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d’arrêt et Quantification d’incertitudes

pour des limites d’approximation
stochastique

Thèse de doctorat de l’Université Paris-Saclay
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(6) U. Stazhynski. Uncertainty quantification for stochastic approximation limits: L2-
convergence rate. Preprint, (2018).

1 Part I: Discretization of processes at stopping times

1.1 Introduction to discretization of processes

Discretization problems play a fundamental role in the applications of continuous-time
stochastic processes. Indeed, since only discrete data can be observed, simulated and pro-
cessed, discretizated versions of such processes are usually used in practice. In this regard,
the quantification of the errors related to discretization is of great importance.

In this work we study discretization problems for a class of models called the Itô processes
(see [RY99, p. 298] for the definition) and their various generalizations. An Itô process
(St)0≤t≤T on a given filtered probability space has the form

St = S0 +
∫ t

0
bsds+

∫ t

0
σsdBs, t ∈ [0, T ]

where (Bt)0≤t≤T is a Brownian motion, (bt)0≤t≤T and (σt)0≤t≤T are adapted processes verify-
ing suitable assumptions (though a more general finite variation part may be considered, see
Chapter 1). This class of models is widely used in many applications in finance, insurance,
economy, biology, population dynamics, random mechanics and physics.

We consider the high frequency fixed horizon asymptotic framework for discretization
problems. Namely, we assume that the time interval [0, T ] is fixed and for each n ≥ 0 a
finite discretization scheme T n = {0 = τn0 < · · · < τnNn

T
= T} is given with the number of

discretization times Nn
T (possibly random) going to infinity as n → +∞. The goal may be

either to quantify or to optimize (in a suitable asymptotic sense) the error produced from
the substitution of St by Sϕ(t), where ϕ(t) is the largest discretization time τni before t, into
a given procedure.

Here we discuss several applications where discretization problems naturally arise.
The first class of problems is related to statistics. Deploying continuous-time stochas-

tic models in applications requires an estimation of various statistics or model parameters
based on discrete observations of a single process trajectory. A standard example is the
quadratic variation of a 1-dimensional Itô process St given by

∫ T
0 σ2

t dt for which the classical
estimator has the form

∑Nn
T

i=1(Sτni − Sτni−1
)2. A more complicated setting is the parametric

inference for diffusion processes, where the diffusion coefficient σt = σ(t, St, θ) depends on
an unknown parameter θ to be estimated based on discrete observations of the process (see
Sections 1.9-1.10). In these applications the estimation error is usually expressed in terms
of the discretization error for the underlying process S. This means that the analysis of the
estimators consistency and asymptotic normality boils down to the corresponding analysis
of discretization errors.

The second class of problems studies the optimization of the tracking of a target whose
dynamics is modeled by an Itô process. Here the goal is to optimally choose the discretiza-
tion times for the rebalancing of a stochastic system in order to minimize certain criteria
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expressing the deviation from the continuous target. Continuous rebalancing is typically not
possible due to various costs of intervention and adjustment (so-called transaction costs).
Examples of applications in finance include option delta-hedging (see [Fuk11a, GL14a]) and
index tracking (see [PS04]) among others. In such problems the optimal disretization times
usually depend on the process trajectory in an adaptive way and thus are given by ran-
dom stopping times. A particular case considered in Chapters 1-2 is the quadratic variation
minimization for stochastic integrals (see Section 1.4 for details).

Finally, another group of problems is related to the process simulation via discretization
schemes and the subsequent analysis of the discretization error in Monte Carlo simulations,
see e.g. [FO15] and references therein. However we do not consider this type of problems in
our work and focus solely on the other two explained above.

1.2 Random discretization schemes

Discretization based on equidistant times, i.e. for τni = iT
n , is a well studied subject, see

e.g. [Roo80, JP98, HM05, GT09, GT01, MZ06] among others, see also [JP12] and references
therein. However, in practice, the discretization times are quite often not regularly spaced.
The nature of the irregularity itself may be quite different, depending on the setting. More-
over, the discretization times may be random as well, which makes the analysis even more
complicated.

Concerning statistical estimation problems, possible reasons for random observation
times may be that i) some data is missing; ii) the observations are more frequent dur-
ing certain periods of time, or when the observed process is in certain regions of space; iii)
the observations occur randomly, e.g. according to the arrival times of a Poisson-like process
or stopping times related to the process itself, and others. Many works in this direction
report a non-negligible impact of the randomness of the discretization times on the asymp-
totic properties of the errors compared to the classical deterministic case. For example,
[ASM03] observes considerable effect of random sampling on the estimators in the setting of
parametric inference for diffusions. In [LZZ13] the authors note that taking into account the
endogenous randomness of the observation grids, when it exists, may substantially improve
the performance of the integrated volatility estimator.

In the problem of the discretization times optimization for optimal tracking, random
discretization grids appear naturally as optimal rebalancing times, and thus play the key
role in the analysis, see e.g. [Fuk11a, GL14a].

The importance of random discretization schemes in high frequency finance was, in par-
ticular, emphasized in [DGM+01, Section 1.1] and [ASJ14, Chapter 9], see also [Fuk10, FR12,
RR10, RR12].

We distinguish the following two levels of generality when considering irregular discretiza-
tion schemes:

1. For all i the time τni depends only on Fτni−1
(where (Ft)0≤t≤T is some fixed filtration)

and some extra independent noise. This group contains, in particular, all deterministic,
strongly predictable (i.e. τni is Fτni−1

-measurable with no independent noise) and random
independent times.
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2. More general stopping times with respect to a given filtration. This setting presumes
that endogenous random noise may trigger discretization times. A benchmark example
is the discretization of the process at its own exit times from some specified domains.

While the first setting, including strongly predictable and random independent times, is
better studied, the second one is more difficult for the analysis and constitutes the primary
focus of this work. Random discretization schemes given by exit times appear naturally in
the problem of the tracking error optimization (see [Fuk11b, Fuk11a, GL14a]). Chapters 1-2
are devoted to this problem in the context of optimal discretization of stochastic integrals
(detailed discussion is given in Section 1.4).

The availability of the data only at stopping times may be an intrinsic property of a model
that aims to explain certain observations that are irregularly spaced in time. Quite recently
a number of papers appeared in this direction. In [RR10, RR12] the authors construct a fi-
nancial high-frequency price model which combines microstructure noise, including rounding
noise, and sampling at transaction times on the basis of suitably defined hitting times, and
then estimate the integrated volatility. They also provide the asymptotic analysis of their
estimator. An even more complicated setting is when the observations of different compo-
nents of a multidimensional process are random and in addition not synchronized. This is
a typical situation in some financial applications (see e.g. [HY08]). As additional motiva-
tion for stopping time discretization grids we also refer to [GW02] for empirical evidence
about the connection of volatility and inter-transaction duration in finance, and [Fuk10] for
modeling bid or ask quotation data and tick time sampling.

In Chapters 1-4 our goal is to extend the current research on the processes discretization
based on random stopping times, regarding both the applications in statistics and in tracking
error optimization. The rest of this section contains more detailed introductions to each of
the problems considered with a literature review, and also a summary of the results of
each chapter. In Section 1.3 we introduce the class of random grid sequences under study.
Techniques related to this class of grids are the main driving force of the proofs in Chapters
1-4. In Section 1.4 we continue with the introduction to the problem of the quadratic
variation minimization for stochastic integrals based on general Brownian semimartingales.
Our contribution to this problem is summarized in Sections 1.5-1.6. In Section 1.7 we discuss
the background results on Central Limit Theorems (CLTs) for discretization errors. This is
followed by a summary of our work on the CLT for discretization errors based on random
stopping time grids. Finally, in Section 1.9 we discuss the problem of parametric inference
for diffusion processes. We conclude with the presentation of our work on the parametric
estimation of diffusions based on observations at stopping times in Section 1.10.

1.3 A class of random discretization grids

In this section we present the class of random discretization grids under study. It has been
introduced in [GL14a] as the class of admissible grids for optimal discretization of a stochastic
integral. The tools developed in [GL14a] play the key role in all the aspects of our analysis
in Chapters 1-4. This class is essentially defined through the two assumptions below. For
a process S, a sequence of discretization grids T := {T n : n ≥ 0} with T n := {τni : 0 ≤
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i ≤ Nn
T }, some positive deterministic sequence (εn)n≥0, such that

∑
n ε

2
n < +∞, and ρN ≥ 1

consider the following assumptions:
(Aosc.

S ): The following non-negative random variable is a.s. finite:

sup
n≥0

ε−2
n sup

1≤i≤Nn
T

sup
t∈(τni−1,τ

n
i ]
|St − Sτni−1

|2
 < +∞. (1.1)

(AN ): For a given parameter ρN ≥ 1 (verifying certain assumptions, in particular ρN < 4/3)
the following non-negative random variable is a.s. finite:

sup
n≥0

(ε2ρN
n Nn

T ) < +∞. (1.2)

Assumption (Aosc.
S ) means that the oscillation of the process S between two successive

times obeys a scaling rule; it implicitly implies that the time step related to successive times is
small enough in some sense described by εn. On the other hand, (AN ) states that the number
of random times is not too large at some scale, refraining for instance an accumulation of
stochastic times.

Now for arbitrary εn → 0 we consider the class of discretization grid sequences {T n :
n ≥ 0} such that for any subsequence ι(n) there exists another subsequence ι′ ◦ ι(n) such
that {T ι′◦ι(n) : n ≥ 0} verifies (Aosc.

S ) and (AN ) with (ει′◦ι(n))n≥0. Such a definition is
motivated by the subsequence principle that we later use to pass from a.s. convergences to
the corresponding convergences in probability (see Lemma 2.2.2).

In particular, this class contains most of the discretization grids considered in the previous
works and that we can imagine from application point of view. To emphasize its generality
we present below several large families of random grids that it contains (for a justification
see Remark 1.2.2 and the discussion in Section 3.2.2)

1. T = {T n : n ≥ 0} where each T n = {τni : 0 ≤ i ≤ Nn
T } is a sequence of stopping times

(with Nn
T possibly random) and such that

C−1ε
2

(1−ρ)
n ≤ min

1≤i≤Nn
T

∆τni ≤ max
1≤i≤Nn

T

∆τni ≤ Cε
2

(1−ρ)
n , n ≥ 0, a.s.,

for an a.s. finite positive random variable C > 0 and a parameter ρ > 0. This
example contains, in particular, the sequences of deterministic or strongly predictable
discretization times for which the time steps are controlled from below and from above
and for which the step size tends to zero.

2. Poisson random times with the random noise independent of FT but with a stochas-
tic F-adapted intensity. More precisely for a continuous adapted positive process
(λt)0≤t≤T we consider T n = {τni : 1 ≤ i ≤ Nn

T } given by the jump time of a Poisson
process with intensity (ε−2ρN

n λt)0≤t≤T .

3. Consider a sequence of adapted random processes {Dn
t : 0 ≤ t ≤ T} where each Dn

t is
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an open set such that
B(0, C1εn) ⊂ Dn

t ⊂ B(0, C2εn)

for some a.s. finite positive random variables C1, C2, here B(0, r) denotes the ball
centered at 0 with radius r. Define the sequence of strategies T = {T n : n ≥ 0} with
T n = {τni : 0 ≤ i ≤ Nn

T } as follows: τn0 = 0 and for i ≥ 1

τni = inf{t > τni−1 : (St − Sτni−1
) /∈ Dn

τni−1
} ∧ T.

In other words, we consider exit times of random sets of size εn (more complicated
examples may be found in Section 3.2.2).

As we may see, the class of discretization grids under study is quite universal and con-
tains practically all the types of discretization grids that may appear interesting in practice.
Chapters 1-4, along with their principal contributions, develop powerful techniques for the
analysis of such discretization grid sequences, that provide a solid background for treating
future problems in the discretization of processes.

1.4 Optimal discretization of stochastic integrals

This is an introductory section to Chapters 1-2. We consider the problem of finding a finite
sequence of optimal stopping times T n = {0 = τn0 < τn1 < · · · < τnNn

T
= T} which minimizes

the renormalized quadratic variation of the discretization error for the stochastic integral
given by

Znt =
∫ t

0
v(s, Ss) · dSs −

∑
τni−1<t

v(τni−1, Sτni−1
) · (Sτni ∧t − Sτni−1

), (1.3)

where S is a d-dimensional continuous Brownian semimartingale and v(t, x) is a Rd-valued
continuous function. Here T > 0 is fixed and the number of stopping times Nn

T is allowed to
be random.

Under some mild assumptions on the model, and for deterministic or strongly predictable
grids, the discretization error ZnT after suitable renormalization converges in distribution to
a mixture of Gaussian random variables (see [Roo80, KP91, JP12]). A natural candidate for
minimization criterion in this case is the product Nn

T 〈Zn〉T . In particular, in the case where
a CLT holds for

√
Nn
TZ

n
T , the limit limnN

n
T 〈Zn〉T represents the asymptotic (conditional)

variance of the limit distribution (see e.g. Chapter 3).
The study of minimization problems for stochastic integral discretization has been initi-

ated by [Fuk11a] in dimension d = 1, but instead of Nn
T 〈Zn〉T the author considers a criterion

in expectation for both terms, i.e. E (Nn
T )E (〈Zn〉T ).

The pathwise minimization of limnN
n
T 〈Zn〉T has been addressed in a multi-dimensional

setting d ≥ 1, in [GL14a]. They define the class of admissible discretization strategies as
those verifying (Aosc.

S )-(AN ). For S a local martingale and under certains conditions of
v (essentially its Jacobian matrix Dxv is invertible) the authors exibit a lower bound on
lim infnNn

T 〈Zn〉T across the class of admissible grid sequences. An exhaustive discussion of
this problem in the setting of hedging in finance, as well as a review of the existing literature
on the subject may be found in [Fuk11a, GL14a].
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In [GL14a] the authors show that the discretization grids giving optimal (or arbitrarily
close to optimal) performance have the form of exit times from random ellipsoids. Namely
for an explicitly specified continuous adapted process (Λt)0≤t≤T taking values in the set of
symmetric positive definite d× d matrices, an optimal sequence T := {(τni )0≤i≤Nn

T
: n ≥ 0}

of grids may be written asτn0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

)TΛτni−1
(St − Sτni−1

) ≥ ε2
n} ∧ T,

As proved in [GL14a], the optimal sequence T is admissible and attains the optimal value
of limnN

n
T 〈Zn〉T among the whole class of admissible grids. These results is a starting point

of our work in Chapters 1-2 which is presented in the next two sections.

1.5 Summary of results in Chapter 1

In Chapter 1 we consider the optimal discretization problem presented in Section 1.4 and
prove optimality results in a much larger setting than previously afforded in the literature.

First, we allow S to be a general Brownian semimartingale S = A+M with A a general
finite variation adapted continuous process with some Holder properties, while in [GL14a]
the process S is essentially a local Brownian martingale (A = 0,M =

∫ .
0 σsdBs). For this

generalized model we prove the following important results:

• In Theorem 1.3.4 we show that the sets of admissible strategies (admissibility w.r.t.
a process S is again defined as verifying (Aosc.

S )-(AN )) for the semimartingale S and
for its local martingale part M are the same. The result is non-trivial and is proved
via a continuation scheme with a subsequent application of the BDG inequality. Since
[GL14a] assumed local martingale condition, Theorem 1.3.4 is of primary importance:
it allows to apply the results, previously established in [GL14a], to our generalized
setting.

• In Theorem 1.3.10 we show that the discretization strategy based on hitting times of
random ellipsoids of the formτn0 := 0,

τni := inf{t > τni−1 : (St − Sτni−1
)THτni−1

(St − Sτni−1
) ≥ ε2

n} ∧ T,

is admissible under suitable assumptions. This extends [GL14a, Proposition 2.4].

• Theorem 1.4.2 is one of the main results in Chapter 1 and provides a uniform lower
bound (which is sharp, as we show later) for lim infn→+∞N

n
T 〈Zn〉T over the entire

class of admissible strategies, given by

lim inf
n→+∞

Nn
T 〈Zn〉T ≥

(∫ T

0
Tr(Xt)dt

)2

a.s.
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for an explicitly defined processXt. This is an important extension of [GL14a, Theorem
3.1] to the semimartingale case.

Second, the martingale part of S can be degenerate in our setting, whereas a stronger
a.s. ellipticity of σt is considered in [GL14a]. Namely we do not require that the inverse σ−1

t

exists. Also Dxv(t, St) may be not invertible in our work.
For this generalized model we prove the following important result: Theorem 1.5.2 shows

that the strategy of the formτ
n
0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

)TΛ(n)
τni−1

(St − Sτni−1
) ≥ ε2

nεn} ∧ T,

where Λ(n)
t is a suitable perturbation of Λt := (σ†t )TXtσ

†
t (M† denotes the pseudo-inverse

matrix ofM), and Xt is explicitly given as a solution of certain non-linear matrix equation,
attains the lowest possible value of limnN

n
T 〈Zn〉T across the entire class of admissible random

grid sequences.
The proof of Theorem 1.5.2 is non-trivial, since due to possible degeneracy of σt we use

pseudo-inverses and lose certain continuity properties of the optimal strategy. In addition,
our strategy attain the exact optimal limit while in [GL14a] only a µ-optimal strategy has
been established which is arbitrarily close to the optimum. In Section 1.5.3 we provide a
numerical test that confirms the optimal performance of the strategy given by Theorem
1.5.2.

The ability to treat the non-elliptic case is fundamental for applications as well:

• First, it allows to consider partially degenerate models which arise in various applica-
tions such as random mechanics (see Subsection 1.5.3 for examples).

• Second, it provides a robustness result for the optimal strategy studied in [GL14a]:
namely Theorem 1.5.2 shows that even if σt is close to being degenerate, this will not
effect the performance of the optimal strategy. This is an important consideration in
financial applications related to option hedging developed in [GL14a] (see the discussion
in Section 1.5.3).

1.6 Summary of results in Chapter 2

In Chapter 2 we continue the study of the optimal discretization problem for stochastic
integrals with respect to Brownian semimartingales started in Chapter 1. Our goal here is
to construct an adaptive version of the optimal discretization algorithm from Chapter 1 that
does not require any prior knowledge about the model.

In the previous works optimal sequences {T n : n ≥ 0} strongly depend on the model for
S, in particular on the volatility σ-process. As a difference, in Chapter 2 we suppose that
no prior knowledge about the diffusion coefficient of the underlying process S is given. We
do not assume neither a diffusion model for S nor a parametric form for σ. The process
S of the form A +

∫ .
0 σsdBs is quite arbitrary and we only suppose that it satisfies some

mild regularity and non-degeneracy assumptions. A model-adaptive version of the optimal
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discretization algorithm designed in Chapter 1 is needed in order to make the latter algorithm
applicable. Another important question is the robustness of the optimal discretization with
respect to the estimation error of σ. The optimal strategy may be given as

τni = ϕ
(
στni−1

, Dxv(τni−1, Sτni−1
), (St − Sτni−1

)t≥τni−1

)
,

where ϕ represents a quite complex non-linear dependence. The robustness analysis of this
dependence requires substantial effort and is critical for applications.

In Chapter 2 we investigate this issue and prove the following important results:

• In Theorem 2.2.4 we state sufficient assumptions on a general sequence of estimators
σnt of σt ensuring the optimality of the resulting sequence of strategies. Namely let σnt
verify (for a parameter δ > 0) the condition

ε−δ/2n sup
0≤t≤T

|(σtσT
t )1/2 − σnt |

P→
n→+∞

0.

Then for a suitable perturbation [Λnτni−1
]εδn of Λt used in Chapter 1 to construct the

optimal strategy, the sequence {T n}n≥0, where T n = (τni )0≤i≤Nn
T
is given byτ

n
0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

)T[Λnτni−1
]εδn(St − Sτni−1

) > ε2+δ
n } ∧ T,

(1.4)

attains the optimal lower bound on limnN
n
T 〈Zn〉T .

• We interpret the assumptions of Theorem 2.2.4 on the estimator sequence σnt for a
general class of weighted moving average estimators and specify some sufficient joint
conditions on the lookback estimation period and the frequency of estimation times
in order to preserve the asymptotic optimality of the strategy. In particular, under
certain assumptions and for some deterministic sequence (αn)n≥0 and general kernel
functions Kγ(·) we prove in Theorem 2.4.1 that σnt given by

σnt = (Σn
t + αn Idd)1/2,

where (for some admissible observation grid {τ̃ni }i≥0)

Σn
t =

∑
τ̃ni <t

Kγn(τ̃ni−1 − t)∆Sτ̃ni ∆ST
τ̃ni
, (1.5)

verifies the assumptions of Theorem 2.2.4 and thus yields an optimal discretization
strategy attaining the uniform lower bound on lim infnNn

T 〈Zn〉T across the class of
admissible strategies.

• We also provide a counter-example (see (2.1.7)) which shows that the knowledge of
σt is important for the optimal strategy construction, while a misspecification of σt
leads to a suboptimal performance. In addition, we support our claim by a numerical
example in Section 2.5.
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1.7 Central Limit Theorems for discretization errors

In the high frequency fixed horizon asymptotic framework for discretization problems, a
common goal is to analyze the asymptotic behavior of the discretization error as the grid
meshsize goes to 0. In particular, one typically wants to establish a Central Limit Theorem
(CLT) for the renormalized discretization error process. Classical results on CLTs for regular
grids may be found in [JP12].

Here we are particularly interested in existing works studying random discretization
grids. Many of them are restricted to certain specific cases in terms of the model, the
dimension (d = 1 or d > 1), the discretization error term or the discretization grid. In
particular, a group of works analyze the discretization error for strongly predictable (up
to extra independent noise) discretization grids. Among them [ASM04, DG04] study the
problem of statistical estimation for diffusions and [BNS05, BNGJ+06, MZ06, KP08] deal
with the estimation of integrated variance and the power variation estimation in a non-
parametric setting. We also mention [Roo80, GT01, HM05, GT09], more detail may be
found in the introduction to Chapter 3.

The closest to our setting are the recent works considering more general stopping time
grids. In [Fuk11b] the author provides a quite general CLT result in dimension 1 for stopping
time grids. However the class of random grids under study is described in an implicit way
through a set of assumptions. The limit distribution also depends on the processes whose
existence is given as an assumption. Verification of the assumptions for a particular random
discretization schemes may require a substantial effort. Generalization of this work to the
general multidimensional case seems non-trivial both in terms of the extension of the central
limit theorem (in particular, characterization of the limit distribution) given the abstract
assumptions on the moments, and even more in term of the determination of the class of
random grids verifying these assumptions. For example, natural candidates for endogenously
generated discretization times are exit times from random domains, whose analysis is much
more complicated in multidimensional setting (while in dimension 1 such a domain is given
by the two boundary points). We also mention [LMR+14] where a Central Limit Theorem
(CLT) for estimating the integrated volatility in dimension 1 is established assuming the
convergence in probability of renormalized quarticity and tricity. Here again the authors do
not characterize the stopping times for which these convergences hold. Moreover, the result
is only one-dimensional and studies a specific application.

In Chapter 3, we aim at closing this gap in the existing literature on the subject. Namely
we want to establish a CLT for a multidimensional general discretization error term and
a multidimensional process for an explicitly described class of random discretization grids
with explicit limit characterization. We aim at providing a result that would be sufficiently
general in terms of the random discretization grids considered and with assumptions that
would be immediate to check for a specific model.

1.8 Summary of results in Chapter 3

For a given sample path of a stochastic process S on a time interval [0, T ] and a sequence of
random discretization grids T n := {τn0 = 0 < τn1 < · · · < τnNn

T
= T} given by stopping times,
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we consider an m-dimensional error term Ent given by Ent = En,1t + En,2t , where

En,1t =
∑

τni−1<t

∫ τni ∧t

τni−1

Mτni−1
(Ss − Sτni−1

)ds, En,2t =
∑

τni−1<t

∫ τni ∧t

τni−1

(Ss − Sτni−1
)TAτni−1

dBs,

(1.6)
hereM and A are continuous adapted processes with values in Matm,d(R) and Matd,d(R)⊗
Rm respectively (so that At maps bilinearly (x, y) ∈ Rd ×Rd to xTAty ∈ Rm, for details see
Section 3.2.3).

The error term given by (1.6) appears in such important applications as:

• strategies for quadratic variation minimization with application to optimal hedging in
finance;

• error analysis for integrated variance estimation based on random times observations;

• parametric estimation for diffusion processes observed at random times;

see the introduction of Chapter 3 for a detailed discussion.
The goal of Chapter 3 is to prove a functional central limit theorem for the sequence of the

renormalized discretization error processes (
√
NtEnt )0≤t≤T , where Nn

t := #{i ≥ 1 : τni ≤ t}.
In Chapter 3 we consider a quite general concrete class of random discretization grids (i.e.

specified directly by its definition and not by abstract assumptions) given as follows. Let
{(Dn

t )0≤t≤T : n ≥ 0} be a sequence of adapted processes with values in the set of domains
in Rd (the details are in Section 3.2.2). In particular, we assume the convergence (in a
suitable sense) to an adapted continuous domain-valued process (Dt)0≤t≤T . Let (Ui,n)n,i∈N
be an i.i.d. family of random variables U := {Un,i : i, n ∈ N} with Un,i ∼ U(0, 1), that are
independent of FT . Let G : (t, ω, u) ∈ [0, T ] × Ω × [0, 1] 7→ R+ ∪ {+∞} be a P ⊗ B([0, 1])-
measurable mapping, where P denotes the σ-field of predictable sets of [0, T ]×Ω, to simplify
we write Gt(u). We consider the following class of discretization grids T := {T n : n ≥ 0}
with T n = {τni : 0 ≤ i ≤ Nn

T } given byτ
n
0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

) /∈ εnDn
τni−1
} ∧ (τni−1 + ε2

nGτni−1
(Un,i) + ∆n,i) ∧ T,

(1.7)

where (∆n,i)n,i∈N is a term representing some negligible contribution.
This class of discretization grids, in particular, allows coupling of endogenous noise gen-

erated by hitting times and extra independent noise given, for example, by a Poisson point
process with stochastic intensity (see an example in Section 3.2.2).

The advantages of our setting include the following:

• we consider a general filtration, which allows models with regime switching, see Exam-
ple 3.2.1;

• our framework allows both multidimensional process and multidimensional error term,
as opposed to 1-dimensional setting considered in the previous works (e.g. [Fuk11b]);
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• domain exit times represent complicated objects in multiple dimension as opposed to
dimension 1;

• our model for the process S is given by quite general Bronwian semimartingales sat-
isfying mild regularity assumptions and includes a variety of models used in practice,
such as diffusion processes, path dependent processes, stochastic volatility models, etc.
(see Example 3.2.1);

• we allow domains with corners (such as bounded intersections of half-spaces, i.e. poly-
hedrons).

Theorem 3.2.7 constitutes the main result of Chapter 3 and is given as follows. For
explicitly defined processes mt, Qt and Kt we prove (under quite mild assumptions) the
following F̄-stable functional convergence of (

√
Nn
t Ent )0≤t≤T in distribution:

√
Nn
t Ent

d=⇒
[0,T ]

√∫ t

0
m−1
s ds

(∫ t

0
MsQsds+

∫ t

0
QT
sAsdBs +

∫ t

0
K1/2
s dWs

)
, (1.8)

where W is an m-dimensional Brownian motion defined on an extended probability space
(Ω̃, F̃ , P̃) and independent of B.

The proof of Theorem 3.2.7 consists of the following two blocks, each of which is itself a
valuable contribution:

• Theorem 3.3.1 show a CLT of the type (1.8) for general stopping time grids satisfying
suitable assumptions. This is the first result of this type in the multidimensional case.
Moreover the assumptions are well adapted for verification and a tractable characteri-
zation of the limit distribution is provided.

• Propositions 3.3.4, 3.3.5 provide a weak error bound for the domain exit time of an
Itô process with respect to the perturbation of its diffusion coefficient and the domain.
They provide very delicate analysis of the weak errors that allows to pass from local
estimation for a single exit time to a global estimation for a sequence of discretization
grids, based on such domain exit times, under weak assumptions.

An important and direct application of our result is the case of time grids given by
hitting times of random ellipsoids. Such grids naturally appear in [GL14a] and Chapters 1-2
as optimal discretization strategies regarding the minimization of the quadratic variation
criteria for multidimensional models and play important role in the problem of hedging error
optimization in finance (see [Fuk11a]). Theorem 3.2.7, in particular, justifies the use of
limnN

n
T 〈Zn〉T as a minimization criteria since this limit appears to be the variance of the

asymptotic limit in the CLT. Another important application developed in Chapter 4 is the
parametric inference of diffusions observed at stopping times.

1.9 Parametric inference for diffusions observed at random times

Parametric inference for stochastic processes differs from the classical setting of finite di-
mensional i.i.d. observations and is more complex. Usually only discrete observations of a
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single sample process trajectory are available. A classical estimation approach is based on
the approximation of the process transition densities between the observation times resulting
in so called approximate maximum likelihood estimators (AMLEs). In the high-frequency
fixed horizon framework the number of observations N over a fixed interval [0, T ] is supposed
to be large, and we are interested in the asymptotic properties of the estimators as N goes
to infinity.

Estimation usually requires the knowledge of the diffusion coefficient σ at the observation
times, which requires a Markovian assumption since we only observe the process S. This
restrict the class of models under study to the diffusion processes of the form

St = S0 +
∫ t

0
bsds+

∫ t

0
σ(s, Ss, ξ?)dBs, t ∈ [0, T ], S0 ∈ Rd, (1.9)

where ξ? is an unknown parameter.
A number of works study the problem of inference for diffusions. For general references,

see the books [Sør04, Fuc13] and the lecture notes [Jac07].
The nonparametric estimation of the diffusion coefficient σ(.) is investigated in [FZ93]

for equidistant observations times on a fixed time interval. In [GCJ93] the authors con-
sider the problem of the parametric estimation of a multidimensional diffusion under regular
deterministic observation grids. They construct consistent sequences of estimators of the
unknown parameter based on the minimization of certain contrasts and prove the weak con-
vergence of the error renormalized at the rate

√
n to a mixed Gaussian variable, where n is

the number of observations. We also mention [GCJ94], see the discussion in the introduction
to Chapter 4. The problem of achieving minimal variance estimator is investigated using the
local asymptotic mixed normality (LAMN) property, see e.g. [CY90, Chapter 5] for the defi-
nition: this LAMN property is established in [Doh87] for one-dimensional S, and in [Gob01]
for higher dimensions using Malliavin calculus techniques, when the n observation times are
equidistant on a fixed interval. These latter results show the optimality of Gaussian AMLEs
that achieve consistency with minimal variance.

Several works are dedicated to the inference problem with observations at random times,
but under quite restrictive assumptions on those times. More precisely, in [ASM03, DG04]
the authors assume that the time increment τni − τni−1 depends only on the information up
to τni−1 and on extra independent noise. A similar condition is considered in [HJY11], and
it can take the form of strongly predictable times (τni is known at time τni−1). In [ASM04],
the time increments are simply independent and identically distributed.

The above works consider only deterministic, strongly predictable of random independent
grids. However, as we argue in Section 1.2, the case of more general random observation
times given by stopping times is important in applications and must be investigated as well.
To the best of our knowledge this setting has not yet been studied in the literature, except
for [LMR+14] (in the non-parametric setting) where a Central Limit Theorem (CLT) for
estimating the integrated volatility in dimension 1 is established assuming the convergence
in probability of renormalized quarticity and tricity (however, the authors do not charac-
terize the stopping times for which these convergences hold). One reason for this lack of
studies in the literature is essentially that the necessary tools for the analysis of the stopping
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time discretization grids for multidimensional processes were not available until recently. In
particular, the study of the asymptotic normality for a sequence of estimators requires a
general central limit theorem for discretization errors based on such grids. Such a result has
been very recently obtained (see Chapter 3) in a concrete setting (i.e. for explicitly defined
class of grids, and not given by abstract assumptions, as opposed to [LMR+14]), in several
dimensions (as a difference with above references) and with a tractable limit characteriza-
tion. Note that in [Fuk11b], the derivation of CLT is achieved in the context of general
stopping times, but the limit depends on implicit conditions that are hardly tractable except
in certain situations (notably in dimension 1).

In Chapter 4 we aim at constructing a consistent sequence of estimators (ξn)n≥0 of the
true parameter ξ? and provide its asymptotic analysis in the case of random observation
grids given by general stopping times. In particular, our setting covers those considered in
the previous works on the subject and allows new more general observation stopping times,
which is an important progress in the subject.

1.10 Summary of results in Chapter 4

We consider a d-dimensional Brownian semimartingale (St)0≤t≤T of the form (1.9), and a
sequence of observation grids T n = {τni : 0 ≤ i ≤ Nn

T } verifying the assumptions (Aosc.
S ) and

(AN ) given in Section 1.3.
Our goal is to construct for each n ≥ 0 an estimator ξn of ξ? based only on the knowledge

of {τni , Sτni : 0 ≤ i ≤ Nn
T }. We also suppose that no additional information about the

distribution properties of τni is provided (see the discussion in Section 4.1.2).
Although the distribution of Sτ , as τ is a stopping time, may be quite different from

Gaussian, we are inspired by the same approach. However, we provide a slightly different
interpretation of the same minimization criteria. We also generalize the criteria to account
for non-equidistant distribution of the discretization points over [0, T ].

Denote pΣ(x) := (2π)−d/2(det Σ)−1/2 exp
(
−1

2x
TΣ−1x

)
the density of a centered d-dimensional

Gaussian variable Nd(0,Σ) with the covariance matrix Σ (assumed to be non-degenerate).
Denote the Kullback-Leibler (KL) divergence between the variables Nd(0,Σ1) and Nd(0,Σ2)
by

DKL(Σ1,Σ2) :=
∫
Rd
pΣ1(x) log pΣ1(x)

pΣ2(x)dx. (1.10)

For some continuous weight function ω : [0, T ]×Rd →]0,+∞[ set ωt := ω(t, St); the process
(ωt)0≤t≤T is continuous adapted positive. Owing to a suitable identification assumption we
show that the minimization of

∫ T
0 DKL(ct(ξ?), ct(ξ))ωtdt under suitable assumptions yields

the true parameter ξ?. Next we consider U?(·), given by

U?(ξ) :=
∫ T

0

(
log(det ct(ξ)) + Tr(σt(ξ?)Tc−1

t (ξ)σt(ξ?))
)
ωtdt,

and show that
∫ T

0 DKL(ct(ξ?), ct(ξ))ωtdt = 1
2U

?(ξ) + C0, where C0 is independent of ξ. The
term

∫ T
0 Tr(σt(ξ?)Tc−1

t (ξ)σt(ξ?))ωtdt represents a quadratic variation. Thus we define the
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following discretized version of U?(·), that uses only {τni , Sτni : 0 ≤ i ≤ Nn
T },

Un(ξ) :=
∑

τni−1<T

ωτni−1
log

(
det cτni−1

(ξ)
)

(τni − τni−1) +
∑

τni−1<T

ωτni−1
∆ST

τni
c−1
τni−1

(ξ)∆Sτni . (1.11)

The random function Un(.) plays the role of a contrast function: it is asymptotically equal
to U?(.), for which the minimum is achieved at ξ?. In the case of regular grids and ωt = 1
the contrast (1.11) coincides with [GCJ93, eq. (3)].

We define the sequence of estimators (ξn)n≥0 as follows:

ξn := Argminξ∈Ξ U
n(ξ) (1.12)

(if the minimizing set of Un(·) is not a single point we take any of its elements).
Note that the user is free to choose the form of the process ωt. While the rigorous

optimization of the choice of ωt given only the observations {τni , Sτni : 0 ≤ i ≤ Nn
T } is

complicated, it seems reasonable to increase ωt on the time intervals where the observation
frequency is higher. We have not investigated furthermore in this direction.

In Chapter 4 we prove the results for the sequence of estimators (ξn)n≥0 given by (1.12)
following below. These results are new in the setting of general observation grids given by
stopping times described in Section 1.3.

• Theorem 4.2.1 states that for the sequence estimators (ξn)n≥0 given by (1.12) we have

ξn
P−→

n→+∞
ξ?.

• In Theorem 4.2.2 we prove that under suitable assumptions we may write

ε−ρNn (ξn − ξ?) = (H−1
T + oPn(1))ε−ρNn ZnT + oPn(1),

where ρN is given in (AN ), oPn(1) P−→
n→+∞

0 and HT is explicitly defined, and the term
Znt has the form of the discretization error studied in Chapter 3, i.e.

ZnT :=
∫ T

0
∆ST

t Aϕ(t)dBt +
∫ T

0
Mϕ(t)∆Stdt

for certain explicitly given processes Mt and At. In particular, this result allows
to derive a CLT for the estimator sequence by a direct application of a CLT for the
discretization error process Znt , such as the one developed in Chapter 3, as well as other
works. As a consequence, our work provides sufficient results enabling the derivation
of the CLT for the sequence of estimators (ξn)n≥0 in a very general setting in terms of
the (random) observation times, not previously available in the literature.

• In the case of 1-dimensional parameter ξ and when the asymptotic mixed normality
holds without the bias term, Theorem 4.2.6 states a universal lower bound on the
asymptotic variance of our sequence of estimators among the class of discretization
grids given in Section 1.3 and prove the tightness of this bound. Namely we provide
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a random variable V opt.
T such that if (for an arbitrary observation grid sequence T n)

we have
√
Nn
T (ξn − ξ?) d−→ N (0, VT ), and under some additional assumptions, we

automatically get VT ≥ V opt.
T a.s. In addition, we provide a sequence of grids {T n : n ≥

0} for which the limit variance is arbitrarily close to V opt.
T (in a suitable sense). To the

best of our knowledge, this is the first result of this type in the parametric inference
for diffusions (see also the discussion of the difference of our framework with [GCJ94]
in the introduction of Chapter 4).

2 Part II: Uncertainty quantification for stochastic approxi-
mation limits

Part II of this thesis is devoted to the problem of model uncertainty quantification for
Stochastic Approximation (SA) limits. SA is used to find zeros of a function z 7→ h(z) for
which no closed-form formula is available and which may only be expressed as an expectation
h(z) := E[H(z, V )]. The expectation is taken with respect to some random variable V which
models the stochastic system under study. In many applied problems the exact specification
of the distribution of V is not known, and it is reasonable to consider the model for V
as uncertain (see Section 2.2 for the motivation). We express this through a parametric
dependence V ∼ µ(θ,dv) where θ ∈ Θ is an uncertain parameter following some distribution
π. In this setting the function h, as well as its zero z?, will depend on θ, so that z? = φ?(θ)
for some function φ?(·). Our goal is to compute φ?(·) so that we can efficiently quantify the
probability distribution of the SA limit φ?(θ) given the probability distribution π for θ. We
choose the chaos expansion approach and assume that φ?(·) belongs to the Hilbert space
of square integrable functions with respect to π. We design an SA procedure in increasing
dimension (dubbed as the USA algorithm) for computing the basis coefficients of the chaos
expansion of φ?(·) on an orthogonal basis of this Hilbert space. This results in a sequence
of approximations φk(·) converging in a suitable sense to φ?(·).

Chapters 5-6 are devoted to the design and the convergence analysis of the USA algo-
rithm. Section 2.1 presents an introduction to Stochastic Approximation method. In Section
2.2 we formulate the problem of model uncertainty for SA limits and provide motivational
examples. The chaos expansion approach is discussed in Section 2.3. Construction of the
USA algorithm is given in Section 2.4. Section 2.5 provides the summary of our results on
the convergence of the USA in Chapter 5 and the L2-convergence rate of the USA obtained
in Chapter 6.

2.1 Introduction to Stochastic Approximation algorithms

Stochastic Approximation method is used to find zeros of a function z 7→ h(z) expressed as
an expectation. We assume that h(z) represents an average of the values of some known
function H(z, V ) over the random scenarios given by a random variable V . The goal is to
calculate numerically a solution to h(z) = E[H(z, V )] = 0 assuming that i.i.d. simulations of
V are available. Classical deterministic methods combined with Monte Carlo approximation
of each value of h(z) would be too computationally demanding. Stochastic Approximation
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was developed to solve this problem more efficiently.
Initiated by Robbins and Monro [RM51] and Kiefer and Wolfowitz [KW52] in the early

1950s, the theory of stochastic approximation algorithms has been the subject of extensive
research, both theoretical and applied. It comprises the study of important theoretical is-
sues in the analysis of dynamically defined stochastic processes and has a large number of
applications. The SA method is now mainstream in such areas as optimization, parameter
estimation, signal processing, adaptive control, Monte Carlo optimization of stochastic sys-
tems (see [KY97a, BMP90]), stochastic gradient descent methods in machine learning (see
e.g. [BC05, SSS08, BCN17]), adaptive Monte Carlo sampler (see e.g. [HST01, AT08, FMP11,
FJLS16, FS00, DVA98]), and efficient tail computations [BFP09], among others.

A common application of SA is where h is the gradient of a convex function c given by
an expectation, i.e.

h(z) = ∇zc(z) = ∇zE[C(z, V )].

In this case SA corresponds to the minimization of c and is called Stochastic Gradient
Descent. Remark that in order to use classical SA we need to have ∇zE[C(z, V )] =
E[∇zC(z, V )] and H := ∇zC to be known. If only the function C is known one may
apply a slightly different Kiefer-Wolfowitz procedure ([KW52]) using finite differences.

The basic paradigm of SA is a stochastic difference equation of the form

zn+1 = zn + γn+1H(zn, Vn).

Here, z is a parameter of a system, and the random vector H(zn, Vn) is an observation of a
sample scenario of the system (produced by a simulation of Vn ∼ V ) with the parameter set
to zn. One recursively adjusts the parameter so that the goal is met asymptotically. The
principal idea developed in [RM51] is that, if the step sizes γn in the parameter updates are
allowed to go to zero in an appropriate way as n→ +∞, then there is an implicit averaging
that eliminates the randomness effects in the long run.

A lot of SA convergence results have been proved in various settings. To give an example
we refer to [BFP09, Theorem 2.2] since this version is the closest to our analysis in Chapter 5.
Concerning the rate of convergence for SA, classical results show the asymptotic normality
for the renormalized sequence γ1/2

n (zn − z?) where z? = limn z
n (see e.g. [Duf97, Chapter

2]). Applying in addition the Polyak-Ruppert averaging procedure (see e.g. [PJ92]) we can
increase the convergence rate up to 1/n for any γn = 1/na, a ∈ (1/2, 1).

We remark that the Monte Carlo method (aiming to calculate E[V ]) is a special case of
SA with γn = 1

n and H(z, v) = z − v.

2.2 Uncertainty Quantification for SA limits: Motivation

The SA setting described in Section 2.1 involves a random variable V , so that the problem
writes as E[H(z, V )] = 0. In many applications, the choice of the model for V is of great
importance. An exact specification of the model that describes some real-world phenomena
must be chosen before the SA method is applied. Quite often it is chosen from a parametric
family of distributions {µ(θ,dv) : θ ∈ Θ ⊂ Rd}, so that the parameter θ must be pre-
estimated or set by an expect opinion. Obviously, a perfect specification of θ is rarely
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possible. In some cases, where we lack information about θ, it is reasonable to assume that
the model for V is uncertain. This may be expressed via additional randomness of the
parameter θ.

Here we present several problems that are solved by SA, and for which the model uncer-
tainty is relevant:

• Minimization of expected cost (or risk; or utility maximization) under model un-
certainty. In this case V models a stochastic system and z corresponds to the pa-
rameter determining the strategy of interaction with this system. Further we have
H(z, v) := ∇zC(z, v) where C is some cost function. The goal is to find a strategy z
in order to minimize the expected cost E[C(z, V )]. Under suitable assumptions this
will write as E[∇zC(z, V )] = 0 and thus may be solved by SA. In this case the model
uncertainty problem for V is highly relevant. Examples of this setting include portfolio
optimization (here one wants to optimally chose portfolio weights in order to minimize
some expected risk, the variable V is the random market distribution over some future
period, see e.g. [GMIC14]) and many other applied problems.

• SA may be used to calculate quantiles of a distribution, also known as Value-at-Risk
(VaR) in finance (and more generally to calculate a pair of risk measures VaR and CVaR
which are widely used, see [BFP09] for details). In financial applications V represents
a future random value of some portfolio for which the choice of the distribution is not
easy. Often we lack information about it and we need an efficient way to compute the
risk measures for a family of models to analyze the model risk. In particular, such
analysis is required by financial regulators.

• In some applications the Bayesian approach is used to choose the model for V . Here
one considers a parametric family of distributions {µ(θ,dv), θ ∈ Θ} with some prior
law on θ. After the observation of the data the law of θ is updated to some posterior
distribution π. In this case the randomness of θ naturally yields model uncertainty for
V .

We express the model uncertainty through a parametric dependence V ∼ µ(θ,dv) of the
distribution of V and suppose that θ follows some law π on Θ. In this case, the solution z?
of E[H(z, V )] = 0 where V ∼ µ(θ,dv) for a fixed θ, depends on θ, so that z? = φ?(θ) for
some function φ?(·). Our main goal is to quantify the distribution of the solution (or the SA
limit) given by {φ?(θ) : θ ∼ π} via an approximation of φ?(·) in a suitable functional space.

We remark that in the examples above a simpler alternative might be to increase the
model complexity for V to incorporate the randomness of θ, i.e. to set V to follow the
marginal distribution of (θ, V ) ∼ µ(θ,dv)π(dθ). This problem may then be solved by stan-
dard methods. However such approach will give much less information, typically just one
solution (representing some average value along different model specifications), while we are
more interested in quantifying the entire distribution of φ?(θ).
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2.3 Problem formulation. Chaos expansion approach

Let us formalize the problem described in Section 2.2. We start from an equation E[H(z, V )] =
0, where V is some random variable with values in a metric space V, and impose the uncer-
tainty in the form of a parametric dependence V ∼ µ(θ,dv) (for some transition kernel µ
from Θ to V). The parameter θ itself follows some probability distribution π(dθ) on Θ ⊂ Rd
which is known. We also allow uncertainty in the function H, through a dependency in θ,
thus we take H : Rq ×V ×Θ→ Rq. We denote by Lπ2 the Hilbert space of square integrable
functions with respect to π. The uncertainty quantification problem for SA limits may be
now formally given as follows:

Find φ? in Lπ2 such that
∫
V
H(φ?(θ), v, θ)µ(θ,dv) = 0, π-a.s. (2.1)

A naive way to access the distribution {φ?(θ), θ ∼ π} would be to simulate θ ∼ π and
then, for each simulated value θi, run an SA procedure with the model parameter set to θi
that will result in an approximation φ̂?(θi) of φ?(θi).

A more clever approach is to approximate the function φ?(·) in a suitable way, so that
further only the simulation of θ ∼ π is needed. This may be done via the chaos expansion,
which dates back to Wiener [Wie38] and has been developed in the fields of engineering
and uncertainty quantification in the 2000s (see [GS03, LK10] and references therein). This
technique, also known as the spectral method, consists of projecting the unknown function
φ? : Θ 7→ Rq on an orthonormal basis {θ 7→ Bi(θ), i ∈ N} of the L2 space with respect to the
distribution π and computing the coefficients of its decomposition

φ? =
∑
i≥0

u?iBi. (2.2)

In the most common case where B0 ≡ 1, once the coefficients {u?i , i ≥ 0} have been computed,
the expectation and the variance-covariance matrix of {φ?(θ), θ ∼ π} are available for free
as

Eθ∼π[φ?(θ)] = u?0 and Varθ∼π(φ?(θ)) =
∑
i≥1

u?i (u?i )>.

In the case of a polynomial basis, higher order moments are also usually computable explic-
itly, see [LK10, Appendix C].

The naive nested SA approach to calculate the coefficients u?i ’s is to simulate θ1, · · · , θN ∼
π and then for each θi run SA to get φ̂?(θi) so that we get an approximation of u?i given by

ûi := 1
N

N∑
i=1

φ̂?(θi)Bi(θi). (2.3)

However, such method involves nested calculation and is inefficient. This may be easily seen
on a simple example where SA is reduced to MC (a particular "linear" case with H(z, v) =
z−v). This naive method will result in a 2-stage MC procedure which thus converges 2 times
slower. The right approach here is to approximate the average

∫
Θ×V vµ(θ,dv)Bi(θ)π(dθ)
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directly using i.i.d. simulations (θ, V ) ∼ µ(θ,dv)π(dθ).
In this regard we expect that the naive approach (2.3) may be also largely improved in

the general SA case and aim at designing an algorithm to calculate the coefficient u?i ’s using
an efficient mix of the simulation of θ ∼ π and the simulations feeding the SA algorithm. In
the introduction of Chapter 5 we argue that a procedure in increasing dimension (i.e. with
progressively increased truncation level) is needed due to non-linearity of the setting. Such
chaos expansion methods are in general hard to analyze. Even in the case of an explicitly
known function φ? (here finding individual coefficients u?i in (2.2) is straightforward by
MC simulation) the global convergence of a method where more and more coefficients are
computed by MC is subject to a nontrivial tuning of the speeds at which the number of
coefficients and the number of simulations go to infinity (see [GS14]). Thus designing such
a method in the case of general SA and analyzing its convergence is a non-trivial problem.

2.4 The USA algorithm

In Chapter 5 we design an SA procedure for computing the coefficients of φ? =
∑
i≥0 u

?
iBi

so that each iteration lies in finite dimensional subspace of the Hilbert space Lπ2 , while the
dimension of these subspaces goes to infinity.

Below we present a slightly simplified version of this procedure (called the USA algo-
rithm, Uncertainty for Stochastic Approximation) that solves the problem (2.1). It is a
fully constructive, detailed, and easy to implement. More details on the motivation and the
construction of this algorithm may be found in Chapter 5.

1 Input: Sequences {γk, k ≥ 1}, {mk, k ≥ 1}, {Mk, k ≥ 1}, K ∈ N, {u0
i , i = 0, . . . ,m0}

2 for k = 0 to K − 1, do
3 sample (θsk+1, V

s
k+1), s = 1 . . . ,Mk+1, under the distribution π(dθ)µ(θ,dv); for

i > mk+1 define uki = 0
4 for i = 0 to mk+1, do
5 uk+1

i = uki − γk+1M
−1
k+1

∑Mk+1
s=1 H

(∑mk
j=0 u

k
jBj(θsk+1), V s

k+1, θ
s
k+1

)
Bi(θsk+1)

6 Output: The vector {uKi , i = 0, . . . ,mK}.

Algorithm 1: The USA algorithm for the coefficients of the basis decomposition of
φ?.
The inputs of the algorithm are: a positive stepsize sequence {γk, k ≥ 1}, two integer

valued sequences {mk, k ≥ 1} and {Mk, k ≥ 1} corresponding to the number of non-zero
coefficients in the approximation of φ? and to the number of Monte Carlo draws of the pair
(θ, V ) ∼ π(dθ)µ(θ,dv) at each iteration k, an initial value u0 ∈ Rm0 and a total number of
iterations K.

The output of the algorithm is a sequence uK = {uKi , i ≤ mK} approximating a solution
u?. The corresponding approximation φK of a solution φ? to the problem (2.1) is then given
by

φK :=
mK∑
i=0

uKi Bi. (2.4)

Further this approximation allows to easily calculate any statistics of the uncertain SA limit
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φ?(θ) using only the simulation of θ ∼ π.

2.5 Summary of results in Chapters 5 and 6

In Chapter 5, along with a more detailed motivation for the construction of the USA Algo-
rithm 1, we prove its a.s. and Lp, (p < 2), convergence.

In Theorem 5.3.5 we show under explicit and tractable assumptions that for the sequence
{φk : k ≥ 0} given by (2.4) we have

lim
k→∞

∥∥∥φk − φ∞∥∥∥
π

= 0 a.s., ∀p ∈ (0, 2) lim
k→∞

E
[∥∥∥φk − φ∞∥∥∥p

π

]
= 0.

where φ∞ is some random variable on the set of solutions of the problem (2.1) (or simply
φ∞ = φ? is the solution φ? to (2.1) is unique).

Algorithm 1 is an SA in the infinite dimensional Hilbert space l2, which make the con-
vergence analysis quite non-trivial. We argue that our result is original and is not covered
by the previous papers on the SA in Hilbert spaces. There exists a number of works on
infinite dimensional SA. We are only interested in SA in increasing dimension (so that all
iterates lie in a finite dimensional subspace, and the algorithm is implementable). This
is generally known as the sieve approach. The sieve-type SA procedures were studied in
[Nix84, Gol88, Yin92] (in a particular case of independent noise, i.e. H(z, V ) = H̃(z) + V ).
In [CW02] the authors derive results on the convergence and asymptotic normality for SA
with growing dimension in a more general setting. However, the above-mentioned works are
proved under fairly abstract conditions. Many of the assumptions in [YZ90] and [CW02]
are hard to check. Also [Nix84, CW02] consider a noise term of the form H̃(φk, Vk+1) with
H̃ : H×V → H and a single distribution for Vn’s. By contrast, in our case, H(φk(·), Vk+1, ·)
can only be simulated θ by θ, as the distribution of Vk+1 may depend on θ. In addition,
some key assumptions of these works are not verified in our setting, see Chapter 5 for a more
complete discussion and counter-examples (e.g. Remark 5.3.3).

In Section 5.5 we provide extensive numerical analysis of our algorithm, including a
detailed discussion of the choice of its design parameters.

In Chapter 6 we analyze the L2-convergence rate of the sequence {φk, k ≥ 0} given by
the USA algorithm. Our main result in Theorem 6.3.1 explicitly provides α > 0 such that
for some constant Cα > 0 we have for all k ≥ 0

E
[∥∥∥φk − φ?∥∥∥2

π

]
≤ Cαγαk . (2.5)

Control of the form γαk is motivated by similar results in the finite dimensional case, where
typically the SA squared error is proved to be of order O(γk), i.e. α = 1 (see e.g. [Duf97,
Chapter 2]).

In finite-dimensional results on the SA convergence rate the convergence speed itself
typically depends only on the step-size sequence γk. In our setting, however, the exponent
α in (2.5) will depend non-trivially on the model, the regularity of φ?, the choice of the
basis functions and the design parameters of the USA algorithm. The knowledge of this
dependence plays an important role in the correct tuning of the algorithm to guarantee the
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L2-convergence with the best possible rate, given the model specification. We illustrate how
the obtained results justify the optimality of the heuristic choice of the dimension growth
speed used in Section 6.3.2.

Again the previous works on the sieve-type infinite dimensional SA cannot be applied to
the convergence rate analysis of the USA, see the introduction of Chapter 6. This emphasizes
the novelty of our results.

Beyond model uncertainty, applications of our approach include sensitivity analysis, with
respect to θ, or quasi-regression in the sense of reconstructing a whole unknown function,
for instance in the context of nested Monte Carlo computations involving a nonlinear inner
function θ 7→ φ?(θ).
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(6) U. Stazhynski. Uncertainty quantification for stochastic approximation limits: L2-
convergence rate. En préparation, (2018).

3 Partie I: Discrétisation de processus à des temps d’arrêt

3.1 Introduction à la discrétisation de processus

Les problèmes de discrétisation jouent un rôle fondamental dans les applications des pro-
cessus stochastiques à temps continu. En effet, comme seules des données discrètes peuvent
être observées, traitées et simulées, des versions discrétisées de tels processus sont souvent
utilisées en pratique. À cet égard, la quantification des erreurs reliées à la discrétisation est
très importante. Dans ce travail, on étudie les problèmes de discrétisation pour une classe de
modèles appelés processus d’Itô (voir la définition dans [RY99, p. 298]) et pour certaines de
leurs généralisations. Un processus d’Itô (St)0≤t≤T sur un espace de probabilité filtré donné
s’écrit comme

St = S0 +
∫ t

0
bsds+

∫ t

0
σsdBs, t ∈ [0, T ]

où (Bt)0≤t≤T est un mouvement brownien, (bt)0≤t≤T et (σt)0≤t≤T sont des processus adap-
tés vérifiant des hypothèses convenables (bien que des termes à variation finie plus généraux
puissent être pris en considération, voir le Chapitre 1). Cette classe de modèles est indis-
pensable dans de nombreuses disciplines, y compris la finance, l’assurance, l’économie, la
biologie, la dynamique de la population et la physique. On se place dans le cadre de haute
fréquence et d’horizon fini pour les problèmes de discrétisation. Plus précisément, on sup-
pose que l’intervalle de temps [0, T ] est fixe et pour tout n ≥ 0 on se donne un schéma de
discrétisation finie T n = {0 = τn0 < · · · < τnNn

T
= T} avec un temps de discrétisation Nn

T

(possiblement aléatoire) tendant vers l’infini quand n→ +∞. Le but est soit de quantifier,
soit d’optimiser (dans un sens asymptotique bien choisi) l’erreur produite par la substitution
de St par Sϕ(t) dans une procédure donnée, où ϕ(t) est le plus grand temps de discrétisation
τni avant t.

Ci-dessous, on présente quelques applications pour lesquelles le traitement des problèmes
de discrétisation est indispensable. La première classe de problèmes est liée aux statistiques.
L’utilisation des modèles stochastiques à temps continu en pratique demande l’estimation de
différentes statistiques ou de paramètres du modèle à partir d’observations d’une seule trajec-
toire du processus. Un exemple standard est la variation quadratique d’un processus d’Itô de
dimension 1 donnée par

∫ T
0 σ2

t dt dont l’estimateur classique s’écrit comme
∑Nn

T
i=1(Sτni −Sτni−1

)2.
Un cadre plus compliqué est l’estimation statistique des processus de diffusion, où le coef-
ficient de diffusion σt = σ(t, St, θ) dépend d’un paramètre inconnu θ à estimer sur la base
d’observations discrètes du processus (voir les Sections 3.9-3.10). Dans ces applications,
l’erreur d’estimation fréquemment s’écrit en fonction de l’erreur de discrétisation pour le
processus S. Cela signifie que l’analyse de la consistance et celle de la normalité asymp-
totique des estimateurs ramènent à l’analyse des erreurs de discrétisation correspondantes.
La seconde classe de problèmes étudie l’optimisation du tracking d’une cible dont la dy-
namique est modélisée par un processus d’Itô. Ici, le but est de choisir de manière optimale
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les temps de discrétisation pour le réajustement du système stochastique afin de minimiser
certains critères exprimant la déviation de la cible continue. Le réajustement en continu est
typiquement impossible à cause des coûts d’intervention variés (coûts de transaction). Les
exemples d’applications en finance incluent la couverture d’options (voir [Fuk11a, GL14a])
et le tracking d’indices financiers (voir [PS04]), entre autres. Dans les problèmes de ce type,
les temps de discrétisation optimaux dépendent de la trajectoire du processus de manière
adaptative. Ainsi ils sont donnés par des temps d’arrêt aléatoires. Un problème particulier
considéré dans les Chapitres 1-2 est la minimisation de la variation quadratique pour des
intégrales stochastiques (voir la Section 3.4 pour les détails).

Enfin, un autre groupe de problèmes s’intéresse à la simulation de processus par des
schémas de discrétisation et l’analyse ultérieure de l’erreur de discrétisation dans des simula-
tions de Monte-Carlo (voir par exemple [FO15]). Cependant, on ne considère pas ce type de
problèmes dans notre travail et on se concentre uniquement sur les deux classes de questions
discutées précédemment.

3.2 Schémas de discrétisation aléatoires

La discrétisation basée sur des temps équidistants, c.à.d. pour τni = iT
n , est un sujet bien

fourni, voir par exemple [Roo80, JP98, HM05, GT09, GT01, MZ06] parmi d’autres, voir
aussi [JP12] et les références y contenues. Cependant, en pratique, des temps de discréti-
sation sont assez souvent espacés de façon irrégulière. La nature de cette irrégularité peut
être différente selon le cadre. De plus, les temps de discrétisation peuvent aussi être aléa-
toires, ce qui rend l’analyse encore plus compliquée. Concernant les problèmes d’estimation
statistique, bien des raisons peuvent entraîner le caractère aléatoire des temps d’observation
: i) une partie des données est manquante ; ii) les observations sont plus fréquentes du-
rant certaines périodes de temps ou quand le processus se trouve dans certaines régions de
l’espace ; iii) les observations arrivent aléatoirement selon les temps d’un processus de type
Poisson ou des temps d’arrêt reliés au processus lui-même, et d’autres. De nombreux travaux
dans cette direction signalent un effet non négligeable du caractère aléatoire des temps de
discrétisation sur le comportement asymptotique des erreurs par rapport au cas déterministe
classique. Par exemple, [ASM03] observe un impact considérable d’échantillonnage aléatoire
sur les estimateurs dans le cadre de l’estimation paramétrique de diffusions. Dans [LZZ13]
les auteurs remarquent qu’en prenant en compte le caractère aléatoire et endogène des grilles
d’observation (lorsqu’il en existe), ils arrivent à améliorer considérablement la performance
de l’estimateur de volatilité intégrée. Dans le problème d’optimisation des temps de dis-
crétisation pour le tracking optimal, on retrouve naturellement des grilles de discrétisation
aléatoires comme des temps optimaux du réajustement, et par conséquent, ils jouent un rôle
clé dans l’analyse, voir [Fuk11a, GL14a]. L’importance des schémas de discrétisation aléa-
toires en finance haute fréquence a été souligné en particulier dans [DGM+01, Section 1.1] et
[ASJ14, Chapitre 9], voir aussi [Fuk10, FR12, RR10, RR12]. On distingue les deux niveaux
suivants de généralité lorsque l’on considère des schémas de discrétisation irrégulière :

1. Pour tout i le temps τni dépend uniquement de Fτni−1
(où (Ft)0≤t≤T est une filtration

fixée) et d’autres bruits indépendants. Ce groupe inclut, en particulier, toutes les
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grilles déterministes, fortement prévisibles (c.à.d. τni est Fτni−1
-mesurable, pas de bruit

indépendant) et les temps aléatoires indépendants du processus.

2. Des temps d’arrêt généraux par rapport à une filtration donnée. Ce cadre présume que
du bruit aléatoire endogène peut déclencher les temps de discrétisation. Un exemple
de référence est la discrétisation d’un processus par ses temps d’atteinte de domaines
spécifiés.

Le premier cadre, qui inclut les temps fortement prévisibles et les temps indépendants du
processus, est mieux étudié, alors que le second est assez récent et plus compliqué pour
l’analyse. Il constitue l’objet principal de notre travail. Des schémas de discrétisation aléa-
toires donnés par des temps d’atteinte sont étroitement liés au problème de l’optimisation de
l’erreur de tracking (voir [Fuk11b, Fuk11a, GL14a]). Les Chapitres 1-2 sont consacrés à ce
problème dans le contexte de discrétisation optimale d’intégrales stochastiques (une discus-
sion détaillée est donnée dans la Section 3.4). La disponibilité des données seulement à des
temps d’arrêt peut être une propriété intrinsèque d’un modèle dont le but est d’expliquer
certaines observations qui arrivent de manière irrégulière. Assez récemment, plusieurs études
ont été faites dans cette direction. Dans [RR10, RR12] les auteurs développent un modèle du
prix financier en haute fréquence qui combine le bruit de microstructure, y compris l’erreur
d’arrondi et l’échantillonnage à des temps de transaction basés sur des temps d’atteinte bien
choisis. Ensuite, ils estiment la volatilité intégrée. Ils étudient aussi les propriétés asympto-
tiques de leur estimateur. Un cadre encore plus compliqué se présente lorsque les instants
d’observation des différents composants d’un processus multidimensionnel sont aléatoires et
qu’en plus, ils ne sont pas synchronisés. C’est un cadre typique dans certaines applications
en finance (voir e.g. [HY08]). Pour une motivation supplémentaire pour des grilles de dis-
crétisation aléatoires, on renvoie le lecteur à [GW02] où les auteurs fournissent des preuves
empiriques de la connexion entre la volatilité et la durée entre transactions en finance, et à
[Fuk10] qui étudie des modèles de données bid-ask du prix et l’échantillonnage à des temps
de transactions. Dans les Chapitres 1-4 notre but est d’étendre la recherche actuelle sur la
discrétisation de processus basée sur des temps d’arrêt aléatoires dans plusieurs directions,
y compris les applications en statistiques et l’optimisation de l’erreur de tracking. Le reste
de cette section contient les introductions plus détaillées pour chacun des problèmes étudiés
avec une revue de la littérature, ainsi qu’un résumé des résultats de chaque chapitre. Dans
la Section 3.3, on introduit la classe des suites de grilles aléatoires étudiée. Les techniques
liées à cette classe sont indispensables pour notre analyse dans les Chapitres 1-4. Dans la
Section 3.4 on continue avec l’introduction dans le problème de minimisation de la variation
quadratique pour des intégrales stochastiques basées sur des semimartingales browniennes
générales. On résume nos contributions à ce problème dans les Sections 3.5-3.6. Dans la
Section 3.7 on discute les résultats précédents sur les théorèmes centraux limites pour les
erreurs de discrétisation. Ensuite on résume notre travail sur le TCL pour des erreurs de
discrétisation basées sur des grilles aléatoires. On conclut par une présentation de nos ré-
sultats sur l’estimation paramétrique de diffusions basée sur des observations à des temps
d’arrêt dans la Section 3.10.
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3.3 Une classe de grilles aléatoires de discrétisation

Dans cette section, on présente une classe de grilles aléatoires de discrétisation étudiée dans
ce travail. Elle a été introduite dans [GL14a] comme la classe des grilles admissibles pour la
discrétisation optimale d’intégrales stochastiques. Les techniques développées dans [GL14a]
sont fondamentales pour tous les aspects de notre analyse dans les Chapitres 1-4. Cette
classe est essentiellement définie par les deux hypothèses ci-dessous. Pour un processus S,
une suite de grilles de discrétisation T := {T n : n ≥ 0} avec T n := {τni : 0 ≤ i ≤ Nn

T },
une suite déterministe strictement positive (εn)n≥0, telle que

∑
n ε

2
n < +∞, et ρN ≥ 1 on

considère les hypothèses suivantes :
(Aosc.

S ): La variable aléatoire suivante est p.s. finie :

sup
n≥0

ε−2
n sup

1≤i≤Nn
T

sup
t∈(τni−1,τ

n
i ]
|St − Sτni−1

|2
 < +∞. (3.1)

(AN ): Pour un paramètre ρN ≥ 1 donné (qui vérifie certaines hypothèses, en particulier
ρN < 4/3) la variable aléatoire suivante est p.s. finie:

sup
n≥0

(ε2ρN
n Nn

T ) < +∞. (3.2)

L’hypothèse (Aosc.
S ) signifie que les oscillations entre deux temps successifs suivent une

règle de scaling ; elle implique que le pas entre temps successifs est suffisamment petit
dans un sens défini par εn. Par ailleurs, (AN ) dit que le nombre des temps aléatoires
n’est pas très grand à une échelle donnée, ce qui exclut par exemple le cas d’accumulation
de temps stochastique. Maintenant, pour tout εn → 0 on considère une classe contenant
les suites de grilles de discrétisation {T n : n ≥ 0} telles que pour toute sous-suite ι(n) il
existe une autre sous-suite ι′ ◦ ι(n) pour laquelle {T ι′◦ι(n) : n ≥ 0} vérifie (Aosc.

S ) et (AN )
avec (ει′◦ι(n))n≥0. Cette forme particulière de la définition est motivée par le principe de
sous-suites que l’on utilise plus tard pour passer de convergences p.s. à des convergences
correspondantes en probabilité (voir le Lemme 2.2.2). En particulier, cette classe contient la
plupart des grilles de discrétisation considérées dans les travaux précédents et des grilles que
l’on peut imaginer du point de vue d’applications. Pour souligner sa généralité, on présente
ci-dessous plusieurs familles assez larges des grilles aléatoires qui sont incluses dans cette
classe (pour une justification, voir la remarque 1.2.2 et la discussion dans la Section 3.2.2)

1. Les suites T = {T n : n ≥ 0} où chaque T n = {τni : 0 ≤ i ≤ Nn
T } est une grille formée

des temps d’arrêt (avec Nn
T possiblement aléatoires) et telle que

C−1ε
2

(1−ρ)
n ≤ min

1≤i≤Nn
T

∆τni ≤ max
1≤i≤Nn

T

∆τni ≤ Cε
2

(1−ρ)
n , n ≥ 0, p.s.,

pour une variable aléatoire p.s. finie C > 0 et un paramètre ρ > 0. Cet exemple
contient, en particulier, les suites de temps déterministes et fortement prévisibles pour
lesquelles le pas de temps est contrôlé en haut et en bas et tend vers zéro.
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2. Les temps aléatoires de Poisson avec du bruit indépendant de FT mais avec une in-
tensité stochastique F-adaptée. Plus précisément, pour un processus continu adapté
strictement positif (λt)0≤t≤T on considère T n = {τni : 1 ≤ i ≤ Nn

T } donné par les
temps des sauts d’un processus de Poisson avec l’intensité (ε−2ρN

n λt)0≤t≤T .

3. On se donne une suite des processus aléatoires adaptés {Dn
t : 0 ≤ t ≤ T} où Dn

t est un
ensemble ouvert tel que

B(0, C1εn) ⊂ Dn
t ⊂ B(0, C2εn)

pour des variables aléatoires p.s. finies C1, C2 > 0; ici par B(0, r) on note la boule
centrée en 0 avec un rayon r. On définit une suite de stratégies T = {T n : n ≥ 0} avec
T n = {τni : 0 ≤ i ≤ Nn

T } de la manière suivante : τn0 = 0 et pour tout i ≥ 1

τni = inf{t > τni−1 : (St − Sτni−1
) /∈ Dn

τni−1
} ∧ T.

Autrement dit, on considère des temps d’atteinte d’ensembles aléatoires de taille εn
(des exemples plus compliqués peuvent être trouvés dans la Section 3.2.2).

Comme on peut le voir, la classe des grilles de discrétisation étudiée est assez universelle ;
elle contient en effet à peu près tous les types de grilles de discrétisation qui peuvent sem-
bler intéressants en pratique. Les Chapitres 1-4, en plus de leurs contributions principales,
développent des outils puissants permettant d’analyser les grilles de discrétisation de ce type,
ce qui fournit une base solide pour les études futures d’autres problèmes dans la discrétisation
de processus.

3.4 Discrétisation optimale d’intégrales stochastiques

Cette section est une introduction pour les Chapitres 1-2. On considère le problème qui a
pour l’ambition de trouver une suite finie des temps d’arrêt optimaux. T n = {0 = τn0 <

τn1 < · · · < τnNn
T

= T} qui minimise la variation quadratique renormalisée de l’erreur de
discrétisation pour une intégrale stochastique donnée par

Znt =
∫ t

0
v(s, Ss) · dSs −

∑
τni−1<t

v(τni−1, Sτni−1
) · (Sτni ∧t − Sτni−1

), (3.3)

où S est une semi-martingale brownienne continue de dimension d et v(t, x) est une fonc-
tion continue à valeurs dans Rd. Ici T > 0 est fixé et le nombre de temps d’arrêt Nn

T peut
être aléatoire. Avec des conditions faibles sur le modèle, et pour des grilles déterministes
et fortement prévisibles, l’erreur de discrétisation ZnT après une renormalisation bien choisie
converge en loi vers un mélange de gaussiennes (voir [Roo80, KP91, JP12]). Un choix na-
turel du critère de minimisation dans ce cas est le produit Nn

T 〈Zn〉T . En particulier, dans le
cas où

√
Nn
TZ

n
T vérifie un TCL, la limite limnN

n
T 〈Zn〉T constitue la variance asymptotique

(conditionnelle) de la loi limite (voir e.g. Chapitre 3). L’étude des problèmes de minimisa-
tion pour la discrétisation d’intégrales stochastiques a été initiée par [Fuk11a] en dimension
d = 1, mais au lieu de Nn

T 〈Zn〉T les auteurs considèrent un critère en espérance pour les
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deux termes, c.à.d. E (Nn
T )E (〈Zn〉T ). La minimisation trajectorielle de limnN

n
T 〈Zn〉T a été

adressée dans un cadre multidimensionnel d ≥ 1, dans [GL14a]. Les auteurs définissent une
classe des stratégies de discrétisation admissibles comme celles vérifiant (Aosc.

S )-(AN ). Pour
une martingale locale S et sous certaines hypothèses sur v (essentiellement son Jacobien Dxv

est inversible), ils fournissent une borne inférieure sur lim infnNn
T 〈Zn〉T pour toute la classe

des suites de grilles admissibles. Une discussion complète de ce problème dans le cadre de
couverture d’options en finance, ainsi qu’une présentation des travaux précédents, peuvent
être trouvées dans [Fuk11a, GL14a]. Dans [GL14a] les auteurs exhibent des grilles de dis-
crétisation optimales (ou arbitrairement proches de l’optimum) ayant une forme de temps
d’atteinte d’ellipsoïdes aléatoires. Plus précisément, pour un processus continu adapté ex-
plicite (Λt)0≤t≤T à valeurs dans l’ensemble des matrices symétriques définies positives de
taille d× d, une suite optimale de grilles T := {(τni )0≤i≤Nn

T
: n ≥ 0} s’écrit commeτn0 := 0,

τni := inf{t > τni−1 : (St − Sτni−1
)TΛτni−1

(St − Sτni−1
) ≥ ε2

n} ∧ T,

Comme démontré dans [GL14a], la suite optimale T est admissible et elle atteint la valeur
optimale de limnN

n
T 〈Zn〉T parmi toutes les grilles admissibles. Ces résultats sont un point de

départ de notre travail dans les Chapitres 1-2 qui est résumé dans les deux sections suivantes.

3.5 Résumé des résultats du Chapitre 1

Dans le Chapitre 1 on considère le problème de discrétisation optimale introduit dans la
Section 3.4. On démontre des résultats d’optimalité dans un cadre beaucoup plus large par
rapport à la littérature précédente. Premièrement, on permet S d’être une semi-martingale
brownienne de la forme S = A+M où A est un processus continu adapté général à variation
finie qui satisfait certaines propriétés de Holder, alors que dans [GL14a] le processus S est
essentiellement une martingale locale brownienne (A = 0,M =

∫ .
0 σsdBs). Pour ce modèle

généralisé, on démontre les résultats suivants :

• Dans le Théorème 1.3.4 on montre que les ensembles des stratégies admissibles (ad-
missibilité par rapport à un processus S est définie par (Aosc.

S )-(AN )) pour une semi-
martingale S et pour sa partie martingale locale M sont les mêmes. Le résultat est
non trivial, il est démontré par un schéma de continuation avec une application succes-
sive de l’inégalité de BDG. Car [GL14a] suppose la condition de martingale locale, le
Théorème 1.3.4 est primordial : il permet d’appliquer les résultats établis récemment
dans [GL14a] à notre cadre plus général.

• Dans le Théorème 1.3.10 on montre que la stratégie de discrétisation basée sur les
temps d’atteinte d’ellipsoïdes qui a la formeτn0 := 0,

τni := inf{t > τni−1 : (St − Sτni−1
)THτni−1

(St − Sτni−1
) ≥ ε2

n} ∧ T,

est admissible sous certaines hypothèses. Ce résultat généralise [GL14a, Proposition
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2.4].

• Le Théorème 1.4.2 est un des résultats principaux du Chapitre 1 ; il exhibe une borne
inférieure uniforme sur lim infn→+∞N

n
T 〈Zn〉T (qui est exacte comme démontré plus

tard) parmi toutes les stratégies admissibles. Cette borne est donnée par

lim inf
n→+∞

Nn
T 〈Zn〉T ≥

(∫ T

0
Tr(Xt)dt

)2

p.s.

pour un processus Xt explicitement défini. C’est une extension importante de [GL14a,
Théorème 3.1] au cas de semimartingales.

