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General Introduction

The work presented in this Ph.D. thesis has been done in the “Communications et Electron-

ique” (COMELEC) department of Télécom ParisTech (Paris, France) and was supported

by the Labex Digicosme PhD scholarship from Université Paris-Saclay under the grant

called “Cross-layer Optimization of Cooperative and Coordinative Schemes for Next

Generation Cellular Networks” (Coccinelle). The thesis started in October 2015.

Problem statement

Hybrid Automatic Repeat reQuest (HARQ) has become an important research field in

the wireless digital communications area during the last years. From a cross-layer point

of view, data link layer approaches such as HARQ improve the robustness of the com-

munication against channel-induced packet losses. Different HARQ strategies can be

envisaged to communicate efficiently. In particular, HARQ processes share the system

resources, including the time-slots. A simple way to decouple different HARQ retransmis-

sion packets is to mimic Time Division Multiple Access (TDMA). Nevertheless, TDMA

is not the optimal multiple access technique in terms of data rate as it is outperformed by

Non Orthogonal Multiple Access (NOMA). More precisely, NOMA enables the superpo-

sition of different packets belonging to different users. The main idea in this thesis is to

improve the time-slotted HARQ in a single-user context by mimicking NOMA, which

means by allowing the superposition of packets. We propose to apply this idea in two

configurations:

• The first configuration is a single-user relay-assisted HARQ communication. In this

setting, we propose HARQ protocols using the help of a relay to improve the

transmission rate and reliability. One of these protocols allows the simultaneous

transmission of different packets from the source and the relay using superposition

coding. As in NOMA, the objective of using non-orthogonal transmission is to

increase the rate of the communication system.

• The second configuration is a single-user HARQ communication where the feedback

is delayed by several time-slots. In this setting, we propose a new multi-layer

HARQ protocol in which additional redundant packets are sent preemptively
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before receiving the acknowledgement, and in superposition to other HARQ

processes. Once again, the objective is to reduce the delivery delay and boost the

rate.

Outline and contributions

This Section depicts the thesis outline and gives some insights on the main contributions.

The thesis is organized into two Chapters: the first one is dedicated to relay assisted

HARQ, whereas the second one focuses on HARQ with delayed feedback.

In Chapter 1, we investigate point-to-point relay assisted HARQ wireless communi-

cation systems. Firstly, we describe HARQ mechanisms and briefly review the state of the

art. We propose afterwards a system model to study relay assisted HARQ. We present

next various HARQ protocols for the wireless communication system model, and we

propose to extend a protocol that relies on non-orthogonal transmission combined with

HARQ. In particular, we allow the source to transmit a new message during the same

time-slot in which the relay is retransmitting a previous message. Packets corresponding

to both messages are superposed. Afterwards, we define the performance metrics and

design a Markov Chain model to study this protocol. Based on the system model, we

derive using an information theoretic approach the analytical expressions of the perfor-

mance metrics. In addition to analyzing its performance with capacity achieving codes,

we compare this protocol to other protocols via simulations where we use practical codes

with an interference canceler at the decoder. Although suboptimal, we show the benefits

of using Successive Interference Cancellation (SIC) with this protocol.

In Chapter 2, we propose a protocol for HARQ schemes with feedback delay. We

firstly present related existing works to improve the conventional HARQ mechanism.

These works are either based on multi-layer HARQ or time-sharing with rate adaption

policies. However, none of the previous existing works on multi-layer HARQ considered

the delayed feedback. To address this problem, we define the system model consisting

of a point-to-point wireless communication system using an HARQ mechanism with de-

layed ACKnowledgment (ACK)/Negative ACKnowledgment (NACK) feedback. Then,

we propose a multi-packet HARQ protocol for this system. This protocol, also called

superposition coding or multi-layer HARQ, superposes an additional layer of redundant

packets to the layer of parallel Stop-and-Wait HARQ processes, with different power

fractions, in order to improve the user’s delay distribution and increase the throughput.

Moreover, we discuss the design choices of the protocol at the transmitter side. Also, we

present an in-depth analysis of the receiver, including an information theoretic character-

ization. Next, we define the performance metrics to evaluate the protocol and compare

it to conventional HARQ using numerical results. The main advantage of this protocol
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is providing better delay distribution, higher throughput and lower message error rate

compared to the conventional parallel Stop-and-Wait HARQ, at the expense of increased

decoding complexity.

Publications

International Conferences

C1. A. Khreis, P. Ciblat, F. Bassi, and P. Duhamel: “Throughput-efficient Relay assisted

Hybrid ARQ”, in proc. of 15th International Symposium on Wireless Communication

Systems (ISWCS), Lisbon (Portugal), August 2018.

C2. A. Khreis, P. Ciblat, F. Bassi, and P. Duhamel: “Multi-Packet HARQ with Delayed

Feedback”, in proc. of 29th IEEE International Symposium on Personal, Indoor and

Mobile Radio Communications (PIMRC), Bologna (Italy), September 2018.
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Chapter 1

Relay assisted Hybrid ARQ

1.1 Introduction

Reliable data transmission within wireless communication systems can be obtained via

various means including HARQ mechanisms. In next generation wireless communication

systems such as 5th Generation wireless systems (5G), additional nodes called relays may

also help the transmission. While HARQ allows the retransmission of unsuccessfully

decoded packets, the relays may contribute as well by retransmitting these packets.

Therefore, an efficient use of the relays to enhance HARQ mechanisms is of great interest.

More precisely, we consider a wireless communication system where a message is sent

from one source to one destination. When the decoding fails at the destination side, a

relay along the route between the source and the destination retransmits a packet related

to this message. The relay mimics an Automatic Repeat reQuest (ARQ) retransmission

mechanism. Our main objective is to find efficient HARQ protocols taking into account

the presence of one relay. This objective is addressed by analyzing existing relay as-

sisted HARQ protocols and by proposing a new protocol in order to increase the system

throughput. The main idea is to allow non-orthogonal transmission between source and

relay combined with HARQ. The proposed HARQ protocol is modeled using Markov

chains to theoretically investigating it by assuming capacity-achieving codes. We also

simulate and compare these HARQ protocols using practical codes.

The Chapter is organized as follows. In Section 1.2, we describe HARQ mechanisms

and relay assisted communication while briefly reviewing the state of the art. The system

model and the performance evaluation framework for HARQ protocols are depicted

in Section 1.3. Section 1.4 is devoted to relay assisted HARQ protocols. We describe

these protocols along with the investigated protocol. Also, we derive in this Section a

Markov chain model of the investigated protocol and calculate its performance metrics.

Numerical results and comparison of the protocols, with capacity-achieving and with

practical codes, are provided in Section 1.6. Finally, concluding remarks are drawn in

Section 1.7.



6 1. Relay assisted Hybrid ARQ

1.2 From ARQ to Relay assisted Hybrid ARQ

Retransmission mechanisms in wireless communications existed since the invention of

ARQ by Van Duuren [Van Duuren, 1943] in the 1940s. The reliability of these mechanisms

is improved thanks to Forward Error Correction (FEC) techniques which combined with

retransmission mechanisms gave birth to HARQ. In parallel, relay networks were devel-

oped regardless of the presence of an HARQ mechanism. Few recent works, including

our contribution, combine HARQ with relay-assisted communication to improve the per-

formance metrics of the system. In this Section, we give the necessary fundamentals of the

study of relay assisted HARQ to understand the work that will be presented throughout

this Chapter.

1.2.1 Automatic Repeat reQuest (ARQ)

pk

pk

pk+1

y1

y2

y3

NACK

ACK

ACK

Tx RxChannel

Figure 1.1 – Stop-And-Wait ARQ scheme.

ARQ is an error-control method for data transmission based on a feedback mechanism

that informs the transmitter whether a transmitted packet is correctly received or not. An

ACK or a NACK is sent back to the transmitter accordingly. In ARQ systems, the trans-

mitter encodes the data with an error detection code, then transmits, after modulation,

the resulting packet pk, where k ∈ N+, via the noisy channel, as depicted in Fig. 1.1. The

receiver attempts to decode the received signal yt at time-slot t, t ∈N+, (also called ARQ

round t) and checks the decoding output using the error detection code, then feeds back to

the transmitter an ACK or a NACK accordingly. If a NACK occurs, the receiver discards

the received signal and the transmitter retransmits the same packet pk. Otherwise, the

receiver sends an ACK feedback and the next packet pk+1 is transmitted.

1.2.2 Hybrid ARQ (HARQ)

The error detection code that is used in ARQ, usually Cyclic Redundancy Check (CRC),

can detect but not correct errors. In other words, the transmitted packets using ARQ are
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mk pk(1)

pk(2)

mk+1 pk+1(1)

y1

y2 mk

y3 mk+1

NACK

ACK

ACK

Tx RxChannel

Figure 1.2 – Hybrid ARQ scheme.

constituted by the information bits and are not protected against channel-induced errors

during the transmission. To overcome this issue, FEC techniques were developed along

with the packet repetition mechanism, which gave birth to HARQ [Lin et al., 1984]. Many

HARQ mechanisms exist and can be classified based on their error correction capabilities

or based on the presence of a memory at the receiver side, for packet recombination

purposes. In the following Sections, we present the state of the art HARQ mechanisms.

1.2.2.1 Type-I HARQ

Type-I HARQ describes an ARQ mechanism for which each message mk is channel

encoded by a FEC code and modulated into a packet pk of rate R. In the example provided

in Fig. 1.2, pk = pk(1) = pk(2) for type-I HARQ. This packet is sent repetitively through

a propagation channel using the HARQ mechanism. At the receiver side, each received

version of the packet is decoded separately. In this way, the receiver does not combine

the newly received signal with previously received signals. In case of failed decoding,

the received signal is discarded and the receiver responds with a NACK. Otherwise, if

the message is successfully decoded, the receiver responds with an ACK, and the HARQ

process restarts. In truncated HARQ, the message is repeated at most C times. If the

message is still detected in error and the transmission limit is reached, i.e. , all C packets

were transmitted, the message mk is dropped. Hence, Type-I HARQ schemes provide a

constant error correction capability along the retransmissions and require no memory at

the receiver. The correction capability of the FEC in HARQ enables the recovery of the

information bits in noisy conditions, which decreases the retransmission probability.
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1.2.2.2 Type-II HARQ

Type-II HARQ stores the received signals within each ARQ round at the receiver side and

combines those signals for decoding, which allows to increase the correction capability

of the code and the coding gain. Thus, the code rate is adapted to the current channel

conditions. In order to decode the message mk, depicted in Fig. 1.2, the received signal

corresponding to packet pk(1) is stored at the receiver, then it is combined with the received

signal corresponding to packet pk(2) for decoding. Type-II HARQ can be implemented

using Chase Combining (CC) [Chase, 1985] (also known as code combining) or using

Incremental Redundancy (IR) [Mandelbaum, 1974].

Chase Combining (CC-HARQ) Type-II HARQ with CC, or CC-HARQ for short, is a

scheme where the same encoded packet is retransmitted if requested. At the transmitter,

the same operations are done as for Type-I HARQ, i.e. encoding and modulation of the

message mk into a packet of information rate R. However, if a NACK occurs, the received

version of the transmitted packet is kept at the receiver’s buffer. Then, the transmitter

sends the same encoded packet, which is combined at the receiver with the previous

packets in memory, using the so-called CC scheme. In Fig. 1.2,

pk(1) = pk(2) for CC-HARQ. (1.1)

In most implementations, code combining is the maximal ratio combining of the received

signals, corresponding to message mk, before entering the soft channel decoder. The

coding gain brought by CC is due to the increasing correction capability at each retrans-

mission: at the ℓ-th transmission, CC yields a virtual coding rate Rℓ = R/ℓ, where R is the

information rate.

Incremental Redundancy (IR-HARQ) Type-II HARQ with IR, or IR-HARQ for short,

is a scheme where the redundancy is sent progressively upon error detection. IR-HARQ

is possible thanks to the discovery of rate-compatible codes [Hagenauer, 1988; Kim et al.,

2006] which enable substantial gains in received information bits per accepted packet.

A message mk is channel encoded at the transmitter via a mother code of rate R0 and

then punctured into C modulated packets pk(ℓ), ℓ ∈ {1...C}. The transmitter transmits

sequentially the packets upon error detection at the receiver side (NACK feedback). At

the receiver side, the first packet of the sequence pk(1), of information rate R, is simply

decoded, and the decoder checks if the message can be recovered without error or not.

If an ACK occurs, the HARQ process is restarted with the next message. Otherwise, the

next packet in the sequence, pk(2), is transmitted over the channel and so on. In Fig. 1.2,

pk(1) , pk(2) for IR-HARQ. (1.2)

The received signal is combined to the previously received signals of the sequence, the ag-

gregation of packets is decoded and ACK/NACK is sent back depending on the decoding



1.2. From ARQ to Relay assisted Hybrid ARQ 9

outcome. The increasing correction capability given by IR is the result of the decreasing

code rate obtained after incremental combination of the packets at the receiver.

1.2.3 Relay assisted communication

Relay-assisted wireless communication schemes have been proposed in various contexts

[Cover and Gamal, 1979; Laneman et al., 2004; Kramer et al., 2005; Yang and Belfiore, 2007;

Guan and Chen, 2013; Nazer and Gastpar, 2008] regardless of the presence of an HARQ

mechanism. We consider a point-to-point Half Duplex (HD) channel with one relay, i.e. ,

the system consists of three nodes: one source, one relay, and one destination as shown

in Fig. 1.3.

S D

R

Figure 1.3 – Relay assisted point-to-point communication scheme.

The relay-assisted schemes are classified into orthogonal and non-orthogonal schemes

depending on whether the source and relay share the same resources simultaneously or

not.

1.2.3.1 Orthogonal relaying schemes

In orthogonal relaying schemes the source remains silent when the relay is active.

Orthogonal relaying strategies include Amplify-and-Forward (AF), Demodulate-and-

Forward (DMF), and Decode-and-Forward (DCF). The AF strategy allows the relay to

amplify the received signal from the source and to forward it to the destination. AF re-

quires low computing power as no decoding or quantizing operation is performed at the

relay. When using the DMF strategy, the relay demodulates the received signal from the

source and retransmits the signal to the destination. The DMF strategy mitigates the re-

ceived noise and interference by performing a simple signal processing without decoding

the overheard transmission. A relay following the DCF strategy overhears transmissions

from the source, decodes them and in case of correct decoding, forwards them to the

destination. In case the relay fails to decode the overheard signal, the relay remains silent.

Using DCF, the relay can regenerate the message perfectly if the overheard transmission

is decoded correctly.
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1.2.3.2 Non-Orthogonal relaying schemes

In non-orthogonal relaying schemes the source might transmit packets when the relay

is active as in the Slotted Amplify-and-Forward (SAF) [Yang and Belfiore, 2007] or the

Non-orthogonal Decode-and-Forward (NDF) [Nabar et al., 2004; Prasad and Varanasi,

2004; Guan and Chen, 2013]. The received signal at the destination using SAF strategy

is a linear combination of the amplified signal by the relay and transmitted signal by the

source. In NDF, the relay does not completely take over the message transmission, even

if the relay has correctly decoded the message, since the source continues to broadcast the

same message through other packets.

1.2.4 Relay assisted Hybrid ARQ

In relay assisted HARQ protocols, the relay participates in the HARQ mechanism by

transmitting the redundant packets. Only few works have considered the use of relays to

support the HARQ mechanism. These works, and our work as well, consider HD relays

with a DCF strategy. Hereby, we present a brief review of the key papers on relay assisted

HARQ.

• In [Chelli and Alouini, 2013], a distributed Alamouti relaying scheme is investigated.

The authors propose to use the Alamouti code during the retransmission phase if

the relay successfully decodes the overheard message while the destination fails to

decode this message. The objective is to increase the transmit diversity using the

Alamouti code. We provide in-depth analysis of this protocol in Section 1.4.3.

• Network coding approach for relay assisted HARQ has been developed in [Hong

and Chung, 2010] where the relay sends a XOR combination of bits of multiple

overheard and decoded packets at the relay, that are not correctly received at the

destination.

• In [Larsson and Vojcic, 2005; Chaitanya and Larsson, 2011], a superimposed mod-

ulation (linear combination of symbols) is proposed in a multi-user context where

a node transmits simultaneously its own data packet and the packet of another

transmitter for which it acts as a relay.

• In [Zhang et al., 2010; Ma et al., 2013], a protocol in single-user context combining

HARQ and DCF relay is introduced. The idea is to let the source send a new

message while the relay is retransmitting a previous one. In both papers, this idea

is only considered for a CC-HARQ with one retransmission credit. In addition,

only a Minimum Mean Square Error (MMSE) receiver is employed for handling

the interference between both simultaneously received messages at the destination.

More precisely, in [Zhang et al., 2010], the authors considered a dynamic protocol

where the source sends a new message rather than a space-time coded version
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of the previous message as soon as the received Signal-to-Interference-plus-Noise

Ratio (SINR) is higher than a predefined threshold. This implies that i) the source

only seldom uses the ability to send a new message, ii) the source has the channel

state information of the future channels! In [Ma et al., 2013], the authors considered

only Binary Phase Shift Keying (BPSK)-modulated signals. In both papers, the gain

in throughput is marginal. We suspect that the throughput gain is small due to the

choice of the sub-optimal MMSE receiver.

• The idea of receiving more than one packet simultaneously (incoming from the

source and relay) is close to the multi-packet reception, for the random access

protocol, in [Samano-Robles et al., 2015]. Their paper presents signal processing

tools that significantly improve the multi-packet reception such as SIC. These tools

will be discussed in Section 1.6.6.

The list of works presented in this Section is non-exhaustive, but shows the major ap-

proaches of using the relay to support the HARQ mechanism.

1.3 Performance evaluation framework for HARQ protocols

In this Section, we define the performance metrics and present the model of the com-

munication system for HARQ protocols. In addition, we explain the theoretical tools

that enable the analysis of communication systems using HARQ, including relay assisted

HARQ protocols.

1.3.1 HARQ performance metrics

The throughput, Message Error Rate (MER) and delay are the performance metrics to

evaluate in order to provide a complete overview of the system [Lin et al., 1984].

1.3.1.1 Throughput

The throughput, denoted byη, is the average number of correctly received information bits

at the destination per channel use. In practice, each channel use corresponds to one time-

instant which is the allocated time to transmit one symbol over the channel. Therefore,

the throughput is calculated as the average ratio of correctly received information bits

at the destination per time-instant to the total number of information bits that could be

transmitted per time-instant.

1.3.1.2 Message Error Rate (MER)

The MER, denoted by µ, is the average ratio of the number of dropped messages over the

number of sent messages. In (H)ARQ retransmission mechanisms, a message is dropped

in case of a NACK response on the last transmission.
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1.3.1.3 Delay

The delay, denoted by δ, is the average number of elapsed time-slots since the first

transmission of each message until its successful decoding at the receiver, considering

only the successfully decoded messages. Notice that the delay is not proportional to the

inverse of the throughput.

1.3.2 System model

As already said, we consider a three nodes system with one source, one relay, and one

destination as described in Section 1.2.3. Each link (source-relay, source-destination, relay-

destination) is modeled as an independent Rayleigh flat fading channel. The coherence

time of each link is equal to the time-slot duration containing N time-instants. Let hsr(t),

hsd(t), and hrd(t) be the fading components for the source-relay, source-destination, and

relay-destination links at the t-th time-slot respectively. The associated gains are gsr(t) =

|hsr(t)|2, gsd(t) = |hsd(t)|2, and grd(t) = |hrd(t)|2 with variance σ2
sr = E

[

gsr(t)
]

, σ2
sd
= E

[

gsd(t)
]

,

σ2
rd
= E

[

grd(t)
]

. At time-slot t, the received signal at the destination is denoted by yt

and the Additive White Gaussian Noise (AWGN) vector is denoted by wt. The relay is

assumed to work in a HD, DCF mode. After each time-slot, the relay and destination

send an instantaneous error-free ACK heard by all the nodes if they succeeded to decode

their message or a NACK otherwise. To clarify furthermore, the relay sends its feedback

to the source while the destination sends its feedback to both the relay and the source.

Moreover, perfect Channel State Information (CSI) at each receiver (relay or destination)

is assumed available. Each message mk contains NR information bits. We remind that,

in CC-HARQ, each message mk is channel encoded and modulated into a packet pk of

information rate R. This packet is sent through a propagation channel during C time-

slots at most, using the truncated HARQ mechanism. In IR-HARQ, each message mk is

encoded via a mother code of rate R0 and then punctured into C codeword chunks of

index ℓ, ℓ ∈ {1, 2, . . . ,C}. The ℓ-th codeword chunk is modulated into a packet of length

N, denoted by pk(ℓ).

1.3.3 Theoretical analysis tools for HARQ

HARQ protocols can be modeled, as in [Badia et al., 2008; Chen et al., 2013], using Markov

chains whose transition probabilities enable the evaluation of the performance metrics

provided in Section 1.3.1. Other tools, such as renewal reward processes in [Caire and

Tuninetti, 2001], have been used to compute the throughput of HARQ protocols. Hereby,

we describe the process of modeling HARQ protocols via Markov chains and deriving

their performance metrics. To illustrate the concept, the throughput of an HARQ protocol

is derived using a Markov chain model and compared to the results in [Caire and Tuninetti,

2001]. In Section 1.4, we will use Markov chain models to derive the performance metrics

of relay assisted HARQ protocols.



1.3. Performance evaluation framework for HARQ protocols 13

1.3.3.1 Markov chain models for HARQ protocols

In Markov chains, the probability of being in a state only depends on the state reached

in the previous time. To model an HARQ protocol as a Markov chain we i) describe

the protocol and define the states of the corresponding Markov chain, ii) characterize

the transition probabilities, iii) calculate the steady state probabilities and deduce the

performance metrics of the protocol. Analytical expressions of the transition probabilities

are derived using an information theoretic approach. Following this approach, successful

decoding of a message corresponds to comparing the accumulated mutual information

of a specific HARQ process to the coding rate R.

Markov chain model of IR-HARQ with 2 transmission credits Hereby, we provide an

example of deriving the performance metrics of an HARQ protocol based on a Markov

chain model. Then, we compare the result to the one obtained in [Caire and Tuninetti,

2001] based on the renewal-reward theorem. For clarity purposes, we choose the example

of point-to-point transmission using IR-HARQ with 2 transmission credits (C = 2). The

source transmits each message to the destination through 2 packets at most, using IR.

Moreover if the destination decodes the message successfully, the source transmits the

next message. In case of a NACK of the first packet, the source transmits the second

packet. In case of NACK of the second packet, the message is dropped and the source

restarts the process with next message. These events can be described by three states as

follows.

Sa: following the ACK of the previous message, the source node transmits the first packet

of a new message.

Sb: the source node transmits the first packet of a new message following a drop, i.e. a

NACK of the previous message and the HARQ transmission credit is exhausted.

Sc: the source node retransmits a message through a second packet after a NACK.

Consequently, the states of the Markov chain and transitions between these states are

represented in Fig. 1.4.

Sc

Sa Sb

p1 p1

1 − p1

1 − p1

1 − p2

p2

Figure 1.4 – Markov chain model of HARQ with 2 transmission credits.

