposition 4.2.3]), we have H2
nr(X,Q/Z) = 0.

As for H3
nr(Y,Q/Z), it was reinterpreted in [23, Theorem 1.1] for rationally connected varieties Y

as the torsion in the group Z4 := Hdg4(Y )/H4(Y,Z)alg, quotient of degree 4 Hodge classes by the
subgroup of H4(Y,Z) generated by classes of codimension 2 algebraic cycles, i.e. H3

nr(Y,Q/Z) mea-
sures the failure of the integral Hodge conjecture in degree 4. For cubic hypersurfaces X ⊂ Pn+1

C , by
Lefschetz hyperplane theorem, the only non trivial case where the integral Hodge conjecture could fail
in degree 4 is for cubic 4-folds but it was proved to hold by Voisin in [86].

The group H4
nr(Y,Q/Z) was reinterpreted in [87, Corollary 0.3] for rationally connected varieties

Y as the group CH3(Y )tors,AJ/alg of homologically trivial torsion codimension 3 cycles annihilated by
Abel-Jacobi map (or torsion codimension 3 cycles annihilated by Deligne cycle map) modulo algebraic
equivalence. For dimension reason H4

nr(X,Q/Z) = 0 for cubic hypersurfaces of dimension ≤ 3. For
cubic 4-folds, since H4

nr(X,Q/Z) ' CH3(X)tors,AJ/alg ' CH1(X)tors,AJ/alg ⊂ Griff1(X), the work of
Shen ([72]) proves that H4

nr(X,Q/Z) = 0. The vanishing of CH3(X)tors,AJ ' CH1(X)tors,AJ for cubic
4-�ods follows also essentially from the work of Shen (see Proposition 1.3.4). For a cubic 5-fold X, by
the choice of a P2 ⊂ X to project from, we see that X is birational to a quadric bundle over P3

C so that
by work of Kahn and Sujatha ([45, Theorem 3]), H4

nr(X,Q/Z) = 0. Hence, for a cubic hypersurface
CH3(X)tors,AJ ⊂ CH3(X)alg.



1.1. First formula 33

1.1 First formula

Let X ⊂ Pn+1
k be a smooth hypersurface of degree d ≥ 2 and dimension n ≥ 3 over an algebraically

closed �eld k. Let us denote F (X) ⊂ G(2, n+ 2) its variety of lines and P ⊂ F (X)×X the correspon-
dence given by the universal P1-bundle, and

p : P → F (X), q : P → X

the two projections. For a general hypersurface of degree d ≤ 2n − 2, F (X) is a smooth connected
variety ([47, Theorem 4.3, Chap. V]).

Let us denote Q = {([l], x) ∈ P(E2), l ⊂ X or l ∩X = {x}} the correspondence associated to the
family of osculating lines of X, and

π : Q→ X, ϕ : Q→ G(2, n+ 2)

the two projections. We have P ⊂ Q.
We have the following easy lemma:

Lemma 1.1.1. The �ber of π : Q → X (resp. q : P → X) over any point x in the image of π (resp.
of q) is isomorphic to an intersection of hypersurfaces of type (2, 3, . . . , d − 1) in P (TX,x) (resp. of
type (2, 3, . . . , d)). Moreover, for X general, Q is a local complete intersection subscheme of P(E2) of
dimension 2n− d+ 1. If char(k) = 0, then Q is smooth for X general.

Proof. By de�nition Q is the set of ([l], x) in P(E2) over G(2, n + 2) where the restriction of the
equation de�ning X is 0 or proportional to λdx, where λx is the linear form de�ning x in l. Let
x ∈ X and P a hyperplane not containing x. There is an isomorphism P (TPn+1,x) → P given by
[v] 7→ l(x,v) ∩ P, where l(x,v) is the line of Pn+1 determined by (x, v). We can assume that x =

[1, 0, . . . , 0] and P = {X0 = 0}. Let l be a line through x and [0, Y1, . . . , Yn+1] ∈ P the point associated
to l. Then, denoting f an equation de�ning X, since x ∈ X, we can write f(X0, . . . , Xn+1) =∑d−1

i=0 X
i
0fd−i(X1, . . . , Xn+1), where fi is a homogeneous polynomial of degree i. The general point

of l has coordinates (µ, λY1, . . . , λYn+1) where λ = λx and µ form a basis of linear forms on l. The
restriction of f to l thus writes

∑d−1
i=0 µ

iλd−ifd−i(Y1, . . . , Yn+1). Thus the line l is osculating if and
only if fj(Y1, . . . , Yn+1) = 0, ∀j < d. The �rst equation f1 is the di�erential of f at x and its vanishing
hyeperplane is P (TX,x), so we proved that π−1(x) is isomorphic to an intersection of hypersurfaces of
type (2, 3, . . . , d−1) in P (TX,x). We show likewise that the �ber q−1(x) is isomorphic to an intersection
of hypersurfaces of type (2, 3, . . . , d).

On the projective bundle pG : P(E2)→ G(2, n+ 2), we have the exact sequence:

0→ ΩP(E2)/G(2,n+2)(1)→ p∗GE2 → OP(E2)(1)→ 0 (1.2)

The last morphism being the evaluation morphism, we see that ΩP(E2)/G(2,n+2)(1)([l],x) is the ideal sheaf
of x in l. Taking the symmetric power of the dual of (1.2) yields the exact sequence:

0→ Symd(ΩP(E2)/G(2,n+2)(1))→ p∗GSymdE2 → p∗GSymd−1E2 ⊗OP(E2)(1)→ 0

where the �rst morphism is the d-th symmetric power of the (�rst) inclusion in (1.2).
Now, let f be an equation de�ningX; it gives rise to a section σf of p∗GSymdE2. Let σf be the section

of p∗GSymd−1E2 ⊗ OP(E2)(1) induced by σf . Then the zero locus of σf is exactly the locus of ([l], x)

where the restriction to l of the equation de�ning X is 0 or equal to the linear form induced by x on l to
the power d. So Q is the zero locus in P(E2) of a section of the vector bundle p∗GSymd−1E2⊗OP(E2)(1).
As this vector bundle is globally generated, the zero locus of a general section is a local complete
intersection (even regular if char(k) = 0) subscheme of P(E2) of dimension 2n− d+ 1.
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Theorem 1.1.2. Let X ⊂ Pn+1
k be a smooth hypersurface of degree d and let P ⊂ F (X) ×X be the

incidence correspondence. Assume
∑d−1

i=1 i
r ≤ n with r > 0 and, if r > 3 and char(k) > 0, assume

resolution of singularities of varieties of dimension r. Then for any cycle Γ ∈ CHr(X) there is a
γ ∈ CHr−1(F (X)) such that

dΓ + P∗(γ) ∈ Z ·Hn−r
X

where HX = c1(OX(1)).

Proof. Let Σ ⊂ X be an integral subvariety of dimension r > 0. By Tsen-Lang theorem ([48], [75,
Theorem 2.10]), the function �eld k(Σ) of Σ is Cr. As the �bers of π : Q → X are isomorphic to
intersection of hypersurfaces of type (2, 3, . . . , d − 1) and

∑d−1
i=1 i

r ≤ n, the restriction πΣ : Q|Σ → Σ

admits a rational section σ : Σ 99K Q.

Case 1: The rational section σ is actually a rational section of P|Σ → Σ. This means that for
any x ∈ Σ, the line p ◦ σ(x) is contained in X. We have the following diagram of resolution of
indeterminacies:

Σ̃

τ

��

σ̃

��=
==

==
==

=

Σ // P
p // F (X)

Let us denote P
Σ̃
the pull-back via p ◦ σ̃ of the P1-bundle on F (X), f : P

Σ̃
→ X the projection on

X (which is the restriction of q) and pΣ : P
Σ̃
→ Σ̃ the projective bundle. The line bundle τ∗OX(1)|Σ

gives rise to a section η : Σ̃ → P
Σ̃
(given by s 7→ (p ◦ σ̃(s), τ(s))) of pΣ. We have the decomposition

Pic(P
Σ̃

) ' Z · f∗HX ⊕ p∗ΣPic(Σ̃) so that we can write

η(Σ̃) = f∗HX + p∗ΣD (1.3)

for D a divisor on Σ̃. We apply f∗ to that equality: we have f∗η(Σ̃) = τ∗(Σ̃) = Σ in CHr(X).
Projection formula yields f∗f∗HX = HX · f∗(1). Finally, we see that f∗p∗ΣD = P∗(p∗σ̃∗(D)). So, we
get

Σ = HX · f∗(1) + P∗(p∗σ̃∗(D)).

Remembering that dHX · f∗(1) = i∗XiX,∗f∗(1) ∈ Z ·Hn−r
X , we are done for this case.

Case 2: The rational section σ is not a rational section of P|Σ → Σ. This means that for the general
point x ∈ Σ, the line ϕ ◦ σ(x) is not contained in X, hence intersects X at x with multiplicity d. We
have the following diagram of resolution of indeterminacies:

Σ̃

τ

��

σ̃

��=
==

==
==

=

Σ // Q
ϕ // G(2, n+ 2)

.

Let again P
Σ̃
be the pull-back via ϕ ◦ σ̃ of the P1-bundle on G(2, n+ 2) and let f : P

Σ̃
→ Pn+1 be the

natural morphism. Let Σ̃1 be the locus in Σ̃ consisting of x ∈ Σ̃ such that the line ϕ◦ σ̃(x) is contained
in X. We have an equality of r-cycles

(f∗PΣ̃
)|X = dΣ +R (1.4)

in CHr(X), where the residual cycle R is supported on the r-dimensional locus P
Σ̃1
, or rather its image

in X. It is clear that R is a cycle in the image of P∗ so that (1.4) proves the result in this case.
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In the case of smooth cubic hypersurfaces of dimension ≥ 3, F (X) is always smooth and connected
([2, Corollary 1.12, Theorem 1.16]). We have the following result which is essentially Theorem 1.0.1 of
the introduction:

Theorem 1.1.3. Let X ⊂ Pn+1
k , with n ≥ 3 and char(k) > 2, be a smooth cubic hypersurface

containing a linear space of dimension d ≥ 1. Then, for 1 ≤ i ≤ d and 2i 6= n,

P∗ : CHi−1(F (X))→ CHi(X)/Z ·Hn−i
X

is surjective on 2CHi(X)/Z ·Hn−i
X .

If moreover, n ≥ 2r + 1 for some r > 0 and resolution of singularities holds of k-varieties of
dimension r, then P∗ : CHi−1(F (X))→ CHi(X)/Z ·Hn−i

X is surjective for any i 6= n
2 , 1 ≤ i ≤ r.

Proof. According to [15, Appendix B], X admits a unirational parametrization of degree 2 constructed
as follows: for a general line ∆ in X, consider the projective bundle P (TX|∆) over ∆ and the rational
map ϕ : P (TX|∆) 99K X which to a point x ∈ ∆ and a nonzero vector v ∈ TX,x associates the residual
point to x (x has multiplicity 2) in the intersection X ∩ l(x,v) of X with the line of Pn+1 determined by
(x, v). The indeterminacy locus Z corresponds to the (x, v) such that l(x,v) ⊂ X. It has codimension
2 for general lines. Indeed, if ∆ is general, it is generally contained in the locus where the �bers of
the projection q : P → X are complete (since P has dimension 2n − d) intersection of type (2, 3) in
the projectivized tangent spaces so that the general �ber of Z → ∆ has dimension n − 3. Choosing
a su�ciently general ∆, we can also assume that Z is smooth. Then, blowing-up P (TX|∆) along Z

yields the resolution of indeterminacies; let us denote τ : ˜P (TX|∆) → P (TX|∆) that blow-up, E the

exceptional divisor and ϕ̃ : ˜P (TX|∆) → X the resulting degree 2 morphism. For 1 ≤ i ≤ d, by the
formulas for blowing-up, we have the decomposition

CHi( ˜P (TX|∆)) = τ∗CHi(P (TX|∆))⊕ jE,∗τ∗|ECHi−1(Z)⊕ jE,∗(j∗Eϕ̃∗HX) · τ∗|ECHi(Z).

As τ|E is �at, we can see that ϕ̃∗jE,∗τ∗|E(·) = ϕ̃∗jE,∗[τ
−1
|E (·)] identi�es with the composition of

the morphism CH∗(Z) → CH∗(F (X)) (induced by the restriction of natural morphism P (TX) →
G(2, n+ 2)) followed by the action P∗.

So let Γ ∈ CHi(X), with 2i 6= n, be a cycle on X. As X contains a linear space of dimension i
and H2(n−i)

ét
(X,Z`) = Z` (∀` 6= char(k)) by Lefschetz hyperplane section theorem (n 6= 2i), for any

P ' Pi ⊂ X, Γ − deg(Γ)[P] is homologically trivial and ϕ̃∗ϕ̃
∗(Γ − deg(Γ)[P]) = 2(Γ − deg(Γ)[P]).

As P (TX|∆) is a projective bundle over P1, CH∗(P (TX|∆))hom = 0 so, from the above discussion, we
conclude that there are a (i− 1)-cycle γ ∈ CHi−1(F (X))hom and a i-cycle DΓ ∈ CHi(F (X))hom such
that

2(Γ− deg(Γ)[P]) = P∗γ +HX · P∗DΓ.

It remains to deal with the term HX ·P∗DΓ. For this, let j : Y ↪→ X be a hyperplane section with one
ordinary double point p0 as singularity. Then HX · P∗DΓ = j∗j

∗P∗DΓ.
We have Y ⊂ Pn and if we choose coordinates in which p0 = [0 : · · · : 0 : 1], the equation of Y has

the following form: F (X0, · · · , Xn) = XnQ(X0, · · · , Xn−1)+T (X0, · · · , Xn−1) where Q(X0, · · · , Xn−1)

is a quadratic homogeneous polynomial and T (X0, · · · , Xn−1) is a degree 3 homogeneous polynomial.
The linear projection Pn 99K Pn−1 centered at p0 induces a birational map Y 99K Pn−1 ' [p0] where
[p0] denotes the scheme parametrizing lines of Pn passing through p0. The indeterminacies of the
inverse map Pn−1 99K Y are resolved by blowing-up Pn−1 along the complete intersection Fp0(Y ) =
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{Q = 0}∩ {T = 0} of type (2, 3). The variety of lines of Y passing through p0 is isomorphic to Fp0(Y )

and we have the following diagram:

P̃n−1
Fp0 (Y )

χ

��

q

&&MM
MMM

MMM
MMM

MMM

Pn−1 // Y

By projection formula, (j◦q)∗(j◦q)∗P∗DΓ = P∗DΓ ·j∗q∗1 = P∗DΓ ·[Y ] = P∗DΓ ·HX and (j◦q)∗P∗DΓ is

a homologically trivial cycle on P̃n−1
Fp0 (Y )

. But since the ideal CH∗(Pn−1)hom of homologically trivial
cycles on Pn−1 is 0, from the decomposition of the Chow groups of a blow-up, we get that (j ◦ q)∗P∗DΓ

can be written jEFp0 (Y ),∗χ
∗
|EFp0 (Y )

w for a cycle w on Fp0(Y ) so thatHX ·P∗DΓ = j∗q∗jEFp0 (Y ),∗χ
∗
|EFp0 (Y )

w

which can be written P∗iFp0 (Y ),∗w where iFp0 (Y ) : Fp0(Y ) ↪→ F (X) is the inclusion. Finally, P is in
Im(P∗) so we have: 2Γ = 2deg(Γ)P + P∗(γ + iFp0 (Y ),∗w) which proves that 2CHi(X) is in the image
of P∗.

When n ≥ 2r + 1, we can also apply Theorem 1.1.2; we get, for a cycle Γ ∈ CHi(X), a cycle
γ′ ∈ CHi−1(F (X)) such that 3Γ + P∗γ

′ ∈ Z ·Hn−i
X in CHi(X) so that, putting the two steps together,

we get (3− 2)Γ− 2deg(Γ)[P] + P∗(γ
′ − γ − iFp0 (Y ),∗w) ∈ Z ·Hn−i

X in CHi(X).

Proposition 1.1.1. Let X ⊂ Pn+1
k , with n ≥ 4 and char(k) > 2, be a smooth cubic hypersurface.

Then Hn−2
X ∈ Im(P∗ : CH1(F (X)) → CH2(X)). In particular, by Theorem 1.1.3, for n ≥ 5, P∗ :

CH1(F (X))→ CH2(X) is surjective.

Proof. Since, according to [61, Lemma 1.4], any smooth cubic threefold contains some lines of second
type (lines whose normal bundle contains a copy of OP1(−1)), X contains lines of second type. Let
l0 ⊂ X be a line of second type. According to [15, Lemma 6.7], there is a (unique) Pn−1 ⊂ Pn+1

tangent to X along l0. So, when n ≥ 4, we can choose a P0 ' P3 ⊂ Pn+1 tangent to X along l0.
Then S := P0 ∩ X is a cubic surface singular along l0 which is ruled by lines of X. Indeed, for any
x ∈ S\l0, span(x, l0) ∩ S is a plane cubic containing l0 with multiplicity 2; so that the residual curve
is a line passing through x. So, we can write S = q(p−1(D)) for a closed subscheme of pure dimension
1, D ⊂ F (X) so, in CH2(X), we have Hn−2

X = [S] = P∗([D]).

Here is one consequence of this proposition:

Corollary 1.1.4. Let π : X → B be a family of complex cubic hypersurfaces of dimension n ≥ 5 i.e.
π is a smooth projective morphism of connected quasi-projective complex varieties with n-dimensional
cubic hypersurfaces as �bers. Then, the specialization map

CH2(Xη)/alg → CH2(Xt)/alg

where Xη is the geometric generic �ber and Xt := π−1(t) for t ∈ B(k) any closed point, is surjective.

Proof. The statement follows from Proposition 1.1.1 and the following property, essentially written in
the proof of [88, Lemma 2.1]

Proposition 1.1.2. ([88, Lemma 2.1]). Let π : Y → B be a smooth projective morphism with
rationally connected �bers. Then for any t ∈ B(t), the specialization map CH1(Yη)/alg → CH1(Yt)/alg

is surjective.
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Proof. We just recall brie�y the proof: by attaching su�ciently very free rational curves to it (so that
the resulting curve is smoothable), any curve C ⊂ Yt is algebraically equivalent to a (non e�ective) sum
of curves Ci ⊂ Yt such that H1(Ci, NCi/Yt) = 0. Then the morphism of deformation of each (Ci, Yt)

to B is smooth. So we have a curve Ci,η ⊂ YKi where Ki is a �nite extension of the function �eld of
B, which is sent by specialization in the �ber Yt, to Ci.

Applying this proposition to the relative variety of lines F (X ) → B, yields a surjective map:
CH1(F (Xη))/alg → CH1(F (Xt))/alg. The universal P1-bundle P ⊂ F (X ) ×B X gives the surjective
maps Pt,∗ : CH1(F (Xt))/alg → CH2(Xt)/alg and Pη,∗ : CH1(F (Xη))/alg → CH2(Xη)/alg and they
commute ([30, 20.3]).

1.2 One-cycles on the variety of lines of a Fano hypersurface in Pn

Throughout this section, k will designate an algebraically closed �eld. According to [47, Theorem 4.3,
Chap. V], for a general hypersurface X ⊂ Pn+1 of degree d ≤ 2n − 2, the variety of lines F (X) is
smooth, connected of dimension 2n− d− 1. In the case of cubic hypersurfaces of dimension n ≥ 3, we
even know, by work of Altman and Kleiman ([2, Corollary 1.12, Theorem 1.16], see also [6]) that for
any smooth hypersurface X, F (X) is smooth and connected.

We recall that, for a smooth hypersurface X ⊂ Pn+1
k of degree d, when F (X) has the expected

dimension 2n− d− 1, it is the zero-locus in G(2, n + 2) of a regular section of Symd(E2), where E2 is
the rank 2 quotient bundle on G(2, n + 2) and its dualizing sheaf, given by adjunction formula ([37,
Theorem III 7.11]), is −((n + 2) − d(d+1)

2 )) times the Plücker line bundle on G(2, n + 2) restricted to

F (X). In particular, when F (X) is smooth, connected and d(d+1)
2 < (n+2), F (X) is Fano so rationally

connected.
From now, we assume that the condition d(d+ 1) < 2(n+ 2) holds and that X ⊂ Pn+1

k is a smooth
hypersurface such that F (X) is smooth and connected. Then the following theorem applies to F (X)

if char(k) = 0 or, when char(k) > 0, if F (X) is, moreover separably rationally connected:

Theorem 1.2.1. ([76, Theorem 1.3]). Let Y be a smooth proper and separably rationally connected
variety over an algebraically closed �eld. Then every 1-cycle is rationally equivalent to a Z-linear
combination of cycle classes of rational curves. That is, the Chow group CH1(Y ) is generated by
rational curves.

Corollary 1.2.2. When char(k) = 0 and X is a smooth cubic hypersurface of dimension ≥ 5, F (X) is
separably rationally connected; then Proposition 1.1.3 together with Theorem 1.2.1 yields that CH2(X)

is generated by classes of rational surfaces. In positive characteristic, the same is true for smooth cubic
hypersurfaces X whose variety of lines F (X) is separably rationally connected.

