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CHAPTER I 

INTRODUCTION 

 

This Chapter present the motivation of this project and introduce the general approach employed 

in this PhD.  

 

   The motivation of the project comes from the need of finding a strategy to reduce the number 

of mechanical testing needed to properly characterize the mechanical behaviour of amorphous 

polymers. In this context, the present work propose to extrapolate the time-temperature 

superposition principle from the linear viscoelastic domain to the large of deformation domain by 

using the so-called “equivalent strain rate at reference temperature”. The next step is to use the 

experimental data to calibrate constitutive model developed at “Centre de Mise en Forme des 

Matériaux” and verify the capabilities of this model in describing the mechanical behaviour of the 

material. 

 

Ce chapitre présente la motivation de ce projet et introduit l'approche générale utilisée dans ce 

doctorat. 

 

   La motivation de ce projet vient du besoin de trouver une stratégie pour réduire le nombre des 

essais mécaniques nécessaires pour caractériser correctement le comportement mécanique 

des polymères amorphes. Dans ce contexte, le présent travail a proposé d'extrapoler le principe 

de superposition temps-température du domaine viscoélastique linéaire aux grandes 

déformations en utilisant ce que l'on appelle la "vitesse de déformation équivalent à la 

température de référence". L'étape suivante consiste à utiliser les données expérimentales pour 

calibrer le modèle constitutif développé au Centre de Mise en Forme des Matériaux et à vérifier 

les capacités de ce modèle à décrire le comportement mécanique du matériau. 

 

 



 

 

 

CHAPTER I 

1 INTRODUCTION  

Polymer materials have a mix of good mechanical properties and low density, making them 

attractive for numerous applications. For instance, they are found in everyday use products as 

cups, food packaging, plastic bottles, adhesives, automotive parts, phone’s components and 

others. To take advantage of these materials, it is of main interest to understand and to predict 

how the mechanical behaviour will vary with the polymer nature and use conditions. Indeed, 

mechanical properties are ruled by the mobility of the polymer chains, which is greatly affected 

by temperature, loading rate, entanglement density and other factors. More especially, 

mechanical behaviour strongly changes near the glass transition temperature, Tg. Thus, the final 

performance of these materials is strongly sensitive to their intrinsic properties and also to the 

thermomechanical environment they are subjected, making the prediction of their mechanical 

properties a challenging task.  

 

   In this context, constitutive equations can be used to model the mechanical behaviour of the 

polymer when deformed under specific conditions. This allows predicting the final properties of 

the desired product. So as to successfully model the mechanical behaviour of polymers, the 

evolution of internal parameters (entanglements, secondary bonds and others) needs to be 

accounted in the material model. Therefore, we need to somehow address how the polymer 

internal parameters change with the deformation, temperature and strain rate and to establish a 

link with the final mechanical properties. 

 

   To understand how external factors affect the internal parameters and mechanical behaviour 

of polymers, mechanical testing is performed at the conditions of interest. For example, tensile 

uploading-unloading tests can be performed at different temperatures and strain rates to link the 

stress-strain curves to physical mechanisms. However this is a highly challenging task specially 

when near Tg and its rubbery state. An example is shown in Figure 1.1 a) for cyclic tensile tests 

performed on a poly(methyl methacrylate). We can see that the mechanical response changes 

considerably depending on the temperature and strain rate. 

 

   Additionally, Figure 1.1 b) displays a cyclic tensile test on two poly(methyl methacrylate) at 

constant set of temperature/strain rate but with different architecture (in this case different molar 

mass). We can see that the curves are significantly different, revealing that the macroscopic 

mechanical response also depends of the chain architecture of the polymer.  

 

   This variety of results shows that polymers behaviour has a coupled dependency on strain rate 

and temperature as well as a strong sensitivity to its architecture (molar mass or other as 
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crosslinks). Indeed, the polymer mechanical behaviour combines several features as 

elastoplasticity, viscoplasticity, viscoelasticity, hyperelasticity, strain hardening, softening and 

viscohyperelasticity. Under the same conditions, a polymer may display a mix of these 

behaviours without a clear threshold between them, which means that characterization and 

modelling of mechanical behaviour of polymers is a challenging task. 

 

   At this point, we find ourselves with different problematics. From the experimental aspect, we 

have a highly coupled mechanical response that depends on the temperature, strain rate, stress 

state and chain factors, pushing us to perform a large number of experimental tests to fully 

characterize our polymer (which is time consuming and economically expensive from an 

industrial point of view). From a theoretical point of view, the literature is missing constitutive 

models able to fully describe multiple responses accounting for the physical aspects.  

 

 

a)                                                                       b) 

Figure 1.1: True stress-true strain curves for PMMA at a) various temperatures and strain rates, 
b) different molecular weights.  

 

1.1 Project framework 

In front of these challenges, the “Centre de Mise en Forme des Matériaux”, CEMEF, develops 

since many years a strategy to adapt mechanical characterization and modelling to polymers 

near to alpha transition relying on the use of so-called time-temperature superposition principle. 

This PhD takes place in this strategy as validation and a first insight on relationships between 

chain architecture and mechanical modelling. This work was sponsored by a CARNOT project. 

 

   In this project, we choose to work with a homogeneous amorphous material of controlled 

architecture for performing mechanical characterization at different level of deformation, strain 

rate and temperature, corresponding to behaviours near the fluid state up to the glassy state.  
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   The idea of this work is to first validate the use of the time-temperature principle even at high 

strain level for amorphous polymers of different architecture. Then, we aim to determine and to 

model the influence of the molar mass and crosslinks on the mechanical response of amorphous 

polymers from the quasi-fluid state up to the solid state. Thus, the goal of this work is to 

characterize and to model in a simplified and accurate manner, the mechanical behaviour of 

amorphous polymers with different architectures. 

 

1.1.1 General approach 

The material chosen for this project was an amorphous poly(methyl methacrylate), PMMA of 

controlled molar mass, which allows producing different grades of PMMA with remarkable 

differences in their behaviour. The versatility of this material together with well-known relaxations 

will help to enrich the study by including the effect of architecture factor in the mechanical 

behaviour. Materials and experimental protocol are presented in Chapter II. 

 

   Then, to achieve the points previously mentioned, specific goals are established in this work. 

These are presented in Figure 1.2. They can be classified into three categories. 

 

   First, we aim to characterize the mechanical behaviour in the linear domain of deformation 

from the flow state up to the glassy state. Also, we want to understand the influence of the 

molecular weight and crosslinking in the time/temperature dependence at infinitesimal 

deformations. Indeed, PMMA have been found to exhibit various mechanical relaxations which 

display different sensitivity to the temperature and loading rate [1]–[4]. Additionally, other authors 

[5]–[10], have found that the main mechanical relaxation is also strongly dependent on the molar 

mass and crosslinking degree. To identify the dependence to the mechanical relaxations, 

analysis in the linear viscoelastic domain will be performed through rheology tests and dynamic 

mechanical thermal analysis in the range of interest. This will allow identifying the different 

viscoelastic region for then targeting our material characterization at larger deformations. The 

reader will find more details in Chapter III. 

 

   Secondly, we targeted to obtain a material data base at large strain for different temperatures, 

strain rates and stress states (tensile and shear loading). Following previous work [11], we want 

to validate the coupling of strain rate and temperature dependencies by means of the “equivalent 

strain rate at a reference temperature” for a wide range of conditions (rubbery, viscoelastic and 

near glassy), for different loading states and different architectures. Finally, we expect to link the 

experimental results at large deformations to the molecular motions of the polymer changes 

when varying temperature, strain rate, density of entanglements and crosslinks. 

 

   Indeed, polymer chains are highly sensitive to the effect of temperature and strain rate [12]–

[14] as also to the molecular weight and crosslinking degree [15]–[18]. To generate a reliable 
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material data base, we will perform mechanical tests for the different PMMAs under different 

temperatures, strain rates and loading modes while measuring the displacement field through 

Digital Image Correlation [19]. Additionally, to simplify the number of tests and constitutive 

parameters needed to characterize the mechanical behaviour of the polymer, works of Billon et 

al. [11], [20], [21] will be used. Such studies suggested that the strain rate and temperature could 

be coupled, allowing to identify sets of temperature and strain rate leading to the same 

mechanical behaviour. In this project, we will take advantage of the well-known time temperature 

superposition principle in the linear domain [22] to define the so-called “equivalent strain rate at 

a reference temperature” that will help us to reduce the number of experimental tests and to link 

constitutive parameters to this variable. This study is depicted in Chapter IV. 

 

   Third, we aim to verify the constitutive model developed in CEMEF [11], [21] to describe the 

mechanical behaviour of the PMMAs under 1D tensile loading conditions for the different 

equivalent strain rates, corresponding to near-liquid, rubbery state, viscoelastic and near glassy 

state. Through this study, we expect to link the internal parameters evolution (entanglements, 

secondary bonds and others) with the equivalent strain rate to have a full understanding of the 

temperature/strain rate effect in the elastic and inelastic components. 

 

   To include the physical aspects of the internal parameters evolution when the polymer is 

deformed under different conditions, we proposed to use a thermodynamic framework 

accounting for the hyperelastic model of Edward and Vilgis [23] combined with the evolution of 

internal state variables (ISVs) to incorporate inelastic mechanisms. The approach used in this 

project was inspired by the works of Gorlier [24], Baquet [20], Billon et al. [11], [21], Gehring et 

al. [25] and Quandalle [26]. Additionally, the purpose is to include the “equivalent strain rate at 

reference temperature” into the modelling to establish a clear link between the internal 

parameter evolution and the elastic and inelastic mechanisms of the polymer under deformation. 

This is presented in Chapter V. 
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Figure 1.2: Schematic representation of the methodology employed in this project. E’, G’: 
Storage modulus under tensile and shear loading, E’’, G’’: Loss modulus under tensile and shear 

loading, tan δ: damping factor. 

 



 

 

 

CHAPTER II 

EXPERIMENTAL AND METHODOLOGY 

 

This Chapter aims first at presenting the general features of the materials used in this research.  

 

   The second part of this Chapter illustrates the general methodology used to characterize the 

mechanical behaviour of the material. Presenting first, the linear viscoelastic behaviour study 

which was carried out through dynamic mechanical thermal analysis in tensile load and shear 

rheology. Then, the protocol for large deformation tests is detailed. This consisted in cycling 

tests in tensile and shear loadings using Digital Image Correlation.  

 

   Finally, a brief description of the use of inverse analysis for parameters identification will be 

shown. These concepts will give a glimpse on how the experimental results were compared to 

constitutive equations and theoretical models.  

 

Ce chapitre cible d'abord à présenter les caractéristiques générales des matériaux utilisés dans 
cette étude. 

 

    La deuxième partie de ce chapitre illustre la méthodologie générale utilisée pour caractériser 
le comportement mécanique du matériau. En présentant d'abord l'étude du comportement 
viscoélastique linéaire qui a été réalisée par analyse thermique mécanique dynamique en 
charge de traction et en rhéologie de cisaillement. Ensuite, le protocole pour les tests de grande 
déformation est détaillé. Cela a consisté à effectuer des essais de cyclique dans des 
chargements de traction et de cisaillement en utilisant la corrélation d'image numérique. 

 

    Enfin, une brève description de l'utilisation de l'analyse inverse pour l'identification des 

paramètres sera présentée. Ces concepts donneront un aperçu de la façon dont les résultats 

expérimentaux ont été comparés aux équations constitutives et aux modèles théoriques. 
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2 Material and methodology 

2.1 Material 

The material of this study is a poly(methyl methacrylate), PMMA, which is a linear amorphous 

polymer with transparent properties (transmitting up to 92% of visible light). It is synthetized from 

methyl methacrylate, MMA, by radical polymerization (see Figure 2.1) involving peroxides as 

initiators at temperatures up to 100°C.  

 

   Substituents on the α-carbon atom restrict chain mobility, leading to a significantly high glass 

transition temperature, Tg. Typical values of this temperature may vary between 105°C and 

120°C depending on the molar mass. From this point of view, two kinds of synthesis routes allow 

a wide range of molar weights. 

 

   As an example, suspension polymerization leads to low molar mass, 103 g/mol, and fluidity at 

high temperature. This PMMA are compatible with classical molten state processing. A second 

route is casting, which allows higher molar masses, i.e. 106 g/mol. In such a case, viscosity is so 

high that the material is almost unable to flow below its degradation temperature. Yet, it is 

basically used for rubbery state processing such as thermoforming [27]. Additionally to that, 

copolymerization can be used and casting route makes possible to crosslink PMMA in a 

controlled manner.  

 

   This versatility in controlling the molar mass and crosslinking makes PMMA a good candidate 

for studying the response of the material between the glass transition temperature and the 

flowing temperature, accounting also for the effect of the molecular weight and crosslinking 

degree on the mechanical behaviour of the material.  

 

 

            a)                                                              b) 

Figure 2.1: a) Methyl methacrylate. b) Poly(methyl methacrylate). [27] 
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2.1.1 Material description 

The study was carried out using five semi-industrial PMMAs with different molecular weights and 

cross-linking degree. In three of these PMMAs, a comonomer, ethyl acrylate, was added for 

improving their process ability. The glass transition temperature, Tg, of this comonomer is 

ranging from -25°C to -22°C, adding flexibility to the chain backbone of PMMA [28]. Thus, 

copolymerizing methyl methacrylate with ethyl acrylate may decrease the glass transition 

temperature of the material.  

 

   The material was provided by Arkema under the commercial name ALTUGLAS®. Table 2.1 

summarizes the molar masses (in weight, Mw, and in number Mn), the density at room 

temperature (ρ) and the comonomer content. Let’s add that the crosslinked PMMA is not highly 

crosslinked (<1%). Those different molar masses cannot be processed the same way. 

Therefore, Table 2.1 reminds the different processes used to supply the different PMMAs 

received as isotropic plaques. 

 

   The PMMAs with lower molar weight (Mw=80 Kg/mol and Mw=93 Kg/mol) were supplied as 

injection moulded 4mm thick plaques. Injection gate was located through the width of a lateral 

side of the plaque. The third PMMA (Mw=120 Kg/mol) was processed as 4 mm thick extruded 

plaques. The last two materials (Mw=3500 Kg/mol and crosslinked) were acrylic sheet prepared 

by pouring the methyl methacrylate based syrup into a casting cell with controlled temperature. 

Material was processed as 4 mm thick. No comonomer was added in the cast sheet. Processing 

conditions were chosen according to the state of the art. Resulting mechanical anisotropy in the 

plane of the plaques was found to be negligible (see section 3.1) 

 

Table 2.1: Material Properties. 

Processing/Grade Comonomer (wt%) ρ (g/cm3) Mw (Kg/mol) Mn (Kg/mol) 

Injection 

moulding/VM100 

10 1.18 80 42 

Injection 

moulding/V825T 

0.6 1.19 93 45 

Extrusion moulding 4 1.19 120 62 

Casting moulding/CN 0 1.20 3500 880 

Casting 

moulding/ShieldUp 

0 1.21 Crosslinked Copolymer 
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   For clarity, through this manuscript the PMMAs are referred to using their molar mass in 

weight. For instance, the PMMAs with Mw=80 Kg/mol, Mw=93 Kg/mol were named “PMMA 80” 

and “PMMA 93”, respectively. Finally the crosslinked PMMA was named “PMMA CL”. 

 

2.1.2 Glass transition temperature of the different polymers 

The glass transition temperature is the temperature where cooperative motions of the main 

chain, involving 10-20 bonds in the amorphous phase, are possible. This brings relevant 

changes in the mechanical properties of such polymers, related to a sharp decrease on the 

mechanical stiffness. At this point, the material has more deformability, making the glass 

transition temperature a starting point for processing at the solid state [1], [4], [29], [30]. 

Therefore, it is important to address this temperature and to observe how it is affected by factors 

as molecular weight, cross-linking and copolymerization.  

 

   To verify the dependence of Tg with the molar mass, differential scanning calorimetry, DSC, 

were performed on the five materials. The material was cut into small pieces and settled into 

aluminium pans which were encapsulated using a universal crimper press. The weight of the 

samples was close to 8 mg. The calorimetric analyses were carried out in a DSC Perkin Elmer 

8500, calibrated with indium. All the DSC tests were realized three times for each material in a 

nitrogen atmosphere at a heating rate of 10°C/min from room temperature up to 160°C. 

 

   Figure 2.2 shows a thermogram obtained for PMMA 120. Below 100°C, the polymer heat 

capacity corresponds to a solid state. Then, a gradual increase on the heat capacity takes place, 

which is related to the onset of cooperative motions of the main-chain bonds, linked to the glass 

transition temperature [31]. This transition does not occur suddenly, but takes place over a 

temperature range. For measuring a discrete Tg, we used the software Pyris which takes the 

interceptions between the baselines and the slope in transition range, for then choosing the 

middle point of these interceptions as the glass transition temperature. This is illustrated in 

Figure 2.2 
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Figure 2.2: DSC thermogram for PMMA 120 at a heating rate of 10°C/min. Graphical illustration 
of the glass transition temperature determination. 

 

   Results were confronted to Flory–Fox equation [32] which relates the molar mass to the 

transition temperature as: 

 

       
 

  
    

2.1 

 

where     is the maximum glass transition temperature that can be achieved at a theoretical 

infinite molecular weight and K is an empirical parameter that is related to the free volume 

present in the polymer sample. A good agreement is observed between the experimental data 

and the theoretical equation by using           and               .  

 

   Two things can be concluded from Figure 2.3: i) low molecular weight PMMAs result in lower 

glass transition temperatures whereas increasing values of molecular weight results in an 

asymptotic approach to    . This has been reported by other authors [9], [32], [33]. This 

asymptote starts around 400 Kg/mol, showing that PMMAs with higher molar mass should not 

display any relevant changes in their Tg. ii) The maximum transition temperature identified from 

the Flory-Fox model is about the same than that of PMMA 3500.  

 

   Figure 2.3 also suggests that PMMA 120 has a lower glass transition temperature than PMMA 

93, which seems to disagree with the general trend. This can be attributed to the comonomer 

content in both polymers. As shown in Table 2.1, PMMA 120 has a higher amount of 
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comonomer than PMMA 93, increasing the flexibility of its chain backbone and reducing its glass 

transition temperature of the PMMA.  

 

   Another relevant factor is the crosslinking degree; where polymer chains are chemically joined 

by other chains at points along their length. Similarly to the molecular weight, the increase of the 

crosslinking degree is expected to raise the glass transition temperature [7], [9]. We can observe 

in Figure 2.3 that the glass transition temperature of PMMA CL is higher than PMMA 3500. This 

suggests that the presence of crosslinks reduces the chain mobility of the polymer [7], [34] more 

than having high molecular weights, leading to an increase on its glass transition temperature. 

 

 

Figure 2.3: Glass transition temperature evolution with the molecular weight on PMMA. 

 

   These results highlight the influence of the molecular weight and crosslink degree on the glass 

transition temperature of PMMA. As a conclusion, we are facing five polymers with very 

distinguishable glass transitions attributed to discrepancies in molecular weights and also in 

chains architecture.  

 

   Characterizing and understanding how these factors affect the mechanical behaviour at low 

and large strains accounting for the coupled strain rate and temperature effect is one of the 

purposes of this study. To answer this, we designed a methodology to fully characterize the 

linear and non-linear mechanical response in an optimized manner. This is presented in the next 

Section.  
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2.2 General methodology 

As mentioned in the Introduction, the main goal of this project is to explore coupled 

dependences of the mechanical behaviour of polymers of different architecture upon 

temperature and strain rate and more especially, the relevance of so-called time temperature 

superposition principle to define a constitutive parameter. To achieve that point, a general 

methodology has been built up following previous observations on PMMA [11], PA66 [20], [21] 

and PET [25], [26]. 

 

   Starting with sample preparation, materials were tested as received, i.e. without any annealing 

treatment. Samples were carefully tooled using a computer controlled milling machine 

(CharlyRobot®) to get appropriate specimens geometries for the different experimental technics. 

Thanks to this, heating during machining in the samples was avoided. Geometries were such 

that strain fields obey general assumptions in the zone of interest: uniaxiality (when required) 

and uniformity. 

 

   The next sections present details regarding the experimental set-up used for characterizing the 

material. 

 

2.2.1 Linear viscoelastic domain tests 

Dynamic mechanical analysis is a well-known technique used to characterize the viscoelastic 

behaviour of a polymer at small deformation, i.e. in the linear domain. A low amplitude sinusoidal 

strain is applied to the sample while the load is recorded to compute the resulting stress. For 

viscoelastic materials, a characteristic delay, δ, is observed between the applied strain and 

material stress response: 

 

        
     2.2 

 

        
         2.3 

 

where σ0 is the maximum stress and ε0 is the maximum strain. The complex dynamic modulus 

can be expressed as: 

 

   
    

    
 

  

  
    

  

  
               2.4 
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   Equation 2.4 allows to identify the storage modulus, E’, and the loss modulus, E’’. These 

different moduli give a better understanding of the ability of the material to store energy (E´) and 

to dissipate energy (E"’): [35] 

 

   
  

  
      2.5 

 

    
  

  
      2.6 

 

   The delay δ is expressed through the damping factor, tan δ, which represents the ratio of 

energy dissipated during a strain cycle. It is defined as: 

 

     
   

  
   

2.7 

 

2.2.1.1 Tensile loading 

Linear viscoelastic behaviour under tensile loading was studied using samples of dimensions 

30mm x 4mm x 1mm. The effective length was 5mm. The tests were carried out on a DMTA 

Tritec 2000 machine (see Figure 2.4). Each type of tests was performed five times. The error of 

the temperature measurements was lower than 1°C. 

 

   The linear domain was validated performing strain scans from room temperature up to 200°C. 

Figure 2.5 displays strain scans of PMMA 3500. The linear relationship between the monitored 

dynamic stress and strain is an indicator of the limit in the linear viscoelastic response of the 

material. A strain of 0.1% was enough to ensure a linear behaviour; therefore all the viscoelastic 

properties measurements were performed at this strain level. 

 

   Temperature scans at frequencies of 0.1 Hz, 1 Hz and 10 Hz were performed to identify the 

mechanical relaxations. Investigated temperatures ranged from -20°C up to 150°C for PMMAs 

80, 93 and 120 and from -20°C up to 200°C for PMMA 3500 and crosslinked PMMA at a heating 

rate of 1°C/min.  

 

   Then, isothermal frequency sweep tests were performed for frequencies ranging from 0.1 Hz 

up to 100 Hz and for temperatures ranging from 25°C up to 150°C every 10°C for PMMA 80, 93 
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and 120 and ranging from 25°C up to 200°C for the PMMA 3500 and crosslinked PMMA. Shift 

factor were graphically determined using storage modulus, E’. It was checked that shift factor 

were relevant for both storage and loss moduli. No vertical shifts were applied. Higher 

temperatures were not studied in this configuration since the material turned into a liquid. At this 

point rheological tests were needed. 

 

  

Figure 2.4: DMTA setup for tensile test sample  

 

 

Figure 2.5: Strain scans for PMMA 3500 at different temperatures. 

 

2.2.1.2 Shear loading 

To study the linear viscoelastic behaviour of the material under shear loading and at higher 

range of temperatures than DMTA, rheological tests were performed using a Rheometer Ares 

with two configurations: torsion and parallel plates (see Figure 2.6 a) and b)). The torsional 

mode allowed characterizing the material under a shear loading in its solid state (rectangular 

samples 30mm x 4 mm x 1 mm) while the parallel discs were used for the flowing state (discs 
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with a diameter of 25mm and 1mm thickness). Equations for computing the modulus and stress 

are presented in Appendix 8.1. 

 

 

a)                                  b) 

Figure 2.6: a) Rheometer setup using: a) torsional mode and b) parallel plates. 

 

   As it was done for the tensile loading, we first verified that the tests were performed in the 

linear viscoelastic region. Figure 2.7 a) displays the evolution of the shear storage modulus with 

the strain for PMMA 3500 at 260°C. The modulus remained constant in the studied strain range. 

For all the tests, a strain of 0.1% was used to ensure that the material was in its linear 

viscoelastic region whatever the temperature was. This range was also validated for the different 

PMMAs. 

 

   Isothermal frequency sweep tests were performed from 0.1Hz to 100 Hz. For PMMA 3500 and 

PMMA CL, the material did not show any flow at the tested conditions, i.e. at temperatures 

ranging from 40°C to 260°C. For this reason a torsion configuration was used in this temperature 

range. For PMMA 80, 93 and 120 we tested the material as a solid at temperatures ranging from 

40°C to 110°C for the torsional mode and as a fluid from 120°C to 210°C for the parallel plates 

mode.  

 

   The maximum applied temperature was determined by measuring the evolution of the storage 

modulus versus time at different temperatures when applying a dynamic strain of 0.1%. This is 

illustrated on Figure 2.7 b) where three temperatures are used for PMMA 3500. For 260°C the 

modulus remains nearly constant up to 300 seconds, which is enough time for performing the 

study. However, increasing temperature leads to a stronger decrease of G’ with time. Therefore, 

we concluded that PMMAs 80, 93 and 120 could be tested up to 230°C while PMMAs 3500 and 

CL could be tested up to 260°C, to avoid degradation. 
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               a)                                                                       b) 

Figure 2.7: a) Strain scan at 260°C b) Shear storage modulus evolution with time for different 
temperatures. Study performed on PMMA 3500. 

 

2.2.2 Large strain tests using Digital Image Correlation 

For a correct characterization at large deformation, experimental tests with controlled conditions 

are required. This implies, to ensure a homogeneous temperature, strain and strain rate in a 

representative volume of the material. Additionally, this results will also be used as database for 

revisiting constitutive models [11], [21], [25] which describes mechanical response of the 

polymers. Therefore, consistent boundary conditions (local temperature, displacement and 

deformation) are needed. Moreover, incompressibility assumption needs to be validated 

especially regarding modelling. Along this Chapter, we will present the methodology used to 

guarantee such condition. 

 

   Behaviour at large strain was obtained by performing uploading-unloading tensile and shearing 

tests on an Instron 596 electro-mechanical testing machine with a thermal chamber. The 

unloading was imposed until a zero force. Strain-rate was the same during uploading and 

unloading. For obtaining a homogenous temperature and local constant true strain rate, the 

following protocol was used: 

 

 Homogeneous temperature: pre-heating was required. Its duration was calibrated using 

thermocouples located on the sample surfaces and in the bulk of the material. Ten minutes 

ensured a homogeneous temperature prior performing the mechanical test. For the 

materials with lower molecular weights, 80 Kg/mol up to 120 Kg/mol, the temperatures 

were chosen ranging from 90°C up to 140°C while for high molecular weight and cross-

linked PMMAs, temperatures were chosen ranging from 110°C up to 200°C. 

 

 Local constant true strain rate, ε̇ : it was obtained during stretching by imposing an 

exponential cross-head velocity, v, defined as: 
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       ̇        ̇      2.8 

 

where lo is the initial gage length and t is the time. The local constant true strain rates were 

chosen from 10-3 s-1 to 10-2 s-1. DIC allowed verifying that strain-rate remained locally constant. 

 

2.2.2.1 Tensile tests 

The set-up for tensile tests is depicted in Figure 2.8. Pneumatic clamps and sand paper were 

used to avoid sample sliding. Samples were home designed dog bone shapes of dimensions 

which allow promoting a transversally uniform uniaxial loading in the central zone. One head of 

the sample was fixed in the clamp while the other one was free during the pre-heating time. This 

allowed a free thermal expansion. After fixing the two heads of the sample, a “specimen 

protection mode” available on the testing machine was enabled for keeping the force close to 

zero. The displacement field on the front face of the sample was followed from images recorded 

using a stereovision system of two cameras (previously calibrated through a calibration grid). 

And then Digital Image Correlation (DIC) was used to compute the strain fields. A more detailed 

explanation is presented in Appendix 8.2. 