For IR-HARQ, the transition probabilities p1 and p2 can be written as in Eq. (1.3) and

Eq. (1.5), respectively. We denote by Pr (Ω) be the probability of the eventΩ. In this way,
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the probability of not decoding the first transmission is:

p1 = Pr
(

log2(1 + gsd(1)) < R
)

= Pr
(

gsd(1) < 2R − 1
)

=
1

σ2
sd

∫ 2R−1

0

e−g/σ2
sddg

= 1 − e−(2R−1)/σ2
sd . (1.3)

The probability of not decoding the second transmission knowing that the first trans-

mission was not decoded is:

p2 = Pr
(

log2(1 + gsd(1)) + log2(1 + gsd(2)) < R
∣

∣

∣ log2(1 + gsd(1)) < R
)

= Pr

(

gsd(2) <
2R

1 + g1
− 1

∣

∣

∣

∣

∣

∣

gsd(1) < 2R − 1

)

.

According to Bayes’ rule,

Pr (Ω1 |Ω2) =
Pr (Ω1,Ω2)

Pr (Ω2)
. (1.4)

Therefore, p2 can be written as:

p2 =
1

p1
Pr

(

gsd(2) <
2R

1 + gsd(1)
− 1, gsd(1) < 2R − 1

)

=
1

p1

















1

σ4
sd

∫ 2R−1

g1=0

∫ 2R

1+g1
−1

g2=0

e−g1/σ
2
sde−g2/σ

2
sddg2dg1

















= 1 − 1

p1

e1/σ2
sd

σ2
sd

∫ 2R−1

g1=0

e
−
(

2R

1+g1
+g1

)

/σ2
sddg1. (1.5)

Moreover, this expression can be evaluated using the generalized Fox’s H function as in

[Chelli and Alouini, 2013].

These transitions can also be represented by the transition matrix given in Eq. (1.6) as:

T(HARQ,C=2) =























1 − p1 1 − p1 1 − p2

0 0 p2

p1 p1 0























. (1.6)

The corresponding steady state probabilities vectorΠ is obtained by solving Eq. (1.7a)

and Eq. (1.7b) given by:

T(HARQ,C=2)Π = Π, (1.7a)
∑

i=a,b,c

πi = 1. (1.7b)
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Hence, we obtain πa =
1−p1p2

1+p1
, πb =

p1p2

1+p1
and πc =

p1

1+p1
. According to the definitions of

the performance metrics above, we find the expressions of the throughput and MER as

follows:

η(HARQ,C=2) = πa =
1 − p1p2

1 + p1
, (1.8a)

µ(HARQ,C=2) =
πb

πb + πa
= p1p2. (1.8b)

The expression of the throughput can also be obtained by applying [Caire and

Tuninetti, 2001, Eq. (17)] for the IR scheme as follows.

ηC = RG

[

1 −∑C−1
i=0

(C
i

)

(1 − pt)
C−ipi

tp(i) −
C
∑

i=M

(C
i

)

(1 − pt)
C−ipi

tp(C)

]

C−1
∑

ℓ=0
p(ℓ)

[

1 −
ℓ
∑

i=0

(C+1
i

)

(1 − pt)
C+1−ipi

t −
(C
ℓ

)

(1 − pt)
C−ℓpℓ+1

t

] ,

where pt is the probability that the source transmits a signal, p(ℓ) is the probability of

having failed decoding with ℓ transmitted packets, G is the number of users transmitting

over a time-slot. In our case, we have C = 2, pt = 1, G = 1, and p(1) = p1 and p(2) = p1p2.

Consequently, we obtain

η2 =
1 − p(2)

1 + p(1)
=

1 − p1p2

1 + p1
= η(HARQ,C=2), (1.9)

which is equal to the calculated throughput using the Markov chain model.

1.4 Relay assisted HARQ protocols

Relay assisted HARQ protocols are described in this Section. In the presence of a relay, the

source performs the first HARQ transmission of a message to the destination while the

relay overhears this transmission. As follows, the relay assisted HARQ protocols differ

by the retransmission strategy. We remind that the relay operates in HD mode which

allows either the reception or the transmission of a packet during each time-slot. Also

the relay uses a DCF strategy which means that the relay is active only upon successful

decoding of the overheard message. Moreover, we consider truncated HARQ where C

time-slots at most are allocated to transmit each message.

1.4.1 Orthogonal relay retransmission

If the relay succeeds to decode the message, the relay retransmits the remaining packets

to the destination, while the source remains silent, as depicted in Fig. 1.5.

Using this protocol, the relay overhears the transmissions of the source and tries to

decode the overheard messages. In case of successful decoding of message mk by the

relay node and failed decoding by the destination node, the relay sends an ACK to the
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S D

R
pk(ℓ)

Figure 1.5 – Orthogonal relay retransmission of message mk at time-slot t.

source while the destination sends a NACK feedback to both the source and relay nodes.

Thus, the source decides to remain silent and allows the relay to retransmit the remaining

redundant packets to the destination. In other words, if the relay decodes packet pk(ℓ−1),

with 1 < ℓ < C, and the destination fails to decode it, the relay transmits packet pk(ℓ) to

the destination while the source remains silent. This protocol is beneficial if the relay-

to-destination channel is statistically better than the source-to-destination channel. More

precisely, based on the channel model, this protocol is beneficial if the distance between

the relay and destination is smaller than the distance between the source and destination.

1.4.2 Non-orthogonal relay retransmission

If the relay succeeds to decode the message, the relay retransmits the remaining packets

to the destination along with the source, as depicted in Fig. 1.6.

S D

R

pk(ℓ)

pk(ℓ′)

Figure 1.6 – Non-orthogonal retransmission of message mk at time-slot t.

Using this protocol, the source does not remain silent when the relay retransmits the

redundant packet to the destination. Moreover, the source retransmits simultaneously a

redundant packet of message mk as the relay. Hence the source is always active and the

relay is active upon successful decoding of the overheard message. In other words, if

the relay decodes packet pk(ℓ − 1), with 1 < ℓ < C, and the destination fails to decode it,

the relay and the source transmit packets corresponding to message mk, simultaneously.

Moreover, the relay might transmit pk(ℓ′) = pk(ℓ) or pk(ℓ′) , pk(ℓ), depending on the

considered non-orthogonal relay retransmission protocol. Notice that the simultaneous

transmission of pk(ℓ) and pk(ℓ′) corresponds to one HARQ round since one time-slot only

is allocated for this transmission. The main advantage of non-orthogonal relay retrans-

mission is to provide larger Signal-to-Noise Ratio (SNR) during the retransmissions in
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comparison to orthogonal relay retransmission. However, this protocol uses more trans-

mission power since both the source and relay transmit simultaneously the redundant

packets during the HARQ retransmission rounds.

1.4.3 Alamouti retransmission

If the relay succeeds to decode the message, the relay retransmits the Alamouti conjugate of

the same packet that is transmitted simultaneously by the source, as depicted in Fig. 1.7.

S D

R

pk(ℓ)

p̃k(ℓ)

Figure 1.7 – Alamouti retransmission of message mk at time-slot t.

This strategy is suggested in [Chelli and Alouini, 2013] and relies on the Alamouti

space-time coding [Alamouti, 1998]. As explained in Section 1.3.2, each packet pk(ℓ) is

composed of N symbols where N is even, i.e. ,

pk(ℓ) =
[

pk,1(ℓ), pk,2(ℓ), · · · , pk,N(ℓ)
]

. (1.10)

The Alamouti conjugate of packet pk(ℓ), denoted by p̃k(ℓ), is given by:

p̃k(ℓ) =
[

−pk,2(ℓ), pk,1(ℓ),−pk,4(ℓ), · · · , pk,N−1(ℓ)
]

. (1.11)

If the destination fails to decode the message of index k after ℓ − 1 transmissions, where

ℓ > 1, while the relay succeeds to decode this message, then the relay sends p̃k(ℓ) while

the source sends packet pk(ℓ). This simultaneous transmission by the source and relay

corresponds to one HARQ round since it occupies one time-slot only. Hence the received

signal by the receiver at time-slot t is yt, where

yt =
[

yt[1], yt[2], · · · , yt[N]
]T. (1.12)

The received sample at each time-instant, using Alamouti retransmission, is given by

Eq. (1.13) as:

yt[1] =
[

hsd(t) hrd(t)
]













pk,1(ℓ)

−pk,2(ℓ)













+ wt[1], (1.13a)

yt[2] =
[

hsd(t) hrd(t)
]













pk,2(ℓ)

pk,1(ℓ)













+ wt[2], (1.13b)

· · ·

yt[N] =
[

hsd(t) hrd(t)
]













pk,N(ℓ)

pk,N−1(ℓ)













+ wt[N]. (1.13c)



18 1. Relay assisted Hybrid ARQ

During time-slot t, the source-to-destination and relay-to-destination channels remain

constant due to Rayleigh flat fading (also called slow fading).

1.4.3.1 Decoder of Alamouti retransmission

Following the reception of samples yt[1] and yt[2], the destination node performs the

operations described in this Section to cancel the effect of the channel fading. The received

samples, during the first two time-instants of time-slot t, can be written as:













yt[1]

yt[2]













=













hsd(t) −hrd(t)

hrd(t) hsd(t)

























pk,1(ℓ)

pk,2(ℓ)













+













wt[1]

wt[2]













. (1.14)

We define H as:

H =













hsd(t) −hrd(t)

hrd(t) hsd(t)













. (1.15)

The destination node computes the pseudo-inverse of H, denoted by H+, as:

H+ = (HHH)−1HH, (1.16)

such that H+H = Id. Hence the channel fading is canceled by multiplying both sides of

Eq. (1.14) by H+ as shown in Eq. (1.17):













p̂k,1(ℓ)

p̂k,2(ℓ)













=













pk,1(ℓ)

pk,2(ℓ)













+H+












wt[1]

wt[2]













, (1.17)

where p̂k,1(ℓ) and p̂k,2(ℓ) are the received versions of pk,1(ℓ) and pk,2(ℓ) respectively. This op-

eration is also performed on each pair of received samples (yt[3], yt[4]), (yt[5], yt[6]),. . .,(yt[N−
1], yt[N]). Then the estimated version of the packet pk(ℓ) is passed to the channel decoder.

The main benefit of using Alamouti retransmission is to reduce the probability of failed

decoding, by providing a diversity of 2 in each time-slot when the relay is active. Alam-

outi retransmission can be seen as a virtual Multiple Input Single Output (MISO) system

where the source node and relay node cooperate to transmit a packet to the destination

node. As a result, this protocol achieves a diversity gain and is expected to help reducing

the MER of the system.

1.4.4 Proposed protocol

Once the relay has decoded the message mk, it is able to help the source by transmitting

the appropriate packets related to the message mk to the destination. Hence, the source

trusts the relay in managing the message mk, and it decides to send a new message mk+1

in parallel, as depicted in Fig. 1.8.

We hope that this protocol will provide a better throughput, but the protocol corre-

sponds to the following trade off: i) the data rate should increase since two messages

are being sent simultaneously, but ii) more retransmissions are likely to occur due to the
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S D

R

pk+1(1)

pk(ℓ)

Figure 1.8 – Superposition of the transmitted packets at time-slot t using the investigated

protocol.

interference between these two simultaneous incoming packets from the relay and the

source, which degrades the detection at the destination.

More precisely, assuming that we are starting a protocol session, the source transmits

and the relay overhears a sequence of packets p1(1), p1(2),· · · ,p1(ℓ − 1), where ℓ − 1 is

the HARQ round from which the relay successfully decodes the message m1 while the

destination fails to decode this message. At round ℓ, if ℓ ≤ C the relay transmits packet

p1(ℓ) to the destination while the source transmits the first packet of the next message,

i.e. , p2(1). The destination tries to decode both messages m1 and m2 simultaneously. A

pair of ACK/NACK is sent by the destination to the relay and the source according to

the success of decoding of each message. Let (N)ACKk be the (non)acknowledgment

message associated with the message mk, k ∈ {1, 2}.

• If ACK1/ACK2: the source sends p3(1), the relay overhears,

• if ACK1/NACK2: the source sends p2(2), the relay overhears,

• if NACK1/ACK2: the source sends p3(1) and the relay transmits p1(ℓ+1) (if ℓ+1 ≤ C,

else the relay overhears),

• if NACK1/NACK2: the source sends p2(2) and the relay transmits p1(ℓ + 1) (if

ℓ + 1 ≤ C, else the relay overhears),

and so on.

1.4.4.1 Decoder for the proposed protocol

Assuming that the destination is receiving during the t-th time-slot, the decoder relies

on the set of observations Ot given by the B last time-slots, i.e. , from t − B + 1 to t.

The contributions of the decoded messages in previous time-slots are removed from

the observations. In other words, the previously decoded messages are known to the

receiver and are not considered as interference. Let the setMt designate all the messages

that are not decoded until time-slot t and having at least one transmitted packet within

the observations set Ot. Within Mt, we select the subset of messages Dt whose first

transmission is less old than D time-slots. For instance, if a message has been sent at least
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once before the (t − D + 1)-th time-slot, the message is considered to be delayed and we

stop trying to decode it. Consequently, based on the observations Ot, we have a Multiple

Access Channel (MAC) where the messages to decode are Dt and the other messages

Mt/Dt are not to decode but are seen as a structured interference and not as a Gaussian

noise. Thus, the probability of successfully decoding messages in Dt is the probability

that the rates belong to a MAC capacity region since we assume capacity-achieving codes.

A realization of the investigated protocol with C = 2, B = 2 and D = 2 is provided in

Fig. 1.9.

S D

R

O1 at time-slot 1

ACK

NACK
pk(1)

S D

R

NACK

NACK

O2 at time-slot 2

pk+1(1)

pk(2)

S D

R

O3 at time-slot 3

pk+1(2)

Figure 1.9 – Observation window at t = 3.

At t = 3, the decoder relies on the set of observations {O2,O3} given by the last B = 2

time-slots. The received signals by the destination during this observation window are:

y2 = hsd(2)pk+1(1) + hrd(2)pk(2) +w2, (1.18)

y3 = hsd(3)pk+1(2) +w3. (1.19)

In this case, there are no previously decoded messages. Furthermore, the set of undecoded

messages in the observation window isMt = {mk,mk+1}. Notice that, at t = 3, mk is older

than D = 2 time-slots since it was transmitted first at t = 1 through pk(1). Moreover, the

destination tries to decode Dt = {mk+1} at t = 3 using the set of observations {O2,O3},
while pk(2) is seen as structured interference sinceMt/Dt = {mk}. Notice that pk(2) might

be decoded at t = 3, according to [Bandemer et al., 2012]. However, the corresponding

message mk is in time-out and will be seen by the upper layer as a dropped message

anyway. Consequently, we distinguish four different events at t = 3, these are:

• θ1: the destination decodes mk+1 and the structured interference pk(2), correspond-

ing to the message mk.

• θ2: the destination decodes mk+1, but fails to decode the structured interference

pk(2).

• θ3: the destination fails to decode mk+1, but decodes the structured interference

pk(2).
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• θ4: the destination fails to decode mk+1 and fails to decode the structured interfer-

ence pk(2).

The decoding outcome depends on the operating rate region of the system, as shown in

Fig. 1.10 [Bandemer et al., 2012].
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Figure 1.10 – The rate regions at t = 3.

In case of θ1 or θ2, an ACK feedback corresponding to message mk+1 is sent by the

destination at t = 3. Otherwise, a NACK feedback corresponding to mk+1 is sent by the

destination. Notice that mk is dropped at t = 3 due to time-out.

1.5 Markov chain model of the investigated protocol

We model the investigated protocol as a Markov chain to derive the analytical expressions

of its performance metrics, namely the throughput and MER.

Hereafter we will i) describe the corresponding Markov chain, ii) characterize the

transition probabilities (assuming decoders described in Section 1.4.4.1), iii) derive the

throughput and MER based on these transition probabilities. Unless otherwise stated,

we assume C = 2, B = 2 and D = 2. These parameters are chosen to enable a trackable

theoretical analysis, while providing a realistic overview of the system performance.

1.5.1 States of the Markov Chain

We provide the 8 states of the Markov chain needed for describing the protocol in Fig. 1.11.
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pk(1) or pk(2)
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ACK

pk+1(1)

pk(2)

(a) States S1 (left) and S2 (right).

S D

R

NACK
pk(2)

S D

R

NACK

ACK

pk+1(1)

pk(2)

(b) States S3 (left) and S4 (right).

S D

R NACK

NACK
pk(1)

S D

R

ACK

NACK

pk+1(1)

pk(2)

(c) States S5 (left) and S6 (right).

S D

R ACK

NACK
pk(1)

S D

R

NACK

NACK

pk+1(1)

pk(2)

(d) States S7 (left) and S8 (right).

Figure 1.11 – States of the Markov chain model of the investigated protocol.

Moreover, the states with odd indexes, correspond to a transmission by the source

only.

• S1 is the transmission of packet pk(1) or pk(2) by the source and an ACK feedback

by the destination.

• S3 is the transmission of packet pk(2) (the last packet of message mk) by the source

and NACK feedback by the destination.

• S5 is the transmission of packet pk(1) by the source and NACK feedback by the relay

and the destination.

• S7 is the transmission of packet pk(1) by the source, an ACK feedback by the relay
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and NACK feedback by the destination.

The states with even indexes, correspond to a transmission by the source and the re-

lay, simultaneously. More precisely, the source transmits packet pk+1(1) while the relay

transmits packet pk(2). These states differ by the feedback of the destination as follows.

• S2 corresponds to an ACK feedback of both packets by the destination.

• S4 corresponds to an ACK feedback of packet pk+1(1) and NACK feedback of packet

pk(2) by the destination.

• S6 corresponds to a NACK feedback of packet pk+1(1) and ACK feedback of packet

pk(2) by the destination.

• S8 corresponds to a NACK feedback of both packets by the destination.

In this way, each state characterizes one time-slot t. In addition, each state provides

information about what happens in the previous time-slot t − 1 and in the following

time-slot t + 1. For instance, we make the following observations.

• In S1 and S3, pk+1(1) is necessarily sent at time-slot t + 1.

• In S2 and S4, pk+2(1) is necessarily sent at time-slot t + 1.

• In S5, pk(2) is necessarily sent at time-slot t + 1.

• In S7, the relay and the source send pk(2) and pk+1(1) respectively at time-slot t + 1.

• In S6 and S8, the source sends pk+1(2) at time-slot t + 1.

Moreover, in S2, S4, S6 and S8, the system was in S7 at time-slot t − 1.

The possible transitions between these states are depicted in the state diagram in

Fig. 1.12.

Extension to any value C can be done at the expense of the number of states. For

instance, we succeeded to exhibit the states for C = 3 and C = 4 where their numbers are

19 and 49 respectively.

1.5.2 Transition matrix of the Markov Chain

Let ti, j denote the transition probability from S j to Si. Consequently,

ti, j = Pr
(

Si

∣

∣

∣ S j

)

, (1.20)

and
∑8

i=1 ti, j = 1. The transition matrix of the Markov chain describing the investigated

protocol is denoted by T = (ti, j)(i, j)∈{1,··· ,8}2 . It describes the transitions between the states
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Figure 1.12 – States diagram of the Markov chain model of the investigated protocol.

of the Markov chain as in the states diagram in Fig. 1.12. This transition matrix is given

in Eq. (1.21) as:

T =













































































S1 S2 S3 S4 S5 S6 S7 S8

t1,1 t1,2 t1,3 t1,4 t1,5 t1,6 0 t1,8

0 0 0 0 0 0 t2,7 0

0 0 0 0 t3,5 t3,6 0 t3,8

0 0 0 0 0 0 t4,7 0

t5,1 t5,2 t5,3 t5,4 0 0 0 0

0 0 0 0 0 0 t6,7 0

t7,1 t7,2 t7,3 t7,4 0 0 0 0

0 0 0 0 0 0 t8,7 0













































































. (1.21)

According to Bayes’ rule ,

ti, j =
Pr

(

Si,S j

)

Pr
(

S j

) . (1.22)

Except for t1,8, the closed-form expressions of all other transition probabilities are

provided in Eqs. (1.23), (1.24), (1.25), (1.27), (1.29), (1.30), (1.31) and (1.32). The analytical

expression of t1,8 is partially provided. This is due to improper integrals obtained in

the derivation of the analytical expression of t1,8. These improper integrals can only be
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evaluated numerically via Monte Carlo simulations. The evaluation of t1,8 is discussed

furthermore in Section 1.6. The following Sections are dedicated to the derivation of the

transition probabilities.

1.5.2.1 Transitions from S1, S2, S3 and S4

From the states S j where j ∈ {1, . . . 4}, the probability to go to states S1, S5 and S7 does

not depend on the incoming state.

Derivations of t1, j for j = 1, · · · , 4: S1 is the state where the transmitted packet by the

source is successfully decoded at the destination. Therefore,

t1, j = Pr
(

R < log2(1 + gsd(1))
)

= Pr
(

gsd(1) > 2R − 1
)

=
1

σ2
sd

∫ ∞

2R−1

e−g/σ2
sddg.

Hence,

t1, j = e−(2R−1)/σ2
sd , j = 1, · · · , 4. (1.23)

Derivations of t5, j for j = 1, · · · , 4: S5 is the state where the relay and the destination

respond with NACK after the transmission of the first packet associated with a message.

Therefore,

t5, j = Pr
(

R > log2(1 + gsd(1)),R > log2(1 + gsr(1))
)

= Pr
(

R > log2(1 + gsd(1))
)

Pr
(

R > log2(1 + gsr(1))
)

= (1 − Pr
(

R < log2(1 + gsd(1))
)

)(1 − Pr
(

R < log2(1 + gsr(1))
)

).

Hence,

t5, j =
(

1 − e−(2R−1)/σ2
sd

) (

1 − e−(2R−1)/σ2
sr

)

, j = 1, · · · , 4. (1.24)

Derivations of t7, j for j = 1, · · · , 4: S7 is the state where the relay succeeded but the

destination failed to decode the first packet associated with a message. Therefore,

t7, j = Pr
(

R > log2(1 + gsd(1)),R < log2(1 + gsr(1))
)

= Pr
(

R > log2(1 + gsd(1))
)

Pr
(

R < log2(1 + gsr(1))
)

= (1 − Pr
(

R < log2(1 + gsd(1))
)

)Pr
(

R < log2(1 + gsr(1))
)

.

Hence,

t7, j =
(

1 − e−(2R−1)/σ2
sd

)

e−(2R−1)/σ2
sr = 1 − t1, j − t5, j, j = 1, · · · , 4. (1.25)
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1.5.2.2 Transitions from S5

We remind that, in state S5, the first packet associated with a message has not been

decoded neither at the relay nor at the destination. This implies, in the second time-slot,

a retransmission of a second packet associated with the same message from the source to

the destination and the relay. The following observations are available to the destination

at state S5:












y1

y2













=













hsd(1)1N 0

0 hsd(2)1N

























pk(1)

pk(2)













+













w1

w2













.

Thus, only transitions to S1 or S3 are possible. In the following, we derive t1,5. We also

have t3,5 = 1 − t1,5.

Derivations of t1,5: In this term, the probability of going to state S1 depends on state S5.

By using the Bayes’ rule, we obtain:

t1,5 =
Pr (S1,S5)

Pr (S5)
,

where

Pr (S5) = Pr
(

R > log2(1 + gsd(1)),R > log2(1 + gsr(1))
)

=
(

1 − e−(2R−1)/σ2
sd

) (

1 − e−(2R−1)/σ2
sr

)

and

Pr (S1,S5) = Pr













R < log2(1 + gsd(1)) + log2(1 + gsd(2),

R > log2(1 + gsd(1)),R > log2(1 + gsr(1))













.