Remark 1.2.3. When k = C and X is a smooth cubic hypersurface of dimension 5, the group of
1-cycles modulo algeraic equivalence, CH1(F (X))/alg is �nitely generated. Indeed, according to [47,
Theorem 5.7, Chap. II], any rational curve is algebraically equivalent to a sum of rational curves of anti-
canonical degree at most dimk(F (X))+1. As there are �nitely many irreducible varieties parametrizing
rational curves of bounded degree, CH1(F (X))/alg, is �nitely generated. So, by the surjectivity of
P∗, CH2(X)/alg is �nitely generated. So H4

nr(X,Q/Z) ' CH2(X)tors,AJ/alg ⊂ CH2(X)/alg is �nitely
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generated and being a functorial birational invariant of a cubic hypersurface, 2-torsion. So by this ge-
ometric method, we are just able to prove the �niteness of the group H4

nr(X,Q/Z). By more algebraic
methods, Kahn and Sujatha ([45]) prove the vanishing of that group.

Actually, by completely di�erent methods using a variant of [86, Theorem 18], the �rst item of
Corollary 1.2.2 turns out to be true for cubic 4-folds also in characteristic 0.

Proposition 1.2.1. Let X ⊂ P5
C be a smooth cubic hypersurface. Then CH2(X) is generated by classes

of rational surfaces.

Proof. As X has trivial CH0 group (since X is Fano), the work of Bloch and Srinivas ([13, Theorem 1])
allows us to conclude, since moreover H3(X,Z) = 0 (hence J3(X) = 0), that homological and rational
equivalences coincide on CH2(X) = CH2(X). So we just have to prove the statement of the proposition
at the level of cohomology. The statement at the level of cohomology follows essentially from the proof
given by Voisin in [86, Theorem 18] of the integral Hodge conjecture for cubic 4-folds. What Voisin
actually proves in loc. cit, is that any degree 4 Hodge class is, modulo the complete intersection class
(a multiple of the class of a cubic surface, which is rational), the sum of classes of surfaces �bered in
elliptic quintic curves over a rational curve. The rational curves of the bases are related to the fact
that she works with a Lefschetz pencil (of cubic 3-folds) of X and the elliptic quintic curves as �bers
are related to the fact the Abel-Jacobi map from the family normal elliptic quintic curves of a smooth
cubic 3-fold yields a parametrization of the intermediate Jacobian of the cubic 3-fold with rationally
connected (general) �ber, according to [52]and [43]. Here is the change we make: instead of using the
parametrization of the intermediate Jacobian of a cubic 3-fold given by [52]and [43] (which use elliptic
quintics), we can replace this parametrization by the parametrization of the intermediate Jacobian of
a cubic 3-fold given by [35, Theorem 9.2] which uses, instead of elliptic quintics on the cubic 3-fold,
rational curves of degree 4 on the cubic 3-fold. The proof of Voisin then shows that any degree 4

Hodge class is homologically equivalent to the class of a combination of rational surfaces swept-out by
a family of rational curves of degree 4 in X parameterized by a rational curve.

1.2.1 One-cycles modulo algebraic equivalence

In this section, we apply the methods of [76, Theorem 6.2], using a coarse parametrization of rational
curves lying on F (X), to study 1-cycles on varieties F (X). Our goal is to prove:

Theorem 1.2.4. Let X ⊂ Pn+1
k be a smooth hypersurface of degree d over an algebraically closed �eld

of characteristic 0, with d(d+1)
2 < n, such that F (X) is smooth, connected. Then every rational curve

on F (X) is algebraically equivalent to an integral sum of lines. In particular, any 1-cycle on F (X) is
algebraically equivalent to an integral sum of lines and thus CH1(F (X))hom = CH1(F (X))alg.

We start with some preparation. Let V be a (n+ 2)-dimensional k-vector space and X ⊂ P(V ) '
Pn+1
k a smooth hypersurface of degree d. A morphism r : P1 → G(2, V ) such that r∗OG(2,V )(1) '
OP1(e), with e ≥ 1, is associated to the datum of a globally generated rank 2 vector bundle on P1,
which is a quotient of the trivial bundle V ⊗OP1 i.e. to an exact sequence

V ⊗OP1 → OP1(a)⊕OP1(b)→ 0

with a, b ≥ 0 and a+ b = e. So a natural parameter space for those morphisms is

P := P(Hom(V ∗, H0(P1,OP1(a))⊕H0(P1,OP1(b)))).
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Given [P0, . . . , Pn+1, Q0, . . . , Qn+1] ∈ P, where the Pi's are in H0(P1,OP1(a)) and the Qi's are in
H0(P1,OP1(b)), the points in the image in P(V ) of Im(P1 → G(2, n + 2)) under the correspon-
dence given by the universal P1-bundle are of the form [P0(Y0, Y1)λ+Q0(Y0, Y1)µ, . . . , Pn+1(Y0, Y1)λ+

Qn+1(Y0, Y1)µ] where Span(Y0, Y1) = H0(P1,OP1(1)). Let Πn+1
i=0 X

αi
i ∈ H0(Pn+1,OPn+1(d)) be a

mononial with
∑n+1

i=0 αi = d. Then the induced equation on the image in Pn+1 of the morphism
P1 → G(2, n+ 2) associated to [P0, . . . , Pn+1, Q0, . . . , Qn+1] has the following form:

d∑
k=0

(
∑

0≤l0≤α0,...,0≤ln+1≤αn+1∑
i li=k

Πn+1
i=0

(
αi
li

)
Pαi−li
i Qlii )λd−kµk

so that, denoting PX , the closed subset of P parametrizing the [P0, . . . , Pn+1, Q0, . . . , Qn+1] whose
image in Pn+1 is contained in the hypersurface X of degree d, is de�ned by

∑d
k=0(a(d− k) + bk+ 1) =

homogeneous polynomials of degree d on P.
The closed subset B ⊂ P parametrizing the M ∈ P(Hom(V ∗, H0(P1,OP1(a)) ⊕ H0(P1,OP1(b))))

whose rank is ≤ 2 has dimension 2(e+ n) + 3. Now, we have the following lemma:

Lemma 1.2.5. ([36]). Let Y be a subscheme of a projective space PN de�ned by M homogeneous
polynomials. Let Z be a closed subset of Y with dimension < N −M − 1. Then Y \Z is connected.

The closed subset B ∩ PX of PX has dimension

dimk(F (X)) + 2(a+ 1) + 2(b+ 1)− 1 = 2n− d− 1 + 2e+ 3 = 2(e+ n)− d+ 2

since it parametrizes (generically) a point of F (X) and over that point 2 polynomials in H0(P1,OP1(a))

and 2 polynomials in H0(P1,OP1(b)). Applying Lemma 1.2.5 with Y = PX and Z = B ∩ PX , so that
N = (n + 2)(e + 2) − 1 and M =

∑d
k=0(a(d − k) + bk + 1) = d + 1 + ed(d+1)

2 , yields the following
condition for the connectedness of PX\(B ∩ PX):

e(n− d(d+ 1)

2
) > 1 (1.5)

Proof of Theorem 1.2.4. We proceed by induction on the degree of the considered rational curve, fol-
lowing the arguments of [76, Theorem 6.2].

LetD ⊂ P be the closed subset parametrizing 2(n+2)-tuples [P0, . . . , Pn+1, Q0, . . . , Qn+1] that have
a common non constant factor. Assume e ≥ 2. Let p ∈ PX\(PX ∩ (B ∪D)) be a point parametrizing a
degree e morphism P1 → F (X) generically injective. As e ≥ 2, PX\(PX ∩B) is connected; so there is
a connected curve γ in PX\(PX ∩B) connecting p to a point q = [P0,q, . . . , Pn+1,q, Q0,q, . . . , Qn+1,q] of
PX∩D\(PX∩B). Factorizing out the common factor of (Pi,q, Qi,q)i=0...n+1, we get a (P ′i,q, Q

′
i,q)i=0...n+1

which parametrizes a morphism P1 → F (X) of degree < e (�nite onto its image), since q /∈ B. So,
approching q from points of γ outside D and using standard bend-and-break construction, we get from
q a morphism from a connected curve whose components are isomorphic to P1 to F (X) such that the
restriction to each component yields a rational curve of degree < e (or a contraction). So the ratio-
nal curve parametrized by p is algebraically equivalent to a sum of rational curve each of which has
degree < e. We conclude by induction on e that the rational curve parametrized by p is algebraically
equivalent to a sum of lines.

1.2.2 One-cycles modulo rational equivalence

From now on, we will assume thatX ⊂ Pn+1
k is a smooth hypersurface of degree d > 2, with d(d+1)/2 <

n, and that char(k) = 0. The following is proved in [26, Proposition 6.2]:
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Proposition 1.2.2. Assume char(k) = 0 and X ⊂ Pn+1
k is a smooth hypersurface of degree d > 2,

with d(d+ 1)/2 < n. Then, F (X) is chain connected by lines.

Proceeding as in [76], we get the following result:

Theorem 1.2.6. Let X ⊂ Pn+1
k be a smooth hypersurface of degree d > 2 over an algebraically closed

�eld of characteristic 0, with d(d+1)
2 < n, such that F (X) is smooth and connected. Then CH1(F (X))

is generated by lines i.e. any 1-cycle is rationally equivalent to a Z-linear combination of lines.

Proof. Let γ be a 1-cycle on F (X). According to Theorem 1.2.4, there is a Z-linear combination of lines∑
imili such that γ −

∑
imili is algebraically equivalent to 0. Then, using [76, Proposition 3.1], we

know there is a positive integer N such that for every 1-cycle C on F (X), NC is rationally equivalent
to a Z-linear combination of lines. As the group CH1(X)alg of 1-cycles algebraically equivalent to
0 is divisible ([7, Lemme 0.1.1]), we conclude that γ −

∑
imili is rationally equivalent to a Z-linear

combination of lines.

This provides us the following results for cubic hypersurfaces (cf. Proposition 1.0.5):

Corollary 1.2.7. Let k be an algebraically closed �eld of characteristic 0 and X a smooth cubic
hypersurface. We have the following properties:

(i) if dimk(X) ≥ 7, then, CH2(X) is generated (over Z) by cycle classes of planes contained in X
and CH2(X)hom = CH2(X)alg;

(ii) if dimk(X) ≥ 9, then, CH2(X) ' Z

Proof. Item (ii) is an application of Proposition 1.1.1 and Theorem 1.2.6.
(iii) The variety of lines F (F (X)) of F (X) is isomorphic to the projective bundle P(E3|F2(X))

over F2(X) ⊂ G(3, n + 2), where E3 is the rank 3 quotient bundle on G(3, n + 2) and F2(X) is the
variety on planes of X, since a line in F (X) correspond to the lines of Pn+1 contained in a plane
P2 ' P ⊂ Pn+1 passing through a given point of P . Now, when n ≥ 9, according to [26, Proposition
6.1], CH0(F2(X)) ' Z so that CH0(F (F (X))) ' Z.

1.3 Inversion formula

Let X ⊂ Pn+1
k , where n ≥ 3, be a smooth cubic hypersurface over a �eld k. Let as before F (X) ⊂

G(2, n+ 2) be the variety of lines of X and P ⊂ F (X)×X the correspondence given by the universal
P1-bundle over F (X). The variety F (X) is smooth, connected of dimension 2n− 4 ([2, Corollary 1.12,
Theorem 1.16]).

1.3.1 Inversion formula

In this section, adapting constructions and arguments developed in [73] (see also [72]), we establish an
inversion formula for a smooth subvariety Σ of X.

For subvarieties Σ in general position, this formula express the class of Σ in CHdim(Σ)(X) in terms
of the class of the subscheme of F (X) consisting of the lines of X bisecant to Σ.

First of all, the lines of Pn+1
k bisecant to any subvariety Σ are naturally in relation with the punctual

Hilbert scheme Hilb2(Σ), that we shall denote Σ[2], via the morphism

ϕ : Σ[2] → G(2, n+ 2) (1.6)
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which associates to a length 2 subscheme of Σ the line it determines.
We recall that for any smooth variety Y , Y [2] is smooth and is obtained as the quotient of the blow-

up Ỹ × Y of Y × Y along the diagonal ∆Y , by its natural involution. Let us denote q : Ỹ × Y → Y [2]

the quotient morphism, τ : Ỹ × Y → Y × Y the blow-up and jEY
: EY ↪→ Ỹ × Y the exceptional

divisor of τ . As the involution acts trivially on EY , q|EY
is an isomorphism onto its image and q is

a double cover of Y [2] rami�ed along q(EY ). So let us denote δY ∈ CH1(Y [2]) a divisor satisfying
[q(EY )] = 2δY .

For a subvariety Σ of X in general position, the relation between lines of X bisecant to Σ and Σ

rests on the existence of a residual map:

r : Σ[2] 99K X (1.7)

associating to a length 2 subscheme of Σ, x+ y, the point z ∈ X residual to x+ y in the intersection
of l(x+y) ∩ X, l(x+y) being the line determined by x + y. The map (1.7) is not de�ned on length 2

subschemes whose associated line is contained in X.
Let us denote P2 the subscheme of X [2] of length 2 subschemes of X, whose associated line is

contained in X and let us denote iP2 : P2 ↪→ X [2] the embedding. We can see that P2 admits a
structure pP2 : P2 → F (X) of P2-bundle over F (X) as P2 is the symmetric product of P over F (X).
In particular P2 is a smooth subvariety of X [2] of codimension 2.

Now, for any smooth subvariety Σ ⊂ X, we prove the following inversion formula:

Theorem 1.3.1. Let X ⊂ Pn+1
k be a smooth cubic hypersurface and Σ ⊂ X a smooth subvariety of

dimension 1 ≤ d ≤ n. Then, the following equality holds in CHd(X):

(2deg(Σ)− 3)[Σ] + P∗[(pP2,∗i
∗
P2

Σ[2]) · c1(OF (X)(1))d−1] = m(Σ)Hn−d
X (1.8)

where m(Σ) is an integer, HX = c1(OX(1)) and OF (X)(1) is the Plücker line bundle on F (X).

Let us start with an analysis of the geometry of (1.7) for X. The indeterminacies of

r : X [2] 99K X

are resolved by blowing up X [2] along P2. Let us denote χ : X̃ [2] → X [2] this blow-up morphism and

EP2 the exceptional divisor. The variety X̃ [2] is naturally a subvariety of X [2] ×X and, as such, can
be regarded also as a correspondence between X [2] and X. For a subvariety Σ, the bisecant lines (of
Pn+1 at least) have to do with Σ[2], which lives in X [2]. Thus, in order to get a relation between the
scheme of bisecant lines of a subvariety in general position and that subvariety, being able to compute

the action of the correspondence X̃ [2] ⊂ X [2] ×X is of special interest.

We recall that we have a morphism ϕ : X [2] → G(2, n+ 2) (1.6) from which we get, by pulling back
objects from G(2, n+ 2), a diagram:

P(ϕ∗E2)
f //

π
��

Pn+1

X [2]

We have the following proposition:
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Proposition 1.3.1. (i) There is an embedding σ : X̃ ×X → P(ϕ∗E2) given by (x, y) 7→ (l(x,y), x) if

(x, y) ∈ X̃ ×X\E and (x, v) 7→ (l(x,v), x) if (x, v) ∈ E ' P (TX).

(ii) The class of σ(X̃ ×X) in Pic(P(ϕ∗E2)) is:

σ(X̃ ×X) = 2f∗H − π∗(q∗τ∗pr∗1HX − 2δX) (1.9)

where H = c1(OPn+1
k

(1)), HX is the restriction of H to X and pr1 : X ×X → X the �rst projection.

(iii) We have an inclusion of divisors σ(X̃ ×X) ⊂ f∗(X) and the residual divisor to σ(X̃ ×X) in

f∗(X) is isomorphic to X̃ [2] and π
|X̃[2]

= χ so that the class of X̃ [2] in Pic(P(ϕ∗E2)) is:

X̃ [2] = f∗H + π∗(q∗τ
∗pr∗1HX − 2δX) (1.10)

Proof. As for any point p ∈ X̃ ×X, the point pr1(τ(p)) lies on the line ϕ(q(p)) (de�ned over k(p)), the
evaluation morphism q∗ϕ∗E2 → τ∗pr∗1OX(1), where OX(1) ' OPn+1

k
(1)|X , is surjective i.e. gives rise to

a section σ′ of the projective bundle π′ : P(q∗ϕ∗E2)→ X̃ ×X. Let us denote q′ : P(q∗ϕ∗E2)→ P(ϕ∗E2)

the morphism obtained from q by base change; it is also a rami�ed double cover. The composition
σ := q′ ◦σ′ : X̃ ×X → P(ϕ∗E2) is an isomorphism onto its image and we have the inclusion of divisors

σ(X̃ ×X) ⊂ f−1(X). Let us denote R the residual scheme to σ(X̃ ×X) in f−1(X). We need to prove

that π|R is the blow-up of Σ[2] along P2 i.e. R ' X̃ [2].

As σ′ is the section of the projective bundle P(q∗ϕ∗E2) given by τ∗pr∗1OX(1), its class in CH1(P(q∗ϕ∗E2))

is given by c1(π′∗K∨ ⊗OP(q∗ϕ∗E2)(1)), where K is a line bundle de�ned by the exact sequence:

0→ K → q∗ϕ∗E2 → τ∗pr∗1OX(1)→ 0 (1.11)

and OP(q∗ϕ∗E2)(1) ' q′∗f∗OPn+1
k

(1). We have:

[σ(X̃ ×X)] = q′∗σ
′
∗(X̃ ×X)

= q′∗c1(π′∗K∨ ⊗OP(q∗ϕ∗E2)(1))

= q′∗π
′∗c1(K∨) + q′∗c1(q′∗f∗OPn+1(1))

= π∗q∗c1(K∨) + c1(f∗OPn+1(1)) · q′∗(1) since q and π are proper and flat

= π∗q∗c1(K∨) + 2c1(f∗OPn+1(1)) since q′ is a double cover

= π∗q∗[c1(τ∗pr∗1OX(1))− c1(q∗ϕ∗E2)] + 2f∗H using (1.11)

= π∗[q∗τ
∗pr∗1c1(OX(1))− 2c1(ϕ∗E2)] + 2f∗H since q is a double cover

As a linear form on P1 is determined by its value on a length 2 subscheme, the evaluation morphism
yields an isomorphism of sheaves:

ϕ∗E2 ' q∗τ∗pr∗1OX(1), (1.12)

so that, using Grothendieck-Riemann-Roch theorem for q, we have the equality c1(ϕ∗E2) = q∗c1(τ∗pr∗1OX(1))−
δX . We end the computation of [σ(X̃ ×X)] as follows:

[σ(X̃ ×X)] = 2f∗H + π∗[q∗τ
∗pr∗1c1(OX(1))− 2c1(ϕ∗E2)]

= 2f∗H + π∗[(1− 2)q∗τ
∗pr∗1c1(OX(1)) + 2δX ]

Now, we have R = [f−1(X)] − [σ(X̃ ×X)] = 3f∗H − [σ(X̃ ×X)] = f∗H + π∗(q∗τ
∗pr∗1HX −

2δX) so that by projection formula π∗OP(ϕ∗E2)(R) ' ϕ∗E2 ⊗ OX[2](q∗τ
∗pr∗1HX − 2δX). Letting sR ∈
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|OP(ϕ∗E2)(R)| be a section whose zero locus is equal to R, we can consider sR as a section of the rank
2-vector bundle π∗OP(ϕ∗E2)(R). Then the zero locus of this section corresponds to length 2 subschemes
whose associated line is contained in X that is to P2. So the class P2 in CH2(X [2]) is c2(π∗OP(ϕ∗E2)(R)).

Let U ' Spec(A) be an a�ne open subset of X [2] such that P(ϕ∗E2)|U ' P1
A. Denoting [Y0 : Y1] the

homogeneous (relative) coordinates on P1
A, the equation sR of R|U ⊂ P1

A, is of the form f0Y0+f1Y1 = 0,
where f0, f1 ∈ A, since R ∈ |OP(ϕ∗E2)(1) ⊗ π∗OX[2](q∗τ

∗pr∗1HX − 2δX)|. Then the section sR of
(π∗OP(ϕ∗E2)(R))|U is (f0, f1). As P2 is the zero locus of sR, the ideal of P2 ∩ U in U is generated by
(f0, f1) and as P2 is smooth of codimension 2, (f0, f1) is a regular sequence in A. As (f0, f1) is a
regular sequence, the equation f0Y0 + f1Y1 = 0 tells exactly that R is the blow-up of X [2] along P2 i.e.

R ' X̃ [2].

The divisors X̃ [2], σ(X̃ ×X) and f∗X = [f−1(X)] can be considered as correspondences from X [2]

to X. The following �ber square:

f−1(X)� _

i′X
��

f ′ // X� _

iX
��

P(ϕ∗E2)

π
��

f // Pn+1

X [2]

yields the following easy lemma:

Lemma 1.3.2. The action [f∗(X)]∗ : CH∗(X [2]) → CH∗(X) factors through CH∗(Pn+1) i.e. for any
z ∈ CHi(X [2]), there is an integer mz ∈ Z such that [f−1(X)]∗z = mzH

n+i−2d
X .

By Lemma 1.3.2,
[
X̃ [2]

]
∗

+ [σ(X̃ ×X)]∗ : CH∗(X [2]) → CH∗(X) factors through CH∗(Pn+1
k ). As

[σ(X̃ ×X)] is tautological, we can compute the action of
[
X̃ [2]

]
modulo cycles coming from Pn+1

k . We

now have to �nd a suitable relation on which we can use the action of
[
X̃ [2]

]
.