 

 

a) 

 

b) 

 

c) 

Figure 2.8: a) Geometry of tensile sample. Sample had 4mm thickness. b) Pneumatic clamps 
used on a tensile test specimen. c) Experimental set-up displaying the mechanical testing 

machine with a thermal chamber, stereovision system and lightening.  
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   The Hencky’s or true strain was chosen as the deformation indicator, which is convenient for 

accounting the strain path at large strain levels [36]: 

 

ε  ∫
  

  

    

  

   (
    

  
)         

2.9 

 

where    is the initial length,      is the instantaneous length and   is the stretch ratio. We define 

εyy as the true strain in the loading direction and εxx as the true strain in the transverse direction. 

Figure 2.9 shows an example of the strain field in the loading direction.  

 

   After choosing the DIC parameters (subset size of 21 pixels, step size of 2 pixels and filter size 

of 15) for obtaining an accurate strain field (detailed in Appendix 8.2), the homogeneity of the 

strain field was examined. Figure 2.9 shows the iso-strain maps in the longitudinal direction for 

PMMA 93 subjected to a tensile loading at a strain rate of 1.5x10-2s-1 and a temperature of 

140°C. Different levels of maximum local strain are shown: 20%, 40%, 60% and 80%. We can 

observe a longitudinal strain gradient increasing with the applied loading along the y-axis. From 

this strain field, a homogeneous longitudinal Hencky’s strain, εyy, within the central zone can be 

observed over the whole sample width. This homogeneous εyy in the central area was observed 

for all PMMAs stretched at different ranges of temperature and strain rate. Thus, all the data 

used to generate the stress-strain curves and the local strain rates was obtained from the 

information within the central zone of the samples. 

 

 

Figure 2.9: Iso-longitudinal Hencky strain maps of PMMA 93 stretched at 140°C - 1.5x10-2 s-1. 
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   After validating the homogeneity of the strain, the next step was to verify if the exponential 

cross-head velocity used for the tensile tests promoted a constant local true strain rate within the 

central zone. Having a constant true strain rate during the mechanical testing will allow 

comparing the experimental results in a more accurate manner. Figure 2.10 presents the 

evolution of the true strain and true strain rate in the longitudinal and transverse directions 

(measured within the central zone). We can observe that the true strain evolves linearly with 

time. In the same way, we observe that the true strain rate remains constant close to 1.5x10-2s-1. 

Strain rate appeared less constant during unloading phase. However, such variation is small 

enough to be considered as negligible. The use of an exponential velocity profile (Equation 2.8) 

is appropriate for obtaining a constant true strain rate. 

 

  

      a)                                                                               b) 

Figure 2.10: a) Longitudinal and transverse true strains vs time and b) Longitudinal and 
transverse true strain rates vs time for PMMA 93 stretched at 140°C and 1.5x10-2 s-1. 

 

   Last point is the compressibility of the material during the uploading/unloading. In 

consequence, the volumetric strain during the test was calculated following [37]:  

 

  

  
    (           )     

2.10 

 

where     is the true strain in the thickness direction and    is the initial volume. Previous work 

on injection moulded PMMA [11] showed that the material is transversally isotropic. In this work, 

casted plaques were assumed to be also isotropic. This choice was made due to the difficulty of 

measuring the strain in transversal direction. Additionally, non-simultaneous tensile tests 

confirmed previous assumption. Therefore, we generally assumed that        . Thus, it was 

possible to compute the volumetric strain by using Equation 2.10.  
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   Figure 2.10 displays the evolution of the volumetric strain with the longitudinal true strain for 

PMMA 93 at 140°C - 1.5x10-2s-1. The figure reveals that the volume remains quite low in the 

range of investigated deformation. Therefore, we have assumed that the material is close to be 

incompressible for these test conditions, as reported by other authors [38]. This assumption of 

incompressibility was verified for all the different experimental conditions and for all PMMAs 

(from 90°C up to 200°C and 10-2s-1 up to 10-3s-1), by obtaining a similar response. Thus, future 

modelling of these materials will account for an incompressible behaviour. 

 

 

Figure 2.11: Volume strain vs Longitudinal true strain for PMMA 93 tested at 140°C-1.5x10-2 s-1. 

 

    Finally, the true stress can be computed using Equation 2.11: 

 

    
 

    
 

 

              
  

2.11 

 

where F is the loading force, A(t) and A0 are the instantaneous cross section and the initial cross 

section of the sample. Once again, a transverse isotropy hypothesis was assumed. 

 

2.2.2.2 Shearing tests 

   Experimental setup for imposing local shearing strain have been validated in polymers at room 

temperature [21] and at high temperatures for composites [39]. However, studies at high 

temperature on polymers, coupling the Iosipescu configuration with Digital Image Correlation is 

not abundant in the literature. In the present study, we aim at carrying out this test to enrich the 

mechanical characterization of the material, for several solicitation modes. 
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   An Iosipescu configuration, as described in standard ‘‘ASTM D 5379’’ [40], was used. The 

shear sample geometry was chosen for promoting shear strain localization in the central zone of 

the sample. Indeed, Pierron and Vautrin [41] showed that a triangular notch shape with a 

specific angle of 90° promoted a local shear condition. The geometry and experimental set-up of 

the Iosipescu system is displayed in Figure 2.12. 

 

 

 

 
 

  

    a)                                                                               b) 

Figure 2.12: a) Geometry of shear sample with 4mm thickness and a notch radius of 2mm. b) 
Iosipescu configuration. The left side is fixed while the right side moves up and down for 

performing the sample upload-unload. 

 

   As in the case of tensile loading tests, an exponential cross-head velocity was imposed 

(Equation 2.8) to promote a local true strain rate. Moreover, the displacement field on the front 

face of the sample was followed from images recorded using two cameras in stereo-correlation 

and then post-treated using VIC-3D. Since the speckle size distribution was similar than the one 

used for the tensile geometry (see Figure 8.1 b) in Appendix 8.2), the mesh parameters were 

found to be the same for both shear and tensile tests, i.e. subset size of 21 pixels, step size of 2 

pixels and filter size of 15. This was also verified by performing a sensitivity study of the DIC 

parameters as depicted in Appendix 8.2. 

 

   Prior using this set-up, a validation was made to assure that the local strain was mainly under 

shear condition. Such condition means that the other strain components (εxx and εyy) remained 

close to zero during loading. Figure 2.13 shows the strain field corresponding to each iso-strain 

field when the shear strain, εxy, was about 25%. Figure 2.13 a) stands for the lateral true strain, 
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εxx, b) for the longitudinal true strain, εyy, and c) for the shear true strain, εxy. It can be noticed that 

the first two strains remain quite low within the central zone while the shear strain is localized 

homogeneously between the notches. Thus, we will make the assumption that the central zone 

of the sample displays in between the notches apparent pure shear behaviour. The maximum 

values of εxx and εyy are located next to the notches. These could affect the measurements since 

a pure shear is no longer present. These results have also been reported by other authors [21], 

[42]. However, these strains at the notch remain quite low, less than 5%, and far from the 

apparent pure shear zone. Therefore, as for tensile loading tests, an analysis zone (indicated as 

a 2px square in Figure 2.13) was chosen within the central zone between the notches, where an 

apparent pure shear state was observed.  

 

 

         a)                                                       b)                                                     c) 

Figure 2.13: a) Iso-lateral Hencky strain map b) Iso-longitudinal Hencky strain map and c) Iso-
shear Hencky strain map of PMMA CL stretched at 118°C - 1.5x10-2 s-1. 

 

   We need also to address the evolution of the strain components with time to verify that εxx and 

εyy remain close to zero. The variation of the different strain components with time and the local 

shear strain rate,  ̇, are depicted in Figure 2.14. The shear strain components increase almost 

linearly up to 30% at a constant shear true strain rate of 1.5x10-2s-1. In this range, the other two 

strain components remain lower than 5%, which may be considered as “negligible”. Thus, we 

assume a “pure” local shearing stress state for these conditions. However, it was observed 

during the tests that, at around 30% of shear strain, the material started sliding from the clamps, 

making the measurement inaccurate. Therefore, a value of 25% was chosen as a maximum 

strain to guarantee “pure” local shearing condition with no sliding. This maximum shear strain 

was used for all the PMMAs at the different temperatures and strain rates. 
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      a)                                                                               b) 

Figure 2.14: a) Shear, longitudinal and transverse true strains vs time. b) Shear true strain rate 
vs time for PMMA CL stretched at 118°C - 1.5x10-2 s-1. 

 

   Nevertheless, some authors [41], [43]–[45] have stated that shear strain may be distributed 

heterogeneously between the notches due to bending during the tests, leading to inaccurate 

estimation of the shear strain and stress. For verifying this, we tracked the shear strain along the 

“Y” direction, between the notches, and along the “X” direction, perpendicular to the notches. 

This is depicted in Figure 2.15 a). The shear strain evolution along these axes is presented in 

Figure 2.15 b) and c) respectively. It can be observed that the deformation is quite 

homogeneous in the central zone. However, the tracking performed along “Y” reveals that the 

shear strain near the notches front is about 15% lower than the average value in the central 

zone.  

 

   As stated for the standard ‘‘ASTM D 5379’’ [40], the mechanical response under shear loading 

can be characterized by the true shear stress, which stands in Equation 2.12 following: 

 

    
 

    
 

2.12 

 

where AB is the length between the notches and h is the thickness. However, as it was 

illustrated in Figure 2.15 b) and c), the shear strain along AB was not constant. Therefore, if the 

whole length is accounted when computing the shear stress, an overestimation of the stress 

may occur. This was also reported by other authors [44] on composites. Morton et al. [43] and 

Pierron et al. [41], [45] proposed to introduce a correction factor,   , to account for the no 

uniformity of the stress state in the midsection of the sample, and average the stress. The 

correction factor,   , may be determined from the ratio between the local shear stress in the 
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midsection of the sample,    , and the average shear stress in the midsection, defined in 

Equation 2.12. Thus, a corrected shear stress,   
  , can be calculated based on the correction 

factor following: 

 

   
   

        
  2.13 

 

  
   

 

       
 

2.14 

 

   For estimating this correction factor, finite element simulations were carried out by using 

ABAQUS 6.14-1 package. Two simulations were performed: the first one assuming hyperelastic 

behaviour for the PMMA (rubbery regime) and the second one accounting for elastoplastic 

behaviour (glassy state). Both behaviour were taken from experimental results on PMMA. More 

details about the simulations and calculations are presented in Appendix 8.3.  

 

   For the hyperelastic material, the stress correction factor is equal to 1.091. This result is similar 

to those found by Morton et al. [43] and Pierron et al. [41], [45] on elastic materials. However, 

the correction factor for the elastoplastic simulation was 1.342, which is higher than the one for 

elastic and hyperelastic materials. This suggests that the correction factor may vary following the 

constitutive behaviour used for the material.  

 

   Therefore, the correction factor is sensitive to the mechanical behaviour and should be 

determined for the different investigated mechanical behaviour. For the studied PMMAs under 

shear loading, the plastic behaviour did not show any strain hardening, thus a factor of 1.342 

was used for the different cases. Additionally, viscoelastic and hyperelastic behaviour seemed to 

be well described by a correction factor of 1.091. 
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a) 

 

b)

 

c) 

Figure 2.15: a) Local shear strain map measurement along the “X” and “Y” direction. Evolution of 
the shear strain during loading in function of: b) the distance perpendicular to the notches and c) 

between the notches. 

 

2.2.3 Parameters identification: Inverse analysis 

After performing an experimental characterization of the material, it is important to be able to 

reproduce the main results by working with material constitutive equations. However, identifying 

the material parameters that properly describe the material behaviour is not always a trivial task. 

To overcome this difficulty, the use of inverse analysis is a reliable option. 

 

   Classically, a direct modelling of a physical indicator, as the stress, consists in expressing its 

response,   , using a behaviour law that may depend on intrinsic properties (   , geometry and 

boundary conditions: 
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                    2.15 

 

   Inverse analysis consist in identifying the optimal parameters “  
    

    
     

 ” that lead to a 

similar experimental response,     : 

 

     
    

    
     

         2.16 

 

   Thus, the goal of using inverse analysis is to find the set of parameters that minimizes the 

difference between the values determined experimentally and those computed through a model. 

Such difference is quantified through a scalar called “cost function”, CF. If the cost function is 

low, the results from constitutive equation and those from the experiment are similar. The idea is 

to minimize the cost function. In this work, the cost function was defined in a classical mean 

square method based on experimental and theoretical values (Equation 2.17). This form as been 

previously used for identifying physical and mechanical parameters on uniaxial tensile tests by 

[21], [25]. 
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2.2.3.1 Optimization method 

Many methods may be used for minimizing the cost function [46]–[48]. In this study 

minimizations were conducted by means of the simplex algorithm of the “fminsearch” MATLAB® 

function. This function uses the Nelder-Mead simplex algorithm [49] as described in Lagarias et 

al. [50]. This method uses a simplex of n+1 vertices, where n is the number of variables. The 

algorithm initially makes a simplex around the initial guess of parameters by adding 5% of each 

component. Then, the cost function is computed in each vertex (including the initial guess) and 

ordered from the lowest to the highest. At each iteration the algorithm discards the worst point 

(or highest cost function) and modifies it according different procedures: reflection, expansion, 

contraction and shrinkage [50]. Each of these operations constantly modifies the simplex until it 

converges to a minimum of the cost function.  

 

2.3 Summary 

This Chapter described the investigated material by presenting its general features, synthesis 

and some of its physical properties. We also gave a glimpse about the effect of the molecular 
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weight and cross-linking on the glass transition temperature. Low molecular weight PMMAs 

exhibit lower glass transition temperatures whereas increasing values of molecular weight 

results in reaching an asymptotic value to    .  

 

   Section 2.2.1 gives an introduction of dynamical analysis for linear viscoelastic properties 

measurement. At this level, we presented the two configurations used in this study: tensile and 

shear loading. It was verified that for both conditions the imposed strain remain in the linear 

viscoelastic region. Moreover, it was shown that shear tests could be performed for PMMAs 80, 

93 and 120 up to 230°C and up to 260°C for PMMAs 3500 and CL. Higher temperatures may 

promote degradation. 

 

   In Section 2.2.2 tests used at the macroscopic level were presented regarding uploading-

unloading tensile and shear tests. The displacement field on the front face of the sample was 

followed accurately from images recorded using a stereovision system of two cameras. 

Computation of the strain was done using VIC-3D. By performing a mesh sensitivity study, we 

concluded the appropriate set of parameters to have the best compromise between accuracy 

and computing time: a subset size of 21 pixels, a step size of 2 pixels and a filter size of 15. 

 

   All the data post-treatment was issued from the information obtained within the central zone of 

the samples, where true strain fields were homogeneous. The use of an exponential velocity 

profile (equation 2.8) was appropriate to obtain constant true strain rates. Moreover, the 

incompressibility was verified for all the different experimental conditions and for all PMMAs, by 

obtaining similar responses. For characterizing the material behaviour under shearing, an 

Iosipescu configuration was used at high temperature coupled with Digital Image Correlation. 

The maximum εxy was chosen to be around 25%. This maximum shear strain was used for all 

the PMMAs at different temperatures and strain rates. To account for non-homogeneity of the 

shear strain between the notches, correction stress factors were calculated from finite element 

simulations. The values were found equal to1.342 for elastoplastic behaviour, and to 1.091 for 

viscoelastic and hyperelastic behaviour.  

 

   Finally, a brief description of inverse analysis, cost function and Nelder-Mead simplex 

algorithm was given to illustrate the methodology employed for identification of model 

parameters. Such methodology will be used for calibrating all the parameters in the following 

Sections. 

 

 



 

 

 

CHAPTER III 

LINEAR VISCOELASTIC DOMAIN 

 

This Chapter focuses on the mechanical relaxations of PMMA in the linear viscoelastic domain. 

Additionally, the effect of the loading frequency, molecular weight and cross-linking degree on 

these relaxations is addressed.  

 

   Temperature scans in the linear domain allowed identifying the secondary and primary 

relaxations on PMMA as well as their sensitivity to frequency. These relaxations will 

considerably rule the mechanical behaviour since they modify the elastic and loss moduli. Such 

study was performed for all PMMAs by evaluating if the molecular weight and cross-linking 

influence the way mechanical relaxations vary with frequency. The time/temperature 

superposition principle was used to build the master curves of the five PMMAs. Such curves 

described the viscoelastic response of the material along wide ranges of frequency at a 

reference temperature. Because material may be subjected to different stress state when 

processed, master curves were performed for tensile and shear loading. Additionally, the 

topology of the PMMAs was examined for relating it with the linear viscoelastic response. More 

precisely, we aimed to correlate the entanglement density with the elastic and inelastic response 

of the material.  

 

Ce chapitre se concentre sur les relaxations mécaniques du PMMA dans le domaine 

viscoélastique linéaire. De plus, l'effet de la fréquence de chargement, de la masse molaire et 

du degré de réticulation sur ces relaxations est adressé. 

 

   Les balayages de température dans le domaine linéaire ont permis d'identifier les relaxations 

secondaires et primaires sur PMMA ainsi que leur sensibilité à la fréquence. Ces relaxations 

régiront considérablement le comportement mécanique puisqu'ils modifient les modules 

d'élasticité et de perte. Cette étude a été réalisée pour tous les PMMA en évaluant si la masse 

molaire et la réticulation influencent la façon dont les relaxations mécaniques varient avec la 

fréquence. Le principe de superposition temps/température a été utilisé pour construire les 

courbes maîtresses des cinq PMMA. De telles courbes décrivent la réponse viscoélastique du 

matériau sur de larges plages de fréquence à une température de référence. Étant donné que le 

matériau peut être soumis à différents états de contrainte lors de la mise en forme, des courbes 

maîtresses ont été réalisées pour la traction et le cisaillement. De plus, la topologie des PMMA a 

été examinée pour la relier à la réponse viscoélastique linéaire. Plus précisément, nous avons 

cherché à corréler la densité des enchevêtrements avec la réponse élastique et inélastique du 

matériau. 
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3 Linear viscoelastic domain on PMMA 

3.1 Isotropy validation 

Recalling Section 2, we saw that some of the plaques were obtained by injection and extrusion 

moulding, which could generate a preferential molecular orientation and thus, an anisotropic 

mechanical behaviour. Thus, we have to validate that these curves are representative whatever 

the orientations of the samples is, before performing any further analysis. 

 

   Figure 3.1 shows the evolution of the storage modulus, a), and loss modulus, b), for two 

samples of PMMA 120 that were machined in two orientations: aligned with the injection flow 

(0°) and perpendicular to it (90°). We can see that moduli do not show any difference (<~1%) 

along the viscoelastic regions. We can therefore conclude that there is no appreciable effect of 

the orientation in the mechanical properties, meaning that plaques exhibit an isotropic behaviour. 

This was verified for all the PMMAs. 

 

  

                a)                                                                                 b) 

Figure 3.1: Temperature scans at 1 Hz for PMMA 120 in two directions. a) Storage modulus and 
b) loss modulus  

 

3.2 Introduction to Secondary transitions in PMMA and influence on Tα 

According to literature [1]–[3], PMMA exhibits three secondary relaxations, namely δ, γ and β 

(Figure 3.2). The δ transition is associated to the rotation of the methoxy group (O-CH3) at a 

temperature close to -270°C at 1 Hz. The γ transition is related to the rotation of methyl group 

(CH3) at a temperature close to -180 °C at 1 Hz. Those two relaxations are not of importance in 

our study since they occur far from the α-transition. However, the β transition, which 
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corresponds to the rotations of ester group (O–C=O), takes place close to 10°C at 1 Hz, having 

chances of interacting with the α-relaxation we are focusing on [51].  

 

 

Figure 3.2: Secondary transitions in PMMA. [2] 

 

   Mechanical relaxations are often addressed by identifying the local maximum of the loss 

modulus evolution with temperature. Figure 3.3 displays the temperature dependence of the loss 

modulus for a PMMA at 1 Hz, having two maxima that correspond to the β-relaxation and α-

relaxation. We can notice that the loss peak in β transition have a partial overlapping with the α-

relaxation peak. Indeed, this β-relaxation leads to a broader relaxation peak when frequency 

increases, and shifts toward higher temperature with higher proportion than α-transition. So it 

may happen that the two processes merge in one unique so-called αβ process [52]–[54]. In this 

temperature range, the intramolecular cooperative mechanisms are high enough to consider the 

molecular motions as the precursors of the large amplitude molecular motions in the α-relaxation 

[52].  

 

 

Figure 3.3: Temperature dependence of the loss modulus for a PMMA at 1 Hz. [1] 
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   Indeed, Schmidt-Rohr et al. [3] suggested that motions during β-relaxation can be associated 

to fast π-flips of the ester group which brings reorientations of an angle of 20° around the local 

chain axis, producing a slight deformation in the molecular surroundings as displayed in Figure 

3.4. This distortion in the molecular surrounding may facilitate the cooperatives chain motions 

related to the α-relaxation. 

 

 

Figure 3.4: Dynamics of the ester side group in its environment. (a) Initial orientation of the side 
group. (b) π-flip without main-chain motion: steric clash with the environment. (c) Twist around 
the local chain axis: slight deformation in the environment. (d) Second jump occurs and returns 

the group back near to its original orientation in (a). [3] 

 

3.3 Results and Discussions 

3.3.1 Mechanical relaxations on the investigated PMMA 

Interaction between α and β relaxations may be an issue when applying the time-temperature 

superposition principle since two types of molecular motions with different frequency 

dependence would take place. Thus, before building the master curves, it is necessary to 

address whether the secondary relaxation of the different PMMAs will superimpose or not with 

the α-relaxation. 

 

   Figure 3.5 displays the evolution of the loss modulus as a function of the temperature for 

different frequencies for PMMA 3500. Taking the local maxima of the loss modulus at 1 Hz as 

the moment where mechanical relaxations will occur, the β-transition and α-relaxation can be 

observed around 26°C and 113°C respectively. By varying the loading frequency, we can 

observe that β-transition shift for a decade of frequency around three times faster to higher 

temperatures than α-relaxation. Specifically, the β-transition shifts around 24°C per decade of 

frequency while α-relaxation shifts 8°C, which means that β-transition is more sensitive to 
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frequency. This observation has also been reported in PMMA by Schmidt et al. [3] and Mulliken 

et al. [54].  

 

   To represent the sensitivity of each molecular relaxation to the frequency effect, a relaxation 

map was plotted in Figure 3.6 for PMMA 3500. In this figure, we can observe the evolution of the 

frequency logarithm as a function of 1000/Temperature (expressed in kelvins). These 

temperatures correspond to the transition temperatures determined by the maximum of either E’’ 

or tan δ. It can be seen that in this range of frequency the α-relaxation and β-relaxation nicely 

obey an Arrhenius form: 

 

       ( 
  

  
)  

3.1 

 

where    is a pre-exponential frequency factor,    is an activation energy for the onset of a 

specific molecular motion and T is the temperature in kelvin. Through this relationship it was 

possible to determine the activation energies for the α and β relaxations, denoted as Qα and Qβ 

respectively. The β-relaxation has an activation energy of 65 KJ/mol, while the α-relaxation has 

higher activation energy, 441 KJ/mol. Similar results have been reported by [51], [55]. This 

relationship between the activation energies, i.e. Qβ < Qα, confirms that the secondary relaxation 

activates with more ease and has higher sensitivity to the frequency than the α-relaxation. 

 

   Figure 3.6 also suggests that both relaxations tend to merge at high frequency, as reported 

elsewhere [52]–[54]. For example, by extrapolating the evolution of the mechanical relaxations of 

a PMMA 3500, the αβ-process would occur around 3750 Hz for a temperature of 158°C. 

However, within our range of frequencies, overlapping remains low for all the PMMAs.  
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Figure 3.5: Loss modulus as a function of temperature at 0,1Hz, 1Hz and 10Hz for PMMA 3500. 

 

Figure 3.6: Relaxation map of PMMA 3500 obtained using the maxima of α and β relaxations.  

 

   Figure 3.7 shows the evolution of the loss modulus as a function of the temperature for the 

different PMMAs at 1 Hz. A shift on the α-relaxation peak to higher temperature can be seen as 

the molecular weight and cross-linking increase. This is related to an increase of the α-transition 

temperature. This may be due to the rise in the number of entanglements and to the presence of 

chemical crosslinks. These topological constraints, hinder the molecular motions that will 

introduce higher energy (in this case temperature) to activate the cooperative motions.  

   Regarding the secondary relaxation, we can observe a shift to higher temperatures when the 

molecular weight increases. As it was explained for the α-relaxation, entanglement restricts the 
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molecular mobility, which also seems to slow down the secondary relaxation. However, chemical 

crosslinks seems to have the opposite effect, decreasing considerably the β-relaxation 

temperature. 

 

 

Figure 3.7: Loss modulus as a function of temperature at 1Hz for all PMMAs. 

 

   For having a better representation of the mechanical relaxation dependence with the molecular 

weight and cross-linking, we plotted relaxation map for the different PMMAs to determine their 

activation energies. Figure 3.8 shows how these activation energies vary for each PMMA. The 

activation energy for the α-relaxation was described through a Flory-Fox equation, increasing 

sharply with the molecular weight and then reaching asymptotically a maximum value around 

441 KJ/mol. Additionally, PMMA CL has a higher Qα, 483 KJ/mol, than any other PMMA. Thus, 

chemical crosslinks seem to impose more restriction than physical entanglements for the 

primary relaxation. These results display the same trend than the glass transition temperatures 

as displayed in previous Chapter. 

 

   Additionally, the differences for the activation energy on β-relaxation between PMMA 80 and 

PMMA 3500 are quite small, approximately 2 KJ/mol. Thus, even if the β-temperature rises with 

the molar mass, its activation energy remains nearly constant, meaning that its dependency with 

frequency is the same whatever the molar mass is. Moreover, Qβ is considerably lower, 36 

KJ/mol, when chemical crosslinks are present. This result seems to be counterintuitive since 

crosslinks are supposed to slow down molecular motions. Similar observations have been 

reported by Casalini et al. [56] where they reported a decrease on Qβ when increasing 

crosslinking degree for a polyvinylethylene. For the purpose of this project, further explanations 

are not required. Future research on this topic may be useful for applications such as impact that 

induces higher loading frequencies. 
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Figure 3.8: Evolution of activation energies with PMMA molecular weights. 

 

3.3.2 Viscoelastic zones of PMMA 

In the previous section, we addressed the main mechanical relaxations on PMMA and 

investigated how the temperature, frequency, molecular weight and crosslinking affect them. To 

draw a global picture of the material linear viscoelastic response, we characterized in this 

section the different viscoelastic regions of the five PMMAs. 

 

   First, a temperature scan gives an insight of the polymer viscoelastic response. Figure 3.9 

shows the evolution of the storage modulus, loss modulus and damping for PMMA 3500 at 1 Hz. 

In this figure the classical viscoelastic regions are identified:  

 

 A glassy region from -25°C up to 100°C with a high storage modulus and low energy 

dissipation. Storage modulus exhibits a slight progressive decrease. This is likely due to 

the secondary relaxation which acts as a precursor of molecular motions. 

 

 Then, a viscoelastic region from 100°C up to 150°C is observed. At this point, there is a 

sharp decrease of E’ and high energy dissipation. Tan δ exhibits a peak which is related to 

the α-transition temperature. 

 

 Later, a rubbery plateau is observed from 150°C up to 250°C where the dissipation is quite 

low and E’ gradually decreases while increasing the temperature. The increase in 

temperature provides enough energy to the polymer network, promoting a gradual 

disentanglement process that leads to a decrease of the storage modulus and an increase 



 

38 

 

of the energy dissipation. In fact, this rise of dissipation appears around 225°C and seems 

to have a tendency to overcome the storage modulus at higher temperatures, reaching the 

flowing region. In this test configuration (temperature scan performed under tensile 

loading), we could not analyse the flowing region since the material was too fluid and 

displayed an important thermal dilatation. 

 

 

Figure 3.9: Moduli and Tan δ evolution with the temperature for PMMA 3500 at 1 Hz. 