By rewriting the inequalities in Pr (S1,S5), we obtain:

Pr (S1,S5) = Pr
(

(1 + gsd(1))(1 + gsd(2)) > 2R, gsd(1) < 2R − 1, gsr(1) < 2R − 1
)

= Pr
(

(1 + gsd(1))(1 + gsd(2)) > 2R, gsd(1) < 2R − 1
)

Pr
(

gsr(1) < 2R − 1
)

,

since gsr(1) is independent of the other gains. Moreover,

Pr
(

gsr(1) < 2R − 1
)

=
(

1 − e−(2R−1)/σ2
sr

)

.

To simplify the notations, we set q1 = gsd(1) and q2 = gsd(2). Then, the expression

Pr
(

(1 + gsd(1))(1 + gsd(2)) > 2R, gsd(1) < 2R − 1
)

can be rewritten as:

Pr
(

(1 + q1)(1 + q2) > 2R, q1 < 2R − 1
)

= Pr

(

q2 >
2R

1 + q1
− 1, q2 > 0, q1 < 2R − 1

)

= Pr

(

q2 >

(

2R

1 + q1
− 1

)+

, q1 < 2R − 1

)

.
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Hence,

Pr
(

(1 + q1)(1 + q2) > 2R, q1 < 2R − 1
)

=

∫

0<q1<2R−1

Pr

(

q2 >

(

2R

1 + q1
− 1

)+
∣

∣

∣

∣

∣

∣

q1

)

p(q1)dq1.

One can notice that
(

2R

1+q1
− 1

)+
= 2R

1+q1
− 1 for q1 < 2R − 1. Thus,

Pr
(

(1 + q1)(1 + q2) > 2R, q1 < 2R − 1
)

=

∫

0<q1<2R−1

∫

2R

1+q1
−1<q2

p(q2)p(q1)dq2dq1

=

∫

0<q1<2R−1

∫

2R

1+q1
−1<q2

1

σ2
sd

e−q2/σ
2
sddq2p(q1)dq1

=

∫

0<q1<2R−1

[

−e−q2/σ
2
sd

]∞
2R

1+q1
−1

p(q1)dq1

=

∫

0<q1<2R−1

e
−( 2R

1+q1
−1)/σ2

sd
1

σ2
sd

e−q1/σ
2
sddq1

=
1

σ2
sd

e1/σ2
sd

∫ 2R−1

0

e
− 2R

σ2
sd

(1+q)
− q

σ2
sd dq.

By setting

U(α, β, γ) =
1

γ
e1/γ

∫ α

0

e
− β

1+q−
q
γ dq, (1.26)

which can be evaluated as a generalized Fox’s H function [Yilmaz and Alouini, 2010], we

obtain:

Pr
(

(1 + q1)(1 + q2) > 2R, q1 < 2R − 1
)

= U(2R − 1, 2R/σ2
sd, σ

2
sd).

Hence,

t1,5 =
U(2R − 1, 2R/σ2

sd
, σ2

sd
)

1 − e−(2R−1)/σ2
sd

. (1.27)

1.5.2.3 Transitions from S6

State S6 corresponds to the transmission of the second packet associated with message mk

by the relay (which has decoded mk in the previous time-slot t − 1 while the destination

failed to decode it) and the transmission of the first packet of mk+1 at time-slot t by the

source. At time-slot t + 1, only the second packet of the message mk+1, i.e. pk+1(2), is

transmitted by the source. The successful decoding of mk+1 corresponds to a transition

from S6 to S1, and occurs with probability t1,6. Otherwise, a NACK feedback corresponds

to a transition from S6 to S3, and occurs with probability t3,6 = 1− t1,6. Using Bayes’ rule,

t1,6 =
Pr (S1,S6)

Pr (S6)
.

At state S6, the following observations are available to the destination:













y0

y1













=













hsd(0)1N 0 0

0 hrd(1)1N hsd(1)1N



































pk(1)

pk(2)

pk+1(1)























+













w0

w1













.



28 1. Relay assisted Hybrid ARQ

Moreover, S6 is described by the following inequalities:



































R > log2(1 + gsd(0));

R < log2(1 + gsr(0));

R < log2(1 + gsd(0)) + log2(1 +
grd(1)

1+gsd(1) );

R > log2(1 + gsd(1)).

Hence,

Pr (S6) = Pr















R > log2(1 + gsd(0)),R < log2(1 + gsr(0)),

R < log2(1 + gsd(0)) + log2

(

1 +
grd(1)

1+gsd(1)

)

,R > log2(1 + gsd(1))















.

The term gsr(0) is independent of the other gains. Thus,

Pr (S6) = Pr
(

R < log2(1 + gsr(0))
)

Pr























R > log2(1 + gsd(0)),

R < log2(1 + gsd(0)) + log2

(

1 +
grd(1)

1+gsd(1)

)

,

R > log2(1 + gsd(1))























= p1Pr
(

R < log2(1 + gsr(0))
)

with

Pr
(

R < log2(1 + gsr(0))
)

= Pr
(

gsr(0) > 2R − 1
)

= e−(2R−1)/σ2
sr ,

and

p1 = Pr

(

gsd(0) < 2R − 1, (1 + gsd(0))

(

1 +
grd(1)

1 + gsd(1)

)

> 2R, gsd(1) < 2R − 1

)

.

We set q1 = gsd(0), q2 = gsd(1) and q3 = grd(1). Then,

p1 = Pr

(

q1 < 2R − 1, (1 + q1)

(

1 +
q3

1 + q2

)

> 2R, q2 < 2R − 1

)

= Pr

(

q1 < 2R − 1, q2 < 2R − 1, q3 > (1 + q2)(
2R

1 + q1
− 1)+

)

.

We define

V(α, β1, β2, β3, γ) =
1

γ
e1/γ

∫ α

0

e
− β11+q

β2

1+q + β3

e−q/γdq. (1.28)
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Also 2R

1+q1
− 1 > 0 for q1 < 2R − 1. Consequently,

p1 = Pr

(

q1 < 2R − 1, q2 < 2R − 1, q3 > (1 + q2)(
2R

1 + q1
− 1)

)

=
1

σ4
sd
σ2

rd

∫ 2R−1

q1=0

∫ 2R−1

q2=0

∫ ∞

q3>(1+q2)( 2R

1+q1
−1)

e−q1/σ
2
sde−q2/σ

2
sde−q3/σ

2
rddq1dq2dq3

=
1

σ4
sd

∫ 2R−1

q1=0

∫ 2R−1

q2=0

e−q1/σ
2
sde−q2/σ

2
sde
−(1+q2)( 2R

1+q1
−1)/σ2

rddq1dq2

=
e1/σ2

rd

σ4
sd

∫ 2R−1

q1=0

e−q1/σ
2
sde
− 2R

σ2
rd

(1+q1)

∫ 2R−1

q2=0

e−q2/σ
2
sde
−q2( 2R

1+q1
−1)/σ2

rddq1dq2

=
e1/σ2

rd

σ4
sd

∫ 2R−1

0

e
− 2R

σ2
rd

(1+q) 1
2R

σ2
rd

(1+q)
+ 1/σ2

sd
− 1/σ2

rd

e−q/σ2
sddq

− e1/σ2
sde2R(1/σ2

rd
−1/σ2

sd
)

σ4
sd

∫ 2R−1

0

1
2R

σ2
rd

(1+q)
+ 1/σ2

sd
− 1/σ2

rd

e
− 22R

σ2
rd

(1+q) e−q/σ2
sddq

=
e(1/σ2

rd
−1/σ2

sd
)

σ2
sd

V(2R − 1,
2R

σ2
rd

,
2R

σ2
rd

, 1/σ2
sd − 1/σ2

rd, σ
2
sd)

− e2R(1/σ2
rd
−1/σ2

sd
)

σ2
sd

V(2R − 1,
22R

σ2
rd

,
2R

σ2
rd

, 1/σ2
sd − 1/σ2

rd, σ
2
sd).

Therefore,

Pr (S6) = e−(2R−1)/σ2
sr

(e(1/σ2
rd
−1/σ2

sd
)

σ2
sd

V(2R − 1,
2R

σ2
rd

,
2R

σ2
rd

, 1/σ2
sd − 1/σ2

rd, σ
2
sd)

− e2R(1/σ2
rd
−1/σ2

sd
)

σ2
sd

V(2R − 1,
22R

σ2
rd

,
2R

σ2
rd

, 1/σ2
sd − 1/σ2

rd, σ
2
sd)

)

.

Derivations of Pr (S1,S6): A transition from state S6 to state S1 occurs if mk+1 is success-

fully decoded at the destination. The message mk has been previously decoded and can

be omitted in the equations of the observations. Thus, the available observations at the

destination are given by:













y1

y2













=













hsd(1)1N 0

0 hsd(2)1N

























pk+1(1)

pk+1(2)













+













w1

w2













.

Moreover, the transition from S6 to S1 occurs if:














































R > log2(1 + gsd(0));

R < log2(1 + gsr(0));

R < log2(1 + gsd(0)) + log2

(

1 +
grd(1)

1+gsd(1)

)

;

R > log2(1 + gsd(1));

R < log2(1 + gsd(1)) + log2(1 + gsd(2)).
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The first four inequalities correspond to being in state S6 while the fifth inequality de-

scribes the transition to S1. Therefore,

Pr (S1,S6) = p2Pr
(

R < log2(1 + gsr(0))
)

,

with

p2 = Pr















R > log2(1 + gsd(0)),R < log2(1 + gsd(0)) + log2

(

1 +
grd(1)

1+gsd(1)

)

,

R > log2(1 + gsd(1)),R < log2(1 + gsd(1)) + log2(1 + gsd(2))















.

We set q1 = gsd(0), q2 = gsd(1), q3 = grd(1) and q4 = gsd(2). Then,

p2 = Pr













R > log2(1 + q1),R < log2(1 + q1) + log2

(

1 +
q3

1+q2

)

,R > log2(1 + q2),

R < log2(1 + q2) + log2(1 + q4)













= Pr

(

q1 < 2R − 1, q2 < 2R − 1, q3 > (1 + q2)(
2R

1 + q1
− 1)+, q4 > (

2R

1 + q2
− 1)+

)

= Pr

(

q1 < 2R − 1, q2 < 2R − 1, q3 > (1 + q2)(
2R

1 + q1
− 1), q4 >

2R

1 + q2
− 1

)

=
1

σ6
sd
σ2

rd

∫ 2R−1

q1=0

∫ 2R−1

q2=0

∫ ∞

q3=(1+q2)( 2R

1+q1
−1)

∫ ∞

q4=
2R

1+q2
−1

e−q1/σ
2
sde−q2/σ

2
sde−q3/σ

2
rde−q4/σ

2
sddq1dq2dq3dq4

=
e1/σ2

sd

σ4
sd
σ2

rd

∫ 2R−1

q1=0

∫ 2R−1

q2=0

∫ ∞

q3=(1+q2)( 2R

1+q1
−1)

e−q1/σ
2
sde−q2/σ

2
sde−q3/σ

2
rde
− 2R

σ2
sd

(1+q2) dq1dq2dq3

=
e1/σ2

sd

σ4
sd

∫ 2R−1

q1=0

∫ 2R−1

q2=0

e−q1/σ
2
sde−q2/σ

2
sde
− 2R

σ2
sd

(1+q2) e
−(1+q2)( 2R

1+q1
−1)/σ2

rddq1dq2

=
e(1/σ2

sd
+1/σ2

rd
)

σ4
sd

∫ 2R−1

q2=0

e
− 2R

σ2
sd

(1+q2) e−q2(1/σ2
sd
−1/σ2

rd
)

∫ 2R−1

q1=0

e−q1/σ
2
sde
−(1+q2) 2R

σ2
rd

(1+q1) dq1dq2

=
e1/σ2

rd

σ2
sd

∫ 2R−1

0

U(2R − 1,
2R(1 + q)

σ2
rd

, σ2
sd)e
− 2R

σ2
sd

(1+q) e−q(1/σ2
sd
−1/σ2

rd
)dq.

Hence,

t1,6 =

e
1

σ2
rd

∫ 2R−1

0
U(2R − 1,

2R(1+q)

σ2
rd

, σ2
sd

)e
− 2R

σ2
sd

(1+q) e
−q( 1

σ2
sd

− 1

σ2
rd

)
dq

e
( 1

σ2
rd

− 1

σ2
sd

)
V(2R − 1, 2R

σ2
rd

, 2R

σ2
rd

, 1
σ2

sd

− 1
σ2

rd

, σ2
sd

) − e
2R( 1

σ2
rd

− 1

σ2
sd

)
V(2R − 1, 22R

σ2
rd

, 2R

σ2
rd

, 1
σ2

sd

− 1
σ2

rd

, σ2
sd

)

.

(1.29)

1.5.2.4 Transitions from S7

In S7, the relay succeeded to decode the first packet of the message while the destination

failed to decode this packet. More precisely, the following observation is available to the

destination at S7:

y1 = hsd(1)1Npk(1) +w1.
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Hence, S7 is described by the following inequalities:















R > log2(1 + gsd(1));

R < log2(1 + gsr(1)).

Therefore,

Pr (S7) = Pr
(

R > log2(1 + gsd(1)),R < log2(1 + gsr(1))
)

= Pr
(

R > log2(1 + gsd(1)
)

Pr
(

R < log2(1 + gsr(1))
)

=
(

1 − e−(2R−1)/σ2
sd

)

e−(2R−1)/σ2
sr .

Consequently, during the second time-slot, the relay retransmits the second packet of

the message mk, i.e. pk(2), while the source transmits the first packet of a new message

mk+1, i.e. pk+1(1). Thus, a transition to one of the states S2, S4, S6, or S8 is possible. In the

following, we derive t2,7, t4,7 and t6,7. We also have t8,7 = 1 − t2,7 − t4,7 − t6,7. By using

Bayes’ rule,

t j,7 =
Pr

(

S j,S7

)

Pr (S7)
, j = 2, 4, 7, 8.

Derivations of t2,7: The transition from state S7 to state S2 occurs if both incoming

messages from the source and relay are successfully decoded at the destination. Following

the transmission of pk+1(1) by the source and pk(2) by the relay, the available observations

at the destination are:













y1

y2













=













hsd(1)1N 0 0

0 hrd(2)1N hsd(2)1N



































pk(1)

pk(2)

pk+1(1)























+













w1

w2













=













hsd(1)1N 0

0 hrd(2)1N

























pk(1)

pk(2)













+













0

hsd(2)1N













pk+1(1) +













w1

w2













.

This is a MISO MAC where a transition from S7 to S2 occurs if:














































R > log2(1 + gsd(1));

R < log2(1 + gsr(1));

R < log2(1 + gsd(1)) + log2(1 + grd(2));

R < log2(1 + gsd(2));

2R < log2(1 + gsd(1)) + log2(1 + grd(2) + gsd(2)).

The first two inequalities correspond to being in state S7 while the last three inequalities

describe the transition to S2. Consequently,

Pr (S2,S7) = Pr























R < log2(1 + gsd(2)),R < log2(1 + gsd(1)) + log2(1 + grd(2)),

2R < log2(1 + gsd(1)) + log2(1 + grd(2) + gsd(2)),

R > log2(1 + gsd(1)),R < log2(1 + gsr(1))























.
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Since gsr(1) is independent of other gains,

Pr (S2,S7) = p3 × Pr
(

R < log2(1 + gsr(1))
)

,

where Pr
(

R < log2(1 + gsr(1))
)

= e−(2R−1)/σ2
sr , and

p3 = Pr













R < log2(1 + gsd(2)),R < log2(1 + gsd(1)) + log2(1 + grd(2)),

2R < log2(1 + gsd(1)) + log2(1 + grd(2) + gsd(2),R > log2(1 + gsd(1))













= Pr













2R − 1 < gsd(2), 2R < (1 + gsd(1))(1 + grd(2)),

22R < (1 + gsd(1))(1 + grd(2) + gsd(2)), 2R − 1 > gsd(1)













.

We simplify the notations using q1 = gsd(1), q2 = gsd(2) and q3 = grd(2). Therefore,

p3 = Pr
(

2R − 1 < q2, 2
R < (1 + q1)(1 + q3), 22R < (1 + q1)(1 + q3 + q2), 2R − 1 > q1

)

= Pr
(

q1 < 2R − 1, q2 > 2R − 1, q3 > max(2R/(1 + q1) − 1, 22R/(1 + q1) − 1 − q2)
)

=

∫ 2R−1

q1=0

∫ ∞

q2=2R−1

∫ ∞

q3=max(2R/(1+q1)−1,22R/(1+q1)−1−q2)

p(q3)p(q2)p(q1)dq3dq2dq1.

Therefore,

p3 =
1

σ4
sd
σ2

rd

∫ 2R−1

q1=0

∫ ∞

q2=2R−1

∫ ∞

q3=(max(2R/(1+q1),22R/(1+q1)−q2)−1))+
e−q3/σ

2
rd
−(q1+q2)/σ2

sddq3dq2dq1

=
1

σ4
sd

∫ 2R−1

q1=0

∫ ∞

q2=2R−1

e−(max(2R/(1+q1),22R/(1+q1)−q2)−1))+/σ2
rde−(q1+q2)/σ2

sddq2dq1.

In order to simplify p3, we analyze the following term:

(

max

(

2R

1 + q1
− 1,

22R

1 + q1
− q2 − 1

))+

when q1 < 2R − 1 and q2 > 2R − 1.

Since q1 < 2R − 1, the term 2R

1+q1
− 1 is positive. Thus,

(

max

(

2R

1 + q1
− 1,

22R

1 + q1
− q2 − 1

))+

= max

(

2R

1 + q1
− 1,

22R

1 + q1
− q2 − 1

)

.

The first term is the maximum if:

2R

1 + q1
− 1 >

22R

1 + q1
− q2 − 1 ⇔ 2R

1 + q1
>

22R

1 + q1
− q2

⇔ q2 >
2R

1 + q1

(

2R − 1
)

.

Since q1 < 2R − 1, we have 2R/(1 + q1) > 1. Therefore,

• if q2 ∈ [ 2R

1+q1

(

2R − 1
)

,∞], then max
(

2R

1+q1
− 1, 22R

1+q1
− q2 − 1

)

= 2R

1+q1
− 1;
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• if q2 ∈ [2R − 1, 2R

1+q1

(

2R − 1
)

], then max
(

2R

1+q1
− 1, 22R

1+q1
− q2 − 1

)

= 22R

1+q1
− q2 − 1.

Consequently,

p3 =
1

σ4
sd
σ2

rd

∫ 2R−1

q1=0

∫ ∞

q2=
2R

1+q1
(2R−1)

∫ ∞

q3=2R/(1+q1)−1

e−q3/σ
2
rd
−(q1+q2)/σ2

sddq3dq2dq1

+
1

σ4
sd
σ2

rd

∫ 2R−1

q1=0

∫ 2R

1+q1
(2R−1)

q2=2R−1

∫ ∞

q3=22R/(1+q1)−q2−1

e−q3/σ
2
rd
−(q1+q2)/σ2

sddq3dq2dq1

=
1

σ4
sd

∫ 2R−1

q1=0

∫ ∞

q2=
2R

1+q1
(2R−1)

e−(2R/(1+q1)−1)/σ2
rde−(q1+q2)/σ2

sddq2dq1

+
e1/σ2

rd

σ4
sd

∫ 2R−1

q1=0

∫ 2R

1+q1
(2R−1)

q2=2R−1

e−(22R/(σ2
rd

(1+q1))−q1/σ
2
sde−q2(1/σ2

sd
−1/σ2

rd
)dq2dq1.

Then, we integrate the terms respectively to q2, and we set q = q1 for clarity purposes as

follows:

p3 =
e1/σ2

rd

σ2
sd

∫ 2R−1

0

e−2R/(1+q)/σ2
rde
− 2R

1+q (2R−1)/σ2
sde−q/σ2

sddq

+
e1/σ2

rde−(2R−1)(1/σ2
sd
−1/σ2

rd
)σ2

rd

σ2
sd

(σ2
rd
− σ2

sd
)

∫ 2R−1

0

e
− 22R

σ2
rd

(1+q) e−q/σ2
sddq

−
e1/σ2

rdσ2
rd

σ2
sd

(σ2
rd
− σ2

sd
)

∫ 2R−1

0

e−2R/(1+q)/σ2
rde
− 2R

1+q (2R−1)/σ2
sde−q/σ2

sddq

=
e1/σ2

rde−(2R−1)(1/σ2
sd
−1/σ2

rd
)σ2

rd

σ2
sd

(σ2
rd
− σ2

sd
)

∫ 2R−1

0

e
− 22R

σ2
rd

(1+q) e−q/σ2
sddq

+
e1/σ2

rd

σ2
sd
− σ2

rd

∫ 2R−1

0

e−2R/(1+q)/σ2
rde
− 2R

1+q (2R−1)/σ2
sde−q/σ2

sddq

=
σ2

rd
e2R(1/σ2

rd
−1/σ2

sd
)

σ2
rd
− σ2

sd

U













2R − 1,
22R

σ2
rd

, σ2
sd













+
σ2

sd
e(1/σ2

rd
−1/σ2

sd
)

σ2
sd
− σ2

rd

U













2R − 1,
2R

σ2
rd

+
2R(2R − 1)

σ2
sd

, σ2
sd













.

Hence,

t2,7 =

σ2
sd

e(1/σ2
rd
−1/σ2

sd
)U

(

2R − 1, 2R

σ2
rd

+
2R(2R−1)

σ2
sd

, σ2
sd

)

− σ2
rd

e2R(1/σ2
rd
−1/σ2

sd
)U

(

2R − 1, 22R

σ2
rd

, σ2
sd

)

(

σ2
sd
− σ2

rd

) (

1 − e−(2R−1)/σ2
sd

) .

(1.30)

Derivations of t4,7: The transition from state S7 to S4 occurs if message mk, coming from

the relay via packet pk(2), has not been decoded while message mk+1, coming from the
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source via packet pk+1(1), has been successfully decoded. We remind that following the

transmission of pk+1(1) by the source and pk(2) by the relay, the available observations at

the destination are:













y1

y2













=













hsd(1)1N 0 0

0 hrd(2)1N hsd(2)1N



































pk(1)

pk(2)

pk+1(1)























+













w1

w2













=













hsd(1)1N 0

0 hrd(2)1N

























pk(1)

pk(2)













+













0

hsd(2)1N













pk+1(1) +













w1

w2













.

In this MISO MAC, the accumulated mutual information on the message mk is smaller

than the decoding rate while it is greater in the case of the message mk+1. Therefore, the

transition from S7 to S4 occurs if:



































R > log2(1 + gsd(1));

R < log2(1 + gsr(1));

R > log2(1 + gsd(1)) + log2

(

1 + grd(2)
)

;

R < log2(1 +
gsd(2)

1+grd(2) ).

The first two inequalities correspond to being in state S7 while the last two inequalities

describe the transition to S4. Thus,

Pr (S4,S7) = Pr















R > log2(1 + gsd(1)) + log2

(

1 + grd(2)
)

,R < log2(1 +
gsd(2)

1+grd(2) ),

R > log2(1 + gsd(1)),R < log2(1 + gsr(1))















.

Also, gsr(1) is independent of the other gains. Consequently,

Pr (S4,S7) = p4Pr
(

R < log2(1 + gsr(1))
)

,

with

p4 = Pr















R > log2(1 + gsd(1)) + log2

(

1 + grd(2)
)

,R < log2(1 +
gsd(2)

1+grd(2) ),

R > log2(1 + gsd(1))















= Pr

(

(1 + gsd(1))(1 + grd(2)) < 2R,
gsd(2)

1 + grd(2)
> 2R − 1, gsd(1) < 2R − 1

)

.