Deuxièmement, la partie martingale de S peut être dégénérée dans notre cadre, alors qu’une
hypothèse plus forte d’ellipticité p.s. de σt est supposée dans [GL14a]. Autrement dit, on ne
demande pas que l’inverse σ−1

t existe. Aussi Dxv(t, St) peut être non inversible dans notre
cadre. Pour ce modèle généralisé, on démontre le résultat suivant : le Théorème 1.5.2 montre
que la stratégie de discrétisation de la formeτ

n
0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

)TΛ(n)
τni−1

(St − Sτni−1
) ≥ ε2

nεn} ∧ T,

où Λ(n)
t est une perturbation bien choisie de Λt := (σ†t )TXtσ

†
t (par M† on note la matrice

pseudo-inverse deM), et Xt est une solution d’une certaine équation matricielle non linéaire
donnée explicitement, atteint la valeur la plus petite possible de limnN

n
T 〈Zn〉T parmi toutes

les suites des grilles aléatoires admissibles. La preuve du Théorème 1.5.2 est non trivial, car
à cause de l’absence d’inversibilité de σt, on utilise des matrices pseudo-inverses de sorte que
l’on perd certaines propriétés de continuité de la stratégie optimale. De plus, notre stratégie
atteint exactement la limite optimale, tandis que dans [GL14a] seulement une stratégie µ-
optimale a été établie (qui peut être arbitrairement proche de l’optimum). Dans la Section
1.5.3 on illustre par un test numérique la performance optimale de la stratégie exhibée dans
le Théorème 1.5.2. La possibilité de traiter le cas non elliptique est aussi fondamentale pour
les applications :

• Premièrement, elle permet de considérer des modèles partiellement dégénérés qui ap-
paraissent dans des applications variées comme, par exemple, la mécanique aléatoire
(voir la Section 1.5.3 pour des exemples).

• Deuxièmement, elle implique un résultat de robustesse de la stratégie optimale étudiée
dans [GL14a] : le Théorème 1.5.2 montre que même si σt est proche d’être dégénérée,
cela ne va pas impacter la performance de la stratégie optimale. C’est une consid-
ération importante dans les applications financières reliées à la couverture d’options,
développées dans [GL14a] (voir la discussion dans la Section 1.5.3).
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3.6 Résumé des résultats du Chapitre 2

Dans le Chapitre 2 on continue l’étude du problème de discrétisation optimale pour des
intégrales stochastiques par rapport à des semimartingales browniennes, commencée dans le
Chapitre 1. Ici notre but est de construire une version adaptative, qui ne demande aucune
information sur le modèle de l’algorithme optimal de discrétisation présenté dans le Chapitre
1. Dans les travaux précédents, les suites optimales {T n : n ≥ 0} dépendent fortement du
modèle pour S, en particulier, du processus de volatilité σ. Contrairement à cela, dans le
Chapitre 2 on ne suppose aucune information sur le coefficient de diffusion du processus
S. On ne suppose pas de modèle de diffusion pour S, ni de forme paramétrique de σ. Le
processus S de la forme A +

∫ .
0 σsdBs est assez arbitraire et on suppose seulement qu’il

vérifie certaines conditions faibles de régularité et d’inversibilité. Une version adaptative au
modèle de l’algorithme de discrétisation optimale, développé dans Chapitre 1 est nécessaire
pour rendre cet algorithme applicable en pratique. Une autre question importante est la
robustesse de la discrétisation optimale par rapport à l’erreur de l’estimation de σ. La
stratégie optimale s’écrit comme

τni = ϕ
(
στni−1

, Dxv(τni−1, Sτni−1
), (St − Sτni−1

)t≥τni−1

)
,

où ϕ représente une dépendance complexe et non linéaire. L’analyse de la robustesse de
cette dépendance nécessite un effort considérable ; il est aussi critique pour les applications.

Dans le Chapitre 2 on étudie cette question et démontre les résultats suivants :

• Dans le Théorème 2.2.4 on établit des conditions suffisantes pour une suite générale
d’estimateurs σnt de σt qui garantissent l’optimalité de la suite de stratégies corre-
spondantes. Plus précisément, supposons que σnt vérifie (pour un paramètre δ > 0) la
condition

ε−δ/2n sup
0≤t≤T

|(σtσT
t )1/2 − σnt |

P→
n→+∞

0.

Alors pour une perturbation bien choisie [Λnτni−1
]εδn de Λt (utilisé dans le Chapitre 1 pour

construire la stratégie optimale) la suite {T n}n≥0, où T n = (τni )0≤i≤Nn
T
est donné parτ

n
0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

)T[Λnτni−1
]εδn(St − Sτni−1

) > ε2+δ
n } ∧ T,

(3.4)

atteint la borne inférieure optimale sur limnN
n
T 〈Zn〉T .

• On interprète les conditions du Théorème 2.2.4 imposées sur la suite d’estimateurs
σnt pour une classe générale d’estimateurs de la moyenne glissante pondérée et spéci-
fie certaines conditions jointes sur la période d’estimation et la fréquence des temps
d’estimation afin de préserver l’optimalité asymptotique de la stratégie. En particulier,
sous des hypothèses convenables et pour une certaine suite (αn)n≥0 et des fonctions
générales de noyau Kγ(·) on démontre dans le Théorème 2.4.1 que σnt donné par

σnt = (Σn
t + αn Idd)1/2,
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où (pour une grille d’observation admissible {τ̃ni }i≥0)

Σn
t =

∑
τ̃ni <t

Kγn(τ̃ni−1 − t)∆Sτ̃ni ∆ST
τ̃ni
, (3.5)

vérifie les hypothèses du Théorème 2.2.4. Cela produit donc une stratégie de discréti-
sation optimale qu’atteint la borne inférieure uniforme sur lim infnNn

T 〈Zn〉T parmi
toutes les stratégies admissibles.

• On fournit aussi un contre-exemple (voir (2.1.7)) qui montre que la connaissance de
σt est importante pour la construction de la stratégie optimale, alors qu’un choix de
σt erroné peut impliquer une performance sous-optimale. En plus, on soutient notre
assertion par un exemple numérique dans la Section 2.5.

3.7 Théorème Central Limite pour des erreurs de discrétisation

Dans le cadre asymptotique de haute fréquence et d’horizon fixe pour les problèmes de dis-
crétisation, la démarche classique est d’analyser le comportement asymptotique de l’erreur
de discrétisation quand le pas de discrétisation tend vers 0. En particulier, on cherche à
établir un Théorème Central Limite (TCL) pour les processus de l’erreur de discrétisation
renormalisés. Des résultats classiques sur le TCL pour des grilles régulières peuvent être
trouvés dans [JP12]. Ici on est particulièrement intéressé par les travaux précédents qui
étudient des grilles de discrétisation aléatoires. Beaucoup d’entre eux sont restreints aux
cas spécifiques en ce qui concerne le modèle, la dimension (d = 1 or d > 1), le terme de
l’erreur de discrétisation ou la grille de discrétisation. En particulier, un groupe de travaux
(de chercheurs ?) analyse l’erreur de discrétisation pour des grilles fortement prévisibles ou
aléatoires indépendantes du processus. Parmi eux, [ASM04, DG04] étudient le problème
de l’estimation statistique pour des diffusions et [BNS05, BNGJ+06, MZ06, KP08] traitent
l’estimation de la variance intégrée et l’estimation de la variation de puissance dans un cadre
non paramétrique. On cite aussi [Roo80, GT01, HM05, GT09], et pour plus de détails,
on renvoie le lecteur à l’introduction du Chapitre 3. Les plus proches de notre cadre sont
les travaux qui considèrent des grilles plus générales données par des temps d’arrêt. Dans
[Fuk11b], l’auteur montre un TCL assez général en dimension 1 pour des grilles formées de
temps d’arrêt. Cependant, la classe de grilles considérée est décrite de manière implicite
par un ensemble d’hypothèses. La loi limite dépend aussi des processus dont l’existence est
donnée comme hypothèse. La vérification de ces hypothèses pour un schéma de discrétisa-
tion particulier demande un effort considérable. La généralisation de ce travail pour le cas
général multidimensionnel semble non triviale en ce que concerne l’extension du TCL (en
particulier, la caractérisation de la loi limite) sous des hypothèses abstraites sur les moments
des incréments du processus, ainsi que la détermination de la classe de grilles aléatoires qui
vérifient ces hypothèses. Par exemple, des candidats naturels pour les temps de discrétisation
générés de manière endogène sont des temps d’atteinte de domaines aléatoires, dont l’analyse
est beaucoup plus compliquée dans le cadre multidimensionnel (alors qu’en dimension 1, un
tel domaine est donné par les deux points du bord). On mentionne aussi [LMR+14] où un
TCL pour l’estimateur de la volatilité intégrée en dimension 1 a été établi en supposant la
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convergence en probabilité de quarticity et tricity renormalisées. Ici encore, les auteurs ne
caractérisent pas les temps d’arrêt pour lesquels ces convergences ont lieu. En plus le résultat
est unidimensionnel et il étudie une application particulière. Dans le Chapitre 3, on a pour
objet de rectifier des lacunes dans la littérature existante sur le problème. Plus précisément,
on veut établir un TCL pour une erreur de discrétisation multidimensionnelle générale et
pour un processus multidimensionnel. De plus, on cherche à avoir une description explicite
de la classe des grilles aléatoires considérées, et également une caractérisation explicite de
la loi limite. Ainsi, notre but est de produire un résultat qui serait suffisamment général au
niveau des grilles de discrétisation et avec des hypothèses qui seraient immédiates à vérifier
pour des modèles particuliers.

3.8 Résumé des résultats du Chapitre 3

Pour une trajectoire donnée d’un processus S sur un intervalle de temps [0, T ] et une grille
aléatoire de discrétisation T n := {τn0 = 0 < τn1 < · · · < τnNn

T
= T} formée de temps d’arrêt,

on considère une erreur de discrétisation Ent de dimension m de la forme Ent = En,1t + En,2t ,

où

En,1t =
∑

τni−1<t

∫ τni ∧t

τni−1

Mτni−1
(Ss − Sτni−1

)ds, En,2t =
∑

τni−1<t

∫ τni ∧t

τni−1

(Ss − Sτni−1
)TAτni−1

dBs,

(3.6)
iciM et A sont des processus continus adaptés à valeurs dans Matm,d(R) et Matd,d(R)⊗Rm
respectivement (de sorte que At est une application bilinéaire qui envoie (x, y) ∈ Rd × Rd
vers xTAty ∈ Rm, voir la Section 3.2.3) pour les détails. Le terme d’erreur donné par (3.6)
apparaît dans les applications suivantes :

• les stratégies de minimisation de la variation quadratique avec une application à la
couverture optimale d’options ;

• l’analyse d’erreur de l’estimation de la variance intégrée basée sur des observations à
des temps d’arrêt ;

• l’estimation paramétrique de diffusions observées à des temps d’arrêt ;

voir l’introduction du Chapitre 3 pour plus de détails. Le but du Chapitre 3 est de démontrer
un théorème central limite fonctionnel pour une suite de processus d’erreurs de discrétisation
renormalisés (

√
NtEnt )0≤t≤T , où Nn

t := #{i ≥ 1 : τni ≤ t}. Dans le Chapitre 3 on considère
une classe concrète assez générale de grilles de discrétisation aléatoires (c.à.d. spécifiée
directement par sa définition et non pas par des hypothèses abstraites) donnée comme suit.
Soit {(Dn

t )0≤t≤T : n ≥ 0} une suite des processus adaptés à valeurs dans l’ensemble de
domaines dans Rd (voir les détails dans la Section 3.2.2). En particulier, on suppose la
convergence dans un sens approprié vers un processus continu adapté (Dt)0≤t≤T à valeur dans
les domaines. Soit (Ui,n)n,i∈N une famille i.i.d. de variables aléatoires U := {Un,i : i, n ∈ N}
avec Un,i ∼ U(0, 1), qui sont indépendantes de FT . Soit G : (t, ω, u) ∈ [0, T ] × Ω × [0, 1] 7→
R+∪{+∞} une application P⊗B([0, 1])-mesurable, où par P on note la tribu des ensembles
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prévisibles de [0, T ]×Ω, pour simplifier on écrit Gt(u). On considère une classe de grilles de
discrétisation T := {T n : n ≥ 0} avec T n = {τni : 0 ≤ i ≤ Nn

T } donnée parτ
n
0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

) /∈ εnDn
τni−1
} ∧ (τni−1 + ε2

nGτni−1
(Un,i) + ∆n,i) ∧ T,

(3.7)

où (∆n,i)n,i∈N est un terme d’erreur négligeable. Cette classe de grilles de discrétisation
permet, en particulier, un couplage du bruit endogène généré par des temps d’atteinte et
du bruit indépendant donné, par exemple, par un processus de Poisson avec une intensité
stochastique (voir par exemple la Section 3.2.2). Les avantages de notre cadre sont, en
particulier, que :

• on considère une filtration générale qui permet des modèles avec un changement de
régime, voir Exemple 3.2.1;

• notre cadre permet des processus et des termes d’erreurs multidimensionnels, contraire-
ment aux résultats de dimension 1 dans les travaux précédents (e.g. [Fuk11b]);

• les temps d’atteinte des domaines constituent des objets compliqués en plusieurs di-
mensions à la différence de la dimension 1 ;

• notre cadre pour le processus S comprend des semimartingales browniennes assez
générales qui satisfont certaines hypothèses faibles de régularité ; il inclut beaucoup
de modèles utilisés en pratique comme, par exemple, des processus de diffusion, des
processus dépendants de trajectoire, des modèles à volatilité stochastique, etc. (voir
Exemple 3.2.1);

• on permet des domaines avec des coins (comme des intersections bornées de demi-
espaces, c.à.d. des polyèdres).

Le Théorème 3.2.7 constitue le résultat principal du Chapitre 3 qui est donné comme suit
: Pour des processus explicites mt, Qt et Kt on démontre (sous des hypothèses faibles), la
convergence en loi F̄-stable fonctionnelle de (

√
Nn
t Ent )0≤t≤T :

√
Nn
t Ent

d=⇒
[0,T ]

√∫ t

0
m−1
s ds

(∫ t

0
MsQsds+

∫ t

0
QT
sAsdBs +

∫ t

0
K1/2
s dWs

)
, (3.8)

oùW est un mouvement brownien de dimensionm défini sur un espace de probabilité étendu
(Ω̃, F̃ , P̃) qui est indépendant de B. La preuve du Théorème 3.2.7 consiste des deux blocs,
dont chacun représente une contribution importante :

• Le Théorème 3.3.1 montre un TCL du type (3.8) pour des grilles générales données
par des temps d’arrêt sous des hypothèses convenables. C’est le premier résultat de ce
type dans un cadre multidimensionnel. En plus, les hypothèses sont bien adaptées à
la vérification, et une caractérisation traitable de la loi limite est fournie.

• Les Propositions 3.3.4, 3.3.5 exhibent une borne sur l’erreur faible pour les temps
d’atteinte de domaines par un processus d’Itô, par rapport à une perturbation de
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son coefficient de diffusion et du domaine. Ils effectuent une analyse très délicate de
l’erreur faible qui permet de passer d’une estimation locale pour un seul temps d’arrêt
à une estimation globale pour une suite de grilles de discrétisation formée de tel temps
d’arrêt, sous des hypothèses peu restrictives.

Une application directe et importante de notre résultat est le cas des grilles de temps donnés
par des temps d’atteinte d’ellipsoïdes aléatoires. Les grilles de ce type apparaissent dans
[GL14a] et les Chapitres 1-2 comme des stratégies optimales de discrétisation pour la min-
imisation de la variation quadratique, dans un cadre multidimensionnel. Ils jouent un rôle
important dans le problème d’optimisation de l’erreur de couverture d’options en finance
(voir [Fuk11a]). Le Théorème 3.2.7, en particulier, justifie l’utilisation de limnN

n
T 〈Zn〉T

comme un critère de minimisation car cette limite se révèle être la variance de la loi limite
dans le TCL. Une autre application importante développée dans le Chapitre 4 est l’estimation
paramétrique de diffusions observées à des temps d’arrêt.

3.9 L’estimation paramétrique de diffusions observées à des temps d’arrêt

L’estimation paramétrique de processus stochastiques est une tâche plus difficile par rapport
au cadre classique des observations i.i.d.. Typiquement, seules des observations discrètes
d’une seule trajectoire du processus sont disponibles. Une approche classique d’estimation est
basée sur l’approximation des densités de transition du processus entre les temps d’observation,
et utilisée pour construire des estimateurs de vraisemblance approchée. Dans le cadre de
haute fréquence et d’horizon fini, le nombre d’observations N sur un intervalle fixe [0, T ] est
supposé large, et on s’intéresse aux propriétés asymptotiques d’estimateurs quand N tend
vers l’infini. L’estimation typiquement (ou type ?) demande la connaissance du coefficient de
diffusion σ aux temps d’observation, lequel, à son tour, nécessite une hypothèse de Markov
car on observe uniquement le processus S. Cela restreint la classe de modèles étudiés aux
processus de diffusion de la forme

St = S0 +
∫ t

0
bsds+

∫ t

0
σ(s, Ss, ξ?)dBs, t ∈ [0, T ], S0 ∈ Rd, (3.9)

où ξ? est un paramètre inconnu. De nombreux travaux étudient le problème d’estimation de
diffusions. Pour des références générales, voir les livres [Sør04, Fuc13] et les notes de cours
[Jac07]. L’estimation non paramétrique de coefficient de diffusion σ(.) est étudiée dans [FZ93]
pour des temps d’observation équidistants sur un intervalle fixe. Dans [GCJ93] les auteurs
considèrent le problème d’estimation paramétrique pour des diffusions multidimensionnelles
et des grilles d’observations régulières. Ils construisent une suite consistante d’estimateurs
du paramètre inconnu basée sur la minimisation de certaines fonctions appelées contrastes
et démontrent la convergence faible de l’erreur renormalisée au taux

√
n vers un mélange

de gaussiennes, où n est le nombre d’observations. On cite aussi [GCJ94], voir la discussion
dans l’introduction du Chapitre 4. Le problème d’estimation à variance minimale a été
étudié en utilisant la propriété de normalité mélangée asymptotique locale (local asymptotic
mixed normality ou LAMN en anglais), voir e.g. [CY90, Chapitre 5] pour la définition :
la propriété LAMN a été établie dans [Doh87] pour S unidimensionnel, et dans [Gob01]
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pour plusieurs dimensions en utilisant le calcul de Malliavin, quand n temps d’observation
sont équidistants sur un intervalle fixe. Ces derniers résultats montrent l’optimalité des
estimateurs gaussien qui atteignent la consistance avec la variance optimale. Certains travaux
sont dédiés au problème d’estimation basée sur des observations à des temps aléatoires, mais
sous des hypothèses assez restrictives sur ces temps. Plus précisément dans [ASM03, DG04]
les auteurs supposent que l’incrément τni − τni−1 du temps dépend seulement de l’information
avant τni−1 et d’autres bruits indépendants. Une condition similaire a été considérée dans
[HJY11], et il peut y avoir une forme des temps fortement prévisible (τni est connu à temps
τni−1). Dans [ASM04], les incréments de temps sont simplement indépendants identiquement
distribués. Les travaux précédents considèrent seulement des grilles déterministes, fortement
prévisibles ou aléatoires indépendantes du processus. Cependant, suivant les arguments dans
la Section 3.2, le cas des temps d’observation plus généraux donnés par des temps d’arrêt est
important dans les applications et doit aussi être examiné. À notre connaissance, ce type de
problèmes n’était pas encore étudié dans la littérature, sauf dans [LMR+14] (dans un cadre
non paramétrique)où un TCL pour l’estimation de la volatilité intégrée en dimension 1 a été
établi en supposant la convergence en probabilité de quarticity et tricity renormalisées (mais
les auteurs ne caractérisent pas les temps d’arrêt pour lesquels ces convergences ont lieu).
Une raison qui explique la carence d’études dans la littérature est essentiellement que les
techniques nécessaires pour l’analyse des grilles de discrétisation aléatoires pour des processus
multidimensionnels n’étaient pas disponibles jusqu’à récemment. En particulier, l’étude de la
normalité asymptotique pour des suites d’estimateurs demande un TCL pour des erreurs de
discrétisation basées sur telles grilles. Un résultat de ce type a été établi récemment (voir le
Chapitre 3) dans un cadre concret (c.à.d. pour une classe de grilles définie explicitement, et
non pas par des hypothèses abstraites, contrairement à [LMR+14]), en plusieurs dimensions
(contrairement aux travaux précédents) et avec la loi limite explicite. Notons que dans
[Fuk11b], la dérivation du TCL est atteinte dans le contexte des temps d’arrêt généraux,
mais la limite dépend des conditions implicites qui sont difficiles à vérifier sauf certains cas
particuliers (notamment en dimension 1). Dans le Chapitre 4 notre but est de construire
une suite consistante d’estimateurs (ξn)n≥0 du vrai paramètre ξ? et d’effectuer son analyse
asymptotique dans le cas de grilles de discrétisation données par des temps aléatoires. En
particulier, notre cadre couvre les grilles considérées dans les travaux précédents sur le sujet
mais permet aussi des temps d’observation plus généraux donnés par des temps d’arrêt, ce
qui constitue un avancement important dans le sujet.

3.10 Résumé des résultats du Chapitre 4

On se donne une semi-martingale brownienne (St)0≤t≤T de dimension d de la forme (3.9),
et une suite de grilles d’observation T n = {τni : 0 ≤ i ≤ Nn

T } qui vérifie les hypothèses
(Aosc.

S ) et (AN ) introduites dans la Section 3.3. Notre but est de construire pour tout n ≥ 0
un estimateur ξn de ξ? utilisant seulement la connaissance de {τni , Sτni : 0 ≤ i ≤ Nn

T }. On
suppose aussi qu’aucune information supplémentaire concernant les propriétés de la loi de τni
n’est fournie (voir la discussion dans la Section 4.1.2). Bien que la loi de Sτ , pour τ un temps
d’arrêt, puisse être assez différente de la loi gaussienne, on est inspiré par la même approche.
Cependant, on présente une interprétation un peu différente du même critère de minimisa-



3. Partie I: Discrétisation de processus à des temps d’arrêt 40

tion. On généralise aussi le critère pour prendre en compte l’irrégularité de distribution des
points de discrétisation sur [0, T ]. Notons pΣ(x) := (2π)−d/2(det Σ)−1/2 exp

(
−1

2x
TΣ−1x

)
la

densité de la loi gaussienne centrée Nd(0,Σ) de dimension d avec la matrice de covariance
Σ (supposée être non dégénérée). Notons la divergence de Kullback-Leibler (KL) entre les
variables Nd(0,Σ1) et Nd(0,Σ2) par

DKL(Σ1,Σ2) :=
∫
Rd
pΣ1(x) log pΣ1(x)

pΣ2(x)dx. (3.10)

Pour une fonction de poids continue ω : [0, T ] × Rd →]0,+∞[ on note ωt := ω(t, St); le
processus (ωt)0≤t≤T est continu adapté positif. Sur la base d’une condition d’identifiabilité
appropriée, on montre que la minimisation de

∫ T
0 DKL(ct(ξ?), ct(ξ))ωtdt sous certaines hy-

pothèses donne le vrai paramètre ξ?. Ensuite on considère U?(·), donné par

U?(ξ) :=
∫ T

0

(
log(det ct(ξ)) + Tr(σt(ξ?)Tc−1

t (ξ)σt(ξ?))
)
ωtdt,

et on montre que
∫ T

0 DKL(ct(ξ?), ct(ξ))ωtdt = 1
2U

?(ξ) + C0, où C0 est indépendant de ξ. Le
terme

∫ T
0 Tr(σt(ξ?)Tc−1

t (ξ)σt(ξ?))ωtdt représente une variation quadratique. Ainsi on définit
la version discrétisée de U?(·) suivante, qui utilise seulement {τni , Sτni : 0 ≤ i ≤ Nn

T },

Un(ξ) :=
∑

τni−1<T

ωτni−1
log

(
det cτni−1

(ξ)
)

(τni − τni−1) +
∑

τni−1<T

ωτni−1
∆ST

τni
c−1
τni−1

(ξ)∆Sτni . (3.11)

La fonction aléatoire Un(.) joue un rôle de contraste : elle est asymptotiquement égale à
U?(.), pour laquelle le minimum est atteint en ξ?. Dans le cas des grilles régulières et ωt = 1
le contraste (3.11) coïncide avec [GCJ93, eq. (3)]. On définit une suite d’estimateurs (ξn)n≥0
comme suit :

ξn := Argminξ∈Ξ U
n(ξ) (3.12)

(si l’ensemble minimisant de Un(·) n’est pas un singleton, on prend n’importe lequel de ces
éléments). Notons que l’utilisateur est libre de choisir la forme du processus ωt. L’optimisation
rigoureuse du choix de ωt en utilisant uniquement {τni , Sτni : 0 ≤ i ≤ Nn

T } est compliquée
; néanmoins, en pratique, il semble raisonnable de faire augmenter ωt sur les intervalles de
temps où la fréquence des observations est plus élevée. On n’a pas réalisé d’autres études
dans cette direction. Dans le Chapitre 4 on démontre les résultats pour la suite d’estimateurs
(ξn)n≥0 donnée par (3.12) présentés ci-dessous. Ces résultats sont nouveaux dans le cadre
de grilles d’observation aléatoires données par des temps d’arrêt introduites dans la Section
3.3.

• Le Théorème 4.2.1 déclare que pour la suite d’estimateurs (ξn)n≥0 donnée par (3.12)
on a

ξn
P−→

n→+∞
ξ?.

• Dans le Théorème 4.2.2 on montre que sous des hypothèses convenables, on a une
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représentation
ε−ρNn (ξn − ξ?) = (H−1

T + oPn(1))ε−ρNn ZnT + oPn(1),

où ρN est donné par (AN ), oPn(1) P−→
n→+∞

0 et HT sont définis explicitement, et le terme
Znt a une forme de l’erreur de discrétisation étudiée dans le Chapitre 3, c.à.d.

ZnT :=
∫ T

0
∆ST

t Aϕ(t)dBt +
∫ T

0
Mϕ(t)∆Stdt

pour certains processus Mt et At définis explicitement. En particulier, ce résultat
permet de déduire un TCL pour la suite d’estimateurs (3.12) par une application
directe d’un TCL pour l’erreur de discrétisation Znt , comme celui dans le Chapitre 3,
ainsi que pour d’autres résultats. Par conséquent, notre travail fournit des résultats
suffisants qui permettent de déduire un TCL pour une suite d’estimateurs (ξn)n≥0 dans
un cadre très général en termes de temps d’observation aléatoires, lequel cadre n’était
pas disponibles avant dans la littérature.

• Dans le cas de paramètre ξ de dimension 1 et quand la normalité asymptotique est
vérifiée sans terme du biais, le Théorème 4.2.6 exhibe une borne inférieure universelle
sur la variance asymptotique de notre suite d’estimateurs parmi toute la classe de
grilles de discrétisation introduite dans la Section 3.3. On montre aussi que cette borne
est tendue. Notamment on exhibe une variable aléatoire V opt.

T telle que si (pour une
suite de grilles d’observation assez arbitraire T n) on a

√
Nn
T (ξn − ξ?) d−→ N (0, VT ),

et sous certaines hypothèses, on obtient automatiquement que VT ≥ V opt.
T p.s. En

plus, on donne une suite de grilles {T n : n ≥ 0} pour laquelle la variance limite est
arbitrairement proche de V opt.

T dans un sens approprié. À notre connaissance, c’est le
premier résultat de ce type dans l’estimation paramétrique de diffusions (voir aussi la
discussion sur la différence de notre cadre par rapport à [GCJ94] dans l’introduction
du Chapitre 4).

4 Partie II : Quantification d’incertitudes pour des limites
d’approximation stochastique

La Partie II de cette thèse s’intéresse au problème de la quantification d’incertitudes de mod-
èle pour des limites d’approximation stochastique. L’approximation stochastique (Stochastic
Approximation ou SA en anglais) est utilisée pour trouver des zéros d’une fonction z 7→ h(z)
pour laquelle il n’y a pas de formule fermée, et qui est disponible sous une forme d’espérance
h(z) := E[H(z, V )]. L’espérance est prise par rapport à une variable aléatoire V qui mod-
élise le système stochastique étudié. Dans de nombreux problèmes appliqués, la spécification
exacte de la distribution de V est inconnue, et il est raisonnable de considérer le modèle
comme incertain (voir la Section 4.2 pour la motivation). Cette incertitude peut être ex-
primée par une dépendance paramétrique V ∼ µ(θ,dv) où θ ∈ Θ est un paramètre incertain
qui suit une certaine loi π. Dans ce cadre la fonction h, ainsi que son zéro z?, va dépendre
de θ, ou autrement dit z? = φ?(θ) pour une fonction φ?(·). Notre but est de calculer φ?(·)
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de sorte que l’on puisse quantifier de manière efficace la loi de la limite de SA φ?(θ) étant
donné la loi π de θ. Pour accomplir cette tâche, on choisit la méthode d’expansion de chaos.
On suppose que φ?(·) appartient à l’espace de Hilbert des fonctions carrées intégrables par
rapport à π. Ensuite on développe une procédure d’approximation stochastique en dimen-
sion croissante (surnommée l’algorithme USA, Uncertainty for Stochastic Approximation)
pour le calcul des coefficients de l’expansion de chaos de φ?(·) dans une base orthogonale
de l’espace de Hilbert. Cela nous fournit une suite d’approximations φk(·) convergeant vers
φ?(·) par rapport aux normes de l’espace de Hilbert. Les Chapitres 5-6 sont consacrés au
développement et à l’analyse de convergence de l’algorithme USA. La Section 4.1 présente
une introduction à la méthode d’approximation stochastique. Dans la Section 4.2 on for-
mule le problème d’incertitude de modèle pour des limites d’approximation stochastique et
on donne des exemples de motivation. On discute l’approche d’expansion de chaos dans
la Section 4.3. La construction de l’algorithme USA est présentée dans la Section 4.4. La
Section 4.5 contient un résumé de nos résultats sur la convergence de USA dans le Chapitre
5 et le taux de convergence dans L2 obtenu dans le Chapitre 6.

4.1 Introduction aux algorithmes d’approximation stochastique

La méthode d’approximation stochastique est utilisée pour trouver des zéros d’une fonction
z 7→ h(z) donnée sous une forme d’espérance. On suppose que h(z) représente la moyenne des
valeurs d’une fonction connue H(z, V ) sur des scénarios aléatoires produits par une variable
aléatoire V . Le but est de calculer numériquement une solution de h(z) = E[H(z, V )] = 0
en supposant que des simulations i.i.d. de V sont disponibles. Des méthodes classiques
déterministes en combinaison avec une approximation par Monte-Carlo de chaque valeur
de h(z) peuvent s’avérer trop coûteuses en temps de calcul. L’approximation stochas-
tique a été développée pour résoudre ce problème de manière plus efficace. Initiée par
Robbins et Monro [RM51] et Kiefer et Wolfowitz [KW52] dans les années 1950, la théorie
d’algorithmes d’approximation stochastique était un sujet de recherche intensive, théorique
comme appliquée. La méthode d’approximation stochastique est maintenant activement
utilisée dans de nombreux domaines comme l’optimisation, l’estimation paramétrique, le
traitement des signaux, le contrôle adaptatif, l’optimisation des systèmes stochastiques par
Monte-Carlo (voir [KY97a, BMP90]), les méthodes de descente du gradient stochastique
dans l’apprentissage (voir e.g. [BC05, SSS08, BCN17]), l’échantillonneur de Monte- Carlo
adaptatif (voir e.g. [HST01, AT08, FMP11, FJLS16, FS00, DVA98]), et le calcul efficace
des queues de distribution, parmi d’autres. Une application standard de l’approximation
stochastique est le cas où h représente le gradient d’une fonction convexe c donnée par une
espérance, c.à.d.

h(z) = ∇zc(z) = ∇zE[C(z, V )].

Dans ce cas SA correspond à la minimisation de c et s’appelle descente du gradient stochas-
tique. Notons que pour utiliser le SA classique, il faut que ∇zE[C(z, V )] = E[∇zC(z, V )]
et que H := ∇zC soient connus. Si seule la fonction C est connue, on peut appliquer la
méthode de Kiefer-Wolfowitz ([KW52]) qui utilise les différences finies.
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Le paradigme de base de SA est l’équation de différence stochastique de la forme

zn+1 = zn + γn+1H(zn, Vn).

Ici, z est un paramètre du système ; le vecteur aléatoire H(zn, Vn) est une observation du
scénario du système (produite par une simulation de Vn ∼ V ) avec le paramètre fixé à
zn. On ajuste récursivement le paramètre afin d’atteindre le but asymptotiquement. L’idée
principale développée dans [RM51] est que, si le pas γn dans les mises à jour du paramètre
tend vers 0 de manière appropriée quand n→ +∞, cela produit de la moyennisation implicite
qui élimine les effets aléatoires à long terme. De nombreux résultats sur la convergence de
SA ont été démontrés dans des cadres différents. Pour donner un exemple, on renvoie le
lecteur à [BFP09, Théorème 2.2] car cette version est la plus proche de notre analyse dans
le Chapitre 5. Pour ce qui concerne le taux de convergence de SA, les résultats classiques
montrent la normalité asymptotique de la suite renormalisée γ1/2

n (zn − z?) où z? = limn z
n

(voir par exemple [Duf97, Chapitre 2]). En utilisant en plus la procédure de moyennisation
de Polyak-Ruppert (voir [PJ92]) on peut atteindre le taux de convergence de 1/n pour tout
γn = 1/na, a ∈ (1/2, 1). On remarque que la méthode de Monte-Carlo (ayant pour le but de
calculer E[V ]) est un cas particulier de SA avec γn = 1

n et H(z, v) = z − v.

4.2 Quantification d’incertitudes pour des limites d’approximation stochas-
tique: motivation

Le cadre de SA introduit dans la Section 4.1 comprend une variable aléatoire V , pour laquelle
le problème principal s’écrit comme E[H(z, V )] = 0. Dans beaucoup d’applications, le choix
du modèle pour V est très important. Une spécification exacte du modèle expliquant un
phénomène du monde réel doit être choisie avant l’utilisation de la méthode de SA. Assez sou-
vent elle est choisie dans une famille paramétrique de distributions {µ(θ,dv) : θ ∈ Θ ⊂ Rd},
de sorte que le paramètre θ doit être pré-estimé ou fixé par un avis d’expert. Évidemment,
une spécification parfaite de θ est rarement possible. Dans certains cas, où on manque
d’informations sur le paramètre θ, il est raisonnable de supposer que le modèle de V est
incertain. Cette incertitude peut être exprimée par le caractère aléatoire du paramètre θ.
Ici on présente quelques problèmes résolus par SA, pour lesquels l’incertitude de modèle
constitue un problème pertinent :

• Minimisation de coûts espérés (aussi minimisation de risque ; maximisation d’utilité)
sous l’incertitude de modèle. Dans ce cas V modélise un système stochastique et z cor-
respond au paramètre déterminant la stratégie d’interaction avec le système. Ensuite
on a H(z, v) := ∇zC(z, v) où C est une fonction de coût. Le but est de trouver une
stratégie z qui minimise le coût espéré E[C(z, V )]. Sous des hypothèses convenables,
ce problème s’écrit comme E[∇zC(z, V )] = 0 et donc peut être résolu par SA. Dans
ce cas l’incertitude du modèle est très pertinente. Un exemple d’un tel cadre, parmi
beaucoup d’autres, est l’optimisation de portefeuille (où on veut choisir de manière op-
timale les poids de portefeuille afin de minimiser certains risques espérés ; la variable
V représente la distribution aléatoire future du marché, voir par exemple [GMIC14]).
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• SA peut être utilisé pour calculer une quantité de distributions, qui porte aussi le nom
de Value-at-Risk (VaR) en finance (et plus généralement pour calculer une paire de
mesures de risque VaR et CVaR qui sont largement utilisées, voir [BFP09] pour les dé-
tails). Dans des applications financières, V représente une valeur future de portefeuille
pour laquelle le choix de la loi n’est pas simple. Souvent on manque d’informations et
on a besoin d’une approche efficace pour calculer les mesures de risque pour une famille
de modèles afin d’analyser le risque du modèle. En particulier, une telle analyse est
exigée par les régulateurs financiers.

• Dans certaines applications une approche bayésienne est utilisée pour choisir le modèle
de V . Ici on considère une famille paramétrique de lois {µ(θ,dv), θ ∈ Θ} avec une loi
a priori sur θ. Après avoir observé les données, la loi de θ donne jour à une certaine loi
a posteriori π. Dans ce cas le caractère aléatoire de θ implique l’incertitude de modèle
pour V .

On exprime l’incertitude de modèle par une dépendance paramétrique V ∼ µ(θ,dv) de la
distribution de V et on suppose que θ suit une loi π sur Θ. Dans ce cas, la solution z? de
E[H(z, V )] = 0 où V ∼ µ(θ,dv) pour θ fixé, dépend de θ, ce qui implique z? = φ?(θ) pour une
fonction φ?(·). Notre but principal est de quantifier la loi de la solution (ou la limite de SA
) {φ?(θ) : θ ∼ π} par une approximation de φ?(·) dans un espace fonctionnel bien choisi. On
note que dans les exemples ci-dessus, une alternative plus simple pourrait être d’augmenter
la complexité du modèle de V en faisant V suivre la loi marginale de (θ, V ) ∼ µ(θ,dv)π(dθ).
Ce problème peut être ensuite résolu par des méthodes standard. Cependant cette approche
donne beaucoup moins d’informations, typiquement une seule valeur (qui représente une
sorte de moyenne des solutions parmi les différents choix du modèle), alors que l’on est
intéressé par la quantification de la loi complète de φ?(θ).

4.3 Formulation du problème. Expansion de chaos

Maintenant on va formaliser le problème introduit dans la Section 4.2. On commence par
l’équation E[H(z, V )] = 0, où V est une variable aléatoire à valeurs dans un espace métrique
V. On impose de l’incertitude sous une forme de dépendance paramétrique V ∼ µ(θ,dv)
(pour un noyau de transition µ de Θ à V). Le paramètre θ lui-même suit une loi de probabilité
connue π(dθ) sur Θ ⊂ Rd. On permet aussi de l’incertitude sur la fonction H, sous une forme
de dépendance en θ, de sorte que l’on prend H : Rq ×V ×Θ→ Rq. On note par Lπ2 l’espace
de Hilbert des fonctions carrées intégrables par rapport à π. Le problème de la quantification
d’incertitudes pour des limites de SA s’écrit maintenant formellement comme

Find φ? in Lπ2 such that
∫
V
H(φ?(θ), v, θ)µ(θ,dv) = 0, π-a.s. (4.1)

Une approche naïve pour accéder à la distribution {φ?(θ), θ ∼ π} est de simuler θ ∼ π et
ensuite, pour chaque valeur simulée θi, de lancer une procédure d’approximation stochas-
tique avec le paramètre du modèle fixé à θi qui donne une approximation φ̂?(θi) de φ?(θi).
Une technique plus intelligente est d’approcher la fonction φ?(·) de telle manière qu’ensuite
seulement, la simulation de θ ∼ π soit nécessaire. Cela peut être fait par l’expansion de chaos
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qui remonte à Wiener [Wie38] et qui a été développée dans les domaines d’ingénierie et de
la quantification d’incertitudes dans les années 2000 (voir [GS03, LK10] et les références y
contenues). Cette technique, connue aussi comme la méthode spectrale, consiste en la pro-
jection de la fonction inconnue φ? : Θ 7→ Rq sur une base orthogonale {θ 7→ Bi(θ), i ∈ N} de
l’espace L2 par rapport à la loi π et le calcul des coefficients de sa décomposition.

φ? =
∑
i≥0

u?iBi. (4.2)

Dans le cas le plus commun où B0 ≡ 1, une fois que les coefficients {u?i , i ≥ 0} sont cal-
culés, l’espérance et la matrice de la variance-covariance de {φ?(θ), θ ∼ π} sont disponibles
directement sous une forme

Eθ∼π[φ?(θ)] = u?0 and Varθ∼π(φ?(θ)) =
∑
i≥1

u?i (u?i )>.

Dans le cas de base polynomiale, les moments plus élevés sont aussi calculables, voir [LK10,
Appendix C].

Une méthode naïve imbriquée pour calculer les coefficients u?i peut consister en une
simulation de θ1, · · · , θN ∼ π et ensuite, pour chaque θi, d’un tour de SA pour obtenir
φ̂?(θi). Ainsi on retrouve une approximation de u?i donnée par

ûi := 1
N

N∑
i=1

φ̂?(θi)Bi(θi). (4.3)

Cependant, cette méthode demande des calculs imbriqués, et par conséquent, elle est peu
efficace. On peut l’illustrer à partir d’un exemple simple où SA est réduit à la méthode
de Monte-Carlo (un cas particulier "linéaire" où H(z, v) = z − v). Dans cet exemple, la
méthode naïve entraîne une procédure de MC en deux étapes qui convergent deux fois plus
lentement. La façon appropriée de faire le calcul dans ce cas serait d’approcher la moyenne∫

Θ×V vµ(θ,dv)Bi(θ)π(dθ) directement par des simulations i.i.d. de (θ, V ) ∼ µ(θ,dv)π(dθ).
À cet égard, on attend que l’approche naïve (4.3) peut être aussi largement améliorée dans
le cas général ; notre but est de développer un algorithme pour calculer les coefficients u?i
en utilisant un mélange efficace de la simulation de θ ∼ π et les simulations de l’algorithme
d’approximation stochastique. Dans l’introduction du Chapitre 5 on montre qu’une procé-
dure en dimension croissante (c.à.d. avec le niveau de troncature progressivement augmenté)
est nécessaire à cause de la non linéarité du problème. De telles méthodes d’expansion de
chaos sont difficiles à analyser. Même dans le cas où la fonction φ? est connue (ici le calcul
des coefficients individuels u?i dans (4.2) est évident par Monte- Carlo) la convergence glob-
ale de la méthode où le nombre de coefficients croît vers l’infini nécessite un réglage de la
vitesse de croissance de leur nombre et du nombre de simulations. Le développement d’une
telle méthode dans le cas plus général de SA et l’analyse de sa convergence sont donc un
problème ambitieux.
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4.4 L’algorithme USA

Dans le Chapitre 5 on développe une procédure d’approximation stochastique pour calculer
les coefficients de φ? =

∑
i≥0 u

?
iBi de sorte que chaque itération appartient à un espace

de dimension finie et la dimension de ces espaces tend vers l’infini. Ici on présente une
version un peu simplifiée de cette procédure surnommée l’algorithme USA, qui résout le
problème (4.1). Elle est complètement constructive et facile à réaliser. Plus de détails sur la
motivation pour la construction de cet algorithme peuvent être trouvés dans le Chapitre 5.

1 Input: Sequences {γk, k ≥ 1}, {mk, k ≥ 1}, {Mk, k ≥ 1}, K ∈ N, {u0
i , i = 0, . . . ,m0}

2 for k = 0 to K − 1, do
3 sample (θsk+1, V

s
k+1), s = 1 . . . ,Mk+1, under the distribution π(dθ)µ(θ,dv); for

i > mk+1 define uki = 0 for i = 0 to mk+1, do
4 uk+1

i = uki − γk+1M
−1
k+1

∑Mk+1
s=1 H

(∑mk
j=0 u

k
jBj(θsk+1), V s

k+1, θ
s
k+1

)
Bi(θsk+1)

5 Output: The vector {uKi , i = 0, . . . ,mK}.

Algorithm 2: L’algorithme USA pour le calcul des coefficients de la décomposition
de φ?.
Les entrées de l’algorithme sont : une suite positive de pas {γk, k ≥ 1}, deux suites à

valeurs entières positives {mk, k ≥ 1} et {Mk, k ≥ 1} qui correspond au nombre de coef-
ficients non nuls dans l’approximation de φ? et le nombre de simulations de Monte-Carlo
du couple (θ, V ) ∼ π(dθ)µ(θ,dv) à chaque itération k, une valeur initiale u0 ∈ Rm0 et un
nombre total d’itérations K. La sortie de l’algorithme est une suite uK = {uKi , i ≤ mK} qui
approche la solution u?. L’approximation correspondante φK de la solution φ? du problème
(4.1) est donc donnée par

φK :=
mK∑
i=0

uKi Bi. (4.4)

Ensuite cette approximation permet de calculer facilement toutes les statistiques de la limite
incertaine de SA φ?(θ) en utilisant seulement la simulation de θ ∼ π.

4.5 Résumé des résultats des Chapitres 5 and 6

Dans le Chapitre 5, en plus de la motivation plus détaillée de la construction de l’algorithme
USA 2, on démontre sa convergence p.s. et dans Lp, (p < 2). Dans le Théorème 5.3.5 on
montre sous des hypothèses explicites et claires que pour la suite {φk : k ≥ 0} produite par
(4.4) on a

lim
k→∞

∥∥∥φk − φ∞∥∥∥
π

= 0 p.s., ∀p ∈ (0, 2) lim
k→∞

E
[∥∥∥φk − φ∞∥∥∥p

π

]
= 0.

où φ∞ est une variable aléatoire à valeur dans l’ensemble des solutions du problème (4.1)
(ou tout simplement φ∞ = φ? est la solution φ? de (4.1) s’il est unique). L’algorithme
2 est une procédure d’approximation stochastique dans l’espace de Hilbert de dimension
infinie l2, ce qui rend l’analyse de la convergence relativement non triviale. On montre que
nos résultats sont originaux car ils ne sont pas couverts par les travaux existants sur le SA
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dans des espaces de Hilbert. Parmi eux, on est uniquement intéressé par SA en dimension
croissante (mais où chaque itération est de dimension finie, ce qui rend l’algorithme réalisable
en pratique). Ce type de SA a été étudié dans [Nix84, Gol88, Yin92] (dans un cas particulier
du bruit indépendant, c.à.d. H(z, V ) = H̃(z)+V ). Plus récemment, dans [CW02] les auteurs
montrent des résultats de convergence et de normalité asymptotique pour SA en dimension
croissante dans un cadre plus général. Cependant, ces résultats sont démontrés sous des
conditions assez abstraites. De plus [Nix84, CW02] considèrent un terme de bruit de la
forme H̃(φk, Vk+1) avec H̃ : H×V → H et une seule loi pour les Vn. Par contre, dans notre
cas, H(φk(·), Vk+1, ·) peut être simulé seulement θ par θ, car la loi de Vk+1 peut dépendre de
θ. Enfin, certaines hypothèses clés des travaux ne sont pas vraies dans notre cadre, voir le
Chapitre 5 pour une discussion plus complète et des contre-exemples (par exemple dans la
Remarque 5.3.3). Dans la Section 5.5 on effectue une analyse numérique détaillée, incluant
la discussion du réglage des paramètres pour la mise en pratique de l’algorithme USA. Dans
le Chapitre 6 on étudie le taux de convergence dans L2 de la suite {φk, k ≥ 0} produite
par l’algorithme USA. Notre résultat principal dans le Théorème 6.3.1 donne explicitement
α > 0 tel que pour une constante Cα > 0 on a pour tout k ≥ 0

E
[∥∥∥φk − φ?∥∥∥2

π

]
≤ Cαγαk . (4.5)

Un contrôle de la forme γαk a été motivé par des résultats similaires dans le cas de dimension
finie où typiquement l’erreur carrée de SA est d’ordre O(γk), c.à.d. α = 1 (voir par exemple
[Duf97, Chapitre 2]). Dans les résultats de dimension finie sur le taux de convergence de
SA, la vitesse de convergence dépend uniquement de la suite de pas γk. Dans notre cadre,
l’exposant α dans (4.5) va dépendre de façon non triviale du modèle, de la régularité de
φ?, du choix des fonctions de base et des paramètres de l’algorithme USA. La connaissance
de cette dépendance joue un rôle important dans le réglage correct de l’algorithme afin de
garantir la convergence dans L2 avec le meilleur taux possible, étant donné le modèle. On
montre comment les résultats obtenus justifient l’optimalité du choix heuristique de la vitesse
de croissance de dimension dans la Section 6.3.2. Encore une fois, on conclut que les travaux
précédents sur le SA en dimension infinie ne peuvent pas être appliqués à l’analyse de taux
de convergence de USA, voir l’introduction du Chapitre 6. Cela souligne la nouveauté de
nos résultats.

En dehors de la quantification d’incertitudes, notre approche peut être appliquée à
l’analyse de sensibilité par rapport à θ, ou la quasi-régression dans le sens de reconstruction
complète d’une fonction, par exemple dans le contexte du calcul de Monte-Carlo imbriqué
qui comprend une fonction intérieure non linéaire θ 7→ φ?(θ).
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Chapter 1

Optimal discretization of stochastic
integral driven by general Brownian
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1.1 Introduction

Statement of the problem. In this work we consider the problem of finding a finite
sequence of optimal stopping times T n = {0 = τn0 < τn1 < · · · < τnNn

T
= T} which minimizes

the renormalized quadratic variation of the discretization error of the stochastic integral

Zns =
∫ s

0
v(t, St) · dSt −

∑
τni−1<s

v(τni−1, Sτni−1
) · (Sτni ∧s − Sτni−1

), (1.1.1)
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where S is a d-dimensional continuous Brownian semimartingale and v(t, x) is a Rd-valued
continuous function. Here T ∈ (0,+∞) is fixed. The number of stopping times Nn

T is allowed
to be random.

The almost sure minimization of ZnT is hopeless since after suitable renormalization and
under some mild assumptions on the model, ZnT weakly converges to a mixture of Gaussian
random variables (see [Roo80][KP91][JP12]). Alternatively we aim at minimizing a.s. the
product

Nn
T 〈Zn〉T . (1.1.2)

The choice of this minimization criterion is inspired by the fact that in many particular
cases with deterministic discretization times, we have E (〈Zn〉T ) ∼ Const/Nn

T as Nn
T → +∞.

For example, in the one-dimensional Brownian motion case with v(t, x) = x the value of
E(〈Zn〉T ) for the regular mesh of size n may be calculated exactly and is equal to 1

2n . For
more general S and v satisfying fractional regularity conditions [GG04], the error E(〈Zn〉T )
is still of magnitude Cst/n by appropriately choosing n deterministic times on [0, T ].

Background results. The problem of optimizing the discretization times was initially
considered in a different framework: simulation of diffusion processes. In [HMGR01] the
authors study the optimal discretization times for the simulation of a one-dimensional dif-
fusion X via the Euler/Milshtein schemes, where the discretization times adapt to the local
properties of every single trajectory. They consider three different schemes and analyze their
L2 errors (in time and ω):

a) A simplified Adaptive scheme X̂∗∗h , for which the sequence of discretization times (τi)1≤i≤ν
is such that each τi is a measurable function of the previously simulated values of the
Brownian motionsWτ1 , . . . ,Wτi−1 , and Euler and Milshtein schemes with two appropriate
time scales are combined to approximate X. This method is of varying cardinality since
the number ν of times is random. Observe that (τi)i are stopping times but they belong to
the subclass of strongly predictable times (see [JP12, Chapter 14]), along which moments
of martingale increments are easier to compute.

b) An Adaptive scheme X̂∗h with discretization times of fixed cardinality. To control the
number of times, a first monitoring of an approximation of X is considered in order to
decide where to refine the discretization whilst maintaining a given number of time points.
Therefore, the discretization times are somehow anticipative and they are not stopping
times.

c) An Adaptive scheme X̂h with path-independent step-size Control, as a variant of X̂∗h where
the monitoring is made in mean and not on the specific path X to simulate.

In [HMGR01, Theorem 1], the authors prove the asymptotic superiority of X̂∗∗h over the two
other schemes and [HMGR01, Theorem 2] states the asymptotic optimality of each scheme
within its own class. For the latter optimality result, the criterion used for the optimization is
the renormalized L2-error. Despite the similarities between our current work and theirs, there
are significant differences that we shall stress. First, we consider discretization of stochastic
integrals and not of diffusion processes, therefore the objectives are quite different. Second,
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we study the case of general multi-dimensional continuous Brownian semimartingale whereas
[HMGR01] handles the case of diffusion in d = 1 and [MG02, Chapter III] deals with d ≥ 1
under commutative noise assumption. Third, we allow optimization over a quite large class
of stopping times, see examples of Remark 1.2.2 illustrating this fact.

Besides, the study of minimization problems for stochastic integral discretization has
been initiated by [Fuk11a] in dimension d = 1, but instead of (1.1.2) the author considers a
criterion in expectation for both terms, i.e. E (Nn

T )E (〈Zn〉T ). However, if n→ +∞ denotes
an asymptotic parameter (defined later), observe that

lim inf
n→+∞

E (Nn
T )E (〈Zn〉T ) ≥

Cauchy−Schwarz ineq.
lim inf
n→+∞

[
E
(√

Nn
T 〈Zn〉T

)]2
(1.1.3)

≥
Fatou lemma

[
E
(√

lim inf
n→+∞

Nn
T 〈Zn〉T

)]2

. (1.1.4)

Since the solution to the problem of a.s. minimizing (1.1.2) exists (see Theorem 1.5.2) and
is such that Nn

T and 〈Zn〉T are asymptotically proportional (see the limits (1.5.14) and
(1.5.15)), the above inequalities can be turned into equalities (with a little of technical work)
and therefore, we get for free a solution to minimizing asymptotically E (Nn

T )E (〈Zn〉T ),
however with substantially more information.

The pathwise minimization of (1.1.2) has been addressed in a multi-dimensional setting
d ≥ 1, in [GL14a]: the authors assume that S is a local martingale and the lower bound is
achieved under stringent conditions of v (essentially its Jacobian matrix Dxv is invertible).
These assumptions are restrictive and we aim at relaxing the hypotheses and strengthening
the optimality results. This requires to develop new arguments presented in this work.

As an extra motivation for this theoretical study, we refer to the recent work of Hairer et
al. [HHJ15], which highlights that discretization schemes for stochastic differential equations
using deterministic grid may surprisingly converge very slowly in L2-norm. Actually any
slow rate is possible [JMY16]. These amazing results give a strong incentive for studying
discretization problems with stochastic grids and pathwise criterion. Applications of the
current results to pathwise-optimal discretization of SDEs are left to future research.

Our contributions. In the current work, we prove optimality results in a much larger
setting than previously afforded in the literature.

• First, we allow S to be a general Brownian semimartingale S = A + M , while in
[GL14a] S is essentially a local Brownian martingale (A = 0,M =

∫ .
0 σsdBs). Actually,

considering the existence of the finite variation term A modifies a priori significantly
the definition of admissible discretization strategies (see the definition (Aosc.

S ) later)
and restricts the set of available tools to analyze them. Our first contribution is to
establish that admissible strategies for the semimartingale S and for its local martingale
part M are the same: see Theorem 1.3.4. This is a non-trivial result. This allows to
transfer a priori estimates available in the martingale case (Lemmas 1.3.2 and 1.3.3)
to our extended setting, this is instrumental for the subsequent analysis.
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• Second, the martingale part of S can be degenerate in our setting, whereas a stronger
a.s. ellipticity (on σ) is considered in [GL14a]. This allows to consider partially degen-
erate models like

St = (S̃t,
∫ t

0
S̃sds)

or other SDEs with vanishing diffusion coefficient (see Subsection 1.5.3 for examples).
Also Dxv(t, St) may be not invertible in our work. This second set of improvements
requires a quite delicate analysis, which constitutes the core of this work. Actually
the possible degeneracy lets us lose some continuity property (in particular because we
need to consider the inverse σ−1) and some convergence properties. To overcome these
issues, we assume that in a sense, σt and Dxv(t, St) are not zero simultaneously: for
a precise statement, see Assumption (HC) or a weaker Assumption (HΛ). These are
quite mild conditions.
The ability to treat the non-elliptic case is fundamental for applications as well:

(a) Regarding financial applications, see for example [Fuk11a, GL14a], minimizing
〈Zn〉T is related to better hedge market risks. In that context, the treatment
of degenerate case appears to be important. Though the covariance matrix of
a group of asset returns is usually non-degenerate, it may have some very small
eigenvalues [BP11]. The reason is that typically a large portfolio of financial
assets is driven by a smaller number of significant factors, while the other degrees
of freedom represent low-variance noise. Thus the inversion of the covariance
matrix is often seen as undesirable by practitioners, if no robustness analysis is
provided. Our study of the degenerate case justifies in a way the robustness of
the optimal discretization algorithm when the diffusion coefficient is degenerate
or close to being degenerate.

(b) Some important examples of diffusion models with degenerate diffusion coefficient
come as well from random mechanics, see [KS12] for an overview. Typically, a
body is modeled by its position X and its velocity V : it is subjected to random
forces, so that due to the second Newton law of motion, its dynamics writesXt = X0 +

∫ t
0 Vsds,

Vt = V0 +
∫ t
0 φ(Xs, Vs)ds+

∫ t
0 ψ(Xs, Vs)dWs.

(1.1.5)

In [LPC11], these equations describe the response of structural systems sub-
jected to severe environmental loads (like earthquakes, strong winds, recurrent
waves. . . ). The authors study examples like seismic-excited ten-storey building
(see [LPC11, Section 5]) where they propose to optimally control the structure
by activating tendons, in order to compensate external forces. They derive a
continuous-time optimal control, but in practice, only discrete-time controls can
be applied. Our study gives a theoretical framework to determine when to apply
the controls in order to minimize the deviation from optimally-controlled build-
ing.
In [Tal02], the author studies the approximation of stochastic Hamiltonian sys-
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tems of the form (1.1.5). The author emphasizes the technical difficulty of the
analysis coming from the polynomial growth of the coefficients and the degeneracy
of the infinitesimal generators. In our context of optimal discretization problem,
our a.s. analysis allows for arbitrary growth conditions on the coefficients.

• Third, we provide a strategy T n attaining the lower bound, while in [GL14a], only a
µ-optimal strategy (with µ small) is designed. Informally, the natural candidate for
optimality is a sequence of hitting times by S of random ellipsoids which characteristics
depend on Dxv and S. However, in general and in particular because of the degenerate
setting on σt and Dxv(t, St), this strategy is not admissible (ellipsoids may be flat
or infinite). Alternatively, we prove that a suitable perturbation makes the strategy
admissible, without altering its asymptotic optimality.

Our main result (Theorem 1.5.2) states that an optimal strategy is of the formτ
n
0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

)TΛ(n)
τni−1

(St − Sτni−1
) ≥ ε̃n} ∧ T,

for a sequence ε̃n → 0, where Λ(n)
t is a suitable perturbation of Λt := (σ†t )TXtσ

†
t (whereM†

is the pseudo-inverse matrix of M), and Xt is the symmetric non-negative definite matrix
solution to the equation

2 Tr(Xt)Xt + 4X2
t = σT

t (Dxv(t, St))Tσtσ
T
t Dxv(t, St)σt.

Additionally the asymptotic lower bound to (1.1.2) is
(∫ T

0
Tr(Xt)dt

)2

.

Organisation of the chapter. In Section 1.2, we define the model and the admissible
strategies under study. In Section 1.3, we state and establish crucial properties of admissible
strategies. The minimization of (1.1.2) is studied in Section 1.4, and designing an optimal
strategy is made in Section 1.5. We also present a few examples and a numerical experiment
in Subsection 1.5.3. Technical results are postponed to Appendix.

Notation used throughout this work.

• We denote by x ·y the scalar product between two vectors x and y and by |x| = (x ·x)
1
2

the Euclidean norm of x. The induced norm of a m × d -matrix is denoted by |A| :=
supx∈Rd:|x|=1 |Ax|.

• The transposition of a matrix A is denoted by AT; we denote by Tr(A) the trace of a
square matrix A; Idd stands for the identity matrix of size d.

• Sd(R),Sd+(R) and Sd++(R) are respectively the sets of symmetric, symmetric non-
negative definite and symmetric positive-definite d× d matrices with real coefficients.
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• For A ∈ Sd(R) we denote Λ(A) = (λ1(A), . . . , λd(A)) the eigenvalues of A placed in
decreasing order, we set λmin(A) := λd(A) and λmax(A) := λ1(A).

• We denote by Diag(a1, . . . , ad) the square matrix of size d with diagonal entries a1, . . . , ad.

• For the partial derivatives of a function f(t, x) we write

Dtf(t, x) = ∂f

∂t
(t, x), Dxif(t, x) = ∂f

∂xi
(t, x), D2

xixjf(t, x) = ∂2f

∂xi∂xj
(t, x).

• For a Rd-valued semimartingale S we denote 〈S〉t its matrix of cross-variations
(〈Si, Sj〉t)1≤i,j≤d.

• We sometimes write ft for f(t, St) where S is a semimartingale and f is some function.

• For a given sequence of stopping times T n, the last stopping time before t ≤ T is defined
by φ(t) = max{τnj : τnj < t}. We omit to indicate the dependence on n. Furthermore
for a process (ft)0≤t≤T we write ∆ft := ft−fφ(t−). Besides we set ∆t := t−φ(t−) and
∆τni := τni − τni−1.

• C0 stands for a a.s. finite non-negative random variable, which may change from line
to line.

1.2 Model and strategies

1.2.1 Probabilistic model: assumptions

Let T > 0 and let (Ω,F , (Ft)0≤t≤T ,P) be a filtered probability space supporting a d-
dimensional Brownian motion B = (Bi)1≤i≤d defined on [0, T ], where (Ft)0≤t≤T is the
P-augmented natural filtration of B and F = FT . Let

(α, θσ) ∈ (1
2 , 1]× (0, 1] (1.2.1)

be some regularity parameters and let (St)0≤t≤T be a d-dimensional continuous semimartin-
gale of the form

St = At +Mt, 0 ≤ t ≤ T, (1.2.2)

where the processes A and M satisfy the following hypotheses.

(HA) The process A is continuous, adapted and of finite variation, and satisfies

|At −As| ≤ C0|t− s|α ∀s, t ∈ [0, T ] a.s.. (HA)

(HM ) The process M is a continuous local martingale of the form

Mt =
∫ t

0
σsdBs, 0 ≤ t ≤ T, (HM )
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where σ is a continuous adapted d× d-matrix valued process, such that the value σt is
a.s. non-zero for any t ∈ [0, T ], and

|σt − σs| ≤ C0|t− s|θσ/2 ∀s, t ∈ [0, T ] a.s..

Furthermore, we assume that the function v, involved in (1.1.1), is a C1,2([0, T ) × Rd)
function with values in Rd. For applications like in [GL14a], we shall allow its derivatives
in uniform norm (in space) to explode as t → T , whilst remaining bounded a.s. in an
infinitesimal tube centered at (t, St)0≤t<T . This is stated precisely in what follows.

(Hv) Let D ∈ {Dxj , D
2
xjxk

, Dt : 1 ≤ j, k ≤ d}, then

P
(

lim
δ→0

sup
0≤t<T

sup
|x−St|≤δ

|Dv(t, x)| < +∞
)

= 1. (Hv)

1.2.2 Class T adm. of admissible sequences of strategies

Now we define the class of strategies under consideration. As the optimality in our problem is
achieved asymptotically as a parameter n→ +∞, a strategy is naturally indexed by n ∈ N:
a strategy is a finite sequence of increasing stopping times

T n := {τn0 = 0 < · · · < τni < · · · < τnNn
T

= T}, with Nn
T < +∞ a.s..

We now define the appropriate asymptotic framework. Let (εn)n∈N be a sequence of positive
deterministic real numbers such that ∑

n≥0
ε2
n < +∞.

In the following, all convergences are taken as n → +∞. The above summability enables
to derive a.s. convergence results: alternatively, had we assumed only εn → 0, using a
subsequence-based argument (see [GL14b, Section 2.2]) we would get convergences in prob-
ability.

On the one hand the parameter εn controls the oscillations of S between two successive
stopping times in T n.

(Aosc.
S ) The following non-negative random variable is a.s. finite:

sup
n≥0

ε−2
n sup

1≤i≤Nn
T

sup
t∈(τni−1,τ

n
i ]
|St − Sτni−1

|2
 < +∞.

Here the lower argument in the assumption (Aosc.
· ) refers explicitly to the process at hand.

On the other hand ε−2ρN
n (for some ρN ≥ 1) upper bounds up to a constant the number of

stopping times in the strategy T n.



1.2. Model and strategies 56

(AN) The following non-negative random variable is a.s. finite:

sup
n≥0

(ε2ρN
n Nn

T ) < +∞.

In the above, ρN is a given parameter satisfying

1 ≤ ρN <

(
1 + θσ

2

)
∧ 4

3 ∧
(1

2 + α

)
. (1.2.3)

where (α, θσ) are given in (1.2.1).

Definition 1.2.1. A sequence of strategies T := {T n : n ≥ 0} is admissible for the process
S and the parameters (εn)n∈N and ρN if it fulfills the hypotheses (Aosc.

S ) and (AN). The set
of admissible sequences is denoted by T adm.

S .

The larger ρN , the wider the class of strategies under consideration.

Remark 1.2.2. The notion of admissible sequence is quite general, in particular, it includes
the following two wide families of random grids.

i) Let ρ ∈ (0, 1) and let (εn)n≥0 be a deterministic sequence such that
∑
n≥0 ε

2
n < +∞.

Consider T = {T n}n≥0 where each T n = (τni )0≤i≤Nn
T
is a sequence of stopping times

(with Nn
T possibly random) and such that

C−1ε
2

(1−ρ)
n ≤ min

1≤i≤Nn
T

∆τni ≤ max
1≤i≤Nn

T

∆τni ≤ Cε
2

(1−ρ)
n , n ≥ 0, a.s.,

for an a.s. finite positive random variable C > 0. This example contains in particular the
sequences of deterministic grids for which the time steps are controlled from below and
from above (like those of [HMGR01] used for building X̂∗∗h mentioned in introduction),
and for which the step size tends to zero fast enough.
Let us check (Aosc.

S )and (AN). First, note that S is a.s. Hölder continuous on [0, T ]
with exponent 1−ρ

2 : this is a consequence of (HA) for the finite-variation component A
and of [BY82a, Theorem 5.1] for the martingale component M under the assumption
(HM ). Therefore, a.s. for each n ≥ 0

sup
1≤i≤Nn

T

sup
t∈[τni−1,τ

n
i ]
|St − Sτni−1

| ≤ CS
[

max
1≤i≤Nn

T

∆τni
] 1−ρ

2 ≤ CSC
1−ρ

2 εn.

Furthermore,
Nn
T ≤

T

min1≤i≤Nn
T

∆τni
≤ TCε

− 2
(1−ρ)

n

so that (AN) is verified with 2ρN = 2(1 − ρ) provided that we take ρ small enough
to satisfy the upper bound (1.2.3). Thus the sequence of strategies T is admissible for
(εn)n≥0 and ρN given above.
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ii) Consider a sequence of adapted random processes {Dn
t : 0 ≤ t ≤ T} where each Dn

t is
an open set such that

B(0, C1εn) ⊂ Dn
t ⊂ B(0, C2εn)

for some a.s. finite positive random variables C1, C2, here B(0, r) denotes the ball
centered at 0 with radius r. Here again the deterministic sequence (εn)n≥0 is such that∑
n≥0 ε

2
n < +∞. Define the sequence of strategies T = {T n}n≥0 with T n = (τni )0≤i≤Nn

T

as follows: τn0 = 0 and for i ≥ 1

τni = inf{t > τni−1 : (St − Sτni−1
) /∈ Dn

τni−1
} ∧ T.

In other words, we consider exit times of random sets of size εn. The assumption (Aosc.
S )

follows from the definition of T n:

sup
1≤i≤Nn

T

sup
t∈[τni−1,τ

n
i ]
|St − Sτni−1

| ≤ C2εn.

Further to check (AN), we write (using Proposition 1.3.9)

C2
1ε

2
nN

n
T ≤ C2

1ε
2
n +

∑
τni−1<T

|∆Sτni |
2 →
n→+∞

Tr(〈S〉T ) < +∞ a.s.

This proves the admissibility of T . A particular case is the ellipsoid exit times, see
[GL14a, Proposition 2.4].

1.3 General results for admissible strategies

This section gathers preliminary results, needed to establish the subsequent main results. In
Subsection 1.3.1, we recall without proof some estimates about the mesh size sup1≤i≤Nn

T
∆τni

of the time grid T n simultaneously for any n, as well as bounds on (local) martingales
depending on n. This is preparatory for Subsection 1.3.2 where we establish an important
result: in our setting, admissible sequences of strategies for S and M are the same. Last in
Subsection 1.3.3, we establish the a.s. convergence of weighted quadratic variations under
some mild assumptions, which are crucial to derive our new optimality results.

1.3.1 Control of ∆τn and martingale increments

We start from a simple and efficient criterion for a.s. convergence of continuous local mar-
tingales.

Lemma 1.3.1 ([GL14a, Corollary 2.1]). Let p > 0, and let {(Kn
t )0≤t≤T : n ≥ 0} be a

sequence of continuous scalar local martingales vanishing at zero. Then∑
n≥0
〈Kn〉p/2T < +∞ a.s. ⇐⇒

∑
n≥0

sup
0≤t≤T

|Kn
t |p < +∞ a.s..

The useful application is the sense⇒: by controlling the summability of quadratic varia-
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tions, we obtain the non trivial a.s. convergence of sup0≤t≤T |Kn
t | to 0. This kind of reasoning

is used in this work.
The next two lemmas yield controls of ∆τi and of martingales increments for an admissible

sequence of strategies. In view of the Brownian motion scaling property one might guess that
an admissible sequence of strategies T = {T n : n ≥ 0} yields stopping times increments of
magnitude roughly equal to ε2

n.More generally, we can study in a similar way the increments
of martingales. Here we give a rigorous statement of these heuristics.

Lemma 1.3.2 ([GL14a, Corollary 2.2]). Assume (HM ) and let T = {T n : n ≥ 0} be a
sequence of strategies. Let ρ > 0, then the following hold:

(i) Assume T satisfies (Aosc.
M ), then

sup
n≥0

(ερ−1
n sup

1≤i≤Nn
T

∆τni ) < +∞ a.s..

(ii) Assume T satisfies (Aosc.
M )-(AN), then

sup
n≥0

(ερ−2
n sup

1≤i≤Nn
T

∆τni ) < +∞ a.s..

Lemma 1.3.3 ([GL14a, Corollary 2.3]). Assume (HM ). Let ((Kn
t )0≤t≤T )n≥0 be a sequence

of Rd-valued continuous local martingales such that 〈Kn〉t =
∫ t

0 κ
n
rdr for a measurable adapted

κn satisfying the following inequality: there exist a non-negative a.s. finite random variable
Cκ and a deterministic parameter θ ≥ 0 such that

0 ≤ |κnr | ≤ Cκ(|∆Mr|2θ + |∆r|θ) ∀0 ≤ r < T, ∀n ≥ 0, a.s..

Finally, let ρ > 0, then the following assertions hold.

(i) Assume T satisfies (Aosc.
M ), then

sup
n≥0

(ερ−(1+θ)/2
n sup

1≤i≤Nn
T

sup
τni−1≤t≤τ

n
i

|∆Kn
t |) < +∞ a.s..

(ii) Assume T satisfies (Aosc.
M )-(AN), then

sup
n≥0

(ερ−(1+θ)
n sup

1≤i≤Nn
T

sup
τni−1≤t≤τ

n
i

|∆Kn
t |) < +∞ a.s..

1.3.2 The admissible sequences of strategies for S and M coincide

We now aim at proving the following Theorem.

Theorem 1.3.4. Let S be a semimartingale of the form (1.2.2) and satisfying (HA)-(HM ).
Then a sequence of strategies T = {Tn : n ≥ 0} is admissible for S if and only it is admissible
for M with the same parameter ρN : in other words, if T satisfies (AN),

(Aosc.
M )⇔ (Aosc.

S ).
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Rephrased differently, defining admissible sequence of strategies based on the martingale
M is robust to perturbation by adding toM a finite variation process A, satisfying α-Hölder
regularity with α > 1/2.

Proof. For convenience in the proof, we adopt the short notation

|∆τn|∞ := sup
1≤i≤Nn

T

∆τni , |∆U |∞ := sup
1≤i≤Nn

T

sup
τni−1≤t≤τ

n
i

|∆Ut|,

for any process U .

Proof of ⇒. Suppose first that T = {Tn : n ≥ 0} is admissible for S. Let us prove that it
is admissible for M , i.e. the assumption (Aosc.

M ) is satisfied. We proceed in several steps.
B Step 1. Preliminary bound. From |Mt −Ms| ≤ |St − Ss|+ |At −As| and (HA), we get

|∆M |∞ ≤ |∆S|∞ + C0|∆τn|α∞ ≤ C0(εn + |∆τn|α∞). (1.3.1)

Using Itô’s formula and (HM ), we obtain that for any 0 ≤ s < t ≤ T

0 ≤ t− s ≤ C−1
E

∫ t

s
Tr(σrσT

r )dr = C−1
E

d∑
j=1

(〈Sj〉t − 〈Sj〉s) (1.3.2)

= C−1
E

d∑
j=1

(
(Sjt − Sjs)2 − 2

∫ t

s
(Sjr − Sjs)dSjr

)
, (1.3.3)

where CE := inft∈[0,T ] Tr(σtσT
t ) > 0 a.s.. Hence

∆t ≤ C−1
E

C0ε
2
n + 2

d∑
j=1

∣∣∣∣∣
∫ t

φ(t)
∆SjrdAjr

∣∣∣∣∣+ 2
d∑
j=1

∣∣∣∣∣
∫ t

φ(t)
∆SjrdM j

r

∣∣∣∣∣
 . (1.3.4)

Using that A is of finite variation and (Aosc.
S ), we get the crude estimate

d∑
j=1

∣∣∣∣∣
∫ t

φ(t)
∆SjrdAjr

∣∣∣∣∣ ≤ C0εn. (1.3.5)

Now consider the local martingale Kn,j
t = ε

2
p
−1

n

(∫ t
0 ∆SjrdM j

r

)
for some p > 0. We have

∑
n≥0
〈Kn,j〉

p
2
T =

∑
n≥0

ε2−p
n

(∫ T

0
|∆Sjr |2d〈M j〉r

) p
2

≤ C0
∑
n≥0

ε2
n < +∞ a.s.,

which by Lemma 1.3.1 implies that
∑
n≥0 sup0≤t≤T |K

n,j
t |p < +∞ a.s., and thus we have
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supn≥0 sup0≤t≤T |K
n,j
t | < +∞ a.s.. This reads

sup
0≤t≤T

∣∣∣∣∫ t

0
∆SjrdM j

r

∣∣∣∣ ≤ C0ε
1− 2

p
n = C0ε

1−δ
n , (1.3.6)

where δ = 2/p is an arbitrary positive number. Plugging this and (1.3.5) into (1.3.4) yields

|∆τn|∞ ≤ C0(ε2
n + εn + ε1−δ

n ) ≤ C0ε
1−δ
n . (1.3.7)

The above is analogous to Lemma 1.3.2-(i) but under the assumption (Aosc.
S ). Combined

with (1.3.1), we then deduce
|∆M |∞ ≤ C0ε

α(1−δ)
n (1.3.8)

for any given δ ∈ (0, 1).
B Step 2. We prove the following lemma, which gives the basis for a continuation argument
(Step 3): once we have estimated |∆M |∞ with some order w.r.t. εn, we obtain automatically
a slightly better order, up to reaching the order 1, as required by (Aosc.

M ).

Lemma 1.3.5. Suppose that for some β > 0

sup
n≥0

ε−βn sup
1≤i≤Nn

T

sup
t∈(τni−1,τ

n
i ]
|∆Mt|2

 < +∞ a.s.. (1.3.9)

Then for any ρ > 0

sup
n≥0

ε−(β−ρ)
n sup

1≤i≤Nn
T

sup
t∈(τni−1,τ

n
i ]

d∑
j=1

∆〈M j〉t

 < +∞ a.s..