 

   For understanding the effect of the loading frequency on the viscoelastic response, 

temperature scans were performed at three different frequencies. Figure 3.10 shows two 

examples of temperature scan where the storage and loss moduli evolve with the temperature at 

0.1 Hz, 1 Hz and 10 Hz for PMMA 80 and PMMA 3500.  

 

   We can see that moduli at rubbery plateau of PMMA 3500 barely change. This suggests that 

viscoelasticity is not dominant in this region. For PMMA 80, the extension of the rubbery plateau 

is so short that the material seems to display viscoelastic behaviour in the studied conditions. 

Thus, the molecular weight appears to have an influence in the viscoelastic regime of the 

material. 
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a)                                                                     b) 

 

c)                                                                   d) 

Figure 3.10: Storage and loss moduli evolutions with temperature at 0.1 Hz, 1 Hz and 10 Hz for 
a), b) PMMA 80 and c), d) PMMA 3500. 

 

3.3.3 Time/temperature superposition principle on PMMAs with different molecular 

weight and cross-linking degree 

Previous section introduced the overall linear viscoelastic response of PMMAs as a function of 

temperature, at constant frequencies for tensile loading. In this section, the goal is to address 

how the different PMMAs behave in a wide range of frequency. For this, we will use the 

time/temperature superposition principle for two types of loading: tensile and shear. This 

principle allows representing viscoelastic properties in terms of an equivalent frequency at 

reference temperature,   , using a horizontal shift factor,        [4], [22], [57]:  
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             3.2 

 

3.3.3.1 PMMA Master Curves at Tensile and Shear Loading 

First, frequency sweeps were performed under tensile loading. Figure 3.11 shows the master 

curves for the storage and loss moduli which were successfully built up for PMMA 80 with 

“horizontal” shift factors. This was done with a unique reference temperature, chosen at 130 °C 

for convenience since this temperature is near to the viscoelastic region for all the PMMAs. 

Thanks to this protocol, the linear viscoelastic response of the material was addressed over a 

wide range of frequencies, from 10-3 s-1 to 1016 s-1, where the glassy region, viscoelastic zone 

and rubbery plateau are depicted. However, despite these tests, we were not able to observe 

the response in the flowing region. 

 

 

Figure 3.11: Master Curves of the storage and loss moduli in tensile loading for PMMA 80 at a 
reference temperature of 130°C. 

 

   For better characterizing the flowing region, we proceed by building master curves by using 

shear loading in two configurations: torsion and parallel discs. The torsional mode was used for 

characterizing the solid state and parallel discs mode for the flowing state. Figure 3.12 shows 

the master curves obtained for the storage and loss moduli on PMMA 80 for shear loading 

combining both configurations. The torsional mode allowed building the master curves from 10-3 

s-1 up to 1012 s-1 using a reference temperature of 130°C, and addressing the glassy region, 

viscoelastic zone and rubbery plateau. At lower equivalent angular frequency, the material was 

too fluid for being analysed through torsional mode. We complemented these master curves in 

the flowing region by using parallel discs configuration, at a reference temperature of 130°C. 
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Figure 3.12 indicates that master curves built in shear loading can be superimposed by using the 

same reference temperature, even if the test configuration was different. Similar observation was 

made by Halary et al. for a copolymer [58]. This methodology allowed obtaining all the 

viscoelastic regions of our PMMAs for a wide range of angular frequency. 

 

 

Figure 3.12: Master curves of the storage and loss moduli in shear loading for PMMA 80 at 
130°C. 

 

   We will now compare the two loading modes (tensile and shear). Figure 3.13 a) displays the 

master curves of the storage shear modulus, G’, obtained by torsional loading and the tensile 

storage modulus, E’, obtained by DMTA for PMMA 80. The reference temperature of 130°C was 

used in both cases. We can notice that shear modulus is lower than the tensile one. In fact, both 

shear and tensile moduli were assumed to be related by the Hooke’s Law expression as: 

 

   
  

 (    
 )

  
3.3 

 

where   
  is the Poisson’s ratio. In the case of incompressibility,   

 =0,5  and therefore E’=3G’. 

For future studies, we recommend to perform confined compression tests to determine the bulk 

modulus, K*, and obtaining a more accurate value of the Poisson’s ratio in the studied 

conditions. 
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   In our case, dividing E* by a factor of 3 allowed to superimpose the tensile and shear 

measurements, as shown in Figure 3.13 b) at least in the viscoelastic and rubbery zones where 

assumptions concerning Poisson’s ratio are valid. This suggests that rheology and DMTA are 

complementary techniques that can be used to characterize viscoelasticity up to the flow at 

small strain. Thanks to these master curves, the influence of the molecular weight and 

crosslinking on the viscoelastic response can be studied in the linear domain for PMMA 

materials.  

 

   The framework of this study is built for characterizing the mechanical response from the onset 

of the viscoelastic region up to the end of the rubbery plateau. Master curve will be used as a 

reference for defining the experimental conditions at the macroscopic level.  

 

  

            a)                                                                            b) 

Figure 3.13: a) Comparison between master curves for tensile storage modulus, E’, and shear 
storage modulus, G’. b) Master curves of G’ obtained by superposing DMTA and rheology 

results. Both curves were done for PMMA 80 at reference temperature of 130°C.  

 

   Since β-relaxation did not overlap with α-relaxation, shift factors were successfully identified 

manually using storage modulus, E’. Figure 3.14 shows the shift factors for PMMA CL 

determined from tensile and shear loadings. Shift factors nicely obey to Williams-Landel-Ferry, 

WLF, equation [22] (see Equation 3.4) at least in the viscoelastic region and rubbery zone.  

 

      
    

(
           
        

)
  

3.4  

 

where C1 and C2 are parameters related to T0, named reference temperature. Very often, C1 may 

vary between 8 to 25 and C2 from 25°C to 80°C.  
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   Figure 3.14 reveals that the shift factor evolution varies with the loading state: higher values 

are found in tensile loading below the reference temperature while there are inferior above it. 

This suggests that frequency dependence of the material may depend on the loading state, 

being slightly less sensitive when material is submitted to shear condition. The physical origin of 

this observation is not fully understood, but these results will be relevant for future mechanical 

characterization at large deformations. 

 

 

Figure 3.14: Shift factor evolution with temperature for PMMA CL for tensile and shear loadings. 
Reference temperature was taken at 130°C.Symbols indicate experimental values while the 

lines correspond to the identified WLF Equation. 

 

3.3.3.2 Influence of the Molecular Weight and Cross-linking 

After studying the effect of temperature, frequency and loading state on the mechanical 

behaviour of the material, we will investigate the influence of the polymer architecture, i.e. the 

molar mass and cross-linking. Figure 3.15 and Figure 3.16 display the master curves for the 

storage and loss moduli successfully built up for the five PMMAs with “horizontal” shift factors. A 

unique reference temperature, chosen at 130 °C was used for convenience. Regarding the 

molecular weight effect on viscoelastic region, results suggest that: 

 

 The glassy region does not exhibit major variations. 

 

 In the viscoelastic region, the storage and loss moduli increase with the molar mass due to 

the higher number of entanglements, which is coherent with the bibliography. However, 

PMMA 93 displays higher moduli in this region than PMMA 120, which seems to be 
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contradictory considering that PMMA 120 should have more entanglements. As explained 

in Section 2, this may be attributed to the high content of comonomers on PMMA 120 that 

grants more mobility to the polymer backbone in the viscoelastic region.  

 

 In the rubbery plateau, increasing the molar mass leads to an increase of the storage and 

loss moduli and a wider rubbery plateau over the frequency range. For instance, PMMA 80 

displays a rubbery plateau in a range of 10-2 s-1 <       
 < 100 s-1 while PMMA 3500 does at 

10-12 s-1 <       
 < 10-3 s-1. These observations are likely due to a larger number of physical 

entanglements that will restrict the molecular motion. 

 

 In the flowing region, PMMAs with the lowest molecular weight, i.e. PMMAs 80, 93 and 

120, display flowing with moduli that rise with the molecular weight. For PMMA 3500, 

physical entanglements are so important that flowing does not take place in the studied 

range of frequency. This means that E’’ was constantly lower than E’. 

 

   Concerning the crosslinking effect, we can notice that this material is equivalent to PMMA 

3500 except in the flowing region that disappears or is postponed toward lowest equivalent 

frequencies. Indeed, the moduli for PMMA CL remain constant since crosslinking inhibits flow at 

high temperatures or low frequencies.  

 

 

Figure 3.15: Storage modulus master curves for all PMMAs at a reference temperature of 
130°C. 
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Figure 3.16: Loss modulus master curves for all PMMAs at a reference temperature of 130°C. 

 

   It has been seen that the increase on the molecular weight and the presence of crosslinking 

directly affect the viscoelastic response of PMMA in the linear domain. At this point, we have 

assumed that this is related to an increase in the number of entanglements with the molecular 

weight.  

 

   According to rubber elasticity theories [59], the shear modulus at the rubbery plateau,   
  

(corresponding to the shear storage modulus at the minimum of tan δ), allows estimating the 

average mass between crosslink. Extending this to entanglements, the mass between 

entanglement,   , should be such as [5], [23], [60], [61]: 

 

   
                         

   

  
  

3.5 

 

where ρ is the polymer density at the absolute temperature T and R is the gas constant.    is 

equal to 1 if entanglements are considered as chemical cross-links [22], and 4/5 otherwise 

according to reptation theory. 

 

   The density of entanglements is then: 
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where    is the Avogadro number. According to [1] and [61], a polymer network has a number of 

entanglements of the order of 1025 or 1026 per cubic meter. 

 

   Additionally, entanglements appear after overcoming a critical molecular weight, Mcr. Direct 

empirical relationship between this magnitude and the molecular weight between 

entanglements, Me, has been previously used by [15] and [62]: 

 

         3.6 

 

   Figure 3.17 depicts the evolution of the critical molecular weight for entanglements apparition, 

Mcr, the molecular weight between entanglements, Me, and the entanglements density,   , with 

the molecular weight. These results were deduced from DMTA analysis and equations 3.-3.6. All 

the experimental data were described by a Flory-Fox equation.  

 

   First, the critical molecular weight for entanglement apparition of each PMMA was lower than 

its respective molecular weight (see Table 2.1). This means that entanglements are present and 

a temporary network already exists for all the materials. Figure 3.17 also suggests that the 

molecular weight between entanglements decreases with the material molecular weight. This 

confirms that polymer chains tend to entangle more when they are longer. Moreover, if the 

molecular weight between entanglements decreases with Mw, this means that the average 

number of entanglements should increase when the molecular weight is higher. This is depicted 

in Figure 3.17 where the average entanglements density increased from 0.8x1026 entanglements 

per cubic meter for PMMA 80 to 1.6x1026 entanglements per cubic meter for PMMA 3500. This 

increase in the average number of entanglements restricts the molecular mobility, which agrees 

with the effect of the molecular weight on the moduli observed in Figure 3.15 and Figure 3.16.  

 

   For the crosslinked PMMA, results reveal that the molecular weight between entanglements is 

higher than the one on PMMA 3500 and therefore, the average density of entanglements for 

PMMA CL is lower than for PMMA 3500. This may be attributed to the factor    in Equation 3.5. 

This suggests that crosslinks are more effective to hinder molecular motions than physical 

entanglements. Indeed, results reveal that a higher density of entanglements is needed to 

promote the same storage modulus of a crosslinked PMMA. 
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   As depicted in Figure 3.8 and Figure 3.17, physical parameters were described with the Flory-

Fox equation. However, this is just a hypothesis since some data points are missing by the lack 

of PMMAs showing different molecular weights. As perspective, we will recommend to work with 

PMMAs of different molecular weights such as 300 Kg/mol, 700 Kg/mol, 1000 Kg/mol and 2000 

Kg/mol for proving if Flory-Fox equation are describing the kinetics of the parameters showed in 

these Figures, or to propose any other empirical relationship. 

 

Figure 3.17: Evolution of the critical molecular between entanglements, Mcr, molecular weight 

between entanglements, Me, and entanglements density,   , with the weight average molecular 
weight. 

 

   So far, shift factors were determinant for obtaining master curve of the PMMAs. These were 

successfully identified for tensile and shear loading. Figure 3.18 displays these values for the 

different PMMAs under tensile load. Shift factors nicely obey to the WLF equation (see Equation 

3.) at least in the viscoelastic region and rubbery zone (i.e., up to 170°C for entangled PMMAs 

and up to 230°C for cross-linked PMMA).  

 

   Regarding PMMA 3500, a double kinetic process for the shift factor was obtained. Especially, 

WLF was accurate up to 180°C and was then no longer valid. Indeed, an Arrhenius law was 

more relevant from 180°C up to 230°C to describe the shift factors: 
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where          is the activation energy in the rubbery plateau and    is the reference 

temperature in Kelvin. Using WLF and Arrhenius relationships allowed describing shift factors in 

an accurate manner for a wide range of temperatures. However, notice that the transition 

between the two expressions (in the range of 170°C and 180°C) is not continuous and may lead 

to inaccurate predictions. Nevertheless, this was not a big issue as the shift factor values were 

discrete, and could be experimentally determined if needed. Another option is to use a piecewise 

function as suggested in Appendix 8.4. 

 

   The values obtained for the parameters C1, C2 and          are displayed in Table 3.1 for 

those computed from tensile loading and Table 3.2 for the ones computed from shear loading. 

These were determined using 130°C as reference temperature.  

 

Table 3.1: WLF and Arrhenius parameters for the different PMMAs under tensile loading. 

PMMA C1 C2 (K)          (K.J/mol) 

80 4.5 66.3 - 

93 6.6 64.7 - 

120 7.8 77.7 - 

3500 8.8 68.1 344.1 

CL 11.5 79.2 - 

 

Table 3.2: WLF and Arrhenius parameters for the different PMMAs under shear loading. 

PMMA C1 C2 (K)          (K.J/mol) 

80 6.6 87.8.0 - 

93 9.2 80.0 - 

120 8.5 75.8 - 

3500 10.3 83.3 329.3 

CL 9.5 80.0 - 

 

   Regarding the effect of the molecular weight on these shift factors, Figure 3.18 suggests that 

the kinetics of the shift factors with the temperature varies for the different PMMAs, tending to 

occur faster when the molecular weight increases and/or with the presence of crosslinking. Shift 
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factors were determined mainly in the viscoelastic region and rubbery plateau, so they could be 

related to the activation energy of the α-relaxation (Figure 3.8). It was previously observed that 

Qα increased with the molecular weight. Thus, it seems that the activation energies and the rate 

with which shift factors change could be linked since both increases with the molecular weight. 

 

   As described in Section 3.3.1, the increase of the activation energies with the molecular weight 

suggests that the α-transition requires higher frequencies to be affected. Indeed, shift factors 

relate the difference of loading frequency that have to be applied for having the same transition 

at two different temperatures. Thus, their increase with the molecular weight may suppose that 

higher variation of frequency is needed to have the same response. This will be a main factor for 

characterizing the macroscopic mechanical behaviour of PMMAs in the next Section.  

 

 

Figure 3.18: Shift factor vs temperature for the different PMMAs. Symbols represent 
experimental data. Straight lines represent Equations 2 and 5 with parameters from Table 3.1. 

 

3.4 Summary 

In this Chapter, a characterization of the linear viscoelastic behaviour of the five PMMAs was 

done by submitting the materials to tensile and shear loadings. 

 

   Two mechanical relaxations were addressed on PMMA: a solid state β-transition related to the 

rotation of the ester group and a main α-relaxation related with cooperative motions in the 

amorphous phase. The activation energy for secondary transition was considerably lower than 

the activation energy of α-relaxation, indicating that the secondary relaxation has higher 

sensitivity to the frequency. Results showed that the experimental conditions did not promote 
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αβ-process. Moreover, it was found that the activation energy for the α-transition increases with 

the molecular weight as it did for the transition temperature.  

 

   Master curves were built up for all PMMAs employing “horizontal” shift factors, with a unique 

reference temperature, chosen at 130 °C. Using these master curves, the linear viscoelastic 

response of the material was addressed accounting for the glassy region, viscoelastic zone and 

rubbery plateau. For studying the flowing region, rheological tests in shear loading were used. 

By relating the tensile and shear storage moduli through E’=3G’, it was possible to overlap both 

curves obtaining a global picture of the viscoelastic response. Thanks to these master curves, 

the influence of the molecular weight and cross-linking on the viscoelastic response at the linear 

domain for PMMA was deeply studied.  

 

   Regarding the effect of the molecular weight on the linear viscoelastic response, we observed 

that in the viscoelastic region, rubbery plateau and flowing state, the storage and loss moduli 

increased with the molar mass. Additionally, the extension of the moduli over the frequency in 

the rubbery plateau was enlarged with the increase of the molar mass. This is likely due to the 

rise of physical entanglements that restricted the molecular motions.  

 

   Concerning the crosslinking effect on the linear viscoelastic response, we made a comparison 

with PMMA 3500. In the glassy and viscoelastic regions the storage and loss moduli are similar, 

suggesting that physical entanglements and chemical crosslinks restrict in a similar manner the 

molecular motion. In the rubbery plateau, E’ remained constant for PMMA CL while on PMMA 

3500 gradually decreased when reducing the equivalent frequency. This confirmed that chemical 

crosslinks do not disappear with time/temperature. 

 

   Shift factors were successfully identified for the five PMMAs under tensile and shear loadings. 

They nicely obeyed to WLF equation at least in the viscoelastic region and rubbery zone. PMMA 

3500 presented a double kinetic process for the shift factor, described by the WLF and Arrhenius 

laws. Shift factors evolution also shows dependence to the stress state and to the polymer 

architecture. Moreover, variation of shift factors with temperature were more relevant when the 

molecular weight increases and with the presence of crosslinking.  

 



 

 

 

CHAPTER IV 

MECHANICAL BEHAVIOUR OF PMMAs AT LARGE 

DEFORMATION: COUPLING OF TEMPERATURE/STRAIN 

RATE EFFECTS 

 

This Chapter presents experimental evidence of the effect of the temperature, strain rate, stress 

state, entanglement density and crosslinking degree on the mechanical properties of PMMA at 

large deformation levels. This study was carried out by coupling the temperature/strain rate 

effects in one parameter called “equivalent strain rate” at reference temperature which allowed 

simplifying the experimental characterization. First, we illustrate the individual effect of the 

temperature and strain rate on the finite domain of deformation. After verifying that they have 

inverse effects, we extrapolated the time/temperature superposition principles from the linear 

domain to the large deformation domain. We experimentally proved for several 

temperature/strain conditions that the stress-strain curves were similar as far as the equivalent 

strain rate was the same. This was proven for tensile and shear loading, and for five different 

PMMAs with different molecular weights and crosslinking degrees. By choosing specific 

equivalent strain rate, the effect of stress state, molecular weight and crosslinking degree were 

then studied. It was found that the type of loading strongly affects the mechanical response likely 

to the mechanisms of the molecular motions during the deformations. Moreover, the molar mass 

and crosslinking were found to govern the macroscopic mechanical response, and more 

especially the elastic and inelastic responses. 

 

Ce chapitre présente des résultats expérimentaux de l'effet de la température, de la vitesse de 

déformation, de l'état de contrainte, de la densité d'enchevêtrement et du degré de réticulation 

sur les propriétés mécaniques du PMMA à des niveaux de déformation importants. Cette étude 

a été réalisée en couplant les effets température/vitesse de déformation en un paramètre appelé 

«vitesse de déformation équivalent» à température de référence qui a permis de simplifier la 

caractérisation expérimentale. Dans un premier temps, nous illustrons l'effet individuel de la 

température et de la vitesse de déformation sur le domaine de déformation linéaire. Après nous 

avons extrapolé les principes de superposition temps/température du domaine linéaire aux 

grandes déformations. Nous avons expérimentalement prouvé que les courbes contrainte-

déformation étaient similaires dans la mesure où la vitesse de déformation équivalente était la 

même. Ceci a été prouvé pour la charge de traction et de cisaillement, et pour cinq PMMA avec 

topologies différents. En choisissant une vitesse de déformation équivalente spécifique, l'effet de 

l'état de contrainte, de la masse molaire et du degré de réticulation a ensuite été étudié. Il a été 

constaté que le type de chargement affecte fortement la réponse mécanique. De plus, la masse 

molaire et la réticulation se sont avérées gouverner la réponse mécanique macroscopique, et 

plus particulièrement les réponses élastiques et inélastiques. 
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4 Mechanical Behaviour of PMMAs at Large Deformation: Coupling 

of Temperature/Strain Rate Effects 

In the previous Chapter, it was shown that the mechanical response in the linear domain was 

strongly dependent of the loading frequency, temperature, molar mass and crosslinking degree. 

Thus, these factors need to be taken into account for the material characterization at large 

deformation levels. 

 

   Authors [11], [21], [63]–[67] have suggested that mechanical characterization can be simplified 

by extrapolating the time/temperature equivalence from the linear domain of deformation to the 

large strain domain. However, this area has also some room for improvement.  

 

   Indeed, most of the work addressed the validity of the time/temperature equivalence at large 

deformation for monotonic loading under conditions either above or below the glass transition. 

However, few studies have validated this equivalence to the overall viscoelastic region for non-

monotonic loading. Additionally, most of the studies have been performed under tensile and 

compression loadings. Few validations of the equivalence have been done yet for other stress 

states. Finally, there is a lack of information on the feasibility of the time/temperature 

equivalence principle at large deformation for polymer with different molar masses and 

crosslinking degree. This is a main aspect for characterizing and understanding the molecular 

mobility at large deformation. All these factors may enhance the processing modelling of 

polymers in the rubbery state. 

 

   The aim of the study presented in this Chapter, is to explore the ability of equivalent strain rate 

at reference temperature to be a convenient parameter to account for temperature and strain 

rate effects for characterizing PMMAs of different architectures. More especially, we target: 

 

 To extrapolate the time/temperature equivalence from small to large deformation from the 

onset of the viscoelastic region to the onset of the flow region. This topic will be first studied 

for uploading-unloading tensile tests. 

 

 To verify if this equivalence may be used at finite strain in another stress state than tensile 

loading. For this case, shear loading will be examined. 

 

 To prove if this methodology also works for polymer systems of different architectures. The 

superposition principle will be tested at large deformation level for five PMMAs with 

different entanglements and cross-links densities. 
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 To compare the mechanical behaviour at large deformation between polymer systems that 

are physically entangled and chemically crosslinked. 

 

   Before presenting the results, we will present bibliographic aspects related to the factors to be 

considered for characterizing the mechanical behaviour of polymers at large deformation. 

Indeed, we will first introduce the importance of performing non-monotonic mechanical tests. 

Then, the influence of the temperature and strain rate will be investigated. Later, we will present 

the first attempts to couple strain rate and temperature dependencies into one parameter. At 

last, we will introduce the role of the molar mass and crosslinking degree in the mechanical 

response. 

 

4.1 Importance of non-monotonic mechanical tests 

Very often, monotonic tensile loading is used to describe the mechanical response of polymers. 

However, this does not allow fully discriminating the mechanical behaviour as such loading does 

not allow characterizing the reversible and irreversible behaviour of the polymer. For doing such 

discrimination, it is necessary to perform non-monotonic tests and apply cyclic loading for 

verifying the energy dissipation [11], [21], [25], [68]–[70].  

 

   Figure 4.1 shows an example of three possible mechanical responses of an amorphous 

polymer above its glass transition temperature after being submitted to an uploading-unloading 

test. The case 1 shows that the stress during the load and unload path is the same, which 

means that there is no energy dissipation. This behaviour is hyperelastic and is related to non-

linear elasticity. The case 2 displays energy dissipation related to an increase in hysteresis with 

some residual strain after unloading. Thus, the material has features regrouping hyperelasticity, 

viscoelasticity and plasticity. Finally the case 3 shows a material which exhibits hyperelastic 

behaviour during uploading but, displays during unloading, an important residual strain and 

hysteresis, related to plasticity. These are some of the many possible mechanical responses that 

a polymer can exhibit.  

 

   Therefore, cyclic tests are more reliable for characterizing the material since they illustrate the 

non-reversible contributions to stress, which are related to evolutions of the material internal 

variables under deformation. This is fundamental for discriminating the reversible from the 

irreversible part of the strain, which is needed for modelling the mechanical response of the 

polymer. Thus, uploading-unloading tests will be used for fully characterizing the different 

PMMAs.  
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Figure 4.1: Schematization of three possible mechanical responses of a polymer for uploading-
unloading test. 

 

4.2 Effect of the temperature and strain rate on the mechanical behaviour of 

polymers 

4.2.1 Temperature effect 

Arruda et al. [12] and Richeton et al. [14] studied the effect of the temperature on the mechanical 

response of different amorphous polymers: PC, PMMA and PAI. This is depicted in Figure 4.2. It 

can be seen that initial modulus and yield decreases with an increase of temperature. Strain 

hardening considerably decreases with the temperature. In general, higher temperatures 

increase the molecular mobility and decrease the mechanical stiffness of the polymer. 

Additionally, they also suggested that the behaviour tends to be hyperelastic above Tg. This has 

been also proposed by G’Sell and Haudin [13] by observing that the polymer behaviour tends to 

be more rubbery above the glass transition temperature.  
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Figure 4.2: Experimental uniaxial compression stress-strain curves for PC, PMMA and PAI at the 
strain rate of 0.01 s-1 over a wide range of temperatures. [14] 

 

4.2.2 Strain rate effect 

Richeton et al. [14] also analysed the effect of the strain rate on the stress-strain curves for 

amorphous polymers. This is depicted in Figure 4.3. Observations showed that the modulus and 

yield increase when increasing the strain rate. Many authors (Xiao et al [71]; Chen et al [72]; 

Brulé et al [73]; Rana et al [74]; Richeton et al.[75]) suggested that an increase of the strain rate 

will decrease the time necessary for the polymer chains to rearrange, decreasing molecular 

mobility and making the chains stiffer. In parallel, the increase of strain rate promotes an 

adiabatic heating effect. In general, this thermal effect becomes relevant at strain rates above 

0.01 s-1. 
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Figure 4.3: Experimental uniaxial compression stress-strain curves for PC, PMMA and PAI at the 
temperature 25°C, over a wide range of strain rates. [14] 

 

   At this point, it can be confirmed that polymers are highly sensitive to temperature and strain 

rate at large deformation levels. However, most of the analyses in the glassy region rely on a 

vision of viscoelastoplastic framework. However this framework is not relevant in our case as 

drastic changes in behaviour can be experienced above Tg. 

 

4.3 First approaches on extrapolating the time/temperature superposition 

temperature at large deformation 

So far, it has been observed that polymers are highly sensitive to the temperature and strain rate 

in the linear and non-linear domains. The characterization of such dependence may require an 

incredible number of experimental tests for building a representative material database and also 
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a vast number of parameters for constitutive equations. From an industrial point of view, this is 

expensive and highly time-consuming. 

 

   Roughly speaking, mechanical properties in the linear viscoelastic region and non-linear 

domain depend in a similar fashion on the strain rate and the temperature [2], [12], [76]. 

Therefore, for simplifying the number of tests and parameters required for describing the 

mechanical response of polymers, previous studies by Billon et al. [11], [21] suggested that 

constitutive parameters could be defined as depending on the so-called “equivalent strain rate at 

reference temperature” by taking advantage of the well-known time-temperature superposition 

principle in the linear domain [22]. Such principle may allow to couple dependencies on strain 

rate and temperature when classical material databases are built based on the separation of 

these two conditions. 

 

   Only few attempts were made to use similar approaches for simplifying the mechanical 

characterization on polymers. Neviere [63] used an extension of the time/temperature 

superposition principle to study the tensile response of non-linear viscoelastic solids such as 

filled elastomers. By first determining the shift factors in the linear domain, he was able to obtain 

two independent normalization factors that were applied to strain and stress. Figure 4.4 a) 

shows the tensile response of the filled elastomer at different temperatures. Figure 4.4 b) shows 

the superposition of the previous curves into a unique master curve using normalization 

depending on the maximum stress and modulus at each temperature condition. He also 

experimentally validated this principle for volumetric and biaxial behaviour. 