Once again, we set q1 = gsd(1), q2 = gsd(2) and q3 = grd(2). Therefore,

p4 = Pr

(

q3 <

(

2R

1 + q1
− 1

)+

, q2 > (2R − 1)(1 + q3), q1 < 2R − 1

)

=

∫ 2R−1

q1=0

∫

(

2R

1+q1
−1

)+

q3=0

∫ ∞

q2=(2R−1)(1+q3)

p(q1)p(q2)p(q3)dq1dq2dq3.
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We have 2R

1+q1
− 1 > 0 for q1 < 2R − 1. Thus,

p4 =
1

σ4
sd
σ2

rd

∫ 2R−1

q1=0

∫ 2R

1+q1
−1

q3=0

∫ ∞

q2=(2R−1)(1+q3)

e−q1/σ
2
sde−q2/σ

2
sde−q3/σ

2
rddq1dq2dq3

=
e−(2R−1)/σ2

sd

σ2
sd
σ2

rd

∫ 2R−1

q1=0

e−q1/σ
2
sd

∫ 2R

1+q1
−1

q3=0

e−((2R−1)/σ2
sd
+1/σ2

rd
)q3dq1dq3

=
e−(2R−1)/σ2

sd

σ2
sd
σ2

rd
((2R − 1)/σ2

sd
+ 1/σ2

rd
)

∫ 2R−1

0

e−q/σ2
sddq

− e−(2R−1)/σ2
sd

σ2
sd
σ2

rd
((2R − 1)/σ2

sd
+ 1/σ2

rd
)

∫ 2R−1

0

e−q/σ2
sde
−((2R−1)/σ2

sd
+1/σ2

rd
)( 2R

1+q−1)
dq

=
e−(2R−1)/σ2

sd

1 + (2R − 1)σ2
rd
/σ2

sd

(

1 − e−(2R−1)/σ2
sd

)

− e(1/σ2
rd
−1/σ2

sd
)

1 + (2R − 1)σ2
rd
/σ2

sd

U













2R − 1,
22R

σ2
sd

+ 2R
(

1/σ2
rd − 1/σ2

sd

)

, σ2
sd













.

Hence,

t4,7 =
e−(2R−1)/σ2

sd

1 + (2R − 1)σ2
rd
/σ2

sd

(1.31)

− e(1/σ2
rd
−1/σ2

sd
)

(1 + (2R − 1)σ2
rd
/σ2

sd
)(1 − e−(2R−1)/σ2

sd)
U













2R − 1,
22R

σ2
sd

+ 2R
(

1/σ2
rd − 1/σ2

sd

)

, σ2
sd













.

Derivations of t6,7: The transition to state S6 occurs if message mk, coming from the relay

via packet pk(2), has been successfully decoded while message mk+1, coming from the

source via packet pk+1(1), has not been decoded. Once again, we remind that following

the transmission of pk+1(1) by the source and pk(2) by the relay, the available observations

at the destination are:













y1

y2













=













hsd(1)1N 0 0

0 hrd(2)1N hsd(2)1N



































pk(1)

pk(2)

pk+1(1)























+













w1

w2













=













hsd(1)1N 0

0 hrd(2)1N

























pk(1)

pk(2)













+













0

hsd(2)1N













pk+1(1) +













w1

w2













.

We notice that, unlike the state S4, the message mk has been transmitted only once. In

this MISO MAC, the message mk+1 has a rate smaller than the SIC corner point while

the message mk has a rate larger than the point where it is the only successfully decoded

packet. Therefore the transition from S7 to S6 corresponds to the following inequalities:


































R > log2(1 + gsd(1));

R < log2(1 + gsr(1));

R < log2(1 + gsd(1)) + log2

(

1 +
grd(2)

1+gsd(2)

)

;

R > log2(1 + gsd(2)).
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The first two inequalities correspond to being in state S7 while the last two inequalities

describe the transition to S6. Thus,

Pr (S6,S7) = Pr















R < log2(1 + gsd(1)) + log2

(

1 +
grd(2)

1+gsd(2) )
)

,R > log2(1 + gsd(2)),

R > log2(1 + gsd(1)),R < log2(1 + gsr(1))















.

Once again, gsr(1) is independent of the other gains. Consequently,

Pr (S6,S7) = p5Pr
(

R < log2(1 + gsr(1))
)

,

with

p5 = Pr















R < log2(1 + gsd(1)) + log2

(

1 +
grd(2)

1+gsd(2)

)

,

R > log2(1 + gsd(2)),R > log2(1 + gsd(1))















= Pr

(

2R < (1 + gsd(1))

(

1 +
grd(2)

1 + gsd(2)

)

, gsd(2) < 2R − 1, gsd(1) < 2R − 1

)

.

We set q1 = gsd(1), q2 = gsd(2) et q3 = grd(2). Therefore,

p5 = Pr

(

q3 > (1 + q2)

(

2R

1 + q1
− 1

)

, q2 < 2R − 1, q1 < 2R − 1

)

= Pr

(

q3 > (1 + q2)

(

2R

1 + q1
− 1

)+

, q2 < 2R − 1, q1 < 2R − 1

)

=

∫ 2R−1

q1=0

∫ 2R−1

q2=0

∫ ∞

q3=(1+q2)
(

2R

1+q1
−1

)+ p(q1)p(q2)p(q3)dq1dq2dq3

=
1

σ4
sd
σ2

rd

∫ 2R−1

q1=0

∫ 2R−1

q2=0

∫ ∞

q3=(1+q2)
(

2R

1+q1
−1

)+ e−q1/σ
2
sde−q2/σ

2
sde−q3/σ

2
rddq1dq2dq3.

And 2R

1+q1
− 1 > 0, for q1 < 2R − 1. Thus,

p5 =
1

σ4
sd
σ2

rd

∫ 2R−1

q1=0

∫ 2R−1

q2=0

∫ ∞

q3=(1+q2)( 2R

1+q1
−1)

e−q1/σ
2
sde−q2/σ

2
sde−q3/σ

2
rddq1dq2dq3

=
1

σ4
sd

∫ 2R−1

q1=0

∫ 2R−1

q2=0

e−q1/σ
2
sde−q2/σ

2
sde
−(1+q2)( 2R

1+q1
−1)/σ2

rddq1dq2

=
e1/σ2

rd

σ4
sd

∫ 2R−1

q1=0

e−q1/σ
2
sde
− 2R

σ2
rd

(1+q1)

∫ 2R−1

q2=0

e
−q2

(

2R

σ2
rd

(1+q1)
+(1/σ2

sd
−1/σ2

rd
)

)

dq1dq2

=
e1/σ2

rd

σ4
sd

∫ 2R−1

0

e
− 2R

σ2
rd

(1+q)

2R

σ2
rd

(1+q)
+ (1/σ2

sd
− 1/σ2

rd
)
e−q/σ2

sddq

− e1/σ2
sde2R(1/σ2

rd
−1/σ2

sd)

σ4
sd

∫ 2R−1

0

e
− 22R

σ2
rd

(1+q)

2R

σ2
rd

(1+q)
+ (1/σ2

sd
− 1/σ2

rd
)
e−q/σ2

sddq.
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Using Eq. (1.28),

p5 =
e(1/σ2

rd
−1/σ2

sd
)

σ2
sd

V













2R − 1,
2R

σ2
rd

,
2R

σ2
rd

, 1/σ2
sd − 1/σ2

rd, σ
2
sd













− e2R(1/σ2
rd
−1/σ2

sd)

σ2
sd

V













2R − 1,
22R

σ2
rd

,
2R

σ2
rd

, 1/σ2
sd − 1/σ2

rd, σ
2
sd













.

Hence,

t6,7 =

e
( 1

σ2
rd

− 1

σ2
sd

)
V

(

2R − 1, 2R

σ2
rd

, 2R

σ2
rd

, 1
σ2

sd

− 1
σ2

rd

, σ2
sd

)

− e

(

2R

σ2
rd

− 2R

σ2
sd

)

V
(

2R − 1, 22R

σ2
rd

, 2R

σ2
rd

, 1
σ2

sd

− 1
σ2

rd

, σ2
sd

)

σ2
sd

(

1 − e−(2R−1)/σ2
sd

) .

(1.32)

1.5.2.5 Transitions from S8

State S8 corresponds to the transmission of the second packet of the message mk by the

relay (which has decoded mk at time-slot t but the decoding has failed at the destination)

and the transmission of the first packet of the message mk+1 at time-slot t + 1. Moreover,

none of these two messages has been decoded at the destination. In this way, the following

observations are available to the destination at S8:













y0

y1













=













hsd(0)1N 0 0

0 hrd(1)1N hsd(1)1N



































pk(1)

pk(2)

pk+1(1)























+













w0

w1













=













hsd(0)1N 0

0 hrd(1)1N

























pk(1)

pk(2)













+













0

hsd(1)1N













pk+1(1) +













w0

w1













.

Hence, S8 is described by the following inequalities:














































R > log2(1 + gsd(0));

R < log2(1 + gsr(0));

R > log2(1 + gsd(0)) + log2(1 +
grd(1)

1+gsd(1) );

2R > log2(1 + gsd(0)) + log2(1 + grd(1) + gsd(1));

R > log2(1 +
gsd(1)

1+grd(1) ).

Therefore,

Pr (S8) = Pr

























R > log2(1 + gsd(0)),R < log2(1 + gsr(0)),

R > log2(1 + gsd(0)) + log2(1 +
grd(1)

1+gsd(1) ),

2R > log2(1 + gsd(0)) + log2(1 + grd(1) + gsd(1)),R > log2(1 +
gsd(1)

1+grd(1) )

























.

At time-slot t+2, only the second packet of the message mk+1, i.e. pk+1(2), is transmitted by

the source. If mk+1 is successfully decoded, a transition from S8 to S1 occurs. Otherwise,

a transition from S8 to S3 occurs. We derive t1,8 and we have t3,8 = 1 − t1,8. Using Bayes’

rule,

t1,8 =
Pr (S1,S8)

Pr (S8)
.
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Derivation of Pr (S8): We remind that,

Pr (S8) = Pr

























R > log2(1 + gsd(0)),R < log2(1 + gsr(0)),

R > log2(1 + gsd(0)) + log2(1 +
grd(1)

1+gsd(1) ),

2R > log2(1 + gsd(0)) + log2(1 + grd(1) + gsd(1)),R > log2(1 +
gsd(1)

1+grd(1) )

























.

The term gsr(0) is independent of the other gains. Thus,

Pr (S8) = Pr
(

R < log2(1 + gsr(0))
)

p6,

with

Pr
(

R < log2(1 + gsr(0))
)

= Pr
(

gsr(0) > 2R − 1
)

= e−(2R−1)/σ2
sr ,

and

p6 = Pr



































R > log2(1 + gsd(0)),

R > log2(1 + gsd(0)) + log2(1 +
grd(1)

1+gsd(1) ),

2R > log2(1 + gsd(0)) + log2(1 + grd(1) + gsd(1)),

R > log2(1 +
gsd(1)

1+grd(1) )



































= Pr















gsd(0) < 2R − 1, (1 + gsd(0))(1 +
grd(1)

1+gsd(1) ) < 2R,

(1 + gsd(0))(1 + grd(1) + gsd(1)) < 22R, 1 +
gsd(1)

1+grd(1) < 2R















.

We set q1 = gsd(0), q2 = gsd(1) and q3 = grd(1). Then,

p6 = Pr

(

q1 < 2R − 1, (1 + q1)(1 +
q3

1 + q2
) < 2R, (1 + q1)(1 + q2 + q3) < 22R, 1 +

q2

1 + q3
< 2R

)

= Pr

(

q1 < 2R − 1, q3 < (1 + q2)(
2R

1 + q1
− 1), q3 <

22R

1 + q1
− q2 − 1, q3 >

q2

2R − 1
− 1

)

= Pr

(

q1 < 2R − 1, q3 <

(

min

(

(1 + q2)(
2R

1 + q1
− 1),

22R

1 + q1
− q2 − 1

))+

, q3 >
( q2

2R − 1
− 1

)+
)

.

We analyze the following term:

(

min

(

(1 + q2)(
2R

1 + q1
− 1),

22R

1 + q1
− q2 − 1

))+

with the constraint on q1 (< 2R − 1). Moreover,

(1 + q2)(
2R

1 + q1
− 1) <

22R

1 + q1
− q2 − 1 ⇔ (1 + q2)

2R

1 + q1
<

22R

1 + q1

⇔ q2 < (2R − 1).

Consequently,

p6 = Pr

(

q1 < 2R − 1, q2 < 2R − 1, q3 < (1 + q2)(
2R

1 + q1
− 1), q3 >

( q2

2R − 1
− 1

)+
)

+ Pr

(

q1 < 2R − 1, q2 > 2R − 1, q3 <

(

22R

1 + q1
− q2 − 1

)+

, q3 >
( q2

2R − 1
− 1

)+
)

.
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Also
(

q2

2R−1
− 1

)+
= 0 for q2 < 2R − 1 which implies:

p6 = Pr

(

q1 < 2R − 1, q2 < 2R − 1, q3 < (1 + q2)(
2R

1 + q1
− 1)

)

+ Pr

(

q1 < 2R − 1, q2 > 2R − 1, q3 <

(

22R

1 + q1
− q2 − 1

)+

, q3 >
q2

2R − 1
− 1

)

.

The first term is easy to derive. The second term is non-null only if:

0 <
q2

2R − 1
− 1 <

22R

1 + q1
− q2 − 1.

The first inequality is satisfied due to the constraint on q2. The second inequality leads to:

q2 < (2R − 1)
2R

1 + q1
,

which is greater than 2R − 1 due to the constraint on q1. Thus,

p6 = p6,1 + p6,2,

with

p6,1 = Pr

(

q1 < 2R − 1, q2 < 2R − 1, q3 < (1 + q2)(
2R

1 + q1
− 1)

)

,

p6,2 = Pr

(

q1 < 2R − 1, q2 > 2R − 1, q2 < (2R − 1)
2R

1 + q1
, q3 <

22R

1 + q1
− q2 − 1, q3 >

q2

2R − 1
− 1

)

.

We derive p6,1 as follows:

p6,1 =
1

σ4
sd
σ2

rd

∫ 2R−1

q1=0

∫ 2R−1

q2=0

∫ (1+q2)(2R/(1+q1)−1)

q3=0

e−q1/σ
2
sde−q2/σ

2
sde−q3/σ

2
rddq1dq2dq3

=
1

σ4
sd

∫ 2R−1

q1=0

∫ 2R−1

q2=0

e−q1/σ
2
sde−q2/σ

2
sd

(

1 − e−(1+q2)(2R/(1+q1)−1)/σ2
rd

)

dq1dq2

=
1

σ4
sd

∫ 2R−1

q1=0

∫ 2R−1

q2=0

e−q1/σ
2
sde−q2/σ

2
sddq1dq2

− 1

σ4
sd

∫ 2R−1

q1=0

∫ 2R−1

q2=0

e−q1/σ
2
sde−q2/σ

2
sde−(1+q2)(2R/(1+q1)−1)/σ2

rddq1dq2

=
(

1 − e−(2R−1)/σ2
sd

)2

− e1/σ2
rd

σ4
sd

∫ 2R−1

q1=0

∫ 2R−1

q2=0

e−2R/(σ2
rd

(1+q1))e−q1/σ
2
sde−q2(1/σ2

sd
−1/σ2

rd
)e
−q2

2R

σ2
rd

(1+q1) dq1dq2,
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which implies that:

p6,1 =
(

1 − e−(2R−1)/σ2
sd

)2

− e1/σ2
rd

σ4
sd

∫ 2R−1

0

1

(1/σ2
sd
− 1/σ2

rd
) + 2R

σ2
rd

(1+q)

e−2R/(σ2
rd

(1+q))e−q/σ2
sddq

+
e1/σ2

sde2R(1/σ2
rd
−1/σ2

sd
)

σ4
sd

∫ 2R−1

0

1

(1/σ2
sd
− 1/σ2

rd
) + 2R

σ2
rd

(1+q)

e
− 22R

σ2
rd

(1+q) e
− q

σ2
sd dq.

Thus,

p6,1 =
(

1 − e−(2R−1)/σ2
sd

)2

− e1/σ2
rd
−1/σ2

sd

σ2
sd

V(2R − 1,
2R

σ2
rd

,
2R

σ2
rd

,
1

σ2
sd

− 1

σ2
rd

, σ2
sd)

+
e2R(1/σ2

rd
−1/σ2

sd
)

σ2
sd

V(2R − 1,
22R

σ2
rd

,
2R

σ2
rd

,
1

σ2
sd

− 1

σ2
rd

, σ2
sd).

Then, we derive p6,2 as follows:

p6,2 =
1

σ4
sd
σ2

rd

∫ 2R−1

q1=0

∫ (2R−1)2R/(1+q1)

q2=2R−1

∫ 22R

1+q1
−q2−1

q3=
q2

2R−1
−1

e−q1/σ
2
sde−q2/σ

2
sde−q3/σ

2
rddq1dq2dq3

=
1

σ4
sd

∫ 2R−1

q1=0

∫ (2R−1)2R/(1+q1)

q2=2R−1

e−q1/σ
2
sde−q2/σ

2
sde
−(

q2
2R−1
−1)/σ2

rddq1dq2

− 1

σ4
sd

∫ 2R−1

q1=0

∫ (2R−1)2R/(1+q1)

q2=2R−1

e−q1/σ
2
sde−q2/σ

2
sde
−( 22R

1+q1
−q2−1)/σ2

rddq1dq2

=
e1/σ2

rd

σ4
sd

∫ 2R−1

q1=0

∫ (2R−1)2R/(1+q1)

q2=2R−1

e−q1/σ
2
sde−q2/σ

2
sde
− q2

σ2
rd

(2R−1) dq1dq2

− e1/σ2
rd

σ4
sd

∫ 2R−1

q1=0

∫ (2R−1)2R/(1+q1)

q2=2R−1

e
− 22R

σ2
rd

(1+q1) e−q1/σ
2
sde−q2(1/σ2

sd
−1/σ2

rd
)dq1dq2

=
e1/σ2

rd

σ4
sd

1
1
σ2

sd

+ 1
σ2

rd
(2R−1)

∫ 2R−1

0

e−q/σ2
sde−(2R−1)/σ2

sde
− 2R−1

σ2
rd

(2R−1) dq

− e1/σ2
rd

σ4
sd

1
1
σ2

sd

+ 1
σ2

rd
(2R−1)

∫ 2R−1

0

e−q/σ2
sde−(2R−1)2R/(1+q)/σ2

sde
− (2R−1)2R/(1+q)

σ2
rd

(2R−1) dq

− e1/σ2
rd

σ4
sd

1
1
σ2

sd

− 1
σ2

rd

∫ 2R−1

0

e
− 22R

σ2
rd

(1+q) e−q/σ2
sde−(2R−1)(1/σ2

sd
−1/σ2

rd
)dq

+
e1/σ2

rd

σ4
sd

1
1
σ2

sd

− 1
σ2

rd

∫ 2R−1

0

e
− 22R

σ2
rd

(1+q) e−q/σ2
sde−(2R−1)2R/(1+q)(1/σ2

sd
−1/σ2

rd
)dq.
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Thus,

p6,2 =
e1/σ2

rd

σ2
sd

e−(2R−1)/σ2
sde
− 2R−1

σ2
rd

(2R−1)

1
σ2

sd

+ 1
σ2

rd
(2R−1)

(

1 − e−(2R−1)/σ2
sd

)

− e1/σ2
rd

σ4
sd

1
1
σ2

sd

+ 1
σ2

rd
(2R−1)

∫ 2R−1

0

e
− (2R−1)2R

σ2
sd

(1+q) e
− 2R

σ2
rd

(1+q) e−q/σ2
sddq

− e1/σ2
sd

σ4
sd

e2R(1/σ2
rd
−1/σ2

sd
)

1
σ2

sd

− 1
σ2

rd

∫ 2R−1

0

e
− 22R

σ2
rd

(1+q) e−q/σ2
sddq

+
e1/σ2

rd

σ4
sd

1
1
σ2

sd

− 1
σ2

rd

∫ 2R−1

0

e
− 22R

σ2
rd

(1+q) e
−

(2R−1)2R(1/σ2
sd
−1/σ2

rd
)

(1+q) e−q/σ2
sddq.

We can write the last equation with respect to U as:

p6,2 =
e1/σ2

rd

σ2
sd

e−(2R−1)/σ2
sde
− 2R−1

σ2
rd

(2R−1)

1
σ2

sd

+ 1
σ2

rd
(2R−1)

(

1 − e−(2R−1)/σ2
sd

)

− e1/σ2
rd
−1/σ2

sd

σ2
sd

1
1
σ2

sd

+ 1
σ2

rd
(2R−1)

U(2R − 1,
22R

σ2
sd

+
2R

σ2
rd

− 2R

σ2
sd

, σ2
sd)

− e2R(1/σ2
rd
−1/σ2

sd
)

σ2
sd

1
1
σ2

sd

− 1
σ2

rd

U(2R − 1,
22R

σ2
rd

, σ2
sd)

+
e1/σ2

rd
−1/σ2

sd

σ2
sd

1
1
σ2

sd

− 1
σ2

rd

U(2R − 1,
22R

σ2
sd

+
2R

σ2
rd

− 2R

σ2
sd

, σ2
sd),

which leads to:

p6,2 =
1

σ2
sd

e−(2R−1)/σ2
sd

1
σ2

sd

+ 1
σ2

rd
(2R−1)

(

1 − e−(2R−1)/σ2
sd

)

+ e1/σ2
rd
−1/σ2

sd

2Rσ2
sd
σ2

rd

(σ2
rd
− σ2

sd
)(σ2

rd
(2R − 1) + σ2

sd
)
U(2R − 1,

22R

σ2
sd

+
2R

σ2
rd

− 2R

σ2
sd

, σ2
sd)

− e2R(1/σ2
rd
−1/σ2

sd
)

σ2
sd

1
1
σ2

sd

− 1
σ2

rd

U(2R − 1,
22R

σ2
rd

, σ2
sd).

By gathering the derivations above, we obtain:

Pr (S8) = e−(2R−1)/σ2
srp6
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with

p6 =















1 −
σ2

sd
e−(2R−1)/σ2

sd

σ2
rd

(2R − 1) + σ2
sd















(

1 − e−(2R−1)/σ2
sd

)

− e1/σ2
rd
−1/σ2

sd

σ2
sd

V(2R − 1,
2R

σ2
rd

,
2R

σ2
rd

,
1

σ2
sd

− 1

σ2
rd

, σ2
sd)

+
e2R(1/σ2

rd
−1/σ2

sd
)

σ2
sd

V(2R − 1,
22R

σ2
rd

,
2R

σ2
rd

,
1

σ2
sd

− 1

σ2
rd

, σ2
sd)

+ e1/σ2
rd
−1/σ2

sd

2Rσ2
sd
σ2

rd

(σ2
rd
− σ2

sd
)(σ2

rd
(2R − 1) + σ2

sd
)
U(2R − 1,

22R

σ2
sd

+
2R

σ2
rd

− 2R

σ2
sd

, σ2
sd)

− e2R(1/σ2
rd
−1/σ2

sd
)

σ2
sd

1
1
σ2

sd

− 1
σ2

rd

U(2R − 1,
22R

σ2
rd

, σ2
sd).