Proof. Let p > 0. Consider the following two sequences of processes:

Unt = ε2−βp+2ρN
n

∑
τni−1<t

∣∣∣∣∣∣
d∑
j=1

∆〈M j〉τni ∧t

∣∣∣∣∣∣
p

,

V n
t = ε2−βp+2ρN

n

∑
τni−1<t

sup
s∈(τni−1,τ

n
i ∧t]
|∆Ms|2p.

We aim at proving that
∑
n≥0 U

n
T < +∞ a.s. using Lemma 1.A.1 in Appendix. First,∑

n≥0 V
n
T converges a.s.: indeed using (AN) and (1.3.9) we obtain∑
n≥0

V n
T ≤ C0

∑
n≥0

ε2−βp+2ρN
n Nn

T sup
1≤i≤Nn

T

sup
s∈(τni−1,τ

n
i ]
|∆Ms|2p ≤ C0

∑
n≥0

ε2
n < +∞.

Second observe that for any n, t 7→ V n
t is a.s. non-decreasing. Last it remains to verify the

relation of domination of Lemma 1.A.1-(iii). Let k ∈ N, let θk be defined as in the quoted
lemma. On the set {τni−1 < t ∧ θk} from a conditional version of the multidimensional BDG
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inequality we have

E

∣∣∣∣∣∣
d∑
j=1

∆〈M j〉τni ∧t∧θk

∣∣∣∣∣∣
p ∣∣∣∣Fτni−1

 ≤ cpE
 sup
τni−1<s≤τ

n
i ∧t∧θk

|∆Ms|2p
∣∣∣∣Fτni−1

 .
Then it follows that

E
(
Unt∧θk

)
= ε2−βp+2ρN

n

+∞∑
i=1

E

1τni−1<t∧θkE

∣∣∣∣∣∣
d∑
j=1

∆〈M j〉τni ∧t∧θk

∣∣∣∣∣∣
p ∣∣∣∣Fτni−1


≤ cpE

(
V n
t∧θk

)
.

Hence by Lemma 1.A.1, we obtain that
∑
n≥0 U

n
T converges a.s. and thus supn≥0 U

n
T < +∞

a.s..

Now write ε2−βp+2ρN
n sup1≤i≤Nn

T
supt∈(τni−1,τ

n
i ]

∣∣∣∑d
j=1 ∆〈M j〉t

∣∣∣p ≤ UnT , which implies

sup
n≥0

ε(2+2ρN )/p−β
n sup

1≤i≤Nn
T

sup
t∈(τni−1,τ

n
i ]

∣∣∣∣∣∣
d∑
j=1

∆〈M j〉t

∣∣∣∣∣∣
 < +∞ a.s..

To conclude, choose p = 2+2ρN
ρ to get the desired result.

B Step 3. Continuation scheme. Take δ > 0, as in (1.3.8), set d0 = α(1 − δ) and ρ0 =
(2α− 1)d0

2α > 0. Consider the sequence (dm)m≥0 given by dm+1 = 2αdm − αρ0 for m ≥ 0.
Assume for a while that

dm+1 − dm ≥ αρ0, (1.3.10)

and let us show by induction that, for any m ≥ 0,

|∆M |∞ ≤ C0ε
min(dm,1)
n . (1.3.11)

The case m = 0 stems directly from (1.3.8). Now suppose that (1.3.11) holds for m. If
dm ≥ 1, since dm+1 ≥ dm owing to (1.3.10), (1.3.11) is valid for m + 1. If dm < 1, then we
have |∆M |∞ ≤ C0ε

dm
n and using Lemma 1.3.5 we obtain∣∣∣∣∣∣

d∑
j=1

∆〈M j〉

∣∣∣∣∣∣
∞

≤ C0ε
2dm−ρ0
n .

Consequently (1.3.2) gives |∆τn|∞ ≤ C0ε
2dm−ρ0
n which, combined with (1.3.1), yields

|∆M |∞ ≤ C0ε
min(1,α(2dm−ρ0))
n .

This finishes the proof of (1.3.11) for m+ 1. It remains to show (1.3.10) by induction. For
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m = 0 we get d1 = 2αd0 − αρ0 and thus

d1 − d0 = (2α− 1)d0 −
(2α− 1)d0

2 = (2α− 1)d0
2 = αρ0.

Suppose that (1.3.10) is true for all m < k and let us extend to m = k. We write

dm+1 − dm = (2α− 1)dm −
(2α− 1)d0

2 ≥ (2α− 1)d0 −
(2α− 1)d0

2 = αρ0,

using that dm ≥ d0 by the induction assumption. We are done.
B Step 4. Conclusion. In view of (1.3.10), (dm)m≥0 becomes larger than 1 for some m, for
which (1.3.11) simply writes |∆M |∞ ≤ C0εn. (Aosc.

M ) is proved.

Proof of ⇐. Now suppose that the sequence T is admissible for M . Let us prove the
admissibility of T for the process S. Again it is enough to verify the assumption (Aosc.

S ).
Similarly to the decomposition (1.3.1), we have

|∆S|∞ ≤ |∆M |∞ + |∆A|∞ ≤ C0(εn + |∆τn|α∞).

From Lemma 1.3.2-(ii), for any γ > 0, we have |∆τn|∞ ≤ C0ε
2−γ
n a.s.. Since α > 1/2, we can

choose γ such that (2−γ)α > 1 and for such γ we deduce |∆S|∞ ≤ C0(εn+ε
(2−γ)α
n ) ≤ C0εn.

The proof is complete.

Remark 1.3.6.

• Theorem 1.3.4 implies that if a sequence of strategies fulfills (AN), we do not need to
emphasize anymore the dependence of the assumption (Aosc.

· ) on a particular process
M or S; in that case, we will write simply (Aosc.) and will refer to admissible sequence
of strategies T adm. := T adm.

M = T adm.
S .

• In addition, we can use all the results for admissible sequences of strategies based on
the local martingale M and (Aosc.

M ) (as those from [GL14a]): in particular, for any
admissible sequences of strategies (for M or S), we have sup1≤i≤Nn

T
|∆τni | ≤ C0ε

2−γ
n

for any γ > 0.

A direct consequence of Lemma 1.3.2-(ii), (HA) and Theorem 1.3.4 is the following.

Corollary 1.3.7. Let S be a semimartingale of the form (1.2.2) and satisfying (HA)-(HM ).
If T ∈ T adm., then for any ρ > 0,

sup
1≤i≤Nn

T

sup
τni−1≤t≤τ

n
i

|∆At| ≤ C0ε
2α−ρ
n .

1.3.3 Convergence results for quadratic variation

We first recall a convergence result about weighted discrete quadratic M -variations corre-
sponding to T = {T n, n ≥ 0}.
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Proposition 1.3.8. [GL14a, Proposition 2.3] Assume (HM ) and let T be a sequence of
strategies satisfying (Aosc.

M ). Let (Ht)0≤t<T be a continuous adapted d×d-matrix process such
that supt∈[0,T ) |Ht| < +∞ a.s., and let (Kt)0≤t≤T be a Rd-valued continuous local martingale
such that 〈K〉t =

∫ t
0 κrdr with supt∈[0,T ] |κt| < +∞ a.s.. Then

∑
τni−1<T

∆KT
τni
Hτni−1

∆Kτni

a.s.→
∫ T

0
Tr(Htd〈K〉t).

We now establish an extension to the semimartingale S.

Proposition 1.3.9. Let S be a semimartingale of the form (1.2.2) and satisfying (HA)-
(HM ), and let T be a sequence of strategies satisfying (Aosc.

S ). Let (Ht)0≤t<T be as in
Proposition 1.3.8. Then

∑
τni−1<T

∆ST
τni
Hτni−1

∆Sτni
a.s.→

∫ T

0
Tr (Htd〈M〉t) .

Proof. From Itô’s lemma, the difference between the above left hand side and the right one
is equal to ∫ T

0
∆ST

t (Hϕ(t) +HT
ϕ(t))dSt +

∫ T

0
Tr([Hϕ(t) −Ht]d〈M〉t). (1.3.12)

Due to (HM ), the second term is bounded by C0
∫ T

0 |Hϕ(t) −Ht|dt: it converges to 0 by an
application of the dominated convergence theorem. Indeed, H is continuous and bounded
on [0, T ) and the mesh size goes to 0 under (Aosc.

S ) (see (1.3.7) which is established under
(Aosc.

S ) and without using (AN)). Next, decompose the first term of (1.3.12) into stochastic
integrals w.r.t. A and M . On the one hand, A is of finite variation, thus∣∣∣∣∣

∫ T

0
∆ST

t (Hϕ(t) +HT
ϕ(t))dAt

∣∣∣∣∣ ≤ C0 sup
1≤i≤Nn

T

sup
τni−1≤t≤τ

n
i

|∆St| sup
t∈[0,T )

|Ht|
a.s.→ 0 (1.3.13)

in view of (Aosc.
S ). On the other hand,

∫ T
0 ∆ST

t (Hϕ(t) +HT
ϕ(t))dMt

a.s.→ 0 by proceeding very
similarly to the proof of (1.3.6).

In the next theorems we identify an important admissible sequence of strategies, namely
hitting times by S of random ellipsoids parametrized by a matrix process (Ht)0≤t<T (or a
perturbation of it). This extends [GL14a, Proposition 2.4] to hitting times of S and to possi-
bly degenerate H. This more general construction of ellipsoids is a significant improvement,
and crucial for the subsequent optimality results.

Theorem 1.3.10. Let S be a semimartingale of the form (1.2.2) and satisfying (HA)-(HM ),
and let (Ht)0≤t<T be a continuous adapted symmetric non-negative definite d × d matrix
process, such that a.s.

0 < inf
0≤t<T

λmin(Ht) ≤ sup
0≤t<T

λmax(Ht) < +∞.
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The strategy T n given byτn0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

)THτni−1
(St − Sτni−1

) ≥ ε2
n} ∧ T,

defines a admissible sequence of strategies.

The proof is given later. The condition sup0≤t<T λmax(Ht) < +∞ ensures that none of
the corresponding ellipsoids Et := {xTHtx ≤ c} with c > 0 are flat in some directions, it
allows to derive a bound on the number of hitting times Nn

T as in (AN). The non-degeneracy
condition λmin(Ht) > 0 (i.e. Et is bounded) is important to control the increments ∆S as in
(Aosc.

S ). Without this latter condition, we need to perturb the above sequence of strategies.
To this purpose, let χ(.) be a smooth function such that

1(−∞,1/2] ≤ χ(.) ≤ 1(−∞,1], (1.3.14)

and for µ > 0 set χµ(x) = χ(x/µ).

Theorem 1.3.11. Let S be a semimartingale of the form (1.2.2) and satisfying (HA)-(HM ).
Assume that ρN defined in (1.2.3) is such that ρN > 1, and let δ ∈ (0, 2(ρN − 1)]. Let
(Ht)0≤t<T be an adapted symmetric non-negative definite d× d matrix process, such that

(i) there exists a random variable CH , positive and finite a.s., such that

λmax(Ht) ≤ CH , ∀t ∈ [0, T ), a.s..

(notice that H is not necessarily continuous).

Define a sequence of processes H(n) by

H
(n)
t = Ht + εδnχεδn(λmin(Ht)) Idd .

Then the strategy T n defined byτ
n
0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

)TH
(n)
τni−1

(St − Sτni−1
) ≥ ε2+δ

n } ∧ T,
(1.3.15)

forms a sequence T = {T n : n ≥ 0} satisfying the assumption (Aosc.
S ). If in addition the

following convergence holds

(ii) ∑
τni−1<T

∆ST
τni
Hτni−1

∆Sτni
a.s.→

∫ T

0
Tr(Htd〈M〉t),

then the sequence T satisfies also the assumption (AN), that is T ∈ T adm..
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Proof of Theorem 1.3.11. First let us prove that Tn is a.s. of finite size for any n ∈ N. The
definition of H(n)

t implies that

λmax(H(n)
t )≤ CH + sup

n≥0
εδn < +∞, ∀t ∈ [0, T ) a.s..

Define the event N n := {ω : Nn
T (ω) = +∞}. For ω ∈ N n the infinite sequence (τni (ω)) is

increasing and bounded, thus converges. Hence on N n ∩ ES , with

ES = {(St)t∈[0,T ] is continuous and CH < +∞},

we have

0 < ε2+δ
n = (Sτni − Sτni−1

)TH
(n)
τni−1

(Sτni − Sτni−1
)

≤
(
CH + sup

n≥0
εδn

)
|Sτni − Sτni−1

|2 i→+∞−−−−→ 0,

which is impossible. Hence P (N n ∩ ES) = 0, but P (ES) = 1 thus P (N n) = 0.

Next we show that T satisfies (Aosc.
S ). From the definition of H(n)

t it is straightforward
that

λmin(H(n)
t ) ≥ εδn

2 , ∀t ∈ [0, T ).

Thus

ε−2
n sup

1≤i≤Nn
T

sup
τni−1≤t≤τ

n
i

|∆St|2

≤
(

inf
t∈[0,T )

λmin(H(n)
t )

)−1

ε−2
n sup

1≤i≤Nn
T

sup
τni−1≤t≤τ

n
i

(∆ST
t H

(n)
τni−1

∆St) ≤ 2ε−δn ε−2
n ε2+δ

n = 2,

which validates the assumption (Aosc.
S ).

Finally assume that in addition (ii) holds and let us show that the sequence of strategies
T satisfies the assumption (AN). Writing Nn

T = 1 +
∑

1≤i≤Nn
T−1 1 and using 2 + δ ≤ 2ρN ,

we observe that (for n large enough so that εn ≤ 1)

ε2ρN
n Nn

T ≤ ε2+δ
n Nn

T ≤ ε2+δ
n +

∑
τni <T

∆ST
τni
Hτni−1

∆Sτni +
∑
τni <T

∆ST
τni

(H(n)
τni−1
−Hτni−1

)∆Sτni .

(1.3.16)

Now by (ii) we have

∑
τni <T

∆ST
τni
Hτni−1

∆Sτni
a.s.→

∫ T

0
Tr(Htd〈M〉t)

a.s.
< +∞

(the contribution i = Nn
T does not change the convergence). Besides from the definition of
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H(n) we get ∣∣∣∣∣∣
∑
τni <T

∆ST
τni

(H(n)
τni−1
−Hτni−1

)∆Sτni

∣∣∣∣∣∣ ≤ εδn
∑
τni <T

|∆Sτni |
2 a.s.→ 0, (1.3.17)

using δ > 0 and Proposition 1.3.9 (valid since (Aosc.
S ) is in force now). We have proved

that the r.h.s. of (1.3.16) converges a.s. to a finite random variable, which completes the
verification of the assumption (AN).

Proof of Theorem 1.3.10. This is an adaptation of the previous proof. First, with the same
arguments we prove that Tn is a.s. of finite size for any n ∈ N. Second, the verification of
(Aosc.

S ) stems from

ε−2
n sup

1≤i≤Nn
T

sup
τni−1≤t≤τ

n
i

|∆St|2 ≤
(

inf
t∈[0,T )

λmin(Ht)
)−1

.

Third, for n large enough so that εn ≤ 1, we write

ε2ρN
n Nn

T ≤ ε2
nN

n
T ≤ ε2

n +
∑
τni <T

∆ST
τni
Hτni−1

∆Sτni

and we conclude to (AN) using Proposition 1.3.9 and the continuity and boundedness of
H.

1.4 Asymptotic lower bound on the discretization error

Let S be a semimartingale of the form (1.2.2) and let v be the function appearing in the
discretization error (1.1.1), and satisfying (Hv). The main result of the section is Theorem
1.4.2: this is an extension to the semimartingale case of the asymptotic lower bound on the
discretization error, proved in [GL14a, Theorem 3.1] in the martingale case.

The discretization error Zn defined in (1.1.1) can be decomposed into a martingale part
and a finite variation part:

Zns =
∫ s

0
(v(t, St)− v(φ(t), Sφ(t))) · dMt +

∫ s

0
(v(t, St)− v(φ(t), Sφ(t))) · dAt.

The analysis is partially derived from a smart representation of 〈Zn〉T as a sum of squared
random variables and an adequate application of Cauchy-Schwarz inequality. The derivation
of such a representation is based on applying the Itô formula to a suitable function and
identifying the bounded variation term. While it is straightforward in dimension one, a
multidimensional version of this result requires to solve the following matrix equation.

Lemma 1.4.1. Let c be a d× d-matrix with real-valued entries. Then the equation

2 Tr(x)x+ 4x2 = ccT (1.4.1)
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admits exactly one solution x(c) ∈ Sd+(R). Moreover, the mapping c 7→ x(c) is continuous.

The proof of the above lemma directly follows from [GL14a, Lemma 3.1] applied for
(ccT)1/2 (i.e. the symmetric non-negative definite square root of ccT). Now we state the
main result.

Theorem 1.4.2 (Lower bound). Assume (HA), (HM ), (Hv) and let T be an admissible
sequence of strategies (satisfying (AN) and (Aosc.)). Let X be the continuous adapted sym-
metric non-negative definite matrix process solution of (1.4.1) with c = σT(Dxv)Tσ, i.e.

Xt := x(σT
t (Dxvt)Tσt), for 0 ≤ t < T. (1.4.2)

Then we have

lim inf
n→+∞

Nn
T 〈Zn〉T ≥

(∫ T

0
Tr(Xt)dt

)2

a.s..

Proof. The martingale part of the discretization error can be written∫ s

0
(v(t, St)− v(φ(t), Sφ(t))) · dMt =:

∫ s

0
(Dxvφ(t)∆St)dMt +Rns . (1.4.3)

Therefore the quadratic variation of Zn is given by

〈Zn〉T =
∫ T

0
∆ST

t (Dxvφ(t))Td〈M〉tDxvφ(t)∆St + en1,T

=
∫ T

0
∆MT

t (Dxvφ(t))Td〈M〉tDxvφ(t)∆Mt + en1,T + en0,T , (1.4.4)

where

en0,T :=
∫ T

0
∆AT

t (Dxvφ(t))Td〈M〉tDxvφ(t)(∆St + ∆Mt),

en1,T := 〈Rn〉T + 2〈
∫

0
(Dxvφ(t)∆Mt) · dMt, R

n〉T .

Now in the first contribution of 〈Zn〉T in (1.4.4), we seek an expression involving only
the Brownian motion B and not the local martingaleM : hence we replace ∆Mt by σφ(t)∆Bt
and d〈M〉t by σφ(t)σ

T
φ(t)dt, which leads to

〈Zn〉T =
∫ T

0
∆BT

t (σT
φ(t)(Dxvφ(t))Tσφ(t)σ

T
φ(t)Dxvφ(t)σφ(t))∆Btdt+ en0,T + en1,T + en2,T ,

where

en2,T :=
∫ T

0
∆MT

t (Dxvφ(t))T∆(σtσT
t )Dxvφ(t)∆Mtdt

+
∫ T

0
(∆Mt + σφ(t)∆Bt)T(Dxvφ(t))Tσφ(t)σ

T
φ(t)Dxvφ(t)(∆Mt − σφ(t)∆Bt)dt.
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Denote Ct = σT
t (Dxvt)Tσt. We seek a smart representation of the main term of 〈Zn〉T in the

form ∑
τni−1<T

(∆BT
τni
Xτni−1

∆Bτni )2, (1.4.5)

whereX is a suitable measurable adapted symmetric d×d-matrix process. For such a process
X, the Itô formula on each interval [τni−1, τ

n
i ] yields

∑
τni−1<T

(∆BT
τni
Xτni−1

∆Bτni )2 =
∫ T

0
∆BT

t (2 Tr(Xφ(t))Xφ(t) + 4X2
φ(t))∆Btdt

+ 4
∫ T

0
∆BT

t Xφ(t)∆Bt∆BT
t Xφ(t)dBt.

Now take X as stated in the theorem. Clearly Xt ∈ Sd+(R) owing to Lemma 1.4.1. The
continuity of the mapping c 7→ x(c) also ensures that X is continuous and adapted, as
σT(Dxv)Tσ is. Then a simplified representation of 〈Zn〉T readily follows:

〈Zn〉T =
∑

τni−1<T

(∆BT
τni
Xτni−1

∆Bτni )2 + en0,T + en1,T + en2,T + en3,T , (1.4.6)

where
en3,T := −4

∫ T

0
∆BT

t Xφ(t)∆Bt∆BT
t Xφ(t)dBt.

Using Cauchy-Schwarz inequality and Xt ∈ Sd+(R), we obtain

Nn
T

∑
τni−1<T

(∆BT
τni
Xτni−1

∆Bτni )2 ≥

 ∑
τni−1<T

∆BT
τni
Xτni−1

∆Bτni

2

.

The process Xt is a.s. continuous on [0, T ), with supt∈[0,T ) |Xt| < +∞ a.s., and thus the
assumptions of Proposition 1.3.8 are satisfied for (H,K) = (X,B). Therefore

∑
τni <T

∆BT
τni
Xτni−1

∆Bτni
a.s.→

∫ T

0
Tr(Xt)dt.

To summarize we have obtained that

lim inf
n→+∞

(
Nn
T 〈Zn〉T −Nn

T (en0,T + en1,T + en2,T + en3,T )
)
≥
(∫ T

0
Tr(Xt)dt

)2

a.s..

To complete the proof, it is enough to show that Nn
T (en0,T + en1,T + en2,T + en3,T ) a.s.→ 0. In view

of the assumption (AN) it is sufficient to prove that

ε−2ρN
n eni,T

a.s.→ 0 for i = 0, 1, 2, 3. (1.4.7)
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Contribution en0,T . Owing to Corollary 1.3.7, we obtain immediately that

|en0,T | ≤ C0

∫ T

0
|∆At|(|∆St|+ |∆Mt|)dt ≤ C0ε

1+2α−ρ
n ,

for any ρ > 0, which implies ε−2ρN
n en0,T → 0 since ρN < 1

2 + α.
Contribution en1,T . To handle it, we need the following lemma; its proof follows that of
[GL14a, Lemma 3.2], with minor adaptations (see Appendix 1.A.1).

Lemma 1.4.3. Under the assumptions (HA), (HM ), (Hv), (Aosc.) and (AN), we have
ε2−4ρN
n 〈Rn〉T

a.s.→ 0, where Rn is defined in (1.4.3).

Now to show that ε−2ρN
n en1,T → 0, use the above lemma and (Aosc.

M ) to get

ε−2ρN
n |en1,T | ≤ ε−2ρN

n (〈Rn〉T + 2C0εn(〈Rn〉T )1/2 = o(ε2ρN−2
n ) + o(1) a.s.→ 0.

Contributions en2,T and en3,T . The proof is similar to that of [GL14a, Theorem 3.1], we skip
the details.

1.5 Optimal strategy

1.5.1 Preliminaries, pseudo-inverses

Now our main purpose is to provide, in notation of Theorem 1.4.2, an optimal discretization
strategy, i.e. an admissible strategy T for which

lim
n→+∞

Nn
T 〈Zn〉T =

(∫ T

0
Tr(Xt)dt

)2

a.s..

Notice that an existence result is proved in [GL14a, Theorem 3.3], only under the conditions
that σ is invertible, that v(t, x) = ∇xu(t, x) with

inf
0≤t<T

λmin(D2
xxu(t, St)) > 0 a.s.

and that A = 0 (martingale case). Our aim here is to relax these three conditions, and to
extend the ideas of this aforementioned theorem to our general setting.

Actually, the main difficulty comes from the possible degeneracy of σ. First recall the
definition and some properties of pseudo-inverse matrix (a.k.a. Moore-Penrose generalized
inverse).

Definition 1.5.1 (pseudo-inverse of a matrix). Let M be a real-valued d× d-matrix. Con-
sider the singular value decomposition ofM

M = U

(
D 0
0 0

)
V T,
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where U, V are both orthogonal matrices, and D is a diagonal matrix containing the (positive)
singular values of M on its diagonal. Then the pseudo-inverse of M is the d × d- matrix
defined as

M† = V

(
D−1 0

0 0

)
UT.

We recall the following well-known properties, which can be easily checked from Definition
1.5.1: MM†M =M, M†MM† =M†,

the matricesMM† andM†M are symmetric.
(1.5.1)

1.5.2 Main result

We wish to design optimal stopping times in terms of the process S to allow better tractabil-
ity. Inspired by [GL14a], a good candidate is then the sequence {T n : n ≥ 0} where T n is
defined as: τn0 := 0,

τni := inf{t > τni−1 : (St − Sτni−1
)TΛτni−1

(St − Sτni−1
) ≥ ε2

n} ∧ T,
(1.5.2)

where Λt := (σ−1
t )TXtσ

−1
t with X given by (1.4.2).

Such a sequence turns out to be optimal when S is a martingale and under some additional
assumptions (see [GL14a, Theorem 3.3]). The problems with this definition can arise if σt is
not invertible, or if Λt is degenerate for some values of t (then we have difficulties to verify
(Aosc.)). To overcome these problems we use σ†t instead of σ−1

t . Furthermore we take Λ(n)
t

equal to a small perturbation of Λt depending on εn, such that Λ(n)
t is always non-degenerate.

We need one additional assumption.

(HΛ) Let (Xt)0≤t<T be defined in (1.4.2) and consider the Sd+(R)-valued process defined by

Λt := (σ†t )TXtσ
†
t , ∀t ∈ [0, T ). (HΛ)

There exists a non-negative random variable c(1.5.3), finite a.s., such that

0 ≤ Tr(Λt) ≤ c(1.5.3), ∀t ∈ [0, T ), a.s.. (1.5.3)

Note that σ† may be discontinuous, so Λ may be too. Recall (see (1.3.14)) that χ(.)
stands for a continuous function such that 1(−∞,1/2] ≤ χ(.) ≤ 1(−∞,1], and for µ > 0, we set
χµ(x) = χ(x/µ). Now we state the precise definition of an optimal sequence of strategies.

Theorem 1.5.2 (Optimal strategy). Assume that (HA), (HM ), (Hv), (HΛ) are in force.
Let ρN satisfy (1.2.3) with ρN > 1, and let δ ∈ (0, 2(ρN − 1)]. For each n ∈ N, define the
process (Λ(n)

t : t < T ) by
Λ(n)
t = Λt + εδnχεδn(λmin(Λt)) Idd
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where Λ is given in (HΛ), and define the strategy T n
εδn

byτ
n
0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

)TΛ(n)
τni−1

(St − Sτni−1
) ≥ ε2+δ

n } ∧ T.
(1.5.4)

Then the sequence of strategies T = {T n
εδn

: n ≥ 0} is admissible for the parameter ρN (in the
sense of Definition 1.2.1 and Theorem 1.3.4) and is asymptotically optimal, i.e.

lim
n→+∞

Nn
T 〈Zn〉T =

(∫ T

0
Tr(Xt)dt

)2

a.s..

To conclude this subsection, we provide a condition simpler than (HΛ), the proof is
postponed to the end of this section.

Proposition 1.5.3. Assume that (HA), (HM ), (Hv) are in force, and assume that v ∈
C1,2([0, T ]×Rd) so that Dxvt and Xt can be defined continuously up to t = T . If the matrix

Ct := σT
t (Dxvt)Tσt 6= 0 (HC)

for all t ∈ [0, T ] a.s., then (HΛ) holds.

1.5.3 Examples

About the assumptions (HΛ) and (HC)

Recall that under our assumptions, X is a.s. uniformly bounded on [0, T ). Thus in order
to satisfy (HΛ), it is enough to have σ† a.s. uniformly bounded on [0, T ). We provide a
(non-exhaustive) list of such examples.

a) σt is invertible for any t a.s.: then σ†t = σ−1
t is clearly bounded on [0, T ].

b) We can also afford degenerate cases: for instance if σt is constant in time (but possibly
with rank(σt) < d), then σ†t is also constant in time (and thus bounded).

c) The previous principle can be generalized to the time-dependent case σt =
(

Σt 0
0 0

)
where

Σt is a square matrix, a.s. invertible at any time: indeed σ†t =
(

Σ−1
t 0
0 0

)
is bounded on

[0, T ].

Now, we argue that checking (HC) may be sometimes much simpler than the verification
of (HΛ). Let us give a non-trivial example where σ† is not continuous a.s. For the i-
th component of S, take a squared δi-dimensional radial Ornstein-Uhlenbeck process with
parameter −λi, which is the strong solution to

Sit = Si0 +
∫ t

0
(δi − λiSis)ds+ 2

∫ t

0

√
SisdBi

s,
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where Si0 > 0, δi ≥ 0, λi ∈ R (see [GJY03]). The matrix σt is diagonal and its i-th element
is equal to 2

√
Sit . It is easy to check that (HA) and (HM ) hold (in particular σt 6= 0 for

all t a.s.). The pseudo-inverse σ†t is diagonal with i-th element equal to [2
√
Sit ]−11Sit>0.

Assume now that one of the δi is strictly smaller than 2: then the associated component Si
has a positive probability to hit 0 before T . As a consequence, with positive probability, σ†
is unbounded on [0, T ] and it is not clear anymore to check directly (HΛ). Alternatively,
assume (again to simplify) that Dxvt ∈ Sd++(R). Then Ct 6= 0: indeed, Ct ∈ Sd+(R) and
Tr(Ct) = Tr(Dxvtσtσ

T
t ) > 0 since σtσT

t 6= 0 and Dxvt is invertible.

A numerical example

We consider a two-dimensional example, defined by

St =
(
B1
t + 0.3B2

t∫ t
0 B

1
sds

)
.

It corresponds to a constant (degenerate) matrix

σt =
(

1 0.3
0 0

)
.

For the function v we take
v(t, x) =

(
cos(3x1)
cos(3x2)

)
,

and we set T = 1. According to the previous paragraph, (HΛ) is satisfied and an optimal
sequence of strategies is given by Theorem 1.5.2. To assess the efficiency of an arbitrary
admissible sequence of strategies we set

αn := Nn
T 〈Zn〉T(∫ T

0 Tr(Xt)dt
)2 and βn :=

√
Nn
TZ

n
T∫ T

0 Tr(Xt)dt
.

From Theorem 1.4.2 we must have lim infn→+∞ αn > 1 a.s., while for the optimal sequence
the equality holds. The normalized error βn is also important in practice, however we cannot
in general asymptotically control a.s. this quantity. But it is easy to believe that the values
of βn are smaller for strategies where the corresponding values of αn are smaller, at least in
mean. We will illustrate this heuristics in the following.

To simulate the process S on [0, 1] we use a thin uniform time mesh with n̄ = 10000
points. The same mesh is later used to calculate the true value of the stochastic integral
and the optimal lower bound equal to

(∫ T
0 Tr(Xt)dt

)2
. The hitting times are calculated as

well on this mesh. Using this thin grid induces a discrete-time sampling error but by taking
n̄ quite large as we do, we guess that this error can be neglected in our subsequent results.

We simulate 25 trajectories of the process S on [0, 1]. Further we test the optimal
discretization strategy and the regular deterministic discretization on these trajectories, for
different discretization parameters εn.
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Figure 1.1: The values αn,opt and αn,det with respect to Nn
T .

a) To test the performance of the optimal discretization we take 5 different values of εn,
namely 0.2, 0.14, 0.1, 0.07, 0.05, and apply the strategy given in Theorem 1.5.2.

b) Further we test the performance of the deterministic discretization strategy with Nn
T

equidistant times, for Nn
T = 20, 40, 80, 160, 320 (the values of Nn

T are empirically chosen
as approximately equal to the average number of discretization times in the optimal
algorithm for the values of εn given above).

We denote (αn,opt, βn,opt) and (αn,det, βn,det) the pairs (αn, βn) respectively for the optimal
and the regular deterministic strategy.

Regarding further details of implementation, we refer to [GL14a, Proof of Lemma 3.1] for
the detailed construction of the solution to the matrix equation (1.4.1). For the computation
of the pseudo-inverse matrix in (HΛ), this is straightforward since σt is constant. For the
perturbation procedure appearing in (1.5.4), we take δ = 0.6 ≤ 2(ρN − 1) < 2

3 and the
function χ(x) = sin(π(x ∨ 1/2) ∧ 1).

Figure 1.1 shows the values of αn,opt and αn,det with respect to the number of the dis-
cretization times Nn

T for the optimal and the regular discretization in all the tests belonging
to 5 different groups. We observe that the values αn,opt become less and less dispersed and
converges to 1 as Nn

T increases (εn → 0), which confirms the theoretical results. In partic-
ular, from Nn

T = 80 the quality of the algorithm is already good and it largely outperforms
the regular discretization.

Figure 1.2 illustrates the pairs (αn, βn) for the same 25 simulations, where εn = 0.05
was used for the optimal discretization and Nn

T = 320 was used for the regular deterministic
strategy (i.e. the last group of the tests). As expected from Theorems 1.4.2 and 1.5.2, we
observe the inequality αn,opt < αn,det and the limit αn,opt ≈ 1. Moreover, the inequality
|βn,opt| < |βn,det| holds as well for 21 of the 25 simulations. The empirical variances of the
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Figure 1.2: The pairs (αn,det, βn,det) and (αn,opt, βn,opt) are represented by crosses and points
respectively.

values of βn,opt and βn,det are equal to 1.07 and 3.52 respectively, which is nearly the same
ratio as for the corresponding values of αn: this observation is coherent with the possible
property of Central Limit Theorem for βn, where the limiting distribution would be a mixture
of Gaussian distributions with variance roughly equal to αn. This latter property is just a
conjecture which is delicate to prove and left for further research. Anyway, this observation
confirms that the almost sure minimization of the limit of αn helps to reduce the variance
of βn as expected.

1.5.4 Proof of Theorem 1.5.2

The proof is divided into several steps. Assumptions of Theorem 1.5.2 are in force in all this
subsection.

Step 1: a reverse relation between X and Λ

Proposition 1.5.4. The following equality holds

Xt = (σt)TΛtσt, ∀t ∈ [0, T ) a.s.. (1.5.5)

Proof. We are going to establish the above relation for any given t, with probability 1:
however, the reader can check that the negligible set can be the same for all t (as for the
definitions of σ,X,Λ) because the arguments used are of deterministic nature.

If σt is invertible, σ†t = σ−1
t and obviously Xt = (σt)TΛtσt in view of the definition (HΛ).
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Now assume that rank(σt) < d. By (1.5.1) we have

σtσ
†
tσt = σt (1.5.6)

and the matrix σ†tσt is symmetric. We choose an orthonormal basis (ei)1≤i≤d under which
the matrix σ†tσt is diagonal, i.e.

σ†tσt =


α1 0 . . . 0
0 α2 . . . 0
...

... . . . ...
0 0 . . . αd


for some α1, . . . , αd. If σ1

t , . . . , σ
d
t are the column vectors of σt (in the basis (ei)1≤i≤d), then

from (1.5.6) we get
(α1σ

1
t , . . . , αdσ

d
t ) = (σ1

t , . . . , σ
d
t ). (1.5.7)

For any 1 ≤ i ≤ d if σit 6= 0 then we must have αi = 1. On the other hand k := rank(σ†tσt) ≤
rank(σt) < d. Hence by permuting the basis elements and using (1.5.6) we can write σ†tσt
and σt in the form:

σ†tσt =
(

Idk 0
0 0

)
, σt =


σ1

1,t . . . σk1,t 0 . . . 0
σ1

2,t . . . σk2,t 0 . . . 0
... · · ·

...
... · · ·

...
σtd,t . . . σkd,t 0 . . . 0

 . (1.5.8)

We want to show that Xt = (σt)TΛtσt which by the definition of Λt is equivalent to

Xt = (σ†tσt)TXt(σ†tσt) = (σ†tσt)Xt(σ†tσt). (1.5.9)

In view of (1.5.8) and since X is symmetric non-negative definite, the equality (1.5.9) is
equivalent to the following system of equations:

eT
i Xtei = 0 for i = k + 1, . . . , d, (1.5.10)

where (ei) are the vectors of the basis. We now prove (1.5.10). Let i ∈ {k + 1, . . . , d}. From
the definition of Xt we get

2 Tr(Xt)Xt + 4X2
t = σT

t C̃tσt, (1.5.11)

where C̃t = (Dxvt)Tσtσ
T
t Dxvt. From (1.5.8) it is clear that σtei = 0, thus Equation (1.5.11)

yields
2 Tr(Xt)eT

i Xtei + 4eT
i X

2
t ei = 0.

Both Xt and X2
t are in Sd+(R), thus both above terms are non-negative, therefore they are

equal to 0. Either Tr(Xt) = 0 (implying Xt = 0 and (1.5.10)), or Tr(Xt) > 0 and eT
i Xtei = 0.

In any case, (1.5.10) holds and we are done.
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Step 2: verification of (Aosc.
S )

The stopping times (1.5.4) define a sequence of strategies satisfying (Aosc.
S ): this is a conse-

quence of Theorem 1.3.11-(i) with H = Λ. Indeed the existence of the finite random variable
CH stems from (1.5.3).

Step 3: verification of (AN)

We aim at showing

Proposition 1.5.5. We have the following convergence

∑
τni−1<T

∆ST
τni

Λτni−1
∆Sτni

a.s.→
∫ T

0
Tr(Λtd〈M〉t) =

∫ T

0
Tr(Xt)dt.

Then, in view of Theorem 1.3.11-(ii), we conclude that the sequence of strategies T =
{T n

εδn
: n ≥ 0} satisfies (AN). Combined with Step 2, we have proved that this is an

admissible sequence.
Observe that the above result is not a particular case of Proposition (1.3.9) since we

do not know if Λ is continuous in time (it is likely not for degenerate σ). To handle this
difficulty, we are going to leverage the reverse relation between X and Λ (Step 1), and the
continuity of X.

Proof of Proposition 1.5.5. By Itô’s lemma like for (1.3.12) and using that Λ is symmetric,
we obtain

∑
τni−1<T

∆ST
τni

Λτni−1
∆Sτni = 2

∫ T

0
∆ST

t Λφ(t)dSt +
∫ T

0
Tr(Λφ(t)d〈M〉t). (1.5.12)

Then ∫ T

0
Tr(Λφ(t)d〈M〉t) =

∫ T

0
Tr(σT

t Λφ(t)σt)dt =
∫ T

0
Tr(σT

φ(t)Λφ(t)σφ(t))dt

+
∫ T

0
Tr
(
(σt − σφ(t))TΛφ(t)(σt + σφ(t))

)
dt.

Observe that the first term on the r.h.s. above is equal to
∫ T

0 Tr(Xφ(t))dt owing to Proposition
1.5.4: since X is a.s. bounded continuous and the time step goes to 0 (see (1.3.7) valid under
(Aosc.

S )), we easily obtain
∫ T

0 Tr(Xφ(t))dt
a.s.→

∫ T
0 Tr(Xt)dt.

The second term tends to 0 a.s. thanks to the continuity of σ and the uniform bound
(1.5.3) on Λ. We have proved∫ T

0
Tr(Λφ(t)d〈M〉t)

a.s.→
∫ T

0
Tr(Xt)dt.



1.5. Optimal strategy 77

To complete the proof, in view of (1.5.12) it remains to show that∫ T

0
∆ST

t Λφ(t)dSt
a.s.→ 0.

The a.s.-convergence to 0 of the contribution
∫ T

0 ∆ST
t Λφ(t)dAt is proved as for (1.3.13), using

(Aosc.
S ) and (HΛ). The second contribution Kn

T :=
∫ T
0 ∆ST

t Λφ(t)dMt is a local martingale,
which bracket is bounded by ε2

n up to a random finite constant (use again (Aosc.
S ) and (HΛ)).

Consequently, an application of Lemma 1.3.1 with p = 2, ensures that Kn
T

a.s.→ 0. We are
done.

Final step: completion of proof of Theorem 1.5.2

So far, we have showed that the strategy T = {T (n)
εδn

: n ≥ 0} is admissible. We now prove
that

lim
n→+∞

Nn
T 〈Zn〉T =

(∫ T

0
Tr(Xt)dt

)2

a.s..

First, proceeding as (1.3.16), we write that ε2+δ
n Nn

T equals

ε2+δ
n +

∑
τni <T

∆ST
τni

Λτni−1
∆Sτni +

∑
τni <T

∆ST
τni

(Λ(n)
τni−1
− Λτni−1

)∆Sτni . (1.5.13)

The first term converges to 0, as well as the last term (proceeding as for (1.3.17)), while the
second one converges a.s. to

∫ T
0 Tr(Λtd〈M〉t) (Proposition 1.5.5). To summarize, we have

justified

lim
n→+∞

ε2+δ
n Nn

T =
∫ T

0
Tr(Λtd〈M〉t) =

∫ T

0
Tr(Xt)dt a.s.. (1.5.14)

Thus it remains to show that

lim
n→+∞

ε−(2+δ)
n 〈Zn〉T =

∫ T

0
Tr(Xt)dt a.s.. (1.5.15)

Starting from (1.4.6), write 〈Zn〉T in the form

〈Zn〉T =
∑

τni−1<T

(∆ST
τni

Λ(n)
τni−1

∆Sτni )2 + en0,T + en1,T + en2,T + en3,T + en4,T + en5,T ,

where en0,T , en1,T , en2,T , en3,T are defined as in the proof of Theorem 1.4.2 and the other terms
are defined as follows:

en4,T :=
∑

τni−1<T

(∆BT
τni
Xτni−1

∆Bτni )2 −
∑

τni−1<T

(∆ST
τni

Λτni−1
∆Sτni )2,

en5,T :=
∑

τni−1<T

(∆ST
τni

Λτni−1
∆Sτni )2 −

∑
τni−1<T

(∆ST
τni

Λ(n)
τni−1

∆Sτni )2.
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First notice that for each i ≤ Nn
T − 1 we have ∆ST

τni
Λ(n)
τni−1

∆Sτni = ε2+δ
n , thus

ε−(2+δ)
n

∑
τni−1<T

(∆ST
τni

Λ(n)
τni−1

∆Sτni )2

=
∑
τni <T

∆ST
τni

Λ(n)
τni−1

∆Sτni + ε−(2+δ)
n (∆ST

TΛ(n)
τn
Nn
T
−1

∆ST )2

a.s.→
∫ T

0
Tr(Λtd〈M〉t) =

∫ T

0
Tr(Xt)dt,

where the last convergence is derived similarly to that of (1.5.13).

Moreover, from (1.4.7) in the proof of Theorem 1.4.2, we already have (for εn small
enough so that εn ≤ 1 and since 2 + δ ≤ 2ρN )

ε−(2+δ)
n eni,T ≤ ε−2ρN

n eni,T
a.s.→ 0 a.s. for i = 0, 1, 2, 3.

To complete the proof of Theorem 1.5.2, it remains only to prove that

ε−(2+δ)
n eni,T

a.s.→ 0 a.s. for i = 4, 5.

We start with en5,T :

|ε−(2+δ)
n en5,T | ≤

∑
τni−1<T

(∆ST
τni

Λτni−1
∆Sτni + ∆ST

τni
Λ(n)
τni−1

∆Sτni )

× |∆ST
τni

Λτni−1
∆Sτni −∆ST

τni
Λ(n)
τni−1

∆Sτni |ε
−(2+δ)
n

≤
∑

τni−1<T

εδnχεδn(λmin(Λτni−1
))|∆Sτni |

2|2ε−2−δ
n ∆ST

τni
Λ(n)
τni−1

∆Sτni |

≤ 2εδn
∑

τni−1<T

|∆Sτni |
2 a.s.→ 0

thanks to Proposition 1.3.9.

Finally, we analyse en4,T . From its definition, Proposition 1.5.4 and (HΛ), we get

|ε−(2+δ)
n en4,T |

≤ ε−(2+δ)
n

∑
τni−1<T

∣∣∣∆BT
τni
Xτni−1

∆Bτni −∆ST
τni

Λτni−1
∆Sτni

∣∣∣ (∆BT
τni
Xτni−1

∆Bτni + ∆ST
τni

Λτni−1
∆Sτni

)

≤ ε−(2+δ)
n c(1.5.3) sup

1≤i≤Nn
T

sup
t∈(τni−1,τ

n
i ]
|∆St + σφ(t)∆Bt|

∣∣∣∣∣
∫ t

φ(t)
∆σsdBs + ∆At

∣∣∣∣∣
×
(
∆BT

τni
Xτni−1

∆Bτni + ∆ST
τni

Λτni−1
∆Sτni

)
. (1.5.16)

Now we apply twice Lemma 1.3.3-(ii), first taking θ = 0 and second taking θ = θσ: it readily
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follows that for any given ρ > 0, we have a.s. for any n ∈ N

sup
1≤i≤Nn

T

sup
t∈(τni−1,τ

n
i ]

(
|∆Mt|+ |σφ(t)∆Bt|

)
≤ C0ε

1−ρ
n , (1.5.17)

sup
1≤i≤Nn

T

sup
t∈(τni−1,τ

n
i ]

∣∣∣∣∣
∫ t

φ(t)
∆σsdBs

∣∣∣∣∣ ≤ C0ε
1+θσ−ρ
n . (1.5.18)

Moreover by Corollary 1.3.7 we have

sup
1≤i≤Nn

T

sup
t∈(τni−1,τ

n
i ]
|∆At| ≤ C0ε

2α−ρ
n .

The last factor in the r.h.s. of (1.5.16) converges a.s. to a finite random variable (Propositions
1.3.8 and 1.5.5). Combining this with the above estimates, the inequality (1.5.16) becomes

|ε−(2+δ)
n en4,T | ≤ C0ε

−2−δ
n ε1−ρ

n (ε1+θσ−ρ
n + ε2α−ρ

n ).

It is now easy to see that, since we have chosen δ < θσ and δ < 2α− 1, we can take ρ small
enough so that ε−(2+δ)

n en4,T → 0. The proof is finished.

1.5.5 Proof of Proposition 1.5.3

Consider the equation solved by Xt (see (1.4.1) and (1.4.2)), and multiply it by σ†t from the
right and by (σ†t )T from the left: it gives

2 Tr(Xt)(σ†t )TXtσ
†
t + 4(σ†t )TX2

t σ
†
t = (σtσ†t )TC̃t(σtσ†t )

where C̃t = (Dxvt)Tσtσ
T
t Dxvt. Take the trace, use that (σ†t )TX2

t σ
†
t ∈ Sd+(R), in order to

obtain
2 Tr(Xt) Tr (Λt) ≤ Tr

(
(σtσ†t )TC̃t(σtσ†t )

)
.

Recall the inequality Tr(SS ′) ≤ Tr(S) Tr(S ′) for any non-negative definite symmetric matri-
ces S and S ′. Thus, Tr((σtσ†t )TC̃t(σtσ†t )) ≤ d2 Tr(C̃t) where we have used the easy inequality
Tr(σtσ†t ) ≤ d. Note that the above inequalities are of deterministic nature and therefore they
hold for any t with probability 1 (the full set is the one allowing to define X,Λ, σ, C̃). In-
voking (HM ) and (Hv) to control C̃, we deduce that there exists a non-negative random
variable c̃, finite a.s., such that

Tr(Xt) Tr(Λt) ≤ c̃, ∀t ∈ [0, T ] a.s.. (1.5.19)

Owing to the condition (HC), Xt 6= 0 for any t ∈ [0, T ] a.s., and by continuity of Xt, we get
that inft∈[0,T ] Tr(Xt) > 0 a.s. and we conclude to (HΛ) thanks to (1.5.19).
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1.A Appendix

1.A.1 Proof of the Lemma 1.4.3

In view of (Hv) there exists ΩD with P(ΩD) = 1 such that for every ω ∈ ΩD there is δ(ω) > 0
such that, for any A ∈ {Dxj , D

2
xjxk

, Dt : 1 ≤ j, k ≤ d},

sup
0≤t<T

sup
|x−St(ω)|≤δ(ω)

|Av(t, x)| < +∞.

Since sup1≤i≤Nn
T

∆τni
a.s.→ 0 and S is continuous on [0, T ], there exists a set ΩC of full measure

such that, for every ω ∈ ΩC , for n large enough we have

sup
0≤s,t≤T,|t−s|≤sup1≤i≤Nn

T
∆τni
|St(ω)− Ss(ω)| ≤ δ(ω).

Hence for ω ∈ ΩC ∩ΩD, for n large enough, by a Taylor formula we obtain (the dependence
on ω is further omitted, we assume ω ∈ ΩC ∩ ΩD)

sup
t∈(τni−1,τ

n
i ]
|v(t, St)− v(τni−1, Sτni−1

)−Dxv(τni−1, Sτni−1
)| ≤ C0

∆τni + sup
t∈(τni−1,τ

n
i ]
|∆St|2

 .
Plugging this estimate into 〈Rn〉T we obtain that a.s., for n large enough,

ε2−4ρN
n 〈Rn〉T ≤ C0ε

2−4ρN
n

∑
τni−1<T

(
(∆τni )3 + ∆τni sup

τni−1≤t≤τ
n
i

|∆St|4
)
.

We deduce that ε2−4ρN
n 〈Rn〉T

a.s.→ 0 since

• for any ρ > 0, ε2−4ρN
n

∑
τni−1<T

(∆τni )3 ≤ ε2−4ρN
n Nn

T sup1≤i≤NT (∆τni )3 ≤ C0ε
8−6ρN−ρ
n

by using Lemma 1.3.2-(ii), thus it converges to 0 since ρN < 4/3,

• ε2−4ρN
n

∑
τni−1<T

∆τni supτni−1≤t≤τ
n
i
|∆St|4 ≤ C0ε

6−4ρN
n T → 0 a.s..

We are done.

1.A.2 Almost sure convergence using domination in expectation

The next result allows to prove the a.s. convergence of a dominated process U using that of
a dominating process V , the domination relation being in expectation. Its use is crucial in
our analysis.

Lemma 1.A.1 ([GL14a, Lemma 2.2]). Let C+
0 be the set of non-negative continuous adapted

processes, vanishing at t = 0. Let (Un)n≥0 and (V n)n≥0 be two sequences of processes in C+
0 .

Assume that

(i) t 7→ V n
t is a non-decreasing function on [0, T ], a.s.;
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(ii) the series
∑
n≥0 V

n
T converges a.s.;

(iii) there is a constant c ≥ 0 such that, for every n ∈ N, k ∈ N and t ∈ [0, T ], we have

E[Unt∧θk ] ≤ cE[V n
t∧θk ]

with the stopping time θk := inf{s ∈ [0, T ] : V̄s ≥ k}1 setting V̄t =
∑
n≥0 V

n
t .

Then for any t ∈ [0, T ], the series
∑
n≥0 U

n
t converges a.s.. As a consequence, Unt

a.s.→ 0.

1with the usual convention inf ∅ = +∞.
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2.1 Introduction

Statement of the problem. In this chapter we continue the study of the optimal dis-
cretization problem for stochastic integrals with respect to Brownian semimartingales ini-
tiated in [Fuk11a] and further developed in [GL14a] and Chapter 1. Our goal here is to
construct an adaptive version of the optimal discretization algorithm from Chapter 1 that
does not require any prior knowledge about the model.

Let T > 0 be fixed. We consider a Brownian semimartingale (St)t∈[0,T ], valued in Rd, of
the form

St := Mt +At, (2.1.1)

where M is written as a Brownian local martingale

Mt :=
∫ t

0
σsdBs, (2.1.2)
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and A is adapted, Hölder-continuous and of finite variation.

The problem of optimal discretization consists of finding optimal stopping times to dis-
cretize the stochastic integral ∫ T

0
v(t, St) · dSt (2.1.3)

for a C1,2([0, T ]× Rd,Rd)-function v, with the highest possible accuracy for a given number
of discretization times. More precisely we aim at finding a sequence of strategies {T n}n≥0
where each T n is an increasing sequence of stopping times {τni }i≥0 that will achieve the
lower bound of the limiting renormalized discretization error

lim inf
n→+∞

Nn
T 〈Zn〉T , (2.1.4)

within the class of admissible sequences of discretization strategies. Here Nn
T is the number

of stopping times in T n, Zn is the discretization error for the grid T n defined by

Zns :=
∫ s

0
v(t, St) · dSt −

∑
τni−1<s

v(τni−1, Sτni−1
) · (Sτni ∧s − Sτni−1

), 0 ≤ s ≤ T, (2.1.5)

and 〈Zn〉 is the bracket process of the continuous semimartingale Zn. In the aforemen-
tioned references, optimal sequences of (T n)n≥0 are derived under some assumptions, but
these strategies strongly depend on the model for S, in particular on the σ-process. As a
difference, in this work we suppose that no prior knowledge about the diffusion coefficient
of the underlying process S is given. We do not assume neither a diffusion model for S nor
a parametric form for σ. The process S of the form (2.1.1)-(2.1.2) is quite arbitrary and we
only suppose that it satisfies some mild regularity and non-degeneracy assumptions. Thus
a model-adaptive version of the optimal discretization algorithm designed in Chapter 1 is
needed in order to make the latter algorithm applicable.

Regarding applications, having at hand an algorithm able to adapt automatically to
the model without fully identifying it, is quite useful; it is usually referred to as data-driven
algorithm. The problem of discretizing (2.1.3) can be interpreted as a pursuit problem where
the target evolves like s →

∫ s
0 v(t, St) · dSt and S is a random path modeling the system.

The interpretation is application-dependent: in random mechanics [KS86], the system is a
controlled object subject to random forces; in finance [GL14a], the system is an investment
portfolio. In these cases, S should be seen as a black-box process, which we don’t know
exactly the coefficients of.

The notion of admissible sequence T of discretization strategies is parametrized by a
real number ρN ≥ 1 and a sequence of positive numbers (εn)n≥0 converging to zero, see
Definition 2.2.1 for details. To get the a.s. optimality we need additional assumption of the
square summability of (εn)n≥0, otherwise the optimality holds in probability.

In Chapter 1 an optimal sequence of strategies is constructed under very mild assumptions
on the model. The optimal stopping times are given in the form

τni = ϕ
(
στni−1

, Dxv(τni−1, Sτni−1
), (St − Sτni−1

)t≥τni−1

)
, (2.1.6)
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for some complicated function ϕ. These stopping times are interpreted as exit times of
random ellipsoids. If we think that S comes from statistical data (as a black-box), the only
unobservable process that is used to construct optimal strategies given by Theorem 1.5.2 is
the diffusion coefficient σ. The rest is based on the observation of the semimartingale S. In
practice a statistical estimator of the process σ must be used instead.

This rises the question of the robustness of the optimal discretization with respect to
the estimation error of σ. In view of the lack of continuity of the function ϕ from (2.1.6),
of its non-linearity and more generally because of its complicated structure, this problem is
quite non-trivial. This issue is quite fundamental regarding the applications listed before.
We exemplify now the importance of taking the right σ in the minimization of Nn

T 〈Zn〉T .

Example 2.1.1 (Non optimality for misspecified model). Consider the case d = 2, St =
Mt = σBt (i.e. A ≡ 0) with

σ =
(

1 0
0 0.5

)
and v(t, S1, S2) =

( √
14 S1

√
104 S2

)

(the constants are chosen purely for the sake of analytical tractability). Suppose that the
optimizer has no prior knowledge about the diffusion coefficient σ and he/she believes that σ
is proportional to identity, say σ̃ = Id2 instead of the true matrix σ as above. Then suppose
that he/she constructs a discretization algorithm from Theorem 1.5.2 (for some εn → 0 and
ρN ≥ 1) based on this assumption. Let Ñn

T 〈Z̃n〉T denote the renormalized error for this
sequence of discretization strategies. Then the sequence is suboptimal in the sense that

Ñn
T 〈Z̃n〉T

P→
n→+∞

(Opt. Lower Bound) + βT 2, (2.1.7)

where β > 0 (the exact calculation of β is given in Equation (2.A.7)).
The first term on the above right hand side is the lower bound over all admissible strate-

gies. The proof of (2.1.7) is postponed to Appendix 2.A.4. This clearly shows that a model
misspecification (via taking an erroneous diffusion coefficient) likely leads to suboptimal re-
sults.

In this work we investigate this issue and our goal is to find sufficient assumptions on
a general sequence of estimators σnt of σt ensuring the optimality of the resulting sequence
of strategies. Rather than assuming a particular parametric model for σ we only suppose
Hölder-continuity and non-degeneracy of σ. In such a general framework (nonparametric,
non-Markovian, and multidimensional), presumably the only accessible class of estimators for
σt is the one based on a weighted moving average estimation (Kernel techniques). It assumes
that, as intuitively expected, recently realized quadratic covariations are good predictions
of the current value of the instantaneous covariances. In this work we prove an optimality
result for a general class of weighted moving average estimators and specify some sufficient
joint conditions on the lookback estimation period and the frequency of estimation in order
to obtain the asymptotic optimality in the discretization problem (2.1.4)-(2.1.5).
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Background results. The study of optimal discretization of stochastic integrals using
random grids has been initiated by [Fuk11a] in the case of dimension d = 1, but instead of
(2.1.4) the author considers a criterion in expectation for both terms, i.e. E (Nn

T )E (〈Zn〉T ).
The point of view of pointwise approximation of scalar SDEs is investigated in [MG04].
Optimal convergence rates of E (〈Zn〉T ) for deterministic grids are investigated in [GG04].

The pathwise minimization of (2.1.4) has been addressed in a multi-dimensional mar-
tingale setting d ≥ 1 in [GL14a]. The authors have made a very useful observation that,
although more mathematically demanding at the first sight, the use of almost sure criterion
simplifies the analysis and makes it possible to tackle the multidimensional case. The a.s.
framework has proved to be much more flexible and in this work too, it is crucial for the
construction of adaptive optimal discretization schemes. In Chapter 1 the study of optimal
discretization is generalized for non-elliptic σ and a general Hölder-continuous finite varia-
tion part. The framework of Chapter 1 covers most of the examples that are interesting in
applications.

In our work we combine previous studies on optimal discretization with standard tech-
niques of non-parametric estimation of the diffusion coefficient in a multidimensional setting.
The problem of retrieving diffusion coefficient from observations of S is classic and has been
studied by many authors. In particular, in [Hof97] and [FZ93] estimation techniques are
derived in the non-parametric setting and for irregular samplings respectively. Although
quite different in the mathematical tools, these two studies are the closest to our work.

Our contributions. In the current work, we prove optimality results for an adaptive
discretization strategy that does not assume any prior knowledge on the diffusion coefficient
model. This is the first result on adaptive strategies for optimal discretization problems. In
particular,

• we prove that if σ is estimated by σn at some rate, a strategy of the form (2.1.6) but
with σn instead of σ yields an optimal sequence for the problem (2.1.4). This reads as
a robustness result w.r.t. the model.

• we prove the optimality of the strategies based on general weighted moving average
estimators provided that certains conditions on the lookback period and the estimation
frequency are fullfilled.

Optimality results in almost sure sense (Theorem 2.2.5(bis)) or in probability (Theorem
2.2.5) are derived. In [GL14a] and Chapter 1 only a.s. results are established.

Organisation of the chapter. In Section 2.2 we present the model under study and list
the assumptions used throughout the chapter. In Section 2.3 we investigate the optimality
of the discretization strategies for a general sequence of diffusion coefficient estimators. In
Section 2.4 the same issues are considered for a particular class of weighted moving average
estimators of (σt)t∈[0,T ]. A numerical experiment is presented in Section 2.5.

Notation used throughout the chapter.
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• x · y stands for the scalar product between two vectors x and y, |x| = (x · x)
1
2 denotes

the Euclidean norm of x.

• For a given matrix A, AT denotes its transpose, Tr(A) is its trace (when A is square),
Idd stands for the identity matrix of size d.

• We write |A| for the spectral norm of a matrix A, i.e. the square-root of the largest
eigenvalue of ATA. λmin(A) is the square-root of the smallest eigenvalue of ATA.

• Sd,Sd+ and Sd++ are respectively the sets of symmetric, symmetric non-negative definite
and symmetric positive-definite d× d matrices with real coefficients.

• For A ∈ Sd+, we denote by A1/2 ∈ Sd+ the principal square root of A. Recall that for an
orthogonal diagonalization A = UTDU of A, the principal square root A1/2 is given
by UTD1/2U where D1/2 is diagonal with entries D1/2

11 , . . . , D
1/2
dd .

• For A ∈ Sd+ and a real number µ > 0 we define

[A]µ := A+ µχ(λmin(A)/µ) Idd, (2.1.8)

where χ is a smooth function such that 1(−∞,1/2] ≤ χ(.) ≤ 1(−∞,1]. We easily check
that

λmin([A]µ) ≥ µ/2. (2.1.9)

• In what follows, C0 stands for a finite non-negative random variable, that may change
from line to line.

2.2 Model and main results

2.2.1 Model and assumptions

Let (Ω,F ,P) be a probability space supporting a standard d-dimensional Brownian motion
(Bt)t∈[0,T ]. Denote (Ft)t∈[0,T ] the filtration generated by B, augmented by the P-null sets.

We consider a d-dimensional Brownian semimartingale S = M + A of the form (2.1.1)
and (2.1.2).

Here we state the assumptions on the processes under consideration.

Assumptions 1.

(HA): the process A is adapted, continuous, with finite variation and verifies for some α ∈
(1/2, 1]

|At −As| ≤ C0|t− s|α ∀s, t ∈ [0, T ] a.s.

(Hσ): the process (σt)t∈[0,T ] is a continuous adapted d×d-matrix process such that the value
σt is a.s. non-zero for any t ∈ [0, T ]. Moreover it verifies the following Hölder property
for some θσ ∈ (0, 1]:

|σt − σs| ≤ C0|t− s|θσ/2 ∀s, t ∈ [0, T ] a.s.
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(Hellip.
σ ): σt is a non-degenerate matrix for all t ∈ [0, T ] a.s.

(Hv): the function v belongs to the class C1,2([0, T ]× Rd,Rd).

(HDv): Dxvt := Dxv(t, St) is a non-zero matrix for all t ∈ [0, T ] a.s.

We suppose Assumptions 1 to be verified in all subsequent sections of the chapter and
the constants θσ and α are fixed from now on.

In particular, (1) and (1) imply that the inverse matrix process σ−1
t is continuous, since

the determinant and the adjugate matrix of σt are continuous (their components are given
by polynomials of the components of σt) and the determinant is positive.

Remark that in Chapter 1 an optimal strategy is derived under more general assumptions
on σt, namely without (1), by using at some places the Moore-Penrose pseudo-inverse of σt.
However here we restrict to the case where σt is a.s. non-degenerate for all t, because the
pseudo-inverse is discontinuous w.r.t. perturbations (occurring when σ is replaced by σn).
Removing (1) in the current model-adaptive setting leads to delicate issues that are seemingly
quite difficult to overcome.

2.2.2 Background results: optimal discretization when the model is known

First, we briefly recall the construction of the optimal sequence of strategies from Chapter 1
in the particular case of (1), giving almost sure convergence results. Then, we extend them
to the convergence in probability sense.

Almost sure convergence

The following matrix equation plays an important role in the analysis:

2 Tr(x)x+ 4x2 = ccT, (2.2.1)

here c is a d× d-matrix and x is unknown. From [GL14a, Lemma 3.1], there exists a unique
x ∈ Sd+ solution to (2.2.1). It can be shown that this solution is continuous in c.

The definition of an admissible sequence of strategies is parametrized by the choice of a
sequence (εn)n≥0 of positive real numbers and a real number ρN ≥ 1. Here we assume∑

n≥0
ε2
n < +∞. (2.2.2)

Definition 2.2.1. A sequence of strategies T := {T n : n ≥ 0}, where T n := {τn0 = 0 <

· · · < τni < · · · < τnNn
T

= T} is a finite sequence of stopping times, is admissible if the two
following conditions hold:

(Aosc.): supn≥0

(
ε−1
n sup1≤i≤Nn

T
supt∈(τni−1,τ

n
i ] |St − Sτni−1

|
)
< +∞, a.s.

(AN): supn≥0(ε2ρN
n Nn

T ) < +∞, a.s.

The set of admissible sequences is denoted by T adm..
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Let ρN be fixed such that

1 ≤ ρN <

(
θσ
2 + 1

)
∧ 4

3 ∧
(
α+ 1

2

)
. (2.2.3)

Observe that the larger ρN , the larger the family T adm.. However, to keep the presentation
concise, in what follows the notion of admissibility is used without anymore reference to ρN
and to the square-summable sequence (εn)n≥0.

Some optimal results in a.s. sense are established in Chapter 1. First, by Theorem 1.4.2,
for any sequence in T adm.,

lim inf
n→+∞

Nn
T 〈Zn〉T ≥

(∫ T

0
Tr(Xt)dt

)2

a.s., (2.2.4)

where Xt is the solution of (2.2.1) with c = Ct := σT
t (Dxvt)Tσt for all 0 ≤ t ≤ T . In

addition, the lower bound is attained by a sequence of hitting times of random ellipsoids,
that are admissible as soon as ρN > 1. Namely, consider the Sd+-valued process defined by

Λt := (σ−1
t )TXtσ

−1
t for 0 ≤ t ≤ T, (2.2.5)

and choose δ such that 0 < δ ≤ 2(ρN − 1) (still under the condition ρN > 1). Then for a
given n ∈ N define the strategy T n

εδn
as (τni )0≤i≤Nn

T
verifyingτn0 := 0,

τni := inf{t > τni−1 : (St − Sτni−1
)T[Λτni−1

]εδn(St − Sτni−1
) ≥ ε2+δ

n } ∧ T.
(2.2.6)

This reads as iterative exit times of random ellipsoids (parametrized by [Λt]ε
δ
n defined as in

(2.1.8)). From Theorem 1.5.2, the sequence of strategies T = {T n
εδn

: n ≥ 0} is admissible
and asymptotically optimal, i.e.

lim
n→+∞

Nn
T 〈Zn〉T =

(∫ T

0
Tr(Xt)dt

)2

a.s. (2.2.7)

Convergence in probability

Now we remove the square-summability condition (2.2.2), i.e. we only assume εn → 0,
and we extend the previous results to convergence in probability. This is made by using a
subsequence principle stated below.

Lemma 2.2.2 ([Bil95, Theorem 20.5]). Consider real-valued random variables. Xn
P→

n→+∞
X

if, and only if, for any subsequence (Xι(n))n≥0 of (Xn)n≥0 , we can extract another subse-
quence (Xι◦ι′(n))n≥0 such that Xι◦ι′(n)

a.s.→
n→+∞

X .

With this lemma at hand, we are now in a position to clearly motivate the next definition
of admissibility, which is suitable for convergences in probability.



2.2. Model and main results 89

Definition 2.2.3. A sequence of strategies {T n}n≥0 is called P-admissible for a real number
ρN ≥ 1 and a sequence of positive real numbers (εn)n≥0 converging to 0 if for any subse-
quence (ει(n))n≥0 of (εn)n≥0 , we can extract another subsequence (ει◦ι′(n))n≥0 such that∑
n≥0 ε

2
ι◦ι′(n) < ∞ and {T ι◦ι′(n)}n≥0 is admissible for ρN and (ει◦ι′(n))n≥0 in the sense of

Definition 2.2.1.

An easy example of such P-admissible sequence is, for instance, {T n}n≥0 fulfilling both
2.2.1 and 2.2.1 (with εn → 0 only).

Theorem 2.2.4. Let Assumptions 1 hold and let ρN ≥ 1. For any P-admissible sequence of
strategies {T n}n≥0, we have

min

0, Nn
T 〈Zn〉T −

(∫ T

0
Tr(Xt)dt

)2
 P→
n→+∞

0. (2.2.8)

For ρN > 1, the sequence defined in (2.2.6) is admissible and optimal:

Nn
T 〈Zn〉T

P→
n→+∞

(∫ T

0
Tr(Xt)dt

)2

. (2.2.9)

Proof. Let ζn be equal to the left hand side of (2.2.8). To prove its convergence in probability
to 0, it is enough (Lemma 2.2.2) to consider a.s. convergence along iterated subsequences.
Let {ι(n)}n≥0 be a given subsequence, consider an extraction for which

∑
n≥0 ε

2
ι◦ι′(n) < ∞

and that makes {T ι◦ι′(n)}n≥0 admissible in the sense of Definition 2.2.1. We can then apply
(2.2.4) to obtain ζn

a.s.→
n→+∞

0. Thus (2.2.8) is proved. The justification of (2.2.9) follows the
same arguments.

2.2.3 Assumptions and main results for adaptive optimal discretization

Let {σnt : 0 ≤ t ≤ T}n≥0 denote a sequence of cáglád adapted processes, valued in invertible
d× d-matrices. We will study the sequence where the n-th strategy is built in the same way
as in (2.2.6) but using the approximation process σnt in (2.2.5).

Let us introduce the following definition, that will be constantly used in the sequel:

Cnt := (σnt )T(Dxvt)Tσnt ; (2.2.10)
Xn
t is the solution of (2.2.1) with c = Cnt ;

Λnt := ((σnt )−1)TXn
t (σnt )−1. (2.2.11)

In this subsection we prove the optimality of the sequence of discretization strategies based
on a general sequence of estimators for σn provided that it converges1 sufficiently fast to
(σσ∗)1/2. These estimators may depend on the path of S. Our working assumptions are the
following.

1Note that this would not be much realistic to assume convergence to σ since at the continuous time-limit,
we can retrieve σσ∗ only.



2.2. Model and main results 90

Assumptions 2.

• (εn)n≥0 is a positive sequence with εn → 0;

• ρN is a real number such that ρN ∈ (1, (θσ/2 + 1) ∧ (4/3) ∧ (α+ 1/2));

• δ is a real number such that δ ∈ (0, 2(ρN − 1)].

Assumptions 3.

• supn≥0

(
supt∈[0,T ] |σnt |

)
is a.s. finite;

• σnt is non-degenerate for all t ∈ [0, T ] and n ≥ 0 a.s.

Assumptions 4.

• For any subsequence {ι(n)}n≥0, there exists a further subsequence {ι ◦ ι′(n)}n≥0 such
that supn≥0

(
supt∈[0,T ] |σ

ι◦ι′(n)
t |

)
is a.s. finite;

• σnt is non-degenerate for all t ∈ [0, T ] and n ≥ 0 a.s.

Let {T n}n≥0, where T n = {τni }i≥0, be a sequence of discretization strategies defined as
follows: for any n ∈ Nτ

n
0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

)T[Λnτni−1
]εδn(St − Sτni−1

) ≥ ε2+δ
n } ∧ T.

(2.2.12)

The sequence (εδn)n≥0 serves to measure the minimal convergence rate of σn to (σσT)1/2

in order to maintain global optimality results. Since δ can be taken arbitrary close to 0, the
requirement on the estimation rate is quite mild. Now we state one of the main results of
this work.

Theorem 2.2.5. Let Assumptions 1 and 2 be verified. Suppose that the sequence {σnt : 0 ≤
t ≤ T}n≥0 satisfies Assumptions 4. Assume also that

ε−δ/2n sup
t∈[0,T ]

|(σtσT
t )1/2 − σnt |

P→
n→+∞

0. (2.2.13)

Then the sequence of strategies (2.2.12) is P-admissible and optimal in the sense that

Nn
T 〈Zn〉T

P→
n→+∞

(∫ T

0
Tr(Xt)dt

)2

.

In the case where
∑
n≥0 ε

2
n < +∞ we can state an a.s. version of Theorem 2.2.5. In fact

the rest of this section will be devoted to the proof of this next result with a.s. convergence.
Then as for Theorem 2.2.4, we will deduce the convergence in probability for a general
sequence εn such that εn → 0.
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Theorem 2.2.5(bis). Let Assumptions 1 and 2 be verified, under the stronger condition
that

∑
n≥0 ε

2
n < +∞. Suppose that the sequence {σnt : 0 ≤ t ≤ T}n≥0 satisfies Assumptions

3 and that
ε−δ/2n sup

t∈[0,T ]
|(σtσT

t )1/2 − σnt |
a.s.→

n→+∞
0. (2.2.14)

Then the sequence of strategies (2.2.12) is admissible and optimal in the sense that

Nn
T 〈Zn〉T

a.s.→
n→+∞

(∫ T

0
Tr(Xt)dt

)2

.

The proofs are given in Section 2.3.

2.3 Proofs of optimality of adaptive discretization strategy

This section is dedicated to the proofs of Theorems 2.2.5 and 2.2.5(bis).
Outline. All the preliminary results are preparatory for the proof of Theorem 2.2.5(bis)
regarding almost sure results; later (Section 2.3.3), the proof of Theorem 2.2.5 (convergence
in probability) is deduced owing to the subsequence principle. We divide the proof in two
stages.
First in Section 2.3.1 we aim at finding a sufficient speed of convergence for the approximated
processes Λn (see (2.2.11)) that characterize the ellipsoids in (2.2.12), in order to ensure the
optimality of the resulting sequence of discretization strategies. This involves a careful
analysis of the error terms about the deviation of the renormalized discretization errors from
the optimal sequence.
Second in Section 2.3.2 we give the complementary part of the arguments to complete the
theorem proof: we establish the Lipschitz property w.r.t. (σσ∗)1/2 of the ellipsoid generating
process Λ. Surprisingly this property holds under the general enough Assumptions 1-2-
3 despite the non-linear nature of the dependence given from the solution of the matrix
equation (2.2.1). This implies in particular that the sufficient speed of approximation is the
same for diffusion coefficient estimators and for the ellipsoid generating processes.

For this section, we need some specific notation:

• for a given sequence of stopping times and a given function (Ut)0≤t≤T , we set ∆Ut =
Ut − Uτni−1

for t ∈ (τni−1, τ
n
i ].

• on(1) stands for a random variable converging to 0 a.s as n→ +∞.

2.3.1 Deviation of the discretization error from the optimum

In this subsection we prove a preliminary result on the optimality for an adaptive sequence
of discretization strategies.

The next lemma states the admissibility of a sequence based on hitting times of random
ellipsoids. It is a generalization of [GL14a, Proposition 2.4], its proof is given in Appendix
2.A.2.
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Lemma 2.3.1. Let Assumptions 1-2 be in force and assume that
∑
n≥0 ε

2
n < +∞. Let

(Hn
t )n≥0 be a sequence of adapted cáglád matrix processes defined on [0, T ] and valued in Sd+.

Suppose that
sup
t∈[0,T ]

|Hn
t −Ht|

a.s.→
n→+∞

0, (2.3.1)

where (Ht)t∈[0,T ] is a continuous adapted matrix process.
Then the sequence of discretization strategies {T n}n≥0, where T n = {τni }i is defined for

any n ∈ N byτ
n
0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

)T[Hn
τni−1

]εδn(St − Sτni−1
) ≥ ε2+δ

n } ∧ T,
(2.3.2)

is admissible (in the sense of Definition 2.2.1).

The following lemma states uniform positivity for some sequences of processes that will
be important in the subsequent proofs. For its proof, see Appendix 2.A.3.

Lemma 2.3.2. Let Assumptions 1-2-3 be in force and assume that

sup
t∈[0,T ]

|σnt − (σtσT
t )1/2| a.s.→

n→+∞
0. (2.3.3)

We have a.s.

inf
n≥0

(
inf

t∈[0,T ]
λmin(σnt )

)
> 0,

inf
t∈[0,T ]

Tr(Xt) > 0, inf
n≥0

(
inf

t∈[0,T ]
Tr(Xn

t )
)
> 0.

We are now in a position to state and prove the main result of this subsection, which is
instrumental for the subsequent analysis.

Proposition 2.3.3. Let Assumptions 1-2-3 be in force and assume that
∑
n≥0 ε

2
n < +∞.