 

 

a)                                                                        b) 

Figure 4.4: a) Uniaxial tensile test results for a filled elastomer at different temperatures. b) 
Superposition of the sets of tensile stress – strain response into a unique curve. [63] 

 



 

59 

 

   Similarly, attempts to link the time/temperature superposition principle in the non-linear domain 

have been investigated for reproducing the mechanical response of polymers at high strain rates 

[65], [77], [78]. More precisely, Siviour et al. [66] and Furmanski et al. [64] proposed 

experimental methods to reproduce the mechanical response of a polymer deformed at high 

strain rates level performing testing at low strain rates with appropriate temperature profiles. 

They also accounted the effects of adiabatic heating.  

 

   They first proposed to map the dependence of the yield stress with temperature at constant 

strain rate as suggested by other authors [14], [64], [75], [78]–[80].This mapping is illustrated in 

Figure 4.5 and can be described empirically as: 

 

           [     (  ̇ )          ̇    ]  4.1 

 

where   ̇  is an equivalent strain rate and   ̇    is the actual test strain rate. These two strain 

rates correspond to the temperatures     and      .   is an experimentally identified parameter 

that relates the temperature and strain rate sensitivity of the mechanical response. For instance, 

HDPE and UHMWPE materials showed temperature/strain rate sensitivity higher than pPVC. 

Siviour et al. [66] used this mapping to determine the initial temperature of testing at low strain 

rates and then to simulate the modulus and yield stress response at higher strain rates. 

 

 

Figure 4.5: Yield stress dependence on temperature for multiple strain rates at fixed 
deformation. [64] 

 

   The authors also accounted for the adiabatic condition when simulating the mechanical 

response at high strain rate from low strain rate data by assuming that the temperature increase 

was induced by the onset of plastic work. The following equation was used: 
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∫      ̇    

 

  

  
4.2 

 

where Cp is the heat capacity of the polymer and   is the fraction of plastic work converted to 

heat. Some authors found that for large tensile deformation (in HDPE), plastic work was nearly 

totally converted into heat, i.e.,     [81]. Other works [82], [83] found that, at moderate strain 

level, the conversion into heat is lower due to viscoelastic recovery. Siviour et al. [66] chose to 

use     for their computations.  

 

   Figure 4.6 a) illustrates the methodology to reproduce adiabatic heating obtained at high strain 

rates from tests performed at low strain rates. Figure 4.6 b) shows experimental results on pPVC 

where a mechanical behaviour was simulated at 15 s-1 and 20°C from a test performed at 10-3 s-1 

and 0°C. 

 

 

a)                                                                       b) 

Figure 4.6: a) Methodology to reproduce adiabatic heating obtained at high strain rates from 
tests performed at low strain rates. b) Experimental and simulated curves obtained for tests 

performed at 15 s-1 and 20°C on pPVC.[66] 

 

   Works of Furmanski et al. [64] also targeted to extrapolate the time/temperature equivalence at 

large strain for compression tests performed on UHMWPE. The authors used strain rate jumps 

to account for adiabatic heating. 

 

   Figure 4.7 illustrates this technique. In Figure 4.7 a), the strain evolution with time (solid) and 

strain rate jumps at different strain levels are shown. Figure 4.7 b) displays the ideal isothermal 

viscoplastic response expected after using the strain jumps. Figure 4.7 c) shows the real 

mechanical response where adiabatic heating appears and increases progressively with the 
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accumulation of plastic work. Their approach successfully described the mechanical response of 

semicrystalline polymer at high strain rates (above 0.1 s-1) accounting for adiabatic heating. 

 

 

             a)                                                b)                                                    c) 

Figure 4.7:Strain jump technique for accounting adiabatic heating. [64] 

 

   Additionally, work of Billon et al. [11] on PMMA and Maurel-Pantel et al. [21] on PA66, was 

able to extrapolate the time/temperature superposition principle for non-monotonic loading. Their 

idea was to obtain the shift factors from infinitesimal strain tests performed on DMTA and 

extrapolate those conditions at large deformation. This was done through an “equivalent strain 

rate at reference temperature” using a similar expression as presented in Chapter III, Equation 

3.1: 

 

  ̇          ̇  4.3 

 

where  ̇ is the experimental applied strain. Figure 4.8 a) shows the 46 conditions of strain 

rate/temperature coupled with Equation 4.3. Taking   ̇         , it can be seen on Figure 4.8 

b) that the mechanical response is similar at large deformation for the different couples. This 

methodology is a way of reducing the number of experimental tests needed to capture the 

polymer mechanical response under tensile loading. 

 

   Additionally, Diani et al. [67] used shift factor determined from infinitesimal uniaxial tensile and 

torsional tests for applying the time/temperature superposition principle for uniaxial tensile tests 

until failure. The study was performed on an acrylate copolymer. Figure 4.9 a) and b) show the 

stress-strain curves obtained for different sets of temperature and strain rates leading to the 

same equivalent strain rate. By using the same definition of “equivalent strain rate at reference 

temperature” as Billon et al. [11], experimental evidence was obtained on the validity of the 

time/temperature equivalence at infinitesimal strain and finite strain. 
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a)                                                                        b) 

Figure 4.8: Experimental time/temperature equivalence validation: a) Experimental coupled 

testing conditions. b) Tensile stress-strain curves at   ̇         . [21] 

 

 

b)                                                                        b) 

Figure 4.9: Experimental evidence of the time/temperature equivalence at finite strain. Uniaxial 
tensile stress-strain curves. a) Visco-elasto-plastic behaviour, b) Visco-hyperelastic behaviour. 

[67] 
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4.4 Topological effects on the mechanical behaviour of polymers 

Besides the effect of temperature and strain rate on the mechanical response of polymers, the 

molecular weight and crosslinking may also affect the polymer mechanical behaviour at large 

deformation levels. 

 

4.4.1.1 Molecular weight effect 

The increase of the molecular weight promotes entanglements which affect the mechanical 

behaviour of the polymer at large deformations [84]–[87]. Indeed, there are three main aspects 

of entanglements to be considered: influence on the deformability, effect on the mechanical 

stiffness and sensitivity to time/temperature effects. 

 

   Regarding to the deformability, Prentice et al. [88] and Nunes et al. [15] found that amorphous 

polymer tested at constant temperature and strain rate with higher molecular weight, stand 

higher elongation before fracture. According to Harward et al. [89] and Tomita [90] regarding 

amorphous polymers under deformation, molecular alignment occurs with inelastic deformation, 

involving disentanglement process that allows sustaining higher strain levels. 

 

   Concerning the mechanical stiffness, some authors [91]–[93] have reported that as the 

molecular weight increased, the tensile strength to fracture increased sharply until reaching a 

plateau. These observations suggest that entanglements allow transferring the load in the 

polymer network and strengthen the material at large deformation. Additionally, the work of van 

Melick et al. [17] revealed that strain hardening intensifies with the density of entanglements. 

Studies of Bartczak [94] showed that polymers with high number of entanglement displayed 

more molecular orientation when deformed than those with low entanglement density, promoting 

a more pronounced strain hardening. Consequently, polymers with a high entanglement density 

have a network that behaves stiffer in the plastic region with an earlier apparition of the strain 

hardening compared to polymer with lower entanglement density.  

 

   The last aspect to be considered is the entanglements sensitivity to time/temperature effects. 

Entanglements are considered as transitory since chain slippage is highly sensitive to strain rate, 

temperature and deformation [1]. Indeed, Hossain et al. [95] performed molecular dynamic 

simulations of an amorphous PE to address the evolution of entanglement parameter with the 

true strain at different strain rates and constant temperature. They observed that, at large 

deformation, the entanglement parameter was decreasing faster when strain rate was lower. 

This was attributed to the capacity of polymer chains to accommodate deformation trough 

disentanglement when more time was granted. Additionally, Shepherd et al. [96] stated that the 

evolution of entanglements may be influenced by two opposite mechanisms:  
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1. When stretched, loose knot-like entanglements may be tightened, forming additional 
topological constraints. 

 

2. Time/temperature effects increase relative chain slippage when the polymer is deformed, 
reducing the number of entanglements. 

 

4.4.1.2 Crosslinking effect 

Chemical crosslinks are permanent topological constrains that affect the mechanical response of 

polymers. Indeed, when an amorphous polymer is stretched above its glass transition, chain 

segments uncoil until crosslinks hinder further chain alignment, leading to hyperelastic behaviour 

[4], [51], [59].  

 

   Figure 4.10 shows a general summary of the effect of crosslink density on the polymer 

properties for temperatures higher than the glass transition temperature. The elastic modulus 

increases with the crosslink density since molecular mobility is more constrained. Additionally, 

the energy dissipation or hysteresis decreases with the crosslink density. In parallel, the 

toughness initially increases but after reaching a maximum value, it reduces with the crosslinking 

density. These observations can be attributed to an embrittlement of the polymer by a reduction 

of the chain mobility.  

 

 

Figure 4.10: Polymer properties dependence on the cross-linking density [4].  

 

   Additionally, Bensason et al. [18] studied the influence of the crosslink density on the 

mechanical behaviour of elastomers when deformed above their glass transition. Results 
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revealed that mechanical stiffness and strain hardening increased with the crosslinking density 

while the deformability decreased. This is depicted in Figure 4.11. 

 

 

Figure 4.11: Stress-stretch curves of three elastomeric copolymers at room temperature. [18] 

 

4.5 Results and Discussions 

In this Section, the results obtained from mechanical testing at large deformation will be 

presented. As a reminder, the analysis was restrained to strain rates lower than 10-2 s-1 to avoid 

any effect related to adiabatic heating or thermomechanical coupling. Moreover, the analysis will 

be focus on the true stress and true strain as defined in Equations 2.11 and 2.14.  

 

4.5.1 Global mechanical response 

Before going further in this study, it is important to verify if the PMMA panels did not present any 

anisotropy induced by the processing. In Section 3.1, this was validated in the linear domain of 

deformation. To verify the reliability of these results, isotropy was checked also in the domain of 

large deformation by performing uniaxial uploading-unloading tensile test for samples oriented 

parallel and perpendicular to the injection/extrusion flow direction. Figure 4.12 shows the true 

stress-true strain curves of PMMA 120 for different orientations. Results show that the 

mechanical response does not vary with material orientation during the uploading-unloading 

along the tested range of deformation. This means that no particular molecular orientation was 

promoted during processing. Therefore the mechanical behaviour is isotropic, as it was also 

observed in the linear domain. 
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Figure 4.12: True stress-true strain tensile curves for PMMA 120 oriented perpendicularly and 
parallel to the processing flow direction at 100°C – 0.0015 s-1. 

 

   Figure 4.13 a) and b) present the true stress – true strain curves for PMMA 3500 below and 

above its α-transition temperature (around 130°C), at constant strain rate. These curves give a 

first glimpse of the mechanical response of PMMA at large deformation levels.  

 

   Below the α-transition temperature, the material initially displays a viscoelastic response that 

becomes less linear with the increase of the strain. A softening starts to appear around 7% of 

true strain and develops up to 25% of strain. At higher deformation, strain hardening can be 

observed up to the maximum strain. The unloading reveals a strong irreversible response which 

may be related to a partial viscoelastic recovery and a permanent residual strain associated to a 

viscoplastic response. Therefore, below the α-transition temperature, PMMA displays trends 

related to viscoelastoplastic and hyperelastic behaviours. Above the α-transition temperature, 

PMMA 3500 displays a more rubbery behaviour, with a no-linear evolution of the stress-strain 

curves and almost no hysteresis, i.e. no energy dissipation. Thus, above the transition 

temperature the material behaves mainly as a hyperelastic solid. 
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a)                                                                        b) 

Figure 4.13: True stress-true strain tensile curves for PMMA 3500 at 0.0015 s-1 for temperatures 
of a) 110°C and b) 150°C.  

 

4.5.2 Effect of the temperature on PMMA 

As displayed in previous Section, the mechanical behaviour of PMMA is highly sensitive to the 

temperature. Therefore, a deeper study of the temperature effect on the mechanical response of 

PMMA will be examined in this Section.  

 

   For this study, results presented in Chapter III regarding the evolution of the storage and loss 

moduli will be used as reference to better understand the macroscopic behaviour. To properly 

link the strain rate obtained in the tensile tests (TT) at large deformation level to the sinusoidal 

strain period imposed in DMTA in the linear domain, several authors have proposed to account 

one-quarter of the sinusoidal loading cycle: [2], [71], [75], [97] 

 

 ̇              
      4.4 

 

where  ̇   is the strain rate of the tensile test,       is the frequency of the DMTA test and 

     
     corresponds to the maximum strain value of oscillatory deformation. For instance, a 

tensile test performed at a strain rate of 0.015 s-1 as shown in Figure 4.13, would be equivalent 

to a frequency of 3.75 Hz on the DMTA when imposing a maximum strain of 0.1%. 

 

   Figure 4.14 a) displays the temperature scans of PMMA 3500 for the moduli and tan δ 

obtained from DMTA tests at 3.75 Hz. Figure 4.14 b) presents the true stress-true strain curves 

of PMMA 3500 obtained from uploading-unloading tensile tests at 0.015 s-1. Figure 4.14 c) 
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shows a zoom of the curves obtained at higher temperatures whose stress were too low to be 

appreciated in Figure 4.14 b). A decrease of the mechanical stiffness is observed when the 

temperature is higher. This agrees with the evolution of the storage modulus with the 

temperature. Indeed, at the onset of the viscoelastic region around 110°C, the storage modulus 

is around 1000 MPa and by just increasing the temperature of 10°C, the modulus decreases up 

to 500 MPa. With further temperature increases up to 200°C (i.e. in the rubbery plateau), the 

modulus drastically reaches a value in the order of 2 MPa.  

 

   Additionally, Figure 4.14 b) and c) also reveal a variation of the hysteresis loop when changing 

the temperature, meaning that the energy dissipation changes with the tests conditions. More 

precisely, at 110°C an important hysteresis is observed, followed by a gradual decrease when 

increasing the temperature and reaching a value close to zero at 150°C and finally an increase 

in the loop area at 220°C. Figure 4.14 a) shows that the hysteresis observed in the stress-strain 

curve at 110°C is related to a high loss modulus in the onset of the viscoelastic region. Between 

120°C and 130°C hysteresis is still present but is lower than before. At this level, the material is 

in its viscoelastic region. At 150°C, the material behaves as a hyperelastic solid, where 

hysteresis and residual plastic strain are almost zero. At higher temperatures (220°C), 

disentanglements are likely promoted, reducing the capacity of the material to act as an entropic 

spring. Thus, more energy is dissipated during the deformation turning the material more 

viscohyperelastic.  

 

   These observations are in agreement with previous studies and enrich the comprehension on 

the effect of the temperature on the mechanical response of amorphous polymers. However, this 

was done for only one strain rate. The next step is to address the relevance of the strain rate on 

the mechanical response of PMMA.  
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a) 

 

      b)                                                                      c) 

Figure 4.14: a) Temperature scans for PMMA 3500 at 3.75 Hz. b) True stress-true strain curves 
for PMMA 3500 at 0.015 s-1 for different temperatures. c) Zoom area of curve b) indicating the 

results obtained at higher temperatures.  

 

4.5.3 Effect of the strain rate on PMMA 

As it was mentioned, strain rate also have a strong effect on the mechanical response on 

PMMA. This is addressed in this Section thanks to mechanical tests performed at different strain 

rates. Figure 4.15 a) shows the true stress-true strain curve for PMMA 3500 when submitted at 

different strain rates at 130°C and at 150°C (Figure 4.15 b)). 
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   At 130°C, the apparent elastic modulus, the material stiffness and hysteresis gradually 

decrease when reducing the strain rate. These results reveal that the material goes from a 

viscoelastoplastic state to hyperelastic state. At 150°C, the material presents almost no 

hysteresis but the mechanical stiffness decreases with the strain rate, suggesting that the 

material behaves as a viscohyperelastic solid. In general, results reveal an increase of the 

stresses when the strain rate is increased.  

 

   It is clear that the material stiffness of PMMA increases with the strain rate. However, the 

sensitivity to the strain rate also evolves with the temperature. Indeed, the macroscopic 

response was more sensitive to the strain rate near the viscoelastic region (at 130°C) than in the 

rubbery plateau (at 150°C). This was also illustrated in Section 3.3.2. Contrary, when the 

material behaves hyper-elastically or rubbery, large strain inelastic processes are constrained by 

the active entanglements points which are less time dependent.  

 

   Therefore, a complete characterization of the polymer dependence on the temperature and on 

the strain rate would require a huge amount of experimental data accounting for all the possible 

couples of temperature/strain rate that covers the onset of the viscoelastic region up to the 

rubbery plateau. In the next Section, a novel methodology will be introduced to overcome this 

issue.  

 

 

      a)                                                                      b) 

Figure 4.15: True stress-true strain curves for PMMA 3500 at different strain rates at a) 130°C 
and b) 150°C. 
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4.5.4 Coupling the temperature/strain rate effect at large deformations: Equivalent strain 

rate at reference temperature 

As introduced in Section 4.3, many authors have studied ways to simplify the mechanical 

characterization of polymers by extrapolating the time/temperature equivalence from the linear 

domain of deformations, to large deformation levels. In this work, we will take the observations 

made by [11], [14], [21], [67], [75] as a starting point to experimentally validate that the shift 

factors, determined from DMTA, can be used to couple the effect of strain rate and temperature 

during uploading-unloading mechanical tests at large deformation. This concept consists on:  

 

1. Firstly, an approach (similar to Cox Merz rule [98]) was postulated: the steady state 

modulus at a given strain rate is equal to the dynamic modulus at the same frequency. 

So the Young’s modulus of the material should evolve as a function of strain rate as 

complex modulus evolves as a function of frequency.  

 

2. Secondly, master curves determined from frequency scans on DMTA were used as a 

reference to define some equivalent strain rates at a reference temperature, 130°C, that 

would promote different behaviours: close to glassy state, viscoelastic, rubbery or fluid 

state. 

 

3. Thirdly, for each of the equivalent strain rates, two experimental conditions (in term of 

temperature and strain rate) were chosen accordingly to the protocol presented 

previously. Actual experimental conditions were chosen to avoid any self-heating (strain 

rate not too high) and creeping (strain rate not too low). The couples of 

temperature/strain rate were defined thanks to Equation 4.3, which links the equivalent 

and experimental strain rates through the shift factors determined from DMTA. As a 

reminder, these shift factors are dependent on the temperature. Therefore, this is why 

the equivalent strain rate at reference temperature considers the temperature/strain rate 

effect. Additionally, by means of Equation 4.4, it can be proven that shift factors should 

remain the same either by determining them through strain rate or frequency: 

 

       
   

 
 

  ̇ 

 ̇
 

4.5 

   Using this protocol, tests were performed for different conditions of temperature and strain 

rate, giving one unique equivalent strain rate at a reference temperature of 130°C. Typical 

conditions of temperature and imposed local strain rate are given in Table 4.1 for all the PMMAs 

of this study. These conditions were determined using experimental results from DMTA on 

tensile loadings. For instance, performing the test on PMMA 80 at 130°C/0.017s-1 should be 

equivalent to a test at 119°C/0.002s-1. 
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Table 4.1: Equivalent strain rates at 130 °C for PMMAs as a function of temperature and actual 
strain rate for tensile loadings. 

Equivalent 
strain rate 

(s-1) 

PMMA 80 PMMA 93 PMMA 120 PMMA 3500 PMMA CL 

 Couples Temperature/Strain rate (°C/s-1) 

103 93/0.021 

90/0.002 

106/0.026 

103/0.002 

102/0.027 

100/0.002 

- - 

102 97/0.017 

93/0.002 

108/0.021 

106/0.002 

106/0.020 

101/0.002 

109/0.021 

107/0.002 

109/0.026 

106/0.002 

101 103/0.017 

97/0.002 

113/0.017 

109/0.002 

110/0.018 

106/0.002 

- - 

100 110/0.017 

103/0.002 

117/0.019 

113/0.002 

115/0.018 

107/0.002 

118/0.019 

114/0.002 

118/0.017 

113/0.002 

10-1 119/0.017 

110/0.002 

123/0.018 

117/0.002 

120/0.017 

115/0.002 

- 123/0.017 

118/0.002 

10-2 130/0.017 

119/0.002 

130/0.017 

123/0.002 

130/0.017 

120/0.002 

130/0.019 

124/0.002 

130/0.016 

122/0.002 

10-4 - 150/0.017 

140/0.002 

157/0.017 

140/0.002 

150/0.017 

140/0.002 

147/0.016 

138/0.002 

10-6 - - - 177/0.018 

170/0.002 

173/0.016 

160/0.002 

10-8 - - - 196/0.019 

185/0.002 

- 

 

4.5.4.1 Tensile loading 

The experimental conditions of temperature and strain rate were tested under tensile uploading-

unloading conditions, and then compared experimentally to validate the concept of equivalent 

strain rate at reference temperature at the macroscopic level. To quantify the accuracy of the 

methodology, an absolute relative error (ARE) is calculated between the curves:  
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    |
           

     
|       4.6 

 

where       is the true stress obtained at one strain rate and temperature condition and       is 

the true stress obtained for the other test condition. Figure 4.16, Figure 4.18 and Figure 4.20 

show the master curve associated to PMMA 80, 3500 and CL respectively. Vertical dotted lines 

indicate the equivalent strain rate that was targeted at the macroscopic level. Additionally, Figure 

4.17, Figure 4.19 and Figure 4.21 show the true stress-true strain curves for PMMAs 80, 3500 

and CL, obtained with different couples of strain rate/temperature (indicated in Table 4.1). giving 

the same equivalent strain rate (displayed in the legends)  

 

   Comparing the different experimental conditions displayed in Figure 4.17, Figure 4.19 and 

Figure 4.21, it is possible to conclude that using two experimental temperature/strain rate setups 

leading to the same equivalent strain rate, promotes the same type of behaviour. Indeed, this is 

confirmed when observing that the absolute relative error between the stress vs strain curves at 

similar equivalent rate stays lower than 10% for all the different conditions. However, there are 

two aspects that need special attention regarding this methodology: 

 

1. High equivalent strain rates: Figure 4.17 a) and Figure 4.19 a) show the stress-strain 

curves for PMMA 80 at 103 s-1 and PMMA 3500 at 102 s-1, respectively. We can observe 

that, even if the overall behaviour is similar, the strain hardening of one condition is higher 

for a true strain of 60%. This may be related to thermo-mechanical coupling that leads to 

some self-heating inducing softening. Nevertheless results are still satisfactory. These 

results reveal that for higher equivalent strain rates corresponding to applications such as 

impact (105 s-1), a fully coupled thermo-mechanical approach will be needed. For the 

purpose of this work, the domain of high strain rate is not of main interest. Thus, further 

research on this topic will remain as a perspective. 

 

2. Viscoelastic region: When the material goes through its viscoelastic region, the storage 

and loss moduli drops sharply. Therefore, the material is highly sensitive to temperature 

and strain rate when using the equivalent strain rate in this region. For instance, varying a 

test by 2°C may lead to important differences. As a consequence, if the experimental 

conditions are not well controlled, the superposition may fail. This drawback was overcome 

by pre-heating the sample until reaching the thermal equilibrium and also by carefully 

choosing cross-head velocities to impose the appropriate local strain rates. 

 

   These previous drawbacks can be easily solved, which makes the equivalent strain rate at 

reference temperature a useful and relevant parameter for material testing. Indeed, thanks to its 

accuracy, it is possible to considerably reduce the number of experimental tests needed to fully 

characterize the polymer. Additionally, this methodology may help us to avoid complex 
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experimental conditions. For instance, as depicted in Figure 4.17 f) and also in Appendix 8.5 

some stress-strain curves are obtained near the viscous region of the polymer at high 

temperature ( ̇eq = 10-2 s-1 -  ̇eq = 10-4 s-1). At these temperatures, the material is quasi-liquid, 

making the tensile tests highly challenging. Using the time/temperature superposition, we can 

overcome this obstacle by choosing conditions with a lower temperature but lower strain rate for 

determining low equivalent strain rate. 

 

PMMA 80 

Figure 4.17 presents the evolution of the mechanical response with the equivalent strain rate 

(indicated in the legends of the figures) for PMMA 80. We can notice that when the material is in 

the onset of the viscoelastic region (at 103 s-1 and at 102 s-1), it displays an apparent elastic zone 

followed by some strain hardening, high hysteresis and residual strain. This suggests 

viscoelastoplastic behaviour. At lower equivalent strain rate when the material goes through its 

viscoelastic region (101 s-1 and 100 s-1), the initial apparent linear zone disappears. The stresses 

are lower and the hysteresis decreases. Here, the polymer behaves as a viscoelastic solid.  

 

   When the polymer goes to the rubbery state, at 10-1 s-1, the hysteresis and mechanical 

stiffness decrease significantly. However, a residual strain and hysteresis are still present, 

indicating that, in the rubbery plateau of PMMA 80, there is not a fully hyperelastic behaviour but 

more a non-linear viscohyperelastic behaviour. This suggests that the molecular rearrangements 

and disentanglement processes co-exist with entropic elasticity, which may be the source of the 

dissipation of energy when the polymer is deformed. Finally, near the flowing state, at 10-2 s-1, 

the stresses decreases and hysteresis rises again. This is likely attributed to the increase of the 

disentanglements process. The material behaviour is closer to that of a viscous material. 

 

 

Figure 4.16: E’, E’’ and Tan δ master curves for PMMA 80. 
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      a)                                                                      b) 

 

      c)                                                                      d) 

 

      e)                                                                      f) 

Figure 4.17: Macroscopic tensile curves for PMMA 80 at a reference temperature of 130 °C. a) 

 ̇eq 103 s-1 b)  ̇eq 102 s-1. c)  ̇eq 101 d)  ̇eq 100 . e)  ̇eq 10-1 f)  ̇eq 10-2 s-1. 
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PMMA 3500 

Figure 4.19 displays the evolution of the true stress with the true strain for different equivalent 

strain rates on PMMA 3500. We observe that similar values of equivalent strain rate lead to an 

equivalent mechanical behaviour. For PMMA 3500, the tested couples (T;  ̇eq) relative to the 

same equivalent strain rate lead to similar mechanical responses when the material passed 

through the different viscoelastic regions. Additionally, using the equivalent strain rates, we 

captured the energy dissipation evolution previously mentioned (showed through loss modulus 

and Tan δ in Figure 4.18). In general, the following behaviours are addressed: 

 

 A viscoelastoplastic behaviour (at  ̇eq =102 s-1), with a relevant apparent linear zone, stress 

softening, strain hardening and high residual plastic strain after unloading. The energy 

dissipation is likely related to permanent plastic-like processes.  

 

 A viscoelastic response (at  ̇eq=100 s-1), with a decrease in the apparent modulus, stress 

and strain hardening. Energy dissipation may be produced by the polymer conformation 

changes. 

 

 A hyperelastic behaviour in the rubbery plateau (at  ̇eq=10-4 s-1) with non-linear behaviour, 

lower mechanical stiffness and almost no hysteresis and residual stresses. Entropic 

elasticity is available due to mobility of chains and to entanglements whose life-time is 

long enough compared to strain rate. 

 

 A viscohyperelastic state (at  ̇eq=10-6 s-1 and  ̇eq=10-8 s-1), where some disentanglement is 

promoted due to the low equivalent strain rate, leading to a viscous component of the 

behaviour with partial energy dissipation. 

 

 

Figure 4.18: E’, E’’ and Tan δ master curves for PMMA 3500. 
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      a)                                                                      b) 

 

      c)                                                                      d) 

 

      e)                                                                      f) 

Figure 4.19: Macroscopic tensile curves for PMMA 3500 at a reference temperature of 130 °C. 
a)  ̇eq 102 s-1 b)  ̇eq 100 s-1. c)  ̇eq 10-2 d)  ̇eq 10-4 . e)  ̇eq 10-6 f)  ̇eq 10-8 s-1. 
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PMMA CL 

   Figure 4.21 presents the true stress - true strain curves for different equivalent strain rates on 

PMMA CL. As shown in previous PMMAs, the time/temperature equivalence allows displaying 

the material properties from viscoelastic to hyperelastic regime. In general, the following 

behaviours were addressed: 

 

 A viscoelastoplastic behaviour (at  ̇eq =102 s-1), with a pertinent apparent linear zone, strain 

hardening and relevant residual plastic strain after unloading. The energy dissipation is 

likely related to plastic processes. No stress softening was observed as in PMMA 3500. 