Derivations of Pr (S1,S8): The transition from state S8 to state S1 occurs if mk+1 is

successfully decoded at the destination. The available observations for decoding this

message are the following:























y0

y1

y2























=























hsd(0)1N 0 0 0

0 hrd(1)1N hsd(1)1N 0

0 0 0 hsd(2)1N























































pk(1)

pk(2)

pk+1(1)

pk+1(2)

































+























w0

w1

w2























=























hsd(0)1N 0

0 hrd(1)1N

0 0



































pk(1)

pk(2)













+























0 0

hsd(1)1N 0

0 hsd(2)1N



































pk+1(1)

pk+1(2)













+























w0

w1

w2























.

As B = 2, we keep only the last two time-slots for decoding, therefore the transition to S1

is determined by the following (reduced) observations:













y1

y2













=













0 hrd(1)1N hsd(1)1N 0

0 0 0 hsd(2)1N













































pk(1)

pk(2)

pk+1(1)

pk+1(2)

































+













w1

w2













=













hrd(1)1N

0













pk(2) +













hsd(1)1N 0

0 hsd(2)1N

























pk+1(1)

pk+1(2)













+













w1

w2













.

Moreover, the constraint D = 2 is important in the previous equation as the destination

may decode the message mk, but it will be delayed with 3 time-slots. Hence, mk will be

seen by the upper layer as a dropped message. Consequently, the transition from S8 to S1

corresponds to the occurrence of the event: i)Ω′
1
: the destination decodes both messages

of mk and mk+1, or ii)Ω′′
1

: the destination decodes only the message of index mk+1, while

the message mk is still in error. Therefore,

Pr (S1,S8) = Pr
(

Ω′1,S8

)

+ Pr
(

Ω′′1 ,S8

)

.
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Derivations of Pr
(

Ω′
1
,S8

)

The event Ω′
1

can be written as:

Ω′1 =























R < log2(1 + grd(1));

R < log2(1 + gsd(1)) + log2(1 + gsd(2));

2R < log2(1 + grd(1) + gsd(1)) + log2(1 + gsd(2)).

In order to calculate Pr
(

Ω′
1
,S8

)

, we consider the inequalities that define the state S8 and

the event Ω′
1

as follows:

Pr
(

Ω′1,S8

)

= Pr



































R < log2(1 + grd(1)),R < log2(1 + gsd(1)) + log2(1 + gsd(2)),

2R < log2(1 + grd(1) + gsd(1)) + log2(1 + gsd(2)),R > log2(1 + gsd(0)),

R < log2(1 + gsr(0)),R > log2(1 + gsd(0)) + log2(1 +
grd(1)

1+gsd(1) ),

2R > log2(1 + gsd(0)) + log2(1 + grd(1) + gsd(1)),R > log2(1 +
gsd(1)

1+grd(1) )



































.

Once again, gsr(0) is independent of other channel gains. Therefore,

Pr
(

Ω′1,S8

)

= Pr
(

R < log2(1 + gsr(0))
)

× p7,

where

Pr
(

R < log2(1 + gsr(0))
)

= e−(2R−1)/σ2
sr ,

and

p7 = Pr



































R < log2(1 + grd(1)),R < log2(1 + gsd(1)) + log2(1 + gsd(2)),

2R < log2(1 + grd(1) + gsd(1)) + log2(1 + gsd(2)),R > log2(1 + gsd(0)),

R > log2(1 + gsd(0)) + log2(1 +
grd(1)

1+gsd(1) ),

2R > log2(1 + gsd(0)) + log2(1 + grd(1) + gsd(1)),R > log2(1 +
gsd(1)

1+grd(1) )



































.

We set q1 = gsd(0), q2 = gsd(1), q3 = grd(1) and q4 = gsd(2). Then,

p7 = Pr

























2R − 1 < q3, 2
R < (1 + q2)(1 + q4), 22R < (1 + q3 + q2)(1 + q4),

q1 < 2R − 1, 2R > (1 + q1)(1 +
q3

1+q2
),

22R > (1 + q1)(1 + q2 + q3), 2R − 1 >
q2

1+q3

























.

The expression of p7 is evaluated via Monte Carlo simulations. Further simplification of

this expression is possible but is useless since it leads to improper multiple integrals that

can only be evaluated via Monte Carlo simulations.

Derivations of Pr
(

Ω′′
1
,S8

)

The event Ω′′
1

can be written as:

Ω′′1 =















R < log2(1 +
gsd(1)

1+grd(1) ) + log2(1 + gsd(2));

R > log2(1 + grd(1)).
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In order to calculate Pr
(

Ω′′
1
,S8

)

, we consider the inequalities that define the state S8 and

the event Ω′′
1

as follows:

Pr
(

Ω′′1 ,S8

)

= Pr





































R < log2(1 +
gsd(1)

1+grd(1) ) + log2(1 + gsd(2)),R > log2(1 + grd(1)),

R > log2(1 + gsd(0)),R < log2(1 + gsr(0)),

R > log2(1 + gsd(0)) + log2(1 +
grd(1)

1+gsd(1) ),

2R > log2(1 + gsd(0)) + log2(1 + grd(1) + gsd(1)),R > log2(1 +
gsd(1)

1+grd(1) )





































.

Once again, gsr(0) is independent of other gains. Therefore,

Pr
(

Ω′′1 ,S8

)

= Pr
(

R < log2(1 + gsr(0)
)

× p8,

where

Pr
(

R < log2(1 + gsr(0)
)

= e−(2R−1)/σ2
sr ,

and

p8 = Pr

























R < log2(1 +
gsd(1)

1+grd(1) ) + log2(1 + gsd(2)),R > log2(1 + grd(1)),

R > log2(1 + gsd(0)),R > log2(1 + gsd(0)) + log2(1 +
grd(1)

1+gsd(1) ),

2R > log2(1 + gsd(0)) + log2(1 + grd(1) + gsd(1)),R > log2(1 +
gsd(1)

1+grd(1) )

























.

We set q1 = gsd(0), q2 = gsd(1), q3 = grd(1), and q4 = gsd(2). If q4 > 2R − 1 then 2R <

(1 +
q2

1+q3
)(1 + q4), else 2R < (1 +

q2

1+q3
)(1 + q4) for q3 <

q2

2R

1+q4
−1
− 1. Therefore,

p8 = Pr















2R < (1 +
q2

1+q3
)(1 + q4), 2R − 1 > q3, 2

R − 1 > q1,

2R > (1 + q1)(1 +
q3

1+q2
), 22R > (1 + q1)(1 + q2 + q3), 2R − 1 >

q2

1+q3















.

The expression of p8 is also evaluated via Monte Carlo simulations. Further simplification

of this expression is also possible but useless since it leads to improper multiple integrals

that can only be evaluated via Monte Carlo simulations. Hence,

t1,8 =
Pr (S1,S8)

Pr (S8)
=

e−(2R−1)/σ2
sr(p7 + p8)

e−(2R−1)/σ2
srp6

=
p7 + p8

p6
, (1.33)
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with

p6 = Pr















q1 < 2R − 1, (1 + q1)(1 +
q3

1+q2
) < 2R,

(1 + q1)(1 + q2 + q3) < 22R, 1 +
q2

1+q3
< 2R















(1.34)

=















1 −
σ2

sd
e−(2R−1)/σ2

sd

σ2
rd

(2R − 1) + σ2
sd















(

1 − e−(2R−1)/σ2
sd

)

− e1/σ2
rd
−1/σ2

sd

σ2
sd

V(2R − 1,
2R

σ2
rd

,
2R

σ2
rd

,
1

σ2
sd

− 1

σ2
rd

, σ2
sd)

+
e2R(1/σ2

rd
−1/σ2

sd
)

σ2
sd

V(2R − 1,
22R

σ2
rd

,
2R

σ2
rd

,
1

σ2
sd

− 1

σ2
rd

, σ2
sd)

+ e1/σ2
rd
−1/σ2

sd

2Rσ2
sd
σ2

rd

(σ2
rd
− σ2

sd
)(σ2

rd
(2R − 1) + σ2

sd
)
U(2R − 1,

22R

σ2
sd

+
2R

σ2
rd

− 2R

σ2
sd

, σ2
sd)

− e2R(1/σ2
rd
−1/σ2

sd
)

σ2
sd

1
1
σ2

sd

− 1
σ2

rd

U(2R − 1,
22R

σ2
rd

, σ2
sd), (1.35)

p7 = Pr

























2R − 1 < q3, 2
R < (1 + q2)(1 + q4), 22R < (1 + q3 + q2)(1 + q4),

q1 < 2R − 1, 2R > (1 + q1)(1 +
q3

1+q2
),

22R > (1 + q1)(1 + q2 + q3), 2R − 1 >
q2

1+q3

























, (1.36)

and

p8 = Pr

























2R < (1 +
q2

1+q3
)(1 + q4), 2R − 1 > q3,

2R − 1 > q1, 2
R > (1 + q1)(1 +

q3

1+q2
),

22R > (1 + q1)(1 + q2 + q3), 2R − 1 >
q2

1+q3

























. (1.37)

This concludes the derivations of the transition probabilities. The following step is to

deduce the steady state vector that enables the computation of the performance metrics

of the investigated protocol.

1.5.3 Analytical expressions of the performance metrics using the Markov

chain model

Based on the transition matrix T, we find the steady state vector π by solving Tπ = π and
∑8

k=1 πk = 1, where π = [π1, · · · , π8] denotes the steady state vector of the Markov chain
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that describes the investigated protocol. The equation Tπ = π can be rewritten as:













































































t1,1 t1,2 t1,3 t1,4 t1,5 t1,6 0 t1,8

0 0 0 0 0 0 t2,7 0

0 0 0 0 t3,5 t3,6 0 t3,8

0 0 0 0 0 0 t4,7 0

t5,1 t5,2 t5,3 t5,4 0 0 0 0

0 0 0 0 0 0 t6,7 0

t7,1 t7,2 t7,3 t7,4 0 0 0 0

0 0 0 0 0 0 t8,7 0
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π3
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π8
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π1

π2

π3

π4

π5

π6

π7

π8













































































. (1.38)

By solving this equation (numerically), we obtain the steady state probabilities. Then we

can find the throughput and MER. The throughput, provided in Eq. (1.39), is obtained by

summing the steady state probabilities of the states that lead to an ACK feedback. We note

that π2 is multiplied by 2 since S2 leads to acknowledge two messages simultaneously.

The MER, provided in Eq. (1.40), is the ratio of the sum of the steady state probabilities

of the states that lead to drop a message over the sum of the steady state probabilities of

the states that lead to generate a new message. Hence,

η = R (π1 + 2π2 + π4 + π6) , (1.39)

µ =
π3 + π4 + π8

π1 + π2 + π3 + π4 + π6 + π8
. (1.40)

In this Section, we derived a Markov chain model that characterizes the investigated

protocol and enables the derivation of its performance metrics. These performance metrics

were derived using an information theoretic approach. A numerical validation follows

in Section 1.6.

1.6 Numerical results and comparison of the protocols

We verify the analytical expressions of the performance metrics and illustrate numerically

the interest of the investigated protocol. For this purpose, we describe in Section 1.6.1 the

path loss model for numerical evaluation of the protocols. In Section 1.6.2, we validate

numerically the correctness of the Markov chain model that describes the investigated

protocol and its derived metrics. Then we compare, in Section 1.6.3, this protocol to other

protocols presented throughout this Chapter. These numerical results provide insights on

the usefulness of the investigated protocol in comparison to other relay assisted HARQ

protocols. In addition, we study the performance of the investigated protocol with

different relay positions in Section 1.6.4. Furthermore, numerical optimization of power

allocation when using the investigated protocol is provided in Section 1.6.5. Afterwards

in Section 1.6.6, we show simulation results of the protocols using practical codes.
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1.6.1 Path loss model for numerical evaluation of the protocols

The path loss is dependent on the position of the relay relatively to the source and

destination. According to [Proakis and Salehi, 2007], the path loss in a mobile radio

channel is inversely proportional to dp, where d is the distance between the transmitter

and the receiver, and 2 ≤ p ≤ 4. While the case of p = 2 corresponds to waves propagating

through free space, propagation in mobile radio channel is generally neither free space

nor line of sight, with p = 4 being the worst-case model. Therefore, we analyze the

protocols with p = 4. The distances from the source to destination, source to relay and

relay to destination are denoted by dsd, dsr and drd, respectively. In this way, the variance

of the source to destination channel is given by:

σ2
sd =













c

d2
sd













2

, (1.41)

where c is a constant. Likewise, the variances of the source to relay and relay to destination

channels are given by σ2
sr =

(

c
d2

sr

)2

and σ2
rd
=

(

c
d2

rd

)2

, respectively. The distances between

the source, relay and destination are depicted in one dimension of space, as in Fig. 1.13.

S DR
dsr drd

Figure 1.13 – Relay position relatively to the source and destination.

Let u be a unit of distance. In order to mimic the distances in mobile wireless commu-

nication systems, the constant c is fixed as c = 400u2 where 1u is equivalent to 1m (meter).

For analysis purposes, we are interested in studying the protocols for the three positions

of the relay, given as follows.

• Relay in the middle: dsd = 15u, dsr = drd = 7.5u;

• Relay closer to the source: dsd = 15u, dsr = 5u and drd = 10u;

• Relay closer to the destination: dsd = 15u, dsr = 10u and drd = 5u.

1.6.2 Validation of the Markov chain model of the investigated protocol

We provide numerical results to validate the Markov chain model, depicted in Section 1.5,

of the investigated protocol. For this purpose, the throughput and MER of the protocol are

numerically evaluated via three different methods, as follows. In all cases, we consider

the investigated protocol with IR-HARQ using capacity-achieving codes where C = 2 and

R = 0.8. The relay is located halfway between the source and the destination as explained

in the previous Section 1.6.1 (relay in the middle).
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Protocol simulation designates the simulation of the investigated protocol as described

in Section 1.4.4. Since we use capacity-achieving codes, successful (or failed) decoding

is determined by comparing the accumulated mutual information at the receiver to the

coding rate. We use counters (of the number of ACKs, time-slots, generated messages

and dropped messages) to evaluate the performance metrics (throughput and MER).

Monte Carlo evaluation of T designates the evaluation of each transition probability,

given by Eq. (1.20), based on the randomly generated channels. Then, the steady state

probabilities are evaluated as in Section 1.5.3, and the performance metrics are obtained

using Eq. (1.39) and Eq. (1.40).

Analytical form of T designates the evaluation of the closed-form expression of each

transition probability except for t1,8, whose expression cannot be written in closed-form.

These expressions were derived in Section 1.5.2.

The corresponding plots of the throughput and MER are provided in Fig. 1.14 and

Fig. 1.15, respectively. For validation purposes, these performance metrics are evaluated

in function of the energy per symbol to noise ratio (in dB), which is denoted by Es/N0.

Actually the source as well as the relay transmit their symbols with energy Es.
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Figure 1.14 – Throughput validation of the investigated protocol.

The plots of the performance metrics using the three methods described above match

almost perfectly. This verifies the correctness of the Markov chain model and the calcu-

lation of the transition matrix T, provided in Section 1.5.2. Furthermore, we compare the

transition matrix that is obtained by Monte Carlo evaluation with the one obtained by

evaluation of the analytical form, in the case of Es/N0 = −2dB.
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Figure 1.15 – MER validation of the investigated protocol.

The obtained transition matrix by Monte Carlo evaluation of T is:

TMonte-Carlo =













































































0.689 0.689 0.689 0.689 0.854 0.854 0 0.864

0 0 0 0 0 0 0.682 0

0 0 0 0 0.146 0.146 0 0.136

0 0 0 0 0 0 0.007 0

0.007 0.007 0.007 0.007 0 0 0 0

0 0 0 0 0 0 0.306 0

0.303 0.303 0.303 0.303 0 0 0 0

0 0 0 0 0 0 0.005 0













































































, (1.42)

while the obtained transition matrix by evaluation of the analytical form of T is:

TAnalytical-form =













































































0.690 0.690 0.690 0.690 0.854 0.854 0 0.871

0 0 0 0 0 0 0.682 0

0 0 0 0 0.146 0.146 0 0.129

0 0 0 0 0 0 0.006 0

0.007 0.007 0.007 0.007 0 0 0 0

0 0 0 0 0 0 0.306 0

0.303 0.303 0.303 0.303 0 0 0 0

0 0 0 0 0 0 0.005 0













































































. (1.43)

Concerning the evaluation of t1,8, we use the closed-form expression of p6 and Monte

Carlo simulation of p7 and p8. This induces a precision error in the evaluation of the

analytical form of t1,8. However, this precision error is acceptable and has only a marginal

impact on the obtained steady state vector and the performance metrics. The obtained
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steady state vector by Monte Carlo simulation of T, i.e. , using TMonte-Carlo, is:

πMonte-Carlo =













































































0.5525
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, (1.44)

while the obtained steady state vector by evaluation of the analytical form of T, i.e. , using

TAnalytical-form, is:

πAnalytical-form =
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. (1.45)

In this example ηMonte-Carlo = 0.731656 while ηAnalytical-form = 0.731742, according to

Eq. (1.39) . Using the numerical results above, we verified the correctness of the Markov

chain model of the investigated protocol.

1.6.3 Comparison of the protocols

To ensure a fair comparison, we evaluate the performance metrics of the protocols in

function of the average energy consumed for sending one information bit, denoted by

Eb. In other words, Eb designates the energy consumed to transmit one information bit

including the energy consumption due to HARQ retransmissions and taking into account

the energy consumption of the relay. We remind that Es/N0 designates the allocated

energy per symbol to noise ratio. Unless otherwise stated (such as in Section 1.6.5 which is

dedicated to power allocation), we assume equal energy per symbol for the transmissions

of the source and the relay. In order to obtain Eb/N0, we denote by κ the average time

(in time-slots) required to transmit a message, i.e. , κ is the average number of time-

slots dedicated to transmit one message regardless whether this message is successfully

decoded or not at the destination. In addition, we denote by ρ the ratio of time-slots

during which the relay is active, i.e. , the relay is transmitting a packet to the destination.
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In this way, Eb/N0 (in dB) is given by:

Eb/N0 =































κEs/N0

R using no relay retransmission,

κEs/N0

R using orthogonal relay retransmission,

(1 + ρ)κEs/N0

R using other protocols.

(1.46)

Hereby, we provide a comparison of the performance metrics of i) IR-HARQ (without

a relay), ii) Orthogonal relay retransmission 1, iii) Non-orthogonal relay retransmission,

iv) Alamouti retransmission, and v) the investigated protocol.

In Fig. 1.16, Fig. 1.17 and Fig. 1.18, we compare the throughput, MER and delay of

these protocols versus Eb/N0 for capacity-achieving codes with C = 2 and R = 0.8. As for

the path loss model, we place the relay in the middle.
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Figure 1.16 – Throughput comparison of the protocols using capacity-achieving codes,

with C = 2 and a relay in the middle.

The investigated protocol achieves a significant gain in throughput, of more than 5dB,

particularly for medium an high SNR, in comparison to other protocols. On the other

hand, Alamouti retransmission is less prone to message errors since it provides a higher

diversity (of 3 when C = 2). This gain in diversity is due to the use of Alamouti code in

the second transmission, which provides a diversity of 2 since the same message is sent

through two independent channels, in addition to the first transmission. However, the

diversity gain in Alamouti retransmission, which provides a significant gain in MER, has

no significant impact on the throughput. Hence, the investigated protocol is of high inter-

est as it provides a good trade-off, especially for throughput demanding applications, by

1The word “retransmission” is abbreviated as “tx” in the legend of the plots due to space limitations.
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Figure 1.17 – MER comparison of the protocols using capacity-achieving codes, with C = 2

and a relay in the middle.
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Figure 1.18 – Delay comparison of the protocols using capacity-achieving codes, with

C = 2 and a relay in the middle.
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achieving a significantly higher throughput than any other protocol while sufficiently pro-

tecting the transmitted messages against channel fluctuations. In addition, no significant

difference between the compared protocols is observed in terms of delay.

The protocols are compared for other relay positions, as in Fig. 1.19 where we place

the relay closer to the source, and in Fig. 1.20 where we place the relay closer to the

destination. We notice, in Fig. 1.20b, that the Alamouti retransmission protocol is

profitless when the relay is close to the destination, since the channel between the relay

and destination becomes less prone to errors due to proximity, according to the path

loss model. Based on these numerical results, we deduce that the investigated protocol

offers significantly higher throughput than existing ones for any SNR and any relay

position. This gain is explained by the fact that the source transmits a new message while

the relay retransmits the previous one. The investigated protocol has higher MER than

the Alamouti retransmission protocol due to the interference at the destination between

messages coming from the source and the relay. Nevertheless, this loss in MER does not

damage the throughput when using an ideal decoder.
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(a) Throughput using capacity-achieving codes.
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(b) MER using capacity-achieving codes.

1.0

1.1

1.2

1.3

1.4

1.5

1.6

−15 −10 −5 0 5 10 15

D
el

ay
[t

im
e-

sl
o

ts
]

Eb/N0 [dB]

No relay tx
Orthogonal relay tx

Non-orthogonal relay tx
Alamouti tx

Investigated Protocol

(c) Delay using capacity-achieving codes.

Figure 1.19 – Performance metrics comparison of the protocols, with C = 2 and a relay

closer to the source.
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(b) MER using capacity-achieving codes.
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(c) Delay using capacity-achieving codes.

Figure 1.20 – Performance metrics comparison of the protocols, with C = 2 and a relay

closer to the destination.
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1.6.4 Impact of the relay position on the performance of the investigated prot-

col

We compare the performance of the investigated protocol with the Alamouti retransmis-

sion protocol for various relay positions, with C = 2. The throughput is compared in

Fig. 1.21, the delay is compared in Fig. 1.22, and the MER is compared in Fig. 1.23.
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(a) Throughput using the investigated protocol.
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(b) Throughput using the Alamouti retransmission.

Figure 1.21 – Throughput comparison of the protocols for various relay positions.

Fig. 1.21 shows that the relay position has no significant impact neither on the through-

put of the Alamouti retransmission nor on the throughput of the investigated protocol.
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Figure 1.22 – Delay comparison of the protocols for various relay positions.
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No significant impact of the relay position on the delay can be observed in Fig. 1.22

when using either the Alamouti retransmission protocol or the investigated protocol.
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Figure 1.23 – MER comparison of the protocols for various relay positions.

However, a slightly lower MER is obtained when the relay is closer to the source in

the case of Alamouti retransmission, while the MER is lower when the relay is closer to

the destination in the case of the investigated protocol, as can be seen in Fig. 1.23. In

contrast to the Alamouti retransmission protocol, the investigated protocol superposes

the transmitted packets, thus creates interference. In other words, the transmitted signal
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using superposition of packets is more vulnerable to errors than the one obtained using

the Alamouti code. Therefore, it is slightly more beneficial to have the relay closer to the

source when using the Alamouti retransmission protocol, while it is more beneficial to

have the relay closer to the destination when using the investigated protocol.

1.6.5 Power allocation for the investigated protocols

We propose to optimize the power allocation for the source and relay nodes when using

the investigated protocol. Differently from previous Sections, we set E1 to be the energy

per symbol transmitted by the source while E2 is the energy per symbol transmitted by

the relay, in this Section. Notice that the case of E2 = E1 = Es corresponds to equal

power allocation, as in the previous Sections. In order to optimize power allocation, we

run several instances of the simulation for each quantized pair of values (E1,E2). Each

simulation provides the value of ρ, which designates the ratio of time-slots during which

the relay is active, along with the performance metrics. Following each instance of the

simulation, the average energy per symbol consumed by the transmitters at each channel

use (time-instant), denoted by Et, is computed as Et = E1 + ρE2. Finally, the optimal

power allocation is obtained by finding the pair of values (E1,E2) that achieves the highest

throughput for each value of Et/N0. Hereby, we compare the obtained performance

metrics of the investigated protocol using this optimal power allocation to the case of

equal power allocation. The throughput, MER and delay are shown in Figs. 1.24, 1.25

and 1.26, respectively.
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Figure 1.24 – Throughput of the investigated protocol using power allocation, with C = 2

and a relay in the middle.