Consider the discretization strategy (2.2.12): it defines an admissible sequence.
Set Rnt := [Λnt ]εδn − Λt and assume that

ε−δ/2n sup
t∈[0,T ]

|Rnt |
a.s.→

n→+∞
0. (2.3.4)

Then we have ∣∣∣∣∣∣∣Nn
T 〈Zn〉T −

 ∑
τni <T

∆ST
τni

Λτni−1
∆Sτni

2
∣∣∣∣∣∣∣ a.s.→
n→+∞

0. (2.3.5)

Proof. Assumption (2.3.4) readily implies that

sup
t∈[0,T ]

|Λnt − Λt|
a.s.→

n→+∞
0.
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Remark that the process X and thus Λ are a.s. continuous due to the continuity of the
solution to the matrix equation (2.2.1). Thus by Lemma 2.3.1, the sequence of strategies
defined in (2.2.12) is admissible.

Now we decompose Nn
T 〈Zn〉T as

Nn
T 〈Zn〉T = (ε2+δ

n Nn
T )(ε−(2+δ)

n 〈Zn〉T ),

and consider the two multipliers separately. First using (2.2.12) we write

ε2+δ
n Nn

T = ε2+δ
n +

∑
τni <T

∆ST
τni

[Λnτni−1
]εδn∆Sτni (2.3.6)

= ε2+δ
n +

∑
τni <T

∆ST
τni

Λτni−1
∆Sτni +

∑
τni <T

∆ST
τni
Rnτni−1

∆Sτni . (2.3.7)

Since from the continuity of Λ and (2.3.4) we have

sup
t∈[0,T ]

|Λt| < +∞, sup
n≥0

sup
t∈[0,T ]

|Rnt | < +∞, (2.3.8)

by applying Proposition 2.A.1 we easily justify that the three terms on the right hand side
of (2.3.7) are uniformly bounded in n, almost surely. We have proved that ε2+δ

n Nn
T is an a.s.

bounded sequence.

Second, from the equations (1.4.6)-(1.4.7), we can decompose 〈Zn〉T as follows:

〈Zn〉T =
∑

τni−1<T

(∆BT
τni
Xτni−1

∆Bτni )2 + en0,T + en1,T + en2,T + en3,T , (2.3.9)

ε−2ρN
n sup

0≤i≤3
|eni,T |

a.s.→
n→+∞

0. (2.3.10)

Next, from [GL14a, Corollary 2.3(ii)] or Lemma 1.3.3, we get that for any ρ > 0 there exists
an a.s. finite random variable C0 such that

sup
t∈[0,T ]

|∆Bt| ≤ C0ε
1−ρ/4
n . (2.3.11)

This readily follows that∑
τni−1<T

(∆BT
τni
Xτni−1

∆Bτni )2 ≤ C0N
n
T ε

4−ρ
n sup

t∈[0,T ]
|Xt|2.

The above upper bound goes to 0 a.s., by taking ρ small enough because of 2.2.1 and ρN < 4
3 .

In view of (2.3.9)-(2.3.10) and the above, we have proved that

〈Zn〉T
a.s.→

n→+∞
0. (2.3.12)
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Furthermore, from (2.3.9), we can write

〈Zn〉T =
∑
τni <T

(∆ST
τni

[Λnτni−1
]εδn∆Sτni )2 (2.3.13)

+
∑
τni <T

(
(∆ST

τni
Λτni−1

∆Sτni )2 − (∆ST
τni

[Λnτni−1
]εδn∆Sτni )2

)
(2.3.14)

+
∑
τni <T

(
(∆BT

τni
Xτni−1

∆Bτni )2 − (∆ST
τni

Λτni−1
∆Sτni )2

)
(2.3.15)

+ (∆BT
TXτn

Nn
T
−1

∆BT )2 + en0,T + en1,T + en2,T + en3,T . (2.3.16)

We aim at analyzing ε−(2+δ)
n 〈Zn〉T . From (2.3.11) we deduce again that, for ρ > 0 small

enough (and since δ < 2/3),

ε−(2+δ)
n (∆BT

TXτn
Nn
T
−1

∆BT )2 ≤ C0ε
2−δ−ρ
n

a.s.→
n→+∞

0.

The convergences (2.3.10) combined with 2 + δ ≤ 2ρN ensure

ε−(2+δ)
n (en0,T + en1,T + e2,T + en3,T ) a.s.→

n→+∞
0. (2.3.17)

Regarding the third sum on the right hand side of (2.3.16), we obtain

ε−(2+δ)
n

∑
τni <T

(
(∆BT

τni
Xτni−1

∆Bτni )2 − (∆ST
τni

Λτni−1
∆Sτni )2

)
a.s.→

n→+∞
0

by the same argument as for en4,T in the proof of Theorem 1.5.2 (it only uses the admissibility
of the sequence of strategies). We now handle the second sum on the right hand side of
(2.3.16):

ε−(2+δ)
n

∑
τni <T

(
(∆ST

τni
Λτni−1

∆Sτni )2 − (∆ST
τni

[Λnτni−1
]εδn∆Sτni )2

)
= ε−(2+δ)

n

∑
τni <T

(
∆ST

τni
Λτni−1

∆Sτni −∆ST
τni

[Λnτni−1
]εδn∆Sτni

)
×
(
∆ST

τni
Λτni−1

∆Sτni + ∆ST
τni

[Λnτni−1
]εδn∆Sτni

)
= −ε−(2+δ)

n

∑
τni <T

∆ST
τni
Rnτni−1

∆Sτni
(
2∆ST

τni
[Λnτni−1

]εδn∆Sτni −∆ST
τni
Rnτni−1

∆Sτni
)

= −
∑
τni <T

∆ST
τni
Rnτni−1

∆Sτni
(
2− ε−(2+δ)

n ∆ST
τni
Rnτni−1

∆Sτni
)

= −2
∑
τni <T

∆ST
τni
Rnτni−1

∆Sτni + ε−(2+δ)
n

∑
τni <T

(∆ST
τni
Rnτni−1

∆Sτni )2.
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Consequently, we get that

ε−(2+δ)
n 〈Zn〉T =

∑
τni <T

∆ST
τni

[Λnτni−1
]εδn∆Sτni − 2

∑
τni <T

∆ST
τni
Rnτni−1

∆Sτni

+ ε−(2+δ)
n

∑
τni <T

(∆ST
τni
Rnτni−1

∆Sτni )2 + on(1)

=
∑
τni <T

∆ST
τni

Λτni−1
∆Sτni −

∑
τni <T

∆ST
τni
Rnτni−1

∆Sτni

+ ε−(2+δ)
n

∑
τni <T

(∆ST
τni
Rnτni−1

∆Sτni )2 + on(1).

Therefore, combining the above with (2.3.7) and (2.3.12), it comes

Nn
T 〈Zn〉T =

 ∑
τni <T

∆ST
τni

Λτni−1
∆Sτni

2

−

 ∑
τni <T

∆ST
τni
Rnτni−1

∆Sτni

2

+

 ∑
τni <T

∆ST
τni

[Λnτni−1
]εδn∆Sτni

 ε−(2+δ)
n

∑
τni <T

(∆ST
τni
Rnτni−1

∆Sτni )2 + on(1).

Thus, since the admissibility of {T n}n≥0 implies

ε−2
n

∑
τni <T

(∆ST
τni
Rnτni−1

∆Sτni )2 ≤ C0 sup
0≤t≤T

|Rnt |2
 ∑
τni <T

|∆Sτni |
2

 ,
we finally derive∣∣∣∣∣∣∣Nn

T 〈Zn〉T −

 ∑
τni <T

∆ST
τni

Λτni−1
∆Sτni

2
∣∣∣∣∣∣∣

≤ sup
0≤t≤T

|Rnt |2
 ∑
τni <T

|∆Sτni |
2

2(
1 + C0ε

−δ
n sup

n≥0
sup
t∈[0,T ]

|[Λnt ]εδn |
)

+ on(1).

From (2.3.8) we get that

sup
n≥0

sup
t∈[0,T ]

|[Λnt ]εδn | = sup
n≥0

sup
t∈[0,T ]

|Rnt + Λt| < +∞.

In addition, Proposition 2.A.1 ensures the a.s.-convergence of
∑
τni <T

|∆Sτni |
2. It remains

to use the convergence (2.3.4) to complete the proof of (2.3.5). We are done.
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2.3.2 Verification of Assumption (2.3.4) of Proposition 2.3.3: bound for
|Rn

t |

In the previous subsection we have estimated the deviation of the discretization error from
the optimal one in terms of |Rnt |. Our goal is to further express this error in terms of the
estimation error for σnt and specify the conditions on the estimators σnt to get an optimal
sequence of discretization strategies.

The purpose of this subsection is to prove the following result.

Proposition 2.3.4. Let Assumptions 1-2-3 be in force and assume that
∑
n≥0 ε

2
n < +∞.

Consider the discretization strategy (2.2.12) and assume

ε−δ/2n sup
t∈[0,T ]

|σnt − (σtσT
t )1/2| a.s.→

n→+∞
0. (2.3.18)

Then we have

|Λnt − Λt| ≤ C0|(σtσT
t )1/2 − σnt |, (2.3.19)

ε−δ/2n sup
t∈[0,T ]

|Rnt |
a.s.→

n→+∞
0. (2.3.20)

Proof. Since Rnt = [Λnt ]εδn − Λt, we get |Rnt | ≤ εδn + |Λnt − Λt|, which shows that it is enough
to prove (2.3.19) to derive (2.3.20).

To prove (2.3.19), we argue that this enough to consider the case where σt is symmetric.
Indeed, observe that the matrix solution Λt computed with σt or (σtσT

t )1/2 is the same, so
that the bound (2.3.19) depends intrinsically on σt through (σtσT

t )1/2. Therefore, assume
hereafter that σt is symmetric, so that σt = (σtσT

t )1/2. The proof of (2.3.19) requires a few
linear algebra results that we recall below. For this proof, we use three convenient notations.

• For a given A ∈ Sd, let α(A) denote the vector of the eigenvalues of A placed in
decreasing order.

• For a square matrix A, |A|F =
√

Tr(ATA) stands for the Frobenius norm of A (also
known as the Hilbert-Schmidt norm).

• Let {(Pnt )0≤t≤T : n ≥ 0} be a sequence of non-negative measurable processes, we write

Pnt � |σt − σnt |

if Pnt ≤ C0|σt − σnt |,∀t ∈ [0, T ],∀n ≥ 0, a.s..

Lemma 2.3.5 ([Wih09, Theorem 1.1]). Let f : I → R be a real function on a interval I ⊂ R
which is Lipschitz with a constant CI . Let A,B ∈ Sd such that their eigenvalues are in I.
For a matrix M ∈ Sd with spectral decomposition M = UT Diag(λ1, . . . , λd)U we denote

f(M) = UT Diag(f(λ1), . . . , f(λd))U.

Then
|f(A)− f(B)|F ≤ CI |A−B|F .
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Lemma 2.3.6 (Hoffman-Wielandt inequality, [AGZ09, Lemma 2.1.19]). Let A,B ∈ Sd.
Then

|α(A)− α(B)| ≤ |A−B|F .

We now go back to the proof of (2.3.19) (still in the symmetric case for σt): We extensively
use Assumptions 3, the statements of Lemma 2.3.2 and we proceed in several steps.

1: |CtCT
t − Cnt (Cnt )T| � |σt − σnt |.

From the definitions of Ct and Cnt using a standard calculation we get

|CtCT
t − Cnt (Cnt )T| = |σT

t (Dxvt)Tσtσ
T
t Dxvtσt − (σnt )T(Dxvt)Tσnt (σnt )TDxvtσ

n
t |

≤
3∑
i=0
|Dxvt|2|σt|i|σnt |3−i|σt − σnt |.

We are done.

2: |α(CtCT
t )− α(Cnt (Cnt )T)| � |σt − σnt |.

This directly follows from Lemma 2.3.6 and Step 1.

3: |Tr(Xn
t −Xt)| � |σt − σnt |.

Here we need to recall part of the proof of [GL14a, Lemma 3.1], which gives the solution
to the matrix equation (2.2.1). Consider the function f : R+

d × R+ → R, defined by

f(β, y) = (4 + d)y −
d∑
i=1

√
y2 + 4βi.

For any β ∈ R+
d , there is a unique yfβ ≥ 0 solution to f(β, y) = 0. In addition

Tr(Xt) = yf
α(CtCT

t ) > 0 and Tr(Xn
t ) = yf

α(Cnt (Cnt )T) > 0. The first fundamental theorem
of calculus yields, for any β, β′,

|yfβ − y
f
β′ | ≤

supλ∈[0,1]

∣∣∣Dβf(λβ + (1− λ)β′, yfλβ+(1−λ)β′)
∣∣∣

infλ∈[0,1]

∣∣∣Dyf(λβ + (1− λ)β′, yfλβ+(1−λ)β′)
∣∣∣ |β − β′|.

Remark that for any y > 0 and any β

Dyf(β, y) = 4 + d−
d∑
i=1

y√
y2 + 4βi

≥ 4,

|Dβjf(β, y)| = 2√
y2 + 4βj

≤ 2
y
.
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Therefore, |yfβ − y
f
β′ | ≤

√
d

2 min(yfβ , y
f
β′)
|β − β′| . It readily follows that

|Tr(Xt −Xn
t )| =

∣∣∣∣yfα(CtCT
t ) − y

f
α(Cnt (Cnt )T)

∣∣∣∣
≤

√
d

2 min(Tr(Xt),Tr(Xn
t ))

∣∣∣α(CtCT
t )− α(Cnt (Cnt )T)

∣∣∣ � |σt − σnt |
using Lemma 2.3.2 and Step 2.

4: |Xn
t −Xt| � |σt − σnt |.

From [GL14a, Equation (A.7)], we have

Xt = −1
4 Tr(Xt) Idd +1

2

(Tr(Xt)2

4 Idd +CtCT
t

)1/2

and similarly for Xn
t . We now apply Lemma 2.3.5 with f(x) =

√
x: with the notation

of this lemma, the eigenvalues of Tr(Xt)2

4 Idd +CtCT
t and Tr(Xn

t )2

4 Idd +Cnt (Cnt )T take
values in I := [min(Tr(Xt)2

4 ,
Tr(Xn

t )2

4 ),+∞) and thus, the Lipschitz constant of Lemma
2.3.5 is Cn,t,I := 1/min(Tr(Xt),Tr(Xn

t )). Furthermore, by Lemma 2.3.2

inf
n≥0

(
inf

t∈[0,T ]
Tr(Xn

t )
)
> 0, inf

t∈[0,T ]
Tr(Xt) > 0

which implies supn≥0 supt∈[0,T ]Cn,t,I < +∞. As a consequence, we obtain

|Xn
t −Xt| � |Tr(Xn

t −Xt)|+
∣∣∣Tr(Xn

t )2 − Tr(Xt)2
∣∣∣+ ∣∣∣Cnt (Cnt )T − CtCT

t

∣∣∣
� |σt − σnt |

where we have used Assumptions 1 and 3, Steps 1 and 3.

5:
∣∣∣σT
t (Λnt − Λt)σt

∣∣∣ � |σt − σnt |.
We write

σT
t (Λnt − Λt)σt = σT

t ((σnt )T)−1Xn
t (σnt )−1σt −Xt

= (σT
t ((σnt )T)−1Xt(σnt )−1σt −Xt) + σT

t ((σnt )T)−1(Xn
t −Xt)(σnt )−1σt.

For the first term on the right hand side, we get∣∣∣σT
t ((σnt )T)−1Xt(σnt )−1σt −Xt

∣∣∣
=
∣∣∣(Idd +(σt − σnt )T((σnt )T)−1)Xt(Idd +(σnt )−1(σt − σnt ))−Xt

∣∣∣
=
∣∣∣(σt − σnt )T((σnt )T)−1Xt +Xt(σnt )−1(σt − σnt )

+ (σt − σnt )T((σnt )T)−1Xt(σnt )−1(σt − σnt )
∣∣∣
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≤
(
2|Xt||(σnt )−1|+ |σt − σnt ||(σnt )−1|2|Xt|

)
|σt − σnt |

� |σt − σnt |

using that by Assumptions 1, 3 and the continuity of X we have

sup
n≥0

(
sup
t∈[0,T ]

|σnt |
)
< +∞, sup

t∈[0,T ]
|σt| < +∞, sup

t∈[0,T ]
|Xt| < +∞

while Lemma 2.3.2 gives

inf
n≥0

(
inf

t∈[0,T ]
λmin(σnt )

)
> 0.

Now for the second summand, it is clear from Step 4 that∣∣∣σT
t ((σnt )T)−1(Xn

t −Xt)(σnt )−1σt
∣∣∣ � |σt − σnt |.

We are done.

6: |Λnt − Λt| � |σt − σnt |.

This directly follows from Step 5 and from the sub-multiplicativity of the matrix norm.

This finishes the proof of Proposition 2.3.4.

2.3.3 Proof of Theorems 2.2.5(bis) and 2.2.5

Now we are ready to finish the proof of the announced theorems.

Proof of Theorem 2.2.5(bis)

We assume
∑
n≥0 ε

2
n < +∞. First the sequence {T n}n≥0 defined in (2.2.12) is admissible:

this is the first part of Proposition 2.3.3.
The hypothesis (2.2.14) of Theorem 2.2.5(bis) implies that (2.3.20) of Proposition 2.3.4

holds. Therefore, we can apply the last part of Proposition 2.3.3 to write∣∣∣∣∣∣∣Nn
T 〈Zn〉T −

 ∑
τni <T

∆ST
τni

Λτni−1
∆Sτni

2
∣∣∣∣∣∣∣ a.s.→
n→+∞

0.

The a.s.-limit of (· · · )2 is handled using Proposition 2.A.1 and we finally obtain

lim
n→+∞

Nn
T 〈Zn〉T =

(∫ T

0
Tr(ΛtσtσT

t )dt
)2

=
(∫ T

0
Tr(Xt)dt

)2

a.s.

This finishes the proof of Theorem 2.2.5(bis).
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Proof of Theorem 2.2.5

Here we assume only εn → 0. Let {T n}n≥0 be the sequence of strategies defined in (2.2.12).
By the subsequence principle (Lemma 2.2.2), it is enough to show that for any subsequence
(ει(n))n≥0 of (εn)n≥0, we can extract another subsequence (ει◦ι′(n))n≥0 which is square
summable and such that {T ι◦ι′(n)}n≥0 is admissible and

N
ι◦ι′(n)
T 〈Zι◦ι′(n)〉T

a.s.→
n→+∞

(∫ T

0
Tr(Xt)dt

)2

. (2.3.21)

But these properties have been proved in Theorem 2.2.5(bis), which holds because Assump-
tion 3 with the subsequence (ι ◦ ι′(n))n≥0 is satisfied (owing to Assumption 4). We are
done.

2.4 Rolling diffusion coefficient estimation

In this section we study the properties of the estimators (σnt )t∈[0,T ] based on the rolling
covariance estimation of the increments of S with a general weighting kernel. We will find
out the asymptotic properties of the lookback window size and the estimation grid size that
will ensure the optimality of the resulting sequence of strategies (in the sense of verification
of ε−δ/2n supt∈[0,T ] |(σtσT

t )1/2 − σnt |
P→

n→+∞
0 as in Theorem 2.2.5).

The subsequent approach will make use of data observed at negative times on [t0, 0]
(for some t0 < 0), just to be able to provide accurate estimation of (σtσT

t )1/2 for t close to
0. Alternatively, one could assume directly that (σ0σ

T
0 )1/2 is known (exactly or with some

error) and then combine this a priori knowledge with observation on [0, T ]. However, we
believe that this would be quite artificial and that a full data-driven algorithm is preferable
and more realistic for practical applications. Therefore for this section we suppose that the
process S is defined on [t0, T ] (with some t0 < 0) and we start the discretization algorithm
at time 0 (as in Sections 2.1-2.2-2.3).

Now we define the kernel used for the estimation. Let K : R 7→ R+ be a non-negative
bounded function satisfying ∫ 0

−∞
K(u)du = 1.

We assume that the kernel K verifies the following hypotheses:

(Hsupp
K ) : K has a compact support included in [−κ, 0] for some κ > 0.

(HLip
K ) : K is Lipschitz continuous on the interval [−κ, 0] with a Lipschitz constant LK .

Note that K may be discontinuous at −κ and 0. For any γ > 0 denote

Kγ(t) = 1
γ
K

(
t

γ

)
.

As mentioned before, the process S is defined on [t0, T ] for some t0 < 0. We implicitly
suppose that Assumptions 1 and 4 are modified for the case where t ∈ [t0, T ]. However the
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optimality results for discretization strategies are still considered on [0, T ]. We are aware
that doing so, we should redefine the probabilistic model on [t0, T ] as a difference with
previous sections. However, the reader can easily check that it would not modify the results
but would complicate the presentation (which we prefer to avoid for the sake of clarity and
conciseness).

Let Assumptions 1 hold. Fix some (εn)n≥0, ρN and δ satisfying Assumptions 2. Fur-
ther we will use a particular sequence of estimators σnt that as will be shown also verifies
Assumptions 4.

We choose a sequence {T n}n≥0 of estimation grids that is P-admissible for some (ε′n)n≥0
with ε′n → 0 and ρ′N ≥ 1. The sequence of estimation grids may differ from the sequence
of the grids representing the optimal discretization strategy. The latter one is admissible
for (εn)n≥0 and ρN . Remark that in this section τni will denote the stopping times of the
estimations grid T n = {t0 = τn0 < · · · < τni < · · · < τnNn

T
= T}.

Choose a positive sequence (γn)n≥0 such that γn → 0; we can assume without loss of
generality that t0 < −κγn for any n ≥ 0. Define the rolling empirical covariance matrix,
where the kernel K represents a weight function, as follows

Σn
t =

∑
τni <t

Kγn(τni−1 − t)∆Sτni ∆ST
τni
, (2.4.1)

where, for any process U , we set ∆Ut := Ut − Uτni−1
for t ∈ (τni−1, τ

n
i ].

Note that for each n ≥ 0 the process Σn is adapted (as τni ’s are adapted). Moreover it is
continuous between the pairs of stopping times τni−1 and τni and takes the left limit at τni ’s.
Thus the process Σn

t is adapted cáglád for each n.
The main result of this section is the following theorem.

Theorem 2.4.1. Let (αn)n≥0 be a sequence of real positive numbers such that

ε−δ/2n αn →
n→+∞

0.

Define the sequence of estimators {σnt : 0 ≤ t ≤ T}n≥0 by setting

σnt = (Σn
t + αn Idd)1/2,

where Σn
t is the symmetric matrix given by (2.4.1). Suppose that ε′n, εn and γn satisfy the

assumptions

(i) ε′n → 0, εn → 0, γn → 0;

(ii) ε−δ/2n γ
θσ/2
n → 0 , as n→∞;

(iii) there exists ρ ∈ (0, 2) such that (ε′n)1−ρ/2

ε
δ/2
n γn

→ 0 , as n→∞.

Then the estimators σn fulfill Assumptions 4 and the sequence of discretization strategies
(2.2.12) based on the estimators σn is optimal in the sense of Theorem 2.2.5.
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Remark 2.4.2. Clearly the set of hypotheses in Theorem 2.4.1 is non-contradictory since
we can first choose γn that converges to 0 fast enough to satisfy (ii) and then choose ε′n
converging to 0 fast enough to satisfy (iii).

The rest of the section is devoted to the proof. The above result states optimality for
convergence in probability, optimality in almost sure sense would be similar by requiring
square summability of the sequences εn and ε′n

ε
δ/2
n γn

, the detailed analysis is left to the reader.
We now prove Theorem 2.4.1. The following lemma is a technical property of the kernel

K with the stochastic grid T n.

Lemma 2.4.3. Consider a sequence of grids, admissible (in the a.s. sense of Definition
2.2.1) for ε′n and ρ′N , with

∑
n≥0(ε′n)2 < +∞. Denote φ(s) the latest stopping time of a

estimation grid strictly before s, where we omit the dependence on n and on the grid. Then,
for any ρ > 0, we have a.s. for any n ≥ 0 and any t ∈ [t0, T ]∫ t

−∞
|Kγn(s− t)−Kγn(φ(s)− t)|ds ≤ C0(ε′n)2−ρ

γn

(note that the a.s. finite random variable C0 may depend on ρ).

Proof. We recall the a.s. control of time step for the admissible estimation grid (see Lemma
1.3.2), i.e.

sup
n>0

(ε′n)ρ−2 sup
1≤i≤Nn

T

∆τni < +∞ a.s. (2.4.2)

So we obtain∫ t

−∞
|Kγn(s− t)−Kγn(φ(s)− t)|ds ≤

∫
t−κγn≤φ(s)<s≤t

|Kγn(s− t)−Kγn(φ(s)− t)|ds

+
∫

φ(s)<t−κγn≤s≤t

|Kγn(s− t)−Kγn(φ(s)− t)|ds

≤ LK
γ2
n

κγn sup
1≤i≤Nn

T

∆τni + 2
γn

sup
u∈[−κ,0]

K(u) sup
1≤i≤Nn

T

∆τni ≤
C0(ε′n)2−ρ

γn
,

which implies the result.

Now we show a preliminary result on the convergence of the estimators Σn
t .

Proposition 2.4.4. Suppose that ε′n, εn and γn satisfy the assumptions (i)-(ii)-(iii) of The-
orem 2.4.1. Then we have that

ε−δ/2n sup
t∈[0,T ]

|Σn
t − Σt|

P→
n→+∞

0 (2.4.3)

where Σt = σtσ
T
t .
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Proof. Note that (i) and (iii) imply ε′n

ε
δ/2
n γn

→ 0. First suppose that

∑
n≥0

(
ε′n

ε
δ/2
n γn

)2

< +∞.

In particular, this implies that
∑
n≥0 (ε′n)2 < +∞. For this case we will prove the convergence

(2.4.3) in the a.s. sense and then, as in the proof of Theorem 2.2.5, use the subsequence
principle from Lemma 2.2.2 to pass to the general case. Write

ε−δ/2n |Σn
t − Σt| ≤ ε−δ/2n

∣∣∣∣∫ t

−∞
Kγn(s− t)Σsds− Σt

∣∣∣∣ (2.4.4)

+ ε−δ/2n

∣∣∣∣∣∣
∫ t

−∞
Kγn(s− t)Σsds−

∑
τni <t

Kγn(τni−1 − t)∆Sτni ∆ST
τni

∣∣∣∣∣∣ . (2.4.5)

Let us first show the convergence

ε−δ/2n sup
t∈[0,T ]

∣∣∣∣∫ t

−∞
Kγn(s− t)Σsds− Σt

∣∣∣∣ a.s.→
n→+∞

0.

Using the Hölder property of σt (and by consequence of Σt), the assumption 2.4 and that∫ t
−∞Kγn(s− t)ds = 1, we have

ε−δ/2n

∣∣∣∣∫ t

−∞
Kγn(s− t)Σsds− Σt

∣∣∣∣ ≤ ε−δ/2n

∫ t

−∞
Kγn(s− t)|Σs − Σt|ds

≤ C0ε
−δ/2
n γθσ/2n

∫ t

−∞
Kγn(s− t)ds = C0ε

−δ/2
n γθσ/2n

a.s.→
n→+∞

0

uniformly on [0, T ], in view of the assumption (ii) of the proposition.
Now consider the second term of the decomposition (2.4.4). Had the grid T n been

deterministic (i.e., the usual case in the literature), the analysis would have been quite
standard, using direct martingale arguments. Here the stochasticity of T n and of the factors
Kγn(τni−1 − t) complicate significantly the analysis. Using the Itô formula we write

ε−δ/2n

∫ t

−∞
Kγn(s− t)Σsds−

∑
τni <t

Kγn(τni−1 − t)∆Sτni ∆ST
τni

 (2.4.6)

=ε−δ/2n

∫ t

−∞
Kγn(s− t)Σsds−

∑
τni <t

Kγn(τni−1 − t)
∫ τni

τni−1

Σsds

 (2.4.7)

− 2ε−δ/2n

∑
τni <t

Kγn(τni−1 − t)
∫ τni

τni−1

∆SsdMT
s (2.4.8)

− 2ε−δ/2n

∑
τni <t

Kγn(τni−1 − t)
∫ τni

τni−1

∆SsdAT
s . (2.4.9)
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a) For the first summand in the decomposition (2.4.7) we have

ε−δ/2n

∣∣∣∣∣∣
∫ t

−∞
Kγn(s− t)Σsds−

∑
τni <t

Kγn(τni−1 − t)
∫ τni

τni−1

Σsds

∣∣∣∣∣∣
≤ ε−δ/2n

∫ φ(t)

−∞
|Kγn(s− t)−Kγn(φ(s)− t)| · |Σs|ds+ ε−δ/2n

∣∣∣∣∣
∫ t

φ(t)
Kγn(s− t)Σsds

∣∣∣∣∣
≤ C0 sup

t∈[t0,T ]
|Σt|

(ε′n)2−ρ

γnε
δ/2
n

+ C0 sup
t∈[t0,T ]

|Σt| sup
u
K(u)(ε′n)2−ρ

γnε
δ/2
n

,

where for the last inequality we used Lemma 2.4.3 for ρ from (iii), and (2.4.2). Further

(ε′n)2−ρ

γnε
δ/2
n

= εδ/2n γn
(ε′n)2−ρ

γ2
nε
δ
n

→ 0

in view of (iii). Thus the first summand in (2.4.7) tends to 0, uniformly in t ∈ [0, T ].

b) Now let us handle the second term in (2.4.7). Define a martingale process on [t0, T ],
valued in Rd ⊗ Rd, as follows:

Pnt =
∫ t

t0
∆SsdMT

s .

The Abel transformation yields

∑
τni <t

Kγn(τni−1 − t)
∫ τni

τni−1

∆SsdMT
s =

∑
τni <t

Kγn(τni−1 − t)(Pnτni − P
n
τni−1

) (2.4.10)

=
∑
τni <t

Pnτni
(Kγn(τni−1 − t)−Kγn(τni − t)) + Pnφ(t)Kγn(φ(t)− t). (2.4.11)

Consequently we obtain∣∣∣∣∣∣ε−δ/2n

∑
τni <t

Kγn(τni−1 − t)
∫ τni

τni−1

∆SsdMT
s

∣∣∣∣∣∣
≤ ε−δ/2n sup

t0≤s≤T
|Pns |

∑
τni <t

|Kγn(τni−1 − t)−Kγn(τni − t)|+Kγn(φ(t)− t)


≤ ε−δ/2n sup

t0≤s≤T
|Pns |

γ−2
n LK

∑
t−κγn≤τni−1<τ

n
i <t

(τni − τni−1) + 2γ−1
n sup

u
K(u)


≤ ε−δ/2n sup

t0≤s≤T
|Pns |

(
γ−2
n LKκγn + 2γ−1

n sup
u
K(u)

)
≤ C0

1
ε
δ/2
n γn

sup
t0≤s≤T

|Pns |.

The quadratic variation of the (k, l)-element of the matrix-valued martingale 1
ε
δ/2
n γn

Pn is
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equal to
1

εδnγ
2
n

∫ T

t0
|∆Sks |2d〈M l〉s ≤ C0

(ε′n)2

εδnγ
2
n

.

Hence
∑
n≥0 〈ε

−δ/2
n γ−1

n Pnk,l〉T < +∞ a.s. using the temporary assumption
∑
n

(
ε′n

ε
δ/2
n γn

)2

<

+∞ made at the beginning of the proof. From this using Lemma 2.A.2 for a process defined
on [t0, T ] (see Remark 2.A.3) we deduce that

1
ε
δ/2
n γn

sup
t0≤s≤T

|Pns |
a.s.→

n→+∞
0,

Thus the second term in the decomposition (2.4.7) a.s. converges to 0 uniformly in t ∈ [0, T ].
c) Denote t→ |Al|t the total variation process of the l-th component A. For the (k, l)-element
of the third (matrix) summand in (2.4.7) we get

ε−δ/2n

∣∣∣∣∣∣
∑
τni <t

Kγn(τni−1 − t)
∫ τni

τni−1

∆Sks dAls

∣∣∣∣∣∣ ≤ C0ε
−δ/2
n

supuK(u)
γn

ε′n
∑
τni <t

∫ τni

τni−1

d|Al|s

≤ C0ε
−δ/2
n

supuK(u)
γn

ε′n(|A|T − |A|t0).

In view of (iii) we have ε′n

γnε
δ/2
n

→ 0, which implies the a.s. convergence to 0 in the sup-norm.

Hence the a.s. convergence

ε−δ/2n sup
t∈[0,T ]

|Σn
t − Σt|

a.s.→
n→+∞

0

is proved under the assumption of square summability of ( ε′n

ε
δ/2
n γn

)n≥0.

To prove (2.4.3) in the general case under (i)-(ii)-(iii) we use the subsequence principle.
For any subsequence (ι(n))n≥0 of positive integers there exists another subsequence (ι ◦

ι′(n))n≥0 for which
∑
n≥0

 ε′ι◦ι′(n)

ε
δ/2
ι◦ι′(n)γι◦ι′(n)

2

< +∞. Thus as shown earlier in the proof,

we have ε−δ/2ι◦ι′(n) supt∈[0,T ] |Σ
ι◦ι′(n)
t − Σt|

a.s.→
n→+∞

0. Using Lemma 2.2.2 we obtain the desired
convergence (2.4.3).

Now we are ready to finish the proof of the main result of this section.

Proof of Theorem 2.4.1. Using Lemma 2.3.5 and the Frobenius norm |.|F on matrices, write

|σnt − (σtσT
t )1/2|F = |(Σn

t + αn Idd)1/2 − (Σt)1/2|F (2.4.12)

≤ 1
2
√

min(λmin(Σn
t ) + αn, λmin(Σt))

(|Σn
t − Σt|F + αn

√
d). (2.4.13)
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From this it is easy to deduce via Lemma 2.2.2 the convergence

ε−δ/2n sup
t∈[0,T ]

|σnt − (σtσT
t )1/2| P→

n→+∞
0,

using that ε−δ/2n αn → 0 and the convergence

ε−δ/2n sup
t∈[0,T ]

|Σn
t − Σt|

P→
n→+∞

0

given by Proposition 2.4.4. Indeed for some subsequence (ι(n))n≥0 we have

ε
−δ/2
ι(n) sup

t∈[0,T ]
|Σι(n)
t − Σt|

a.s.→
n→+∞

0, (2.4.14)

therefore a.s.
inf
n≥0

inf
t∈[0,T ]

(
λmin(Σι(n)

t ) + αι(n)
)
> 0,

and thus, in view of (2.4.13) and (2.4.14), we obtain

ε
−δ/2
ι(n) sup

t∈[0,T ]
|σι(n)
t − (σtσT

t )1/2| a.s.→
n→+∞

0.

In the above, the strict positivity uniformly in n stems from the convergence of Σι(n), the
fact that inft∈[0,T ] λmin(Σt) > 0 and the strict positivity of λmin(Σι(n)

t ) +αι(n) for any n ≥ 0.
Hence finally using Lemma 2.2.2 we deduce that

ε−δ/2n |σnt − (σtσT
t )1/2| P→

n→+∞
0.

Note that from the construction of the sequence {σnt : t ∈ [0, T ]}n≥0 it satisfies As-
sumptions 4 by taking subsequences as above. So the assumptions of Theorem 2.2.5 are
verified and its application shows that the sequence of discretization strategies based on
{σnt : t ∈ [0, T ]}n≥0 is optimal. The proof is finished.

2.5 A numerical example

We consider a 2-dimensional diffusion process S on [t0, T ], t0 = −0.1, T = 1 with a deter-
ministic diffusion coefficient, so that S is a Gaussian process that can be simulated exactly.
Namely we define St0 = 0 and

dSt = (Σt)1/2dBt for t ∈ [−0.1, 1],

where B is a standard 2-dimensional Brownian motion and

Σt =
(
σ1(t)2 ρσ1(t)σ2
ρσ1(t)σ2 σ2

2

)
.
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Here σ1(t) = 1 + k sin(mt) with k = 0.3,m = 10. The other parameters are set as follows:

σ2 = 0.1, ρ = −0.2.

Now we take the following function v, it does not depend on t:

v(t, S) =
(
S2

60S2

)
.

Note that an efficient discretization of
∫ 1

0 v(t, St) · dSt must take into account the difference
of the sensitivities of v with respect to S1 and S2.

We simulate the process S exactly on [−0.1, 1], on a regular grid with a step 0.00002
used for the estimation. In this example we will not perform asymptotic tests, so we will
not define the whole sequence (εn)n≥0. Instead we consider a fixed n and we may directly
specify small εn that we take.

In this test we consider 4 different discretization methods:

1. asymptotically optimal discretization method, given in Theorem 1.5.2, using the exact
knowledge of Σt;

2. asymptotically optimal discretization method based on estimation of the diffusion co-
efficient, given by Theorem 2.4.1 that uses a kernel K(u) = 1

κ1−κ≤u≤0;

3. discretization method based on hitting times of equal circles, i.e. with the quadratic
form process Λ, generating the ellipsoids in (2.2.12), equal to λ Id;

4. regular deterministic discretization grid.

The method based on the hitting of equally sized circles may be seen as a choice by default
when one does not want to estimate the model.

We fix εn to be 0.025. To get the grids of approximately equal sizes, we take λ = 2 in
the construction of the circle hitting times grid. This value of εn is empirically chosen to get
nearly 1000 discretization points on [0, 1], further for the deterministic discretization we set
the grid size equal exactly 1000. The lookback window for the estimation (i.e. κγn) is 0.002
with 100 estimation points.

We simulate 25 trajectories of the process S. For each trajectory we compute the optimal
lower bound equal to

(∫ 1
0 Tr(Xt)dt

)2
. Further for each discretization method we calculate

the grid size Nn
1 , the quadratic variation of the discretization error 〈Zn〉1, using the finest

grid with time step 0.00002.

The quantity of interest for each method is βn,1 = Nn
1 〈Zn〉1(∫ 1

0 Tr(Xt)dt
)2 . Note that the

theoretical results imply that the first two methods are asymptotically optimal and thus
must have βn,1 close to 1.

On Figure 2.1 we display the values of βn,1 for the 4 discretization methods in each of
the 25 simulations.



2.A. Appendix 108

Figure 2.1: The values of the ratio βn,1 of the renormalized discretization error and the
optimal limit lower bound for 4 discretization methods, 25 different simulations.

The numerical test strongly confirms the theoretical results about the optimality of the
estimation based algorithms. We see that for both standard and adaptive versions of the
optimal discretization, the values of βn,1 are very close to 1, thus the renormalized error
nearly attains the optimal lower bound. For the circle hitting times method, the strategies
are less accurate, we lose nearly 40 percent in efficiency. Further the first three methods
based on stopping times largely outperform the regular discretization with approximately
the same grid size. Remark that this is true in exactly each of the 25 simulations which is
in line with the a.s. nature of the theoretical results. To conclude, the tests confirm that
the use of adaptive estimation in the case of no prior information about the model does
not impact the quality of the discretization method and the model-adaptive version of the
optimal discretization works as well as the initial one.

2.A Appendix

2.A.1 Convergence of discrete quadratic variation

We reformulate Proposition 1.3.9 in our setting.

Proposition 2.A.1. Let S be a semimartingale of the form (2.1.1)-(2.1.2) satisfying As-
sumptions 1. Let T = {T n : n ≥ 0} be a sequence of strategies satisfying 2.2.1 with
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∑
n≥0 ε

2
n < +∞. For any continuous adapted d× d-matrix process (Ht)0≤t≤T , we have

∑
τni−1<T

∆ST
τni
Hτni−1

∆Sτni
a.s.→

n→+∞

∫ T

0
Tr (Htd〈M〉t) .

Further we recall the following result from [GL14a] (see Corollary 2.1) about the a.s.
convergence to zero of sequences of martingales.

Lemma 2.A.2. Let p > 0 and let {Mn
t : 0 ≤ t ≤ T}n≥0 be a sequence of scalar continuous

local martingales vanishing at zero. Then∑
n≥0
〈Mn〉p/2T < +∞ a.s. ⇐⇒

∑
n≥0

sup
0≤t≤T

|Mn
t |p < +∞ a.s..

In particular the left hand side implies that sup0≤t≤T |Mn
t |

a.s.→
n→+∞

0.

Remark 2.A.3. Note that from a simple time-change argument the statement of Lemma
2.A.2 holds for martingales defined on [t0, T ], t0 < T, and vanishing at t0, where the supre-
mum is be taken over [t0, T ].

2.A.2 Proof of Lemma 2.3.1

Here we closely follow the proof of [GL14a, Proposition 2.4]. First note that the convergence
(2.3.1) implies

sup
n≥0

(
sup
t∈[0,T ]

∣∣∣[Hn
t ]εδn

∣∣∣) ≤ sup
n≥0

(
sup
t∈[0,T ]

|Hn
t |+ εδn

)
< +∞.

From this we deduce (similarly as in [GL14a, Proposition 2.4]) that the sequence of stopping
times T n is a.s. finite for all n ≥ 0.

We now have to verify the two assumptions 2.2.1 and 2.2.1 in Definition 2.2.1 about
admissibility. Let us begin with 2.2.1:

sup
t∈[0,T ]

|∆St|2 ≤
1

inft∈[0,T ] λmin([Hn
t ]εδn)

sup
1≤i≤Nn

T

sup
t∈(τni−1,τ

n
i ]

(∆ST
t [Hn

τni−1
]εδn∆St) ≤

2
εδn
ε2+δ
n = 2ε2

n

using (2.1.9).
Now let us establish 2.2.1. For n large enough so that εn ≤ 1, we have

ε2ρN
n Nn

T ≤ ε2+δ
n Nn

T = ε2+δ
n +

∑
τni <T

∆ST
τni

[Hn
τni−1

]εδn∆Sτni

≤ ε2+δ
n +

∑
τni <T

∆ST
τni
Hτni−1

∆Sτni +
∑
τni <T

|∆Sτni |
2
∣∣∣[Hn

τni−1
]εδn −Hτni−1

∣∣∣
≤ ε2+δ

n +
∑
τni <T

∆ST
τni
Hτni−1

∆Sτni + sup
n≥0

(
εδn + sup

t∈[0,T ]
|Hn

t −Ht|
) ∑
τni <T

|∆Sτni |
2.
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Using only 2.2.1 and the continuity of H, Proposition 2.A.1 gives us that

∑
τni <T

∆ST
τni
Hτni−1

∆Sτni
a.s.→

n→+∞

∫ T

0
Tr(Htd〈M〉t),

∑
τni <T

|∆Sτni |
2 a.s.→
n→+∞

Tr(〈M〉T ).

Thus the sequence (ε2ρN
n Nn

T )n is a.s. finite and the assumption 2.2.1 is proved. The sequence
{T n}n≥0 is admissible.

2.A.3 Proof of Lemma 2.3.2

Using that σt is a.s. continuous and non-degenerate we get that

inf
t∈[0,T ]

λmin((σtσT
t )1/2) > 0.

The above and the convergence (2.3.3) readily implies that

inf
n≥0

(
inf

t∈[0,T ]
λmin(σnt )

)
> 0.

The fact that it holds for any n ≥ 0 (and not only asymptotically) is made possible owing
to Assumptions 3. Assumptions 1 (in particular (1) and (1)) imply that Ct is non-zero for
any t ∈ [0, T ] a.s.. Thus from the continuity of Ct we deduce that

inf
t∈[0,T ]

Tr(CtCT
t ) > 0. (2.A.1)

Writing

|CtCT
t − Cnt (Cnt )T| = |σT

t (Dxvt)Tσtσ
T
t Dxvtσt − (σnt )T(Dxvt)Tσnt (σnt )TDxvtσ

n
t |

and using that supn≥0 (|σnt |) is a.s. bounded, we easily deduce from (2.3.3) that

sup
t∈[0,T ]

|CtCT
t − Cnt (Cnt )T| a.s.→

n→+∞
0,

which in particular implies that

inf
n≥0

(
inf

t∈[0,T ]
Tr(Cnt (Cnt )T)

)
> 0. (2.A.2)

Consider now the matrix equation (2.2.1)

2 Tr(x)x+ 4x2 = ccT. (2.A.3)
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For x ∈ Sd+, we have the easy inequalities

Tr(x2) ≤ Tr(x)2 ≤ dTr(x2).

Then taking the trace in (2.A.3) we get

(4 + 2d) Tr(x2) ≥ 2 Tr(x)2 + 4 Tr(x2) = Tr(ccT),

from which we deduce
Tr(x)2 ≥ Tr(x2) ≥ 1

4 + 2d Tr(ccT).

Combining this with the properties (2.A.1) and (2.A.2) leads to

inf
t∈[0,T ]

Tr(Xt) > 0, inf
n≥0

(
inf

t∈[0,T ]
Tr(Xn

t )
)
> 0,

which finishes the proof.

2.A.4 Proof of the counter-example 2.1.1

We have
Dxv =

(√
14 0
0

√
104

)
.

We use a misspecified model with σ̃ = Id2. Let us follow the construction of the discretization
strategy in [GL14a, Theorem 3.3] (here all the processes are constant, we mark by tilde those
corresponding to the misspecified model). Thus we obtain

C̃ = σ̃T(Dxv)Tσ̃ =
(√

14 0
0

√
104

)
.

One easily checks that X̃ =
(

1 0
0 4

)
satisfies the matrix equation

2 Tr(X̃)X̃ + 4X̃2 = C̃C̃T =
(

14 0
0 104

)
.

Thus we obtain
Λ̃ = (σ̃−1)TX̃σ̃−1 = X̃,

which is the matrix used by the optimizer to construct the discretization times as the ellipsoid
hitting times. For the given sequence (εn)n≥0 with εn → 0 we define {T n}n≥0, where
T n = {τni }i≥0, to be a sequence of discretization strategies such that: for any n ∈ Nτn0 := 0,

τni := inf{t > τni−1 : (St − Sτni−1
)TΛ̃(St − Sτni−1

) ≥ ε2
n} ∧ T.

(2.A.4)
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Using that the true diffusion matrix is σ =
(

1 0
0 0.5

)
, so that σTΛ̃σ = Id2, the above

definition (2.A.4) is equivalent toτn0 := 0,
τni := inf{t > τni−1 : (Bt −Bτni−1

)T Id2(Bt −Bτni−1
) ≥ ε2

n} ∧ T.
(2.A.5)

Now consider the renormalized discretization error for {T n}n≥0,

Ñn
T 〈Z̃n〉T = Ñn

T

〈√
14
∫ .

0
∆S1

t dS1
t +
√

104
∫ .

0
∆S2

t dS2
t

〉
T

= Ñn
T

(
14
∫ T

0
(∆B1

t )2dt+ 104
24

∫ T

0
(∆B2

t )2dt
)
.

For a moment, assume that the following holds for j = 1, 2:

Ñn
T

∫ T

0
(∆Bj

t )2dt P→
n→+∞

T 2

4 (2.A.6)

(which proof is given at the end of the section). Thus we obtain the convergence

Ñn
T 〈Z̃n〉T

P→
n→+∞

41
8 T

2.

At the same time for the optimal discretization algorithm (which attains the optimal
lower bound) the P-limit is equal to Tr(X)2T 2, where the matrix X is the solution of the
equation 2 Tr(X)X + 4X2 = CCT (see [GL14a, Theorem 3.3] combined with Lemma 2.2.2).
Here

CCT = (σT(Dxv)Tσ)2 =
(

14 0
0 13

2

)
.

For the case of diagonal CCT the solution X can be calculated analytically. Following the
proof of [GL14a, Lemma 3.1], y = Tr(X) is the unique solution to the equation

6y =
√
y2 + 4 · 14 +

√
y2 + 4 · 13

2 .

After simple calculations and simplifications, y must solve the bi-quadratic equation

1152y4 − 5904y2 + 900 = 0,

whose solutions for y2 are 369±9
√

1481
144 . Using the inequality Tr(X)2 ≥ Tr(CCT)

4 + 2d = 41
16 from

Section 2.A.3, we derive that Tr(X)2 = 369+9
√

1481
144 . Therefore we obtain the desired result

(2.1.7) with

β = 41
8 −

369 + 9
√

1481
144 ≈ 0.157. (2.A.7)
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Proof of (2.A.6). [GL14a, Theorem 3.3] applied with St = Bt and Dxv = Id2 (here we have
Xt = X = Λ = 1

2
√

2 Id2) and combined with Lemma 2.2.2 yields

Ñn
T

∫ T

0
((∆B1

t )2 + (∆B2
t )2)dt P→

n→+∞

(∫ T

0
Tr(Xt)dt

)2

= T 2

2 , (2.A.8)

here we suppose that the discretization rule from [GL14a, Theorem 3.3] uses a sequence
(ε̃n)n≥0 satisfying ε̃2

n = ε2n
2
√

2 so that it is coherent with the one defined in (2.A.5). We now
prove that the left hand side of (2.A.6) has a limit in probability, which is a constant. For
j = 1, 2 write

Ñn
T

∫ T

0
(∆Bj

t )2dt = (Ñn
T ε̃

2
n)2 1

Ñn
T

Ñn
T−1∑
i=1

ε̃−4
n

∫ τni

τni−1

(∆Bj
t )2dt+ on(1),

where on(1) comes for the last summand. From [GL14a, Proof of Theorem 3.2] we obtain

Ñn
T ε̃

2
n

P→
n→+∞

∫ T

0
Tr(Xt)dt = T√

2
.

Let (Wt)t≥0 be a 2-dimensional Brownian motion independent of B. Define a sequence of
stopping times (θi)i≥0 by θ0 = 0 and

θi+1 = inf{t > θi : |Wt −Wθi |
2 ≥ 1}.

Let Ňn
T be the number of θi satisfying θi ≤ Tε−2

n , it is easy to justify that Ňn
T

a.s.→ +∞.
Define a sequence of random variables

Qi =
∫ θi+1

θi

(W 1
s −W 1

θi)
2ds.

Using the scaling property of B we get the following equality of distributions

1
Ñn
T

Ñn
T−1∑
i=1

ε−4
n

∫ τni

τni−1

(∆Bj
t )2dt d= 1

Ňn
T

Ňn
T−1∑
i=1

Qi.

Hence using that Ňn
T
a.s.→ +∞ the Law of Large Numbers implies

1
Ñn
T

Ñn
T−1∑
i=1

ε̃−4
n

∫ τni

τni−1

(∆Bj
t )2dt P→

n→+∞
(2
√

2)2E(Q)

and so
Ñn
T

∫ T

0
(∆Bj

t )2dt P→
n→+∞

4T 2E(Q).

As the limit is the same for j = 1, 2 in view of the symmetry we deduce E(Q) = 1
16 from

(2.A.8). Thus, (2.A.6) is proved.
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3.1 Introduction

Statement of the problem and motivation. In this work we consider the discretization
of a multidimensional Itô process S at random stopping times τn0 = 0 < τn1 < · · · < τnNn

T
= T .

The number of discretization times Nn
T may be random as well. Our goal is to establish a

functional Central Limit Theorem (CLT) for the renormalized discretization error process
(
√
Nn
t Ent )0≤t≤T , where Ent is Rm-valued and has the form Ent = En,1t + En,2t with

En,1t =
∑

τni−1<t

∫ τni ∧t

τni−1

Mτni−1
(Ss − Sτni−1

)ds, En,2t =
∑

τni−1<t

∫ τni ∧t

τni−1

(Ss − Sτni−1
)TAτni−1

dBs.

(3.1.1)
Here, B is a d-dimensional Brownian motion, M and A are arbitrary adapted continuous
processes with values in Matm,d and Matd,d⊗Rm respectively (so that At maps bilinearly
(x, y) ∈ Rd×Rd to xTAty ∈ Rm; see the notation at the end of this section and Section 3.2.3
for more details).

Analysis of the discretization errors based on deterministic discretization grids is a well
studied subject developed in works such as [Roo80, JP98, HM05, GT09, GT01, MZ06] among
others, see also [JP12] and references therein. However, in practice the discretization times
may be random, which makes the analysis much more complicated. The setting of random
discretization grids has gained a lot of attention due to applications in high frequency finance
(see e.g. [Fuk10, FR12, RR10, RR12]). The importance of the subject was, in particular,
emphasized in [DGM+01, Section 1.1] and [ASJ14, Chapter 9]. See also [GW02] for em-
pirical evidence about the connection of volatility and inter-transaction duration in finance,
[Fuk10] for modeling bid or ask quotation data and tick time sampling. Many works re-
mark the non-negligible impact of the randomness of the discretization times with respect
to the classical deterministic case when dealing with convergence results. For example, in
[ASM03] it is observed a considerable effect of random sampling on the estimators in the
setting of parametric inference for diffusions. In [LZZ13] the authors note that taking into
account the endogenous randomness of the observation grids, when it exists, may substan-
tially improve the performance of the integrated volatility estimator. Certain works (such
as e.g. [LR13, ZS16]) consider the case of random but, so called, strongly predictable dis-
cretization times. Though important, this case is more basic compared to stopping times.
While the theory of stopping time discretization grids has recently experienced substan-
tial progress (see the literature discussion below), the existing results possess a number of
drawbacks. First, many of them only cover the 1-dimensional case and typically consider
particular examples of the error term, e.g. related to integrated variance estimation (e.g.
[Fuk10, Fuk11b, FR12]). Second, in terms of the discretization grids under study, most gen-
eral works (such as [Fuk11b]) consider an abstract setting with assumptions that are difficult
to verify and thus do not explicitly describe the class of those grids. Generalization to the
multidimensional case is highly non-trivial both regarding the extension of the central limit
theorem (in particular, characterization of the limit distribution) given the abstract assump-
tions on the moments, and even more regarding the determination of the class of random
grids verifying the assumptions. For example, natural candidates for endogenously generated
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discretization times are first exit times from random domains, whose analysis is much more
complicated in multidimensional setting (while in dimension 1 such a domain is given by the
two boundary points). Less abstract works (such as e.g. [FR12, RR12, LZZ13, LMR+14])
study only specific classes of grids and are restricted to either the case of grids given by
hitting times or random times driven by a noise independent on the process S, while a
combination of these two types of grids has not been addressed.

In our our we propose a unified treatment and we aim at closing these gaps in the
existing literature on the subject. Our goal is to prove a functional CLT for the sequence
of the renormalized discretization error processes (

√
NtEnt )0≤t≤T in the multidimensional

case for a general error term of the form (3.1.1) for a sufficiently general concrete class
of random discretization grids (i.e. specified directly by its definition and not by abstract
assumptions) with explicit characterization of the limit distribution. In particular, the model
for the process St allows quite general (non-Markov) Itô processes verifying mild regularity
assumptions, and therefore it includes most of the models relevant in practice. The class of
random discretization grids allows a combination of the endogenous randomness generated
by S and independent noise, and includes the exit times from general random domains – a
framework that was not previously studied in the literature. As seen in (3.2.6) , it will take
the form of

τni := inf{t > τni−1 : (St − Sτni−1
) /∈ εnDn

τni−1
} ∧ (τni−1 + ε2

nGτni−1
(Un,i) + ∆n,i) ∧ T,

for some parameter εn → 0, some stochastic domain Dn
. indexed by time, some independent

random variables (Un,i)i,n, some negligible terms ∆n,i. More general forms are even allowed
in Section 3.3

In particular, the form (3.1.1) of the error term covers such important applications as
error analysis for integrated variance estimation, optimal tracking strategies and parametric
estimation for processes. In these applications a discretization error process can be typically
decomposed into a linear part of the form (3.1.1) and the rest, that gives negligible contri-
bution. To illustrate consider a process of the form St := S0 +

∫ t
0 bsds +

∫ t
0 σsdBs and let

∆St := St − Sτni with τni the largest discretization time before t.

1. Integrated variance estimation. Here the goal is to estimate
∫ t

0 Tr(σsσT
s )ds using the

random process observations (see, e.g., [BNS05, MZ06, RR12, LZZ13, LMR+14]). Us-
ing the Itô formula we write the error process

∑
τni−1<t

|∆Sτni ∧t|
2 −

∫ t

0
Tr(σsσT

s )ds = 2
∫ t

0
∆ST

s σsdBs + 2
∫ t

0
bT
s ∆Sds.

2. Optimal tracking strategies. This is related to the minimization of the tracking error
of a continuous-times strategy, which, for some function v : R+ × Rd → R, may be
written in the form∫ t

0
v(s, Ss)dSs −

∑
τni−1<t

v(τni−1, Sτni−1
)∆Sτni ∧s ≈

∑
τni−1<t

∫ τni ∧t

τni−1

∇Sv(τni−1, Sτni−1
)∆SsdSs,
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which is a particular case of (3.1.1). See, e.g., [Fuk11b, Fuk11a, GL14a] and Chapters
1-2.

3. Parametric estimation for processes. In the problem of the parametric inference for a
diffusion process, depending on a parameter ξ ∈ Ξ, and observed at discrete times, the
proof of the CLT for the renormalized estimation error sequence (

√
Nn
T (ξn − ξ?))n≥0

often requires the CLT for discretization errors of the form (3.1.1). This application is
developped in Chapter 4, where the question of optimal contrast estimator is investi-
gated together with optimal observation grids, see also [GCJ93, GCJ94, ASM04].

There also exists a number of works related to the asymptotic analysis of the Euler scheme
error, see [FO15] and references therein. We remark, however, that our setting is quite
different since we deal we discretization of the true process trajectories, and thus we do not
consider this problem here.

Background results. A number of works deal with the case of strongly predictable
(possibly up to conditioning on some independent noise) grids. This case is studied in
[ASM03, ASM04] in the setting of parametric inference for diffusions. [DG04] investigates
the inference problem for Markov processes observed at random times and provides, in par-
ticular, their asymptotic normality. Sampling scheme intervals are made of exponential
times with intensity that may depend on the underlying Markov process and on the param-
eter vector to be estimated (compare with our analysis in Section 3.2.2, where we do not
use any Markovian assumptions). [BNS05] studies the estimation of general power varia-
tions for time-changed regular schemes. In [BNGJ+06] a CLT is proved for realized power
and bipower variations of continuous semimartingales for even functions, [KP08] provide an
extension of this result for more general functions. Among other works we also mention
[Roo80, GT01, HM05, GT09] where the asymptotic properties of the discretization error
for stochastic integrals are studied in various settings. In [GCJ93, GCJ94] an asymptotic
normality property is given for an estimator of a parameter of a diffusion process based on
discrete observations. Though in [GCJ94] random observation times are allowed, the frame-
work is quite different since those times are not stopping times and are chosen by the user
given anticipative observations.

Some more recent papers study the case of endogenously triggered discretization times. In
[RR10, RR12] the authors construct a financial high-frequency price model which combines
microstructure noise, including rounding noise, and sampling at transaction times on the
basis of suitably defined hitting times, and then estimate the integrated volatility. They also
provide the asymptotic analysis of their estimator. A different approach with endogenous
random sampling times can be found in [LZZ13, LMR+14], the authors prove a CLT for
the realized volatility in a general endogenous time setting. Random discretization schemes
given by hitting times appear naturally in the problem of optimizing the tracking error which
is interpreted as a discretization error of stochastic integral (see [Fuk11b, Fuk11a, GL14a]
and Chapters 1-2).

In the above mentioned works the CLT typically holds with a limit having zero correlation
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with the initial Brownian motion, if the time grids satisfy the centering property

E[(Bj
τni+1
−Bj

τni
)2p+1|Fτni ] = 0 (3.1.2)

for the odd moments of the increments of the j-th component of the Brownian motion B.
When the observation times are deterministic, (3.1.2) can be proved thanks to Gaussian
centering property. When (τni )i≤Nn

T
are hitting times of symmetric intervals (thus the prop-

erty (3.1.2) still holds), [Fuk11a] shows also a CLT with an independent Brownian motion
at the limit in the case of dimension 1. When (3.1.2) holds asymptotically, that is the third
moment of the increments oscillates around 0 fast enough (ε−1

n E[(Bj
τni+1
−Bj

τni
)3|Fτni ]→P 0),

as for instance in the case of random grids made of hitting times of regularly spaced meshes,
the authors of [FR12] prove also no bias in the limit. However, many important cases re-
quire treatment of irregular grids without the centering property (3.1.2) and the analysis of
asymptotic bias. For example, in [LZZ13] a CLT with biased limit distribution is given in
the case of integrated volatility estimation on randomly spaced observations in dimension 1.

The closest to our setting are the works by Fukasawa et al. In particular, [Fuk10] proves
the CLT for hitting times of a regular grid in dimension 1. In [Fuk11b] the CLT for renor-
malized discretization error sequence is established in a very general (allowing, in particular,
the asymptotic bias) setting in dimension 1. The result, though quite important, is given in
terms of abstract assumptions on the moments of the process increments, which determine,
in particular, the limit distribution. Verification of these assumptions is hard beyond simple
cases (and would be particularly complicated if the result were generalized to the multidimen-
sional case). Hence, an application of this result to a concrete example requires a substantial
amount of work, including the assumption checking and finding the limit distribution.

Our contribution.

• To our knowledge, this is the first attempt to study the convergence in distribution
of discretization errors for a concrete general class of Itô processes and random dis-
cretization grids given by stopping times. In particular, our models for the process and
the discretization times are specified directly, in simple terms and without abstract
assumptions, so that verification for a specific example is quite straightforward. In
addition, we provide explicitly the limit distribution (the asymptotic bias and covari-
ance matrix) in a tractable form in terms of the underlying model. We consider both
multidimensional process and multidimensional error term.

• Our class of random discretization grids includes, in particular, hitting times of general
random multidimensional domains (under quite mild assumptions). To our knowledge,
this is the first work that studies such discretization grids.

• Our class of random grids allows a combination of endogenous (e.g. given by hitting
times) and exogenous noise (given by independent random variables, e.g. Poisson
process) in the definition of discretization times, while a majority of previous works is
restricted to only one of these cases.
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• We consider a general error term Ent = En,1t + En,2t given by (3.1.1) which covers
simultaneously most of the applications of interest.

• We do not impose any Markovian assumptions either on the process or on discretization
times.

• An important and direct application of our results is when time grids are made of
hitting times of random ellipsoids. Such grids naturally appear in [GL14a] and Chap-
ters 1-2 as optimal discretization strategies regarding the minimization of quadratic
variation criterion for multidimensional models and play important role in the problem
of hedging error optimization in finance (see [Fuk11a]).

• Furthermore, to derive the above CLT for general grids, we have proved several im-
portant results on the sensitivity of the exit times of Brownian semimartingales from
bounded domains with respect to the model and domain perturbations. They are of
their own interest and may be useful in other problems.

• Though our framework is multidimensional, we consider only discretization times that
are synchronized for different components of the process. This may be not true in var-
ious applications. See, for example, [HY08] for the treatment of asynchronous observa-
tions in high-frequency finance. Nevertheless, our work is an important intermediary
step for the study of more general asynchronous discretization schemes and provides
useful machinery to tackle this problem. Generalization of our results to, for example,
bipower variations (see [BNS05, BNGJ+06, KP08]) is left for future research.

Organization of the chapter. In Section 3.2 we introduce the stochastic model for the
semimartingale S and describe the class of random discretization grids under study. Further
we state the main theorem of this work and provide various examples and applications of
our result. Section 3.3 is devoted to the proof of the main theorem, which contains two
important blocks: a general abstract CLT for discretization errors based on random grids
(Section 3.3.1) and certain important properties of the semimartingale exit times from general
domains (Section 3.3.2). The completion of the proof is given in Section 3.3.3. In Section
3.4 we continue with the proof of the general abstract CLT, while Section 3.5 is devoted to
the proof of the semimartingale exit time properties. Supplementary material and technical
results are given in Appendix.

Notation used throughout this work.

• v · w denotes the scalar product in Rd.

• Matm,d denotes the set of m × d real matrices. Tr(.) and T stand respectively for the
trace and transpose operators.

• We write (M)ij for the components of a matrix M , Mi: (resp. M:i) its i-th row (resp.
i-th column), and ak for the components of the vector a.
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• Sd, S+
d and S++

d denote respectively the set of symmetric, positive semidefinite sym-
metric and positive definite symmetric real d× d matrices.

• For M ∈ Matm,d we denote by ‖M‖ :=
√

Tr(MMT) its Frobenius norm. For M ∈
Matd,d, we recall the easy inequality |Tr(M)| ≤

√
d‖M‖.

• For M ∈ Sd we denote λmin(M) and λmax(M) the smallest and the largest eigenvalue
of M .

• We denote by: u.c.a.s.−→
n→+∞

- a.s. convergence uniform on [0, T ], u.c.p.−→
n→+∞

- convergence in

probability uniform on [0, T ], d=⇒
[0,T ]

- convergence in distribution on [0, T ] in the sense

of processes w.r.t. the uniform topology..

• Bd(x0, R) denotes a d-dimensional closed ball with radius R and center x0.

• U(0, 1) stands for the distribution of a uniform random variable on [0, 1].

• Csup([0, T ]) denotes the normed vector space of continuous processes on [0, T ] with the
sup-norm.

• If f : Rd 7→ R is a smooth function, then ∇f (resp. ∇2f) stands for the gradient (resp.
the Hessian) of f , as a row vector (resp. as a square matrix).

• A f : Rd 7→ R is an α-homogeneous function (for some α ∈ N) if f(cx) = cαf(x) for
all c ≥ 0, x ∈ Rd.

• All the further asymptotic convergences are stated through a positive deterministic
sequence (εn)n≥0 with εn → 0. Without loss of generality and for the sake of simplicity,
from now on we assume εn ≤ 1 for any n.

• For any subinterval I ⊂ [0, T ] denote Nn(I) := #{τni ∈ I} for the number of grid times
in I. Let |I| denote the length of I.

• In what follows, we may consider the conditional expectation of scalar random variables
X that are non necessarily integrable. We adopt the following convention. When X is
non-negative, Et(X ) can be properly defined as a random variable valued in R+∪{+∞}.
In the case of Et(|X |) < +∞ a.s. we define Et(X ) := Et(X+)− Et(X−) where X+ and
X− are the positive and the negative parts of X .

3.2 Stochastic model, random grids, main result

3.2.1 Probabilistic model

Let T > 0 and let (Ω,F , (Ft)0≤t≤T ,P) be a filtered probability space supporting a d-
dimensional Brownian motion (Bt)0≤t≤T . We assume that the filtration (Ft)0≤t≤T satis-
fies the usual assumptions of being right-continuous and P-complete. Let (St)0≤t≤T be a
d-dimensional continuous F-adapted semimartingale.
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Our first CLT (Theorem 3.2.7) and the computation of explicit limits in Section 3.2.4
will be derived under the following assumptions and for stopping times of the form (3.2.6).
A slightly more general version of CLT is established in Section 3.3.1, for abstract stopping
times satisfying some structure conditions (HR)-(HB).
(HS): The process S is of the form

St = S0 +
∫ t

0
bsds+

∫ t

0
σsdBs, t ∈ [0, T ], (3.2.1)

where

• the starting point S0 is an F0-measurable random variable;

• (bt)0≤t≤T is a F-adapted d-dimensional stochastic process;

• (σt)0≤t≤T is a continuous F-adapted Matd,d-valued process, such that σt is invertible
a.s. for all t ∈ [0, T ] and σ0, σ

−1
0 are bounded;

• for some a.s. finite random variable Cσ > 0 satisfying E
(
C4
σ|F0

)
< +∞ and a parameter

ησ ∈ (0, 1], we have

|σt − σs| ≤ Cσ|t− s|ησ/2 ∀s, t ∈ [0, T ] a.s.

We remark that the boundedness of σ0 and σ−1
0 above is needed mainly to guarantee that

certain processes are integrable at 0 in the proof of Proposition 3.4.1 in Section 3.A.2, which
is an important step of our main proof. Later similar boundedness condition is assumed for
some other processes for the same reason.
(H∆): There exist positive F-adapted processes (vt)0≤t≤T and (δt)0≤t≤T , such that vt is a.s.
bounded and δt is a.s. continuous, and for which we have a.s. for all t ∈ [0, T ]

v−1
t ≤ inf

t≤s≤ψ(t)
λmin(σsσT

s ) ≤ sup
t≤s≤ψ(t)

‖σsσT
s ‖ ≤ vt, sup

t≤s≤ψ(t)
|bs| ≤ vt,

where
ψ(t) := inf{s ≥ t : |Ss − St| ≥ δt} ∧ T, t ∈ [0, T ].

In (H∆) the key assumption is that vt is F-adapted, so that it allows Ft-measurable
control on [t, ψ(t)] for t ∈ [0, T ].

Example 3.2.1. On (Ω,F ,P) consider a Brownian motion (Bt)0≤t≤T and a continuous-
time Markov chain (Pt)0≤t≤T taking values in NR := {1, . . . , R}, that is aimed at modeling a
regime-switching behavior (see [Nor98, Chapter 2]). The label r ∈ NR stands for indexing the
different regimes. The transition from state r to state r′ in two successive times is given by a
Frobenius matrixMF and the distributions of time interval between two jumps are exponential
distributions, with a parameter depending on MF . Define the P-augmented right-continuous
extension (Ft)0≤t≤T of the filtration generated by (B,P ). Consider the processes

σt = σ (t, (Ss∧t)0≤s≤T ) , bt = b (Pt, t, (Ss∧t)0≤s≤T )
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for functions σ : [0, T ] × Csup([0, T ]) → Matd,d such that σ−1
t exists for all t ∈ [0, T ] a.s.

and b : NR × [0, T ] × Csup([0, T ]) → Rd. Suppose that σ(·, ·) is continuous and that b(r, ·, ·)
is continuous for all r ∈ NR. Thus for a given continuous positive process vt, since σt
is invertible, we may choose δt (continuous in t) small enough, such that if the trajectory
(Ss∧ψ(t))0≤s≤T is at distance at most δt from (Ss∧t)0≤s≤T we may upper and lower bound
the eigenvalues of σ (u, (Ss∧u)0≤s≤T ) , u ∈ [t, ψ(t)], using vt. Similar reasoning yields the
condition on bt in (H∆). We remark that this model is path-dependent (thus non-Markovian)
and non-only driven by Brownian motions (which justifies the use of general filtration). It
also includes the diffusion model σt = σ(t, St) as a particular case.

3.2.2 Class of random discretization grids

In this section we discuss the class of random discretization grids for which we study the
discretization error, in particular, for which we establish the functional CLT with explicit
limit characterization.

• This class is quite large and includes the hitting times of general random domains. No-
tably, it allows almost arbitrary random domain processes under some mild regularity
assumptions. We claim that this is the most general concrete framework (i.e. with
explicit description and without any abstract assumption) for endogenously generated
discretization schemes for multidimensional processes considered in the literature.

• In addition we allow to incorporate additional independent noise of quite general form
while constructing the discretization times.

In particular, examples include random grids given by a combination of the hitting times
of random domains with the times generated by a Poisson process having general random
path-dependent intensity and independent source of randomness.

We recall that (εn)n≥0 is a deterministic sequence with εn ∈ (0, 1] and εn → 0.

A set of regular bounded domains

We recall that a domain is a non-empty open connected set, see [GT83, p.10]. Let D̃ be
the set of bounded domains D in Rd which contains 0, and let D be the subset of D̃ which
element D has a boundary ∂D of class C2. For any D ∈ D̃, define the signed distance
δ∂D : Rd → R to its boundary by

δ∂D(x) := (1x∈D − 1x/∈D) inf{|x− y| : y ∈ ∂D}. (3.2.2)

We recall that without any regularity on ∂D, δ∂D is a Lipschitz function with Lipschitz
constant smaller than 1 (see [GT83, Section 14.6, p. 354]). For any D1, D2 ∈ D̃ define

µ(D1, D2) := sup
x∈∂D1

|δ∂D2(x)|+ sup
x∈∂D2

|δ∂D1(x)| .

Lemma 3.2.2. µ(., .) is a distance on the set D̃ of domains of Rd containing 0.
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Proof. It is obviously non-negative and symmetric.
Assume that µ(D1, D2) = 0 for D1, D2 ∈ D̃ and let us show that D1 = D2. We have
supx∈∂D1 |δ∂D2(x)| = 0: for any x ∈ ∂D1, since the boundary ∂D2 is compact, there exists
a y(x) ∈ ∂D2 such that 0 = δ∂D2(x) = |x − y(x)| which shows that ∂D1 ⊂ ∂D2. Using
supx∈∂D2 |δ∂D1(x)| = 0, we get the converse inclusion and therefore, ∂D1 = ∂D2. But since
D1 and D2 are open connected sets containing 0, we must have D1 = D2.
It remains to prove that µ satisfies to the triangular inequality: this is an easy verification
that we leave to the reader. The proof is complete.

To allow greater generality and deal with intersection of J smooth domains (to encompass
domains with corners like polyhedrons) we introduce appropriate notations. For any integer
J > 0, let

DJ := {(D1, . . . , DJ) : Dj ∈ D}, DJ∩ :=
{ J⋂
j=1

Dj : Dj ∈ D
}
. (3.2.3)

An element of DJ is a sequence of J domains, while an element of DJ∩ is a domain of Rd. We
generalize µ(·, ·) to µJ(·, ·) on DJ (resp. DJ∩) by setting, for any D1, D2 in DJ (resp. DJ∩),

µJ(D1, D2) :=
J∑
j=1

µ(D1
j , D

2
j ),

with obvious definitions of Di
j . Since µ is a distance on D̃, µJ defines also a distance on

DJ (resp. DJ∩). In what follows the continuity for a DJ or DJ∩-valued process is meant with
respect to µJ(·, ·).

For a domain D ∈ DJ∩, the notation εD stands naturally as εD := {y ∈ Rd : y/ε ∈ D}
and similarly for D ∈ DJ .

Class of random discretization grids

Fix some integer J > 0. We consider a DJ∩-valued continuous F-adapted process (Dt)0≤t≤T
and a sequence of DJ∩-valued continuous F-adapted processes {(Dn

t )0≤t≤T : n ≥ 0}. All
these domains of DJ∩ are under the form

Dn
t :=

J⋂
j=1

Dn
j,t, Dt :=

J⋂
j=1

Dj,t.

Suppose that for some positive constants r0, r̄0 the initial domain D0 verifies

Bd(0, r0) ⊂ D0 ⊂ Bd(0, r̄0) a.s. (3.2.4)

We will assume the following approximation and continuity properties.
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(H1
D): There exists a constant ηD > 0 such that

sup
n≥0

(
ε−ηDn sup

0≤t≤T
µJ(Dn

t , Dt)
)
< +∞. (3.2.5)

(H2
D): There exists a continuous F-adapted positive process (Lt)0≤t≤T such that L−1

0 is
a bounded random variable and the following holds a.s. for all t ∈ [0, T ] and any D ∈
{Dn

j,t, Dj,t, n ≥ 0, j = 1, . . . , J}

1. the signed distance δ∂D(·) is C2 on the set {x ∈ Rd : |δ∂D(x)| ≤ Lt};

2. we have supx∈D |x| ≤ L−1
t and

inf
x:|δ∂D(x)|≤Lt

|∇δ∂D(x)| ≥ 1
2 , sup

x:|δ∂D(x)|≤Lt
(|∇δ∂D(x)|+ ‖∇2δ∂D(x)‖) ≤ L−1

t .

Remark 3.2.3. Assumption (H2
D) is quite mild. Indeed, following [GT83, Lemma 14.16]

for any D ∈ D there exists LD > 0 such that the distance function (3.2.2) is C2 on the set
{x ∈ Rd : |δ∂D(x)| ≤ LD}. Further, using that ∇δ∂D(·) restricted to ∂D is the inward unit
vector at the boundary, the boundedness of D and ∂D, we get the existence of LD > 0 such
that, in addition, supx∈D |x| ≤ L−1

D and

inf
x:|δ∂D(x)|≤LD

|∇δ∂D(x)| ≥ 1
2 , sup

x:|δ∂D(x)|≤LD
(|∇δ∂D(x)|+ ‖∇2δ∂D(x)‖) ≤ L−1

D .

Therefore (H2
D) only requires some continuity and uniformity properties of LD for the ran-

dom domain-valued processes Dn
j,t, Dj,t, n ≥ 0, j = 1, . . . , J .