 

  At  ̇eq=100 s-1, a viscoelastic response is observed, with a lower apparent modulus, stress 

and strain hardening. Energy dissipation may be due to energy dissipation while initiating 

conformation changes associated to the α-transition. 

 

 A hyperelastic behaviour is also observed when the material is in its rubbery plateau (at 

 ̇eq=10-4 s-1) with almost no hysteresis and residual stresses. For PMMA CL, the topological 

factors that govern the mechanical behaviour are the crosslinks. They constrain the 

molecular motions when the material is deformed, reducing the energy dissipation and 

allowing an entropic elasticity. 

 

 At lower equivalent strain rates (at  ̇eq=10-6 s-1), the material remains hyperelastic with the 

same mechanical stiffness observed at 10-4 s-1. This suggests that crosslinks are still active 

and they do not evolve in the rubbery plateau, confirming their “permanent” nature as 

displayed in the DMTA results in Section III.  

 

 

Figure 4.20: E’, E’’ and Tan δ master curves for PMMA CL. 
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      a)                                                                      b) 

 

      c)                                                                      d) 

 

      e)                                                                      f) 

Figure 4.21: Macroscopic tensile curves for PMMA CL at a reference temperature of 130 °C. a) 
 ̇eq 102 s-1 b)  ̇eq 100 s-1. c)  ̇eq 10-1 d)  ̇eq 10-2 . e)  ̇eq 10-4 f)  ̇eq 10-6 s-1. 
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   In consequence, observing the tensile test results of the different PMMAs, we verified that 

similar equivalent strain rates at reference temperature of 130°C lead to an equivalent 

macroscopic mechanical response. This was valid from the onset of the viscoelastic region, 

passing through the rubbery plateau, up to the onset of the flowing region. Therefore, it can be 

stated that  ̇eq obtained from low strain domain is a relevant parameter at large deformation, 

coupling temperature and strain rate effects successfully for amorphous PMMAs with different 

molecular weights under cycling tests. The following general conclusions can be drawn: 

 

 Firstly, there is a clear correlation between the equivalent strain rate that is targeted and 

the overall behaviour of the material. This behaviour will be close to viscoelastoplastic 

when equivalent strain rate is close to the glassy plateau, viscoelastic in the so-called 

viscoelastic zone, hyperelastic on the rubbery plateau and more viscous close to the fluid 

zone. So targeting an equivalent strain rate allows a quick characterization of the kind of 

tensile behaviour exhibited by the material. 

 

 Secondly, two experimental temperature/strain rate conditions giving the same equivalent 

strain rate will lead not only to the same type of behaviour but also to the same stress vs 

strain curve. Modelling with the equivalent strain rate as parameter will allow accounting for 

temperature and strain rate at the same moment. The relative error stayed lower than 10% 

for the different equivalent strain rates.  

 

 Finally, as shown in Figure 4.17 f) and also in Appendix 8.5, we can notice that mechanical 

behaviour close to the viscous region of the polymer ( ̇eq = 10-2 s-1 -  ̇eq = 10-4 s-1) can be 

characterized. At such temperatures, the material is quasi-liquid, making the tensile tests 

highly challenging. Using the time/temperature superposition, we can overcome this 

obstacle by choosing conditions with lower temperatures and lower strain rates for 

determining low equivalent strain rates. 

 

   After validating the methodology for uploading-unloading tensile test, we aim at verifying the 

accuracy of the equivalent strain rate for more than one cycle. Figure 4.22 shows two cycling 

tests for PMMA 80, a), and PMMA CL, b), at a targeted equivalent strain rate (displayed in the 

legend of the figures). Same observation than previously can be made. Therefore, these figures 

suggest that the methodology may also be used for predicting the mechanical behaviour under 

several cycles. Further work will try to extend such approach to fatigue testing.  



 

81 

 

 

      a)                                                                      b) 

Figure 4.22: Two cycling load-unload tests for a) PMMA 80 and b) PMMA CL. 

 

   So far, we successfully extrapolated the time/temperature equivalence from small to large 

deformation for a wide range of conditions. The next step is to validate this approach when a 

different stress state is applied. 

 

4.5.4.2 Shear loading 

This Section is devoted to the validation of the method for tests performed under shear cycling 

loading as described in Section 2.2.2. 

   The methodology was the same as explained for tensile loading: by means of Equation 4.3, 

temperature and strain rate were coupled through the equivalent strain rate at reference 

temperature (130°C). In a first attempt, shift factors were taken from experimental tensile DMTA 

data, which means that the studied conditions where the same as than the ones displayed in 

Table 4.1. However, results were not satisfactory when comparing the true shear stress – true 

shear strain on PMMA 80 (as displayed in Figure 4.23). It can be seen that the conditions used 

did not promote the same mechanical response even if the equivalent strain rate was similar.  
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Figure 4.23: Shear stress-strain curves for PMMA 80 obtained using conditions of Table 4.1 for a 
theoretical equivalent strain rate of 100 s-1. 

 

   Recalling the results presented in Section 3.2.4 in Figure 3.14, shift factors obtained from 

tensile loading (DMTA) and shear loading (Rheology) were different. Therefore, using the shift 

factors determined under shear loading will lead to different equivalent strain rates that may 

improve the superposition at the macroscopic level. However, this needs to be experimentally 

validated. The new experimental conditions are presented in Table 4.2 for all the PMMAs. 

 

Table 4.2: Equivalent strain rates at 130 °C for PMMAs as a function of temperature and actual 
strain rate for shear loading. 

Equivalent strain 
rate in shear (s-1) 

PMMA 80 PMMA 93 PMMA 120 PMMA 3500 PMMA CL 

 Couples Temperature/Strain rate (°C/s-1) 

102 97/0.027 

93/0.002 

- - - - 

100 112/0.021 

103/0.002 

116/0.021 

111/0.002 

115/0.019 

110/0.002 

117/0.018 

114/0.002 

118/0.019 

113/0.002 

10-2 130/0.019 

117/0.002 

130/0.018 

125/0.002 

130/0.018 

120/0.002 

130/0.018 

126/0.002 

130/0.018 

124/0.002 

10-4 - 149/10-2 

137/0.002 

154/0.017 

140/0.002 

150/0.017 

140/0.002 

148/0.017 

138/0.002 

10-6 - - - 177/0.017 

170/0.002 

173/0.017 

160/0.002 
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   Using the values presented in Table 4.2, we can compare once again the true shear stress – 

true shear strain curves. This is depicted in Figure 4.24 for PMMAs 80 and CL for different 

equivalent strain rates. These results reveal that the same equivalent strain rate will lead to the 

same mechanical behaviour. This is highlighted with the relative errors that are also lower than 

10%. These results show the validity of the equivalent strain rate for shear loading, which open 

new ways for characterizing and modelling the mechanical response in polymers. 

 

   Similar to tensile tests, we observed viscoelastoplastic behaviour for sets of temperature/strain 

rate giving an equivalent strain rate close to the glassy region, viscoelastic behaviour in the 

transition zone and hyperelastic behaviour in the rubbery plateau. Using this shear test, we will 

be able to target specific equivalent strain rate related to a specific mechanical response without 

the need of performing large range of tests. 

 

   Regarding the mechanical behaviour, we can observe that the mechanical response of PMMA 

80 under shear loading evolves in a similar way with the equivalent strain rate than the one 

observed under tensile loading. At 102 s-1, a linear and non-linear viscoelastic zone is observed 

for low strain level, followed by a plastic regime where the stress seems remaining constant. We 

finally observe an important residual strain and hysteresis after unloading. At 100 s-1, the 

apparent elastic zone, mechanical stiffness and hysteresis decrease. In the rubbery plateau (at 

10-2 s-1), a hyperelastic behaviour less pronounced that the one reported in tensile loading was 

observed.  

 

   Under shear loading, PMMA CL also displayed similar features than the ones observed under 

tensile loading. At 102 s-1 materials behaves as a viscoelastoplastic solid, with a decrease of 

mechanical stiffness when reducing the equivalent strain rate at 100 s-1. Finally at 10-4 s-1, PMMA 

CL displays hyperelastic behaviour, suggesting that crosslinks promote an entropic behaviour 

under shear loading. 

 

   In this Section we verified that, all the couples strain rate/temperature leading to equivalent 

strain rate, we will obtain same mechanical response under shear loading. These couples need 

to be determined from shear tests performed in the linear domain. Additionally, we observed that 

the mechanical behaviour depends on the same way to the equivalent strain and more 

especially, to the molecular mobility, as it did under tensile loading. A comparison of the stress-

strain curves under tensile and shear loading may be fruitful for improving the physical 

understanding of the stress state impact on the polymer chains motion. This will be presented in 

next Section. 
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PMMA 80 PMMA CL 

 

a) 

 

d) 

 

b) 

 

e) 

 

c) 

 

f) 

Figure 4.24: Macroscopic shear stress-strain curves for PMMA 80: a), b), c); and PMMA CL: d), 
e), f) at reference temperature of 130 °C. Equivalents strain rates are indicated in the legends. 
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4.5.5 Stress state effect on the mechanical response 

After showing the validity of the equivalent strain rate at reference temperature for large 

deformation level under tensile and shear loading, we can now compare the mechanical 

response of the polymer at a specific equivalent strain rate for different stress states. However, 

as the stress states are different, a straightforward comparison is not possible. Instead, we can 

compute the von Mises stress,  ̅, and strain,  .̅ These terms are defined as: 

 

                              Tensile loading:  

 ̅  |   |  

 

4.7 

 

                              “Pure” shear loading: 

 ̅  √ |  
  |  

 

4.8 

 

 ̅  √
 

 
[  

    
    

 ]  

4.9 

 

where     is the true stress under tensile loading (Equation 2.11),   
   is the corrected shear 

stress (Equation 2.14) and    with i=[1,3], are strain components in the principal reference frame 

(extracted from VIC 3D). Figure 4.25 displays the von Mises stress-strain curves obtained 

through tensile and shear tests at similar equivalent strain rates for PMMA 80. Conditions are 

indicated in the legend of the figures.  

 

   Comparing the mechanical response of the PMMA when tested near the glassy region, Figure 

4.25 a), it can be noticed that the mechanical behaviour is quite similar up to 15% of strain. At 

higher deformation level, the hardening appears to be negligible under shearing, which is usual 

in polymers [99]–[101]. This suggests that chain alignment to the stretch direction may be less 

pronounced in the case of shear loading, leading to a more plastic-like response. 

 

   In the viscoelastic region, Figure 4.25 b), both loading modes seem to promote similar 

viscoelastic behaviour. Once again the plastic components could be more pronounced in the 

case of shear loading, when looking the existence of an apparent yield during loading.  
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   On the rubbery plateau, Figure 4.25 c), both behaviours are viscoelastic and rather equivalent. 

The other PMMAs with low molar mass (93 and 120) also displayed similar relationship between 

their mechanical responses when tested under tensile and shear loading.  

 

   It could be concluded that the type of loading does not affect much the initial viscoelastic 

components through the studied temperature and strain rate. However, at higher strain level, the 

viscoelasticity and or plastic-like processes could depend on the loading stress state. 

 

 

      a)                                                                      b) 

 

c) 

Figure 4.25: Comparison of the equivalent stress-strain curves of PMMA 80 under uniaxial 
tensile and shear loading: a) near the glassy region, b) viscoelastic region and c) rubbery 

plateau. 

 

   By comparing the von Mises stress-strain curves obtained at similar equivalent strain rates for 

shear and tensile tests on PMMA CL (Figure 4.26), we can notice that the mechanical behaviour 
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is similar for the different material states (Figure 4.26 a), b) and c)). However, the strain 

hardening and mechanical stiffness are higher for tensile loading compared to shear loading. 

The same tendency was found on PMMA 3500. Treolar [102] also reported such differences 

between the tensile and shear mechanical response for hyperelastic rubbers.  

 

 

      a)                                                                      b) 

 

c) 

Figure 4.26: Comparison of the equivalent stress-strain curves of PMMA CL under uniaxial 
tensile and shear loading: a) near the glassy region, b) viscoelastic region and c) rubbery 

plateau. 

 

   These results showed a difference between the mechanical behaviours of the PMMAs under 

tensile and shear loading. G’Sell et al. [99], [100] studied the polycarbonate when plastically 

deformed under shear loading using birefringence and X-ray diffraction measurements. Their 

work revealed that, with the increase of deformation, there is a gradual rotation of the mean 

orientation axis of the polymer molecules towards the shear principal direction. Indeed, we can 

imagine a polymer coil submitted to shear load (as displayed in Figure 4.27): at zero strain, the 
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mean orientation axis of the polymer (dotted red line) will be unaffected. When the deformation 

starts, the molecules will progressively orient themselves along a mean direction parallel to the 

macroscopic strain direction, which may promote a further chain stretching. Contrary to this 

under tensile loading, chains are extended parallel to the loading which induces more hardening.  

 

   Further research is proposed to explore different experimental configurations that will promote 

a shear state up to higher deformations. Additionally, birefringence analysis would be useful to 

quantify the molecular orientation of the PMMAs when deformed. Moreover, other mechanical 

tests as compression and biaxial tests are recommended to explore the molecular mobility 

dependence on the stress state. 

 

Figure 4.27: Schematization of a polymer coil submitted to a shear loading.  

 

   It was mentioned that the hysteresis varied with the equivalent strain rate. However this has 

not been quantified yet. In a tensile or shear cycling test, the hysteresis, ϕ, may be computed 

through the area inside the loop. This can be written as:  

 

  
 

  
∫    

  

 

  
4.10 
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where    is the final true strain of the test. The first term of the Equation is used to normalize the 

hysteresis, since this value increases with the final strain [103]. Figure 4.28 shows the hysteresis 

evolution with the equivalent strain rate for PMMA 80 and PMMA CL when submitted to tensile 

and shear loading.  

 

   The hysteresis of both PMMAs is considerably lower under shear loading. The most striking 

data correspond to PMMA CL at 10-4 s-1 where even if the mechanical behaviour for both loading 

modes was hyperelastic, the hysteresis was remarkably lower when the material was under 

shear loading. These differences could be explained for the higher mechanical stiffness that the 

material displays under tensile loading.  

 

 

Figure 4.28: Normalized hysteresis evolution with the equivalent strain rate for PMMA 80 and 
PMMA CL under tensile and shear loads. 

 

4.5.6 Molecular Weight and Cross-linking Effect on the Mechanical Response at Large 

Deformation 

After verifying that the equivalent strain rate is a relevant parameter for addressing the 

mechanical behaviour of the material at large deformation, we propose to compare the 

mechanical response of the five PMMAs under tensile loading at a constant equivalent strain 

rate. 
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4.5.6.1 Molecular weight effect 

   Figure 4.29 a) - d) display the effect of the molecular weight on the mechanical response (true 

stress – true strain curves) of PMMAs for different equivalent strain rates (indicated in the title of 

the figure). Figure 4.29 e) shows their respective storage modulus master curves for reference. 

We observe that for a given equivalent strain rate, the mechanical behaviour of the polymer 

changes considerably.  

 

   At equivalent strain rates of 102 s-1 and 100 s-1, Figure 4.29 a) and b) reveals that PMMAs 3500 

and 93 present a more glassy mechanical response with an apparent viscoelastic behaviour, 

followed by a softening and a strain hardening with an important hysteresis. At these conditions, 

PMMAs 120 and 80 show a viscoelastic and rubbery-like behaviour with smaller hysteresis. This 

results could be related with the master curves, where at 102 s-1 PMMAs 3500 and 93 are near 

the glassy region, while PMMAs 120 and 80 are closer to the viscoelastic region.  

 

   At 10-2 s-1, Figure 4.29 c) shows that PMMAs 3500, 120 and 93 display a non-linear response 

with a decreasing hysteresis while PMMA 80 already behaves as a liquid viscoelastic material. 

Such behaviour is confirmed by Figure 4.29 e) where the storage modulus of PMMAs 3500, 120 

and 93 is closer to the rubbery plateau. In this regime, entanglements partially constrain 

molecular motions, leading to viscohyperelastic behaviour. Regarding PMMA 80, the storage 

modulus is near from the flowing region, meaning that the number of entanglements is lower.  

 

   Figure 4.29 d) displays that PMMA 3500 exhibits hyperelastic behaviour (almost zero 

hysteresis) while PMMAs 120 and 93 show a liquid viscoelastic response. PMMA 80 could not 

be characterized at this equivalent strain rate since the material entered in its flowing region. 

This is highlighted by the storage modulus master curve where PMMA is in the rubbery region at 

 ̇eq   10-4 s-1. Entanglements act as “tied” points that promote an entropic elastic behaviour while 

PMMAs 120, 93 are on the onset of the flowing region and PMMA 80 in the flowing region. In 

this region, the entanglements density has considerably decreased and become ineffective. 

 

   Results suggest that both in low and large deformation domain, the increase of the molecular 

weight promotes a higher density of entanglements which act as junction points and govern the 

material mechanical response. When decreasing the equivalent strain rate, a progressive 

disentanglement of the junction points is allowed. Such disentanglement will allow molecular 

motions leading to an evolution of the elastic and inelastic responses, the tendencies of which 

being predicted by the master curves determined from DMTA. 
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      a)                                                                      b) 

 

c)                                                                      d) 

 

e)                                                                      f) 

Figure 4.29: Macroscopic tensile curves for PMMAs with different molar masses at different 

equivalent strain rates: a) 102 s-1, b) 100 s-1, c) 10-2 s-1 and d) 10-4 s-1.e) Storage Modulus and f) 

loss modulus master curves at reference temperature of 130 °C.  
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   For a better understanding of the role of entanglements on the energy dissipation, we can use 

Equation 4.10 to quantify the hysteresis evolution with the equivalent strain rate of the different 

PMMAs. Results are presented in Figure 4.30 where the variation of the normalized hysteresis 

with the equivalent strain rate is highlighted for the PMMAs of different molar masses. These 

data suggest that the hysteresis drastically decreases for all PMMAs when the equivalent strain 

rate decreases, i.e. when moving from the surrounding of the glassy region to the viscoelastic 

state and then to the rubbery regime. These observations were also reported by other authors 

on epoxy [70] and silicone rubbers [103].  

 

   In conclusion, we showed qualitatively and quantitatively that the hysteresis evolution 

displayed by the different PMMAs under large deformation, is in agreement with the loss 

modulus evolution displayed in Figure 4.29 f) using DMTA. 

 

 

Figure 4.30: Normalized hysteresis evolution with the equivalent strain rate for the different 
molecular weight PMMAs. 

 

4.5.6.2 Crosslinking effect 

Regarding the influence of the crosslinks density at large deformation, Figure 4.31 a) - e) 

displays the true stress – true strain curves of the crosslinked PMMA and the PMMA 3500 for 

different equivalent strain rates. This comparison was chosen to understand the differences 

between a polymer network highly entangled and a crosslinked one. The tested conditions are 

illustrated in Figure 4.29 e) and f) on the storage and loss moduli master curves.  

 

   Figure 4.31 a) shows the mechanical response near the glassy region, at 102 s-1. Both 

materials display viscoelastoplastic behaviour, with an initial viscoelastic region, a strain 

hardening and an important residual plastic strain. Unlike PMMA 3500, the crosslinked PMMA 
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does not display stress softening. Despite this difference, the mechanical response of both 

PMMAs is quite similar.  

 

   In the viscoelastic region at 100 s-1, we can observe on Figure 4.31 b) that both materials have 

viscoelastoplastic behaviour with reduced mechanical stiffness compared to the behaviour at 102 

s-1. Additionally, both PMMAs display a similar material stiffness and hysteresis, meaning that 

the entanglements and crosslinks have an equivalent impact at the viscoelastic region, as it was 

seen previously. 

 

   Figure 4.31 c) presents the mechanical response near the rubbery plateau, at 10-2s-1.Both 

materials show a mix between viscoelasticity and hyperelasticity. Indeed, a non-linear response 

is observed, with some residual strain and hysteresis after unloading. PMMA CL shows a lower 

mechanical stiffness than PMMA 3500, which indicates that the molecular constraining promoted 

from the crosslinks may be less effective than the one established from the physical 

entanglements. 

 

   Figure 4.31 d) shows the mechanical response at 10-4 s-1 when the materials are in their 

rubbery plateau. The PMMAs exhibit hyperelastic behaviour with almost no hysteresis. This 

hyperelasticity may be explained by the lack of chain slippage in the polymer network induced by 

high amount of physical entanglements regarding PMMA 3500 and chemical crosslinks 

regarding PMMA CL. Additionally, even though the storage modulus of both PMMAs seems to 

be similar (Figure 4.29 e)), PMMA 3500 presents higher stresses at large deformation, 

suggesting that physical entanglement still burdens the chain motions more effectively than 

crosslinks. 

 

   Figure 4.31 e) reveals that both materials show a hyperelastic behaviour at 10-6 s-1 with a slight 

increase of the dissipated energy for PMMA 3500. Moreover, at a deformation of 0.6, the strain 

hardening in the PMMA CL is more relevant than in the PMMA 3500. This difference can be 

attributed to disentanglement process activated for these test conditions for the high molecular 

weight PMMA. The polymer may present a reduction of its physical junction points while, for 

PMMA CL, the chemical crosslinks are still present and effective for promoting strain hardening 

mechanisms. Therefore the material resistance and amount of hysteresis remain the same as 

for  ̇eq   10-4 s-1.  
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      a)                                                                      b) 

 

      c)                                                                      d) 

 

            e) 

Figure 4.31: Macroscopic tensile curves for PMMA 3500 and PMMA CL at equivalent strain 
rates of a) 102, b) 100 s-1, c) 10-2 s-1,d) 10-4 s-1 and e) 10-6  s-1. 
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   By means of Equation 4.10, we can also quantify evolution of hysteresis with the equivalent 

strain rate. This is depicted in Figure 4.32. Once again, results seem to be coherent with master 

curves from Figure 4.29 f), showing that the hysteresis decrease along the viscoelastic region is 

almost the same for both PMMAs. At this point, we can infer that crosslinks and entanglements 

constrain the polymer network in a similar manner. In the rubbery plateau, results confirm that 

unlike PMMA 3500, the hysteresis remains nearly constant for PMMA CL when decreasing the 

equivalent strain rate, suggesting that crosslinks density may remain constant in these 

conditions. In parallel, PMMA 3500 experiences an increase in dissipation, which is an image of 

new inelastic process we have named viscous flow. 

 

 

Figure 4.32: Normalized hysteresis evolution with the equivalent strain rate for PMMA 3500 and 
PMMA CL. 

 

4.6 Summary 

In this Chapter, the mechanical behaviour of five PMMAs characterized by different molecular 

weights and the presence or not of crosslinking was investigated at large deformation levels by 

performing uploading-unloading tensile and shear tests. 

 

   The shift factors determined from the linear domain were validated to the range of large 

deformation, which allowed building a test matrix using, as main parameter, the equivalent strain 

rate at a reference temperature (chosen at 130 °C). This parameter allows coupling the effects 

of temperature and of strain rate. This opens new doors for characterizing the temperature/strain 

rate dependence of polymers and may also help to simplify the modelling of mechanical 

behaviour. Further works will focus on validating this methodology for other stress states like 

compression and biaxial conditions. Additionally, future effort may focus on exploring the 

applicability of the equivalent strain rate for high strain rate applications such as impact by also 

accounting for thermomechanical coupling.  
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   Then, by fixing an equivalent strain rate, we compared the influence of the stress state on the 

mechanical behaviour of the PMMAs. It was observed that the global mechanical response was 

similar; however the strain hardening, mechanical stiffness and hysteresis were higher for tensile 

loading compared to shear loading.  

 

   Besides the validity of the equivalent strain rate for different stress states, it was also showed 

that this concept was successfully applied for PMMAs with different entanglements and 

crosslinks densities. By choosing an equivalent strain rate, it was observed that the molecular 

weight, and more seemingly the entanglements density, governs the mechanical response at 

large deformation levels in the viscoelastic region and rubbery plateau. Additionally, crosslinks 

seemed to have an equivalent mechanical behaviour to PMMA 3500 in the viscoelastic region. 

However, differences were found in the rubbery plateau were PMMA CL remained hyperelastic 

with unaffected mechanical resistance. This illustrates the permanent nature of chemical 

crosslinks along this plateau. 

 

   These experimental results provides a relevant material database which accounts for the 

effects of the temperature, strain rate, stress state, molecular weight and crosslinking degree. 

This overall data will be used as reference for modelling the mechanical behaviour of amorphous 

polymers at large deformation. This will be presented in next Chapter. 
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CHAPTER V 

MODELLING OF THE MECHANICAL BEHAVIOUR OF 

AMOPHOUS POLYMERS WITH DIFFERENT 

ARCHITECTURES 

 

This Chapter addressed the modelling of the mechanical behaviour of amorphous PMMAs 

accounting for inelastic mechanisms coming from the evolution of internal state variables under 

deformation. The theoretical results were compared with the experimental observations showed 

in previous Chapters.  

 

   The first part focused on the different approaches available in the literature to describe the 

mechanical response of polymers. Additionally, the model formalisms are then summarized. 

Such aspect includes the hypothesis of the internal state variables. The second part of this 

Chapter corresponds to the comparison between the experimental stress-strain curves obtained 

previously and the theoretical curves given by the model. This comparison is performed at 

constant equivalent strain rate. Thanks to this approach, empirical equations were then 

proposed to describe the time/temperature dependence of model parameters. Then, these 

results were used to enhance the comprehension of the polymer chain motions when the 

material was deformed.  

 

Ce chapitre a porté sur la modélisation du comportement mécanique des PMMA amorphes en 

tenant compte des mécanismes inélastiques. Les résultats théoriques ont été comparés aux 

observations expérimentales présentées dans les chapitres précédents. 

 

   La première partie a porté sur les différentes approches disponibles dans la littérature pour 

décrire la réponse mécanique des polymères. De plus, les formalismes des modèles sont 

ensuite résumés. La deuxième partie de ce chapitre correspond à la comparaison entre les 

courbes de contrainte-déformation expérimentales obtenues précédemment et les courbes 

théoriques données par le modèle. Cette comparaison est effectuée à vitesse de déformation 

équivalente constante. Grâce à cette approche, des équations empiriques ont ensuite été 

proposées pour décrire la dépendance temps/température des paramètres du modèle. Ensuite, 

ces résultats ont été utilisés pour améliorer la compréhension des mouvements de la chaîne 

polymère lorsque le matériau était déformé. 



 

98 

 

CONTENT 

5 Modelling of the Mechanical Behaviour of PMMA with Different Molar Mass and Crosslinking 
Degree ............................................................................................................................................ 99 

5.1 Literature review on the modelling of mechanical response of polymers ................... 100 

5.1.1 Phenomenological models ................................................................................. 100 

5.1.2 Physically based models .................................................................................... 100 

5.1.3 Combining phenomenological and physical approaches .................................... 102 

5.1.4 Summary ............................................................................................................ 107 

5.2 Viscohyperelastic modelling ...................................................................................... 107 

5.2.1 Model definition .................................................................................................. 107 

5.2.2 Internal state variables evolution ........................................................................ 111 

5.2.3 Model summary .................................................................................................. 113 

5.2.4 1D Case: Incompressible visco-hyperelastic model ............................................ 113 

5.3 Results and Discussions ........................................................................................... 115 

5.3.1 Relevance of the model ...................................................................................... 116 

5.3.2 Physical contribution of each branch on the overall mechanical response .......... 124 

5.3.3 Role of the branches when varying the equivalent strain rate ............................. 126 

5.3.4 Dependence of the EV’s parameters with the equivalent strain rate ................... 131 

5.3.5 Sensitivity to the material parameters ................................................................. 135 

5.4 Summary ................................................................................................................... 137 

 

 



 

99 

 

5 Modelling of the Mechanical Behaviour of PMMA with Different 

Molar Mass and Crosslinking Degree 

The experimental results presented in the previous Chapter confirmed that the mechanical 

response on amorphous PMMA is not trivial to predict. Indeed, there are several factors that will 

affect the mechanical behaviour: strain level, stress state, temperature, strain rate and factors 

such as the entanglements and crosslinks density. Depending on these factors, polymers may 

display a nonlinear behaviour that combines viscoelasticity, viscoplasticity, softening and strain 

hardening without any clear threshold, making difficult the modelling of their mechanical 

response. 

