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Chapter 1

Introduction

Context

In many applications, estimating the current state of a dynamical system is crucial either to
build a controller or simply to obtain real time information on the system for decision-making
or surveillance. A common way of addressing this problem is to place some sensors on/in the
physical system and design an algorithm, called observer, whose role is to process the incomplete
and imperfect information provided by the sensors and thereby construct a reliable estimate of
the whole system state. Of course, such an algorithm can exist only if the measurements from
the sensor somehow contain enough information to determine uniquely the state of the system,
namely the system is observable.

The number and quality of the sensors being often limited in practice due to cost and physical
constraints, the observer plays a decisive role in a lot of applications. Many efforts have thus
been made in the scientific community to develop universal methods for the construction of
observers. Several conceptions of this object exist, but in this thesis, we mean by observer a
finite-dimensional dynamical system fed with the measurements, and for which a function of
the state must converge in time to the true system state. Although very satisfactory solutions
are known for linear systems, nonlinear observer designs still suffer from a significant lack of
generality. The very vast literature available on the subject consists of scattered results, each
making specific assumptions on the structure and observability of the system. In other words,
no unified and systematic method exists for the design of observers for nonlinear systems.

Actually, observer design may be more or less straightforward depending on the coordinates
we choose to express the system dynamics. For instance, dynamics which seem nonlinear at first
sight could turn out to be linear in other coordinates. In particular, some specific structures,
called normal forms, have been identified for allowing a direct and easier observer construction.
One may cite for instance the state-affine forms with their so-called Luenberger or Kalman ob-
servers, or the triangular forms associated to the celebrated high gain design. With this in mind,
most solutions available in the literature actually fit in the following three-step methodology :

1. look for a reversible change of coordinates transforming the dynamics of the given nonlinear
system into one of the identified normal forms,
2. design an observer in those new coordinates,

3. deduce an estimate for the system state in the initial coordinates via inversion of the
transformation.

Of course in order to follow this method one need to know

I. a list of normal forms and their associated observers,

II. under which conditions and thanks to which invertible transformation one can rewrite a
dynamical system into one of those forms,
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III. how to compute the inverse of this transformation.

When browsing the literature, one discover that the first two points have been extensively
studied, although not always under this terminology. In fact, they constitute the core of the
observer design problem and they are tightly linked since a particular form is of interest if it
admits observers (Point I.) and if a large category of systems can be transformed into that
form (Point I1.). Therefore, Points I. and II. are often treated simultaneously. On the contrary,
very few results concern Point III., mainly because the observer problem is often considered
theoretically solved, once an invertible transformation into a normal form has been found.

Problems addressed in this thesis

Actually, in practice, inverting a nonlinear map is far from trivial. Most of the time, the system
and the normal form have different dimensions, so that the transformation is at best an injective
immersion. Since its inverse is a priori defined only on a submanifold of the observer space, an
extension is often necessary. When an explicit expression for a global inverse is not available,
numerical inversion usually relies on the resolution of a minimization problem with a heavy
computation cost, which thus raises implementation issues. That is why the first goal of this
thesis was to develop a methodology to avoid the explicit inversion of the transformation, by
bringing the dynamics of the observer (designed in the normal form coordinates) back into the
initial system coordinates.

When I started my thesis, some preliminary results in that direction had already been ob-
tained in the case of autonomous systems, but some tools remained to be developed in order to
complete the theory and also to make the method implementable in practice. This kept us busy
for several months and at the end, we tried to extend our results to time-varying/controlled
systems. In doing so, we discovered that surprisingly, the limitation did not come from our
method of inversion, but rather from the scarcity of general observer design techniques available
for nonlinear controlled systems, namely from Points I.-II. rather than Point III.

In particular, we realized that, in the usual case where the derivatives of the input are
unknown, even the widely used high gain design, reputed to be general, had only been proved to
work under the assumptions that the system be observable for any input AND that its order of
differential observability be equal to the system dimension. In this particular case, the system can
indeed be transformed into a triangular normal form with Lipschitz nonlinearities appropriate for
the design of a high gain observer. Given the restrictive nature of this framework, we naturally
wondered if one of those two assumptions could be relaxed. Actually, the "observable for any
input" assumption is necessary to have a triangular form and cannot be altered. However, we
discovered that, interestingly, it was often possible to preserve the triangularity of the target
form when allowing the order of differential observability to be larger than the dimension of the
system, but that the Lipschitzness of the nonlinearities could be lost. This observation led us to
address the following two problems : first, what kind of observers can be used for a triangular
normal form with continuous (non-Lipschitz) nonlinearities, and second under which conditions
a system can be transformed into such a continuous triangular form.

Apart from the high gain paradigm, another general technique for nonlinear observer design
had recently been developed, inspired from Luenberger’s initial approach to build observers for
linear systems. This so-called Kazantzis-Kravaris or Luenberger design consists in transforming
the system into a Hurwitz linear form (for which a trivial observer exists) via the resolution
of a partial differential equation (PDE). But this approach was only available for autonomous
systems and we thus tried to figure out how it could be extended to controlled/time-varying
systems, namely how to transform this kind of system into a Hurwitz linear form.



Thesis organization

Summing up, this thesis provides contributions to each of the three points mentioned above :

Contribution 1 observer design for a continuous triangular form (related to Point I.)

Contribution 2 characterization of controlled systems which can be transformed into a con-
tinuous triangular form (related to Point II.)

Contribution 3 characterization of controlled systems which can be transformed into a Hur-
witz linear form (related to Point II.)

Contribution 4 method to express the dynamics of the observer in the given coordinates to

avoid the inversion of the transformation (related to Point III.)

Instead of presenting the results in a chronological way, I thus found clearer to organize my
thesis along this three-step methodology and classify the contributions accordingly, namely in
three parts :
Part I Normal forms and their observers (with Contribution 1)
Part IT Transformation into a normal form (with Contributions 2 and 3)
Part III Observer in given coordinates (with Contribution 4)
Since the topics of Part I and II have been extensively studied in the literature, detailed reviews
are provided in each of those parts, so that this thesis finally gives a good overview of the state
of the art in terms of observer design for nonlinear systems.

On the other hand, I also had the opportunity to work on applications, in particular the
design of observers for permanent magnet synchronous motors (PMSM) without mechanical

information (sensorless) and with some unknown parameters. This led to the following contri-
butions :

Contribution 5 gradient observer for the estimation of the rotor position and magnet flux of
a PMSM

Contribution 6 observability analysis and observer design for a PMSM with unknown rotor
position and unknown resistance.

This work was carried out in parallel to the rest and is detailed in a separate part :

Part IV Observers for PMSMs with unknown parameters (with Contributions 5 and 6).

Publications

The work presented in this thesis has resulted in the following publications :
- Journals

1. P. Bernard, L. Praly, V. Andrieu, Observers for a mon-Lipschitz triangular form,
Automatica, Vol. 82, p301-313, 2017

2. P. Bernard, L. Praly, V. Andrieu, On the triangular normal form for uniformly ob-
servable controlled systems, Automatica, Vol. 85, p293-300, 2017.

3. P. Bernard, L. Praly, V. Andrieu, Ezpressing an observer in given coordinates by

augmenting and extending an injective immersion to a surjective diffeomorphism,
Submitted to STAM

- Conferences
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. P. Bernard, Luenberger observers for monlinear controlled systems, Conference on
Decision and Control, 2017 (To appear)

. P. Bernard, L. Praly, Robustness of rotor position observer for permanent magnet

synchronous motors with unknown magnet flux, IFAC World Congress, 2017

. P. Bernard, L. Praly, V. Andrieu, Non Lipschitz triangular normal form for uniformly
observable controlled systems, IFAC Symposium on Nonlinear Control Systems, 2016

. P. Bernard, L. Praly, V. Andrieu, Tools for observers based on coordinate augmenta-

tion, Conference on Decision and Control, 2015



Introduction

Contexte

Dans beaucoup d’applications, I'estimation en temps réel de I’état d’un systeme dynamique est
cruciale, que ce soit pour la synthese d’un contréleur ou simplement pour la surveillance et la
prise de décision. Une facon usuelle de résoudre ce probléme consiste & installer des capteurs
sur/dans le systéme physique et implémenter un algorithme, appelé observateur, dont le réle est
de traiter les informations partielles et imparfaites données par les capteurs, et d’en déduire une
estimation fiable de I’état complet du systéme. Bien siir, un tel algorithme ne peut exister que
si les mesures des capteurs contiennent assez d’informations pour déterminer de maniére unique
I’état du systeme : le systeme est alors dit observable.

Le nombre et la qualité des capteurs étant souvent limités en pratique en raison de contraintes
physiques et de cott, ’observateur est amené a jouer un réle décisif dans beaucoup d’applications.
La communauté scientifique s’est donc efforcée de développer des méthodes aussi universelles
que possible pour la synthése d’observateur. Plusieurs conceptions de cet objet existent, mais
dans cette these, le terme "observateur' désigne un systéme dynamique de dimension finie,
prenant en entrée les mesures, et dont une fonction de 1’état converge en temps vers 1’état
réel du systéme. Alors que des solutions satisfaisantes existent pour les systémes linéaires, les
syntheses d’observateurs non linéaires manquent cruellement de généralité. La littérature, par
ailleurs tres fournie sur le sujet, se compose essentiellement de résultats épars, chacun faisant sa
propre hypothése sur la structure et I'observabilité du systeme. Autrement dit, il n’existe pas
de méthode générale pour la synthése d’observateur pour systéme non linéaires.

En fait, il se peut que la synthese soit plus ou moins facile suivant les coordonnées que ’on
a choisies pour exprimer la dynamique du systéme. Par exemple, une dynamique qui parait
non linéaire au premier abord pourrait s’avérer étre linéaire dans d’autres coordonnées. Or,
des structures particuliéres, appelées formes normales, ont été identifiées comme permettant la
construction facile et directe d’un observateur. Parmi elles, les formes affines en 1’état, avec
leurs observateurs de Luenberger ou de Kalman, ou les formes triangulaires, associées au célebre
observateur grand gain. A partir de la, la plupart des solutions disponibles dans la littérature
s’inscrivent en fait dans une démarche a trois étapes que 'on peut résumer ainsi :

1. chercher un changement de coordonnées réversible qui transforme la dynamique du systéme
non linéaire donné dans I'une des formes normales connues,

2. synthétiser un observateur dans ces coordonnées,

3. en déduire une estimation de ’état du systéme dans les coordonnées initiales en inversant
la transformation.

Bien siir, pour suivre cette méthode, il est nécessaire de connaitre

I. une liste de formes normales et les observateurs associés,

II. sous quelles conditions et grace a quelle transformation inversible il est possible de réécrire
un systéeme dynamique sous I'une de ces formes,

ITI. comment calculer 'inverse de la transformation.
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Il s’avere que les deux premiers points ont beaucoup été étudiés dans la littérature (pas toujours
sous cette terminologie). En fait, ils constituent le coeur du probléme de syntheése d’observateur
et ils sont fortement liés puisqu’une forme particuliere n’a d’intérét que si elle admet un obser-
vateur (Point I.) et si une large catégorie de systémes peuvent étre transformés en cette forme
(Point II.). Les Points I. et II. sont donc trés souvent traités simultanément. Au contraire, trés
peu de résultats concernent le Point III., principalement parce que le probléme d’observateur est
souvent considéré comme résolu lorsque une transformation inversible dans une forme normale
a été trouvée, c’est-a-dire lorsque les Points I. et II. ont été traités.

Problémes abordés dans cette thése

En fait, en pratique, inverser une application non linéaire est loin d’étre trivial. La plupart
du temps, le systéme et la forme normale ont des dimensions différentes, et la transforma-
tion est donc au mieux une immersion injective. Puisque son inverse n’est a priori définie que
sur une sous-variété de ’espace ou évolue 'observateur, une extension est souvent nécessaire.
En l'absence d’expression explicite et globale de 'inverse, I'inversion numérique repose sur la
résolution d’un probleme de minimisation cotliteux en calcul, ce qui souleve d’importants prob-
lemes d’implémentation. C’est pourquoi le premier objectif de cette thése était de développer
une méthode permettant d’éviter 'inversion explicite de la transformation, en ramenant la dy-
namique de 1'observateur (écrite dans les coordonnées de la forme normale) dans les coordonnées
initiales du systeme.

Lorsque j’ai commencé ma these, des résultats préliminaires avaient déja été obtenus dans
cette direction pour les systemes autonomes, mais il restait a développer certains outils pour
compléter la théorie ainsi que pour la rendre implémentable en pratique. Ceci nous a occupés
quelques mois, jusqu’a ce que nous essayions d’étendre nos résultats aux systémes instation-
naires/commandés. C’est alors que nous nous rendimes compte avec surprise que les limitations
ne provenaient pas de notre méthode d’inversion, mais plutot de la rareté des techniques générales
de synthese d’observateurs existant pour les systemes non linéaires commandés, c’est-a-dire des
Points I. et II. plutot que du Point III.

En particulier, nous réalisdmes que, dans le cas usuel ou les dérivées de ’entrée sont in-
connues, méme la syntheése grand gain, si largement utilisée et réputée générale, ne s’applique
théoriquement qu’aux systémes observables pour toute entrée dont 'ordre d’observabilité dif-
férentielle est égal a la dimension du systeme. Dans ce cas particulier en effet, le systeme peut
étre transformé en une forme normale triangulaire avec des non linéarités Lipschitz appropriées
a la synthese d’un observateur grand gain. Vu le caractere restrictif de ce cadre, nous nous de-
mandémes naturellement si I'une de ces deux hypothéses pouvait étre relachée. Pour ce qui est
de la premiere, ’observabilité "pour toute entrée" est nécessaire pour obtenir une forme trian-
gulaire et ne peut donc étre modifiée. Par contre, nous découvrimes qu’il était souvent possible
de préserver la triangularité de la forme cible en autorisant ’ordre d’observabilité différentielle
a étre supérieur a la dimension du systeme, mais que le caractere Lipschitz des non linéarités
pouvait alors étre perdu. Cette observation nous amena naturellement & nous intéresser a deux
nouveaux problemes : d’une part, quels types d’observateurs peuvent étre utilisés pour une
forme triangulaire avec des non linéarités continues (non-Lipschitz), et d’autre part, sous quelles
conditions un systeme quelconque peut étre transformé en une telle forme.

En face de la synthese grand gain, une autre technique générale de synthese d’observateurs
non linéaires avait été récemment développée, inspirée de ’approche initialement adoptée par
Luenberger pour la synthese d’observateur de systemes linéaires. Cette synthese "de Kazantzis-
Kravaris" ou "de Luenberger", consiste a transformer le systéme en une forme linéaire Hurwitz
(pour laquelle un observateur trivial existe) via la résolution d’une équation aux dérivées par-
tielles (EDP). Mais cette approche étant disponible seulement pour les systémes autonomes,
nous essayames de I’étendre aux systémes instationnaires/commandés.
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Organisation de la these

En résumé, cette theése contribue a chacun des trois points mentionnés plus haut :

Contribution 1 Synthése d’observateurs pour une forme triangulaire continue (relié au Point
L)

Contribution 2 Caractérisation des systemes commandés pouvant étre transformés en une
forme triangulaire continue (relié au Point II.)

Contribution 3 Caractérisation des systémes commandés pouvant étre transformés en une
forme linéaire Hurwitz (relié au Point II.)

Contribution 4 Méthode pour exprimer la dynamique de 1’observateur directement dans les

coordonnées du systéme pour éviter 'inversion de la transformation (relié au Point III.)

Au lieu de présenter les résultats chronologiquement, j’ai ainsi trouvé plus clair d’organiser ma
these en suivant cette démarche a trois étapes, et donc de classifier les contributions en trois
parties :

Partie I Formes normales et leurs observateurs (avec Contribution 1)
Partie IT Transformation dans une forme normale (avec Contributions 2 et 3)
Partie IITI Expression de 'observateur dans les coordonnées du systéme (avec Contribution 4)
Les themes des Parties 1. et II. ayant été intensivement étudiés dans la littérature, ce plan m’a
aussi permis de faire apparaitre un bilan détaillé des résultats existant en début de ces deux
parties. Cette thése donne donc finalement une bonne vue d’ensemble de 1’état de l'art en
matiere d’observateur pour les systemes non linéaires.

Enfin, j’ai aussi eu 'opportunité de travailler sur des applications, en particulier sur la
syntheése d’observateurs pour moteurs synchrones a aimant permanent (MSAP) en l’absence

d’informations mécaniques (sensorless) et avec certains parametres inconnus. Ce travail a mené
aux contributions suivantes :

Contribution 5 Observateur gradient pour I'estimation de la position du rotor et du flux de
I’aimant dans un MSAP

Contribution 6 Analyse d’observabilité et synthese d’observateur pour un MSAP dont la po-
sition du rotor et la résistance sont inconnues.

Ceci a été réalisé en parallele et est donc détaillé dans une partie séparée et indépendante :

Partie IV Observateurs pour MSAPs aux parameétres inconnus (avec Contributions 5 et 6).

Publications

Les travaux présentés dans ce manuscrit ont fait I’objet des publications suivantes :
e Journaux internationaux avec comité de lecture
1. P. Bernard, L. Praly, V. Andrieu, Observers for a non-Lipschitz triangular form,

Automatica, Vol. 82, p301-313, 2017

2. P. Bernard, L. Praly, V. Andrieu, On the triangular normal form for uniformly ob-
servable controlled systems, Automatica, Vol. 85, p293-300, 2017.

3. P. Bernard, L. Praly, V. Andrieu, Ezpressing an observer in given coordinates by
augmenting and extending an injective immersion to a surjective diffeomorphism,
Soumis a STAM.
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e Conférences internationales avec comité de lecture
1. P. Bernard, Luenberger observers for non linear controlled systems, Conference on
Decision and Control, 2017 (A paraitre)

2. P. Bernard, L. Praly, Robustness of rotor position observer for permanent magnet
synchronous motors with unknown magnet flux, IFAC World Congress, 2017

3. P. Bernard, L. Praly, V. Andrieu, Non Lipschitz triangular normal form for uniformly
observable controlled systems, IFAC Symposium on Nonlinear Control Systems, 2016

4. P. Bernard, L. Praly, V. Andrieu, Tools for observers based on coordinate augmenta-
tion, Conference on Decision and Control, 2015



Chapter 2

Nonlinear observability and observer
design problem

Chapitre 2 — Observabilité non-linéaire et synthése d’observateur. Ce chapitre
présente briecvement la notion d’observabilité pour les systémes non-linéaires commandés et intro-
duit le probléme de la synthése d’observateur. La méthode introduite en introduction consistant
a transformer le systeme dans une "forme normale” est formalisée et les notations utiles au reste
de la these sont introduites.

Contents
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This first chapter introduces the problem of observer design for nonlinear controlled systems
and presents some basic notions of observability which will be needed throughout the thesis.
The subject under discussion here is well-established and widely described in the literature. Our
aim is not to provide an exhaustive study on nonlinear observability and observer design, but
rather to situate our contribution and introduce the basic tools/notations needed in the rest of
this thesis.

2.1 Observation problem

We consider a general system of the form :

= f(z,u) , y=h(z,u) (2.1)

with  the state in R%, u an input function with values in R%, y the output (or measurement)
with values in R% and f and h sufficiently many times continuously differentiable functions
defined on R% x R% . We denote

- X (xo,to; t; u) the solution at time ¢ of (2.1)) with input u and passing through xo at time
to. Most of the time, tg is the initial time 0 and x( the initial condition. In that case, we
simply write X (zo;t;u).
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- Y (=, to; t; u) the output at time ¢t of System ([2.1]) with input u passing through z( at time
t() i-e :
Y (2o, tos t;u) = h(X (w0, to; t;u), u(t)) -

To alleviate the notations when ty = 0, we simply note vz, v, i-e
Yaou(t) = M(X (203t u), u(?)) -

Those notations are used to highlight the dependency of the output on the initial condition
(and the input). When this is unnecessary, we simply write y(t).

- Xy a subset of R% containing the initial conditions that we consider for System (2.1]).
For any g in Xp, we denote o (zo;u) (resp o3 (wo;u)) the maximal time of existence of
X (w0;+;u) in R% (resp in a set X).

- U the set of all sufficiently many times differentiable inputs w : [0, +-00) — R% which the
system can be submitted to.

- U a subset of R% containing all the values taken by the inputs u € U, i-e

U u([0,+00)) CU .
uelU

More generally, for an integer m such that any w in U is m times differentiable, U,
denotes a subset of R%("+1) containing the values taken by the inputs u in ¢ and its first
m derivatives, i-e

U @n([0,+0)) CUp ,
ueU

with @y, = (u, 1, ..., ul™).

The object of this thesis is to address the following problem :

Observation problem

For any input w in I, any initial condition xy in Xp, find an estimate Z(t) of X (zo;t;u) based
on the only knowledge of the input and output up to time ¢, namely ujgy and yjo 4, and so
that Z(t) asymptotically approaches X (xq;t;u), at least when &(¢) is defined on [0, +00).

Note that the solutions are defined from any points in R%, but we may choose to restrict
our attention to those starting from a subset Xy of R% (perhaps for physical reasons) and thus,
we are only interested in estimating those particular solutions. Otherwise, take Xy = R%. As
for the causality constraint that only the past values of the input uj; can be used at time ¢,
this may be relaxed in the case where the whole trajectory of u is known in advance, namely for
a time-varying system.

The continuous differentiability of f says that any solution to System is uniquely
determined by its initial condition. Thus, the problem could be rephrased as : "given the input,
find the only possible initial condition which could have produced the given output up to time
t". Of course, this raises the question of uniqueness of the initial condition leading to a given
output trajectory, at least after a certain time. This is related to the notion of observability
which will be addressed later in this chapter. In any case, one could imagine simulating System
simultaneously for a set of initial conditions xy and progressively removing from the set
those producing an output trajectory Y (zo;t;u) "too far" from y(t) (with the notion of "far" to
be defined). However, this method presents several drawbacks : first, one need to have a fairly
precise idea of the initial condition to allow a trade off between number of computations and
estimation precision, and second, it heavily relies on the model which could be imperfect.
This path has nevertheless aroused a lot of research :
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- either through stochastic approaches, adding random processes to the dynamics and to
the measurement, and following the probability distribution of the possible values of the state
([Jaz70])

- or in a deterministic way, adding unknown admissible bounded disturbances to the dynamics
and to the measurement, and producing a "set-valued observer" or "interval observer'
such as in [GRHS00, [LZAO03].

But as far as we know, no viable solution exist for standard nonlinear systems.
Another natural approach is the resolution of the minimization problem ([Zim94])

2
‘dT

t
z(t) = Argmin@/ ’Y(i’,t; T u) —y(7)
0

or rather with finite memory

t 2
z(t) = Argmini/ Y (2t 7mu) — Z/(T)‘ dr .

t—t ‘
Along this path, a first idea would be to integrate backwards the differential equation ([2.1)
for a lot of initial conditions £ at time ¢ until ¢ — ¢ and select the "best" one, but this would
require a huge number of computations which would be impossible to carry out online and, as
before, it would rely too much on the model. Some methods have nonetheless been developed to
alleviate the number of computations and solve this optimization problem online, in spite of its
non-convexity and the presence of local minima (see [Ala07] for a survey of existing algorithms).

In this thesis, the path we follow is rather to look for a dynamical system using the current
value of the input and output and whose state is guaranteed to provide (at least asymptotically)
enough information to reconstruct the state of System . This dynamical system is called an
observer. A more rigorous mathematical definition is the following (a sketch is given in Figure

2.1).

Definition 2.1.1.

An observer for System initialized in Xy is a couple (F,7T) where
- F:R% x R% x R% — R% is continuous

- T is a family of continuous functions 7, : R% x [0, 4+00) — R%, indexed by u in U,
which respect the causality{T| condition :

Vi : [0, +00) — Rd”, vt € [0,400) , Ujo,g) = U] = Tu(-,t) = Ta(,t) .

- for any w in U, any zg in R% and any z in Xy such that o (29; u) = 400, an solution
Z (2055 Uy Yao,u) tO
2 =F(2,u, Yzo.u) (2.2)

initialized at zo at time 0, with input w and v, 4, exists on [0, 4+00) and is such that

lim ‘X((mo,zo);t;u) - X(l‘[);t;u)‘ =0 (2.3)

t—+o00

with

X (w0, 20); t;u) = Tor (Z(203 65 Uy Yag ) 1) -

! Again, this causality condition may be removed if the whole trajectory of u is explicitly known, for instance
in the case of a time-varying system where u(t) = ¢ for all ¢.

2We say "any solution" because F being only continuous, there may be several solutions. This is not a
problem as long as any such solution verifies the required convergence property.
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In other words, X ((z0,20);t;u) is an estimate of the current state of System and the
error made with this estimation asymptotically converges to 0 as time goes to the infinity.
If T, is the same for any u in U and is defined on R% instead of R% x R, i-e is time-
independent, T is said stationary. In this case, 7 directly refers to this unique function and
we may simply say that
:2=F(z,u,y) , 2=T(2)

is an observer for System initialized in Aj.

In particular, we say that the observer is in the given coordinates if T is stationary and is
a projection function from R% to R%  namely X((:UO, 20); t;u) can be read directly from d,
components of Z(zo;t;u, Yzou). In the particular case where d;, = d, and T is the identity
function, we may omit to precise T .

Finally, when Xy = R% i-e the convergence is achieved for any initial condition of the
system, we say "observer" without specifying Aj.

u T = f(x,u) Yy
y = h(x,u) z=F(z,u,y) 7
Plant m | =Tzt

Observer

Figure 2.1: Observer : dynamical system estimating the state of a plant from the knowledge of
its output and input only.

Remark 1 We will see in Chapter 4] that it is sometimes useful to write the observer dynamics
(2.2) as a differential inclusion. In this case, F is a set-valued map and everything else remains
unchanged.

The time-dependence of 7, enables to cover the case where the knowledge of the input and/or
the output is used to build the estimate & from the observer state z. For example, using the
output sometimes enables to reduce the dimension of the observer state (and thus alleviate the
computations). However, for those so-called reduced-order observers, the estimate & depends
directly on y and is therefore affected by measurement noise. This kind of observer won’t be
mentioned in this thesis. On the other hand, we will see that it is sometimes necessary to use the
input (either implicitly or explicitly) in 7, but always keeping in mind the causality condition.

The advantage of having an observer in the given coordinates is that the estimate of the
system state can directly be read from the observer state. This spares the maybe-complicated
computation of 7,. Writing the dynamics of the observer in the given coordinates constitutes
one of the goals of this thesis, but we will see that unfortunately, it is not always possible, nor
easy.

Anyhow, the role of an observer is to estimate the system state based on the knowledge of
the input and output. This means that those signals somehow contain enough information to
determine uniquely the whole state of the system. This brings us to the notion of observability.

2.2 Observability and observer design for nonlinear systems

2.2.1 Some notions of observability

In order to have an observer, a detectability property must be satisfied :



2.2. OBSERVABILITY AND OBSERVER DESIGN FOR NONLINEAR SYSTEMS 19

Lemma 2.2.1.

Assume there exists an observer for System . Then, System is detectable for any u
in U, i-e for any w in U and for any (z4, ) in Xy X Xy such that o (24, u) = o™ (xp, u) = +00
and

Yrau(t) = Yz u(t) YE>0,

we have
lim | X (zq;t;u) — X(zp;t;u)| =0 .

t—00

The property of detectability says that even if two different initial conditions are not dis-
tinguishable with the output, the corresponding system solutions become close asymptotically
and thus we still get a "good" estimate no matter which we pick. This is a well-known nec-
essary condition which can be found for instance in [ABS13], and which admits the following
straight-forward proof.

Proof : Consider any u in U/ and any (zq,xs) in X2 such that o1 (xq, u) = ot (zp,u) = +00 and Ya,,u =
Yup,u- Take zo in R and pick a solution Z(20;t;u; Yu, ) of [@-2) with input ys, .. It is also a solution
to (2.2) with input ys,,u. Therefore, by denoting X ((xa, 20);t;u) = T (Z (205 t; U, Yza,u), U(t), Yoo ,u(t)),

we have
lim X (4, 20);t;0) — X (a; tu)| =0
t—o0
and
lim |X((ma,z0);t; u) — X(zp;t;u)] =0 .
t—o00
The conclusion follows. |

This means that detectability at least is necessary to be able to construct an observer.
Actually, we often ask for stronger observability properties such as :

Definition 2.2.1.
Consider an open subset S of R% . System is

- distinguishable on S for some input u : R — R% if
for all (x4, 2p) in S x S,

Yoo u(t) = Yz u(t) YVt € [0,min{oT (za;u), 0" (zp;u)}) = x4=1my .
- instantaneously distinguishable on S for some input u : R — R% if

for all (z4,2p) in S x S, for all £ in (0, min{o™ (z4;u), 0" (zp;u)})

yxa,u(t) = yzb,u(t) vVt € [O,E) = Xq =Xy .

- uniformly observable on S if
it is distinguishable on S for any input v : R — R% (not only for u in U).

- uniformly instantaneously observable on S if
it is instantaneously distinguishable on S for any input u : R — R% (not only for u in
U).

In particular, the notion of instantaneous distinguishability means that the state of the
system can be uniquely deduced from the output of the system as quickly as we want. In the
particular case where f, h and u are analytical, y is an analytical function of time ([Die60,
10.5.3]) and the notions of distinguishability and instantaneous distinguishability are equivalent
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because two analytical functions which are equal on an interval are necessarily equal on their
maximal interval of definition. Besides, for any z, there exists ¢,, such that
+oo (k) (0)

Yzo,u

ymo,u(t) = Ttk R YVt € [O,txo) ,
k=0 '

and distinguishability is thus closely related to the important notion of differential observability
which will be defined in Chapter [5] and which roughly says that the state of the system at a
specific time is uniquely determined by the value of the output and of its derivatives (up to a
certain order) at that time.

The notion of uniform observability could appear unnecessary at first sight because it seems
sufficient that the system be observable for any u in ¢, namely for any considered input, rather
than for any u : R — R%. However, we will see that this (strong) observability property infers
some structural properties on the system which are useful for the design of certain observers.

In fact, more or less strong observability properties are needed depending on the observer
design method and on what is required from the observer (tunability, exponential convergence
etc). For example, it is shown in [ABS13], that for autonomous systems, instantaneous distin-
guishability is necessary to have a tunable observer, i-e an observer giving an arbitrarily small
error on the estimate in an arbitrarily short time.

2.2.2 Observer design

It is proved in [ABS13] that if there exists an observer (F,7) for an autonomous system

&= f(x) , y=h(z)

and a compact subset of R% x R% which is invariant by the dynamics (f, F), then there exist
compact subsets C, of R% and C, of R?%, and a closed set-valued map T' defined on C, such that
the set

E={(z,2) €Cy xCy : z€T(x)}

is invariant, attractive, and verifies :
V(z,z) €€, T(z,h(x)=x.

In other words, the pair made of the system state x (following the dynamics f) and the observer
state z (following the dynamics F) converges necessarily to the graph of some set-valued map T'
and 7T is a left-inverse of this mapping. Note that this injectivity is of a peculiar kind since it is
conditional to the knowledge of the output, namely "z +— T'(z) is injective knowing hA(x)". This
result justifies the usual methodology of observer design for autonomous systems which consists
in transforming, via a function 7', the system into a form for which an observer is available,
then design the observer in those new coordinates (i-e find F), and finally deduce an estimate
in the original coordinates via inversion of T' (i-e find 7). Note that in practice, we look for a
single-valued map T because it is simpler to manipulate than a set-valued map.

When considering a time-varying or controlled system, the same methodology can be used,
but two paths are possible :

- either we keep looking for a stationary transformation x — T'(x) like for autonomous
systems

- or we look for a time-varying transformation (x,t) — T, (z,t) which depends either explic-
itly or implicitly on the input w.

It is actually interesting to detail what we mean by explicitly /implicitly. In building a time-
varying transformation, two approaches exist, each attached to a different vision of controlled
systems :
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- either we consider, as in System ({2.1]), that only the current value of the input (or some-
times the extended input @, = (u,, ..., u(™)) is necessary to determine T} (-,t) at time

t, i-e there exists a function 7" such that for any u in U, Tp,(z,t) = T'(z,u(t)).

- or we consider System (2.1)) as a family of systems indexed by u in U, i-e

= fulx) , y=hyux)

and we obtain a family of functions T, each depending on a whole function v in ¢. In
this case, it is necessary to ensure that 7,(-,¢) depends only on the past values of u to
guarantee causality.

Along this thesis, we will encounter/develop methods from each of those categories. In any case,
here is a sufficient condition to build an observer for System ([2.1]) :

Theorem 2.2.1.

Consider an integer d¢ and continuous maps F : R% xR% x R% — R% H : R% x R% — R%
and F : R% x R% x R% — R% such that

£=F(,up) (24)
is an observer foi] .

i-e for any (£0,&) in (R%)2 and any u in U, any solution Z(£o; t; U, Jeo,u) Of (2.4) and any
solution =(&p; t;u) of (2.5)) verify

lim |2(&o;t; U, Yeo.u) — Z(&03 b u)‘ =0. (2.6)

t——+o00

Now suppose that for any u in U, there exists a continuous function T}, : R% x R — R% and
a subset X of R% such that :

a) for any xg in Xy such that o™ (zg;u) = +00, X (x;;u) remains in X.

b) there exists a concave K function p and a positive real number ¢ such that for all (x4, xp)
in X2and allt > 1

20 — @5l < p(|Tulwart) = Tulwns t)]) .

i-e x — T, (x,t) becomes injective on X, uniformly in time and in space, after a certain
time .

c¢) T, transforms System (2.1]) into System ([2.5)), i-e for all z in X and all ¢ in [0, +00)
L(f,l)Tu(xat) - F(Tu(x,t),u(t),h(x,u(t)) > h(x,u(t)) = H(Tu(xat)7u(t)) ’ (27)
where L;1)T, is the Lie derivative of T), along the extended vector field (f,1), namely

Tu(X(z,t;t + hyu), t + h) — Ty (z,t)
h

LisnyTu(z,t) = lim

d) T, respects the causality condition

Vi : [0, 400) — Rd“, vt € [0, 4+00) , U,y = ﬂ[07t] = Tu(-,t) =Tu(-, 1) .

3The expression of the dynamics under the form F(£,u, H(£,u)) can appear strange and abusive at this
point because it is highly non unique and we should rather write F'(¢,u). However, we will see in Part [I| how
specific structures of dynamics F(§, u,y) allow the design of an observer (2.4]).
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Then, for any u in U, there exists a function 7, : R% x [0, +00) — R% such that for each
t >, & To(&,t) is uniformly continuous on R% and verifies

Besides, denoting T the family of functions 7, for u in U, (F,T) is an observer for System
(2.1) initialized in Xj.

Solving the partial differential equation a priori gives a solution 7T, depending on the
whole trajectory of u and rather situates this result in the last design category presented above.
But this formalism actually covers all three approaches and was chosen for its generality. In
fact, the dependence of T, on u may vary, but what is crucial is that they all transform the
system into the same target form for which an observer is known.

Proof : Take w in Y. For any t > ¢, x + T,(x,t) is injective on X, thus there exists a function
T+ : Tu(X,t) — X such that for all z in X, T,/ (Tu(z,t)) = x. Taking any 4@ : [0,400) — R* such
that wujo,) = 1o,y thus gives T, ; = T;tl on T, (X,t) = Ta(X,t) according to d). Besides, with b), for
all (&1,&2) in T (X, 1),

Tl ) - Tl )l < p(16 - &al) - (2.8)

Applying [McS34] Theorem 2] to each component of T;tl, there exist ¢ > 0 and an extensimf' of Tu_t1 on
R% verifying (2-8) with p = cp for all (&1,&) in (R%)? (i-e T, is uniformly continuous on R%) and
such that T, ; = T, on R%. Defining 7 on R% x [0, +00) as

%(g,t)_{Tu,tl(f) , ift>1

0 , otherwise

T.. verifies the causality condition and we have for all ¢t > 7 and all (z,£) in X x R%,
Tut) — ol < 516~ Tula, 1)) - (2.9)

Now consider g in Xy such that 0¥ (20;u) = +0co. Then, from a) and c), since X (xo; ;1) remains in X
and T (X (zo; ;u), t) is a solution to (2.5) initialized at { = Tu(wo,0) and for all ¢, yoo,u(t) = Feo,u(t).

Thus, because of (2.6]), for any & in R and any solution =(&o; t; w, Yug,u) Of
é = ]:(év u, yxg,u)
we have

lim
t——+o0

S(€os 1,0 0) = Tu(X (w03 ), )] = 0.

If follows from (2.9)) that
lim ’X((mo,éo);t; u) — X(wo;t;u)‘ =0

t——+oo

with X ((zo,€0); t;u) = Tu(E(€0; t; U, Yug,u), t). Thus, (F,T) is an observer for System (2.1)). |

Remark 2 Without the assumption of concavity of p, it is still possible to show that z —
T.(z,t) admits a continuous left-inverse T, defined on R%. But, as shown in [SL16, Example 4
continuity of T is not enough to deduce the convergence of Z from that of f : uniform continuit
is necessary. Note that if X is bounded, the concavity of p is no longer a constraint, since a
concave upper-approximation can always be obtained by saturation of p (see [McS34] for more
details).

Besides, if there exists a compact set C such that X is contained in C, it is enough to ensure
the existence of p for (z4,7;) in C2. As long as for all ¢, x — T, (z,t) is injective on C, then for
all ¢, there exists a concave K function p; verifying the required inequality for all (z,,xp) in C?

“Denoting 7, ; . the jth component of T, ;, take T, ; .(£) = mingeTu(X,w{T;tl’j (&) 4+ p(J€ —€])} or equivalently

u,t,j u,t,j
T, .;(€) = minzex {z; + p(|Tu(z, 1) — €]}
A function « is uniformly continuous if and only if limy,— tco |Zn —yn| = 0 implies lim,,— o0 |y(2n) =7 (yn)| = 0.
This property is indeed needed in the context of observer design.
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(see Lemma . Thus, only uniformity in time should be checked, namely that there exists
a concave K function p greater than all the p;, in other words that x — T'(x,t) does not become
"less and less injective" with time. Of course, when T, is time-independent, no such problem
exists and it is sufficient to have z — T, (z) injective on C. This is made precise in the following
corollary.

Corollary 2.2.1.

Consider an integer d¢ and continuous maps F : R% x R% x R — R% H : R% x R% — R%
and F : R% x R% x R% — R% such that (2.4) is an observer for (2.5). Suppose there exists
a continuous function 7' : R% — R% and a compact set C of R% such that :

- for any zp in X such that o7 (zg,u) = +00, X (x¢; -;u) remains in C.
-  — T'(x) is injective on C.

- T transforms System (2.1]) into System (2.5 on C, i-e for all z in C, all w in U, all ¢ in
[0, +00)

LyT(x) = F(T(x),u(t), h(z,u(t)) , hlz,u®))=H(T(z),ut)) -

Then, there exists a uniformly continuous function 7 : R% — R% such that

T(T(z))=2 VzxeCl,

and (F,T) is an observer for System ({2.1)) initialized in Xjp.

Proof : This is a direct consequence of Lemma [A-3.2] and Theorem [2.2.1] |

2.3 Organization of the thesis

As illustrated in Figure Theorem shows that a possible strategy to design an
observer is to transform the system into a favorable form for which an observer is known,
and then bring the estimate back into the initial coordinates by inverting the transformation.
This design procedure is widely used in the literature and raises three crucial questions :

1. what favorable forms (2.5)) do we know and which observers are they associated to ?
2. how to transform a given nonlinear system into one of those forms ?
3. how to invert the transformation ?

The present thesis contributes to each of those questions and is thus organized accordingly,
dedicating one part to each of them. Since the first two have aroused a lot of research, detailed
literature reviews are provided in each case to help the reader situate our contributions. As for
the third one, it has not received a lot of attention as far as we know, although it constitutes a
recurrent problem in practice.

To those contributions, we add in a fourth part the results obtained in parallel concerning
observer design for permanent magnet synchronous motors with some unknown parameters.

Here is a more detailed account of the content of this thesis :
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x-coordinates Part 11 &-coordinates

z = f(x,u)
y = h(z,u)

0

=~

Part 111
Figure 2.2: Process of observer design suggested by Theorem [2.2.T]and organization of the thesis.

Part [ : Normal forms and their observers. We start by making a list of system
structures for which we know an observer . We call those favorable structures normal
forms. Chapter [3|reviews the normal forms existing in the literature and recalls their associated
observer : state-affine forms with Luenberger or Kalman observers and triangular forms with
high gain, homogeneous or mixed high gain-Kalman observers. Noticing that few observers exist
for non-Lipschitz triangular forms, we then fill this gap in Chapter [} by extending the use of
existing homogeneous observers to a broader class of Holder triangular forms and proposing a
new observer for the "only continuous" triangular form.

Part [IT : Transformation into a normal form. We address the problem of transforming
a nonlinear system into one of the previously mentioned normal forms. In each case, sufficient
observability conditions on the system are given. A lot of results in this area already exist in
the literature and are recalled in Chapter f] Then, we present in Chapters [6] and [7] our new
results concerning the transformation of nonlinear systems into continuous triangular forms and
Hurwitz forms.

Part [[T]] : Expression of the observer dynamics in the initial system coordinates.
Although the observer design problem seems solved with Part [[] and [[I] according to Theorem
[2:2.7] implementation issues may arise such as the computation of the inverse 7, of the trans-
formation. That is why, we develop in Part [[TI| a novel methodology to avoid the inversion of T,
by bringing the dynamics back in the z-coordinates, i-e find # and obtain an observer in
the given coordinates as defined in Definition Although this process is quite common in
the case where T}, is a diffeomorphism, completeness of solutions is not always ensured and we
show how to solve this problem. Most importantly, we extend this method to the more complex
situation where T, is only an injective immersion, i-e the dimension of the observer state is
larger than the one of the system state. This is done by adding some new coordinates to the
system.

Part [IV]: Observers for permanent magnet synchronous motors with unkown pa-
rameters. This part gathers results concerning observability and observer design for permanent
magnet synchronous motors when some parameters such as the magnet flux or the resistance
are unknown. Simulations on real data are provided. This work was carried out in parallel and
this part is mostly independent from the rest of the thesis.
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Chapter 3

Quick review of existing normal
forms and their observers

Chapitre 3 — Formes normales existantes et leurs observateurs Ce chapitre présente les
principales formes normales observables qui existent dans la littérature et pour chacune d’entre
elles, rappelle la ou les observateurs associés. Deur principales catégories sont dissociées : d’une
part les formes affines en l’état pour lesquelles des observateurs de Luenberger ou de Kalman
sont utilisés, et d’autre part, les formes triangulaires auzxquelles s’appliquent les observateurs de
type grand gain.
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In this chapter we consider systems of the formlﬂ

with & the state in R%, u an input with values in U C R%, y the output with values in R%
and F (resp H) a continuous function defined on R% x R% x R% (resp R% x R%). We are
interested in finding normal forms, namely specific expressions of the functions F' and H such
that an explicit observer for System can be written in the given coordinatesﬂ i-e the &-
coordinates. Indeed, an a priori knowledge of such forms is necessary to apply Theorem [2.2.]
and design an observer for a nonlinear system.

We do not claim to be exhaustive, neither about the list of normal forms nor about their
history. We select the most popular forms and associated observer, and endeavor to give the
most sensible references. Our goal is only to introduce some definitions and results which will
be of interest throughout this thesis, and give a starting point to the problem of observer design

!The notation F(&,u,y) is somehow abusive because y is not an input to the dynamics of £. We should rather
write F(&,u, H(&,u)) as in (2.5) but this latter notation is less straight-forward. We thus decided to keep the

former for clarity.
2see Definition m
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for nonlinear systems. Note that according to Theorem we are only interested in global
observers with guaranteed convergence. This excludes for example the extended Kalman filters,
obtained by linearizing the dynamics and the observation along the trajectory of the estimate
(IGel74]). Indeed, their convergence is only local in the sense that the estimate converges to
the true state if the initial error is not too large and the linearization does not present any
singularity ([BS15] and references therein).

Before giving the results of this chapter, we need the following definition.

Definition 3.0.1.

The observability grammian of a linear system of the form

X=Aw)x , y=C)x
with input v and output y, is the function defined by :
t1
Ly(to, t1) = ; U, (7,t0) ' C(v(1)) T C(w(7)) W, (7, to) dr
0
where ¥, denotes the transition matrixﬂ namely the unique solution to :

ov,
SL(rt) = AWT)E(rY

U,(tt) = I.

3.1 State-affine normal forms

In this section, we consider a system with dynamics of the form :

£=A(uwy)E+Bluy) , y=HEu) (3:2)
where € is a vector of R%, A : R% xR% — Rd%*de B : R% xR% — R% and H : R% xR% — R%

are continuous functions.

3.1.1 Constant linear part : Luenberger design

In this section, we consider the case where A is constant, with two sub-cases :
- A is Hurwitz and H any continuous function

- A is any matrix but H is linear.

A Hurwitz : Luenberger’s original form

We introduce the following definition :
Definition 3.1.1.
We call Hurwitz form dynamics of the type:
E=At+Buy) , y=H(E ). (3.3)

where A is a Hurwitz matrix in R%*% and B and H are continuous functions.

3See for instance [Che84)
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For a Hurwitz form, a trivial observer is made of a copy of the dynamics of the system :

Theorem 3.1.1.

The system '

{=A¢+ B(u,y) (3.4)
is an observer for system ([3.3)).

Indeed, the error é — £ decays exponentially according to dynamics

We have referred to this form as "Luenberger’s original form" because originally in [Lue64],
Luenberger’s methodology to build observers for linear systems was to look for an invertible
transformation which would map the linear system into a Hurwitz one, which admits a very
simple observer. We will study in Part [ under which condition a standard nonlinear system
can be transformed into such a form, namely extend Luenberger’s methodology to nonlinear
Systems.

H linear : H({,u) = C¢ with C constant
We consider now a system of the fornﬁ
where B is a continuous function. The following well-known result can be deduced from [Lue64]:

Theorem 3.1.2.

If the pair (A, C) is observable, there exists a matrix K such that A — KC is Hurwitz. For
any such matrix K, the system

€= A+ B(uy) + K(y — C§) (3.6)

is an observer for system ([3.5)).

As opposed to Theorem [3.1.1] A is not supposed Hurwitz but H is a linear function.

3.1.2 Time-varying linear part : Kalman design

We suppose in this section that H is linear, but not necessarily constant namely

The most famous observer used for this kind of system is the Kalman and Bucy’s observer
presented in [KB61] for linear time-varying systems, i-e with A(¢), B(t) and C(t) replacing
A(u,y), B(u,y) and C(u) respectively. Later, a "Kalman-like" design was proposed in [HM90),
BBHO96] for the case where A(u,y) = A(u). This design can be easily extended to System
by considering (u,y) as an extended input. The difference with the time-varying case studied by
Kalman and Bucy in [KB61] is that every assumption must be verified uniformly for any such

“In [AKOI], the authors propose an observer for a more general form € = At + B(u,y) + Gp(HE), y = C¢,
under certain conditions on p.
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extended input, namely for any input u and for any output function y coming from any initial
condition. To highlight this fact more rigorously, we denote

Yeou(t) = C(u(t)) E(6o5 ;1)

the output at time ¢ of system (3.7)) initialized at &y at time 0.

Theorem 3.1.3. [HM90, BBH96|

Assume the input v is such that

- for any &o, t — A(u(t), yeou(t)) is bounded by Anaz,

- for any &p, the extended input v = (u,ye, ) is regularly persistent for the auxiliary dy-
namics

X = A, yeu)x 5, y=Clu)x (3.8)

uniformly with respect to &y, i-e there exist strictly positive numbers tg, ¢ and « such that
for any &y and any time t > tg,

where I',, is the observability grammian (see Definition |3.0.1)) associated to System (3.8)).
Then, for any v > 2A,,4:, there exist strictly positive numbers «; and ao such that the
matrix differential equation

P = —yP — PA(u,y) = A(u,y) " P+ C(u) " C(u) (3.9)
initialized at P(to) = P(tg)" > 0, admits a unique solution verifying for all ¢ > ¢,
PT(t)=P@t) , a1l <P(t)<aol.

Besides, the system

A

£= Au,y)é+ Buy) + K (y— C(u)é) (3.10)

with the gain
K=P'C)’ (3.11)

is an observer for the state-affine system ([3.7)).

Remark 3

- It is important to note that K is time-varying and depends on the functions ¢ — u(t) and
t = Yeo.u(t) and thus on .

- The assumptions of boundedness of A and regular persistence are mainly to ensure that
the solution to (3.9)) is uniformly bounded from below and above, namely that P (and thus
the gain K') neither goes to 0 nor to infinity.

- An equivalent way of writing (3.9) and (3.11)) is with
P = A(u,y)P + PA(u,y)" — PC(u)" C(u)P + P
K = PC(u)"

(i-e P is replaced by P~1). This implementation does not require the computation of the
inverse of P(t) at each step.

- Following Kalman and Bucy’s original paper [KB61], the gain K can also be computed
with

P(t) = A(u(t), y(1))P(t) + P() Alu(t), y(t)) "
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—P()C(u(t) "R (t)C(u(t)) P(t) + D()Q() D(1)
K(t) = P(t)C(u(t)) "R™(1)

where R(t) (resp Q(t)) is a positive definite matrix representing the covariance at time ¢
of the noise which enters the measurement (resp the dynamics) and D(¢) describes how
the noise enters the dynamics. In the case where those noises are independent white noise
processes, this observer solves the following optimal problem : given the values of u and
y up to time ¢, find an estimate & (t) of £(t) which minimizes the conditional expectation
E <|é () —£@)?| y[toyt],u[toﬂ). In order to ensure asymptotic convergence of the observer,
according to [KB61l, Theorem 4], the following assumptions are needed :
- boundedness of A
- uniform complete observability of (A, C) : this corresponds to the regular persistence
condition of Theoremwhen A and C depend on an input v and A is bounded (see
[Kal60])
- uniform complete controllability of (A, D) : this is the dual of uniform complete ob-
servability, namely uniform complete observability of (AT, DT) (see [Kal60])
- R and @ are uniformly lower and upper-bounded in time.

Only the first two assumptions depend on the system and they are the same as in Theorem
; the other two must be satisfied by an appropriate choice of the design parameters
R and Q.

3.2 Triangular normal forms

3.2.1 Nominal form : high-gain designs

Triangular forms became of interest when [GB81] related their structure to uniformly observable
systems, and when [Zei84] introduced the phase-variable form for differentially observable sys-
tems. The celebrated high gain observer proposed in [Tor89, [EKNN89| for phase variable forms
and later in [BHI1, IGHO92] for triangular forms, have been extensively studied ever since. It
would be too long for the interest of this thesis to provide a thorough review of this literature,
but we refer the interested reader to [KP13|] and the references therein for a detailed analysis of
the high gain design.

Definition 3.2.1.

We call continuous triangular form dynamics of the form:

& = &+ 01(u,&)

& _ Siv1 + @i(uw, &1,....&)  , y=& (3.12)

Sm : D (u, §)

where for all i in {1,...,m}, & is in R%, & = (&,...,&,) is in R%, with d¢ = mdy,
®; : Ré% x Ri% — R% are continuous functions. In the particular case where only ®,,
is nonzero, we say continuous phase-variable form.

If now the functions ®;(u,-) are globally Lipschitz on R uniformly in u, namely there
exists a in R such that for all u in U, all (&,,&) in (R%)? and for all i in {1,...,m}

|(I)i(u7£1a7 cee )é-ia) - q)i(ua£1b7 ... 7§ib)| S az ‘é-ja - £]b| )
7=1

we say Lipschitz triangular form and Lipschitz phase-variable form.
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Lipschitz triangular form

The Lipschitz triangular form is well-known because it allows the design of a high gain observer

Theorem 3.2.1.

Suppose the functions ®;(u,-) are globally Lipschitz on R uniformly in u. For any
(k1, ..., k) in R™ such that the roots of the polynomial

S 4 k8™ b 4 ks + Ky

have strictly negative real parts, there exists L* in R* such that for any input function u
with values in U, for any L > L*, the system

£ = &+ 01(u,&)— Lk (& -y)

52 = 53“‘(1)2(”751752) _L2 k2 (él _y) (313)

= Pp(u,E) — L™k (61— y)

is an observer for the Lipschitz triangular form (3.12)).

Actually, extensions of this high gain observer exist for more complex triangular forms, in
particular when each block does not have the same dimension, but extra assumptions on the
dependence of the function ®; must be made to ensure convergence (see [BH91] or later [HBB10]
for instance). We omit these here because they are of no use for this thesis.

In any cases, the standard implementation of a high gain observer necessitates the global
Lipschitzness of the nonlinearities ®;. In the case where they are only locally Lipschitz, it is
still possible to use observer (3.13)) if the trajectories of the system evolve in a compact set, by
saturating ®; outside this compact set (see Section . Otherwise, several researchers have
tried to adapt the high gain L online by "following" the Lipschitz constant of ®; when it is
observable from the output ([PJ04, [AP05, [APA09L [SP11] and references therein).

Unfortunately, when the nonlinearities are only continuous, we will see in the next Chapter
[] that the convergence of the high gain observer can be lost, but that, under specific Holder-
like conditions, it still provides arbitrary small errors (by taking a sufficiently large gain). In
particular, it has been known for a long time, mostly in the context of dirty-derivatives and
output differentiation, that a high gain observer can provide an arbitrary small error for a
phase-variable form as long as ®,, is bounded ([Tor89] among many others).