Suppose that (Ω,F ,P) supports an i.i.d. family of random variables U := {Un,i : i, n ∈ N}
with Un,i ∼ U(0, 1), that are independent of FT . Define the filtration FUt := Ft ∨ σ(U). Let
G : (t, ω, u) ∈ [0, T ]×Ω× [0, 1] 7→ R+∪{+∞} be a P ⊗B([0, 1])-measurable mapping, where
P denotes the σ-field of predictable sets of [0, T ]× Ω. In what follows, we will simply write
Gt(u).

Now we present the class of random discretization grids that constitutes the principal
object of our analysis. Define a sequence of discretization grids T := {T n : n ≥ 0} with
T n = {τni , i = 0, . . . , Nn

T } given byτ
n
0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

) /∈ εnDn
τni−1
} ∧ (τni−1 + ε2

nGτni−1
(Un,i) + ∆n,i) ∧ T,

(3.2.6)
where (∆n,i)n,i∈N is a family of random variables such that τni ’s are FU -stopping times
and ∆n,i is independent of Um,j for m 6= n or j > i. The variables ∆n,i play the role of
error terms, we make an additional assumption on it later. We define the counting process
Nn
t := #{i ≥ 1 : τni ≤ t} for any t ∈ [0, T ], this is a càdlàg FU -adapted process.

Remark 3.2.4. Note that Gt(·) may take the value of +∞. However τni is always well
defined since we take the minimum with the exit time in (3.2.6). In particular, if Gt(·) = +∞
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for all t ∈ [0, T ] we simply get a sequence of random grids given by exit times without
exogenous source of randomness.

Define the normed vector space

H :=

u = (un, n ∈ N) : un ∈ R, ‖u‖H :=
∑
n∈N

|un|
2n < +∞

 ,
and consider the H-valued FU -adapted càdlàg process Zt := (Zn,t, n ∈ N) on [0, T ] defined
by

Zn,t := Nn
t

Nn
t + 1 , n ∈ N.

Let (F̄t)0≤t≤T be the right-continuous extension of the filtration (Ft ∨ σ(Zr, r ≤ t))0≤t≤T .
Since Zt is FU -adapted and FU is right-continuous, we naturally have

Ft ⊂ F̄t ⊂ FUt . (3.2.7)

Thus the filtration F̄ verifies the usual conditions. We also remark that the definition of Zt
implies that the FU -stopping times τni given by (3.2.6) are F̄-stopping times.

Suppose the following condition:
(HG): 1. With probability 1, for all u ∈ [0, 1] the process (Gt(u))0≤t≤T is continuous

on R+ ∪ {+∞}. Moreover there exists an FT ⊗ B([0, 1])-measurable mapping G∗ :
Ω× [0, 1]→ R+ not a.e. equal to zero, such that a.s. for all n ≥ 0 and 1 ≤ i ≤ Nn

T we
have

Gτni−1
(Un,i) + ε−2

n ∆n,i ≥ G∗(Un,i).

2. For some constant η > 0 and an F̄-adapted bounded process (pt)0≤t≤T we have a.s.
for all n ≥ 0 and 1 ≤ i ≤ Nn

T

E
(
|∆n,i||F̄τni−1

)
≤ pτni−1

ε2+η
n . (3.2.8)

The following lemma states certain important properties of the filtration F̄ .

Lemma 3.2.5. The following properties hold.

(i) The F-Brownian motion (Bt)0≤t≤T is also a F̄-Brownian motion. Moreover any F-
adapted continuous semimartingale has the same characteristics (finite variation part,
local martingale part and quadratic variation) w.r.t. F̄ .

(ii) For any F̄τni−1
⊗ B([0, 1])-measurable mapping f : Ω× [0, 1]→ R+ we have

E(f(ω,Un,i)|F̄τni−1
) =

∫ 1

0
f(ω,x)dx.

Proof. Item (i). Observe that [Pro04, Theorem 2, Chap. VI] ensures that any F-semimartingale
remains a FU -semimartingale with the same characteristics. Now we extend this property
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to the filtration F̄ . For this, consider a square-integrable continuous F-martingale M : using
that it is a FU -martingale as recalled before, M is also a F̄-martingale in view of (3.2.7)
and of the equality

E(Mt|F̄s) = E(E(Mt|FUs )|F̄s) = E(Ms|F̄s) = Ms.

In addition,M has the same quadratic variation 〈M〉 w.r.t. F̄ since it is characterized by the
fact thatM2−〈M〉 is a martingale. The same conclusion can be extended to the case of local
martingales since the localization times may be chosen as νk = inf{t ∈ [0, T ] : 〈M〉t ≥ k},
which are F̄-stopping times, and thus by the previous argument each process M·∧νk is a
F̄-martingale. Finally the property of having finite variation is independent of the filtration.
Item (ii). It is sufficient to show that Un,i is independent of F̄τni−1

. Indeed, Un,i is independent
of FT and of (Zm,t)0≤t≤T for m 6= n. Moreover, Nn,. is a counting process, thus its natural
filtration (or equivalently that of Zn,.) is right-continuous (see [Pro04, Theorem 25, Chap.
I]). So, it is enough to show that Un,i is independent of Zn,τni−1

. This follows from the
construction (3.2.6) of the times τni and the properties of ∆n,i, in particular, since Un,i is
completely unused up to the time τni−1, and no information about it is available at τni−1.

In what follows by adapted process we mean F̄-adapted, for F-adapted processes we will
specify it explicitly if this property is needed. We also denote Et(·) := E(·|F̄t).

Example: combination of hitting times and Poisson point process with general
stochastic intensity

In this section we present the example of Poisson random times having general random
path-dependent intensity and based on independent source of randomness (see [Str10] for an
introduction to Poisson point processes), for which (HG) holds.

Let (λt)0≤t≤T be a strictly positive F-adapted continuous stochastic process, playing the
role of a stochastic intensity, and suppose that the following assumption holds.
(Hλ): For some constant ηλ ∈ (0, 1] we have

|λt − λs| ≤ Cλ|t− s|ηλ , 0 ≤ s ≤ t ≤ T, a.s.

and, in addition, E(Cλλ
−(2+ηλ)
∗ ) < +∞ where λ∗ := inf0≤t≤T λt.

For a given trajectory of (λt)0≤t≤T define a sequence of independent Poisson point pro-
cesses (Pn)n≥0, where for each n ≥ 0 the process Pn has the intensity {ε−2

n λt, t ∈ [0, T ]} and
is based on the random noise (Un,i)i∈N (see (3.2.11) below for a precise definition). Define a
sequence of random discretization grids T := {T n : n ≥ 0} with T n = {τni , i = 0, . . . , Nn

T }
as follows τ

n
0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

) /∈ εnDn
τni−1

or t ∈ Pn} ∧ T.
(3.2.9)

Then our claim is that T belongs to the class of grids described in Section 3.2.2, of the form
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(3.2.6), and it satisfies to (HG). Indeed, let

Gt(u) := − 1
λt

log(1− u), (3.2.10)

which is the inverse c.d.f. of the exponential distribution with parameter λt. The next
Poisson time τ̃ni after τni−1 is defined by the equation

ε−2
n

∫ τ̃ni

τni−1

λsds = − log(1− Un,i), (3.2.11)

so that ∆n,i is such that (in view of (3.2.6))

τ̃ni = τni−1 + ε2
nGτni−1

(Un,i) + ∆n,i. (3.2.12)

It readily follows that

Gτni−1
(Un,i)+ε−2

n ∆n,i = ε−2
n (τ̃ni −τni−1) ≥ ( sup

0≤t≤T
λt)−1ε−2

n

∫ τ̃ni

τni−1

λsds = ( sup
0≤t≤T

λt)−1| log(1−Un,i)|.

We have completed the proof of (HG)-1.
Now, let us establish (3.2.8). Combining (3.2.10)-(3.2.11)-(3.2.12) and invoking Assumption
(Hλ), we obtain

|∆n,i| =
∣∣∣∣∣τ̃ni − τni−1 − λ−1

τni−1

∫ τ̃ni

τni−1

λsds
∣∣∣∣∣ ≤ λ−1

τni−1

∣∣∣∣∣
∫ τ̃ni

τni−1

|λs − λτni−1
|ds
∣∣∣∣∣ ≤ λ−1

∗ Cλ(τ̃ni − τni−1)1+ηλ .

Further (3.2.11) yields

τ̃ni − τni−1 ≤ λ−1
∗

∫ τ̃ni

τni−1

λsds = λ−1
∗ | log(1− Un,i)|ε2

n,

which finally implies

|∆n,i| ≤ Cλλ
−(2+ηλ)
∗ | log(1− Un,i)|1+ηλε2+2ηλ

n .

Using Lemma 3.2.5-(ii), we deduce that

Eτni−1
(|∆n,i|) ≤

(∫ 1

0
| log(1− x)|1+ηλdx

)
Eτni−1

(
Cλλ

−(2+ηλ)
∗

)
ε2+2ηλ
n .

The process Et
(
Cλλ

−(2+ηλ)
∗

)
< +∞ is a martingale due to (Hλ) and thus has a cádlág

version, hence it is a.s. bounded. We have proved (HG)-2. All in all, (HG) holds in this
general framework of Poisson point process with stochastic intensity.
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3.2.3 Main result

We are now in a position to state a functional CLT for a general multidimensional discretiza-
tion error in the setting presented in the previous subsections. The CLT limit is defined in
terms of the solution to the following matrix-valued quadratic equation.

Lemma 3.2.6 ([GL14a, Lemma 3.1]). Let c be a d× d-matrix symmetric non-negative real
matrix. Then the equation

2 Tr(x)x+ 4x2 = c (3.2.13)

admits exactly one solution x(c) ∈ S+
d . Moreover, the mapping c 7→ x(c) is continuous.

Proof. We remark that in [GL14a, Lemma 3.1], the input matrix on the right hand side of
(3.2.13) is c̃2 instead of c here. Of course, it does not modify the existence and uniqueness
properties in the form we state them here. Only the continuity property is questionable:
in [GL14a, Lemma 3.1] the continuity of c̃ 7→ x(c̃2) = x(c) is proved. However one may
easily deduce the continuity of c 7→ x(c) from their proof as well: indeed, this is a direct
consequence of the representation [GL14a, eq. (A.7)] and of the fact that yλ is continuous
in (λ2

i )di=1 (in the notation of [GL14a, Section A.4]).

Fix a random grid sequence T := {T n : n ≥ 0} of the form (3.2.6). Define

ϕ(t) := max{τ ∈ T n : τ ≤ t}, ϕ̄(t) := min{τ ∈ T n : τ > t}, ϕ̄(T ) := T,

∆Xt := Xt −Xϕ(t),
(3.2.14)

where the dependence on n is omitted for the sake of simplicity.
Let (Mt)0≤t≤T and (At)0≤t≤T be adapted continuous processes with values in Matm,d and

Matd,d⊗Rm respectively (recall that an element At ∈ Matd,d⊗Rm is given by m real d× d
matrices as [A1,t, . . . ,Am,t]T for which we write xTAty := [xTA1,ty, . . . , x

TAm,ty]T ∈ Rm).
Consider an Rm-valued discretization error process given by

Ent := En,1t + En,2t , t ∈ [0, T ],

with En,1t and En,2t of the form

En,1t :=
∑

τni−1<t

∫ τni ∧t

τni−1

Mτni−1
∆Ssds, En,2t :=

∑
τni−1<t

∫ τni ∧t

τni−1

∆ST
s Aτni−1

dBs. (3.2.15)

Note that this is the most general form of an error term which is linear (or bi-linear) in terms
of ∆Ss and dBs.

Now we introduce some processes that are involved in the explicit characterization of the
limit distribution. Let W be a standard Brownian motion with W0 = 0 and U ∼ U(0, 1) be
independent of W , both independent of F̄T . Set

τ(t) := inf{s ≥ 0 : σtWs /∈ Dt} ∧Gt(U), t ∈ [0, T ].
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In addition, for any measurable f : Rd → R define

Bt[f(·)] := Et
(
f(σtWτ(t))

)
, t ∈ [0, T ], (3.2.16)

and

mt := Et(τ(t)), t ∈ [0, T ]. (3.2.17)

Define an Rd-valued adapted continuous process (Qt)0≤t≤T by

Qt := 1
3m
−1
t


(σtσT

t )−1
11 Bt[f(x) := (x1)3]

...
(σtσT

t )−1
dd Bt[f(x) := (xd)3]

 . (3.2.18)

Denote AT
t := [AT

1,t, . . . ,AT
m,t]T and Aijt := 1

2(Ai,tAT
j,t + AT

i,tAj,t). Since Aijt is symmetric,
by Lemma 3.B.1 we may write Aijt = Aij+t − Aij−t , where Aij+t and Aij−t are continuous
symmetric non-negative definite matrices. Define a Matm,m-valued process (Kt)0≤t≤T by

Kijt := m−1
t Bt

[
f(x) := ((σ−1

t x)TXij+
t (σ−1

t x))2 − ((σ−1
t x)TXij−

t (σ−1
t x))2

]
−QT

t A
ij
t Qt,

(3.2.19)

for all 1 ≤ i, j ≤ m, where Xij+
t (resp. Xij−

t ) is the solution of the matrix equation (3.2.13)
for c = σT

t A
ij+
t σt (resp. σT

t A
ij−
t σt).

Here is the main result of this chapter which provides the F̄-stable functional convergence
of (

√
Nn
t Ent )0≤t≤T in distribution as n → ∞. For stable convergence, see [JS02, p. 512]-

[JP12, Section 2.2.1.] for definition and properties.

Theorem 3.2.7. Assume that S satisfies (HS), (H∆)and T is given by (3.2.6) and satisfies
(H1

D), (H2
D) and (HG). Assume that M0 and A0 are bounded random variables. Then

the processes Q and K are adapted continuous and Kt ∈ S+
m a.s. for all t ∈ [0, T ]. Denote

K1/2
t the matrix principal square root of Kt. Then there exists an m-dimensional Brownian

motion W defined on an extended probability space (Ω̃, F̃ , P̃) and independent of B such that
the following functional F̄-stable convergence in distribution holds:

√
Nn
t Ent

d=⇒
[0,T ]

√∫ t

0
m−1
s ds

(∫ t

0
MsQsds+

∫ t

0
QT
sAsdBs +

∫ t

0
K1/2
s dWs

)
. (3.2.20)

3.2.4 Examples

Below we discuss several examples where the characteristics m,Q,K of the limit distribution
(3.2.20) may be explicit or easily computable using only some basic numerical calculations.
We consider a general process (St)0≤t≤T verifying (HS), (H∆) and sequence of domain-
valued processes (Dn

t )0≤t≤T , n ≥ 0 verifying (H1
D), (H2

D), while we only specify explicitly
the process (Dt)0≤t≤T .



3.2. Stochastic model, random grids, main result 130

Case d = 1, hitting times of stochastic time-dependent barriers. First consider
the case d = 1, Gt(·) ≡ +∞ and the domain-valued process Dt := (−αt, βt) ⊂ R for some
adapted continuous a.s. positive processes (αt)0≤t≤T and (βt)0≤t≤T . Recall that

τ(t) := inf{r > 0 : σtWr /∈ (−αt, βt)}, Bt[f(·)] := Et
(
f(σtWτ(t))

)
.

In this case the distribution of σtWτ(t) is explicitly known: Pt(σtWτ(t) = −αt) = βt
αt+βt and

Pt(σtWτ(t) = βt) = αt
αt+βt , so that Bt[f(x) := xk] = αtβkt +(−1)kβtαkt

αt+βt . In particular, an easy
calculation from (3.2.16) and (3.2.17) yields

mt = Et(τ(t)) = Et((Wτ(t))2) = αtβtσ
−2
t , Qt = 1

3m
−1
t σ−2

t Bt[f(x) := x3] = 1
3(βt − αt).

To calculate Kt we remark that A11+
t = (At)2, A11−

t = 0 and thus (X11+
t )2 = 1

6σ
2
t (At)2.

This further implies

Kt = m−1
t

1
6σ

2
t (At)2σ−4

t Bt[f(x) := x4]−Q2
t (At)2 = (At)2

18 (α2
t + β2

t + αtβt).

So finally we get

√
Nn
t Ent

d=⇒
[0,T ]

1
3

√∫ t

0

σ2
s

αsβs
ds
( ∫ t

0
Ms(βs − αs)ds+

∫ t

0
(βs − αs)AsdBs

+ 1√
2

∫ t

0
As
√
α2
s + β2

s + αsβsdWs

)
.

(3.2.21)

From (3.2.21) we can easily deduce the result of [Fuk10, Theorem 3.1] (for ϕ(x) = x; the
general case may be easily deduce by applying ϕ−1(·) to St) which studies a particular case
of αt = βt = 1 and considers the estimation of integrated variance (see Section 3.1), so that
At = 2σt. In this case, invoking Theorem 3.3.1 yields

ε−1
n Ent

d=⇒
[0,T ]

∫ t

0
K1/2
s dWs

where Kt = 2σ2
t

3 , and Theorem 3.4.3 justifies that

ε−2
n

∑
τni−1<T

|∆Sτni |
4 P−→
n→+∞

∫ T

0
σ2
t dt,

which, all in all, coincide with the results in [Fuk10, Theorem 3.1]. Theorem 3.2.7 uses the
normalization

√
Nn
t , which is somewhat more natural for a CLT, and it writes

√
Nn
t Ent

d=⇒
[0,T ]

√
2
3

∫ t

0
σ2
sds

∫ t

0
σsdWs.
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Note that our work provides tractable limit distribution characterization in a more general
setting than [Fuk10] in terms of the discretization times, the shape of the error terms;
furthermore it covers the multidimensional case.

Now suppose that Gt(·) is not always +∞. Let T0 be deterministic and τ be the first
exit time of σW from an interval [−α, β]. Thus the distribution of Wτ∧T0 is equal to

P(τ ≤ T0, σWτ = −α)δ−α(dx) + k(x)1[−α,β](x)dx+ P(τ ≤ T0, σWτ = β)δβ(dx),

where, following [RY99, p.111, Exercise 3.15], k(x) equals

1√
2πT0σ

+∞∑
k=−∞

{
exp

(
− 1

2T0σ2 (x+ 2k(α+ β))2
)
− exp

(
− 1

2T0σ2 (x− 2β + 2k(α+ β))2
)}

,

and, from [BS02, p.212, formulas 3.0.6],

P(τ ≤ T0, σWτ = −α) =
∫ σ2T0

0
sss(β, α+ β)ds,

P(τ ≤ T0, σWτ = β) =
∫ σ2T0

0
sss(α, α+ β)ds

for sst(·, ·) given under an explicit form in [BS02, p.641].
Let N (α, β, µ, σ2, p) :=

∫ β
−α x

ppµ,σ(x)dx, where pµ,σ(x) := (2πσ2)−1/2 exp
(
− (x−µ)2

2σ2

)
.

Note that the explicit value of N (α, β, µ, σ2, p) in terms of the standard Gaussian c.d.f.
maybe easily deduced (recursively in p) via integration by parts. Further define

Mp(α, β, σ, T0) :=
+∞∑

k=−∞

{
N (α, β,−2k(α+ β), T0σ

2, p)−N (α, β, 2β − 2k(α+ β), T0σ
2, p)

}
.

Note that in practice Mp(α, β, σ, T0) is well approximated by a finite sum due to the fast
decay of e−x2 . Now a simple calculation yields that Bt[f(x) := xp] equals

∫ 1

0
σpt

(
Mp(αt, βt, σt, Gt(u)) +

∫ σ2
tGt(u)

0
((−αt)p sss(βt, αt + βt) + βpt sss(αt, αt + βt))ds

)
du,

which allows to easily deduce the explicit form of the limit distribution in (3.2.20) through
the computations of m,Q,K (at least, using a numerical integration routine).

Case d > 1, hitting times of symmetric domains, ellipsoid based grids. Suppose
that for all t ∈ [0, T ] the domain Dt is symmetric (i.e. Dt = −Dt), denote τ(t) = inf{r >
0 : σtWr /∈ Dt} ∧Gt(U). Let us prove that Qt = 0. Indeed, in view of (3.2.18), this follows
from

Et((W i
τ(Dt)∧T )3) = Et((−W i

τ(−Dt)∧T )3) = Et((−W i
τ(Dt)∧T )3) = −Et((W i

τ(Dt)∧T )3),

where we denote τ(D) the first exist time of σtW from a domain D, and T > 0 is fixed.
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We suppose again that Gt(·) ≡ +∞. Consider the case d > 1. For an S++
d -valued process

(Σt)0≤t≤T we take Dt = {x ∈ Rd : xTΣtx ≤ 1}. Hence

τ(t) = inf{r > 0 : WT
r (σT

t Σtσt)Wr ≥ 1}.

Let σT
t Σtσt = UT

t ΛtUt where Ut is orthogonal and Λt is diagonal. Then τ(t) is equal in
distribution to inf{r > 0 : WT

r ΛtWr ≥ 1}. To characterize explicitly the limit distribution
(conditionally on σt) in (3.2.20), it is enough to calculate Kt (since Qt = 0), which requires
only the calculation of Et(τ(t)) and Et

(∏d
i=1(W i

τ(t))
ki
)
for k1 + · · ·+ kd = 4, ki ≥ 0.

In the case d = 2 we need only to calculate numerically the following 3 functions

f1(λ) := E((W 1
τ(λ))

4), f2(λ) := E((W 1
τ(λ)W

2
τ(λ))

2), f3(λ) := E((W 1
τ(λ))

3W 2
τ(λ)),

where τ(λ) := inf{r > 0 : (W 1
r )2 + λ(W 2

r )2 ≥ 1} for λ > 0 (other calculations follow from
setting λ 7→ 1

λ and using basic scaling properties). To treat the case with general Gt(·) it is
enough to numerically calculate the following 3 functions in 2 parameters

f1(λ, T0) := E((W 1
τ(λ)∧T0

)4), f2(λ, T0) := E((W 1
τ(λ)∧T0

W 2
τ(λ)∧T0

)2),

f3(λ, T0) := E((W 1
τ(λ)∧T0

)3W 2
τ(λ)∧T0

).

To the best of our knowledge, explicit formulas for these functions are not available and
we have to resort to numerical methods like Monte Carlo methods. For related efficient
schemes, see the boundary shifting scheme of [GM10], the walk on moving spheres algorithm
of [DH13].

3.3 Proof of the main result (Theorem 3.2.7)

This is based on two general results: first, a CLT (Section 3.3.1) for discretization errors
in an abstract setting; second, general properties of exit times from intersection of regular
domains (Section 3.3.2). The proof of Theorem 3.2.7 is then completed in Section 3.3.3.

3.3.1 A general CLT

The result of this section is the key ingredient of the proof of Theorem 3.2.7 and consti-
tutes itself a stand-alone contribution. In particular, it generalizes the result of [Fuk11b] in
our framework of multidimensional process and general multidimensional error term, with
explicit limit coefficients (as opposed to the non-explicit Condition 2.3 of [Fuk11b]).

Within Section 3.3.1 (and Section 3.4 for the proofs) we are working in a slightly more
abstract framework regarding S than in Section 3.2. Let (Ω,F , (F̄t)0≤t≤T ,P) be a filtered
probability space (with (F̄t)0≤t≤T satisfying the usual conditions) and consider a more gen-
eral semimartingale S satisfying the following extended assumption.
(Hgen.

S ): The process S on [0, T ] is given by

St = At +
∫ t

0
σsdBs, t ∈ [0, T ],
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where

• the process A is continuous, adapted and of finite variation, and satisfies

|At −As| ≤ CA|t− s|ηA ∀s, t ∈ [0, T ] a.s., (3.3.1)

for a random variable CA, a.s. finite, and a parameter ηA ∈ (1/2, 1];

• (σt)0≤t≤T is a continuous adapted Matd,d-valued process, such that σt is invertible a.s.
for all t ∈ [0, T ] and σ0, σ

−1
0 are bounded random variables;

• for some a.s. finite random variable Cσ > 0 and a parameter ησ ∈ (0, 1], we have

|σt − σs| ≤ Cσ|t− s|ησ/2 ∀s, t ∈ [0, T ] a.s.

Let T = {T n : n ≥ 0} be a sequence of discretization grids made of stopping times, where
T n = {τni , i = 0, . . . , Nn

T }. We introduce two assumptions, whose formulation depends on
the choice of a particular sequence (εn)n≥0. For the subsequent CLT, we consider εn → 0;
with loss of generality, we assume εn ≤ 1 for any n.
(HR): 1. There exists an adapted continuous non-decreasing process (C(3.3.2)

t )0≤t≤T with
bounded C(3.3.2)

0 , such that for α ∈ {2, 3, 4} and for all n ≥ 0 and 1 ≤ i ≤ Nn
T

sup
τni−1<t≤T

(
Et(|Sτni − Sτni−1

|α) + |St∧τni − Sτni−1
|α
)
≤ C(3.3.2)

τni−1
εαn (3.3.2)

where Et(.) := E(. | F̄t).

2. The following non-negative random variable is a.s. finite:

C(3.3.3) := sup
n≥0

(
ε2
nN

n
T

)
< +∞. (3.3.3)

Observe that it is enough to verify (3.3.2) with α = 4, by invoking the non-expansion
property of (conditional) Lp-norms.

For α ∈ N we denote by Pα the vector space spanned by α-homogeneous polynomial
functions f : Rd → R. The next set of assumptions is related to the mapping Bt[·] arising
in (3.2.16) in our applications. Since we deal here with a more general setting, we state a
more general assumption.
(HB): 1. There is a linear operator B.[.] from the vector space spanned by Pα, α = 2, 3, 4,

into scalar adapted continuous process (Bt[f(·)])0≤t≤T , such that the random variable
B0[f ] is bounded for any such f .

2. The R-valued process mt := Bt[f(x) := |x|2]
Tr(σtσT

t )
is strictly positive and such that m−1

0 is

bounded.

3. There exists a function g : [0, 1]→ R+ with limε→0(g(ε) + ε2(1−ρ)g(ε)−1) = 0 for some
ρ ∈ (0, 1), such that for any f ∈ Pα with α ∈ {2, 3, 4} we have, for some a.s. finite
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random variable C(3.3.4) and a parameter η ∈ (0, 1], that

sup
τni−1<(T−g(εn))+

∣∣∣ε−αn Eτni−1
(f(Sτni − Sτni−1

))− Bτni−1
[f(·)]

∣∣∣ ≤ C(3.3.4)ε
η
n (3.3.4)

for all n ≥ 0 a.s.

4. We have ε−2
n #{τni : (T − g(εn))+ ≤ τni ≤ T}

a.s.−→
n→+∞

0.

The assumption (HB) imposes consistency on the distribution of the discretization grids
for various n and specifies a “scaling” property for the grid sequence as n → +∞. At first
sight it looks like similar to [Fuk11b, Condition 2.3], but as we see in Section 3.3.3, it is
quite tractable. Moreover, we remark that [Fuk11b, Condition 2.3] involves higher moments
(up to 12, as opposed to 4 in our work) and is stated for moment ratios which makes the
generalization to the multidimensional case and the practical verification of this condition
much harder.

We adopt some of the notation from Section 3.2.3 but with the general notion of Bt[f(·)]
and mt in (HB) instead of (3.2.16) and (3.2.17), and for a general sequence of discretization
grids T . In particular, we similarly denote ϕ(t), ϕ̄(t) and ∆Xt (for any process Xt) as in
(3.2.14).

We consider an Rm-valued discretization error process Ent := En,1t + En,2t with En,1t and
En,2t given by (3.2.15). The processes (Qt)0≤t≤T and (Kt)0≤t≤T are derived from mt and
Bt[f(·)] in the same way as in (3.2.18) and (3.2.19). Here is a general result which provides
the F̄-stable functional convergence of (

√
Nn
t Ent )0≤t≤T in distribution.

Theorem 3.3.1. Assume that S satisfies (Hgen.
S ) and consider a sequence of discretization

grids T := {T n : n ≥ 0} with T n = {τni , i = 0, . . . , Nn
T }. Assume that S and T are such

that, there is a positive sequence εn with εn → 0, such that for any subsequence (ει(n))n≥0
there exists another subsequence (ει′◦ι(n))n≥0 for which (HR) and (HB) hold (for this sub-
subsequence). Suppose thatM0 and A0 are bounded random variables.
Then there exists an m-dimensional Brownian motion W defined on an extended probability
space (Ω̃, F̃ , P̃) and independent of F̄T such that the following convergences hold:

1. the functional F̄-stable convergence in distribution

ε−1
n Ent

d=⇒
[0,T ]

(∫ t

0
MsQsds+

∫ t

0
QT
sAsdBs +

∫ t

0
K1/2
s dWs

)
;

2. the uniform convergence in probability

ε2
nN

n
t

u.c.p.−→
n→+∞

∫ t

0
m−1
s ds. (3.3.5)

As a consequence, this justifies the convergence in distribution for (
√
Nn
t Ent : 0 ≤ t ≤ T )

in the functional sense (see [JP12, p.45]). The proof will be given in Section 3.4.
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3.3.2 Properties of exit times from domain

Let B be a d-dimensional Brownian motion on a probability space (Ω,F , (F̄t)t≥0,P), with
filtration satisfying the usual assumptions of being right-continuous and P-complete. In this
section we present some general properties of domain exit times for d-dimensional continuous
Itô semimartingales (St)0≤t≤T and (S̄t)0≤t≤T of the form

St =
∫ t

0
bsds+

∫ t

0
σsdBs, S̄t = σ0Bt, t ≥ 0, (3.3.6)

where (bt)t≥0 and (σt)t≥0 are respectively Rd-valued and Matd,d-valued F̄-adapted stochastic
processes, satisfying some assumptions presented below. Here the starting point is S0 = 0,
for the sake of simplicity; actually, this is enough for our analysis, since the stopping times
under study are essentially defined regarding the increments of S, extensions to S0 6= 0 would
be straightforward. The subsequent results (Lemma 3.3.2, Propositions 3.3.4 and 3.3.5) play
a key role in the proof of the CLT (Theorem 3.2.7, which proof is provided in Section 3.3.3).
(HD,σ

loc ): The following assumptions hold.

i) Let J ≥ 1 and D ∈ DJ∩ (i.e. D = ∩Jj=1Dj for some Dj ∈ D). Define the functions
δ∂Dj : Rd → R which are the signed distances to ∂Dj (defined in (3.2.2)). Set LD > 0
such that for all j we have δ∂Dj (·) ∈ C2 on {x : |δ∂Dj (x)| ≤ LD} and

sup
x∈Dj

|x| ≤ L−1
D , inf

x:|δ∂Dj (x)|≤LD
|∇δ∂Dj (x)| ≥ 1

2 ,

sup
x:|δ∂Dj (x)|≤LD

(|∇δ∂Dj (x)|+ ‖∇2δ∂Dj (x)‖) ≤ L−1
D .

(3.3.7)

ii) The Matd,d-valued process (σt)0≤t≤T is adapted continuous, such that for all t ≥ 0 the
matrix σt is invertible and

|σt − σ0| ≤ Cσtησ/2, ∀t ∈ [0, T ] a.s.

for some ησ > 0 and some random variable Cσ > 0 satisfying mσ := E
(
C4
σ

)
< +∞. In

addition, there exist strictly positive and finite constants Λσmin,Λσmax, bmax such that

Λσmin ≤ inf
t∈[0,τ0]

λmin(σtσT
t ) ≤ sup

t∈[0,τ0]
‖σtσT

t ‖ ≤ Λσmax, sup
t∈[0,τ0]

|bt| ≤ bmax, (3.3.8)

where we denote τ0 := inf{t ≥ 0 : St /∈ D}.

Let f ∈ C2(Rd,R) be an α-homogeneous function for some α ≥ 2. It is easy to check
that for some constant Cf we have for all x ∈ Rd

|f(x)| ≤ Cf |x|α, |∇f(x)| ≤ Cf |x|α−1, ‖∇2f(x)‖ ≤ Cf |x|α−2. (3.3.9)

In what follows, we fix the parameters LD, ησ,mσ,Λσmin,Λσmax, bmax, Cf that are specified by
the model. The following notation is quite convenient for the subsequent analysis, it will be
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repeatedly used.

Notation 1. Let S be a set of variables. We denote by C(S) the set of strictly positive and
continuous functions of the variables of S.

Remark that such a set C(S) is closed under addition, multiplication and all usual oper-
ations we may perform in the following analysis.

Let us fix S := {LD, ησ,mσ,Λσmin,Λσmax, bmax, Cf}. For the elements of C(S) we will omit
the dependence on the arguments, the value of a function in C(S) is by default assumed to
be equal to the value on the parameters fixed above.

Now we state the main results of this section (proofs postponed to Section 3.5). The
next lemma is a simple technical result.

Lemma 3.3.2. Assume (HD,σ
loc ). For any ε ∈ (0, 1] any stopping times ν1, ν2 ∈ [0, τ ], with

τ := inf{t ≥ 0 : St /∈ εD}, we have

|E(f(Sν1)− f(Sν2))| ≤ Cf (bmaxL
−(α−1)
D + 1

2
√
dΛσmaxL

−(α−2)
D )εα−2E (|ν1 − ν2|) .

Proof. Using the Itô formula, the inequality |Tr(M)| ≤
√
d‖M‖ for any M ∈ Matm,d, the

sub-multiplicativity of the Frobenius norm, and since ε ≤ 1, we obtain

|E (f(Sν1)− f(Sν2)) | ≤
∣∣∣∣E(∫ ν2

ν1

[
∇f(St)bt + 1

2 Tr(σT
t ∇2f(St)σt)

]
dt
)∣∣∣∣

≤ Cf (bmaxL
−(α−1)
D + 1

2
√
dΛσmaxL

−(α−2)
D )εα−2E (|ν1 − ν2|) .

The next results state some important properties of domain exit times, their proofs are
postponed to Section 3.5.2. These results are interesting on their own.

Lemma 3.3.3. Assume (HD,σ
loc ) with D ∈ D (J = 1). There exists RD ∈ C(S) such that,

for any ε ∈ (0, 1], τ = inf{t ≥ 0 : St /∈ εD} and any stopping time ν, the following holds:

i) for any p ∈ N∗, a.s. on the event {ν ≤ τ} we have Eν ((τ − ν)p) ≤ p! (RDε2)p;

ii) for any c ≥ 0, a.s. on the event {ν ≤ τ} we have a.s. Pν(τ − ν ≥ ε2c) ≤ 2e−
c

2RD .

The next proposition estimates the weak error between the exit values for S and S̄.

Proposition 3.3.4. Assume (HD,σ
loc ) and let f ∈ C(Rd,R) be an α-homogeneous function

with α ∈ {2, 3, 4}. There exists K ∈ C(S) such that for any ε ∈ (0, 1], the stopping times

τ = inf{t ≥ 0 : St /∈ εD} and τ̄ = inf{t ≥ 0 : S̄t /∈ εD}

satisfy, for any T > 0,

ε−α
∣∣∣E(f(Sτ∧T )− f(S̄τ̄∧T ))

∣∣∣ ≤ Kεησ . (3.3.10)
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The next result gives the estimation of the weak error between the exit values of S from
two domains that are close to each other.

Proposition 3.3.5. Assume (HD,σ
loc ) and let f ∈ C(Rd,R) be an α-homogeneous function

with α ∈ {2, 3, 4}. There exists K ∈ C(S ∪ {K ′}) such that for any ε ∈ (0, 1], any strictly
positive constants K ′, η′ and any D′ ∈ DJ∩ such that µJ(D,D′) ≤ K ′εη′ , and for which (3.3.7)
and (HD,σ

loc ) hold for D′ instead of D with the same constants LD,Λσmin,Λσmax, bmax, we have

ε−α |E(f(Sτ∧T )− f(Sτ ′∧T ))| ≤ Kεη′ ,

for all T > 0, where

τ = inf{t ≥ 0 : St /∈ εD}, τ ′ = inf{t ≥ 0 : St /∈ εD′}.

3.3.3 Completion of the proof of Theorem 3.2.7

We come back to the setting of Section 3.2.3. Our strategy is to apply the general CLT
stated in Theorem 3.3.1. In particular, we aim at checking (HR) and (HB) for the Bt[·]
given by (3.2.16) for any εn satisfying

∑
n≥0 ε

2
n < +∞. For a general sequence εn → 0 the

result will follow in view of the subsequence formulation of Theorem 3.3.1: it is enough to
verify the assumptions for some subsequence ει′◦ι(n) (that may be chosen square summable)
of arbitrary subsequence ει(n) of εn.

Let us prove (HR)-1. Recall that we denote Et(·) := E(·|F̄t). From the definition of T
in (3.2.6), we have by (H2

D) that for all n ≥ 0 and 1 ≤ i ≤ Nn
T

sup
τni−1<t≤T

(
Et(|Sτni − Sτni−1

|α) + |St∧τni − Sτni−1
|α
)
≤ 2

 sup
0≤s≤τni−1,α∈{2,3,4}

L−αs

 εαn,
which shows (HR)-1 with C

(3.3.2)
t := 2

(
sup

0≤s≤t,α∈{2,3,4}
L−αs

)
, so that by (H2

D) the process

C(3.3.2) is continuous and C(3.3.2)
0 is bounded.

The verification of the assumptions (HR)-2 and (HB)-4 is technical, and it relies on
the next Lemma, which is proved in Appendix 3.A.1. The result below gives a quantita-
tive comparison between the empirical measure related to the grid times and the Lebesgue
measure.

Lemma 3.3.6. Assume the conditions of Theorem 3.2.7 and
∑
n≥0 ε

2
n < +∞. Then, for

any sequence of non-empty deterministic intervals In ⊂ [0, T ], such that for some ρ ∈ (0, 1)

ε−(2−2ρ)
n |In| → +∞, (3.3.11)

there exists an a.s. finite random variable C such that

Nn(In) ≤ Cε−2
n |In|, ∀n ≥ 0, a.s. (3.3.12)

The condition (HR)-2 follows from Lemma 3.3.6 (with In = [0, T ] and any ρ ∈ (0, 1)),



3.3. Proof of the main result (Theorem 3.2.7) 138

while the condition (HB)-4 follows from Lemma 3.3.6 with In := [(T − g(εn))+, T ] and the
choice g(ε) = ε, ρ = 1/3.

We now prove that the statements 1-2-3 of (HB) hold with B[f ] andm defined in (3.2.16)-
(3.2.17). For a Brownian motion W starting at 0 and U ∼ U(0, 1) independent of W (both
independent of F̄T ) let

τ(t) := inf{s ≥ 0 : σtWs /∈ Dt} ∧Gt(U), (3.3.13)
τn(t) := inf{s ≥ 0 : σtWs /∈ Dt} ∧Gt(U) ∧ ε−2

n (T − t). (3.3.14)

Since a.s. Dt is a bounded domain and σt is invertible, τ(t) and τn(t) are a.s. finite random
variables. Moreover (Ws∧τ(t) : s ≥ 0) is a bounded martingale (with a Ft-measurable bound
depending on σt, σ−1

t , L−1
t ), thus

Bt[f(·)] := Et
(
f(σtWτ(t))

)
(given in (3.2.16)) is well defined for any function f ∈ Pα, α ∈ {2, 3, 4}. It obviously defines
a linear operator from the vector space spanned by Pα, α = 2, 3, 4, into scalar adapted
processes. Note that B0[f ] is bounded owing to the boundedness of σ0, σ

−1
0 , L−1

0 .
The aforementioned boundedness on W.∧τ(t) implies Et(W i

τ(t)W
j
τ(t)) = 0 for 0 ≤ i < j ≤ d

and Et((W i
τ(t))

2) = Et(τ(t)): to see these, apply the optional sampling theorem at the
stopping time τ(t) ∧ k and take the limit as k ↑ +∞, each right hand side converges using
the dominated convergence theorem, each left hand side using the monotone convergence
theorem. As a consequence and using easy manipulations, we obtain the identity

Bt[f(x) := |x|2]
Tr(σtσT

t )
= Et(τ(t)) =

(3.2.17)
mt.

Since Dt contains 0 ∈ Rd, τ(t) > 0 a.s. and therefore mt > 0 a.s.; in addition from (3.2.4),
we get the boundedness of m−1

0 and B0[f(·)]. We are done with the proof of (HB)-2.
Observe that to get (HB)-1, it remains only to justify the continuity of Bt[f(·)]. Using

that ∪0≤t≤TDt is a.s. bounded and the local Lipschitz condition of f , we have for some a.s.
finite CT and all 0 ≤ s ≤ t ≤ T that

|Bt[f(·)]− Bs[f(·)]| =
∣∣∣Et(f(σtWτ(t)))− Es(f(σsWτ(s)))

∣∣∣
≤ CT

(
|σt − σs|+ ET (|Wτ(t) −Wτ(s)|)

)
.

The first term on the right hand side is clearly continuous under our assumptions on σ. For
the second, write

ET (|Wτ(t) −Wτ(s)|) ≤ ET (|Wτ(t) −Wτ(s)|2)1/2 = ET (|τ(t)− τ(s)|)1/2.

Let us fix t, assume s→ t and let us prove that ET (|τ(t)− τ(s)|)→ 0. Define the domains
D̃t := σ−1

t Dt, D̃s := σ−1
s Ds (where σ−1D = {σ−1x : x ∈ D}), and set

τ̃(s, t) := inf{r ≥ 0 : Wr /∈ D̃s} ∧Gt(U),
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so that
ET (|τ(t)− τ(s)|) ≤ ET (|τ(t)− τ̃(s, t)|) + ET (|τ̃(s, t)− τ(s)|). (3.3.15)

From the continuity of σt and Dt (w.r.t. µJ(·, ·)) one may check that µJ(D̃s, D̃t)→ 0: thus,
the convergence to 0 of the first term in (3.3.15) readily follows by invoking Corollary 3.5.5
with D and D′ equal to the components of D̃s and D̃t respectively (see (3.2.3)), with S = W ,
and making K ′ → 0 (in the notation of Corollary 3.5.5).
The second term in (3.3.15) is bounded by ET (|τ̃ ∧ Gt(U) − τ̃ ∧ Gs(U)|) (where τ̃ denotes
the first exit time of W from ∪tD̃t), which converges to zero by the dominated convergence
theorem in view of (HG)-1. The proof of (HB)-1 is now complete.

It remains to show the condition (HB)-3 with the choice g(ε) = ε made at the beginning.
Fix n and i, let f : Rd → R be any α-homogeneous polynomial function of degree α = 2, 3, 4.
Let

τ̃ni := inf{t > τni−1 : St − Sτni−1
/∈ εnDn

τni−1
} ∧ (τni−1 + ε2

nGτni−1
(Un,i)) ∧ T,

τ̂ni := inf{t > τni−1 : St − Sτni−1
/∈ εnDτni−1

} ∧ (τni−1 + ε2
nGτni−1

(Un,i)) ∧ T

(τ̂ni differs from τ̃ni by the use of Dτni−1
instead of Dn

τni−1
in the definition, and τni differs from

τ̃ni by the use of ∆n,i in (3.2.6)). Recall that by (H2
D) supn≥0 supx∈Dt∪Dnt |x| ≤ L

−1
t . Define

a sequence of events Ωn := {εnL−1
t ≤ δt ∀t ∈ [0, T ]}, n ≥ 0, where δt is given by (H∆). For

any τni−1 < (T − εn)+ (since we consider g(ε) = ε) and in view of (3.2.16), write

1Ωn

∣∣∣ε−αn Eτni−1
(f(Sτni − Sτni−1

))− Bτni−1
[f(·)]

∣∣∣
≤ 1Ωnε

−α
n

∣∣∣Eτni−1
(f(Sτni − Sτni−1

))− Eτni−1
(f(Sτ̃ni − Sτni−1

))
∣∣∣

+ 1Ωnε
−α
n

∣∣∣Eτni−1
(f(Sτ̃ni − Sτni−1

))− Eτni−1
(f(Sτ̂ni − Sτni−1

))
∣∣∣

+ 1Ωnε
−α
n

∣∣∣Eτni−1
(f(Sτ̂ni − Sτni−1

))− Eτni−1
(f(εnστni−1

Wτn(τni−1)))
∣∣∣

+ 1Ωnε
−α
n

∣∣∣Eτni−1
(f(εnστni−1

Wτn(τni−1)))− Eτni−1
(f(εnστni−1

Wτ(τni−1)))
∣∣∣ .

(3.3.16)

Remark that the assumption (HD,σ
loc ) is verified on Ωn for Dτni−1

and Dn
τni−1

due to (H∆) with
ησ given by (HS), mσ = Eτni−1

(C4
σ), Λσmin = v−1

τni−1
and Λσmax = bmax = vτni−1

. In addition we
may take LD = Lτni−1

.
For the first term of the right-hand side of (3.3.16), by applying Lemma 3.3.2 and using that
|τ̃ni − τni | ≤ |∆n,i| together with (HG)-2 we have for some F̄τni−1

-measurable K and for some
constant η > 0

1Ωnε
−α
n

∣∣∣Eτni−1
(f(Sτni − Sτni−1

))− Eτni−1
(f(Sτ̃ni − Sτni−1

))
∣∣∣ ≤ pτni−1

Kεηn.

For the second term we apply Propositions 3.3.5 withD = Dτni−1
andD = Dn

τni−1
conditionally

on Un,i and taking T := ε2
nGτni−1

(Un,i) ∧ (T − τni−1). Note that the necessary conditions are
verified due to (H1

D). Since in Proposition 3.3.5 the variable K is independent of T , we may
further take (in view of Lemma 3.2.5-(ii)) expectation w.r.t. Un,i. Thus we get for some
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F̄τni−1
-measurable K and the constant ηD > 0

1Ωnε
−α
n

∣∣∣Eτni−1
(f(Sτ̃ni − Sτni−1

))− Eτni−1
(f(Sτ̂ni − Sτni−1

))
∣∣∣ ≤ KεηDn .

For the third term we similarly apply Propositions 3.3.4 with D = Dτni−1
and D = Dn

τni−1

conditionally on the coupling Un,i = U and taking T := ε2
nGτni−1

(U) ∧ (T − τni−1). Again for
some F̄τni−1

-measurable K > 0 (integrating with respect to Un,i = U ∼ U(0, 1) since K is
independent of T in Proposition 3.3.4, and in view of Lemma 3.2.5-(ii)) we get

1Ωnε
−α
n

∣∣∣Eτni−1
(f(Sτ̂ni − Sτni−1

))− Eτni−1
(f(εnστni−1

Wτn(τni−1)))
∣∣∣ ≤ Kεησn .

Finally for the last term we write using Lemma 3.3.3, τni−1 < (T − εn)+ and (3.3.9), that

1Ωnε
−α
n

∣∣∣Eτni−1
(f(εnστni−1

Wτn(τni−1)))− Eτni−1
(f(εnστni−1

Wτ(τni−1)))
∣∣∣

≤ 21ΩnCfL
−α
τni−1

Pτni−1
(τ(τni−1) > (T − τni−1)ε−2

n )

≤ KC exp(−Cε−1
n ) ≤ Kεn sup

x≥0

(
xe−x

)
for some a.s. finite K (independent of T and τni−1) and an F̄τni−1

-measurable C.
In addition from (HG)-2, Lemmas 3.3.2, 3.3.3 and Propositions 3.3.4, 3.3.5 we also deduce
that F̄τni−1

-measurable K in the four latter bounds may be expressed as continuous positive
simple expressions of ησ,Eτni−1

(C4
σ), vτni−1

and Lτni−1
. This implies that, due to boundedness

of the processes vt, Lt, Et(C4
σ) (since it is a martingale and thus has a càdlàg version) and

also pt, we may choose K > 0 uniformly in n ≥ 0 and i = 1, . . . , Nn
T so that for all n ≥ 0,

1Ωn sup
τni−1<(T−εn)+

∣∣∣ε−αn Eτni−1
(f(Sτni − Sτni−1

))− Bτni−1
[f(·)]

∣∣∣ ≤ Kεη∧ηD∧ησ∧1
n .

Finally, 1Ωn = 1 except for a finite number of n a.s., hence we easily derive the inequality
(3.3.4). Thus, (HB)-3 is verified. The proof of Theorem 3.2.7 is finished.

3.4 Proof of the general CLT (Theorem 3.3.1)

We adopt the framework of Section 3.3.1. The overall strategy of proof is standard and
consists in proving that the drift and the quadratic variation/covariation of the error En
converge in probability to some limits (see details in Subsection 3.4.2). The trick is to switch
from convergence in probability to a.s. convergence by using the subsequence principle in
Lemma 2.2.2. In our framework, the flexibility in choosing another subsequence ι′ is that
it can be made to guarantee

∑
n≥0 ε

2
ι◦ι′(n) < +∞ and to make (HR)-(HB) valid along this

sequence ε̃n = ει◦ι′(n). In doing so, we define a new sequence of discretization grids T̃ :=
{T ι◦ι′(n) : n ≥ 0}. Because the new sequence (ε̃n : n ≥ 0) is square summable and (HR)-(HB)
hold for (ε̃n : n ≥ 0), we are back to the framework of admissible sequences of discretization
grids studied in [GL14a] and Chapters 1-2 with a parameter ρN = 1. This latter framework
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is quite interesting since some a.s. results for discretization errors are already available.
The careful reader will have observed that the above references study these convergence

results for admissible grid sequences in the context of a Brownian filtration FB (this choice
of filtration was motivated by the application at hand). However, the reader can check
easily that the results of [GL14a] and Chapters 1-2 hold true even if the filtration satisfies
the usual assumptions of being only right continuous and P-complete, as for F̄ in particular,
because the proofs of the above references mostly use the Itô formula for the continuous
semimartingale S of the form (Hgen.

S ) and the BDG inequalities for the Brownian integral
(as in the decomposition of S), both being available when the filtration satisfies the usual
assumptions.

3.4.1 Part I: Preliminary almost sure convergence results

We now provide some auxiliary almost sure convergence results that are necessary for the
proof of Theorem 3.3.1. These results are, however, of their own interest and hence we put
them in a separate section. In view of the above subsequence principle, these results will
have to be established for a sub-subsequence (ε̃n : n ≥ 0) instead of (εn : n ≥ 0). But to
maintain simple notation, we keep writing εn (instead of ε̃n), and therefore, we will have to
assume that (εn : n ≥ 0) is square summable and (HR)-(HB) hold for (εn : n ≥ 0).

The next lemma allows to replace locally the values of homogeneous functions of the
process increments by their conditional expectations.

Proposition 3.4.1. Assume the hypotheses (Hgen.
S ) and (HR) for the sequence (εn)n≥0 with∑

n≥0 ε
2
n < +∞. Let α ∈ {2, 3, 4}. For any adapted continuous Pα-valued process (ft)0≤t≤T

with bounded f0 (i.e. given by ft =
∑

finitely many k f
k
t Pk where Pk are monomials of degree

α and fkt are adapted continuous scalar process with bounded random variables fk0 ), and for
any adapted continuous scalar process (Ht)0≤t≤T with bounded H0, we have

ε2−α
n

∑
τni−1<t

Hτni−1

(
fτni−1

(∆Sτni ∧t)− Eτni−1
(fτni−1

(∆Sτni ))
)
u.c.a.s.−→
n→+∞

0.

Similar convergence-in-probability results are typically deduced using the Lenglart in-
equality (see e.g. [Fuk11b, Proof of Lemma A.2]). However, here, since we need a.s. results
to leverage the setting of admissible grid sequences, and due to lack of suitable references
we provide our own proof in Section 3.A.2.

Next, we reformulate the above convergence in a form ready to be used in combination
with (HB).

Proposition 3.4.2. Assume (Hgen.
S ), (HR) and (HB) for the sequence (εn)n≥0 with

∑
n≥0 ε

2
n <

+∞. Let (ft)0≤t≤T be adapted continuous Pα-valued process for α ∈ {2, 3, 4} with bounded
f0 (see the definition in Proposition 3.4.1). Then

(i) the process (Bt[ft(·)])0≤t≤T is adapted continuous;



3.4. Proof of the general CLT (Theorem 3.3.1) 142

(ii) for some random variable C(3.4.1) a.s. finite and independent of n, we have a.s. for all
n ≥ 0

sup
τni−1<(T−g(εn))+

∣∣∣ε−αn Eτni−1
(fτni−1

(Sτni − Sτni−1
))− Bτni−1

[fτni−1
(·)]
∣∣∣ ≤ C(3.4.1)ε

η
n; (3.4.1)

(iii) for any adapted continuous scalar process (Ht)0≤t≤T we have

ε2
n

∑
τni−1<t

Hτni−1

(
ε−αn Eτni−1

(fτni−1
(Sτni − Sτni−1

))− Bτni−1
[fτni−1

(·)]
)
u.c.a.s.−→
n→+∞

0. (3.4.2)

Proof. Statements (i) and (ii) are obvious to check from (HB)-1 and (HB)-3.
Let us now prove (iii). Decomposing the sum in (3.4.2) into the contributions of the

intervals [0, t ∧ (T − g(εn))+) and [t ∧ (T − g(εn))+, t], we write using (3.4.1)

ε2
n

∣∣∣∣∣∣
∑

τni−1<t

Hτni−1

(
ε−αn Eτni−1

(fτni−1
(Sτni − Sτni−1

))− Bτni−1
[fτni−1

(·)]
)∣∣∣∣∣∣

≤ C(3.4.1)ε
2
nN

n
t sup

0≤s≤t
|Hs|εηn

+

 ∑
(T−g(εn))+≤τni−1<T

ε2
n

 sup
0≤s≤t

(
|Hϕ(s)|

(
|ε−αn Eϕ(s)(fϕ(s)(Sϕ̄(s) − Sϕ(s)))|+ |Bϕ(s)[fϕ(s)(·)]|

))
u.c.a.s.−→
n→+∞

0

where for the first term we used that ε2
nN

n
t is a.s. bounded owing to (HR)-2, and for the

second term the convergence is proved by (i), (HR)-1 and using that by (HB)-4 we have∑
(T−g(εn))+≤τni−1<T

ε2
n

a.s.−→
n→+∞

0.

The next theorem states the convergence of the renormalized sum of process values at
the discretization grid points.

Theorem 3.4.3. Assume (Hgen.
S ), (HR) and (HB) for the sequence (εn)n≥0 such that∑

n≥0 ε
2
n < +∞. Let (mt)0≤t≤T be given by (HB)-2. Let (Ht)0≤t≤T be an adapted continuous

scalar process with bounded H0. Let α ∈ {2, 3, 4} and (ft)0≤t≤T be an adapted continuous
Pα-valued process with bounded f0. Then the following uniform convergences hold on [0, T ]:

ε2
n

∑
τni−1<t

Hτni−1

u.c.a.s.−→
n→+∞

∫ t

0
Hsm

−1
s ds, (3.4.3)

ε2−α
n

∑
τni−1<t

Hτni−1
fτni−1

(Sτni ∧t − Sτni−1
) u.c.a.s.−→
n→+∞

∫ t

0
Hsm

−1
s Bs[fs(·)]ds. (3.4.4)

Proof. Let us first prove (3.4.3). The assumption (HB)-2 reads Bt[f(x) := |x|2] = mt Tr(σtσT
t ),
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where the above right-hand side is positive continuous. Let

ξt := m−1
t Tr(σtσT

t )−1, t ∈ [0, T ]; (3.4.5)

note that ξ is adapted continuous, ξ0 is bounded in view of (HB)-2 and (Hgen.
S ), and we have

ξtBt[f(x) := |x|2] = 1, t ∈ [0, T ]. (3.4.6)

Now leverage the above equality to write

ε2
n

∑
τni−1<t

Hτni−1
= ε2

n

∑
τni−1<t

Hτni−1
ξτni−1
Bτni−1

[f(x) := |x|2]

=
∑

τni−1<t

Hτni−1
ξτni−1
|∆Sτni ∧t|

2

+
∑

τni−1<t

Hτni−1
ξτni−1

(
Eτni−1

(|∆Sτni |
2)− |∆Sτni ∧t|

2
)

+ ε2
n

∑
τni−1<t

Hτni−1
ξτni−1

(
Bτni−1

[f(x) = |x|2]− ε−2
n Eτni−1

|∆Sτni |
2
)
.

Applying (3.4.2) from Proposition 3.4.2 with ft(x) = |x|2, α = 2, we justify that the third
term above converges uniformly a.s. to 0. Further using Proposition 3.4.1 with ft(x) = |x|2,
α = 2, the second term above also converges uniformly a.s. to 0. Finally by Proposition 1.3.9
(it easy to check in the proof that the convergence there holds in the sup-norm) we obtain

∑
τni−1<t

Hτni−1
ξτni−1
|∆Sτni ∧t|

2 u.c.a.s.−→
n→+∞

∫ t

0
Hsξs Tr(σsσT

s )ds =
∫ t

0
Hsm

−1
s ds,

where for the last equality we recast the definition of ξ. The proof of (3.4.3) is finished.
Regarding (3.4.4), write

ε2−α
n

∑
τni−1<t

Hτni−1
fτni−1

(Sτni ∧t − Sτni−1
) = ε2

n

∑
τni−1<t

Hτni−1
Bτni−1

[fτni−1
(·)]

+ ε2
n

∑
τni−1<t

Hτni−1

(
ε−αn Eτni−1

(
fτni−1

(Sτni − Sτni−1
)
)
− Bτni−1

[fτni−1
(·)]
)

+ ε2−α
n

∑
τni−1<t

Hτni−1

(
fτni−1

(Sτni ∧t − Sτni−1
)− Eτni−1

(
fτni−1

(Sτni − Sτni−1
)
))
.

(3.4.7)

Proposition 3.4.2 and Proposition 3.4.1 imply respectively that the second and the third
terms in the above right-hand side converge uniformly a.s. to 0. Last, apply (3.4.3) to
the process (HtBt[ft(·)])0≤t≤T (which is adapted continuous by Proposition 3.4.2): this
shows that the first term of the right-hand side of (3.4.7) converges uniformly a.s. to∫ t

0 Hsm
−1
s Bs[fs(·)]ds. We are done.

The next lemma gives the limit of integral of weighted increments of S.
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Lemma 3.4.4. Assume (Hgen.
S ), (HR) and (HB) for the sequence (εn)n≥0 with

∑
n≥0 ε

2
n <

+∞. Let (Mt)0≤t≤T be a Matm,d-valued adapted continuous process with boundedM0, and
recall the definition (3.2.18) of the Rd-valued adapted continuous process (Qt)0≤t≤T :

Qt := 1
3m
−1
t


(σtσT

t )−1
11 Bt[f(x) := (x1)3]

...
(σtσT

t )−1
dd Bt[f(x) := (xd)3]

 . (3.4.8)

Then
ε−1
n

∫ t

0
Mϕ(s)∆Ssds

u.c.a.s.−→
n→+∞

∫ t

0
MsQsds.

Proof. For any adapted continuous scalar process (Ht)0≤t≤T with bounded H0 and any
coordinate k ∈ {1, . . . , d}, the Itô formula yields that

ε−1
n

∫ t

0
Hϕ(s)∆Sks ds = ε−1

n

∑
τni−1<t

Hτni−1
(στni−1

σT
τni−1

)−1
kk×

×
(

1
3(∆Skτni ∧t)

3−
∫ τni ∧t

τni−1

(∆Sks )2dSks −
∫ τni ∧t

τni−1

∆Sks∆(σsσT
s )kkds

)
.

First, by Theorem 3.4.3 applied with ft(x) = (xk)3 we obtain

ε−1
n

∑
τni−1<t

Hτni−1
(στni−1

σT
τni−1

)−1
kk (∆Skτni ∧t)

3 u.c.a.s.−→
n→+∞

∫ t

0
Hsm

−1
s (σsσT

s )−1
kk Bs[f(x) := (xk)3]ds.

Second, apply Lemma 3.B.3 with α = 2 to get

ε−1
n

∑
τni−1<t

Hτni−1
(στni−1

σT
τni−1

)−1
kk

∫ τni ∧t

τni−1

(∆Sks )2dSks
u.c.a.s.−→
n→+∞

0.

Finally, in view of (3.3.2) in (HR) and using the Hölder continuity of σ in (Hgen.
S ), it readily

follows that∣∣∣∣∣∣ε−1
n

∑
τni−1<t

Hτni−1
(στni−1

σT
τni−1

)−1
kk

∫ τni ∧t

τni−1

∆Sks∆(σsσT
s )kkds

∣∣∣∣∣∣
≤ ε−1

n sup
0≤s≤t

|Hs(σsσT
s )−1
kk | sup

0≤s≤t
|∆Sks | sup

0≤s≤t
|∆(σsσT

s )kk| t ≤ C
(

sup
1≤i≤Nn

T

∆τni
)ησ/2

for some finite random variable C. The above time step goes almost surely to 0, this is a
consequence of (Hgen.

S )-(HR), see Theorem 1.3.4 and Lemma 1.3.2. All in all, this implies

ε−1
n

∫ t

0
Hϕ(s)∆Sks ds u.c.a.s.−→

n→+∞

1
3

∫ t

0
Hsm

−1
s (σsσT

s )−1
kk Bs[f(x) := (xk)3]. (3.4.9)

Now, apply the above for each component
∫ t
0Mlk

ϕ(s)∆S
k
s ds arising in the product matrix-
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vector
∫ t

0Mϕ(s)∆Ssds, we get the announced convergence.

The next lemma handles the convergence of integral of weighted squared increments of
S.

Lemma 3.4.5. Assume (Hgen.
S ), (HR) and (HB) for the sequence (εn)n≥0 with

∑
n≥0 ε

2
n <

+∞. Let (Ht)0≤t≤T be an adapted continuous S+
d -valued process with bounded H0. Then

ε−2
n

∫ t

0
∆ST

s Hϕ(s)∆Ssds
u.c.a.s.−→
n→+∞

∫ t

0
m−1
s Bs[f(x) := ((σ−1

s x)TXs(σ−1
s x))2]ds,

where Xs the solution of the matrix equation (3.2.13) for c = σT
s Hsσs (remark that σT

s Hsσs
is in S+

d ).

Proof. Set Λs := (σ−1
s )TXsσ

−1
s . First observe that, owing to the properties of Lemma 3.2.6,

X and Λ are adapted continuous processes. Moreover, multiply (3.2.13) (with c = σT
s Hsσs)

by (σ−1
s )> on the left and σ−1

s on the right: this gives the identity

2Λs Tr(σsσ>s Λs) + 4Λsσsσ>s Λs = Hs. (3.4.10)

Besides, for τni−1 < t, the Itô formula gives

(∆ST
τni ∧t

Λτni−1
∆Sτni ∧t)

2 = 4
∫ τni ∧t

τni−1

∆S>s Λϕ(s)∆Ss∆S>s Λϕ(s)dSs

+
∫ τni ∧t

τni−1

∆S>s
[
2Λϕ(s) Tr(σsσ>s Λϕ(s)) + 4Λϕ(s)σsσ

>
s Λ>ϕ(s)

]
∆Ssds.

Therefore, summing over i for τni−1 < t and using the idendity (3.4.10), we get

ε−2
n

∑
τni−1<t

(∆ST
τni ∧t

Λτni−1
∆Sτni ∧t)

2 = 4ε−2
n

∫ t

0
∆S>s Λϕ(s)∆Ss∆S>s Λϕ(s)dSs

+ ε−2
n

∫ t

0
∆S>s

[
2Λϕ(s) Tr(∆(σsσ>s )Λϕ(s)) + 4Λϕ(s)∆(σsσ>s )Λ>ϕ(s)

]
∆Ssds

+ ε−2
n

∫ t

0
∆S>s Hϕ(s)∆Ssds. (3.4.11)

Lemma 3.B.3 with α = 3 implies that ε−2
n

∫ t
0 ∆S>s Λϕ(s)∆Ss∆S>s Λϕ(s)dSs

u.c.a.s.−→
n→+∞

0. Moreover,
the Hölder continuity of σ in (Hgen.

S ) and the bound (3.3.2) of (HR) ensure the existence of
a a.s. finite random variable C > 0 such that

sup
t≤T

∣∣∣∣ε−2
n

∫ t

0
∆S>s

[
2Λϕ(s) Tr(∆(σsσ>s )Λϕ(s)) + 4Λϕ(s)∆(σsσ>s )Λ>ϕ(s)

]
∆Ssds

∣∣∣∣ ≤ C( sup
1≤i≤Nn

T

∆τni
)ησ/2

.

The latter bound converges to 0, see the arguments in the proof of Lemma 3.4.4. Therefore,
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from (3.4.11), we obtain

ε−2
n

∫ t

0
∆ST

s Hϕ(s)∆Ssds− ε−2
n

∑
τni−1<t

(∆ST
τni ∧t

Λτni−1
∆Sτni ∧t)

2 u.c.a.s.−→
n→+∞

0.

Observe that due to the boundedness of σ0, σ−1
0 and H0, and the properties of the solution

of (3.2.13), the coefficients of X0 and Λ0 are bounded random variables. Thus, we can apply
Theorem 3.4.3 with α = 4 and fs(x) := (xTΛsx)2, to obtain

ε−2
n

∑
τni−1<t

(∆ST
τni

Λτni−1
∆Sτni )2 u.c.a.s.−→

n→+∞

∫ t

0
m−1
s Bs[f(x) := (xTΛsx)2]ds

=
∫ t

0
m−1
s Bs[f(x) := ((σ−1

s x)TXs(σ−1
s x))2]ds.

The proof is complete.

3.4.2 Part II: Conclusion of the proof

Now we are in a position to finish the proof of Theorem 3.3.1. It boils down to combine
previous preliminary results with the application of an abstract CLT for semimartingale
sequences. The reference result on this subject is [JS02, Chapter IX, Theorem 7.3]. Next
we state a theorem that essentially follows from a simplified version of this general result
given in [Fuk11b, Theorem A.1]. For notions of stable convergence in distribution, [JS02, p.
512]-[JP12, Section 2.2.1.].

Theorem 3.4.6. Let (Ω,F , (F̄t)0≤t≤T ,P) be a filtered probability space supporting a F̄-
adapted d-dimensional Brownian motion (Bt)0≤t≤T . Let (Sn)n≥0 be a sequence of adapted
continuous semimartingales of the form

Sn = An +Mn,

where Mn are Rm-valued F̄-local martingales of the form Mn =
∫ ·
0 α

n
sdBs, and An are

Rm-valued adapted continuous processes with finite variation (note that m and d are not
necessarily equal). Suppose that:

a) 〈Mn〉t
P−→

n→+∞

∫ t
0 Ksds for all t ∈ [0, T ] and (Kt)0≤t≤T is a S+

m-valued adapted process;

b) 〈Mn, B〉t
P−→

n→+∞
0 for all t ∈ [0, T ];

c) there exists an adapted continuous Rm-valued process A such that sup0≤t≤T |Ant −At|
P−→

n→+∞
0.

We denote by K1/2
t the principal square root of the symmetric non-negative definite matrix

Kt. Let W be a m-dimensional Brownian motion independent of F̄T defined on an extended
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probability space (Ω̃, F̃ , P̃ ). Then, we have the following functional F̄-stable convergence in
distribution

Snt
d=⇒

[0,T ]
At +

∫ t

0
K1/2
s dWs.

Proof. First we apply [Fuk11b, Theorem A.1] to the martingale sequenceMn. The conditions
of [Fuk11b, Theorem A.1] follow from (a)-(b) and the fact thatMn =

∫ ·
0 α

n
sdBs is orthogonal

to all martingales that are orthogonal to B. Note that this result in [Fuk11b] can be easily
extended to our multidimensional setting using the standard Cramér-Wold argument. Finally
the convergence of Sn follows from (c) and the F̄-stability in [Fuk11b, Theorem A.1].

We now proceed to the proof of Theorem 3.3.1. We come back to the setting of Theorem
3.3.1 with general sequence εn → 0. Take any subsequence (ει(n))n≥0. Then there exists
another subsequence (ει′◦ι(n))n≥0 which is square summable and for which the assumptions
(HR) and (HB) are verified. To simplify the notation we write simply εn instead of ει′◦ι(n)
until the final part of the proof.

Recall (see definitions (3.2.15)) that

Ent = En,1t + En,2t ,

with En,1t and En,2t given by

En,1t =
∫ t

0
Mϕ(s)∆Ssds, En,2t =

∫ t

0
∆ST

s Aϕ(s)dBs.

For two continuous semimartingales (at)0≤t≤T and (bt)0≤t≤T with values in Rm and Rd
respectively we denote by (〈a; b〉t)0≤t≤T their Matm,d-valued quadratic covariation process.
Recall that At = (A1,t, . . . ,Am,t)T and set

Aijt := 1
2(Ai,tAT

j,t +AT
i,tAj,t).

Using Lemma 3.4.4 we obtain for any l = 1, . . . ,m and (Qt)0≤t≤T given by (3.4.8)〈
ε−1
n

∫ .

0
∆ST

s Al,ϕ(s)dBs;B
〉
t

= ε−1
n

∫ t

0
∆ST

s Al,ϕ(s)ds
u.c.a.s.−→
n→+∞

∫ t

0
QT
sAl,sds. (3.4.12)

Hence 〈
ε−1
n En,2;B

〉
t

=
〈
ε−1
n

∫ .

0
∆ST

s Aϕ(s)dBs;B
〉
t

u.c.a.s.−→
n→+∞

∫ t

0
QT
sAsds. (3.4.13)

Further we have 〈∫ t

0
QT
sAsdBs;B

〉
t

=
∫ t

0
QT
sAsds, (3.4.14)

which in view of (3.4.13) yields〈
ε−1
n En,2 −

∫ .

0
QT
sAsdBs;B

〉
t

u.c.a.s.−→
n→+∞

0. (3.4.15)
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We decompose the quadratic covariation matrix of ε−1
n En,2−

∫ .
0 Q

T
sAsdBs at time t as follows:

for any 1 ≤ i, j ≤ m, we have〈
ε−1
n En,2 −

∫ .

0
QT
sAsdBs

〉ij
t

= ε−2
n

∫ t

0
∆ST

s Ai,ϕ(s)AT
j,ϕ(s)∆Ssds+

∫ t

0
QT
sAi,sAT

j,sQsds

− ε−1
n

∫ t

0
QT
s (Aj,sAT

i,ϕ(s) +Ai,sAT
j,ϕ(s))∆Ssds.

By symmetry of the matrix
〈
ε−1
n En,2 −

∫ .
0 Q

T
sAsdBs

〉
t
, we deduce

〈
ε−1
n En,2 −

∫ .

0
QT
sAsdBs

〉ij
t

= ε−2
n

∫ t

0
∆ST

s A
ij
ϕ(s)∆Ssds+

∫ t

0
QT
sAijs Qsds

− ε−1
n

∫ t

0
QT
s (Aj,sAT

i,ϕ(s) +Ai,sAT
j,ϕ(s))∆Ssds.

First, apply the dominated convergence theorem by invoking the a.s. continuity of A. and
Q. on [0, T ], (HR) and the convergence to 0 of the mesh size of T n (see the proof of Lemma
3.4.4), it gives

ε−1
n

∫ t

0

∣∣∣2QT
ϕ(s)A

ij
ϕ(s) −Q

T
s (Aj,sAT

i,ϕ(s) +Ai,sAT
j,ϕ(s))

∣∣∣∆Ssds u.c.a.s.−→
n→+∞

0. (3.4.16)

Second, from Lemma 3.4.4 we obtain

ε−1
n

∫ t

0
QT
ϕ(s)A

ij
ϕ(s)∆Ssds

u.c.a.s.−→
n→+∞

∫ t

0
QT
sAijs Qsds. (3.4.17)

Last, we write Aijs = Aij+s − Aij−s (see Lemma 3.B.1), where Aij+s and Aij−s are adapted
continuous symmetric non-negative definite matrices. Owing to Lemma 3.4.5 we get

ε−2
n

∫ t

0
∆ST

s (Aijϕ(s))
+∆Ssds

u.c.a.s.−→
n→+∞

∫ t

0
m−1
s Bs[f(x) := ((σ−1

s x)TXij+
s (σ−1

s x))2]ds,

ε−2
n

∫ t

0
∆ST

s (Aijϕ(s))
−∆Ssds

u.c.a.s.−→
n→+∞

∫ t

0
m−1
s Bs[f(x) := ((σ−1

s x)TXij−
s (σ−1

s x))2]ds,

where Xij+
s (resp. Xij−

s ) is the solution of the matrix equation (3.2.13) for c = σT
s Aij+s σs

(resp. σT
s Aij−s σs). Hence, using that Bs[·] is linear, we obtain

ε−2
n

∫ t

0
∆ST

s A
ij
ϕ(s)∆Ssds

u.c.a.s.−→
n→+∞∫ t

0
m−1
s Bs[f(x) := ((σ−1

s x)TXij+
s (σ−1

s x))2 − ((σ−1
s x)TXij−

s (σ−1
s x))2]ds.

(3.4.18)

Recall the definition (3.2.19), i.e.

Kijt = m−1
t Bt

[
f(x) := ((σ−1

t x)TXij+
t (σ−1

t x))2 − ((σ−1
t x)TXij−

t (σ−1
t x))2)

]
−QT

t A
ij
t Qt.
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Thus from (3.4.16), (3.4.17) and (3.4.18) we get the convergence〈
ε−1
n En,2 −

∫ .

0
QT
sAsdBs

〉
t

u.c.a.s.−→
n→+∞

∫ t

0
Ksds. (3.4.19)

Note thatKs is a symmetric non-negative definite matrix since it is the a.s. limit of covariation
matrices.

Further we compute the limit for the finite variation part En,1t . Owing to Lemma 3.4.4
we directly have

ε−1
n E

n,1
t = ε−1

n

∫ t

0
Mϕ(s)∆Ssds

u.c.a.s.−→
n→+∞

∫ t

0
MsQsds. (3.4.20)

For the convergence of ε2
nN

n
t we take advantage of Theorem 3.4.3 to write

ε2
nN

n
t =

∑
τni−1<t

ε2
n
u.c.a.s.−→
n→+∞

∫ t

0
m−1
s ds. (3.4.21)

Now we come back to the initial notation ει′◦ι for the subsequence. Having proved the a.s.
convergences (3.4.15), (3.4.19), (3.4.20) and (3.4.21) for εn = ει′◦ι, we use the arbitrary choice
of ι(n) and the subsequence principle from Lemma 2.2.2 to get the same convergences in
probability along the initial sequence (εn : n ≥ 0). So, in particular, we can apply Theorem
3.4.6 with

Mn
t = ε−1

n E
n,2
t −

∫ t

0
QT
sAsdBs and Ant = ε−1

n E
n,1
t

and after easy manipulations, we obtain the following functional F̄-stable convergence in
distribution:

ε−1
n Ent

d=⇒
[0,T ]

(∫ t

0
MsQsds+

∫ t

0
QT
sAsdBs +

∫ t

0
K1/2
s dWs

)
.

The uniform convergence in probability (3.3.5) follows similarly from the P-version of the
convergence (3.4.21). The proof of Theorem 3.3.1 is now complete.

3.5 Proofs of domain exit time properties (Lemma 3.3.3, Propo-
sitions 3.3.4 and 3.3.5)

We assume the notation of Section 3.3.2. In particular LD denotes the constant given by
(3.3.7).

3.5.1 Proof of Lemma 3.3.3

We begin by justifying i) with p = 1. For this we assume without loss of generality that the
process S has its coefficients such that

Λσmin ≤ inf
t≥0

λmin(σtσT
t ) ≤ sup

t≥0
‖σtσT

t ‖ ≤ Λσmax, sup
t≥0
|bt| ≤ bmax. (3.5.1)
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Indeed, we can still define new F̄-adapted coefficients b̃t = bt1τ<t and σ̃t = σt1τ<t +
1τ≥t

√
Λσmax/d: they satisfy to the above bounds, they coincide with those of S before τ ,

and therefore the process with new coefficients has the same exit time τ . For the proof of
the above lemma, this is enough to consider such a modified process instead of the initial S,
or equivalently to assume (3.5.1) for S.
Now, we invoke the rough bound τ ≤ τ̄ = inf{t ≥ 0 : |S1,t| ≥ εL−1

D } which holds since D is
included in a ball centered at 0 with radius L−1

D . We now derive two bounds, one for any
ε ≤ ε0 ≤ 1, the other for small ε.