 

   In the literature, it is possible to find many works devoted to describe the mechanical 

behaviour of amorphous polymers. In this work, we chose the approach proposed by Billon [11] 

and then extended by Gehring et al. [25] which has proven satisfactory results in the past for 

amorphous PMMA and PET. However, there are still some questions that need to be answered. 

Indeed, the model used in [25] was tested just at moderate strain levels, around 30%. Therefore 

the domain of large deformations is still unexplored. Additionally, the use of the “equivalent strain 

rate” is still no included in this way of modelling. Also, this model has not yet been verified for a 

wide range of condition, corresponding to near-liquid, rubbery state, viscoelastic and near glassy 

state. Moreover, there is not enough information on how the internal state variables evolution 

(such as the entanglements or weak bond interactions) depends with the strain rate, 

temperature, molar mass and crosslinking degree. 

 

   Therefore, we aim to verify the versatility of the model when tested for a large number of 

experimental conditions, accounting for the concept of equivalent strain rate for PMMAs of 

different molecular weights and crosslinking degree. More especially, the specific goals of this 

Chapter can be listed as next: 

 

 To successfully model the mechanical response under tensile cyclic loading at different 

equivalent strain rates for all the PMMAs. 

 

 To understand the effect of the different parameters regarding the Edward and Vilgis strain 

energy function. 

 

 To propose empirical relationships between the internal state variables and the equivalent 

strain rate. 

 

 To physically describe and understand the evolution of the internal state variables during 

the deformation process, and relate them to the macroscopic mechanical response. 
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   In the next Section, we will list different work used in the literature to describe the mechanical 

response of polymers, highlighting their advantages but also pointing aspects that may be 

improved. Then, the approach used in this work, proposed by Billon [11] and Gehring et al. [25], 

will be introduced. Later, results and discussions will be presented. 

 

5.1 Literature review on the modelling of mechanical response of polymers 

In the literature, we can find several constitutive behaviours used to model the mechanical 

behaviour of polymers (See Bouvard et al. [104] for a review). These models can be classified in 

two main families: phenomenological based models and physically based models. 

 

5.1.1 Phenomenological models 

The phenomenological models aim to describe the mechanical behaviour of the polymer by 

determining empirical parameters from experimental observations. These models are normally 

easier to implement than the physically-based ones. However, most of them do not consider the 

influence of material microstructural characteristics as well as their evolutions, which may lead to 

some limitations.  

 

   Many of these phenomenological models consist on differential equations combining linear 

and nonlinear springs with dashpots [105]–[107]. For instance and among others, G’Sell and 

Jonas [108], [109], Billon [110] and more recently Wang et al. [97] employed a 

phenomenological approach characterized by the next form: 

 

      (
 

 
) (          ̅)         ̇ , 5.1 

 

where K is linked to the elastic modulus, a , W , h , n  and m  are material parameters. The 

term  Taexp  accounts for the temperature dependency,   Wexp1  considers the initial 

non-linear behaviour,  nhexp  describes the strain hardening and  ̇  introduces the time 

dependency [110]. This model was satisfactory used for describing the behaviour of PVC, HDPE 

and PC under tensile and compression loading, but lacked in predicting the mechanical 

response over a wide range of temperature/strain rate conditions and also in describing cyclic 

loading.  

 

5.1.2 Physically based models 

The physically based models aim to account for the internal microstructure of the polymer. 

Haward and Trackary [111] were some of the first ones to model the mechanical response of 
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glassy polymers by combining yield/flow physical models [112]–[117] and rubbery elasticity. 

Other authors like Boyce et al. [118] and Dupaix et al. [119] have also used this idea for 

describing the mechanical response near the glass transition temperature by means of 

hyperelastic models. 

 

5.1.2.1 Hyperelasticity 

In general, hyperelasticity is defined trough strain energy functions, 
v , that can be linked to the 

stress through: 
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where I1 and I2 are the invariants of the left Cauchy-Green strain tensor, (λi)i=1.3 are the principal 

stretch rations and p is the pressure which can be determined from the boundary conditions. 

 

   Several energy functions can be found in the literature. (see Marckmann and Verron [120] for 

a review). Similar to the viscoelastic/viscoplastic modelling, hyperelasticity can be classified 

through phenomenological and physical based models.  

 

   Phenomenological models derive from mathematical developments, as polynomial functions 

that depends on the strain invariants (Mooney-Rivlin [121], [122] and Yeoh [123]) or on the 

principal stretch ratios (Ogden [124]–[126]). Material parameters are determined at specific 

conditions of deformation, temperature and strain rate.  

 

   Physically based strain energy functions are classically obtained through statistical methods 

that quantify the probabilities for the polymer network to adopt certain conformations. One of the 

first approaches was the Neo-Hookean model proposed by Treloar [127] whose energy function 

consisted in a Gaussian statistical distribution. Then, Ball et al. [128] developed a slip-link model 

to account the chain slippage during the deformation. Later, Arruda and Boyce [129] proposed a 

8-chain model which includes number of rigid links between entanglements. After this, Kaliske 

and Heinrich [130] worked on an extended tube model which used a non-Gaussian distribution 

and introduced and inextensibility parameter. 

 

   In conclusion, phenomenological and physically based models have different positive aspects 

and drawbacks. Phenomenological approaches are easier to implement and may have less 

parameters. However they exhibit some lack on describing microstructural changes. Physical 
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models do consider internal changes in the microstructure of the material, but they may be more 

complex. Regardless their differences, both approaches are often found in constitutive modelling 

[131]–[134]. 

 

5.1.3 Combining phenomenological and physical approaches 

Studies devoted to describe the complex mechanical behaviour of amorphous polymers under 

large deformation combine phenomenological and physical approaches to take advantage of 

their virtues. Examples can be found in constitutive modelling proposed by Hasan et al. [135], 

Muliana et al. [136], Guo et al. [137], Yu et al. [138], Li et al. [139], Gu et al. [140] and Praud et 

al. [141] which display satisfactory result for monotonic and non-monotonic loading. However, 

these examples were successfully employed up to 20% of true strain, leaving the domain of 

larger strain level unexplored. We will present next, some models from the literature that have 

shown promising results in modelling the mechanical response of polymers at high deformation 

levels.  

 

5.1.3.1 Dooling et al. 2002 [142] 

Using the constitutive model proposed by Buckley et al. [143], [144] on PET, Dooling et al. 

modelled the hot drawing of high molecular weight PMMA. Two main sources of stored energy 

were considered: i) bond stretching and ii) perturbations in the configurational entropy. Thus, the 

model used linear elasticity, Eyring viscous flow and the Edward-Vilgis energy function [23], 

respectively. For PMMA, they proposed to incorporate two slippage viscosities: one above the 

glass transition temperature and another one below. Figure 5.1 displays the comparison of the 

model with the experimental data for a PMMA at 0.4 min-1 at various temperatures under 

monotonic loading. It can be seen that the model properly describes the change in shape of the 

stress-strain curves with the increase in temperature. However, this model was not developed 

for reproducing the response during unloading stage. 
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Figure 5.1: Drawing of a PMMA at nominal strain rate of 0.4min-1 and various temperatures. 
Experimental data (points) and model (lines) [142].  

 

5.1.3.2 Dupaix and Boyce 2006 [119] 

This constitutive model aimed to capture the rate-dependent behaviour of an amorphous PETG 

at temperatures near the glass transition. In this work, the mechanical response was assumed to 

be a combination of the resistance originated from intermolecular interactions and from the 

network resistance produced when the material is stretched. A representation of the rheological 

components is depicted in Figure 5.2 a). 

 

   Intermolecular interactions were described as a combination of linear elasticity and viscous 

strain rate as proposed by Argon et al. [114] and Boyce et al. [115]. The network resistance was 

considered as a non-linear elastic component (using the 8-Chain Model [129]) and non-linear 

viscous element which includes chain reptation [145] and cessation of molecular relaxation 

[146]. Figure 5.2 a) and b) show a comparison between the experimental and theoretical data on 

PETG. The model shows promising results in capturing the strain rate and temperature 

dependence up to deformation of around 80%. However similar to the previous model, it is not 

used for reproducing an unloading path. 
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a) 

 

             b)                                                                      c) 

Figure 5.2: a) Schematic representation of the model. Comparison between experimental and 
numerical results on compression loading on PETG at 90°C: b) uniaxial and c) plane strain 

[119]. 

 

5.1.3.3 Sweeney et al. 2009 [147] 

The constitutive model proposed by Sweeney et al. is based on a rate dependent component 

described with an Eyring viscous process and two hyperelastic Edward-Vilgis equivalent 

networks, as depicted in Figure 5.3 a). This model showed good agreement with experimental 

data performed under monotonic biaxial testing of PP at 135°C (see Figure 5.3 b) and c)). The 

initial apparent modulus and yielding are well described. The model is therefore able to capture 

the mechanical behaviour of polymers at large deformation for biaxial loading. But once again, 

this approach was not verified for cyclic loading. 
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a) 

 

             b)                                                                      c) 

Figure 5.3: a) Schematic representation of the constitutive model. Simultaneous biaxial 
stretching at 135°C for strain rate of: b) 0.37s-1 and c) 2.3 s-1 [147]. 

 

5.1.3.4 Srivastava, Anand, Ames et al. 2010 [148]–[150] 

This constitutive theory was developed to describe the thermomechanical behaviour of 

amorphous polymers at large deformation levels from room temperature to approximately 50°C 

above the glass transition temperature. This approach introduced macroscopic internal state 

variables to represent important features of the microstructure resistance to plastic flow and 

strain hardening. Intermolecular resistance was described by nonlinear springs and thermally-

activated dashpots in parallel with another nonlinear spring. The molecular network resistance 

was described using a phenomenological form of the free energy function (see Gent [151]) and 

the viscous part was included by using evolution equation for internal state variables. 

 

   Figure 5.4 shows a comparison of the experimental uploading-unloading compression tests on 

PMMA with the constitutive modelling. The model is in good agreement with the experimental 

results. Despite of the model accuracy, the number of parameters is quite high which makes the 

identification of the model parameter more exhaustive.  
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             a)                                                                      b) 

Figure 5.4: Comparison between the constitutive model and the experimental stress-strain 
curves for PMMA at various temperatures and strain rates of: a) 0.001 s-1 and b) 0.01 s-1 [150]. 

 

5.1.3.5 Ayoub et al. 2010 [152] 

In this work, a physically-based inelastic model was developed for describing uploading-

unloading large deformation tests on HDPE. The inelastic mechanisms were described using 

two parallel elements: a viscohyperelastic network resistance and a viscoelastic-viscoplastic 

intermolecular resistance. The network resistance was constituted by the eight-chain rubber 

model [129] and an inelastic shear strain rate given by Bergstrom and Boyce [153], [154]. The 

intermolecular resistance was composed by an initial elastic response followed by a non-linear 

transition to the inelastic flow (Colak [155]). 

 

   Figure 5.5 compares the simulated and experimental results of the stress-strain curves during 

load-unload tests at various strain levels. The nonlinear unloading behaviour was well described 

by this model, which is a remarkable achievement. However, the stress during the uploading 

stage was underestimated up to a strain of 90% and beyond this deformation stresses were 

highly overestimated.  
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Figure 5.5: Result for load-unload tensile tests on HDPE at 10-3 s-1.Experiment vs model [152]. 

 

5.1.4 Summary 

Despite some promising results regarding the constitutive models available in the literature, we 

have noticed that these models still display some drawbacks. First, they do not fully capture the 

unloading part of the material response under cycling loading. Then, the models display some 

difficulties to capture the material response over a wide range of temperature and strain rates 

and when they do, the number of required parameters is quite large. This makes numerical 

modelling and parameters identification difficult. Additionally, there is not always a clear 

relationship between the state variables used in constitutive model and the main microstructural 

characteristics of amorphous polymers such as entanglements and crosslinks. Therefore, we will 

present next section an alternative in term of constitutive modelling to overcome these 

downsides. 

 

5.2 Viscohyperelastic modelling 

5.2.1 Model definition 

The model used in this project was inspired by previous research performed at CEMEF on the 

viscohyperelastic nature of polymers [11], [20], [21], [25]. The first approach came from Billon 

[11] who proposed to consider polymers as a homogeneous equivalent statistical network that 

experiences some sources of inelasticity. So, mechanical behaviour will combine hyperelasticity 

due to the network and inelasticity which lead to viscohyperelasticity and viscoplasticity. Indeed, 

when the material undergoes deformation the arrangement of the polymer chains is altered, 

leading to some variation of the microstructure. Thermodynamically, these changes have to be 

compensated in order to obey thermodynamic principles. Basic assumption is that energy 
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changes, related to the microstructure evolution, are compensated by elastic energy stored in 

the polymer network. Therefore, the energy dissipation comes from the energy balance needed 

due to the changes in the microstructure and/or topology when the material is deformed.  

 

   Most recent works [25] suggested that amorphous polymers may present three main 

topological factors that will be affected when applying a certain deformation level: 

entanglements, crosslinks and weak bonds (van der Waals, hydrogen bonds). Permanent nodes 

(as crosslinks) will enable chain extensibility in a “constant” manner. This contribution will be of 

entropic and elastic nature. Entanglements have more conformational freedom than crosslinks. 

Ball [156] proposed to see the entanglements as slip links (see Figure 5.6) which allow the 

chains to slide among them before they are stopped by crosslink node. Thus, entanglements 

slippage will contribute to elastic mechanisms by adding a source of entropy. In Billon’s 

approach, their “mobility” (associated to length of slippage) can increase as the elastic energy 

increases. This will introduce some inelasticity in the material. Finally, inter-chain interactions as 

van der Waal interaction or hydrogen bonds will act as temporary nodes. Such interaction will be 

equivalent to crosslinks, as no slippage can be associated to them, but can disappear when 

stretching (elastic energy) is high enough on the branch of the associated network. This is a 

second source of inelasticity. Therefore, we will assume that the kinetics of these three variables 

when deformed will be the source of inelasticity of the polymer network. 

 

 

Figure 5.6: Slip-link model proposed by Ball [128]. 

 

   For accounting all these factors, Billon [11] proposed to use the non-Gaussian hyperelastic 

model proposed by Edward and Vilgis (EV) [23] which considers that the storage energy 

contribution in the polymer network is associated to the entanglements and to the crosslinks. 

Other authors like Sweeney et al. [147], [157], Buckley et al. [143], [144], Adams et al. [146] 

Dooling et al. [142], Wu et al. [85], Lew et al. [158] and Gorlier et al. [159] have used the Edward 

and Vilgis strain energy to reproduce the mechanical response under tensile and compression 

loading for amorphous and semicrystalline polymers.  
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   This potential is found in the literature in terms of the principal stretch ratios (see Appendix 

8.6). In this work, we decided to use a modified version of this model which is written in function 

of the invariant of the stretch tensor: 
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5.3 

 

where I1, I2 and I3 are the invariant of the strain tensor, κ is the Boltzmann’s constant, θ is the 

absolute temperature, Nc is the density of crosslinks per unit volume, Ns is the density of 

entanglements per unit volume, α is the chain extensibility (being 0 in the case of a Gaussian 

chain) and η is related to the degree of mobility of the slip links, i.e. the distance related to chain 

slippage. A zero value of η corresponds to a permanent node (crosslink). Previous works [11], 

[21], [25], [26] showed that disentanglement occurs when the polymer is deformed, which leads 

to an increase of η. 

 

   The three different contributions (entanglements, crosslinks and weak bonds) are set into two 

parallel networks for convenience, each one considering the stored energy based on Edward 

and Vilgis model. This is depicted in Figure 5.7 where red dots correspond to crosslinks and 

dotted blue lines represent the weak interactions. The “Branch 1” combines the effect of the 

entanglements,   
 , and crosslinks,   

 . Inelasticity comes from the release of stored energy in 

the branch to compensate the evolution of η, associated to disentanglement. The “Branch 2” 

accounts for the density of weak interactions,   
 . Those interactions can disappear or be 

restored depending on the elastic energy in the branch, leading to inelasticity. Finally, chain 

extensibility is assigned to each branch. In Branch 1, the chain extensibility is assumed to be 

constant, while in Branch 2 the chain extensibility is linked to the level of connectivity in the 

network, which means that   
  is proportional to   

 . 
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Figure 5.7: Schematic representation of topological interactions responsible of changes in the 
microstructure when the polymer is deformed. 

 

   To complete the constitutive material description, we need to define the material viscous flow 

and the Cauchy stress. The description of the 3D constitutive model [21], [25] is reminded in 

Appendix 8.7. 

 

   The material viscous flow describes the kinetic of the inelastic mechanisms which will allow 

addressing the kinematics (see Appendix 8.7) during the deformation of the polymer. The rate of 

inelastic deformation stand as follow [68]: 
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5.4 

where k  is associated to the coefficient of Taylor-Quinney and kM is the Mandel stress. 

 

   At this point, we need to define the kinetic laws for the evolution of internal state variables (  ̅̅ ̅̇, 

  
 ̅̅ ̅̇̅  and   

 ̅̅̅̇̅ ) which will be dependent on stored elastic energy and will rule the inelasticity of the 

equivalent network.  
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5.2.2 Internal state variables evolution 

As described by Billon [11], the evolution of the chain arrangements or microstructure with the 

deformation will depend on the elastic energy stored in the equivalent network. Physically, this 

means that having more elastic stored energy in the polymer network will promote chains 

arrangement and microstructural evolution. Therefore, we will use this stored energy as a driven 

force to describe the kinematic evolution of the internal state variables.  

 

   To quantify the elastic stored energy, we define Δψ  as the difference between the energy of 

the deformed polymer and the no deformed: 
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   All the kinetic laws for the internal state variables that will be presented next, are 

phenomenological formulations used to describe how the topology of the polymer evolves under 

deformation. 

 

5.2.2.1 Chain slippage kinetics,   

The evolution of the degree of mobility of the slip links,  , is related to the chain slippage that 

occurs when the polymer is deformed. Indeed, an increase of this variable may be linked to the 

disentanglement of the polymer chains when an external load is applied. The evolution kinetics 

is assumed to follow the next forms: 

 

For k=1, 

̇           and 2343.00   
5.6 

For k=2, 

̇       and 00  ,  
5.7 

 

where Z and 1p  are material parameters. In Branch 1, the parameter   was chosen to evolve 

from the initial theoretical value 2343.00   as proposed elsewhere [23], [156]. Additionally, 

since chain slippage are just accounted in the Branch 1, no kinetics will be used in the Branch 2 

for this variable. 
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5.2.2.2 Weak bond density evolution, 
2sN  

The evolution equation of the state variable 
2sN  is associated to the variation of the weak bonds 

density when the polymer is deformed. Since this kinetic is just accounted for the Branch 2, we 

have: 

 

For k=1,  

   ̇     5.8 

 

   As proposed by Gehring et al. [25], we will state that an equilibrium value exists ( lim

sN ) 

depending on the amount of available energy. Therefore, the rate of this kinetic will depend on 

the energy needed to reach this equilibrium: 

 

For k=2,  
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where  ,    and p are material parameters. 

 

5.2.2.3 Chain extensibility evolution, k  

At certain level of deformation, polymer chains are fully stretched and cannot longer be 

extended. This is defined by the chain extensibility. This variable will depend on the number of 

chain interactions that will act as junction points. For convenience, we consider the topological 

constrain that will affect the extensibility as the number of weak bonds (Branch 2) [25]. Thus, we 

assume that the kinetics of evolution of k  is proportional to the kinetic of evolution of 
2sN  

For k=1, k
̇
=0 

For k=2, k
̇
 

  
 ̅̅ ̅̅

   
   ̇    
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5.2.3 Model summary 

Parameters of the model are summarized in Table 5.1 

 

Table 5.1: Model parameters for each branch 

Branch 
k=1 

Ns* (MPa) To identify 

Nc* (MPa) To identify 

α2 (-) 1x10-6 [25] 

Z (-) To identify 

p1 (-) To identify 

Branch 
k=2 

Ns* (MPa) To identify 

Nc* (MPa) 0 [25] 

α2 (∙) To identify 

τs
 (∙) To identify 

ξ (∙) To identify 

ν (∙) To identify 

ν’ (∙) To identify 

p* (∙) 2 [25] 

(Ns* and Nc* for each branch correspond to NskT and Nckt respectively). 

 

5.2.4 1D Case: Incompressible visco-hyperelastic model 

To study the model capabilities, we will restrain for now our study to the description of the model 

in 1D assuming incompressibility. The Cauchy stress for uniaxial loading on incompressible 

material can be defined as: 
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   The terms 
k

1

k

v

I


 and 

k

2

k
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I


 are defined in Appendix 8.8 and the invariants are defined by: 

21

1 2   I  and  22

2  I . 

 

Inverse analysis for parameters identification 

As explained in Chapter II, the inverse analysis for the parameters identification was carried out 

by minimizing a cost function (Equation 2.19) thanks to the simplex algorithm of the “fminsearch” 

MATLAB® function. The initial set of parameters were taken from previous works of Billon [11] on 

PMMA and Gehring et al. [25] on amorphous PET. In parallel, some parameters were initially 

chosen by either physical and/or mathematical reasons. For instance: 

 

 Equation 5.3 demands that the extensibility limit goes in the range of 0 < α2 < 1/3.  

 

 Rubber elasticity theories stand that, at low strain, the storage modulus and the density of 

entanglements can be related as                   . Thus, we can roughly 

approximate these values to the storage modulus determined from the DMTA tests.  

 

 We assumed that mobility degree,  , should not be higher than 1 since higher values 

could be interpreted as entanglements no longer exist. Thus, we aimed to use values of Z  

and 1p (see Equation 5.6) to keep the mobility degree,  , in the range of 0 and 1.  

 

   Figure 5.8 shows the evolution of the cost function with the number of iterations used for the 

simplex algorithm of the “fminsearch” function. Convergence to the minimum value of the cost 

function is reached after 170 iterations.  
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Figure 5.8: Cost function vs number of iterations from the Nelder-Mead simplex algorithm. 

 

   To quantify the accuracy of the model with the respect to the experimental results, we used the 

adjusted coefficient of determination, 
2

R , presented in Equation 5.12 [160]. An accurate result is 

obtained if the adjusted coefficient of determination is close or equal (ideally) to 1. 
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where n is the number of data, p is the number of parameters in the model, iY  is the measured 

value, iŶ  is the model obtained from the model and iY  is the average of the measured values.  

 

5.3 Results and Discussions 

In this Section, the results obtained from the theoretical model presented in Chapter 5.2 will be 

compared to the uniaxial tensile tests displayed in Chapter IV. Experimental results were chosen 

for targeted equivalent strain rates to address the temperature/strain rate influence on the 

internal state variables. 
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5.3.1 Relevance of the model 

5.3.1.1 Relevance at large deformation 

Parameters were identified, as mentioned in Section 2.2.3, using the tensile tests at reference 

temperature 130°C one by one. The identified set of parameters for PMMA 80 is presented in 

Table 5.2. The calibrated set of parameters for the other PMMAs can be found in Appendix 8.9. 

 

Table 5.2: Parameters for PMMA 80. 

 ̇   (s-1) 1.87x10-2 1.66x10-1 1.61 18.1 169 1930  

Ns1* (MPa) 7.42x10-1 1.02 2.92 21.55 105 120 

Nc1* (MPa) 2.83x10-4 1.69x10-3 9.53x10-3 2.51x10-2 2.27x10-2 2.27x10-2 

Z (-) 9.58x10-3 8.58x10-2 1.10x10-1 1.70x10-1 9.13x10-1 1.89 

p1 (-) 7.45x10-1 7.58x10-1 7.29x10-1 9.92x10-1 9.18x10-1 1.07 

Ns2* (MPa) 1.32x10-1 2.98x10-1 5.19x10-1 4.78x10-1 1.80 1.97 

α2
2 (∙) 2.85x10-3 1.03x10-2 4.28x10-2 1.50x10-1 4.81x10-2 7.08x10-2 

τs
 (∙) 3.32x10-1 7.75x10-2 9.17x10-2 2.12x10-1 1.77x10-2 5.12x10-5 

ξ (∙) 6.39x10-1 4.59x10-1 4.28x10-1 7.17x10-1 3.88x10-5 1.99x10-5 

ν (∙) 1.67 2.33 6.86 1.41x10-1 8.55x10-2 1.80x10-1 

ν’ (∙) 2.47x10-1 1.63x10-2 7.27x10-4 7.69x10-5 9.08x10-6 2.21x10-5 

 

   Figure 5.9 and Figure 5.10 show the comparison between the experimental (dots) and 

theoretical results from the model (lines) for PMMA 80 and PMMA 120, respectively. The 

accuracy of the results is quantified with the adjusted coefficient of determination,  ̅ , which can 

be found in the figures legend. Results suggest that the model proposed in this work has enough 

degree of freedom to reproduce the experimental curve with a good agreement using ten 

parameters per condition. Indeed, the model is able to capture the different features of the 

mechanical curves during uploading to large strain levels (between 80% and 100%) and also 

during the unloading. Additionally, mechanical response of the PMMAs is highly different in the 

experimental range investigated in this study, with material behaviours close to viscous fluids to 

a glassy solids. Regardless such strong difference, the model was able to well reproduce all 

these changes, proving its adaptability and efficiency. 
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      a)                                                                      b) 

 

c)                                                                      d)  

 

e)                                                                      f) 

Figure 5.9: Comparison between experiments (dots) and model (lines) on load-unload tensile 
tests on PMMA 80 at  ̇  : a) 103 s-1 b) 102 s-1 c) 101 s-1 d) 100 s-1, e) 10-1 s-1, f) 10-2 s-1. 
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Figure 5.10: Comparison between experiments (dots) and model (lines) on load-unload tensile 
tests on PMMA 120 at  ̇  : a) 103 s-1 a) 102 s-1 a) 101 s-1 b) 100 s-1 c) 10-1 s-1 d) 10-2 s-1, e) 10-3 s-1, 

f) 10-4 s-1. 
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   Figure 5.11 and Figure 5.12 shows the comparison between the experimental (dots) and 

theoretical results from the model (lines) for PMMA 3500 and PMMA CL, respectively.  

 

   Results reveal that the constitutive model was in good agreement with the experimental data 

from both PMMAs, even when behaviours exhibit drastic changes since they passed from a 

hyperelastic state (10-6 s-1) to a more viscoelastic/viscoplastic (100 s-1). However near the glassy 

region (102 s-1), the model showed to be less efficient, especially for PMMA 3500. For this 

condition the apparent elastic regime was slightly underestimated and the apparent yield and 

softening were not described for the model. Nevertheless, at higher strains (above 20%) the 

behaviour in the plastic region/strain hardening was well reproduced, as well as the unloading. 

As softening is often related to physical aging during which polymer densified, we suggest 

modifying the kinetic form of the variable of Branch 2 for including the softening in a further step. 

 

   In parallel, the model accuracy was quantified using the adjusted coefficient of determination. 

Rigorously speaking, if the adjusted coefficient of determination is in the range of 0.990<   ̅ <1, 

the accuracy of the constitutive model can be considered as really good. 