Hoélder continuous triangular form

Fortunately, moving to a generalization of high gain observers exploiting homogeneity makes it
possible to achieve convergence in the case of non-Lipschitz nonlinearities verifying some Holder
conditions. It is at the beginning of the century that researchers started to consider homogeneous
observers with various motivations: exact differentiators ([Lev bl Lev03] Lev05]), domination as
a tool for designing stabilizing output feedback ([YLO04], [Qia05], [QL06], [APAOS] and references
therein (in particular [APAQG])), ... The advantage of this type of observers is their ability to
face Holder nonlinearities. In [Qia05], or in more general context in [APAOS], the following
observer design is used :
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Theorem 3.2.2. [Qia05]

Consider a continuous triangular form (3.12]). Assume there exists dp in (—1,0] and a in R4
such that for all 4 in {1,...,m}, for all £, and & in R% and v in U

Ti+1

’(I)i(uaflaa---afia) - (I)i(uaé.lba"wgib)’ S az‘&ja _Ejb‘ i ) (314)
j=1

where 7 is a vector in R™*!, called weight vector, the components of which, called weights,
are defined by
ry = 1—d0(m—z’) . (3.15)

There exist (k1,...,kn) and L* > 1 such that for all L > L*, the systemﬂ

T2

£ = o+ ®(u,&)— Lk {él_y—‘ﬁ

§ = &+ Po(u,&1,&) — Lk [51 - ?/1 " (3.16)

"m+1

€ = Cp(w,d) = L™y |G —y| "

is an observer for the continuous triangular form (3.12)).

dpy is called degree of the observer. When dy = 0, all the weights r; are equal to 1, the
nonlinearities are Lipschitz and we recover the high gain observer E[) In that sense, we can
say that the homogeneous observer (3.16|) is an extension of @ . Noticing that the Holder
constraints become less and less restrictive as dg goes to —1, it is interesting to wonder
what happens in the limit case where dy = —1. In that case, ry, 41 = 0, which makes the last

R 0 A
correction term of (3.16)) equal to {51 — yw = sign(& —y). This function being discontinuous at
0, the system becomes a differential inclusion when defining the sign function as the set valued
ma

{1} ifa>0,
S(a) =¢ [-1,1] ifa=0, (3.17)
{-1} ifa<0.

Note that this set valued map is upper semi-continuous with nonempty, compact and convex val-
ues, namely it verifies the usual basic conditions for existence of absolutely continuous solutions
for differential inclusions given in [Fil88]| [Smi01].

Actually, when dy = —1, we recover the same correction terms as in the exact differentiator
presented in [Lev b|, where finite-time convergence is established for a phase-variable form with
®,,, is bounded. Quite naturally, this boundedness condition on ®,,, is exactly the condition we
obtain when taking dy = —1 in the Hélder constraint . Actually, we will show in the next
Chapter [4 that Theorem [3.2.2] still holds when allowing the degree to be —1, i-e that the exact
differentiator presented in [Lev b] can also be used in presence of continuous nonlinearities on
every line, provided they verify the Hoélder constraint with dyp = —1.

Note that a generalization of observer was presented in [APAO§| in the context of
"bi-limit" homogeneity, i-e for nonlinearities having two homogeneity degrees (around the origin
and around infinity), namely

T0,i+1 { Too,i+1

)
[Di(u, E1as - - &ia) — i, Exps -, &)l < a0 D [€ja — Epl ™07 + Aoe D |Eja — Eip| o,
= j=1

5We denote the signed power function as |a]® = sign(a) |a|’, for b > 0.
SWriting ¢ = |a]® will mean ¢ € S(a).
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with
ro; =1—do(m—14) , 7Tei=1—doo(m—1)

and —1 < dp < doo < ﬁﬂ It would also be interesting to see if this design is still valid when
dog = —1.

Continuous triangular form ?

The only existing observer we are aware of able to cope with ® no more than continuous is the
one presented in [BBD96]. Its dynamics are described by a differential inclusiorﬂ

fef(f,y,U)

where (f,y,u) — ]:(é,y, u) is a set valued map defined by : (v1,...,vy) is in ]-"(f, y,u) if there

exists (€2, ..., &n) in R™7! such that

V1 = 52 + (I)1<U, y)
& € saty, (&) —kiS(y — &)

3 v, = gl+1+(bi(uay7527lgl) ~
§it1 € sata, (§i+1) — ki S(& — &)

Um € (I)m(%y,g%- . 7€m) - km S(ém _Em)
where sat is the saturation function
saty(z) = max{min{z, a}, —a} (3.18)

and M; are known bounds for the solution. It can be shown that any absolutely continuous
solution gives in finite time an estimate of £ under the only assumption of boundedness of the
input and of the state trajectory. But the set valued map F above does not satisfy the usual
basic assumptions given in [Fil88] [Smi0O1] (upper semi-continuous with non-empty, compact and
convex values). It follows that we are not guaranteed of existence of absolutely continuous
solutions nor of possible sequential compactness of such solutions and therefore of possibilities
of approximations of F.

That is why we dedicate the next Chapter [4] to the problem of designing observers for
the continuous triangular forms. In particular, we propose a novel cascade of homogeneous
observers whose convergence is established without requiring anything but the continuity of the
nonlinearities and boundedness of trajectories.

3.2.2 General form : High gain-Kalman design

A more general triangular form is the following :

Definition 3.2.2.

"See Remark
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We call general continuous triangular form dynamics of the form

G = Ail(u,y) &+ 01(u, &)

éi = Al(uv y) £i+1 + él(ua 617 s 751) v Y= Cl (U)fl (319)
ém = (I)m(u7§>
where for all ¢ in {1,...,m}, & is in RV, AN = dg, Ai R x R — RNixNig1,

C1 : R% — REW*N and &; : R% x szzl Ni _ RNi are continuous functions.
If besides the functions ®;(u,-) are globally Lipschitz on R? uniformly in u, then we will
say general Lipschitz triangular form.

Note that when the values of the functions A; are constant full-column rank matrices and
C1(u) is the identity function, this form covers the standard triangular form if N; = Nj for
all (7,7), and also the forms studied in [BHI1] or [HBBI0]. In those cases, a high gain observer
is possible because the system is observable for any input and the functions ® are triangular
and Lipschitz. When the dependence on the input and output is allowed in A; however, the
observability of the system depends on those signals and a high gain is no longer sufficient. In
fact, System is a combination of both and . It is thus quite natural to combine
both Kalman and high gain designs, as proposed in [Bes99] for the case where N; =1 for all i,
and then in [BT07| for the general case.

In the following, we denote yg, ., the output at time ¢ of system initialized at &y at
time 0, and

0 Aj(u,y) 0 ... 0
Awy) = | - 0 . C(u) = (Ci(u),0,...,0)
Am—l(u7y)
0 0
®1(u, &) Lin, 0 0
: o
: . 0
(pm(uygla"'aé’m) 0 0 LmINm

Theorem 3.2.3. [BT07]

Assume the input u is such that
a) For any &, t — A(u(t), ye,u(t)) is bounded by Aqz,
b) for any &, the extended input v = (u,y¢,..) is locally regular for the dynamics
X =Au,yeu)x , y=Clu)x (3.20)

uniformly with respect to &g, i-e there exist strictly positive real numbers « and Lg such
that for any &, any L > Ly and any ¢t > %,

T, (t — 2t) > aLA(L)?

where T', is the observability grammian (see Definition [3.0.1)) associated to System ([3.20)).
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c) the functions ®;(u,-) are globally Lipschitz on R25=1 N uniformly in u,

Then, there exists a strictly positive real gain L* such that for any L > L* and any v > 24,4z,
there exist strictly positive real numbers a1 and a9 such that the matrix differential equation

P=L(=yP - Aw,y) P~ PA(u,y) + C(w) C(u))
initialized at P(0) = P(0)" > 0 admits a unique solution verifying for all ¢
Pt)' =P@1t) , a1l <P(t)<aol.

Besides, the system .

€= Alw,y) €+ 0w, &) + K (y— C(w)) (3.21)

with gain

K=ALP'Cu)’
is an observer for the general Lipschitz triangular form (3.19)).

As opposed to the classical Kalman observer , the input needs to be more than regularly
persistent, namely to be locally regular. This is because in a high gain design, observability at
arbitrarily short times is necessary. Note that in the case where the matrices A; are of dimension
one, [GKO01), Lemma 2.1] shows that the gain K can be taken constant under the only condition
that there exists Ain and Ap,q: such that for any &,

0 < Apin < Ai(u(t), yeou(t)) < Amas -

3.3 Conclusion

We have introduced in this chapter the main normal forms and their associated observer design
with guaranteed global convergence. They are summed up in Table

Although the Lipschitz triangular form and its high gain observer have been widely studied,
its continuous version has received little attention. This is quite unfortunate because in Part [[I]
we will show that a large category of nonlinear systems can be transformed into this form, and
not in the Lipschitz one. Partial solutions exist nevertheless, such as the homogeneous observer
(3.16) when the nonlinearities verify some Holder conditions. In the next Chapter 4 we show
that the use of this type of observer can be extended to a broader class of Holder nonlinearities
and present a novel observer made of a cascade of homogeneous observers which requires only
continuity of the nonlinearities and boundedness of trajectories : we are thus going to fill lines
6-7 of Table which for now are empty.

Note that we concentrate our efforts on the continuous triangular form because it is
of special interest for Part [[Il But many of the techniques used in the following chapter should
also be applicable to the general continuous triangular form (lines 9 of Table .
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Structure Observabll.lty Observer design
assumption
H A constant 0 copy of the
State-affine nonlinear Hurwitz dynamics
forms A and C' constant (A, C) observable Luenberger
H linear
A or € non (u,y) regularl
constant ’yersis%ent Y Kalman
A bounded P
®, Lipschitz 0 High-gain
Nominal ¢, Holder (3.14), 0 Homogeneous of
_ B.12) dp € (—1,0] degree dy
Triangular
forms ®; Holder (3.14), ? 2
do = —1
®; continuous ? ?
®; Lipschitz (u,y) locally . .
General A; bounded regular High gain-Kalman
(13.19)
®; continuous o ?
o ? ?

Table 3.1: Normal forms and their associated observer design







Chapter 4

Observers for the continuous
triangular form

Chapitre 4 — Observateurs pour la forme triangulaire continue. Dans ce chapitre,
nous montrons qu’en l’absence de caractére Lipschitz et sous une condition de type Holder, le
grand gain usuel donne au mieur une convergence pratique, c’est -d-dire avec une erreur finale
arbitrairement faible. Lorsque cette condition n’est pas satisfaite, nous proposons un nouvel ob-
servateur grand gain en cascade. Cependant, cette convergence pratique peut nécessiter l’emploi
de trés grands gains, ce qui devient problématique en présence de bruit de mesure. Sous une
hypothése un peu plus restrictive, nous montrons que des observateurs homogénes donnent par
contre une convergence asymptotique. Comme pour le grand gain, nous proposons une cascade
d’observateurs homogenes pour le cas ou cette condition ne serait pas respectée. La convergence
asymptotique est alors prouvée sous la seule hypothése de continuité. Dans un souct de complé-
tude, pour chaque observateur, des perturbations sur la dynamique et sur la mesure sont prises
en compte, et les résultats sont énoncés sous la forme stabilité entrée-sortie.
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In this chapter, we address the problem of designing observers for the continuous trian-
gular normal form . We will see in Chapter |§| that this form is useful for a certain category
of systems, namely those which are uniformly observable and differentially observable at an
order greater than the dimension of the system. Indeed, those systems may be transformed in
a triangular form but with nonlinearities which may not be locally Lipschitz.

The content of this chapter has been published in [BPA17a].
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In order to present results which are as complete as possible, we consider the continuous
triangular form (3.12)), but unlike in the rest of this thesis, we add some disturbances on the
dynamics and on the measurement, namelyﬂ

& o= &L+ 01w, &) +w
& _ Siv1 + (w61, &) +wi , y=&+0 (4.1)
€ae - P, (u, §) + wa,

where ¢ is the state in R%, y is a measured output in R, ® is a continuous function which is
not assumed to be locally Lipschitz and (v, w) are time-functions which verify the Caratheodory
conditions. w can model either a known or an unknown disturbance on the dynamics and v is
an unknown disturbance.

We show in Section that the classical high gain observer may still be used when the
nonlinearities ®; verify some Hoélder-type condition. Nevertheless, the asymptotic convergence
is lost and only a convergence with an arbitrary small error remains.

On the other hand, according to Theorem [3.2.2] homogeneous observers enable to ensure
asymptotic convergence in presence of Holder nonlinearities. In particular, the homogeneous
observer with degree dp in (—1,0] is built in [APAOS§] following a Lyapunov design. We
show in Section that the same Lyapunov design can be extended to the case where the
degree of homogeneity is dg = —1. This is interesting since the Holder constraints on
the nonlinearities become less and less restrictive as the degree gets closer to —1. It turns out
that we recover with this method the exact differentiator presented in [Lev b] and which is
defined by an homogeneous differential inclusion. As opposed to [Lev b] where convergence is
established only for a phase-variable form via a solution-based analysis, in our case, convergence
is guaranteed by construction for the triangular form since the Lyapunov design provides a strict
homogeneous Lyapunov function which allows the presence of homogeneous disturbances on the
dynamics. Actually, many efforts have been made to get expressions of Lyapunov functions for
the output differentiator from [Lev b]. First limited to small dimensions (see [ORSM15]), it
was only recently achieved (simultaneously to our work) at any dimension in [CZM16]. This
approach is much harder since the authors look for a Lyapunov function for an already existing
observer (Lyapunov analysis), while in our work, the observer and the Lyapunov function are
built at the same time (Lyapunov design).

To face the unfortunate situation where the nonlinearities verify none of the above mentioned
Holder type conditions, we propose novel observers made of a cascade of high gain observers
in Section and of homogeneous observers in Section of dimension less or equal to
M. We prove that the high gain version converges with an arbitrary small error, and the
homogeneous version converges asymptotically, all this without requiring anything but continuity
of the nonlinearities in the case where the system trajectories and the input are bounded.

All along this chapter, we sometimes use stronger assumptions than necessary in order to
simplify the presentation of our results. We signal them to the reader with a (%) symbol as in
“the trajectories are complete (¥t)”. We discuss how they can be relaxed later in Section in
particular when we restrict our attention to compact sets.

Finally, we illustrate our observers with an example in Section

Notations

!To simplify the computations in this chapter, we consider the case dy = 1, i-e each &; is of dimension 1, but
everything sti olds for a block triangular form (3. wit ; of dimension v,
ything still holds f block triangular fi (13.12) with &; of di ion R?
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For (¢1,...,&) and (&1,...,&) (vesp. (&1,...,&:)) in R, we denote

Si = (517 v a§l> 0 éz = (élv Tt él) (resp. Aéz = (éila . 75@@)) (42)
eij =& =&, €= =&, =& & .

To simplify the presentation, we assume that the solutions to (4.1) are defined for all ¢ > 0
(i.e. the trajectories are complete (3t) ). Besides, wanting to present the results in a unified

and concise way, we will say that the function ® verifies the property H (o, a) or a positive real
. deldetD)
number a, and a vector o in [0,1]7 2, if :

Property H(a,a) (%)

For all ¢ in {1,...,d¢}, for all £, and &, in R% and u in U, we hav :
(i, &) — ilu, &) < @ [€ja — & (4.3)
j=1

This property captures many possible contexts. In the case in which «a;; > 0, it implies that
the function ® is Holder with power a;;. When the o;; = 0, it simply implies that the function
® is bounded.

It is possible to employ the degree of freedom given in by the time functions w to
deal with the case in which the given function ®(u,§) doesn’t satisfy H(a,«). In this case, an
approximation procedure can be carried out to get a function o satisfying H(a, o) and selecting
w = ®(u, &) — ®(u, &) which is an unknown disturbance. The quality of the estimates obtained
from the observer will then depend on the quality of the approximation (i-e the norm of w).
This is what is done for example in [MV00] when dealing with locally Lipschitz approximations.
We will further discuss in Section how to relax assumption H(a, a).

4.1 High gain observer ?

We consider in this section the standard high gain observer already presented in the previous
chapter

£ = &+ ®1(u,é&)+ iy — Lki (& —y)

£y : €3+ Po(u, &1, &) + b2 — L2 ky (€1 — ) (4.4)

édg = (I)d5 (u7 é) + /uA)dg - Ld& kd§ (é:l - y)

where L and the k;’s are gains to be tuned, y is the measurement. The w; are approximations of
the w;. In particular, when w; represents unknown disturbances, the corresponding w; is simply
set to 0. In the following, we denote

Av=uw—w.

When & satisfies the property H(a,a) with a;; = 1 for all 1 < j < i < d¢, we recognize
the usual triangular Lipschitz property for which the nominal high-gain observer gives an input
to state stability (ISS) property with respect to the measurement disturbance v and dynamics
disturbance w. Specifically, we have the following well known result (see for instance [KP13] for
a proof).

2 Actually ®; can depend also on &1 to &, as long as (4.3) holds. It can also depend on time requiring
some uniform property (see Section [4.4)).
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Theorem 4.1.1. Nominal high-gain

There exist real numbers kq, ..., kq., L*, A, 8 and 7 such that,
a) for all functions @ satisfying({}) for all i and for all £, and &, in R’

|Di(u, &5,) — i(u, &) < a D [€ja — Eipl + by (4.5)

J=1

b) for all L > max{aLl*, 1},

c) for all locally bounded time function (u,v,w, ), all (&, éo) in R% x R,

any solution é(éo,fo;t; u, v, w,w) of verifies, for all ¢ty and ¢ such that ¢t > ¢y > 0, and
for all 4 in {1, ..., d¢},

Zit0) — Zilto)| 0=y sup {7 o), S

1<j<m gl
Se[to,t}

Zi(t) — Zi(t)| < max { L718

(4.6)
where we have used the abbreviations Z(t) = Z(&p; t; u, w) and =Z(t) = Z(&o, &o; t; u, v, w, W).

Since the nominal high-gain observer gives asymptotic convergence for Lipschitz nonlineari-
ties, we may wonder what type of property is preserved when the nonlinearities are only Holder.
In the following theorem, we show that the usual high-gain observer can provide an arbitrary
small error on the estimate provided the Holder orders o satisfy the restrictions given in Table

or Equation (4.7)).

J 1 2 cee dg—2 dg—1  dg
)
de—2
! de—1
dg—3  dg—3
2 de—2  de—2
Qyj >
1 1 1
de—2 2 2 2
de—1 0 0 0
de ag > | 0 0 ... ... ... 0

Table 4.1 : Holder restrictions on ® for arbitrarily small errors with a high gain observer.

Theorem 4.1.2.

de(dg+1)
Assume the function ® verifies H(c, a) for some (o, a) in [0, 1] S x R, satisfying, for

1<j<i

de—i—1 .
Edgfi <o <1 for i=1...,d¢—1, (4.7)
0 S Oédgj S 1
Then, there exist real numbers ki, ..., k4., such that, for all € > 0 we can find positive real

numbers A, 3, v, and L* such that, for all L > L*, for all locally bounded time function
(u, v, w, ) and all (&, &) in R% x R% | any solution 2(&o, &o; t;u, v, w, ) of (4.4)) verifies, for
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all ¢y and t such that t > to > 0, and for all ¢ in {1,...,d¢},

[1]>

Zito) — Zi(to))[ e M),

i(t) — Ei(t)‘ < max{ e, L'

- Aw;(s)]
sup ¢ L1 ,| .
’y ISJ'SI;g { | ( )| LJ71+1
s€lto,t]

where we have used the abbreviation Z(t) = Z(&o; t; u, w) and 2(t) = 2(Eoéo; t;u, v, w, B).

Comparing this inequality with (4.6]), we have now the arbitrarily small non zero ¢ in the right

hand side but this is obtained under the Hélder condition instead of the Lipschitz one.
Proof : With Young’s inequality, we obtain from 1) that, for all o;; in Ry and all é and £ in R%

|@i(u,€,) — i(w, &) < D aylés — &+ b (4.8)
j=1
with a;; and b;; defined as
aij:(), hi]-:al, ifOéij:O
ai; = Cl”lij Ozija';?j s bi]' = 11701‘1".7.‘ if 0 < 5 < 1 (49)
o . .70{1]
ai;=a, bj; =0 v ifa;;=1

With 1) the assumptions of Theorem are satisfied with b; = Z;:1 bij. 1t gives ki, ..., ka,, L,
A, B and « and, if L > max;>; {a;;L", 1}, the solution satisfies the ISS inequality (4.6). The result will

follow if there exist L and o;; such that

J
L> GL* 1}, b L <€ 4.10
rglgf{aw } rrgg,xgv it <e (4.10)

At this point, we have to work with the expressions of a;; and b, given in (4.9). From (4.7), a;; can be

zero only if ¢ = d¢. And, when aqg. = 0, we get

i—dg—1 __ i—dg—1 ya
Ybaee L ¢ = yal' ™ < A

Say that we pick oq.¢ =1 in this case. For all the other cases, we choose

2' L lfa]-z
o0 = ( j:(l — a;g) L% 1)) ,

to obtain from (4.9)
1 1

Vbngi7j71 < €

= j2L%
So, with this selection of the o, the right inequality in (4.10) is satisfied for L sufficiently large. Then,
o1y
according to |D the a;; are independent of L or proportional to L(d5 R . But with (4.7) we
have i
0< (de —i—1)—29 <7
g

This implies that % tends to 0 as L tends to +00. We conclude that 1) holds if we pick L sufficiently

large.

It is interesting to remark the weakness of the assumptions imposed on the last two compo-
nents of the function ®. Indeed, 1) only imposes that ®4, 1 be Hélder without any restriction

on the order, and that ®4, be bounded (3¥).

We have shown with Theorem that one can hope to obtain an arbitrarily small error
when taking the high gain L sufficiently large. In the next section, we show that actually

asymptotic convergence can be achieved when considering homogeneous observers.
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J 1 2 cee dg—2 deg—1  dg
i
de—1
1 —_—
de
) de—2  de—2
de de—1
a,-j =
2 2 2
de—2 de de-1 3
1 1 1
de—1 de -1 2
de 0 o ... ... ... 0
Table 4.2 : Holder restrictions on ® for a homogeneous observer with dg = —1.

4.2 Homogeneous observer

4.2.1 Main result

In this section, we consider the homogeneous observer (3.16) to which we add the estimation of
the perturbations w; :

T2

£ = fo+ ®i(u,&) + w1 — Lk {gl_y—‘ "
. 3
& = &+ Do(u,&1,8) + o — L2 ko {51 —Z/W "

(4.11)
. Tdg+1
o = Pag(u, &) + g — L% kg, {51 - yw "
where 7 is the weight vector in R%*! defined by
ri =1 —do(de — i) , (4.12)

and where L and the k;’s are gains to be tuned, dy the degree to be chosen in [—1,0]. We
have seen in Theorem [£.1.2] that the usual high-gain observer can provide an estimation with
an arbitrary small error provided the nonlinearity satisfies the property H(c, a) with the oy
verifying (4.7). But since [APAQS] (see Theorem [3.2.2)), we know that asymptotic estimation
may be obtained with homogeneous correction terms and when considering nonlinearities which
satisfies H(a, a) with the oy verifying

i — 1—d0(d§—i—1) _ Ti4+1
K 1 —do(de — 7) T

J1<j<i<de. (4.13)

for some dp in (—1,0]. As announced in the introduction, we want to extend this result to the
extreme case where dyp = —1 i-e for nonlinearities satisfying H(«, a) with a;; given in Table

Theorem 4.2.1.

Assume that there exist dp in [—1,0] and a in Ry such that ® satisfies H(«, a) with « veri-
fying (3) . There exist (k1,...,kq,), such that for all Wy, > 0 there exist L* > 1 and
a positive constant v such that, for all L > L* there exists a class KL function § such that
for all locally bounded time function (u,v,w,®), and all (&, éo) in R% x R% system
admits absolutely continuous solutions é(fo, &o;t; u, v, w, ) defined on Ry and for any such
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solution the following implications hold for all 3 and t such that ¢ > ¢3 > 0, and for all 7 in

{1, ..., d¢} -
Ifdy>—-1:

[Si(t) — Ei(t)] < max { B(1=(to) — E(to)], ¢ — to)

i o |Aw:(s T;ﬁ
7 sup {L 1\1}(3)\T1,|M}} (4.14)
]

1<;j<i
SE[to,t

T1

where 'uijA: (j—1i+ 1)TJ+1
E(t) = 5(5076071;7 u,v,w,uﬁ).
Moreover, when dy < 0 and v(t) = w;(t) = 0 for all t and j = 1,...,d, there exists ¢ such
that Z(t) = 2(t) for all ¢ > 1.

, and we have used the abbreviation Z(t) = Z(&;t;u,w) and

If dy = —1 and |Awg, (t)] < Wy, :

[Zi(t) — Ei(t)] < max { B(E(to) — E(to)l,t — to) ,

Y sup {L“\ws)\fi,'m‘”(“")'j“}} (4.15)

1<j<i—1 LHi
s€[to,t]

where 7, Z(t) and Z(t) are defined above.
Moreover, when v(t) = w;(t) = 0 for all t and j = 1,...,dg, there exists ¢ such that
2(t) = 2(t) for all t > L.

Note that j is in {1,...,i} in whereas it is in {1,...,i — 1} in (4.15).

The proof of Theorem for the case dyp € (—1,0] and without disturbances is given for
example in [APAQS]. Actually [APAOS] gives a Lyapunov design of a generalized version of
observer with a recursive construction of both Lyapunov function and observer. Here we
are concerned with the case dg = —1. In this limit case, observer is a differential inclusion
corresponding to the exact differentiator studied in [Lev b|, where convergence is established
in the particular case in which ®; = 0 for j = 1,...,d¢ — 1 and @4, is bounded. We prove in
Lemma that the Lyapunov design of [APAQS] can be extended to this case. This allows us
to show that observer still converges if, for each i, ®; is Holder with order «;; equal to
the values given in Table where ¢ is the index of ®; and j is the index of e;. We also recover
the same bound in presence of a noise v as the one given in [Lev b]. Note that knowing the
convergence of the exact differentiator from [Lev b], we could also have deduced the existence
of such a Lyapunov function via a converse theorem as in [NYNO4]. But with only existence,
quantifying of the effect of the disturbances is nearly impossible.

Finally, it is interesting to remark that in the case dy = —1, the ISS property between the
disturbance wy, and the estimation error is with restrictions as defined in [Tee96, Definition 3.1].
If |Awg, (t)| < Wq, and L is chosen sufficiently large, then asymptotic convergence is obtained.
However, nothing can be said when |Awd§| > Wg,. Moreover, it may be possible for a bounded
large disturbance to induce a norm of the estimation error which goes to infinity. We believe that
this problem could be solved employing homogeneous in the bi-limit observer as in [APAQS]. It
is shown to be doable in dimension 2 in [CZMF11].

Proof : The set-valued function e; — |e1]% = S(e1) defined in (3.17) is upper semi-continuous and has
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convex and compact values. Thus, according to [Fil88], there exist absolutely continuous solutions to
(4.11)).

Let £ = diag(1,L, ..., L% ). The error e = {Aff produced by the observer (4.11)) satisfies
¢ € LAg.e+ 0+ LLA(e1 +v) (4.16)

where Aq, is the shifting matrix of order dg,

and R is the homogeneous correction term the components of which are defined as
rit1

(R(e1))i = —ki lea] 7T

where (k1,...,kq,) are positive real number and r; is defined in (4.12)). In the scaled error coordinates
e = L e, those error dynamics read

1
Za' € Ag.e + D + Rler +v) (4.17)

with D, = £716. With this mind, the proof consists in finding an ISS homogeneous Lyapunov function
for the L independent auxiliary system

€ S Adgé + ﬁ(él) (418)

with state & in R%, then extending it to ([£.17) by a robustness analysis, and finally deducing the result

Let V : R% — R, be the function defined as

dg—1

dy —7; ~ dy =r; |€q ‘dV
Z / [ T = L] T — (4.19)
61+1 1+1

where dy and ¢; are positive real numbers such that dy > 2d¢ — 1. It is shown in [APA0OS| Theorem
3.1] that, in the case where dp is in (—1,0], and by appropriately selecting the parameters ¢; and k;,
V is a strict C' Lyapunov function for the auxiliary system and is homogeneous of degree dy
with weight vector r. In fact, the same construction is still valid for the case dp = —1 as stated in the
following technical result, which is proved in the next subsection to ease the reading.

Lemma 4.2.1.

For all do in [~1,0], the function V' defined in (4.19) is positive definite and there exist positive
real numbers ki, ... kd§7 l1,. ‘.Edg, A, ¢s and ¢, such that for all € in ]Rdﬁ, 5 in R% and ¥ in R the
following implication holds :

Ti41

6] < csV(@) ™, Vi, and [3] < eV ()T

max{aa%(é)(Adgé+ 5+ Rer + 17))} < =AV(e) K

This Lemma says V is a ISS Lyapunov function for the auxiliary system (4.18]). See [SW95 Proof of
Lemma 2.14] for instance. With this result in hand a robustness analysis can be carried out on a system

of the form (4.17).
. . . Tit1 .
Indeed, since ® satisfies H(«, a), with lj and o < 1, we obtain, for all L > 1

(j—1) L ﬁfl \Awi|
|DL1|<*ZL el T
i | Aw,
<8 an i 1ol
c o [Aw;|

< —
<STVE ™V +

3Here the max is with respect to s in [é +o]° = S(é1 + o) appearing in the de¢th component of
ﬁ(él + 5) when do = —1.



4.2. HOMOGENEOUS OBSERVER 47

where ¢ is a positive real number obtained from Lemma [AT.2] in Appendix [A7] With Lemma
where J; plays the role of Dy, ;, v the role of v and e the role of €, we obtain that, by picking L* sufficiently
large such that 1% < %, we have, for all L > L”,

| Aw;]| cs Tt .
< . d dy, +d,
{ o Sy/ev v % max{%—v(a)é} <avE) m L (4.20)
v <eV(e)v ¢

Now, when evaluated along a solution, e gives rise to an absolutely continuous function ¢t — e(t).
Similarly the function defined by ¢ — v(t) = V(e(t)) is absolutely continuous. It follows that its time
derivative is defined for almost all ¢ and, according to [SmiOTl p174], (4.20) implies, for almost all ¢,

| Aw;| Ccs i1 .
— < —vy(t) ¢ dv +do
{ . =¥ )Tlv AR %b(t)g—)\u(t) v (4.21)
v <ecov(t)?V

Here two cases have to be distinguished.

1.If do is in | — 1,0], with Lemma in Appendix (see also [SW95]), we get the existence of
a class KL function By such that]’|

v dy.
(‘”Awi(s)') B LI

V(e(t)) < max Bv (V(£(0)), ALt), sup Tics -

Tie{l,...,de} s€[0,1]

The result holds since with Lemma [A-T.2] there exist a positive real number c; such that

T

S 01‘/(6)W .

€i
Li-1

Moreover, when v(t) = Aw;(t) = b; =0 for j = 1,...,de, (4.21)) implies finite time convergence
in the case in which do < 0.

2.If do = —1, then rq.+1 = 0. We choose L* sufficiently large to satisfy

Wa, < G

@)% =1

We obtain that the first condition in (4.21) is satisfied for ¢ = d¢ when L > L*. With Lemma

in Appendix (see also [SW95]), the implication (4.21) implies the existence of a class
KL function Sy such that*

VEW) S max g (V(E(0) ALY, sup (
i€{l,...,d¢—1} s€[0,t]

And the result holds as in the previous case.

4.2.2 Proof of Lemma [4.2.1]

The proof is based on the following Lemma (4.2.2)) which establishes that for a chain of integrator
it is possible to construct homogeneous correction terms which provide an observer and that it
is possible to construct a smooth strict homogeneous Lyapunov function.

Lemma 4.2.2.

For all dy in [—1,0], the function V deﬁnisd in (4.19) is positive definite and there exists
positive real numbers k1,... k4, £1,... L4, A such that for all € in R% | the following holds :

- dy +do

max{aa‘e/(e) (AdgeqLﬁ(el))} < V@) WL (4.22)

—do Ay
*according to Lemma , Bv (s,t) = max{0,s v — ¢}~
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Proof : [Case dg = —1 (see [APAOS] otherwise)]

We denote F; = (&, ..., éds)' Let dv be an integer such that dy > 2d¢ —1 and the functions £&; recursively
defined by :

_ _ 10 _ _ HCCIEE
Rae (€a;) = — |€ae | = —S(€a) , Ri(&i) = Titl
¢ \Cdeg L J 3 R (L&'éﬂ o )
Note that the jth component of K; is homogeneous of degree r;+1 = d¢ — j and, for any €; in R, the set
R;(e&;) can be expressed as }
Ri(e;) ={Ri(éi,s), ses(e)},
where R : R x [-1,1] = R is a continuous (single valued) function.

gq, |1V _ )
Let Vi, (€a.) = l dj‘l/ and for all 4 in {1,...,de¢ — 1}, let also V; : R> — R and V; : R% =" & R be the

functions defined by

_ v dy —=7; dv —ry
‘/;-(1/, EiJrl) :/ - \_‘T-‘ 7 _ \_éi+1.| i+l dop ,
I_éi+1—‘ Tit1
ViE) = Y Villies, E41) + Ve (Ca,) -
j=dg—1
With these definitions, the Lyapunov function V defined in (4.19) is simply V(e) = Vi(e) and the
homogeneous vector field £(e1) = Ri(e1) with

ritl  Titl Ti+l  Ti41l

T opri— o =1
k=070 0] 0,

The proof of Proposition [£.2.2] is made iteratively from i = d¢ toward 1. At each step, we show that V;
is positive definite and we look for a positive real number ¢;, such that for all F; in R%~i+?

Vi L dy —1
max {8E (Ei)(AdéfiJﬂEi + ﬁi(ei,s))} < —CZVI(E,) dv (4.23)

ses(e;)

where ¢; is a positive real number. The lemma will be proved once we have shown that the former
inequality holds for i = 1.

Step i = d¢ : At this step, Ea, = €4.. Note that we have

dy —1

OVa, - dy—1 ——
A B o | = e

dy —1
with cq, = dvdV . Hence, equation (4.23) holds for ¢ = de.

Step i = j : Assume Vji1 is positive definite and assume there exists ({j41,...,%q.) such that (4.23)
holds for j = i — 1. Note that the function x — |[z] "7 — |€41]| "+! is strictly increasing, is zero

i i
if and only if z = |€j4+1] 77+, and therefore has the same sign as © — |€;41]+!. Thus, for any €41

— i _
fixed in R, the function v — V;(v, €;41) is non negative and is zero only for v = |€;41] "7+t . Thus, V;
is positive and we have

Vi(E;) =0 <= — i
) { te; = [€41] 7+ =0

VJ'+1EEJ'_+1) =0 — Ejt1=0 R
V;(li€s,€541) =0

so that Vj is positive definite.
On another hand, let V; (v, Ej4+1) = Vj11(Ej+1) + V;(v,€;41) and let T1 be the function defined

Ti(v, Ej41) = max {T\(v, Ej11,9)}
with 77 continuous and defined by

- ov: - Tit+1 o dy —1
Ty(v, Ejy1,8) = 8E~jrl (Bj1)(Ade—i1Bipr + R (V] 77 ,9)) + T2V (0, Byp)
J
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Let also T> be the continuous real-valued function defined by

ov; _ EES]
To(v, Ej1) = —E(lﬁ Eip1)(€j41 = [v] 7).

Note that 71 and 7> are homogeneous with weight r; for v and r; for e; and degree dy — 1. Besides,

they verify the following two properties :

-for all Fj4+1 in R% 7 yin R

T>(v, Ej41) = 0
i1 dV—rj dv—rj
(since (|[v] ™ —éj41)and ([¥] 7 —[€+1] "*! ) have the same sign)

-for all (v, Ej4+1) in R% 71\ {0}, and s in S(v), we have the implication

To(v,Ejr1) =0 = Ti(v,Ejt1,5) <0
Tit1

dy —1

since T is zero only when |[v]| ™ = €41 and
s L aV; =
Ty(1&+1] 77 Ejs1,8) = 52— (Bjn)(An-iBj1 + Rj41(841,9))
OEj1
CJ+1 dy—1 Cj+1
= Vit (Bj) V< == =Vin(Ej) v

- 2
where we have employed (4.23) for i = j — 1.

Using Lemma in Appendix there exists £; such that
Tl(V, Ej+1) - (jng(l/7 Ej+1) S 0 5 V (I/7 Ej+1) .

Finally, note that

dy —1

ses(e;) | OF;

2

Hence, (4.23) holds for ¢ = j.

We are now ready to finish the proof of Lemma Let £(é1, s) be the function defined as

(Rer,s) = (@) . i€ [Lde—1],

7

and,

~ | kges, whendy= -1
(ﬁ(el’s)%& = { (8(e1)y,  when dp > —1

R is a continuous (single) real-valued function which satisfies for all ; in R
R(e1) = {R(e1,s), ses(e)}.
Consider also the functions

_ v A, dvtdo

- (@) Age +0+ Rer +v,9)) +5V(E) v,

and
clv +do

Z 5

8‘/ ~ B B B .
max { L (Ej)(Am—j1 Ej + ﬁj(ej,s))} = T (4;&)) — 6 Ta(0;8), Bj1) — 222V (E;)

)

With (4.22)), we invoke Lemma to get the existence of a positive real number ¢; satisfying

for all s in S(e; + v) :

oV by dy +dg de  dy+dg dy+do

()(Ad£e+6—|—ﬁ(el+v s))§—§V() dv +clz5 I
=1

oe
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This can be rewritten,

OV (&) (Aae+ T+ R(e <Ayt
R — \%
ge (D Aae T o+ RE+o,5) < =553 VI(e)
de _ dy+dg 5\ dy +dg
+ 5 T — ()
3 (bl - o™
_ dy+dg b V(s dVderO
Fall " 2(de +2) (e)

~ 1
Consequently, the result of Lemma |4.2.1{ holds with A = m, Cs = Cp = (%) dvtdo

4.3 Cascade of observers

4.3.1 High gain cascade

According to Theorem the classical high gain observer can provide an arbitrary small error
when the last nonlinearity is only bounded and when there is no disturbance. We exploit here
this observation by proposing the following cascaded high gain observer to deal with the case
where the functions ®; do not satisfy :

Gz oDk @ny)
521 = o+ 1 (u, &) + b1 — Lok (621 — )
S T Lk @y
T S U P TP TP URUPUITPO (4.24)
édgl = &g+ (I)1<uvé(d§—1)l) + 1 — Lag ka1 (a1 — )
a2 = &de3 T P2(u, §(a—1)1,€(ae—1)2) + W2 — LG, Kae2 (Sde1 — )
X R d A~
Caede = Wi — Ly Kdede (Sde1 — )

with the gain k;; chosen as in a classical high gain observer of dimension 4, W; are estimations of w;
and L; are the high gains parameters to be chosen. It is important to notice that the arguments
of all the nonlinearities ®; in block i come from the block ¢ — 1 (thanks to triangularity) and
that ®; is not present (because we saw that a bounded error is allowed on the last line of a high
gain observer).

Assuming the input function and the system solution are bounded, it is shown in the following

that estimation with an arbitrary small error can be achieved by the cascaded high-gain observer
(14.24]).

Theorem 4.3.1.

Assume ® is continuous. For any positive real numbers £ and U, for any strictly posi-
tive real number e, there exist a choice of (ki1,...,k4.d,) and of (L1,..., Lq,), a class KL
function S and two class Ko, functions 7; and 9 such that, for all locally bounded time
function (u,v,w, W), for all (&, &) in R% x R% and for all ¢ such that |Z(£o; s;u, w)| < € and
lu(s)| < U for all 0 < s < ¢, any solution (El(fo,ﬁo;t;u,v,w,u?), ...,Ed§(§o,§g;t;u,v,w,u§))
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of (4.24)) verifies, for all ¢ in {1,...,d¢},

&) i) <max{e, 8 (YU - &lt| . sup (o))l Aus))

j=1 s€[0,¢]

where Z; is the state of the ith block (see Notation (4.2))) and we have used the abbreviation
Bi(t) = Ei(o, &0t u, v, w, @) and Bi(t) = Ei(o; 5 u, w).

Proof : This result is nothing but a straightforward consequence of the fact that a cascade of ISS systems
is ISS.

Specifically the error system attached to the high gain observer in block ¢ has state e; (see Notation
(4.2)) and input v and d;, defined asEI

die [(I)Z(U’ 5(141)) — &4 (u, 5(1'71))] + [“72 - wf]
0 = —&ir1— Pi(u, &) + Wi —w;
with £d£+1 = 0. With Theorem % .1} we have the existence of k;1,...,kii, Ai, Bi and ; such that we

have, for all L; > 1, all t > ¢; > 0, all j in {1,...,¢} and with e;;(¢) denoting the jth error in the ith
block evaluated along the solution at time ¢,

P s Li(t—t; i (57;( S
leas (8)] < max § L6, lea(t:)] e 4=y, sup {Lz u(s)), 12t }
1<e<y L;
sE[t;,t]
But according to Lemma [A-2T] the continuity of the ®, implies the existence of a function p of class K
such that, for all £in {1,...,d¢} and for all (§;_y),§;_1),u) in R x R x U satisfying 1€l <€
and |u| <1,
“bf(uvf(wn) - ‘I)Z(Uvﬁ(zel))‘ <p (‘e(i—l)D .
This implies
|0ie ()]
|04 (s)]

where ®; = MAX | i e, |<E |®;(u, €;)| and &, is a bound for |Z;(&, s;u,w)| (which is less than £). Hence,

pllei—1(s)]) + [Awe(s)], €=1,...,5 -1,

<
< Ei+l +®; + |[Aw;(s)] ,

we have the existence of ¢; independent of L; such that

lei(t)| < ci max {Lﬁl les(ts)| e M FETsup LT [u(s)]
sE[t;,t]

e;,_1(s Awy(s EZ + @,
p At dw)] Gt E ]
s€[t;,t] L; 1<e<i Li i
s€[ti,t]
This makes precise what we wrote above that we have a cascade of ISS systems. Hence (see [Son89l

Prop. 7.2]), for each i in {1,...,m}, there exist a class KL function 8; and class K functions v,; and
Ywi, €ach depending on Ly to L; and such that we have, for all t > 0,

lei(t)] <max < Bi ([ max {le;(0)[},t) @i, sup {vui(lv(s)]),rwi(|Aw(s))} ¢ -
JE{1,..01} s€[0,t]
where w; is a positive real number defined by the sequences

Eg + o gi+1 + 9, p(wi—1)
1 Lz ) L?,Z .

Then by picking L; > Lj where Lj is defined recursively as :

: —1 €it1
€, =€, € =min|e€p %
Citltip

C, D Ciii +51
LZ& = % ) L:;k:i[g +1‘ }

€d£ Ei

"We write @e(u,g(i_l)) although &;_,) is the state of the previous block of dimension ¢ — 1, which can be
larger than £. We should rather have introduced a symbol for the ¢-first coordinates of £(;_), but we thought
this would unnecessarily complexify the notations. Indeed, for the present proof, we only need to know that those
variables come from the previous block of dimension 7 — 1.
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we obtain w; < € for all 7, hence the result. [ |

Note that unlike for the previous observers, we cannot state the result with "there exists
( T,...,L’:l&) such that for any (Li,...,Lq,) satisfying L; > Ly for all i, [...]" because L]
depends on (Lj41, ..., L4,) and not (L7, 4,... ,leg).

This observer has the advantage of working without any assumption on the nonlinearities
besides their continuity. Note however that it requires the knowledge of a bound on the system
solution and on the input. Also we may not need to build d¢ blocks, since according to Theorem
we need to create a new block only for the indexes ¢ where ®; does not verify Property
H(ca,a) for any a > 0 and with « satisfying . Unfortunately, as it appears from the proof
of Theorem m the choice of (L, ..., Ldg) can be complicated. Besides, only a convergence
with an arbitrary small error is obtained. It may thus be necessary to take very large gains
which is problematic in terms of peaking (see [Kha02, Section 14.5] for instance) and most
importantly in presence of noise (see Section . In the following section, we design a similar
cascade observer, but with homogeneous correction terms, and show that it enables to obtain
asymptotic convergence.

4.3.2 Homogeneous cascade

When we cannot find dp in [—1,0] and a such that the nonlinearities satisfy H(«,a), with «
defined in , we may lose the convergence of observer , or the possibility of making
the final error arbitrarily small. In such a bad case, we can still take advantage of the fact that,
for « verifying with dg = —1, H(a, a) does not impose any restriction besides boundedness
of the last functions @4, (see Table .

From the remark that observer (4.11))

1. can be used for the system

L o= &+Pi(t)

Cro1 = &k +pa(t)
& or(t)

provided the functions v; are known and the function ¢y, is unknown but bounded, with
known bound.

2. gives estimates of the &;’s in finite time,

we see that it can be used as a preliminary step to deal with the system

& o= &+i(t)

§ho1 = &+ pa(t)
& = &1+ Op(u, &1, .., E)

ék-i—l = SOk.A,-l(U, 517 s 7§k2+1)
Indeed, thanks to the above observer we know in finite time the values of &1, ..., &k, so that the
function ®p(u, &1, ...,&k) becomes a known signal ¢y (t).

From this, we can propose the following observer made of a cascade of homogeneous ob-
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servers :

€11 € 1 — Ly k11 S(€11 — )

. 1
§a1 = &2 + P (u, &11) + 01 — Lakoy {521 — yw :
Eop € Wy — L3 kop S(€a1 — )

€ae1 = ag2 + P1(u,&11) + b1 — La, kga {édgl - yw *

A - - - . de—1 - =
Cae(de—1) = Edede T Pac—1(u, §(ae 1)1 -+ §(de—1)(de 1)) + Dae—1 — Ldg Kae(de—1) Lédg - yw %

Edede € Wae — LZZ Kaede S(Eae1 — Y)
(4.25)
where the k;; and L; are positive real numbers to be tuned.
As a direct consequence of Theorem and following the same steps as in the proof of
Theorem [4.3.1], we have

Theorem 4.3.2.

Assume @ is continuous. For any positive real numbers &, U, W, we can find positive real
numbers k;; and L7, two class K functions 7; and 2 and a class KL function 3 such that,
for all (Lq,... y La.) verifying L; > L}, for all locally bounded time function (u, v, w,w),
and all (50,50) in R% x R%, the observer (4.25) admits absolutely continuous solutions
(E(éo,éo;t;%v,wy@),---7éd§(éo,€o;t; Uavaﬂhw

solution we have for all i in {1,...,d¢} and for all ¢ such that [E(&, s;u,w)| <&, |u(s)] < U
and [Aw(s)| <w for all 0 < s <t:

which are defined on R, and for any such

|Z(t) — Bi(t)| < max {5(|€0 — &, 1), sup {1 (Jv(s))); v2(|Aw;(s))} }
o]

where Z; is the state of the ith block (see Notation (4.2))) and we have used the abbreviation
Ez(t) = E’i(g(b 50; tu, v, w, uA)) and Ez(t) = E’Z(§07 tiu, w) . B
Moreover, when v(t) = Aw; = 0, there exists ¢ such that =;(t) = Z;(¢t) for all t > ¢.

Proof : This proof is very similar to that of Theorem (but also much simpler). We give it all the
same for the sake of completeness. The error system attached to the homogeneous observer in block ¢
has state e; and input v and §;, defined as

die [i)g(% é(i71)) = Po(u, 5(171))] + [the — we]
0 = —zit1 — Pi(u, &) + Wi —w;s

with zmy1 = 0. §;; is bounded, thus Theorem |4.2.1] gives the existence of ki1, ..., ki, L7, Xi, Bi and ;
such that we have, for all L; > L}, all t > 0, all j in {1,...,4} and with e;;(¢) denoting the jth error in
the ith block evaluated along the solution at time ¢,

Hj
1<e<j—1 L#ie
s€[0,1]

T
leas ()] < max { B: (les(0)] 1) , % sup {Lfl|v<s>ri,w”‘“}

But the continuity of the ®, implies the existence of a function p of class K such that, for all £ in
{1,...,i} and for all (§(;_),&;,_1),u) in R x R x U satisfying [£,_,)| <& and [u] <7,

“I’f(u:é(i—n) - (I’Z(uvg(i—l))‘ <p (‘e(i71)|) .
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This implies
0ie(s)] < p(lei-1(s)]) + [Awe(s)| , £=1,...,5—1.

Hence, we have the existence of two class K functions ;y, Yiw such that

pllei—1(s)])

lei(t)] < max ¢ Bi (lei(0)[ ;) , sup ~iu(|v(s)]), sup sup  yiv (|Awe(s)])

2—1 )
s€(0,t] seog L 1<e<i—1
s€f0,t]
Hence, by recursion, for each ¢ in {1,...,d¢}, there exist a class KL function Bi and class K functions

Yvi and ywi, each depending on L1 to L; and such that we have, for all t > 0,

.....

s€[0,t]

lei(t)] < max {Bi ( cmax  {le; (O)[}, t) , sup {%i(lv(S))»vm(lAw(S)l)}} :
[

Observer is an extension of the cascaded high gain observer presented in Section
The use of homogeneity enables here to obtain asymptotic convergence without demanding
anything but the knowledge of a bound on the input and on the system solution. A drawback of
a cascade of observers is that it gives an observer with dimension M in general. However,
as seen in Section [4.3.1] it may be possible to reduce this dimension since, for each new block,
one may increase the dimension by more than one, when the corresponding added functions ®;
satisfy H(a, a) for some « verifying with dy = —1 and for some a.

Finally, note that the result of Theorem [4.3.2] does not mean that the observer is ISS with
respect to Aw. Indeed, Aw must be bounded to obtain this ISS-like inequality : the system is ISS
with restrictions. Again, we believe that this problem could be solved employing homogeneous

in the bi-limit observer as in [APAOQS].

4.4 Relaxing the assumptions marked with (%¥)

First, if System (4.1]) is not complete, every ISS inequalities still holds for any solution =(&; t; u, w),
but only on [0, 5" (&, u)[ where o (£y,u) is its maximal time of existence in R%.

The global aspect of boundedness, Holder, H(«, a), ..., can be relaxed as follows. Let U be
bounded and let M be a given compact set. We define <I> asﬁ
di(u, &1, ...,6) = satg (i(u, €1, 1)) (4.26)
where

;= v |4 (u, &1y 05 &) -
Now consider any compact set M strictly contalnedl "lin M. We have ® = & on M, so that if
the system traJectorles remain in M, the model 4.1]) with o replacing ® is still valid. Besides,
according to Lemma in Appendix there exists a such that ( . ) holds for d for all
(€,,€) in R% x M. Then by taking & 1nstead of ® in the observers, we can modify the
assumptions

- in Theorem [£.1.] so that (4.5 holds only on the compact set M;
- in Theorems [4.1.2] and so that ® verifies H (v, a) only on the compact set M;
- Theorems [£.3.1] and [£.3:2] remain unchanged.

In this case, the results hold for the particular system solutions Z(&; t; u, w) which are in the
compact set M for ¢ in [0, 0T o (o, w)). Precisely, for these solutions, the bounds on =;(t) — E;(t)

given in these theorems hold for all ¢ in [0,0" oo, u).

6The saturation function is defined on R by satas(x) = max{min{x, M}, —M} .
"By strictly contained, we mean that M is contained in the interior of M.
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Note also that if H(c,a) holds on a compact set, then for any & such that &;; < «yj; for
all (4,7), there exists a such that #H(&,a) also holds on this compact set. It follows that the
constraints given by or Table in Theorem 4.2.1| can be relaxed to a;; > %,
and the less restrictive conditions one may ask for are obtained for dy = —1.

Finally, in Theorems[4.1.1] [4.1.2)and 4.2.1}, it is possible to consider the case where ® depends
also on time as long as any assumption made on ® is satisfied uniformly with respect to time.

4.5 Illustrative example

As an example, we consider the triangular normal form of dimension 4 defined by

5:1 = &

& = & B

& = &+Os(u b)) YT & s (4.27)
& = (134(u,f)

where X )
q)3(u>£17£2a€3) = 5u|£3+£1|5 L£1—|§ 3 @4(’&,5) = ‘I’(Uﬂ/f(g))
with ¥ : R% x R? — R and 1 : R* — R® continuous function defined by :
W(u, 1) = 1 — 20p195 + 20050503 — 1505310 + 504055 — 5yduss +p3001 +u(—2008 Ty +5en)

1

(& +&)& + [(€+ &) +3l(E +&) &1 [Fe] &) °
&+6

PE&) =&, &, (

Those seemingly mysterious expressions do not make a lot of sense for now. We shall see how
they appear in an example in Chapter[6] In fact, they are given here for the sake of completeness
but only the expression of ¢35 and the fact that &4 is continuous matter here. We are interested
in estimating trajectories remaining in a given compact set which will be defined in Chapter [6}

The function @3 is not Lipschitz at the points on the hyperplanes {3 = —&; and £ = 0. The
function ®4 is continuous and therefore bounded on any compact set. Besides, for é3 and &5 in
a compact set, and v bounded there existﬁ

1@3(u, &1, &, &3) — Ps(u, &1,62,&)| < c1lér — E1|é +c3lés — €3|% :

This implies that ®3 is Holder with order %

Hence the nonlinearities ®3 and ®4 verify the conditions of Table It follows that for
L sufficiently large, convergence with an arbitrary small error can be achieved with the high
gain observer . However, ®3 does not verify the conditions of Table Thus, there is
no theoretical guarantee that the homogeneous observer with dy = —1 will provide exact
convergence.

4.5.1 An observer of dimension 4 ?

We consider a solution to System (4.27) which regularly crosses the Lipschitzness singularities
& = =& or & = 0, as illustrated in Figure In the following, we use the same noisy

8 Let Ad3(E1,&3,e1,e3) = |&3+es+& +61\% ES! +6ﬂ% —\§3+§1\% Lfl]% = |§3+§1|% (L& +61]% - Lfl]%> +
61+ el — [&]3

< 25 (les| + |e1])5 < 25 (Jes|5 + |e1|3). Besides, |6 + e1|5 < |[&1]5 + |ea|5, so

|1 +€11% (|§3 + &1 +e3 +61|% —1& —|—§1|%). By Lemma [A.1.5) we have < 2%|61|% and

|€s + &1 +€3+61\% — &3 +€1|%

that for & and & in compact sets, |A®3(&1, &3, e1,e3)| < cl|el|% + CQ|€3|% + 03|el|% + C4‘61|%|63|% + csle1]. By
Young’s inequality, |€1|%‘63‘% < iles| + %|es|, and finally, for e; and es in compact sets, |A®3(&1,&s, e1,e3)] <

~ 1 ~ 4
01‘€1|5 —|—63|€3|5 .
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—_—
—0

£

—y

Time

Figure 4.1: Trajectory of System (4.27), with initial condition { = (1,1, —1,—1), with input
u = 5sin(10¢) and with the noisy measurement y (filtered gaussian noise with standard deviation
o = 0.03 and 1st order filtering parameter a = 50), used to test the observers.

measurement y, shown on Figure 4.1} in every simulation with noise.