Lemma 1.3.3. We have the following equality in CH1(X̃ [2]):

(f∗H)
|X̃[2]

= 2π∗
|X̃[2]

q∗τ
∗pr∗1HX − 3π∗

|X̃[2]
δX − EP2 . (1.13)

Proof. Using that π
|X̃[2]

is a blow-up, we have K
X̃[2]

= π∗
|X̃[2]

KX[2] +EP2 . Secondly, adjunction formula

gives K
X̃[2]

= (KP(ϕ∗E2) + X̃ [2])
|X̃[2]

. As KP(ϕ∗E2) = π∗KX[2] +KP(ϕ∗E2)/X[2] , clearing π∗KX[2] , we get

EP2 = (KP(ϕ∗E2)/X[2] + X̃ [2])
|X̃[2]

(1.14)

Using formulas for projective bundle, we have

KP(ϕ∗E2)/X[2] = −2c1(OP(ϕ∗E2)(1)) + π∗c1(ϕ∗E2) = −2f∗H + π∗(q∗τ
∗pr∗1c1(OX(1))− δX).

Then, (1.14) yields
EP2 = (−f∗H + 2π∗q∗τ

∗pr∗1HX − 3π∗δX)
|X̃[2]
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Proof of Theorem 1.3.1. Let iΣ : Σ ↪→ X be a smooth subvariety of X of dimension d. Then we
have the description of Σ[2] as the quotient of the blow-up Σ̃× Σ of Σ× Σ along the diagonal by the
involution. The class of Σ̃× Σ, which is the strict transform of Σ × Σ under τ , in CH2d(X̃ ×X) is
given by the excess formula ([30, Theorem 6.7 and Corollary 4.2.1]):

Σ̃× Σ = τ∗(Σ× Σ)− jEX ,∗{c(τ
∗
|EX

TX)(1 +EX|EX
)−1 · τ∗|EX

iΣ,∗(c(TΣ)−1)}2d in CH2d(X̃ ×X) (1.15)

We recall from (1.12) that c1(ϕ∗E2) = q∗τ
∗pr∗1HX−δX . Intersecting (1.13) with π∗

|Σ̃[2]
(Σ[2]·c1(ϕ∗E2)d−1)

and projecting to X, we get in CHd(X):

HX ·
[
X̃ [2]

]
∗

(Σ[2] · c1(ϕ∗E2)d−1) =
[
X̃ [2]

]
∗

[
(2q∗τ

∗pr∗1HX − 3δX) · (Σ[2] · c1(ϕ∗E2)d−1)
]

−f ′
|X̃[2],∗

(EP2 · π∗|X̃[2]
(Σ[2] · c1(ϕ∗E2)d−1))

(1.16)

To simplify this expression, we use the following lemma:

Lemma 1.3.4. We have the following formulas (by induction):
(i) for k ≥ 1, (q∗τ

∗pr∗1HX)k =
∑k−1

j=0

(
k−1
j

)
q∗τ
∗(pr∗1H

k−j
X · pr∗2H

j
X);

(ii) for k, k′ ≥ 0 and m ≥ 1,

q∗τ
∗(pr∗1H

k
X · pr∗2Hk′

X ) · δmX = q∗jEX ,∗[τ
∗
|EX

i∗∆X
(pr∗1H

k
X · pr∗2Hk′

X ) · (EX|EX
)m−1]

where jEX
: EX ↪→ X̃ ×X is the inclusion of the exceptional divisor, i∆X

: ∆X ↪→ X × X is the
inclusion of the diagonal (so that i∗∆X

(pr∗1H
k
X · pr∗2Hk′

X ) is the hyperplane section Hk+k′

X on X ' ∆X)
and c1(OEX

(−1)) ' EX|EX
is the tautological line bundle of the projective bundle τ|EX

: EX → ∆X .
(iii) it follows that for m ≥ 2,

c1(ϕ∗E2)m =
m−1∑
l=0

(
m− 1

l

)
q∗τ
∗(pr∗1H

m−l
X · pr∗2H l

X)) + (−1)mδmX

+
m−1∑
k=1

m−1−k∑
l=0

(−1)k
(
m

k

)(
m− 1− k

l

)
q∗jEX ,∗(τ

∗
|EX

i∗∆X
(pr∗1H

m−k−l
X · pr∗2H l

X) · Ek−1
X|EX

)

Proof. (i) The proof goes by induction starting from the following computation:

(q∗τ
∗pr∗1HX)2 = q∗(q

∗q∗τ
∗pr∗1HX · τ∗pr∗1HX) by projection formula

= q∗([q
−1(q∗τ

∗pr∗1HX)] · τ∗pr∗1HX) since q is flat

= q∗(τ
∗(pr∗1HX + pr∗2HX) · τ∗pr∗1HX)

= q∗τ
∗(pr∗1H

2
X + pr∗1HX · pr∗2HX)

(ii) We have:

q∗τ
∗(pr∗1H

k
X · pr∗2Hk′

X ) · δmX = q∗(τ
∗(pr∗1H

k
X · pr∗2Hk′

X ) · (q∗δX)m) by projection formula

= q∗(τ
∗(pr∗1H

k
X · pr∗2Hk′

X ) · EmX )

= q∗(τ
∗(pr∗1H

k
X · pr∗2Hk′

X ) · Em−1
X · jEX ,∗(1))

= q∗jEX ,∗[j
∗
EX
τ∗(pr∗1H

k
X · pr∗2Hk′

X ) · j∗EX
Em−1
X ] by projection formula

= q∗jEX ,∗[τ
∗
|EX

i∗∆X
(pr∗1H

k
X · pr∗2Hk′

X ) · (EX|EX
)m−1]

using the fiber square given by the blow − up
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(iii) Finally we have:

c1(ϕ∗E2)m = (q∗τ
∗pr∗1HX − δX)m =

m∑
k=0

(
m

k

)
(−1)k(q∗τ

∗pr∗1HX)m−k · δkX

and use the previous computations to obtain the result.

In order to establish (1.8), let us now compute the di�erent terms of (1.16) modulo cycles coming

from Pn+1, using the correspondence σ(X̃ ×X). We recall that by construction, [σ(X̃ ×X)]∗(·) =

f ′
|σ(X̃×X),∗

q∗(·) and we have:

q∗(Σ[2] · c1(ϕ∗E2)d−1) = Σ̃× Σ · [
∑d−2

l=0

(
d−2
l

)
τ∗(pr∗1H

d−1−l
X · pr∗2H l

X + pr∗1H
l
X · pr∗2H

d−1−l
X )

+(−1)d−1Ed−1
X +

∑d−2
k=1

∑d−2−k
l=0 (−1)k

(
d−1
k

)(
d−2−k

l

)
jEX ,∗(τ

∗
|EX

Hd−1−k
X · Ek−1

X|EX
)]

The di�erent terms are computed using the equalities:
(i) for m,m′ ≥ 0, τ∗(Σ × Σ) · τ∗(pr∗1Hm

X · pr∗2Hm′
X ) = τ∗((Σ ∩Hm

X ) × (Σ ∩Hm′
X )) and its image in

X under f ′
|σ(X̃×X),∗

is supported on (Σ ∩Hm
X ).

(ii) for m ≥ 0, τ∗(Σ × Σ) · jEX ,∗(E
l
X|EX

· τ∗|EX
Hm
X ) = jEX ,∗(E

l
X|EX

· τ∗|EX
(Σ2 ·Hm

X )) and its image

in X under f ′
|σ(X̃×X),∗

is supported on Σ2 ∩Hm
X .

(iii) for m > 0, τ∗(Σ × Σ) · EmX = jEX ,∗(E
m−1
X|EX

· τ∗|EX
Σ2) and its image in X under f ′

|σ(X̃×X),∗
is

supported on Σ2.
(iv) jEX ,∗{c(τ∗|EX

TX)(1 + EX|EX
)−1 · τ∗|EX

iΣ,∗(c(TΣ)−1)}2d · τ∗(pr∗1Hm
X · pr∗2Hm′

X )

= jEX ,∗(
∑min(n−d,d)

i=0 (−1)n−i−1−dEn−i−1−d
X|EX

· τ∗|EX
ci(NΣ/X))) · τ∗(pr∗1Hm

X · pr∗2Hm′
X )

= 2jEX ,∗
∑min(n−d,d)

i=0 (−1)n−i−1−dEn−i−1−d
X|EX

· τ∗|EX
(ci(NΣ/X) ·Hm+m′

X ) and its image in X under

f ′
|σ(X̃×X),∗

is supported on ∪i(ci(NΣ/X) ∩Hm+m′

X ).

(v) jEX ,∗{c(τ∗|EX
TX)(1 + EX|EX

)−1 · τ∗|EX
iΣ,∗(c(TΣ)−1)}2d · EmX

= jEX ,∗(
∑min(n−d,d)

i=0 (−1)n−i−1−dEm+n−i−1−d
X|EX

·τ∗|EX
ci(NΣ/X)) and its image inX under f ′

|σ(X̃×X),∗
is supported on ∪ici(NΣ/X).

(vi)jEX ,∗{c(τ∗|EX
TX)(1 + EX|EX

)−1 · τ∗|EX
iΣ,∗(c(TΣ)−1)}2d · jEX ,∗(E

k−1
X|EX

· τ∗|EX
Hm
X )

= jEX ,∗
∑min(n−d,d)

i=0 (−1)n−i−1−dEm+n−i−1−d
X|EX

· τ∗|EX
(ci(NΣ/X) ·Hm

X ) and its image in X under
f ′
|σ(X̃×X),∗

is supported on ∪i(ci(NΣ/X) ∩Hm
X ).

With these formulas, we can see that:
(1) We have [σ(X̃ ×X)]∗(Σ

[2] · c1(ϕ∗E2)d−1) = 0 as its support in X is the union of subvarieties

of dimension ≤ d whereas q∗(Σ[2] · c1(ϕ∗E2)d−1) has dimension d+ 1. So
[
X̃ [2]

]
∗

(Σ[2] · c1(ϕ∗E2)d−1) ∈

Z ·Hn−d−1
X .
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(2) We have

[σ(X̃ ×X)]∗(Σ
[2] · c1(ϕ∗E2)d) = f|σ(X̃×X),∗[τ

∗(Σ× (Σ ·Hd
X))− jEX ,∗((−1)n−1En−1

X|EX
· τ∗|EX

c0(NΣ/X)]

since all the other terms are supported on
⋃
k,j,i,m(Σ ∩ Hk

X) ∪ (Σ2 ∩ Hj
X) ∪ (ci(NΣ/X) ∩ Hm

X ) with
k > 0, j ≥ 0 and m > 0 if i = 0 and m ≥ 0 else, which is a union of subschemes of dimension

< d. So [σ(X̃ ×X)]∗(Σ
[2] · c1(ϕ∗E2)d) = deg(Σ)Σ − Σ in CHd(X). Hence

[
X̃ [2]

]
∗

(Σ[2] · c1(ϕ∗E2)d) =

−(deg(Σ)Σ− Σ) mod Z ·Hn−d
X .

(3) Likewise [σ(X̃ ×X)]∗(Σ
[2] · c1(ϕ∗E2)d−1 · δX) = f|σ(X̃×X),∗((−1)nEn−1

X|EX
τ∗|EX

c0(NΣ/X)) so that[
X̃ [2]

]
∗

(Σ[2] · c1(ϕ∗E2)d−1) · δX) = Σ mod Z ·Hn−d
X .

(4) For the last term, we have

f ′
|X̃[2],∗

(EP2 · π∗|X̃[2]
(Σ[2] · c1(ϕ∗E2)d−1)) = P∗[pP2,∗i

∗
P2

(Σ[2] · c1(ϕ∗E2)d−1)].

1.3.2 A digression on the Hilbert square of subvarieties

Assume k = C. On one hand, as any smooth cubic hypersurfaceX admits a unirational parametrization
of degree 2, any functorial birational invariant of X is 2-torsion and as the coe�cient appearing with
Σ in the inversion formula of Theorem 1.3.1, is odd, the formula will be useful to study birational
invariants obtained as functorial subquotient of Chow groups. On the other hand, in the inversion
formula, the operation Σ 7→ Σ[2] plays a key role. So let us look at some properties of this operation.

Proposition 1.3.2. Let Y be a smooth projective k-variety. Let V, V ′ be smooth subvarieties of Y
of dimension d < dim(Y ) and N > 0 an integer such that N(iV,∗(c(V )−1) − iV ′,∗(c(V ′)−1)) = 0 in
CH∗(Y ) (resp. CH∗(Y )/alg), where iV (resp. iV ′) is the inclusion of V (resp. of V ′) in Y .

(i) Then 2N(V [2] − V ′[2]) = 0 in CH2d(Y
[2]) (resp. CH2d(Y

[2])/alg).
(ii) Moreover if the groups CHi(Y ) are torsion-free for i ≤ 2d, then V [2] = V ′[2] in CH2d(Y

[2]).

Proof. (i) Let us denote τ : Ỹ × Y → Y × Y the blow-up of Y × Y along the diagonal ∆X and q :

Ỹ × Y → Y [2] the quotient by the involution. For a smooth subvariety V ⊂ Y , we have q∗(Ṽ × V
∆V

) =

2V [2] in CH2d(Y
[2]), where Ṽ × V

∆V

is the blow-up of V × V along its diagonal ∆V , i.e. the proper
transform of V × V under τ . We recall ([30, Theorem 6.7 and Corollary 4.2.1]) that we have

Ṽ × V
∆V

= τ∗(V × V )− jEY ,∗{c(τ
∗
|EY

TY )c(EY |EY
)−1 · τ∗|EY

iV,∗(c(TV )−1)}2d in CH2d(Ỹ × Y ) (1.17)

where jEY
: EY ↪→ Ỹ × Y is the exceptional divisor of τ and for an element z ∈ CH∗(Ỹ × Y ), {z}k is

the part of dimension k of z.
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Now, if N(V − V ′) = 0 in CHd(Y ) (resp. CHd(Y )/alg), V and V ′ being smooth subvarieties of Y ,
then

N(V × V ) = Npr∗1V · pr∗2V = pr∗1(NV ) · pr∗2V = pr∗1(NV ′) · pr∗2V = pr∗1V
′ · pr∗2(NV ) = N(V ′ × V ′)

in CH2d(Y × Y ) (resp. CH2d(Y × Y )/alg). So we see that the hypothesis yields

2N(V [2] − V ′[2]) = Nq∗(Ṽ × V
∆V

− ˜V ′ × V ′
∆V ′

)

= τ∗N [(V × V )− (V ′ × V ′)]
−jEY ,∗{c(τ∗|EY

TY )c(EY |EY
)−1 · τ∗|EY

N((iV,∗(c(TV )−1)− iV ′,∗(c(TV ′)−1))}2d
= 0 in CH2d(Y

[2]) (resp. CH2d(Y
[2])/alg).

(ii) As CH∗≤d(Y ) is assumed to be torsion-free, V = V ′ in CHd(Y ). Then, by [58, Proposition 1.4],
V (2) = V ′(2) in CH2d(Y

(2)), where, for a variety Z, Z(2) is the symmetric product of Z. We have the
localization exact sequence

CH2d(EY )→ CH2d(Y
[2])→ CH2d(Y

[2]\EY )→ 0

and since Y [2]\EY ' Y (2)\∆Y , V [2] − V ′[2] can be written q∗jEY ,∗γ for a 2d-cycle γ ∈ CH2d(EY ).
According to item (i), 2(V [2] − V ′[2]) = 0 so that q∗jE,∗(2γ) = 0. As, q is �at, q∗q∗jE,∗(2γ) =

[q−1q∗jE,∗(2γ)] = jE,∗(2γ) and by the decomposition of the Chow groups of the blow-up Ỹ × Y , 2γ = 0

in CH2d(EY ). So, by the decomposition of the Chow groups of projective bundle and torsion-freeness
of CH∗≤d(Y ), γ = 0 i.e. V [2] − V ′[2] = 0 in CH2d(Y

[2]).

Unfortunately, in general, for a smooth subvariety V of a smooth projective variety Y , one cannot
expect the class of V [2] in CH∗(Y

[2]) to be determined by (iV,∗(c(TV )−1)) as the following example,
which was communicated to the author by Voisin, shows.

Let S be an abelian surface and x, y ∈ S be two distinct 2-torsion points. For any su�ciently ample
linear system L on S, there exists a curve Cx ∈ |L| not containing y, resp. Cy ∈ |L| not containing x,
which is smooth away from x, resp. y, and has an ordinary double point at x, resp. y. Let τ : S̃ → S

be the blow-up of S at x and y and Ex, Ey the corresponding exceptional divisors. The normalization
C̃x (resp. C̃y) of Cx (resp. Cy) is the strict transform of Cx (resp. Cy) under τ and its class in Pic(S̃)

is τ∗c1(L)− 2Ex (resp. τ∗c1(L)− 2Ey).
Let N ∈ Pic(S) be su�ciently ample on S so that the line bundle τ∗

|C̃x
N|Cx

is very ample (once its

degree on C̃x is large enough) on C̃x and τ∗
|C̃y
N|Cy

is very ample on C̃y. We can pick a meromorphic

function fx : C̃x → P1 in |τ∗
|C̃x
N|Cx

| such that, denoting x1 and x2 the points lying over the node x,

fx(x1) 6= fx(x2). Likewise, we can pick a meromorphic function fy : C̃y → P1 in |τ∗
|C̃y
N|Cy

| such that

fy(y1) 6= fy(y2), where y1, y2 are the points lying over the node y.
Let X = S×P1 be the trivial projective bundle over S. By construction the morphisms (τ|C̃x

, fx) :

C̃x → X and (τ|C̃y
, fy) : C̃y → X are embeddings so Dx = (τ|C̃x

, fx)(C̃x) and Dy = (τ|C̃y
, fy)(C̃y) are

smooth curves on X.

Proposition 1.3.3. In this situation, we have iDx,∗(c(TDx)−1) = iDy ,∗(c(TDy)−1) in CH∗(X) but

D
[2]
x 6= D

[2]
y in CH2(X [2]).
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Proof. We have the decomposition CH1(X) ' pr∗1CH0(S)⊕ pr∗1CH1(S). The projection on CH1(S) is
given by pr1,∗; we have pr1,∗Dx = τ|C̃x,∗C̃x = Cx and pr1,∗Dy = τ|C̃y ,∗C̃y = Cy and Cx, Cy ∈ |L|. As
the Chern classes of the trivial bundle are trivial the projection on CH0(S) is given by the composition
of the intersection with pr∗2c1(OP1(1)) followed by pr1,∗. We have f∗xOP1(1) ' τ∗

|C̃x
N|Cx

and using

projection formula and Cx ∈ |L|, we get pr1,∗(Dx ·pr∗2c1(OP1(1))) = c1(L) ·c1(N ) in CH0(S). Likewise,
we have pr1,∗(Dy · pr∗2c1(OP1(1))) = c1(L) · c1(N ). So Dx = Dy in CH1(X).

By adjunction, we have K
C̃x

= (K
S̃

+C̃x)|C̃x
= (τ∗(c1(L)+KS)+Ey−Ex)|C̃x

so that in CH0(X) '
CH0(S),

iDx,∗KDx = (τ ◦ i
C̃x

)∗i
∗
C̃x

(τ∗c1(L) + Ey − Ex)

= τ∗iC̃x,∗i
∗
C̃x

(τ∗c1(L) + Ey − Ex)

= τ∗((τ
∗c1(L) + Ey − Ex) · C̃x)

= τ∗(τ
∗(c1(L)2 + 2E2

x)

= c1(L)2 − 2x

Likewise iDy ,∗KDy = c1(L)2 − 2y. As 2x = 2y in CH0(S), iDx,∗KDx = iDy ,∗KDy in CH0(X). So
iDx,∗(c(TDx)−1) = iDy ,∗(c(TDy)−1).

The variety of lines of X, with respect to a very ample line bundle of the form pr∗1L′ ⊗ pr∗2OP1(1),
is isomorphic to S since any morphism from a projective space to a abelian variety is constant. Let
us denote P2 = P(Sym2E) ' S × P2; it parametrizes the length 2 subschemes of X contained in
a line of X. So D[2]

x ∩ P2 parametrizes length 2 subschemes of Dx such that the associated line is
contained in X. But by construction, since pr1,|Dx

: Dx → Cx is an isomorphism above Cx\{x}, the
only length 2 subscheme whose associated line is contained in X is {x1 + x2} whose associated line is
P(Ex). So, denoting iP2 : P2 ↪→ X [2] the natural inclusion and π1 : P2 → S the �rst projection, we
have π1,∗(i

∗
P2
D

[2]
x ) = x in CH0(S).

Likewise π1,∗(i
∗
P2
D

[2]
y ) = y in CH0(S). So π1,∗i

∗
P2

(D
[2]
x −D[2]

y ) = x− y 6= 0 in CH0(S), in particular

D
[2]
x −D[2]

y is a nonzero 2-torsion element in CH2(X [2]).

1.3.3 Application of the inversion formula

Using the results of the previous sections, we get the following:

Theorem 1.3.5. Let X ⊂ Pn+1
C , with n ≥ 5, be a smooth cubic hypersurface. For any Γ ∈ CH2(X) of t-

torsion (hence homologically trivial), there is a homologically trivial 2t-torsion 1-cycle γ ∈ CH1(F (X))

and an odd integer m such that mΓ = P∗γ in CH2(X).