According to Fig. 1.24, numerical power allocation improves the throughput of the

investigated protocol.
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Figure 1.25 – MER of the investigated protocol using power allocation, with C = 2 and a

relay in the middle.

1.0

1.1

1.1

1.2

1.2

1.3

1.3

1.4

1.4

1.5

−8 −6 −4 −2 0 2 4 6 8

D
el

ay
[t

im
e-

sl
o

ts
]

Et/N0 [dB]

Optimal power allocation
Equal power allocation

Figure 1.26 – Delay of the investigated protocol using power allocation, with C = 2 and a

relay in the middle.
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Notice in Fig. 1.25 that achieving the highest throughput does not imply necessar-

ily obtaining the lowest MER. Instead, the MER is almost the same in both cases of

power allocation. In this optimization, the gain in throughput is due to smaller delay in

comparison to equal power allocation according to Fig. 1.26 at (almost) the same MER.

Alternatively, one could choose the values ofα that achieve the lowest MER or the smallest

delay depending on the application requirements.

Moreover, the impact of power allocation on the throughput of the investigated pro-

tocol for other relay positions is depicted in Fig. 1.27. The plots indicate that power

allocation improves the throughput of the investigated protocol. More specifically, this

improvement is significant when the relay is in the middle or closer to the destination.

Hence, it is beneficial to numerically optimize the power allocation at the transmitters,

for each SNR and depending on the relay position, when using the investigated protocol.

Power allocation could be numerically optimized to improve other performance metrics

such as the MER or delay, or a combination of these performance metrics, depending on

the application and requirements of the system.
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(a) Throughput with a relay closer to the source.
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Figure 1.27 – Throughput of the investigated protocol with various relay positions using

power allocation, with C = 2.
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1.6.6 Comparison of the protocols using practical codes

We discuss the implementation of the HARQ protocols using practical codes. In this

work, we use Rate-Compatible Punctured Convolutional (RCPC) codes as channel codes,

as explained in Section 1.6.6.1. The performance of (non-orthogonal) relay assisted HARQ

protocols, particularly when using the investigated protocol, depends on the interference

handling at the decoder. Therefore, we illustrate the decoder that we use in conjunction

with the investigated protocol in Section 1.6.6.2. Then, we compare simulation results of

the discussed HARQ protocols, using practical codes, in Section 1.6.6.3.

1.6.6.1 Implementation of IR-HARQ using RCPC codes

In this work, IR-HARQ is implemented using RCPC codes of coding rate 0.8, as FEC

codes. More precisely, the message bits are encoded using RCPC codes to obtain a

mother-codeword of rate 1/4. Then, we use puncturing tables of memory 4 and period

8, as defined in [Hagenauer, 1988], to create three codeword chunks of equal size and

successive rates of 8/10, 8/20, and 8/30. When using IR-HARQ with C = 2, the coding rate

of the codeword chunk in the first round is 8/10. If a second round is needed, additional

redundancy bits are transmitted in the second round such that the resulting coding rate

is 8/20. When using IR-HARQ with C = 3, the successive coding rates are 8/10, 8/20,

and 8/30, as more transmissions are needed. The codeword chunks are modulated using

BPSK prior to transmission and the resulting packets are sent over the channel.

1.6.6.2 Implementation of the decoder for the investigated protocol

When using the investigated protocol, the interference due to superposed packets, coming

from the source and relay, should be handled properly at the destination. The destina-

tion node receives the superposed packets, then yields Log Likelihood Ratio (LLR)s for

each packet prior to channel decoding. These LLRs are calculated, using the interference

demodulator, and assuming interference as a noise. More precisely, the interference de-

modulator generates separate LLR streams for the transmitted packets by the source and

relay. On a side note, the interference demodulator is generalized here to Quadrature

Amplitude Modulation (QAM), however we implement BPSK modulation, or equiva-

lently 2-QAM, in this work. Assume that the system is in one of the states (of even index)

S2, S4, S6 or S8, at time-slot t. At time-instant n (n ∈ {1, . . . ,N}) of time-slot t, the source

and relay transmit simultaneously the QAM symbols (2-QAM in our work) pk+1,n(1) and

pk,n(2), respectively. The received sample at the destination, yt[n], is given by:

yt[n] = hsd(t)pk+1,n(1) + hrd(t)pk,n(2) + wt[n]. (1.47)

Notice that pk+1,n(1) and pk,n(2) are independent symbols since the incoming packets,

pk+1(1) and pk(2), from the source and relay respectively correspond to different messages
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(mk+1 and mk). The LLR of bk+1,n(1), which is the transmitted bit by the source via the

symbol pk+1,n(1), is given by:

LLR(bk+1,n(1)) = log
P(yt[n]|bk+1,n(1) = 0)

P(yt[n]|bk+1,n(1) = 1)
(1.48a)

= log

∑

α∈Q0
β∈Q

exp
(

− |yt[n]−hsd(t)α−hrd(t)β|2
N0

)

∑

α∈Q1
β∈Q

exp
(

− |yt[n]−hsd(t)α−hrd(t)β|2
N0

) , (1.48b)

where Q is the set of all symbols in the considered QAM modulation. Q0 and Q1 are

the set of symbols corresponding to bits 0 and 1, respectively. The value of LLR(bk,n(2)),

i.e. , the bit sent by the relay, can be found using the same method. Once the LLRs are

evaluated, they are passed to the channel decoder (Viterbi decoder in our case). Notice

that the decoder could be improved by applying SIC in an iterative manner, i.e. , the

demodulator regenerates the LLR of pk+1,n(1) in case the destination successfully decodes

the retransmitted message by the relay mk, and vice versa. Albeit suboptimal, this decoder

is simple to implement. Hence, we suggest to use it in conjunction with the investigated

protocol to decode superposed packet.

1.6.6.3 Simulation results

The performance of the investigated protocol, using practical codes and the suggested

decoder (without applying SIC), is compared to other protocols. The results are shown

in Fig. 1.28. We notice that the gain is much higher than those seen in [Zhang et al., 2010;

Ma et al., 2013] due to the considered decoder. Hence, the decoder above is more efficient

than the MMSE one for such a protocol. As a consequence, the protocol is powerful and

of great interest. Once again, the investigated protocol outperforms the existing ones in

terms of throughput.

A similar conclusion is obtained when comparing the protocols with C = 3, as can be

seen in in Fig. 1.29. The obtained simulation results show that the investigated protocol is

significantly more throughput-efficient than other relay assisted HARQ protocols, when

using practical codes.
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Figure 1.28 – Performance metrics comparison of the protocols using practical codes, with

C = 2 and a relay in the middle.
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Figure 1.29 – Performance metrics comparison of the protocols using practical codes, with

C = 3 and a relay in the middle.
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Albeit simple to implement and practical, the suggested decoder is sub-optimal, as can

be seen in Fig. 1.30, where we compare the performance metrics of this practical decoder

to the ideal decoder. This comparison is carried out by using practical codes with the

practical decoder and capacity-achieving codes with the ideal decoder, with C = 2 and a

relay in the middle. Hence the performance of the investigated protocol can be improved

furthermore by conceiving a better practical decoder.
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Figure 1.30 – Performance metrics comparison of the practical and ideal decoders.
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1.7 Conclusion

In this Chapter, we investigated retransmission techniques combined with superposition

of packets. We started from the basic concepts of retransmission techniques, namely

ARQ. Then, we presented various HARQ mechanisms that improve the reliability of the

communication. In addition, we showed that a relay node could improve the system’s

performance furthermore by retransmitting unsuccessfully decoded packets. Moreover,

we analyzed various protocols that use a relay in conjunction with HARQ. The core of

this Chapter was investigating a specific relay assisted HARQ protocol that uses non-

orthogonal transmission combined with HARQ. This investigation included

• theoretical analysis, in which we derived analytical expressions of the performance

metrics of the investigated protocol based on a Markov chain model;

• numerical evaluation, in which we evaluated the performance metrics when using

capacity achieving codes with optimal information theoretic decoders;

• practical simulation, in which we simulated the investigated protocol with channel

codes and real decoders.

Comparing this protocol to other relay assisted HARQ protocols showed that this protocol

is of great interest for throughput demanding applications. More precisely, this protocol

is more throughput-efficient than other relay assisted HARQ protocols. The trade-off is

a small loss in MER that does not impact the throughput. As a result, the investigated

protocol achieves better performance than other relay assisted HARQ protocols for most

applications that require reliable retransmissions at high rates. Hence, the combination

of non-orthogonal transmission with HARQ is of great interest, as it provides simulta-

neously a throughput-efficient and reliable communication. Also, part of this work has

been published in [C1]. In the next Chapter, we show furthermore that non-orthogonal

transmission with HARQ improves the performance of wireless communication systems.
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Chapter 2

Multi-Packet Hybrid ARQ with

Delayed Feedback

2.1 Introduction

In current wireless communication systems, the feedback required by the HARQ mech-

anism is received with a delay of multiple time-slots at the transmitter side. The com-

munication system is idle in-between if Stop-And-Wait (SAW) HARQ protocol is used

[Lin and Costello, 2004]. To alleviate this issue and enable continuous transmission, up to

eight parallel SAW HARQ processes are used in Long Term Evolution (LTE) [Sesia et al.,

2009]. However, using parallel SAW HARQ does not mitigate the delay of the received

messages. In this Chapter, we propose a multi-packet HARQ protocol (also called su-

perposition coding or multi-layer HARQ) to improve the user’s delay distribution and

increase the throughput, without any additional feedback such as CSI.

In IR-HARQ, the transmitter’s decision to send a packet depends on the receiver’s

feedback, as explained in Chapter 1. Upon the transmission of a packet, the transmitter

stops and waits for the reception of the receiver’s feedback in order to decide the next

packet to send. This mechanism, called SAW HARQ, is used along with IR-HARQ, in

which the throughput and delay metrics are dependent on the feedback delay. Due to

propagation time, processing time and reverse link scheduling, the feedback associated

with a sent packet is available to the transmitter with a delay of multiple time-slots. For

instance, the Round-Trip Time (RTT) in LTE is 8 time-slots, i.e. , 8ms [Sesia et al., 2009].

In other words, the feedback delay degrades the performance of wireless communication

systems using HARQ.

A conventional approach to compensate for this issue is to initiate, during the unused

time-slots, several SAW HARQ processes corresponding to other messages. This scheme,

called parallel SAW HARQ [Lin and Costello, 2004; Sesia et al., 2009], allows the trans-

mission of multiple messages in parallel, each of them employing an independent SAW

HARQ process. Parallel SAW HARQ improves the throughput but does not mitigate the
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delay of the received messages, which is related to the maximum retransmission credit

and to the feedback delay. The proposed protocol in this Chapter enables the transmit-

ter to anticipate the feedback by sending, in advance to its reception, data related to

unacknowledged messages.

More precisely, the main contribution of this Chapter is to propose a protocol that

superposes an additional layer of redundant packets to the parallel SAW HARQ protocol.

In the superposed layer, the transmitter may perform retransmissions of a message even

before having received any feedback about it. The selection of the superposed packets

is based solely on the delayed ACK/NACK feedback (no additional CSI). We provide

performance analysis of the proposed protocol, from an information-theoretic point-of-

view, and compare its delay distribution, throughput and MER to parallel SAW HARQ.

This Chapter is organized as follows: Section 2.2 presents a brief overview of ARQ

mechanisms with delayed feedback and describes recent works on multi-packet HARQ.

Then, we explain in Section 2.3 the proposed HARQ protocol, and its corresponding

receiver is analyzed from an information theoretic point of view. In Section 2.4, numerical

evaluation of the proposed protocol is provided and compared to parallel SAW HARQ .

Concluding remarks are drawn in Section 2.5.

2.2 From Stop-and-Wait HARQ to Multi-packet HARQ

HARQ uses packet retransmissions and channel coding to achieve reliable communica-

tion. If the feedback of the receiver arrives with a feedback delay T (also referred to as

RTT), various protocols can be adopted by the transmitter. The most common protocols

in wireless communication systems are SAW [Lin and Costello, 2004] and parallel SAW

[Sesia et al., 2009], which is also known as Selective Repeat (SR) in [Lin and Costello,

2004]. These retransmission protocols can be implemented in conjunction with type-I

HARQ or type-II HARQ (with CC or IR), as explained in Chap. 1. Furthermore, the

retransmission protocols can be improved by combining multi-packet transmission with

HARQ. Hereafter in Section 2.2.1, we provide an overview of the SAW protocol. Then,

we explain parallel SAW in Section 2.2.2, and its implementation in LTE in Section 2.2.3.

Whereas, Section 2.2.4 is devoted to discuss recent works on multi-packet HARQ.

2.2.1 Stop-And-Wait Hybrid ARQ

The SAW protocol consists of the transmitter being idle during the RTT, while waiting

for the feedback, as depicted in Fig. 2.1. We denote by {·}A (respectively {·}N) the set

of message indexes triggering the ACK (respectively NACK) feedback. The notation Ft

stands for the ACK/NACK feedbacks of the receiver at time-slot t. Moreover, Ft will be

available at the transmitter side with a delay of T time-slots, where T = 3 in this example.

Also, we assume that T ≥ 1. Notice that for T = 1, the receiver’s feedback is available
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Figure 2.1 – Stop-And-Wait Hybrid ARQ.

to the transmitter at the beginning of the next time-slot, i.e. , with no delay. Due to this

feedback delay, the transmitter is idle 100 T−1
T % of the time. In this instance of the SAW

HARQ protocol, the transmitter is idle 66.67% of the time. Also, we remind that C time-

slots at most can be allocated to transmit a single message in the case of truncated HARQ,

where C = 3 in this example. In this way, the maximum number of elapsed time-slots

since the first transmission of a message until its successful decoding at the receiver, called

maximum delay, is (C−1)T+1. In this instance of the SAW HARQ protocol, m1 is decoded

with a delay of 7 time-slots, which is the maximum delay in this example. Moreover, if a

message remains undecoded after its first transmission, the receiver has to wait T time-

slots to receive a redundant packet related to this message. Then, the receiver has to wait

T additional time-slots for each requested retransmission of the message. Hence, SAW

HARQ is the simplest retransmission protocol, but it is inefficient in terms of throughput

and it induces large delays in delay sensitive applications.

2.2.2 Parallel Stop-And-Wait Hybrid ARQ

Parallel SAW HARQ (also called SR) allows the transmitter to continuously send messages

over the channel, even during the RTT, as shown in Fig. 2.2. Upon a NACK feedback,

only the erroneous messages are selectively requested to be retransmitted (hence this

protocol is also known as SR). In case of delayed feedback, each HARQ operation uses

a SAW protocol. Notice that when using the SAW protocol, the system is idle during

the RTT while waiting for the feedback, as explained in the previous Section 2.2.1, which

is not throughput efficient. However, the parallel SAW protocol enables the transmitter

to initiate, during the unused time-slots, parallel SAW HARQ processes corresponding

to other messages. In other words, this protocol allows the transmission of multiple

messages in parallel, each of them employing an independent SAW HARQ process. Each

HARQ process is responsible for a separate SAW operation and manages a separate

buffer. Notice that the SAW and parallel SAW protocols become equivalent when the

RTT is one (T = 1). Also, both HARQ protocols have the same MER and delay, but



74 2. Multi-Packet Hybrid ARQ with Delayed Feedback

�
�

�
�

�
�✒

�
�
�

�
�
�✒

�
�
�

�
�
�✒

❄ �
�
�
�
�
�✒

�
�

�
�
�
�✒

�
�
�
�
�
�✒

�
�
�
�
�
�✒

�
�

�
�
�
�✒

�
�
�
�
�
�✒

�
�
�
�
�
�✒

❄

y1 y7 y10

Channel

Rx

Tx

y4y2 y3 y5 y6 y8 y9 y11 y12

p7(1) p10(1)

time-slot 1 2 3 4 5 6 7 8 9 10 11 1312

p1(1) p2(1) p8(1) p9(1) p11(1)p1(2)p3(1) p1(3) p6(1)p4(1) p5(1)

F 2
=
{2}A

F 3
=
{3}A

F 5
=
{4}A

F 9
=
{7}A

F 1
=
{1}N

F 4
=
{1}N

F 10
=
{8}A

F 6
=
{5}A

F 7
=
{1}A

F 8
=
{6}A

Figure 2.2 – Parallel Stop-And-Wait Hybrid ARQ.

their performance differs in terms of throughput (according to the definition of the MER,

delay and throughput given in Chapter 1). Moreover, the parallel SAW protocol provides

higher throughput than the SAW protocol.

In the example in Fig. 2.2, the messages m1, m2 and m3 are sent through packets

p1(1), p2(1) and p3(1) at time-slots 1, 2 and 3 respectively, in three parallel processes. The

NACK feedback corresponding to the transmission of p1(1), i.e.F1 = {1}N, is available

to the transmitter just before the beginning of time-slot 4, due to the feedback delay of

T = 3 time-slots. Consequently, p1(2) is transmitted at time-slot 4. Upon the occurrence

of an ACK feedback, such as the reception of F3 = {3}A at the beginning of time-slot 6, a

new SAW HARQ process corresponding to the transmission of a new message (m4 in this

example) is initiated. Moreover, a new SAW HARQ process is initiated as well in case

of time-out. In this realization of the protocol, m1 will be in time-out at the beginning of

time-slot 10.

The parallel SAW HARQ protocol is currently used in most wireless communication

systems such as LTE.

2.2.3 Hybrid ARQ in LTE

In this Section, we provide an overview of HARQ schemes in LTE based on [Sesia et al.,

2009].

The HARQ entity in LTE is implemented at the Medium Access Control layer, and

is responsible for the transmit and receive HARQ operations. Moreover, HARQ is im-

plemented with IR, and is used for both the downlink and uplink channels. The typical

HARQ RTT is 8ms, corresponding to T = 8 time-slots. Consequently, up to eight SAW

HARQ processes are initiated in parallel. Each HARQ process corresponds to the trans-

mission of a different message and requires a separate buffer allocation in the receiver

for the purpose of combining the retransmissions. The HARQ process to which a packet

belongs is identified by a unique HARQ IDentifier (ID). Furthermore, the following

attributes, called control information, are additional signaling fields that aid the LTE
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downlink HARQ operation:

• New Data Indicator (NDI): toggled whenever a new message transmission begins;

• Redundancy Version (RV): indicates the index ℓ of the HARQ round;

• Modulation and Coding Scheme (MCS): indicates the modulation and coding

scheme.

The implementation of HARQ differs in the downlink and uplink. More precisely,

the HARQ schemes can be either synchronous or asynchronous, with the retransmissions

in each case being either adaptive or non-adaptive.

Synchronous vs. asynchronous HARQ In synchronous HARQ schemes, the retrans-

missions of each message mk for each process, if requested by the receiver, occur at

predefined time-slots relative to the initial transmission, i.e. , each T time-slots. In this

way, their is no need to indicate the HARQ process ID to the receiver along with the

transmission, as this can be inferred form the transmission timing. In contrast, asyn-

chronous HARQ schemes have retransmissions that can occur at any time-slot relative

to the initial transmission, usually upon reception of the receiver’s feedback where the

feedback delay varies at each round. In this case, additional signaling is required, so that

the receiver can correctly associate each retransmission packet pk(ℓ), where 2 ≤ ℓ ≤ C,

with its corresponding initial transmission pk(1). Also, a scheduling algorithm is required

at the transmitter to handle the retransmissions. Hence, synchronous HARQ schemes

reduce the signaling overhead, while asynchronous HARQ schemes enables to have a

flexible scheduling.

Adaptive vs. non-adaptive HARQ In adaptive HARQ schemes, the MCS and the

transmission resource allocation in the frequency domain can be changed at each re-

transmission in response to variations in the radio channel conditions. In case of a

non-adaptive HARQ scheme, the retransmissions are performed without explicit signal-

ing of new transmission attributes (either by using the same transmission attributes as in

the previous transmission, or by changing the attributes according to a predefined rule).

Consequently, a gain can be obtained using adaptive HARQ schemes at the expense of

increased signaling overhead.

In LTE, asynchronous adaptive HARQ is used for the downlink. Therefore, every

downlink transmission is accompanied by explicit signaling of control information. The

uplink HARQ is synchronous in LTE. On the other hand, the retransmissions may be

either adaptive or non-adaptive in the uplink, depending on whether new signaling of

transmission attributes is provided. The uplink non-adaptive HARQ requires an ordered

RV sequence, i.e. , the packet index ℓ is incremental at each transmission (pk(1) at the first

transmission, pk(2) at the second transmission, and so on). However, for the adaptive

HARQ uplink, the index ℓ of the packet is explicitly signaled.
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2.2.4 Multi-packet Hybrid ARQ

Superposition of packets, also called multi-packet or multi-layer transmission, enables the

transmitter to send simultaneously multiple packets corresponding to different messages.

When combined with HARQ, superposition of packets enables the (re)transmission of

several packets, in different layers, during the same time-slot. Hereafter, we present a

brief overview of recent works on multi-packet transmission in the context of HARQ.

• In [Steiner and Shamai, 2008], the authors propose a multi-layer HARQ scheme

where every layer supports HARQ independently. In this way, the system performs

CC-HARQ or IR-HARQ for each layer separately. The receiver’s feedback (consid-

ered there with no feedback delay) indicates the highest successfully decoded layer,

which implicitly designates the channel fading gain. Thus, the retransmission con-

sists of additional parity bits only for undecoded layers. Moreover, a constant power

is allocated per transmission. Using an information theoretic approach, this paper

shows that combining layering and HARQ achieves high throughput with small

delays.

• A multi-layer CC-HARQ transmission is adopted in [Assimi et al., 2009], where the

layers are transmitted over the channel using a linear superposition of modulated

symbols. Each layer is allocated a different power and transmission rate under the

constraint of a fixed total power. Furthermore, the authors of this paper notice that

multi-layer transmission can be viewed as a MISO system where the number of

transmit antenna is equal to the number of layers. According to the instantaneous

receiver’s feedback, the transmitter resends the same packets for the layers in error

and sends new packets for successfully decoded layers. On the other hand, the

receiver uses previously received signals (stored in the buffer) in addition to the

most recent signal to decode the messages. Moreover, the receiver uses SIC to

decode the superposed layers. If a layer is successfully decoded, the buffer is

updated by removing the contribution of the decoded layer from all the buffered

signals. In summary, the main idea in this paper is that performing a joint detection

of superposed layers using multiple signals containing that layer would enhance

the detection performance, hence the overall system performance.

• The protocol in [Zhang and Hanzo, 2009] considers feedback on the Transport

Control Protocol (TCP) layer, where each TCP frame corresponds to a pre-defined

number of retransmissions with superposed packets. The main idea is to superpose

a new HARQ packet with possibly multiple HARQ packets that are about to be re-

transmitted. In order to avoid large delays, multiple HARQ rounds are accumulated

and transmitted at once in one composite packet of multiple superimposed layers at

the TCP level. Their work elaborates on type-I HARQ, and the performance metrics

are viewed at the TCP layer.
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• In the conventional HARQ scheme, a retransmission packet is sent upon a NACK

feedback which results in decreasing the transmission data rate. In order to provide

a constant data rate, the authors in [Takahashi and Higuchi, 2010] propose a simple

superposition modulation (for HARQ with a single possible retransmission) to

combine the retransmission packet with the initial packet. More precisely, the initial

and retransmission packets are firstly channel coded and interleaved separately.