We first implement a high gain observer of dimension 4, in the absence of noise, initialized
at é = (0.1,0.1,—0.1,—0.1), and with the gains k1 = 14, ko = 99, ks = 408, ks = 833. As
an illustration of Theorem [4.1.2] the convergence with an arbitrary small error is achieved and
is illustrated in Table However, we observe that the decrease of the errors, especially for
e4, is very slow compared to the increase of the peaking and a very high gain is needed to
obtain "acceptable" final errors. In presence of noise, the tradeoff between final error and noise
amplification becomes impossible : with the noisy measurement of Figure [£.1] the smallest
final error e4 is 200, achieved for L = 2. Of course, there might exist a choice of the gains
k; giving better results. But overall a high gain observer may not be a systematic solution in
practice for non-Lipschitz triangular systems, especially when the solution regularly crosses the
Lipschitz-singularities.

L el e es3 es | max|e|
2 0.15 4 60 | 200 300
51 6.107% 0.04 1.5 | 30 4000
8 | 5.107° [4.103]025] 7 |1.5.10%
10 8.10% [1.10% | 0.1 | 4 [ 3.5.10%
15]15.10[3.100* [ 0.03] 2 [1.2.10°

Table 4.3: Decrease of the final error (e; = é —¢&;) with the gain L, with a high gain observer
and in the absence of noise. The last columns shows however that the peaking increases, i-e the
errors reach higher and higher values during the transient before converging.

Let us now implement an homogeneous observer of dimension 4 with an explicit Euler method
with fixed measurement and integration steps equaling 1075, and with the Matlab sign function.
The degree is dy = —1, and the gains are chosen according to [Lev05], i-e k1 = 5, ko = 8.77,
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Time

Figure 4.2: Convergence of an homogeneous observer with degree —1 in the absence of noise

(e; =& — &)

ks = 4.44, k4 = 1.1. For a gain L = 3, the convergence is achieved with a final error of
le4] = 8.107%, even though the Holder restriction of Theorem is a priori not satisfied
around &; = 0. The results are given in Figure Unfortunately, the final errors are heavily
impacted in presence of noise, as illustrated in Table [£.4] This may also come from a lack of ISS
property. Notice that the amplification of the noise by the gain L is not as rapid as expected
from the bound in Theorem The final errors remain nonetheless too large, although, once
again, we did not optimize our choice of gains k;.

L el ey | es | ey
251015 (35 |30 | 18

3 1015 3 |35 25
4 0.1 2 |25 50
) 0.1 2 |30 80
6 0.1 2 135|120

Table 4.4: Final errors given by a homogeneous observer of degree —1 in presence of noise.

4.5.2 Cascaded observers

In the absence of noise, the cascaded observers presented in Sections and give similar
results to the corresponding observers in dimension 4, i-e arbitrary small asymptotic error and
finite time convergence respectively. However, they seem to provide better accuracies in presence
of noise.

In the case of a high gain cascade observer, the errors, although smaller than in the high
gain observer of dimension 4, remain too large to consider it a viable solution. On the other
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hand, the homogeneous cascade observer :

wlno

€11 = €19 — Ly kny {éﬁn — y1
. 1
E12 = &13 — L3 ka2 {511 - y] ’
€13 € L3 ki38(é11 — )

521 =& — Lok Lézl - yw
522 = &3 — L3 ko {521 - Z/]
523 = &1 + sat(g3(&11, 12, E13))u — L3 kas {521 - y-‘ :
524 € —L3kous(€n — )

[N

with the coefficients kq; chosen, according to [Lev05], as k11 = 3, k12 = 2.6, k13 = 1.1, and k2,
as above, and with the gains L; = 2.5 and Ly = 3, gives the following final errors :

€11 — 0.05, €12 — 0.4, €13 — 2.5, €94 — 12

Comparing to Table [£.4] we see that implementing an intermediate homogeneous observer of
dimension 3 enables to obtain much better estimates of the first three states &;, which are then
used in the nonlinearity of the second block, thus giving a better estimate of &,.

4.6 Conclusion

To summarize the most important ideas, we provide in Table [£.6] a synthetic comparison of the
four observers proposed in this chapter, in the case where the system trajectories and the input
are bounded.

We have shown the convergence with an arbitrary small error of the classical high gain
observer in presence of nonlinearities verifying some Hélder-like condition. Also, for the case
when this Holder condition is not verified, we have proposed a novel cascaded high gain observer
. On the other hand, under slightly more restrictive Holder-like conditions, we have made
a Lyapunov design of the homogeneous observer and proved its asymptotic convergence
with the help of an explicit Lyapunov function. As for its cascaded version , asymptotic
convergence has been established under the only condition of continuity of the nonlinearities
and the fact that the trajectories (and input) are bounded. We conclude that a global observer
exists for the continuous triangular form .

Although it is an extremely important aspect, we have had no time to devote much attention
to the impact of disturbances on the behavior of the observers. Nevertheless, we have established
an ISS property with respect to dynamics and measurement noises. Our numerical experience
seems to indicate that it is very difficult to tune the gains of both high gain and homogeneous
observers in presence of measurement noise, although it is slightly simpler for the latter since
smaller gains are sufficient to ensure convergence. Simulations on our example suggest that
the situation may be more favorable with the cascaded homogeneous observer. Anyway, the
presented results are still unsatisfactory in presence of noise, and the question of the construction
of robust observers for non-Lipschitz triangular forms remains unanswered. Our theoretical ISS
bounds being far too conservative, it would be necessary to carry out a finer study if we wanted
to optimally tune the gains of the observers. It may also be appropriate to use on-line gain
adaptation techniques since large gains should be necessary only around the points where the
nonlinearities are not Lipschitz. About these two aspects, we refer the reader to the survey in
[KP13l, Sections 3.2.2 and 3.2.3] and the references therein.
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Part 11

Transformation into a normal form






Chapter 5

Review of existing transformations

Chapitre 5 — Bilan des transformations existantes. Tout au long de Partie[l, nous avons
listé un certain nombre de formes mormales pour lesquelles un observateur est connu. Afin
d’appliquer Théoréme il nous faut maintenant étudier comment transformer un systéme
non linéaire quelconque en l'une de ces formes. C’est l'objet de Partie [I. Comme dans la
précédente, nous commencons par faire un rapide bilan des résultats existant dans la littérature
concernant ce probléme en soulignant les points qui n’ont pas encore été étudiés. Ceci nous
permet de situer nos contributions qui seront ensuire détaillées dans les chapitres suivants.

Contents
6.1 Transformations into a state-affine normal forms . ............ 64
[>.1.1  Linearization by output injection| . . . . . . . . . . ... ... ... ... 64
b.1.2  Transformation into Hurwitz form . . . . ... ... ... .. ... ... .. 65
[5.2 Transformations into triangular normal forms| . . . . . . ... ... ... 67
[>.2.1  Lipschitz triangular form| . . . . .. . .. ... ... 0oL 67
[5.2.2  General Lipschitz triangular form|. . . . . .. ... ... .. 0000 71
6.3 Conclusion] . . . . ..ot i i e e 73

Throughout Part [, we have given a list of normal forms and their associated observers.
We now have to study how a nonlinear system can be transformed into one of those forms to
apply Theorem [2.2.I] This is the object of Part [[Il Using the same methodology as in the
previous part, we start by reviewing the literature concerning this problem in order to highlight
along the way the points which have not been addressed yet, and we situate our contributions
which will be detailed in the next chapters.
More precisely, we consider a general nonlinear system of the form

&= f(z,u) , y=h(z,u) (5.1)

with z the state in R%, u an input function in ¢/ with values in U C R%, y the output in R%.
For each normal form presented in Part [[] of the form

§=FEuH(E ) , y=HEu), (5-2)
we look for sufficient conditions on System ([5.1]) for the existence of a subset X and functions
T, : X x [0,+00[— R for each u in U which transforms System (5.1]) into the normal form
(5.2)) in the sense of Theorem i-e for all z in X and all ¢ in [0, 400)

LignyTu(w,t) = F(Tu(w,t),u(t), h(z,u(t)) , h(z,u(t)) = H(Tu(z,t),u(t)) .

Indeed, according to Theorem [2.2.1] and Corollary [2.:2.1] the observer design problem is then
solved for System (j5.1)) if the solutions of System ([5.1) which are of interest remain in X" and
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- either for any u in U, x — T,(x,t) becomes injective on X uniformly in space and in time
after a certain time ;

- or C = X is a compact set, and for any u in U, T, is a same stationary transformation 7'
injective on C.

5.1 Transformations into a state-affine normal forms

5.1.1 Linearization by output injection
Constant linear part

The problem of transforming a nonlinear system into a linear one of the form ({3.5) i-e

é:A§+B(u7g) ) sz(y)ch (5'3)

with the pair (A, C) observable and v : R% — R a possible change of output, has a very
long history. The first results appeared in [KI83, [BZ83] for autonomous systems and were then
extended by [KR85] to multi-input multi-output systems. In those papers, the authors looked
for necessary and sufficient conditions on the functions f and h for the existence of a local
change of coordinates (and possibly change of output) which brings the system into the form
(5.3), which they called "observer form". [BRG89] then gave conditions for the existence of a
local (and global) immersion] (instead of diffeomorphism) in the particular case of control affine
systems. A vast literature followed on the subject, either developing algebraic algorithms to
check the existence of a transformation or tools to explicitly find the transformation.

In [Jou03], the general problem of finding an immersion (rather than a diffeomorphism)
which transforms a nonlinear system of the form is addressed. If such a transformation
exists, the system is said linearizable by output injection. The following result is proved :

Theorem 5.1.1. [Jou03, Theorem 2.3]

A system of the form
&= f(z,u) , y=h()

is linearizable by output injection if and only if there exist a C*oo function T and a diffeo-
morphism ¢ : R% — R% transforming the system into the particular triangular form

&1 = &+ d(u,&)

&G = &G+ 0wé) , g=v@) =&.

e = Pa(u,&)

Thus, the linearization problem reduces to the existence of a transformation into this latter
observable form. Note that if besides this transformation is required to be injective (like in
our context of observer design), then the system is necessarily uniformly observableﬂ Actually,
the class of systems considered here is even strictly smaller because for a uniformly observable
system, the functions ®; would be allowed to depend on &, ... ,&;, and not only on &;.

From this, it is possible to deduce :

7 : R% — R% is an immersion if the rank of % is dg. Contrary to a diffeomorphism, this allows to take
de > do.
2See Definition m
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Theorem 5.1.2. [Jou03, Theorem 2.6]

An autonomous system

i=f(x) , y=h(z)
is linearizable by output injection if and only if there exists a C°° function 1, an integer d;
and d¢ C° functions @1, ..., @4, such that

L¥h(z) = LF ' @0 h+ LY @y 0 hit Ly®yey 0 h+ By o h

with h = o h.

This is the so-called characteristic equation which extends the same notion for linear systems
and was introduced in [Kel87] originally with d¢ = d,. This partial differential equation (PDE)
is important in practice because several results show that the linearization of a controlled system
first necessitates the linearization of its uncontrolled parts or drift dynamicsﬂ (IKR85, BRGRY,
Jou03] among others). A first difficulty thus lies in solving this PDE, which does not always
admit solutions ([Jou03, BS04]).

Along the history of linearization, we must also mention some generalizations such as [Kel87],
where the function B is allowed to depend on the derivatives of the input and later on the
derivatives of the output in [GMP96, [PG97], or [Gua02, RPN04] where it is proposed to use an
output-depending time-scale transformation.

We conclude that linearizing both the dynamics and the output function is very demanding
and requires some very restrictive conditions on the system. The existence of the transformation
is difficult to check and involves quite tedious symbolic calculations which do not always provide
the transformation itself, and even when they do, its validity is often only local.

Time-varying linear part

In parallel, others allowed the linear part A to depend on the input/output, i-e looked for
conditions to transform the system in the state-affine form (3.7))

The first to address this problem were [F1i82, [FK83| but without allowing output injection
in the dynamics, namely requiring A(u) and B(u). This led to the very restrictive finiteness
criterion of the observation space, which roughly says that the linear space containing the suc-
cessive derivatives of the output along any vector field of the type f(-,u) is finite. Later,
[HK96, [HCI1l BB97] allowed A and B to depend on the output to broaden the class of con-
cerned systems. But it remains difficult to characterize those systems because there are often
many possible ways to parametrize the system via the output. Besides, even when the trans-
formation exists and is known, the input must satisfy an extra excitation condition to allow the
design of a Kalman observer (see Chapter [3)).

5.1.2 Transformation into Hurwitz form

In a completely independent line of research, some researchers have tried to reproduce Luen-
berger’s original methodology presented in [Lue64] for linear systems on nonlinear systems. It
consists in finding a transformation into a Hurwitz form ([3.3])

{=AE+Buy) . y=H(&w)

3Dynamics with u equal to a constant
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with A Hurwitz, for which a trivial observer (3.4) (made of a copy of the dynamics) exists. Note
that unlike in the previous section, this procedure is not a linearization of the system, since
the output function H can be any nonlinear function (see [KK98, Remark 4]). It is not even
necessary to know its expression since it is not needed in the observer. This crucial difference
leads to far less restrictive conditions on the system.

The extension to autonomous nonlinear systems of Luenberger’s original methodology ([Lue64])
was proposed and analyzed in a general context by [Sho92]. It was rediscovered later by [KK98]
who gave a local analysis close to an equilibrium point under conditions relaxed later on in
[KX03]. The localness as well as most of the restrictive assumptions were then by-passed in
[AP06]. As noticed in [KX06] and [APO06], this nonlinear Luenberger observer is also strongly
related to the observer proposed in [KE03].

In [APOQG], the authors investigate the possibility of transforming an autonomous system

into a Hurwitz autonomous form

£=AE+Bly) .

This raises the question of finding, for some integer de¢, a continuous function 7' : Ré% — R%
verifying
LiT(z)=AT(z)+ B(h(z)) , VzeX (5.4)

with A some Hurwitz matrix of dimension d¢ and B : R% — R% some continuous function.
The existence of such a transformation is shown for any Hurwitz matrix A and for some well-
chosen functions B under the only assumption that the system is backward—complettﬂ in X
([AP06L Theorem 2]). Of course, this is not enough since, as we saw in the introduction, it is
required that 7" be uniformly injective on X to deduce from the estimate of T'(z) an estimate
of z. The authors show in [AP06, Theorem 3] that injectivity of T is achieved for almost any
diagonal complex Hurwitz matrix A of dimensionlﬂ (dy+1)d, on C and for any B verifying some
growth condition under the assumption that the system is backward S—distinguishableﬁ on X
for some open set S containing X', i-e for any (z4,z3) in X2 such that z, # 3, there exists ¢ in
(max {ag (a),05 (:L’b)} ,0} such that y,, (t) # Y, (1).
In the case where X is bounded, the result simplifies into :

Theorem 5.1.3. [AP06]

Assume that X and S are open bounded subset of R% , such that c1(X) is contained in S and
System is backward S-distinguishable on X'. There exists a strictly positive number ¢
and a set R of zero Lebesgue measure in C%*! such that denoting Q = {\ € C : R(\) < —¢},
for any (A1, ..., Ag, 1) in Q%1 \ R, there exists a function T : R% — R(%+1)xdy yniformly
injective on X and verifying with

4 Any solution exiting X in finite time must cross the boundary of X. See [AP06), Definition 1].

®Separating the real/imaginary parts, the observer is thus of dimension 2(d, + 1)dy on R.

5This notion is similar to the distinguishability defined in Definition but in negative time and with the
constraint that ¢ occurs when both solutions are still in S.



5.2. TRANSFORMATIONS INTO TRIANGULAR NORMAL FORMS 67

and
A1 1

A = c. . s B =
Ady+1 1
Besides, if X is backward-invariant, the function 7" is unique on X and defined by:

T(x) = / Y AT B((X (2, 7)) dr . (5.5)

—00

We conclude from this result that it is possible to design an observer for an autonomous
nonlinear system under the weak assumption of backward-distinguishability. Note that with a
stronger assumption of strong differential observabilitym of order m, and still in a bounded set,
it is also proved in [AP06, Theorem 4] that injectivity of is ensured for any choice of m
real strictly negative \; smaller that —¢ with ¢ sufficiently large.

The difficulty lies in the computation of the function T, let alone its inverse. Even when X
is bounded and backward-invariant, the use of its explicit expression is not easy since it
necessitates to integrate backwards the differential equation at each time step. Several examples
will be given in Chapter [7] or Chapter [I1] to show how the function 7" can be computed without
relying on this formula. In particular, we will see in Chapter [7| how this task can sometimes be
made easier by allowing T' to be time-varying.

The extension of this Luenberger methodology to controlled systems is not straight-forward.
First steps in this direction were made in [RZ13, Tru07] for linear time-varying systems, in
[HamO§| for nonlinear time-varying systems, and in [Eng07] for nonlinear controlled systems.
This is the object of Chapter [7}

5.2 Transformations into triangular normal forms

5.2.1 Lipschitz triangular form

The Lipschitz triangular formlﬂ (3.12)
&§ o= L+ 01(0,&)

& = &+ ®(a6,....8) . y=§&

b = Bu(i6)

is well-known because it is associated to the classical high gain observer (3.13)). The idea
of transforming a nonlinear system into a phase-variable formﬂ (i-e with ®; = 0 except ®,,)
appeared in [Zei84]. For an autonomous system,

i=f(z) , y=h)
the function H,, defined by the output and its m — 1 first derivatives, namely
de—1
Hy (z) = (h(2), Lyh(z), ..., L h(z))

transforms the system into

G=& , .., &G=&un , .., &n=LPr=z) , y=&.

"See Definition in the autonomous case.
8Tt is useful to denote here the input % because we will see that it can be for instance @ = (u, u, i, .. .).

9See Definition
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This is a Lipschitz phase-variable form if and only if there exists a function ®,,, Lipschitz on R%
such that
Vee kX L?h(.%') = (I)m(Hm(x)) ’

i-e the mth-derivative of the output can be expressed "in a Lipschitz way" in terms of its m — 1
first derivatives. This is possible for example if X’ is bounded and H,, is an injective immersioﬂ
on some open set S containing c1(X) (see Theorem below for this result in the general
controlled case).

In the remaining of this section, we review the existing results in terms of transformation of
general controlled systems into a Lipschitz triangular form.

Time varying transformation

The first natural idea introduced in [Zei84] is to keep considering the transformation made of
the output and its m — 1 first derivatives, despite the presence of the input, and transform the
system into a phase-variable form in the same way as for autonomous systems. In order to
properly define this transformation, we need the following definition.

Definition 5.2.1.
Given an integer m, and using the notation
Um = (L0, -y Vm) ,
we call dynamic extension of order m of System the extended dynamical system
7=f@um)y | y=h@) (5.6)

with input w(™+1) in R% extended state T = (z,7,,) in R% x R%(m+1 extended vector
field f defined by

?(T,u(m—i-l)) = (f(% V), Uiy v s Ums u(m-i-l))
and extended measurement function h defined by

R(T) = h(z, ) -

Note that for any solution x to System with some input u, (x,%u,,) is solution to the
dynamic extension , with the notation u,, = (u,,... ,u(m)). While 7, is an element of
R4(m+1) 7, is a function defined on [0, 400) such that @, (s) = (u(t),u(t),...,ul™(t)) is in
U,, C R+ The successive time derivatives of the output y are related to the Lie derivatives
of h along the vector fields f, namely for any j < m and any (zg,to) in & x [0, +00)

Yy T _
%(xovtoat;u) = Lph(X (o, o3 t; ), um (1)) -

We are now ready to define the notion of differential observability.
Definition 5.2.2.

Consider the function H,, on R% x R%(m+1) defined by

H,(z,7,) = (E(x,vm), Leh(2,7m) , ... , L?*lﬁ(x,vm)) . (5.7)

10H,, is injective and aglzm (z) has full-rank on X
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- weakly differentially observable of order m on S if for any v, in U,,, the function
x +— Hy,(x,7,,) is injective on S.

- strongly differentially observable of order m on S if for any U, in Uy, x — Hy, (7, 7y,)
is an injective immersion on S.

The function H,,(-,7,,) is equivalent to H,, for autonomous systems since it is made of the
successive derivatives of the output, but it now depends on the input and its derivatives. The
notion of differential observability of order m thus means that when knowing the current input
and its derivatives, the current state is uniquely determined by the current output and its first
m — 1 derivatives. With this in hand, a straightforward extension of the stationary case along
the idea presented in [Zei84] is :

Theorem 5.2.1.

If U,, is a compact subset of R%("+1) and there exists an integer m and a subset S of R%

such that System ([5.1]) is weakly (resp strongly) differentially observable of order m on S,
then, for any compact subset C of S and any v in U, the function defined by

T(l’, t) == ﬁm($7ﬂm(t))

transforms System (/5.1]) into a continuous (resp Lipschitz) phase-variable form of dimension
d¢ = mdy on C and with input @ = %y,. Besides, x — T'(x,t) is uniformly injective in space
and in time on C.

Proof : Assume first that the system is weakly differentially observable of order m, i-e for all 7,, in
Upm,  +— Hy,(z, 7)) is injective on C. According to Lemma it is uniformly injective in space and
in time on C and for any 7,,, it admits a uniformly continuous left inverse i-e there exists a function
ﬁ;nl :R% x R%&u(m+1) _ Rd= gych that for all Um in Uy, and all z in C

o=, [ Hn(z,Tm), Tm) -
Now define
_ me 1,
q>m(§7 V’m) = L? h’(Hm (E,Vm), V’m«) .

T transforms System (5.1]) into the continuous phase-variable form
b = &

émT1 : fm
En = Om(&um(t))

Assume now the system is strongly observable. Still with Lemma & — ﬁ;l (§,7m) can now be
taken Lipschitz on R% , with the same Lipschitz constant for all Ty, in Uy,. It follows that & — ®,, (& Tm)
is Lipschitz on any compact set of R% containing the compact set of interest H,, (C xU,,), with the same
Lipschitz constant for all D, in U,,. According to Kirszbraun-Valentine theorem [Kir34] [Val45], it can
be extended to a Lipschitz function on R% with still the same Lipschitz constant. This new extended
function ¢ +— ®,,(£,7,) is globally Lipschitz uniformly in 7., and has not changed on H,,(C x Uj,)
where the system solutions evolve, thus we have a Lipschitz phase-variable form. |

The assumptions given in Theorem are sufficient to ensure the existence of the func-
tion ®,, in the phase-variable variable form. But they are not necessary. The possibility of
finding such a function, namely to express L’?”h (the mth derivative of the output) in terms of
h, L?E, . ,L}f_lﬁ (the output and its m — 1 first derivatives) and %, (the input and its m first

derivatives) is thoroughly studied in [JG96] through the so-called "ACP(m) condition". We refer
the reader to [JGI96] (or [GKO1]) for a more complete analysis of those matters.
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Remark 4 Note that as we saw in Chapter |4} for a high gain design, it is not necessary to have
global Lipschitzness of the function ®,,, with respect to £. It is sufficient to have

|(I)m(§7vm) - (I)m(éavm)‘ S a\& - é’

for all f in R%, all 7, in U,, and ¢ in a compact set containing H,,(C x U,,) where the system
solutions evolve. Thus, the Lipschitz extensions made in the proof of Theorem [5.2.1] are not
necessary in practice : as suggested in Chapter [4} it is sufficient to takd™|

By (&, V) = satar (LER(HL, (€, 7m), Pim)) (5.8)

where M is a bound for ]L%”m on C x Uy, and ﬁ;} is any locally Lipschitz function defined on

R x U, which is a left-inverse of H,, on H,,(C x U,,). It follows that the only difficulty is
the computation of a globally defined left-inverse for H,,, which is needed anyway to deduce an
estimate Z from & (see [RMO04]).

Stationary transformation

We have seen that under an appropriate injectivity assumption, the function made of the suc-
cessive derivatives of the output transforms the system into a Lipschitz phase-variable form.
The drawback of this design is that the transformation depends on the derivatives of the input,
which we may not have access to, in particular if we are not in an output feedback configuration.
It turns out that under appropriate assumptions involving uniform observability, a control-affine
multi-input single-output system

t=f(x)+gx)u , y=h(x)eR (5.9)

can be transformed into a Lipschitz triangular form (3.12)) by a stationary transformation. This
famous result was first proved in [GB81] and then in a simpler way in [GHO92]. Before stating
the result, we need the following definition.

Definition 5.2.3.

We call drift system of System (j5.9)) the dynamics with v = 0, namely
t=f(z) , y=h(z).

Applying Definition we say that the drift system of System (5.9 is weakly (resp
strongly) differentially observable of order m on § if the function

H,,(z) = (h(x), Lsh(z), ..., L7 h(z))

is injective (resp an injective immersion) on S.

Differential observability of the drift system is weaker than differential observability of the
system since it is only for u = dﬂ In order to obtain a triangular form, it is necessary to add
an assumption of uniform observability :

Theorem 5.2.2. [GB81, [GHO92]|

Assume that there exists an open subset S of R% such that

"The saturation function is defined by satas(s) = min {M, max {s, —M}}.
2or any other constant value
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- System is uniformly instantaneously observablﬂ onS ;
- The drift system of System is strongly differentially observable of order d, on S.
Then, Hy, defined by
Hy, (z) = (h(x), Lh(x), ..., L{ " h(z)) (5.10)

which is a diffeomorphism on S by assumption, transforms System (5.9)) into a Lipschitz
triangular form (3.12)) of dimension d¢ = d, on S.

Triangularity makes the form instantaneously observable for any input. Since the
transformation Hy, itself is independent from the input and injective, this observability property
must necessarily be verified by the original System . Thus, the first assumption is necessary.
A usual case where this property is verified is when there exists an order p such that the system
is weakly differentially observable of order p.

It is crucial that the order of strong differential observability of the drift system be d, (the
dimension of the state) to ensure the Lipschitzness of the triangular form in order to use a high
gain observer. When this order is larger than d,, we will see in Chapter [f] that triangularity
is often preserved but the Lipschitzness is lost : the triangular form is only continuous and
observers from Chapter [4 must be used.

5.2.2 General Lipschitz triangular form
Consider a general multi-input single-output control-affine system
t=f(x)+gx)u , y=h(z)+h"(zr)u eR (5.11)

where ¢ and h* are matrix fields with values in R% >« and R'*% gsuch that for any v =
(ul, ...,udu) in Rd“,

dy, dy
gl@yu=">Y gr(@)ur , h(z)u="Y hi(z)u
k=1 k=1

with g, vector fields of R% and hy real-valued functions. We want to know under which condi-
tions this system can be transformed into a general Lipschitz triangular form ([3.19))

G = Ai(wy) b+ Pi(u, &)

& = Ai(uy) &+ (w6, &), y=C1w)&

ém : D (u, §)

for which a Kalman-High gain observer (3.21]) may exisﬂ. Before stating the main result, we
need some definitions introduced in [HK77].

Definition 5.2.4.

The observation space of System [5.11] denoted O, is the smallest real vector space such that

- .+ h(x) and x — h}(z) for any k in {1,...,d,} are in O ;
- O is stable under the Lie derivative along the vector fields f, g1, ... , g4,, i-e for any
13see Definition

4 An additional excitation condition on the input is needed, see Chapter
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element ¢ of O, Ly¢ and Ly, ¢ for all k in {1,...,d,} are in O.

We denote dO the codistribution of R% defined by

dO(z) = {dgb(:ﬂ) . b€ o} .

This leads to the following observability notion.

Definition 5.2.5.

System is said to satisfy the observability rank condition at a point = in R% (resp on
S) if
dim(dO(z)) =d, (respVz € S).

It is proved in [HK77] that the observability rank condition is sufficient to ensure the so-
called "local weak observability"', which roughly means that any point can be instantaneously
distinguished from its neighbors via the output. In fact, this property is also necessary on a
dense subset of X. We refer the interested reader to [HK77| for a more precise account of those
notions.

In [BTO07], the authors relate the observability rank condition to the ability of transforming
(at least locally) a system into a general Lipschitz triangular form.

Theorem 5.2.3. [BT07]

If System satisfies the observability rank condition at xg then there exists a neigh-
borhood V of zg and an injective immersion 7" on V which transforms System into a
general Lipschitz triangular form on V with the linear parts A; independent from the
output i-e A;(u,y) = A;(u).

This result is local because the rank condition is of local nature and does not say that we can
select the same immersion 1" around every point of X, let alone that this function is injective on
X. However, we give this result all the same because the idea of the construction of the function
T is the same whether we look for a global immersion or a local one. Here is the algorithm
presented in [BTOT7]:

1. Take T"(x) = (h(x), h{(z),...,hY (x)) of dimension Ny = dy + 1.

2. Suppose T, ..., T" have been constructed in the previous steps, of dimension Ny, ..., N;.
Pick among their N1+...+N; differentials a maximum number v; of differentials d¢y, . . . , do,,
which generate a regular codistribution around xg, i-e there exists a neighborhood of x(
where dim(span{d¢i(x),...,d¢,,(z)}) is constant and equal to v;.

- if v; = d, stop ;

- otherwise build T%*! with every functions LfT} and Lng}, with jin {1,..., N;} and k
in{1,...,dy}, except those whose differential already belongs to span{d¢;(z), ..., d¢,, (x)}

in a neighborhood of x.
Finally, denoting m the number of iterations, take T'(z) = (T (x),...,T™(x)).

The observability rank condition ensures that the algorithm stops at some time because com-
puting the successive T comes back to progressively generating all @ which is of dimension d,
around xo. Besides, it is shown in [BT07], that when the differential d¢ of some real valued
function ¢ is such that, in a neighborhood of xg, d¢(x) belongs to span{d¢i(x),...,d¢,,(z)}
with d¢1(z),...,d¢,,(r) independent, then ¢ can be locally expressed in a Lipschitz way in
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terms of ¢1,...,d,,. Therefore, either the derivatives of the elements of T* are in T**! or they
can be expressed in terms of the previous T,...,T%. It follows that for any 4, there exist a

matrix A;(u) and a function ®; (linear in u and with ®(u,-) Lipschitz) such that

— . du . . .
T'(x) = LT (x) + Z u Ly, T'(z) = A;j(w)T (2) + @ (u, T (z), ..., T (2)) ,
k=1

which gives the general triangular form .

Note that the transformation 7" thus obtained is a local immersion. If we are interested in
a global transformation, the same algorithm can be applied but everything must be checked
globally (and not in a neighborhood of zp) and we need to go on with this algorithm until
obtaining a global injective immersion. But there is no guarantee that this will be possible,
unless a stronger assumption is made. In particular, if the drift system (i-e with v = 0) is
strongly differentially observable of some order p, the algorithm provides a global injective
immersion in a maximum of p iterations. Beware however, that it still remains to check that the
functions ®; exist globally. If this is not the case, it is always possible to put the corresponding
LfT;(x) or Lng;(aj) in 7! but this is bound to considerably increase the dimension of 7' (and
thus of the observer).

Finally, it is important to remark that this design enables to avoid the strong assumption
of uniform observability needed for the classical triangular form, by stuffing the Lng;(x) which
do not verify the triangularity constraint into the state. The first obvious setback is that it
often leads to observers of very large dimension. But mostly, unlike the classical Lipschitz
triangular form which admits a high gain observer without further assumption, the possibility
of observer design for the general Lipschitz triangular form is not automatically achieved as
seen in Chapter [3J]: building the transformation is not enough, one need to check an additional
excitation condition on the input.

5.3 Conclusion

A lot of results exist in the literature concerning the characterization of systems which can
be transformed into a normal form and we have tried to give in this chapter as thorough an
account as possible. Those results are summed up in Table 5.1} However, some cases have not
been addressed yet. They are highlighted in the table with the sign 7 and will be studied in the
following chapters :

- Chapter [] : transformation into a continuous triangular form. We study what becomes
of Theorem when the system has an order of differential observability larger than
d,. We show that using the same transformation, triangularity may be preserved but not
its Lipschitzness, i-e the system may be transformed into a continuous triangular form,
instead of a Lipschitz triangular form.

- Chapter [7]: transformation of time-varying/controlled systems into a Hurwitz form. We
extend the results presented in Section [5.1.2] for autonomous systems to controlled sys-
tems. We show that similar results can be obtained under the assumption of backward
distinguishability in finite time, or strong differential observability.
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Chapter 6

Transformation into a continuous
triangular form

Chapitre 6 — Transformation dans une forme triangulaire continue. Ce chapitre
étend le résultat présenté dans [GB81, [GH092] et rappelé dans Theorem selon lequel tout
systéme instantanément uniformément observable et, pour u = 0, fortement différentiellemment
observable d’ordre sa dimension d,, peut étre transformé en une forme triangulaire Lipschitz
(3.12)). En particulier, nous étudions le cas plus général ou l’ordre d’observabilité différentielle est
quelconque, c’est-a-dire éventuellemment supérieur a la dimension du systéme. Nous montrons
que dans ce cas, la dynamique du systéme peut encore (au moins partiellemment) étre décrite
par une forme triangulaire continue mais que cette forme n’est plus nécessairement Lipschitz.
Des conditions nécessaires et suffisantes pour que le caractére Lipschitz soit assuré sont établies,
et en particulier un lien étroit avec l’observabilité infinitésimale uniforme est mis en évidence.

Contents
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This chapter extends the result presented in [GB81l, IGHO92] and recalled in Theorem
which says that any uniformly instantaneously observableﬂ single-output control-affine
system whose drift system is strongly differentially observableﬂ of order its dimension d,, can be
transformed into a Lipschitz triangular form . In particular, we investigate what happens
in the more general case where the drift system is weakly differentially observable of some order,
namely of an order larger or equal to the dimension of the system. We shall see that, in this
case, the system dynamics may still be described by a (partial) continuous triangular form
but with nonlinear functions ®; which may not be locally Lipschitz. As we saw in Chapter [4]

1See Definition [2.2.1
2See Definition [5.2.3
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this loss of Lipschitzness can prevent the use of a high gain observer, and we establish in this
chapter necessary and sufficient conditions on the system for the Lipschitzness to be ensured. In
particular, a tight link with uniform infinitesimal observability is revealed. The results presented
in this chapter have been published in [BPA17h].

6.1 Presentation of the problem

As in Section [5.2.1] we consider a single-output control-affine system of the form :

&= f(x)+g(x)u , y=h(z) (6.1)
where z is the state in R% | u is an input in R%, y is a measured output in R and the functions f,
g and h are sufficiently many times differentiable. As in the previous chapter, we go on denoting

H;(z) = (h(z), Lyh(x), ..., L7 "h(z)) € R" . (6.2)

According to Definition we say that the drift system of System is weakly (resp.
strongly) differentially observable of order m on § if H,, is injective (resp. an injective immer-
sion) on S.

We are interested in solving :

Problem

Given a compact subset C of R%, under which condition do there exist integers T and dg,
a continuous injective function 7' : C — R%, and continuous functions Pde * R% — R and
gi : R'(or R%) — R% such that T transforms System (6.1)) into the up-to-s-triangular form

& o= S+m&)u

'f.ir - §rr1 +05(815-- - &) u
oyl = §7+2+97+1(§)U

§e = Pde(&) + 84 (O u

on C.

Because g; depends only on & to &;, for ¢ < 7, but potentially on all the components of £
for ¢ > 7, we call this particular form up-to-7-triangular normal form and 7 is called the order
of triangularity. When d¢ = 7+ 1, we say full triangular normal form. When the functions ¢4,
and g; are locally Lipschitz we say Lipschitz up-to-7-triangular normal form.

According to Theorem in the case where System is instantaneously uniformly
observable and H, is a diffeomorphism on an open set & containing the given compact set,
T = H,, transforms the system on C into a full Lipschitz triangular normal form of dimension
d¢ = d,. However, in general, it is possible for the system not to be strongly differentially
observable of order d, everywhere. This motivates our interest in the case where the drift
system is strongly differentially observable of order m > d, i-e H,, is an injective immersion
but not a diffeomorphism.

The specificity of the triangular normal form is not so much in its structure but more in
the dependence of its functions g; and ¢4,. Indeed, by choosing T' = Hy, , we obtain in general:

01 0 ...0 0

Hy, () = o0 | Hgg(z) + : + LgHg, (v)u
0 0 1 Y
0 0 L h(x)
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But, to get (6.3), we need further the existence of functions ¢4, and g; satisfying, for i > 7,
d i
Lih(e) = ga(Ha(x)) , LyL7'(x) = gi(Hg(2)) Vzel (6.4)

and, for ¢ < 7, 4 '
LyL () = gi(h(x), ..., L} 'h(z)) VzeC. (6.5)

Let us illustrate via the following elementary example what can occur.

Example 6.1.1 Consider the system defined as

i’l = T2
iy = a3 Yy =1
T3 = 14u
We get
h(z) 1 Hj(x) Hs(z)
Hi(z) = | Lsh(z) | =| 22 , Hs(@)=| Lin(x) | = 343
L?h(x) 3 L;lch(x) 63

Hence Hj is a bijection and Hj is an injective immersion on R3. So the drift system is weakly
differentially observable of order 3 on R? and strongly differentially observable of order 5 on R3.
Also the function (z1, z2,z3) — (y,9, ) being injective for all u, it is uniformly instantaneously
observable on R3. From this we could be tempted to pick d¢ = 3 or 5 and the compact set C

arbitrary in R3. Unfortunately, if we choose d¢ = 3, we must have
¢3(Hs(z)) = LIh(z) = 325 = 3(L3h(z))*?

and there is no locally Lipschitz function o3 satisfying (6.4)) if the given compact set C contains
a point satisfying x3 = 0. If we choose d¢ = 5, we must have

03 (H(2)) = Ly L}h(x) = 323 = L}h(x) = 3(L3h(x))?
and there is no locally Lipschitz function g3 satisfying (6.5)) if the given compact set C contains
a point satisfying x3 = 0. A

Following this example, we leave aside the Lipschitzness requirement for the time being, and
focus on the existence of continuous functions ¢4, and g; verifying (6.4) and (6.5). It turns out
that (6.4) is easily satisfied as soon as Hg, is injective :

Theorem 6.1.1.

Suppose the drift system of System (§6.1]) is weakly (resp. strongly) differentially observable
of order m on an open set S containing the given compact set C. For any d¢ > m, there exist
continuous (resp. Lipschitz) functions g, : R% — R, g; : R% — R satisfying 1)

Proof : There is nothing really new in this result. It is a direct consequence of the fact that a continuous
injective function, like H,,, defined on a compact set admits a continuous left inverse defined on RY%
(see Lemma |A.3.3), and that when it is also an immersion, its left-inverse can be chosen Lipschitz on
R% (see Lem or [RMO04]). [ ]

We conclude that the real difficulty lies in finding triangular functions g; satisfying (6.5)).

6.2 Existence of g; satisfying (/6.5

6.2.1 Main result

We will prove the following result :
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Theorem 6.2.1.

Suppose System (6.1]) is uniformly instantaneously observable on an open set S containing
the given compact set C. Then,

- there exists a continuous function g; : R — R% satisfying (6.5)).

- if, for some i in {2,...,d,}, Ha,..., H; defined in (6.2) are open maps, then, for all
J <1, there exists a continuous function g; : R/ — R% satisfying 1)

The rest of this section is dedicated to the proof of this result through a series of lemmas.
Note that, in the case where the drift system is strongly differentially observable of order d,, H;
is a submersion and thus open for all i < d,, and the result holds.

A first important thing to notice is that the following property must be satisfied for the
identity to be satisfied (on S).

Property A(%)

| LgLic_lh(xa) = LgLéc_lh(xb) V(aza,xb) S 52 : Hi(xa) = Hl(:Eb)

Actually the converse is true and is a direct consequence of Lemma [A-3.3]:

Lemma 6.2.1.

If Property A(7) is satisfied with S containing the given compact set C, then there exists a
continuous function g; : RY — R% satisfying (6.5).

Property A(i) being sufficient to obtain the existence of a function g; satisfying , we
study now under which conditions it holds. Clearly A(¢) is satisfied for all ¢ > m if H,, is
injective. If we do not have this injectivity property the situation is more complex. To overcome
the difficulty we introduce the following property for 2 < i < d, + 1.

Property B(z)

For any (z4,7p) in 8% such that z, # x, and H;(z,) = H;(x) , there exists a sequence
(Zak, Ty k) of points in §? converging to (x4, zp) such that for all k, H;(z.x) = H;(zp ) and
H, 1

ox
As in this property, let x4, # x be such that H;(z,) = H;(xyp). If 8%;‘1 is full-rank at either

T, or Ty, then we can take (x4, 2y ) constant equal to (z4,xp). Thus, it is sufficient to check

is full-rank at x,  or xp .

B(i) around points where neither 81;;_1 (xq) nor %(wb) is full-rank. But according to [GKO01l,
OH,,
xr

Theorem 4.1], the set of points where is not full-rank is of codimension at least one for a
uniformly observable system. Thus, it is always possible to find points z, ; as close to z, as we
want such that ag;l (2q,) is full-rank. The difficulty of B(i) thus rather lies in ensuring that
we have also H;(xq 1) = Hi(zp1).

In Section we prove :

Lemma 6.2.2.

Suppose System (|6.1]) is uniformly instantaneously observable on S.
- Property A(1) is satisfied.

- If, for some i in {2,...,d, + 1}, Property B(i) holds and Property A(j) is satisfied for
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‘ all jin {1,...,i— 1}, then Property .A(4) holds.

Thus, the first point in Theorem [6.2.1] is proved. Besides, a direct consequence of Lemmas
[6.2.7] and [6.2.2] is that a sufficient condition to have the existence of the functions g; for 4 in
{2,...,d; + 1} is to have B(j) for j in {2,...,i}. The following lemma finishes the proof of
Theorem by showing that B(j) is in fact satisfied when H; is an open map.

Lemma 6.2.3.

| Suppose that for some j in {2,...,d;}, H; is an open map on S. Then, B(j) is satisfied.

Proof : Take (z,,xs) in S? such that x, # x» and H;(z,) = H;(zp) = yo. Let I be the set of points
of S such that aa};" is not full-rank. According to Sard’s theorem, H;(IT) is of measure zero in R7.

Now, take p > 0 and consider B,(z,) and By(zs) the open balls of radius % centered at z, and xp

respectively. Since H; is open, H;(B,(z.)) and H;(By(xs)) are open sets, both containing yo. Thus,
H;(B,(za)) NH;(Bp(zp)) is a non-empty open set. It follows that (H;(Bp(za)) NH;(Bp(zs))) \ H; (1I)
is non-empty and contains a point y,. We conclude that there exist (zq,p,Zbp) in Bp(za) X Bp(zs)

such that H;(z,,) = Hj(x,) = yp, and 88}3 (and thus al;’;l) is full-rank at z,, and . Besides
(Ta,p, Tv,p) converges to (zq,zs), and B(j) is satisfied. |

Note that the assumption that H; is an open map is stronger than B(j) since it leads to the
full rank of 25 while, in B(5), we only need the full-rank for %=1, We show in the following

example that the openness of H; is not necessary.

Example 6.2.1 Consider the system defined as

i‘l = X2
iy = a3 , Y = 1 (6.6)
i?g = 14+u

On S ={ze R3: 22 + 23 # 0}, and whatever u is, the knowledge of the function ¢ — y(t) =
X1 (z,t) and therefore of its three first derivatives

= T2, G = x%xl, Yy = 3$§x1(1+u)+x§x2

gives us x1, 2 and z3. Thus, the system is uniformly instantaneously observable on S§. Besides,

the function

T1
H4($) - ﬂjg.’il
3231 + 2370
is injective on &, thus the system is weakly differentially observable of order 4 on §. Now,
although Hs is trivially an open map on S, Hs is not. Indeed, consider for instance the open
ballﬂ B% (0,22, 0) in R? for some 5 such that |zo| > 1. B% (0, z2,0) is contained in S. Suppose its
image by Hs is an open set of R3. It contains H3(0,z2,0) = (0, x2,0) and thus (g, 22, ) for any
sufficiently small . This means that there exist x in B1 (0, z2,0) such that (g, x2,¢) = Hs(x), i-e
necessarily 1 = € and x3 = 1. But this point is not in j}?; (0, z2,0), and we have a contradiction.
Therefore, Hs is not open. However, B(3) trivially holds2 because Hj is full-rank everywhere. A

6.2.2 Proof of Lemma [6.2.2]

Lemma [6.2.2] is fundamental for the main result of this chapter. That is why we dedicate a
whole section to its proof. It is built in the same spirit as the one in [GHO92] but in a more

3B.(x) denotes the open ball centered at 2 and with radius 7.
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detailed and complete way so that the reader can understand how the fact that H,, is no longer
a diffeomorphism makes a great difference.

Assume the system is uniformly instantaneously observable on S. We first show that property
A(1) holds. Suppose there exists (z}, ;) in §? and k in {1,...,d,} such that 2} # z} and

hag) =h(zg) ,  Lg.h(xy) # Lg,h(xp) -
Then, the control law u with all its components zero except its kth one which is

_ Lyh(za) — Lyh(xs)
Ly, h(za) — Lg, h(wp) '

U =

is defined on a neighborhood of (z}, z;). The corresponding solutions X (z;;¢;u) and X (x};t; u)
are defined on some time interval [0, ) and satisfy

X (zg;t;u) = M( X (zy;tu))  VE€(0,7) .

Since x7, is different from 7, this contradicts the instantaneous observability. Thus .A(1) holds.

Let now ¢ in {2,...,d, 4+ 1} be such that Property B(i) holds and .A(j) is satisfied for all j
in {1,...,7 —1}. To establish by contradiction that .A(7) holds, we assume this is not the case.
This means that there exists (z7 o, 7} ) in 8% and k in {1,...,d,} such that Hy(z} ) = H;(z5)
but LgkL}_l(x;O) # LgkL}_l(x;O). This implies 27§ # x;,. By continuity of Lgksz1 and
according to B(i), there exists z; (resp zj) in S sufficiently close to z7 (vesp zj ) satisfying
To F Tp s

Hi(ay) = Hi(ap) . Lo Ly (a7) # Lo, Ly (27)

and 6%;1 is full-rank at xj or x;. Without loss of generality, we suppose it is full-rank at

x¥. Thus, 8;1: L is full-rank at z¥ for all j < i < d, + 1. We deduce that there exists an open

a
neighborhood V, of ) such that for all j < 4, % is full-rank on V,. Since A(j) holds for all
j < i, according to Lemma H;(V,) is open for all j < i and there exist locally Lipschitz
functions g; : H;(V,) — R% such that, for all z, in V,,

0;(H;(74)) = LyL} ' h(za) - (6.7)

Also, Hj(z}) = H;(z;) implies that H;(z}) is in the open set H;(V,). Continuity of each H;
implies the existence of an open neighborhood V; of z such that H;(V;) is contained in H;(V,)
for all j <. Thus, for any zg in Vy, H;(zg) is in H;(),), and there exists z, in V, such that
a) = H,(z3). According to A(j) this implies that LQL}_lh(xf;) = Lngc_lh(xa) and with

LgL?‘_lh(l'B) = Lng”_lh(l‘a) = gj(H;(2a)) = g;(H;(25)) -

Therefore, (6.7]) holds on V, and V.
Then, the control law u with all its components zero except its kth one which is

Léch(xa) - L;h(xb)
Lg, Ly 'h(xa) — Lg, L h(x)

up = —

is defined on a neighborhood of (z}, z;). The corresponding solutions X (z;;¢;u) and X (x};t; u)
are defined on some time interval [0,¢) where they remain in V, and V), respectively. Let
Zo(t) = Hy(X (a};t5u)), Zp(t) = Hy(X (255 t;u)) and W (t) = Z,(t) — Zp(t) on [0,1). Since, for
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all j <, (6.7) holds on V, and V, , (W, Z,) is solution to the system :

w1 = w2+ (g1(&a1) — 91(&a1 —wi))u
w; = wiy1 +(85(€a1y e 8ag) — 85 (a1 — w1y &g — wy)) w

W, = 0

Co1 = Ea+gi(&an)u
€aj = Eir1+ 8ty ay)u

ga,i = u

with initial condition (0,H;(z})), where @ is the time derivative of Z,;(t). Note that the
function (0, Z,) is also a solution to this system with the same initial condition. Since the
functions involved in this system are locally Lipschitz, it admits a unique solution. Hence, for
all t in [0,¢], W(t) = 0, and thus Z,(t) = Z(t), which implies h(X (z},t)) = h(X(x},t)). Since
x, is different from x, this contradicts the uniform observability. Thus A(¢) holds.

6.2.3 A solution to Problem T
With Theorems and we have the following solution to Problem ¥.

Theorem 6.2.2.

Let S be an open set containing the given compact set C. Suppose

- System (/6.1 is uniformly instantaneously observable on &

- the drift system of System (/6.1]) is weakly differentially observable of order m on S.

With selecting T' = Hy, and d¢ = m, we have a solution to Problem ¥ if we pick either 7= 1,
or 7 = ¢ when Hj is an open map for any j in {2,...,4} with ¢ < d,.

Remark 5

- As seen in Example the openness of the functions H; is sufficient but not necessary.

We may ask only for B(j) for any j in {2,...,i} with i < d, + 1. Besides, this weaker
assumption allows to obtain the existence of g; up to the order d, + 1.

Consider the case where B(j) is satisfied for all j < d, + 1 and m = d; + 2. Then we have
T = d, + 1 and it is possible to obtain a full triangular form of dimension d¢; = 7+ 1 =
m = dy +2. Actually, we still have a full triangular form if we choose d¢ > m. Indeed, H,,
being injective, A(7) is satisfied for all ¢ larger than m, thus there also exist continuous
functions g; : R? — R% satisfying (6.5) for all i > m. It follows that 7 can be taken larger
than d, + 1 and d¢ = 7+ 1 larger than m.

If Problem ¥ is solved with d¢ = 7+ 1, we have a full triangular normal form of dimension
d¢. But, at this point we know nothing about the regularity of the functions g;, besides
continuity. As we saw in Example [6.1.1] even the usual assumption of strong differential
observability is not sufficient to make it Lipschitz everywhere. As studied in Chapter [4]
this may impede the convergence of a high gain observer. That is why, in the next section,
we look for conditions under which the Lipschitzness is ensured.
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- As explained in Section [5.2.1] another way of solving Problem ¥ is to allow the transfor-
mation 7' to depend on the control v and its derivatives. In particular, if d¢ > 7+ 1, a full
triangular form may still be obtained with 7' = (Hy,T') where the components T} of T are
defined recursively as

i—2 =
- - . Ty (i1
T, = L}h . Ti1 =Ly guTi +JZ% 8u(;)U(J+ )

until (if possible) the map = — T'(z,u, 4, ...) becomes injective for all (u, 1, ...). The inter-
est of this approach is to ensure triangularity while reducing the order of differentiation of
u compared to Theorem [5.2.1

Example 6.2.2 Coming back to Example we have seen that Hy is open and that Hs is not
but B(3) is satisfied. Besides, the system is weakly differentially observable of order 4. We deduce
that there exists a full-triangular form of order 4. Indeed, we have Lyh(x) = LyL¢h(xz) = 0 and

wl=

LyL3h(x) = 323a) = 3(L3h(x))5 (h(z))

so that we can take .
g1=02=0 , g3(6,82,83) =36E7
As for 4 and g4, they are obtained via inversion of Hy i-e for instance on R*\ {(0,0, &3), & € R}

2 1 6
4 —383E0 )+ &3
46

H'(¢) = | 6.6, ((’5

6.3 Lipschitzness of the triangular form

6.3.1 A sufficient condition
We saw with Examples and that uniform instantaneous observability is not sufficient
for the functions g; to be Lipschitz. Nevertheless, we are going to show in this section that it
is sufficient except maybe around the image of points where % is not full-rank (z; = 0 or
x3 = 0 in Example .

Consider the open set R; of points in § where % has full rank. According to [Leb82,

x
Corollaire p68-69], if H; is an open map, R; is an open dense set. Anyway, assume Ry, N C is
non empty. Then there exists €9 > 0 such that, for all € in (0, g9}, the set

K= {x eER;,NC, dx, Rd“”\Ri) > 5} .

is non-empty and compact, and such that its points are (¢)-away from singular points. The next
theorem shows that the functions g; can be taken Lipschitz on the image of K., i-e everywhere
except arbitrary close to the image of points where the rank of the Jacobian of H; drops.

Theorem 6.3.1.

Assume System (/6.1]) is uniformly instantaneously observable on an open set S containing
the compact set C. For all ¢ in {1,...,d;} and for any € in (0,ep], there exists a Lipschitz
function g; : R? — R satisfying (6.5)) for all z in K.

Proof : As noticed after the statement of Property B(i), since % has full rank in the open set R;,
z

Property B(i) holds on R; (i-e with R; replacing S in its statement). It follows from Lemma
that A(4) is satisfied on R;. Besides, according to Lemma [A.3.4) H;(R;) is open and there exists a C
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function g; defined on H;(R;) such that for all z in R,, g;(Hi(z)) = Lngflh(m). Now, K; . being a
compact set contained in R;, and H; being continuous, H;(Kj;) is a compact set contained in H;(R;).
Thus, g; is Lipschitz on H;(K; ). According to [McS34], there exists a Lipschitz extension of g; to R
coinciding with g; on H;(Kj;.), and thus verifying for all z in K. [ |

For a strongly differentially observable system of order m = d, on S, the Jacobian of H;
for any ¢ in {1,...,d;} has full rank on . Thus, taking d¢ = 74+ 1 = m = d, a full Lipschitz
triangular form of dimension d, exists, i.e. we recover the result of Theorem [5.2.2

Example 6.3.1 In Example Hj is full tank on S\ {z € R3 | 21 = Oor 3 = 0}. Thus,
according to Theorem the only points where g3 may not be Lipschitz, are the image of
points where x1 = 0 or x3 = 0. Let us study more precisely what happens around those points.
Take z, = (T1,4,%2,4,0) in S. If there existed a locally Lipschitz function g3 verifying
around z,, there would exist a > 0 such that for any x, = (213, 22,4, x3,) sufficiently close to z,
with z1, # 0, |31:§7b| < a]x§,b|, which we know is impossible. Therefore, there does not exist a
function g3 which is Lipschitz around the image of points where x5 = 0. Let us now study what
happens elsewhere, namely on § = S\ {z € R? |z3 = 0}. It turns out that, on any compact set
C of S, there existsﬂ a such that we have for all (x4, ) in C2,

|23 1,0 — 33 p21| < a(|21,0 — 10| + 25 1710 — 25 p214])

Therefore, the continuous function gs found earlier in Example such that g3(Hs(z)) =
LgL%(az) = 32371 on S (and thus on C) verifies in fact

l93(&a) — 93(&)| < aléa — &

on H3(C) and can be extended to a Lipschitz function on R? according to [McS34]. We conclude
that although Hs does not have a full-rank Jacobian everywhere on C (singularities at z; = 0),
it is possible to find a Lipschitz function g3 solution to our problem on this set. A

6.3.2 A necessary condition

We have just seen that the condition in Theorem [6.3.1] that the Jacobian of H; be full-rank, is
sufficient but not necessary. In order to have locally Lipschitz functions g; satisfying (6.5)), there
must exist for all z a strictly positive number a such that for all (x4, xp) in a neighborhood of z,

Ly L h(xa) — LeL' ()| < a |Hi(za) — Hi(xs)] - (6.8)
We have the following necessary condition :

Lemma 6.3.1.