Proof. Let Γ ∈ CH2(X) be a cycle annihilated by t ∈ Z>0. Using Proposition 1.1.1, we can �nd a
1-cycle α in F (X) such that P∗(α) = Γ. As Γ is a torsion cycle and CH0(X) = Z, Γ · H2 = 0 and
since c1(OP(E2|F (X))(1)) = q∗H, we get deg(α · c1(OF (X)(1))) = deg(q∗[p

∗(α · c1(OF (X)(1)) · q∗H]) = 0,
where OF (X)(1) = det(E2|F (X)) is the Plücker line bundle, which implies that α · c1(OF (X)(1)) = 0

in CH0(F (X)) since F (X) is rationally connected. As Pic(F (X)) ' Z ([26, Corollaire 3.5]), α is
numerically trivial. We have the following lemma:

Lemma 1.3.6. Let Y be a smooth projective variety of dimension d ≥ 3 and D a numerically trivial
1-cycle of Y . Then there are smooth curves D1, D2 ⊂ Y of the same genus such that D = D1 −D2 in
CH1(Y ).

Postponing the proof of the lemma, we conclude as follows: let E1, E2 ⊂ F (X) be two smooth curves
of genus g such that α = E1 − E2 in CH1(F (X)); they have also the same degree (α is numerically
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trivial) that we shall denote d. Let us denote SE1 = q(p−1(E1)) and SE2 = q(p−1(E2)) the associated
ruled surfaces in X, we have Γ = P∗α = SE1 − SE2 in CH2(X). By transversality arguments, we can
arrange that q induces an embedding of p−1(E1) (resp. p−1(E2)) in X so that SE1 (resp. SE2) is
smooth and isomorphic to p−1(E1) (resp. p−1(E2)). An easy computation then gives:

iSE1
,∗(c(TSE1

)−1) = SE1 + P∗(iE1,∗KE1 + dc1(OF (X)(1)) · E1)− 2SE1 ·HX − 2HX · P∗(iE1,∗KE1)

= P∗(E1) + (2g − 2 + d)P∗[l0]− 2P∗(E1) ·HX − 2(2g − 2)P∗([l0]) ·HX

since CH0(F (X)) ' Z · [l0] for a (any) point [l0] ∈ F (X). Likewise

iSE2
,∗(c(TSE2

)−1) = P∗(E2) + (2g − 2 + d)P∗[l0]− 2P∗(E2) ·HX − 2(2g − 2)P∗([l0]) ·HX

so that iSE1
,∗(c(TSE1

)−1)− iSE2
,∗(c(TSE2

)−1) = (SE1 −SE2) · (1− 2HX) is annihilated by t in CH∗(X).

Using Proposition 1.3.2, we get that S[2]
E1
− S

[2]
E2

is annihilated by 2t in CH4(X [2]). According to
[78, Theorem 2.2], since H∗(X,Z) is torsion-free (by Lefschetz hyperplane and universal coe�cient
theorems), H∗(X [2],Z) is torsion-free so that [S

[2]
E1
− S[2]

E2
] = 0 in H4n−8(X [2],Z).

Now, Theorem 1.3.1, says that there are integers m1,m2 such that

(2d− 3)SE1 + P∗(pP2,∗i
∗
P2
S

[2]
E1
· c1(OF (X)(1))) = m1H

n−2
X in CH2(X)

and
(2d− 3)SE2 + P∗(pP2,∗i

∗
P2
S

[2]
E2
· c1(OF (X)(1))) = m2H

n−2
X in CH2(X)

in particular (2d− 3)Γ +P∗(pP2,∗i
∗
P2

(S
[2]
E1
−S[2]

E2
) · c1(OF (X)(1))) ∈ Z ·Hn−2

X . But intersecting with H2
X ,

since Γ and pP2,∗i
∗
P2

(S
[2]
E1
− S[2]

E2
) are torsion cycles, we see that actually:

(2d− 3)Γ + P∗(pP2,∗i
∗
P2

(S
[2]
E1
− S[2]

E2
) · c1(OF (X)(1))) = 0

in CH2(X). Moreover pP2,∗i
∗
P2

(S
[2]
E1
− S[2]

E2
) is homologically trivial since S[2]

E1
− S[2]

E2
is.

Proof of Lemma 1.3.6. Using Hironaka's smoothing of cycles ([41]) and moving lemma, we can write
D =

∑
imiCi where (Ci)1≤i≤N is a family of smooth pairwise disjoint connected curves. We can

always assume that there is a i0 such that mi0 = 1. Indeed, if none of the mi is equal to 1, then we
can pick 2 smooth curves CN+1, CN+2 ⊂ Y which are rationally equivalent such that (Ci)1≤i≤N+2 is
still a family of pairwise disjoint smooth curves. Then D =

∑
imiCi + CN+1 − CN+2 in CH1(Y ).

Let C ⊂ Y be a smooth curve intersecting Ci0 transversally in a unique point and disjoint from the
remaining Ci and Z = (∪Ni=1Ci)∪C. The subscheme Z is purely 1-dimensional and smooth away from
the point C ∩ Ci0 which is an ordinary double point. In particular Z is a local complete intersection
subscheme, so that the sheaf IZ/I2

Z on Z is a vector bundle that we shall denote N∨Z/Y . Let L ∈ Pic(Y )

be a very ample line bundle such that H1(Y,L⊗ I2
Z) = 0 and N∨Z/Y ⊗L|Z is globally generated. Then,

from the exact sequence
0→ I2

Z → IZ → N∨Z/Y → 0

we get a surjective morphism H0(Y,L ⊗ IZ)
ρ→ H0(Z,N∨Z/Y ⊗ L|Z). According to [69, Lemma 1], for

any nonzero section s ∈ H0(Y,L ⊗ IZ), the zero scheme V (s) ⊂ Y is singular at a point x ∈ Z if and
only if the section ρ(s) of N∨Z/Y ⊗ L|Z vanishes at x. As, N∨Z/Y ⊗ L|Z is globally generated of rank
≥ 2, the zero locus of a generic section of N∨Z/Y ⊗ L|Z has codimension rank(N∨Z/Y ⊗ L|Z) ≥ 2 i.e. is
empty. So we can �nd a smooth hypersurface in |L| containing Z. Repeating the process, we can get
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a smooth surface S ⊂ Y , which is complete intersection of hypersurfaces given by sections of powers of
L, containing Z. Next it is a standard fact (e.g consequence of Riemann-Roch formula) that for any
divisor W on a smooth projective surface S, deg(W · (W + KS)) is even. Applying this fact to the
divisor D =

∑
imiCi of S,

∫
S D · (D +KS) is even and since D is numerically trivial on Y and KS is

the restriction of a divisor of Y by adjunction formula (S is complete intersection in Y ), deg(D2) ∈ 2Z.
Let us write deg(D2) = 2`. Let H ∈ Pic(S) be a very ample divisor coming from Y such that the
line bundles OS(H − `C) and OS(H − `C + D) are ample. We can choose smooth connected curves
E1 ∈ |H − `C +D| and E2 ∈ |H − `C|; we then have D = E1 − E2 in Pic(S) (thus, in CH1(Y ) also).
By adjunction formula, we have:

2g(E1)− 2 =
∫
S(H − `C +D) · (H − `C +D +KS)

=
∫
S(H − `C) · (H − `C +KS) +

∫
S D · (H − `C +D +KS) +

∫
S D · (H − `C)

=
∫
S(H − `C) · (H − `C +KS) +

∫
S D

2 − 2`D · C
since D is numerically trivial on Y and H and KS come from divisors of Y

=
∫
S(H − `C) · (H − `C +KS) since by construction

∫
S C ·D =

∫
S C · Ci0 = 1

and

2g(E2)− 2 =

∫
S

(H − `C) · (H − `C +KS).

i.e. g(E1) = g(E2).

We draw the following corollary in the case of cubic 5-folds:

Corollary 1.3.7. Let X ⊂ P6
C be smooth cubic hypersurface. Then P∗ : CH1(F (X))tors,AJ →

CH3(X)tors,AJ is surjective. So the birational invariant CH3(X)tors,AJ of X is controlled by the group
CH1(F (X))tors,AJ .

Proof. Let Γ ∈ CH3(X)tors,AJ ' CH2(X)tors,AJ ; by Theorem 1.3.5, there are a homologically trivial
torsion cycle γ ∈ CH1(F (X)) and an integer d such that (2d − 3)Γ = P∗γ. Because of the degree 2

unirational parametrization of X, CH3(X)tors,AJ is a 2-torsion group; in particular (2d − 3)Γ = Γ in
CH3(X) and it is equal to P∗γ. By functoriality of Abel-Jacobi maps (P∗ induces morphisms of Hodge
structures), denoting, for a complex variety Y , Φ2c−1

Y the Abel-Jacobi map for homologically trivial
cycles of codimension c, Φ5

X(Γ) = P∗Φ
9
F (X)(γ). Now, by [74], P∗ is an isomorphism of abelian varieties

so γ is annihilated by the Abel-Jacobi map.

Under the assumption of the corollary, the variety F (X) is Fano, hence rationally connected. Along
the lines of the questions asked in [92] for the group Griff1(Y ), and the results proved in [88] for the
group H2(Y,Z)/H2(Y,Z)alg (showing that it should be trivial for rationally connected varieties), it
would be tempting to believe that the group CH1(Y )tors,AJ is always trivial for rationally connected
varieties. For cubic hypersurfaces, we have the following result which follows essentially from the work
of Shen ([72]):

Proposition 1.3.4. Let X ⊂ Pn+1
C , with n ≥ 3, be a smooth cubic hypersurface. Then CH1(X)tors,AJ =

0

Proof. For cubic threefolds, the proposition can be obtained as a consequence of the work of Bloch
and Srinivas ([13, Theorem 1]) which asserts that CH1(X)hom ' CH1(X)alg ' J3(X)(C). For cubic
hypersurfaces of dimension ≥ 5, the result follows from the work of Shen ([72]) who proved that
CH1(X) ' Z. The only case left is the case of cubic 4-folds but the following proof works for cubic
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hypersurfaces of any dimension ≥ 3.
Pick γ ∈ CH1(X)tors,AJ . It is a numerically trivial 1-cycle of X so according to Lemma 1.3.6 we

can write it as γ = C1 − C2 where Ci are smooth connected curves on X of same genus g and same
degree d. Applying the inversion formula to Ci yields:

(2d− 3)γ = P∗pP2,∗i
∗
P2

(C
(2)
2 − C(2)

1 ) in CH1(X). (1.18)

Since the Ci have the same genus and γ = C1 − C2 is torsion, by Proposition 1.3.2, C(2)
2 − C(2)

1 ∈
CH2(X [2]) is torsion. As H∗(X [2],Z) is torsion-free ([78]), C(2)

2 − C(2)
1 is homogically trivial. When

n = 3, P∗ yields an isomorphism Alb(F (X)) ' J3(X) ([15]), so that applying Abel-Jacobi map to
(1.18), we see that pP2,∗i

∗
P2

(C
(2)
2 −C(2)

1 ) ∈ CH0(F (X))tors,AJ . When n ≥ 4, as the Albanese variety of

F (X) is trivial ([10, Proposition 3], [26]), pP2,∗i
∗
P2

(C
(2)
2 − C(2)

1 ) ∈ CH0(F (X))tors,AJ and we conclude
by Roitman theorem ([67]).

We are able to prove the vanishing of CH1(X)tors,AJ for cubic 4-folds but the proof presented
here hinges on quite subtle arguments (inversion formula, torsion-freeness of H∗(X [2],Z)...). So
CH1(X)tors,AJ might not be trivial for all rationally connected varieties.





Chapter 2

On the universal CH0 group of cubic

threefolds in positive characteristic

Résumé: Dans ce chapitre, nous adaptons en caractéristique > 2 deux résultats de Voisin, exposés
dans [90], sur la décomposition de la diagonale des hypersurfaces cubiques complexes de dimension 3, à
savoir l'équivalence entre l'existence d'une décomposition de Chow et l'existence d'une décomposition
cohomologique de la diagonale pour ces hypersurfaces d'une part et l'équivalence entre l'existence d'un
1-cycle sur la jacobienne intermédiaire J(X) de X à coe�cients dans Z2 dont la classe de cohomologie
est la classe minimale θ4/4! de J(X) et l'existence d'une décomposition cohomologique (donc de Chow
également) de la diagonale d'autre part. En utilisant le second résultat, la conjecture de Tate pour
les diviseurs sur les surfaces dé�nies sur un corps �ni, prédit, via un théorème dû à Schoen ([70]), que
tout solide cubique dé�ni sur la clôture algébrique d'un corps �ni de caractéristique > 2 admet une
décomposition de Chow de la diagonale.

Abstract: In this chapter, we adapt for algebraically closed �elds k of characteristic greater
than 2 two results of Voisin, presented in [90], on the decomposition of the diagonal of a smooth
cubic hypersurface X of dimension 3 over C, namely: the equivalence between Chow-theoretic and
cohomological decompositions of the diagonal of those hypersurfaces and the equivalence between the
algebraicity (with Z2-coe�cients) of the minimal class θ4/4! of the intermediate Jacobian J(X) of X
and the cohomological (hence Chow-theoretic) decomposition of the diagonal of X. Using the second
result, the Tate conjecture for divisors on surfaces de�ned over �nite �elds predicts, via a theorem
of Schoen ([70]), that every smooth cubic hypersurface of dimension 3 over the algebraic closure of a
�nite �eld of characteristic > 2 admits a Chow-theoretic decomposition of the diagonal.

2.0 Introduction

Let k be an algebraically closed �eld and X a smooth n-dimensional projective k-variety (irreducible).
X is said to have universally trivial CH0 group if for any �eld L containing k, CH0(XL) = Z. As
explained in [5], X has universally trivial CH0 group if and only if CH0(Xk(X)) = Z. We recall brie�y
the idea of the proof; it uses, for any extension k ⊂ L, the action, by the identity, of the correspondence
∆XL

on CH0(XL) and the equivalence of the two previous properties with a so called Chow-theoretic
decomposition of the diagonal. Passing to the limit in the diagonal morphism X → X ×k X over all
open subsets V ⊂ X (V → V ×k V ↪→ V ×kX) yields the diagonal point δX ∈ X(k(X)) (image of the
generic point of X by the diagonal morphism). When CH0(Xk(X)) = Z, the diagonal point is rationally
equivalent over k(X) to a constant point xk(X) = x×k k(X), with x ∈ X(k). Then, using the equalities
CH0(Xk(X)) = CHn(Xk(X)) = lim−→U⊂X open

CHn(U×kX) and the localization exact sequence, one gets

an equality

∆X = X ×k x+ Z in CHn(X ×k X) (2.1)
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where Z is supported on D ×k X for some proper closed subset D of X i.e. a Chow theoretic decom-
position of the diagonal. Now, letting L/k be an extension, a base change in (2.1) yields

∆XL
= XL ×L xL + ZL in CHn(XL ×L XL)

so that letting both sides act on CH0(XL) and using the fact that ∆XL
acts as the identity, one sees

that CH0(XL) = Z. So, having a universally trivial CH0 is equivalent to the existence of a Chow-
theoretic decomposition of the diagonal. Projective spaces have universally trivial CH0 so stably
rational projective varieties also have universally trivial CH0. Voisin studied in the case k = C the a
priori weaker property of the existence of a cohomological decomposition of the diagonal

[∆X ] = [X ×k x] + [Z] in H2n
B (X ×k X,Z) (2.2)

where Z ∈ CHn(X ×k X) is supported on D ×k X for some proper closed subset D of X and the
cohomology is the Betti cohomology. In [90], she proved, in characteristic zero, that this weaker
property is, in fact, equivalent to the existence of a Chow-theoretic decomposition of the diagonal for
smooth cubic hypersurfaces of odd dimension (≥ 3) or of dimension 4. She also worked out necessary
and su�cient conditions for the existence of a cohomological (hence Chow-theoretic) decomposition of
the diagonal for cubic threefolds, among other varieties. The second section of this chapter is devoted to
the proof of the equivalence between cohomological and Chow-theoretic decomposition of the diagonal
of a cubic threefold in positive characteristic, greater than 2:

Theorem 2.0.1. Let k be an algebraically closed �eld of characteristic greater than 2 and X ⊂ P4
k

be a smooth cubic hypersurface. Then X admits a Chow-theoretic decomposition of the diagonal (i.e.
has universally trivial CH0) if and only if it admits a cohomological decomposition of the diagonal with
coe�cients in Z2.

Remark 2.0.2. (1) In the Betti setting, having a cohomological decomposition of the diagonal with
Z coe�cients is equivalent to having a cohomogical decomposition of the diagonal with coe�cients in
Z/2Z since 2∆X has a Chow-theoretic decomposition (see Proposition 2.1.2). This is why in our case,
only étale cohomology with Z2 coe�cients is used. In fact, Z/2Z would also do.

(2) Theorem 2.0.1 could have been stated also for cubic fourfolds and odd dimensional
cubic of higher dimension since the proof given by Voisin adapts to the positive characteristic setting.
But since in the case of cubic threefolds we can give a shorter proof and it is the only case where we
have an interesting application in sight, we state the theorem only in this case.

We also check that there is a criterion, similar to the one given in [90, Theorem 4.1] and [89,
Theorem 4.9] in characteristic zero, for the existence of a cohomological decomposition of the diagonal
of a cubic threefold.

Theorem 2.0.3. Let X ⊂ P4
k be a smooth cubic hypersurface (k = k̄ and char(k) > 2). Then

X admits a cohomological (hence Chow-theoretic) decomposition of the diagonal if and only if the
principal polarization, θ, of the associated Prym variety, J(X), satis�es the following property: there

is a cycle Z ∈ CH1(J(X))⊗ Z2 such that [Z] = [θ]4

4! in H8(J(X),Z2).

Using Theorem 2.0.3 and a theorem of C. Schoen (see [22], [70]), we get the following consequence:

Theorem 2.0.4. On an algebraic closure of a �nite �eld of characteristic greater than 2, assuming
the Tate conjecture for divisors on surfaces, every smooth cubic hypersurface of dimension 3 has uni-
versally trivial CH0 group.
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In the Betti setting, a key feature in the proof of the criterion was the existence of a parametriza-
tion of the intermediate Jacobian of cubic threefolds with separably rationally connected general �ber,
namely the condition:

(*) there exist a smooth quasi-projective k-variety B and a correspondence Z ∈ CH2(B×kX) with
Zb ∈ CH2(X) trivial modulo algebraic equivalence for any b ∈ B(k) such that the induced Abel-Jacobi
morphism φ : B → J(X) to the intermediate Jacobian J(X) of the cubic threefold X is dominant with
P5 as general �ber.

In Section 3, after a reminder on the de�nition of the intermediate Jacobian of a cubic threefold and
Abel-Jacobi morphisms in the positive characteristic setting, we prove Thereom 2.0.3 and Theorem
2.0.4 under the assumption that (*) is still true in our setting.

Over the complex numbers, such a parametrization was constructed by Iliev-Markushevich and
Markuschevich-Tikhomirov ([52] and [43], see also [28]) using the space of smooth normal elliptic quin-
tics lying on the cubic hypersurface. Section 4 will be devoted to proving that we still have (*) using
the space of stable normal elliptic quintics.

For a variety X, the cohomology groups H i(X,Z`) will be the étale cohomology groups and
H i
B(X,Z`), if X is de�ned over a �eld K ↪→ C of characteristic 0, will be the Betti cohomology

group of Xan
C .

Throughout this text, k will denote an algebraically closed �eld of characteristic > 2.
For a smooth projective k-variety X, 〈·, ·〉X will denote the intersection pairing on H∗(X,Z`) in-

duced by the cup-product and the trace map. We will use the following standard facts about cubic
hypersurfaces in P4

k. Let X be a smooth cubic hypersurface in P4
k.

1. From the exact sequence
0→ OP4k(−3)→ OP4k → OX → 0

we have ωX ' OX(−2) and hi(OX(k)) = 0 for i ∈ {1, 2}, k ∈ Z.

2. The Fano variety of lines F (X) = {[l] ∈ Gr(2, 5), l ⊂ X} of X is a smooth projective surface.

3. By Lefschetz hyperplane theorem, for ` 6= p the `-adic cohomology of X is

H0(X,Z`) = Z`·[X], H2(X,Z`(1)) = Z`·[OX(1)], H4(X,Z`(2)) = Z`·[l], H6(X,Z`(3)) = Z`·[x],

H1(X,Z`) = 0 = H5(X,Z`)

where [l] is the class of a line [l] ∈ F (X).

4. Using, for example, a smooth proper lifting of X to characteristic zero ([56, Section 20]), we have
H3(X,Z`) ' Z10

` . By Grothendieck-Lefschetz theorem, Pic(X) ' Z · [OX(1)].