Then, the Quadrature Phase-shift Keying (QPSK)-modulated retransmission packet

is superimposed on the QPSK-modulated initial packet. In this way, the overall

transmission bandwidth is constant at the cost of the interference between the initial

and retransmission packets. The receiver uses iterative interference cancellation

where the retransmission packet is decoded first and the initial packet is decoded

next. In this context, the proposed predetermined-rate HARQ scheme, based on

superposition coding, achieves better throughput than the conventional HARQ

scheme.

• A multi-packet IR-HARQ protocol is proposed in [Aoun et al., 2010] where the

redundancy packets are created by jointly encoding several messages. Using this

protocol, the transmitter sends successively a group of packets (one packet per

time-slot), where each packet corresponds to a different message. Following the

transmission of this group of packets, the receiver replies with a NACK feedback,

without delay, if any of those packets is not successfully decoded. In this case,

each retransmission consists of a jointly encoded redundancy packet corresponding

to this group of messages. Moreover, these packets are encoded with incremental

redundancy. In this way, the receiver performs joint decoding at each multi-packet

retransmission. An extension of this protocol is proposed in [Aoun et al., 2011]

where a perfect estimate of the CSI is available to the transmitter. Depending on the

available CSI (average SNR estimation or instantaneous SNR estimation), different

multi-packet HARQ protocols are proposed and analyzed using a Markov chain

model.

• An information theoretic study in [Bandemer et al., 2012] considers multiple trans-

mitters sending data on a broadcast channel to multiple receivers, where the en-

coding functions of each transmitter are restricted to superposition coding and time

sharing. The main result is that simultaneous nonunique decoding, in which each

receiver attempts to recover the unique codeword of its intended transmitter along

with codewords from interfering senders, achieves the optimal rate region. One of

this result’s implications is useful in multi-packet transmission as it allows us to

determine the decoding rate regions of each superposed packet at the receiver. This

can be achieved by viewing multi-layer transmission as a MISO system where the

number of transmit antenna is equal to the number of layers, as previously noted

in [Assimi et al., 2009].
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• The objective of the work in [Szczecinski et al., 2013] is to optimize rate allocation

when using IR-HARQ over a Rayleigh block fading channel (whose realizations

are independent during each time-slot), which enables the transmission of multiple

packets in one time-slot using time sharing, accordingly. The main challenge is that

rate adaption policies require necessarily some sort of CSI feedback to be available at

the transmitter. In this paper, it is assumed that the transmitter has a perfect knowl-

edge of the accumulated mutual information (of each HARQ process) at the receiver

following each HARQ transmission and without delay. Based on this knowledge

(which is a partial outdated CSI), the transmitter decides the transmission rate of

each redundancy packet during the next transmission.

• In [Hamss et al., 2014; Jabi et al., 2015], a multi-packet IR-HARQ scheme where the

transmitter allows two different packets to share the same time-slot is analyzed. The

transmitter’s role is to decide, at each time-slot, whether to use superposition coding

or time sharing or send a single packet. This decision is based on an instantaneous

multi-bit ACK/NACK feedback in addition to the accumulated mutual information

at the receiver (which is sent to the transmitter through the feedback channel). In

order to simplify the decoding of superposed packets, a sub-optimal SIC decoder

is employed. Although, the authors discuss the possibility of joint decoding and

interference removal.

• The IR-HARQ protocols in [Trillingsgaard and Popovski, 2018] are based on rate

adaption policies using delayed (outdated) CSI at the transmitter. The delayed CSI is

used to estimate the amount of unresolved information at the receiver. Accordingly,

the transmitter decides the number of redundant information bits to send in addition

to the new information bits, using joint encoding, in such a way that all information

bits can be jointly decoded.

This non-exhaustive overview of the state of the art shows that multi-packet HARQ is

of great interest, since it improves the throughput relatively to conventional HARQ. In

summary, several strategies of multi-packet transmission exist. Those are:

◦ Joint encoding: different messages are jointly encoded (before modulation), then the

obtained codeword is modulated into a single packet and sent by the transmitter;

◦ Time sharing: each message is separately encoded and modulated using a specific

rate allocation policy in order to share a time-slot (in the time domain);

◦ Superposition coding: each message is separately encoded and modulated using a

fixed rate. The resulting packets are superposed in one time-slot using a specific

power allocation;

◦ Any combination of the previous strategies: some protocols propose to combine

these strategies according to a specific transmit algorithm.
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Notice that time sharing requires a rate adaption policy which usually requires some

sort of CSI at the transmitter, provided via a feedback channel. Also, the efficiency of

these policies depends on the quality of the CSI estimation. However, superposition

coding does not necessarily require CSI at the transmitter. Another main advantage

of superposition coding is to exploit MAC communication. Moreover, multi-packet

transmission using superposition coding can be viewed as a MISO transmission. To the

best of our knowledge, no previous works exist on multi-packet HARQ with a delayed

feedback. Also, the previous works focus mainly on optimizing the throughput. Whereas,

the delay is also a critical metric in several applications.

2.3 Proposed Protocol

We propose a protocol that enables the transmitter to anticipate the HARQ feedback by

sending, in advance to its reception, packets related to unacknowledged messages using

superposition coding. In contrast to previous works, where HARQ is considered without

a delayed feedback of multiple time-slots, the proposed protocol is designed to counteract

this feedback delay as well as to improve the throughput. The implemented HARQ

protocol in LTE, i.e. parallel SAW HARQ, enables continuous transmission but does not

mitigate the delay of the received messages as in the proposed protocol. Hereafter in

Section 2.3.1, we present the system model. Then, we detail the proposed protocol in

Section 2.3.2. Afterwards, a description of its corresponding decoder is provided in

Section 2.3.3, and Section 2.3.4 is devoted to analyze the receiver’s performance from an

information theoretic point of view.

2.3.1 System model

We consider slotted point-to-point transmission where each time-slot corresponds to N

channel uses. During each time-slot t, the transmitter sends N symbols stacked in vector

xt. This vector may be composed of a packet or a superposition of packets, as it will be

explained in Section 2.3.2. As in Chapter 1, the received signal at time-slot t is:

yt = h(t)xt +wt, (2.1)

where wt is an additive white Gaussian noise vector, with zero-mean and variance per

component equal to N0. We consider a Rayleigh flat fading channel with coherence

time equal to the time-slot duration. The channel is fixed during a time-slot, but has

independent realizations at each time-slot. We also assume perfect CSI at the receiver.

The channel gain is denoted by g(t) where g(t) =
|h(t)|2

N0
. Moreover, we use IR-HARQ

with the same notations for the messages and packets as in Chapter 1. The feedback is

error-free and only composed of ACK or NACK of the considered messages. We assume

a feedback delay of T time-slots, which means that the feedback related to a transmission
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performed in time-slot t is received by the transmitter just before the beginning of time-

slot t + T. The case T = 1 corresponds then to a no-delay feedback. We assume moreover

that this delay is due to the return channel and not to the decoding time at the receiver,

which means that the receiver knows at the end of time-slot t if the messages related to

the packets transmitted at time-slot t are successfully decoded or not. A message is said

in timeout if it is not ACKed by CT time-slots after its first transmission, corresponding to

the timeout in parallel SAW HARQ.

2.3.2 Transmitter strategy

In the proposed protocol, at each time-slot the transmitter selects a packet pk(ℓ), based on

the ACK/NACK feedbacks, as in parallel SAW HARQ. The transmitter may superpose

to pk(ℓ) a second packet pk′(ℓ
′), with k′ , k, even if there is not any feedback on previous

transmissions of message mk′ yet. The idea is to send a redundant packet without

waiting for the feedback to arrive at the transmitter side, which enables the receiver to

possibly decode mk′ without waiting for the next SAW HARQ round. Accordingly, the

transmission occurs in two layers where:

• Layer 1 acts as the parallel SAW HARQ protocol;

• Layer 2 corresponds to the transmission of additional redundant packets.

In order to keep the same energy at each time-slot, the superposed packet, belonging to

the second layer, uses 100(1−α)% of the predefined energy per time-slot, while the packet

sent by the first layer uses 100α% of the energy, with α ∈ [0, 1]. The influence of α will be

investigated in Section 2.4. The transmit vector xt is given by:

xt =



















pk(ℓ), if no superposition,
√
αpk(ℓ) +

√
1 − αpk′(ℓ

′), if superposition.
(2.2)

We note that the case of α = 1 corresponds to the parallel SAW HARQ. Notice also

that superposing many HARQ packets in the same time-slot is limited by interference

between the superposed packets. Although more layers could be superposed in theory,

we superpose two layers at most to avoid increasing the decoder complexity in practical

systems, since the decoder has to manage the interference between the superposed layers.

At the beginning of time-slot t the transmitter knows the ACK/NACK related to the

messages sent up to time-slot t − T (because of the feedback delay). According to this

knowledge, the transmitter selects the packets to include in xt. As anticipated, the first

layer acts as parallel SAW HARQ. Therefore, if packet pk(ℓ) was sent in the first layer

at time-slot t − T, the reception of a NACK relative to message mk just before time-slot

t triggers the transmission of another redundancy packet pk(ℓ + 1), as long as ℓ < C.

Otherwise, the reception of an ACK of mk triggers the transmission of a packet pk′′(1)

associated with a new message mk′′ (never transmitted before). The selection of the
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superposed packet in the second layer is done according to the following principles:

i) superposing packets related to the most recent messages of the first layer to reduce the

delay, ii) superposing unsent redundant packets to reduce the message error by using

transmit diversity. Based on these principles, we describe the selection strategy by the

following rules (ordered by priority), which determine the choice of the superposed

packet in the second layer:

1. A packet pk′(ℓ
′) cannot be superposed if message mk′ is in timeout or previously

ACKed.

2. As long as there are unacknowledged messages with unsent packets, the superposed

packet is the unsent packet of the lowest index ℓ′ of the most recent message mk′ ,

with k′ , k (different messages in the two layers).

3. If the transmitter already sent all the packets of all the unacknowledged messages

that are not in timeout, the superposed packet is the packet with the lowest index ℓ′

that was not previously sent in the second layer. (Notice that this packet has been

already sent once, in the first layer).

4. No packet is superposed to a packet of the first layer that has ℓ = C.

The first rule prevents larger delays than those provided by conventional parallel SAW

HARQ. The second rule reduces the delay furthermore by sending redundant packets re-

lated to unacknowledged messages in advance to the receiver’s feedback, and it provides

a diversity gain. Likewise, the third rule provides more diversity gains by superposing

packets related to different messages at each time-slot, in addition to sending different RVs

corresponding to each message in the second layer. Moreover, the fourth rule reduces the

probability to drop messages by forbidding interference during the last retransmission.

Notably, this last rule is necessary in order to simplify the decoding at the receiver side

by limiting the number of messages (to be decoded) in the buffer. In other words, one

can check that, at each time-slot, at most T messages are not previously ACKed nor in

timeout, which means also that the feedback at each time-slot contains at most T feedback

bits (ACKs/NACKs).

In Sections 2.3.2.1 and 2.3.2.2, we provide two examples of our protocol, with C = 3

and T = 3. We remind that we consider instantaneous decoding at the end of the time-slot

t, although Ft will be available at the transmitter side after T time-slots.

2.3.2.1 A realization of the proposed protocol with NACK feedbacks only

To illustrate the transmitter strategy, we show a realization of the proposed protocol with

NACK feedbacks only in Fig. 2.3. For clarity reasons, we show the case with a feedback

delay of T = 3 time-slots and C = 3 HARQ transmission credits. Hence, layer 1 acts as a
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Figure 2.3 – A realization of the proposed protocol with NACK feedbacks only.

SAW HARQ mechanism with T = 3 parallel processes, while layer 2 corresponds to the

redundant packets that are sent using superposition coding.

In layer 1, message m1 is sent at time-slot 1 through packet p1(1). The receiver fails

to decode p1(1), and the corresponding NACK feedback, i.e.F1 = {1}N, is available to

the transmitter just before time-slot 4. Therefore, the transmitter sends p1(2) at time-

slot 4. The receiver fails again to decode packet p1(2) of message m1, and the feedback

F4 = {1, 2, 3}N is available to the transmitter just before time-slot 7. Hence, the transmitter

sends p1(3) at time-slot 7. Two other parallel SAW HARQ processes are initiated in this

layer. The second process corresponds to sending m2 and occupies the time-slots 2, 5 and

8, while the third process corresponds to sending m3 and occupies the time-slots 3, 6 and

9. The messages m1, m2 and m3 are dropped, at the beginning of time-slot 10, due to

time-out. Then, three new SAW HARQ processes, corresponding to messages m4, m5 and

m6, start in layer 1 at time-slots 10, 11 and 12, respectively. In this way, the transmissions

continue in layer 1 using the SAW HARQ mechanism.

Using superposition coding as in Eq. (2.2), redundant packets are sent in layer 2, based

on the four previously presented rules in this Section 2.3.2.

• At time-slot 1, there is no packet to send in layer 2 according to the second rule. There-

fore, the transmitter sends x1 = p1(1).

• At time-slot 2, the message m1 remains unacknowledged, since the feedback F1 is not

yet available to the transmitter. In addition, m1 is the most recent message with index

k′ , 2. Moreover, two packets of message m1 are unsent previously. Those are p1(2)

and p1(3). Among these two packets, p1(2) is the packet with the lowest index ℓ = 2.

Due to constant power allocation per time-slot, a power fraction α is assigned to the

packet of layer 1, whereas the packet of layer 2 is superposed with power fraction 1−α.

Therefore, the transmitted signal is x2 =
√
αp2(1) +

√
1 − αp1(2).

• At time-slot 3, m2 is the most recent unacknowledged message with unsent packets,

different from the sent message in layer 1. Also, p2(2) is the unsent packet with the

lowest index ℓ = 2 corresponding to message m2. Hence, p2(2) is superposed to p3(1)
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in x3, where x3 =
√
αp3(1) +

√
1 − αp2(2).

• At time-slot 4, the most recent unacknowledged message with unsent packets different

from the sent message in layer 1 is m3. The unsent packet of the lowest index of this

message is p3(2). Therefore, the transmitted signal is x4 =
√
αp1(2) +

√
1 − αp3(2).

• At time-slot 5, the most recent unacknowledged message with unsent packets, different

from the sent message in layer 1 is also m3. The packet p3(1) was sent at time-slot 3 in

the first layer. Also, p3(2) was sent at time-slot 4 in the second layer. Hence, the unsent

packet of the lowest index of this message is p3(3). As a result, the transmitted signal

is x5 =
√
αp2(2) +

√
1 − αp3(3).

• At time-slot 6, all the packets of message m3 are sent by the transmitter in the previous

time-slots. In addition, p3(2) corresponding to m3 is being transmitted in layer 1.

Hence, the most recent unacknowledged message with unsent packets different from

the sent message in layer 1 is m2. The unsent packet of the lowest index of this message

is p2(3). In this way, the transmitted signal is x6 =
√
αp3(2) +

√
1 − αp2(3).

• At time-slots 7, 8 and 9, no packets are superposed to the packets of the first layer

according to the fourth rule, since ℓ = 3(= C). The transmitted signals at time-slots 7, 8

and 9 are x7 = p1(3), x8 = p2(3) and x9 = p3(3), respectively.

Afterwards, the three SAW (truncated) HARQ processes of layer 1 are terminated pro-

gressively, and no packets corresponding messages m1, m2 nor m3 will be sent in layer

2 during future time-slots, according to the first rule. Consequently, the transmission of

new messages is initiated starting from time-slot 10.

2.3.2.2 Another realization of the proposed protocol

This instance of the proposed protocol, illustrated in Fig. 2.4, clarifies furthermore the

transmitter strategy by showing the transmitter’s reaction to the occurrence of ACK

feedbacks. Moreover, the receiver responds with ACKs to the transmission of messages

m2 and m3 at time-slot t = 3. The corresponding feedback (F3 = {2, 3}A, {1}N) is available
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Figure 2.4 – Another realization of the proposed protocol.
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to the transmitter at the beginning of time-slot 6 due to the feedback delay of T = 3.

Hence, the transmitter decisions from t = 1 to t = 5 are the same as in the realization of the

proposed protocol in Section 2.3.2.1. Notice that, due to the feedback delay of T = 3, m2

is retransmitted in layer 1 at time-slot 5 through packet p2(2), although this message was

successfully decoded by the receiver at the end of time-slot 3. The same remark applies

to message m3 which is retransmitted in layer 2 via the packets p3(2) and p3(3) at t = 4

and t = 5, respectively. These useless retransmissions are inevitable since the transmitter

takes decisions in advance to the reception of the receiver’s feedback. However, the early

retransmission of p2(2) in layer 2 enabled the decoding of m2 at time-slot 3. In other

words, m2 is delivered to the receiver with a small delay of 2 time-slots only (which is

not possible using parallel SAW HARQ protocol). Before the beginning of time-slot 6, the

SAW HARQ processes, in layer 1, corresponding the acknowledged messages m2 and m3

are terminated . Consequently, a new SAW HARQ process is initiated at time-slot 6 by

sending a new message m4 through packet p4(1). At time-slot 7, the SAW HARQ process

corresponding to m1 is carried on by transmitting p1(3). A new SAW HARQ process is

initiated as well at time-slot 8 with message m5. Then, a retransmission of message m4

through packet p4(2) occurs at time-slot 9. At the end of time-slot 9, m1 is in time-out.

Therefore, the transmission of a new message m6, via p6(1), starts at t = 10, and so on.

Notice that the number of parallel SAW HARQ processes in layer 1 is always equal to the

feedback delay T = 3.

In layer 2, we apply the four rules of the transmitter strategy. The observations during

the first 5 time-slots (from t = 1 to t = 5) are similar to those in the previous example, as

described in Section 2.3.2.1.

• At time-slot 6, the only unsent packet corresponding to an unacknowledged message is

p1(3). Therefore, this packet is chosen according to the first two rules of the transmitter

strategy, in advance to its transmission in layer 1 during the next time-slot.

• At time-slot 7, the transmitted packet in layer 1, i.e. p1(3), corresponds to the last HARQ

round related to message m1. Hence, no packet is superposed in this transmission

according to the fourth rule, and the m1 is in timeout at the end of this time-slot.

• At time-slot 8, the unacknowledged messages that are not in timeout are m4 and m5.

By applying the second rule, the superposed packet is p4(2) since it corresponds to

the most recent unacknowledged message with unsent packets (which is m4) different

from the sent message in layer 1 (which is m5 through packet p5(1)).

• At time-slot 9, p5(2) is superposed based on a similar reasoning as in time-slot 8.

During the next time-slots, the superposition of packets in the second layer continues

according to these rules, as depicted in Fig. 2.4 .

In this example, the proposed protocol allowed the receiver to decode m2 with a

smaller delay of 2 time-slots. This is achieved by transmitting p2(2) using superposition

coding, in advance to the reception of the receiver’s feedback F2. Furthermore, it is
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sufficient to apply the four rules of the transmitter strategy to obtain the transmitter’s

decision regarding the superposition of a packet in layer 2, at any time-slot for any

sequence of feedbacks.

2.3.3 Receiver analysis

Due to multi-packet transmission, the received signals share common information. The

receiver attempts to decode multiple messages at each time-slot, using the current and

previous observations.

In Section 2.3.3.1, we discuss the receiver’s observation window and buffer size. Then,

we explain in Section 2.3.3.2 the multi-bit ACK/NACK feedback vectorFt, and we specify

the set of messages that the receiver attempts to decode at time-slot t, denoted byMt.

2.3.3.1 Buffer size

A received signal at time-slot t could share common information with another received

signal at any previous time-slot.

For instance, in the protocol’s realization in Section 2.3.2.2, decoding m4 at time-slot

12 could benefit from the observations in all the previous time-slots. More precisely, at

time-slot 6, p4(1) is superposed to p1(3). Therefore, decoding m1 would help in decoding

m4 by removing the interference at time-slot 6, hence increasing the accumulated mutual

information at the receiver corresponding to m4, which helps in decoding m4. Vice versa,

decoding m4 at time-slot 12 would help in decoding m1, since it removes the interfer-

ence due to p4(1) at time-slot 6, hence it increases the accumulated mutual information

corresponding to m1 at the receiver, which helps in decoding m1.

Although an optimal decoder would require an unlimited buffer size, the buffer size

should be fixed for the following reasons:

• Decoding a message in timeout is not useful in most applications. If needed, a

retransmission of this message could be handled by upper layer protocols.

• If a message is in timeout, it is more likely that the accumulated mutual information

associated with this message at the receiver at time-slot t, which is provided by

the transmissions before t − CT time-slots, is low. In other words, the benefit of

considering more than CT observations is low.

• In addition, the decoder becomes very complex if we consider an unlimited buffer

size (both in practice and using information theoretic analysis).

• Moreover, the buffer size is limited in practice.

Therefore, the receiver’s buffer consists of the last CT received signals. For decoding

purposes, the receiver would consider the undecoded messages in this observation win-

dow as interference. Whereas, the decoded messages are removed from the observations,
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which enhances the decoding performance. Keeping in the buffer the most recent CT

observations, which correspond to the most recent CT time-slots, is a trade-off between

the decoder’s performance and the buffer size.

In the example in Section 2.3.2.2, only the observations from t = 4 to t = 12 (included)

are kept in the buffer at t = 12, which corresponds to the most recent CT observations

(C = 3 and T = 3). Moreover, decoding m1 at time-slot 12 is not useful, or could be

assigned to upper layer protocols, since m1 is timeout at t = 12. Moreover, decoding m1

failed before time-slot 12, hence it is more likely that the accumulated mutual information

at the receiver related to m1 that is provided by the transmissions before time-slot 4, is

low.

In summary, the buffer size is fixed to CT observations which induces suboptimal de-

coding. However, the performance degradation due to the limited buffer size is marginal.

2.3.3.2 Feedback vector

At the end of time-slot t, the receiver considers the observations of the most recent CT time-

slots. Since there are T parallel HARQ processes in this observation window, there are at

most T undecoded messages (that are not in timeout). Therefore, the receiver attempts to

decode these messages. Considering the observation window and superposition coding,

the system is equivalent to a MISO channel with T (virtual) users, where each user is

associated with a message. The output of the receiver is the feedback vector Ft, which

will be available at the transmitter at the beginning of time-slot t + T. The feedback

vector Ft contains the ACK/NACK bits corresponding to the messages that i) are object of

decoding at time-slot t, and ii) will not be in timeout at time-slot t+T. Hereafter, we show

the realization of the proposed protocol that was explained in Section 2.3.2.2 from the

receiver’s perspective. The set of messages to decodeMt at time-slot t and the receiver’s

buffer at t = 12 are shown in Fig. 2.5. In this instance, m1 and m4 are object of decoding

at time-slot 7, i.e. ,M7 = {m1,m4}. Also, F7 contains the ACK/NACK bits corresponding

to these messages. However, m1 will be in timeout by time-slot 10. Hence, F8 does not

contain feedback information corresponding to m1. Notice that F8 will be available to the

transmitter just before the start of time-slot 11. Moreover, attempting to decode all the

messages, including the ones that will be in timeout, is beneficial because it removes the

interference that is introduced by the superposition. This can be seen at time-slot 8 where

the receiver attempts to decode m1, m4 and m5,i.e. , M8 = {m1,m4,m5}. Since m1 will

be in timeout by time-slot 10, F8 contains only information about m4 and m5. However,

attempting to decode m1 (which is in timeout) is beneficial since it allows to remove the

interference on message m4 at time-slot 6.
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Figure 2.5 – Receiver’s buffer during an instance of the proposed protocol.