 

   Figure 5.13 shows the values of these coefficients for different equivalent strain rates. Results 

reveal that   ̅  remained above 0.99 for most of the tested equivalent strain rates, more 

especially up to values of 101 s-1. At higher equivalent strain rates,   ̅  is below the minimum 

imposed value. Recalling the master curves presented in Section 3.2.4, we can see that 

equivalent strain rates above 101 s-1 correspond to material near the glassy region. Therefore, 

we can conclude that the constitutive model used in this work present a good accuracy when the 

material is near the flowing region, in the rubbery state and in its viscoelastic region, but may 

lead to more discrepancies when the material is near the glassy region.  
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      a)                                                                      b) 

 

c)                                                                      d)  

 

e)                                                                      f) 

Figure 5.11: Comparison between experiments (squares) and model (lines) on load-unload 
tensile tests on PMMA 3500 at  ̇  : a) 102 s-1 b) 100 s-1 c) 10-2 s-1 d) 10-4 s-1, e) 10-6 s-1, f) 10-8 s-1. 
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      a)                                                                      b) 

 

c)                                                                      d)  

Figure 5.12: Comparison between experiments (squares) and model (lines) on load-unload 
tensile tests on PMMA CL at  ̇  : a) 102 s-1 b) 100 s-1 d) 10-2 s-1, e) 10-4 s-1. 
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Figure 5.13: Adjusted coefficient of determination vs equivalent strain rate for all the PMMAs. 

 

5.3.1.2 Relevance in the linear domain 

Parameters identified for each PMMA can be used to compute the apparent Young’s modulus, 

E, by using the EV’s energy as:  
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5.13 

   Then, we can compare this modulus with the master curves of the storage modulus presented 

in Chapter III. This is depicted in Figure 5.14 for PMMA 120 and PMMA CL. Results are in good 

agreement between the values calculated trough Equation 5.13 and those determined 

experimentally trough DMTA. The discrepancies are expected since we are comparing two 

different properties: E and E’. Moreover, we can notice that Young’s modulus determined from 

Branch 1, E1, exhibits a bigger contribution to the total stiffness than the one of Branch 2. 
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a)                                                                      b) 

Figure 5.14: Comparison between elastic modulus determined from DMTA tests and those 
identified through EV’s strain energy function: a) PMMA 120, b) PMMA CL. 

 

   Next, we will focus on presenting which topological constrain (physical entanglements, 

crosslinks and weak bonds) is more important for the model. Figure 5.15 shows evolution of 

Ns1*, Nc1* and Ns2* with the equivalent strain rate for a) PMMA 120 and b) PMMA CL. We can 

see that the contribution of Nc1* is quite low. Indeed, Ns1*>100.Nc1* and Ns2*>10.Nc1*. 

Therefore, we will consider that crosslinks are negligible. Moreover, at high equivalent strain 

rates, the parameter Ns1* is the main topological factor accounted for the model. However, when 

decreasing the equivalent strain rate, the gap between Ns1* and Ns2* reduces, suggesting that 

the model considers Ns1* more sensitive to the equivalent strain rate than Ns2*. Thanks to the 

model used in this work, we are able to identify the real nature and contribution of the topological 

constrains.  

 

 

a)                                                                      b) 

Figure 5.15: Evolution of Ns1*, Nc1* and Ns2* with the equivalent strain rate for a) PMMA 120 
and b) PMMA CL. 
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5.3.2 Physical contribution of each branch on the overall mechanical response 

The model is decomposed in two branches: one branch accounts for the entanglements, 

crosslinking and disentanglements, while the second one considers the weak bonds density 

contribution to elasticity and inelasticity. In this section, we aim to illustrate the contribution of 

each branch to the global mechanical response, as the evolution of the internal state variables 

with time.  

 

   Figure 5.16 displays the contribution of the different branches to the total stress. This figure 

suggests that the Branch 1 has a mechanical behaviour similar to a viscoplastic material while 

the Branch 2 displays viscoelastic behaviour. Thus, the disentanglement process accounted for 

the Branch 1, considered here as an irreversible process, is the main source of plasticity. The 

amount of plasticity will be related to the evolution of η. In Branch 2, weak bonds act as 

crosslinks at small energy and tend to disappear as the energy increases, which is the source of 

energy dissipation in this branch.  

 

   Additionally, we can see that the Branch 1 pass to a compressive state around 75% of true 

strain during unloading while the Branch 2 does not reach zero stress after unloading. Indeed, 

stress represents the increment of energy related to an increment of strain. In this model, each 

branch represents a decomposition of energy of the polymer network depending on internal 

processes. Some of these processes may evolve such that energy increases when increasing 

the strain and some others may behave such that energy decreases, leading to “compressive” or 

“tensile” states as showed in Figure 5.16. 

 

 

Figure 5.16: Contribution of each branch to the total stress-strain curves for PMMA 80 at 
equivalent strain rate of 10-2 s-1. 
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   It has been said that the evolution of the internal state variables will rule the inelastic behaviour 

of the material. Therefore, it is important to address how they do evolve with time. The first 

variable that will be studied is the degree of mobility of entanglements, η. The evolution of this 

parameter with time is depicted in Figure 5.17 for PMMA 80 at equivalent strain rate of 1.87x10-2 

s-1. At the beginning of the loading, this variable seems to remain approximaterly constant at 

0.2343 (which is the imposed theroretical value) up to 50 seconds (strain level of 2%). Then, η 

increases up to (around) 0.36 during the loading stage. When the unloading starts, when can 

observe, once again, that η is first nearly constant. This may correspond to the apparent elastic 

regime during unloading. Later, η increases again when the unloading continues.  

 

   These observations show that the model is able to describe the increase of η when the 

polymer is deformed. This increase is related to an increase of the distance between molecular 

nodes. Indeed, during uploading, elastic energy in the statistical branch is high enough for 

promoting a change in the internal arrengement, corresponding to chain slippage. During the 

unloading, the increase of η matches with the onset of the compressive regime showed in Figure 

5.16. Thus, this means that the chain slippage during the unloading balances the internal energy 

of the polymer network. 

 

 

Figure 5.17: Evolution of the state variable η with time during the load-unlaod tensile test on 
PMMA 80 at 1.87x10-2 s-1. 

 

   Regarding Branch 2, Figure 5.18 a) and b) show the kinetic of the variables Ns2* and   
  with 

time. Figure 5.18 a) exhibits that Ns2* initially remains constant. As the load increases, the 

density of active weak bond decreases. This means that during the stretching process, not just 

disentanglement may occur but also van der Waals interactions may disappear. During the 

unloading, Ns2* initially remains constant and then slightly increases. This increase in the van 

der Waals bonds density may be attributed to the fact that polymer chains are getting more 

mobile as unstretched during the unloading, promoting the reappearance of inter-chain 
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interactions. Moreover, the evolution of   
  is directly linked to the density of weak bonds (see 

Equation 5.10). Thus, as shown in Figure 5.18 b), the trend of its kinetic is the same as the one 

for Ns2*. 

 

             a)                                                                      b) 

Figure 5.18: Evolution of the state variable Ns2*,  a), and   , b), with time during the load-unlaod 
tensile test on PMMA 80 at 1.87x10-2 s-1. 

 

5.3.3 Role of the branches when varying the equivalent strain rate 

In this section, we aim to address the mechanical response of each branch when varying the 

equivalent strain rate. To do this, we present the contribution of the different branches to the 

total stress at equivalent strain rates below the α-transition, viscoelastic region and rubbery 

plateau. 

 

5.3.3.1 Below α-transition 

Figure 5.19 shows the contribution of each branch to the total stress for PMMA 120 at equivalent 

strain rate of 103 s-1. This condition corresponds to the glassy region of this PMMA.  

 

   Branch 1 describes the initial elastic regime and contributes to most of the mechanical 

stiffness up to strain of 80%. Additionally, this branch also accounts for most of the energy 

dissipation. This branch describes the material viscoelastoplasticity. Branch 2 contributes to the 

nonlinear mechanical stiffness, which becomes more relevant above 80% of deformation, adding 

strain hardening at large strain. Moreover, Branch 2 displays almost no hysteresis. This branch 

accounts for the hyperelasticity of the material. These trends were also observed for all PMMAs. 
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Figure 5.19: Contribution of each branch to the total stress-strain curves for PMMA 120 at 
equivalent strain rate of 103 s-1. 

 

5.3.3.2 Viscoelastic region 

Figure 5.20 displays the contribution of each branch to the total stress for PMMA 120 at 

equivalent strain rate of 100 s-1. This condition corresponds to the viscoelastic region of this 

PMMA.  

 

   Branch 1 still captures most of the initial elasticity but its contribution to the mechanical 

stiffness is more significant up to 20% of deformation. Additionally, energy dissipation is lower 

than in the glassy region. Thus, this branch acts as a viscoelastic network. Branch 2 represents 

the main source of strain hardening large deformation (above 20%). Regarding its contribution to 

inelasticity, we can see that energy dissipation is slightly higher than in the glassy region. 

Therefore, this branch acts now as visochyperelastic network. These conclusions were also 

drawn for all PMMAs. 
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Figure 5.20: Contribution of each branch to the total stress-strain curves for PMMA 120 at 
equivalent strain rate of 100 s-1. 

 

5.3.3.3 Rubbery plateau 

In Chapter IV, we observed that the mechanical behaviour in the rubbery plateau varied with the 

PMMAs. For accounting these differences, we present three PMMAs: 

 

PMMA 120 

Figure 5.21 shows the contribution of each branch to the total stress for PMMA 120 at equivalent 

strain rate of a) 10-2 s-1 (rubbery plateau) and b) 10-4 s-1 (near the flow region) of this PMMA.  

 

   For both equivalent strain rates, Branch 1 describes the initial elastic regime and contributes to 

a relevant fraction of energy dissipation. This branch behaves as a viscoelastic material. 

Moreover at 10-2 s-1 Branch 2 adds viscohyperelasticity and then turns into a viscoelastic 

network when reaching the flowing at 10-4 s-1.  
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             a)                                                                      b) 

Figure 5.21: Contribution of each branch to the total stress-strain curves for PMMA 120 at 
equivalent strain rate of a) 10-2 s-1 and b) 10 -4 s-1. 

 

PMMA 3500 

Figure 5.22 displays the contribution of each branch to the total stress for PMMA 3500 at 

equivalent strain rate of a) 10-2 s-1 and b) 10-8 s-1. This condition corresponds to the rubbery 

plateau of this PMMA. At 10-2 s-1, Branch 1 contributes to viscoelasticity by describing the initial 

elasticity and exhibiting energy dissipation. At 10-8 s-1, the contribution of this branch becomes 

almost negligible. Additionally, Branch 2 exhibits a viscohyperelastic (with no much hysteresis) 

behaviour at 10-2 s-1. Then, at 10-8 s-1, the elastic and inelastic components of the mechanical 

response are described by Branch 2 which displays viscohyperelastic behaviour with more 

hysteresis than at 10-2 s-1. At this point, the mechanical behaviour could be just described with 

this branch. 

 

 

             a)                                                                      b) 

Figure 5.22: Contribution of each branch to the total stress-strain curves for PMMA 3500 at 
equivalent strain rate of a) 10-2 s-1 and b) 10--8 s-1. 
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PMMA CL 

Figure 5.23 displays the contribution of each branch to the total stress for PMMA CL at 

equivalent strain rate of a) 10-2 s-1 and b) 10-6 s-1. At 10-2 s-1, Branch 1 contributes to 

viscoelasticity in the network, accounting for the initial elasticity and the overall hysteresis while 

at 10-6 s-1, its contribution becomes negligible. Branch 2 behaves as a hyperelastic network for 

both equivalent strain rate and its contribution is high enough for describing the total mechanical 

response at 10-6 s-1.  

 

 

             a)                                                                      b) 

Figure 5.23: Contribution of each branch to the total stress-strain curves for PMMA CL at 
equivalent strain rate of a) 10-2 s-1 and b) 10--6 s-1. 

 

5.3.3.4 Summary 

Branch 1 plays a significant role in describing the initial elasticity regardless the equivalent strain 

rate. Below the α-transition, this branch contributes greatly to the mechanical stiffness and 

energy dissipation. When moving through the viscoelastic region, these contributions decrease, 

passing from viscoelastoplastic behaviour to viscoelastic behaviour. In the rubbery plateau, the 

contribution of this branch becomes less relevant when moving to lower equivalent strain rates. 

 

   Branch 2 describes the strain hardening of the polymer network for all the equivalent strain 

rates. Below the α-transition, this branch has no hysteresis, acting as a hyperelastic network. In 

the viscoelastic region, the energy dissipation increases, turning into viscohyperelastic. In the 

rubbery plateau, the features of this branch will depend on the polymer architecture. For PMMAs 

of low molar mass, the branch behaved as a viscohyperelastic network and then turned into a 

viscoelastic network when reaching the flowing state. For PMMA 3500 and PMMA CL the 

elasticity and inelasticity was fully accounted by this branch. Therefore, its behaviour was 

hyperelastic and viscohyperelastic depending on the tested conditions. 
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   Therefore, using two parallel branches that account for viscoelastoplastic/viscoelastic and 

hyperelastic/viscohyperelastic behaviours results into a versatile approach that allows capturing 

the mechanical response of amorphous PMMAs when near and above the α-transition. Also, this 

approach requires few parameters which may enrich the modelling for predicting the material 

behaviour when studied in the viscoelastic and rubbery state.  

 

5.3.4 Dependence of the EV’s parameters with the equivalent strain rate 

So far, we addressed that the physical entanglements contribute to viscoelastoplastic behaviour 

and van der Waals interaction adds viscoelastic or hyperelastic behaviour. However, 

entanglements and van der Waals interactions are likely dependent on the strain rate, 

temperature, molecular weight and crosslink.  

 

   Indeed in Table 5.2 we can see an important variation of the model parameters, increasing 

with the equivalent strain rate at reference temperature. Other authors have also found effect of 

the strain rate and temperature on the parameters of the EVs’ strain energy function. For 

instance, Brereton and Klein [161] studied a crosslinked polyethylene observing that the 

entanglement density was decreasing with a reduction of the strain rate. Then, Sweeney et al. 

[162], [163] worked on PVC and PP proposing that Ns* varied with the strain rate through an 

Eyring equation as follows:  

 

         (
  ̇

  ̇ 
) 

5.14 

 

where A and B are material parameters,   ̇ is the shear strain rate,  ̇  is a reference shear strain 

rate, with  ̇    ̇ . This relationship was then verified with good agreement on PET by Matthews 

et al. [164], Gorlier [24] and Yann Marco [165]. Additionally, Gorlier [24] also showed that the 

entanglement density was decreasing with the increase of temperature 

  

   In other works, Billon [11] and Baquet et al. [20], [21] observed a similar dependence of the 

EVs parameters with the equivalent strain rate as showed in Table 5.2 and Appendix 8.10. 

Indeed they found that these parameters had a similar trend to those exhibited by the storage 

modulus (Chapter III). Therefore, they proposed to relate these parameters to the equivalent 

strain rate at reference temperature by using a phenomenological sigmoid formulation: 

 

       (
 

  ( r   ̇ )
   ) 

5.15 
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where, P is the desired parameter, P0, P1, r and m are material parameters. 

 

   Therefore, a second step will be to verify such dependence on our current material database. 

A first comparison was done between the phenomenological function proposed by Sweeney et 

al. [162], [163] (Equation 5.14) and Billon [11], Baquet et al. [20], [21] (Equation 5.15) to describe 

the evolution of Ns*1. This is depicted in Figure 5.24 for PMMA 120. 

 

   Results reveal that Ns*1 remains approximately constant at low equivalent strain rates (up to 

100 s-1), which correspond to the rubbery plateau of the material. Then a sharp increase of Ns*1 

is observed in the viscoelastic region. Thus, the entanglement density seems to follow the same 

evolution than the storage modulus. Regarding to phenomenological models, the equation 

proposed by Sweeney describes properly the behaviour in the rubbery plateau. However, it 

cannot capture the behaviour in the viscoelastic region. On the other hand, the model of Billon 

describes properly the values of Ns* in the rubbery plateau as well as their evolution in the 

viscoelastic region, making it more suitable for a wide range of equivalent strain rates. 

 

ss  

Figure 5.24: Entanglement density evolution with the equivalent strain rate for PMMA 120. 

 

   After verifying that the approached proposed by Billon [11] and Baquet et al. [20], [21] is able 

to capture the evolution of the parameters with the equivalent strain rate, we use such function 

to describe the evolution of Ns1*, Nc1*, z, p1, Ns2* and α2
2 with the equivalent strain rate as 

follows: 
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   Thus, we will present next the evolution of the different parameters with the equivalent strain 

rate for PMMA 120. This is depicted in Figure 5.25. Results for the other PMMAs can be found in 

Appendix 8.10. All the parameters were well described for all the different PMMAs by using r

=0.037s-1 and m=0.375. The other values, for fulfilling Equation 5.16, are shown in Table 5.3. A 

good agreement between the experimental and theoretical values is displayed in Figure 5.25. 

Indeed, we showed that a sigmoid function is able to capture the evolution of the parameters 

over a wide range of equivalent strain rates. This was also true for the other PMMAs, as shown 

in Appendix 8.10.  

 

   Figure 5.25 also displays that parameters sharply increase with the equivalent strain rate when 

passing through α-transition and, more especially, Ns1*, z, p1 and Ns2*. First, at short time scale 

or low temperature, the density of entanglement and van der Waals interaction (Ns1* and Ns2*) 

seems to be more effective [161]. Then, disentanglement parameters (z and p1), which rule the 

part of the energy dissipated by the polymer network under deformation, increase when the 

equivalent strain rate is higher. This is consistent with experimental observations from Chapter 

IV, Section 4.5.6. Therefore, these results show that the model accounts for a polymer network 

more rigid and dissipating more energy at high strain rate or low temperature. As a perspective, 

we recommend to couple the constitutive model with the sigmoid evolution of the parameters for 

accounting the strain rate/temperature effect on the mechanical response. 
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a)                                                                              b) 

 

   c)                                                                             d) 

 

   e)                                                                             f) 

Figure 5.25: Parameters evolution with the equivalent strain rate for PMMA 120: a) Ns1*, b) Nc1*, 
c) z, d) p1, e) Ns2* and f) α2

2. 
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Table 5.3: Phenomenological parameters identification for the different PMMAs. 

 PMMA 80 PMMA 93 PMMA 120 PMMA 3500 PMMA CL 

N1
s0* 0.300 0.400 0.500 0.015 1.560 

N1
s1* 60 56 75 140 100 

N1
c0* 2x10-4 1x10-5 2x10-5 0.013 0.022 

N1
c1* 0.014 0.014 0.010 0.007 2x10-4 

Z0 0.070 0.090 0.120 1x10-8 12 

Z1 0.770 23 29 3000 950 

P10 0.750 0.750 0.950 0.002 1.200 

P11 0.155 0.500 0.460 2.2 0.620 

α2
20

 0.003 0.001 0.002 8x10-5 0.001 

α2
21 0.045 0.010 0.030 0.049 0.030 

N2
s0* 0.125 0.080 0.080 0.610 0.570 

N2
s1* 1 1.500 1.200 0.600 0.480 

 

5.3.5 Sensitivity to the material parameters 

In the results showed in Section 5.3.1.1, we could notice some disagreement with the 

experimental results for high equivalent strain rates. For the particular case of PMMA 80 at 

equivalent strain rate of 103 s-1 and 102 s-1, higher differences were found between model and 

experiments performed at large strain level. To understand such difference, we have performed 

a sensitivity analysis of the Edward-Vilgis strain energy function. Similar, to Ogden et al. [166], 

we will compute the derivative of the stress with respect to the parameter to be evaluated in term 

of model sensitivity. For the case of tensile loading, the stress can be expressed as defined in 

Equation 5.11. To obtain the derivative, we will apply numerical differentiation as next: 

 

hP

PhP )()(  




 
 

5.17 

 

where P is the parameter to be studied and h is a small change in the parameter value. h was 

chosen equal to 10-5 to be small enough to guarantee accurate values of the derivative. The 

investigated parameters of Branch 1 are: Ns1*, Nc1*,   
  and η; while for Branch 2: Ns2* and   

 . 

For this study, we took the optimal parameters of PMMA 120 at 1.56 s-1 (see in Appendix 8.9) as 

reference values. Figure 5.26 shows the derivatives as a function of the parameter of interest 

and the true strain.  
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   Figure 5.26 shows that   
  and   

  (related to the chain extensibility) and η (linked to the chain 

slippage), are the most sensitive parameters. Indeed, they display abrupt changes in the 

derivative when passing from low deformation to high deformation level. In parallel, Ns1*, Nc1* 

and Ns2* (related to the density of entanglement, crosslinks and weak bonds) act as scaling 

factors regardless the deformation level. 

 

 

Figure 5.26: Relative sensitivity of the Edward-Vilgis parameters on PMMA 120 at 1.56 s-1: a) 

Ns1, b) Nc1, c)   
 , d) η e) Ns2 and f)   

 . 

 

   Moreover, Figure 5.27 displays the effect of Ns1*, η and   
  on the stress for PMMA 120 at 

1.56 s-1. Results show that stresses are higher when Ns1* increases; increasing η leads to a 

reduction of the strain hardening; and while increasing   
  promotes a sharp increase of the 

strain hardening. These observations show that EVs parameters are more sensitive at high 
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strain levels, more especially   
 ,   

  and η. However, their influence occurs at very narrow 

sconditions, while Ns1*, Nc1* and Ns2* affect the behaviour in the whole range of deformations.  

 

 

                    a)                                                            b)                                            c) 

Figure 5.27: Sensitivity of the true stress with the Edward and Vilgis parameters on PMMA 120 
at 1.56 s-1: a) Effect of Ns1*, b) effect of η and c) effect of α2

2. 

 

5.4 Summary 

In this Chapter, the mechanical behaviour of the different PMMAs was modelled for cyclic 

uniaxial tensile loading. Additionally, we included the concept of “equivalent strain rate at 

reference temperature” into the constitutive model proposed by Billon et al. [11], [21], [25].  

 

   From a practical point of view, this approach reduces the number of constitutive parameters to 

be considered in the modelling, which simplify the inverse analysis for predicting the mechanical 

response of amorphous polymers. Thus, this methodology may enhance the numerical 

computations for predicting the material behaviour when studied in the viscoelastic and rubbery 

state.  

 

   The versatility of the model reproducing different mechanical behaviours shows the efficiency 

of including the evolution of parameters in Edward-Vilgis strain energy function. Indeed, the 

model showed some capabilities to account for different physical and topological aspects of the 

polymer network under deformation.  

 

   The model considered the elastic contribution of the active physical entanglements, crosslinks 

and van der Waals interactions, and also the inelastic mechanisms induced by 

disentanglements, evolution in the secondary bond density and chain extensibility.  
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6 Conclusions and Perspectives 

6.1 General Conclusions 

The main goal of this study was to characterize and model in a simplified and accurate manner, 

the mechanical behaviour of amorphous polymers with different architectures from the quasi-

fluid state up to the solid state. Therefore, we worked with five PMMAs of different molar masses 

and crosslinking degree. The study consisted into three stages:  

 

 First, we addressed the mechanical behaviour in the linear domain of deformation through 

DMTA and rheological tests. This gave a glimpse of the effect of molar mas and 

crosslinking on the linear viscoelastic properties (elastic and loss moduli), the α-transition 

and the time/temperature dependency.  

 

 Then, we characterized the mechanical response at large strain while coupling the strain 

rate/temperature by means of the “equivalent strain rate at reference temperature” 

extracted from observations in the linear domain. This was possible by performing 

uploading-unloading tensile and shear tests using DIC techniques.  

 

 Finally, we modelled based on the work from [11], [21] the mechanical response at large 

deformation while accounting the evolution of internal state variables when the polymer 

was deformed. For this, we used the experimental material database from Chapter IV as 

input.  

 

Linear viscoelastic behaviour 

In Chapter III we observed that the α-transition temperature, the storage and loss moduli (as 

their extension over the frequency range) increased with the molar mass and crosslinking. This 

was likely due to the increase of entanglement and crosslinks density. In parallel, crosslinks 

were more effective at low equivalent frequencies since E’ remained constant for PMMA CL up 

to low frequencies without exhibiting a fluid behaviour, while moduli on PMMA 3500, gradually 

decreased when reducing the equivalent frequency.  

 

   Moreover, time/temperature equivalence was successfully applied for all the different PMMAs, 

identifying shift factors for tensile and shear loading. This study revealed that time/temperature 

dependence was sensitive to the stress state and polymer architecture. These results were 

essential for characterization at large deformation. 

 



 

139 

 

Mechanical behaviour at large deformation 

In Chapter IV, we observed that true stress-strain curves obtained at different temperature/strain 

rate conditions were the same for a given the same equivalent strain rate, more especially when 

near the flowing region, rubbery plateau and viscoelastic region. Such observations were 

validated for tensile and shear loading on amorphous PMMAs of different molar masses and 

crosslinking degree. In parallel, this equivalence was also validated for two cycles of uploading-

unloading tensile tests, which is a promising observation for future fatigue analysis. Experimental 

evidence on validating the equivalent strain rate at large deformation is not abundant in the 

literature and is mainly focused on monotonic loading. 

 

   Moreover, it was observed that the material behaviour at large deformation was in good 

agreement with the storage and loss moduli observed from the linear domain. For instance when 

the material was near the glassy region, it displayed a viscoelastoplastic behaviour while in the 

rubbery plateau, polymer presented hyperelastic behaviour. Therefore, the use of master curves 

obtained in the linear domain enhance the understanding on the effect of the molar mass and 

crosslinking in the mechanical response at large deformation. 

 

   These results open new possibilities in characterizing the mechanical response of polymers 

since targeting an equivalent strain rate (derived from the linear domain) allows reducing the 

number of experimental testing needed to characterize the material behaviour at large 

deformation level.  

 

Modelling the mechanical response 

In Chapter V, we observed that the constitutive model used in this work presented a good 

agreement with the experimental results in the linear domain (apparent Young’s modulus) and 

large deformations (stress-strain curves) when the material was deformed under non-monotonic 

tensile tests near the flowing region, in the rubbery state and in its viscoelastic region.  

 

   It was shown that the versatility of the model comes from its capability to adapt the behaviour 

of each branch while obeying to thermodynamical framework. Indeed, the model accounts for 

two parallel contributions: one branch considers entanglements, crosslinks and chain slippage, 

adding viscoelastoplasticity (below α-transition) and viscoelasticity (above α-transition), while the 

second branch accounts for weak bond interactions, limit of chain extensibility and 

destruction/reappearance of these factors, adding hyperelasticity and viscohyperelasticity (near 

flowing). These results demonstrated that the model accounts for the physics of the polymer 

network under deformation. 

 

   In parallel, we determined that a sigmoid function was able to describe the evolution of the 

Edward-Vilgis parameters with the equivalent strain rate. This confirms the coherence of the 
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model by accounting that at low temperatures or high strain rates, the polymer network is stiffer 

and dissipates more energy. These results allow coupling the constitutive parameter proposed in 

this work, with the thermodynamic model proposed by Billon [11], [21]. This reduces also the 

number of parameters needed to model the mechanical behaviour of polymers. 

 

   In the literature, only few models are capable of capturing the different mechanical responses 

of amorphous polymers when tested under non-monotonic conditions and when they do, the 

number of parameters is large. The approach presented in this work allows describing many 

features of the polymer behaviour (viscoelastoplasticity, viscoelasticity, hyperelasticity and 

viscohyperelasticity) with few numbers of parameters while accounting for the physics and 

thermodynamics, i.e. the evolution of internal states variables. This work showed the capabilities 

of such modelling approach and settled the basis for enhancing the prediction of the mechanical 

behaviour in the viscoelastic and rubbery state.  

 

   In conclusion, this work proposed and validated a strategy to reduce the number of 

experimental tests needed to characterize the mechanical behaviour at large deformation by 

means of the “equivalent strain rate at reference temperature”. Additionally, experimental results 

served as input to calibrate the parameters of constitutive model, which also allowed proposing 

empirical relationship between these parameters and the equivalent strain rate. Results proved 

that we are able to simplify the characterization and modelling of the mechanical behaviour of 

amorphous polymers while keeping accuracy and accounting for physical aspects. 

 

6.2 Perspectives 

As we observed along this work, molar mass and crosslinking degree have a striking effect on 

the mechanical behaviour. To have a deeper understanding of the effect of these factors, we 

recommend to study more PMMAs of different molecular weights (300 Kg/mol, 700 Kg/mol, 1000 

Kg/mol and 2000 Kg/mol) and different percentage of crosslinking agent.  