2.1 Chow-theoretic and Z2-cohomological decomposition of the diag-

onal

In this section, for a k-variety Y , Bi(Y ) will designate the Chow group of codimension i cycle modulo
algebraic equivalence. We prove in this section Theorem 2.0.1, adapting arguments of Voisin presented
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in [90] to the positive characteristic case. The key point is to prove that one can derive a decomposition
of the diagonal modulo algebraic equivalence from a cohomological decomposition of the diagonal ∆X

of a smooth cubic hypersurface X. Then we use the following proposition to obtain a Chow-theoretic
decomposition of the diagonal:

Proposition 2.1.1. Let X be a smooth projective k-variety of dimension n. Suppose there exists
Z ∈ CHn(X ×k X), supported on D ×k X for some proper closed subset D ⊂ X, and x ∈ X(k) such
that

∆X −X × x = Z in Bn(X ×k X).

Then X admits a Chow-theoretic decomposition of the diagonal.

Proof. It is proposition 2.1 of [90] since even in positive characteristic, cycles algebraically equivalent to
0 are nilpotent for the composition of self-correspondences (see [81] and [80] which use no assumptions
on char(k)).

We recall the following classical fact on a cubic hypersurface.

Proposition 2.1.2. Let X be a smooth cubic hypersurface of dimension 3. Then X admits a degree
2 dominant rational map P3 99K X. It follows that 2∆X admits a decomposition

2∆X = 2(X ×k x) + Z in CH3(X ×k X)

where x ∈ X(k) and Z is supported on D ×k X for some divisor D  X.

Sketch of proof. The �rst fact is classical and is presented, for example in appendix B of [15]. We
recall brie�y the construction of the degree 2 map from a rational variety. Let l0 be a general line in
X then the map P (TX|l0) 99K X taking a point (x, v) (with x ∈ l0 and v ∈ P (TX,x)) such that the line
〈x, v〉 is tangent to X at x but not contained in X, to the other point of the intersection X ∩ 〈x, v〉, is
generically �nite and 2 : 1.

So we have a rational map ϕ : P3
k 99K X of degree 2. Since resolution of singularities for threefolds

exists in char(k) > 0 by work of Cossart and Piltant ([24] and [25]), there is a smooth projective
k-variety Γ, with a birational morphism p : Γ → P3

k and a degree 2 morphism φ : Γ → X, resolving
the indeterminacies of ϕ. We have the following lemma:

Lemma 2.1.1. ([18, Proposition 6.3]). Let f : Z → Y be a birational morphism of smooth geometri-
cally integral projective varieties over a �eld L. Then CH0

0(Z) ' CH0
0(Y ), where CH0

0(T ), for a proper
L-variety T , is the group of 0-cycles of degree 0.

Applying the lemma to the morphism obtained from p by base change pk(P3k) : Γk(P3k) → P3
k(P3k)

yields

CH0(Γk(P3k)) ' Z i.e. Γ has universally trivial CH0 group. Then, by base change we have the morphism
φk(X) : Γk(X) → Xk(X). The 0-cycle of Xk(X), δX − k(X) ×k x has degree 0, where δX ∈ X(k(X))

is the diagonal point (the image of the generic point of X by the diagonal morphism) and x ∈ X(k).
Since φk(X) is a degree 2 proper morphism, we have φk(X),∗φ

∗
k(X)(δX−k(X)×k x) = 2(δX−k(X)×k x)

but since that operation factors through CH0
0(Γk(X)), which zero, we have 2(δX − k(X)×k x) = 0.

For a smooth projective k-variety, the second punctual Hilbert scheme X [2] of X is obtained as
the quotient of the blow-up X̃ ×k X of X ×k X along the diagonal by its natural involution. Let
µ : X ×k X 99K X [2] be the natural rational map and r : X̃ ×k X → X [2] be the quotient morphism.
We collect some results of [90] whose proofs are essentially the same. So we just mention, when needed,
the change needed or the facts required in characteristic p > 2:
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Lemma 2.1.2. ([90, Lemma 2.3]). Let X be a smooth projective variety of dimension n. Then there
exists a codimension n cycle Z in X [2] such that µ∗Z = ∆X in CHn(X ×k X).

Corollary 2.1.3. ([90, Corollary 2.4]). Any symmetric codimension n cycle on X ×k X is rationally
equivalent to µ∗Γ for a codimension n cycle Γ on X [2].

Lemma 2.1.4. ([90, Lemma 2.5]). Let X be smooth projective k-variety of dimension n. Suppose X
admits a Z2-cohomological decomposition of the diagonal

[∆X − x×k X] = [Z] in H2n(X ×k X,Z2(n))

where Z is a cycle supported on D ×k X for some proper closed subset D of X and x k-rational point
of X. Then X admits a Z2-cohomological decomposition of the diagonal

[∆X − x×k X −X ×k x] = [W ] in H2n(X ×k X,Z2(n)),

where W is a cycle supported on D×k X and W is invariant under the natural involution of X ×k X.

The following result is proved in [90, Proposition 2.6] over C.

Proposition 2.1.3. Let X be a smooth odd degree complete intersection of odd dimension n. If X
admits a Z2-cohomological decomposition of the diagonal, there exists a cycle Γ ∈ CHn(X [2]) with the
following properties:

1. µ∗Γ = ∆X − x×k X −X ×k x−W in CHn(X ×k X), with W supported on D ×k X, for some
closed proper subset D ⊂ X.

2. [Γ] = 0 in H2n(X [2],Z2(n)).

Sketch of proof of 2.1.3. The proof uses an analysis of the cohomology group H2n(X [2],Z2(n)) and
more precisely of the morphism jEX∗ : H2n−2(EX ,Z2) → H2n(X [2],Z2(n)), where EX is the excep-
tional divisor of X [2]. This analysis is delicate for even dimensional odd degree complete intersections,
but for odd dimension and odd degree complete intersections, the restriction map from the even degree
cohomology of projective space to the even degree cohomology of X is surjective, so the result follows
from the analysis of the cohomology of (PN )[2] which is Chow theoretic and works in any characteristic.

The only additional fact to check is that the cohomology of X [2] has no 2-torsion when X is an
odd degree complete intersection in projective space. To see this, choose a smooth projective lift-
ing of X to characteristic 0 over a discrete valuation ring X → Spec(R). As a zero dimensional
length two subscheme is local complete intersection, and has trivial degree 1 coherent cohomology,
Hilb2(X/Spec(R)) → Spec(R) is smooth and projective by [47, Proposition 2.15.4, Chap. I] (and
smoothness of the �bers X[2]

η̄ and X [2]). So, Hr(X
[2]
η̄ ,Z2) ' Hr(X [2],Z2) ∀r ≥ 0 by the smooth proper

base change. Now by the comparison theorem, Hr(X
[2]
η̄ ,Z2) ' Hr

B(X
[2]
η̄ ,Z2) and by [78] these last

groups have no 2-torsion. The rest of the proof works just like in [90].

For X a smooth cubic hypersurface in Pn+1, we recall another description of X [2] used in [90]. Let
F (X) be the variety of lines of X and P = {([l], x), x ∈ l, l ⊂ X} be the universal P1-bundle over
F (X) with projections p : P → F (X) and q : P → X, and let P2 → F (X) be the P2-bundle de�ned

as the symmetric product of P over F (X). There is a natural embedding P2

iP2
↪→ X [2] which maps each

�ber of P2 → F (X), that is the second symmetric product of a line in X, isomorphically onto the set
of subschemes of length 2 of X contained in this line. Let pX : PX → X be the projective bundle with
�ber over x ∈ X the set of lines in Pn+1 passing through x. Note that P is naturally contained in PX .
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Proposition 2.1.4. ([90, Proposition 2.9]). In the above situation, we have the following properties:
(i) The natural map Φ : X [2] 99K PX which to a unordered pair of points x, y ∈ X not contained

in a common line of X associates the pair ([lx,y], z), where lx,y is the line in Pn+1 generated by x and
y, and z ∈ X is the residual point of the intersection lx,y ∩X, is desingularized by the blow-up of X [2]

along P2.

(ii) The induced morphism Φ̃ : X̃ [2] → PX identi�es X̃ [2] with the blow-up P̃X of PX along P .

(iii) The exceptional divisors of the two maps X̃ [2] → X [2] and P̃X → PX are identi�ed by the

isomorphism Φ̃′ : X̃ [2] ∼= P̃X of (ii).

Proof of Theorem 2.0.1. Let X ⊂ P4
k be a smooth cubic threefold. By Proposition 2.1.2, we see that

there is a nonempty open subset U0 ⊂ X, such that (∆X − X ×k x)|U0×kX is a 2-torsion element of
B3(U0 ×k X). The subgroup of 2-torsion elements of B3(U0 ×k X) is a Z/2Z-module and since Z/2Z
is a quotient of the localization Z(2) of Z in 2Z, a 2-torsion element of B3(U0 ×k X) is 0 if and only
if it is 0 in B3(U0 ×k X) ⊗ Z(2). Since Z2 is the completion of the local ring Z(2) along its maximal
ideal, Z2 is a faithfully �at Z(2)-module. Hence, a 2-torsion element in B3(U0 ×k X) is 0 if and only
if it is 0 in B3(U0 ×k X)⊗ Z2. So in order to prove that X admit a Chow-theoretic decomposition of
the diagonal, we only need to check that it is 0 in B3(U ′ ×X) ⊗Z Z2, for some open subset U ′ ⊂ X.
Once we know that, we will have that (∆X −X ×k x)|U ′×kX is 0 in B3(U ′ ×k X) i.e. a decomposition
of the diagonal

∆X = X ×k x+ Z in B3(X ×k X)

where Z is supported on D ×k X for some proper closed subset D  X. Applying Proposition 2.1.1,
this will yield the Chow-theoretic decomposition of the diagonal. So we shall work with Z2 coe�cients
and, adapting arguments of [90], show that a cohomological decomposition of the diagonal with coef-
�cients in Z2 implies that (∆X − X ×k x)|U×kX = 0 in B3(U × X) ⊗Z Z2 for some nonempty open
subset U of X.

Assume X admits a cohomological decomposition of the diagonal with coe�cients in Z2. The as-
sumptions of Proposition 2.1.3 are satis�ed by X, since the cohomology of a smooth cubic hypersurface
with coe�cients in Z2 has no torsion and is algebraic in even degree. Using the notation introduced
previously, there exists, by Proposition 2.1.3, a cycle Γ ∈ CH3(X [2]) such that

µ∗Γ = ∆X − x×k X −X ×k x−W in CH3(X ×k X), (2.3)

with W supported on D ×k X, D  X, and [Γ] = 0 in H6(X [2],Z2(3)).

By Proposition 2.1.4, the blow-up σ : X̃ [2] → X [2] of X [2] along P2 identi�es via Φ̃ with the blow-

up P̃X of PX along P . Furthermore, the exceptional divisor E
iE
↪→ X̃ [2] of Φ̃ : X̃ [2] → PX is also the

exceptional divisor of σ : X̃ [2] → X [2], hence maps via σ to P2 ⊂ X [2]. Since Φ̃ is a blow-up of a smooth

subvariety, the Chow groups of X̃ [2] decomposes as CH∗(X̃ [2]) = Φ̃∗CH∗(PX)⊕ iE∗CH∗(E); we have a

similar decomposition for the cohomology groups H∗(X̃ [2],Z2) = Φ̃∗H∗(PX ,Z2) ⊕ iE∗H∗(E,Z2) and
these decompositions are compatible with the cycle map. By work of Shen [72, Theorem 1.1], the group
of 1-cycles of X is generated by lines of X i.e. the action of correspondence P induces a surjective
morphism P∗ : CH0(F (X))→ CH1(X).

So let γ be a 1-cycle homologically trivial with coe�cients in Z2 on X; we can write it P∗(z) for a
z ∈ CH0(F (X)) ⊗ Z2. The degree of γ ·H, where H = c1(OX(1)), is 0 in Z2 since it is algebraically

trivial in CH0(X) ⊗ Z2
deg
' Z2. But, with the above notations γ ·H = P∗(z) ·H = q∗p

∗(z · q∗H) and
q∗H is the relative hyperplane divisor of the projective bundle p : P → F (X); so that the degree of
z is also 0 in CH0(F (X)) ⊗ Z2 i.e. z is algebraically trivial. So γ = P∗(z) is algebraically trivial in
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CH1(X)⊗ Z2. So algebraic and homological equivalences with coe�cients in Z2 coincide on CH1(X).
Since these relations coincide also on CH2(X) = Pic(X) and CH0(X), they coincide on the Chow ring
of X.

Then, since PX is a projective bundle over X, the two equivalence relations coincide also on PX .
On the other hand, F (X) being a surface, algebraic and homological equivalences coincide on F (X)

hence also on the projective bundle P over F (X). Since E is also a projective bundle over P , the two
equivalence relations coincide on the blow-up P̃X of PX along P , which is isomorphic to X̃ [2].

Now σ∗[Γ] is 0 in H6(X̃ [2],Z2(3)) since [Γ] = 0 so that σ∗Γ = 0 in B3(X̃ [2]) ⊗ Z2. We conclude
that Γ = 0 in B3(X [2])⊗ Z2 since σ∗σ∗ = idCH∗(X[2]). So (2.3) yields

∆X = x×k X +X ×k x−W ′ in B3(X ×k X)⊗ Z2

where W ′ is supported on D′×kX for some D′  X. So (∆X −X×k x)|U×kX = 0 in B3(U ×kX)⊗Z2

(with U = X\D′) as we wanted.

2.2 Cohomological decomposition of the diagonal

We prove in this section Theorem 2.0.3, again adapting arguments of Voisin presented in [90]. We
begin by the following theorem which was proved in [90, Theorem 3.1] over C.

Theorem 2.2.1. Let X be a smooth projective k-variety of dimension n > 0 and ` 6= p a prime
number.

1. Assume H∗(X,Z`) has no torsion, H2i(X,Z`(i)) is algebraic for 2i 6= n, H2i+1(X,Z`) = 0 for
2i+ 1 6= n and that X satis�es the following condition:
(*) There exist �nitely many smooth projective varieties Zi of dimension n− 2, correspondences
Γi ∈ CHn−1(Zi ×k X), and ni ∈ Z2, such that for any α, β ∈ Hn(X,Z`),

〈α, β〉X =
∑
i

ni〈Γ∗iα,Γ∗iβ〉Zi . (2.4)

Then X admits a cohomological decomposition of the diagonal with coe�cients in Z`.

2. If n = 3, char(k) 6= ` and X admits a cohomogical decomposition of the diagonal with coe�cients
in Z`, then (*) is satis�ed.

Sketch of proof. The adaptation of the proof given in [90], to positive characteristic is straightforward;
the only fact to use for the second point is the existence of (embedded) resolution of singularities in
dimension 3 for algebraically closed �elds of positive characteristic (see [24] and [25]).

2.2.1 The intermediate Jacobian of a cubic threefold and Abel-morphisms

Let us denote CH2
alg(Y ) the group of codimension 2 cycles algebraically equivalent to zero on a k-

variety Y . Given an abelian varietyAb over k, following [64, VIa], we shall call a (group) homomorphism
f : CH2

alg(Y ) → Ab a regular morphism if for any smooth quasi-projective k-variety T and Z ∈

CH2(T ×k Y ) such that for any t ∈ T (k), Zt ∈ CH2
alg(Y ), the composition T → CH2

alg(Y )
f→ Ab is

a morphism of algebraic varieties. We say that CH2
alg(Y ) admits an algebraic representative if there
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is an abelain variety Ab(Y ) over k and a regular morphism φ : CH2
alg(Y )→ Ab(Y ) which is universal

in the sense that any regular morphism factor as a composition of φ followed by a momorphism of

algebraic varieties. In that case we call the morphism φZ : T → CH2
alg(Y )

fY→ Ab(Y ) the Abel-Jacobi
morphism induced by Z. By [63, Theorem 1.9], CH2

alg(Y ) admits an algebraic representative when Y
is a smooth projective variety over an algebraically closed �eld.

Now, let X ⊂ P4
k be a smooth cubic hypersurface. The linear projection P4

k 99K P2
k centered along

a general line l ⊂ X (see for example [61, Proposition 1.25]) gives a rational map X 99K P2
k which after

blowing up l, yields an ordinary conic bundle X̃ → P2
k. By results of Beauville ([7, Theorem 3.1 and

Proposition 3.3]), the Prym variety A associated to the conic bundle is the algebraic representative of
CH2

alg(X̃) ' CH2
alg(X) and CH2

alg(X) = A(k). The principally polarized abelian variety A obtained by
this construction is independent of the choice of a general [l]. So we call J(X) := A the intermediate
Jacobian of X; it is a 5-dimensional abelian variety endowed with the principal polarization θ of A.
By results of Beauville ([7, Remark 2.7]), we know that there is an isomorphism of Z2-modules with
their intersection forms

t : (H1(J(X),Z2), θ)→ (H3(X̃,Z2), 〈, 〉
X̃

) ' (H3(X,Z2), 〈, 〉X) (2.5)

It is known (see Murre [62, section VI], see also [15] over C) that the Abel-Jacobi morphism
associated to the universal P1-bundle P ⊂ F (X)×X over the variety of lines F (X) of X, induces an
isomorphism of abelian varieties φP : Alb(F (X)) ' J(X) where Alb(F (X)) is the Albanese variety of
F (X), which is de�ned in this setting as the dual of the Picard variety Pic0(F (X)).

Since F (X) is the zero locus of a regular section of the vector bundle E = Sym3(E) on the
grassmannian Gr(2, 5), where E is the rank 2 quotient bundle on Gr(2, 5), we have the following exact
sequence:

0→ ∧4E∗ → ∧3E∗ → ∧2E∗ → E∗ → OG(2,5) → OF (X) → 0

given by the Kozsul resolution of the sheaf of ideals of F (X) in Gr(2, 5) (the exactness follows from
the fact that F (X) has codimension 4 = rank(E)) so, we have a quasi-isomorphism of complexes
∧·E∗ ' OF (X)[4].

Now, we have a spectral sequence Ep,q1 = Hq(Gr(2, 5),∧4−pE∗) ⇒ Hp+q−4(F (X),OF (X)), which,
according to [2, Theorem 5.1], degenerates at E1, so that H1(F (X),OF (X)) ' H3(Gr(2, 5),∧2E∗).
According to [2, Proposition 5.11 and Lemma 5.7], we have an isomorphism H3(Gr(2, 5),∧2E∗) '
H0(P4

k, TP4k
(−1)). By the Euler sequence:

0→ OP4k(−1)→ H0(P4
k,OP4k(1))∨ ⊗OP4k → TP4k

(−1)→ 0,

we have H1(F (X),OF (X)) ' H0(P4
k,OP4k(1))∨. Tensoring the normal bundle exact sequence of the

inclusion X ⊂ P4
k with Ω3

X/k ' OP4k(−2)|X and looking at the associated long exact sequence, we have

H0(X,OX(1)) ' H1(X,Ω2
X/k). Since H

0(X,OX(1)) ' H0(P4
k,OP4k(1)), we have H1(F (X),OF (X)) '

H1(X,Ω2
X/k)

∨. Since by [62, Theorem 8], the Picard and Albanese varieties of F (X) are isomorphic,

we have TJ(X),0 ' H2(X,ΩX/k).

In order to apply Voisin's method in [89] to analyse the existence of a decomposition of the diagonal
for a cubic threefold, we need to make sure there exists, as it is the case in characteristic 0 ([52] and
[43]), a parametrization of J(X) with separably rationally connected generic �ber, namely condition
(*) of the introduction. This parametrization will be constructed in Section 4. So let us proceed to
the proof of the criterion (Theorem 2.0.3 of the introduction) for the existence of a cohomological
decomposition of the diagonal assuming that (*) holds.
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2.2.2 Decomposition of the diagonal for a smooth cubic threefold

In this section, we prove the following theorem which was �rst proved over C in [89, Theorem 4.9], [90,
Theorem 4.1]. Item (ii) is speci�c to the �nite �eld situation and is Theorem 2.0.4 of the introduction.

Theorem 2.2.2. (i) Let X ⊂ P4
k be a smooth cubic hypersurface (k = k̄ and char(k) > 2). Then X

admits a cohomological (hence Chow-theoretic by Theorem 2.0.1) decomposition of the diagonal if and
only if there is a γ ∈ CH1(J(X))⊗Z Z2 such that θ4/4! = [γ] in H8(J(X),Z2(4)).

(ii) If k = Fp, p > 2 and the Tate conjecture is true for divisors on surfaces over �nite �elds, then
every smooth cubic hypersurface of P4

k admits a Chow-theoretic decomposition of the diagonal.

Proof. Assume θ4/4! ∈ CH1(J(X))⊗Z2.We will prove that X admits a cohomological (with coe�cient
in Z2) decompositon of the diagonal. We know that H∗(X,Z2) has no torsion so applying Künneth
decomposition, we can write [∆X ] =

∑6
i=0 δi,6−i where δi,6−i ∈ H i(X,Z2) ⊗ H6−i(X,Z2) are the

components of [∆X ] ∈ H6(X ×k X,Z2). Since H1(X,Z2) = 0 = H5(X,Z2) we have δ1,5 = 0 = δ5,1.

We know that δ6,0 is the class X ×k x for any point x ∈ X(k) and δ0,6 is the class of the subvariety
x×kX which obviously does not dominate X by the �rst projection. Since H2(X,Z2) and H4(X,Z2)

are algebraic, δ2,4 and δ4,2 are linear combinations of classes of algebraic subvarieties of X×kX that do
not dominate X by the �rst projection. The existence of a cohomological decomposition of the diagonal
with coe�cients in Z2 is thus equivalent to the existence a cycle Z ⊂ X ×kX such that the support of
Z is contained in D ×k X, with D ⊂ X a proper subscheme, and Z∗ : H3(X,Z2)→ H3(X,Z2) is the
identity map since in this case δ3,3 = [Z]. We proceed as in [89, Theorem 4.9] to construct such a Z.