Consider = in S such that is satisfied in a neighborhood of x. Then, for any non zero

vector v in R% and any k in {1,...,d,}, we have :
OH; OLg L' 'h
oo (@v=0 = %(@ v=0. (6.9)

4 1f 21 4 and 1 are both zero, the inequality is trivial. Suppose |z1,a| > |z1,4] and denote p = b Ifp <0,

Z1,a
(#8,0—0% o3,) (3,0 v/P730)
34— P2 T3 )(®3,a+PT3 b
23 ,FVPT3,av3 pHpT]

we have directly |23, — pa3,| < max{a3 ,,z3,}/1 — p|. If now p > 0, 3, — pa3, =

2 ) 3
and thus |23, — pa3,| < \/1227%@%@ — p3 a3, Besides, |23, — p? a3,| = |23 4 — p23, + p(1 — \/p) 25 ,| <
3,a 3,a

3
plas | . .
|23 o — pad | + Hi’/% |1 — p| which gives a on compact sets.
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OH;
Proof : Assume there exists a non-zero vector v in R? 3 “(z)v = 0 . Choose r > 0 such
x

that Inequality (6.8) holds on B, (z), the ball centered at x and of radius r. Consider for any integer p
the vector z,, in B, ( ) defined by =, = = — | . This gives a sequence converging to x when p tends
to infinity. We have

|L9ALZ h(z) — gkLZ Lh(zp)| a |H;(z) — Hi(zp)|

0 < < (6.10)
|z — ap| |z — 2]
But, Hi@Hilp) ¢onds to 2Hi(z)y which b tion is 0 . Similarl Lg, Li7'h
, - Bs y assumption is 0 . Similarly —— ( 9k (z) —
- OLg, Ly 'R L .
Lg, L h(zp)) tends to T(aj) v which is also 0 according to (6.10]). |

We conclude that when H; does not have a full-rank Jacobian, it must satisfy condition

to allow the existence of locally Lipschitz triangular functions g;. This condition is in fact about
uniform infinitesimal observability.

Definition 6.3.1.

See |GKOI1, Definition 1.2.1.3]. Consider the system lifted to the tangent bundle ([GKO0I,

page 10])
{a’: = f(@)+g(x)u {y = h() (6.11)
v = [af( )—l—ag"( )}v ’ w = P '

with v in R% and w in R and the solutions of which are denoted (X (z;¢;u), V((z,v);t;u)).
System (§6.1)) is  uniformly instantaneously infinitesimally observable on S if, for any pair
(z,v) in S x R% \ {0}, any strictly positive number Z, and any C' function u defined on an
- - oh
interval [0,), there exists a time ¢ < ¢ such that a—(X(a:;t; u)) V((x,v);t;u) # 0 and such
x
that X (x;s;u) € S for all s <t.

We have the following result.

Theorem 6.3.2.

Suppose that System (6.1)) is strongly differentially observable of order m (or at least that
H,, is an immersion on S) and that Inequality is verified at least locally around any

point z in S for any 7 in {1,...,m}. Then the system is uniformly infinitesimally observable
onS.

Proof : According to Lemma [6.3.1] we have . Now take = in § and a non-zero vector v and suppose
that there exists ¢ > 0 such that for all ¢ in [0, t), X (z;¢;u) is in S and w(t) = %(X(x; tuw)V((z,v);tu) =
0. To simplify the notations, we denote X () = X (z;t;u) and V(t) = V((z,v); t; u). For all integer ¢, we
denote

i—1
oL h

Ox
We note that for any function 3 : R™ — R, we have

wit:

X))V () .

/—

P xwyvin = 2L (xq +Z Pt (x vy

We deduce for all integer 7 and all ¢ in [0, )

du aLgkL’ h
i (t) = wiga (L +Z L (X ()V(E)

Let us show by induction that w;(t) = 0 for all integer ¢ and all ¢ in [0,¢). It is true for ¢ = 1 by
assumption. Now, take an integer ¢ > 1, and suppose w;(t) = 0 for all ¢ in [0,%) and all j < 7,
i-e 68111' (X (z;t;u)V((z,v);t;u) = 0 for all ¢ < ¢ In particular, w;(¢) = 0 for all ¢ < . Besides,
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) il _
according to (6.9), %(X(x; t;u))V((z,v);t;u) =0forall kin {1,...,d,} and for all ¢ < ¢. Thus,

wi+1(t) = 0 for all ¢ < t. We conclude that w; is zero on [0,¢[ for all ¢ and in particular at time 0,

aglx (z)v = (w1(0),...,wm(0)) = 0. But H,, is an immersion on S, thus, necessarily v = 0 and we have

a contradiction. |

Example 6.3.2 We go on with Example The linearization of the dynamics yields

1'11 = V2
Vy = x3v1 + 337103 , W = 1 (6.12)
v3 = 0

Consider xg = (x1,22,0) in S and vy = (0,0, v3) with v3 a nonzero real number. The solution
to — initialized at (z9,vg) and with a constant input u = —1 is such that X (x;t;u)
remains in S in [0,%) for some strictly positive ¢ and w(t) = 0 for all ¢ in [0,%). Since vy is
nonzero, System is not uniformly instantaneously infinitesimally observable on S. But,
for System , Hy is an immersion on §. We deduce from Theorem that Inequality
is not satisfied for all i, i-e there does not exist Lipschitz triangular functions g; for all
i on §. This is consistent with the conclusion of Example m However, on S, i-e when we
remove the points where x3 = 0, the system becomes uniformly instantaneously infinitesimally
observable. Indeed, it can easily be checked that for z in S, w = v = W = w® =0, implies
necessarily v = 0. Unfortunately, from our results, we cannot infer from this that the functions
g; can be taken Lipschitz on S. Nevertheless, the conclusion of Example is that g3 can be
taken Lipschitz even around points with 1 = 0. All this suggests a possible tighter link between
uniform instantaneous infinitesimal observability and Lipschitzness of the triangular form. A

We conclude from this section that uniform instantaneous infinitesimal observability is re-
quired to have the Lipschitzness of the functions g; when they exist. However, we don’t know if
it is sufficient yet.

6.4 Back to Example in Chapter

Consider the system

T1 = T9
To = —I —|—:L'gx1 , Y = x1. (6.13)
T3 = —x1x9+u

It would lead us too far from the main subject of this thesis to study here the solutions behavior
of this system. We note however that, when w is zero, they evolve in the 2-dimensional surface
{x € R : 322 + 323 + 2§ = 8}. The equilibrium (0,0, z3) being unstable at least for ¢ > 1, we
can hope for the existence of solutions remaining in the compact set

Cr,e = {x€R3: SU%‘FI'%ZG, 3$%+3$%+$g§7‘}

for instance when wu is a small periodic time function, except maybe for pairs of input u and
initial condition (x1, 2, x3) for which resonance could occur. An example is given in Figure

OnS={zc R3: 22 + 2% # 0}, and whatever u is, the knowledge of the function ¢ — y(t) =
X1 (z,t) and therefore of its three first derivatives

y = x2
i
Y = —xg— 5x§x%x2 + :chg + 5:L‘§:E1u

-1 + azgxl
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Figure 6.1: Solution of System (6.13) with initial condition z = (1,1,0) and input u =
5sin(t/10).

gives us x1, x3 and x3. Thus, System is uniformly instantaneously observable on S.
Besides, the function
Ty
{5
-1 + ZEgl'l
—T9 — 5x§x%x2 + xgxg

Hy(z) =

is injective on S and admits the following left inverse, defined on {£ € R : £ + &5 #0} :

&1
13

—1 _ 1
H, (6 = (<53+51>§1+[<s4+52>+3<§3+51>L511‘3’|§52}52) ;

&4¢2

However, H, is not an immersion because of a singularity of its Jacobian at x5 = 0. So the
drift system is weakly differentially observable of order 4 on & but not strongly. The reader
may check that it can be transformed into the continuous triangular normal form of dimension 4
given by . The trajectory given in Figure on which the observers presented in Section
have been tested are in fact the image by Hy of the solution plotted in Figure

6.5 Conclusion

Like for strongly differentially observable systems of order d,, uniform instantaneous observabil-
ity of systems whose drift system is weakly differentially observable systems of order m > d,
may still imply the existence of an at least up-to-d, + 1-triangular normal form (6.3)) of dimension
m. But
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- we have shown this under the additional assumption that the functions H;(x) = (h(x), Lyh(x), ..., L;‘lh(x)
are open maps. Actually it is sufficient that the properties B(2),...,B(d; + 1) hold.

- the functions in the triangular form are possibly non Lipschitz, but only close to points
where the rank of the Jacobian of H; changes. Anyhow, uniform infinitesimal observability
is necessary to have Lipschitz functions.

- for a non Lipschitz triangular normal form, convergence of the regular high gain observer
may be lost, but, as we saw in Chapter [4] it is still possible to design asymptotic observers.

Although our result only gives a partial triangular form and with additional assumptions B(i),
we have no counter example showing that uniform instantaneous observability is not sufficient
to have a full continuous triangular form. The crucial point would be to prove Lemma [6.2.2]
under this weaker condition, which unfortunately we have not managed to do.






Chapter 7

Transformation into a Hurwitz form:
nonlinear Luenberger observers

Chapitre 7 — Transformation dans une forme Hurwitz : observateurs de Luen-
berger non linéaires. Dans ce chapitre, nous montrons comment la méthodologie de Luen-
berger s’applique & des systémes non linéaires commandés, i-e nous étendons ce qui a €té fait
dans [AP06] pour les systémes autonomes. Cette méthode consiste da transformer le systéme en
une forme Hurwitz par la résolution d’une EDP. Si cette transformation est injective, un obser-
vateur s’ensuit immédiatement. Le probléme se résume donc a lexistence (et au calcul) d’une
solution injective a une EDP. Nous montrons entre autres que cette EDP admet toujours des
solutions dépendant du temps dont I’ injectivité est assurée si le systéme est fortement différen-
tiellement observable a un certain ordre et que les trajectoires sont bornées. Lorsque le systéme
est seulement distingable en temps rétrograde, nous montrons qu’au moins une des solutions est
injective pour presque tout choir de la matrice Hurwitz. Nous illustrons comment ces solutions
peuvent étre calculées en pratique sur des exemples physiques. Enfin, nous ajoutons un résultat
concernant la possibilité d’utiliser une transformation stationnaire malgré la présence d’entrées
dans le cas d’un systéme uniformément instantanément observable.
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Consider a general system of the form

&= f(x,u) , y = h(z,u) (7.1)

where z is the state in R%  y the measurement in R%, f and h sufficiently many times differen-
tiable functions and w : [0, +00) — R% in U, the set of considered inputs. Recall that we denote
X (z,t;s;u) the value at time s of the solution to System with input u, initialized at x at
time ¢, and Y (x,t; s;u) the corresponding output function at time s.
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In this chapter, we investigate the possibility of transforming System ([7.1]) into a Hurwitz

formE|
§=A¢+ By (7.2)

with A Hurwitz in R%*% B a vector in R%*%  for some strictly positive integer dg, i-e for
each v in U, find a transformationﬂ T : R% x [0, 4+00) — R% such that for any « in X and any
time ¢ in [0, 4+-00),

orT

O ) f (., u(t)) + 22

9w g (@) = AT(x, 1) + Bh(z, u(t)) (7.3)

Indeed, since the Hurwitz form admits a trivial observer made of a copy of its dynamics,
according to Theorem [2:2.1] it is sufficient that 7' becomes injective uniformly in time and in
space at least after a certain time to obtain an observer for System .

We have seen in Chapter 5| that this problem has been solved in [AP06] for autonomous
systems. Our goal is to extend those results to controlled/time-varying systems. Exactly as
we saw for the high gain design in Section [5.2.1} two paths are possible : either we keep the
stationary transformation obtained for some constant value of w (for instance the drift system
at u = 0) and hope the additional terms due to the presence of u do not prevent convergence,
or we take a time-varying transformation taking into account (implicitly or explicitly) the input
u.

As far as we know, no result concerning this problem exists in the literature apart from
[Eng05], [Eng07] which follows and extends [KEO3]. The idea pursued in [Eng05] belongs to the
first path : the transformation is stationary and the input is seen as a disturbance which must
be small enough. Although the construction is extended in a cunning fashion to a larger class
of inputs, namely those which can be considered as output of a linear generator model with
small external input, this approach remains theoretic and restrictive. On the other hand, in
[Eng07], the author rather tries to use a time-varying transformation but its injectivity is proved
only under the so-called 'finite-complexity" assumption, originally introduced in [KEO03] for
autonomous systems. Unfortunately, this property is very restrictive and hard to check. Besides,
no indication about the dimension d¢ is given and the transformation cannot be computed online
because it depends on the whole past trajectory of the output.

That is why, in this chapter, we endeavor to give results of existence and injectivity of
the transformation under more reasonable observability assumptions and keeping in mind the
practical implementation of this method. We start by exploring the path of a time-varying
transformation in Section [[.Jl We show that the existence of the transformation itself is not a
problem. On the other hand, its injectivity can be ensured by observability assumptions, similar
to those presented in [AP06] for autonomous systems. Then, in Section we show on practical
examples how an explicit expression for such a transformation can be computed. Finally, in Sec-
tion [7.3] we prove that, similarly to Theorem [5.2.2] for a high gain design, uniformly observable
input-affine systems whose drift system is strongly differentially observable of order d,, admit a
Luenberger-type observer built with a stationary transformation.

Notations
1. Since h (resp Y) takes values in R%, we denote h; (resp Y;) its ith-component.

2. For some integer m, which will be chosen later in the chapter, we consider the dynamic
extension of order m introduced in Definition [5.2.1] and use the corresponding notations :

We could have considered a more general Hurwitz form € = A¢ + B (y) with B any nonlinear function, but
taking B linear is sufficient to obtain satisfactory results.

2The function T depends on u in U and we should write T}, as in Theorem But we drop this too heavy
notation in this chapter to ease the comprehension. What is important is that the target Hurwitz form ,
namely d¢, A and B, be the same for all u in U.
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U = (U, 0, .y u™), Ty = (0, ..., Um), f the extended vector field

f(x"ﬁm?u(m-i_l)) = (f(.%’,l/o),l/l, s ’ym’u(m+1))

and the extended measurement function

hi(I‘)ym) = hl(xa 1/0) .

We recall the reader that while 7, is an element R%("™+1) 7 is a function defined on
[0, +00) such that Ty, (s) = (u(s), @(s), ..., ul™(s)) is in U,, € R%"+D for all s in [0, +-00).
For 1 < ¢ < dy, the successive time derivatives of Y; are related to the Lie derivatives of
h; along the vector fields f, namely for j < m

Y;
0sJ

(z,t;55u) = Li%ﬁi(X(w,t;S;U),Um(S)) :

7.1 Time-varying transformation

The existence of a C! time-varying solution to PDE (7.3) is achieved thanks to the following
lemma :

Lemma 7.1.1.

Consider d¢ a strictly positive number, A a Hurwitz matrix in Ré*de B a matrix in R%*%
and u an input function in &. The function T defined on S x [0, +-o0) by

¢
7%z, 1) :/ A BY (,t; 5;u) ds (7.4)
0

is a C'! solution to PDE (7.3).

Proof : First, for any u in I, and any s in [0, +00), (x,t) — Y (z,t; s;u) = h(X (x,t; s;u), s) is C*, thus
T% is C'. Take z in S and ¢ in [0, +-00). For any 7 in R,

X(X(z,t,t+75u),t+ 735 85u) = X(x, 85 85u).

Therefore,

TO(X(m,t;t—l—T;u),t—i—T)

t+7
/ AT BR(X (2, t, 5;u), u(s))ds
0

t+7
= T, t) —Q—eAT/ A BR(X (z,t;5;u), u(s))ds
t

and
TO(X (x,t;t + 75u),t +7) — TO(x, 1) _ AT — ITO(x,t)
T T
eAT t+7
+ / A Bh(X (z, t, 5;u),u(s))ds .
p
t
Making 7 tend to 0, we get PDE ([7.3]). |

Note that extending directly what is done in [KEO03, [AP06] would rather lead us to the

solution .

T (z,t) = / eASIBY (2, t;5;u) ds .
—0oQ

The drawback is that some assumptions about the growth of Y have to be made to ensure

its continuity, unless Y is bounded backward in time. As for the C! property, and even if

the solutions are bounded backward in time, it is achieved only if the eigenvalues of A are
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sufficiently negative. In fact, it is not absolutely needed that the solution be C'!, one could look
for continuous solutions to

LT (x,t) = AT (x,t) + Bh(x,u(t))

as defined in Theorem instead of PDE (|7.3). The major disadvantage of this solution
is rather that T°° is not easily computable since it depends on the values of u on (—oo,t].
Nevertheless, it may still be useful. For example, that is the solution chosen in [PPOO0S§| for the
specific application of a permanent synchronous motor, where it is proved to be injective.

Unlike 7°°, T9 depends only on the values of the input « on [0, t]. Therefore, it is theoretically
computable online. However, for each couple (z,t), one would need to integrate backwards the
dynamics until time 0, which is quite heavy. If the input u is known in advance (for instance
u(t) = t) it can also be computed offline. We will see in Section on practical examples how
we can find a solution to PDE in practice, without relying on the expression 7°.

We conclude that a C' time-varying transformation into a Hurwitz form always exists, but
the core of the problem is to ensure its injectivity.

7.1.1 Injectivity with strong differential observability

Assumptions

There exists a subset S of R% such that :

1. For any w in U, any x in S and any time ¢ in [0, +00), X (x,¢;s;u) is in S for all s in
[0, 4+00).

2. The quantity

zeS
vo eU
is finite.
3. There exist d, integers (my,...,mq,) such that the functions
Hi(2,7) = (i@, 7m), Lhi(@,7m), ., L7 i, 7m) ) (7.5)

defined on 8 x R%(m+1) with m = max; m; and 1 < i < dy verify :

- for all w in U, H;(-,U(0))) is Lipschitz on S.

- there exists Ly such that the function
H(w,vm) = (Hi(@,7m), - Hi(2,7m), .., Ha, (2,7)) (7.6)
verifies for any (71, z2) in 8% and any 7y, in U,,
|1 — xo| < Lyg|H(z1,Upm) — H(z2,Up)|
namely H is Lipschitz-injective on S, uniformly with respect to 7, in U,,.
4. For all 1 < i < d,, there exists L; such that for all (z1,22) in S? and for all Ty, in Uy,

’L?iﬁi(xlavm) — L?iﬁi(m,ﬂmﬂ < Li|zy — z2]

namely L}f“ hi(-,Tp,) is Lipschitz on S, uniformly with respect to T, in U,y,.
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We have the following result.

Theorem 7.1.1.

Suppose Assumptions are satisfied. Consider Hurwitz matrices 4; in R™*™ with m;

defined in Assumption |3} and vectors B; in R™: such that the pairs (A;, B;) are controllable.
There exists a strictly positive real number %k such that for all £ > k, for all input u in U,
there exists #j, such that any C! solution T to PDE (7.3) on S x [0, +00) with

d
- dg =)0 my
- A in R%*% and B in R%*% defined by

k}Al Bl
A= kA; B = B;
kAdy Bd

- T(-,0) Lipschitz on S

is such that T'(-,t) is injective on S for all t > j,,, uniformly in time and in space. More
precisely, there exists a constant Ly, such that for any (1, 22) in S?, any u in I and any time
t> ik,u

‘1'1 — ZE2| < Ly |T(l’1,t) — T(:Ez,t)| .

Besides, for any t > tj,,, T'(-,t) is an injective immersion on S.

Note that the additional assumption "T'(-,0) Lipschitz on S" is not very restrictive because
the solution 7" can usually be chosen arbitrarily at initial time 0 (see examples in Section .
In particular, the elementary solution 79 found in Lemma 1 is zero at time 0 and thus clearly
verifies this assumption.

Proof : Given the form of the matrices A and B, we have

T(x,t) = (Ta(x,t),..., Ti(x,t),. .., Tu, (z,1)) (7.7)
with 5T o
83&1 (z,t) f(z,u(t)) + atl (z,t) = kA; Ti(z,t) + Bi hi(z,u(t)) . (7.8)

Take w in U, i in {1,...,dy}, z in S and ¢ in [0, +00). According to PDE (7.8)), T; satisfies for all s in
[0, +00),

d
gTi(X(x,t;s;u),s) = kA, Ti(X (z,t; 85u), 8) + BiYi(z, t; s5u) .

Integrating between t and s, it follows that

Ti(X (z,t; 5;u), s) = eFAit=0 Ti(X(zz,t;t;u),t)—k/ FA TN B Y (a, t ) dr
N—————
T; (x,t) ¢
and thus,
t

Ty(w,t) = ") Ty(X (x, t; 55u), 5) +/ i BY, (2t Ty u)dr

S
applying this inequality at s = 0, we get
T (1"7 t) = ekAit Tl(X(xv t; 0; U), O) + TZQ(1:7 t)
where T is such that T° defined in (7.4)) is

To(x,t) = (T{)(x,t),...,TiO(x,t), e ,Tgy(:c,t)) .
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But after m; successive integration by parts in (7.4]), we get,
T (x,t) = —A; ™6 Ki Hi(w, T (1))
o, ) 1 .,
FAT A HL(X (2,85 050), T (0)) o AT R, )

where K; = diag ( , k%ﬁ), % is the invertible controllability matrix

1
R
€ = [A:‘n’i_lBia cee AiBi7 BZ} )

H;(x,Tm) is defined in , and R; is the remainder :
Ri(z,t) = /t TR LT hy (X (2,673 ), W (7)) d
0
We finally deduce that
Ti(a,t) = A-™ % K, (—Hi(x,ﬂm(t)) F K (ekA"t Uy (X (2, 1 0; 1), 0) + ﬁm (z, t)))

with \Ili(x, 'L’) = A:VLLTZ(CL‘, t) + 6 K; H»;(Z‘,ﬂm(t)) .
Let us now consider 21 and x2 in S, and ¢ in [0, +00). We are interested in the quantity |T'(x1,t)—T (x2, )],
and thus in |T;(x1,t) — Ti(z2,t)].

Thanks to Assumption for any (21, 2) in S, and (¢,7) in [0, +-00)?, we have (see for instance [RM82])
|X (21,8 730) — X (za, ;75 0)| < ™Ay — 2y (7.9)
By assumption T;(-,0) and H;(-,@m(0))) are Lipschitz on S, thus there exists Ly, such that
|3 (X (1, 0;u),0) — Uy (X (z2,t;0;u),0)| < Ly, " |x — 2] .

Then, A; being Hurwitz, there exists strictly positive numbers a; and v; (see [RMS82]) such that for all

7 in [0, 1]
|6kAi(tfs) < i eszai(tfs) ) (710)
M
Using Assumption [4| and inequalities ((7.9) and (7.10)), we deduce that if & > a-f ,
t
~(ka;— _ Li|Bil|vi
|Ri(z1,t) — Ri(z2,t)| < L¢|B¢|%~/ e~ Faim M=) g 3y — o] < Li|Bily |21 — 2.
0 kai — Mf

We finally deduce that

(TiCoa,t) = T, 0] 2477 6 K| (|8H = K16 ([

1
[AW;| + W'ARJ))

A ™ %l

>
Z e

( |AH,| = K™ |6 3 Ly, e~ %4~ MDt |2 _ g

-1y . Li|Bi|
6 i - 7 |21 — 2]
where AH;, AV; and AR; denote the difference of the functions H; (-, Um (t)), ¥:(X (-, t;0;u),0) and
R;(-,t) respectively, evaluated at x1 and x2. It follows (by norm equivalence), that there exists a
constant ¢ such that

min; (|A; ™ €i)

T (21,t) = T(w2,8)| 2 [ [H (1, U () — H (22, Um (t))]

km
P P -1
" Livil 6| Bi)
m; -1 —(ka—My)t ( i=1 i @
-1 |7 Ly, ; -
<<‘_1 k ~ ‘% | q;[) e + o — Mf |LK1 LK2|
Inini("yimi IOZD 1 m _—(ka—Mg¢)t 1
>Se——" v "7 - f — - —
= ko Ly ke et ) 1

where m a, c1, c2 are constants independent from k and ¢ defined by

P p
m:maxmi 5 a:minai , C1 :Z,YA%_I'L‘IM y C2 :ZLI’YI‘%_H'BJ .
! ! i=1 i=1
We deduce that for

1 ln(4kmclLH)
> - (M 4co L > — 7
k = a ( f + 4c2 H) , t=> ka — Mf 5
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we have
min; (A7 %)) 1

— >
[T(ar,t) = Tlaa )] = S

|1 — 2]

i-e
km
1 — x| < 2Lg————— |T'(21,t) — T(22,t 7.11
o1 — o] < 2Ln ini(|A;m,¢%)\ (z1,1) = T (w2, 1) (7.11)

and T'(-,t) is injective on S, uniformly in time. We conclude that the result holds with

In(4k™ec1 L) 0}

1 ke
a ka — My

My + 4eaL , Ly=2Lp—————— |tk = max
(M Acaln) T eming (A7) T {
Since My, Ly and L; (and thus c2) are independent from u, k and Ly, are the same for all w in U, while
tk,. depends on u through Luy,.

Now, take any = in § and ¢ > ¥ ,. For any v and any h such that x + hv is in S, we have

IT(z + hv, t) — T(x,t)]

Li|v| <
|h|

and by letting h go to 0, we get

orT
< |—
Li|v| < ’690 (z,t)v

Hence, T'(-,t) is an immersion on S. |

Applying successively Lemma Theorem and Theorem [2.2.1] we conclude that
under Assumptions it is possible to write an observer for system ([7.1)) by choosing any
(A;, B;) controllable and k sufficiently large.

Remark 6 It is important to note that k does not dependent on u, thanks to the fact that L,
My and L; given by Assumptions are the same for all 7,,, in U,,. However, the time
after which the solution becomes injective a priori depends on k and u. This is not a problem
in practice since we only want to be sure that for k sufficiently large, any solution will become
injective after a certain time. If we want this time ¢ ,, to be uniform in u, the Lipschitz constants
of H;(-,1,(0))) and of T'(-,0) must be the same for all u in U.

Remark 7 If we choose m = max; m; sufficiently large distinct strictly positive real numbers
Aj, and take A; = —diag(A1,..., \m,) and B; = (1,.. ., 1), then, the PDEs to solve are simply

oT\;
ot

for each 1 <i <d, and X in {\1,..., Ay, }. Then, one take

(z,t) = =AThi(x,t) + hi(z,u(t)) (7.12)

T(x,t) = (TA1,17 ceey T)\mpl’ e ’T>\17dy7 e ,T)\mdy ,dy) .

Remark 8 Under Assumption [3}4] the system could also be transformed into a Lipschitz phase-
variable form of dimension d, x max; m; > Z?il m; according to Theorem and a high gain
observer could be used. If we wanted to use only m; derivatives for each input and obtain an
observer of same dimension Zfi1 m;, each L;ll “h would have to satisfy an additional triangularity
assumption. But in any case, the crucial difference with the Luenberger observer presented in

this chapter is that the latter does not require the computation of the derivatives of the input
(see examples in Section [7.2)).

In order to check the assumptions of Theorem [7.1.1] more easily in practical cases, we have
the following result :
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Lemma 7.1.2.

Assume that S is compact and there exist d, integers (mj,...,mgq,) such that U,, with
m = max; m; is compact and for any U, in U,,, H(:,7,,) defined in (7.6) is an injective
immersionﬂ on §. Then, Assumptions are satisfied.

In other words, since the additional assumption "T'(+,0) Lipschitz on §" made in Theorem
[7.1.0]is automatically verified when S is compact, the result of Theorem [7.1.1] holds under the
only assumptions of Lemma if S satisfies Assumption

Proof : First, S and U,, being compact, Assumptions [2| and [4] are satisfied. Besides, H;(:,%m (0)) is
clearly Lipschitz on S. The only thing to prove is the uniform Lipschitz-injectivity of H, which follows
directly from Lemma [A735] [ |

7.1.2 Injectivity with backward distinguishability ?

In the previous section, we have shown that finding an injective transformation into an Hurwitz
form was possible under a strong differential observability property, namely that the function
made of each output and a certain number of its derivatives was an injective immersion. We
investigate in this section if injectivity is still ensured when we have only a weak differential
observability or even only backward-distinguishability as in [AP06, Theorem 3] for autonomous

systems (recalled in Section |5.1.2]).
Theorem 7.1.2.

Take u in Y. Assume that for this input, System ([7.1) is backward-distinguishable in time
t, on S, i-e for any t >, and any (x4, z3) in S,

Y(xa, t;s;u) =Y (2p, t;85u) Vs €t —ty,t] = xa=umap .

There exists a set R of zero-Lebesgue measure in C%*1 such that for any (A1, ..., \g,+1) in
Qd=FTI\ R with Q@ = {\ € C, R(\) < 0}, and any t > %,, the function 70 defined in (7.4) with

- de =dy x (dy + 1)
- A in R%>*% and B in R%*% defined by

A B

and

Ay 41 1

is such that 7°(-,¢) is injective on S for ¢t > 7,,.
Proof : Let us define for A in C, the function 7% : S x RT — C%

t
Ty (x,t) :/ e MY (2t s3u) ds (7.13)
0

d 2d

®H(-,Um) is injective on S and 22 (z,7,,) is full-rank for any z in S
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Given the structure of A and B, and with a permutations of the components,
To(rv7 t) = (TS1 (z,t),..., T/(\)dz+1 (z, t)) .

We need to prove that TV is injective for almost all (A1, ..., A, +1) in Q%+ (in the sense of the Lebesgue
measure). For that, we define the function

AT(SL‘G?wba t, )‘) = T)(\](IEH t) - T)?(mbvt)

on T x Q with
T = {(za,®p,t) € 8% x (tu,+00) : Ta £ Tp} .

We are going to use the following lemma whose prooﬁ can be found in [APO6]:

Lemma 7.1.3. Coron’s lemma

Let © and Y be open sets of C and R?%+1 respectively. Let AT : T x Q — C% be a function which
is holomorphic in A for all z in T and C* in z for all A in Q. If for any (z,A\) in T x © such that

k .
8@?1?Z (z,\) # 0, then the set

AT(z,\) =0, there exists ¢ in {1,...,d,} and k > 0 such that

R = U {()\17. . '7)\d1+1) S de+1 : AT(E, )\1) =...= AT(§7 )\dz+1) = 0}

zeT

has zero Lebesgue measure in C% Tt

In our case, AT is clearly holomorphic in A and C* in z. Since for every z in T, A\ — AT(z,\) is
holomorphic on the connex set C, its zeros are isolated and admit a finite multiplicity, unless it is
identically zero on C. In the latter case, we have in particular for any w in R

+oo )
/ e "“Tg(r)dr =0

oo

with g the function

(r) = Y(za,t;t — m5u) = Y (2o, t;t — 75u) , if 7 €]0,¢]

I =9 0 , otherwise

which is in £2. Thus, the Fourier transform of g is identically zero and we deduce that necessarily
Y(za,t;t —7m;u) — Y(xp, 856 — 75u) =0

for almost all 7 in [0,¢] and thus for all 7 in [0,¢] by continuity. Since ¢ > %, it follows from the

backward-distinguishability that z, =  but this is impossible because (zq,zs,t) is in T. We conclude

that A — AT (z, A) is not identically zero on C and the assumptions of the lemma are satisfied. Thus,
R has zero measure and for all (A1,..., g, 41) in C% T\ R, TP is injective on S, by definition of R. W

Remark 9 The function T proposed by Theorem takes complex values. To remain in the

real frame, one should consider the transformation made of its real and imaginary parts, and
instead of implementing for each ¢ in {1,...,d,} and each lambda

Exi= N+

in C, one should implement

; =R =S\ ) ¢ i
i = ( SO —R(A) )fA,Hr ( '% >

in R. Thus, the dimension of the observer is 2 x d, x (d, + 1) in terms of real variables.

4More precisely, the result proved in [AP06] is for T open set of R?% instead of R®**»™!, But the proof turns
out to be still valid with R?#*! because the only constraint is that the dimension of T be strictly less than
2(de +1).
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Remark 10 It should be noted that Theorem [7.1.2| gives for each w in U a set R, of zero
measure in which not to choose the A;, but unfortunately, there is no guarantee that U Ry is

ueU
also of zero-Lebesgue measure.

Remark 11 Unlike Theorem which proved the injectivity of any solution 7" to PDE ([7.3]),
Theorem proves only the injectivity of T°. Note though that as shown at the beginning of
the proof of Theorem [7.1.1] any solution 7" writes

T(x,t) = e T(X (x,t;0;u),0) + T°(z, t)

with A Hurwitz, and thus tends to the injective function 79. We can thus expect T to become
injective after a certain time. In fact, a way of ensuring the injectivity is to take, if possible, a
solution 7" with the boundary condition

T(x,0)0=0 VzeS§,
because in that case, necessarily, T = T°.

We conclude from this section that there always exists a time-varying solution to PDE (|7.3])
which is injective under appropriate observability assumptions. It follows that the only remaining
problem to address is the computation of such a solution without relying on the expression .
This is done in the following section through practical examples.

7.2 Examples

7.2.1 Permanent Magnet Synchronous Motor (PMSM)

A first practical example which falls directly into the scope of this paper is the Luenberger
observer presented in [HMP12] for a PMSM. We reproduce here the minimal information needed
for comprehension, and we add the theoretical arguments which are not given in [HMP12]. The
system can be modeled by

i=u—Ri , y=|r—Li|*-®*=0 (7.14)

where z is in R?, the voltages u and currents i are inputs in R?, the resistance R, impedance L
and flux ® are known scalar parameters and the measurement y is constantly zero. Here d, = 1,
so we can drop the subscript i. Since the dynamics are linear and the measurement quadratic
in x, one can look for T} of the form :

Ta(z,t) = |22 + ax(t) "z + bx(t)

where the dynamics of a) and by are to be chosen so that T} is solution of PDE (7.12). We can
check that the dynamics

ay = —MXay—2(u— Ri)+2Li
by = —Aby—a, (u— Ri)+ L?i]* — &> (7.15)

make T follow the dynamics

= —M) +y= X

and a trivial solution is thus £, = 0. Let us now check whether the assumptions of Theorem

7.1.1| are verified. We suppose that i, 7, % and u, 1 are bounded, so that the state x also
remains bounded (since y = 0). Choosing m = 3, we have

|z — Li|* — ®2
= 20" (x — Li)
20" (x — Li) 4+ 20Ty

H(z,u,1, w7, ?)
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where we denote n = u — Rt + L7, Thus, if we suppose besides that there exists ¢ > 0 such
that the inputs verify |det(n,7)| > ¢, every assumption of Lemma is satisfied. In fact, the
inputs happen to be such thatﬂ det(n, 1) = w3®?, where w is the rotor angular velocity. We
conclude that all the conditions are verified when the inputs and their derivatives are bounded
and the rotor angular velocity is away from zero.

Applying Theorem [7.1.1] it follows that for any three distinct and sufficiently large strictly
positive \;, the function

T(x7t) = (T)q ($a t)’TAQ (l‘vt)aT)\s(x’t))

becomes injective after a certain time (once the filters (7.15)) have sufficiently converged). Imple-
menting ([7.15)) for each A;, one can obtain after a certain time an estimate & of x(t) for instance

by :
-1
st — - (O =T\ (=t
A, (t)T — Qg (t)T b)\z (t) - b)\a (t)
Note that for this system, a classical gradient observer of smaller dimension exists ([LHN™10,
MPHI12]). The Luenberger observer proposed here offers the advantage of depending only on
filtered versions of u and 4, which can be useful in presence of significant noise. On the other

hand, no high gain design would have been possible for this system without computing the
derivatives of 7, which is not desirable in practice.

7.2.2 Non-holomic vehicle

Another appropriate example is the celebrated non-holomic vehicle with dynamics

1 = wuqcos(xsz)
Ty = wjsin(xs) , Yy =(z1,22) (7.16)
T3 = ujup

where the inputs u; and uo correspond to the norm of vehicle velocity and the orientation of
the front steering wheels respectively. A wide literature already exists on this system, and our
goal here is only to show on another example how to solve PDE for each component of
the measurement. The dynamics and measurements being linear in x1, xa, cos(xs), sin(zs),
it is quite natural to look for a function T linear in those quantities. Besides, x1 and x9 are
independent so we look for T 1 and T) 2, associated to measurement x1 and o respectively, of
the form :

Tai(z,t) = ax(t)z1 + ba(t) cos(xs) + cx(t) sin(xs)
Tholz,t) = ax(t)ze + bx(t) cos(xs) + éx(t) sin(z3) .

By straightforward computations, we conclude that to satisfy PDE (7.12)), we can take :

B 1 = .
arx=ax=+ brx=—cx , Ex=d,
. 1
b)\ = =X b)\ —UuUjug C) — Xul
éy = —Acytuiugby . (7.17)
Then, T ; and T) o are solutions of
1 = —Adatm
2 = —Al2tw (7.18)
°n=dw ;lenee ) , with € the motor angle, and w = 6. See Chapter for more information on this



100 CHAPTER 7. TRANSFORMATION INTO A HURWITZ FORM

respectively. Besides, computing the successive derivatives of the measurements (x1, z2), we can
see that H1 and Hy are injective immersions at the order m if at least uy or one of its first m — 2
derivatives is nonzero. Therefore, if the state, the inputs u1, us and their derivatives remain in
compact sets, and if there exist an integer m > 2 and a real number ¢ > 0 such that for all ¢
and all considered input u,
w2+ + .+ P2 > e,

then all the assumptions in Lemma[7.1.2]are verified with m; = mg = m. Therefore, by choosing
m strictly positive distinct real numbers A;, the function

T(z,t) = (Tx (2, t), ... Tx, 1 (2, t), T, 2(2, 1), ..., Ty, 2(x, 1))

becomes injective after a certain time. Implementing ((7.17)) — (7.18)) for each A;, we thus get an

observer of dimension 4m.

7.2.3 A time-varying transformation for an autonomous system ?

It was observed in [And05, Section 8.4] that it is sometimes useful to allow the transformation
to be time-varying even for an autonomous system. Only results concerning stationary transfor-
mations were available at the time, so that the framework of dynamic extensions had to be used.
This is no longer necessary thanks to Theorems [7.1.2] and [7.1.1] Indeed, consider for instance
the system

- 3
= T —
{ by = o YEm (7.19)

which admits bounded trajectories, the quantity z? + 23 being constant along the trajectories.
This system is weakly differentially observable of order 2 on R? since x +— Ha(z) = (z1,23)
is injective on R?. It is thus a fortiori instantaneously backward-distinguishable and Theorem
.13 holds. Applying Luenberger’s methodology to this system would thus bring us to look for
a stationary transformation T} into

=-AO+a, (7.20)

for which a possible solution is

Th(x) = /_OOO ATY (x;7)dr

Although the injectivity of T' = (T),,T),,T),) is satisfied for a generic choice of (A1, A2, A3) in
{AeC : R(\) > 0} according to Theorem it is difficult to compute numerically and as
far as we are concerned, we are not able to find an explicit expression.

Instead, it may be easier to look for a time-varying transformation and apply either Theorem
or [7.1.2] Given the structure of the dynamics, one can try to look for a transformation of
the form

Th(x,t) = ax(t)z3 + ba(t)z3 + ex(t)za + da(t)z1 + ex(t) - (7.21)

It verifies the dynamics ([7.20) if for instance

ay = —Aay-+dy
by = —\by + 3ay)y
E = —Acy+2by
dy = —Xdy+1

éx = —dex+taoy



7.3. STATIONARY TRANSFORMATION 7 101

Using Remark and applying Theorem [7.1.2] we know that, by initializing the filters ay, by,
cx, dy and ey at 0 at time 0, x — (Ty, (7, 1), Ty, (z,t), Trs (7, 1)) is injective on R? for ¢ > 0 and
for a generic choice of (A1, Mg, A3) in {A € C : R()\) > 0}3.

To reduce the dimension of the filters, we can take dy(t) = + and ax(t) = 35

zz- In that case

Theorem cannot be properly applied because T) is not T g . However, we have found at
least in simulations that injectivity is preserved after a certain time as shown in Figure [7.1}

15 I I I I I I | 15 I I I I I I

Time Time

Figure 7.1: Nonlinear Luenberger observer for System ([7.19)) : dynamics ([7.20]) and transforma-
tions (7.2I) (with dx(t) = ; and ax(t) = 55) for Ay =5, Ay = 6, A3 = 7. The transformation is
inverted by searching numerically the common roots of two polynomials of order 3.

Note that since the system is strongly differentially observable of order 4 on § = {(x1,x2) €
R? : 2% + 23 # 0}, i-e Hy is an injective immersion on S, Theorem also says that, for
any compact subset C of S, by choosing 4 sufficiently large real strictly positive numbers \;,
and for any initial conditions for the filters, z — (T, (x,t), Ta,(x,t), Ths (2, t), Th,(z,t)) becomes
injective on C after some time.

7.3 Stationary transformation ?

We have just seen that a time-varying transformation could be used for an autonomous system.
We investigate here the converse, i-e if a stationary transformation can be used for time-varying
systems. Consider a control-affine single-output system

t=f(x)+gx)u , y=h(x)eR (7.22)

In the high gain framework, we saw with Theorem that if System is uniformly
instantaneously observable and its drift dynamics are differentially observable of order d,, it
is possible to keep the stationary transformation associated to the drift autonomous system,
because the additional terms resulting from the presence of inputs are triangular and do not
prevent the convergence of the observer. It turns out that, inspired from [AP06l Theorem 5],
an equivalent result exists in the Luenberger framework.

Theorem 7.3.1.

Let A1,...,Aq, be any distinct strictly positive real numbers, A the Hurwitz matrix
diag(—A1, ..., —Ag,) in R%*% B the vector (1,...,1)T in R% and S an open subset of R%,
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Assume that System ((7.22) is uniformly instantaneously observablelﬂ on S and its drift system
is strongly differentially observable[] of order d, on §. Then, for any positive real number @,
any bounded open subsets X, X’ and X" of R%, and any C* function y : R% — R such
that

- cl(X) C X Ccl(X) Cc X Ccl(X)CS,

- for any u in U, for all ¢ in [0, +00) and for all z¢ in Xy, |u(t)| <@ and X (zg;t;u) is in

1, ifzecl(X
'X(@:{o ifx¢x"()

there exists a strictly positive number k such that for any k& > k :

- the function T : R% — R% defined by

T(z) = / U e RATB (K (2, 7)) dir

—00

where X (x,7) denotes the value at time 7 of the solution initialized at x at time 0 of
the modified autonomous drift system

&= x(x)f(x)
is a diffeomorphism on X’ and is solution to the PDE associated to the drift dynamics

oT
%(:C)f(x) =kAT(z)+ Bh(x) Ve (7.23)
- there exists a Lipschitz function @ defined on R% verifying

FI(@) = T (@)gle)  Vae X, (7.24)

and such that, for any function 7 : R% — R% verifying
T(T(z))=2 VrxeX,

the system _

E=kAE+By+3@u , =T() (7.25)

is an observer for System [7.22] initialized in Xj.

Remark 12 The function @ is defined on the open set T'(X’) by . If the trajectories of
the observer state f remain in this set, there is no need to extend its domain of definition to
the whole R% . Otherwise, the only constraint is that the global Lipschitz constant a of the
extension be such that k£ min |\;| > a@, to ensure the convergence of the observer. In the proof
below, it is proved that such extensions exist for k sufficiently large (this is not trivial because
a could a priori depend on k).

Otherwise, instead of extending @ outside T'(X”), one could take

76 = S (TENa(T(©)

6See Definition [2.2.1
"See Definition [5.2.2
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but the way T is defined outside 7'(X’) must be such that :
Ja>0: Vk>k,VEeR% vVaeX, |T(zx)—T(T(E)| <a|T(x) = .
The constraint here is that o must be independent from k. For instance, the function
T(§) = Argmin,c x/|T'(z) — |
clearly works since . . . .
T (z) = T(TE)| < |T(x) =&l + [ = T(T())] -
—_—
<|g-T(x)|

Another more regular candidate is the McShane extension

T(§) = min z + |T(x) — ¢

zeX’
which also verifies the requirement.

Proof : According to [And14, Proposition 3.3], there exists ko such that for all k > ko, T is C' and
verifies PDE ([7.23). Now let us prove that it is injective on c1(X’) for k sufficiently largeﬂ The drift
system being strongly differentially observable of order d., the function

Hg, () = (h(x), Lsh(z), ..., LT (z))
is an injective immersion on c¢1(X”) and by Lemma [A.3.5] there exists Ly > 0 such that for all (z,, z3)?
in c1(X")?,

[Ha, (za) — Ha, (20)| > Lul|za — 28| -

Besides, since xf = f on cl(X’), after several integrations by parts, we obtain for all z in c1(X”)

_d 1
T(x)=A%% (—KH,iI (z) + ER(gg)) (7.26)
where K = diag ( %, s k%l), % is the invertible controllability matrix

¢ =[A"""'B .. AB B],
and R the remainder o
R(z) :%*1/ e B LY (X (w,7))dr .
This latter integral makes sense on c1(X”) because :
-A being diagonal and denoting a = min; |A\;| > 0, for all 7 € (—o0, 0],

’eka'r| S 6ka7’ )

-By definition of the function X, for all z in c1(X”), X(x,7) is in c1(X’) for all 7, i-e 7 —
L‘;I (X (z, 7)) is bounded.

So now taking (4, zs) in c1(X”)?, and considering the difference |T'(z4) — T()|, from ((7.26), we obtain

A%
T(2a) = T(xe)| 2 =5 (Ha, (2a) — Ha, (23)] — [R(za) = R(z3)]) ,
and if R is Lipschitz with Lipschitz constant Lgr, we get

A=
k=

In order to deduce the injectivity of T', we also need Lr < Ly and we are going to prove that this is
true for k sufficiently large. To compute Lg, let us find a bound of "g—f(m)y By defining

T (xa) = T'(2p)| 2 (L — Lr)|za — @] -

o
0L h

of
ox (@)

%(l’)

B

Co = max

p1 = ma
zecl(X) ’

X )
zecl(X)

8This proof is similar to that of [AP06, Theorem 4].
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| OLFR
we have for all 7 in (—o0,0] and all z in c1(X’), |B py (X(z,7))| < co an
X
‘%m(m,r) <e M7 (7.27)

We conclude that for k > 2L, R is C'' and there exists a positive constant ¢1 such that for all z in c1(X”),

d -
OR 0 kan [ R OLF R 0X c1
g < —_ < .
S| <te [ e B | |G i < o
We finally obtain
|T(20) — T(x3)| > Lr|za — x| V(€a,zp) € c1(X)? (7.28)

where

. |A_d“55)| Cc1
Lr= ke Lu ka—p1 )’

and T is injective on c1(&”’) if k > k1 with

1 = max {Eo, M} .

aLH

Moreover, taking = in X, any v in R™ and h sufficiently small for x 4+ hv to be in &”, it follows from

[729) that

’T(x + hv) — T(z) > Lol
h
and making h tend to zero, we get
T
O @] > Lal

and T is full-rank on X’. So T is a diffeomorphism on X’ for k > k.

Now, let us show that System (7.25]) is an observer for System (7.22). Suppose for the time being that
we have shown that there exists a strictly positive number a such that for any k& > ki, there exists a
function P such that ([7.24]) holds and

B€) —B(E)| <alé—¢ V(€ e ®R™). (7.29)

Take u in U, zo in Xy €o in R%  and consider the solution X (zo;¢;u) of System (7.22) and any corre-
sponding solution =(&o;t; u, Yz, ) of System (7.25)). Since X (zo;¢;u) remains in X' by assumption, the
error e(t) = =(&o;t; U, Yzo ) — T(X (w03 t;u)) verifies

e =kA e+ (P(E(os t; 4, ¥ao)) — BT(X (w03 t;w))) u
and thus .
g?e < —2(ka—am)e'e.

Defining ko = max{El, %}, we conclude that e asymptotically converges to 0 if k& > ks. Note that

for this conclusion to hold, it is crucial to have a independent from k. Now, consider an open set X
such that c1(X) C X C c1(X) C &”'. Since T(X (zo;t; ) remains in T'(X) and c1(T(X)) = T(c1(X))

is contained in the open set T(X), there exists a time ¢ such that for all ¢ > t, 2(&o;t;u, Yz ) is in
T(X). T = T~ is ql ~on the compact set c1(7'(X)) and thus Lipschitz on that set. It follows that
X ((zo,80);t;u) = T(E(€o; t;u, Yay ) converges to X (zo;t;u).

It remains to show the existence of the functions @. Since System ([7.22)) is uniformly instantaneously
observable and its drift system is strongly differentially observable of order d, on S, we know since
|GB&1] or with Theorem [6.3.1} that for all ¢ in {1,...,ds}, there exists a Lipschitz function g; such that

LyLy 'h(z) = gi(h(z),..., L7 (x) Vo € cl(X). (7.30)

Consider the function

olw) = I (@)g()

Cwn | 0Ha, 1 OR
= AT | - K (@)g(0) + o B (@)9()

e () P r(z)

9Because (1) = %—f(m, 7) follows the ODE %(T) = %(X(x, T))¥(T), and 9(0) = 1.
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1

Let us first study ¢m. Notice that the ith-component of vy is vu,; = W

(7.30), there exists L; such that

LgL?_lh(x) and according to

|<pH’~;(IIAJ) — @H,i(l‘” <L Z kiﬂ (L;fl(j) — L;il(;c))‘ V(:ma?) € Cl()()?

and thus L such that
o (2) — pu(x)| < L|KHg, (8) — KHa, (z)| V(z,2) € c1(X)* .
But using (7.26)), we get
. oo . 1 . .
|KHa, (#) — KHa, (z)| < |A%%7Y|T(2) - T(x)| + 74 [B(@) = R(@)| V(z,2) € c1(X)” .

We have seen that

[R(@) = R@)| < 2l —al ¥(@,8) € aa(¥)?

and according to (7.28]),
1 A kac—l Tz co— A A
A |R(@) ~ ()| < TP A [T - T(@) W2 € cl(X)?

c1
H ka—p1

We finally obtain, for any (x,%) in c1(X)? and for any k > ki,

c1

lpn(@) = on(@)] < LIA™E <1 + LH_) T(#) - T(x)]

ka—p1

< LAY g™ <1 NEN S
Lu(kia — p1)

) T(@) = T(z)] .

Let us now study the term @g(z). For (z,2) in c1(X)?,

0
or(%) — pr(®) = : Cg_l/ e "TB(Di(z,%,7) + Da(z,%,7) + Ds(x, 2, 7))dr

ke -
where
. OLYh OLYh oxX . .

Dy(z,2,7) = o (X(z,7)) — 5 (X(z,7)) %(x,T)g(x)
oLy h X X

Da(e,8,7) = = (X(w,7) (g(@,r)—%f(w)) o(@)
oL h X

Da(e,2,7) = 2 (X)) o (27 (9(2) — 9(a)

Assuming that L?”” his C? and g is C*, it follows from 1) and the fact that X (z,7) is in the compact
set c1(X’) for all T in (—o0, 0], that for all (z,%) in c1(X)* and for all 7 in (—o0,0],

|Di(z,&,7)] < coe |z — 2
|Ds(z,2,7)] < cze PT|e—2.

X

As for Ds, posing ¢(7) = 52 (#,7) — 5 (x,7), and differentiating ¢ with respect to time, we get
_ ' = %0 O 3+ — 2L % ) ox
p0)=0 , ¢ = L& e + (k) - Lxen) Lwn. @
Since for all 7 in (—oc,0] and for all (z,%) in c1(X)?,
of 1w/ oX -
gl < i <e T
Tx@m|zn . | Swn|<e
and
of

e ()2'(@,7’)) — %(X’(z,ﬂ)‘ < cue Tz — 3|,

we obtain by solving ([7.31) in negative time and taking the norm

| D2 (2,2, 7)] < (0567“7 + 06672’)17) |z — 2| < ere 17 |z — 2
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for all 7 in (—o0,0] and all (z,#) in c1(X)2. Therefore, for all k > k1,

N 1 Cg N ka—p1 ~ Co s
z) — )| < — =2 < ——m—F—T(zx) - T@)| < ——=—|T(z) = T(2)| .
lon(®) ~ (o)) < g gl 81 S P @) = @) S o T = 1)
Finally, there exists a constant a such that for all k& > k1, and for all (z,2) in c1(X)?,
9(3) — p(@)| < a|T(@) - T()] - (7.32)

Consider now the function
B(8) = o(T71(€))

defined on T'(X"). According to (7.32)), % is Lipschitz on T'(X’), and with Kirszbraun-Valentine Theorem
[Kir34, [Val45], it admits a Lipschitz extension on R% with same Lipschitz constant a, i-e such that

(7.24) and (7.29)) hold. This concludes the proof. |

7.4 Conclusion

We have shown how a Luenberger methodology can be applied to nonlinear controlled systems.
It is based on the resolution of a PDE, the solutions of which exist, transform the system into
a linear asymptotically stable one, and become injective after a certain time. This injectivity is
ensured if

- either the function made of the output and a certain number of its derivatives is Lipschitz-
injective : this is verified when the system is strongly differentially observable and the
trajectories are bounded.

- or the system is backward-distinguishable (uniformly in time), but in this case, injectivity
is ensured for "almost all" choice of a diagonal complex matrix A (of sufficiently large
dimension) in the sense of the Lebesgue measure in C.