1. Take λ as the unique positive solution to −λbmax + 1
2λ

2Λσmin = 1: clearly λ ∈ C(S);
then apply the Itô formula in expectation to get

eλL
−1
D ≥ Eν

(
eλS1,τ̄

)
= eλS1,ν + Eν

(∫ τ̄

ν
eλS1,s

(
λb1s + 1

2λ
2|σ1:,s|2

)
ds
)

≥ Eν
(∫ τ̄

ν
eλS1,sds

)
≥ e−λL

−1
D Eν(τ̄ − ν).

This holds for any ε ≤ 1.

2. Now, for ε ≤ min(1,ΛσminLD/(4bmax)) := ε̄0 ∈ C(S) so that −2εL−1
D bmax + Λσmin ≥

Λσmin/2, we have with similar arguments

ε2L−2
D ≥ Eν

(
S2

1,τ̄

)
= S2

1,ν + Eν
(∫ τ̄

ν

(
2S1,sb1,s + |σ1:,s|2

)
ds
)
≥ Eν(τ̄ − ν) Λσmin/2.

To summarize, we have justified that for any stopping time ν, a.s. on {ν ≤ τ} we have

Eν (τ − ν) ≤ Eν (τ̄ − ν) ≤ e2λ/LD1ε>ε̄0 + 2ε2/(L2
DΛσmin)1ε≤ε̄0 ≤ max

(
e2λ/LD/ε̄2

0, 2/(L2
DΛσmin)

)
ε2

=: RDε2

with RD ∈ C(S).
We now establish i) for p ≥ 2 by induction. Assume that i) holds for some p ≥ 1 and for

any stopping time ν: then, on {ν ≤ τ},

Eν
(
(τ − ν)p+1

)
=
∫ ∞

0
(p+ 1)Eν

(
(τ − ν − t)p1τ−ν≥t

)
dt

=
∫ ∞

0
(p+ 1)Eν

(
Eν+t

(
(τ − ν − t)p

)
1τ−ν≥t

)
dt

≤
∫ ∞

0
(p+ 1)Eν

(
p!(RDε2)p1τ−ν≥t

)
dt

= (p+ 1)!(RDε2)pEν(τ − ν) ≤ (p+ 1)!(RDε2)p+1

using twice the induction assumption (first for the stopping time ν+t on the event {ν+t ≤ τ},
second for ν on the event {ν ≤ τ}).

Last we derive ii). On {ν ≤ τ}, use the exponential Markov inequality and the estimates
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i) to get

Pν(τ − ν ≥ ε2c) ≤ Eν
(
e

1
2RDε2

(τ−ν−ε2c)
)
≤ e−

c
2RD

∑
p≥0

1
p!2pEν

((τ − ν
RDε2

)p) ≤ 2e−
c

2RD .

We are done.

3.5.2 Preparing the proof of Propositions 3.3.4 and 3.3.5

This section is devoted to some preliminary results. Only within this section we assume that

D ∈ D

(we pass to the general case D ∈ DJ∩ in Section 3.5.3). For simplicity we write δ(·) instead of
δ∂D(·) since D ∈ D is fixed and no confusion is possible. For ε > 0 denote δε(x) := εδ(ε−1x).

Lemma 3.5.1. Assume (HD,σ
loc ) with D ∈ D (J = 1). Let τ0 := inf{t ≥ 0 : St /∈ D)}. There

exists Lσ ∈ C(S) such that Lσ ≤ LD and for any t ∈ [0, τ0] we have a.s.

inf
0≤δ(x)≤Lσ

Tr(σT
t (∇δT∇δ + δ∇2δ)(x)σt) ≥

1
8Λσmin.

Proof. Remind of the convention on ∇δ as a row vector. By (3.3.7) on the set |δ(x)| ≤ LD
the function δ(·) is C2 and inf0≤δ(x)≤LD |∇δ(x)|2 ≥ 1

4 . For any x ∈ D such that |δ(x)| ≤ LD
we have

Tr(σT
t (∇δT∇δ)(x)σt) = ∇δ(x)T · σtσT

t ∇δ(x)T ≥ 1
4Λσmin. (3.5.2)

Further using |Tr(M)|
√
d‖M‖ forM ∈ Matd,d(R) and the sub-multiplicative property of the

Frobenius norm, for any 0 ≤ L ≤ LD and x ∈ D with |δ(x)| ≤ L, we have

|Tr(σT
t (δ∇2δ)(x)σt)| ≤

√
d‖σtσT

t (δ∇2δ)(x)‖ ≤
√
d‖σtσT

t ‖ × ‖(δ∇2δ)(x)‖ ≤
√
dLL−1

D Λσmax.

(3.5.3)
We set Lσ := LD min

(
1, Λσmin

8
√
dΛσmax

)
, which is a continuous function of LD, Λσmin and Λσmax,

so that 1
4Λσmin−

√
dLσL

−1
D Λσmax ≥ 1

8Λσmin, which together with (3.5.2) and (3.5.3) implies the
announced result.

Lemma 3.5.2. Assume (HD,σ
loc ) with D ∈ D (J = 1). There exists K ∈ C(S) such that for

any ε ∈ (0, 1] and the stopping time

τ = inf{t ≥ 0 : St /∈ εD}

and any stopping time ν such that ν ≤ τ a.s. we have

E(τ − ν) ≤ Kε2E(δ(ε−1Sν)). (3.5.4)



3.5. Proofs of domain exit time properties 152

Proof. Take ε ∈ (0, 1]. Let Lσ ∈ (0, LD] be given by Lemma 3.5.1 (LD is defined in (3.3.7)),
l ∈ (0, Lσ]. We have

E(τ − ν) = E((τ − ν)1δ(ε−1Sν)>l) + E((τ − ν)1δ(ε−1Sν)≤l). (3.5.5)

Using Lemma 3.3.3 we get

E((τ − ν)1δ(ε−1Sν)>l) = E(1δ(ε−1Sν)>lEν(τ − ν)) ≤ RDε2P(δ(ε−1Sν) > l). (3.5.6)

The rest of the proof consists in estimating 1δ(ε−1Sν)≤lEν(τ − ν). For simplicity we omit the
indicator in the calculations, so that we are working on the event {δ(ε−1Sν) ≤ l}. Denote
τl := inf{t > ν : δε(St) ≥ lε}. Note that δ(·) is C2 on the set |δ(x)| ≤ l since l ≤ Lσ ≤ LD.
Let us write the Itô formula for δ2

ε(St) on [ν, τ ∧ τl]:

δ2
ε(Sτ∧τl) = δ2

ε(Sν) + 2
∫ τ∧τl

ν
(δε∇δε)(Ss) dSs

+
∫ τ∧τl

ν
Tr(σT

s (∇δT
ε ∇δε + δε∇2δε)(Ss)σs)ds.

(3.5.7)

Note that by Lemma 3.5.1, s ≤ τ ≤ τ0, 0 ≤ δ(ε−1Ss) ≤ l ≤ Lσ, (∇δT
ε ∇δε + δε∇2δε)(x) =

(∇δT∇δ + δ∇2δ)(ε−1x) we have for all s ∈ [ν, τ ∧ τl] a.s.

Tr(σT
s (∇δT

ε ∇δε + δε∇2δε)(Ss)σs) ≥
1
8Λσmin.

So we obtain ∫ τ∧τl

ν
Tr(σT

s (∇δT
ε ∇δε + δε∇2δε)(Ss)σs)ds ≥

1
8Λσmin(τ ∧ τl − ν). (3.5.8)

Further ∣∣∣∣Eν (∫ τ∧τl

ν
(δε∇δε)(Ss) dSs

)∣∣∣∣ =
∣∣∣∣Eν (∫ τ∧τl

ν
(δε∇δε)(Ss) bsds

)∣∣∣∣
≤ lL−1

D bmaxEν(τ ∧ τl − ν).
(3.5.9)

Thus from (3.5.7), applying Eν(·), using (3.5.8), (3.5.9) and simply that δ2
ε(Sν) ≥ 0 we get

C1Eν(τ ∧ τl − ν) ≤ Eν(δ2
ε(Sτ∧τl)),

where C1 = 1
16Λσmin ∈ C(S), for any l satisfying

0 < l ≤ Lσ ∧ (LDΛσminb
−1
max/16). (3.5.10)

We continue with l satisfying (3.5.10). Now using that δε(Sτ ) = 0 and from the definition
of τl we get Eν(δ2

ε(Sτ∧τl)) = Eν(δ2
ε(Sτl)1τ>τl) = l2ε2Pν(τ > τl), and consequently

C1Eν(τ ∧ τl − ν) ≤ l2ε2Pν(τ > τl). (3.5.11)



3.5. Proofs of domain exit time properties 153

Further we write

Eν(τ∧τl−ν) = Eν((τ−ν)1τ<τl)+Eν((τl−ν)1τ>τl) = Eν(τ−ν)−Eν((τ−τl)1τ>τl). (3.5.12)

Using Lemma 3.3.3 (with RD ∈ C(S)) we obtain

Eν((τ − τl)1τ>τl) = Eν(1τ>τlEτl(τ − τl)) ≤ RDε
2Pν(τ > τl). (3.5.13)

Hence plugging (3.5.11) and (3.5.13) into (3.5.12) yields

Eν(τ − ν) ≤ (RD + C−1
1 l2)ε2Pν(τ > τl). (3.5.14)

Now, we aim at upper bounding the above probability. By taking the conditional expectation
Eν(·) of the Itô formula for δε(St) on [ν, τ ∧ τl], we get

lεPν(τ > τl) = Eν(δε(Sτ∧τl)) = δε(Sν) + Eν
(∫ τ∧τl

ν
∇δε(Ss) bsds

)
+ 1

2Eν
(∫ τ∧τl

ν
Tr(σT

s ∇2δε(Ss)σs)ds
)
.

(3.5.15)

The first expectation in the right-hand side of (3.5.15) is bounded by L−1
D bmaxEν(τ ∧ τl− ν),

while the second expectation, in view of (3.3.7) and (HD,σ
loc ), is bounded by ε−1√dL−1

D ΛσmaxEν(τ∧
τl−ν). Therefore, plugging the above into (3.5.15) and using then (3.5.11), we readily obtain

lε2Pν(τ > τl) ≤ εδε(Sν) + (1
2
√
dL−1

D Λσmax + L−1
D bmax)Eν(τ ∧ τl − ν)

≤ εδε(Sν) + ε2C2l
2Pν(τ > τl),

where C2 := (1
2
√
dL−1

D Λσmax + L−1
D bmax)C−1

1 , so that C2 ∈ C(S). Note that all the previous
analysis is valid for any l verifying (3.5.10) and the elements of C(S) do not depend on l, so
we may now fix l = l0 := min(C−1

2 /2, Lσ, (LDΛσminb
−1
max)/16) which implies C3 := l0−C2l

2
0 ≥

l0
2 > 0. Observe that l0, C3 ∈ C(S). Hence we obtain

Pν(τ > τl0) ≤ C−1
3 δ(ε−1Sν). (3.5.16)

Combining (3.5.14) and (3.5.16) and setting K := (RD + C−1
1 l20)C−1

3 ∈ C(S), we get

Eν(τ − ν) ≤ Kε2δ(ε−1Sν). (3.5.17)

Remember that this result is obtained on the event {δ(ε−1Sν) ≤ l0}. Going back to the
general notation we have 1δ(ε−1Sν)≤l0Eν(τ − ν) ≤ Kε2

1δ(ε−1Sν)≤l0δ(ε−1Sν), and then by
taking expectation and combining this with (3.5.6) and (3.5.5), we finally obtain

E(τ − ν) ≤ Kε2E(δ(ε−1Sν)) +RDε
2P(δ(ε−1Sν) > l0) ≤ (K +RDl

−1
0 )ε2E(δ(ε−1Sν))

where we have applied the Markov inequality at the last inequality. We are done.
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Lemma 3.5.3. Assume (HD,σ
loc ) with D ∈ D (J = 1), and let f ∈ C2(Rd,R) be an α-

homogeneous function with α ∈ {2, 3, 4}. There exists K ∈ C(S) such that for any ε ∈ (0, 1],
for the stopping times

τ = inf{t ≥ 0 : St /∈ εD}, τ̄ = inf{t ≥ 0 : S̄t /∈ εD}

and any stopping time ν such that ν ≤ τ ∧ τ̄ a.s., we have

ε−2E(|Sν − S̄ν |2) + ε−α|E(f(Sν)− f(S̄ν))| ≤ Kεησ . (3.5.18)

Proof. We start with a bound on E(|Sν − S̄ν |2):

E
(
|Sν − S̄ν |2

)
≤ E

(+∞∑
k=1

1ν/ε2∈[k−1,k) sup
t≤kε2

|S̄t − St|2
)

≤
+∞∑
k=1

P(ν/ε2 ∈ [k − 1, k))1/2
[
E
(

sup
t≤kε2

|S̄t − St|4
)]1/2

.

a) Estimate for E
(
supt≤kε2 |S̄t − St|4

)
: Denote

M̄t :=
∫ t

0
(σs − σ0)dWs

so that St − S̄t =
∫ t

0 bsds+ M̄t. Using the BDG inequalities and (HD,σ
loc ) we obtain

E
(

sup
t≤kε2

|St − S̄t|4
)
≤ 8

(
b4max(kε2)4 + E

(
sup
t≤kε2

|M̄t|4
))

≤ C
(
b4max(kε2)4 + E

(
〈M̄〉2kε2

))
,

where C is some universal constant. For the quadratic variation part we get

E
(
〈M̄〉2kε2

)
= E

(∫ kε2

0
|σt − σ0|2dt

)2
 ≤ E

(
C4
σ

)(∫ kε2

0
tησdt

)2

= C0(kε2)2(ησ+1),

with C0 := mσ
(ησ+1)2 . So we conclude, using that k ≥ 1, ε ≤ 1,

E
(

sup
t≤kε2

|St − S̄t|4
)
≤ C1k

4ε2(2+2ησ), (3.5.19)

where C1 := C(b4max + C0) ∈ C(S).

b) Estimate for P(ν/ε2 ∈ [k − 1, k))1/2: Lemma 3.3.3-ii) directly yields

P(ν/ε2 ∈ [k − 1, k)) ≤ P(ν ≥ ε2(k − 1)) ≤ RDe−RD(k−1)
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for some RD ∈ C(S) Hence combining this with (3.5.19) we get

+∞∑
k=1

P(ν/ε2 ∈ [k − 1, k))1/2
[
E
(

sup
t≤kε2

|St − S̄t|4
)]1/2

≤
√
RDC1

(+∞∑
k=1

e−RD(k−1)/2k2
)
ε2+2ησ .

Thus for K =
√
RDC1

(∑+∞
k=1 e

−RD(k−1)/2k2
)
(so that K ∈ C(S)), we get

Eν(|Sν − S̄ν |2) ≤ Kε2+2ησ . (3.5.20)

Now we proceed with the proof of (3.5.18) regarding f . Recall that the function f verifies
(3.3.9). We have

|E
(
f(Sν)− f(S̄ν)

)
| ≤ E

(
|Sν − S̄ν |

∫ 1

0
|∇f(λSν + (1− λ)S̄ν)|dλ

)

≤
[
E
((∫ 1

0
|∇f(λSν + (1− λ)S̄ν)|dλ

)2)]1/2 [
E
(
|Sν − S̄ν |2

)]1/2
.

Using that ν ≤ τ ∧ τ̄ we obtain |Sν | ≤ εL−1
D and |S̄ν | ≤ εL−1

D so that

[
E
((∫ 1

0
|∇f(λSν + (1− λ)S̄ν)|dλ

)2)]1/2

≤ Cf L
−(α−1)
D εα−1. (3.5.21)

Now combine (3.5.20) and (3.5.21) to get (up to changingK ∈ C(S)) the announced estimate.

Corollary 3.5.4. Assume (HD,σ
loc ) with D ∈ D (J = 1). There exists K ∈ C(S) such that

for any ε ∈ (0, 1], the stopping times

τ = inf{t ≥ 0 : St /∈ εD}, τ̄ = inf{t ≥ 0 : S̄t /∈ εD}

satisfy
E(|τ − τ̄ |) ≤ Kε2+ησ , (3.5.22)

Proof. Let ν := τ ∧ τ̄ . Applying Lemma 3.5.2, we get for some K ∈ C(S)

E (τ − ν) ≤ Kε2E
(
δ(ε−1Sν)

)
. (3.5.23)

Using that 1ν<τδ(ε−1S̄ν) = 0 and 1ν=τδ(ε−1Sν) = 0 we write

E
(
δ(ε−1Sν)

)
= E

(
1ν<τ (δ(ε−1Sν)− δ(ε−1S̄ν))

)
≤ L−1

D ε−1E(|Sν − S̄ν |2)1/2.

Using (3.5.18) from Lemma 3.5.3 we get ε2E(δ(ε−1Sν)) ≤ L−1
D K1/2ε2+ησ/2. In view of

(3.5.23), we have proved (up to redefining K ∈ C(S))

E(1τ>τ̄ (τ − τ̄)) = E(τ − ν) ≤ Kε2+ησ .
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A similar bound holds for E(1τ<τ̄ (τ̄ − τ)): this is justified in the same way, applying Lemma
3.5.2 to S̄ and Lemma 3.5.3. Consequently, the proof of the bound for E(|τ− τ̄ |) is complete.

Corollary 3.5.5. Assume (HD,σ
loc ) with D ∈ D (J = 1). There exists K ∈ C(S ∪ {K ′})

such that for any ε ∈ (0, 1], any strictly positive constants K ′, η′ and for D′ ∈ D such that
µ(D,D′) ≤ K ′εη′ , and for which (3.3.7) and (HD,σ

loc ) hold for D′ instead of D with the same
constants LD,Λσmin,Λσmax, bmax, we have

E(|τ − τ ′|) ≤ Kε2+η′ (3.5.24)

where
τ = inf{t ≥ 0 : St /∈ εD}, τ ′ = inf{t ≥ 0 : St /∈ εD′}.

In particular, K is a multiple of K ′, so that K → 0 as K ′ → 0.

Proof. Let ν := τ ∧ τ ′ and denote by δ(·) the distance δ∂D(·). Using Lemma 3.5.2, we obtain
for some K ∈ C(S)

E(τ − ν)≤ Kε2E(δ(ε−1Sν)).

Observe that δ(ε−1Sν) ≤ µ(D,D′) ≤ K ′εη′ , which gives

E(1τ≥τ ′(τ − τ ′)) = E(τ − ν) ≤ KK ′ε2+η′ .

A similar bound on E(1τ ′≥τ (τ ′ − τ)) follows from the symmetry between D and D′.

3.5.3 Proofs of Propositions 3.3.4 and 3.3.5

Now we pass to the general case of D ∈ DJ∩, i.e. of the form D = ∩Jj=1Dj . Note that the
results of Section 3.5.2 are valid for each Dj , j = 1, . . . , J .

Proof of Proposition 3.3.4. Let ν := τ ∧ τ̄ . Denote for j = 1, . . . , J

τj = inf{t ≥ 0 : St /∈ εDj}, τ̄j = inf{t ≥ 0 : S̄t /∈ εDj},

so that τ = min(τ1, . . . , τJ) and τ̄ = min(τ̄1, . . . , τ̄J). Write

|E(f(Sτ∧T )− f(S̄τ̄∧T ))| ≤ |E(f(Sν∧T )− f(S̄ν∧T ))|+ |E(f(Sτ∧T )− f(Sν∧T ))|
+ |E(f(S̄τ̄∧T )− f(S̄ν∧T ))|.

By Lemma 3.5.3 (applied for any j to the domain Dj and the stopping time ν ∧ T ≤ τj∧τ̄j)
we have for some K ∈ C(S)

ε−α|E(f(Sν∧T )− f(S̄ν∧T ))| ≤ Kεησ . (3.5.25)
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For the next term we have (using that ε ≤ 1)

|E(f(Sτ∧T )− f(Sν∧T ))| ≤ E
(∣∣∣∣∣
∫ τ∧T

ν∧T

[
∇f(St)bt + 1

2 Tr(σT
t ∇2f(St)σt)

]
dt
∣∣∣∣∣
)

≤ Cf (bmaxL
−(α−1)
D + 1

2
√
dΛσmaxL

−(α−2)
D )εα−2E(|τ ∧ T − ν ∧ T |)

≤ Cf (bmaxL
−(α−1)
D + 1

2
√
dΛσmaxL

−(α−2)
D )εα−2

J∑
j=1

E(|τj − τ̄j |)

(since the min function is Lipschitz)

≤ Cf (bmaxL
−(α−1)
D + 1

2
√
dΛσmaxL

−(α−2)
D )εα−2J K ε2+ησ

where we have applied Corollary 3.5.4 at the last inequality. We can show a similar bound
for S̄ and at the end, we obtain the advertised inequality (3.3.10).

Proof of Proposition 3.3.5. The proof is quite similar to that of Proposition 3.3.4, at the end
we invoke Corollary 3.5.5 instead of Corollary 3.5.4.

Appendix

3.A Technical proofs

3.A.1 Proof of Lemma 3.3.6

We start with some preliminary analysis. Let (Ui, i ≥ 0) be i.i.d. random variables uniformly
distributed on [0, 1] and independent of F̄T . We keep the same notation for the extended
probability space supporting these extra random variables and we simply write PT (·) (resp.
ET (·)) for the probability (resp. expectation) conditionally on F̄T .
Set Vj = G∗(Uj), j ≥ 0 where G∗(·) is given by (HG): conditionally on F̄T , these random
variables are i.i.d. Let Y be the random variable given by

Y := inf{m ≥ 1 :
m∑
j=1

Vj ≥ T}.

In view of (HG) there exists an a.s. finite F̄T -measurable random integer m0 such that a.s.
we have

γ := PT ((V1 + · · ·+ Vm0) < T ) < 1.
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Our goal is to show that Y has finite (conditional) moments. We write for all p > 0

ET (|Y |p) ≤
∑
k≥1

kpPT

k−1∑
j=1

Vj < T

 ≤∑
k≥1

kpPT ((V1 + · · ·+ Vm0) < T )b(k−1)/m0c

=
∑
k≥1

kpγb(k−1)/m0c < +∞.
(3.A.1)

We now come back to the main point about proving (3.3.12). For any n ≥ 0 the grid T n may
be represented as a union T n,1 ∪ T n,2 (possibly non-disjoint), where T n,1 is the grid points
with τni = τni−1 + ε2

nGτni−1
(Un,i) + ∆n,i and T n,2 contains the points where exit times occur

first (see (3.2.6)). We have Nn(In) ≤ Nn,1(In) +Nn,2(In) with respect to the decomposition
T n = T n,1 ∪ T n,2.

B Upper bound on Nn,1(In). Note that from (3.A.1) we get ET (Y ) < +∞ a.s. Set C := 1 +
2ET (Y ), let (Yi)i≥0 be i.i.d. copies of Y conditionally on F̄T , and put mn := dε−2

n |In|/T e →
+∞. Let � denote the relation of first-order stochastic domination (conditionally on F̄T ).
Then using (HG)-1 and the subadditivity property of counting processes we obtain

Nn,1(In) � inf{m ≥ 0 :
m∑
j=1

Vj ≥ ε−2
n |In|} �

mn∑
i=1

Yi.

Remark that the latter relation of domination turns into equality in distribution in the
particular case of Vj having an exponential distribution due to the additivity of Poisson
variables.
Let p := 2/ρ ≥ 2 for ρ in (3.3.11). Note that from (3.3.11) we have ε2

n/|In| ≤ C0ε
2ρ
n so that∑

n≥0(ε2
n/|In|)p/2 < +∞. Applying the Markov inequality, the Burkholder inequality (see

e.g. [HH80, Theorem 2.10]) and the Minkowsky inequality we obtain (for n large enough so
that mn ≥ 2)

PT
(
T |In|−1ε2

nN
n,1(In) ≥ C

)
≤ PT

(∑mn
i=1 Yi

mn − 1 ≥ C
)
≤ PT

(∑mn
i=1(Yi − ET (Y ))

mn − 1 ≥ 1
)

≤ ET
(∣∣∣∣∑mn

i=1(Yi − ET (Y ))
mn − 1

∣∣∣∣p) ≤ CBurk. m
−p
n ET

∣∣∣∣∣
mn∑
i=1

(Yi − ET (Y ))2
∣∣∣∣∣
p/2


≤ CBurk.m
−p
n

(
mn∑
i=1

ET (|Yi − ET (Y )|p)2/p
)p/2

= CBurk.m
−p/2
n ET (|Y − ET (Y )|p)2/p

≤ CBurk.ET (|Y − ET (Y )|p)2/p
(
Tε2

n

|In|

)p/2
.

So we get ∑
n≥0

PT (T |In|−1ε2
nN

n,1(In) ≥ C) < +∞ a.s.
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and thus, by the Borel-Cantelli lemma, the event {T |In|−1ε2
nN

n,1(In) ≥ C} occurs finitely
many times conditionally on F̄T a.s. This proves supn≥0 ε

2
n|In|−1Nn,1(In) ≤ C1 a.s. for some

a.s. finite C1.
B Upper bound on Nn,2(In). Denote r∗ := inf0≤t≤T sup{r ≥ 0 : Bd(0, r) ⊂ ∩n≥0D

n
t }. Let us

show that r∗ > 0 a.s. Indeed for any n ≥ 0, we have inf0≤t≤T sup{r ≥ 0 : Bd(0, r) ⊂ Dn
t } > 0

since each Dn
t contains 0 and in view of the time-continuity of Dn

t w.r.t. the distance µJ(·, ·).
The same holds for (Dt)0≤t≤T . Now the positivity of r∗ follows from the convergence of Dn

t

to Dt w.r.t. µJ(·, ·) uniformly in t ∈ [0, T ] by (H1
D). For Nn,2(In), we write

Nn,2(In)ε2
n ≤ ε2

n + r−2
∗

∑
τni ∈T n,2∩In,τ

n
i−1∈In

∣∣∣Sτni − Sτni−1

∣∣∣2
≤ ε2

n + r−2
∗

∑
τni ∈T n∩In,τ

n
i−1∈In

∣∣∣Sτni − Sτni−1

∣∣∣2 .
We have ∑

τni ∈T n∩In,τ
n
i−1∈In

|∆Sτni |
2 −

∫
In

Tr(σtσT
t )dt = 2

∫
In

∆ST
t σtdBt + 2

∫
In

∆ST
t btdt.

Further, using (HR)-1, we obtain that there exists an a.s. finite random variable C such that∣∣∣∣∫
In

∆ST
t btdt

∣∣∣∣ ≤ Cεn|In| and
∣∣∣∣∫
In

∆ST
t σtdBt

∣∣∣∣ ≤ Cε1−ρ
n

√
|In|,

where for the last inequality we apply [GL14a, Corollary 2.1] for the sequence of martingales

Mn
t := ερ−1

n√
|In|

∫ t

0
1In(s)∆ST

s σsdBs,

for the parameter p := 2/ρ with ρ given by (3.3.11), in view of the quadratic variation bound

〈Mn〉T = ε2ρ−2
n

|In|

∣∣∣∣∫
In

∆ST
t σtσ

T
t ∆Stdt

∣∣∣∣ ≤ Cε4/p
n ,

∑
n≥0
〈Mn〉p/2T < +∞ a.s..

Using that ε1−ρ
n /

√
|In| → 0 by (3.3.11), this finally implies

Nn,2(In) ≤ 1 + r−2
∗ ε−2

n

(
|In| sup

0≤t≤T
Tr(σtσT

t ) + oa.s.
n (|In|)

)
,

which finishes the proof.

3.A.2 Proof of Proposition 3.4.1

First let us prove the statement for ft = f , for any t ∈ [0, T ], where f : Rd → R is a
continuous α-homogeneous deterministic function. Let Cf := sup|x|=1 |f(x)| and C(3.3.2) be
given by (HR). First note that from (HR) and the homogeneity of f we have for all n ≥ 0
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and for all t ∈ [0, T ] a.s.

|f(∆St)|+ |Et(f(∆Sϕ̄(t)))| ≤ CfC
(3.3.2)
ϕ(t) εαn. (3.A.2)

Fix n ≥ 0. Consider the adapted process

Znt :=
∑

τni−1<t

Hτni−1

(
Et(f(∆Sτni ))− Eτni−1

(f(∆Sτni ))
)

(note that the conditional expectations are well defined, see our conventions at the end of
the introduction). Define the process

V̄t := C
(3.3.2)
t + sup

0≤s≤t
|Hs|+

(
2CfC

(3.3.2)
t sup

0≤s≤t
|Hs|+ 1

)2
1 +

∑
n≥0

ε4
nN

n
t

 .
Note that V̄t takes finite values due to (HR)-2 and is adapted càdlàg and non-decreasing.
Define

νk := inf{t ≥ 0 : V̄t ≥ k} (3.A.3)

(with the convention νk = +∞ a.s. if k > V̄T ). Due to boundedness of H0 and C(3.3.2)
0 we

have that
V̄0 = C

(3.3.2)
0 + |H0|+

(
2CfC

(3.3.2)
0 |H0|+ 1

)2
≤ CV̄0

for some deterministic constant CV̄0
. Now observe that (since the jumps of Nn

t are of size 1)

V̄νk ≤

1 +
∑
n≥0

ε4
n

 (k ∨ CV̄0
) =: q(k). (3.A.4)

In order to justify the manipulations with the conditional expectations below we remark the
following properties

1τni−1≤νk
|∆Sτni |

α ≤ C(3.3.2)
νk

εαn ≤ q(k)εαn, 1τni−1≤νk
|Hτni−1

| ≤ q(k) a.s. . (3.A.5)

It implies that for any stopping time θ and any continuous function Φ we have the equality

1τni−1≤νk∧θ
Eνk∧θ

(
1τni−1≤νk∧θ

Φ(∆Sτni )
)

= 1τni−1≤νk∧θ
Eνk∧θ

(
Φ(∆Sτni )

)
. (3.A.6)

Owing to (3.A.5), the random variable inside the conditional expectation on the left hand
side is bounded, and therefore its conditional expectation is well-defined (and in any Lp).
The random variable inside the conditional expectation on the right hand-side is not nec-
essarily integrable (essentially controlled thanks to (HR)), but actually, in the next com-
putations, it will be still localised on a set of the form {τni−1 ≤ νk ∧ θ}, on which we
have the equality (3.A.6). Therefore, in what follows, writing 1τni−1≤νk∧θ

Eνk∧θ
(
Φ(∆Sτni )

)
or 1τni−1≤νk∧θ

Eνk∧θ
(
1τni−1≤νk∧θ

Φ(∆Sτni )
)
is the same and gives random variables that are

bounded: for the sake of brevity, we use the notation on the left hand side of (3.A.6).
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For τni−1 < t ∧ νk we obtain

|Hτni−1
|
(
|Et∧νk(f(∆Sτni ))|+ |Eτni−1

(f(∆Sτni ))|
)
≤
(

sup
0≤s≤νk

|Hs|
)

2CfC
(3.3.2)
νk

εαn ≤
√
q(k)εαn.

(3.A.7)
Using in addition that ε4

nN
n
t∧νk ≤ q(k), we obtain a.s.

|Znt∧νk | ≤
∑

τni−1<t∧νk

|Hτni−1
|
(
|Et∧νk(f(∆Sτni ))|+ |Eτni−1

(f(∆Sτni ))|
)
≤ Nn

t∧νk

√
q(k)εαn

≤ q(k)3/2εα−4
n .

(3.A.8)

Hence, we get that E(|Znt∧νk |
p) < +∞ a.s. for all p ≥ 1 with an Lp-norm bound independent

of t ∈ [0, T ]. Using (3.A.5)-(3.A.6) to deal with the conditional expectations and (3.A.8) to
be able to interchange the sum and the conditional expectation below, we verify that for any
0 ≤ s ≤ t ≤ T we have a.s.

Es(Znt∧νk) =
∑

τni−1<s∧νk
Hτni−1

(
Es∧νk(f(∆Sτni ))− Eτni−1

(f(∆Sτni ))
)

+ Es

 ∑
s∧νk≤τni−1<t∧νk

Hτni−1

(
Et∧νk(f(∆Sτni ))− Eτni−1

(f(∆Sτni ))
) = Zns∧νk .

Hence the process (Zn
t∧νk)0≤t≤T is a martingale, and, in particular, it has a càdlàg modifica-

tion. Using that νk = +∞ for k > V̄T we deduce that the process (Znt )0≤t≤T is cádlág.

In view of (3.A.2), the final result will follow from the convergence ε2−α
n Znt

u.c.a.s.−→
n→+∞

0. We
prove it by leveraging Lemma 3.B.2. Define

Unt := ε4−2α
n sup

0≤s≤t
|Zns |2, V n

t := ε4
nN

n
t

(
2CfC

(3.3.2)
t sup

0≤s≤t
|Hs|

)2

.

Since Nn and Zn are cádlág, it readily follows that Un and V n are càdlàg adapted processes,
non-decreasing, vanishing at 0. Note that

∑
n≥0

V n
t ≤

(
2CfC

(3.3.2)
t sup

0≤s≤t
|Hs|

)2 ∑
n≥0

ε4
nN

n
t ≤ V̄t. (3.A.9)

Let us check the hypotheses (i)-(ii)-(iii) of Lemma 3.B.2. The assumptions (i)-(ii) fol-
low from (3.A.9). We have already proved (iv) in (3.A.4). Now, we check the relation of
domination (iii). We need to show that for some (deterministic) constant C0 > 0 we have,
uniformly in k and n,

E(Unt∧νk) ≤ C0E(V n
t∧νk). (3.A.10)
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We proceed with the following estimate of E(|Znt∧νk |
2) using Fubini’s theorem

E
(
|Znt∧νk |

2
)

= E

 ∑
τni−1<t∧νk

H2
τni−1

(
Et∧νk(f(∆Sτni ))− Eτni−1

(f(∆Sτni ))
)2


+ 2
∑

1≤i<j<+∞
E
(

1τnj−1<t∧νkHτni−1

(
Et∧νk(f(∆Sτni ))− Eτni−1

(f(∆Sτni ))
)

×Hτnj−1
Eτnj−1

(
Et∧νk(f(∆Sτnj ))− Eτnj−1

(f(∆Sτnj ))
))

≤ E

(2CfC
(3.3.2)
t∧νk sup

0≤s≤t∧νk
|Hs|

)2

Nn
t∧νkε

2α
n

 = ε2α−4
n E

(
V n
t∧νk

)
,

where we used (3.A.8) to interchange the sum and the expectation, and (3.A.6)-(3.A.7) to
justify that the expectations of the cross-products are well defined and equal 0. In particular,
since the process in the right-hand side of the last inequality is non-decreasing, we obtain

ε4−2α
n sup

0≤s≤t
E(|Zns∧νk |

2) ≤ E(V n
t∧νk). (3.A.11)

Applying Doob’s L2-inequality (see [RY99, Theorem II.1.7]) to the càdlàg martingale (Zt∧νk)0≤t≤T ,
we obtain

E
(

sup
0≤s≤t

|Zns∧νk |
2
)
≤ 4 sup

0≤s≤t
E
(
|Zns∧νk |

2
)
.

Combining this estimate with (3.A.11) and from the definition of Unt we get

E(Unt∧νk) = ε4−2α
n E

(
sup

0≤s≤t
|Zns∧νk |

2
)
≤ 4E(V n

t∧νk).

The convergence ε2−α
n Znt

u.c.a.s.−→
n→+∞

0 now follows from Lemma 3.B.2.

To complete the proof in the general case ft =
∑

finitely many k f
k
t Pk, simply apply the

above result to Htf
k
t and Pk for each k.

3.B Supplementary material

3.B.1 Decomposition of symmetric matrix into non-negative and non-
positive parts

Lemma 3.B.1. Let (Mt)0≤t≤T be an Sd-valued continuous adapted process on some filtered
probability space. Then we can decomposeMt = M+

t −M−t whereM+
t andM−t are S+

d -valued
continuous adapted processes; this decomposition, however, is not unique.

Proof. Let λt := max (λmax(Mt), 0). By Hoffman and Wielandt’s theorem [HJ90, p. 368],
(λt)0≤t≤T is continuous and we may take M+

t := λt Id, M−t := λt Id−Mt.
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3.B.2 Fundamental lemma on the a.s. convergence of processes

The following lemma is inspired from [GL14a, Lemma 2.1], but its assumptions better fit
our setting.

Lemma 3.B.2. Let (Un)n≥0 and (V n)n≥0 be two sequences of non-negative measurable
processes. Assume that:

(i) the series
∑
n≥0 V

n
t converges for all t ∈ [0, T ] a.s.;

(ii) the above limit is upper bounded by a non-decreasing adapted càdlàg process V̄ ;

(iii) there is a constant c(3.B.1) ≥ 0 such that, for every n ∈ N, k ∈ N and t ∈ [0, T ], we
have

E[Unt∧νk ] ≤ c(3.B.1) E[V n
t∧νk ] (3.B.1)

with the stopping time νk := inf{s ∈ [0, T ] : V̄s ≥ k} (with the usual convention that
inf ∅ = +∞);

(iv) there is a deterministic function q : N → R+ such that q(k) ≥ k and V̄νk ≤ q(k) for
any k a.s.

Then for any t ∈ [0, T ], the series
∑
n≥0 U

n
t converges almost surely. As a consequence,

Unt
a.s.→ 0.

Proof. Let t ∈ [0, T ] be fixed. Denote byNV the subset of Ω on which the series (
∑
n≥0 V

n
t )0≤t≤T

do not converge, on which V̄ and then (νk)k≥0 are not defined and on which the inequalities
of (iv) are not fulfilled; note that NV is built as a countable union of negligible sets, thus it
is P-negligible.
For ω /∈ NV , we have V̄t∧νk(ω) ≤ q(k) for any k ∈ N. Set V̄ p :=

∑p
n=0 V

n: we have V̄ p ≤ V̄

on N c
V ; thus, the localization of V̄ entails that of V̄ p and we have V̄ p

t∧νk ≤ q(k) for any k, p
(on N c

V ). Furthermore the relation of domination (iii) writes

E
[ p∑
n=0

Unt∧νk

]
≤ c(3.B.1) E

[ p∑
n=0

V n
t∧νk

]
= c(3.B.1) E

[
V̄ p
t∧νk

]
≤ c(3.B.1) q(k) (3.B.2)

for any k, p (on N c
V ). From Fatou’s lemma we get E[

∑
n≥0 U

n
t∧νk ] < +∞ for any k, therefore

the series
∑
n≥0 U

n
t∧νk(ω) converges for all ω outside of a P-negligible set Nk,t. The set

Nt :=
⋃
k∈NNk,t

⋃
NV is P-negligible, and it follows that for ω /∈ Nt, the series

∑
n≥0 U

n
t∧νk(ω)

converges for all k ∈ N. For ω /∈ Nt, we have νk(ω) = +∞ as soon as k > V̄T (ω); thus by
taking such k, we complete the convergence of

∑
n≥0 U

n
t on N c

t .

3.B.3 Control of martingale processes

Lemma 3.B.3. Assume that a process S and a sequence of discretization grids T verify
(Hgen.

S ) and (HR)-1 with a sequence (εn : n ≥ 0) such that
∑
n≥0 ε

2
n < +∞. Let (Ht)0≤t≤T
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be an adapted continuous scalar process and let f : Rd → R be a α-homogeneous function
with α > 0. Then for any k = 1, . . . , d we have

ε−α+1
n

∑
τni−1<t

Hτni−1

∫ τni ∧t

τni−1

f(∆Ss)dSks
u.c.a.s.−→
n→+∞

0.

Proof. Using the decomposition S = A+M , we write

∑
τni−1<t

Hτni−1

∫ τni ∧t

τni−1

f(∆Ss)dSks =
∫ t

0
Hϕ(s)f(∆Ss)dAks +

∫ t

0
Hϕ(s)f(∆Ss)dMk

s .

First, the assumption (HR)-1 and the inequality |f(x)| ≤ Cf |x|α yield

ε−α+1
n

∣∣∣∣∫ t

0
Hϕ(s)f(∆Ss)dAks

∣∣∣∣ ≤ εnCf sup
0≤t≤T

|Ht|
∫ t

0
(ε−1
n |∆Ss|)αd|Ak|s

u.c.a.s.−→
n→+∞

0.

Second, the quadratic variation of the Brownian stochastic integral is〈
ε−α+1
n

∫ ·
0
Hϕ(s)f(∆Ss)dMk

s

〉
T
≤ C2

f sup
0≤t≤T

|Ht|2 sup
0≤t≤T

|(σtσT
t )kk|ε−2α+2

n

∫ T

0
|∆Ss|2αds ≤ Cε2

n

for some a.s. finite random variable C > 0 (using again (HR)-1). Thus using that
∑
n≥0 ε

2
n <

+∞ and applying [GL14a, Corollary 2.1] we get

ε−α+1
n

∫ t

0
Hϕ(s)f(∆Ss)dMk

s
u.c.a.s.−→
n→+∞

0,

which implies the result.
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Parametric inference for diffusions
observed at stopping times
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Statement of the problem. In this work we study the problem of parametric inference
for a d-dimensional Brownian semimartingale (St)0≤t≤T of the form

St = S0 +
∫ t

0
bsds+

∫ t

0
σ(s, Ss, ξ)dBs, t ∈ [0, T ], S0 ∈ Rd, (4.0.1)

based on a finite random number of observations of S at stopping times. The time horizon
T > 0 and S0 are fixed. We assume that the observations are the values of a single trajectory
of (St : 0 ≤ t ≤ T ) sampled from the model (4.0.1) with an unknown parameter ξ = ξ? ∈
Ξ. Our goal is to estimate ξ? using these discrete observations and study the asymptotic
properties of the estimator sequence as the number of observations goes to infinity; we work
in the high-frequency fixed horizon setting. Handling data at random observation times is
important in practice (see the examples in [GW02, Fuk10] for instance) and it has a large
impact on inference procedure, as it is argued in [ASM03].

A large number of works (see the references below) are devoted to the inference of dif-
fusion models in the case of deterministic, random independent or strongly predictable ob-
servation time grids. In most cases they are based on the approximations of the transition
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probability density of the diffusion process, resulting in so called approximate maximum
likelihood estimators (AMLEs). However, in practice, the observation times may be random
and, moreover, the randomness may be (at least partly) endogenous, i.e. depending on the
sampled process itself: see [GW02] for empirical evidence about the connection of volatility
and inter-transaction duration in finance, and [Fuk10] for modeling bid or ask quotation data
and tick time sampling. In other words, as motivated by those examples, the observation
grid may be given by a sequence of general stopping times with respect to a general filtration;
see the introduction of Chapter 3 for additional motivation and discussion. To the best of
our knowledge this setting has not yet been studied in the literature, except in [LMR+14]
where a Central Limit Theorem (CLT) for estimating the integrated volatility in dimension 1
is established assuming the convergence in probability of renormalized quarticity and tricity
(however, the authors do not characterize the stopping times for which these convergences
hold). One reason for this lack of studies in the literature is essentially that the necessary
tools for the analysis of the stopping time discretization grids for multidimensional processes
were not available until recently. In particular, the study of the asymptotic normality for a
sequence of estimators requires a general central limit theorem for discretization errors based
on such grids. Such a result has been very recently obtained in Chapter 3 in a concrete setting
(i.e. for explicitly defined class of grids, and not given by abstract assumptions, as a differ-
ence with [LMR+14]), in several dimensions (as a difference with above references) and with
a tractable limit characterization. Note that in [Fuk11b], the derivation of CLT is achieved
in the context of general stopping times, but the limit depends on implicit conditions that
are hardly tractable except in certain situations (notably in dimension 1). Another issue is
that it is delicate to design an appropriate AMLE method in this stopping times setting:
in general, approximation of the increment distribution seems hardly possible in this case,
since the expression for the distribution of (Sτ , τ), where τ is a stopping time, is out of reach
in multiple dimension even in the simplest cases.

In this work we aim at constructing a consistent sequence of estimators (ξn)n≥0 of the true
parameter ξ? in the case of random observation grids given by general stopping times. We
provide an asymptotic analysis that allows to directly apply the existing results of Chapter 3
on CLTs for discretization errors and show the convergence in distribution of the renormalized
error

√
Nn
T (ξn − ξ?) (where Nn

T is the number of observation times) to an explicitly defined
mixture of normal variables.

Literature background. A number of works study the problem of inference for diffusions.
For general references, see the books [Sør04, Fuc13] and the lecture notes [Jac07].

The nonparametric estimation of the diffusion coefficient σ(.) is investigated in [FZ93] for
equidistant observations times on a fixed time interval. In [GCJ93] the authors consider the
problem of the parametric estimation of a multidimensional diffusion under regular deter-
ministic observation grids. They construct consistent sequences of estimators of the unknown
parameter based on the minimization of certain contrasts and prove the weak convergence of
the error renormalized at the rate

√
n to a mixed Gaussian variable, where n is the number

of observations. The problem of achieving minimal variance estimator is investigated using
the local asymptotic mixed normality (LAMN) property, see e.g. [CY90, Chapter 5] for
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the definition: this LAMN property is established in [Doh87] for one-dimensional S, and in
[Gob01] for higher dimensions using Malliavin calculus techniques, when the n observation
times are equidistant on a fixed interval. These latter results show the optimality of Gaussian
AMLEs that achieve consistency with minimal variance.

If the time step between the observations is not small, one can use more advanced tech-
niques based on the expansions of transition densities in order to approximate the likelihood
of the observations. See, for instance, [AS99, AS02, AS08, CC11]. Note that these works
consider only the case of deterministic observation grids.

In [GCJ94] the authors study the case where each new observation time may be chosen by
the user depending on the previous observations (so that the times depend on the trajectory
of S). The authors exhibit a sequence of sampling schemes with an asymptotic conditional
variance achieving the optimal (over all such schemes with random times) bound for LAMN
property for all the parameter values simultaneously. We remark that though in [GCJ94]
the observation times are random, they are not stopping times, and the perspective is quite
different from ours: the authors assume that observations at all times are, in principle,
available, and aim at choosing adaptively a finite number of them to optimize the asymptotic
variance of the estimator. In our setting observations are stopping times and are not chosen
by the user in an anticipative way.

Several works are dedicated to the inference problem with observations at stopping times,
but under quite restrictive assumptions on those times as a difference with our general setting.
More precisely, in [ASM03, DG04] the authors assume that the time increment τni − τni−1
depends only on the information up to τni−1 and on extra independent noise. A similar
condition is considered in [HJY11], and it can take the form of strongly predictable times
(τni is known at time τni−1). In [ASM04], the time increments are simply independent and
identically distributed. In [Fuk10, FR12], the authors consider the observation times as
exit times of S from an interval in dimension 1: because such one-dimensional exit time
can be explicitly approximated, they are able to establish some CLT results for the realized
variance. For potentially more general stopping times, but still in dimension 1, [LMR+14]
provides CLT results under the extra condition of convergence of the quarticity and tricity.
To summarize, all the above results consider stopping times with significant restrictions and,
in any case, in one-dimensional setting for S. In the current study, we aim at overcoming
these restrictions.

Our contributions.

• To the best of our knowledge, this is the first work that analyzes the problem of
parametric inference for multidimensional diffusions based on observations at general
stopping times.

• Under mild assumptions we construct a sequence of estimators and prove its consistency
for a large class of observations grids, which, following Remark 1.2.2, contains most of
the examples, interesting in practice.

• Using our asymptotic analysis and applying the results of Chapter 3 we prove the
weak convergence of the renormalized error to a mixture of normal variables, for a
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quite general class of random observations, which includes exit times from general
random domains, and allows combination of endogenous and independent sources of
randomness. In addition, we explicitly compute the limit distribution. The asymptotic
limit is, in general, biased, and we characterize both asymptotic bias and variance.
Such a bias has not been previously observed in parametric inference problems due to
centering property of Gaussian increments for strongly predictable grids.

• We provide a uniform lower bound on the limit variance in the case of a 1-dimensional
parameter ξ ∈ Ξ, and for the set of observation grids for which the weak convergence
to a mixture of normal variables without bias holds. We also prove that this bound
is sharp in this class of grids. To the best our knowledge, this result for parametric
inference for diffusions is new, and it allows for discussing optimal sampling procedure
for instance.

Last, for other applications and results of stopping times in high-frequency regime, see
[Fuk11b, GL14a] and Chapter 1.

Outline of the chapter. In Section 4.1 we present the model for the observed process
S, the random observation grids, and construct a sequence of estimators (ξn)n≥0 based on
the discretized version of the integrated Kullback-Leibler divergence in the Gaussian case.
Section 4.2 is devoted to the statements of the main results of the chapter. We continue
with the proofs in Section 4.3. Several technical points are postponed to Section 4.A.

4.1 The model

Let (Bt)0≤t≤T be a d-dimensional Brownian motion on a filtered probability space
(Ω,F , (Ft)0≤t≤T ,P) with (Ft)0≤t≤T verifying the usual conditions of being right-continuous
and complete. By | · | we denote the Euclidean norm on matrix and tensor vector spaces. Let
Matm,n be the space of real m × n matrices, denote by S++

m (resp. S+
m) the set of positive

(resp. non-negative) definite symmetric real m×m matrices.
Let Ξ ⊂ Rq, q ≥ 1, be a convex compact set, with non-empty interior to avoid degenerate

cases. We fix a parameter ξ? ∈ Ξ\∂Ξ (where ∂Ξ is the boundary of Ξ). The process serving
for the observation is a d-dimensional Brownian semimartingale (St)0≤t≤T of the form

St = S0 +
∫ t

0
bsds+

∫ t

0
σ(s, Ss, ξ?)dBs, t ∈ [0, T ], S0 ∈ Rd, (4.1.1)

verifying the following:
(HS): 1. σ : [0, T ]× Rd × Ξ→ Matd,d is a C1,2,2 function;

2. the matrix σ(t, St, ξ) is invertible for all ξ ∈ Ξ and t ∈ [0, T ] a.s.;

3. (bt)0≤t≤T is a continuous adapted Rd-valued process such that for some ηb > 0, for
some a.s. finite C and for any 0 ≤ s ≤ t ≤ T we have |bt − bs| ≤ C|t− s|ηb .

In what follows we denote for simplicity σt(ξ) := σ(t, St, ξ). Let ct(·) := σt(·)σt(·)T. We
suppose, in addition, the following parameter identifiability assumption.
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(Hξ): For any ξ ∈ Ξ \ {ξ?} we have a.s. that the continuous trajectories t 7→ ct(ξ?) and
t 7→ ct(ξ) are not almost everywhere (w.r.t. the Lebesgue measure) equal on [0, T ].

4.1.1 Random observation grids

We consider a sequence of random observation grids

{(τn0 := 0 < τn1 < · · · < τni < · · · < τnNn
T

:= T ) : n ≥ 0}

on the interval [0, T ] and suppose that for each n, only the values (τni , Sτni )0≤i≤Nn
T

are
available for the parameter estimation: these are the observation data. For each n, (τni :
0 ≤ i ≤ Nn

T ) is a sequence of F-stopping times and Nn
T is a.s. a finite random variable. Here

we do not assume further information on the structure of these stopping times (e.g. they
are hitting times for S of such or such boundary and so on): we are aware that having this
structural information would presumably be beneficial for the inference problem, by making
the estimation more accurate. Proving optimality results (like in [Doh87, Gob01]) given
the sequence of observations {(τni , Sτni )0≤i≤Nn

T
: n ≥ 0} is so far out of reach, and we leave

these problems for further investigation. However we establish a partial optimality result in
Section 4.2.4.

Our statistics analysis is based on the asymptotic techniques, developed recently in
[GL14a] and Chapters 1-2, for admissible random discretization grids in the setting of
quadratic variation minimization. In this work we adapt these techniques to the problem of
parametric estimation.

We introduce the following assumptions that depend on the choice of a positive sequence
(εn)n≥0 with εn → 0 and a parameter ρN ≥ 1 (compare to the definition in Section 1.2.2):
(Aosc.

S ): The following non-negative random variable is a.s. finite:

sup
n≥0

ε−2
n sup

1≤i≤Nn
T

sup
t∈(τni−1,τ

n
i ]
|St − Sτni−1

|2
 < +∞. (4.1.2)

(AN ): For some ρN ∈ [1, (1 + 2ηb) ∧ 4/3) the following non-negative random variable is a.s.
finite:

sup
n≥0

(ε2ρN
n Nn

T ) < +∞. (4.1.3)

Let us now fix (εn)n≥0 with εn → 0 and a sequence of discretization grids T . We assume
for some ρN ∈ [1, (1 + 2ηb) ∧ 4/3) the following hypothesis:
(HT ): For any subsequence (ει(n))n≥0 of (εn)n≥0 there exists another subsequence
(ει′◦ι(n))n≥0 for which the assumptions (Aosc.

S )-(AN ) (with the given ρN ) are verified.
Remark that the class of grids verifying (HT ) is very general and covers most of the

settings considered in the previous works on inference for diffusions. At the same time, it
allows new types of grids that were not studied before. In particular, it includes:

• The sequences of deterministic or strongly predictable discretization grids for which
the time steps are controlled from below and from above and for which the step size
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tends to zero. Here ρN > 1, see Remark 1.2.2.

• The sequences of grids based on exit times from general random domains and, possibly,
extra independent noise. Namely let {(Dn

t )0≤t≤T : n ≥ 0} be a sequence of general
random adapted processes with values in the set of domains in Rd, that are continuous
and converging (in a suitable sense, see the details in Section 3.2.2) to an adapted
continuous domain-valued process (Dt)0≤t≤T . Consider also an i.i.d. family of random
variables (Ui,n)n,i∈N uniform on [0, 1] and an arbitrary P ⊗ B([0, 1])-measurable (P is
the σ-field of predictable sets of [0, T ]×Ω) mapping G : (t, ω, u) ∈ [0, T ]×Ω× [0, 1] 7→
R+ ∪ {+∞} (to simplify we write Gt(u)). Then the discretization grids of the form
T := {T n : n ≥ 0} with T n = {τni , i = 1, . . . , Nn

T } given byτ
n
0 := 0,
τni := inf{t > τni−1 : (St − Sτni−1

) /∈ εnDn
τni−1
} ∧ (τni−1 + ε2

nGτni−1
(Un,i) + ∆n,i) ∧ T,

(4.1.4)
where (∆n,i)n,i∈N represents some negligible contribution, verify the assumption (HT )
with ρN = 1 (see the proof in Section 3.3.3). This class of discretization grids allows a
coupling of endogenous noise generated by hitting times and extra independent noise
given, for example, by a Poisson process with stochastic intensity (see Section 3.2.2).
In addition, we can rely on a CLT for a general discretization error term based on
such grids (see Theorem 3.2.7). The optimal observation grid in Section 4.2.4 is of the
above form, taking some ellipsoid for Dn and G(·) = +∞, ∆n,i = 0.

The subsequence formulation of the assumption (HT ) is motivated by the subsequence
principle in Lemma 2.2.2. It allows to first prove a.s. results for the sequences of observation
grids verifying (Aosc.

S )-(AN ) and
∑
n≥0 ε

2
n < +∞, and then pass to the equivalent results in

probability in the general case.

4.1.2 Sequence of estimators

Suppose that T := {T n : n ≥ 0} is a sequence of random grids verifying (HT ) for some
εn → 0, and ρN ∈ [1, (1 + 2ηb) ∧ 4/3). Denote for any process H (where we omit the
dependence on n)

ϕ(t) := max{τ ∈ T n : τ ≤ t}, ∆Ht := Ht −Hϕ(t). (4.1.5)

Parametric inference for a discretely observed process typically requires a discrete ap-
proximation of some criterion, whose optimization yields the true parameter ξ?. A standard
approach is to approximate the likelihood of Sτn0 , . . . , Sτni , or equivalently of the distribution
of ∆Sτni conditionally on Sτn0 , . . . , Sτni−1

. Gaussian approximations are often used when the
distance between observation times is small, see, for instance [GCJ93]. The optimality of
the Gaussian based likelihood approximations in the case of regular observation times has
been proved in [Doh87, Gob01]. Although the distribution of Sτ as τ is a stopping time
may be quite different from Gaussian, we are inspired by the same approach, because of the
flexibility and tractability of the subsequent contrast estimator with respect to the choice
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of observation times τni ; however, below we present a slightly different interpretation of the
same minimization criteria, since in the stopping time case the distribution of process in-
crements is not necessarily close to Gaussian. We also generalize the criteria to account for
non-equidistant distribution of the discretization points over [0, T ].

Denote pΣ(x) := (2π)−d/2(det Σ)−1/2 exp
(
−1

2x
TΣ−1x

)
the density of a centered d-dimensional

Gaussian variable Nd(0,Σ) with the covariance matrix Σ (assumed to be non-degenerate).
Denote the Kullback-Leibler (KL) divergence between the variables Nd(0,Σ1) and Nd(0,Σ2)
by

DKL(Σ1,Σ2) :=
∫
Rd
pΣ1(x) log pΣ1(x)

pΣ2(x)dx. (4.1.6)

For some continuous weight function ω : [0, T ] × Rd →]0,+∞[ set ωt := ω(t, St); the
process (ωt)0≤t≤T is continuous adapted positive. Recall that DKL(Σ1,Σ2) is always non-
negative and equals 0 if and only if Σ1 = Σ2. Thus, in view of (Hξ), the minimization of∫ T

0 DKL(ct(ξ?), ct(ξ))ωtdt naturally yields the true parameter ξ?. Our goal is to construct a
discretized version of this criterion based on the observations of S. We write

DKL(Σ1,Σ2) = 1
2

∫
Rd

(
log(det Σ2)− log(det Σ1) + xTΣ−1

2 x− xTΣ−1
1 x

)
pΣ1(x)dx,

and thus ∫ T

0
DKL(ct(ξ?), ct(ξ))ωtdt = 1

2U
?(ξ) + C0, (4.1.7)

where C0 is independent of ξ and

U?(ξ) :=
∫ T

0

∫
Rd

(
log(det ct(ξ)) + xTc−1

t (ξ)x
)
pct(ξ?)(x)ωtdxdt

=
∫ T

0

(
log(det ct(ξ)) + Tr(σt(ξ?)Tc−1

t (ξ)σt(ξ?))
)
ωtdt.

(4.1.8)

Remark that
∫ T

0 Tr(σt(ξ?)Tc−1
t (ξ)σt(ξ?))ωtdt represents a quadratic variation. Thus we de-

fine the following discretized version of U?(·), that uses only (τni , Sτni : 0 ≤ i ≤ Nn
T ),

Un(ξ) :=
∑

τni−1<T

ωτni−1
log

(
det cτni−1

(ξ)
)

(τni − τni−1) +
∑

τni−1<T

ωτni−1
∆ST

τni
c−1
τni−1

(ξ)∆Sτni .

(4.1.9)

The random function Un(.) plays the role of a contrast function: it is asymptotically equal
to U?(.), which minimum is achieved at ξ?. In the case of regular grids and ωt = 1 the
contrast (4.1.9) coincides with [GCJ93, eq. (3)].

Define the sequence of estimators (ξn)n≥0 as follows:

ξn := Argminξ∈Ξ U
n(ξ) (4.1.10)

(if the minimizing set of Un(·) is not a single point we take any of its elements). We expect
that the minimizer of Un(·) will asymptotically attain the minimizer of

∫ T
0 DKL(ct(ξ?), ct(ξ))ωtdt,
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i.e. ξ?.
Note that the user is free to choose the form of the process ωt. While the rigorous opti-

mization of the choice of ωt given only the observations (τni , Sτni , 0 ≤ i ≤ N
n
T ) is complicated,

it seems reasonable to increase ωt on the time intervals where the observation frequency is
higher. We have not investigated furthermore in this direction.

4.2 Main results

For the subsequent convergences, we adopt the following natural notations. By Oa.s.
n (1)

(resp. oa.s.
n (1)) we denote any a.s. bounded (resp. a.s. converging to 0) sequence of random

variables; in addition, denote Oa.s.
n (x) = xOa.s.

n (1), oa.s.
n (x) = xoa.s.

n (1). Similarly we write
oPn(1) for sequences converging to 0 in probability.

Besides, we introduce a convenient and short notation for denoting random vectors writ-
ten as a mixture of Gaussian random variables. Given a (possibly stochastic) matrix V ∈ S+

m,
we denote by N (0, V ) a random variable which is equal in distribution to V 1/2G where G
is a centered Gaussian m-dimensional vector with covariance matrix Idm, where V 1/2 is the
principal square root of V , and where G is independent from everything else.

4.2.1 Consistency

The following result states the convergence of the estimators (ξn)n≥0 in probability to ξ? for
any sequence of random observation grids verifying (HT ). Its proof is postponed to Section
4.3.1.

Theorem 4.2.1. Assume (HS), (Hξ) and (HT ). Then for the sequence estimators (ξn)n≥0
given by (4.1.10) we have the following convergence in probability

ξn
P−→

n→+∞
ξ?.

4.2.2 Asymptotic error analysis

We now proceed with the asymptotic analysis of the error sequence (ξn−ξ?)n≥0. Recall that
DKL(Σ1,Σ2) given in (4.1.6) is always non-negative and equals to 0 if and only if Σ1 = Σ2.
Thus for any t ∈ [0, T ] the point ξ? ∈ Ξ\∂Ξ is a minimum of DKL(ct(ξ?), ct(·)) which implies
that ∇2

ξDKL(ct(ξ?), ct(ξ)) |ξ=ξ? is positive semidefinite a.s. for all t ∈ [0, T ]. We introduce
the following assumption:
(HH): There exists a subset I ⊂ [0, T ] of positive Lebesgue measure such that

∇2
ξDKL(ct(ξ?), ct(ξ)) |ξ=ξ? is positive definite for all t ∈ I.

Note that in practice, since ξ? is not known, the verification of (HH) is typically required
for all possible values of ξ? ∈ Ξ \ ∂Ξ. Assumption (HH) in particular implies that

HT := 2
∫ T

0

(
∇2
ξDKL(ct(ξ?), ct(ξ)) |ξ=ξ?

)
ωtdt = ∇2

ξU
?(ξ?) (4.2.1)
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is positive definite, and where the second equality follows from (4.1.7) (note that we can
interchange differentiation and integration via the dominated convergence theorem).

In what follows we assume the following conventions. The gradient of an R-valued func-
tion is assumed to be a column vector. For a Matd,d-valued function c = c(x), x ∈ Rm,
the gradient ∇xc(·) is a element of Rm ⊗ Matd,d. For an element x ⊗ y ∈ Rm ⊗ Matd,d
we denote Tr(x ⊗ y) := xTr(y), which extends linearly on the entire space Rm ⊗ Matd,d.
For A ∈ Rm ⊗ Matd,d so that A = [A1, · · · ,Am]T and x, y ∈ Rd we denote xTAy :=
[xTA1y, · · · , xTAmy]T ∈ Rm. By xTA we denote the linear operator in Matm,d correspond-
ing to y 7→ xTAy (similarly for x 7→ xTMy). Finally, partial derivatives of a Matd,d-valued
function are obtained by differentiating each matrix component and take values in Matd,d.

For i = 1, . . . , d we denote ∇xiσ(ξ) := ∇xiσ(t, St, ξ), where σ = σ(t, x, ξ) is given by
(HS)-1. Define the processes (Mt)0≤t≤T and (At)0≤t≤T with values in Matm,d and Rm ⊗
Matd,d respectively as follows:

Mt := 2ωtbT
t ∇ξc−1

t (ξ?) + M̄t, At := 2ωt∇ξc−1
t (ξ?)σt(ξ?), t ∈ [0, T ] (4.2.2)

where for 1 ≤ i ≤ m, 1 ≤ j ≤ d we define

M̄ij
t := 2ωt Tr(σt(ξ?)T∇ξic

−1
t (ξ?)∇xjσt(ξ?)). (4.2.3)

Here comes the main result of this section. This is a universal decomposition of the
estimation error, available for any stopping time grids, as in (HT ), which will be the starting
point for showing a CLT later.

Theorem 4.2.2. Assume (HS), (Hξ), (HT ) and (HH). Then, for ρN as in (AN ), we have

ε−ρNn (ξn − ξ?) = (H−1
T + oPn(1))ε−ρNn ZnT + oPn(1), (4.2.4)

where
Zns :=

∫ s

0
∆ST

t Aϕ(t)dBt +
∫ s

0
Mϕ(t)∆Stdt := Mn

s +Ans (4.2.5)

forMt and At defined in (4.2.2).

The proof is done in Section 4.3.2.

4.2.3 CLT in the case of ellipoid exit times

We start with the following lemma, that plays an important role in the sequel:

Lemma 4.2.3 ([GL14a, Lemma 3.1]). Let y be a d× d-matrix symmetric non-negative real
matrix. Then the equation

2 Tr(x)x+ 4x2 = y2 (4.2.6)

admits exactly one solution x(y) ∈ S+
d .

Theorem 4.2.2 shows that it is enough to study the convergence in distribution of
√
Nn
TZ

n
T

to obtain such a convergence for
√
Nn
T (ξn − ξ?). Indeed, from (4.2.4) we get√

Nn
T (ξn − ξ?) = (H−1

T + oPn(1))
√
Nn
TZ

n
T + oPn(

√
Nn
T ε

ρN
n )
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where oPn(
√
Nn
T ε

ρN
n ) = oPn(1) from (HT ) and the subsequence principle (Lemma 2.2.2). This

makes possible the direct application of general results on CLT for discretization errors of
the form (4.2.5); we refer to Chapter 3 for discussion and references on the subject.

Since we are particularly interesting in the case of stopping time discretization grids in
the multidimensional case, we use Theorem 3.2.7 where the CLT for discretization errors of
the form (4.2.5) with generalMt and At has been proved in a quite general setting. We state
a particular case of this setting, namely the exit times from random ellipsoids (as defined in
(4.2.7)). This example is, in particular, used in Section 4.2.4.

Let (Σt)0≤t≤T and (Σn
t )0≤t≤T , n ≥ 0, be adapted continuous S++

d -valued processes, char-
acterizing the ellipsoids. Assume the following:
(HΣ): 1. For some η > 0 and a.s. finite C we have that sup0≤t≤T |Σt − Σn

t | ≤ Cεηn a.s.;

2. There exist positive continuous F-adapted processes (vt)0≤t≤T and (δt)0≤t≤T , such
that we have a.s. for all t ∈ [0, T ] that supt≤s≤ψ(t) |bs| ≤ vt, where ψ(t) := inf{s ≥ t :
|Ss − St| ≥ δt} ∧ T, t ∈ [0, T ] (this condition is quite mild, see Example 3.2.1).

3. The random variables b0 and Σ0 are bounded.

4. For some ησ > 0 we have |σt−σs| ≤ Cσ|t−s|ησ/2 for all 0 ≤ s < t ≤ T and the variable
Cσ verifies E(C4

σ) < +∞ (this condition, in particular, holds for a diffusion process
with bounded coefficients b and σ such that their derivatives are also bounded).

Define the sequence of discretization grids T = {T n : n ≥ 0} by

τn0 = 0, τni = inf{t > τni−1 : (St − Sτni−1
)TΣn

τni−1
(St − Sτni−1

) ≥ ε2
n} ∧ T. (4.2.7)

Such a sequence verifies (HT ) with ρN = 1 (which follows from Theorem 3.2.7, see the proof
of Theorem 4.2.4).

To simplify we note σt := σt(ξ?) till the end of this section. We consider the setting of
Section 3.2.2 with Dt = {x :∈ Rd : xTΣtx = 1} and Dn

t = {x :∈ Rd : xTΣn
t x = 1}. Define

the process mt :=
[
Tr(σT

t Σtσt)
]−1

. Following Chapter 3, define, for any t ∈ [0, T ] and any
measurable function f : Rd 7→ R,

τ(t) := inf{s ≥ 0 : σtWs /∈ Dt}, Bt[f(·)] := Et
(
f(σtWτ(t))

)
, (4.2.8)

where W is an extra d-dimensional Brownian motion, independent from everything else.
Denote AT

t := [AT
1,t, . . . ,AT

m,t]T and Aijt := 1
2(Ai,tAT

j,t + AT
i,tAj,t). Since Aijt is symmetric,

by Lemma 3.B.1 we may write Aijt = Aij+t − Aij−t , where Aij+t and Aij−t are continuous
symmetric non-negative definite matrices. Define a Matm,m-valued process (Kt)0≤t≤T by

Kijt := m−1
t Bt

[
f(x) := ((σ−1

t x)TXij+
t (σ−1

t x))2 − ((σ−1
t x)TXij−

t (σ−1
t x))2

]
, (4.2.9)

for all 1 ≤ i, j ≤ m, where Xij+
t (resp. Xij−

t ) is the solution of the matrix equation (4.2.6)
for c = σT

t A
ij+
t σt (resp. σT

t A
ij−
t σt). Remark that the process (Qt)0≤t≤T defined in (3.2.18)

is equal to 0 in our case since the domains Dt and Dn
t are symmetric, see Section 3.2.4.
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Also note that the matrix equation (4.2.6) may be easily solved numerically, see the details
in [GL14a, Section A.4]. However, analytic solution is only available in dimension 1. In
general (especially in multi-dimensional case), the computation of K is hardly explicit, and
requires some numerical methods, like Monte-Carlo schemes suitable for statistics of stopped
processes, see e.g. [GM10]. The following result is an application of Theorem 3.2.7 and its
proof.

Theorem 4.2.4. The process (Kt)0≤t≤T is continuous and Kt ∈ S+
m a.s. for all t ∈ [0, T ].

Denote K1/2
t the matrix principal square root of Kt. Then there exists an m-dimensional

Brownian motion W̃ defined on an extended probability space (Ω̃, F̃ , P̃) and independent of
B such that for the sequence estimators (ξn)n≥0 given by (4.1.10) we have

√
Nn
T (ξn − ξ?) d−→ H−1

T

√∫ T

0
m−1
t dt

∫ T

0
K1/2
t dW̃t, (4.2.10)

where HT is defined in (4.2.1). More specifically, for Zn,Mn, An defined in (4.2.5), we have
the convergences

ε−2
n 〈Zn〉s

P−→
n→+∞

∫ s

0
Ktdt, for all s ∈ [0, T ],

ε−1
n 〈Zn, B〉s

P−→
n→+∞

0, for all s ∈ [0, T ],

ε−1
n sup

s∈[0,T ]
|Ans |

P−→
n→+∞

0, ε2
nN

n
T

P−→
n→+∞

∫ T

0
m−1
t dt.

(4.2.11)

Proof. Our goal is to check the assumptions of Theorem 3.2.7. First note that all random
variables σ0, σ−1

0 ,M0 and A0 are bounded under our setting. Condition (HS) follows from
(HS) and (HΣ)-4. Further (H∆) follows from (HΣ)-2.

Conditions (H1
D)-(H2

D) are straightforward from the definition ofDt andDn
t , and (HΣ)-1.

Namely, for Bd(0, 1) the unit ball in Rd centered at 0, we write

Dt = {Σ−1/2
t x : x ∈ Bd(0, 1)} and Dn

t = {(Σn
t )−1/2x : x ∈ Bd(0, 1)}

from which one may easily get (for the distance µ(·, ·) for domains, as defined in Section
3.2.2) that µ(Dt, D

n
t ) ≤ 2|Σ−1/2

t − (Σn
t )−1/2|. The latter bound can be controlled uniformly

in t and n in view of the continuity and the non-degeneracy of Σt,Σn
t and the condition

(HΣ)-1.
Finally (HG) is trivial in this case since the function G(·) equals +∞ and ∆n,i = 0 (in

the notation of Chapter 3). Other assumptions of Theorem 3.2.7 follow from (HΣ)-3.

Note that the drift b does not enter in the parameters of the CLT, this is due to the
symmetry of the domain defining the observation times.

Because W̃ is independent of everything else, we have the identity

H−1
T

√∫ T

0
m−1
t dt

∫ T

0
K1/2
t dW̃t

d= H−1
T

√∫ T

0
m−1
t dt

(∫ T

0
Ktdt

)1/2

N (0, Idm)
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with an extra independent m-dimensional Gaussian random variable N (0, Idm). In other
words, the (random) covariance limit of

√
Nn
T (ξn − ξ?) is

VT :=
(∫ T

0
m−1
t dt

)
H−1
T

(∫ T

0
Ktdt

)
H−1
T .

4.2.4 Optimal uniform lower bound on the limit variance

In this section we assume q = 1, so that Ξ ⊂ R. Our aim is to seek the optimal observation
times (among ellipsoid based stopping times) achieving the lowest possible limit variance.

Let Xt(ξ) be the solution of the matrix equation (4.2.6) with

y2 = σt(ξ)T∇ξc−1
t (ξ)σt(ξ)σt(ξ)T∇ξc−1

t (ξ)σt(ξ)

(note that it is an element of Matd,d(R) for a scalar ξ). For HT given in (4.2.1) define

V opt.
T := H−2

T

(∫ T

0
2ωt Tr(Xt(ξ?))dt

)2

, (4.2.12)

which is fixed from now on. In the case where the weak convergence of the renormalized error
to a mixture of normal variables holds without bias (e.g. the case of deterministic grids, see
[GCJ93]; or the hitting times of symmetric boundaries, see Section 3.2.4 and Theorem 4.2.4)
we prove that V opt.

T is a uniform lower bound on the asymptotic variance of the sequence
of estimators (4.1.10). In addition, this lower bound is tight in the sense that one can find
a sequence of observation times achieving as close as possible this lower bound. This is
formalized in the following definition.

Definition 4.2.5. Let κ0 > 0. A parametric family of discretization grid sequences {Tκ :
κ ∈ (0, κ0]} is κ-optimal if there exists an a.s. finite random variable C0 independent of κ
such that

√
Nn
T (ξn − ξ?) converges in distribution to a mixture of centered normal variables

for all Tκ, √
Nn
T (ξn − ξ?) d−→ N (0, V κ

T ),

and the limit variance V κ
T associated with Tκ verifies the condition

0 ≤ V κ
T − V

opt.
T ≤ C0κ, ∀κ ∈ (0, κ0].

The subsequent κ-optimal observation times are related to some random ellipsoid hitting
times, which are built as follows. Let χ(.) be a smooth function such that 1(−∞,1/2] ≤ χ(.) ≤
1(−∞,1], let χκ(x) := χ(x/κ). Let Λt(ξ) := 2ωtσ−1

t (ξ)TXt(ξ)σ−1
t (ξ), define

Λκt (ξ) := Λt(ξ) + κχκ(λmin(Λt(ξ))) Idd,

where λmin(M) stands for the smallest eigenvalue of M ∈ S+
d . Hence, Λκt (ξ) ∈ S++

d as
soon as κ > 0. Recall that under the general assumptions of Theorem 4.2.2 we have the
decomposition (4.2.4), with Zn given by (4.2.5). In view of (4.2.4), to study the weak
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convergence of
√
Nn
T (ξn−ξ?) we essentially need to consider

√
Nn
TZ

n
T . The result below states

that under standard conditions implying the CLT for
√
Nn
TZ

n
T (and hence for

√
Nn
T (ξn− ξ?)

) there exists a uniform lower bound on the limit variance. We also show the tightness of
this bound in the sense of Definition 4.2.5.