Let C =
∑

imiCi be a 1-cycle of J(X) of class θ4/4! in H8(J(X),Z2), where Ci ⊂ J(X) are curves
and mi ∈ Z2. According to condition (*), which is Theorem 2.3.2, there are a smooth 10-dimensional
quasi-projective k-variety B and a cycle Z ⊂ B ×k X, �at over B, such that the induced Abel-Jacobi
morphism φZ : B → J(X) is dominant with general �ber P5

k. Let B′ be the closure of the graph of
φZ in B × J(X), where B is a compacti�cation of B; B′ is birational to the quasi-projective variety
B and the projection yields a proper, surjective morphism φ : B′ → J(X) with general �ber P5

k. Let
W ⊂ J(X) be an open subscheme contained in the image of φZ such that ∀x ∈ W (k), φ−1(x) ' P5

k.

Using Chow's moving lemma, we can assume that the generic point of each Ci is inW. Let ni : C̃i → Ci
be the normalization of Ci. Let Ni : Bi → B′ ×Ci C̃i be the normalization morphism. A component
of Bi is proper and �at (because integral over a smooth curve) over the smooth curve C̃i with general
�ber P5

k so by Tsen's Theorem ([79]), Bi → C̃i admits a section σi and φ ◦ n′i ◦ Ni ◦ σi = ni (where

n′i : B′×Ci C̃i → B′ is the projection). Let Zi ⊂ C̃i×kX be the cycle (pr
B×kJ(X)
B ◦n′i ◦Ni ◦σi, idX)∗Z.

We have the easy equality:

Lemma 2.2.3. The homomorphisms Zi,∗ and t ◦ φZi,∗ : H1(C̃i,Z2) → H3(X,Z2) coincide (where
t : (H1(J(X),Z2), θ)→ (H3(X,Z2), 〈, 〉X) is the isomorphism).

Let Z ⊂ X ×k X be the cycle
∑

imiZi ◦ tZi. We have

(Zi ◦ tZi)
∗ = Zi,∗ ◦ Z∗i = (t−1)∗ ◦ φZi,∗ ◦ φ∗Zi

◦ t−1

where (t−1)∗ is the Poincaré dual of t−1. But φZi is just ni so φZi,∗ ◦ φ∗Zi
is ni,∗ ◦ n∗i which is just

[Ci]∪ : H1(J(X),Z2)→ H9(J(X),Z2). Hence Z∗ is the composite map

H3(X,Z2)
t−1

' H1(J(X),Z2)
(θ4/4!)∪=

∑
i[Ci]∪−→ H9(J(X),Z2)

(t−1)∗

' H3(X,Z2).

So Z∗ is the identity on H3(X,Z2). On the other hand, Z does not dominate X by the �rst projection
since it is supported on

⋃
i Σi × Σi, where Σi is the image in X of Supp(Zi).
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We prove now the second direction. Assume X admits a Chow-theoretic decomposition of the
diagonal. Then X admits a cohomological decomposition of the diagonal with coe�cients in Z2 so by
Theorem 2.2.1 we have �nitely many smooth projective curves Zi and for each curve, a correspondence
Γi ∈ CH2(Zi ×k X) and a ni ∈ Z2 satisfying (2.4). The Abel-Jacobi map ΦX of X induces (after
choosing a reference point in Zi) a morphism

γi = ΦX ◦ Γi∗ : Zi → J(X)

with image Z ′i := γi∗Zi ∈ CH1(J(X)). Now we have ∧2H1(J(X),Z2) ' H2(J(X),Z2) = H8(J(X),Z2)∗

and an isomorphism (H1(J(X),Z2), θ)
t' (H3(X,Z2), 〈, 〉X) with their intersection form (2.5). For all

α ∈ H1(J(X),Z2), γ∗i α = Γ∗i t(α) so for all α, β ∈ H1(J(X),Z2),

〈
∑

i ni[Z
′
i], α ∪ β〉J(X) =

∑
i ni〈[Z ′i] ∪ α, β〉J(X)

=
∑

i ni〈γ∗i α, γ∗i β〉Zi

=
∑

i ni〈Γ∗i t(α),Γ∗i t(β)〉Zi

= 〈t(α), t(β)〉X (by 2.4)

= θ(α, β)

= 〈 θ44! , α ∪ β〉J(X)

hence θ4

4! =
∑

i ni[Z
′
i].

(ii) If the Tate conjecture is true for divisors on surfaces de�ned over �nite �elds, then the theorem
of Schoen ([70]) says that the cycle map CH1(J(X)) ⊗ Z2 →

⋃
U H

8(J(X),Z2(4))U , where U runs
through all open subgroups of Gal(k/kdef ) (kdef being a �nite �eld over which J(X) is de�ned), is
surjective. Since θ4 is algebraic, θ4/4! ∈

⋃
U H

8(J(X),Z2(4))U and we conclude by point (i) of the
theorem.

2.3 Parametrization of the intermediate Jacobian of a smooth cubic

threefold

The goal of this section is to prove that condition (*) still hold in the positive characteristic setting.
Over C, such a parametrization was achieved using the space of smooth normal elliptic quintics which
we do not know to exist a priori in our setting. So we will construct some stable normal elliptic quintics
using the lines on the cubic threefold.

2.3.1 Some facts on the Fano variety of lines.

Let X be a smooth cubic hypersurface P4
k. Since P3

k is separably rationally connected and there is a
dominant degree 2 rational map P3

k 99K X and 2 6= char(k), X is separably rationally connected.
The Fano variety of lines F (X) = {[l] ∈ Gr(2, 5), l ⊂ X} of X is a smooth projective surface.

Denote by P
p→ F (X) the universal P1-bundle and by q : P → X the projection on X.

We collect some results from Murre ([61]) on the geometry of F (X). Let F0 ⊂ F (X) be the subset
de�ned by

F0 = {[l] ∈ F (X), ∃K ⊂ P4
k a 2−plane s.t. K ∩X = 2l + l′ as divisors in K}.

Then F0 is a non-singular curve ([61, Corollary 1.9]), the lines [l] ∈ F0 are said to be of the second
type and those not in F0 are said to be of the �rst type. The subscheme

F ′0 = {[l] ∈ F (X), ∃K ⊂ P4
k a 2−plane and l′ ∈ F (X) s.t. K ∩X = l + 2l′}
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has dimension at most 1 ([61, Lemma 1.11]). For [l] ∈ F (X), let us denote by

H(l) = {[l′] ∈ F (X), [l] 6= [l′], l ∩ l′ 6= ∅}.

Then H(l) is a curve in F (X). We have the following properties:

Proposition 2.3.1. ([61, (1.17), (1.18), (1.24), (1.25)]) (i) If [l] is a line of the �rst type on X and
x ∈ l then there are only �nitely many (in fact at most 6) lines on X through x. Moreover there is no
2-plane tangent to X in all points of l.

(ii) There is a nonempty open subscheme U ′ ⊂ F (X) contained in F (X)\(F0 ∪ F ′0) such that any
[l] ∈ U ′ (l is of the �rst type) is contained in a smooth hyperplane section of X and H(l) is a smooth
irreducible curve of genus 11.

By the jacobian criterion, given a hyperplane H ⊂ P4
k, X ∩H is not a smooth cubic surface if and

only if there is an x ∈ X such that H is tangent to X at x. Looking at the Gauss map D : X → (P4
k)
∗,

([15]) we see that the varietyD(X) ⊂ (P4
k)
∗ parametrizing those hyperplanes tangent toX at some point

x ∈ X is a hypersurface in (P4
k)
∗. So the general (parametrized by the open subscheme (P4

k)
∗\D(X))

hyperplane section of X is smooth. Moreover, if [l] ∈ U ′, we know that K∗l = {[H] ∈ (P4
k)
∗, l ⊂ H},

which is a 2-plane in (P4
k)
∗, is not contained in D(X), hence D(X)∩K∗l is of dimension at most 1 and

K∗l \(D(X) ∩K∗l ) is a 2-dimensional open subscheme. So we see that in fact, for [l] ∈ U ′, the general
hyperplane containing l gives a smooth hyperplane section of X.We have also the following properties:

Proposition 2.3.2. (i) For [l] ∈ U ′, Im(H(l)) (= ∪[l′]∈H(l)l
′ = q(p−1(H(l)))) is not contained in a

�xed 2-plane. So if [l′] ∈ F (X) is a line distinct from [l] such that l ∩ l′ 6= ∅, H(l) and H(l′) have no
common component.

(ii) Let hl0 : F (X)\(H(l0) ∪ {[l0]}) → K∗l0 be the morphism de�ned by [l] 7→ [span(l, l0)] for
[l0] ∈ U ′. Then hl0 is dominant and there is an open subcheme Vl0 ⊂ U ′\(H(l0) ∪ {[l0]}) such that for
[l] ∈ Vl0 , hl0([l]) gives a smooth hyperplane section.

(iii) For [l] ∈ U ′, there is an open subscheme U ′[l] ⊂ U
′ such that for all [l′] ∈ U ′[l], H(l′) ∩ H(l)

is �nite. So there is an open subscheme U ⊂ U ′ such that ∀[l] ∈ U , H(l) ∩ U ′ is a non empty open
subscheme of H(l).

Proof. (i) Suppose there exists K ⊂ P4
k a 2-plane such that q(p−1(H(l))) ⊂ K. p−1(H(l)) is a smooth

irreducible ruled surface over a curve of genus 11. Since X is smooth, it cannot contain a 2-plane, so
q(p−1(H(l)) is contracted into a curve or a set of points in K∩X. Since the ruled surface is irreducible,
q(p−1(H(l))) is an irreducible closed (q proper) subscheme of K and we have l ⊂ q(p−1(H(l))) so
l = q(p−1(H(l))). But, by 2.3.1 (i), since l is of the �rst type, the �ber of q over a point of l is 0-
dimensional. So such K does not exist.

Moreover, suppose [l′] ∈ F (X)\{[l]} is such that l′ ∩ l 6= ∅ and H(l) (which is irreducible) is one
of the components of H(l′), then all (except maybe the other 4 ones passing through l ∩ l′) lines that
meet l are contained in the 2-plane span(l, l′), which is impossible.

(ii) Since [l0] ∈ U ′, the general member of K∗l0 gives a smooth hyperplane section which contains
some lines that do not meet l0 (i.e in F (X)\(H(l0) ∪ {[l0]})), hl0 is dominant and the general �ber
is 0-dimensional of cardinal < 27. So hl0 |U ′\H(l0) is still dominant. Let C = K∗l0 ∩ D(X) be the
closed subscheme of dimension ≤ 1 parametrizing singular hyperplane sections containing l0. Since
hl0 is dominant, the closed subscheme h−1(C) has dimension ≤ 1. So the property is proved with
Vl0 = U ′\(H(l0) ∪ h−1(C)).

(iii) For [l0] ∈ U ′, according to the previous point, there is an open subscheme Vl0 ⊂ U ′\(H(l0) ∪
{[l0]}) such that ∀[l] ∈ Vl0 , hl0([l]) is a smooth hyperplane section, in particular, ∀[l] ∈ Vl0 , H(l0) 6=
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H(l) (otherwise, all these lines would be contained in the smooth cubic surface and k being algebraically
closed, H(l0)(k) is in�nite). For the last statement, should they exist, take �nitely many [lj ] ∈ U ′ such
that the H(lj) are the irreducible components of the divisors (F0,F ′0...) removed from F (X) to obtain
U ′ and set U = ∩jVlj (and U ′ = U if there is no such lj).

2.3.2 Space of normal elliptic quintics

We will construct in this section, singular normal elliptic quintic curves, namely cycles of rational
curves (generically) with four components, 3 lines and a conic. We will use for this the properties of
the Fano surface from 2.3.1 and 2.3.2.

Take [l0] ∈ U ′. Let C ⊂ K∗l0 the closed subscheme of dimension ≤ 1 parametrizing the singu-
lar hyperplane sections containing l0. Its preimage h−1

l0
(C) has dimension at most 1 since there is

at least one (hence a 2-dimensional open set of) smooth hyperplane section containing l0. Let us
denote by (Ci)1≤i≤m the irreducible components of h−1

l0
(C) and should they exist such, let us de-

note by ([li])1≤i≤m ∈ Um some lines such that H(li) ∩ Ci has dimension 1. We can choose [l1] in
the (2-dimensional) open subscheme ∩mi=1U ′[li] ∩ Vl0 ∩ U . Then H(l1) ∩ h−1

l0
(C) = ∪mi=1H(l1) ∩ Ci ⊂

∪mi=1(H(l1)∩H(li)), the last set is �nite as �nite union of �nite sets ([l1] ∈ ∩mi=1U ′[li]). Since the hyper-
plane section S = H1 ∩X is smooth (where H1 = span(l0, l1)) and the lines meeting l0 and l1 are in
S, H(l1) ∩H(l0) is �nite.

Since (H(l1) ∩ U ′)\(h−1
l0

(C) ∪ H(l0)) is an nonempty open subscheme of H(l1) and S contains 27

lines, we can choose [l2] in this open subset such that [l2] is not contained in S (in particular not
contained in H1) and H2 ∩X is a smooth cubic surface, where H2 = span(l0, l2) and H2 6= H1 (l2 is
not in S). We have H(l2) 6= H(l0) (because [l1] ∈ H(l2) and is not in H(l0)) and H(l2) 6= H(l1) by
Proposition 2.3.2 (i) so that H(l2)\(H(l0) ∪ H(l1)) is an nonempty open subscheme of H(l2). Since
H2 ∩X contains only �nitely many lines, we can take [l3] ∈ H(l2)\(H(l0) ∪H(l1)) not in that surface
and not intersecting l2 at l1 ∩ l2 (there are at most 4 other lines passing through l1 ∩ l2 by Proposition
2.3.1 (i)).

LettingH3 = span(l0, l3), we haveH1∩H2 6⊂ H3 otherwise the point l2∩l1 would be inH1∩H2 ⊂ H3

and the same with the point l2 ∩ l3 so that (l2 ∩ l1 6= l2 ∩ l3) we would have l2 ⊂ H3, i.e. H3 = H2 but
l3 6⊂ H2. So H1 ∩H2 ∩H3 is the line l0.

Lemma 2.3.1. A hyperplane section of a smooth hypersurface of degree ≥ 2 in projective space Pn has
a zero-dimensional singular set. Hence a hyperplane section of a smooth cubic surface does not contain
a double line.

Indeed, the singular locus of a hyperplane section H∩X of X is the �ber over the point [H] ∈ (Pn)∗

of the Gauss map of X which is given by a base point free ample linear system.

Applying the lemma, we see that the residual conic D to l0 in H3 ∩ S is the union of two (secant)
distinct lines or a nondegenerate conic. We have D ∩ l2 = ∅ otherwise, a point x ∈ D ∩ l2 would be
in H1 ∩H2 ∩H3 which is known to be l0 and l0 ∩ l2 = ∅. As the intersection of the 2-plane H1 ∩H3

with the line l1 in the 3-dimensional projective space H1, (H1 ∩ H3) ∩ l1 is a complete intersection
point of (H1 ∩ H3) ∩ X not on l0 (since l0 ∩ l1 = ∅) so D ∩ l1 is that point. In particular if D is
degenerate, it is not the meeting point of the two components of D. The same is true for D ∩ l3 which
the complete intersection point (H1 ∩H3) ∩ l3, intersection of the 2-plane H1 ∩H3 with the line l3 in
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the 3-dimensional projective space H3. So C = l1 ∪ l2 ∪ l3 ∪D is a locally complete intersection closed
subset of X of pure dimension 1. It is a curve of arithmetic genus 1, with trivial dualizing sheaf, not
contained in any hyperplane and whose intersection with a general hyperplane is a degree 5 e�ective
zero cycle. It is thus a singular linearly normal elliptic quintic curve. From this construction, we see
that we have at least a 6-dimensional family of such curves: [l0], [l1] are chosen in open subsets of
F (X), [l2] is chosen in an open subset of the curve H(l1) and [l3] in an open subset of the curve H(l2).

The curve C thus constructed have the following properties:

Proposition 2.3.3. (i) hi(X, IC) = 0 i ∈ {0, 1, 3} and h2(X, IC) = 1;
(ii) hi(X, IC(1)) = 0 for all 0 ≤ i ≤ 2;
(iii) h0(X, IC(2)) = 5, hi(X, IC(2)) = 0 for i = 1, 2;
(iv) dimkExt

1(IC ,OX(−2)) = 1 futhermore the generator of Ext1(IC ,OX(−2)) generates Ext1(IC ,OX(−2))

at any point of C.

Proof. (i) It follows immediately from the long exact sequence associated to the short exact sequence

0→ IC → OX → OC → 0 (2.6)

the connectedness of C, which imposes h0(C,OC) = 1, Serre duality on C and the isomorphism
ωC ' OC .

(ii) By the normalization exact sequence we have the inclusion H0(C,OC(l)) ↪→ ⊕iH0(Ci,OCi(l))

for any l ∈ Z, where Ci are the irreducible components of C which are either a projective line or a non-
singular conic lying in a plane. So for l = −1, we have h0(OC(−1)) = 0. Now, applying Riemann-Roch
theorem to C (see [34] p.83) yields h0(C,OC(1)) = deg(OC(1)) = 5 since the intersection of C with a
generic hyperplane has degree 5. Moreover since C is not contained in a hyperplane, h0(IC(1)) = 0.
So tensoring (2.6) by OX(1) and taking the long exact sequence gives the desired cancelations.

(iii) By a projective transformation, we can suppose that C is the curve whose components are:
the lines [A0A1], [A1A2], [A2A3] and the conic given by an equation of the form Q = αX2

4 +βX0X3 +

γX0X4 + δX3X4 (so that it meets A0 and A3) in the plane X1 = 0 = X2 where A0 = [1 : 0 · · · :

0], . . . , A3 = [0 : · · · : 1 : 0]. Then we can check that the quadrics given by union of hyperplanes
Q0 = X0X2, Q1 = X1X3, Q2 = X1X4, Q3 = X2X4 and the quadric Q form a basis of the space of
quadrics containing C; so we have h0(IC(2)) = 5. The cancelation of h2(X, IC(2)) follows immediately
from the long exact sequence associated to (2.6) tensorized by OX(2). For h1(IC(2)), we proceed as
in [42, Proposition IV.1.2]: for a generic hyperplane H, letting Γ := C ∩H = {P1, . . . P5} where the Pi
are �ve points whose span is equal to H and S := H ∩X a smooth cubic surface, we have the following
diagram with exact rows and columns:

0

��

0

��

0

��
0 // IC(1) //

H
��

OX(1) //

H
��

OC(1) //

H
��

0

0 // IC(2) //

��

OX(2) //

��

OC(2) //

��

0

0 // IΓ(2) //

��

OS(2) //

��

⊕5
i=1kPi

//

��

0

0 0 0
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For any Pi0 , since Γ spans H, there is a plane for the form h1 = span(Pj1 , Pj2 , Pj3) (ji ∈ {1, . . . 5}\{i0})
that do not contains Pi0 . we can also choose a plane h2 containing the last point Pk ({k} =

{1, . . . 5}\{i0, j1, j2, j3}) and not containing Pi0 , then the union h1 ∪ h2 is a quadric of H that does
not contain Pi0 . Thus H0(S,OS(2)) → ⊕5

i=1kPi is surjective, so h1(S, IΓ(2)) = 0. This gives the
surjectivity of H1(X, IC(1))→ H1(X, IC(2)) hence h1(IC(2)) = 0.

(iv) The �rst terms of the local-to-global spectral sequence used to compute the groups Ext(IC ,OX(−2))

gives

0→ H1(X,OX(−2))→ Ext1(IC ,OX(−2))→ H0(X, Ext1(IC ,OX(−2)))

→ H2(X,Hom(IC ,OX(−2))).
(2.7)

By [68, lemma 1], Ext1(IC ,OX(−2)) ' det(NC/X)⊗ i∗OX(−2)︸ ︷︷ ︸
=ωX

, where the vector bundle NC/X on C

is the normal bundle of the locally complete intersection subcheme C in X and i : C ↪→ X the inclusion
so Ext1(IC ,OX(−2)) ' i∗ωC the dualizing sheaf of C, hence H0(X, Ext1(IC ,OX(−2))) ' H0(C,ωC).

But ωC ' OC and C is proper and connected soH0(C,ωC) ' k. Next we haveH1(X,OX(−2)) = 0 and
Hom(IC ,OX(−2)) ' OX(−2) ([68, lemma1]) so that H2(X,Hom(IC ,OX(−2))) ' H2(X,OX(−2)).
This last group being zero, we have Ext1(IC ,OX(−2)) ' H0(C,OC) ' k. It is thus clear that the
generator of Ext1(IC ,OX(−2)) generates Ext1(IC ,OX(−2)) at any point of C.

By the Serre construction in codimension 2 (see for example [68]), we can associate, using Propo-
sition 2.3.3 (iv), to a locally complete intersection curve C ⊂ X constructed as above, a rank 2 vector
bundle on X.

Proposition 2.3.4. For any curve C ⊂ X constructed as above, there is a unique auto-dual rank 2

vector bundle E on X �tting in the exact sequence:

0→ OX → E(1)→ IC(2)→ 0 (2.8)

given by any non zero element of Ext1(IC ,OX(−2)) ' k.