This methodology relies on finding a time-varying solution to a PDE, which always exists but
may be difficult to compute. We have shown on practical examples how this can be done by a
priori guessing its "structure".

Also, it is interesting to remember that as in the high gain paradigm, for uniformly instanta-
neously observable control-affine systems, we may use the stationary transformation associated
to the autonomous drift system when it is strongly differentially observable of order d,. The
result does not stand for higher orders of differential observability, since it relies on the existence
of Lipschitz functions g; such that g;(H;(x)) = LgL’]}_l(a}), and we have seen in Chapter |§| that
the Lipschitzness is lost when the drift system is differentially observable of higher order.
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Chapter 8

Motivation and problem statement

Chapitre 8 — Motivation et énoncé du probléme. Les Parties[l{I] montrent que ’on peut
sous certaines conditions construire un observateur pour un systéme non linéaire en transfor-
mant sa dynamique en une forme favorable pour laquelle un observateur global est connu. Il
s’ensuit que la dynamique du systéme et celle de ’observateur ne sont pas erprimées dans les
meémes coordonnées et évoluent méme souvent dans des espaces de dimension différente. Afin
d’obtenir une estimée de l’état du systeme, il est alors nécessaire d’inverser la transformation.
Or, cette opération peut se révéler compliquée en pratique, motamment lorsqu’une expression
explicite de l’inverse n’est pas connue, car elle repose alors sur la résolution d’un probléme de
minimisation couteuzr en calculs. C’est pour cette raison que nous avons développé une méthode
permettant de ramener la dynamique de l’observateur dans les coordonnées initiales du systéme
afin d’éviter linversion de la transformation. Dans ce chapitre, nous motivons cette démarche a
laide d’exemples et donnons une premiere condition suffisante pour résoudre ce probleme dans
le cas ou la transformation est stationnaire. Les chapitres suivants seront consacrés
a montrer comment remplir cette condition. De plus, la possible extension de ces résultats au
cas ot la transformation est non-stationnaire sera étudiée dans le chapitre principalement a
Uaide d’exemples tirés d’applications.

Contents
8.1 xample[ . . . L L e e e e e e e e e e e e e e e e e e 110
[8.1.1 High-gain design| . . . . . . . . . . . . 110
[8.1.2  Luenberger design| . . . . . . .. ... L 111
8.1.3 Generalideal . . .. ... . . ... 112
B.2 Problem statement] . ................ ... . .. 00 ... 112
[8.2.1  Starting point|. . . . . . . ..o 112

[8.2.2 A sufficient condition allowing the expression of the observer in the given |
r-coordinatesl . . . . . ... e 114

Parts[[H[I| have shown that it is possible, under certain conditions, to build an observer for
a nonlinear system by transforming its dynamics into a favorable form for which a global observer
is known. It follows that the dynamics of the system and of the observer are not expressed in
the same coordinates and often even evolve in spaces of different dimensions. In order to obtain
an estimate for the system state or even sometimes write the observer dynamics, it is necessary
to invert the transformation. But this step can be difficult in practice, mostly when an explicit
expression for the inverse is not available. Indeed, in this case, inversion usually relies on the
resolution of a minimization problem with a heavy computation cost. That is why we have
developed a methodology enabling to pull the dynamics of the observer back into the system
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coordinates in order to avoid the inversion of the transformation, namely design an observer
in the given coordinatesﬂ In this chapter, we motivate and introduce this problem through
examples and give a first sufficient condition to solve this problem in the case of a stationary
transformation. The remaining chapters will show how to satisfy this condition. Besides,
the possible extension of those results to the case where the transformation is time-varying will
be studied in Chapter [11| mainly through an example coming from an application. Note that we
have submitted most of the results presented in this part in [BPA15] and [BPAew].

8.1 Example

To motivate the problem we shall tackle in this part of the thesis, we consider a harmonic
oscillator with unknown frequency with dynamics

.’i?l = x9
Ty = —T1T3 , Yy=ua1 (8.1)
3 = 0

with state z = (21,22, 23) in R? x Ry and measurement y. We are interested in estimating
the state x of this system from the only knowledge of the function t — y(t) = Xi(z,t). This
problem has been widely studied in the literature ([HOD99, [OPCTL02, [Hou05, [Houl2] among
many others) and our goal is not to produce yet another observer for this system but rather to
illustrate our methodology and the problems encountered throughout its implementation. This
example is indeed sufficiently simple in terms of computations, but sufficiently rich in terms of
underlying observability issues to be interesting throughout this part of the thesis.

For any solution with initial condition 1 = 2 = 0, y does not give any information on zs.
We thus restrict our attention to solutions evolving in X of the type

1
X = {xE]R?’ : x%—kx%é]r,r{ , T3 G]O,T[} , (8.2)

where 7 is some arbitrary strictly positive real number. This set is forward-invariant by (8.1]).
Note also that System (8.1]) is strongly differentially observable of order 4 on

§ = (R*\{(0,0)}) xRy
containing X', namely Hy defined by

h(x) x1
Lyh(z) T2
H — —
4(2) Lj{h(x) —x1T3
Lth(z) — T3

is an injective immersion on S.

8.1.1 High-gain design
According to Theorem and Remark [4] we know that 7% defined by
() = Hy(z) = (21, 22, —2123, —T2T3) (8.3)

transforms System into a phase-variable form of dimension 4 for which a high-gain observer
can be designed:

01 00 0 Lk,
2 A 001 0]f: 0 L%k .
0000 By (€) Ly

1See Definition m
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where ® is defined byf]
©4(€) = sat,a(Lyh(7(€)))
with 7 any locally Lipschitz function defined on R* verifying

T(Hy(z)) =2 Vexe X,

r3 may be replaced by any bound of L‘}h on X, and L is a sufficiently large strictly positive
number depending on the Lipschitz constant of ®4, namely on the choice of 7 and r. Wanting
to highlight the role of the computation of the left-inverse 7, we get in fact a “raw” observer
with dynamics

0100 0 lky
: s . oo 1 o], 0 ks s WP
0000 sat,s(#142) 0Aky

We deduce that the computation of the function 7 (whose existence is guaranteed by the theorem)
is crucial in the implementation of this observer, of course to deduce Z from é but also to define
the dynamics of the observer itself.

Although in this example an explicit and global expressiorﬂ for 7 can easily be found due to
the simplicity of the transformation 7* = Hy, it is not always the case in high gain designs for
more complex applications. To overcome this problem, we may go with solving an optimization

problem as
2

A

#=7(€) = Avgmin £ - 7*(2)

8.1.2 Luenberger design

Instead of a high gain observer design as above, we may use a non linear Luenberger design. As
explained in Section [5.1.2] the idea is to find a transformation into a Hurwitz form of the type :

£ = A¢ + By
with & in R%, A a Hurwitz matrix and (A, B) a controllable pair. Indeed, this system admits
as global observer ‘
£ =&y = AS + By (8.6)
Since the dynamics (8.1) are linear in (x1,z2), we can look for a transformation depending
linearly in (z1,z9). Straightforward computations give :

(2) = —(A% 4+ 231) ' [ABx + Bxy) . (8.7)
In particular, for a diagonal matrix A = diag(—A1,...,—Ag,) with A\; >0, and B = (1,..., nr,
this gives for ¢ in {1,...,d¢} :
)\il‘l — T2
?k = — 8'8
i) = A (5.5

It is shown in [PMIO6] that 7* is injective on S if d¢ > 4 for any distinct A;’s in (0, +00). More
precisely, it is Lipschitz-injective on any compact subset of S and therefore, 7 is an injective
immersionlﬂ on S. This is consistent with [AP06, Theorem 4] and the fact that the order of
strong differentiability of this system is 4.

2The saturation function is defined by satas(s) = min {M, max {s, —M}}.
_ &183+8als
max{;+63, 51} )
4 Indeed, consider any x in S and V an open neighborhood of z such that c1(V) is contained in S. According
to the Lipschitz-injectivity of 7* on c1(V), there exists a such that for all v in R® and for all A in R such that

. i x or”
w and thus by taking h to zero, |v| < a |%(w)v| which means that aT (z)
x

3For instance, we can take 7(£) = ({1 , &y —

r4+hvisinV, [v|<a

is full-rank.
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Thus, since the trajectories of the system remain bounded, applying Corollary there
exists an observer for System (8.1)) which is given by and any continuous function 7
satisfying

(1% (z)) =2 Ve lX.
However, it is difficult to find an explicit expression of such a function, thus for this design, we
would have to solve online :

i =r(€) = Argmin|¢ — 7 (3)|

Note that a difference with the high gain observer above is that Z is not involved in ({8.6)), i.e.
the observer dynamics do not depend on 7.

8.1.3 General idea

In the following, we propose a methodology to write the dynamics of the given observers
and directly in the x—coordinatesﬁ in order to eliminate the minimization step. This has
been suggested by several researchers [DBGR92, MPO03, [AP13] in the case where the observer
state f and the state estimate Z are related by a diffeomorphism. We remove this restriction
and complete the preliminary results presented in [AEP14].

In the example above, pulling the observer dynamics from the £-coordinates back to the
x-coordinates appears impossible since x has dimension 3 whereas £ has dimension 4. We
overcome this difficulty by adding one component, say w, to . Then, the dynamics of (&, )
can be obtained as an image of those of £ if we have a diffeomorphism (z,w) — & = 77 (z, w)
“augmenting” the function x — 7%(x) given in or . We show in Chapter |§| that
this can be done by complementing a full column rank Jacobian into an invertible matrix.
Unfortunately, in doing so, the obtained diffeomorphism is rarely defined everywhere and we
have no guarantee that the trajectory in (&, @) of the observer remains in the domain of definition
of the diffeomorphism. We show in Chapter how this new problem can be overcome via a
diffeomorphism extension. The key point here is that the given observer dynamics or
remain unchanged. This differs from other techniques as proposed in [MP03|, [AP13], which
require extra assumptions such as convexity to preserve the convergence property.

8.2 Problem statement

8.2.1 Starting point

We consider a given system with dynamics :

= f(z,u) , y=h(z,u), (8.9)

with z in R% v a function in I with values in U C R% and y in R%. The observation problem
is to construct a dynamical system with input y and output Z, supposed to be an estimate of
the system state x as long as the latter is in a specific set of interest denoted X C R%. As
starting point here, we assume this problem is (formally) already solved but with maybe some
implementation issues such as finding an expression of 7. More precisely,

Assumption O : Converging observer in the £&-coordinates

There exist an open subset S of R% | a subset X of S, a C'! injective immersion 7* : S — R%,

5We will also refer to the z-coordinates as the "given coordinates" because they are chosen by the user to
describe the model dynamics.
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and a setﬁ 4T of pairs (p, 7) of functions such that :
- 7:R% — R% is a left-inverse of 7* on 7*(X), i-e

7(%(z)) = = Ve e X (8.10)

- for any u in U and any zg in X such that o™ (zg,u) = +oo, the solution X (z¢;t;u) of
remains in X for ¢ in [0, +00) .

- for any u in U, any zg in Xy such that o™ (zg,u) = +o00, and any fo in R% any solution
(X (zo; t;u), Z((x0,&0); t;u)) of the cascade system :

i = flr,u) oy = hzw) , E=elRuy) =1, (811
initialized at (z9, &) and under the input w, is also defined on [0, +00) and satisfies :

lim
t—400

=((wo, &0); tiu) — 7 (X (wo; tyw))| = 0. (8.12)

Remark 13

1. The convergence property given by is in the observer state space only. Property
is a necessary condition for this convergence to be transferred from the observer
state space to the system state space. But as we saw earlier, we may need the injectivity
of 7* to be uniform in space, or equivalently 7 to be uniformly continuous on R% in order
to conclude about a possible convergence in the z-coordinates. In that case, the couple
(F,T) defined by

f(fvu’y) = 80(577—(5)7“7 y) ) 7—(5) = 7_(5)

is an observer for System initialized in &p. Note that as in Corollary this is
achieved without further assumption in the case where X" is bounded.

2. The reason why we make ¢ depend on Z, instead of simply taking F (&, u,y) as before, is
that most of the time, and especially in a high gain design (see ), when expressing
the dynamics of 7%(x) as function of £ to compute F, we replace x by 7(£). Since we want
here to avoid the computation of 7, we make this dependence explicit in .

3. The need for pairing ¢ and 7 comes from this dependence because it may imply to change
¢ whenever we change 7. In the high-gain approach for instance, as in , when X is
bounded, thanks to the gain I which can be chosen arbitrarily large, ¢ can be paired with
any locally Lipschitz function 7 provided its values are saturated whenever they are used
as arguments of ¢. On another hand, if, as in , ¢ does not depend on z, then it can
be paired with any 7.

Example 8.2.1 For System (8.1), X given in (8.2) being bounded, a set ¢ satisfying Assump-
tion O is made of pairs of

- a locally Lipschitz function 7 satisfying
x = 7(x1, T2, —T173, —T2T3) Ve e X (8.13)

and the function ¢ defined in (8.5)), with L adapted to the properties of 7, if 7* is defined
by (8.3) ;

5The symbol J is pronounced phitau.
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- or a continuous function 7 satisfying

Az — Aoy — A3z1 — Az —
v < 1231 9627 2?1 372, 3271 3327 4«;?1 $2) Vr e X (8.14)
)\1+.’E3 )\2+$3 )\3+SU3 )\4+.’E3
and the function ¢ defined in if 7 is defined by (8.8). A

Although the problem of observer design seems already solved under Assumption O, it can
be difficult to find a left-inverse 7 of 7*. In the following, we consider that the function 7* and
the set @ are given and we aim at avoiding the left-inversion of 7 by expressing the observer
for x in the, maybe augmented, z-coordinates.

8.2.2 A sufficient condition allowing the expression of the observer in the
given z-coordinates

For the simpler case where the raw observer state £ has the same dimension as the system state
z,i.e. dy = dg¢, 7", in Assumption O, is a diffeomorphism on S and we can express the observer
in the given x-coordinates as :

§= @i (i«))_1 o7 (2), 2,1, 9) (8.15)

which requires a Jacobian inversion only. However, although, by assumption, the system trajec-
tories remain in § where the Jacobian is invertible, we have no guarantee the ones of the observer
do. Therefore, to obtain convergence and completeness of solutions, we must find means to en-
sure the estimate # does not leave the set S, or equivalently that 7*(#) remains in the image set
7*(S). Observing that this problem obviously disappears if this set is the whole space R% we
address this point by modifying 7* “marginally” in order to get 7*(S) = R%.

In the more complex situation where d¢ > d,, 7 is only an injective immersion. In [AEP14],
it is proposed to augment the given z-coordinates in R% with extra ones, say w, in R%~% and
correspondingly to augment the given injective immersion 7* into a diffeomorphism 7} : §, —
R% | where S, is an open subset of R% which "augments" S, i-e its Cartesian projection on R%
is contained in S and contains c1(X).

To help us find such an appropriate augmentation, we have the following sufficient condition.

Theorem 8.2.1.

Assume Assumption O holds and X is bounded. Assume also the existence of an open subset
S, of R% containing c1(X x {0}) and of a diffeomorphism 7" : S, — R% satisfying

75(x,0) = 7%(x) Ve e X (8.16)

and
75(8a) = R% . (8.17)

and such that, with let 7., denoting the x-component of the inverse of 7., there exists a
function ¢ such that the pair (¢, 7e;) is in the set ¢ given by Assumption O.

Under these conditions, for any u in ¢/ and any zg in X such that o (zg,u) = +o0, any
solution (X(xo;t;u),X(xo,iro,zfjg;t; u),W(xo,io,wo;t, w)), with initial condition (&g, ) in
Sq, of the cascade of System with the observer :

—

orr . . -1 o
[ ]Z (a@,w)(m’w)) plrc(®,0), 2,u,y) (8.18)

ISR
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is also defined on [0, +00) and satisfies :

lim |V (o, G0, s £ 0)| + | X (w03 t;u) — X (0, G0, tos t50)| = 0 . (8.19)
t——+o0

In other words, System (8.18)) is an observer in the given Coordinateﬁm for System ({8.9))
initialized in Xj.

The key point in the observer (8.18)) is that, instead of left-inverting the function 7* via 7 as
in (8.10), we invert only a matrix, exactly as in (8.15)).

Proof : Take u in U and (w0, (£0,0)) in Ao X S, such that o™ (w0, u) = +00. X(zo;t;u) remains in
X for t in [0,400) by assumption. Let [0,7] be the right maximal interval of definition of the solution

(X (zo,t), X(xo, Zo, Wo; t;u), W(xo, Lo, Wo; t;u)) when considered with values in X x S,. Assume for the
time being t is finite. Then, when t goes to t, either (X'(wo,:%o,wo;t; u),W(mo,i’o,ﬁ)o;t;u)) goes to
infinity or to the boundary of S,. By construction ¢t — Z(t) := 7o (X(io,wo; t;u), W(;fco, Wo; t; u)) is a
solution of (8.11)) on [0, %[ with 7 = 7,. From assumption O and since (i, Te;) is in ¢F; it can be extended
as a solution defined on [0, +-co[ when considered with values in R% = 77(S,). This implies that Z(%)
is well defined in R%. Since, with li the inverse 7e of 7 is a diffeomorphism defined on R%, we
obtain lim, 3 (X(a%o,ﬁ)o; t;u), W (Zo, wo; t;u)) = 7.(2(%)), which is an interior point of 7.(R%) = S,.
This point being neither a boundary point nor at infinity, we have a contradiction. It follows that ¢ is
infinite.

Finally, with assumption O, we have :

lim ’T: (X(fcoﬂf)o;t;U),W(:ﬁo,ﬁio;t;u)) —T*(X(Jfoét;u))| =0.

t——4oco

Since X (xo;t;u) remains in X, 7 (X (zo; t;uw)) equals 70 (X (xo;t;u),0) and remains in the compact set
7*(c1(X)). So there exists a compact subset C of R% and a time t¢ such that 7.° (X(io, Wo; t;u), W(Zo, Wo; t; u))
is in C for all t > tc. Since 7. is a diffeomorphism, its inverse 7. is Lipschitz on the compact set C. This

implies (8.19). |

With Theorem we are left with finding a diffeomorphism 7. satisfying the conditions
listed in the statement :

e Equation (8.16) is about the fact that 7 is an augmentation, with adding coordinates, of the
given injective immersion 7*. It motivates the following problem.

Problem 1. Immersion augmentation into a diffeomorphism

Given a set X, an open subset S of R% containing c1(X), and an injective immersion
7 : 8 = 7%(S) C R%, the pair (7,S,) is said to solve the problem of immersion augmen-
tation into a diffeomorphism if S, is an open subset of R% containing c1(X x {0}) and

70 Sy — 72(S,) C R is a diffeomorphism satisfying

7, (z,0) = 7(x) Ve e X .

We will present in Chapter [9] conditions under which Problem [I] can be solved via comple-
menting a full column rank Jacobian of 7* into an invertible matrix, i.e. via what we call
Jacobian complementation.

e The condition expressed in (8.17)), is about the fact that 7 is surjective onto R%. This
motivates us to introduce the surjective diffeomorphism extension problem

Problem 2. Surjective diffeomorphism extension

Given an open subset S, of R%, a compact subset K of S,, and a diffeomorphism TN

"See Definition m



116 CHAPTER 8. MOTIVATION AND PROBLEM STATEMENT

extension problem if it satisfies

75(S.) = R% o (z,w) =1 (z,w) Y(z,w) € K.

e

This Problem [2 will be addressed in Chapter

When Assumption O holds and X is bounded, by successively solving Problem [[jand Problem
With cl(Xx{0}) C K C S,, we get a diffeomorphism 7. guaranteed to satisfy all the conditions
of Theorem except maybe the fact that the pair (¢, 7¢;) is in ¢J. Fortunately, pairing a
function ¢ with a function 7, obtained from a left inverse of 7. is not as difficult as it seems, at
least for general purpose observer designs such as high gain observers or nonlinear Luenberger
observers. Indeed, we have already observed in point [3] of Remark [I3] that if, as for Luenberger
observers, there is a pair (¢, 7) in the set ¢J such that ¢ does not depend on 7, then we can
associate this ¢ to any 7.,. Also, for high gain observers, we need only that 7., used as argument
of ¢, make it globally Lipschitz. This is obtained by modifying, if needed, this function outside
a compact set, as the saturation function does in . We conclude from all this that our
problem reduces to solving Problems [I] and 2]

Throughout Chapters we will show how, step by step, we can express in the x-
coordinates the high gain observer for the harmonic oscillator with unknown frequency intro-
duced in Section We will also show that our approach enables to ensure completeness of
solutions of the observer presented in [GHO92] for a bioreactor. The various difficulties we shall
encounter on this road will be discussed in Chapter In particular, we shall see how they can
be overcome thanks to a better choice of 7% and of the pair (¢, 7) given by Assumption O. We
will also see that the same tools apply to the Luenberger observer presented in Section for
the oscillator. Finally, we will show in Chapter that this methodology can be extended to
the case where the transformation is time-varying through a very practical application related
to aircraft landing.



Chapter 9

Around Problem (1] : augmenting an
injective immersion into a
diffeomorphism

Chapitre 9 — Autour du Probléme [1 : augmenter une immersion injective en un
difféomorphisme. Une condition suffisante pour résoudre ce probléme est de savoir compléter
continiment le Jacobien (de rang plein) de la fonction en une matrice inversible. En effet,
lorsque ceci est possible, une formule explicite de l’augmentation en un difféomorphisme est
proposée. Ce chapitre est donc consacré au probléeme de complémentation continue d’une matrice
rectangulaire de rang plein en une matrice carrée inversible. Plusieurs résultats sont donnés avec
dans chaque cas des formules explicites ou des algorithmes constructifs, et sont illustrés grice a
l’exemple de loscillateur d fréquence inconnue.
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In [AEP14], we find the following sufficient condition for the augmentation of an immersion
into a diffeomorphism.

Lemma 9.0.1. [AEP14]

Let X be a bounded set, S be an open subset of R% containing c1(X), and 7* : S — 7%(S) C
R% be an injective immersion. If there exists a bounded open set S satisfying

cl(XycScel(S)cs

and a C' function vy : & — R%*(dk—d2) the values of which are de¢ x (d¢ — d,) matrices
satisfying :

det (%7; (z) 7(.’5)) #0 Vz € c1(S) (9.1)

then there exists a strictly positive real number € such that the following pairﬂ (157, Sa) solves
Problem

To(z,w) = () + y(@)w , Sg=8x B(0) . (9.2)

For a positive real number € and 2o in RP, B:(20) is the open ball centered at zo and with radius e.
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In other words, an injective immersion 7* can be augmented into a diffeomorphism 7 if we
are able to find d¢ — d, columns « which are C' in 2 and which complement the full column

rank Jacobian %L;(:r) into an invertible matrix.

Proof : The fact that 7, is an immersion for € small enough is established in [AEP14]. We now prove
it is injective. Let €o be a strictly positive real number such that the Jacobian of Ta(z,w) in is
invertible for any (z,w) in cl(S X B¢, (0)). Since c1(S X B.,(0)) is compact, not to contradict the
Implicit function Theorem, there exists a strictly positive real number ¢ such that any two pairs (x4, w.)
and (zp,wp) in c1(S x Be, (0)) which satisfy

To(Ta,wa) = To (@b, ws) 5 (Ta,wa) # (Tv, ws) (9-3)

satisfies also
|a — zb| + |wa —ws| > 0.

On another hand, since 7* is continuous and injective on c1(S) C S, it has an inverse which is uniformly
H

continuous on the compact set 7*(c1(S)) (see Lemma It follows that there exists a strictly

positive real number 7 such that

o * * 5
Y (Za,xp) € cL(S)? ¢ |77 (wa) — 7" (@) <1, |Ta — x| < R

But if (9.3) holds with w, and wp in B:(0) with € < g9, we have

0—2 < |za—m|, [77(za) =7 (2e)] = [V(Ta)wa — y(zp)ws| < 26 sup |y(x)] .
z€cl(S)

c e . 38 n y .
We have a contradiction for all ¢ < mln{ 1 esuppcng, M } So l} cannot hold for such ¢’s, i.e.

72 is injective on S x B.(0). n

Remark 14 Complementing a d¢ x d, full-rank matrix into an invertible one is equivalent to
finding d¢ — d, independent vectors orthogonal to that matrix. Precisely the existence of ~y
satisfying is equivalent to the existence of a C' function 7 : c1(S) — R%*(de—dz) the
values of which are full rank matrices satisfying :

@ @) =0 eead). (9.4)

Indeed, ¥ satisfying (9.4 satisfies also (9.1 since the following matrices are invertible

E@T (0 N (@@ o
(%)T )(ax” i >)‘<8 0" a<x>w<x>>

Conversely, given ~ satisfying (9.1)), 4 defined by the identity below satisfies (9.4) and has full

column rank

or* or* ror* “L o7

w):[f—ax(x) @) @) axw] 1)
9.1 Submersion case

When 7(c1(S)) is a level set of a submersion, we have the following complementation result

Theorem 9.1.1.

Let X be a bounded set, S be a bounded open set and S be an open set satisfying
cl(X)cScel(S)cs.

Let also 7% : S — 7*(S) € R% be an injective immersion. Assume there exists a C? function
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F : R% — R%~4 which is a submersio at least on a neighborhood of T*(S’ ) satisfying:
F(r*(z))=0 Vze§, (9.5)

then, with the C! function z + y(x) = %—?T(T*(:L‘)), the matrix in 1’ is invertible for all z
in S and the pair (7,8S,) defined in (9.2)) solves Problem

Proof : For all z in c1(S), %(m) is right invertible and we have %—?(T*(m))%(x) = 0. Thus, the
rows of %—5(7* (z)) are orthogonal to the column vectors of % (z) and are independent since F' is a

submersion. The Jacobian of 7° can therefore be completed with %—?T(T* (z)). The proof is completed
with Lemma [

Remark 15 Since %L; is of constant rank d, on S, the existence of such a function F' is

guaranteed at least locally by the constant rank Theorem.

Example 9.1.1 (Continuation of Example [8.2.1)) Elimination of the #; in the 4 equations
given by the injective immersion 7* defined in (8.3)) leads to the function F(§) = &€& — £1&4
satisfying (9.5)). It follows that a candidate for complementing:

1 0 0
or* 0 1 0
87(1:) - —Xx3 0 —I1 (96)
0 —Ir3 —XI2
is
oF
y(r) = 8—5(7*(3:))T = (wox3, —T123, T2, —21)

This vector is nothing but the column of the minors of the matrix . It gives as determinant
(w223)? + (z123)? + 23 + 22 which is never zero on S.

Then, it follows from Lemma that, for any bounded open set S such that X C c1(S) C
S the following function is a diffeomorphism on S x B.(0) for ¢ sufficiently small

To(z,w) = (21 + Taw3w, T2 — T1T3W, —T1T3 + TaWw, —TaT3 — TIW) .

With picking 77 = 77, (8.18]) gives us the following observer written in the given z-coordinates
augmented with w :

_ 1

1 1 Gg Bolh  dods o — 21250 Lk,

ga | | —ds0 1 —dud —2ids | || —2ids+ dei | | L2k )

8o || =23 @ —£1 & Cads— iy | Tl ks | Y (97)
W —0 —T3 —T9 —T1 sat,s (.@1@%) L4k4

Unfortunately the matrix to be inverted is non singular for (&, 1) in S x B.(0) only and we have
no guarantee that the trajectories of this observer remain in this set. This shows that a further
modification transforming 7* into 7 is needed to make sure that 7*~1(¢) belongs to this set
whatever ¢ in R*. This is Problem A

The drawback of this Jacobian complementation method is that it asks for the knowledge
of the function F'. It would be better to simply have a universal formula relating the entries of
the columns to be added to those of %L;.

2F : R% — R™ with d¢ > n is a submersion on V if %—g(f) is full-rank for all £ in V.
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9.2 The P[d¢,d,] problem

Finding a universal formula for the Jacobian complementation problem amounts to solving the
following problem.

Problem P[d¢, d,]

For a pair of integers (dg,d;) such that 0 < dy < d, a C' matrix function 4 : R™*" —
R (de—dz) solves the P[dg,d,] problem if for any d¢ x d, matrix T = (%;;) of rank d, the

matrix (S ’y(&‘)) is invertible.

As a consequence of a theorem due to Eckmann [Eck06l §1.7 p. 126] and Lemma we
have

Theorem 9.2.1.

The P[dg, d,] problem is solvable by a C! function 7 if and only if the pair (d¢, d,) is in one
of the following pairs
(>2,de — 1) or (4,1) or (8,1) . (9.8)

Moreover, for each of these pairs and for any bounded set X, any bounded open set S and
any open set S satisfying

cl(X)cSccl(S)cSc R,

and any injective immersion 7% : § — 7%(S) C R%, the pair (7;,S,) defined in (9.2) with
v(x) =% (%Tgf (g:)) solves Problern

Proof : ["only if'] The following theorem is due to Eckmann.

Theorem 9.2.2. [Eck06]

For d¢ > d, there exists a continuous function 4; : R *de _ R with non zero values and satisfying
71(2)Tx = 0 for any d¢ x d, matrix = = (;;) of rank d, if and only if (d¢, d.) is in one of the following
pairs

(>2,de — 1) or (even, 1) or (7,2) or (8,3) (9.9)

With Remark (14} any pair (d¢,d.) for which P[dg, d,] is solvable must be one in the list . The pair
(> 2,de — 1) is in the list . For the pair (even, 1), we need to find d¢ — 1 vectors to complement the
given one into an invertible matrix. After normalizing the vector = so that it belongs to the unit sphere
S%~1 and projecting each vector ; (z) of v(z) onto the orthogonal complement of =, this complementation
problem is equivalent to asking whether S%~! is parallelizable (since the ~;(<) will be a basis for the
tangent space at ¢ for each = € Sdﬁ*l), It turns out that this problems admits solutions only for d¢ = 4
or de = 8 (see [BM58]). So in the pairs (even, 1) only (4,1) and (8,1) are in the list (9.8).

Finally, since P[6, 1] has no solution, the pairs (7, 2) and (8, 3) cannot be in the list . Indeed, let = be
a full column rank (d¢ —1) X (dy — 1) matrix. 3 (1) is a full column rank dg x d,, matrix. If if P[dg, ds]
has a solution, there exist a continuous (d¢ — 1) X (d¢ — d) matrix function 4 and a continuous row
vector functions a” such that (Z((z))-rz (1)) is invertible. This implies that (’y(z) ‘I) is also invertible.
So if P[de,d,] has a solution, P[d¢ — 1,d, — 1] must have one. |

2See Remark
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Proof : ["if'] For (d¢, d.) equal to (4,1) or (8,1) respectively, possible solutions are

T T3 T4 <5 %6 T7 T8

—T1 T4 —T3 T6 —%5 —9I8 T7

—%9 T3 T4 —%4 —%1 T <7 T8 —%5 —%6

~ T1 —%4 T3 ~ T3 —%2 —%1 T8 —%7 %6 —%5
’Y(i) = —%4 —%1 —%2 ’ 7(‘:) = —%6 —<7 —%8 —%1 T2 T3 T4
T3 T2 —%1 T5 —I8 7 —%2 —%1 —%4 T3

T8 5 —%g —%T3 T4 —%1 —%9

—I7 T6 T5 —%4 —33 T2 —%1

where t; is the jth component of the vector 5. For d, = d¢ — 1, we have the identity
m
det (s A(s 2’7 ij) Mjm(%ij)

where 4; is the jth component of the vector-valued function 4 and the M; ., being the cofactors of
(z (z)) computed along the last column, are polynomials in the given components ;. At least one of
the Mj ., is non-zero (because they are minors of dimension d, of ¥ which is full-rank). So it is sufficient
to take :}/j(‘Zij) = Mj,m(’lij). ||

In the following example we show how by exploiting some structure we can reduce the
problem to one of these 3 pairs.

Example 9.2.1 (Continuation of Example In Example we have complemented
the Jacobian with the gradient of a submersion and observed that the components of this
gradient are actually cofactors. We now know that this is consistent with the case d, = d¢ — 1.
But we can also take advantage from the upper triangularity of the Jacobian and com-
plement only the vector (—x1, —xz2) by for instance (x2, —z1). The corresponding vector « is
~v(x) = (0,0, z9, —x1). Here again, with Lemma we know that, for any bounded open set
S such that c1(X) € S € c1(S) C S the function
To(z,w) = (x1, T2, —T1T3 + Tow , —T9T3 — TIW)

is a diffeomorphism on S x B, (0). In fact, in this particular case € can be arbitrary since the
Jacobian of ¥ is full rank on S x R% % With picking 7 = 7, (8.18) gives us the following
observer :

1 1 0 o oY Zo Lk
T3 0 1 0 0 —21ZT3 + Tow L2k‘2 .

— _ 1
Pl il T Cais— i | | ks | Y (9-10)
w W —I3 —To —I1 Satrs(i’li‘%) L4k‘4

However, the singularity at #; = Z2 = 0 remains and equation (8.17) is still not satisfied. A

Given the very small number of cases where a universal formula exists, we now look for a
more general solution to the Jacobian complementation problem.

9.3 Wazewski’s theorem

Historically, the Jacobian complementation problem was first addressed by Wazewski in [Waz35].
His formulation was :

Wazewski’s problem

Given a continuous function T : & € R% — R%*d the values of which are full-rank
d¢ x d; matrices, look for a continuous function v : § — Rdex(de—dz) gych that the ma-

trix (z(ac) fy(x)) is invertible for all z in S.
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The difference with the previous section, is that here, we look for a continuous function v of
the argument x of 5(x) instead of continuous functions of ¥ itself.

Wazewski established that this other version of the problem admits a far more general
solution

Theorem 9.3.1. [Waz35, Theorems 1 and 3]

If S, equipped with the subspace topology of R%, is a contractible space, then Wazewski’s
problem admits a solution. Besides, the function + can be chosen C* on S.

Proof : The reader is referred to [Eck06l page 127] or [Dug66l pages 406-407] and to [Waz35, Theorems
1 and 3] for the complete proof of existence of a continuous function v when § is contractible. We rather
detail here the constructive main points of the proof originally given by Wazewski in the particular case
where S is a parallelepiped, because it gives an insight on the explicit construction of . It is based on
Remark [[4] noting that, if we have the decomposition

makes (‘z(x) 'y(x)) invertible on R if and only if D(z) is invertible on R and we have
C(z) = —(A" (z)) ' B(z)" D(x) Yz €R . (9.11)

Thus, C' is imposed by the choice of D and choosing D invertible is enough to build v on R.

A(z)  Co(z)

B(z) Do(x)
on a boundary OR of R and A(x) is invertible for all z in OR, then, necessarily, Do(x) is invertible
and Cy(z) = —(AT(2))"'B(2)" Do(z) all z in R. Thus, to extend the construction of a continuous
function v inside R from its knowledge on the boundary R, it suffices to pick D as any invertible matrix
satisfying D = Do on OR. Because we can propagate continuously v from one boundary to the other,
Wazewski deduces from these two observations that, it is sufficient to partition the set S into adjacent
sets R; where a given d¢ X d¢ minor A; is invertible. This is possible since 7 is full-rank on S. When S
is a parallelepiped, he shows that there exists an ordering of the R; such that the continuity of each D;
can be successively ensured. We illustrate this construction in Example below.

Also, if we already have a candidate

Finally, it remains to show how this continuous function v can be modified into a smoother one giving
the same invertibility property. For this, we use a partition of unity. Let 7; denote the ith column of
~. We start with modifying 71 into 41. Since <, v and the determinant are continuous, for any z in S,
there exists a strictly positive real number r;, such that, may be after changing ~; into —vi,

det (E(y) Y1(Z) V2:de —do (y)) >0, Yy € By, () , (9.12)

where 7;.; denotes the matrix composed of the i*" to 5" columns of . The family of sets (B, (%)) es
is an open cover of S. Therefore, by [Hir76l Theorem 2.1], there exists a subordinate C°° partition of
unity, i.e. there exist a family of C*° functions 9, : S = R>¢ such that

Supp (¢) C Br,(z) Vx e S, (9.13)
{Supp (=) }zes is locally finite , (9.14)
Y wely)=1 Wes . (9.15)

zeS

With this, we define the function 41 on S by

F1Y) =D vely)m(@) -

zeS
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This function is well-defined and C* on S because the sum is finite at each point according to (9.14).
Using multi-linearity of the determinant, we have, for all y in S,

det (<(y) F1(y) V2 —a. (1)) = Y _ Yu(y) det ((y) 71 (2) V2:c—a, (V) -

zeS

Thanks to , at each point y in S, there is a finite number of 1, (y) which are not zero. Also, the
right hand side is the sum of non negative terms because of and the non negativeness of the .,
and one of these terms is strictly positive because of and . Therefore, we can replace the
continuous function ~; by the C* function 41 as a first column of 7. Then we follow exactly the same
procedure for vz with this modified «. By proceeding this way, one column after the other, we get our
result. |

The following corollary is a consequence of Lemma [9.0.1] and provides another answer to

Problem [l
Corollary 9.3.1.

Let X be a bounded set, S be an open subset of R% containing c1(X) and which, equipped
with the subspace topology of R%, is a contractible space. Let also 7* : S — T*(S) C R% be
an injective immersion. There exists a C°° function ~ such that, for any bounded open set S
satisfying

cl(XycScel(S)cs

we can find a strictly positive real number € such that the pair (7, S,) defined in (9.2)) solves
Problem [1l

Example 9.3.1 Consider the function

1 0 0
0 10 , A
@) = | o 0w | eean) = maxo - GEead)
0 —XI3 —XI2 r
e} o)
343%173 %%f% £

() has full rank 3 for any = in R3, since p(z1,x2) # 0 when 1 = 22 = 0. To follow Wazewski’s
construction, let & be a strictly positive real number and consider the following 5 regions of R?
(see Figure [9.1))

Ri =]—o00, =0 xR* | Ro = [—6,0] x [0, +00] x R,
Rs = [-0,0° xR , Ry = [-0,0] x[-00,—0] xR ,  Rs = [§,+00[xR>.

We select § sufficiently small in such a way that p is not 0 in R3.

‘,/1:2
Ry!
I
R 1§ Rs
Rs |
—————————— s
-0 : ) 1
I
1
=0
R4 :
I

Figure 9.1: Projections of the regions R; on R2.
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We start Wazewski’s algorithm in R3. Here, the invertible minor A is given by rows 1, 2
and 5 of © (full-rank lines of ) and B by rows 3 and 4. With picking D as the identity, C' is
(AT)~!B according to . D gives rows 3 and 4 of v and C gives rows 1, 2 and 5 of 7.
Then we move to the region Ry. There the matrix A is given by rows 1, 2 and 4 of g, B by
rows 3 and 5. Also D, along the boundary between R3 and Ro, is given by rows 3 and 5 of v
obtained in the previous step. We extrapolate this inside Ry by keeping D constant in planes
x1 =constant. An expression for C and therefore for ~ follows.

We do exactly the same thing for Ry.

Then we move to the region R. There the matrix A is given by rows 1, 2 and 3 of T, B by rows
4 and 5. Also D, along the boundary between R; and R, between R and R3 and between
R1 and Ry, is given by rows 4 and 5 of « obtained in the previous steps. We extrapolate this
inside Ry by kipping D constant in planes xs =constant. An expression for C' and therefore for
~ follows.

We do exactly the same thing for Rs.

Note that this construction produces a continuous -y, but we could have extrapolated D in
a smoother way to obtain v as smooth as necessary. A

Although Wazewski’s method provides a more general answer to the problem of Jacobian
complementation than the few solvable P[dg, d.] problems, the explicit expressions of 7 given in
Section [0.2] are preferred in practice (when the couple (dg, dy) is in the list (9.8)) to Wazewski’s
costly computations.

We have given several methods to solve Problem |1}, but to apply Theorem[8.2.1] we also need
to solve Problem 21



Chapter 10

Around Problem 2| : image extension
of a diffeomorphism

Chapitre 10 — Autour du Probléme |3 : extension d’image d’un difféomorphisme.
Dans ce chapitre, nous étudions comment un diffécomorphisme peut étre étendu pour que son
image couvre Uespace R% entier, ¢’est-a-dire pour qu’il devienne surjectif. Dans certains cas, la
construction de [’extension est explicite et est illustrée a partir d’exemples. En particulier, nous
montrons que la résolution du Probléme[d garantie la complétude des solutions de l’observateur
présenté dans [GHO92] pour un bioréacteur.

Contents
10.1 A sufficient conditionl . . . . .. .. .. ... o o oo 125
[10.2 Proof of part a) of Theorem [10.1.1} . . . . . ... ... ........... 127
[10.3 Application : bioreactor] . .. ... ... ... ... . 0 0oL, 129
[10.4 Conclusion| . . ... ... i i i ittt 131

We study now how a diffeomorphism can be augmented to make its image be the whole set
R%  i.e. to make it surjective. In certain cases, the construction of the extension is explicit and is
illustrated on examples. In particular, we show that solving Problem [2| guarantees completeness
of solutions of the observer presented in [GHO92] for a bioreactor.

10.1 A sufficient condition

There is a rich literature reporting very advanced results on the diffeomorphism extension prob-
lem. In the following some of the techniques are inspired from [Hir76, Chapter 8] and [Mil65,
pages 2, 7 to 14 and 16 to 18](among others). Here we are interested in the particular aspect of
this topic which is the diffeomorphism image extension as described by Problem [2| A very first
necessary condition about this problem is in the following remark.

Remark 16 Since 77, obtained solving Problem [2, makes the set S diffeomorphic to R%, S
must be contractible.

One of the key technical property which will allow us to solve Problem [2| can be phrased as
follows.
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Property €

An open subset E of R% is said to verify property € if there exist a C'! function  : R% — R,
a boundedT| C* vector field x, and a closed set Ky contained in E such that:

1. E:{zeRdf : K(Z)<O}
2. Ky is globally attractive for x

3. we have the following transversality property:

Ok

a(z)x(z) <0 Vz e R% : k(z) = 0.

The two main ingredients of this condition are the function s and the vector field x which,
both, have to satisfy the transversality property €[3] In the case where only the function « is
given satisfying €[] and with no critical point on the boundary of E, its gradient could play
the role of y. But then for Ky to be globally attractive we need at least to remove all the
possible critical points that « could have outside K. This task is performed for example on
Morse functions in the proof of the h-Cobordism Theorem [Mil65]. We are in a much simpler
situation when y is given and makes F forward invariant.

Lemma 10.1.1.

Let E be a bounded open subset of R%, y be a bounded C' vector field , and Ky be a
compact set contained in F such that:

1. Ky is globally asymptotically stable for x
2. FE is forward invariant for x.

For any strictly positive real number d, there exists a bounded set £ such that

cl(E)c £ c{zeR%, inf |z—zp| <d}
zp€FE

and & verifies Property €.

This Lemma roughly says that if E does not satisfy conditions €[I] or €[3] but is forward
invariant for y, then Condition € is satisfied by an arbitrarily close superset of E. Its proof is
given in Appendix

Our main result on the diffeomorphism image extension problem is:

Theorem 10.1.1.

Let S, be an open subset of R% and 77: S, — R% be a diffeomorphism. If

a) either 7(S,) verifies property €,

b) or S, is C?-diffeomorphic to R% and 7* is C?,
then for any compact set K in S,, there exists a diffeomorphism 7 : S, — RY% solving
Problem 2L

The proof of case a) of this theorem is given in Section It provides an explicit construc-
tion of 7. The proof of case b) can be found in Appendix For the time being, we observe
that a direct consequence is :

LIf not replace x by ——=2—

Vitx2’
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Corollary 10.1.1.

Let X be a bounded subset of R%, S, be an open subset of R% containing K = c1(X x {0})
and 7} : S, — 7)(S,) be a diffeomorphism such that
a) either 7(S,) verifies property €,
b) or S, is C?-diffeomorphic to R% and 7 is C2.
Then, there exists a diffeomorphism 77 : S, — R%  such that
7H8S.) =R% | 7Xz,0) = 7)(x,0) Ve e X .

e

Thus, if besides the pair (7, S,) solves Problem 1} then (7, S,) solves Problems (1| and

10.2 Proof of part a) of Theorem [10.1.1

We have the following technical lemma :

Lemma 10.2.1.

Let E be an open strict subset of R% verifying Condition €. For any closed subset K of F,
lying at a strictly positive distance of the boundary of F, there exists a diffeomorphism ¢:
R?% — E. such that ¢ is the identity function on K.

A constructive proof of this lemma is given in Appendix and provides an explicit expres-
sion for ¢ which will be used in Example [10.2.1] and Section Its construction is illustrated
on Figure [10.1

Figure 10.1: Sketch of the construction of the diffeomorphism ¢ in Lemma : one follow
the flow k given by Condition € for a more or less long time depending on the initial point.
E. denotes the set where ¢ is the identity. ¢ measuring the "width" of E'\ E. can be chosen
sufficiently small for K to be included in F..

In the case a) of Theorem we suppose that 7(S,) satisfies €. Now, 7 being a
diffeomorphism on an open set S,, the image of any compact subset K of S, is a compact subset
of 75(8,). According to Lemma there exists a diffeomorphism ¢ from R% to 77(S,)
which is the identity on 7(K). Thus, the function 7¥ = ¢! o 7 solves Problem [2] and the
theorem is proved.

Example 10.2.1 (Continuation of Example [9.1.1) In Example we have introduced
the function

F(§) =66 — 616 & €T ME
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as a submersion on R*\ {0} satisfying
F(r*(x)) =0, (10.1)
where 7* is the injective immersion given in (8.3). With it we have augmented 7* as

To(z,w) = 77(z) + A (T*(z))w =7"(x) + M7*(x)w
which is a diffeomorphism on S, = Sx] — ¢, ¢ for some strictly positive real number .
To modify 7 in 77 satisfying 7(S,) = R%, we let K be the compact set

K =cl(r5(X x {0})) C77(S,) CR*.

With Lemma we know that, if 77(S,) verifies property €, there exists a diffeomorphism
¢ defined on R* such that ¢ is the identity function on the compact set K and ¢(R*) = 77(S,).
In that case, as seen above, the diffeomorphism 7 = ¢~! o 7* defined on S, is such that 7 = 7'
on X x {0} and 77(S,) = R%, i-e would be a solution to Problems [1]and [2| Unfortunately this
is impossible. Indeed, due to the observability singularity at z; = 25 = 0, S (and thus S,) is
not contractible. Therefore, there is no diffeomorphism 7 such that 77(S,) = R*. We will see
in Section [I1.1 how this problem can be overcome. For the time being, we show that it is still
possible to find 7 such that 77(S,) covers "almost all' R*. The idea is to find an approximation
E of 7}(8,) verifying property € and apply the same method on E. Indeed, if E is close enough
to 77(S,), one can expect to have 7(S,) "almost equal to" R*.
With (10.1]) and since M? = I, we have,

F(ry(z,w)) = |7 (@)]*w .
Since S, is bounded, there exists § > 0 such that the set
E={¢eR": F(¢? <4}

contains 7, (S,) and thus the compact set K. Let us show that E verifies property €. We pick

2
K(©) = FleP —5 = (5¢TMe) 5.
and consider the vector field x
WO =255 — MG ME  ormoresimply (O = ¢

The latter implies the transversality property @ is verified. Besides, the closed set Ky = {0}
is contained in E and is globally attractive for the vector field .

Then Lemma gives the existence of a diffeomorphism ¢ : R* — E which is the identity
on K and verifies ¢(R*) = E. We obtain an expression of ¢ by following the constructive proof
of this Lemma (see Appendix . Let E. be the set

1 2
E.= {g eR*: <2§TM§> < e—455} .
It contains K. Let also v : [—&, +oo[— R and t : R*\ E. — R be the functions defined as

LeThe)
Lo = iln(Qé) . (10.2)

(t+¢)?
2e +t

v(t) =
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t(€) is the time that a solution of £ = y(£) = —¢ with initial condition & needs to reach the
boundary of E ie. e “9¢ belongs to the boundary of E. From the proof Lemma [10.2.1] we
know the function ¢ : R* — FE defined as :

. 2 —4e
#(€) :{ . - if (367ME) < e (10.3)

e*”(t(g))§ , otherwise,

is a diffeomorphism ¢ : R* — E which is the identity on K and verifies ¢(R?) = E.

As explained above, we use ¢ to replace 7 by the diffeomorphism 75 = ¢! o 7} also
defined on S,. But, because 7, (S,) is a strict subset of E, 7(S,) is a strict subset of R, i.e.
equation is not satisfied. Nevertheless, for any trajectory of the observer t — é (t) in R4,
our estimate defined by (2,®) = 7*71(€) will be such that 7*(#, %) remains in E, along this
trajectory i-e |7*(#)|2w@ < §. This ensures that, far from the observability singularity where
|7*(£)| = 0, W remains sufficiently small to keep the invertibility of the Jacobian of 7. But we
still have a problem close to the observability singularity, i.e. when (&1, #2) is close to the origin.
We shall see in Section [IT.1|how to avoid this difficulty via a better choice of the initial injective
immersion 7*. A

10.3 Application : bioreactor

As a less academic illustration we consider the model of bioreactor presented in [GHO92] :

. 112 . a3ai1r1T2
r=————"—Ury , ¥ = —————

—Uure +uayq , Y =121
a1 + T2 a1 + T2

where the a;’s are strictly positive real numbers and the control u verifies : 0 < wp, < u(t) <
Umaz < a1. This system evolves in the set S = {a: ER? : 2y >e1, 9 > —ale} which is
forward invariant. A high gain observer design leads us to consider the function 7* : S — R?
defined as :

a1xr1x2 )

* _ . —
P(onma) = (i) = (e

It is a diffeomorphism onto
T(S) = {§€R2 16 >0, a1y >§2} :
The image by 7 of the bioreactor dynamics is of the form
&= &L+al@u & = ¢2(61,&) + g2(&1, &2)u
for which the following high gain observer can be built:
SGi=b+g(€u—kl& —y) , &=pl,&) + g6, &)u—kal(€1—y),  (104)

where k; and ko are strictly positive real numbers and ¢ sufficiently large. As in [GHO92|, 7*
being a diffeomorphism the dynamics of this observer in the x-coordinates are

. alﬁf? - uil 1 0 kl
& = o e (ag1+d2)? G-y (105)
— @YU — s + uay -1 ﬁ ks
Unfortunately the right hand side is singular at Z; = 0 or &2 = —a1%;. S being forward

invariant, the system trajectories stay away from the singularity. But nothing guarantees the
same property holds for the observer trajectories given by (10.5). In other words, since 7* is
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already a diffeomorphism, Problem (1{is solved with d¢ = d;, 7; = 7* and S, = S. But is
not satisfied, i.e. Problem [2| must be solved.

To construct the extension 7 of 7, we view the image 7.(S,) as the intersection 7. (S,) =
E1 N Es with :

E, = {(51,52) €R% & >61} : Ey = {(51752) eR? a1& >§2} :

This exhibits the fact that 75(S,) does not satisfy the property € since its boundary is not C*.
We could smoothen this boundary to remove its "corner”. But we prefer to exploit its particular
“shape” and proceed as follows :

1. We build a diffeomorphism ¢; : R? — E; which acts on &; without changing &.

2. We build a diffeomorphism ¢ : R? — E5 which acts on & without changing &.

3. Denoting ¢ = ¢ 0 ¢1 : R? — By N Ey, we take 75 = ¢~ Lo 7} : S, — R2
To build ¢ and ¢, we follow the procedure given in the proof of Lemma since Fy and
FE satisfy property € with :

m) =1 - &, m() =& - a&r, () =< oY ) > x(0) :< e )

By following the same steps as in Example[10.2.1] with € an arbitrary small strictly positive real
number and v defined in (10.2)), we obtain :

t(¢) =In =2 t(§) = In St
Ee1= {(51752) eR? & >1- eea} Eea = {(51752) €R?, & < U 1} (10.6)
. 13 , if&e E571 . 13 , if&e E572
$1(§) = { 765&1_(;)) 4+ 1, otherwise $2(8) = % —1, otherwise

We remind the reader that, in the &-coordinates, the observer dynamics are not modified.
The difference between using 7* or 7 is seen in the Z-coordinates only. And, by construction it
has no effect on the system trajectories since we have

™) =T1)(x) YVeeS“—¢".

As a consequence the difference between 7% and 7. is significant only during the transient,
making sure, for the latter, that & never reaches a singularity of the Jacobian of 7).

We present in Figure the results in the £ coordinates (to allow us to see the effects of
both 7* and 77) of a simulation with (similar to [GHO92]) :

ap=ay=a3=1, aqg =0.1
u(t) =0.08 for t <10, =0.02for 10 <t <20, =0.08 fort>20
x(0) = (0.04,0.07), #(0) =(0.03,0.09), ¢=05.

The solid black curves are the singularity locus. The red curve represents the bioreactor
solution. The magenta curve represents the solution of the observer built with 7. It evolves
freely in R? according to the dynamics , not worried by any constraints. The blue curve
represents its image by ¢ which brings it back inside the constrained domain where 7*~% can
then be used. This means these two curves represent the same object but viewed in different
coordinates.

The solution of the observer built with 7* would coincide with the magenta curve up to the
point it reaches one solid black curve of a singularity locus. At that point it leaves 7*(S) and
consequently stops existing in the x-coordinates.

As proposed in [MPO03, [AP13], instead of keeping the raw dynamics untouched as

above, another solution would be to modify them to force { to remain in the set 7"(S). For
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Trajectory in the image
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Figure 10.2: Bioreactor and observers solutions in the £-coordinates

instance, taking advantage of the convexity of this set, the modification proposed in
consists in adding to (10.4)) the term

B oh [ max{r1(§) +¢,0}?
M(&) = —g S 8§(€)Tb(’5) ) h(§) = ( max{/i;(g) +€70}2 ) (10.7)

with S, a symetric positive definite matrix depending on (k1, k2, £), € an arbitrary small real
number and g a sufficiently large real number. The solution corresponding to this modified
observer dynamics is shown in Figure with the dotted black curve. As expected it stays
away from the the singularities locus in a very efficient way. But, for this method to apply, we
have the restriction that 7%(S) should be convex, instead of satisfying the less restrictive property
¢. Moreover, to guarantee that £ is in 7%(S), ¢ has to be large enough and even larger when the
measurement noise is larger. On the contrary, when the observer is built with 7, there is no
need to tune properly any parameter to obtain convergence, at least theoretically. Nevertheless
there maybe some numerical problems when £ becomes too large or equivalently ¢(&) is too close
to the boundary of 7%(S). To overcome this difficulty we can select the "thickness" of the layer
(parameter € in ((10.6))) sufficiently large. Actually instead of “opposing” the two methods, we
suggest to combine them when possible. The modification (10.7)) makes sure £ does not go too
far outside the domain, and 7 makes sure that & does not cross the singularity locus.