Theorem 4.2.6. Assume (HS), (Hξ), (HT ) and (HH). Let (ξn)n≥0 be defined by (4.1.10).
For some ρ ∈ [1, ρN ] suppose that the semimartingale decomposition Znt := Mn

t + Ant in
(4.2.5) verifies

ε−2ρ
n 〈Mn〉s

P−→
n→+∞

∫ s

0
Ktdt, for all s ∈ [0, T ],

ε−ρn 〈Mn, B〉s
P−→

n→+∞
0, for all s ∈ [0, T ],

ε−ρn sup
0≤t≤T

|Ant |
P−→

n→+∞
0

(4.2.13)

for some adapted non-negative continuous process (Kt)0≤t≤T . Assume also that Nn
T 〈Zn〉T

converges in probability to an a.s. finite random variable. Then, the following holds:

(i)
√
Nn
T (ξn − ξ?) d−→ N (0, VT ) for some non-negative random variable VT (asymptotic

variance).

(ii) The asymptotic variance VT satisfies the following uniform lower bound: VT ≥ V opt.
T a.s.

for V opt.
T defined in (4.2.12).

(iii) Assuming, in addition, (HΣ)-2,3,4, the lower bound V opt.
T is tight in the following sense:

the parametric family of discretization grid sequences {Tκ : κ ∈ (0, 1]} given for any
εn → 0 by Tκ = {T nκ : n ≥ 0} with T nκ = (τni )0≤i≤Nn

T
written as

τn0 := 0, τni = inf
{
t ≥ τni−1 : (St − Sτni−1

)TΛκτni−1
(ξ?)(St − Sτni−1

) > ε2
n

}
∧ T (4.2.14)

is κ-optimal for κ0 = 1 in the sense of Definition 4.2.5.

We remark that the class of discretization grids over which the universal variance lower
bound is obtained in Theorem 4.2.6 includes most of the examples for which a CLT has been
established, since the conditions of the type (4.2.13) are quite commonly required (see [JS02,
Chapter IX, Theorem 7.3] for a classical result). Typically for deterministic or strongly
predictable grids the conditions will hold with ρ = ρN > 1, while in the setting of Section
3.2.2 we have ρ = ρN = 1. See also the discussion in Section 4.1.1 and Remark 1.2.2.

As we may notice the κ-optimal sequence of discretization grids in (4.2.14) depends on
the unknown parameter ξ?. Besides, concerning the optimal variance V opt.

T in (4.2.12), it
also involves ξ?, as well as ωt: we argue in Section 4.1.2 that the rigorous optimization of
ωt (to minimize V opt.

T ) is out of reach because ξ? is unknown. However, for all these extra
optimization steps, a heuristic approach might be used. Namely in practice, one may pre-
estimate ξ? on some initial interval [0, T1] using any reasonable consistent estimator and then
proceed with the estimation that achieves the limit variance close to the optimum on [T1, T ]
using this pre-estimator instead of ξ?. A thorough analysis of the limit variance in our case
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would be possible, although quite technical; we naturally expect that such a method would
constitute a κ-optimal family of strategies for T1 = κ2T in view of the robustness results for
the optimal sequence of discretization grids produced in Section 2.3.1.

4.3 Proofs of the main results

The next lemma provides some important properties of the process σt(·).

Lemma 4.3.1. Assume (HS)-1. Let T be any sequence of observation grids verifying
(Aosc.

S )-(AN ) with
∑
n≥0 ε

2
n < +∞. Then the following holds:

(i) For any ησ ∈ (0, 1) we have that for some a.s. finite random variable C0

|σt(ξ?)− σs(ξ?)| ≤ C0|t− s|ησ/2 ∀s, t ∈ [0, T ] a.s.

(ii) For (∇xσt(ξ?))0≤t≤T defined in Section 4.2.2 and any ρ > 0 we have

ε−(2−ρ)
n sup

0≤t≤T

∣∣∣∣∣σt(ξ?)− σϕ(t)(ξ?)−
d∑
i=1
∇xiσϕ(t)(ξ?)∆Sit

∣∣∣∣∣ a.s.−→
n→+∞

0.

Proof. To prove (i) remark that (St)0≤t≤T is Hölder continuous with any exponent smaller
than 1/2 by [BY82b, Theorem 5.1]. We conclude by using that σ = σ(t, x, ξ?) is locally
Lipschitz in t and x due to the continuous differentiability, and that (St)0≤t≤T is a.s. bounded
on [0, T ].

To prove (ii) we use the differentiability of σ(t, x, ξ?) in t and x by (HS)-1. We write

σt(ξ?)− σϕ(t)(ξ?) = σ(t, St, ξ?)− σ(ϕ(t), Sϕ(t), ξ
?)

= σ(ϕ(t), St, ξ?)− σ(ϕ(t), Sϕ(t), ξ
?) +Oa.s.

n (|∆t|)

=
d∑
i=1
∇xiσ(ϕ(t), Sϕ(t), ξ

?)∆Sit +Oa.s.
n (|∆t|+ |∆St|2).

From (Aosc.
S )-(AN ) and Lemma 1.3.2 we get supt∈[0,T ]

∣∣Oa.s.
n (|∆t|+ |∆St|2)

∣∣ ≤ Cρε2−ρ
n for any

ρ > 0 and some a.s. finite Cρ, which finishes the proof.

The next lemma states the a.s. convergence of Un(·) to U?(·), as well as the corresponding
results for the derivatives ∇ξUn(·) and ∇2

ξU
n(·).

Lemma 4.3.2. Assume (HS)-1,2. Let T be any sequence of observation grids verifying
(Aosc.

S )-(AN ) with
∑
n≥0 ε

2
n < +∞. Then the following convergences hold

sup
ξ∈Ξ
|Un(ξ)− U?(ξ)| a.s.−→

n→+∞
0, (4.3.1)

sup
ξ∈Ξ
|∇ξUn(ξ)−∇ξU?(ξ)|

a.s.−→
n→+∞

0, |∇2
ξU

n(ξ)−∇2
ξU

?(ξ)| a.s.−→
n→+∞

0, ∀ξ ∈ Ξ. (4.3.2)
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Proof. Using (4.1.8) and Lemma 4.A.1 we deduce the following expressions for ∇ξkU?(ξ)
and ∇2

ξkξl
U?(ξ) (1 ≤ k, l ≤ m):

∇ξkU
?(ξ) =

∫ T

0
Tr
(
∇ξkct(ξ)ct(ξ)

−1 + σt(ξ?)T∇ξkc
−1
t (ξ)σt(ξ?)

)
ωtdt, (4.3.3)

∇2
ξkξl

U?(ξ) =
∫ T

0
Tr
(
∇2
ξkξl

ct(ξ)c−1
t (ξ) +∇ξkct(ξ)∇ξlc

−1
t (ξ) + σt(ξ?)T∇2

ξkξl
c−1
t (ξ)σt(ξ?)

)
ωtdt.

(4.3.4)

Recall that

Un(ξ) =
∑

τi−1<T

ωτni−1
log(det cτni−1

(ξ))(τni − τni−1) +
∑

τni−1<T

ωτni−1
∆ST

τni
c−1
τni−1

(ξ)∆Sτni . (4.3.5)

Let us first prove that for any ξ ∈ Ξ

Un(ξ) a.s.−→
n→+∞

U?(ξ). (4.3.6)

The convergence of the first term in the right-hand side of (4.3.5) follows from the standard
Riemann integral approximation, using that sup ∆τni

a.s.−→
n→+∞

0 by Lemma 1.3.2, so we get

∑
τi−1<T

ωτni−1
log(det cτni−1

(ξ))(τni − τni−1) a.s.−→
n→+∞

∫ T

0
log(det ct(ξ))ωtdt. (4.3.7)

For the second term we have by Proposition 1.3.9

∑
τni−1<T

ωτni−1
∆ST

τni
c−1
τni−1

(ξ)∆Sτni
a.s.−→

n→+∞

∫ T

0
Tr
(
σt(ξ?)Tc−1

t (ξ)σt(ξ?)
)
ωtdt. (4.3.8)

Hence the convergence (4.3.6) follows now from taking the sum of (4.3.7) and (4.3.8). Further
using Lemma 4.A.1 we obtain

∇ξkU
n(ξ) =

∑
τni−1<T

ωτni−1
Tr
(
∇ξkcτni−1

(ξ)c−1
τni−1

(ξ)
)

(τni − τni−1) (4.3.9)

+
∑

τni−1<T

ωτni−1
∆ST

τni
(∇ξkc

−1
τni−1

(ξ))∆Sτni ,

∇2
ξkξl

Un(ξ) =
∑

τni−1<T

ωτni−1
Tr
(
∇2
ξkξl

cτni−1
(ξ)c−1

τni−1
(ξ) +∇ξkcτni−1

(ξ)∇ξlc
−1
τni−1

(ξ)
)

(τni − τni−1)

(4.3.10)

+
∑

τni−1<T

ωτni−1
∆ST

τni
∇2
ξkξl

c−1
τni−1

(ξ)∆Sτni .

Using (4.3.3), (4.3.4) and applying the same reasoning as for the proof of (4.3.6) we also
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show the following convergences for any ξ ∈ Ξ

∇ξUn(ξ) a.s.−→
n→+∞

∇ξU?(ξ), ∇2
ξU

n(ξ) a.s.−→
n→+∞

∇2
ξU

?(ξ). (4.3.11)

Further from (4.3.9) and (4.3.10), using (HS)-1,2, the compactness of Ξ, the continuity of
ωt and the convergence

∑
τni ≤T

|∆Sτni |
2 a.s.−→
n→+∞

Tr(〈S〉T ) by Proposition 1.3.9, we have a.s.

sup
n≥0

(
sup
ξ∈Ξ
|∇ξUn(ξ)|

)
≤ C sup

0≤t≤T

[
ωt

(
sup
ξ∈Ξ
|∇ξct(ξ)c−1

t (ξ)|+ sup
ξ∈Ξ
|∇ξc−1

t (ξ)|
)]

< +∞,

sup
n≥0

(
sup
ξ∈Ξ
|∇2

ξU
n(ξ)|

)
≤ C sup

0≤t≤T

[
ωt
(

sup
ξ∈Ξ

(|∇2
ξct(ξ)||c−1

t (ξ)|) + sup
ξ∈Ξ
|∇ξct(ξ)|2

+ sup
ξ∈Ξ
|∇2

ξc
−1
t (ξ)|

)]
< +∞,

for some a.s. finite C > 0. This implies that the sequences (Un(·))n≥0, (∇ξUn(·))n≥0 are
equicontinuous and hence the convergences in (4.3.6) and (4.3.11) are uniform in ξ ∈ Ξ. We
are done.

4.3.1 Proof of Theorem 4.2.1

First suppose that
∑
n≥0 ε

2
n < +∞ and that the grid sequence T verifies (Aosc.

S )-(AN ).
Recall that DKL(ct(ξ?), ct(ξ)) ≥ 0 and the equality holds if and only if ct(ξ?) = ct(ξ).

From (Hξ) we have that for any ξ 6= ξ? the processes ct(ξ?) and ct(ξ) are not almost
everywhere equal on [0, T ]. Hence ξ? is the unique minimum of

∫ T
0 DKL(ct(ξ?), ct(ξ))ωtdt,

and in view of (4.1.7) we have that a.s.

ξ? = Argminξ∈Ξ U
?(ξ).

Further, Lemma 4.3.2 implies that Un(ξ) a.s.−→
n→+∞

U?(ξ) uniformly in ξ ∈ Ξ, from which

we deduce that ξn a.s.−→
n→+∞

ξ? since ξn = Argminξ∈Ξ U
n(ξ).

Finally the convergence ξn P−→
n→+∞

ξ? for T verifying (HT ) with general εn → 0 follows
from the subsequence principle in Lemma 2.2.2.

4.3.2 Proof of Theorem 4.2.2

First suppose that
∑
n≥0 ε

2
n < +∞ and the grid sequence T verifies (Aosc.

S )-(AN ).

Step 1. We start by showing the convergence∫ 1

0
∇2
ξU

n(ξ? + u(ξn − ξ?))du a.s.−→
n→+∞

∇2
ξU

?(ξ?) =: HT . (4.3.12)
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Let 1 ≤ k, l ≤ m. In view of the convergence ∇2
ξU

n(ξ?) a.s.−→
n→+∞

∇2
ξU

?(ξ?) from Lemma 4.3.2
it is enough verify that∫ 1

0
∇2
ξkξl

Un(ξ? + u(ξn − ξ?))du−∇2
ξkξl

Un(ξ?) a.s.−→
n→+∞

0. (4.3.13)

Denote γt(ξ) := Tr(∇2
ξkξl

ct(ξ)c−1
t (ξ) +∇ξkct(ξ)∇ξlc

−1
t (ξ)). Using the representation (4.3.10)

for ∇2
ξkξl

Un(·), we get that the left-hand side in (4.3.13) is equal to

∑
τni−1<T

ωτni−1

(∫ 1

0
γτni−1

(ξ? + u(ξn − ξ?))du− γτni−1
(ξ?)

)
(τni − τni−1)

+
∑

τni−1<T

ωτni−1
∆ST

τni

(∫ 1

0
∇2
ξkξl

c−1
τni−1

(ξ? + u(ξn − ξ?))du−∇2
ξkξl

c−1
τni−1

(ξ?)
)

∆Sτni .

Now (4.3.13) follows from the convergence ξn a.s.−→
n→+∞

ξ? for T verifying (Aosc.
S )-(AN ) (see the

proof of Theorem 4.2.1) and the dominated convergence theorem (in view of the differentia-
bility and invertibility properties of σ from (HS)-1,2 and the compactness of Ξ).

Step 2: linearization. Our strategy is to analyse ξn − ξ? using the second order Taylor
decomposition of UnT (·) near ξ? and invoking Theorem 4.2.1. From (HH) the matrix HT =
∇2
ξU

?(ξ?) is positive definite. Define the following sequence of events

Ωn := {ξn ∈ Ξ \ ∂Ξ} ∩
{∫ 1

0
∇2
ξU

n(ξ? + u(ξn − ξ?))du ∈ S++
q

}
.

From the convergences (4.3.12) and ξn a.s.−→
n→+∞

ξ?, and since ξ? /∈ ∂Ξ we obtain 1Ωn
a.s.−→

n→+∞
1.

On Ωn we have ∇ξUn(ξn) = 0, which implies

1Ωn(ξn − ξ?) = 1Ωn

(∫ 1

0
∇2
ξU

n(ξ? + u(ξn − ξ?))du
)−1
∇ξUn(ξ?)

by the Taylor formula. This implies, in view of (4.3.12) and since 1Ω\Ωn = 0 for n large
enough, that

ε−ρNn (ξn − ξ?) =
(
H−1
T + oa.s.

n (1)
)
ε−ρNn ∇ξUn(ξ?) + oa.s.

n (1). (4.3.14)

Step 3: expansion of ∇ξUn(ξ?). Now let us analyze the term ∇ξUn(ξ?). Using the
expression (4.3.9) of ∇ξUn(·) and applying the Itô formula, we obtain

∇ξUn(ξ?) =
∑

τni−1<T

ωτni−1
Tr
(
∇ξcτni−1

(ξ?)c−1
τni−1

(ξ?)
)

(τni − τni−1) +
∑

τni−1<T

ωτni−1
∆ST

τni
∇ξc−1

τni−1
(ξ?)∆Sτni

=
∑

τni−1<T

ωτni−1
Tr
(
∇ξcτni−1

(ξ?)c−1
τni−1

(ξ?) + στni−1
(ξ?)T∇ξc−1

τni−1
(ξ?)στni−1

(ξ?)
)

(τni − τni−1)
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+
∫ T

0
ωϕ(t) Tr

(
(σt(ξ?) + σϕ(t)(ξ?))T∇ξc−1

ϕ(t)(ξ
?)(σt(ξ?)− σϕ(t)(ξ?))

)
dt

+ 2
∫ T

0
ωϕ(t)∆ST

t ∇ξc−1
ϕ(t)(ξ

?)btdt+ 2
∫ T

0
ωϕ(t)∆ST

t ∇ξc−1
ϕ(t)(ξ

?)σt(ξ?)dBt. (4.3.15)

Consider the four terms on the right-hand side of (4.3.15). The first term is equal to 0 since,
using that ∇ξc−1

τni−1
(ξ?) = −c−1

τni−1
(ξ?)∇ξcτni−1

(ξ?)c−1
τni−1

(ξ?), we have

Tr
(
στni−1

(ξ?)T∇ξc−1
τni−1

(ξ?)στni−1
(ξ?)

)
= −Tr

(
∇ξcτni−1

(ξ?)c−1
τni−1

(ξ?)
)
.

For the second term, using Lemma 4.3.1 and the properties (Aosc.
S )-(AN ) we deduce that∫ T

0
ωϕ(t) Tr

(
(σt(ξ?) + σϕ(t)(ξ?))T∇ξc−1

ϕ(t)(ξ
?)(σt(ξ?)− σϕ(t)(ξ?))

)
dt

= 2
∫ T

0
Tr
(
σϕ(t)(ξ?)T∇ξc−1

ϕ(t)(ξ
?)

d∑
i=1
∇xiσϕ(t)(ξ?)∆Sit

)
ωϕ(t)dt + enT

=
∫ T

0
M̄ϕ(t)∆Stdt + enT,2,

where for any ρ > 0 and any ησ ∈ (0, 1), using Lemma 1.3.2 and Lemma 4.3.1-(i) we have

|enT,2| ≤ C0(ε2−ρ
n + εn supt |t− ϕ(t)|ησ/2) ≤ C0ε

1+(2−ρ)ησ/2
n .

Here, C0 is a notation standing for any a.s. finite random variable (independent on n), which
values may change throughout the computations. Note that ε−ρNn |enT,2| ≤ C0ε

−ρN+1+(2−ρ)ησ/2
n

a.s.−→
n→+∞

0 for ρ small enough, since ρN < 4/3 by (AN ). Also remark that the process (M̄t)0≤t≤T is
the same as defined in (4.2.3), Section 4.2.2.

The third term of (4.3.15) may be written as

2
∫ T

0
ωϕ(t)∆ST

t ∇ξc−1
ϕ(t)(ξ

?)bϕ(t)dt+ enT,3,

where, in view Lemma 1.3.2 and Lemma 4.3.1-(i), we have

|enT,3| ≤ C0εn supt |t− ϕ(t)|ηb ≤ C0ε
1+(2−ρ)ηb
n .

Again (AN ) implies that ε−ρNn |enT,3|
a.s.−→

n→+∞
0 for ρ small enough.

Finally, the last term of (4.3.15) equals

2
∫ T

0
ωϕ(t)∆ST

t ∇ξc−1
ϕ(t)(ξ

?)σϕ(t)(ξ?)dBt + enT,4,

where, (ent,4)0≤t≤T : n ≥ 0) is a sequence of continuous local martingales verifying for some



4.3. Proofs of the main results 183

a.s. finite C0, C1

〈en·,4〉T ≤ C0 sup
0≤t≤T

(
|∆St|2|σt(ξ?)− σϕ(t)(ξ?)|2

)
≤ C1ε

2+2ησ
n

for any ησ ∈ (0, 1) using (Aosc.
S ), Lemma 4.3.1-(i) and Lemma 1.3.2. This implies ε−ρNn |enT,4|

a.s.−→
n→+∞

0 via an application of [GL14a, Corollary 2.1, p large enough] to the sequence ε−ρNn en.,4.
Hence, we deduce that ∇ξUn(ξ?) is equal, up to some negligible contribution, to ZnT given

in (4.2.5). So finally this implies

ε−ρNn (ξn − ξ?) =
(
H−1
T + oa.s.

n (1)
)
ε−ρNn ZnT + oa.s.

n (1).

Step 4: convergence in probability. For a general T satisfying (HT ) with εn → 0 the
result is obtained via the subsequence principle (Lemma 2.2.2).

4.3.3 Proof of Theorem 4.2.6

Recall that Λt(ξ) = 2ωtσ−1
t (ξ)TXt(ξ)σ−1

t (ξ), where Xt(ξ) is the solution of the matrix
equation (4.2.6) with y2 = σt(ξ)T∇ξc−1

t (ξ)σt(ξ)σt(ξ)T∇ξc−1
t (ξ)σt(ξ).

Central Limit Theorem. All the conditions for applying the CLT of Theorem 3.2.7 are
fulfilled, and we get

ε−ρn ZnT
d−→

∫ T

0
K1/2
t dW̃t,

with an independent Brownian motion W̃ . Moreover, the above convergence is F-stable
(see [JP12, Section 2.2.1] for related definition and properties). Therefore, together with the
convergence of ε2ρ

n N
n
T , we deduce the announced result in (i).

Lower bound. We have

Nn
T 〈Zn〉T = Nn

T

∫ T

0
4ω2

t∆ST
t ∇ξc−1

t (ξ?)σt(ξ?)σt(ξ?)T∇ξc−1
t (ξ?)∆Stdt.

Take some subsequence ι(n) such that
∑
n≥0 ε

2
ι(n) < +∞ and such that the convergence of

N
ι(n)
T 〈Zι(n)〉T holds a.s.. Then H−2

T N
ι(n)
T 〈Zι(n)〉T

a.s.−→
n→+∞

VT where VT is the limit variance of√
Nn
T (ξn − ξ?), in view of the above arguments for proving (i). From the proof of Theorem

1.4.2 we obtain that

VT = H−2
T limnN

ι(n)
T 〈Zι(n)〉T ≥ H−2

T

(∫ T

0
2ωt Tr(Xt(ξ?))dt

)2

=: V opt.
T a.s..

This finishes the proof of (ii).

κ-optimal sequence. We now prove (iii). Let Zn be defined in Theorem 4.2.2 based
on T nκ , and (ξn)n≥0 be the corresponding estimator sequence. By Theorem 4.2.4 we get
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the convergence
√
Nn
T (ξn − ξ?) d−→ N (0, V κ

T ). In addition, by Proposition 4.B.1, since
Nn
T

〈
Zn〉T

P−→
n→+∞

H2
TV

κ
T , we obtain 0 ≤ V κ

T −V
opt.
T ≤ C0κ for some a.s. finite C0 independent

of κ and εn.

Remark that taking κ = 0 in the definition of T κ would lead to a grid verifying (HT )
with ρN > 1 which is not covered by Theorem 4.2.4.

4.A Technical results

Let G ∈ C2(Ξ,S++
d ). Define f : Matd,d(R)× Rd → R by

f(G, x) := log(detG) + xTG−1x.

The following lemma provides the expressions for ∇ξf(G(ξ), x) and ∇2
ξf(G(ξ), x).

Lemma 4.A.1. We have (for all 1 ≤ k, l ≤ m)

∇ξk log(detG(ξ)) = Tr(∇ξkG(ξ)G−1(ξ)), (4.A.1)

∇2
ξkξl

log(detG(ξ)) = Tr
(
∇2
ξkξl

G(ξ)G−1(ξ) +∇ξkG(ξ)∇ξlG
−1(ξ)

)
, (4.A.2)

and, as a consequence,

∇ξkf(G(ξ), x) = Tr
(
∇ξkG(ξ)G−1(ξ)

)
+ xT∇ξkG

−1(ξ)x, (4.A.3)

∇2
ξkξl

f(G(ξ), x) = Tr
(
∇2
ξkξl

G(ξ)G−1(ξ) +∇ξkG(ξ)∇ξlG
−1(ξ)

)
+ xT∇2

ξkξl
G−1(ξ)x. (4.A.4)

Proof. Using the Jacobi formula we get

∇ξk log(detG(ξ)) = ∇ξk detG(ξ)
detG(ξ) = Tr

(
∇ξkG(ξ)G−1(ξ)

)
,

which gives (4.A.1), a second derivation now implies (4.A.2). The expressions (4.A.3) and
(4.A.4) now follow from the definition of f(G, x) and (4.A.1)-(4.A.2).

4.B κ-optimal discretization strategies

Let (St)0≤t≤T verify (HS). Let (At)0≤t≤T be given by (4.2.2). Fix i ∈ {1, . . . ,m} and let
2ωtHt = Ait with Ht = ∇ξc−1

t (ξ?)σt(ξ?). Consider the discretization error process of the
form

Zns :=
∫ s

0
2ωϕ(t)∆S>t Hϕ(t)dBt.

In this section to simplify we write σt := σt(ξ?). Let Xt be the solution of the matrix
equation (4.2.6) with y2 = σT

t HtH
T
t σt = σT

t ∇ξc−1
t σtσ

T
t ∇ξc−1

t σt. The next result essentially
follows from [GL14a, Theorem 3.2].
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Proposition 4.B.1. Assume (HS), (Hξ) and (HH). Let κ ∈ (0, 1], for t ∈ [0, T ] set
Λt := 2ωt(σ−1

t )TXtσ
−1
t and Λκt := Λt + κχκ(λmin(Λt)) Idd (recall the definition of χκ(·) from

Section 4.2.4). For a given n ∈ N, define the discretization grid T nκ by

τn0 := 0, τni = inf
{
t ≥ τni−1 : (St − Sτni−1

)TΛκτni−1
(St − Sτni−1

) > ε2
n

}
∧ T. (4.B.1)

Then, the sequence of strategies Tκ = {T nκ : n ≥ 0} verifies (HT ), and it is asymptotically
κ-optimal in the following sense: we have Nn

T

〈
Zn〉T

P−→
n→+∞

V κ
T with V κ

T verifying

0 ≤ V κ
T −

(∫ T

0
2ωt Tr(Xt)dt

)2

≤ C0κ (4.B.2)

for some a.s. finite random variable C0 independent of κ ∈ (0, 1].

Proof. First note that from Theorem 4.2.4 (note that Λκ0 is obviously bounded, as needed in
(HΣ)-(3)) we get the convergence Nn

T

〈
Zn〉T

P−→
n→+∞

V κ
T . Take a subsequence of εn for which∑

n≥0 ε
2
ι(n) < +∞ and the grid sequence T verifies (Aosc.

S )-(AN ). Without loss of generality
we assume that for this subsequence the convergence to V κ

T holds a.s. Let At :=
∫ t

0 bsds be the
finite variation part andMt be the martingale part of St. Then, using Lemma 1.3.2, we get for
any ρ > 0 and for some a.s. finite C > 0 that supt∈[0,T ] |∆At| ≤ |b|∞ supt∈[0,T ] |∆t| ≤ Cε2−ρ

n .

Hence one may easily check that for Z̄ns :=
∫ s

0 2ωϕ(t)∆M>t Hϕ(t)dBt we have

Nn
T

〈
Zn〉T −Nn

T

〈
Z̄n〉T

a.s.−→
n→+∞

0. (4.B.3)

By (Aosc.
S )-(AN ) and Theorem 1.3.4, the sequence of grids Tκ is admissible for the process

Mt in the sense of [GL14a]. Thus, for the subsequence (ει(n))n≥0, the statement follows from
(4.B.3) and [GL14a, Theorem 3.2] applied to Nn

T

〈
Z̄n〉T , with

C0 :=
(

sup
κ∈(0,1]

Cκ

)(∫ T

0
χκ(λmin(Λt)) Tr

(
σtσ

T
t

)
dt
)

where Cκ :=
∫ T

0

(
8ωt Tr(Xt) + 3κχκ(λmin(Λt)) Tr(ct)

)
dt. For general case it is enough to

note that the limit V κ
T is the same for any subsequence due to the convergence in probability

for the entire sequence (εn)n≥0.
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5.1 Introduction

Since the seminal work of Robbins and Monro [RM51], the method of stochastic approxi-
mation (SA for short) has become mainstream for various applications, such as optimiza-
tion, parameter estimation, signal processing, adaptive control, Monte Carlo optimization of
stochastic systems (see [KY97a, BMP90]), stochastic gradient descent methods in machine

187
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learning (see e.g. [BC05, SSS08, BCN17]), adaptive Monte Carlo sampler (see e.g. [HST01,
AT08, FMP11, FJLS16, FS00, DVA98]), and efficient tail computations [BFP09], among
others.

SA is used to find zeros of an intractable function h : Rq → Rq given in the form of an
expectation h(z) := E[H(z, V )], where V is some random variable and H can be computed
explicitly (as opposed to its expectation h). A common application of SA is where h is the
gradient of a convex function c given by an expectation, i.e.

h(z) = ∇zc(z) = ∇zE[C(z, V )].

In this case SA corresponds to the minimization of c and is called Stochastic Gradient
Descent. Remark that in order to apply SA we need to have ∇zE[C(z, V )] = E[∇zC(z, V )]
and H := ∇zC to be known. If only the function C is known one may apply a slightly
different Kiefer-Wolfowitz procedure ([KW52]) using finite differences.

In applications, the choice of the model for V is of great importance. Quite often it is
chosen from a parametric family of distributions {µ(θ,dv) : θ ∈ Θ ⊂ Rd}, so that the param-
eter θ must be pre-estimated or set by an expect opinion. Obviously, a perfect specification
of θ is rarely possible. In some cases, where we lack information about θ, it is reasonable to
assume the model for V to be uncertain. This may be expressed via additional randomness
of the parameter θ. Below we present several problems that are solved by SA, and for which
the problem of model uncertainty is important:

• Minimization of expected cost (or risk; or utility maximization) under model un-
certainty. In this case V models a stochastic system and z corresponds to the pa-
rameter determining the strategy of interaction with this system. Further we have
H(z, v) := ∇zC(z, v) where C is some cost function. The goal is to find a strategy z
which minimizes the expected cost E[C(z, V )]. Under suitable assumptions this writes
as E[∇zC(z, V )] = 0 and thus may be solved by SA. In this case the model uncertainty
problem for V is highly relevant.

• SA may be used to calculate quantiles of a distribution, also known as Value-at-Risk
(VaR) in finance (and more generally to calculate a pair of risk measures VaR and CVaR
which are widely used, see [BFP09] for details). In financial applications V represents
a future random value of some portfolio for which the choice of the distribution is not
easy. Often we lack information about it and we need an efficient way to compute the
risk measures for a family of models to analyze the model risk. In particular, such
analysis is required by financial regulators.

• In some applications the Bayesian approach is used to specify the model for V . Here
one considers a parametric family of distributions {µ(θ,dv), θ ∈ Θ} with some prior
law of θ. After the observation of the data the law of θ is updated to some posterior
distribution π. In this case the randomness of θ naturally yields model uncertainty for
V .

Motivated by the examples above, we consider the following mathematical framework.
We study the uncertainty of the SA procedure in the following forms: (i) the distribution
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of V depends on an unknown parameter θ in Θ, i.e. V ∼ µ(θ,dv), for which only some
probability distribution π is available; (ii) the function H is modeled through a dependency
in the parameter θ. For each θ the solution z? of the equation

h(z, θ) :=
∫
V
H(z, V, θ)µ(θ,dv) = 0 (5.1.1)

depends on θ, so that z? = φ?(θ) for some function φ?(·). Our goal is to compute φ?(·) so
that we can efficiently quantify the probability distribution of the SA limit φ?(θ) given the
probability distribution π for θ.

Uncertainty quantification. Chaos expansion approach. In the last two decades,
UQ has become a huge concern regarding both research and industrial applications. In this
work we study the UQ problem for the SA limits, which, to the best of our knowledge, has
not been investigated so far.

In UQ applications (see [LK10, Smi14]), the goal is often to quantify the dependence of a
solution to an auxiliary problem on some uncertain parameter θ. We denote this dependence
by θ 7→ φ?(θ). Quite often φ? solves a Partial Differential Equation (PDE) (see e.g. [LK10]);
in our setting, the function φ? is defined for (π-almost) all θ, as the limit of an SA algorithm
parameterized by θ.

For the UQ analysis, a first possible approach is based on crude Monte Carlo (MC)
methods: they consist of samplingM values θm under π, and then compute, for each sample
θm, an approximation φ̂?(θm) of φ?(θm). The distribution of the random variable {φ?(θ), θ ∼
π} is then approximated by the empirical distribution of {φ̂?(θm) : 1 ≤ m ≤ M}. When
φ? solves a PDE, a global error analysis is performed in [BTZ04], accounting for both the
sampling error and the PDE discretization error, which are decoupled in some way. In our
SA setting, a naive approach would be to compute φ̂?(θm) as the output of a standard SA
algorithm for fixed θm (see the discussion in Section 5.2.1).

A second method, developed in [LBM86, KH92], is a perturbative approach taking advan-
tage of a stochastic expansion of {φ?(θ), θ ∼ π} that is available when θ has small variations
(a restriction that we do not need or want to impose in our case).

A third strategy, which dates back to Wiener [Wie38] and has been developed in the fields
of engineering and UQ in the 2000s (see [GS03, LK10] and references therein), is based on
chaos expansions. This technique, also known as the spectral method, consists of projecting
the unknown function φ? : Θ 7→ Rq on an orthonormal basis {θ 7→ Bi(θ), i ≥ 0} of the real-
valued and squared-integrable (w.r.t. π) functions and computing the Rq-valued coefficients
{u?i , i ≥ 0} of φ? in its decomposition

φ? =
∑
i≥0

u?iBi. (5.1.2)

Availability of u?i ’s (or their approximations) allows to efficient quantify the distribution
{φ?(θ), θ ∼ π}. In the most common case where B0 ≡ 1, the expectation and the variance-
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covariance matrix of {φ?(θ), θ ∼ π} are related to the coefficients {u?i , i ≥ 0} through

Eθ∼π[φ?(θ)] = u?0 and Varθ∼π(φ?(θ)) =
∑
i≥1

u?i (u?i )>.

Higher order moments are also available, in the case of polynomial basis (see [LK10, Ap-
pendix C]). For an approximation of more general statistics, one can and sample i.i.d. vari-
ables θ ∼ π to efficiently calculate the empirical estimators.

Non-linearity of the problem. SA in infinite-dimensional spaces. The calculation
of the chaos expansion coefficients for the SA limit φ? is non-trivial due to the non-linearity
of the setting. Indeed, for a given θ the value φ?(θ) may solve, for example, an optimization
problem. Examples of chaos expansion in the linear setting include the works on UQ for
linear PDEs, see e.g. [LK10, Section 4.4] and [GS91, Section 3.3]. Here, in certain cases,
it is possible to reduce the problem to finite dimension if we are only interested in some
truncation of φ?. By contrast, in our setting, the projection of the equation (5.1.1) given
(for some basis {Bi, i ≥ 0}) by

∫
Θ
h

(
m∑
i=0

uiBi(θ), θ
)
Bi(θ)π(dθ) = 0, i = 0, . . . ,m,

with the variable set restricted to u0, . . . , um, will not yield the coefficients u?0, . . . , u?m in the
decomposition (5.1.2) of φ?. The analysis of the corresponding error is quite complicated.
In [KB09], the authors provide a finite dimensional procedure to approximate the function
φ? that minimizes φ 7→

∫
Θ L(φ(θ), θ)π(dθ), for some explicit function L, and they analyze

the error due to such finite dimensional truncation. The error estimation is quite rough and
provides little insight on how to fix the truncation level in advance.

Moreover, even when the function φ? is explicitly known, though estimating individual
coefficients u?i in (5.1.2) is straightforward by MC simulations, the global convergence of
a method where more and more coefficients are computed by Monte Carlo is subject to
a nontrivial tuning of the speeds at which the number of coefficients and the number of
simulations go to infinity (see [GS14]). In our case, the function φ? is unknown and is given
by SA limits which is much more complex.

In Section 5.2.3 we argue that an infinite dimensional procedure is needed to achieve
convergence to the true coefficients {u?i , i ≥ 0} (or even a finite number of them). We design
a method based on chaos expansion that is able to overcome the finite dimensional truncation
by increasing the dimension. Thus our method belongs to the family of infinite dimensional
SA algorithms, however it’s fully constructive since at each iteration the dimension is finite.

We argue that previous works on infinite dimensional SA cannot be applied to our setting.
There exists a large number of works on such SA methods. In [Wal77], [BS89] and [YZ90],
the authors study SA in Hilbert spaces in the case H(z, V ) = H̃(z)+V , where z here lives in
a Hilbert space. The conditions of convergence are infinite dimensional formal analogues of
those in the finite dimensional case (see Remark 5.3.3). Unfortunately, although interesting
from a theoretical point of view, these SA algorithms are defined directly in the infinite
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dimensional Hilbert space, so that they are not feasible in practice.
An alternative is to iteratively increase the dimension, to∞ in the limit, while remaining

finite at each iteration. There have been several papers in this direction, generally known
as the sieve approach. [Gol88] proves almost-sure convergence in the norm topology for a
modified Kiefer-Wolfowitz (see [KW52]) procedure in infinite dimensional Hilbert space using
a sieve approach. [Nix84] shows asymptotic normality for a modified sieve-type Robbins-
Monro procedure. [Yin92] proves almost-sure convergence in the weak topology for a sieve-
type Robbins-Monro procedure. The latter three papers treat specific expressions of H :
H × V → H while [CW02] combines the unrealistic approach (as in [Wal77, BS89, YZ90])
with the sieve approach (as in [Nix84, Gol88, Yin92]), deriving results on the convergence
and asymptotic normality for SA with growing dimension in a quite general setting.

However, none of these literatures is adapted for dealing with UQ. Indeed, all of these
previous papers in a infinite dimensional Hilbert space H solve problems of the form

find φ? ∈ H :
∫
H(φ?, v)µ(dv) = 0,

so that, first, the distribution of V does not account for the uncertainty and, second, for
any v, the computation of the quantity H(φ, v) may have a prohibitive computational cost
depending on how a function φ appears in the definition of H.

Our SA algorithm in this chapter combines (i) the sieve approach in the special case H
is Lπ2 for some probability distribution π, (ii) the UQ framework by allowing µ to depend
upon θ ∈ Θ, θ ∼ π, and (iii) a tractable computational cost of the function H. In the
special case where µ does not depend on θ and H = Lπ2 , it can be compared to one of the
methods in [CW02]: see the TRMP algorithm in [CW02, Section II]. But our method is
able to address the case when the underlying scalar product of Lπ2 is not explicit. Moreover,
our proof of convergence - while addressing the more general framework where the scalar
product is approximated - relies on weaker assumptions (see Remark 5.3.3, where we show
that, under our assumptions for convergence, the assumptions of [CW02] may fail to hold).

We also remark that recently numerous works have been devoted to statistical learning
in Hilbert spaces, in particular, reproducing kernel Hilbert spaces (RKHS, see e.g. [DB16]
and references therein). However, statistical learning in Hilbert spaces reduces to finite
dimensional SA: based on N input/output examples {(xi, yi), 1 ≤ i ≤ N}, it consists of
solving

argminϕ∈H
1
N

N∑
i=1

(L(ϕ(xi), yi) + Ω(ϕ)) (5.1.3)

where H is a RKHS associated to a positive-definite real-valued kernel K, L is a non-negative
loss function and Ω(f) is a penalty term. By the Representer Theorem, the solution admits
a representation of the form φ? =

∑N
i=1 ωiK(·, xi) so that, under regularity conditions on L

and Ω, the solution of (5.1.3) can be solved by a SA algorithm in RN .

Our contributions and summary. To the best of our knowledge this is the first work that
studies rigorously the problem of Uncertainty Quantification for Stochastic Approximation
limits. We provide the following contributions:
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• A fully constructive, easy to implement, algorithm for UQ analysis of SA limits in
a chaos expansion setup is obtained. It is dubbed USA (Uncertainty for Stochastic
Approximation);

• A convergence proof is provided under easy-to-check hypotheses, in terms of underlying
problems corresponding to fixed values of θ, avoiding conditions involving Hilbert space
notions that are often hard to check in practice;

• Complexity issues, extensive reports and discussion on numerical tests are provided.

The chapter is outlined as follows. USA is introduced in Section 5.2. Section 5.3 states
the almost-sure convergence of USA and its Lp convergence with respect to the underlying
Hilbert space norm. The proof is deferred to Section 5.4. Section 5.5 presents the results of
numerical experiments, including a detailed discussion of the choice of the design parameters.

Note that beyond model uncertainty, applications of our approach include sensitivity
analysis with respect to θ, or quasi-regression of an unknown function (see [AO01]), for
instance in the context of outer Monte Carlo computations involving some unknown inner
function θ 7→ φ?(θ), which are left for future research.

5.2 Problem Formulations and Algorithmic Solutions

Let V be a metric space endowed with its Borel σ-field, Θ be a subset of Rd, and H :
Rq × V × Θ → Rq. Let π be a probability distribution on Θ and µ be a transition kernel
from Θ to V. We define the scalar product induced by π by

〈f ; g〉π :=
∫

Θ
f(θ)g(θ)π(dθ), (5.2.1)

for any measurable functions f, g : Θ → R. By extension, for measurable functions f =
(f1, · · · , fq) : Θ→ Rq and g : Θ→ R, we write in vector form

〈f ; g〉π :=

〈f1; g〉π
· · ·
〈fq; g〉π

 . (5.2.2)

We denote by Lπ2 the Hilbert space of functions f : Θ → Rq such that the norm ‖f‖π :=√∑q
i=1 〈fi; fi〉π is finite (we omit the dependence on q since it will not lead to confusion).
We consider the following problem:

Finding φ? in Lπ2 such that
∫
V
H(φ?(θ), v, θ)µ(θ,dv) = 0, π-a.s. (5.2.3)

We work on a probability space with expectation denoted by E.
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5.2.1 SA Approach “θ by θ”

A naive approach for solving (5.2.3) is to calculate φ?(θ) for each value of θ separately,
for example by the following standard (unparameterized) SA scheme (see [BMP90, Duf97,
KY97a]): for a fixed θ, given a deterministic sequence {γk, k ≥ 1} of positive step sizes and
a sequence of independent and identically distributed (i.i.d.) r.v. {Vk, k ≥ 1} sampled from
µ(θ,dv), we may obtain z? = φ?(θ) as the limit of an iterative scheme

zk+1 = zk − γk+1H(zk, Vk+1, θ). (5.2.4)

Explicit conditions can be formulated in order to obtain the convergence z? = limk z
k (see

e.g. [Duf97, Chapter 1]). However, except in the case where Θ is finite with few elements,
the estimation of φ?(θ), separately for each θ ∈ Θ, is too demanding computationally.

5.2.2 Chaos Extension Setup and Approach “Coefficient by Coefficient”

Let {θ 7→ Bi(θ), i ≥ 0} be an orthonormal basis of Lπ2 (for the scalar product (5.2.1)).
Orthonormal polynomials are natural candidates, but there are other possibilities.

Example 5.2.1 (of orthogonal bases). See [CHQZ06, Chapter 2] for the four first examples
based on orthogonal polynomials in dimension d = 1. An orthonormal basis {Bi, i ≥ 0} can
then be obtained by renormalization of the given orthogonal basis.

(i) If π(dθ) has the density 1/(π
√

1− θ2) with respect to the Lebesgue measure on Θ =
[−1, 1], then the Chebyshev polynomials of the first kind form an orthogonal basis.

(ii) If π(dθ) has the density 2
√

1− θ2/π w.r.t. the Lebesgue measure on Θ = [−1, 1], then
the Chebyshev polynomials of the second kind form an orthogonal basis.

(iii) If π(dθ) is the uniform distribution on the interval Θ = [−1, 1], then the Legendre
polynomials form an orthogonal basis.

(iv) More generally, if π(dθ) is the distribution on [−1, 1] with density proportional to (1−
θ)α(1 + θ)β for some α, β > −1, then the Jacobi polynomials form an orthogonal basis.

(v) If π(dθ) is the uniform distribution on the interval Θ = [−π, π], then we have the
orthogonal Fourier basis {1, cos(iθ), sin(iθ), i ≥ 1}.

(vi) If {Bi, i ≥ 0} is an orthogonal basis on Θ ⊂ R with respect to the distribution π(dθ) =
π(θ)dθ, then, for any continuously differentiable increasing function ϕ, {Bi(ϕ(·)), i ≥
0} is an orthogonal basis on ϕ−1(Θ) with respect to the distribution π(ϕ(v))ϕ′(v)dv.

(vii) For a multidimensional distribution (d > 1), with independent components, an orthogo-
nal basis is given by the set of all possible products of basis functions of a single variable
(see [CHQZ06, Section 5.8]).

For x, y ∈ Rq we denote by x · y and |x| the scalar product and the Euclidean norm in
Rq. We denote by l2 the normed vector space of the Rq-valued sequences {ui, i ≥ 0} with
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‖u‖2l2 =
∑
i≥0 |ui|2 < +∞. As is well known, given an orthonormal basis {Bi, i ≥ 0} in Lπ2 ,

any function φ ∈ Lπ2 is characterized by a sequence {ui, i ≥ 0} in l2 such that φ =
∑
i≥0 uiBi.

Throughout the chapter, we use the natural isomorphism Is : l2 → Lπ2 given by

φ = Is(u) =
∑
i≥0

uiBi, i.e. ui = 〈φ;Bi〉π for each i ∈ N, (5.2.5)

and the corresponding isometry ‖φ‖π = ‖u‖l2 (see [Mus14, Proposition 10.32]).

Assuming φ? ∈ Lπ2 , an alternative strategy for solving (5.2.3) consists of the estimation
of the Rq-valued coefficients {u?i , i ≥ 0} of φ?, combined with a truncation at a fixed level
m of the expansion (5.2.5) and a Monte Carlo approximation of the coefficients {u?i , i ≤ m},
i.e., for i ≤ m,

u?i = 〈φ?;Bi〉π ≈ û
?
i := 1

M

M∑
k=1

φ̂?(θk,i)Bi(θk,i), (5.2.6)

where {θk,i, k ≥ 1, i ≤ m} are i.i.d. with distribution π and φ̂(θk,i) is an approximation of
φ(θk,i). Let us discuss the computational cost of this approach, in the case q = 1 for ease
of notation (and dimension d of θ). In the case of a Jacobi polynomial basis, the following
control on the truncation error of φ holds (see [Fun92, Theorem 6.4.2] or [CHQZ06, Chapter
5]): ∥∥∥∥∥∑

i>m

uiBi

∥∥∥∥∥
2

π

= O

(
m−

2(η−1)
d

)
, (5.2.7)

where η is the order of continuous differentiability of φ (in some cases the order may
be strengthened to O

(
m−

2η
d

)
). Neglecting the error associated with the approximation

φ̂(θk,i) ≈ φ(θk,i), we have

E

∥∥∥∥∥
m∑
i=0

(ui − ûi)Bi

∥∥∥∥∥
2

π

 = O

(
m

M

)
. (5.2.8)

For balancing the error components (5.2.7) and (5.2.8), we must setM ∝ m1+ 2(η−1)
d . To reach

a precision ε, m has to increase as ε−d/(2(η−1)) andM has to increase as ε−(1+d/(2(η−1))). The
computational cost in terms of number of Monte Carlo samples to estimate m coefficients is
therefore ε−(1+d/(η−1)). This quantity suffers from the curse of dimensionality, which makes
this approach fairly inefficient when combined with a nested procedure for the computation
of φ̂(θk,i), e.g. through (5.2.4) if φ = φ?.

Also note that in the simple case where SA is reduced to MC (i.e. for H(z, v) = z − v),
the approximation φ̂?(θk,i) in (5.2.6) will be given by a second MC, so that (5.2.6) results in a
two-stage MC procedure which thus converges two times slower and is highly inefficient. The
right approach here would be to approximate the average

∫
Θ×V vµ(θ,dv)Bi(θ)π(dθ) directly

using i.i.d. simulations from (θ, V ) ∼ µ(θ,dv)π(dθ). This motivates the construction of
an algorithm which couples in an efficient way the outer Monte Carlo sampling of θ and
the inner Monte Carlo sampling used to feed the SA algorithm in order to optimize the
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calculation.

5.2.3 The USA Algorithm

Through the isomorphism (5.2.5), the problem (5.2.3) can be restated on l2 as

Finding u? in l2;
∫
V
H

∑
i≥0

u?iBi(θ), v, θ

 µ(θ,dv) = 0, π-a.s.. (5.2.9)

Note that the problem (5.2.3) is equivalent to finding φ? ∈ Lπ2 such that∫
Θ

(∫
V
H (φ?(θ), v, θ) µ(θ,dv)

)
Bi(θ)π(dθ) = 0Rq , ∀i ≥ 0. (5.2.10)

This observation can be used for devising an original SA scheme for the u?i in (5.2.9).
A first attempt in this direction is to restrict the problem to a set of functions φ of the

form
∑m
i=0 uiBi, for some fixed m ≥ 1. If, in addition, µ(θ,dv) = µ(dv), and assuming the

scalar product 〈·; ·〉π (corresponding to the integral in (5.2.11)) computable exactly (possibly
at a large computational cost), then an SA algorithm for the computation of {u?i , i ≤ m}
consists of iterating:

uk+1
i = uki − γk+1

∫
Θ
H

 m∑
j=0

ukjBj(θ), Vk+1, θ

 Bi(θ)π(dθ) i = 0, · · · ,m, (5.2.11)

where the {(Vk), k ≥ 0} are i.i.d. with distribution µ(dv) and {γk, k ≥ 1} is a deterministic
stepsize sequence. In the more general case, an SA algorithm for the computation of {u?i , i ≤
m} is given by

uk+1
i = uki − γk+1 H

 m∑
j=0

ukjBj(θk+1), Vk+1, θk+1

 Bi(θk+1), i = 0, · · · ,m, (5.2.12)

where the {(θk, Vk), k ≥ 0} are i.i.d. with distribution π(dθ)µ(θ,dv).
However, in practice, φ? is typically not of the form

∑m
i=0 uiBi and, even when it is, we

may not know for which m. We emphasize that, in the general case φ? ∈ Lπ2 , as the first
argument of H in (5.2.12) is the current truncation

∑m
i=0 u

k
iBi(θk+1) and not φ?(θk+1), this

algorithm does not converge to the projection of φ? onto the space spanned by {B0, · · · , Bm}.
See the numerical evidence reported in Section 5.5.4.

Accordingly, the final version of the algorithm tackles the infinite dimensionality of the
problem space Lπ2 on which the problem is stated by increasing m, to recover in the limit
the full sequence of the coefficients {u?i , i ≥ 0} defining a solution φ? =

∑
i u

?
iBi. Toward

this aim, we introduce a sequence mk which specifies the number of coefficients ui that are
updated at the iteration k. The sequence {mk, k ≥ 0} is nondecreasing and converges to ∞.

The USA algorithm corresponds to the update of the sequence {uki , i ≥ 0} through the
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following SA scheme, where ΠA denotes the projection on a suitable convex subset A of l2:

1 Input: Sequences {γk, k ≥ 1}, {mk, k ≥ 1}, {Mk, k ≥ 1}, K ∈ N,
{u0

i , i = 0, . . . ,m0}, a convex set A ⊆ l2
2 for k = 0 to K − 1, do
3 sample (θsk+1, V

s
k+1), s = 1 . . . ,Mk+1, under the distribution π(dθ)µ(θ,dv);

4 for i > mk+1 set uk+1
i = 0;

5 for i = 0 to mk+1, do
6 ûk+1

i = uki − γk+1M
−1
k+1

∑Mk+1
s=1 H

(∑mk
j=0 u

k
jBj(θsk+1), V s

k+1, θ
s
k+1

)
Bi(θsk+1)

7 uk+1 = ΠA(ûk+1)

8 Output: The vector {uKi , i = 0, . . . ,mK}.

Algorithm 3: The USA algorithm for the coefficients of the basis decomposition of
φ?.
The inputs of the algorithm are: a positive stepsize sequence {γk, k ≥ 1}; two integer

valued sequences {mk, k ≥ 1} and {Mk, k ≥ 1} corresponding to the number of nonnull
coefficients in the approximation of φ? and to the number of Monte Carlo draws of the pair
(θ, V ) at each iteration k; an initial value u0 ∈ Rm0 ; a total number of iterations K; a convex
subset A of l2 on which to project each newly updated sequence of coefficients.

The output of the algorithm is a sequence uK = {uKi , i ≤ mK} approximating a solution
u? to the problem (5.2.9). The corresponding approximation φK of a solution φ? to the
problem (5.2.3) is then

φK :=
mK∑
i=0

uKi Bi. (5.2.13)

Remark 5.2.2. The motivations for the introduction of the projection set A and for the
averaging over Mk draws at step k are discussed in the respective sections 5.3.2 and 5.5.5.

5.3 The USA Algorithm Converges

5.3.1 Assumptions

For simplicity of presentation above, we assumed a uniqueness of φ?. However, the USA
algorithm is proved below to converge even in the case of multiple zeros. Accordingly,
Problem (5.2.9) is reformulated as

Finding u? in T ? where

T ? :=

u? ∈ l2;
∫
V
H

∑
i≥0

u?iBi(θ), v, θ

 µ(θ,dv) = 0, π-a.s.

 . (5.3.1)

We do not restrict ourselves to the case of a singleton T ?. However, we introduce the
following assumption on the target set T ? in order to guarantee the existence of a (random)
limit point φ∞ of the algorithm in this set:

C1. The set T ? is compact and non-empty.
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Remark 5.3.1. Allowing for multiple limits is quite standard in the SA literature. From the
point of view of the application to UQ, it may seem meaningless to quantify the uncertainty
of a non-uniquely defined quantity. However, enabling multiple limits appears to be the right
setting when some components of the vector-valued function φ?(·) ∈ Is(T ?) are unique and
some other are multiple. This encompasses the important case of computing quantiles and
average quantiles (cf. [BFP09]) of a (uncertain) distribution: the SA approximation for the
quantile component may converge to several limits, while for the average quantile component,
the limit is unique.

C2. {Mk, k ≥ 1} and {mk, k ≥ 1} are deterministic sequences of positive integers; {γk, k ≥
1} is a deterministic sequence of positive real numbers such that, for some κ > 0,

∑
k≥1

γk = +∞,
∑
k≥1

γ1+κ
k < +∞,

∑
k≥1

γ2
k

Qmk
Mk

< +∞,
∑
k≥1

γ1−κ
k qmk < +∞, (5.3.2)

where the sequences {qm,m ≥ 0} and {Qm,m ≥ 0} are defined by

qm := sup
u?∈T ?

∑
i>m

|u?i |2, Qm := sup
θ∈Θ

∑
i≤m
|Bi(θ)|2. (5.3.3)

Remark 5.3.2. Since T ? is compact, we have limm qm = 0 (cf. the proof of Lemma 5.B.1).
Assumption C2 requires, in particular, that Qm < +∞ for any m. If Θ is bounded, then
this is verified for any basis of continuous functions. In the case of polynomial basis, the
coefficients Qm are related to the Christoffel functions [Nev86].

C3. For any z ∈ Rq, ∫
Θ×V
|H(z, v, θ)|µ(θ,dv)π(dθ) <∞;

For any z ∈ Rq and θ ∈ Θ,

h(z, θ) =
∫
V
H(z, v, θ)µ(θ,dv)

exists; For any φ ∈ Lπ2 , the mapping h(φ(·), ·) : θ 7→ h(φ(θ), θ) is in Lπ2 ; The mapping
φ 7→ h(φ(·), ·) from Lπ2 into itself is continuous.

C4. For π-almost every θ, for any zθ, z?θ ∈ Rq such that h(zθ, θ) 6= 0 and h(z?θ , θ) = 0,

(zθ − z?θ) · h(zθ, θ) > 0.

Remark 5.3.3. Previous works on SA in a Hilbert space H typically require an assumption
of the type∫

Θ
(φ(θ)− φ?(θ)) · ĥm(φ(θ), θ)π(dθ) > 0, ∀φ ∈ Lπ2 \ Is(T ?), φ? ∈ Is(T ?),

for m large enough, where ĥm(φ(·), ·) is the approximation of h(φ(·), ·) using the first m
elements of a basis of H: See e.g. [CW02, Assumption A3P(2)], which only requires the
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above condition for every φ 6= φ? in the vector space spanned by the first m basis functions Bi.
However, even this relaxed assumption does not hold in general in our setting. As a counter-
example, one may take any φ? =

∑
i≥0 u

?
iBi with non null coefficients u?i , h(z, θ) = z−φ?(θ),

and φ = φm given, for every m, as the truncation

φm := Truncm(φ?) =
∑
i≤m

u?iBi

of order m of φ?. Then, as Truncm(φm − φ?) = 0Lπ2 (by definition of φm), we have∫
Θ

(φm(θ)−φ?(θ)) · ĥm(φ(θ), θ)π(dθ) =
∫

(φm(θ)−φ?(θ)) ·Truncm(φm−φ?)(θ)π(dθ) = 0,

for every m.
By contrast, C4 is the standard assumption for SA with fixed θ.

C5. a) There exists a constant CH such that, for any z ∈ Rq,

sup
θ∈Θ

∫
V
|H(z, v, θ)|2µ(θ,dv) ≤ CH(1 + |z|2).

b) The map from Lπ2 into R defined by φ 7→
∫
V×Θ |H(φ(θ), v, θ)|2π(dθ)µ(θ,dv) is bounded,

i.e. it maps bounded sets into bounded sets.

Note that C5-b implies that φ 7→ h(φ(·), ·) is a bounded map from Lπ2 into itself.

C6. For any B > 0, there exists a constant CB > 0 such that, for any (φ, φ?) ∈ Lπ2 × Is(T ?)
with ‖φ− φ?‖π ≤ B,∫

(φ− φ?) (θ) · h(φ(θ), θ)π(dθ) ≥ CB min
φ̄∈Is(T ?)

∥∥∥φ− φ̄∥∥∥2

π
.

Note that the above minimum exists since Is(T ?) is compact, by C1.

5.3.2 Projection Set

We address the convergence of the algorithm 3 for three possible choices regarding the
projection set A (which always includes T ?).

Case 1. A := l2.

Case 2. A is a closed ball of l2 containing T ?.

Case 3. A is a closed convex set of l2 containing T ?, with compact intersections with closed
balls of l2.

Note that the projection set A is bounded in Case 2 and unbounded in the two other cases
(for sure in Case 1 and potentially in 3).
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Case 1 is the most convenient from the algorithmic viewpoint since no actual projection
is required. However, it requires a stronger condition C5-a to ensure the stability and an
additional assumption C6 for the convergence.

The projection on a ball {u ∈ l2 : ‖u‖l2 ≤ B} is given simply by

u 7→ min
(

1, B

‖u‖l2

)
u. (5.3.4)

Hence, the projection required in Case 2 is quite straightforward. The milder assumption
C5-b is required for the stability but one still needs C6 for the convergence.

Case 3 requires a potentially nontrivial projection on a closed convex set: see e.g. Ex-
ample 5.3.4 below. The stronger condition C5-a is required for both the stability and the
convergence, but C6 is not needed.

We now give an example of the set A in Case 3.

Example 5.3.4. Given a positive sequence {an, n ≥ 0} such that
∑
i≥0 a

2
i < ∞ and an

increasing sequence of non-negative integers {dn, n ≥ 0}, define the closed convex set A:

A :=

u ∈ l2 :
∑

dn≤i<dn+1

|ui|2 ≤ a2
n ∀n ≥ 0

 . (5.3.5)

When d0 = 0, the set A is a compact convex subset of l2 (see Lemma 5.B.1). Otherwise, it
is not necessarily compact. However, the set A∩{u ∈ l2 :

∑
i≥0 u

2
i ≤ B} is a compact subset

for any B > 0 (see Corollary 5.B.2). The orthogonal projection on A consists of projecting
(udn , . . . , udn+1−1) on the ball of radius an for all n ≥ 0.

5.3.3 Main Result

Theorem 5.3.5. Assume C1 to C4 and C5-a if A is unbounded or C5-b if A is bounded.
Let there be given i.i.d. random variables {(θsk, V s

k ), 1 ≤ s ≤ Mk, k ≥ 1} with distribution
π(dθ)µ(θ,dv). Let uK and φK be the outputs of the USA Algorithm (cf. (5.2.13)).

Stability. For any φ? ∈ Is(T ?), limk→+∞
∥∥∥φk − φ?∥∥∥

π
exists, is finite a.s., and we have

sup
k≥0

E
[∥∥∥φk − φ?∥∥∥2

π

]
< +∞. (5.3.6)

Convergence. In addition, in case 3, and in cases 1 and 2 under the additional assumption
C6, there exists a random variable φ∞ taking values in Is(T ?) such that

lim
k→∞

∥∥∥φk − φ∞∥∥∥
π

= 0 a.s. and, for any p ∈ (0, 2), lim
k→∞

E
[∥∥∥φk − φ∞∥∥∥p

π

]
= 0.

(5.3.7)

Remark 5.3.6. The standard assumption ensuring a central limit theorem (CLT) for SA
algorithms in a Hilbert space (cf. [CW02, Assumption B3(1)] or [Nix84, Section 3, equation
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3.3]) is not satisfied in our setup: as a counter-example, one can take a function h(z, θ) such
that ∂zh(φ?(θ), θ) = θ and any polynomial basis, due to the recurrence relations of order
two that are intrinsic to such bases. The study of convergence rates and CLT for the USA
algorithm is therefore a problem per se, which we leave for future research.

5.4 Proof of Theorem 5.3.5

Throughout the proof, we will use the notation

φk :=
∑
i≥0

ukiBi =
mk∑
i=0

ukiBi

(recalling that uki = 0 for any i > mk in the USA Algorithm). For any z = (z1, · · · , zq) ∈ Rq
and any real-valued sequence p := {pi, i ≥ 0} such that

∑
i≥0 p

2
i < ∞ we write

z ⊗ p := ((z1p0, · · · , zqp0), (z1p1, · · · , zqp1), · · · ) ∈ l2.

Set Bm(θ) := (B0(θ), . . . , Bm(θ), 0, 0, . . .). Define the filtration

Fk := σ (θs` , V s
` , 1 ≤ s ≤M`, 1 ≤ ` ≤ k) , k ≥ 1.

We fix u? ∈ T ?, which exists by C1, and we set φ? := Is(u?).

5.4.1 Stability

The first step is to prove that the algorithm is stable in the sense that

lim
k

∥∥∥uk − u?∥∥∥
l2

exists a.s. , (5.4.1)

sup
k

E
[∥∥∥uk − u?∥∥∥2

l2

]
< +∞, (5.4.2)

lim inf
k→∞

∫
Θ

(φk(θ)− φ?(θ)) · h(φk(θ), θ)π(dθ) = 0, a.s. (5.4.3)

Using the definition of uk+1 in the USA algorithm and the property ΠA(u?) = u?, we obtain
(recalling that, in all cases 1 to 3, T ? ⊆ A)∥∥∥φk+1 − φ?

∥∥∥2

π
=
∥∥∥uk+1 − u?

∥∥∥2

l2
=
∥∥∥ΠA(ûk+1)−ΠA(u?)

∥∥∥2

l2
≤
∥∥∥ûk+1 − u?

∥∥∥2

l2

=
∥∥∥uk − u? − γk+1Hk − γk+1η

k+1
∥∥∥2

l2
,

where

Hk := E

 1
Mk+1

Mk+1∑
s=1

H
(
φk(θsk+1), V s

k+1, θ
s
k+1

)
⊗Bmk+1(θsk+1)

∣∣∣Fk
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=
∫

Θ×V
H
(
φk(θ), v, θ

)
⊗Bmk+1(θ) π(dθ)µ(θ,dv)

=
∫

Θ
h(φk(θ), θ)⊗Bmk+1(θ) π(dθ),

ηk+1 := 1
Mk+1

Mk+1∑
s=1

H
(
φk(θsk+1), V s

k+1, θ
s
k+1

)
⊗Bmk+1(θsk+1)−Hk.

For the equivalent definitions of Hk, we used the Fubini theorem and C3. Observe that, by
definition of Bmk , Hk and ηk+1 are sequences in l2 such that, for all i > mk+1,

Hki = 0Rq , ηk+1
i = 0Rq .

Define
Hki :=

{
Hki i ≤ mk+1,∫

Θ h(φk(θ), θ)Bi(θ) π(dθ) i > mk+1.

Recalling that uki = 0Rq for i > mk+1, we obtain

∥∥∥uk+1 − u?
∥∥∥2

l2
=
∥∥∥uk − u?∥∥∥2

l2
− 2γk+1

mk+1∑
i=0

(uki − u?i ) · Hki

− 2γk+1

mk+1∑
i=0

(uki − u?i ) · ηk+1
i

+ 2γ2
k+1

mk+1∑
i=0

ηk+1
i · Hki + γ2

k+1

∥∥∥ηk+1
∥∥∥2

l2
+ γ2

k+1

∥∥∥Hk∥∥∥2

l2

=
∥∥∥uk − u?∥∥∥2

l2
− 2γk+1

∑
i≥0

(uki − u?i ) · H
k
i

+ 2γ2
k+1

mk+1∑
i=0

ηk+1
i · Hki − 2γk+1

mk+1∑
i=0

(uki − u?i ) · ηk+1
i

− 2γk+1
∑

i>mk+1

u?i · H
k
i + γ2

k+1

∥∥∥ηk+1
∥∥∥2

l2
+ γ2

k+1

∥∥∥Hk∥∥∥2

l2
. (5.4.4)

C4 implies that, for each θ,∑
i≥0

(
(uki − u?i ) · h

(
φk(θ), θ

))
Bi(θ) = (φk(θ)− φ?(θ)) · h

(
φk(θ), θ

)
≥ 0.

Taking expectation with respect to θ ∼ π and applying the Fubini theorem (which follows
from C3), we obtain for all k ≥ 0

Rk :=
∫

Θ
(φk(θ)− φ?(θ)) · h

(
φk(θ), θ

)
π(dθ) =

∑
i≥0

(uki − u?i ) · H
k
i ≥ 0. (5.4.5)
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Note also that
∑+∞
i=0 (uki − u?i ) · Hki ∈ Fk. By definition, E

[
ηk+1
i |Fk

]
= 0, so that

E
[mk+1∑
i=0

ηk+1
i · Hki

∣∣∣Fk
]

= 0, E
[mk+1∑
i=0

(uki − u?i ) · ηk+1
i

∣∣∣Fk
]

= 0. (5.4.6)

Let us consider the term
∥∥∥ηk+1

∥∥∥2

l2
. We write

E
[ ∥∥∥ηk+1

∥∥∥2

l2
|Fk

]
≤ E


∥∥∥∥∥∥ 1
Mk+1

Mk+1∑
s=1

H
(
φk(θsk+1), V s

k+1, θ
s
k+1

)
⊗Bmk+1(θsk+1)−Hk

∥∥∥∥∥∥
2

l2

|Fk


≤ 1
Mk+1

∫
Θ×V

∥∥∥H (
φk(θ), v, θ

)
⊗Bmk+1(θ)

∥∥∥2

l2
π(dθ)µ(θ,dv)

= 1
Mk+1

∫
Θ×V

∣∣∣H (
φk(θ), v, θ

)∣∣∣2(mk+1∑
i=0

Bi(θ)2
)
π(dθ)µ(θ,dv)

≤
Qmk+1

Mk+1

∫
Θ×V

∣∣∣H (
φk(θ), v, θ

)∣∣∣2 π(dθ)µ(θ,dv). (5.4.7)

Next we consider the term 2γk+1
∑
i>mk+1

u?i · H
k
i . By using 2ab ≤ a2 + b2 with a ←

(γ1−κ
k+1 )1/2|u?i | and b← (γ1+κ

k+1 )1/2|Hki |, we have∣∣∣∣∣∣2γk+1
∑

i>mk+1

u?i · H
k
i

∣∣∣∣∣∣ ≤ γ1−κ
k+1

 +∞∑
i>mk+1

|u?i |2
+ γ1+κ

k+1

 +∞∑
i>mk+1

∣∣∣Hki ∣∣∣2


≤ γ1−κ
k+1qmk+1 + γ1+κ

k+1

∥∥∥Hk∥∥∥2

l2
, (5.4.8)

where we used C2 in the last inequality. Note that

∥∥∥Hk∥∥∥2

l2
=

+∞∑
i=0

∣∣∣∣∫
Θ
h(φk(θ), θ)Bi(θ) π(dθ)

∣∣∣∣2 =
∫

Θ

∣∣∣h(φk(θ), θ)
∣∣∣2 π(dθ)

≤
∫

Θ×V

∣∣∣H (
φk(θ), v, θ

)∣∣∣2 π(dθ)µ(θ,dv). (5.4.9)

Combining (5.4.4), (5.4.5), (5.4.6), (5.4.7), (5.4.8), and (5.4.9), we obtain

E
[ ∥∥∥uk+1 − u?

∥∥∥2

l2
|Fk

]
≤
∥∥∥uk − u?∥∥∥2

l2
− 2γk+1R

k + γ1−κ
k+1qmk+1

+
(
γ2
k+1 + γ1+κ

k+1 + γ2
k+1

Qmk+1

Mk+1

)∫
Θ×V

∣∣∣H (
φk(θ), v, θ

)∣∣∣2 π(dθ)µ(θ,dv).

(5.4.10)

To control the integral in (5.4.10), we distinguish two cases.
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First case: A is unbounded. Using C5-a we write∫
Θ×V

∣∣∣H (
φk(θ), v, θ

)∣∣∣2 π(dθ)µ(θ,dv) ≤ CH
∫

Θ

(
1 +

∣∣∣φk(θ)∣∣∣2)π(dθ)

≤ C1

(
1 +

∥∥∥uk − u?∥∥∥2

l2

)
,

where C1 := 2CH(1 + supu?∈T ? ‖u?‖
2
l2

). Note that C1 is finite by C1.

Second case: A is bounded. Note that, by definition of uk, there exists a constant B such
that a.s. supk≥0

∥∥∥uk∥∥∥
l2
≤ B. Assumption C5-b implies that, for some finite and

positive C2,
sup
k≥0

∫
V×Θ
|H(φk(θ), v, θ)|2π(dθ)µ(θ,dv) ≤ C2.

In either case, we deduce from (5.4.10) that

E
[ ∥∥∥uk+1 − u?

∥∥∥2

l2
|Fk

]
≤
∥∥∥uk − u?∥∥∥2

l2
− 2γk+1R

k + γ1−κ
k+1qmk+1 (5.4.11)

+
(
γ2
k+1 + γ1+κ

k+1 + γ2
k+1

Qmk+1

Mk+1

)
(C1 ∨ C2)

(
1 +

∥∥∥uk − u?∥∥∥2

l2

)
.

Conclusion. In view of the above controls and of C2, the assumptions of the Robbins-
Siegmund lemma are verified (see [RS71]). An application of this lemma yields that limk

∥∥∥uk − u?∥∥∥2

l2

exists and
∑
k≥0 γk+1R

k < +∞ a.s.. This concludes the proof of (5.4.1). Taking expecta-

tions in (5.4.11) and applying the Robbins-Siegmund lemma to the sequence E
[∥∥∥uk − u?∥∥∥2

l2

]
yields (5.4.2). Note also that

R := lim inf
k→+∞

Rk = 0, a.s.. (5.4.12)

Indeed, on the event {R > 0}, there exists a finite random indexK such that Rk > R/2 holds
for any k ≥ K, which implies that

∑
k≥0 γk+1R

k < +∞ (as, by assumption,
∑
k≥1 γk = +∞).

Therefore {R > 0} ⊆ {
∑
k≥0 γk+1R

k < +∞}, where we saw above that {
∑
k≥0 γk+1R

k <

+∞} is a zero probability event. Hence so is {R > 0}, which proves (5.4.3).

We know from (5.4.1) that limk

∥∥∥φk − φ′∥∥∥
π
exists a.s. for any φ′ ∈ Is(T ?). For later use

we need the existence of this limit simultaneously for all φ′ ∈ Is(T ?) with probability one.
Note that limk

∥∥∥φk − φ′∥∥∥
π
is continuous in φ′ (by triangle inequality). Using that Is(T ?) is

separable as a subset of a separable Hilbert space Lπ2 , we deduce that

lim
k

∥∥∥φk − φ′∥∥∥
π
exists for all φ′ ∈ Is(T ?), a.s. (5.4.13)
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5.4.2 Proof of the Almost Sure Convergence in (5.3.7)

Proof for Case 1 or Case 2. Under the assumption C1, Is(T ?) is bounded so that,
by (5.4.1), the random variable B := supφ?∈T ? supk

∥∥∥φk − φ?∥∥∥
π
is finite with probability

one. Since by (5.4.12) lim infk Rk = 0, with probability one, there exists a subsequence
{ζ(k), k ≥ 1} such that limk R

ζ(k) = 0.
From (5.4.5) and by C6 applied with φ← φζ(k) and φ? ← Is(u?), there exists a positive

random variable CB (finite a.s. and independent of k by definition of the r.v. B) such that

Rζ(k) ≥ CB min
φ̄∈Is(T ?)

∥∥∥φζ(k) − φ̄
∥∥∥2

π
.

Let {φ̄k, k ≥ 0} be an Is(T ?)-valued sequence such that, for all k,

min
φ̄∈Is(T ?)

∥∥∥φζ(k) − φ̄
∥∥∥2

π
=
∥∥∥φζ(k) − φ̄k

∥∥∥2

π
.

Such a sequence exists since T ? is compact by C1. Using that limk R
ζ(k) = 0 we obtain

limk

∥∥∥φζ(k) − φ̄k
∥∥∥
π

= 0 a.s.. Since the sequence {φ̄k, k ≥ 0} is in a compact set Is(T ?) (see
C1), up to extraction of a subsequence it converges to a random limit φ∞ ∈ Is(T ?). Hence

lim
k

∥∥∥φζ(k) − φ∞
∥∥∥
π

= 0 a.s..

In view of (5.4.13), we deduce

lim
k

∥∥∥φk − φ∞∥∥∥
π

= lim
k

∥∥∥φζ(k) − φ∞
∥∥∥
π

= 0 a.s..

This concludes the proof of (5.3.7).

Proof for Case 3. Since by (5.4.12) lim infk Rk = 0 with probability one, there exists
a (random) subsequence {ζ(k), k ≥ 1} such that limk R

ζ(k) = 0 a.s. Since the sequence
{uζ(k), k ≥ 0} is bounded in l2 a.s.(as limk

∥∥∥uk − u?∥∥∥
l2
exists a.s.) and belongs to the convex

set A by construction, hence it belongs to a compact set (see Corollary 5.B.2). Therefore we
can assume (up to extraction of another subsequence) the existence of u∞ ∈ Lπ2 such that
limk

∥∥∥uζ(k) − u∞
∥∥∥
l2

= 0 a.s. We now prove that u∞ is a T ?-valued random variable (possibly
depending on the choice of u? ∈ T ?). Set φ∞ := Is(u∞) and define

R∞ :=
∫

Θ
(φ∞ − φ?) (θ) · h(φ∞(θ), θ)π(dθ).

Then for any j ≥ 1,

Rj −R∞ =
∫

Θ

(
φj − φ∞

)
(θ) · h

(
φj(θ), θ

)
π(dθ)

+
∫

Θ
(φ∞ − φ?) (θ) ·

(
h
(
φj(θ), θ

)
− h (φ∞(θ), θ)

)
π(dθ).
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By either C5-b or C5-a (depending on whether A is bounded or not) and since supk
∥∥∥uk∥∥∥

l2
<

∞ a.s., we have supk
∥∥∥h (φζ(k)(·), ·

)∥∥∥2

π
<∞ a.s.. Since

lim
k

∥∥∥φζ(k) − φ∞
∥∥∥
π

= lim
k

∥∥∥uζ(k) − u∞
∥∥∥
l2

= 0, a.s.,

it follows that

lim
k

∫
Θ

(
φζ(k) − φ∞

)
(θ) · h

(
φζ(k)(θ), θ

)
π(dθ) = 0, a.s.

Furthermore, since, by C3, φ 7→ h(φ(·), ·) is continuous in Lπ2 , we have

lim
k

∫
Θ

(φ∞ − φ?) (θ) ·
(
h
(
φζ(k)(θ), θ

)
− h (φ∞(θ), θ)

)
π(dθ) = 0 a.s.