Vector bundles obtained by this method have the following properties which were proved in [52,
Lemmas 2.1, 2.7, 2.8 and Proposition 2.6] for vector bundles constructed by the same method but
starting from smooth normal elliptic quintic curves:

Proposition 2.3.5. Let E be a rank 2 vector bundle obtained from a singular linearly normal elliptic
quintic curve applying Proposition 2.3.4. Then we have:

(i) h0(E(−1)) = 0, h0(E) = 0, h0(E(1)) = 6 and hi(E(−1)) = 0 = hi(E(1)) ∀i ≥ 1;
(ii) E(1) is a stable vector bundle generated by its global sections so that the zero locus of any

non zero global section s of E(1) is a local complete intersection curve Cs on X with trivial dualizing
sheaf, whose ideal sheaf satis�es all the equalities of Proposition 2.3.3 and �ts in an exact sequence
0→ OX → E(1)→ ICs(2)→ 0;

(iii) h0(E ⊗ E) = 1, h1(E ⊗ E) = 5, h2(E ⊗ E) = 0 = h3(E ⊗ E);
(iv) h0(NC/X) = 10, h1(NC/X) = 0. In particular, the Hilbert scheme Hilb5n(X/k), which

parametrizes 1-dimensional subschemes of degree 5 and arithmetic genus 1 in X, is smooth of di-
mension 10 at the point [C].

(v) The morphism P5 ' P(H0(E(1)))→ Hilb5n(X/k), that associates to any non-zero global section
of E(1) the subscheme of X de�ned by zero locus, is injective.
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Proof. (i) The computation of the dimension of these cohomology groups is immediate from (2.8) and
Proposition 2.3.3 using long exact sequences with appropriate twists and Serre's duality.

(ii) We have seen that h1(E) = 0, h2(E(−1)) = 0 and h3(E(−2)) = h0(E) = 0 so by Mumford-
Castelnuovo criterion, E(1) is generated by its global sections. There is no assumption on the charac-
teristic of the base �eld in the arguments used in [52, Proposition 2.6] to prove the stability of E(1) so
the proof adapts to our setting.

The proofs of items (iii) and (iv) given in [52, Lemma 2.7] adapt in positive characteristic since it
only uses the fact that stability of vector bundles implies their simplicity, Grothendieck-Riemann-Roch
theorem and the fact that h1(N ∗

C/P4k
(2)) = 0 which is still true in our setting since the second proof of

this fact given in [42, Proposition V.2.1] makes no use of the characteristic ( 6= 2) nor of a better reg-
ularity than local complete intersection. Item (v) is [52, Lemma 2.8] whose proof uses no assumption
on the charateristic of the base �eld.

De�ne the locally closed subscheme H of Hilb5n(X/k):

H =


[Z] ∈ Hilb5t(X/k), (i) Z is a locally complete intersection of pure

dimension 1, (ii) h1(IZ) = 0 = h0(IZ(1)) = h1(IZ(1)) (hence h0(OZ) = 1),

(iii) h1(IZ(2)) = 0 = h2(IZ(2)) (hence h0(IZ(2) = 5), (iv) ωZ ' OZ

 . (2.9)

The 6-dimensional family of singular linearly normal elliptic quintic curves constructed in the previous
section is contained in H. Moreover, the subschemes parametrized by H are connected (since h0(OZ) =

1) local complete intersection curves with trivial dualizing sheaf and whose ideal sheaves have all the
properties needed to guarantee that the coherent sheaf arising from Serre's construction in codimension
2 (see Proposition 2.3.4) is a rank 2 vector bundle onX satisfying the properties of Proposition 2.3.5. In
particular, by item (iv) of Proposition 2.3.5, H is a smooth 10-dimensional quasi-projective k-scheme.
So, using the pull-back Z of the universal sheaf over Hilb5n(X/k) on H, we can de�ne an Abel-Jacobi
morphism φZ : H → J(X). We have the following theorem which proves that the condition (*) of the
introduction is satis�ed by cubic threefolds:

Theorem 2.3.2. φΓ is smooth and its general �ber is isomorphic to P5
k.

Proof. To prove the smoothness of φZ , we just have to see that the di�erential of the Abel-Jacobi
morphism TφZ : TH,[C] ' H0(C,NC/X)→ TJ(X),φZ([C]) ' H2(X,ΩX/k) is surjective for any [C] ∈ H.
To do so, we proceed as in [52, Theorem 5.6] trying the prove that the dual of this map (TφZ)∗ :

H2(X,ΩX/k)
∗ ' H1(X,Ω2

X/k)→ H0(C,NC/X)∗ is injective. We use the technique of "tangent bundle
sequence" following [93, Section 2]. It is presented there for a smooth subvariety C ↪→ X and in
characteristic zero but the arguments to prove the following lemma make no use, for the subvariety C,
of a greater regularity than local complete intersection (so that NC/X and NC/P4k are vector bundles
on C and we can use Serre duality) nor of the characteristic ( 6= 2). So (TφZ)∗ admits the following
description:
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Lemma 2.3.3. ([93, Lemma 2.8]). The following diagram is commutative

H0(X,NX/P4k ⊗ ωX)
R //

rC

��

H1(X,Ω2
X/k)

(TφZ)∗

��
H0(C,NX/P4k ⊗ ωX|C)

βC // H0(C,NC/X)∗

where rC is the restriction map to C, βC is part of the exact sequence

· · · → H0(C,NC/P4k ⊗ ωX)→ H0(C,NX/P4k ⊗ ωX|C)
βC→ H1(C,NC/X ⊗ ωX) ' H0(C,NC/X)∗

from the long exact sequence arising from the short exact sequence

0→ ωX ⊗NC/X → ωX ⊗NC/P4k → ωX ⊗NX/P4k|C → 0

and R is the �rst connecting morphism in the long exact sequence associated to

0→ Ω2
X/k ⊗N

∗
X/P4k

→ ΩP4k/k|X
→ ωX → 0

coming from the exterior cube of the short exact sequence 0→ N ∗
X/P4k

→ ΩP4k|X
→ ΩX/k → 0.

Now, R is an isomorphism since Bott formula for P4
k imply the vanishing of H0(X,Ω3

P4k/k|X
(3))

and H1(X,Ω3
P4k/k|X

(3)). The kernel of rC is H0(X,NX/P4k ⊗ ωX ⊗IC/X) = H0(X, IC/X(1)) which is 0

by assumption. As for the kernel of βC , we have already seen in the proof of Proposition 2.3.5, that
H1(C,N ∗C/X(2)) = H0(C,NC/X(−2)) is 0 since the second proof given in [42, Proposition V.2.1] for

the vanishing of h1(C,N ∗
C/P4k

(2)) = h0(C,NC/P4k(−2)) makes no use of the characteristic 6= 2 nor of a

greater regularity than local complete intersection and NC/X(−2) ⊂ NC/P4k(−2); so βC is also injective.
Hence TφZ is surjective at all points of H i.e. φZ is smooth on H.

Since φZ is smooth, any nonempty closed �ber of φZ is a disjoint union of smooth k-varieties.
In fact it is the union of copies of P5

k: using the curve C parametrized by a point [C] of this �ber,
we can construct a rank 2 vector bundle E having the properties of Proposition 2.3.5; in particular
P(H0(E(1))) ' P5

k (2.3.5 (i)) and the inclusion of 2.3.5 (v) P(H0(E(1))) ↪→ Hilb5n(X/k) has values
in H since, by 2.3.5 (ii), the curves de�ned by the zero locus of elements of P(H0(E(1))) satisfy the
conditions de�ning H. Since a morphism from a projective space to an abelian variety is constant, we
see that φZ(P(H0(E(1)))) = φZ([C]) i.e. P5

k = P(H0(E(1))) is included in the �ber φ−1
Z (φZ([C])) and

[C] ∈ P5
k = P(H0(E(1))) (by exact sequence 2.8). So every nonempty closed �ber of φZ is the disjoint

union of a �nite number of P5
k.

Now, let π : X → S = Spec(R) be a smooth projective lifting of the smooth cubic X ⊂ P4
k to

characteristic 0 over a DVR. Let us denote by K = Frac(R), the generic point of S and s the closed
point. We have also an abelian scheme over S, J = Pic0(F(X)/S), the relative Picard scheme of the
relative Fano surface of π, whose geometric �bers are isomorphic to the intermediate jacobian of the
corresponding smooth cubic hypersurfaces. Let H(X/S) be the locally closed subscheme of the relative
Hilbert scheme Hilb5t(X/S) de�ned as

[Z] ∈ Hilb5t(X/S), (i) Z is a locally complete intersection of pure

dimension 1, (ii) h1(IZ) = 0 = h0(IZ(1)) = h1(IZ(1)) (hence h0(OZ) = 1),

(iii) h1(IZ(2)) = 0 = h2(IZ(2)) (hence h0(IZ(2) = 5), (iv) ωZ ' OZ

 . (2.10)
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whose �ber over s is H and �ber over K is the subscheme of the Hilbert scheme Hilb5n(Xη/K) de�ned
likewise which, according to [52, Corollary 5.5], is also smooth of dimension 10. It is easy to see that a
singular linearly normal elliptic quintic curve, as those constructed in 2.3.2, lifts in charateristic 0 over R
so H(X/S) has a S-point that we can use as a reference point to de�ne a morphism φZS

: H(X/S)→ J
(using the universal family ZS of Hilb5t(X/S)) inducing the Abel-Jacobi morphisms over s and K.

Let ΓφZS be the closure of the graph of φZS
in the S-projective scheme Hilb5n(X/S)×S J . Then

the second projection pS : ΓφZS → J yields a projective morphism inducing the Abel-Jacobi morphism
φZS

on a dense open subscheme of ΓφZS which is surjective on S. By Stein factorization theorem, there

is a proper S-scheme M such that pS factorizes as ΓφZS
Φ→ M Ψ→ J with Ψ a �nite morphism and

Φ a morphism with connected �bers. By work of Iliev, Markushevich and Tikhomirov ([52, Theorem
5.6] and [43, Theorem 3.2]; see also Druel [28, Théorème 1.4]), the general �ber of pK is P5

K so that
ΨK : MK → Jk is an isomorphism. So Ψ is a birational morphism. Let us denote σ : J 99KM the
inverse map. Since J is regular, the local ring of any codimension 1 point of J is a DVR and sinceM
is proper, σ is de�ned on any codimension 1 point. In particular, it is de�ned at the generic point of
J(X) = Js; hence J(X) is birational to a component M0 ofMs. Let us denote B = Φ−1

s (M0). Then
ps : B → J(X) is dominant with general �ber isomorphic to P5 and on a open subset of B, it is the
Abel-Jacobi morphism given by the pull-back of the universal family of Hilb5t(X/k).





Chapter 3

Remarks on approximate decomposition

of the diagonal

Résumé: Dans ce chapitre, nous étudions, pour des variétés dé�nies sur C à CH0 trivial, la
di�érence qui existe entre avoir une dimension CH0 essentielle égale à 2 et avoir une dimension CH0

essentielle nulle. Nous présentons notamment des conditions su�santes (et nécessaires) pour assurer
qu'une variété à CH0 trivial qui a une dimension CH0 essentielle ≤ 2 a, en fait, une dimension CH0

essentielle égale à 0.

Abstract: In this chapter, we investigate, for varieties over C with trivial group of 0-cycles, the gap
between essential CH0-dimension 2 and essential CH0-dimension 0. In particular, we present su�cient
(and necessary) conditions for a variety with trivial group of 0-cycles and essential CH0-dimension ≤ 2

to have, in fact, essential CH0-dimension 0.

3.0 Introduction

The characterization of the complex smooth projective varieties of dimension n ≥ 3 which are rational,
i.e. birationally equivalent to PnC, is a long standing problem in algebraic geometry. If such a variety
X is rational then, by birational invariance of the group CH0 of 0-cycles modulo rational equivalence,
we have an isomorphism CH0(X) = Zx for a (any) point x ∈ X(C).

However a more general class of varieties satisfy the isomorphism CH0(X) ' Z. Among them, we
can mention the class of rationally connected varieties, for which any pair of point is contained in a
rational curve, or the (conjecturally) smaller class of unirational varieties, i.e. varieties admitting a
dominant rational map from a projective space, which, in dimension ≤ 2 coincide with the class of
rational varieties. In dimension ≥ 3, e�cient obstructions to rationality for unirational varieties have
been found since the early 1970′s: Clemens and Gri�ths ([15]) proved that the intermediate Jacobian
of a cubic threefold X, which is a unirational variety, is not isomorphic to a sum of Jacobian of curves
which would be the case should X be rational; in a 1989 paper ([19]), Colliot-Thélène and Ojanguren
studied higher degree analog of the obstruction that Artin and Mumford used to provide an example
of a unirational non stably rational threefold, namely the unrami�ed cohomology groups, which are
birational invariants trivial for stably rational varieties, and used them to prove non stable rationality
of some unirational quadric bundles.

In fact, the birational invariance of the CH0 group yields more for a rational variety X; for any
�eld extension L/C, we have, as for the projective space, CH0(X) = ZxL where x ∈ X(C) and
xL = x ×C Spec(L). The varieties satisfying this property are said to have universally trivial CH0

group or have their 0-cycles universally supported on a point. We can reformulate this property, after
([5]), saying that there exists a Chow-theoretic decomposition of the diagonal i.e. than we can write
the diagonal of X as :

∆X = X × x+ Z in CHn(X ×X) (3.1)
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where x ∈ X(C) and Z is a cycle supported on D×X for some proper closed algebraic subset D of X.
In [91], Voisin proved that there are solids (desingularization of certain quartic double solids) whose
intermediate Jacobian is a Jacobian of a curve, i.e. whose irrationality cannot be detected by Clemens-
Gri�ths criterion, and whose unrami�ed cohomology groups are trivial but which do not admits a
Chow-theoretic decomposition of the diagonal. By doing so, she proves that the necessary condition
for stable rationality given by the existence of a Chow-theoretic decompostion of the diagonal is strictly
stronger than the triviality of the unrami�ed cohomology groups; she also proves that the non-existence
of a decomposition of the diagonal can help proving the stable irrationality of some solids for which the
Clemens-Gri�ths criterion is of no use (eg. the solids whose intermediate Jacobian has dimension ≤ 3).

For a variety X satisfying CH0(X) = Z, we can also consider a weaker property than having
the 0-cycles universally supported on a point: let us say that the CH0 is universally supported on a
subvariety Y ⊂ X if the natural morphism CH0(Y ) → CH0(X) is universally surjective, i.e. for any
L/C, CH0(YL)→ CH0(XL) is surjective.

Remark 3.0.1. An equivalent formulation is the existence of a decomposition of the diagonal

∆X = Γ1 + Γ2 in CHn(X ×X) (3.2)

where Γ1 is supported on D ×X for some proper closed subset D ⊂ X and Γ2 is supported X × Y .
Indeed, applying universal surjectivity to the �eld L = C(X), we see that the diagonal point δX ∈
CH0(XC(X)) can be written iL,∗z in CH0(XC(X)) ' CHn(XC(X)), where z ∈ CH0(YL) and i : Y ↪→ X.
This implies (3.2), using Bloch identity CHn(XC(X)) = lim−→U⊂X, open CHn(U ×X) and the localization
exact sequence.

Voisin made in [90] the following de�nition:

De�nition 3.0.2. ([90, De�nition 1.2])The essential CH0-dimension of a variety is the minimal in-
teger k such that there is a closed subscheme Y ⊂ X of dimension k such that the CH0 group of X is
universally supported on Y .

In the case of cubic hypersurfaces, the following is proved in [90]:

Theorem 3.0.3. ([90, Theorem 1.4]) The essential CH0-dimension of a very general n-dimensional
cubic hypersurface over C is either n or 0, for n = 4 or n odd.

In [17], Colliot-Thélène proved the following proposition concerning varieties of essential CH0-
dimension ≤ 1:

Theorem 3.0.4. ([17, Proposition 2.5]) Let X a smooth projective variety over C satisfying CH0(X) =

Z. Assume X has essential CH0-dimension ≤ 1. Then the essential CH0-dimension of X is 0 (i.e. X
admits a Chow-theoretic decomposition of the diagonal).

The goal of this chapter is to investigate how far a variety with trivial CH0, which has essential
CH0 dimension ≤ 2 is from having a universally trivial CH0 group i.e. essential CH0 dimension 0. A
�rst result in this direction is the following:

Theorem 3.0.5. ([90, Corollary 2.2], [5, Proposition 1.9]) Let Σ be a smooth complex projective
surface. Assume CH0(Σ) = Z and Tors(H∗(Σ,Z)) = 0. Then Σ has CH0 universally trivial.

We show the following generalizations:
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Theorem 3.0.6. Let X be a smooth complex projective variety of dimension n such that CH0(X) = Z.
Assume X has essential CH0 dimension ≤ 2. If

1. Tors(H2(X,Z)) = 0 and

2. H3(X,Z) = 0,

then X has universally trivial CH0 group i.e. has essential CH0 dimension 0.

In another direction, we have the following result. Let us introduce �rst the following condition:

(*) there is a smooth projective variety Ỹ of dimension (dim(X)− 1) and a morphism j : Ỹ → X

such that
j∗ : Pic0(Ỹ )→ CH2(X)alg

is universally surjective.

In more geometric terms, the condition means that any family of algebraically trivial codimension
2 cycles factors generically through j∗. Indeed, let Z ∈ CH2(B ×X) be such a family, parametrized
by a smooth projective base B. Applying condition (*) to the �eld C(B), gives that the cycle ZC(B) ∈
CH2(XC(B))alg = lim−→U⊂B, open CH2(U × X)alg has a pre-image D ∈ Pic0(Y )(C(B)) by jC(B),∗. The

C(B)-point D corresponds naturally to a rational map (thus a morphism since Pic0(Y ) is an abelian
variety) D : B → Pic0(Y ). The identity jC(B),∗(D) = ZC(B) says that the applications B(C) →
CH2(X)alg, given by b 7→ Zb and B(C)

D→ Pic0(Y )(C)
j∗→ CH2(X)alg ' J3(X) coincide on a dense

open set of B hence everywhere since targets are abelian varieties.
Conversely, any cycle ZL ∈ CH2(XL)alg has a model Z which is a family of algebraically trivial

codimension 2 cycles of X parametrized by a smooth quasi-projective model B of L. The factorization
of that family through j∗ gives rise to a morphism D : B → Pic0(Y ) which, passing to the limit over
the open sets of B yields a C(B) = L point of Pic0(Y ) mapped by jL,∗ to ZL.

Now, let us state the second theorem of the chapter:

Theorem 3.0.7. Let X be a smooth complex projective variety of dimension n such that CH0(X) = Z.
Assume X has essential CH0 dimension ≤ 2. If X satis�es the condition (*), then X has universally
trivial CH0 group i.e. has essential CH0 dimension 0.

Remark 3.0.8. We observe, conversely, that ifX has universally trivial CH0 group, then the conditions
(1) of Theorem 3.0.6 and (*) are satis�ed (see Lemma 3.1.1).

The key condition (∗) appearing in the theorem is expressed in terms of universal generation, a
notion introduced by Shen in [73], where he uses universal generation of 1-cycles on cubic hypersurfaces
(of dimension ≥ 3) to relate the existence of a decomposition of the diagonal for cubic 3-folds and 4-
folds to the algebraicity of some cohomological classes on their Fano varieties of lines associated to the
pairing in the middle cohomology of cubic hypersurfaces.

In the case of threefolds, another relation between essential CH0-dimension and condition (*) is
presented in Section 3.3. Combined with Theorem 3.0.7, it yields the following result:

Theorem 3.0.9. The essential CH0-dimension of a very general Fano complete intersection threefold
is 0 or 3. In particular, the essential CH0-dimension of the very general quartic threefold is equal to 3.

The chapter is organized as follows: the �rst section is devoted to the proofs of Theorems 3.0.6
and 3.0.7. The second section is devoted to the analysis of condition (∗); we try to relate it, at least
in some special case to more geometric conditions. The third second is devoted to examples for which
Theorem 3.0.7 gives interesting consequences.
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3.1 Main theorems

Let us begin this section by a lemma which proves that the conditions (1) of Theorem 3.0.6 and (*)
are also necessary.

Lemma 3.1.1. Let X be a smooth projective variety of dimension n whose essential CH0 dimension
is 0. Then

1. Tors(H2(X,Z)) = 0 = Tors(H3(X,Z)) and

2. X satis�es (∗).

Proof. Saying that X has essential CH0-dimension 0 is equivalent to the existence of a Chow-theoretic
decomposition of the diagonal of X. We have:

∆X = X × x+ Z in CHn(X ×X) (3.3)

where x ∈ X(C) and Z is a cycle supported on D×X for some proper closed algebraic subset D of X.
We can choose D such that, denoting D̃ a desingularization of D and j : D̃ → X the composition of
the desingularization followed by the inclusion, the cycle Z lifts to a cycle Z̃ ∈ CHn−1(D̃ ×X). Item
(1) is proved in [89, Theorem 4.4]. Let us prove (2). Let L/C be a �eld extension and γ ∈ CH2(XL)alg.
Letting both sides of the extension of (3.3) to L act on γ, we get the equality:

γ = ∆∗XL
γ = jL,∗(Z̃

∗
Lγ) in CH2(XL)

with Z̃∗Lγ ∈ CH1(D̃L)alg = Pic0(D̃L) = Pic0(D̃)L, which proves the universal surjectivity of j∗.