10.4 Conclusion

Joining Corollaries [9.3.1] and [10.1.1], we obtain the following answer to our problem :




132 CHAPTER 10. AROUND PROBLEM (2| : IMAGE EXTENSION OF A DIFFEOMORPHISM

Corollary 10.4.1.

Let X be a bounded subset of R%, S be an open subset of R% and 7* : S — R% be
an injective immersion. Assume there exists an open bounded contractible set & which is
C?-diffeomorphic to R% and such that

cl(X)cScel(S)cs.

There exists a strictly positive number ¢ and a diffeomorphism 77 : S, — R%  with
Sy = S x B(0), such that

T2 (x,0) =7"(x) VrelX |, T(S,) = R% ,

e

namely (77,S,) solves Problems

We conclude that if X, § and 7* given by Assumption O verify the conditions of Corollary
[10.4.7], then Problems[I}j2]can be solved and Theorem [8:2.Tholds, i-e an observer can be expressed
in the given z-coordinates.



Chapter 11

Generalizations and applications

Chapitre 11 — Généralisations et applications. Dans les chapitres[9 et [1(, nous avons
donné (en particuliier a travers Corollaire des conditions permettant de résoudre les
Problémes [1 et [ lorsque Uhypothése O est vérifiée et X est borné. Cependant, il arrive que
ces conditions me soient pas satisfaites et nous montrons dans ce chapitre comment résoudre les
Problémes([1] et[3 grace a un meilleur choiz de T* et 4T, donnés par Uhypothése O. En particulier,
ceci permet d’écrire un observateur dans les coordonnées x pour l'oscillateur d fréquence inconnue
, d la fois par la voie du grand gain et de Luenberger . Enfin, nous montrons a
travers un exemple tiré d’une application, comment la méthodologie présentée dans cette Partie
[IT] peut étre étendue au cas ot la transformation T* dépend du temps.
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Throughout Chapters |§| and we have given (in particular in Corollary ) condi-
tions allowing to solve Problem [I] and Problem [2 when Assumption O holds and X" is bounded.
However, it can happen that those conditions are not satisfied and we show in this chapter
how to solve both Problems [I] and [2] via a better choice of the data given by Assumption O,
namely 7% and ¢J. In particular, this enables to write an observer in the z-coordinates for
the oscillator with unknown frequency both via the high gain and Luenberger
designs.
Finally, we show through an application in aircraft landing how the methodology presented
in this Part [[TT] can be extended to the case where the transformation 7* is time-varying.

11.1 Modifying 7" and ¢ given by Assumption O

The sufficient conditions given in Chapters[9land[I0} to solve Problem [IJand Problem [2)in order to
fulfill the requirements of Theorem impose conditions on the dimensions or on the domain
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of injectivity & which are not always satisfied : contractibility for Jacobian complementation
and diffeomorphism extension, limited number of pairs (d¢,d;) for the P[d¢,d,] problem, etc.
Expressed in terms of our initial problem, these conditions are limitations on the data f, h and
7* that we have considered. In the following, we show by means of examples that, in some cases,
these data can be modified in such a way that our various tools apply and give a satisfactory
solution. Such modifications are possible since we restrict our attention to system solutions
which remain in X. Therefore the data f, h and 7* can be arbitrarily modified outside this set.
For example we can add "fictitious" components to the measured output y as long as their value
is known on X.

11.1.1 For contractibility

It may happen that the set S attached to 7* is not contractible, for example due to an observ-
ability singularity. We have seen that Jacobian complementation and image extension may be
prevented by this (see Theorem and Remark . A possible approach to overcome this
difficulty when we know the system trajectories stay away from the singularities is to add a
fictitious output traducing this information :

Example 11.1.1 (Continuation of Example [9.2.1)) The observer (9.10) we have obtained
at the end of Example for the harmonic oscillator with unknown frequency is not satisfac-
tory because of the singularity at 1 = &3 = 0. To overcome this difficulty we add, to the given
measurement y = x1, the following one
y2 = ha(z) = (1, 22) 23
with )
p(r1,r2) = max {0, — = (23 + x%)} . (11.1)
r

By construction this function is zero on X and y» can thus be considered as an extra measurement
with zero as constant value. The interest of yy is to give access to x3 even at the singularity
21 = 29 = 0. Indeed, consider the new function 7* defined as

™(x) = (21, x2, —w173, —T273, P(T1,T2) T3) . (11.2)

7* is C! on R? and its Jacobian is :

1 0 0
0 1 0
a *
a; () = | —=3 0 —= [, (11.3)
0 —XI3 —XT2
0 0
37?1503 372333 Y

which has full rank 3 on R?, since p(x1,22) # 0 when 21 = 29 = 0. It follows that the singularity
has disappeared and this new 7* is an injective immersion on the entire R? which is contractible.

We have shown in Example [0.3.1] how Wazewski’s algorithm allows us to get in this case a
C? function 7 : R? — R* satisfying :

or* 3

det () v(x)) # 0 Ve e R”.
ox

This gives us 7 (z,w) = 7*(x)+ v(x)w which is a C?-diffeomorphism on R? x B.(0), with

¢ sufficiently small. Furthermore, S, = R3 x B.(0) being now diffeomorphic to R®, Corollary

10.1.1] applies and provides an extension 7 of 7" satisfying Problems [I] and A
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11.1.2 For a solvable P[d;,d,] problem

If we are in a case that cannot be reduced to a solvable P[dg, d,] problem, we may try to modify
or*

d¢ by adding arbitrary rows to 4. We illustrate this technique with the following example.
Example 11.1.2 (Continuation of Example In Example by adding the fic-
titious measured output y2 = ha(x), we have obtained another function 7* for the harmonic
oscillator with unknown frequency which is an injective immersion on R®. In this case, we have
d; = 3 and d¢ = 5 which gives a pair not in . But, as already exploited in Example
the first 2 rows of the Jacobian % in are independent for all  in R3. It follows that our
Jacobian complementation problem reduces to complement the vector (—z1, —z, p(21,22)) " .
This is a problem with pair (3,1) which is still not in the list . Instead, the pair (4,1) is,
so that the vector (—zy, —&a, p(x1,22),0)" can be complemented via a universal formula. We
have added a zero component, without changing the full rank property. Actually this vector is
extracted from the Jacobian of

m™(z) = (x1, 2, —x123, —T273, P(T1,22) X3, 0) . (11.4)

In the high gain observer paradigm, this zero we have added can come from another (ficti-
tious) measured output y3 = 0 . As we saw in the proof of Theorem ((9.2.1)), a complement of

(_xlu —I2, p(xlv .’EQ), O)T is

) *p(l‘l, 1‘2) 0
—x 0 —p(z1,x2)
0 - —X9
p(z1,12) T2 —T1

and thus a complement of %i;(m) is

0 0 0

0 0 0

I9 —@($1, 1'2) 0

x pry
(@) -1 0 —p(x1,x2)
0 —I — X9
o(x1,2) T2 —x1

which gives with the formula (9.2))
7o (x,w) = ( Ty, T2, [—T103 + wowi — p(x1, T2)wa] , [—w223 — T1W1 — P(T1, T2)W3],

[@(l’hl’z)xg — T1w2 — 5172203] ’ [@(x17332)w1 + rowo — 331203)]) .

The determinant of the Jacobian of 7 thus defined is (2% + 23 + p(x1,z2)?)? which is nowhere
0 on RS. Hence 7 is locally invertible. Actually it is diffeomorphism from R® onto R® since we
can express { = 7, (z,w) as

=& &2 —p(&1,&2) 0 T3 €3
1) _ (& —&2 —& 0 =&, &) | [wi | _ &
) &) ©(&1, &) 0 —&1 —&o wa &

0 ©(&1,&2) &2 =& w3 &6

where the matrix on the left is invertible by construction. Since 7(R®) = RS, there is no need
for an image extension and we simply take 77 = 7;. To have all the assumptions of Theorem
satisfied, it remains to find a function ¢ such that (7.5, ) is in the set ¢F; the function 7y
being the z-component of the inverse of 7. Since the first four components of 7* are the same
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as in (8.3]), the first four components of ¢ are given in (8.5)). It remains to define the dynamics
of &5 and &s. Exploiting the fact that, for x in X,

—

y2=0 , 92=gp(w1,22)23 = 0 y3=0 , y3 =0,

one can simply choose

&=0—als—1y)=—als , &=0-0b —y3) =—bé
for some strictly positive numbers a and b, which finally leads to the function

52 + Lkl(y — i‘l)
53 + L2k2(y — i’l)

64 + L3k3(y — .@1)
sat,s(2123) + Lka(y — 21)
—a&s
—b&

With picking L large enough, ¢ can be paired with any function 7 : R — RS which is locally
Lipschitz, and thus in particular with 7.;. Therefore, Theorem [8.2.1] applies and gives the
following observer for the harmonic oscillator with unknown frequency

i 1 0 0 0 0 0

:1?2 0 ) 18 O 0 0 0

I i x (11.5)
iy | T (s e g R i 0

s %713?3 — 1y %xs —w3 o 0 =Ty =T

w3 a—flwl — W3 ({T,E;’ijl + Wo 0 P To —I

Zo+ Lki(y — 21)

[—5@1.@3 =+ :f?gﬁ)l — p(il, i‘g)ﬁ)g] =+ L2k2(y — i‘l)
[—&ad3 — &1y — (&1, 22) 03] + L3k3(y — £1)
sat,3 (i’lfi’%) + L4k4(y — .f?l)
—a[p(#1,22)23 — P12 — Ta3]

—b [p(ﬂfﬁl, :fg)lf}l + Tolg — @1@3)]

X

It is globally defined and globally convergent for any solution of the oscillator initialized in the
set X given in . Results of a simulation are given in Figure Notice that the observer
converges despite the fact that &1 and & are initialized at the singularity. This would not have
been possible with observer , i-e without adding the fictitious output. By the way, observe
that wo and ws present a violent peak at ¢ = 0. This is due to the fact that &7 and Zy are
around the singularity, where only the fictitious output (which has a very small but non zero
value) preserves the invertibility of the Jacobian. We used a step-variable integration scheme to
take this into account. A

Remark 17 It is interesting to notice that the manifold 55 = 56 = 0 is invariant. This implies
the existence of an observer with order reduced to 4. Omne could thus wonder if it could be
expressed with coordinates (z,w) in R* instead of (x,w) in R, i-e if maybe there existed a
diffeomorphism 7, = (Tez, Tew) such that

r = 7_-61‘(51762753754) = Tex(§1a€27§37§47070)
W = Tew(&1,82,83,4)
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Figure 11.1: High gain observer (L1.5)) with #; = &3 = #3 = 0 at the singularity, L = 3, k1 = 10,
ko = 35, k3 = 50, k4 = 24. The simulation was done with a step-variable Euler algorithm.

But then its Jacobian would necessarily be of the form :

1 0 0 0
o7 0 1 0 0
7(6175%53)’54) = *

23

_ & _ &
E24+E2+p(61,62)2 E24+E24p(£1,62)2
ES ES * ES

which is singular for £ = & = 0.

11.1.3 A universal complementation method

In the previous example, we have made the Jacobian complementation possible by increasing dg
with augmenting the number of coordinates of 7*. Actually if we augment 7* with d, zeros the
possibility of a Jacobian complementation is guaranteed. Indeed pick any C! function B the
values of which are d¢ x d¢ matrices with positive definite symmetric part, we can complement

or* _
6900(3:) which is full column rank with v = @B(ZE)T
ox (.CC)

). This follows from the identity

(Schur complement) involving invertible matrices

(%Z(x) ~B() )(0 1. ) _ ( ) : )
0 @) )\ 1 B @) @) B@) @) )

So we have here a universal method to solve Problem [Il Its drawback is that the dimension of
the state increases by d¢, instead of d¢ — d;.

11.2 A global example : Luenberger design for the oscillator

Let us now come back to the Luenberger observer presented in Section for the oscillator
with unknown frequency. Although an inversion of the transformation was proposed in [PMI06]
based on the resolution of a minimization problem, we want to show here how this step can be
avoided.

Recall that the transformation is given by

“(2) <)\19€1 — X2 Aox1 — T2 A3T1 — T2 AaT1 — 962)
T = ) b )
Mtz ' M4z’ M+as M+
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and its Jacobian

A1 1 )]

)\%—I—Z‘g )\%—i-a:;; /\%-‘rccg

. A2 1 _ 15(2)
or* () = | Mt T3 e
ox A3 1 _ 75(2)
)\§+x3 )\§+I3 /\§+1‘3

A4 1 75 (7)

)\Z-l—xg, - )\i +x3 - )\i “+x3

The complementation is quite easy because there is only one dimension to add : we could just
add a column ~y(x) consisting of the corresponding minors as suggested in Section However,
this would produce a diffeomorphism on X x B.(0) for some &, where X defined in is not
contractible due to the observability singularity at x; = x9 = 0. Therefore, no image extension
is possible and it would be necessary to ensure that @ remains small and (&1, #2) far from (0, 0)
by some other means. Like for the high gain observer, we thus try to remove this singularity.
Again, we assume the system solutions remain in X and add the same fictitious output yo
as before, which vanishes in X and which is non zero when (z1, z2) is close to the origin namely

y2 = p(z1, x2)x3

where @ is defined in (11.1). Once again, it is possible to show[| that by adding yo to 7, the
observability singularity disappears, namely the function

AMT1 — T2 A2x1 — X2 A3T1 — T2 M\T1 — X2
NMtxs ' M4z AM4as | N +as

*
T (z) = ( ,@(9017%2)963)
is an injective immersion on

S=R*xR, .

Although the Jacobian complementation problem is solvable for this 7% according to Wazewski’s
theorem because S is contractible, we want to avoid the lengthy computations entailed by
this method. We are going to see in the following that it is possible if one rather take (as before)

A1T1 — T2 Ao — T2 A3T1 — T2 AgT1 — T2
™(z) = ( so(1, )T 0) 11.6
() )\%—f—xg ’ )\%—i-l’g ’ )\g—l-l‘g ’ )\i—f-fbg p( b 2> B ( )
which is still an injective immersion on S. Although the utility of this zero seems questionable
at this point, we will point out its interest in the subsequent computations. The new Jacobian
takes the form

A1 1 7 (2)
)\%4»:63 )\%+13 )\§+x3

A2 1 (=)
/\%-i-acg )\%-‘rmg )\%+x3

or* A3 1 _ 13
87(1') = )\§+:L'3 /\§+.’ES )\g*+:v3
z Mg 1 Ty (=)
)\i'ﬁ‘I,j /\2—5—:103 )\4214-1‘3

A(x)  B(z)  C(x)

0 0 0

In [PMIO06], it is shown that for any r > 0, there exists L, > 0 such that for all (z,, ;) in R? x (0,7),
T1,a+T1 p+T2,a+T2p |$3 "

|Z1,a — T1,6] + |2, — T2,5] + 5 —x3p| < Ly|7"14(2a) — 7" 14(zp)| where 7714 denotes the first
four components of 7*. Therefore, 7%14(xq) = 7"14(xs) implies that z1,, = z1 and z2,, = x2,p : either one of
them is non zero and in that case, the inequality says that we have also x3,, = 3,5, or they are all zero but then
75(2a) = 7*5(xp) implies that z3 4 = 3. We conclude that 7% is injective on S. Now, applying the inequality
82;14 (z)v = 0 implies that v1 =v2 =0 and v3 =0
(z)v = 0 with v1 = vo = 0 gives v3 = 0. Thus, %(m) is

between x and x + hv and making h go to zero, we get that
at*§

if either x1 or w2 is nonzero. If they are both zero, =5~

full-rank.
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Let us first simplify the matrix to be complemented by noticing that

1 0  mi(x)
0 1 mao(x)
M (23, \i) %;(x) - 8 8 gjgg (11.7)

=
)
=
O
2
S

0 0 0
where M (x3, ;) is the invertible matrix
M+ a3 0 0 0 00
0 M+as 0 0 00
o DY) Oaxe 0 0 A+ s 0 0 0
M(””?”M_( O2xa  Toxo 0 0 0  M+4ax3 00
0 0 0 0 10
0 0 0 0 01

and ©();) is an appropriate Vandermonde matrix associated to the ;. So now we are left
with complementing the matrix given by (11.7)). Observing that right-multiplying (11.7) by the

1 0 0
L0 —ma(a) 8 (1) mo(x)
invertible matrix N(z) = 0 1 —ma(x) | gives s , with
0 0 1 0 0 my(z)
Az) B(x) ms(x)
0 0 0

ms(x) = C(x) — my(z)A(z) — ma(x)B(z) ,

we conclude first that the vector (mg(x), m4(z), ms(z),0) in R* is non-zero on S and then that
can be simply complemented by complementing the vector (ms(z), mq(z), ms(z),0) into
an invertible 4 x 4 matrix. Note that this is the solvable problem ]5[4, 1] from , and without
adding the 0 output ys, we would have obtained P [3, 1] which is not solvable. An explicit solution
to P[4,1] is given in Section but we can here also exploit the very particular structure of
the vector and use the remark made in Section [1.1.3] that the matrix

ms(z) —1 0 0

my(z) 0 -1 0

P(z) = mz(az) 0 0 -1
0 ms(x) mg(x) ms(x)

is invertible as soon as (ms(x), mg(x), ms(x)) is non-zero.

Reversing the transformations, we thus manage to extend the Jacobian of 7* into a matrix of
dimension 6 whose determinant is non-zero on S. Adding three state components to the system
state, we obtain a diffeomorphism 77 on S, = S x B., with e sufficiently small. All this leads to
the observer :

X N 1
( ; > - (%Z?@’wﬂ (A7;(2,@) + By1) (11.8)

where B = [1,1,1,1,0,0]7, A = diag(—A1,—A2, =3, —A4, —p1, —) and g and v are two
strictly positive real numbers. The expression of the Jacobian of the extended function is omitted
here due to its complexity, but it can be obtained by straightforward symbolic computations.
The singularity at (£, #2) = 0 has disappeared, but we still need to ensure that &3 remains
positive, or at least greater than — min{A\?}. Besides, unlike the high gain observer , the
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invertibility of the extended Jacobian is only guaranteed for w in B.. To make sure the solutions
remain in S, = S x B., we should solve Problem [2| namely extend 7) into a diffeomorphism
7% whose image of S, covers RS. Since S, is diffeomorphic to R, we know it is theoretically
possible by Theorem and replacing 7 by the new surjective diffeomorphism 7 in
would give an observer whose solutions are ensured to exist for all ¢.

Unfortunately, due to the complexity of the expression of 7, we are not yet able to achieve
such an extension. The consequence is that there may exist a set of initial conditions and
parameters such that the corresponding trajectory of observer encounters a singularity of
the jacobian of 7 and thus diverges. A way of reducing this set is to approximate the image of
S, by 77, as proposed in Example In the present case, we have (denoting 77, the first
four components of 7* defined in ),

MG a1 & 1
. MéEH - 1 & T
(680,60 =mal@) = | 32 TP 2] =0
Mé& M 1 &4 3

and thus
F(r* () = F(r}(2,0)) = 0

where F' is the quadratic function defined by

MEg - 1 &
Mo - 1 &

F(¢) =det | 73
() =de Mé& - 1 &
Ma M 1 &4

Therefore, replacing ¢ ' M¢ by F(€) in (10.2)-(10.3) gives a diffeomorphism (¢, Id) from R to
E={¢cR®: F(&)? <}

and taking 7% = ¢~ o 7* instead of 7* ensures that for any observer solution t — £(t), our
estimate defined by (&,0) = 7~ (€) will be such that 7*(#, %) remains in E. When § goes to
zero, E gets closer to 75(S x {0}) and thus we can hope that @ will remain sufficiently small
to keep the invertibility of the Jacobian of 7. We indeed observe in simulations that taking 7
instead of 7 enables to ensure completeness of some of the solutions which otherwise diverge
with 7. An example is given in Figure : before t = 0.05, the observer trajectory is close to
a singularity, @ tends to become very large (see Figure , so does F (é ), but ¢ enables to
reduce F (f ) (see Figure and thus prevent @ from becoming too large and encounter the
singularity. Unfortunately, although the set of initial conditions leading to uncomplete solutions

is reduced by this method, it does not completely disappears.

11.3 Generalization to a time-varying 7"

In Assumption O, it is supposed that the transformation 7* from the given z-coordinates to the
&-coordinates is stationary. But we have seen in Part [II| that it is sometimes easier /necessary to
consider a time-varying transformation which depends on the input, and apply Theorem [2.2.1
It is thus legitimate to wonder if the methodology presented in this part is still useful. In fact,
the same tools can be applied in the sense that :

- Assumption O should now provide for each u in ¢« a C! function 7* : R% x R — R%,
subsets S; and AX; of R% and a set @7 made of couples (i, 7) such that for all ¢ in [0, +00),
x +— T*(x,t) is an injective immersion on S, for all zp in Xp and all all ¢ in [0, +00),
X(zo;t;u) is in Ay, for all x in X, 7(7%(x,t),t) = x and ¢ is such that the appropriate
convergence in the &-coordinates is achieved.
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- Problemsandcan then be solved applying the tools of Chapters@andon x— 7(x,t)
for each ¢. This leads to a function 7} : R x R%—de x R — RY% and open subsets S, ; of R%
containing X’ x {0} such that for all ¢ in [0, +00), (z,w) — 77 (z,w,t) is a diffeomorphism
on S, verifying :

70 (2,0,t) = 77(x,t) Vo € X, (11.9)
and
78 (Sat,t) = R% . (11.10)
In order to ensure
7o (2,0, 1= (7 (2,0, 1), 2, u,y)
and conclude as before that
lim |7 (X (0, o; t; w), W (&0, do; t; ), t) = 7(X (wo; t;w), 8)] = 0, (11.11)
t—+o0
we must take into account the dependence of 7 on ¢ and take :
A or* -1 o+
[ ; }: (G @00) (et - Fe@an) . (112

Finally, to conclude from , that & converges to x and @ to 0, we further need that
the injectivity of (z,w) — 7)(z,w,t) be uniform in {. When the dependence on ¢ of 7
comes from the input (and its derivatives), this property is often satisfied, in particular
when those signals are bounded in time (see Lemma . Note that a special attention
should also be given to the set S, which could be of the form Sy X B, ;) with ¢ going to 0
with ¢. Thus, it should be checked that ¢ is lower bounded. A justification as to why this

should be true in practice appears in the next section.

We give in the following section some elements of justification and then we illustrate this on

an example about aircraft landing.

11.3.1 Partial theoretical justification

Suppose that for all ¢ in [0,4+00), x — 7%(z,t) is an injective immersion on some open set S;.

Consider the extended system

Po= ) _
i=1 Y
with state z = (z,t). Then, the function
(z) = (77 (2, 1), 1)

is an injective immersion on

S ={(zx,t) e R% x [0,400) : z €S}
and complementing its Jacobian
O ) — O (a,t) T (x,t)
oxr 0 1

z,u(t))

h
[

)

on S is equivalent to complementing that of x +— 7*(z,t) on S; for each t. Indeed, if y(z,t) is

a complementation of %i;(x,t) on S; for each t, y(z)

(

v(2,)
0

) is a complementation for
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* . t * *
%(g) on S. And conversely, if y(z) = < 7(2’ ) > complements %(g), then ~y(z,t) — %(m, t)
complements %(m,t).

We conclude that it is not restrictive to look for a complementation of the Jacobian of
x — 7%(x,t) at each time ¢. Assume it has been done and take

(z,1)
y(z) = ( I ) :

Following the methodology, we consider

Tp(z,w) = () + y(2)w = ( 7" (2,1) -l;’y(x,t)w ) _ < T;(x;w,t) ) '

Beware that Lemma does not apply directly because S is not bounded, thus we cannot
directly conclude that there exists € > 0 such that 7; is a diffeomorphism on §, = § x B..

However, the reader may check in the proof of [AEP14, Proposition 2] that if %(m,t), v(z,t)

and %Z(‘T’ t) are bounded on §, the Jacobian of 7 is full-rank on S, for some ¢ sufficiently small.
This condition is often verified in practice when the inputs are bounded. It follows that we can
reasonably assume Problem [I] solved, and leaving aside Problem [2] this leads to an observer of
the type (denoting 7. (z, w,t) rather than 7. (z,t,w))

i o I P
A~ _a A A @(Ta(xawaﬂ7m7u7y)
W = | ————=(@,w,t . =
; (8(:):,11),75)( 3) ( p1(t,y)

where ; should be an observer for ¢t and we have

orr \ ! At = <8fn:‘)>1 (8(67;))1655
— — T, W — T, W T, W
Az, w,t)

0 1

Of course, t being well known without any noise, we can replace £ by ¢ and ¢; by the constant
function 1. This finally gives the "reduced order" observer ((11.12)).

11.3.2 Application to image-based aircraft landing

In [GBC™15al IGBCT15b|, the authors use image-processing to estimate the deviations of an
aircraft with respect to the run-away during a landing operation thanks to vision sensors such
as cameras and inertial sensors embarked on the aircraft. The objective is to make landing
possible without relying on external technologies or any knowledge about the run-away. In order
to estimate the position of the plane, the idea is to follow the change of position of particular
points and/or particular lines on the images provided by the cameras. A strategic choice of
those points/lines must be made in order to guarantee observability during the whole duration
of the landing operation : for instance, a point may disappear from the image, and a line can
stop moving on the image in some particular alignment conditions, thus providing no (or only
partial) information about the movement of the aircraft. A full study of those methods can be
found in [Gib16]. A possible choice ensuring observability is to follow on the image the position
of the two lateral lines of the run-away and the reference point at the end of the run-away. It
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gives the following model :

61 = o1(p1,01,t) +mi(p1,61,t)n

P:l = (72(p1,91,t) +7T2(,01,91,t)77

0o = o1(p2,b2,t) + mi(p2,02,t)n

p2 = 02(p2,02,t) + m2(p2, 02,t)n , y= (b1, p1,02, p2,v1,12)
v = (VHV1 — Vx)n

Uy = (VHVQ — Vy)n

o= Van’

where (6;, p;) and (v1, v2) are the measured position on the image of the two lines and the point
respectively, the functions ¢ and 7 are defined by

o1(p,0,t) = —wipcosf — wopsinf — w3

oo(p,0,t) = (1+ p?)(wisin® — wycosb)

m1(p,0,t) = (asin® — bcosh)(v1 cosb + vasinh — vzp)
ma(p,0,t) = (apcos® + bpsinb + c)(vy cosf + vasinh — vsp)

where the aircraft velocities v and w expressed in the camera frame, the aircraft velocities Vy,
Vy and Vi expressed in the runway frame, and camera orientations (a,b,c) are known input
signals.

Denoting x,, = (01, p1, 02, p2,v1,2) the measured part of the state, we obtain a model with
state

z = (zm,n) € R
and dynamics of the form]

{x’m = X(@m,t) + M(@m, )0 (11.13)

. ) =Ty ,

0= Vu(t)n’ y=dm
where the action of the input u = (a, b, ¢, v, w, Vx, V3, Vi) is represented by a time—dependenceﬂ
to simplify the notations in the rest of this section. This system is observable if and only if the

unmeasured state 1 can be uniquely determined from the knowledge of the measured state x,,.
From the structure of the dynamics, we notice that this is possible if the quantity

§(zm,t) = Iz, t) T (2, t) (11.14)

never vanishes. It is the case in practice, thanks to a sensible choice of lines and point (see
[Gib16] for a thorough observability analysis during several landing operations).

A high-gain observer

Assumptions

- The input signal u = (v, w, Vx, Vy, V) and its first derivative are bounded in time.

- There exists a strictly positive number € and a compact subset C of R” such that for

2Note that whatever the number of chosen lines and points in the image, the model can always be written in
this form, only the dimensions of ., and the input change.

3This comes back to choosing one particular input law, but the reader may check that the same design works
for any input such that the observability assumption and the saturation by ® in are valid.
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where for each time ¢, we define

St = {CUE]R?? 5(xm7t) 25} :

In other words, § remains greater than ¢ along any solution of the system, making it observ-
able. Under this assumption, we know that the state x can be reconstructed from the measure-
ment z,, and its first derivative. We thus consider the transformation 7§ : R” x R — R!? made
of y and its first derivative i-e :

7z, t) = Ha(z, u(t) = < S, 8 f’ﬁ(xm,t)n ) . (11.16)

For any t in R, 75(-, t) is an injective immersion on S;. Since u, @ and the trajectories are
bounded, we deduce from Theorem and Remark {4f that 77 transforms the system into a
phase variable form

§a = Po(& u(d),u(t))

where &, denotes the first six components of £ and &; the six others, and ®5 can be defined by

{5m = Y= ém (11.17)

‘132(5, 128 1/1) = Sat(L%E(T()(f, t), IZ'B 1/1)76) (11.18)

with f and h as defined in Definition [5.2.1, ® a bound of L%E(:n, vg,v1) for x in C and (v, 1)

bounded by the bound for (u, 1), and & — 79(&, -) any locally Lipschitz function defined on R!?
such that it is a left—inverseﬁ of z = 7§ (x,-) for z in A;.
We have the following observer for System (11.17)):

{éin = &+ Lki(y—&n) .y =Em (11.19)

§d (1)2 (é\a Uu, U) + L2k2(y - é’m)

with k1,k2 > 0 and L sufficiently large. Although a left inverse 79 of 7§ can be found in that
case, and an estimate & of x could be computed by & = 79(&, t) as proposed by Theorem
we would like to express the dynamics of this observer directly in the z-coordinates.

Observer in the given coordinates

Fictitious output Following the same idea as for the oscillator with unknown frequency, we start
by removing the injectivity singularity of 7 outside of S;, i-e we look for an alternative function
7* which is an injective immersion on R”. Notice that the function

o(zy,t) = max {5 — 6(xm, 1), 0}4 (11.20)

is zero in S; and nonzero outside of S;. According to (?7?), this function remains equal to 0 along
the solutions and therefore so does the fictitious output

Y7 = @(Tm, t)n .

It follows that y7 can be considered as an extra measurement traducing the information of
observability. Consider now the function

T*(xat) = (Tg(.%',t), P(xm>t)77) .

4 ; _ 0(Em) T (€a=%(6m 1))
Take for instance 79(,t) = (ﬁm, max{é(dgm,t),s} )
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Unlike 7 (-, t), 7*(+, t) is an injective immersion on the whole space R7 for all ¢. Indeed, I1(x,,t)
and p(x,,,t) cannot be zero at the same time so that the new coordinate p(x,t)n enables to
have the information on 7 when II is zero. Besides, its Jacobian

, Isxs  Opx1
O iy =| = Tmt) (11.21)
8m M ms .

* ©(Tm, t)

is full-rank everywhere.

Immersion augmentation into diffeomorphism by Jacobian complementation. Following the
methodology presented in this Part we extend the injective immersion 7*(+,¢) into a dif-
feomorphism. The first step consists in finding a C! matrix v(z,t) in R'*% such that the
matrix

(Gt + )

is invertible for any x and any ¢. In others words, we want to complement the full-rank rect-
angular matrix %(w,t) with 6 vectors in R'® which make it square and invertible. Thanks
to the identity block, it is in fact sufficient to find 6 independent vectors in R” which comple-
I(zpm, t)
P(xm; 1)
RS which is contractible, like in Example but this leads to rather tedious computations.
Since Problem P[7,1] is not in the list of cases admitting universal formulas, we could
had another fictitious output yg = 0 like we did for the oscillator to recover a solvable problem
P [8,1]. We present here another path which does not necessitate lengthy computations nor an

ment the vector < ) A first solution would be to implement Wazewski’s algorithm on

aT*
additional output. The idea comes from the remark made in Section [11.1.3| that when ( %ﬂﬁ )

is full rank, it can always be complemented by ( 6:* T) because the resulting matrix has a

ox
. * T grx .
determinant equal to det (%ix %%) # 0. In our case, we remark that the determinant of the

II t —1I
matrix (@m 1) 06 + | is equal to p(@m, t) + I(zp, t) (2, t) which never vanishes
o, t) T(zpm,t)

by definition. Thus, a possible candidate for complementation is :

O6x6
’Y(l’m,t) = _IGXG
H(:Um,t)T

As recommended by Lemma we now introduce the extension of 7* defined on R” x R% x R
by
T (x,w,t) =75 (2, t) + (T, Hw . (11.22)

Besides, thanks to the fact that v does not depend on 7, we have :

ldsx6  Osx1 O6x6
ew (z,w,t) = * (zy,, t) —ldgxe
* o(xm, t) l'I(acm,t)T

which is invertible for any (z,w) in R'® and any time ¢. In fact, as for the high gain observer
for the oscillator, 7(-, ) is a diffeomorphism on R!3 such that 7(R'3,#) = R!3 for any ¢. Thus,
we have managed to transform an injective immersion 7%(-,¢) : R” — R!? into a surjective
diffeomorphism 77 (-, -,t) : R — R,
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Observer in the given coordinates As suggested at the beginning of this section, we consider
the observer :

—

l ]z <a$i) (:z«,w,t)) B <<,0(7'e*(i",1f),t),i,t,y) - agf (z,w,@) (11.23)

where ¢ is defined on R x R” x R x RS by

SIS

éd + Lkl (y - ém) R
p(€ d,t,y) = | sat(LZR(z, u(t), u(t)), D) + L?ka(y — &m)

_aga

with f = (ém, éd, éa) € RS x RS x R, a any strictly positive number. A result of a simulation is
given in Figure [T1.3]

11.4 Conclusion

We have presented a method to express the dynamics of an observer in the given system coor-
dinates, thereby avoiding the difficult left-inversion of an injective immersion. It assumes the
knowledge of an injective immersion and a converging observer for the immersed system through
Assumption O.

The idea is not to modify this observer dynamics but to map it back to the given coordinates
in a different way. Our construction involves two tools : the augmentation of an injective
immersion into a diffeomorphism through a Jacobian complementation (Chapter @ and the
extension of the image of the obtained diffeomorphism to enlarge the domain where the observer
solutions can go without encountering singularities (Chapter [10)).

For those tools to be usable, some assumptions on the domain of injectivity must be verified,
but we have seen how they can be fulfilled in practice through a wise choice of the transformation
7*, and how those tools also extend to the case where the transformation is time-varying.

To conclude from an implementation point of view, the tools presented in Chapter [9 to
augment an injective immersion into a diffeomorphism are sufficiently constructive and general
to be applicable in practice. We have even given a universal complementation method in this
chapter. The main limitation of this method rather appears when wanting to extend the image
of this diffeomorphism. Indeed, the only constructive result presented in Chapter requires
this set to be precisely known and also to satisfy some extra conditions. Although we have
shown that it is sometimes possible to use an approximation, it lacks in generality and this
step constitutes a significant difficulty in practice. Other solutions may exist and need to be
developed, in particular to keep the amplitude of the extra coordinates w small to preserve the
invertibility of the Jacobian.
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Figure 11.2: Luenberger observer (11.8)) with 21 = 0.08, Zo = 3 =0, A\ =6, Aoa =9, A3 = 14,
Ay = 15, and 7¥ = ¢! o 7 instead of 7. The simulation was done with a variable step Euler
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Part 1V

Observers for permanent magnet
synchronous motors with unkown
parameters






Chapter 12

Short introduction to permanent
magnet synchronous motors

Ly

Chapitre 12 — Courte introduction aux moteurs synchrones a aimant permanent.
Dans ce chapitre, nous présentons rapidement le fonctionnement et le modéle d’un moteur syn-
chrone da aimant permanent (MSAP). En pratique, il est crucial de savoir estimer en ligne la
position du Totor et sa vitesse de rotation, ceci avec un minimum de capteurs pour des raisons
de coit et de contraintes mécaniques. En particulier, des chercheurs ont développé le contréle
"sensorless”, c’est-a-dire basé seulement sur les mesures des variables électriques (tensions et
intensités) et non mécaniques (angle du moteur, vitesse). En particulier, des observateurs de
type gradient ont été proposés et sont rappelés ici. Cependant, ces observateurs dépendent le plus
souvent de parametres tels que la résistance et le flux de l’aimant, qui peuvent varier significa-
tivement avec la température. Il est donc important de trouver des observateurs de la position
du rotor qui sont indépendants de ces paramétres, voire qui en donnent une estimation : c’est
le probleme considéré dans cette partie.

A Permanent Magnet Synchronous Motor is composed of a permanent magnet rotor
placed inside a stator made of windings whose repartition and currents are chosen in order
to create a rotating magnetic field in the airgap of the machine. A torque is then produced
on the permanent rotor magnet due to magnetic attraction, thus inducing the rotor to rotate.
Compared to other commonly used induction machines (see Figure , the absence of rotor
windings and external rotor excitation reduces the maintenance costs as well as losses in the
rotor, and makes PMSMs highly efficient.

Permanent Magnet Induction

- Stator
\‘ Windings

Rotor

Figure 12.1: Permanent Magnet vs Induction Motor
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Using Joule’s and Faraday’s laws, a PMSM model expressed in a fixed stator frame reads

W =u—Ri (12.1)

where ¥ is the total flux generated by the stator windings and the permanent magnet, (u,1)
are the voltage and intensity of the current in the fixed stator frame and R the stator winding
resistance. The quantities u, ¢ and ¥ are two dimensional vectors. The way the total flux V¥ is
related to the rotor angle 6, differs depending on the geometry of the rotor and stator. When
the repartition of the windings and the profile of the magnet are perfectly symmetric, the motor
is said to be non-salient and the total flux may be expressed simply as

\IJ:LZ'—I—@(COSQ) (12.2)

sin 6

where L is the stator inductance, ® the magnet’s flux, and 6 = n,0, the electrical phase, with
ny, the number of poles (winding pairs) of the stator. This relation implies

U —Li>-®*=0 (12.3)
0 =arg(¥ — Li) . (12.4)

This model may appear unorthodox to those who are rather used to models of the type

LT = u-Ri—®nyw, | S0n0wl)
cos(npby)

0, = w,

— T [ —sin(nyfr) \
Jw, = Pnyi ( cos(ryfr) TL (12.5)

where J is the inertia of the rotor and 77 the load torque. However, they should observe that
the electrical part of this model (first line) is actually obtained by plugging into (12.1]).
But this operation makes w, appear and they are then forced to integrate it in the model with
the mechanical part (third line). The drawback is that it depends on two new parameters J and
77, which must be either known or estimated. That is why we rather keep the model made of

1Z0-[Z2.

To minimize the cost and increase the reliability of PMSMs, it is strategic to make progress
on estimating online the rotor position 6, and speed w, = 6,, with a minimum of sensors and
fast algorithms. To this end, researchers have developed the so-called "sensorless" control which
uses no measurement of mechanical variables, only of electrical ones, namely (u, ). Indeed, cost
as well as mechanical constraints often render the integration of position sensors troublesome,
or even impossible.

According to , in the case where L and i are known, an estimate of 6 can be simply
recovered from an estimate of the total flux W. Thus, it is enough to design an observer for the
system
U=u—Ri , y=|V—-Li|>?-®*=0, (12.6)
with known inputs (u, ) and where the information given by is used as a measurement.
A review of the first steps in that direction was given in [AWO06]) and a Luenberger observer
was proposed in [PPO08]. More recently in [LHNT10], was proposed the very simple gradient
observer

\ilzu—Rz'—2q(\if—Li)<

. 12 )
¥ —Lz‘ ) ) , (12.7)

which turned out to be extremely effective in practice as rotor position estimator. However,
from a theoretical view point, it was proved in [OPA™11] to be only conditionally convergent
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: it may admit several equilibrium points depending on the rotation speed w. In fact, later in
[IMPH12|, the author showed that the following minor modification

A ~ A 2
U =u — Ri —2¢ (¥ — Li) max (‘\I/—Lz" i 0) (12.8)
enables to achieve global asymptotic stability thanks to convexity arguments.

All these observers typically require the knowledge of the resistance R, magnet flux ® and
inductance L. Unfortunately while L may be considered known and constant (as long as there is
no magnetic saturation), R and ® do vary significantly with the temperature and these variations
should be taken into account in the observer. For example, for a given injected current, when the
magnet’s temperature increases, its magnetic flux decreases, and the produced torque becomes
smaller. Therefore, an online estimation of the magnet’s flux enables to :

- adapt the control law in real time and thus ensure a torque control which is robust to the
machine’s temperature ;

- have an estimation of the rotor’s temperature
- have an estimation of the magnet’s magnetization degradation with time.

That is why efforts have been made to look for position observers which do not rely on
the knowledge of those parameters, or even better, which also estimates them. For instance,
[HMP12, BPO15a] have proposed observers which are independent from the magnet flux. We
complete this line of research in Chapter by extending the gradient observer with
the estimation of ® : global convergence is established when the rotation speed stays away
from zero and its performances are compared to that of other existing observers. As for the
resistance, in [ROHT16], the authors propose and study via simulations an adaptive observer to
make the gradient observer previously mentioned independent from the resistance. However, the
convergence is not ensured and actually we show in Chapter [I4] that the system is not observable
when R is unknown unless other informations are added. When those informations are available,
we propose a novel Luenberger observer.






Chapter 13

Rotor position estimation with
unknown magnet flux

Chapitre 13 — Estimation de la position d’un rotor lorsque le flux des aimants est
inconnu. Dans ce chapitre, nous proposons un nouvel observateur "sensorless” qui estime la
position du rotor sans avoir ¢ connaitre le flur des aimants : seules les mesures des intensités et
courants, et les valeurs de l'inductance et de la résistance sont nécessaires. Cet observateur étend
I’observateur gradient introduit dans [LHN™ 10/ en ajoutant I’estimation du flur des aimants, et
le rend globalement convergent si la vitesse de rotation ne s’approche pas de zéro. Nous étudions
sa senstbilité aux incertitudes de résistance et inductance, ainsi qu’a la présence de saillance.
Ses performances en boucle ouverte sont illustrées par des simulations sur des données réelles et
comparées & d’autres observateurs indépendants du flux existant dans la littérature, d la fois en
terme de cotut en calcul et de robustesse.
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In this chapter, we address the problem of estimating the rotor position of a PMSM
without relying on the knowledge of the magnet’s flux, i-e when only electrical measurements
and (approximate) knowledge of the resistance and inductance are available.

First steps in this direction are reported in [HMP12] with the design of a Luenberger observer
(see [Hen14] for a much more detailed analysis and Section [7.2.1), and in [BPO15a, BPOT15b,
BBP™ 16|, with the design of an observer based on tools from parameter linear identification. In
fact, we will show that those two observers rely on the same regression equation but the former
solves it at each time whereas the latter solves it as time goes on with a gradient-like scheme.
Convergence comes under an assumption of invertibility of the regressor matrix for the former,
and on a persistent excitation condition for the latter.

In the same line of research, we propose here a new observer which extends the gradient ob-
server from [LHNT10] with the estimation of the magnet’s flux, and makes it globally convergent
provided the rotation speed remains away from zero. We study its sensitivity to uncertainties



156 CHAPTER 13. ROTOR POSITION ESTIMATION WITH UNKNOWN MAGNET FLUX

on the resistance and inductance and to the presence of saliency. Its performances in open-loop
are illustrated via simulations on real data and compared to the other previously mentioned
magnet flux independent observers in terms of computational cost and robustness.

The content of this chapter was presented in [BP17].

Notations The rotation matrix is denoted

R(6) = ( cosf) —sinf > .

sinf cos@

13.1 Gradient observer

Since ® is unknown in this chapter, we consider the system

U = uw—Ri
d = 0 (13.1)
y = |¥—Li|* - ®?

with inputs (u, i), known parameters (R, L), state (¥, ®) and measurement y which is constantly
zero. We introduce the corresponding gradient observer

U = w—Ri—2¢(¥— Li) (‘@—Lz’f—iﬂ)
$ :q@Q¢_Mf_@>

where ¢ is an arbitrary strictly positive real number. It is a straightforward extension of observer
(12.7) with the estimation of ®.

(13.2)

Theorem 13.1.1.

Consider (1, ®) in R? x (0, +oc0) and inputs u,i : R — R? such that there exists strictly
positive numbers w, Wy and @i such that the solution (¥ (v;t;u,), ®) of (13.1) verifies

0<wy<O(t)<wg , 6()<wm

with
B(t) = arg(W (¥ tsu,7) — Li(t)) .

For any strictly positive real number ¢, for any (¢, ¢) in R2 x (0,4+00), the solution
(T, Pt u,4), (Y, @5ty u, 1)) of (13.2) satisfies

Tim [9(8) — w(t)| + [6(t) — ®] = 0.
where we have used the abbreviation \i/(t) = @(1[},@3, tyu, i), @(t) = @(zﬁ,qﬁ;t;u,i) and
(t) = V(¥;t;u, ).

In other words, System (|1 is an observer for System ((13.1] - for the solutions with a bounded
rotation speed which remains away from zero. Of course, taking 0 as the argument of ¥ — Li,
we also obtain

lim A(t) — 0(t) =0 .

t—o00

Proof : The proof of Theorem [13.1.1]is lengthy and technical, so we only give here the most important
steps. The whole proof is available in Appendix [C]

Consider a solution (¥, ®) of (13.1)), with ® in (0, c0) and define
0(t) = arg(¥(t) — Li(t)) ,
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so that

U(t) = Li(t) + @ ( ijzg)) ) . (13.3)

Pick (zﬁ, gf)) in R? x (0,00), and ¢ > 0. To ease the notations, we denote the corresponding solution of
(U(t),®(t)). According to (13.3), it is enough to prove that

lim [ (t) — Li(t)] <1>( 2?5383 ) -0

t—o0

and
lim &(t) = & .
t— o0
. . . , cos 6(t) . 1
To simplify our task, we transform the solution | Li + & sin 6(t) , @ | into an equilibrium. Thus,

we carry out the analysis in the coordinates

<§Z>:R(—9) (- Li) (ﬁd ) =R(-0) (¥ - Li) .

With (13.3)), we obtain

and it is enough to show that

lim Xg(t) =® , lim X,(t)=0 , lim ()= .

t— oo t—o0 t—o0

In those coordinates, the dynamics of the observer reads :

wXq - 2qu (Xﬁ + Xg — &32)
= —wXi+wd—2X, ()A(j + X2~ @2) (13.4)
q® (X7 +X; —9?)

'9"'@ > 5)'

where w(t) = 6(t). The set 2 = R? x (0, +00) being forward invariant for these dynamics, we study the
behavior of its solutions when they are in 2. The proof consists in finding a Lyapunov function decreasing
along the solutions of , and proving convergence to (®,0,®) which is the only equilibrium point
in 2. More precisely :

1.The function
V(Xda an (i)) =

is a Lyapunov function. It satisfies :

2.Any solution of (13.4) starting in Q is bounded and is defined in  for all ¢ in [0, +00). Then,
thanks to Barbalat’s lemma,

lim ®t) ()= (Ra(t)*+X,(6)>) =0 , lim dH)X,) =0 , lim d(t)(Ka(t)—®) =0.

t—+4o00 t—+oo t—+oo

3.It is not possible to have lim inf ®(t) = 0.

t—+oo

Theoremtells us that unlike for observer , no convexification is needed to achieve
global convergence of the gradient observer . Hence, even when the parameter ® is known,
we may prefer to use observer instead of observer . In this way, although the
observer state is augmented with ®, we get global convergence without knowing .
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13.2 Alternative path

The observer presented in the previous section is based on System ([13.1)) which is nonlinear
because of its output function. Fortunately, this function is quadratic in (¥, ®), and (¥, ®) does
not depend on (¥, ®). Hence linearity can be obtained by time derivation. Namely, we have

g =20 —Li)T (u— Ri — T

which is linear in W and independent from ®. The new problem we face now is the presence of

the time derivative Zi. A well known fix to this, is to use a strictly causal filter. Namely, let

n=-Xn+y) , yr=n+y (13.5)

with A any complex number with strictly positive real part. It is easy to check that the evaluation
of yr + (c+ 2Li)TW¥ — (2 + L?i|?), along any solution, decreases as exp(—At) when ¢ and z are
solutions of

¢ = —Ac—2ALi—2(u— Ri)
{ i = —Az+cl(u— Ri)— \L%i|* . (13.6)
So, instead of the design model ((13.1)), we can use
U=u—Ri , y;=—(c+2Li)"0+ (z+ L%i|?) (13.7)

with inputs (u, i, ¢, 2), state ¥ and measurement y;. Also because of , we pick y; constantly
zero as we did above with y. System can be seen as a linear time varying system and
therefore any observer design for such systems apply. It can be a Kalman filter or more simply
the following gradient observer

—A¢ —2ALi — 2(u — Ri)
—Xz + cT'(u — Ri) — AL?|i|? (13.8)
w— R+ (c+ 2Li)(—(c +2L) T + 2 + L2[if?).

¢
Z
LG

where 7 is an arbitrary strictly positive real number. In [BPO15al, the authors propose the
following non minimal version of this observer :

51‘4 = U—Rl
& = A&l LilP) | y=-Aau - LiP - & (13.9)
€9 = 790 (y—QT€89)
with
U = &a+&s
Q = —Ac+2Li)

where ¢ verifies the dynamics (13.8) and we have the relation
2=t &) +6& -

with z satisfying .

Convergence of these observers or is guaranteed as long as € satisfies a persistent
excitation condition which, as proved in [BPO15al, holds when the rotation speed is sufficiently
rich.

Inspired from nonlinear Luenberger observers, another observer is proposed in [HMP12]. It
consists in using m filters of the type , with poles A\, with k£ in {1,...,m}, to obtain m
equations in U

(cp + 2L0)TW — (21, + L*[i]?) = 0 (13.10)
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which are solved in a least square sense. It is proved in [Henl4] that the matrix of the ¢ + Li
is full column rank when w stays away from 0, m > 3 and the A; are chosen in a generic way.

Actually, observer ((13.8]), observer ((13.9)) of [BPO15a], or the one in [HMP12], are identical
h13.1 *

except in their way of solving in ¥ equations . The former two solve (|13.10)) with only
one A (m = 1) but dynamically along time. The later solves them at each time, with at least
two A (m > 2).

In the remainder of the chapter, we intend to compare the performances of observer
introduced in the previous section with those of this other family of observers, in particular

observer (|13.8)).

13.3 Performances

13.3.1 Computational cost

We already see that the smaller dimension of observer and its great simplicity of imple-
mentation provides a significant advantage. Indeed, in our matlab simulations, CPU time was
found to be twice smaller than for the other observers presented in Section [I3:2] This numerical
efficiency constitutes an important feature since those observers are intended to run online where
processing power is often limited.

13.3.2 Sensitivity to the presence of saliency when 7, is constant

According to [BC98|, the simplest way to take saliency into account in the model of a PMSM is
to keep ([12.1]) but to replace the expression ((12.2)) of the total flux by

) cos20 sin26 \ . cos 0
V= Loi+ Iy (sin 20 —cos 29) i@ (sin 9) (13.11)

where L; is a second order inductance. Thanks to the identity
cos20 +1 sin 20 cosf —sinf _9 cosf 0
sin20  —cos20+1)\sinf® cosf® | " \sinf 0
the above expression of ¥ can be rewritten as

U — (Lo — Ly)i = (® + 2Lyig) (:f;g) (13.12)

with the notation
idg = ( td ) = R(—0)i . (13.13)

This shows that, when i4 is constant, we recover exactly the design model (|13.1)) provided we
replace L and ® by
Li=Lo—L; , &= |q)—|—2L1’Ld| .

Hence Theorem 1 holds in the case with saliency at least when the signals obtained from the
motor are such that iy is constant. Specifically, by implementing observer ((13.2) with Ly instead
of L, we directly obtain :

lim |W(t) — U(t)| + |P(t) — Bs| =0 .

t—o0

This means that ¥ converges to ¥ and d to the "equivalent flux" ®,. But this time, it is not
sufficient to compute the argument of W — L,i to obtain an estimate of 6, since according to
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(13.12)), it converges either to 6 or § + 7 depending on the sign of ® 4+ 2L1i4. In fact, defining
0y as
0y = arg(V — Lyi)

and 4440 as

q,0

tdg,0 = ( ‘d,O ) = R(—QQ)Z
we have :
- if ® +2L1i5 > 0, then &5, = & + 2Lqi4, 6y = 0, Z'd70 =14 and &, — 2L1id70 =0>0
- if ®4+2L1i3 <0, then &3, = —P—2Lq44, g =0+, ’L'd70 = —iqg and Py —2L1’L'd70 =—-® <0.
Therefore, computing
Oy = arg(V — Lgi)
and %dq,[) defined by
~ Z N .
1dg,0 = < A'd,O > = R(—QQ)Z ,
%q,0
and taking
= b it ® —2L1140 >0
= fp+m otherwise ,

> D

we obtain

lim A(t) — 6(t) =0 .

t—00
This convergence is a clear argument in favor of observer with respect to observer ((12.8]).
Indeed, the flexibility provided by the estimation of ® enables to apply the same observer to
salient motors without losing convergence of . The same conclusions hold for the observers
presented in Section [I3.2] Not to be forgotten, all this holds when 4 is constant.

13.3.3 Sensitivity to errors on R and L when (i4, i, w) is constant

In Theorem 1, we claimed convergence for observer assuming perfect knowledge of the
resistance and the inductance and the absence of saliency. Then, in the latter subsection, we
extended this result to salient models as long as the current in the dq frame i4 is constant.
Given the fact that the non salient models can easily be obtained from the salient ones by
taking L, = 0, we keep here the more general model with saliency made of and .

In this section, we study the possible consequences of using in the observers approximations
R and L of R and L. For this we restrict our attention to the case where R(—0)i = iqq and
w are constant. This configuration is often considered in practice, since it corresponds to a
constant rotation speed with a constant load torque. In this case, the model has an asymptotic
behavior given by

u=TR(O)ugy , i=R(O)igg, ¥V =R(O)¥y

where ugq, igq and W4, are constants satisfying

. . b,
wJ\I/dq = udq - Rldq N \I/dq - ledq = ( 0 >
where
0 -1

;- (1 . ) |
Let U, be defined as

1 __ A

‘lleq = ;J 1R(9)(udq - deq)

It satisfies
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a) \i/eq —u—Ri
i-e the same dynamics as ¥ but with R instead of R.
o 1 . o
b) Uy — Li=R(0) (wJ_l (qu — Ridq) — Lidq> . (13.14)
constant

Thus, with ®., the constant real number defined as
q)eq = %J_l (udq — Eidq> — iidq’

_ <%>+([R— RIL: + Ly — L) iag

we have
Weq — Li* —®2,=0.