 

   We presented in this study that the use of the equivalent strain rate at reference was a 

relevant parameter for the PMMAs in the viscoelastic and rubbery region. However, the validity 

of this methodology in the glassy region is still unclear. Therefore, we encourage future efforts in 

studying this aspect, which will likely require thermo-mechanical coupling and, therefore, 

temperature field measurements (either by infrared cameras or pyrometer). This could be a 

relevant research for high strain rate applications such as impact. 

 

   Additionally, the validity of the equivalent strain rate was studied in this work for non-monotonic 

tensile and shear tests. However, other loading conditions such as compression, creep, fatigue 

and stress relaxations are still unexplored. As it was shown in Chapter IV, the equivalence 

principle worked for two cyclic tensile loading. It may be a promising way of investigating fatigue 
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condition. In parallel, preliminary studies on stress relaxation were done at different deformation 

level while using different set of temperature/strain rate and targeting the same equivalent strain 

rates. Results were quite promising, showing also that this parameter may be used in this field. 

 

   Regarding the modelling, we observed overall a good agreement between the experimental 

and theoretical results. However, when PMMA 3500 was near the glassy region, stress-strain 

curves displayed a softening regime that was not captured by the current model. We advise to 

include this in the model for describing accurately the mechanical response at low temperatures 

or high strain rates. 

 

   Additionally, the model was proved to work for non-monotonic tensile loading. However, 

different stress states as shearing, compression, stress relaxation and creep were not studied. 

This could be including by modifying the kinetics of internal state variables or by adding a 

triaxiality term in the model. This is an important aspect to be studied in the future since it would 

add some robustness to this model.  

 

   Finally, the model was verified for 1D conditions. Thus, we recommend including the model in 

a finite element code for validating its relevance in more complex geometries. Preliminary 

studies were already performed in one element (a cube) under cyclic tensile loading (boundaries 

conditions were selected from experimental results). Results displayed a good agreement with 

the 1D results from MATLAB® computations. Such results are promising and should encourage 

future efforts in completing this research. 
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8 APPENDIX 

8.1 Modulus and stress computation from rheology tests 

For linking the material parameters (stress, σ, and strain, γ) to the rheometer data (torque, M, 

and rotation angle, θ), two geometry constants are used: the stress constant, Kσ, and the strain 

constant, Kγ. These constants depend on the geometry sample [167]. For parallel plates, they 

can be written as:s 
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where R and h are the radius and the thickness of the sample. On the torsion configuration, the 

geometry constants are defined as: 
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where t and w are the thickness of the sample respectively, l is the tested length and gc is the 

gravity constant. 

 

   Then, the complex shear modulus can be computed as: 
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8.2 Digital Image Correlation 

   The tracking of the displacement field on the front face of the sample was possible by 

recording pictures of random speckle patterns (Figure 8.1 a)). Two cameras in stereo-correlation 

were used to account for out of plane displacement during testing. Pattern was generated by 
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spraying a black and white paint. The speckle size was quantified using ImageJ software [168] 

by assuming that the speckles had a circular shape. Figure 8.1 b) displays the statistical analysis 

of initial size distribution of the speckle patterns for both tensile and shear tests. The distribution 

of the speckle average size was similar for both geometries.  

 

   Digital Image Correlation (DIC) [19], [169] was carried out using VIC-3D version 7 for post-

processing the strain fields. An “area of interest” (AOI) was defined on the visible face and then 

“meshed” with square elements (Figure 8.2 a)). The meshing allows tracking the changes in grey 

value pattern during the test. The displacement field was then post-processed to compute the 

strain field.  

 

    

              a)                                                                    b) 

Figure 8.1: a) Tensile test specimen painted with speckle pattern and b) probability of the 
number of speckles as a function of their size for the tensile test samples (square symbols) and 

shear test samples (circle symbols). 

 

   The main parameters of the mesh are the subset size, the subset step and the filter size. The 

subset size defines the size of the area being used for pixel motion detection. The step size is 

related to the calculation periodicity. For instance, working with a subset size of 21 pixels and a 

step size of 3 pixels, leads to compute a 21x21 pixel area for every 3 pixels, obtaining data 

points for every 3 pixels. Additionally, VIC-3D uses the displacement field for post-processing 

the data to obtain true strain. The number of measurement is defined by the filter size. More 

precisely, the filter size, n, and the step size, m, define a smoothing area in n*m pixels, where 

the deformation gradient is interpolated before being derived. The displacement data is then 

used to compute the true strain. We define     as the true strain in the loading direction and     

as the true strain in the lateral direction. Figure 8.2 b) shows an example of the strain field in the 

loading direction.  
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   To have a good compromise between accuracy and computational time, a mesh sensitivity 

study was performed by changing values of the correlation parameters (subset, step and filter 

size) in a similar manner as proposed by other authors [170]–[173]. The analysis was performed 

from the pictures recorded at the maximum strain in the exact same region, indicated by a 

square in Figure 8.2 b).  

 

  

                                a)                               b) 

Figure 8.2: (a) Mesh on a speckle sample for the Digital Image Correlation (b) True strain field in 
the loading direction obtained by post-processing the displacement field. 

 

   The values of the longitudinal strain as a function of the subset for different step size are 

presented in Figure 8.3 a). These results suggest that true strain remains mainly constant, 

especially up to 35 pixels. However, the strain level starts to be underestimated when the step 

size is higher than three pixels. The effect of the step size for different subset is showed in 

Figure 8.3 b). This indicates that strain remains nearly constant up to a step size of 3 pixels, and 

then decreases, which is related to a loss of accuracy. In the following, a subset size of 21 pixels 

will be used.  

 

   The effect of the filter size is displayed in Figure 8.3 c) for different step sizes. The strain 

decreases by increasing the filter size, which is consistent with other studies [170], [174]. When 

plotted as a function of the smoothing size (filter size*step size), all the data merge into a master 

curve (Figure 8.3 d)). Thus, the combination of large step size with small filter size or small step 

size with large strain filter leads to an equivalent estimation of the strain. In a reasonable range 

of smoothing size, the strain remains constant. However, about a critical value of 100 pixels, the 

strain value reduces drastically. This reveals that, independently of the step and filter size, the 

smoothing size is the most influential parameter. A low filter size could generate noise during the 
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computing of the strain field. Thus, an intermediate value of 15 has been chosen. Regarding the 

step size, its value should not be too low as the analysis time would increase. The step size 

chosen was 2 pixels giving a smoothing size of 30 pixels. The sensitivity of the lateral strain on 

the VIC analysis parameters has also been studied leading to equivalent results to those 

presented in Figure 8.3. 

 

                             a)                                                                               b)

 

                              c)                                                                               d) 

Figure 8.3: a) True strain as a function of the subset size for different steps at maximum 
displacement. Filter size value is equal to 15. b) True strain as a function of the step size for 

different subsets at maximum displacement. Filter size value is equal to 15. c) True strain versus 
filter size for different steps. Subset size value is equal to 21 pixels. d) True strain as a function 

of the smoothing size for different steps at maximum displacement. Subset size value is equal to 
21 pixels. 

8.3 Estimation of the stress correction factor, Cs 

For estimating the correction stress factor on Iosipescu tests, finite element calculations were 

carried out on ABAQUS 6.14-1. Figure 8.4 displays the mesh and boundary conditions used to 

simulate the shear tests. The sample is modelled using a 10-node quadratic tetrahedron with 

hybrid formulation and constant pressure elements (ABAQUS C3D10H). This choice was based 

on the interest of simulating the incompressibility of the material when deformed. All the nodes 

along the left side are fixed in all three directions, while an exponential displacement profile is 
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applied to all the nodes along the right side of the sample. A mesh sensitivity study was 

performed to determine the optimal mesh size. For doing this, the local shear stress was 

addressed for different mesh sizes. This is depicted in Figure 8.5. An element of dimension “1.5 

mm” was chosen since it was the best compromise between accuracy and computational time. 

 

 

Figure 8.4: Mesh and boundary conditions of Iosipescu shear tests simulations. 

 

 

Figure 8.5: Mesh sensitivity study. 

 

   For the hyperelastic material, we employed the Mooney-Rivlin model [121], [122] considering 

the material constants as: C1=0.188 MPa, C2=0.157 MPa and D1=1x10-5. The first two 

parameters were empirically determined from experimental results, and D1 was almost zero 

since we assumed incompressibility. For the elastoplastic material, we considered a Young 

Modulus of 22.1 MPa, a Poisson modulus of 0.499 and the plastic part was identified 

experimentally. A comparison between the experimental results and the finite element 

computations is shown in Figure 8.6. 
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                             a)                                                                               b) 

Figure 8.6: Stress-strain curves for a hyperelastic PMMA, a), and a elastoplastic PMMA, b). 

 

   Result for the hyperelastic material is shown in Figure 8.7. A gradient of stress can be 

observed, with a stress concentration in the midsection of the sample between the notches. As 

displayed in the Figure, a local element is extracted to obtain the local shear stress,    . 

Additionally, an average value of the stress is computed by determining the mean value of each 

element indicated in the dotted line. Finally, using the definition of the correction stress factor 

(Equation 2.13), it was possible to estimate this value. The same protocol was used for the 

elastoplastic material. 

 

 

Figure 8.7: Equivalent stress contour of the deformed hyperelastic specimen. 
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8.4 Piecewise function for describing shift factors on PMMA 3500 
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8.5 Experimental validation of the equivalent strain rate for macroscopic load-

unload tensile tests on PMMA 93 and PMMA 120 

  

      a)                                                                      b) 

  

      c)                                                                      d) 

Figure 8.8: Master curve and macroscopic true tensile curves for PMMA 93 at a reference 
temperature of 130 °C. a) E’, E’’ and Tan δ master curves. b)  ̇eq 100 s-1. c)  ̇eq 10-2 s-1. d) 

 ̇eq 10-4 s-1. 
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      a)                                                                      b) 

  

      c)                                                                      d) 

Figure 8.9: Master curve and macroscopic true tensile curves for PMMA 120 at a reference 

temperature of 130 °C. a) E’, E’’ and Tan δ master curves. b)  ̇eq 102 s-1. c)  ̇eq 100 s-1. d) 
 ̇eq 10-4 s-1. 
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8.6 Edward-Vilgis model in function of the principal stretch ratios 

 

 

 

 

8.7 

 

where λi, i={1,3} are the principal extension, κ is the Boltzmann’s constant, θ is the absolute 

temperature, Nc is the density of crosslinks per unit volume, Ns is the density of entanglements 

per unit volume, α is the chain extensibility and η is related to the degree of mobility of the slip 

links.  

 

8.7 3D Constitutive modelling 

The 3D constitutive modelling described next is a summary of the work presented by Gehring et 

al. [25] 

 

Kinematics 

In standard continuum mechanics, we can consider “X” an arbitrary material point in a body in a 

reference configuration, B0. The motion of B is described through the mapping x=y(X,t) via a 

deformation gradient, F, velocity, v, and velocity gradient, l, defined by: 

 

 

 

8.8 

 

   The total deformation gradient can be decomposed into uncoupled volumetric and deviatoric 

parts [175], [176]. For this purpose, we introduce a volumetric and deviatoric (volume-

preserving) multiplicative split of F: 
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FF
3/1J , 1det F ,  0J Jdet F  8.9 

 

   Similar to Lee [177], Sidoroff [178], Lubliner [179], Boyce et al. [118], Arruda et al. [129], 

Dupaix et al. [119] and more recently Andriyana et al. [180], we assumed that the kinematics of 

the problem are based on a multiplicative decomposition of the volume preserving deformation 

gradient,  ̅, into elastic and inelastic components for each branch: 

 

veve

2211 FFFFF  , 8.10 

 

where 
   2,1k

e

kF
 represents the elastic part due to reversible elastic mechanisms, such as 

conformational changes due to polymer chain rotations. On the other hand,    2,1k

v

kF , is related 

to the inelastic part due to irreversible mechanisms such as chain slippage. The decomposition 

described in Equations 8.9 and 8.10 is summarized in Figure 8.10 

 

 

Figure 8.10: Schematic representation of the deformation gradient decomposition.  

 

   Strain notion can be introduced as the right Cauchy Green tensor, C, and left Cauchy Green 

tensor, b, which is defined as: 

 

CFFC
T 3/2J  8.11 

bFFb
T 2/3J  8.12 
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   Combining Equations 8.10 and 8.11, the right Cauchy Green tensor can be written as: 

 

    1v

k

Tv

k

e

k

eT

k

e

k FCFFFC


 ,  2,1k   
8.13 

 

   Additionally, the velocity gradient defined in Equation 8.8 can be rewritten as: 

 

1e

k

v

k

e

k

e

k FLFLL
 ,  2,1k   8.14 

 

where: 

 ̅ 
   ̅ 

 ̇ ̅ 
   ̇ ,   {   } 8.15 

 

   The velocity gradient, l, can be also decomposed into its symmetric part, d, corresponding to 

the rate of deformation tensor, and its antisymmetric part (skew), w, which is related to the rate 

of rotation tensor: The deviatoric velocity gradient,  ̅, can be then defined as: 

 

WDL   8.16 

 

   Assuming that the flow is irrotational in the two branches, 02  vv

1 WW , we can say that the 

velocity gradients defined in Equation 8.14 can be expressed as: 

 

v

1

v

1 DL   

v

2

v

2 DL   

 

8.17 

 

Thermodynamics and stress definition 

After presenting the kinematic framework, we will precise the stresses. The Cauchy or true 

stress tensor, σ, can be written as [181]: 
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T
FSFτσ

11 JJ    8.18 

 

where τ  is the Kirchhoff stress and S is the second Piola-Kirchhoff stress in the configuration 

B0. S will be determined from the thermodynamic framework described in the next Section  

 

   Using the second law of thermodynamic, we can obtain the internal dissipation inequality given 

by: 

 

8.19 

where ψ is the Helmholtz free energy per unit volume and can be also referred as the strain 

energy function. 

 

   The Helmholtz free energy function is assumed to be a function of a number of state variables: 

the right elastic Cauchy-Green Tensor,    1,2k

e

kC


, and a set internal state variables (ISVs),  ̅: 

    


,C
e

k 2,1kvv  
8.20 

 

   As it was mentioned before, the non-Gaussian statistic approach of Edward and Vilgis [23] 

(see Equation 5.3) is chosen in this study. Let’s remember that the free energy is decomposed 

into the contribution coming from the crosslinks networks and the entangled ones: 

      η,CψNα,CψNkθ
2

1
θη,,Cψ e

ss

e

cc

e   
8.21 

 

   Then, we decomposed the free energy into volumetric and deviatoric parts: 

  )(ψ̂,,
2

1

JN J

k

k

k

skk

k

vv 


 ,C
e

 

8.22 

where v
k  is the isochoric contribution of the branch k to the free energy   

  and (J)ψ J
ˆ

represents the volumetric part [182]. 

 

   Thus, the time derivative of v  needed to solve the inequality on 8.19 can be computed as: 
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8.23 

   Based on [181]–[183],we can use Equation 8.13 and accounts also for the symmetry of e
Ck

, 

e
Ck

k

v




 and 

v

kD  to develop the first term of Equation 8.23: 

 

8.24 

   Then, we can obtain from the inequality in Equation 8.19 that: 

 

8.25 

1T
CC

3

1
ΙΡ

  
8.26 

   Replacing Equations 8.23, 8.24 and 8.25 into the dissipation inequality in Equation 8.19, we 

can obtain: 

 

 

8.27 

with: 

       1
CC

3

1
DEV

 :  
8.28 

 

   For guaranteeing that the process respects the thermodynamic framework, we can obtain from 

the inequality in Equation 8.27 that the constitutive equation of the second Piola-Kirchhoff stress 

is: 

  1
CSDEVS

  pJJ 3/2
 8.29 

with: 
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   Then, the dissipation inequality stands as: 
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   By introducing the Mandel stress, 













e

e

kk
C

CM
k

k

v2 , on each branch: 

 

8.32 

 

   The first term represents the plastic work dissipated from irreversible mechanisms during the 

plastic flow. The second term concerns to the internal work associated with the polymer network 

reorganization, which is related to topological or microstructural evolutions. 

 

Use of the constitutive model for defining the stress 

To compute the Cauchy stress tensor, we need to express the additive strain energy function 

showed in Equation 8.23. For the deviatoric part, an Edward and Vilgis energy depending on 

invariant (see Equation 5.3) was chosen: 
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8.33 

 

   For an incompressible material,   1det3  e

kC
kI , the free energy function would be just a 

function of  k

2

k

1 I,I . 
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   On the other hand, the volumetric term of the free energy is chosen to be as proposed by Simo 

and Hughes [182]: 

  







 e2e

B

e

J
Jln1J

2

1
K

2

1
)J(ψ̂ e ,  

8.34 

 

where KB is the elastic bulk modulus. 

 

   Then, the stress  ̅ in Equation 8.30 can be written as: 
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with: 
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and: 
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8.37 

   By substituting Equations 8.35, 8.37 into 8.29 and then in Equation 8.18, we can express the 

Cauchy stress as:  
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and: 

      ΙΙ:
3

1
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,  
8.41 

The terms 
k

1

k

v

I


 and 

k

2

k

v

I


 are defined in Appendix 8.8. 

 

Inelastic flow rules 

To complete the description of the constitutive equations, we need to define the material viscous 

flow in order to describe the kinetic of the inelastic mechanisms. This will allow addressing and 

updating the kinematics (see Equations 8.13-8.15) during the deformation of the polymer.  

 

   The velocity gradient from the inelastic part can be deduced from the energy inequality 

(Equation 8.32): 

 

8.42 

 

   Assuming that the internal work related to the polymer molecular arrangement is proportional 

to the inelastic work:  

 

8.43 

 

where k  is associated to the coefficient of Taylor-Quinney. Equation 8.42 is then defined as: 

v

kk DM :       int k  , 
 2,1k   8.44 

 

   Therefore, the rate of inelastic deformation can be deduced from Equations 8.42 and 8.44 [68] 

as: 
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   Then, the evolution for v
Fk can be described by: 

 
8.46 

 

where )(/)( kk MMN devdevv

k  is the direction of viscous flow, and  ̇̅ 
  is the viscous shear 

strain rate. The terms 
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are defined in Appendix 8.8. 

 

8.8 Strain energy function derivatives 
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8.9 Model parameters for uniaxial tensile loading  

Table 8.1: Parameters for PMMA 93. 

 ̇   (s-1) 3.62 x10-4 1.68 x10-3 2.00 x10-2 1.87 305 

Ns1* (MPa/mm3) 5.43x10-1 6.17x10-1 6.49x10-1 7.32 83.26 

Nc1* (MPa/mm3) 2.00x10-5 2.95x10-5 2.61x10-5 7.98x10-4 1.28x10-2 

Z (-) 1.01x10-2 1.22x10-1 1.41x10-1 5.41x10-1 41.21 

p1 (-) 7.25x10-1 9.45x10-1 1.13 1.05 1.55 

Ns2* (MPa/mm3) 7.11x10-2 1.81x10-1 3.42x10-1 8.92x10-1 2.25 

α2
2 (∙) 1.47x10-3 6.33x10-4 5.38x10-3 6.39x10-3 1.75x10-2 

τs
 (∙) 2.94x10-1 1.11x10-1 7.70x10-2 2.45x10-6 2.96x10-10 

ξ (∙) 9.09x10-1 3.04x10-1 3.44x10-1 3.91x10-2 1.93x10-2 
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ν (∙) 3.08 5.54x10-1 3.31x10-1 8.32x10-1 3.43x10-1 

ν’ (∙) 1.01x10-1 2.01x10-4 1.40x10-2 2.41x10-12 7.52x10-12 

Table 8.2: Parameters for PMMA 120. 

 ̇   (s-1) 1.83 x10-4 1.65 x10-2 1.56 16.1 196 2390 

Ns1* 
(MPa/mm3) 

5.41x10-1 6.45x10-1 7.27 34.18 79.58 176.88 

Nc1* 
(MPa/mm3) 

2.08x10-5 2.60x10-5 7.87x10-4 2.27x10-3 1.08x10-2 7.79x10-2 

Z (-) 1.07x10-2 1.39x10-1 5.43x10-1 3.82 34.78 55.96 

p1 (-) 7.50x10-1 1.10 1.03x10-1 1.28 1.60 1.78 

Ns2* 
(MPa/mm3) 

7.22x10-2 3.41x10-1 8.77x10-1 1.60 1.97 2.09 

α2
2 (∙) 1.51x10-3 5.35x10-3 6.79x10-3 7.39x10-3 1.71x10-2 6.33x10-2 

τs
 (∙) 2.94x10-1 7.72x10-2 6.82x10-4 2.40x10-6 2.76x10-10 3.28x10-13 

ξ (∙) 9.79x10-1 3.04x10-1 1.44x10-1 3.95x10-2 1.81x10-2 1.83x10-4 

ν (∙) 3.18 3.54x10-1 8.31x10-1 8.28x10-1 3.12x10-1 1.17 

ν’ (∙) 1.12x10-1 1.44x10-2 4.92x10-8 2.64x10-12 7.20x10-12 6.13x10-12 

Table 8.3: Parameters for PMMA 3500. 

 ̇   (s-1) 1.84x10-8 1.82x10-6 1.68x10-4 1.58x10-2 1.92 244 

Ns1* 
(MPa/mm3) 

1.56x10-2 1.21x10-1 4.33x10-1 2.40 65.81 189.04 

Nc1* 
(MPa/mm3) 

1.34x10-2 1.34x10-2 1.34x10-2 1.34x10-2 3.34x10-2 3.34x10-2 

Z (-) 1.07x10-3 3.58x10-7 5.19x10-4 7.33x10-1 1.55 6584.89 

p1 (-) 5.34x10-1 2.02x10-2 3.19x10-1 1.051 1.391 2.37 

Ns2* 
(MPa/mm3) 

5.93x10-1 5.96x10-1 6.02x10-1 1.00 1.10 1.55 

α2
2 (∙) 8.49x10-5 8.93x10-4 8.93x10-4 5.34x10-3 3.43x10-2 4.71x10-2 
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τs
 (∙) 5.21x10-1 1.01x10-1 3.46x10-4 2.24x10-4 2.17x10-5 2.58x10-4 

ξ (∙) 5.24x10-1 6.13x10-1 1.87x10-1 1.32x10-1 1.68x10-1 8.83x10-7 

ν (∙) 1.21x10-1 6.90 6.55x10-1 7.60x10-1 1.22x10-1 1.86x10-2 

ν’ (∙) 2.52x10-3 1.78x10-2 4.58x10-3 1.71x10-2 8.38x10-3 5.22x10-7 

Table 8.4: Parameters for PMMA CL. 

 ̇   (s-1) 1.56x10-6 1.61x10-4 1.59x10-2 1.83 255 

Ns1* (MPa/mm3) 1.56 1.79 3.18 52.71 174.36 

Nc1* (MPa/mm3) 2.17x10-2 2.51x10-2 2.42x10-2 2.01x10-2 1.93x10-2 

Z (-) 10.78 10.58 10.16 98.25 1664.28 

p1 (-) 1.13 1.16 1.51 1.78 2.16 

Ns2* (MPa/mm3) 5.56x10-1 5.76x10-1 6.55x10-1 9.38x10-1 1.35 

α2
2 (∙) 2.27x10-3 1.24x10-3 1.23x10-3 3.02x10-2 4.80x10-2 

τs
 (∙) 5.18x10-6 8.38x10-6 7.65x10-6 5.40x10-5 4.08x10-4 

ξ (∙) 1.25 1.42 1.65 1.37 1.42x10-6 

ν (∙) 2.90 x10-4 2.09 x10-4 8.16 x10-6 9.26x10-2 1.42x10-2 

ν’ (∙) 2.19x10-5 3.52x10-5 2.87x10-5 1.09x10-5 8.08x10-6 

 

8.10 Parameters Evolution 

Next, we present the phenomenological approach for describing the evolution of the internal 

state variables with the equivalent strain rate: 
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PMMA 80 

  

a)                                                                              b) 

    
c)                                                                             d) 

  

   e)                                                                             f) 

Figure 8.11: Internal state variables evolution with the equivalent strain rate for PMMA 80: a) 
Ns1*, b) Nc1*, c) z, d) p1, e) Ns2* and f) α2

2. 
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PMMA 3500 

    
a)                                                                             b) 

    
c)                                                                             d) 

  

   e)                                                                             f) 

Figure 8.12: Internal state variables evolution with the equivalent strain rate for PMMA 3500: a) 
Ns1*, b) Nc1*, c) z, d) p1, e) Ns2* and f) α2

2. 
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PMMA CL 

  

a)                                                                             b) 

    
c)                                                                             d) 

  

   e)                                                                             f) 

Figure 8.13: Internal state variables evolution with the equivalent strain rate for PMMA CL: a) 
Ns1*, b) Nc1*, c) z, d) p1, e) Ns2* and f) α2

2. 



 

 

 

 



 

 

 

Résumé 
L’objectif de cette thèse est de proposer une 

stratégie simplifiée et précise pour 

caractériser et modéliser le comportement 

mécanique des polymères amorphes de l'état 

quasi-fluide à l'état solide. 

L'étude a été réalisée sur des PMMA de 

masses molaires et de degré de réticulations 

différentes. 

D’abord, le comportement mécanique dans le 

domaine viscoélastique linéaire est étudié à 

l'aide de tests DMTA et rhéologiques. Il 

ressort de l’étude que l'augmentation de la 

masse molaire et du degré de réticulation 

augmentait les modules de stockage et de 

perte en tant que la transition α. En parallèle, 

l'utilisation du principe de superposition 

temps-température a permis de déterminer 

«des vitesses de déformation équivalentes à 

la température de référence». 

Ensuite, le comportement mécanique à 

grande déformation est étudié par essais 

cycliques en traction uni-axial et de 

cisaillement à haute température et couplés à 

la DIC. De plus, les effets de la vitesse de 

déformation et de la température ont été 

couplés grâce à "vitesse de déformation 

équivalent à la température de référence" 

extrait des observations dans le domaine 

linéaire. Les résultats ont montré que cibler la 

même vitesse de déformation équivalente 

conduira aux mêmes courbes contrainte-

déformation, c'est-à-dire la même réponse 

mécanique. Ceci permet de réduire le nombre 

de tests expérimentaux nécessaires pour 

caractériser le comportement mécanique des 

polymères amorphes. 

Enfin, un modèle basée dans un cadre 

thermodynamique a été utilisée pour 

reproduire la réponse mécanique des PMMAs 

à grande déformation. Le modèle présentait 

un bon accord avec les données 

expérimentales, étant capable de reproduire 

des comportements visco-élasto-plastiques, 

viscoélastiques, hyperélastiques et visco-

hyperelastiques pour la traction cyclique. 
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Abstract 
The present PhD thesis proposes a simplified 

and accurate strategy for characterising and 

modelling the mechanical behaviour of 

amorphous polymers from the quasi-fluid 

state up to the solid state.  

The study was carried out on PMMAs with 

different molar masses and crosslinking 

degree. 

First, we addressed the mechanical behaviour 

in the linear viscoelastic domain using DMTA 

and rheological tests. Results showed that 

increasing the molar mas and crosslinking 

degree increased the elastic and loss moduli 

as the α-transition. In parallel, using the time-

temperature superposition principle allowed 

determining “equivalent strain rates at 

reference temperature”.  

Then, we performed uniaxial tensile and 

shear uploading-unloading tests at high 

temperature and coupled with DIC, to 

characterise the mechanical behaviour at 

large strain. Additionally, strain rate and 

temperature effects were coupled by means 

of the “equivalent strain rate at reference 

temperature” extracted from observations in 

the linear domain. Results showed that 

targeting the same equivalent strain rate lead 

to the same stress-strain curves, i.e. same 

mechanical response. This allows reducing 

the number of experimental tests needed to 

characterise the mechanical behaviour of 

amorphous polymers. 

Finally, a constitutive modelling based in a 

thermodynamics framework, was used to 

reproduce the mechanical response of the 

PMMAs at large deformation. The model 

presented a good agreement with the 

experimental data, being able to reproduce 

viscoelastoplastic, viscoelastic, hyperelastic 

and viscohyperelastic behaviours for cyclic 

loading tensile.  
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