2.3.4 Information theoretic characterization of the receiver

Hereby, we describe the receiver from an information theoretic point of view. We remind

that Mt is the set of messages that the receiver is attempting to decode at time-slot t.

LetDt be the subset of successfully decoded messages by the receiver at time-slot t such

that Dt ⊆ Mt. If the receiver successfully decodes the messages in Dt and none of the

messages inMt \Dt, we say that the decoder operates in the rate region RDt . The setDt,

along with the rules of the transmit protocol, allows to obtain Ft. In order to characterize

the decoding outcome, we i) evaluate the rate regionRDt for every possibleDt ⊆ Mt; and

ii) determine, on the basis of the available observations, the operating rate region RDt of

the receiver. By definition,RDt is given by the union of rate regions where the messages in

Dt are successfully decoded (alone or jointly with other messages inMt \ Dt), excluding

the regions where the messages in Dt are jointly decoded with at least another message

inMt \ Dt. By construction of the system, the receiver can see the messages as users of

a MAC. For a set of users S, RMAC(S)t
is the MAC rate region of users S at time-slot t

considering the messages from users outside S as noise [Bandemer et al., 2012].

We consider first the caseDt , ∅. The region where the messages inDt, and possibly

other messages inMt, are successfully decoded is the union of the MAC rate regions of

any set of users that includes Dt, i.e. ,
⋃

Dt⊆S
RMAC(S)t

[Bandemer et al., 2012]. The region

where the messages inDt are successfully decoded, jointly with at least another message

inMt, is the union of the MAC regions of any set that includes Dt and at least another
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user from Mt \ Dt, i.e. ,
⋃

Dt⊂S,S,Dt

RMAC(S)t
[Bandemer et al., 2012]. We deduce the rate

region in Eq. (2.3):

RDt =
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⋃

Dt⊂S′,
S′,Dt

RMAC(S′)t



























= RMAC(Dt)t

⋂

















⋂

Dt⊂S,S,Dt

RMAC(S)t

















. (2.3)

Since the regionsRDt , for all possibleDt ⊆ Mt form a partition by construction, the region

RDt=∅ is the complementary of the union of all rate regions forDt , ∅, i.e. ,

R∅t
=

⋃

Dt⊆Mt,Dt,∅
RDt =

⋂

Dt⊆Mt,Dt,∅
RDt . (2.4)

Then, to determine whether the receiver operates inRDt , for anyDt ⊆ Mt, it is enough

to verify whether the receiver operates within or outside the set of MAC regions involved

in Eq. (2.3) and Eq. (2.4). The receiver operates in the MAC rate region RMAC(S)t
, for a set

of messages S, if the following set of inequalities is satisfied [Bandemer et al., 2012]:
∑

j∈T
R j ≤ I(XT ; Yt|XS\T ), for all T ⊆ S, (2.5)

where Yt is the set of observations (received signals) during the most recent CT time-slots,

i.e. , Yt = {yt−CT, . . . ,yt}. XT represents the sent packets relative to the messages in T ,

and XS\T is interpreted likewise. The packets relative to messages that are not in S are

treated as interference. We also have R j = R. The mutual information I(XT ; Yt|XS\T )

can be calculated by reading the observations in the window of size CT, and cumulating

the mutual information corresponding to the messages in T . In this process, we need to

consider that: i) some packets are superposed, and sent with different power fractions,

ii) the same packet may be transmitted more than once, iii) messages which have been

already decoded in the past may allow to eliminate interfering packets in the observations.

Hereby, we apply this characterization to the example in Fig. 2.5.

At time-slot 1, the receiver attempts to decodeM1 = {m1} based on the observation at

t = 1 in Eq. (2.6) which is given by:

y1 = h(1)p1(1) +w1. (2.6)

Hence, the corresponding rate region is obtained as R{m1}t=1
= RMAC({m1})t=1

by applying

Eq. (2.3). In other words, the receiver would have succeeded to decode m1 if:

R ≤ log(1 + g(1)). (2.7)

However, this inequality is not satisfied. Therefore, the receiver responds with a NACK,

F1 = {1}N.
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At time-slot 2, the receiver tries to decode the set of messagesM2 = {m1,m2} based on

the observations at t = 1 and t = 2. These observations are given in Eq. 2.8 as:













y1

y2













=













h(1)1N 0

0
√

1 − αh(2)1N

























p1(1)

p1(2)













+













0√
αh(2)1N













p2(1) +













w1

w2













. (2.8)

Notice that, p2(1) is transmitted with power fraction
√
α while p1(2) is superposed with

power fraction
√

1 − α. Hence, the MAC rate regions can be written as:

◦ RMAC({m1})t=2
=

{

R ≤ log(1 + g(1)) + log(1 +
(1−α)g(2)
1+αg(2) ),

◦ RMAC({m2})t=2
=

{

R ≤ log(1 +
αg(2)

1+(1−α)g(2) ),

◦ RMAC({m1,m2})t=2
=































R ≤ log(1 + g(1)) + log(1 + (1 − α)g(2));

R ≤ log(1 + αg(2));

2R ≤ log(1 + g(1)) + log(1 + g(2)).

In the following, we characterize all the possible decoding outcomes, according to Eq. (2.3)

and Eq. (2.4).

• The receiver succeeds to decode m1 and fails to decode m2, i.e.D2 = {m1}, if the

decoding rate belongs to the rate region:

R{m1}t=2
= RMAC({m1})t=2

⋂

RMAC({m1,m2})t=2
. (2.9)

• The receiver succeeds to decode m2 and fails to decode m1, i.e.D2 = {m2}, if the

decoding rate belongs to the rate region:

R{m2}t=2
= RMAC({m2})t=2

⋂

RMAC({m1,m2})t=2
. (2.10)

• The receiver succeeds to decode both messages m1 and m2, i.e.D2 = {m1,m2}, if the

decoding rate belongs to the rate region:

R{m1,m2}t=2
= RMAC({m1,m2})t=2

. (2.11)

• The receiver fails to decode both messages, i.e.D2 = ∅, if the decoding rate belongs

to the rate region:

R∅t=2
= RMAC({m1})t=2

⋂

RMAC({m2})t=2

⋂

RMAC({m1,m2})t=2
. (2.12)

Moreover, these rate regions are depicted in Fig. 2.6. In this realization of the protocol

(which is depicted in Section 2.3.2.2 and in Fig. 2.5), the decoding rate belongs to the rate

region R∅t=2
. Hence, none of the messages were successfully decoded at t = 2.
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Figure 2.6 – The rate regions corresponding to the protocol realization at t = 2.

At time-slot 3, the receiver tries to decode the set of messagesM3 = {m1,m2,m3} based

on the observations at t = 1, t = 2 and t = 3. These observations are given in Eq. 2.13 as:
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.

(2.13)

Also, p3(1) is transmitted with power fraction
√
α while p2(2) is superposed with power

fraction
√

1 − α. Hence, the MAC rate regions can be written as:

◦ RMAC({m1})t=3
=

{

R ≤ log(1 + g(1)) + log(1 +
(1−α)g(2)
1+αg(2) ),

◦ RMAC({m2})t=3
=

{

R ≤ log(1 +
αg(2)

1+(1−α)g(2) ) + log(1 +
(1−α)g(3)
1+αg(3) ),

◦ RMAC({m3})t=3
=

{

R ≤ log(1 +
αg(3)

1+(1−α)g(3) ),

◦ RMAC({m1,m2})t=3
=































R ≤ log(1 + g(1)) + log(1 + (1 − α)g(2));

R ≤ log(1 + αg(2)) + log(1 +
(1−α)g(3)
1+αg(3) );

2R ≤ log(1 + g(1)) + log(1 + g(2)) + log(1 +
(1−α)g(3)
1+αg(3) ),

◦ RMAC({m1,m3})t=3
=































R ≤ log(1 + g(1)) + log(1 +
(1−α)g(2)
1+αg(2) );

R ≤ log(1 +
αg(3)

1+(1−α)g(3) );

2R ≤ log(1 + g(1)) + log(1 +
(1−α)g(2)
1+αg(2) ) + log(1 +

αg(3)
1+(1−α)g(3) ),
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◦ RMAC({m2,m3})t=3
=































R ≤ log(1 +
αg(2)

1+(1−α)g(2) ) + log(1 + (1 − α)g(3));

R ≤ log(1 + αg(3));

2R ≤ log(1 +
αg(2)

1+(1−α)g(2) ) + log(1 + g(3)),

◦ RMAC({m1,m2,m3})t=3
=



















































































R ≤ log(1 + g(1)) + log(1 + (1 − α)g(2));

R ≤ log(1 + αg(2)) + log(1 + (1 − α)g(3));

R ≤ log(1 + αg(3));

2R ≤ log(1 + g(1)) + log(1 + g(2)) + log(1 + (1 − α)g(3));

2R ≤ log(1 + g(1)) + log(1 + (1 − α)g(2)) + log(1 + g(3));

2R ≤ log(1 +
αg(2)

1+(1−α)g(2) ) + log(1 + g(3));

3R ≤ log(1 + g(1)) + log(1 + g(2)) + log(1 + g(3)).

Using these MAC regions, we characterize all the possible decoding outcomes at t = 3,

according to Eq. (2.3) and Eq. (2.4).

• The receiver succeeds to decode m1, and fails to decode m2 and m3, i.e.D3 = {m1},
if the decoding rate belongs to the rate region:

R{m1}t=3
= RMAC({m1})t=3

⋂

RMAC({m1,m2})t=3

⋂

RMAC({m1,m3})t=3

⋂

RMAC({m1,m2 m3})t=3
.

(2.14)

• The receiver succeeds to decode m2, and fails to decode m1 and m3, i.e.D3 = {m2},
if the decoding rate belongs to the rate region:

R{m2}t=3
= RMAC({m2})t=3

⋂

RMAC({m1,m2})t=3

⋂

RMAC({m2,m3})t=3

⋂

RMAC({m1,m2 m3})t=3
.

(2.15)

• The receiver succeeds to decode m3, and fails to decode m1 and m2, i.e.D3 = {m3},
if the decoding rate belongs to the rate region:

R{m3}t=3
= RMAC({m3})t=3

⋂

RMAC({m1,m3})t=3

⋂

RMAC({m2,m3})t=3

⋂

RMAC({m1,m2 m3})t=3
.

(2.16)

• The receiver succeeds to decode m1 and m2, and fails to decode m3, i.e.D3 =

{m1,m2}, if the decoding rate belongs to the rate region:

R{m1,m2}t=3
= RMAC({m1,m2})t=3

⋂

RMAC({m1,m2 m3})t=3
. (2.17)

• The receiver succeeds to decode m1 and m3, and fails to decode m2, i.e.D3 =

{m1,m3}, if the decoding rate belongs to the rate region:

R{m1,m3}t=3
= RMAC({m1,m3})t=3

⋂

RMAC({m1,m2 m3})t=3
. (2.18)
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• The receiver succeeds to decode m2 and m3, and fails to decode m1, i.e.D3 =

{m2,m3}, if the decoding rate belongs to the rate region:

R{m2,m3}t=3
= RMAC({m2,m3})t=3

⋂

RMAC({m1,m2 m3})t=3
. (2.19)

• The receiver succeeds to decode m1, m2 and m3, i.e.D3 = {m1,m2,m3}, if the decod-

ing rate belongs to the rate region:

R{m1,m2,m3}t=3
= RMAC({m1,m2,m3})t=3

. (2.20)

Since the rate belongs to the rate region R{m2,m3}t=3
in this example, the receiver responds

with F3 = {2, 3}A, {1}N.

In this way, the receiver checks the operating rate region of the system at each time-slot

to decide the decoding outcome. Moreover, this characterization of the decoder provides

the receiver’s performance for capacity-achieving codes.

2.4 Numerical results

We evaluate the performance of the proposed protocol and compare it to conventional

parallel SAW HARQ. Hereby, we present numerical results, via computer simulations,

of the proposed protocol in comparison to conventional parallel SAW HARQ, both with

C = 4, T = 3 and R = 0.8, for capacity-achieving codes. For this purpose, IR-HARQ is

implemented as described in Section 2.3.1. The considered path loss model is dependent

on the distance between the source and the destination d = 15u, where u is a unit of

distance. Thus, the variance of the source to destination channel gain is given by:

σ2 =

(

c

d2

)2

, (2.21)

where c is a constant, fixed as c = 400u2. For a fixed SNR, each symbol of the transmit

vector xt is transmitted with energy Es. In case of superposition, we remind that the

energy is shared between superposed symbols, as in Eq. (2.2). Accordingly, we compare

the following protocols:

• IR-HARQ: the conventional parallel SAW HARQ with IR.

• Proposed protocol, α = 1: the proposed protocol with α = 1 is equivalent to IR-

HARQ since all the transmit energy is assigned to layer 1 which acts as the parallel

SAW HARQ.

• Proposed protocol, α = 0.98: in this configuration of the proposed protocol, only

2% of the transmit energy is assigned to the second layer which includes additional

redundancy packets.
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• Proposed protocol, α = 0.8: in this configuration, 80% of the transmit energy is

assigned to the first layer while 20% is assigned to the second layer.

• Proposed protocol, α = 0.6: the redundant packets in the second layer are transmit-

ted with 40% of the transmit energy.

In Fig. 2.7, we plot the throughput which is the average number of correctly received

information bits per channel use.
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Figure 2.7 – Throughput of the proposed protocol.

The proposed protocol offers a significant throughput gain in comparison to conven-

tional parallel SAW HARQ for any SNR at α = 0.6 and α = 0.8. More precisely, this gain

is between 1dB and 2.5dB at moderate SNR (from −2dB to 8dB). The numerical results

show 10% gain in throughput at 0dB when comparing the proposed protocol with α = 0.6

to standard IR-HARQ. Also, the throughput converges faster to the coding rate R = 0.8

when using the proposed protocol.

In Fig. 2.8, we plot the MER which is defined as the average ratio of the number of

dropped messages over the number of sent messages. The numerical results show that

the proposed protocol achieves lower MER than the conventional IR-HARQ protocol.

Moreover, the diversity gain provided by IR-HARQ with C = 4 is 4 considering that each

message experiences at most C channel uses, as can be seen in Fig. 2.8. However, the

proposed protocol achieves a larger diversity gain which is shown as a steeper slope.

This gain is due to multi-layer transmission since the redundant packets of each message

can be transmitted in layer 2. More precisely, those messages are transmitted using more

than C channel uses.
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Figure 2.8 – MER of the proposed protocol.

For additional clarification on the diversity gain, check closely the example which

was given in Section 2.3.2.1 and illustrated in Fig. 2.3. We remind that Fig. 2.3 shows an

instance of the proposed protocol with C = 3. In this example, m1 was sent at time-slots

1, 2, 4 and 7 through the packets p1(1) in layer 1, p1(2) in layer 2, p1(2) in layer 1 and p1(3)

in layer 1, respectively. Consequently, m1 is transmitted using 4 channel uses. However,

a message sent using a conventional IR-HARQ protocol with C = 3 is transmitted using

at most 3 channel uses.

The delay, which is the average number of elapsed time-slots until the receiver suc-

cessfully decodes a message, is presented in Fig. 2.9. Notice that this delay is actually an

average delay. Moreover, the maximum delay when using IR-HARQ and the proposed

protocol is (C − 1)T + 1 time-slots for both protocols, which is 10 time-slots in the case

where C = 4 and T = 3. This maximum delay is also equal to the delay of SAW HARQ,

as explained previously in Section 2.2.1.
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Figure 2.9 – Delay of the proposed protocol.

Moreover, the performance of the proposed protocol depends on the choice of the

power fraction α. Therefore, we plot in Fig. 2.10 the throughput and MER, at Es/N0 = 0dB,

versus α. We also plot the delay at Es/N0 = 0dB versus α in Fig. 2.11.
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Figure 2.10 – The throughput and MER at 0dB using different power fractions.

The power fraction α can be numerically optimized and fixed for each desired SNR

depending on the application requirements. Specific applications might privilege a choice

of α that provides the best throughput, MER, delay or a trade-off between these metrics.

At 0dB, the highest throughput is achieved at α = 0.67 while the lowest MER is achieved
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Figure 2.11 – The delay of the proposed protocol at 0dB using different power fractions.

at α = 0.87, and the lowest delay is achieved at α = 0.78. Moreover, α = 0.7 is a trade-off

between the performance metrics at 0dB that provides a high throughput with small MER

and small delay.

In addition to small delay, the proposed protocol offers a better delay distribution. The

delay distribution represents the proportion of successfully delivered messages for each

value of the delay. Fig. 2.12 compares the delay distribution using IR-HARQ and using the

proposed protocol, with α = 0.8. Using IR-HARQ, a message can be decoded only with

a delay of 1 (by decoding the first packet), 4 (by decoding the first retransmission), 7 (by

decoding the second retransmission) or 10 time-slots (by decoding the last retransmission)

for C = 4. Thus, the retransmissions occur every T = 3 time-slots. In contrast, due to

superposition in the proposed protocol, the receiver can decode a message with a finer

granularity of delays, and delays of 1, 2,. . . ,10 time-slots are achievable, as it can be seen

in Fig. 2.12b. In addition, the transmissions with large delays, such as 4 or more as shown

in Fig. 2.13, are significantly less frequent when using the proposed protocol.
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Figure 2.12 – Comparison of the delay distributions.
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Figure 2.13 – Comparison of the proportion of large delays.
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2.5 Conclusion

This Chapter presented an enhanced version of IR-HARQ using multi-packet transmis-

sion. This proposed protocol superposes an additional layer of redundant packets to the

parallel SAW HARQ protocol, according to a parameter α. In this superposed layer, the

transmitter may perform retransmissions of a message even before having received any

feedback about it. This preemptive selection of the superposed packets does not require

any additional feedback. The proposed protocol uses multi-layer transmission, where

non-orthogonal layers are superposed by the transmitter and decoded by the receiver.

In other words, the receiver attempts to decode the superposed packets in the proposed

protocol. Moreover, an information-theoretic characterization of the receiver is provided.

The corresponding numerical results show that the proposed protocol offers a smaller

average delay, a better delay distribution, a higher throughput, and a lower MER than the

conventional parallel SAW HARQ. Part of this work has been published in [C2]. Possible

improvements of this proposed protocol are suggested in the conclusion Chapter.
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Conclusions and Perspectives

In this thesis, we improved the HARQ mechanisms - by using superposition coding - in

terms of throughput and/or latency which are the bottleneck of next generation wireless

communication systems. Consequently, the proposed contributions in this thesis can be

employed in:

• systems enabling the use of relaying. In this case, the proposed protocol in Chapter 1

is very useful.

• any system with delayed HARQ feedback, which eventually corresponds to any

practical system.

In Chapter 1, we started by reviewing the state of the art HARQ protocols. The basic

types of HARQ protocols were presented, and different relay assisted HARQ protocols

were discussed. This Chapter included the definition of the performance metrics and the

theoretical framework to study HARQ, based on Markov chain models and information

theoretic tools. Then, we proposed a new protocol and derived its performance met-

rics using this framework. Afterwards, the numerical results showed that the proposed

protocol outperforms the other HARQ with capacity-achieving codes and with practical

codes followed by an interference canceler. According to these numerical results, the

investigated protocol achieved the best overall performance of the system.

In Chapter 2, we proposed an enhanced HARQ protocol adapted to delayed feed-

back. First, we provided an overview of the HARQ protocols in current communication

systems such as LTE, where parallel HARQ processes are initiated to deal with the feed-

back delay of several time-slots. Then, we discussed non-orthogonal transmission and

reviewed the state of the art where HARQ is combined with non-orthogonal transmission.

To the best of our knowledge, our proposed protocol is the first protocol that combines

HARQ, non-orthogonal transmission and preemptive scheduling of the packets. More-

over, our proposed protocol achieved simultaneously a larger throughput, lower latency

and higher reliability than parallel HARQ, at the cost of increased decoding complexity.

This claim has been validated numerically using capacity-achieving codes.
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Both proposed protocols relied on non-orthogonal transmission, also known as su-

perposition coding. Moreover, in Chapter 1, the superposition is due to the interference

between the incoming packets from the source and the relay, whereas, in Chapter 2, the

packets are superposed at the source and transmitted through the same channel. Our

work shows that combining non-orthogonal transmission with HARQ improves signifi-

cantly the performance of wireless communication systems.

Perspectives

We suggest for future works to extend the protocol of Chapter 1 to the case where

multiple sources transmit messages to multiple destinations in the presence of relays. This

extension is not straightforward since multiple choices are possible and the interference

due to superposition coding has to be managed efficiently. Moreover, an end-to-end

approach (with multi-hop) can be considered. In this case, the question is: how handle

simultaneously HARQ and superposition coding (which is in this context strongly related

to compute and forward) in a whole network.

On the other hand, the practical implementations of this protocol, as discussed in

Chapter 1, could benefit from the search for adequate codes to non-orthogonal transmis-

sion. These channel codes could enable joint decoding of the messages at the receiver,

which results in performance gains in comparison to SIC. Then, the performance of these

codes should be compared to theoretical capacity-achieving codes, and the decoding

complexity of these codes should be analyzed. Considering the significant performance

gain that is provided using this HARQ protocol, the proposed extension could have a

significant impact on next generation relay assisted wireless communication systems.

The main issue that we encountered when studying the protocol in Chapter 1 is the

scalability of the theoretical analysis. Indeed, the derived expressions of the performance

metrics are very complicated and do not provide additional insights on how to optimize

the performance of the system. On the other hand, the proposed Markov chain model

cannot be extended to large number of HARQ retransmissions. Therefore, we do not

advocate to work this way. This explains why we did not spend time deriving the per-

formance metrics related to the proposed protocol in Chapter 2.

We consider that the proposed HARQ protocol in Chapter 2 is of great interest for

future wireless communication systems. Indeed, this proposed enhanced HARQ protocol

does not require any additional signaling nor modification in the infrastructure of current

wireless communication systems. Therefore, a lot of additional research on this protocol

is required. First, we should implement the protocol with practical channel codes and

decoders. One could consider using SIC for decoding. However, adequate channel codes

and decoders that perform joint decoding (and possibly joint encoding) of the messages

could approach the performance of capacity-achieving codes. Second, the choice of the
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redundant packets in layer 2 in our work was rational and led to significant improvement,

but this choice is not necessarily the best one for all application requirements. We could

increase the number of layers at the expense of the decoding complexity. We could also

find benchmarks to compare the performance of the proposed protocol and future ones

to the best achievable performance, which depends on the true value of the feedback

delay. From a conceptual perspective, one can remark that by using the presence of

the feedback delay (which always occurs in practical systems), we manage to improve

the performance and exploit an additional degree of freedom. This means that working

with the simplified model without taking into account the feedback delay is restrictive

and degrades the performance. A future research axis is to understand better the reason

behind this gain by characterizing this additional degree of freedom.
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Résumé: Les demandes de haut débit, faible
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cations area during the last years. In this thesis,

we improve the HARQ mechanisms in terms

of throughput and/or latency which are the

bottleneck of next generation wireless commu-
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