It follows that (We,, ®eg) is solution of the model (13.1) if we replace (R,L) by (R,L). So,
according to Theorem [13.1.1] the observer ((13.2)), implemented with R and L, gives

Jim [ () — Weg (£)] + [ ©(1) = Peg| = 0 -

Hence ® converges to . And with § computed as the argu-

®S A Jfl A .
<0>+([R—R]M+LS—L)qu
ment of ¥ — Li, we have asymptotically

cos(0 — 6 A
<sin((é - 9))> = R(=0) (¥e, — Li)

A A

v — Li

— (‘188>+<[R—R]J1 + L, —E) idg (13.15)

where we have used (|13.14)). In other words the error 6—0 converges to the argument of
(ISS + ([R - ]%]JT_l + Lg — ﬁ) idq- Up to the first order, this is exactly the same result as the

one obtained in [Hen14] for the Luenberger observer presented in [HMP12]. Of course we recover
the fact that, without any errors on R and L, the asymptotic value of d is &, and 0 converges
to 6.

We illustrate formula via simulations with ideal data obtained for L = 0.65 mH,
R =0.167Q, ® = 7.3 mWb, iq = —3.46 A, i; = 6 A, for two different regimes. The results
are given in Table for observers ((13.2)) and (|13.8]). Both observers were implemented with
an Euler scheme with dt = 1.2107* s and give similar results. The reader may check that the
absolute error on 6 and the relative error on ® correspond exactly to the expected theoretical
errors.

13.4 Tests with real data

To illustrate the results above about the sensitivity with respect to the parameters, to saliency,
but also to noise, we apply in open-loop (and offline) the observers and to real data
obtained from two PMSM used in test beds at IFPEN : Motor 1 and Motor 2. The available data
are the measurements of voltages u,, and currents i,, in the af fixed frame, the measurement
of the rotor position #,,, the physical parameters given in Table
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R+ 1%R L+1%L
w Obs | 6 (rad) | ®/® | 0 (rad) | /@
500 [@32) | 0.015 |26% |54107° | 0.3%
rpm
(13.8) | 0.015 |2.6% | 521073 | 0.3%
2000 [3.2) | 3.8107% | 0.7% | 5.4107° | 0.3%
rpm
(138) | 3.31073 | 0.6% | 491073 | 0.3%
Table 13.1:  Sensitivity of observers ([13.2) and ([13.8]) with respect to R and L at two different
electrical rotation speeds with the notation 6 = | — 0] and ®/® = %.
Parameter Motor 1 Motor 2
Regime variable : Figure|13.1] | constant : 2000 rpm
Ly 0.72 mH 0.142 mH
L, 0.78 mH 0.62 mH
) 8.94 mWb 18.5 mWb
R 0.151Q 0.023 Q
Pairs of poles (n)) 10 2

Table 13.2:

Parameters for Motor 1 and 2.

The norms of u,, and i,, for each motor are given in Figure [I3.2] Note that unlike Motor 2,
Motor 1 is submitted consecutively to four regimes : around 150 rpm, 450 rpm, 1000 rpm and
finally 1500 rpm (see Figure [13.1]).

The motors differ in terms of saliency. According to [BC98|, Ly and L; in ([13.11)) are given
by

Lg+ L Ly— L
Lozid;— 1, L1=7d2 1.

and therefore
Li=Lo—Li=1L,.

We conclude that saliency is weak for Motor 1 (ﬁ—é ~ 4%), but dominant for Motor 2 (ﬁ—é ~ 80%).

We have implemented the observers using the measured values u,, and 4, as u and i, and
an explicit Euler scheme with the sample time (dt; = 107% s, dts = 21075 s). We chose
the parameters of the observers to ensure the responses have all approximately the same time
constant (’y = 20000, V@@ = 50000, A = 50) and so that convergence is obtained in
less than two rotations of the motor. The results are presented in Figures [I3.313.4 The
performances are globally better for Motor 1 than Motor 2, but it is mainly due to the fact that
the data were noisier for the latter.

For 6 (Figure , both observers provide similar results, with a final oscillatory error of
amplitude smaller than 0.05 rad for Motor 1 (0.09 rad for the last regime) and 0.12 rad for Motor
2. But (the mean value of) the estimation 6 does not converge to the measurement 6,,. There
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are static errors. They are likely due, in part at least, to an offset in the sensor for 6,,. But there
is more since, according to Figure these biases depend on the regime. One explanation
comes from where the regime w appears explicitly. Another possible explanation has
been proposed and studied in [Henl4]. It is the effects of the dynamics of the sensors providing
the measurements u,, and i,,. When they are modelled simply by

im = —Ti(im — 1) Uy = —Tu(Upm — )

the phase shift of these first order systems (depending on the regime) is directly translated in a
static error on § and consequently on ®. We refer the reader to [Henl14] for more details.
Concerning ® (Figures , although both observers provide again the same mean for the
final errors, the transient of observer seems to be more oscillatory. This difference could
be explained by the fact that d is directly estimated by observer while it is reconstructed
from the norm of W — L,i for observer . Here again (the mean value of) ® does not tend
to ®. Let us concentrate on the data from Motor 2 and from the first regime of Motor 1, where
the norm of the current is constant. Assuming that the offset 6 — 6,, mentioned above is only
due to the position of the sensor and therefore that 6 is actually the correct rotor position, we

A

compute i4 as the first component of R(—#)i and find

Motor 1: ig1 = —4.2A
Motor 2: igo = —201 A .

If the values of R, L4, L, and @ in Table are correct, we can expect d to tend to ®y =
|® + 2L4134], i-e

Motor 1: ®,1 =9.2mWb

Motor 2: d,0 =115mWbhb .

This is verified for both motors on Figures|13.4(a)| (first regime) and |13.4(b)l We could conclude

that the values of R and L used in the observers are correct. Unfortunately we cannot go further
in the analysis since, for the other regimes in Figure [13.4(a)| the steady state is not reached.

13.5 Conclusion

We have introduced a new rotor position observer for sensorless permanent magnet synchronous
motors (PMSM). It is designed from a non salient model and uses measurements of voltages and
current, and estimations of resistance and inductance. But it does not require the knowledge of
the magnet flux. We have claimed its convergence in an ideal context and for a rotating motor.
We have compared it with the equivalent observers proposed in [HMP12, [Hen14] and [BPO™15b].

The main difference is that this new observer is less demanding in terms of computations. On the

other hand it gives qualitatively the same kind of performance, in terms of speed of convergence,

sensitivity to errors in the resistance or the inductance and also in presence of saliency.
At least three important issues remain to be addressed:

a) Sensitivity to measurement noise or more interestingly the definition of a tuning policy in
presence of such disturbances. This kind of study has been made in [Henl4] for the Lu-
enberger observer proposed in [HMP12] . The same kind of tools should be useful in our
context.

b) Use of the observer in closed loop. Tests via simulations or test beds for the observers in
[HMPT2] and [BPO™T15b] are reported in those papers. But as far as we know no theoretical
results are yet available.

c) Extension to non salient models. We are unaware of any observer for this case.
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1500

1000 [~ T

500 [~ b

Figure 13.1: Regime of Motor 1 (rpm).
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—

3C 0 0.1 0.2 0.3 0.4 0.5 0.6

(a) Motor 1 (b) Motor 2

Figure 13.2: Norm of the voltage u,, (V) and current i,, (A).
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Figure 13.3: Error § —6,, (rad) given by observers (13.2) and (13.8) , where 6,,, is a measurement
of 6.
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Figure 13.4: & given by observers (13.2) and (13.8) compared to ®.







Chapter 14

Rotor position estimation with
unknown resistance

Chapitre 14 — Estimation de la position du rotor lorsque la résistance est inconnue.
Nous montrons dans ce chapitre que contrairement a (¥, ®), le couple (¥, R) n’est pas observable
avec la seule information que y(t) = 0 pour tout t. Cependant, lorsque w et iy sont non nuls, il
ne peut exister que six solutions indistingables maximum, la resistance étant 'une des racines
d’un polynome de degré 6. De plus, dans le cas particulier ou w, iq et iq sont constants, nous
prouvons que le nombre de solutions possibles est réduit a deux, avec deux valeurs bien identifiées
pour la résistance, qui sont distinctes sauf si iq est nul. Il apparait alors que ces deux solutions
pewvent en fait étre dissociées si le signe de iq (c’est-a-dire le mode d’utilisation du moteur)
est connu. Cette propriété nous permet de proposer une stratégie d’observation, basée sur une
synthése de Luenberger. Ses performances sont testées et illustrées en simulation.
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We have seen in the previous chapter that it is possible to estimate both ¥ and ® at the
same time. In this chapter, we suppose the magnet flux ® known, but the resistance R unknown
and we wonder if it is possible to estimate both ¥ and R. So we consider the system

\i{ = u—Ri
R =0 (14.1)
y = |- Lif—®?

with inputs (u, ), known parameters (®, L), state (¥, R) and the knowledge that y is constantly
Z€ero.
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To ease the reading of this chapter, some of the proofs are summarized with only their most
important steps, or even omitted when they are of no particular interest. Their detailed version
is available in Appendix

14.1 Observability

Before looking for an observer, we need to check the observability of the system. To do that, we
consider the time-varying system

T = u—T31
3 = 0 (14.2)
y = |v—Li*— ®?

with L and ® given, and where u and i are time signals such that there exists a particular
solution (x = ¥, x3 = R) of (|14.2)) verifying

y(t)=0 Vit .

This means that there exists a (unique) time-signal 6 such that for all ¢,

U(t) = Li(t) + @ ( Z?j((gég)) ) . (14.3)

In the following, we denote

[ cosb Y 7 I NN _ 9
Z_<sin9) , qu_<iq>_R( )i , w=~0.

We want to know whether, given the time signals (u, ) and the parameters (L, ®), the particular
solution (¥, R) is the unique solution to System (14.2) verifying y(¢) = 0 for all ¢. Note that
this is somehow a weak notion of observability since it is for a particular trajectory of y.

14.1.1 A first observability result

We start from the following result :

Theorem 14.1.1.
If

a) for all t, w(t) =0
or
b) for all ¢ such that w # 0, i4(t) = 0, i4(t) # 0 and i is constant

there exists an infinite number of solutions to System ((14.2)) verifying y(¢) = 0 for all ¢.
Otherwise, if besides [i(t)| # 0 for all ¢, there exist at most 6 solutions.

Proof : Consider a solution (x,z3) to System (14.2)) verifying for all ¢
0=y(t) = |z(t) — Li(t)]> — & .

x is necessarily of the form

with
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and finding (z, z3) is equivalent to finding (xo,x3). It follows that for all ¢

0 = |z(t) — Li(t)]* — |zo — Li(0)]?
= [w(t) — @0 — L(i(t) = i(0))] " [x(t) + o — L(i(t) +4(0))]
= ij(ws,t) " [2(z0 — Li(0)) + (s, 1)]

where we have defined
t t
fi(zs, t) = / u(T)dr — mg/ i(r)dr — L(i(t) — i(0)) . (14.4)
0 0
We deduce that for any time ¢,

2i(ws, 1) (w0 — Li(0)) = —ii(a,t) "i(zs, t) = —lii(ws, t)|”

Therefore, unless x3 makes 7j(x3, t1) and 7j(z3, t2) colinear for any (t1,t2), there exits at most one possible
value of x¢ for each x3.

The rest of the proof then consists in showing thaﬂ:

1.for z3 such that 7(x3,.) is not constant, there exist couples (t1,t2) such that 7j(zs3,t1) and 7j(zs, t2)
are not colinear. xo is then uniquely determined by the value of x3, which must be the root of a
polynomial of degree 6. Therefore, there are at most 6 solutions (x,z3) such that 7j(xs,.) is not
constant.

2.to the values of x3 such that 7j(xs3,.) is constant, is associated an infinite number of solutions
(.Z',Ql‘g)~
3.if z3 makes 7j(zs,.) constant, it must satisfy for all ¢

(R — $3)id(t) = 0
(R—z3)ig(t) = —-w(®)®. (14.5)

We can thus distinguish the following cases :

-if w(t) = 0 for all ¢, there exists at least one constant value of x3 solution to System ((14.5) for all
t. Thus, 7j(zs, ) is constant and there is an infinite number of solutions (z, z3).

-if for all ¢ such that w(t) # 0, ia(t) = 0, iq(t) # 0, and i> is constant, there exists a constant value
of z3 solution to System (14.5) for all ¢ and thus an infinity of solutions (z, z3).

-otherwise, there exist no solutions to System (14.5). Therefore, 7j(z3,-) cannot be constant and
there are at most 6 solutions (z,z3) to our observability problem.

We recover the fact that the system is not observable when the rotating speed is zero (this
is the case even when R is known). In the usual case where there exists at least a time ¢ for
which w(t)ig(t) # 0, this result says that there exist maximum 6 possible solutions (x,z3), with
x3 given by the roots of a polynomial of order 6. In order to conclude that the system is not
observable, we need to know more about those roots. In particular, the polynomial may not
have 6 distinct real roots and even if it does, they may not be constant with time.

To get more information, one could study in detail this polynomial of order 6 obtained in
the proof. But its expression is too complex and the next section shows how a stronger notion
of differential observability enables to get a more precise idea of this polynomial.

14.1.2 Differential observability of order 3

Let us consider the stronger observability question : is (U(t),z3) the only solution at time ¢
of y(t) = y(t) = §(t) = 0 7 Of course, in the cases of non observability identified in Theorem
the answer is no. But we want to study in more details what happens in the other cases,
in particular when there exists a time ¢ such that

li(t)] #0 and w(t) #0 and i4(t) # 0 orig(t) =0,
'See Appendix
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which is equivalent to
w(t)#0 and i4(t) #0 .

Consider the function Hz made of (y(t), y(t), y(t)) :

|z — Li(t)]> — ®?
Hi(z,23,1) = 2(x — Li(t))T(u(t?. — 30— L7 (t))

2z — Li(t)) T (ilt) — 257(t) — LT(E) + 2ult) — w3i(t) — LT()2
Our problem consists in looking for the solutions in (z,x3) of
Hj(z,23,t) =0 .
We have the following result :

Theorem 14.1.2.

Consider a time ¢ such that w(t) # 0 and i4(t) # 0. There are as many solutions (z, z3) to
the equation
ﬁg(l’,wg,t) =0 5

as the number of real roots of the following polynomial of order 6 :

(R — 1'3)2 ’

Plas,t) =w(ofe® | (1= C52 ( ()0 - 200 | + Sgaruolic?

- — x3)? ’
_ <1 4 (B—as) 3)2iq + <f(t)2£g |i(t)|2> (14.6)

wherd? .
a0

i) I70)| -
= om oE 7T ( 1 0) :

Proof : It is appropriate to introduce the following degree one polynomial of x3

n(zs,t) = u(t) — zsi(t) — L () , (14.7)
so that Hs actually reads

|z — Li(t)]* — 2
Hj(z,23,t) = 2n(xs, t)T(x — Li(t))
2(x3,t) " (x — Li(t)) + 2/n(xs,t)[?

It is interesting to note that n(xs,t) = 7j(xs,t), where 7 is defined in (T4.4), and what is done in this
proof is somehow the differential version of the proof of Theorem [I£.1.1] To study how many solutions
in (z,z3) the equation Hs(x,x3,t) = 0 has, we note that the second and third component is a linear
system in  — Li. So our approach is to solve this system and replace in the first component. This gives
a function of x3 only. Hence the first question is invertibility of the linear system, i.e. colinearity of
n(zs,t) and n(xs,t).

Assume that n(x3,t) is non zero and is colinear with 7(x3,t), namely n(zs,t) = An(zs,t). Then,
H; (2, z3,t) = 0 gives

n(zs,t)" (x = Li()) =0, Mn(zs,t) " (z — Li(t)) = —|n(as, t)|*

2,1 is the ratio between w and the rotation speed of 1.
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and necessarily n(x3,t) = 0 which is impossible. Therefore, colinearity can only happen if n(xs,t) = 0.
But differentiating (14.3) with respect to time and combining this expression with (14.7)), we get

n(zs,t) = —w()®Jz(t) + (R — x3)i(t) . (14.8)

By imposing n(zs,t) to be zero and multiplying by R(—6), we recover System ([14.5)) which does not
admit any solution if w(t) and iq(t) are nonzero. We conclude that for all zs, n(zs,t) and n(zs,t) are
not colinear.

It follows that we can get z from the second and third components of Hj, namely

(¢ - Li(t) nast) = 0
(@ —Li(t)) "n(zs,t) = —In(xs,t)] (14.9)
e Lit) = — @ OF Lo

T)($37 t)T J77(=’E37 t)
Inserting this expression in the first component of Hz gives

2

6
J?’](l‘g,t) _ |7](3:37t)|

. | Ins.oP
* = [1(ws, £)T T, D]

77(:1737 t)TJﬁ(:Eg, t)

and x3 is a root of the following polynomial

P({L’g,t) = ’132[77(9337t)TJ77(fU37t)]2 - ‘77(953,15)‘6
Differentiating (14.8)), we get

H(@a,t) = ()BT 2(t) — w(t)®2(t) + (R — 23 7(1) , (14.10)

which yields

det (n(:cg,t), ﬁ(x;;,t)) — nas, t) Tias, )

. T .
W®* — (R — x3)® |:w2iTJz —0i 24w z] +(R—x3)%i" JT

= W0 — (R—a3)dw? |20y + 2| + (R—23)%iJT (14.11)
w
where we have used the fact that i' z = ig and ' Jz = —i,. Inserting those expressions in the expression

of P, we get the polynomial (14.6). The coefficient of degree 6 is |i|® which is non zero by assumption.
We conclude that there are at most 6 possible values for x3, and since the value of = is imposed by that
of x3, we get the result. | |

With this result, we are not much further advanced than with Theorem [I4.1.1] but at least
we have a more precise expression of the polynomial. The reader may check in particular that
x3 = R is a possible root. But since the degree is even, there is at least another real root (which
can be equal to R too). In order to have a better idea of those roots, we study the usual case
where w, iq and i, are constant.

14.1.3 Particular case where w, i; and ¢, are constant

We have the following corollary :
Corollary 14.1.1.

Assume w, ig and i, are constants such that w # 0 and iy # 0. P has only two roots given
by
20w i,

rz3=R |, z3=R+ ———.
|i[?

Therefore, the equation Hj(z,x3,t) = 0 admits one solution if i, = 0 and two distinct
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| solutions if ¢4 # 0.
Proof : In this particular case, i' J 7" = wli|? so that u(t) = 1 and
60 (R—ws),.  (R—w)? )" (R—2s) ( )
P(z3) = —w'® (1—1— " 2iq + 2 H 3 20 + ———~ H

The polynomial |i|?X? + 234X + 1 has a discriminant equal to —4i3 < 0 and does not admit any real
root. The conclusion follows. Note that in this case, according to (14.11)), P also writes

P(z3) = —®” det (n(w?)), 77(363))2 (Rw_i(;?’) (2 + ( )| | ) (14.12)
[ |

The conclusion from this theorem is that the system is not differentially observable of order

3 unless i, = 0. This does not mean that the system is not observable because the solution

corresponding to r3 = R + 2‘%{;" may not be admissible for System ((14.2). Actually, it turns

out that both solutions are truly indistinguishable :

Theorem 14.1.3.

Assume w, iq and i, are constants such that w # 0 and ¢q # 0. There exist exactly two
indistinguishable solutions (z,z3) to System (14.2)) verifying y(¢) = 0 for all ¢. They are of
the form (¥, R) and (¥s, Rs) with

20w 1 20w ig

Rs =R+ HE

Proof : See Appendix[D.1.2} |

We conclude that the system is not observable if i, # 0. However, the problem is well-
identified with only two possible solutions and the following result shows how they can be
dissociated by adding an extra information, namely the sign of i,.

Theorem 14.1.4.

Assume w, iq and i, are constants such that w # 0 and iy # 0. Consider both solutions
(¥, R) and (s, Rs) given by Theorem |14.1.3] and their associatedlﬂ (0,74q), (05,14q,5). We
have

ids = id
igs = —lg
so that both solutions can be distinguished by the sign of their corresponding i,.

Besides, if (R, ) is is one of the solutions {(R, 0), (Rs, 95)}, then the other solution i

A~

L2007, A A 22
R—i—&,@—i—arctang 2% id,l—Q?
HE q q

Proof : See Appendix[D.1.3} |

Bidq,a = ( Z’i ) = 'R(—@g)i

~ ? R
Taa=| L | =R(-0)i

iq
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We conclude that the additional information of the sign of i, makes the system observable !
If fact, the sign of ¢, determines the mode of use of the machine : if 7, > 0, the torque is positive
and the machine acts as a motor, whereas if 7, < 0, the torque is negative and the machine acts
as a generator. In other words, both solutions can be distinguished if we know the mode of use
of the motor.

This result also says that if an estimation R among {R, Rs} is available (for instance thanks
to an observer), it is possible to find the other candidate, at least when the rotation speed w
is known or estimated. Therefore, if the sign of i, is known or if an imprecise sensor gives an
idea of 0, the right solution can be picked online. Of course, the smaller i, the more difficult
to know its sign or to choose between 6 and 65, but also the smaller the error if we choose the
wrong one...

Remark 18 In fact, from a physical point of view, those two values of R correspond to two
systems with same total energy but with different energy repartition. Indeed, the dynamics of
a PMSM in the dg-coordinates can be modeled by

Lig = —Rig+wlLig+ ug
Li, = —Ri,—wLig—w® +u,
w = Pig—7

where 7 is the external torque. The total energy of the system varies along

L
S latig T Wt = —R(iG +ig) +iTu—71w=—Rlif’ +iTu—7w.

Thus, an equilibrium with 74, 7, and w constant is such that
~RliP+i'u—Tw=0 , ®i,=r1.

. . . Til . T
Now, either 7 = 79 > 0, in which case R = % |’Z.|QT°“’, either 7 = —719, and R = %. The

two values of R differ by 2‘2"?'20, i-e 2“??';‘”, which is exactly what we found in our observability

analysis. We conclude that both solutions have the same total energy, but in the first one energy
is produced by the motor and lost in friction, and in the second one external energy is given to
the motor and is dissipated in the motor by a larger resistance.

We conclude from this observability analysis that System is not observable when w or
iq remains at 0. However, when w and ¢4 are nonzero, the number of indistinguishable trajectories
is reduced to maximum 6 : the possible values of R are the roots of a polynomial P of order
6 given by . Unfortunately, we have not been able to say more about those roots unless
w, iq and 74 are constant. In that case, there are exactly two indistinguishable trajectories and
they can be distinguished with additional information on the resistance or simply the sign of i,.
In the next section, we propose an algorithm to estimate those solutions based on a Luenberger
observer.

14.2 Observer design

For A in R* , we define the function
Ta(z,z3,t) = N2 a o+ Xea(t) "z + Awgba(t) o + ay(t)zs + dy(t)z? (14.13)
on R? x Rt x R, with ay, by, c\, and dy the outputs of the following filters :

dx = M—ax+cli—blu) (14.14)
by = A\(—by+2i) (14.15)
éx = A(—cx—2u—2\Li) (14.16)
dy = M—dy+byi). (14.17)
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We have the following result :

Lemma 14.2.1.

For any A in RY, for any initial conditions in the filters (14.14))-(14.17), any solution (¥, R)
to System ([14.1]) such that y(¢) = 0 for all ¢, and any solution Zy to the dynamics

Zy = M—2x 4 el u — N2L%i)? + \20?) (14.18)

verify

tli\m Z)\(t) - T)\<\I/<t),R, t) =0.

Proof : Straightforward computations show that ¢ — T (¥ (), R, t) follows the dynamics (14.18)), hence
the result. u

This means that by implementing filters (14.14))-(14.17) and (14.18) with any initial con-

ditions, one can obtain an estimate of T)\(¥(¢), R,t). Since our goal is to estimate (U, R), we
are interested in the injectivity of the function 7. Theorem tells us that by choosing
a sufficiently large number m of eigenvalues \;, the function T' = (T),,...,T»,,) is injective if
the system is backward-distinguishable. We have seen that when w, iq and i, are constant,
two states (U, R) and (¥s, Rs) are not distinguishable by the dynamics, and thus necessarily
T(¥(t),R,t) = T(¥s(t), Rs,t) for all t. This means that it is hopeless to prove the injectivity
of T', but it may still be possible to recover the (at most 6 !) possible values of (¥, R).

14.2.1 An algorithm for the inversion of T'

Consider three strictly positive real numbers A1, Ao, A3. We deduce from Lemma that by
defining the function

T)\l (15,.’173,t)
T(x,z3,t) = | Thy(z,23,t) | =myz' z+A(c(t) +z3b(t))z+at)zs +d(t)z3  (14.19)
T)\g (x7x37t)

on R? x R x R, we have
lim Z(t) — T(W(L), Ryt) = 0 ,

t—o00

where we have denoted

A0 0 Zy, A

A= 0 X 0 . Z=| Zy, . omy=| A

0 0 X3 Zxg Y
CL)\l b1—1 C:\rl d)\l
a=| ay, , b= bL , c= CL , d=1 dy,
% 61—3 C;\r3 dg

Thus, implementing the filters (14.14)-(14.17)) and (14.18)) for three values of A gives an estimate
of T(¥(t), R,t), and we would like to invert T, i-e find the possible candidates (z, z3) for a given

T(x,x3,t).
To do that, we consider the matrix

(A =M 0
MA_(O LRI,

M)\m)\ =0. (14.20)

which is such that

We have the following result :



14.2. OBSERVER DESIGN 175

Theorem 14.2.1.

Consider any (A1, A2, Ag) in (Rj)?), any initial conditions of the filters (14.14))-(14.17)) and
(14.18)), and define
M(zs,t) = MyA (e(t) + 23 b(t)) - (14.21)

Assume the input (u,?) is bounded. Then, any solution (¥, R) to System ([14.1)) such that
there exists § such that for all £,

y(t) =0 ]det (M(R,t))‘ >§>0,

verifies
tlg—noo U(t) —x(R,t)=0 t_lg_noo J(R, 1) =0
where
X(@s,t) = M(ws, )™ (My Z(t) = Mya(t) w3 — Myd(t) 3) (14.22)
and
(g, t) = m (Z(t) = T(x(xs,t), 23,1)) - (14.23)

Proof : Observe that
My T(z, 23,t) = MaA (c(t) Yo b(t)) o+ Ma(t) 25 + Mad(t) 22

is linear in z. This means that for any z3 and any t such that the matrix M(xs,t) is invertible, x is

solution of :
xr = M(.Tgﬂf)il (M)\ T(CC,.T37t) — M)\a(t) r3 — M)\d(t) CL‘%) .

Thus, (z,z3) = (U(t), R) satisfies this equation for all ¢ and we have

[U(t) = x(B, )] < [M(R, )7 [MAl|Z(t) = T(¥(t), R, t)] .
Lemma [T£:2.1] gives the result if
1

det (M(R, t))‘ M)

(MR, )7 | =

is upper-bounded in time, where M*(R,t) is the comatrix of M(R,t). t — M™*(R,t) is a continuous
function of the coefficients of ¢ and b which are filtered versions of the bounded input (u,i) and which

det (M(R, t))

is lower-bounded away from 0, the conclusion follows. |

are thus bounded. Since

This leads us to introduce the following algorithm :
Algorithm
Implement filters (|14.14)-(14.17]) and (14.18]) for three strictly positive real numbers A;, A9,

A3, and at any time ¢, find an estimate R of R with

A

R(t) = Argmin,, cp+ [ (23,1)] (14.24)

and an estimate ¥ of ¥ with

A

U(t) = x(R(1), 1) -

In fact, x captures the information given by T in the direction of M) and the remaining
information along the orthogonal direction, i-e along my, is used in J to determine x3.

Theorem says that (@,R) = (U, R) should be (asymptotically) a possible solution
of this algorithm whenever M(R,t) is invertible for all ¢. Its implementation thus raises two
questions :



176 CHAPTER 14. ROTOR POSITION ESTIMATION WITH UNKNOWN RESISTANCE

- Is the matrix M(R,t) invertible for any ¢, or, more precisely, is ‘det (M(R,t))‘ lower-
bounded ?

- Is R the only solution to the minimization problem at least after a certain time 7 If no,
which are the other solutions ?

Note that at each time ¢, the determinant of M(x3,t) is a polynomial of order 2 in x3, so
that M(z3,t) is invertible for all x3 except maybe for two values {z1(t), z2(t)}. Then, x(z3,t)
is a two-dimensional matrix made of rational fractions in x3 with numerator of degree 3 and
denominator of degree 2, defined everywhere except at {z;(t), z2(t)}. We conclude that J(x3,1)
is a rational fraction with numerator of degree 6 and denominator of degree 4 defined everywhere
except maybe at the two roots of the determinant of M(x3,1).

Remark 19 Since x3 is one-dimensional and we often have a fairly good idea of the interval in
which lies the true value R, the resolution of the minimization problem can easily be managed
with a one-dimensional grid, which can either be fixed around the initial guess R(O) or placed
at each iteration around the previously found value f?(t) This latter option enables to follow
the slow variations of R with the temperature. Also, since R is fairly constant, it may not be
necessary to update R at each iteration.

Remark 20 This algorithm necessitates the implementation of 7 filters (b and c) are of dimen-
sion 2, and ay, dy and z) of dimension 1) for three values of A, namely 21 filters. An alternative
solution with only 14 filters will be given in Section [14.2.3

14.2.2 Link with observability

The following technical lemma shows that there is a tight link between the quantities of interest
for the observer, and those encountered during the observability study above.

Lemma 14.2.2.

We have the following relations :

det (M(3,8)) = 423\ = Aa)a = Ag)(As — Av) det (n(as, ), (s, 1)) + O(XY) , (14.25)
O()5)

and if (z3,t) is such that M(x3,t) and (n(zs,t),n(zs,t)) are invertible

T T
( o ) s, 8) — 1) = ( ot ) +o(5) (14.26)

P(.fg,t)

J(w3,1) = (A1 + A3+ 23)
—_—— .
O(M) det (77(?53,15), 77(fU3>75))
with 7 defined in (14.7), P in (14.6), and the notation O(N*) indicates a term

A1, g, a t
f(A1, A2, A3, 3, t) such that fladi,a ;;ca 3,73, 1)

5 +O0(\?) (14.27)

is bounded when « goes to 4o0.

Proof : This is done by developing the solutions of the filters with respect to A. See Appendix[D.2.1 W

It follows that when the A; are sufficiently large, M and J are closely related to (n(azg, t), n(zs, t))

and P respectively. We can thus hope to transfer the known properties of those functions to M
and J.
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About Equation (|14.25))

From ((14.25), we get the impression that the invertibility of M(xs,t) is related to that of
(n(mg, t), n(zs, t)), at least for \; sufficiently large. Actually, we have a more precise result :
Theorem 14.2.2.

Consider (5\1, 5\2, :\3) three distinct strictly positive real numbers and assume that the inputs
(u,i) and their derivatives are bounded.
Then, for any x3 and any d such that for all ¢,

’det (77(:23,25) , 1(zs, t))‘ >d>0,
there exists a > 0 and 0 > 0 such that for any a > «,
’det (M(l‘g,t))‘ >

for all ¢ when choosing ) i )
()‘17 )‘2a )‘3) = (a)\l, Ol)\Q, a>\3) .

In particular, if there exists w > 0 such that |w(t)| > w for all ¢, there exists o > 0 and
d > 0 such that for all a > «, ’det (/\/I(R,t))‘ > § for all ¢.

Proof : See Appendix [D.2.2] [ |

We conclude that, if w is lower-bounded away from zero, it is possible to guarantee the
invertibility of M(R,t) for all ¢ by taking the \; sufficiently large. In that case, any x3 making
M(x3,t) non invertible at some time ¢ cannot be R and can be put aside in the algorithm.

About Equation (|14.26))

(14.26) implies that x(z3,t) is solution to the same system (at the first order of §) as
z in the observability analysis. Therefore, whenever (n(xs,t),n(xs3,t)) is invertible, x(z3,t)
corresponds to x in the observability analysis, and further ||x(z3,t) — Li|* — ®2| corresponds to
P(xs,t), still at the first order in 5. Thus, in order to find x5, one could minimize J(z3,t) =
||x(z3,t) — Li|* — 2| instead of (14.23). But the injection of the input ¢ in the criteria increases
its sensitivity to noise. Note that this option is exploited in the next section

About Equation (|14.27)
P(x3,t)

implies that, for large values of \;, the criteria J(z3, t) roughly behaves like 5
det (77($3,t) ; 77(373,’5))
which is also a rational fraction with numerator of degree 6 and denominator of degree 4. There-

fore, we can hope that, by choosing A; sufficiently large, one can ensure that J does not have

more roots than P, and minimizing J is closely linked to finding the roots of P. Since P is
perfectly known with Corollary when w, iq and i, are constant, it is possible to state the
following result :

Theorem 14.2.3.

Let (5\1, A2, 5\3) be any three distinct strictly positive real numbers.

Assume the inputs (u, %) are bounded, and w, iq and i, are constant such that w # 0 and
iq # 0. Then, for any initial conditions in the filters and for any 0 < € < 1, there exists a > 0
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such that for all & > «, by choosing
(A1, A2, A3) = (A1, @dg, a)3)

we have :

- there exists § > 0 such that ‘det (M(R, t))‘ > § for all ¢.

- for all ¢, the only two roots of det (M(:cg, t)) are complex and situated in the annulu
C(R,re,7z) with

_wod _ wod

Te (1—-¢) , 72 (1+¢)

- i

In other words, M(x3,t) is invertible and .J(z3,t) is defined for all z3 in R and all ¢.

d

- for all ¢, J(-,t) admits in [R — re, R+ 7]
- only one zero Ry (t) if i, > 2]

- two zeros (Ry(t), Ra(t)) if iy < 1214

Proof : The proof of this result relies on Rouché’s theorem. See Appendix |

Remark 21 Unfortunately, we cannot say anything about the number of zeros of J(-,t) outside
of [R —re, R+ r:]. Indeed, J(-,t) admits (complex) poles outside of B, (R) (the roots of
det(M(-,1))), and Rouché’s theorem would only tell us that it admits at most 6 zeros, which we
already know.

We conclude from this study, that when |w| is lower-bounded away from zero, the invertibility
of M(R,t) (and lower-boundedness of ‘det (M(R, t)) ‘) can be ensured for all ¢ by taking the
A; sufficiently large. According to Theorem [14.2.1} this means that limy_, o J(R,t) =0 and R
should appear among the minimizers of |J(-,t)| at least after a certain time.

In particular, when w, iy and i, are constant with w # 0 and ¢4 # 0, J has only one or two
zeros in the vicinity of R. Note that (¥, R) and (VUs, Rs) identified in Corollary (14.1.1)) are
both solution to the dynamics and are both such that y(t) = 0 for all t. Therefore, Theorem
[[4:2.1] apply to both and we have in fact :

lim J(R,t) = tl}?oo J(Rs,t) =0 .

t——+00

This means that the two zeros of J expected with Theorem [14.2.3] are likely to be R and
2wPe .
Rs =R+ qu asymptotically.

In fact, aithough we are not able to prove it theoretically at this point, simulations seem to
indicate that P(-,t) has always only two roots, as soon as i4(t) # 0 and w(t) # 0. Therefore,
J(-,t) has, at least after a certain time, also two roots, with one converging to R. The problem
of course is that a numerical minimization of |J(-,¢)| might return the "wrong" root. So, how to

detect this situation, and how to deduce the "right" root ? Here are some elements of solution :

- most of the time, an interval for the value of R is known and the minimization can be
carried out on this interval. When both roots are far apart, there might be only one in
the interval of interest.

- in the case where w and i4, are constant, Theorem [14.1.4]shows how to detect whether the
solution is the "right" one, if the sign of ¢, is known. It also provides the exact expression

of the other candidate, which can be computed by estimating the rotation speed, i-e 0.

5The annulus C(a, ro, 1) is the set of points such that ro < |z — a| < 71.
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- even in the general case, when w and i4, are not moving too fast, the two solutions may
still be associated to two values of i, of opposite sign. Therefore, the detection may still
be possible if this sign is known. As for computing the other candidate, although the value
given by Theorem [I4.1.4] is not exact, it can enable to switch the basin of attraction and
obtain the right estimate at the following iteration.

An account on the efficiency of this strategy in simulations is provided in Section [14.3

14.2.3 Alternate observer with a reduced number of filters

Before commenting some simulations, we want to signal to the reader the existence of an observer
involving a smaller number of filters, and thus a reduced computational cost.
Indeed, the dynamics (|14.18)) can be rewritten as

zy — N0 = N(—(2y — A2®%) + ¢l u — N2L2)i%) .

Therefore, we can take

T)\(.I,.'Eg,t) = TA(iU,.’L'g,t) - )\2(1)2
= M|z — Li]> = ®%) + A (ex(t) + 22 Li) "w 4+ A x3 by (1) "2 + ax(t)x3 + dy(t)z2 — N2L2|i]?

which is such that T(¥, R, t) is solution of
2 = M=2\ 4 clu — N2L2i]?) . (14.28)

Besides, since (| — Li|?> — ®2) = 0 along the solutions of interest, we can even take

T)\<l’, x3, t) = A (C,\(t) + 2 L1+ Axg b)\(t))Tx -+ a,\(t)acg + d)\(t):(}g — )\2L2m2
= (s, ) x4 ax(t)zs + dy(t)z? — N2L2if?

which is linear in x and we have like before :

lim Z)(t) — Tx(¥(t),R,t) =0 .
t—00
The drawback of this solution is that we use the measurement ¢ directly in 73 and thus the
estimation may be biased by noise. However, the fact that it is already linear in x suggests that
it is sufficient to implement the filters (14.14)-(14.17) and (14.28) for only two values of A to
obtain z as a function of x3. Then, the value of 23 can be obtained by minimizing (|z— Li|? —®2).
So consider two strictly positive real numbers A\; and A\o. By defining the function

7 _ [ Ta(mms,t) | _ - TN 2 7215125
T(x,z3,t) = ( T)\Q(ﬁ,l‘g,t) = M(x3,t) x + a(t) zs + d(t) x5 — L*]i|*miy

on R? x R x R, we have ) )
lim Z(t) — T(U(t), R,t) = 0,

t—o00

where we have denoted

= (M0 . [ 2y, (A
A‘(o )\2> ’ Z‘(ZAQ T
a ~ ~ x3,t) " ~ 1
a=( ™M) . Mzs,t) = - s )T Cd=( )
Axo Mo ($37 t) d)‘Q
Since z can be simply deduced from T by inversion of M, it is natural to try the following
simple algorithm :
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Alternate algorithm
Implement filters (14.14))-(14.17) and ([14.28]) for two strictly positive real numbers A; and

A2, and at any time ¢, find an estimate R(t) of R by

A

R(t) = Argmin13€R+|J~(x3,t)\ )

where
(s, t) = M3, )" (Z(t) — a(t) w3 — d(t) 23 + L]if*niy) (14.29)
J(x3,t) = |X(23,t) — Li|> — ®? | (14.30)

and an estimate W(¢) of W(t) by R X
W(t) = x(R(t), 1) -

Once again, it leads to the questions of invertibility of the matrix M and uniqueness of
solutions to the minimization problem. But in the same spirit as Lemma [14.2.2] it is possible
to show that

det(M(w3,1)) = 4 (A — A1) det (n(as, ), 7(w3,1)) + O(1)

—_——
o)
n(xs, )" o 0 1
< s, )T ) (s, &) = Li(e)) = ( (s, DI ) +0(5)
= P(l’g,t) 1
J(x3,t) = +0(~-]),
det (n(as. 1), s, 1) 5)

so that the same conclusions hold.

The main advantage of this algorithm is that the filters are implemented for only two A
(instead of three), thus reducing the dimension of the state from 21 to 14. However, the mea-
surement ¢ is used directly in the computation of ¥ and J, which, in presence of noise, can
significantly deteriorate the invertibility of ¥ and the estimation of Rand V.

14.3 Simulations

Model and scenario. The simulations presented in this chapter are based on ideal data
produced by a general PMSM model of the type , where the input « is chosen to follow a
desired rotation speed wgr. The details of this model and of the controller is of no interest here,
as long as the produced signals are solution to our model . The speed scenario chosen to
test our observer is shown on Figure The corresponding signals (u, i) are given in Figure
[[4:2] Note that at ¢ = 3, although the speed setpoint is constant, an external torque is added,
resulting in a transient behavior in the signals. This torque then remains constant throughout
the simulation.

Observer algorithm. Choose strictly positive real numbers G and dtg, a one-dimensional
grid G of the interval [—G, G|, and three distinct strictly positive real numbers Aj, A2, A\3. We
assume the machine is used as a motor, i-e that ¢, is positive. The observer consists of the
following modules :

- Implementation of filters (14.14)-(14.17)) and (14.18)).

- Computation of
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Figure 14.1: Rotation speed w = 6 and estimated rotation speed & = 0. The estimation
algorithm starts at ¢ = 0.5.
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Figure 14.2: Currents and voltages in the rotating frame.

O(t) = arg(W(t) — Li(t)) ,
at each time ¢, given the current value of R.

- Estimation of @(t) = é(t) at each time ¢ (see below).

- Update of the value of R every dtg > 0 with the following algorithm :
]321 = ArgAminZBGRJrg |J(x3,t)]
Uy = x(Ry,1)
01 = arg(¥; — Li(t))
ig1 = | = sin(01),, cos(01)]i(t)
if i1 > 0 then
R=R,
else S
o A Q(t)i
Ry = B+ e
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5=Ry— Ry

if [§| > G then
R=PR,

else if 0 > 0 then
R= Argmin

elss:
R= Argminz3€R+(g0[_G7g]> |J(1I3,t)’

end if

end if

ner+(6n[3.6]) 1/ (@ )]

In other words, the minimum of J is computed on the grid R+ G centered at the current
value R and, if the corresponding i, is positive, this value is kept. Otherwise, we take the
other candidate given by Theorem [14.1.3] or rather, if this other value is in the grid where
J has already been computed, the true minimum of J around this value is computed. This
latter step can be removed and postponed to the next iteration, but it offers the possibility
of correcting the estimate given by Theorem @ when w, iq and ¢, are not constant
and/or when 0 is not exact.

Note that instead of starting the estimation process right away, one can wait for the filters to
reach their steady-state, i-e "forget" their initial conditions. In the simulations presented here,
we waited for 0.5s.

Estimation of & = §. In order to implement the previous algorithm, w and thus & = 0
needs to be estimated. This can be done in numerous ways including dirty derivatives, exact
differentiators etc. A raw dirty derivative approach would be to take :

ée - Ut’e - é(ée - y)
Cj-)e = _62(9:3 - y)

with ¢ sufficiently large to compensate for the neglected &. But the correction (ée — y) is not
a good idea because it does not vanish at 2kw. A possible solution is to take the correction
arctans (sin(f, — y), cos(f. — y)) instead, but convergence is not guaranteed.

Another idea is to consider as measurements z; = cos(f) and #; = sin(f) and build a high
gain observer for (x1,4y,#1,21), from which & can easily be deduced. This method offers the
advantage of making no approximation on &, but it leads to an observer of dimension 4.

An intermediate solution is to use a reduced order observer of dimension 3 of the form :

= —(F—k+0)y—1x
—(F—k+02)g—tx , y=cosf, ¢G=sinf
= 2k(R+Ly)y+2k(X+L7)7

D> D>
Il

and
Ge=R"+X = or De=yx-Fx-
It is possible to proveﬁ that @, converges to @, at least when @ is constant.

This latter observer is used for the estimation of @ (and thus w) shown in Figure with
¢ = 1000 and k£ = 500.

6Take 19 = 1 = —ﬁ)siné, To = &1 = dzcosé, X =x2 —lx1, X = T2 —€Z1 and v = o2 —l—kz% —l—k:ﬁ =% + k.
—
A 1
Denoting ey, = X — X, éx = X — X and ey =4 — v, we get kei + kéi + 563 = 72]@5(8?( + éi), and thus lime, =0

and lim é, = 0. Hence the convergence of @..
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Results The results of the simulations are presented in Figure for two grids with ampli-
tude G =1 and G = 0.1 respectively.

Observe that with G = 1, the algorithm finds the right value of R in two iterations only,
whereas with G = 0.1, it takes a longer time before R can appear in the grid. In fact, for a
same precision, the broader the grid, the higher the chances of R appearing in it, but the larger
the number of points and computation time, and also the higher the chances of having several
minima in the grid. In practice, one know roughly well the initial value of the resistance, so
that a grid with small amplitude can be chosen, which is then going to follow R throughout the
experiment, in the case where it evolves due to temperature.

The evolution of the criteria J during the simulation with G = 1 is shown in Figure [I4.4]
One can see that the minimum is well marked around R = 1.45.

As for the estimation of , it naturally converges once R has converged. It is interesting to
observe the peak in the error around ¢ = 3 (which in turn appears on @). This is due to the
sudden addition of a torque which destabilizes iy and w and makes them go through 0. We
have seen that in this case, observability is lost and M(R,t) is likely to be non invertible (the
assumption of Theorem is no longer verified). This event is not visible on R because it is
not updated at those precise moments.

14.4 Conclusion

Unlike (¥, ®), the couple (¥, R) is not observable from the only knowledge that y(¢) = 0 for
all t. However, when w and 74 are non zero, there are at most six indistinguishable solutions,
the resistance being one of the roots of a polynomial of degree 6. Besides, in the particular case
where w, 14 and 7, are constant, the number of possible solutions is reduced to two, with two
well-identified values for the resistance. But those solutions turn out to be distinguishable if
the sign of i, (i-e the mode of use of the machine) is known. This information has enabled us
to propose an observation strategy based on a Luenberger design. It remains now to test this
observer on real data, and to understand the affect of saliency on this algorithm.

Note that in this context of non observability, it would be impossible to write the dynamics of
the observer in the original coordinates (x,z3) as recommended in Part (the transformation
is not even injective). Interestingly, the step of inversion of the transformation via minimization
is crucial to the design because it allows to incorporate the additional information about the
sign of i, and to use a discontinuous strategy, which has no influence on the dynamics of the
observer.

As a final remark, this example strongly advocates in favor of the Luenberger methodology.
Indeed, we are not aware of any other observer construction which could work in this case. In
particular, a high gain design is out of the question for two reasons : first, it would necessarily
involve the derivatives of (u,7) which is undesirable in practice, and also, the dynamics of the
observer depend on the inverse of the transformation.
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Figure 14.3: Results of the observer algorithm with Ay = 20, Ao = 30, A3 = 40, dtg = 0.1, and
two grids with amplitude G = 1 and G = 0.1 respectively. The estimation starts at ¢ = 0.5.
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Figure 14.4: Plot of the criteria J(-,¢) on the grid with G = 1 at each iteration where R is
updated, i-e every dtg = 0.1.
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Appendix A

Technical lemmas

In this appendix, we give the proof to some general technical lemmas used throughout this
thesis.

A.1 About homogeneity

Lemma A.1.1.

Let 1 be a continuous functions defined on R™*! and f a continuous function defined on R™.
Let C be a compact subset of R™. Assume that, for all z in C and s in S(f(x)),

n(xz,s) <0.
Then, there exists a > 0 such that for all  in C and s in S(f(x))

n(z,s) < —a.

Proof : Assume that for all k£ > 0, there exists =3 in C and sy in S(f(zx)) C [—1,1] such that
1
0 > n(xk, sK) > %

Then, n(zk, sk) tends to 0 when k tends to infinity. Besides, there exists a subsequence (kp,) such that
Zk,, tends to ¥ in C and sy, tends to s* in [—1,1]. Since 7 is continuous, it follows that n(z*,s*) =0
and we will have a contradiction if s* € S(f(z*)). If f(z*) is not zero, then by continuity of f, s* is
equal to the sign of f(z™), and otherwise, s* € [—1,1] = S(f(z")). Thus, s* € S(f(z")) in all cases. W

Lemma A.1.2.

Let n be a function defined on R™ homogeneous with degree d and weight vector r =
(ri,...,mn), and V a positive definite proper function defined on R™ homogeneous of degree
dy with same weight vector . Define C = V~1({1}). If there exists « such that for all z in C

nz) <a,

then for all z in R™\ {0},

d

n(z) < aV(x)iv .

Proof : Let z in R™ \ {0}. We have T = i +— in C. Thus 7(Z) < o and by homogeneity
V(z)dv
1
—n(r) < @
V(z)v

which gives the required inequality. |
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Lemma A.1.3.
Let n be a homogeneous function of degree d and weight vector r defined on R™ by

r)= max 7n(x,s
n(e) = max (e

where 7 is a continuous function defined on R"*! and f a continuous function defined on
R™. Consider a continuous function v homogeneous with same degree and weight vector such
that, for all z in R™ \ {0} and s in S(f(z))

v(z) >0,
y(z)=0 = 7n(z,s)<0.

Then, there exists ko > 0 such that, for all  in R™\ {0},
n(z) — ko v(z) <0

n d

Proof : Define the homogeneous definite positive function V(z) = Z |z;] " and consider the compact
i=1

set C = V1({1}). Assume that for all k > 0, there exists x5, in C and sy, in S(f(2x)) such that

i(zk, sk) > k y(wxg) >0

7] is continuous, and thus bounded on the compact set C x [—1, 1]. Therefore, y(z) tends to 0 when k
tends to infinity. Besides, there exists a subsequence (k) such that xy,, tends to z* in C and sg,, tends
to s™ in [—1,1]. It follows that (z*) = 0 since 7 is continuous. But with the same argument as in the
proof of Lemma [AT1.1] we have s* € S(f(z*)). It yields that 7j(z*, s*) < 0 by assumption and we have a
contradiction.

Therefore, there exists ko such that
7(z,s) — ko y(z) <0
for all z in C and all s in S(f(z)). Thus, with Lemma there exists a > 0 such that
(@, s) = ko 7(z) < —a

so that
n(z) — ko y(z) <0

for any z in C. The result follows applying Lemma [AT1.2] |

Lemma A.1.4.

Consider a positive bounded continuous function ¢t — ¢(¢) and an absolutely continuous
function ¢ — v(t) both defined on [0,%) and such that
for almost all ¢ in [0,7) such that v(t) > c(t) then (t) < —v(t)?
with d in ]0, 1[. Then, for all ¢ in [0,7),

+ sup ¢(s) .
s€[0,t]

v(t) < max {O,max{y(o) — ¢(0), 047 — t}l/(lfd)

Proof : Let ¢ be in [0, %) and ¢; = sup,¢g 4 ¢(s). For almost all s < ¢ such that v(s) > v, v(s) < —v(s)4,
and thus

max{y(s') — ¢, 0F < —u(s)?
< —max{v(s) — ¢, 0} .

This inequality is also true when v(s) < ¢, therefore it is true for almost all s < ¢. It follows that for all
s<t

max{v(s) — ¢, 0}17‘1 < max{rv(0) — c, 0}17‘1 — s
< max{v(0) — ¢(0),0}' "% — s,
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1
max{v(s) — ¢, 0} < max {07 {max{l/(O) —¢(0),0}' 74 — s}} 1=
and finally, for all s < ¢

v(s) < max {0, {max{v(0) - c(0), 0}~ = s}} 77 4 cv

Taking this inequality at s =t gives the required result. |

Lemma A.1.5.

For any (x,, ) in R2, for any p > 1, we have

S [EAEEAEAL

1—-1 1
<2 r ’-xa_xb’p

=

1 1 1
- (Jzal + [z]) 7 <faal? + |ap|?

1
Proof : The second inequality is just the definition of the concavity of  — 2» on RT. As for the first
one, it is enough to prove it for |xq| > |zs| (otherwise exchange them) and z, non negative (otherwise
take (—zq, —x3). Besides, since it clearly holds for z, = 0, we only have to prove (for z = ﬁ),

1 1 1
zv £1<27 v (z+ 1) Vo >1.
1 1 1 1
First, by concavity of x — z», %xg + %15 < (’”7"'1) ? which gives the required inequality for the case

1 1 1 1
"+". Besides, still by concavity of x — z7, we have for > 1, Z=Lz» + 10% < (“”T’lx + %O)P and

1 1 1
%x? +2=10p < (ix —+ %0) ?. Adding those two inequalities gives the case "—". |

x

A.2 About continuity

Lemma A.2.1.

Let v : R® — R? be a continuous function on a compact subset C of R". There exists a
concave class K function p such that for all (z,, ;) in C?

¥ (2a) = P(@p)| < p(lza — 28]) -

Proof : Define the function
po(s) = max [¢(x+e)—¢(z)|

zeC,le|<s
which is increasing and such that po(0) = 0. Let us show that it is continuous at 0. Let (sn) a
sequence converging to 0. For all n, there exists =, in C and e, such that |e,| < s, and po(sn) =
|(zn + €n) — Y(xn)|. Since C is compact, there exist * in C, e* and subsequences of (z,) and (ey)
converging to z* and e* respectively. But e* is necessarily 0 and by continuity of ¥, po(s,) tends to 0.
Now, the function, defined by the Riemann integral

2s
1
= d 0
pr(s) = S/S po(s)ds+s , s>
0 ,s=0
is continuous, strictly increasing and such that po(s) < p1(s). Besides, taking 5 = max,, ., ec? [Za — b,
there exists a concave class K function p such that for all s in [0, 8], p1(s) < p(s) (see [McS34] for instance).
Finally, we have :

[ (za) — (o) < pllza —ap|) V(w0 30) €C* .
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Lemma A.2.2.

Consider a function ¢ : R — R. Assume that there exist a compact set C of R™ and a
function p of class K such that for all (z4,zp) in C?