Proof of Theorem 3.0.6. Let us assume that X satis�es conditions (1) and (2) of the Theorem 3.0.6.
By Remark 3.0.1, the diagonal of X can be written:

∆X = Γ1 + Γ2 in CHn(X ×X) (3.4)

where Γ1 is supported on D×X for some proper closed subset D ⊂ X and Γ2 is supported X×Σ. Let
τ : Σ̃ → Σ be a desingularization of Σ. Enlarging Σ if necessary we can �nd Γ̃2 ∈ CH2(X × Σ̃) such
that (idX , i ◦ τ)∗Γ̃2 = Γ2 in CHn(X ×X), where i : Σ ↪→ X is the inclusion. To get a Chow-theoretic
decomposition of the diagonal, it is su�cient to prove that Γ̃2 (hence Γ2 in CHn(X × X)) can be
decomposed as X ×x+Z in CH2(X × Σ̃) for a cycle Z supported on D′× Σ̃, D′ being a proper closed
subset of X. We have the following proposition:

Proposition 3.1.1. ([90, Proposition 2.1]) Let Y be a smooth projective variety. If Y admits a
decomposition of the diagonal modulo algebraic equivalence, that is

∆Y = Y × y + Z in CHdim(Y )(Y × Y )/alg

with Z supported on D × Y for some proper closed algebraic subset D of Y , then Y admits a Chow-
theoretic decomposition of the diagonal.

We include the proof for the sake of completeness:
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Sketch of proof. The result is obtained as a consequence of a nilpotence result of Voevodsky ([80]) and
Voisin ([81]) asserting that given a self-correspondence Γ ∈ CHn(Y × Y ) that is algebraically trivial,
there is an integer N such that Γ◦N = 0 in CHn(Y × Y ).

Applying the nilpotence result to the algebraically trivial self-correpondence (∆Y − (Y × y) + Z)

yields the result since, writting down the di�erent terms, using the fact that Z ◦ (Y × y) = 0 and
(∆Y − Y × y) ◦ (∆Y − Y × y) = ∆Y − Y × y, we see that any power of (∆Y − (Y × y) + Z) is of the
form ∆Y − (Y × y) + Z ′ for a cycle Z ′ supported on D × Y .

We conclude from this proposition that in order to get the decomposition of the diagonal of X, it
su�ces to decompose Γ̃2 as X × x + Z for a cycle Z supported on D′ × Σ̃, D′ being a proper closed
subset of X, in CH2(X × Σ̃)/alg. Indeed, this will decompose Γ2 as X × x+ Z, with Z supported on
D ×X in CHn(X ×X)/alg.

Now, since CH0(X) = Z, we have CH0(X × Σ̃) ' CH0(Σ̃) i.e. the group of 0-cycles of X × Σ̃

supported on a 2-dimensional subscheme of X×Σ̃. Then, by work of Bloch and Srinivas ([13, Theorem
1 (ii)]), algebraic and homological equivalences coincide on CH2(X × Σ̃) so that, in order to get the
equality Γ2 = X × x+Z in CH2(X × Σ̃)/alg, it is su�cient to prove the corresponding cohomological
decomposition, that is to prove that [Γ̃2] can be written [X × x] + [Z] in H4(X × Σ̃) for a cycle Z
supported on D′ × Σ̃, D′ being a proper closed subset of X.

We have the Künneth exact sequence:

0→
⊕
i+j=4

H i(X,Z)⊗Hj(Σ̃,Z)→ H4(X × Σ̃,Z)→
⊕
i+j=5

Tor1(H i(X,Z), Hj(Σ̃,Z))→ 0

from which, we see, using the fact that the groups H∗≤1(∗,Z) are always torsion-free and the assump-
tion Tors(H2(X,Z)) = 0 = Tors(H3(X,Z)), that H4(X × Σ̃,Z) admits a Künneth decomposition.

Let us denote δi,j ∈ H i(X,Z)⊗Hj(Σ̃,Z) the Künneth components of [Γ̃2]. They are Hodge classes
since the projection on Künneth types are morphism of Hodge structures.

The component δ3,1 is 0 since by assumption (2), H3(X,Z) = 0.
The component δ0,4 is of the form [X × z] for a 0-cycle z on Σ̃.
Let us write Σ̃ = tiΣ̃i where the Σ̃i are smooth connected surfaces. Since H0(Σ̃,Z) = ⊕iZ[Σ̃i],

for each i, the component δ4,0
i ∈ H4(X,Z) ⊗ H0(Σ̃i,Z) can be written pr∗1αi for a cohomology class

αi ∈ H4(X,Z) and by projection formula pr1,∗(δ
4,0
i ∪ [X × xi]) = pr1,∗(pr

∗
1αi ∪ [X × xi]) = αi for a

(any) point xi ∈ Σ̃i. Now, we have [Γ̃′2] ∪ [X × xi] = [Γ̃′2 · (X × xi)] = δ4,0
i ∪ [X × xi]; applying pr1,∗

to these equalities yields [pr1,∗(Γ̃
′
2 · (X × xi))] = αi i.e. δ

4,0
i = pr∗1αi is algebraic and supported on

pr1,∗(Γ̃
′
2 · (X × xi)) × Σ̃i and pr1,∗(Γ̃

′
2 · (X × xi)) has codimension 2 in X, in particular it does not

dominate X. So the component δ4,0 =
∑

i δ
4,0
i is algebraic and represented by a cycle which does not

dominate X by the �rst projection.
As CH0(X) ' Z, by [13, Proposition 1], there is an integer N 6= 0 such that

N∆X = N(X × x) + Z in CHn(X ×X) (3.5)

where Z is supported on D′ × X for some proper closed subset D′ of X. Looking at the action on
H1(X,Z), we see that H1(X,Z) is a torsion group annihilated by N but since H1(X,Z) is torsion-free,
H1(X,Z) = 0. Hence, δ1,3 = 0. Letting the correspondences of (3.5) act on the complex vector space
H0(X,Ω2

X) we see that it is annihilated by N i.e. it is 0, so that by Lefschetz theorem on (1, 1) classes,
H2(X,Z) is algebraic. So the Hodge class δ2,2 belongs to H1,1(X)⊗H1,1(Σ̃); it is thus algebraic and
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of the form [
∑

iDi × Ci] where the Di are divisors on X and the Ci are curves on Σ̃, in particular it
does not dominate X by the �rst projection.

Proof of Theorem 3.0.7. Let us assume that X satis�es condition (*) and has essential CH0-dimension
≤ 2. We thus have:

∆X = Γ1 + Γ2 in CHn(X ×X) (3.6)

where Γ1 is supported on D ×X for some proper closed subset D ⊂ X and Γ2 is supported X × Σ.
Let us write Σ̃ = tiΣ̃i where the Σ̃i are smooth connected surfaces. Choose a point σi ∈ Σ̃i. For

each i, the cycle Γ̃2,i := Γ̃
2|Σ̃i
∈ CH2(X× Σ̃i) can be written as Zi× Σ̃i+Γ̃2,i,alg where Zi ∈ CH2(X) is

de�ned as Γ̃2,i,∗(σi) and Γ̃2,i,alg is a family of cycles algebraically equivalent to 0 on X parametrized by
Σ̃i. By condition (*) applied to each �eld C(Σ̃i), we get a cycle Zi ∈ Pic(Y × Σ̃i) such that Zi− Γ̃2,i,alg

vanishes in CH2(X × Ui) where Ui ⊂ Σ̃i is a dense open subset. By the localization exact sequence,
we conclude that the cycle Zi − Γ̃2,i,alg is supported on ∪jX × Ci,j where ∪jCi,j = Σ̃i\Ui. Putting
everything together, we conclude that ∆X = Z ′ + Z ′′ where Z ′ is supported on D′ × X and Z ′′ is
supported on X × C where C = ∪i,jCi,j . We thus conclude that the essential CH0-dimension of X is
≤ 1 and the proof is concluded by applying Theorem 3.0.4.

3.2 Universal generation of codimension 2 cycles

In this section, we discuss the relation of condition (*) to some conditions that are more intuitive
geometrically.

Let X be a smooth projective complex variety satisfying CH0(X) = Z. Then by a theorem of
Roitman H i,0(X) = 0 for any i > 0, so that the Hodge structure on H3(X,Z) has level 1 and
H2n−1(X,Q) = 0. So H3(X,Z)prim := Ker(c1(OX(1))n−3+1∪ : H3(X,Z)/Tors → H2n−1(X,Z)/Tors)

is the whole of H3(X,Z)/Tors so that the bilinear form de�ned on H3(X,Z)/Tors using a polarization
OX(1), polarizes the intermediate Jacobian for codimension 2 cycles J3(X) is an abelian variety. By
work of Bloch and Srinivas, we have in our setting CH2(X)alg = CH2(X)hom ' J3(X)(C). The
condition (∗) is related to codimension 2-cycles. In [91, Theorem 2.1], Voisin exhibited a (birationally
invariant) necessary condition for stable rationality, namely the existence of a universal codimension 2

cycle i.e. the existence of a correspondence Z ∈ CH2(J3(X)×X) such that the induced Abel-Jacobi
morphism ΦZ : J3(X) → J3(X), given by t 7→ ρ(Zt − Zt0), where ρ : CH2(X)alg → J3(X) is the
natural regular morphism in the sense of Murre ([64]), is the identity. We have the following relation
with condition (*):

Proposition 3.2.1. Let X be a smooth projective complex variety satisfying CH0(X) = Z and condition
(∗). Assume moreover that j∗ : Pic0(Ỹ ) → J3(X) ' CH2(X)alg is split. Then there is a universal
codimension 2 cycle Z ∈ CH2(J3(X)×X).

Proof. As j∗ is split, the splitting morphism gives an imbedding s : J3(X) ↪→ Pic0(Ỹ ). Denoting P
the Poincaré divisor on Pic0(Ỹ ) × Ỹ , set Z = (idJ3(X), j)∗(s, idỸ )∗P in CH2(J3(X) ×X). Then, by
construction, Z is a universal codimension 2 cycle. Indeed, the Abel-Jacobi morphism ΦZ : J3(X)→
J3(X) is just given by j∗ ◦ s∗ which is the identity by de�nition of s.

We have this other proposition relating condition (*) to the existence of a universal codimension 2

cycle:
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Proposition 3.2.2. Let X be a smooth projective complex variety satisfying CH0(X) = Z. Assume
J3(X) is a direct factor of a sum of Jacobian of curves ⊕iJ(Ci). Then the existence a universal
codimension 2 cycle Z ∈ CH2(J3(X)×X) implies condition (∗).

Proof. Let us denote p : ⊕iJ(Ci) → J3(X) the projection to J3(X) and s : J3(X) → ⊕iJ(Ci) a
section. Using the morphisms

Ci
ji
↪→ J(Ci)

p→ J3(X)

we get a correspondence Y ∈ CH2(tiCi × X), de�ned on each Ci × X as (p ◦ ji, idX)∗Z, such that
the induced Abel-jacobi morphism ΦY : tiCi → J3(X) coincides with ⊕ip ◦ ji. Let us denote D =

pr2,∗(Y) ∈ CH1(X) and D̃ a desingularization of (a divisor in the class) D. We have a morphism
j : Pic0(D̃) → J3(X) and Abel-Jacobi morphism ΦY : tiCi → J3(X) naturally factors through the
morphism j so that, by the universal property of the Albanese variety, the morphism p : ⊕iJ(Ci) →
J3(X) also factors through j.

Now, let K ∈ CH2(W × X) be a family of codimension 2 cycles of X parametrized by a smooth
quasi-projective base W . Let us consider the Abel-Jacobi morphism ΦK : W → J3(X); we have the
equality p ◦ s ◦ ΦK = ΦK but p factors through j : Pic0(D̃)→ J3(X).

3.3 Application to threefolds

As we have seen in Remark 3.0.1, when X has dimension 3, the fact that the CH0 group of X is
universally supported on a surface Σ can be written in CH3(X ×X), as

∆X = Γ1 + Γ2 (3.7)

where Γ2 is supported X ×Σ and Γ1 is supported on D×X for some proper closed subset D ⊂ X, in
particular D is a 2-dimensional closed subscheme of X. We thus have a symmetric situation in term
of dimension of the supports of the Γi. We recall that in this setting, J3(X) is a principally polarized
abelian variety, whose polarization is given by the unimodular intersection form 〈·, ·〉J3(X) induced by
the intersection form on H3(X,Z) via the isomorphism H1(J3(X),Z) ' H3(X,Z)/Tors. We have the
following result:

Theorem 3.3.1. Let X be a smooth threefold satisfying CH0(X) = Z and whose essential CH0-
dimension is ≤ 2. Assume that any endomomorphism of J3(X) is self-adjoint for 〈·, ·〉J3(X). Then X
satis�es condition (∗). So that, by Theorem 3.0.7, the essential CH0-dimension of X is 0.

Proof. Let us consider the decomposition (3.7). For any z ∈ CH2(X)alg ' J3(X)(C), letting both
sides act on z, we get

z = Γ∗1(z) + Γ∗2(z).

By construction, denoting D̃ → X a desingularization (followed by the inclusion) of D, Γ∗1 factorizes
through j∗ : Pic0(D̃) → J3(X). Moreover, as Γ∗2 is an endomorphism of J3(X), it is self-adjoint so
that Γ∗2(z) = Γ2,∗(z) and the last term factorizes through ĩ∗ : Pic0(Σ̃)→ J3(X) where ĩ : Σ̃→ X is the
desingularization (followed by the inclusion) of Σ. Thus, we see that j∗ + ĩ∗ : Pic0(D̃ t Σ̃) → J3(X)

is surjective. Now, let Z be a family of algebraically trivial codimension 2 cycles parametrized by
a smooth quasi-projective variety T . Since the identity on CH2(X)alg factors as Γ∗1 + Γ2,∗, the map
T → CH2(X)alg factors through Pic0(D̃ t Σ̃). So X satis�es (*). We conclude applying Theorem
3.0.7.
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As an application of Theorem 3.3.1, let us state the following result:

Corollary 3.3.2. The essential CH0-dimension of a very general Fano complete intersection of di-
mension 3 is either 0 or 3. In particular a very general quartic threefold has essential CH0-dimension
equal to 3.

Proof. Let us begin by the following lemma:

Lemma 3.3.3. For a very general complete intersection X of dimension 3, we have EndHS(H3(X,Q)) =

QId where EndHS(H3(X,Q)) denote the space of endomorphisms of Hodge structure of H3(X,Q).

Proof. The proof works as in [90, Lemma 5.1]. Indeed, by [8], the monodromy group of a smooth com-
plete intersection of dimension 3 is Zariski dense in the symplectic group of H3(X,Q) = H3(X,Q)prim.
By [84], the Mumford-Tate group of the Hodge structure on H3(X,Q) contains a �nite index sub-group
of the monodromy group so that the Mumford-Tate group of H3(X,Q) in the above cases is the sym-
plectic group.

Let X be a very general Fano complete intersection of dimension 3, then the endomorphisms of
J3(X) are all self-adjoint for 〈·, ·〉J3(X). SupposeX has essential CH0-dimension < 3. Then by Theorem
3.3.1, X has essential CH0-dimension 0. So we have the alternative.

For quartic threefolds, it was proved in ([20]) that a very general quartic threefold does not admit
a Chow-theoretic decomposition of the diagonal, so its essential CH0-dimension is 3.
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Titre : Invariants birationnels: cohomologie, cycles algébriques et théorie de Hodge.

Mots Clefs : invariant birationnel, cycles algébriques, décomposition de la diagonale, variété rationnelle, jacobienne intermé-

diaire, application d'Abel-Jacobi.

Résumé : Dans cette thèse, nous étudions certains invari-

ants birationnels des variétés projectives lisses, en lien avec les

questions de rationalité pour ces variétés. Elle se compose de

trois chapitres qui peuvent être lus indépendamment.

Dans le premier chapitre, nous étudions, pour certaines familles

de variétés, certains invariants birationnels stables, nuls pour

l'espace projectif et apparaissant naturellement avec les for-

mules de Manin. D'une part nous montrons que l'invariant

birationnel stable CH3(X)tors,AJ qu'est le groupe des cy-

cles de torsion de codimension 3 contenus dans le noyau de

l'application classe de cycle de Deligne est, pour une hyper-

surface cubique complexe X de dimension 5, contrôlé par

l'invariant birationnel stable CH1(F (X))tors,AJ de sa variété

des droites F (X) donné par le groupe des 1-cycles de tor-

sion contenus dans le noyau de l'application classe de cycle

de Deligne. D'autre part, on établit dans ce chapitre la nullité

de l'invariant birationnel stable qu'est le groupe de Gri�ths

Griff1(F (X)) des 1-cycles pour la variété des droites F (X)

d'une hypersurface X de l'espace projectif sur un corps al-

gébriquement clos de caractéristique 0, lorsque celle-ci est lisse

et de Fano d'indice au moins 3.

Les deux derniers chapitres se concentrent sur des aspects dif-

férents d'une propriété invariante par équivalence birationnelle

stable introduite récemment par Voisin: l'existence d'une dé-

composition de Chow de la diagonale. Dans le second chapitre,

nous étendons à la caractéristique positive p > 2, une partie

des résultats obtenus par Voisin sur la décomposition de Chow

de la diagonale des hypersurfaces cubiques complexes de di-

mension 3.

Dans le dernier chapitre, on étudie la notion de dimension CH0

essentielle introduite par Voisin et reliée à l'existence d'une

décomposition de Chow de la diagonale en ce que dire d'une

variété qu'elle est de dimension CH0 essentielle nulle équivaut

à a�rmer l'existence d'une décomposition de Chow de sa di-

agonale. Nous présentons des conditions su�santes (et néces-

saires) pour assurer qu'une variété complexe à CH0 trivial, dont

la dimension CH0 essentielle est ≤ 2 est de dimension CH0 es-

sentielle nulle.

Title : Birational invariants: cohomology, algebraic cycles and Hodge theory.

Keys words : birational invariants, algebraic cycles, decomposition of the diagonal, rational variety, intermediate Jacobian,

Abel-Jacobi map.

Abstract : In this thesis, we study some birational invariants

of smooth projective varieties related to rationality questions

for those varieties. It consists of three parts, that can be read

independently.

In the �rst chapter, we study, for some families of varieties,

some stable birational invariants, trivial for the projective

space and that appear naturally with Manin formulas. On

one hand, we show that, for complex cubic 5-folds, the sta-

ble birational invariant CH3(X)tors,AJ given by the group of

torsion codimension 3 cycles annihilated by the Deligne cy-

cle class, is controlled by a stable birational invariant of the

variety of lines F (X) of X: the group CH1(F (X))tors,AJ of

torsion 1-cycles annihilated by the Deligne cycle class. On the

other hand, we show, in the chapter, that the Gri�ths group of

1-cycles Griff1(F (X)) of the variety of lines F (X) of a hyper-

surface X over an algebraically closed �eld of characteristic 0,

which is a stable birational invariant of F (X), is trivial when

F (X) is smooth and Fano of index at least 3.

The last two chapters focus on di�erent aspects of the Chow-

theoretic decomposition of the diagonal, a property which is

invariant under stable birational equivalence, recently intro-

duced by Voisin. In the second chapter, we adapt in charac-

teristic > 2 part of the results, obtained by Voisin over C, on
the decomposition of the diagonal of cubic threefolds.

In the last chapter, we study the notion of essential CH0-

dimension introduced by Voisin and related to the decompo-

sition of the diagonal in that having essential CH0-dimension

0 is equivalent to admitting a Chow-theoretic decomposition

of the diagonal. We give su�cient (and necessary) conditions,

for a complex variety with trivial CH0, having essential CH0-

dimension ≤ 2 to admit a Chow-theoretic decomposition of the

diagonal.

Université Paris-Saclay

Espace Technologique / Immeuble Discovery

Route de l'Orme aux Merisiers RD 128 / 91190 Saint-Aubin, France


	Introduction
	Théorème de résolution des singularités
	L'anneau de Chow et les correspondances
	Cohomologie à coefficents constants
	L'application classe de cycle
	Classes de Hodge et classes de Tate
	Jacobiennes intermédiaires

	Décomposition de la diagonale

	Remarks on the CH2 of cubic hypersurfaces
	Introduction
	First formula
	One-cycles on the variety of lines of a Fano hypersurface in Pn
	One-cycles modulo algebraic equivalence
	One-cycles modulo rational equivalence

	Inversion formula
	Inversion formula
	A digression on the Hilbert square of subvarieties
	Application of the inversion formula


	On the universal CH0 group of cubic threefolds in positive characteristic
	Introduction
	Chow-theoretic and Z2-cohomological decomposition of the diagonal
	Cohomological decomposition of the diagonal
	The intermediate Jacobian of a cubic threefold and Abel-morphisms
	Decomposition of the diagonal for a smooth cubic threefold

	Parametrization of the intermediate Jacobian of a smooth cubic threefold
	Some facts on the Fano variety of lines.
	Space of normal elliptic quintics


	Remarks on approximate decomposition of the diagonal
	Introduction
	Main theorems
	Universal generation of codimension 2 cycles
	Application to threefolds

	Bibliographie