Hence 0 = limk R
ζ(k) = R∞ a.s. In view of the definition of R∞ and of C4, we deduce that

u∞ ∈ T ? a.s.. I̊n view of (5.4.13), this implies that limk

∥∥∥φk − φ∞∥∥∥
π

= limk

∥∥∥φζ(k) − φ∞
∥∥∥
π

=
0.

5.4.3 Proof of the L2-Control (5.3.6) and of the Lp-Convergence in (5.3.7)

The L2-control
sup
k≥0

E
[∥∥∥φk − φ∞∥∥∥2

π

]
< +∞

follows directly from (5.4.2) and the boundedness of T ? (see C1). This proves (5.3.6). Let
C > 0 and p ∈ (0, 2). We write

E
[∥∥∥φk − φ∞∥∥∥p

π

]
= E

[∥∥∥φk − φ∞∥∥∥p
π
Un{‖φk−φ∞‖

π
>C}

]
+ E

[∥∥∥φk − φ∞∥∥∥p
π
Un{‖φk−φ∞‖

π
≤C}

]
.

The first term on the right hand side converges to 0 as C → +∞, uniformly in k: indeed,
we have

E
[∥∥∥φk − φ∞∥∥∥p

π
Un{‖φk−φ∞‖

π
>C}

]
≤

supl≥0 E
[∥∥∥φl − φ∞∥∥∥2

π

]
C2−p .

For any fixed C > 0, the second term converges to zero by the dominated convergence
theorem. This concludes the proof of Theorem 5.3.5.

5.5 Numerical Investigations

This section is devoted to the numerical analysis of the convergence of the USA algorithm .
There cannot be any comparison, performance-wise, between the USA algorithm and the

naive algorithms of Sections 5.2.1 and 5.2.2. The “θ by θ” algorithm of Section 5.2.1 is of
course no option unless a finite set Θ, with reasonable cardinality, is considered. As for the
“coefficient by coefficient” algorithm of Section 5.2.2, it requires one (standard, admittedly)
SA algorithm for each estimate φ̂(θk,i) of φ(θk,i) in (5.2.6): since k indexes Monte Carlo
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draws, it means a nested Monte Carlo approach, which can only be achieved, on realistic
applications, by resorting to concurrent computing resources. Instead, the USA algorithm
is a single SA procedure (in increasing space dimension) for the joint estimation of the
coefficients u?i .

Hence, the section is purely focused on the USA algorithm. We discuss its parameteri-
zation and we test empirically the sensitivity of its performance with respect to the latter.

Notably, the possibility of letting the number mk of estimated coefficients u?i tend to
infinity appears not only as a necessary ingredient for proving the theoretical convergence (see
Theorem 5.3.5), but also as an important feature for its numerical performance, regarding,
in particular, the estimation of the lower order coefficients u?i and the mitigation of the
burn-in phase. We illustrate this assertion numerically, by testing both the genuine USA
algorithm with increasing mk and the fixed dimension version with mk = m (for different
values of m), respectively referred to as the “increasing mk” and the “fixed m” algorithms
henceforth. The speed of the dimension growth turns out to be a determining factor of the
practical convergence rate of the algorithm. A correct tuning of this speed allows achieving
the right balance between the truncation error, i.e. the error due to the non-estimation of
the coefficients beyond the mth

k one, and the estimation error on the “active” coefficients
up to mk. Balancing these two contributions of the error seems to be the way to reach an
optimal performance of the algorithm.

5.5.1 Design Parameterization of the USA Algorithm

When running the USA algorithm, the user has to choose some design parameters: given
a problem of the form (5.3.1) and the corresponding sequence {qm,m ≥ 0} via (5.3.2), the
user has to choose the orthogonal basis {Bi(θ), i ≥ 0}, which fixes in turn the sequence
{Qm,m ≥ 0}. It remains to choose {γk, k ≥ 1}, {mk, k ≥ 0} and {Mk, k ≥ 1}. In this
section, we consider sequences of the form

γk = k−a, mk = bkbc+ 1, Mk = bkpc+ 1, (5.5.1)

for a, p ≥ 0 and b > 0, and we discuss how to choose these constants assuming that

qm = O
(
m−δ

)
, Qm = O

(
m∆

)
, (5.5.2)

for some δ > 0 and ∆ ≥ 0.
An easy calculation shows that C2 is satisfied (κ > 0 ensuring C2 exists) if

0 < a ≤ 1, 2− δb < 2a, b∆ + 1 < 2a+ p. (5.5.3)

Given δ > 0 and ∆ ≥ 0, there always exist a, b, p satisfying these conditions.
Figure 5.1 displays the lines x 7→ 1, x 7→ 2(1 − x)/δ and x 7→ (2x − 1)/∆ for different

values of the pair (δ,∆) with ∆ > 0. The colored area corresponds to the points (a, b)
satisfying the conditions (5.5.3) in the case p = 0, i.e. in the case where the numbers of
Monte Carlo draws is constant over iterations. Note that this set becomes all the more
restrictive as δ → 0 and ∆ → ∞. Choosing p > 0 gives more flexibility, but it also leads
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to higher computational cost (since the number of Monte Carlo simulations increases along
iterations, see the discussion in Section 5.5.5).

Figure 5.1: For different values of (δ,∆), in the case p = 0, the colored area is the admissible
set of points (a, b) satisfying (5.5.3). From left to right: (δ,∆) = (2, 1), (0.5, 1), (4, 3), and
(0.5, 5).

5.5.2 Benchmark Problem

We consider the problem (5.3.1) in the case where

Θ = [−π, π], π(dθ) = 1
2π1[−π,π] dθ. (5.5.4)

We perform tests for two different models of function H:

1. H1(z, v, θ) := (z − φ?(θ))
(

1 + cos(v)
2 cos(z − φ?(θ))

)
+ v,

2. H2(z, v, θ) := (z − φ?(θ))
(

1 + cos(v)
2 sin(z − φ?(θ))

)
,

for a common function φ? : Θ→ R given by

φ?(θ) :=
∣∣∣∣45 + 1

4 exp(sin(θ))− cosh(sin(θ)2)
∣∣∣∣ (1 + sin(2θ)), (5.5.5)

and where, for any θ ∈ Θ, the conditional distribution µ(θ,dv) is a centered Gaussian
distribution with variance θ2.

The functions h1, h2 corresponding to H1, H2 (cf. C3) are equal to

h1(z, θ) = (z − φ?(θ))
(

1 + E[cos(θ Y )]
2 cos(z − φ?(θ))

)
, (5.5.6)

h2(z, θ) = (z − φ?(θ))
(

1 + E[cos(θ Y )]
2 sin(z − φ?(θ))

)
, (5.5.7)

where Y ∼ N (0, 1). In both cases we have q = 1 and Is(T ?) = {φ?}.
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It is easily checked that for any z ∈ R, θ ∈ Θ and i = 1, 2 we have∫
V
|Hi(z, v, θ)|2µ(θ,dv) ≤ 8|z − φ?(θ)|2 + 2θ2, (z − φ?(θ)) · hi(z, θ) ≥

1
2(z − φ?(θ))2.

Hence, the assumptions C3, C4, C5, and C6 are satisfied for both models.
The two models for H above correspond to two possible behaviours of the martingale

increment sequence {ηk, k ≥ 1} (cf. Section 5.4.1): E
[∥∥∥ηk∥∥∥

l2

]
bounded away from 0 (case

of Model 1) or E
[∥∥∥ηk∥∥∥

l2

]
→ 0 (case of Model 2). While the first case is more general, the

second one may also appear in practice and leads to quite different behaviour of the USA
algorithm, requiring a different tuning of the parameters.

In real-life applications, the target function φ? is bound to be less challenging than
the present one, e.g. monotone and/or convex/concave with respect to θ or some of its
components. Moreover, the user may be interested with a few coefficients u?i only, whereas
we show numerical results up to mK = 250 below.

The choice of N (0, θ2) for the kernel µ(θ,dv) is purely illustrative. This distribution
could be replaced by any other one (simulatable i.i.d.) without expectable impact regarding
the qualitative conclusions drawn from the numerical experiments below.

Finally, for the orthonormal basis {Bi, i ≥ 0}, we choose the normalized trigonometric
basis on Θ = [−π, π] (cf. Example 5.2.1(v)). Therefore, we have supi≥0 supΘ |Bi(θ)| < +∞,
so that

Qm = O(m),

i.e. ∆ = 1 in (5.5.1). Since φ? extended by periodicity outside [−π, π] is piecewise continu-
ously differentiable, its truncation error satisfies (see Lemma 5.A.1)

+∞∑
i=m+1

|u?i |2 = O
(
m−2

)
,

i.e. we have δ = 2 in (5.5.2). Numerically, one can check that the practical rate of convergence
lies somewhere between 2 and 3, i.e. the theoretical value δ = 2 above is reasonably sharp
(meaning that our example φ? is close to a “real” δ = 2 example and not much “easier”,
which also motivated our choice of this particular function φ?).

5.5.3 Performance Criteria

In the numerical experiments that follow, we compare the performances of the algorithms
with increasing mk and fixed m, for different choices of (a, b, p). The comparison relies on
the root-mean-square errors, where the exact expectation is approximated by the mean value
over 50 independent runs of the algorithms. After K iterations, the square of the total error
E2 is decomposed into the mean squared SA error E2

sa, which is the error restricted to the
(mK + 1) estimated coefficients, and the squared truncation error E2

tr, i.e. E2 = E2
sa + E2

tr
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where

E2 = E
[∥∥∥uK − u?∥∥∥2

l2

]
, E2

sa = E
[
mK∑
i=0

(uKi − u?i )2
]
, and E2

tr =
+∞∑

i=mK+1
(u?i )2

(recalling uKi = 0 for i > mK). The benchmark values for the coefficients u?i are pre-
calculated by high-precision numerical integration. With the exception of Figures 5.3 and
5.5[left], all our graphs are error plots in log-log scale.

Figure 5.2: The total error E as a function of the number of iterations, for different choices
of the sequence {mk, k ≥ 0}: mk increasing (solid line) and: [left] for Model 1 with mk =
m = 8, 12, 16, 20 (other lines); [right] for Model 2 with mk = m = 10, 20, 30, 40, 50 (other
lines).

5.5.4 Impact of the Increasing Dimension

In this section, we discuss the role of the sequence {mk, k ≥ 0}. Since (δ,∆) = (2, 1), the
set of admissible pairs (a, b) for our benchmark problem is given by the leftmost graph of
Figure 5.1.

We take a = 0.875, which is in the middle of the corresponding admissible interval. For
Model 1 (i.e. H = H1), a heuristic may be applied to choose intelligently the value of b.
In finite dimensional SA schemes, the squared L2-error after k iterations is typically of the
order of γk = ka (see [Duf97, Chapter 2]). For the USA algorithm we may expect (in the
case p = 0) a growth of the variance at least proportional to the dimension mk ≈ kb. This
suggests a heuristic guess for the SA-error order given by 1/ka−b. Now, by (5.5.2) (with in
our case δ = 2), the truncation error is of order k−bδ. Hence, to optimize the convergence
rate, we take b such that bδ = a − b. This approximately corresponds to b = 3, which is
the value that we use in our tests for Model 1. In the case of Model 2 (i.e. H = H2), this
heuristics does not apply, because the variance of the martingale increments goes to 0. In
this case we simply take b = 0.45, so that (a, b) = (0.875, 0.45) lies in the middle of the
admissible set (see Figure 5.1[left]). Also note that the range [0.25, 0.5] for b is reasonable in
view of the total number K of iterations that we commonly use in the algorithm and of the
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Figure 5.3: The functions φ? and φK are displayed in respective solid line and dashed lines,
as a function of θ ∈ [−π, π]. On the left, {mk, k ≥ 0} is increasing and on the right, it is
constant and equal to m = 30. From top to bottom, K ∈ {128, 256, 512, 1024}.

number mK of the coefficients of interest.
Figure 5.2 displays the total error E for different strategies on the sequence {mk, k ≥

0}: the solid line is the case mk = bkbc + 1 (with b = 0.3 and 0.45 for Models 1 and 2
respectively), while the other lines correspond to the cases mk = m = 8, 12, 16, 20 for Model
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1 and mk = m = 10, 20, 30, 40, 50 for Model 2 (larger values of m are used here since the
convergence is expected to be faster for Model 2). The performance of the algorithm with
increasing mk is similar or better throughout the whole iteration path. This holds true in
the burn-in phase, which is typically related to disproportion of the first values of γk and the
magnitude of the solution (estimated coefficients). In fact, with increasingmk, the dimension
gradually grows with k, with larger values of γk naturally associated with the estimation of
the first, larger coefficients, whereas, when mk = m is constant, the higher order “small”
coefficients are involved from the very beginning along with the larger values of γk, leading
to a longer burn-in phase. It is also true on the convergence part, where the fixed dimension
algorithmsmk = m only converge up to a certain accuracy depending on the value ofm. The
superior performance of the increasing dimension version is more pronounced for Model 2,
while for Model 1 fixed m versions have similar performance within certain ranges of values
of K. However, in practice we do not know in advance the length of the burn-in phase or
the magnitude of the truncation error for various m. Hence, the genuine USA algorithm
with increasing mk, which provides optimal performance without the need for additional
knowledge, is always preferable.

Let us now analyse the weak burn-in phase performance of the fixed m version for Model
2 (cf. Figure 5.2[right]). Figure 5.3 displays the result of a single run of the USA algorithm in
this case. In dashed line, the function θ 7→ φK(θ) is displayed for θ ∈ [−π, π]. For comparison,
the function θ 7→ φ?(θ) is displayed in solid line. To illustrate the advantage of the USA
algorithm on the burn-in phase due to gradual dimension growth, we show the estimated
function φK for different values of K (from top to bottom, K ∈ {128, 256, 512, 1024}) and
for mk increasing (left panels) versus mk = m = 30 for any k (right panels). The increasing
dimension mk leads to a smoother convergence, with intermediate iterations looking closer
to a projection of φ? on the subspace spanned by a smaller number of basis functions. We
conclude that in the case where the variance of the martingale increment is small or goes to
0, the progressive dimension growth plays a key role in the USA algorithm performance.

In Figure 5.4, we show that increasing mk is also key for an accurate determination of the
lower order coefficients (e.g. in the case where only the first few coefficients of the expansion
of φ? are of interest to the user). In fact, as already mentioned in Section 5.2.3, the algorithm
with fixed m does typically not converge to the first (m+1) coefficients of the decomposition
of φ?. In Figure 5.4[left], the L2-error on the first 4 coefficients is displayed as a function of
the number of iterations K, for two strategies on mk (case of Model 2): the solid line is the
case mk = O(kb) with b = 0.45 and the dotted line is the case m = 3. In Figure 5.4[right],
the total error E and the truncation error Etr are displayed, resp. in dash-dot line and dashed
line in the case mk is the constant sequence equal to m = 3. These figures show that, when
mk → +∞, USA converges (which is the claim of Theorem 5.3.5), whereas, when mk = m

for any k, it does not: the total error does not reach the truncation error since there is a
non vanishing bias on the estimation of the first (m+ 1) coefficients (the SA-error Esa does
not vanish when K → +∞).

For Model 1, similar effects (not reported here) are visible, even if a bit less obvious due
to the slower convergence of both versions (fixed and increasing dimension) of the algorithm
in this case."
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Figure 5.4: Model 2: [left] in the case mk → ∞ (solid line) and mk = m = 3 (dotted line),
the error

(
E
∑3
i=0(uKi − u?i )2

)1/2
as a function of the number of iterations K; [right] in the

case mk = m = 3, the truncation error Etr (dashed line) and the total error E (dash-dot line)
displayed as a function of K.

5.5.5 Impact of the Design Parameters for the Increasing mk USA Algo-
rithm

In this section, we discuss the impact of the choice of a, b, and p on the performance on the
USA algorithm.

Role of b

In this paragraph, we set as before a = 0.875, p = 0, and we test different values of b. The
range of admissible values of b is (0.125, 0.75). We take b ∈ {0.2, 0.25, 0.3, 0.35, 0.4, 0.45} for
Model 1 and b ∈ {0.3, 0.4, 0.5, 0.6, 0.7} for Model 2 (as we see next, these values of b suffice
to explain the behavior of the algorithm for each of the models).

Figure 5.5 displays the evolution of the total error E as a function of the number of
iterations K for different values of b for both models of H.

For Model 1, the variance increases with the dimension, which makes the SA error larger
as b increases. At the same time the truncation error has the decrease rate bδ, so that for
too small values of b the truncation error dominates the SA error. Hence there is a trade-off
between the two errors, with optimal values of b somewhere in the middle. This phenomenon
is observed on Figure 5.5[left, center]. For b = 0.2, 0.25, 0.3, the total error is dominated by
the truncation error, while from b = 0.35 the error is dominated by the SA error so that, as b
increases further, the convergence becomes slower due to additional variance which augments
the SA error.

For Model 2, since the variance of the martingale increments goes to 0, the effect of
additional variance due to a larger dimension is not visible. We observe that larger values of
b lead to better convergence up to b = 0.70. However, as we may see, the gain in the speed
of convergence from taking larger b decreases as we approach the border of the admissible
interval. In addition, this analysis in terms of the number of iterations K does not take into
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account the higher computational cost due to a dimension growing faster and each iteration
becoming longer when b is larger. For example, for b = 0.70, we made only K = 2500
iterations, because the computational effort becomes too large beyond this. To conclude we
suggest that in this case optimal values of b (for given a) in terms of both convergence and
computational cost lie near the middle of the admissible interval.

Figure 5.5: [left] Empirical L2 convergence rate for b ∈ {0.2, 0.25, 0.3, 0.35, 0.4, 0.45}, Model
1. Total error E as a function of the number of iterations K, for different values of b; [middle]
Model 1, b ∈ {0.2, 0.25, 0.3, 0.35, 0.4, 0.45}; [right] Model 2, b ∈ {0.3, 0.4, 0.5, 0.6, 0.7}.

Role of a

In this paragraph, still for p = 0, taking as in Section 5.5.4 b = 0.3 for Model 1 and b = 0.45
for Model 2, we compare different values of a.

Figure 5.6 displays the total error E as a function of the number of iterations K for
different values of a for both models 1 and 2.

For Model 1, we see that the convergence rate is better for larger values of a. This is
in line with classical results for finite dimensional stochastic approximation, whereby the L2

error is of order γ1/2
k ∼ k−a/2 (see [Duf97, Chapter 2]).

For Model 2, varying a does not produce much effect (except for a slight decline as a
approaches 1), because the step-size controls the variance of the corresponding martingale
noise, but in the case of Model 2 the variance of the martingale increments goes to 0 anyway.

Role of p

In this section we consider the case p > 0, i.e. the number of Monte Carlo samples at
each iteration increases along the USA iterations. One may check that all the triples of the
parameters (a, b, p) used below lie in the admissible set (cf. (5.5.3)).

In the analysis that follows, we want to keep track of the dependence of the error with
respect to a computational cost proxied by the total number of Monte Carlo draws of the
pair (θ, v), i.e., after K iterations,

∑K−1
k=0 Mk ≈ O(Kp+1). As we want to have the same

dimension growth speed with respect to the computational cost for different tests, we take
b = b̄(p+ 1), with b̄ = 0.3 for Model 1 and b̄ = 0.45 for Model 2.
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Figure 5.6: The total error E as a function of the number of iterations, for different values
of a in {0.75, 0.80, 0.85, 0.9, 0.95, 1.0}: [left] Model 1 and [right] Model 2.

Figure 5.7: Model 1, total error E of the USA algorithm for different values of p ∈
{0, 0.1, 0.2, 0.3} as a function of the number of iterations [left] and of the total number
of Monte Carlo draws [right]. Here a = 0.875 and b = 0.3(p+ 1).

We first set a = 0.875 (as in Sections 5.5.4 and 5.5.5). Figures 5.7 and 5.8 display the
total error E as a function of the number of iterations (left) and as a function of the total
number of Monte Carlo draws (right) for triples of the form (a, b̄(p + 1), p) with various
p. The results show that, even though larger p yield a better convergence in terms of the
number of iterations K, there is no much difference when the computational cost is taken
into account (i.e. in terms of the number of Monte Carlo draws).

Taking a larger p allows taking a smaller a (see (5.5.3)), so that γk decreases at a lower
rate. To see if it is possible to take advantage of this balance in the case of Model 2 (since
typically with Model 1 the convergence is slower for smaller a, see Section 5.5.5), we test
triples of the form

(
ā/(p+ 1), b̄(p+ 1), p

)
, with (ā, b̄) = (0.875, 0.45) and different values

of p. Figure 5.9 displays the results. The conclusions are similar as for the previous test.
Hence, on our problem, it seems difficult to take advantage of the degree of freedom provided
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Figure 5.8: Model 2, total error E of the USA algorithm for different values of p ∈
{0, 0.1, 0.2, 0.3, 0.4, 0.5} as a function of the number of iterations [left] and of the total number
of Monte Carlo draws [right]. Here a = 0.875 and b = 0.45(p+ 1).

by Mk by going beyond the obvious choice Mk = M for any k. Such a degree of freedom
could still be useful to ensure the convergence of

∑
k≥0 γ

2
kQmkM

−1
k (as required by C2) in

situations where ∆ > 1 (i.e. Qm grows faster than in our example), and therefore ensure
the convergence of the algorithm in such cases, even if this comes at a higher computational
cost.

Figure 5.9: Model 2, total error E of the USA algorithm for different values of p ∈
{0, 0.1, 0.2, 0.3, 0.4} as a function of the number of iterations [left] and of the total num-
ber of Monte Carlo draws [right]. Here a = 0.875/(p+ 1) and b = 0.45(p+ 1).

To summarize, we observe from our experiments that the growing dimension feature of
the USA algorithm is essential for the asymptotic convergence, as well as the lower order
coefficients estimation, and also yields a milder burn-in phase. As expected, the convergence
is generally faster for Model 2 due to reduced variance effect. In the more general setting
(Model 1), the parameter b plays a crucial role in the performance of the algorithm, a good
rule of thumb (in the case p = 0) being to take b satisfying bδ = a−b. However, in the special
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case where the variance of the martingale increments goes to 0, this rule does not work and
one should take larger values of b. Empirical convergence rates are naturally bounded by
a/2 for Model 1 (which follows from corresponding results for finite dimensional SA), while
for Model 2 the convergence is much faster. Finally, taking p > 0 may potentially be useful
for verifying the assumptions of Theorem 5.3.5 in some cases, but it makes no real difference
in terms of convergence speed when the latter is assessed with respect to the total number
of simulations.

5.A Truncation error for trigonometric basis

Lemma 5.A.1. Let φ : R→ R be 2π-periodic and piecewise continuously differentiable. Let
{ui, i ≥ 0} be the coefficients of its decomposition with respect to the normalized trigonometric
basis (cf. Example 5.2.1(v)). Then for some C > 0

+∞∑
i=m+1

|ui|2 ≤ Cm−2.

Proof. Consider the Fourier decomposition of the function φ′ on [−π, π]:

φ′(x) = v0 +
∑
m≥1

(v2m−1 sin(mx) + v2m cos(mx)).

As φ is 2π-periodic (i.e. φ(−π) = φ(π)), integrating by parts yields, for any m ≥ 1,

u2m−1 := 1
2π

∫ π

−π
φ(x) sin(mx)dx = − 1

2πm

∫ π

−π
φ(x)d cos(mx)

= − 1
2πmφ(x) cos(mx)

∣∣∣π
−π

+ 1
2πm

∫ π

−π
φ′(x) cos(mx)dx = v2m

m
,

and

u2m := 1
2π

∫ π

−π
φ(x) cos(mx)dx = 1

2πm

∫ π

−π
φ(x)d sin(mx)

= 1
2πmφ(x) sin(mx)

∣∣∣π
−π
− 1

2πm

∫ π

−π
φ′(x) sin(mx)dx = −v2m−1

m
.

Hence,
+∞∑

i=2m−1
|ui|2 ≤

1
m2

+∞∑
i=2m−1

|vi|2 ≤
‖φ′‖2π
m2 ,

which implies the result.

5.B Compact sets in l2

Lemma 5.B.1. For a positive sequence {an, n ≥ 0} such that
∑
i≥0 a

2
i <∞ and an increas-

ing sequence of non-negative integers {dn, n ≥ 0} such that d0 = 0, the closed convex set A:
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A :=

u ∈ l2 :
∑

dn≤i<dn+1

|ui|2 ≤ a2
n ∀n ≥ 0

 (5.B.1)

is compact.

Proof. By [KB09, Theorem 3] a subset A of l2 is relatively compact if and only if

sup
u∈A

∑
i≥n
|ui|2 is finite for every n and converges to 0 as n→ +∞.

For A given by (5.B.1) it is clear that for l such that dl ≤ n we have

sup
u∈A

∑
i≥n
|ui|2 ≤ sup

u∈A

∑
i≥dl

|ui|2 ≤
∑
j≥l

a2
j → 0

as n, l→ +∞. Since A is also closed we deduce that it is compact.

Corollary 5.B.2. Let A be defined by (5.B.1) (with d0 not necessarily 0). For any constant
B > 0 the set {u ∈ A : ‖u‖l2 < B} is convex compact.

Proof. The result follows directly from Lemma 5.B.1 using that
∑
i<d0 |ui|

2 ≤ B2 for any
u ∈ A.
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6.1 Introduction

In this chapter we continue the study of the Uncertainty Quantification (UQ) problem for
Stochastic Approximation (SA) limits. In Chapter 5 we designed a new method, called the
USA (Uncertainty for SA) algorithm, to compute the chaos expansion coefficients of the SA
limit as a function of the uncertain parameter and proved its a.s. and Lp convergence. Our
goal is to analyze the L2-convergence rate of this algorithm.

Let us briefly recall the setting of Chapter 5. We consider SA that is typically used to
find zeros of an intractable function h : Rq → Rq that is only available in the form of an
expectation as h(z) := E[H(z, V )], i.e. for solving equations of the form

E[H(z, V )] = 0, (6.1.1)

where V is some random variable. In Chapter 5 the problem (6.1.1) is considered under
the presence of uncertainty. Assume for simplicity that (6.1.1) has a unique solution z?.

218
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Uncertainty in the solution z? appears in the situations where the distribution of the random
noise V or the function H is not known exactly. This is studied in the form of: (i) a
parametric dependence V ∼ µ(θ,dv) where the distribution of V depends on an unknown
parameter θ for which only some probability distribution π(dθ) is available; (ii) through a
dependency of H in the uncertain parameter θ. This leads to the equation of the form

h(z, θ) :=
∫
V
H(z, v, θ)µ(θ,dv) = 0, π-a.s. (6.1.2)

Denote z? := φ?(θ) the solution of (6.1.2) for fixed θ ∈ Θ. The USA algorithm developed
in Chapter 5 aims at calculating the coefficients of the function θ 7→ φ?(θ) on an orthogonal
basis {Bi, i ≥ 0} of the Hilbert space of square integrable functions with respect to the
distribution π(dθ). It provides recursively a sequence of vectors (uk)k≥0 so that each vector
uk is of dimension mk + 1 (for some increasing integer sequence mk →∞) and constitutes a
current approximation of the firstmk+1 coefficients of the decomposition of φ? on {Bi, i ≥ 0}.
An iteration of the USA algorithm (up to some technical formalities) is given as follows: for
i = 0, . . . ,mk+1

uk+1
i = uki − γk+1M

−1
k+1

Mk+1∑
s=1

H

mk∑
j=0

ukjBj(θsk+1), V s
k+1, θ

s
k+1

 Bi(θsk+1), (6.1.3)

while for i > mk+1 we set uk+1
i = 0. Here {γk, k ≥ 1} is a positive step-size sequence

converging to 0, {Mk, k ≥ 1} is some (possibly constant) sequence and {(θsk, V s
k ), k ≥ 1, s =

1, . . . ,Mk} are i.i.d. simulations from the distribution π(dθ)µ(θ,dv). Each iteration of the
USA algorithm provides an approximation of the function φ? given by φk :=

∑mk
i=0 u

k
iBi. Fur-

ther we may use φk to approximate the distribution of the uncertain SA limit by {φk(θ), θ ∼
π} using the i.i.d. simulations of θ ∼ π.

We refer to Chapter 5 for the motivation of the UQ problem for SA limits and the
construction of the iterative procedure (6.1.3) and its comparison with other techniques to
tackle the UQ problem for SA limits.

In Chapter 5 we prove the a.s. and Lp (p < 2) convergence of the error
∥∥∥φk − φ?∥∥∥

π
to 0 as

k →∞ (where ‖·‖π is the Hilbert space norm). Remark that, though the USA approximates
an infinite-dimensional object, it is fully constructive since the iterates are finite-dimensional.
Chapter 5 contains various numerical investigations and, in particular, uses an empirical L2-
error (i.e. an empirical version of E

[∥∥∥φk − φ?∥∥∥2

π

]
) as a performance criteria. Most of the

numerical examples in Chapter 5 confirm the L2-convergence of the USA algorithm with
some positive polynomial rate. More importantly, the performance of the USA depends on
a careful tuning of the dimension growth speed (i.e. parameters determining the sequence
mk →∞). Though some heuristics for its choice are given in Section 5.5.4, a full theoretical
study is needed to provide further insights on this issue.

Our contribution. In this chapter we analyze the L2-convergence rate of the sequence
{φk, k ≥ 0} provided by the USA algorithm. Our main result explicitly provides α > 0 such
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that for some constant Cα > 0 we have for all k ≥ 0

E
[∥∥∥φk − φ?∥∥∥2

π

]
≤ Cαγαk . (6.1.4)

Control of the form γαk is motivated by similar results in the finite dimensional case, where
typically the SA squared error is proved to be of order O(γk), i.e. α = 1 (see e.g. [Duf97,
Chapter 2]).

We consider the contribution of this work valuable for the following reasons.

Firstly, while in the finite-dimensional results on the SA convergence rate, the convergence
speed typically depends only on the step-size sequence γk, in our setting, the exponent α
in (6.1.4) will depend non-trivially on the model, the regularity of φ?, the choice of the
basis functions and the design parameters of the USA algorithm. The knowledge of this
dependence plays an important role in the correct tuning of the algorithm to guarantee the
L2-convergence with the best possible rate, given the model specification. We illustrate how
the obtained results justify the optimality of the heuristic choice of the dimension growth
speed used in Chapter 5 (see Section 6.3.2).

Secondly, the iterative procedure (6.1.3) belongs to the class of infinite dimensional SA
algorithms. A number of works has been devoted to such SA procedures, see e. g. [Wal77,
BS89, YZ90, Nix84, Gol88, Yin92] (we will not give details about all of them here, an
extensive discussion can be found in Chapter 5). A particular family of algorithms, which
iteratively increase the dimension up to∞ at the limit while remaining finite at each iteration,
is usually referred to as the sieve approach. Such algorithms are fully constructive, in
particular, the USA algorithm belongs to this class. There were a few papers studying
the convergence rate results for sieve-type SA: [Nix84] shows asymptotic normality for a
modified sieve-type Robbins-Monro procedure in the case of independent noise H(z, V ) =
H̃(z)+V , [CW02] generalizes the previous works on SA in Hilbert spaces and derives results
on the convergence, the asymptotic normality and the mean convergence rate for sieve-type
SA in a quite general setting. However, none of these works is adapted for dealing with
the analysis of the USA algorithm convergence rate. In addition to the arguments in the
introduction of Chapter 5, we note that the asymptotic normality result for sieve-type SA in
[CW02, Theorem 3.1] (see also [Nix84] for a similar result in a less general setting) assumes a
hypothesis (see [CW02, Assumption B3(1)] and [Nix84, eq. (3.3)]) that in our setting would
take the form

(Id−Πn)GΠn → 0 as n→ +∞, (6.1.5)

where G is an operator on the Hilbert space defined by G(f)(·) = ∇zh(φ?(·), ·)f(·), and Πn

is the projection on the subspace spanned by the first n + 1 elements of the basis. Note
that in our setting (6.1.5) does not hold even in the most standard cases. For example, an
orthogonal polynomial basis {Bi, i ≥ 0} should satisfy a recurrent relation of the form

Bn+1(θ) = (anθ + bn)Bn(θ) + cnBn−1(θ),
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so that, taking for example h such that ∇zh(φ?(θ), θ) = θ, we get

(Id−Πn)GΠn(Bn) = a−1
n Bn+1,

with a−1
n typically not converging to 0 (e.g. an = 2 for all n for Chebyshev polynomials of

the first kind, see [CHQZ06, Chapter 2]). The results on the mean rate convergence (e.g.
[CW02, Section V]) also require certain properties on the truncations of ∇zh(φ?(·), ·) that
are generally not verified in our case. See, for example, [CW02, Assumptions A.3P, D.1P]:
the counter-example in Remark 5.3.3 is valid for both of them.

Outline of the chapter. In Section 6.2 we present the model under study with various
comments and examples. Section 6.3 is devoted to the statement of the main result. In
Section 6.3.2 we interpret the assumptions and the main result in the case of polynomial
sequences and apply it to optimize the dimension growth speed in the USA algorithm. In
Section 6.4 we proceed with the proof of the main theorem. Some technical details are given
in Appendix 6.A.

6.2 Model and assumptions

Let V be a metric space endowed with its Borel σ-field and Θ ⊂ Rd. Consider a function
H : Rq × V × Θ → Rq. Let π be a probability distribution on Θ and µ be a transition
kernel from Θ to V. For any measurable functions f, g : Θ→ R we define the scalar product
induced by π as

〈f ; g〉π :=
∫

Θ
f(θ)g(θ)π(dθ). (6.2.1)

By extension, for any measurable functions f = (f1, · · · , fq) : Θ → Rq and g : Θ → R, we
write in the vector form

〈f ; g〉π :=

〈f1; g〉π
· · ·
〈fq; g〉π

 . (6.2.2)

We denote by Lπ2 the Hilbert space of functions f : Θ → Rq such that the norm ‖f‖π :=√∑q
i=1 〈fi; fi〉π is finite. Let us fix an orthonormal basis {Bi, i ≥ 0} of Lπ2 . Assume that we

work on a probability space with expectation denoted by E.
The USA algorithm was proposed in Chapter 5 to solve the following problem:

Find φ? in Lπ2 such that
∫
V
H(φ?(θ), v, θ)µ(θ,dv) = 0, π-a.s. (6.2.3)

Consider the decomposition of the solution φ? :=
∑
i≥0 u

?
iBi. The USA algorithm aims at

calculating the coefficients {u?i , i ≥ 0}. It is given through the update of an approximating
sequence {uki , i ≥ 0} (having only a finite number mk + 1 of non-zero elements for all k) by
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the SA scheme presented in Algorithm 4 below.

1 Input: Sequences {γk, k ≥ 1}, {mk, k ≥ 0}, {Mk, k ≥ 1}, K ∈ N, {u0
i , i = 0, . . . ,m0}

2 for k = 0 to K − 1, do
3 sample (θsk+1, V

s
k+1), s = 1 . . . ,Mk+1, under the distribution π(dθ)µ(θ,dv);

4 for i > mk+1 define uk+1
i = 0

5 for i = 0 to mk+1, do
6

7 uk+1
i = uki − γk+1M

−1
k+1

∑Mk+1
s=1 H

(∑mk
j=0 u

k
jBj(θsk+1), V s

k+1, θ
s
k+1

)
Bi(θsk+1)

8 Output: The vector {uKi , i = 0, . . . ,mK}.

Algorithm 4: The USA algorithm for the coefficients of the basis decomposition of
φ?.
See Section 5.2.3 for the details on the derivation of the USA algorithm. At iteration k

the sequence {uki , 0 ≤ i ≤ mk} approximates the chaos expansion coefficients of a solution
φ? to the problem (6.2.3). The corresponding approximation φk of φ? is then given by

φk :=
mk∑
i=0

ukiBi. (6.2.4)

The most general version of the algorithm also allows to project each newly updated ap-
proximation on some known convex subset A of Lπ2 and converges under slightly weaker
assumptions (see Section 5.3.2). However in this work, the assumptions will be sufficient for
the version of the USA algorithm without projection, thus we do not consider such a set A
here.

The USA algorithm approximates the whole function φ? within a single iterative proce-
dure and avoids nested calculations. Theorem 5.3.5 states the a.s. and Lp, p < 2, convergence
of φk to φ? with respect to ‖·‖π. The full discussion about the advantages of this approach,
compared to more naive methods, can be found in Section 5.2.

The goal of this work is to derive the L2-convergence rate for the sequence {φk, k ≥ 0}
produced by Algorithm 4 (possibly under slightly stronger assumptions than those in Chapter
5). Namely, we aim at finding such α > 0, that for some constant Cα > 0 and for all k ≥ 0
we would have E

[∥∥∥φk − φ?∥∥∥2

π

]
≤ Cαγ

α
k . Such a rate α is supposed to be defined in terms

of the regularity of the solution φ?, the chaos expansion basis {Bi, i ≥ 0} and the input
sequences γk,mk and Mk of the USA algorithm.

In Section 6.2.1 we continue with the assumptions on the model (namely on the functions
H and h). Various comments on these assumptions are given in Section 6.2.2.

6.2.1 Assumptions

In what follows we denote |x| and x · y the Euclidean norm and scalar product in Rq.
The first assumption states properties that are quite standard for SA setting. We also

suppose the uniqueness of the solution to (6.2.3)
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H1. The following conditions hold:

1. For any z ∈ Rq and θ ∈ Θ the integral h(z, θ) :=
∫
V H(z, v, θ)µ(θ,dv) exists and∫

Θ×V
|H(z, v, θ)|µ(θ,dv)π(dθ) < +∞.

2. For any φ ∈ Lπ2 , the function h(φ(·), ·) belongs to Lπ2 . The mapping φ 7→ h(φ(·), ·) from
Lπ2 into itself is continuous.

3. There exists a unique solution φ? ∈ Lπ2 to the problem (6.2.3).

4. For π-a.a. θ ∈ Θ and any z ∈ Rq such that h(z, θ) 6= 0 we have (z − φ?(θ))·h(z, θ) > 0.

Denote Matq the space of q × q matrices, and ‖·‖op.Rq the induced operator norm on Matq
(i.e. ‖M‖op.Rq = sup|x|=1 |Mx|). Note that h takes values in Rq and thus ∇zh(z, θ) is a q × q
matrix.

H2. The derivative ∇zh(z, θ) exists for any z ∈ Rq and π-a.a. θ ∈ Θ, in addition:

1. For some constant L0 > 0

sup
z∈Rq

sup
θ∈Θ
‖∇zh(z, θ)‖op.Rq ≤ L0.

2. There exists a constant CH > 0 such that for any z ∈ Rq

sup
θ∈Θ

∫
V
|H(z, v, θ)|2µ(θ,dv) ≤ CH(1 + |z|2).

H3. For some constant A0 > 0 one of the following holds:

(a) for all z ∈ Rq and π-a.a. θ ∈ Θ the matrix ∇zh(z, θ) is symmetric positive definite with
all eigenvalues greater or equal to A0,

(b) for all z ∈ Rq and π-a.a. θ ∈ Θ the matrix ∇zh(z, θ) is upper triangular and such
that for all x ∈ Rq we have xT∇zh(z, θ)x ≥ A0|x|2 (in particular, diagonal elements of
∇zh(z, θ) are positive and greater or equal to A0).

Let {u?i , i ≥ 0} be the coefficients of φ? ∈ Lπ2 in the base {Bi, i ≥ 0}. For the sequence
{mk, k ≥ 1} controlling the dimension growth of the procedure define ψ(m) := inf{k ≥ 0 :
mk ≥ m}. Also define

qm :=
∑
i>m

|u?i |2, Qm := sup
θ∈Θ

∑
i≤m
|Bi(θ)|2. (6.2.5)

We note that a bound of the type qm = O(m−δ) for some δ > 0 may be deduced for various
bases depending on the regularity of the solution φ?(·) (see [CHQZ06, Chapter 2] and Section
5.2.2 for examples and discussion).
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Define the set E ⊂ R by

E :=

α > 0 : sup
n≥0

γ−αn qmn + γ1−α
n

Qmn
Mn

+
γ
−(1+α/2)
ψ(n) |u?n|

(ψ(n+ 1)− ψ(n))

 < +∞

 . (6.2.6)

The next assumption specifies certain conditions on the input parameter sequences γk,mk

and Mk of the USA algorithm.

H 4. Suppose that {Mk, k ≥ 1} and {mk, k ≥ 1} are deterministic sequences of positive
integers; {γk, k ≥ 1} is a deterministic decreasing sequence of positive real numbers such
that:

1. The set E defined in (6.2.6) is non-empty.

2. For some κ > 0,∑
k≥1

γk = +∞,
∑
k≥1

γ1+κ
k < +∞, lim

k→∞
γ−1
k log(γk−1/γk) = 0,

∑
k≥1

γ2
k

Qmk
Mk

< +∞,
∑
k≥1

γ1−κ
k qmk < +∞, sup

m≥0

γψ(m)
γψ(m+1)

<∞.
(6.2.7)

where {qm,m ≥ 0} and {Qm,m ≥ 0} are defined in (6.2.5).

3. The sequence {ψ(m),m ≥ 0} is strictly increasing (i.e. mk grows only by 1).

Assumption H4 is fairly technical and may be not easy to understand in the current
form. To make it clearer, we later interpret it in the case where the sequences involved have
polynomial growth, see Section 6.3.2. We remark that E will appear to be a set of α for
which (6.1.4) holds.

6.2.2 Comments on the assumptions

Here we discuss the assumptions H1, H2 and H3. In particular, it will be useful to interpret
them on the following example of SA applied to the minimization of a function given in the
form of an expectation:

Example 6.2.1. Consider a function of the form u(z, θ) := E[U(z, V, θ)] that is convex
in z for fixed θ. Let h(z, θ) := ∇zu(z, θ), so that (under certain assumptions) h(z, θ) =
E[∇zU(z, V, θ)]. In this case, the problem (6.2.3) translates as the minimization of u(·, θ)
for an uncertain parameter θ ∈ Θ. The SA procedure in this case is known as Stochastic
Gradient Descent.

AssumptionH1 is mostly needed to verify the conditions of Theorem 5.3.5 that states the
a.s. convergence. Properties H1-1,2 guarantee that the problem is well defined and satisfies
basic requirements. H1-4 is also quite standard (see [BMP90, KY97b]). In the setting of
Example 6.2.1 it follows from the convexity of the function u(·, θ) for fixed values of θ.

Let us now discuss H2 and H3. Their main purpose is to guarantee a uniform upper
bound on ∇zh (in H2-1) and a uniform positive lower bound on the eigenvalues of ∇zh,
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i.e. the uniform repulsivity (in H3). In the case of Example 6.2.1 such global bounds are
available (in the case u(·, θ) ∈ C2) if for all z ∈ Rq, θ ∈ Θ

λmin ≤ Eigenvalues of ∇2
zu(z, θ) ≤ λmax (6.2.8)

for some constants λmin, λmax > 0.
Note that the uniform repulsivity of ∇zu(·, θ) in a neighborhood of the solution φ?(θ) is

a quite standard assumption in classical results (see [BMP90, KY97b]) on the convergence
rate and asymptotic normality of SA without uncertainty (i.e. for fixed θ).

Assumption H3 imposes certain qualitative restrictions on ∇zh(z, θ) but nevertheless it
covers the following important situations:

• general case in dimension q = 1;

• the case of convex function minimization (Example 6.2.1) since here ∇zh(z, θ) equals
∇2
zu(z, θ), which is symmetric provided u(·, θ) ∈ C2;

• multi-component function h with triangular dependence, i.e. h = (h1, . . . , hq) with hi
depending only on z1, . . . , zi, θ (this example was originally motivated by the simul-
taneous calculation of a quantile and the average above the quantile, which are also
known as VaR and CVaR in financial applications, see [BFP09]);

• the same results will also hold for ∇zh(z, θ) that is lower triangular or that is built
from symmetric and triangular blocks satisfying H3.

6.3 L2-convergence rate of the USA algorithm

6.3.1 The main result

Theorem 6.3.1 below shows that E defined in (6.2.6) appears to be a set of the exponents
α for which an L2-error control with the speed γαn may be provided. The motivation for
such definition of E will be clear from the proof of Theorem 6.3.1. An explanation of the
meaning of the three terms in the definition of E is also given in Section 6.3.2 for polynomial
sequences γk,mk and Mk.

Let {φk, k ≥ 0} be given by (6.2.4). The following result provides the a.s. convergence
φk → φ? and the non-asymptotic control of the squared L2-error E

[∥∥∥φk − φ?∥∥∥2

π

]
.

Theorem 6.3.1. Assume H1, H2, H3, H4. Assume that the set E defined in (6.2.6) is
non-empty. Then for {φk, k ≥ 0} given by (6.2.4) we have∥∥∥φk − φ?∥∥∥

π

a.s.→
k→+∞

0,

and for any α ∈ E we have for some constant Cα > 0 and all n ≥ 0 that

E
[
‖φn − φ?‖2π

]
≤ Cαγαn .
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Note that if the set E has a maximum value then α = max E is the best bound on the
convergence speed available from Theorem 6.3.1. This, for example, holds for the sequences
qm, Qm, mk, Mk and γk with polynomial growth, see Section 6.3.2.

6.3.2 Example: case of polynomial sequences

In this section we interpret the assumptions and the result of Theorem 6.3.1 in the case where
the sequences involved have polynomial growth. Further we apply this result to optimally
choose the speed of the dimension growth in the USA algorithm for the model studied in
Section 5.5.

For sequences of the form

γk = k−a, Mk = bkpc+ 1, k ≥ 1, and mk = bkbc+ 1, k ≥ 0, (6.3.1)

with a, b > 0 and p ≥ 0, we discuss how to choose these parameters to satisfy H4 assuming
that

qm = O
(
m−δ

)
, Qm = O

(
m∆

)
, (6.3.2)

for some δ > 0 and ∆ ≥ 0. Recall that ψ(m) := inf{k ≥ 0 : mk ≥ m}.
Let us interpret the condition H4: γ−1

k log(γk−1/γk) means simply that a < 1. Condition
supm≥0

γψ(m)
γψ(m+1)

< ∞ is straightforward for any a, b > 0. Thus using in addition C2 and

(5.5.3) (where the other conditions of H4 are expressed), H4 writes as

0 < a < 1, 2− δb < 2a, bR+ 1 < 2a+ p. (6.3.3)

Now we analyze the definition (6.2.6) of the set E . Let α ∈ E . The condition supn γ−αn qmn <

∞ writes as α ≤ bδ/a. Further supn γ1−α
n

Qmn
Mn

< ∞ is equivalent to α ≤ 1 + p−b∆
a . Finally

consider the condition (to simplify we use exact equalities instead of asymptotics)

sup
n≥0

γ
−(1+α/2)
ψ(n) |u?n|

(ψ(n+ 1)− ψ(n)) <∞. (6.3.4)

Denote Yn := γ
−(2+α)
ψ(n) /(ψ(n+ 1)−ψ(n))2. It is not difficult to check that Yn has polynomial

growth of order (2 + α)ab −
(

2
b − 2

)
. Assume that for some δ̄ > 0 we have |u?n|2 = O(n−δ̄).

From (6.3.4) we deduce that

2a+ aα− 2
b

≤ δ̄ − 2⇐⇒ α ≤ b(δ̄ − 2)
a

− 2 + 2
a
.

Hence, the analysis above implies

max E ≥ α? := min
(
bδ

a
, 1 + p− b∆

a
,
b(δ̄ − 2)

a
− 2 + 2

a

)
. (6.3.5)
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The non-emptiness of E reads as α? > 0. In this case we get E[‖φn − φ?‖2π] ≤ Cαn
−r where

r is given by
r := aα = min

(
bδ, a+ p− b∆, b(δ̄ − 2) + 2(1− a)

)
. (6.3.6)

In (6.3.6) the rate r writes as a minimum of 3 terms each of which has a natural in-
terpretations. The term bδ is related to the speed of the truncation error decrease for φ?.
The term a + p − b∆ corresponds to the variance coming from the simulations of (θks , V k

s ).
A typical rate in finite dimensional case is r = a (see [Duf97]) while here an additional
term bR corresponds to the increase of variance with dimension, and p reduces the variance
since larger p means more simulations made at each iteration. The role of the last term
b(δ̄ − 2) + 2(1 − a) is more subtle and related to the deviation of the sieve-type iterative
procedure in Algorithm 4 from the "genuine" infinite-dimensional dynamics. It compensates
the absence of the property (Id−Πn)GΠn → 0 discussed in the introduction. Details will be
given in the proof on Theorem 6.3.1.

6.3.3 Application: parameter tuning in Algorithm 4.

We remark that in this work we do not carry out numerical tests, since an extensive numerical
study has been already done in Chapter 5. Below we apply our result to optimize the choice
of the dimension growth speed in the USA algorithm, which is determined by the parameter
b.

The formula (6.3.6) for the convergence rate suggests how to optimally choose the speed
of the dimension growth, determined by the parameter b. The strategy consists in choosing
b that maximizes the convergence rate for given values of the other parameters.

Let us consider the example discussed in Chapter 5 (see Model 1 in Section 5.5.2). In the
numerical test presented in Section 5.5.5 we have a = 0.875, p = 0, δ = 2,∆ = 1. Further,
though the value of δ̄ cannot, in general, be improved theoretically beyond the trivial bound
δ̄ ≥ δ, a good heuristic guess when dealing with polynomial sequences is δ̄ = δ + 1. By
(6.3.6) this gives the rate r = min(b + 0.25, 2b, 0.875 − b), so that we get the optimal value
0.3125. This is in line with the value of b giving optimal performance in Chapter 5. Note
however that the values of the rate itself provided by (6.3.6) tend to be rather conservative
and underestimate the actual empirically obtained rate (which is not a contradiction to
Theorem 6.3.1). This has a natural explanation: first, the actual truncation error decrease
may be faster than the theoretical bound; second the analysis of the convergence rate involve
certain estimations that are by their nature non-optimal (e.g. control by the maximum of
the basis functions, see Step 1 of Section 6.4.2). We expect that the rate may be improved
in certain specific cases. However, Theorem 6.3.1 is a valuable contribution since it provides
a bound on the convergence rate in the general case, that seems hard to improve. Moreover,
it provides important information for the optimization of the design parameters, especially
the dimension growth rate b, which allows to enhance the numerical performance of the USA
algorithm.
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6.4 Proof of Theorem 6.3.1

This section is devoted to the proof of Theorem 6.3.1, we suppose that all of its assumptions
are verified.

6.4.1 Proof of the a.s. convergence

Let us check the assumptions of Theorem 5.3.5 for the USA Algorithm 4. Conditions C1,
C3, C4 follow from H1, condition C2 follows from H4. Condition C5-(a) follows from
H2-2. To show C6 (in the case of a unique solution φ?) we use H3 and that for any φ ∈ Lπ2

h(φ(θ), θ) =
(∫ 1

0
∇zh(φ?(θ) + t(φ(θ)− φ?(θ)), θ)dt

)
(φ(θ)− φ?(θ)).

So, finally by Theorem 5.3.5 for Case 1 (without projections) we obtain∥∥∥φk − φ?∥∥∥
π

a.s.→
k→+∞

0 and sup
k≥0

E
[∥∥∥φk − φ?∥∥∥2

π

]
< +∞. (6.4.1)

6.4.2 Proof of the L2-convergence rate

Recall that we denote by {φk, k ≥ 0} the sequence given by φk :=
∑
i≥0 u

k
iBi =

∑mk
i=0 u

k
iBi

where {uki , i ≥ 0} is updated via Algorithm 4, so that uki = 0 for all i > mk.
Define the filtration

Fk := σ (θs` , V s
` , 1 ≤ s ≤M`, 1 ≤ ` ≤ k) , k ≥ 1.

For k ≥ 0 and i = 0, . . . ,mk+1 let us denote

Hki :=
∫

Θ
h(φk(θ), θ)Bi(θ) π(dθ),

ηk+1
i := 1

Mk+1

Mk+1∑
s=1

H
(
φk(θsk+1), V s

k+1, θ
s
k+1

)
Bi(θsk+1)−Hki ,

and let ηk+1 :=
∑mk+1
i=0 ηk+1

i Bi. Recall the definition of qm and Qm in (6.2.5). The next
lemma provides an estimation of E

[∥∥∥ηk∥∥∥2

π

]
.

Lemma 6.4.1. Under the assumptions of Theorem 6.3.1, for some deterministic C > 0 we
have that for all k ≥ 1

E
[∥∥∥ηk∥∥∥2

π

]
≤ CQmk

Mk
.

Proof. For k ≥ 1 and i = 0, . . . ,mk we decompose ηki = Ak,i +Bk,i where

Ak,i := 1
Mk

Mk∑
s=1

(
H
(
φk−1(θsk), V s

k , θ
s
k

)
− h

(
φk−1(θsk), θsk

))
Bi(θsk),
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Bk,i := 1
Mk

Mk∑
s=1

h
(
φk−1(θsk), θsk

)
Bi(θsk)−Hk−1

i .

We write for i = 0, . . . ,mk

E
[
|ηki |2|Fk−1

]
= E

[
E
[
|Ak,i|2 + 2Ak,i ·Bk,i + |Bk,i|2

∣∣∣θ1
k, . . . , θ

Mk
k ,Fk−1

] ∣∣∣Fk−1
]

= E[E[|Ak,i|2 | θ1
k, . . . , θ

Mk
k ,Fk−1]|Fk−1] + E[|Bk,i|2|Fk−1]

= E[|Ak,i|2 | Fk−1] + E[|Bk,i|2|Fk−1],

(6.4.2)

using that

E
[
Ak,i ·Bk,i

∣∣∣θ1
k, . . . , θ

Mk
k ,Fk−1

]
= E

[
Ak,i

∣∣∣θ1
k, . . . , θ

Mk
k ,Fk−1

]
·Bk,i = 0.

Define Γ : Rq ×Θ→ R by

Γ(z, θ) :=
∫
V
|H(z, v, θ)− h(z, θ)|2µ(θ,dv) (6.4.3)

(well-defined due to H2-2). First

E[|Ak,i|2 | θ1
k, . . . , θ

Mk
k ,Fk−1] = 1

M2
k

Mk∑
s=1

Γ
(
φk−1(θsk), θsk

)
Bi(θsk)2,

and hence
E[|Ak,i|2|Fk−1] = 1

Mk

∫
Θ

Γ(φk−1(θ), θ)Bi(θ)2π(dθ). (6.4.4)

Second
E[|Bk,i|2|Fk−1] ≤ 1

Mk

∫
Θ

∣∣∣h(φk−1(θ), θ)
∣∣∣2Bi(θ)2π(dθ). (6.4.5)

From (6.4.2), using (6.4.4), (6.4.5) and taking the sum over i = 0, . . . ,mk, we obtain (since
ηk(·) =

∑mk
i=0 η

k
i Bi(·)) that

E
[∥∥∥ηk∥∥∥2

π
|Fk−1

]
≤ Qmk

Mk

∫
Θ

(∣∣∣h(φk−1(θ), θ)
∣∣∣2 + Γ(φk−1(θ), θ)

)
π(dθ). (6.4.6)

Note that H2-2 implies that for any z ∈ Rq, for π-a.a. θ ∈ Θ and some deterministic C > 0

|h(z, θ)|2 + Γ(z, θ) ≤ C(1 + |z|2).

Thus taking expectation in (6.4.6) implies

E
[∥∥∥ηk∥∥∥2

π

]
≤ CQmk

Mk

(
1 + E

[∥∥∥φk−1
∥∥∥2

π

])
≤ C sup

j≥0

(
1 + E

[∥∥∥φj∥∥∥2

π

])
Qmk
Mk

, (6.4.7)

where supj≥0 E
[∥∥φj∥∥2

π

]
is finite by (6.4.1).
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Since the gradient ∇zh(·, ·) exists on Θ× Rq by H2, for π-a.a. θ ∈ Θ we have that

h(φk(θ), θ) =
(∫ 1

0
∇zh(φ?(θ) + t(φk(θ)− φ?(θ)), θ)dt

)
(φk(θ)− φ?(θ)). (6.4.8)

For any f : Θ → R we denote EssSupθ∈Θ f(θ) the essential supremum of f with respect to
the measure π on Θ. DefineMk : Θ→ Matq by

Mk(·) :=
∫ 1

0
∇zh(φ?(·) + t(φk(·)− φ?(·)), ·)dt. (6.4.9)

From H2-1 we deduce that

sup
k≥0

EssSup
θ∈Θ

∥∥∥Mk(θ)
∥∥∥op.
Rq
≤ L0. (6.4.10)

We proceed with the following lemma, which provides a uniform contraction property of the
operators (Id−γk+1Mk(θ)), θ ∈ Θ.

Lemma 6.4.2. For any A1 ∈ (0, A0) (A0 given by H3) there exists t ∈ (0, 1] (t = 1 in the
case H3-a) and k0 ∈ N both depending only on L0, q, A0, A1 and the sequence (γn)n≥0, such
that for all k ≥ k0 and the matrix Dt := Diag(t, t2, . . . , tq) we have

EssSup
θ∈Θ

∥∥∥D−1
t

(
Id−γk+1Mk(θ)

)
Dt

∥∥∥op.
Rq
≤ (1− γk+1A1).

The proof of Lemma 6.4.2 is given in Section 6.A.1 and essentially follows from H3.
Let Πm : Lπ2 → Lπ2 be the projection on the subspace of Lπ2 spanned by {Bi, i = 0, . . . ,m}.

From Algorithm 4, (6.4.8), (6.4.9) and the definition of ηk we obtain the following recurrent
equation for {φk − φ?, k ≥ 0}

φk+1 − φ? = φk − φ? − γk+1Πmk+1(Mk(φk − φ?))− γk+1η
k+1. (6.4.11)

First let us pass from (6.4.11) to a procedure with iterates having only a finite number of
non-zero coefficients in the basis decomposition. Denote Rm := (Id−Πm)φ? so that qm
defined in (6.2.5) equals ‖Rm‖2π. We have

φk − φ? = Πmk(φk − φ?)−Rmk . (6.4.12)

Since the term Rmk is deterministic, it remains to analyze Πmk(φk − φ?). Denote

tk := (Πmk −Πmk−1)φ?. (6.4.13)

Applying Πmk+1 to (6.4.11) we get the following recurrence equation for the sequence Πmk(φk−
φ?)

Πmk+1(φk+1− φ?) = Πmk(φk − φ?)− γk+1Πmk+1(Mk(φk − φ?))− γk+1η
k+1− tk+1. (6.4.14)

Our strategy is to decompose Πmk(φk − φ?) into two sequences, so that one of them has the
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same recurrence equation as (6.4.14) but without the term tk+1 and to put all the rest in
the second one. Following this idea, define the sequences {µk, k ≥ 0} and {ρk, k ≥ 0} in Lπ2
by µ0 = 0, ρ0 = Πm0(φ0 − φ?) and for all k ≥ 1

µk+1 = µk − γk+1Πmk+1M
kµk − γk+1η

k+1, (6.4.15)

ρk+1 = ρk − γk+1Πmk+1M
kρk + γk+1

(
Πmk+1M

kRmk − γ
−1
k+1t

k+1
)
. (6.4.16)

Taking the sum of (6.4.15) and (6.4.16), and using (6.4.14), (6.4.12), it is easy to show by
induction that Πmk(φk − φ?) = µk + ρk.

Now we analyze the sequences {µk, k ≥ 0} and {ρk, k ≥ 0} separately. We estimate
first E

[∥∥∥µk∥∥∥2

π

]
using the uniform contraction property of the operators (Id−γk+1Mk(θ))

given by Lemma 6.4.2. Further we provide a deterministic control on
∥∥∥ρk∥∥∥2

π
. In particular,

we obtain, using H4, the speed of convergence of these errors to 0. The definition of the
convergence rate set E will be clear from various stages of the proof.

In what follows, C denotes a deterministic constant that may change from line to line.

Step 1. Estimation of E
[∥∥∥µk∥∥∥2

π

]
. From the equation (6.4.15) we have

µk+1 = Πmk+1

(
Id−γk+1Mk

)
µk − γk+1η

k+1, (6.4.17)

Fix A1 ∈ (0, A0). Consider Dt with t given by Lemma 6.4.2. Multiplying (6.4.17) by D−1
t

and using that D−1
t and Πm commute for any m (since linear operations commute with the

truncation Πm) we get

D−1
t µk+1 = Πmk+1(D−1

t

(
Id−γk+1Mk

)
Dt)D−1

t µk − γk+1D
−1
t ηk+1.

This implies

E
[∥∥∥D−1

t µk+1
∥∥∥2

π

]
= E

[∥∥∥Πmk+1(D−1
t

(
Id−γk+1Mk

)
Dt)D−1

t µk
∥∥∥2

π

]
+ γ2

k+1E
[∥∥∥ηk+1

∥∥∥2

π

]
,

since µk andMk are Fk-measurable, E[ηk+1|Fk] = 0 which yields

E
[〈

Πmk+1(D−1
t

(
Id−γk+1Mk

)
Dt)D−1

t µk;D−1
t ηk+1

〉
π

]
= 0.

Applying Lemma 6.4.2, we have for some deterministic k0 ∈ N for any k ≥ k0

E
[∥∥∥D−1

t µk+1
∥∥∥2

π

]
≤ (1− γk+1A1)2E

[∥∥∥D−1
t µk

∥∥∥2

π

]
+ γ2

k+1E
[∥∥∥D−1

t ηk+1
∥∥∥2

π

]
.



6.4. Proof of Theorem 6.3.1 232

We deduce by induction that for some constant C > 0 coming from the terms with k ≤ k0

E
[∥∥∥D−1

t µn
∥∥∥2

π

]
≤ C

n∑
k=1

γ2
k exp

−2A1

n∑
j=k

γj

E
[∥∥∥D−1

t ηk
∥∥∥2

π

]

(note that C is finite since for all k ≥ 0 the term E
[∥∥∥ηk+1

∥∥∥2

π

]
is finite from Lemma 6.4.1

and E
[∥∥∥µk∥∥∥2

π

]
is finite from (6.4.17) and (6.4.10)). Let C1,t := C

∥∥∥D−1
t

∥∥∥op.
Rq
‖Dt‖op.Rq . Then

E[‖µn‖2π] ≤ C1,t

n∑
k=1

γ2
k exp

−2A1

n∑
j=k+1

γj

E
[∥∥∥ηk∥∥∥2

π

]
. (6.4.18)

Let the set E be given by (6.2.6) and α ∈ E . Multiplying (6.4.18) by γ−αn and using (6.4.7)
we obtain for a different constant C > 0

γ−αn E[‖µn‖2π] ≤ Cγ−αn
n∑
k=1

γ1+α
k exp

−2A1

n∑
j=k+1

γj

(γ1−α
k

Qmk
Mk

)
. (6.4.19)

In view of H4 we may apply Lemma 6.A.2 to get

lim sup
n→∞

γ−αn

n∑
k=1

γ1+α
k exp

−2A1

n∑
j=k

γj

(γ1−α
k

Qmk
Mk

)
≤ 1

2A1
lim sup
n→∞

(
γ1−α
n

Qmn
Mn

)
< +∞,

where the last inequality holds since α ∈ E (see (6.2.6)). Using (6.4.19) this implies

sup
n≥0

γ−αn E[‖µn‖2π] < +∞. (6.4.20)

Step 2. Estimation of
∥∥∥ρk∥∥∥

π
. From (6.4.16) we have

ρk+1 = Πmk+1

(
Id−γk+1Mk

)
ρk + γk+1

(
Πmk+1M

kRmk − γ
−1
k+1t

k+1
)
. (6.4.21)

Consider Dt with t given by Lemma 6.4.2. Multiplying (6.4.21) by D−1
t and, using that D−1

t

and Πm commute for any m, we get

D−1
t ρk+1 = Πmk+1(D−1

t

(
Id−γk+1Mk

)
Dt)D−1

t ρk + γk+1D
−1
t

(
Πmk+1M

kRmk − γ
−1
k+1t

k+1
)
.

By (6.4.10) we have for some deterministic C > 0∥∥∥Πmk+1M
kRmk

∥∥∥
π
≤ L0 ‖Rmk‖π = Cq1/2

mk
.
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By Lemma 6.4.2 for some deterministic k0 ∈ N we have for any k ≥ k0

EssSup
θ∈Θ

∥∥∥Πmk+1D
−1
t

(
Id−γk+1Mk(θ)

)
Dt

∥∥∥op.
Rq
≤ (1− γk+1A1).

Thus for all k ≥ k0∥∥∥D−1
t ρk+1

∥∥∥
π

= (1− γk+1A1)
∥∥∥D−1

t ρk
∥∥∥
π

+ Cγk+1
∥∥∥D−1

t

∥∥∥op.
Rq

(
q1/2
mk

+ γ−1
k+1

∥∥∥tk+1
∥∥∥
π

)
.

So finally we get for some another constant C > 0, coming from the terms with k ≤ k0, that

‖ρn‖π ≤ C
n∑
k=1

γk exp

−A1

n∑
j=k+1

γj

(q1/2
mk

+ γ−1
k+1

∥∥∥tk+1
∥∥∥
π

)
(6.4.22)

(C is finite from (6.4.21) and
∥∥∥tk+1

∥∥∥
π
≤ ‖φ?‖π)). First, for any α ∈ E (so that supn γ−αn qmn <

+∞, see (6.2.6)) we write using Lemma 6.A.2

lim sup
n→∞

γ−α/2n

n∑
k=1

γk exp

−A1

n∑
j=k+1

γj

 q1/2
mk

= lim sup
n→∞

γ−α/2n

n∑
k=1

γ
1+α/2
k exp

−A1

n∑
j=k+1

γj

 (γ−α/2k q1/2
mk

)

≤ A−1
1 lim sup

n→∞
γ−α/2n q1/2

mn < +∞

Second, using the definition (6.4.13) of tk, we have

lim sup
n→∞

γ−α/2n

n∑
k=1

γ
1+α/2
k exp

−A1

n∑
j=k+1

γj

(γ−1−α/2
k

∥∥∥tk∥∥∥
π

)

= lim sup
m→∞

γ−αψ(m)

m∑
s=1

γ
1+α/2
ψ(s) exp

−A1

ψ(m)∑
j=ψ(s)+1

γj

 γ−1−α/2
ψ(s) |u?s|

(6.4.23)

For any ψ(s) ≤ k < ψ(s+ 1) we have exp
(
−A1

∑ψ(m)
j=ψ(s)+1 γj

)
≤ exp

(
−A1

∑ψ(m)
j=k+1 γj

)
. So,

using also that supm≥0
γψ(m)
γψ(m+1)

< +∞ and γn is decreasing by H4, we deduce that the

right-hand side term of (6.4.23) will be finite if

lim sup
n→∞

γ−α/2n

n∑
k=1

γ
1+α/2
k exp

−A1

n∑
j=k

γj

 γ
−1−α/2
k |u?mk |

(ψ(mk + 1)− ψ(mk))
< +∞. (6.4.24)

Now (6.4.24) follows from Lemma 6.A.2 and since for any α ∈ E we have

lim sup
n→∞

γ
−1−α/2
n |u?mn |

(ψ(mn + 1)− ψ(mn)) = lim sup
m→∞

γ
−1−α/2
ψ(m) |u?m|

(ψ(m+ 1)− ψ(m)) < +∞.
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Coming back to (6.4.22), in view of the analysis above, we get for some deterministic C > 0

γ−α/2n ‖ρn‖π ≤ C, (6.4.25)

and, in particular, E
[
‖ρn‖2π

]
≤ Cγαn .

Step 3. Completion of the proof. We proceed with the final estimation. We write

φn − φ? = µn + ρn −Rmn .

Since α ∈ E we have supn(γ−αn qmn) <∞ where qm = ‖Rm‖2π. So, using (6.4.20) and (6.4.25)
we conclude that for some deterministic C1 > 0

E[‖φn − φ?‖2π] ≤ 3
(
E
[
‖µn‖2π

]
+ E

[
‖ρn‖2π

]
+ qmn

)
≤ C1γ

α
n .

The proof is complete.

6.A Technical Lemmas and Proofs

6.A.1 Proof of Lemma 6.4.2

Before we prove Lemma 6.4.2 we need the following auxiliary result.

Lemma 6.A.1. LetM be a q×q upper triangular matrix such that all diagonal elements are
greater or equal to some A0 > 0 and ‖M‖op.Rq < a for some a > 0. Then for any A1 ∈ (0, A0)
there exist γ̄ > 0 and t ∈ (0, 1] both depending only on a, q, A0 and A1 such that for the
matrix Dt := Diag(t, t2, . . . , tq) we have for any 0 < γ ≤ γ̄∥∥∥D−1

t (Id−γM)Dt

∥∥∥op.
Rq
≤ (1− γA1).

Proof. We have

D−1
t MDt =


λ1 tM1,2 t2M1,3 · · · tq−1M1,q
0 λ2 tM2,3 · · · tq−1M2,q
...

...
0 0 0 · · · tMq−1,q
0 0 0 · · · λq

 = Λ +Rt,

where Λ := Diag(λ1, . . . , λq) is the diagonal ofM with λi ≥ A0 > 0.
Denote ‖ · ‖F the matrix Frobenius norm. Let cq be such constant that for all M

c−1
q ‖M‖

op.
Rq ≤ ‖M‖F ≤ cq ‖M‖

op.
Rq .
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for all q × q matrices M . We have for any t ∈ (0, 1]

‖Rt‖op.Rq ≤ cq‖Rt‖F ≤ cqt

 ∑
i<j≤q

M2
i,j

1/2

≤ cqt‖M‖F ≤ c2
qta.

So we get
‖Rt‖op.Rq ≤ tc

2
q ‖M‖

op.
Rq ≤ tc

2
qa, (6.A.1)

where cq depends only on q. Take γ̄ > 0 such that γ̄a < 1. In particular, since λi’s are the
eigenvalues of M, we have γ̄λi < 1 for all i and γ̄A0 < 1. Thus for any A1 ∈ (0, A0) there
exists t > 0 such that tc2

qa ≤ (A0 −A1)/2 which we fix from now on. For any γ ∈ (0, γ̄] and
t ∈ (0, 1] we get ∥∥∥D−1

t (Id−γM)Dt

∥∥∥op.
Rq
≤ ‖Id−γΛ‖op.Rq + ‖γRt‖op.Rq .

Note that
‖Id−γΛ‖op.Rq ≤ (1− γA0)

and thus, using that tc2
qa ≤ (A0 −A1)/2 and (6.A.1) we get

∥∥∥D−1
t (Id−γM)Dt

∥∥∥op.
Rq
≤ (1− γA0) + γ

A0 −A1
2 = (1− γA1).

Remark again that the choice of t and γ̄ depends only on a, q, A0 and A1.

Proof of Lemma 6.4.2. For the case H3-a we take t = 1 and γ̄ > 0 such that γ̄ ‖M‖op.Rq <

1. Further we use that for any symmetric positive definite matrix M = U∗ΛU , with U

orthogonal and Λ diagonal we have ‖M‖op.Rq = ‖Λ‖op.Rq .
For the case H3-b, let γ̄ > 0 and t ∈ (0, 1] be given by Lemma 6.A.1. Let k0 be such that

γk ≤ γ̄ for all k ≥ k0. Now, in view of the bound (6.4.10), the result follows from Lemma
6.A.1.

6.A.2 An auxiliary lemma

For convenience we state here a simplified version of [For14, Lemma 5.9]

Lemma 6.A.2. Let {γk, k ≥ 0} be a positive sequence such that

lim
k→∞

γk = 0, lim
k→∞

γ−1
k log(γk−1/γk) = 0,

∑
k

γk = +∞.

Let ek, k ≥ 0 be a non-negative sequence. Then for any V > 0, p ≥ 0

lim sup
n→∞

γ−pn

n∑
k=1

γp+1
k exp

−V n∑
j=k+1

γj

 ek ≤ V −1 lim sup
n→∞

en.
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Titre : Discrétisation de processus à des temps d’arrêt et Quantification d’incertitudes pour des limites d’ap-
proximation stochastique

Mots clés : processus stochastiques, discretisation, optimisation, temps d’arret, quantification d’incertitudes,
algorithmes stochastiques

Résumé :
Cette thèse est constituée de deux parties. La
première partie est consacrée aux problèmes de
discrétisation des semimartingales browniennes le
long des temps d’arrêt.
On commence par l’étude de la discrétisation opti-
male des intégrales stochastiques. Dans ce cadre on
établit une borne inférieure trajectorielle pour la varia-
tion quadratique renormalisée de l’erreur et on four-
nit une suite de temps d’arrêt asymptotiquement op-
timale, sans hypothèse de non dégénérescence. De
plus on établit une stratégie de discrétisation optimale
qui est complètement adaptative au modèle.
Ensuite on étudie les fluctuations statistiques des er-
reurs de discrétisation en démontrant des Théorèmes
Centraux Limites pour des suites de temps d’arrêt
généraux. La classe de grilles de discrétisation est as-
sez large et la distribution limite est décrite explicite-
ment. Les résultats sont démontrés dans le cas mul-
tidimensionnel pour le processus et pour l’erreur de

discrétisation. On applique ces résultats au problème
d’inférence statistique paramétrique pour les proces-
sus de diffusion sur la base d’observations à temps
d’arrêt généraux.
La deuxième partie est consacrée au problème de
quantification d’incertitudes pour les limites d’algo-
rithme stochastique. Dans le cadre d’étude la limite
est définie comme le zéro d’une fonction donnée
par une espérance et typiquement représente la
solution d’un problème d’optimisation stochastique.
L’espérance est relative à une variable aléatoire dont
la loi dépend d’un paramètre incertain (point de vue
Bayésien). Ainsi la limite d’algorithme dépend de ce
paramètre et est donc incertaine. On introduit un al-
gorithme appelé USA (Uncertainty for Stochastic Ap-
proximation) pour calculer de manière efficace les co-
efficients de développement en chaos de la limite
comme fonction du paramètre incertain. La conver-
gence et le taux de convergence dans L2 de USA sont
analysés.

Title : Discretization of processes at stopping times and Uncertainty quantification for stochastic approximation
limits

Keywords : stochastic processes, discretization, optimization, stopping times, uncertainty quantification, sto-
chastic algorithms

Abstract :
This thesis consists of two parts.
The first part is devoted to the problems of Brow-
nian semimartingales discretization based on stop-
ping times.
We start with the study of the optimal discretization
for stochastic integrals. In this context we establish an
almost sure lower bound on the renormalized quadra-
tic variation of the error and provide a sequence of
stopping times which are asymptotically optimal, wi-
thout the non-degeneracy assumption. Also we esta-
blish an optimal discretization strategy which is com-
pletely adaptive to the model.
Further we study statistical fluctuations of the discreti-
zation errors by showing Central Limit Theorems for
general sequences of stopping times. The class of
discretization grids is quite large and the limit distri-
bution is given explicitly. The results are proved in the
multidimensional case both for the process and for

the discretization error. We apply these results to the
problem of parametric statistical inference for diffusion
processes based on observations at general stopping
times.
The second part is devoted to the problem of un-
certainty quantification for stochastic approximation li-
mits. In our framework the limit is defined as the zero
of a function given by an expectation and typically re-
presents the solution to some stochastic optimization
problem. The expectation is related to a random va-
riable for which the distribution is supposed to depend
on an uncertain parameter (Bayesian point of view).
Thereby the limit of the algorithm depends on this pa-
rameter and is also uncertain. We introduce an algo-
rithm called USA (Uncertainty for Stochastic Approxi-
mation) to efficiently calculate the chaos expansion
coefficients of the limit as a function of the uncertain
parameter. The convergence and the L2-convergence
rate of the USA are analysed.

Université Paris-Saclay
Espace Technologique / Immeuble Discovery
Route de l’Orme aux Merisiers RD 128 / 91190 Saint-Aubin, France
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