[(wa) = ()| < pllea = w) -
byf]
)

Define the function 1]) (R — [—, ]
(2) = sat;(6(2)

with ¢ = max ¥ (z). Then, for any compact subset C strictly Containen C, there exists a
ze

positive real number ¢ such that for all (z,,z) in R™ x C,

A

[ (2a) = )| < cp(lza — a3)) (A1)

Proof : Since C strictly contains C, we have :

5= inf e — 2| >0
(za,xp)€(RM\C)xC

First, for a3 in C, 1[1(%) = ¥(xp). Now, if z, is in C, then we have zZA)(:ca) = ¢ (zq) and consequently
(A.1)) holds for ¢ > 1. If , ¢ C, we have, for all 2 in C,

[Ta —a| > 4,
[P(xa) = Plaw)| < 29 < 2pelzaznl

and holds for ¢ > (1?)' [ |

A.3 About injectivity

In this appendix, we consider two continuous functions ¥ : R” — R" and 7 : R” — R? and a
subset & of R™ such that

U(z) = U(zp) V(@a,ap) € 8% v(za) = y(ap) - (A.2)
In the particular case where W is the identity function, (A.2]) characterizes the injectivity of ~.

Lemma A.3.1.
There exists a function 1 defined on (S) such that

U(z) =9Y(y(x)) VreS. (A.3)
Proof : Define the map ¢ on ~(S) as
U (v@)}
A=

For any z in v(S), the set 1(z) is non-empty and single-valued because according to (A.2)), if z = =
~v(zp), then ¥(z,) = ¥(xp). Therefore, we can consider ¢ as a function defined on 'y(S) and it verlﬁes

A3). m

!The saturation function satas(-) is defined by sats(x) = max{min{z, M}, —M}
2By strictly contained, we mean that C' C C and the distance between C and the complement of C, namely
R™\ C, is strictly positive.
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Lemma A.3.2.

Consider any compact subset C of S. There exists a concave class K function p such that
for all (z4, ) in C?
W (za) = V(xe)| < p(I7(2a) = v(20)]) - (A.4)

Proof : We denote D(zq,z1) = |7(za) — v(xp)|. Let
pols) = max  [W(ea) — W(a)

(x4, ) € C?

D(za,xp) < s
This defines properly a non decreasing function with non negative values which satisfies :

[U(za) — U(zp)| < po(D(Ta,zp)) Y(zq, 1) € C* .
Also po(0) = 0. Indeed if not there would exist (q,23) in C? satisfying :
D(zq,x) = 0 | (zq) — W(xp)] > 0.

But this contradicts Equation (A.2).
Moreover, it can be shown that this function is also continuous at s = 0. Indeed, let (sg)ren be a
sequence converging to 0. For each k, there exist (2q,x, Tp,k) in C? which satisfies D(zak,Tok) < Sk
and po(si) = |¥(xa,x) — ¥(zp,k)|- The sequence (Tq.k,Tok)ken being in a compact set, it admits an
accumulation point (x},z;) which, because of the continuity of D must satisfy D(z},z;) = 0 and
therefore with (A.2)) also W(x;) — U(z;) = 0. It follows that po(sk) tends to 0 and po is continuous at

0. Proceeding with the same regularization of po as in the proof of Lemma the conclusion follows.
|

Lemma A.3.3.

Consider any compact subset C of S. There exists a uniformly continuous function v defined
on R such that
U(z) = Y(y(z) VreC.

Proof : Consider ¢ and p given by Lemmas and respectively. For any (za,2) in v(C)?,
there exists (zq,s) in C? such that z, = v(z4) and z, = v(zp). Applying (A4) to (za,zs) and using
(A.3]), we have
[(za) = ¥(2)] < p(lza — 2]) -

p being concave, we deduce from [McS34] Theorem 2] (applied to each of the r real-valued components
of ¢) that ¢ admits a uniformly continuous extension defined on R?. Note that the extension of each
component preserves the modulus of continuity p, so that the global extension has a modulus of continuity
equal to ¢p for some ¢ > 0 depending only on the choice of the norm on R". |

When ¢ < n and + is full-rank on C, the function 1 is even C':

Lemma A.3.4.

Assume that ¢ < n and ? is full-rank on S, namely + is a submersion on S. Then, v(S) is

T
open and there exists a C' function 1 defined on (S) such that

V(z) =9(y(z)) Vees.

Proof : v is an open map according to [Leel3dl Proposition 4.28], thus v(S) is open. Consider the
function ¢ given by Lemma and take any z* in v(S). There exists * in S such that z* = v(z*).
~ being full-rank at x*, according to the constant rank theorem, there exists an open neighborhood V
of z* and C! diffeomorphisms P11 : R™ =V and 92 : R? — 4(V) such that for all & in R™:

YW1 (2)) = 2(Z1, ..., &q) -
It follows that for all z in (V)
(W1 (3 '(2),0)) = 2

namely v admits a C? right-inverse 4™ defined on (V) which is an open neighborhood of z*. Therefore,
1 =Wo~" and ¢ is C* at z*. |
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A direct consequence from those results is that any continuous function + : R” — R? injective
on a compact set C admits a uniformly continuous left-inverse 1 defined on R? (take ¥ = Id).
The previous lemma does not apply because v cannot be a submersion. However, we will show
now that when ~ is full-rank (i-e an immersion), this left-inverse can be taken Lipschitz on RY.

Due to needs in Chapters [5] or [7}, we generalize those results to the case where the function
~ depends on another parameter w evolving in a compact set:

Lemma A.3.5.

Let v : R™ x R? — RY be a continuous function and compact sets C, and C, of R™ and R?
respectively such that for all w in Cy,  — 7y(z,w) is injective on C,.
Then, there exist a concave class K function p, such that for all (z4,z;) in C2 and all w
in Cy,
20 — @l < p(1y(@asw) — y(@p, w)]) |

and a function v defined on R? x RP and a strictly positive number ¢ such that
T = ¢(7($7w)7w) V(l'?w) € Cy x Cy
and

|9 (20, w) = P(2p, )| < ep(|za — 20)

i-e z — (2, w) is uniformly continuous on R?, uniformly in w.
If besides for all w in Cy,,  + y(z,w) is an immersion on C, , i-e for all w in C,, and all

z in Cg, @(x, w) is full-rank, then p is linear and z — (z, w) is Lipschitz on R?, uniformly

ox

in w.

Proof : The proof of the existence of p follows exactly that of Lemma but adding in the max
defining po, w € C,. Since it is a compact set, p is well defined and the same p can then be used for
any w in Cy. Applying Lemma to every x — vy(x,w) gives the result since it is shown there that
the extensions admit all the same modulus of continuity cp for some ¢ > 0 depending only on the norm
chosen on R".

Now suppose that  — v(z,w) is full-rank for all w in Cy,. Let A be the function defined on Cz X Cy X Cyp
by

A(zq,xp, w) = Y(Ta,w) — y(zp, w) — %(mb,w)(ma —xp) .

ox

Since g—l(m, w) is full-rank by assumption, the function

P(z,w) = (%(m,wﬁ%(w,w))7 %(ac,w)T

is well-defined and continuous on C; X Cy, and for any (Z4,zs, w) in Cz X C; X Cy, we have

|za = 2| < Pra(y(2a, w) = (@, w] + [A(2a, 7y, w)])

[A(Za,p,w)|

P is defined and continuous on C; X C, X
a

with P, = maxc, xc,, |P(z,w)|. Besides, the function
Cw, thus there exists La > 0 such that

1
|A(Za, 25, w)| < Lalza — zp|” < E'ma — x|

for any (zq,zs) in C2 such that |xa — x| < 2r with r = and for any w in C,,. Now, define the

set

1
AP LA’

Q= {(za,2) € C3 | |wa — x| > 2r}

which is a closed subset of the compact set C2 and therefore compact. The function (x.,xs, w)
% is defined and continuous on Q x C,, since (-, w) is injective for any w in C,. Thus, it

admits a maximum M on the compact set ©Q X Cy.

Finally, take any (z., ) in C2 and any w in C,. There are two cases :
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-either (zq,xp) € Q, i-e |4 — xp| < 27, and
P,
‘{Ea - xb' < Tmh/(xaaw) - 7(50177’“))‘ .

-or (Za,zs) € , and
|za — 2| < M|y(2a,w) — (0, W)] -

We conclude that p can be chosen linear with rate L = max{%7 M}. |






Appendix B

Proofs of Chapter [10

B.1 Proof of Lemma

The compact Ky being globally asymptotically attractive and interior to FE which is forward
invariant, E is globally attractive. It is also stable due to the continuity of solutions with
respect to initial conditions uniformly on compact time subsets of the domain of definition. So
it is globally asymptotically stable. It follows from [Wil69, Theorem 3.2] that there exist C*°
functions Vi : R™ — R>p and Vg : R™ — R>( which are proper on R™ and a class K, function
« satisfying

a(d(z,Kg)) < Vk(z), a(d(z,E)) <Vg(z) VzeR™,
Vk(z)=0 Vze Ky , Vg(z)=0 VzeFE,

——(2) x(2) < —VE(2) VzeR™.

vp = suap  Vk(z) , p=
2€R™: d(z,E)<d VE

and since « is of class K, we obtain the implications

Ve(2)+uVik(z)=a(d) = a(d(z, E))<Vg(z)<a(d)

With our definition of p, this yields also

a(d) —pVk(z) =Ve(z) = 0<@§VE(7;) = 0<d(z,E)<d.

On the other hand, with the compact notation V(z) = Vg(z) + uVk(2), we have %(z) x(z) <
—V(z), for all z € R™. All this implies that the sublevel set £ = {z € R™ : V(z) < a(d)} is

contained in {z € R™: d(z,F) € [0,d]} and that c1(F) is contained in £. Besides, & verifies

property € with the vector field x and the function k =V — «a(d).

B.2 Proof of Lemma [10.2.1]

We use the following notations:
The complementary, closure and boundary of a set S are denoted S¢, c1(.S) and 95, respectively.
The Hausdorff distance diy between two sets A and B is defined by :
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zAEAZBeB z

dp(A,B) = max{sup inf |z4 — zp|, sup inf \ZA—zB]} .
cAZBEB

Z(z,t) denotes the (unique) solution, at time ¢, to 2 = x(z) going trough z at time 0 and
S = U Z(OE,¢).
te(0,e]

Lemma B.2.1 Let E be an open strict subset of R™ werifying €, with a C*® vector field x and
a C*° mapping k. There exists a strictly positive (maybe infinite) real number e~ such that, for
any € in [0,ex[, there exists a C*-diffeomorphism ¢: R™ — E, such that

¢(z)=2 Vze E.=EN(X)" dy(0E;, 0F) < esup|x(z)| .

Proof : According to Condition €, x is bounded and Ky is a compact subset of the open set E. It
follows that there exists a strictly positive (maybe infinite) real number e such that

Z(z,t) & Ko V(z,t) € OF x [0,2e00] -

In the following ¢ is a real number in [0, eco|.
We introduce the notations
Yoo = U ZOE,t) ,  Es=EN (S2)
t€[0,2¢]
and establish some properties.
— E is forward invariant for x. This is a direct consequence of points G and G

— ¥ge 1s closed. Take a sequence (zi) of points in Yo, converging to z*. By definition of Xa., there exists
a sequence (ty), such that :

tr € [0, 2¢] and Z(zk, —tr) € OF VkeN.

Since [0, 2¢] is compact, one can extract a subsequence (t,(x)) converging to ¢t* in [0, 2¢], and by continuity
of the function (z,t) — Z(z, —t), (Z(2o(k), tok))) tends to Z(2*, —t*) which is in JF, since OF is closed.
Finally, because t* is in [0, 2¢], z* is in Y. by definition.
— Yo is contained in c1(E). Since, E is forward invariant for x, and so is c1(E) (see [Hah67, Theorem
16.3]). This implies

OF C 2. = | Z(0B,t) C c1(B) = EUJE .

t€[0,2¢€]

At this point, it is useful to note that, because Xa. is a closed subset of c1(E) and E is open, we have
Yo NE = X2.\0E. This implies :

E\EQE = (EQE)C NnNE = (EC U 225) NE=Y:NE= Egg\aE, (Bl)

and FE = Egg L¢J (Egg\ﬁE)

With all these properties at hand, we define now two functions t and 6. The assumptions of global
attractiveness of the closed set Ko contained in E open, of transversality of x to 0F, and the property
of forward-invariance of E, imply that, for all z in E°, there exists a unique non negative real number
t(z) satisfying:

k(Z(z,4(2))) =0 <= Z(z,t(2)) € OF.

The same arguments in reverse time allow us to see that, for all z in Xo., t(2z) exists, is unique and in
[—2¢,0]. This way, the function z — t(2) is defined on (Ea:)°. Next, for all z in (F2.), we define :

0(z) = Z(z,4(2)).

Thanks to the transversality assumption, the Implicit Function Theorem implies the functions z — t(z)
and z — 0(z) are C° on (Eac)".

Now we evaluate t(z) for z in 0¥9.. Let z be arbitrary in 932, and therefore in Xa. which is closed.
Assume its corresponding t(z) is in ] —2¢A¥., 0[. The Implicit Function Theorem shows that z — t(z) and
z + 0(z) are defined and continuous on a neighborhood of z. Therefore, there exists a strictly positive
real number r satisfying

Yy € Byr(z), 3t, €] —2¢,0[: Z(y,ty) € OF .
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This implies that the neighborhood B, (z) of z is contained in 3, in contradiction with the fact that z
is on the boundary of ¥s.. This shows that, for all z in 9%, t(2) is either 0 or —2¢. We write this as

(6225)2. = {Z € Yoe t(z) = —28} s 0%9e = 0F U (6225)2. .

Now we want to prove 9Fa. C (0X2:),. To obtain this result, we start by showing :
OF> NOE =0 and OFs C 0%ac . (B.2)

Suppose the existence of z in 0F2. N JE. z being in JF, its corresponding t(z) is 0. By the Implicit
Function Theorem, there exists a strictly positive real number r such that,

Yy € Br(z), 3ty € ]—¢,¢e] : Z(y,ty) € OF .

But, by definition, any y, for which there exists t, in | — ¢, 0], is in Xo.. If instead t, is strictly positive,
then necessarily y is in E¢, because E is forward-invariant for x and a solution starting in E cannot reach
OF in positive finite time. We have obtained : Br(z) C ¥2. U E€ = (E2:)°. Br(z) being a neighborhood
of z, this contradicts the fact that z is in the boundary of Fa..

At this point, we have proved that 0Fs. N OF = 0, and, because Fa. is contained in E, this implies
OFE>. C E. With this, (B.2]) will be established by proving that we have dFa2c C 9X.. Let 2z be arbitrary
in OF2. and therefore in E¥ which is open. There exists a strictly positive real number r such that we
have :

0 # BT(Z)HEQE = BT(Z) n (EQ(ZQE)C) , 0 # Br(z)ﬂ(Ek)c =
B.(z) N (E°UX2) , Br(z)CE.

This implies Br(z) N (22:)° # 0 and By(z) N 2. # 0 and therefore that z is in 9%s..
We have established 0F>c NOE = 0, 0FE2. C 032 and 0X2. = OE U (0%2.),. This does imply :
0F2. C (0%2:); = {2z € FE : t(2) = —2¢} . (B.3)
This allows us to extend by continuity the definition of t to R™ by letting
t(z) = —2¢ Vz € Fac .
All the properties we have established for Y. and Fo. hold also for ¥. and E.. In particular, we have

t(z) € [—2¢,—¢] Vz € E: \ Fac . (B.4)

Thanks to all these preparatory steps, we are finally ready to define a function ¢ : R™ — E. Let
v :R — R be a function such that the function ¢ — v(t) —t is a C° (decreasing) diffeomorphism from R
onto ]0, +oo[ mapping [—e, +oo[ onto |0, ] and being “minus” identity between | — co, —¢] and [e, +00],

ie.
v(t)—t = -t Vt< —¢.
We have
v(t) >t VteR v(t(z)) = 0 Vz € Ec \ Fa. . (B.5)
We let :

Z(z,v(t(2)),  ifz € (Bx)
¢(z) = .
Z, if z € Eae .
The image of ¢ is contained in E since we have (B.5), E2. C F and :
Z(z,t(z)) € OF , Z(z,t) € E V(z,t) € OE x Rsg .
Like the functions Z, v, and t, the function ¢ is C° on the interior of (F2.)". Also, since (B.5)) implies
o(z) = z Vz € E: \ Ea (B.6)

¢ is trivially C° on FE. and therefore on (E2.) U E. = R™.

We now show that ¢ is invertible. Because of , this is trivial on F.. Let y be arbitrary in
E N (F2)° = ENXa. Toy corresponds t(y) in the interval [—2¢,0[. Thus, —t(y) is in ]0, 2¢], image of
[—2¢e, 4+00[ by the C® diffeomorphism ¢ — v(t) — t. Hence there exists s(y) in [—2¢, +o0] satisfying

v(s(y)) — s(y) = —t(y) . (B.7)
Moreover, (B.4) implies that for y in E. \ Eac subset of E N (F2:), we have
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€0

So with letting
s(y) = tly) = —2¢ Yy € Ea.

we have defined a function s : E — [—2¢, +oo[, which thanks to the implicit function theorem, is C* and
satisfies (B.7).
This allows us to define properly ¢! : R™ — E as :
¢ y) = Z (y, —v(s(y))) -
By composition, this function is C* and it is an inverse of ¢ in particular because, with , we have
t(Z(y, —v(s(y))) = (Z(y, t(y) —s(y))) =s(y)  VyeE.
This gives
o(Z(y, —v(s(y)) = Z(Z(y, —v(s(y))), v((Z (y, —v(s(v)))))) = Z(Z(y, —v(s(y))), v(s(y))) =y

All this implies ¢ is a C*-diffeomorphism from R™ to F.

Finally, we note that, for any point z. in OF., there exists a point z in JF satisfying :

/06 X(Z(z,s))ds

|ze — 2| = <e szlplx(é)l :

And conversely, for any z in OF, there exist z. in OF, satisfying :

oo — 2| = / ()| < e s IO

It follows that, with € as small as needed,

du(0E:, 0E) < ¢ sup|x(()] (B.8) u
S

Lemma[10.2.T]is a direct consequence of Lemma[B.2.T]if we pick e, maybe infinite, satisfying
Z(z,t) € K V(z,t) € OF x [0,2e0] -

can be chosen strictly positive since d(K,JF) is non zero and x is bounded.

B.3 Proof of case b) of Theorem [10.1.1

To complete the proof of Theorem [10.1.1] we use another technical result.

Lemma B.3.1 (Diffeomorphism extension from a ball) Consider a C? diffeomorphism X :
Br(0) = XAM(Br(0)) C R™, with R a strictly positive real number. For any real number ¢ in |0, 1],
there exists a diffeomorphism A, : R™ — R satisfying

Ae(2) = A(z) ¥z € cl(Ba(0).

14+¢

Proof : It sufficient to prove that [Hir76, Theorem 8.1.4] applies. We let

U=B x (0) , A=cl(Bax (0) , 12}‘%7”%{7

1+% I+e

and, without loss of generality we may assume that A(0) = 0.

Then, consider the function F : U x I — R™ defined as

a2 t
We start by showing that F' is an isotopy of U.

e For any t in I, the function z — F; = F(z,t) is an embedding from U onto F;(U) C R™. Indeed,
for any pair (zq,2) in U? satisfying F/(zq,t) = F(z,t), we obtain A(zqt) = A(2pt) where (zq4t, 2zpt) is
in U?. The function A being injective on this set, we have z, = 2, which establishes F} is injective.
Moreover, we have:

Hence, F; is full rank on U and therefore an embedding.

Ft) = (m 0))71 A e\ {0}, F(20) =z .
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e For all z in U, the function ¢ — F(z,t) is C'. This follows directly from the fact that, the function
X being C?, and A(0) = 0, we have

Met) _ 0N ( 8%\ (0)) 2L o

t 0z 020z 2

In particular, we obtain 2 (z,t) = (%(O))_1 p(z,t) where

p(z,t) = t% [%(zt)zt - )\(zt)} vte I\{0}, p(z0)= %z/ (8828/\2 (O)) z

Moreover, for all ¢ in I, the function z — %—f(z,t) is locally Lipschitz and therefore gives rise to an

ordinary differential equation with unique solutions.
Also the set U(zﬂt)eUX[{(F(z7 t),t)} is open. This follows from Brouwer’s Invariance theorem since the

function (z,t) — (F(z,t),t) is a diffecomorphism on the open set U x I. With [Hir76, Theorem 8.1.4],
we know there exists a diffeotopy Fe from R™ x I onto R™ which satisfies F. = F on A x [0,1]. Thus,
the diffeomorphism A, = F.(.,1) defined on R™ onto R™ verifies Ae(2) = Fe(z,1) = F(z,1) = A(z) for
all z € A. |

We now place ourselves in the case b) of Theorem namely we suppose that 7% is C?
and S is C2-diffeomorphic to R™. Let ¢ : S — R™ denote the corresponding diffeomorphism.
Let Ry be a strictly positive real number such that the open ball Bg, (0) contains ¢1(K). Let Ry
be a real number strictly larger than R;. With Lemma again, and since Bpg,(0) verifies
property €, there exists of C2-diffeomorphism ¢o : R™ — Bp, (0) satisfying ¢o(2) = z for all z in
Bg, (0). At this point, we have obtained a C?-diffeomorphism ¢ = ¢90¢1 : S — B, (0). Consider
A=71r0¢7l:Bg,(0) = 75(S) (= A(Bg,(0))). According to Lemma we can extend A
to Ae : R™ — R™ such that A\, = 77 0 ¢~ on Bg,(0). Finally, consider 7* = A\ 0 ¢1 : S — R™.
Since, by construction of ¢, ¢ = ¢1 on ¢ '(Bg,(0)) which contains K, we have 7 = 7* on K.






Appendix C

Proof of Theorem [13.1.

In this appendix, we prove that Theorem [13.1.1} namely that System (13.2)) is an observer
for System (13.1). We have seen that to do so, it is enough to show that

Lemma C.0.2.

Consider a strictly positive real number ® and a function w : [0, 400) — R such that there
exists wy > 0, Wp > 0 and w; > 0 such that for all ¢ in [0, +00)

wo Swlt) <To , @(t) <@ .
Then, (®,0,®) is an asymptotically stable equilibrum point of the dynamics
X, = —wX+ wd — 2qX'q (Xj + XqQ — (i>2> (C.1)
b = qb (%34 82— )

with basin of attraction containing the forward invariant set Q = R? x (0, +-00) .

C.1 Lyapunov function

Our first step for the convergence analysis is to look for a Lyapunov function. To facilitate
this task, we do another change of coordinates aiming at getting the dynamics in a triangular
form, the so-called feedback form. Our motivation is that for this specific form, we have the
backstepping methodology allowing us in particular to build Lyapunov functions. This task is
easily achieved after noticing that we have, o being non zero when the solution is in 2,

; b \
Xa+2qXg= = wXy
P
5 ) N
Xq+ 2qu£ = —wXg+wd

and therefore

@ = —defi)2 + wd?®
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This leads us to the second set of coordinates

2 = X 02
B = X,0?
By = ot

As desired, the dynamics take the following feedback form

r, = Ld:%g

To = —wl1+wdVI3

. 3

b = g (8] - @&+ 3))

Z12 = fi2(Z12,23)
3

iy = —4q (a:§ — (87 +§:§)>
with #192 = (#1,22). Now, a necessary condition to have a Lyapunov function V such that

oV
0Z12

(Z12, 23) f12(Z12, Z3) — 4q

3
is to have (just pick 22 = 2% + £3)

ov . 5 92 o 9.2
%(5512, (&5 + #3)5) frz2(212, (27 + 23)3)) <0 .
This suggests to find first a Lyapunov function for the system

1 = wis

1
o = —wi 4+ wd (@t +23)5 .

&>

>

The latter system admits periodic orbits which are level sets of

which is positive, 0 only at (21, 22) = (®3,0) and proper in (&1, %2).
Then, inspired by the backstepping methodology (see [PANC91]), we look for a Lyapunov
function in the form

V() = Vi(Z1, 22) + Va(Z3,7)

with A
3
Vo(&s,r) = / o(s,r)ds r =22 4 23
r2/3
where ¢ is a C! function satisfying
3 3
o(Z3,71) (@g - 7') >0 Vr # &35 . (C.2)
Along the solutions, we obtain
. ovi ... . oVa . L2 oVa . . /A
Vo= (B2, 23) fra(f12, 83) — 447> (85, 7) (96':'3 - 7") + 2 (@3, 1)20wiz /T3
3x12 6x3 8T

= z 3
= vt (Y3 ) o [ 52t 2vta B~ daptan) (5] <)

2/3 Or
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In view of (C.2)), V is non positive if we select the function ¢ satisfying (C.2)) and

=

V 3 (990<3’7“)ds] 2Pwio/Tg = —Dwisy (ﬁ — 1)

2/3 Or
and thus A
/’”3 890( ) 1 < 1 1 )
—(s,r)ds| = = | ——=—-——=] .
r2/3 Or " 2 \Vig rl/3
It is necessary to have
OSO(A ) 1
a5 \IL3,T -
or @3/2

and finally

This gives us

563
and
V=V+V ty +1—T Py + '
= = —X — [— €T
PR T 9 2, Py

Since for any r, the function ¢(-,7) is strictly positive for &3 > r2/3 and strictly negative for
&3 <123, Vo(-,r) is positive and Va(Z3,7) = 0 < 23 = r2/3. We deduce that V is positive and

V=0&cVi=0and Vo =0 (21, 2) = (9°,0) and 23 = >3 & (&1, 20, 23) = (9°,0, %) .
In the original coordinates, the expression of V is

% > & (i)4 1A2 2 2 52 ¢ CI)4
V(Xa Xgo @) = =+ 587 (X3 + X7) - 097Xy + -

For any (X,, ®), X4 (X7 + XqQ — 28X ,) reaches its minimum for X; = ®. Thus,
V> Llergey 1(<i>2 —3%)%2>0

and V vanishes only at the equilibrium. It satisfies

V=—qd*(®? - (X+X2)2<0. (C.3)

C.2 Analysis of convergence

Consider a solution (X,(t), X4(t), ®(t)) maximally defined on [0, 7] in €. Because of (C.3), V is
bounded on [0, {[ when evaluated along the solution. V' being proper in ®, ® is also bounded on
[0, %], let’s say by ®,,. Besides,

Xy+X, = —4q(X]+ X2)(X] + X2 - 9?) + 20D X,
< —4q(X3+ X2)? + 4902, (X7 + X2) + 20D/ X3 + X2 .

The negative term dominates for large values of (X3 + X, 2), which implies that (Xg4, X,) is also
bounded on [0, Z].
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Now assume that ¢ is finite. Since the solution is bounded, it tends to the boundary of
when ¢ tends to Z, i-e ® tends to 0 (in finite time). But this is impossible, because of uniqueness
of solution, knowing that d = 0 is a solution. Therefore 7 is infinite and any solution is defined
on [0, +00). Let us now show that it converges to (®,0,®).

Note that is time-varying because of w and LaSalle invariance principle may not apply.
But since V' decreases and is lower-bounded, it converges. Besides, the solution and w being
bounded V is bounded. It follows according to Barbalat’s lemma that

lim V= lim ®@®—(X2+X2)=0.
t——+o00 t—-+o0
Using again Barbalat’s lemma on V' (V converges and V() is bounded because & is bounded)
gives lim V =0 and thus
t——+oo
lim wddX, =0,

t——+o00
which yields since w is lower-bounded away from zero,

lim ®X,=0.

t—+00

Finally, applying again Barbalat’s lemma to the derivative of this function, we end up with

lim wd(X;—®)=0,

t——+o0

and again since w is lower-bounded,

lim ®(X;—®)=0.

t——+o0

To sum up, we have established the following three limits

lim &(®* - (Xj+X2)=0 , lm ®X,=0 , lim ®(X;-®)=0.

t——+o0 t——+o0 t—4o00

This is not enough to conclude since we could have a priori ltlgl +inf $ =0. However, the following
o0

points give the result :

1. The time function (Xd, Xq, @) is bounded and continuous. It follows that for any sequence
(tn) such that lim,, . t, = +00, the sequence (Xg4(ty), Xq(tn), (t,)) admits at least one
accumulation point.

2. Let P* = (X ;,X;, <i>*) be such an accumulation point. Because of the limits we have
established, it verifies :

A

(6 — (X7 + X)) = 0
Xy = 0
P(Xi-®) = 0.

Thus P* is either of the type (X;,X;, 0) with (X;f,f(;) in R? (type I) or equal to Py =
(®,0,P).

3. Assume that Fp is not an accumulation point. Then, any accumulation point is of type I
and the only possible accumulation value for ® is 0. Thus

lim ®(t) =0.

t——+00
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To ease the notations let us denote the vector X = (Xd,Xq). Solving the differential
equation ruling ®2, there exists ag, by strictly positive such that

$2 _ B(t)
1+bg+2¢q fg o(s)ds

with

6(1) = agho exp <2q /O t |X(s)|2ds) .

Since ® tends to 0, for any n > 0, there exists ¢ > 0 such that for all ¢ > ¢, we have
®%(t) < 1. This means that for all t >,

o) < 3 (1 bt [ <z><s>ds) g [ os)ds

co

and by Gronwall’s lemma
o(t) < coexp (ng(t —1)) .

We conclude that for any n > 0, there exists ¢ > 0 such that

t
o UV co
X(s)?ds < ~(t —1) + —1 () C.4
A e A P (C.4)
But we are going to prove the existence of to, 7 > 0, and a sequence (f;) such that
limg o0 tx = +00 and

/ttk X (s)|?ds > n(ty —to) , (C.5)

which contradicts (C.4). Indeed, consider the dynamics of X with inputs w and . wd
being lower-bounded by w® > 0, there exist a and b such that the conditions of Lemma

given below are satisfied for
, ty =400 | vz(?) .

First, assume that there exists to > 0 such that for all ¢t > to, |X(t)| > 5, then (C.5)) is

true for any sequence (t;), and n = %. Assume now that this is not the case, i-e for any

1, there exists ¢ > 7 such that | X (¢)] < §. Then, according to Lemma one can build
sequences (ty1), (tk2), (tk,3), each tending to +o0o such that for all & :

r=X ) b:

v,

. tp1 <tro <trg
(X)) <§ VteE [ti—13tra]
<

C<|X(t) <a VtE [ty tol
X (th,2)| = a
(X ()] > & VtE [tro, tr)]
and
3£>tk2_tk—13 tk2_tk1>i-
b — " R ’ T 2b
We denote

th1 =tp1 —th-13 tho=tro—tp1 th3 =tps —tro
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and t =ty 3 — th—1,3 = tg1 + tg2 + ti 3 the duration of the cycle k. Then, the mean over
a cycle

| X (s)|?ds >

1 [tes a?  tpo+ g a? 2% +iks _a® (b
— —= — — — 3. min [ =, 1
Uk Jtr 15 4tpr+lea ey — 4 P+

6b’
Finally, with (C.4) and n given above, there exists ¢ such that

is lower-bounded. Thus, (C.5]) holds with n = % min (2 1) and t, =ty 3.

n €o
tr —t —(tr, — t 71
n(ty —to) < 2( k—1t) + 5 log <a0b0>

for all k greater than some k. This is impossible. Thus, Py is accumulation point.

4. Assume that P = (X ,0) is another accumulation point. There exists an increasing
sequence of times () such that
lim ¢, = +o0
n—oo

. . A o

|(Raltr), Xyltar) $(t20)) - Ro| < 5

A A e @
‘(Xd(t2k+1)7Xq(t2k+1),‘I’(tzk+1)) - Pl‘ < 5

Since |Py — Pi| > @, by continuity of the solution, for all k£ > 0, there exists 73, > tof such

that q)
|(Ralm), Xy(m), @) = Po| = 5 -

But then, the sequence (X4(73), X4(7%), ®(7%)) admits an accumulation point P’ verifying
|P' — Py| = %. This is impossible because P’ should be Py or of type I, and for any P
of type I, |P — Py| > ®. Therefore, Py is the only accumulation point and the solutions
converge to Fy.

To complete the proof, it remains to show the following technical lemma :

Lemma C.2.1.

Let a, b and b be three strictly positive real numbers, v be a unit vector in R® and f be a
continuous function such thatfl}

v f(xt) > b, b= [f(xt)]  V(x,t) € Ba(0) xR
Let x(t) be a solution of
T = f(z,1)

defined on (¢_, %) with values in R™. If there exists ¢g in (f—, %) such that |z(tg)| <
there exist ¢; and to both in (¢_,%;) such that

5, then

z(t)] = 2 |z (t2)] 3yt to—t; > 2
€T = - €T = Q _— —_ —_ _—
1 2 5 2 ) Q*Z 0 2 1 %

and |z(t)] > § for all t in [t1,ts].

Proof : Let t2 < t4 be the maximum time such that x(t) is in Bo(0) for all ¢ in [to,t2][. We have

v @(t) > b, Yt € [to, t2]

!We denote B, (0) the open ball of R™ centered at the origin with radius a and B, (0) its closure.
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and a
—lz(to)] = —5 .

v z(to) 5

\Y]

This yields
la| > |z(t)] > v z(t) > —g + blt—to]  VtE [to,ta] .

Thus t2 is finite and by continuity,

3a
lz(t2)] = a % > ta—to .

By continuity of solutions, there also exists ¢1 in [to, t2[, satisfying :

a
lz(t1)| = ) 3 > t1—to .

But we also have

t1
so that a B
la| = lz(t2)] < 5 T bta — t1]
and therefore u
to —t1 — .
2b






Appendix D

Proofs of Chapter |14

In this appendix, we prove most of the results presented in Chapter

D.1 About observability

D.1.1 Proof of Theorem 14.1.1]
Consider a solution (z,z3) to System (14.2]) verifying for all ¢
0=y(t) = |z(t) — Li(t)]* — & .

x is necessarily of the form

t t
x(t) = g —|—/ u(r)dr — xg/ i(T)dr
0 0
with
To=0 , x3=0,
and finding (x, z3) is equivalent to finding (¢, z3). It follows that for all ¢
0 = l|a(t) = Li(t)]* = [z — Li(0)[?
= [2(t) — o — L(i(t) = i(0)] " [2(t) + o — L(i(t) + i(0)]
= fi(x3,1) " [2(wo — Li(0)) + 7i(x3, 1)]

where we have defined

(s, t) = /Ot u(r)dr — 3 /Ot i(r)dr — L(i(t) — i(0)) . (D.1)
We deduce that for any time ¢,
27j(x3,t) " (zo — Li(0)) = —ij(ws,t) Tii(ws, t) = —|fi(x3, 1) .

Therefore, unless x3 makes 7(x3,t1) and 7(x3,t2) colinear for any (t¢1,t2), there exits at most
one possible value of xg for each x3.

Take x3 such that 7j(z3,.) is not constant. There exists ¢; such that 7(z3,t1) # 0. Thus,
for some to # t1, 7j(x3,t2) colinear to 7j(xs,t1) implies that there exists A\ such that 7j(xz3,t2) =
A(x3,t1). But then,we have

2M7j(x3,11) " (w0 — Li(0)) = —N?ii(a3, 1) = —Alij(s, 1)

and necessarily A = 1 or A = 0, i-e 7(z3,t2) = 7(z3,t1) or N(x3,t2) = 0. But, since 7(x3,.) is
continuous and not constant, there exists to such that 7(xs3,t2) # 7(xs3,t1) and 7(z3,t2) # 0.
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Actually, still by continuity, we can even say that there exist two intervals I1 and I, such that for
all (tl,tg) in Il X _[2, we have 77(1‘3,751) 75 O, ﬁ(ﬂjg,tg) 75 0 and ﬁ($3,t2) 75 ﬁ(ﬂ?g,tl), i-e such that
n(x3,t1) and 7(x3,t2) are not colinear. For each such couple (t1,t2), zo is uniquely determined
by the value of z3. Indeed, denoting

0 1

we have 7j(z3,t1) " Jij(z3,t2) # 0 and necessarily

1 (s, tr) o s, 12)) ( (s, 22) )
2 7 '

= Li(0 -
o i(0) + x3,t1) " Jij(xs, t2) —|i(z3, t1)]?

Replacing this expression in the constraint
lzg — Li(0)* —®%* =0,

we obtain a polynomial of degree 6 in x3 for each couple (t1,t2) in I1 X Is. In order to deduce
that there are at most 6 solutions x3 making 7(x3,.) not constant, we need to prove that at
least one of these polynomials is not a constant. It is possible to show that the coefficient of
highest degree is given by I(t1)2I(t2)%(I(t1) — I(t2)) with I(t) = [Ji(r)dr. If I(t;) = 0 for all
t1 in I7, then ¢ is zero on I; which is excluded by assumption, thus there exists t; in I; such
that I(t1) # 0. Now assume I(ta) = I(t1) or I(t2) = 0 for all t9 in I5. Again this means that
i is zero on I, which is impossible. We conlude that there exists (¢1,t2) in I3 x Iz such that
the corresponding polynomial is "truly" of order 6 (i-e with a nonzero coefficient of order 6) and
therefore, there are at most 6 solutions x3 making 7(x3,.) not constant, and for each of these
values, there is a unique corresponding zy. This characterizes at most 6 solutions (x, z3).

Now take x3 such that 7(zs,.) is constant. Since 7(z3,0) = 0, f(x3,t) = 0 for all t. It
follows that any ¢ verifying |zo — Li(0)| = @ is solution, and there exists an infinity of solutions
associated to this value of xs.

The only remaining question is therefore : does there exist a value of s making 7(x3,.)
constant 7 Assume such a value exists. Differentiating 7(x3,.) with respect to time, we get for
all ¢

u(t) — x3i(t) — L (t) =0 .
But differentiating (14.3)) with respect to time, we also know that

i - ? " —sin(6(t))
u(t) — Ri(t) = L (t) + (I)< cos(0(t)) )

so that, necessarily, by combining the two equations and multiplying by R(—6(t)), the following
system must be satisfied for all ¢ :

(R —a3)ia(t) = 0
(R—x3)ig(t) = —w()®. (D.2)
We distinguish the following cases :
- if w(t) = 0 for all ¢, there exists at least one constant value of z3 solution to System (D.2])

for all t. Thus, 7j(xs, -) is constant and there is an infinite number of solutions (x, z3).

- if for all ¢ such that w(t) # 0, i4(t) = 0, ix(t) # 0, and % is constant, there exists a constant
value of z3 solution to System (D.2|) for all ¢ and thus an infinity of solutions (z, x3).

- otherwise, there exist no solutions to System (D.2). Therefore, 7j(z3,-) cannot be constant
and there are at most 6 solutions (x,x3) to our observability problem.
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D.1.2 Proof of Theorem 14.1.3

Consider a solution to System (|14.2)) verifying y(¢) = 0 for all ¢. According to Corollary (14.1.1)),
since y(t) = y(t) = §(t) = 0, it is necessarily (¥, R) or (¥s, Rs) where ¥ is given by :

In(Ry,t)?
(Rs,t) T Jn(Rs, )

W5(t) = Li(t) + " In(Rs,; 1) ,

with 7 defined in (14.7)). It remains to show that (Ws, Rs) is a solution to System ([14.2]).
Using (|14.8]), we get
In(z3,1))? = w?®* + 2(R —23)Pwi, + (R—x3)* i

and thus,
In(Rs,t)| = w® .

It follows that there exists 65 such that

—sin 6
n(Rs,t) = wd ( cos 656 ) = —wdJz;

where we denote

Lo [ cos Os
0=\ sings | -
We deduce according to (14.8]) that
—w®Jzs = —wdJz+ (R — Rs)i
20w i
= —wdJz— Yl

if?
and after a rotation of angle —6, we have
cos(s—0) \ [ O 2ig .
/ ( sin(05—0) )~ \ -1 ) TRt (D-3)
Therefore, 85 — 0 is a constant and

It follows that x5 defined by

verifies the dynamics :

g5 = L7 — ®wsJzs = LT — dwJzs = L7 +n(Rs,t) = u— Ryi
and

Thus, (x5, Rs) is a solution to (14.2), which must appear among {(¥, R), (Us, Rs)}, i-e it is
necessarily (Us, Rs). Therefore, (U, R) and (Vs, Rs) are the only two indistinguishable solutions.



218 APPENDIX D. PROOFS OF CHAPTER

D.1.3 Proof of Theorem [14.1.4
According to (D.3]),

cos(f0s —0) = 1-— 22‘2
sin(0s —0) = 2igiq .

But after a rotation of —8s instead of 6, we would have obtained :
0\ 7 cos(0 — 05) n %i
—1 ) =7\ sin(6 - 65) ji[2 20

cos(fs —0) = 1+ 2i4igs
sin(0s —0) = 2igias ,

i-e

which gives the result.
Now, if R = Rg, one can find R by computing

R_p_ 2<I>.wiq _hay 2<1>qu
|i[? |i[?

and if R = R, one can find Rs by computing

Re— foy 2P0 p 2<I>QQiq
il d

e
D . LA ot
This means that whatever the value of R is, the value of the other candidate is R + 2“%2‘1

Similarly, if § = 65, then 6 = § + A with A defined by

~2
cos(A) = 1-2i2=1-2i,
sin(A) = —2igiqg = 2igia
and if = 0, then 05 =  — A with —A defined by
/A\Q
cos(—A) = 1-2i2=1-2],

A A

sin(—=A) = 2igig = 2igiq .

A a 2
Therefore, whatever the value of 6, the value of the other solution is 6 + arctang (27474, 1 — 2?; ).

D.2 Observer design

D.2.1 Proof of Lemma [14.2.2

The quantity
pr(xs, t) = —(ex + x3 by + 2A\L1) (D.4)

verifies .
—_——————

pa(xs,t) = =A(pua(ws, t) — 2n(z3,1)) (D.5)
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This means that u) is a filtered version of 2n. Besides, denoting
T
125
p= | m,
5
25
we have
Ap(xs,t) = —(Ac+ 23 Ab+2Lmyi ")

and thus since Mym)y = 0,
M($37t) = _MAAM($3>t) . (Dﬁ)

Let us further investigate the link between p and 7. According to the dynamics (D.5)), py can
be developed in the following way :

2n  2r
=y 24K D.
where the rest r, follows the dynamics :
Ty =—=Mry —1) . (D.8)

Thus, we have the development

% 1
P =21 3 +O<)\2)

o7
so that ) can be approximated by 27 — 777 for large values of A\. Therefore,

] 1

— £ +0(%
M —0d +0 (4

= =2M) | dn—mA+O (%2
(L
A

~+0(y

M = —2MA | n—35L+0 ()
)

)

)

Asn —nA + O

AMdaa— A1) A2 =2\ (4"
- , o) , D.9
( Modss — o) A2 a2 )| gm JTOW (D-9)

and straightforward computations give ((14.25]).
Let us now develop x(zs,t) with respect to X\. To do that, we define p) with

pal3,t) = —(2x — azws — daal + ALpy i + N2 L%i)? — \2®?) | (D.10)
which follows the dynamics
pr = —A(px — ) - (D.11)
In other words, by denoting
P
p= Pa )
Prs

we define
plxs,t) = —(Z(t) — a(t)xs — d(t)ax3 + LApi + myL?|i|> — my®?) . (D.12)
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When M is invertible, by definition of y in , we have
M(x3,t)x(x3,t) = MA(Z(t) — a(t)z3 — d(t)z3)
and thus since Mym) = 0 and ,
M(zs,t)(x(3,t) — Li) = =My p .

As we did above for p, it is possible to develop p thanks to (D.11)). Indeed, it is straightforward
to check that ,

—9onl P —_9pl2 L P

px =20+ = 2n 4

with
Fo=—A(r,+6n'1) .

In other words

1
o =2 +0(5) (D.13)
and we have with
T 2 2\ !
n TN Ad2(A2 — A1) AT — A <1>
<7~7T )(X(xs,t) Li) = ( Noda(hs — o) Az ) Map+O(5

1
2
~1
B AAz(A2 — A1) AT — A3 lls 1
= <)\2/\3 Do—do) =2 | Malpp ) TO3

— < )yn2+o(A) .

Finally, according to the definitions ((14.19)), (D.4) and (D.12]), it is straightforward to check
that

Z(t) — T (x(zs,t),x3,t) = —my (|X(x3,t) — Li> - @2) + A p(zs, t) (x(zs3,t) — Li) — p(xs, t) .

It follows that for x3 and ¢ making (T](.’L‘g, t), n(xs, t)) invertible

J(wst) = =+ M+ (Ix(@s,t) — Lif* = 92) + O(X°)
= (A\PHA D P(zs,t) 5+ 0 (i) +0(N)
det <7’](.’IJ3, t) ’ 77(:631 t))
P(as,t
= AT+ A3+ 2A3) (@3,1) 5+ O\ .

det (77(3:3,15) ) 77(353775))

D.2.2 Proof of Theorem [14.2.2]
Assume ’det (n(:vg, t), n(zs, t))’ > d. In order to deduce from ((14.25)) that ‘det (M(l‘g, t))’ >4

for all ¢, if « is sufficiently large, we need to bound the term O(\*) uniformly in time. Coming
back to —, since 7} is a polynomial in x5 with coefficients depending on the bounded

signals (ii,7,i®)), 7, is too. Following this term in (D.9), and then in its determinant ([14.25)),
the reader can easily check that O(\?) in (14.25)) is also a polynomial in z3 with bounded (in
time) coefficients. Thus, there exists a polynomial R (time and « independent) such that for all
t and all o

R(|zs])

(e

% [det (M, )| = 433(hs — A0) (R — Rs) (R — A1) d - (D.14)
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which is strictly positive when « is sufficiently large.

In particular, according to (|14.11)),
‘det (n(R.1), ﬁ(R,t))] = [w332| > WPP% > 0

for all ¢, hence the result.

D.2.3 Proof of Theorem [14.2.3

The first point of the result is a direct consequence of Theorem [14:2.2]
Then, remember that in the case where w, iq and i, are constant, n, n and P are time
independent polynomials such that (see (14.12])

det (n(x3) , 0(w3)) = wie? (1 + (R;qfi”)mq + (nggj)z |z'y2>

Plrs) = ~0% det (n(z3) . i(az) L) (20 + U%qu?’)W) .

Therefore, the roots of det (7](1’3) , ﬁ(x;;)) are the complex numbers E—‘“ﬁ(—iqij iq), both situated

Dw
li[

P(x3) o (R—x3) (.  (R—x3) .
Q(z3) = = =0 —— 5 ( 2ig + ———i
det (77($3) , 7'7($3))2 we < we )

on the circle with center R and radius and

is a polynomial of order 2, with the two roots (R, Rs) = (R, R+ 2"&%‘1) identified in Corollary

@),

Now, take any € > 0 and consider I';_(R) and I'7(R), the circles with center R and radius

re and 77 respectively. The polynomial det <77(.’E3) , n(mg)) has no root on those circles so that

it can be lower-bounded by some d > 0. Also, R introduced in (D.14) is continuous on those
compact sets and is bounded by some R. ghoosing (A1, A2, A\3) as suggested in the theorem and
denoting v = 4A3(A1 — X2)(A2 — A3)(Az — A1), we have for all ¢ and all z3 in [r(R) UT, (R),

s det (M(as, 1)) = det (n(a) i) < 2220 <

‘oﬁ’ o

for « sufficiently large. Both functions being holomorphic (polynomials), according to Rouché’s
theorem, det (/\/l (x3, t)) and det (77(:153) , 7’7(3:3)) have the same number of roots i B, (R) (resp

Br(R)), namely no roots in B,_(R) (resp 2 roots in Br(R)). Since we know det (M (x3, t)) is a
polynomial of order 2, we deduce that its only two roots are situated in the annulus C'(R, r.,77).

Besides, since det (7](3:3), n(;vg)) does not admit any real roots, its modulus is lower-bounded

on the real axis and according to (D.14]), one can make det (M(,Ig, t)) strictly positive for 3 in

the compact set [R — 77, R — r.] U [R + ., R + 72| by choosing « sufficiently large. In that case,
its roots are in C'(R, 7, 7z), but not in C(R,r.,7z) NR : they are necessarily complex.

As for the third point of the result, it can be proved by applying Rouché’s theorem on
(14.27) with path I',_(R). To do this, we need to lower-bound |Q(x3)| and upper-bound the

term O(A3) in (T4.27). When |i| # 152]i], @ does not have any root on [y (R) and |Q|

! B,.(a) denotes the ball with center a and radius r.
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can thus be lower-bounded in this set by some dy > 0. As for the term O(A\?), by follow-
ing the proof of Lemma the reader can check that it is actually a rational function in
x3 whose coefficients are bounded in time and whose denominator is necessarily of the form

k k
det (./\/l(xg,t)) " det (n(xg), 77(3;3)> ’ (coming from the inversion of the corresponding matri-
ces). On T'y_(R), det (n(mg), n(xg)) does not have any root and can be lower-bounded. The

same thing holds for det (M(xg,t)) (uniformly in time) by taking « sufficiently large accord-

ing to (D.14). Therefore, the term O(~)\3) in (14.27) can be upper-bounded by a polynomial of
|z3]. More precisely, denoting v = A} + AJ + A3, there exists a polynomial Ry (time and «
independent) such that for all ¢ and all x3 in I';_(R),

S——<

(07

R R
2(|z3) f <mady < |2 Q(x3)] -

5 (a5,1) =72 Qlag)

Since M(-,t)~! is defined on By, (R) (where its determinant does not have any root), J(-,t) is
holomorphic on that set and according to Rouché’s theorem, it admits as many zeros as () on
B, (R), i-e either one or two depending on 4.






Résumé

Contrairement aux systemes linéaires, il n’existe
pas de méthode systématique pour la synthese
d’'observateurs pour systéemes non linéaires. Cepen-
dant, la synthése peut étre plus ou moins sim-
ple suivant les coordonnées choisies pour exprimer
la dynamique. Des structures particulieres, ap-
pelées formes normales, ont notamment été identifiées
comme permettant la construction facile et directe d’un
observateur. Une fagon usuelle de résoudre le prob-
[éme consiste donc a chercher un changement de co-
ordonnées réversible permettant I'expression de la dy-
namique dans l'une de ces formes normales, puis a
synthétiser I'observateur dans ces coordonnées, et en-
fin & en déduire une estimation de I'état du systeme
dans les coordonnées initiales par inversion de la trans-
formation. Cette thése contribue a chacune de ces trois
étapes.

Premiérement, nous montrons l'intérét d’'une nouvelle
forme triangulaire avec des non linéarités continues
(non Lipschitz). En effet, les systémes observables
pour toutes entrées, mais dont l'ordre d’observabilité
différentielle est supérieur a la dimension du systéme,
peuvent ne pas étre transformables dans la forme trian-
gulaire Lipschitz standard, mais plutét dans une forme
triangulaire "seulement continue". Le célébre observa-
teur grand gain n’est alors plus suffisant, et nous pro-
posons d'utiliser plutoét des observateurs homogénes.
Une autre forme normale intéressante est la forme
linéaire Hurwitz, qui admet un observateur frivial. La
question de la transformation d’'un systéme non linéaire
dans une telle forme n'a été étudiée que pour les
systemes autonomes a travers les observateurs de
Kazantzis-Kravaris ou de Luenberger. Nous montrons
ici comment cette synthése, consistant a résoudre
une EDP, peut étre étendue aux systéemes instation-
naires/commandés.

Quant a l'inversion de la transformation, cette étape est
loin d’étre triviale en pratique, surtout lorsque les es-
paces de départ et d’arrivée ont des dimensions dif-
férentes. En I'absence d’expression explicite et globale
de l'inverse, l'inversion numérique repose souvent sur
la résolution d’'un probléme de minimisation couteux en
calcul. C’est pourquoi nous développons une méth-
ode permettant d’éviter I'inversion explicite de la trans-
formation en ramenant la dynamique de I'observateur
(exprimée dans les coordonnées de la forme normale)
dans les coordonnées initiales du systéme. Ceci né-
cessite une extension dynamique, i-e I'ajout de nou-
velles coordonnées et 'augmentation d’'une immersion
injective en un difféomorphisme surjectif.

Enfin, dans une partie totalement indépendante, nous
proposons des résultats concernant I'estimation de la
position du rotor d’'un moteur synchrone a aimant per-
manent en I'absence d’informations mécaniques (sen-
sorless) et lorsque des parameétres tels que la résis-
tance ou le flux de l'aimant sont inconnus. Ceci est
illustré par des simulations sur données réelles.

Mots Clés

observabilité, formes normales, observateur grand
gain, observateur de Luenberger, extension dy-
namique, sensorless
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Abstract

Unlike for linear systems, no systematic method exists
for the design of observers for nonlinear systems. How-
ever, observer design may be more or less straightfor-
ward depending on the coordinates we choose to ex-
press the system dynamics. In particular, some specific
structures, called normal forms, have been identified for
allowing a direct and easier observer construction. It
follows that a common way of addressing the problem
consists in looking for a reversible change of coordi-
nates transforming the exression of the system dynam-
ics into one of those normal forms, design an observer
in those coordinates, and finally deduce an estimate of
the system state in the initial coordinates via inversion
of the transformation. This thesis contributes to each of
those three steps.

First, we show the interest of a new triangular normal
form with continuous (non-Lipschitz) nonlinearities. In-
deed, we have noticed that systems which are observ-
able for any input but with an order of differential ob-
servability larger than the system dimension, may not
be transformable into the standard Lipschitz triangu-
lar form, but rather into an "only continuous" triangu-
lar form. In this case, the famous high gain observer
no longer is sufficient, and we propose to use homoge-
neous observers instead.

Another normal form of interest is the Hurwitz linear
form which admits a trivial observer. The question of
transforming a nonlinear system into such a form has
only been addressed for autonomous systems with the
so-called Lunberger or Kazantzis-Kravaris observers.
This design consists in solving a PDE and we show
here how it can be extended to time-varying/controlled
systems.

As for the inversion of the transformation, this step is
far from trivial in practice, in particular when the domain
and image spaces have different dimensions. When no
explicit expression for a global inverse is available, nu-
merical inversion usually relies on the resolution of a
minimization problem with a heavy computational cost.
That is why we develop a method to avoid the explicit
inversion of the transformation by bringing the observer
dynamics (expressed in the normal form coordinates)
back into the initial system coordinates. This is done
by dynamic extension, i-e by adding some new coor-
dinates to the system and augmenting an injective im-
mersion into a surjective diffeomorphism.

Finally, in a totally independent part, we also provide
some results concerning the estimation of the rotor
position of a permanent magnet synchronous motors
without mechanical information (sensorless) and when
some parameters such as the magnet flux or the resis-
tance are unknown. We illustrate this with simulations
on real data.

Keywords

observability, normal forms, high gain observer, Luen-
berger observer, dynamic extension, sensorless
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