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Introduction

Integrablesystemshavefascinatedphysicistandmathematiciansforcenturies.Start-

ingfrom"simple"integrablemodels,astheKeplerproblem[1],theyalreadyplayeda

fundamentalroleintheearlydevelopmentofphysicsandarestillthefirstexamples

physicsstudentsfaceintheircurriculum.

AclassicallyintegrablemodelwithNdegreesoffreedompossessesNconstants

ofmotion.Thesesconstantsofmotionimposesevereconstraintsonthesystem’s

timeevolutionandcanleadtoveryparticularbehavior:Integrablesystemslacker-

godicityandarecompletelydeterminedbytheirinitialvalues.Oneneedstotakeinto

accountthevaluesoftheNconstantsofmotiontopredictthepropertiesofthesys-

tem.Consequentlytheylacktheabilitytothermalizewhichisaphenomenonthatis

veryfarfromoureverydayexperience.

Theconceptofintegrabilitycanbeextendedtoquantumsystems.Theprecise

definitionofquantumintegrabilityissubjecttoscientificdebates[2,3].Inthisthesis

Iwillrefertointegrablequantumsystems,assystemsthataresolvablebytheBethe-

Ansatz[4].TheBethe-Ansatzisananalytictechniqueintroduced1931byHansBethe

inthecontextoftheone-dimensional(1D)Heissenbergmodel.Itallowstocalculate

theexacteigenvaluesandeigenvectorsandithasbeensubsequentlygeneralizedto

manydifferent1Dsystems. Oneexampleisthe1DsystemofBosonswithcontact

interactions[5]whichIwillbestudyinginthisthesis.

Foralongtimeresearchofquantumintegrablesystemsremainedatheoretician’s

playground.Thissituationchangedwiththerealizationofisolatedmany-bodyin-

tegrablesystemsincoldatomexperiments[6–13].Apartfromitsexperimentalim-

portanceanditsuseasatestbedfortheoreticalpredictions[14],theseexperimental

realizationsalsostimulatednewtheoreticalprogress.Oneexampleistherecentthe-

oreticalbreakthroughinthedescriptionoftheout-of-equilibriumdynamicsofquan-

tumintegrablesystemswhichiscalledGeneralizedHydroDynamics(GHD)[15–17].

ThisnewGHDtheory(2016)isoneofthesubjectofthisthesis(seeChap.5).

InthisthesisIexperimentallystudytheintegrablemodelofBosonswithrepulsive

contactinteractionsin1D,namedtheLieb-Linigermodel.Forthispurposeweuse

anatomchipsetupwithmagneticmicrowiretrapstostronglyconfine87Rubidium

atomsintwodimensions. Wethenfreezeoutthesetwodimensionstocreatea1D

3
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Bosegas.Besidestheirtheoreticalmotivation,1Dsystemsareinterestingtostudy

ontheirown.1Dsystemscanexhibitphenomenathatareverydifferentfromhigher

dimensions:ThereisnoBose-Einsteincondensationin1Dandinteractionsleadto

anewphenomena–thequasi-condensation.Theexperimentsinthisthesisfocus

oncloudswhichareinthequasi-condensateregime.Aparticularlycounter-intuitive

exampleofthedifferenceof1Distheregimeofstronginteractions.Itisreached

forlowdensitiesandinthestronglyinteractingregimethebosonicatomsstartto

behaveasfermions.Additionally,1Dsystemscanalsobeinterestingbecauseoftheir

conceptualsimplicity.

Thisthesisfocusesonthreeexperimentalstudiesofthedynamicsofbosonsin

1D.Thethreestudiesarethefollowing:thestudyofheout-of-equilibriumdynamics

afteraninteractionquench,thecoolingbythree-bodylossesandthefirstexperi-

mentalstudyofthetheoryofGHD.Eachofthesestudiesispresentedinadifferent

chapter(Chap.3-5)andthefirsttwochaptersintroducethetheoreticalandexperi-

mentalbasisforthosethreestudies.

ThefirstchaptergivesanintroductiontothetheoreticaltoolsintheLieb-Liniger

model;suchastheBethe-Ansatzandapproximatetheoriesinsidequasi-condensate

regime.Furthermore,Idiscusscorrectionsarisingfromthe3Dworld.Incontrastto

thetheoreticaltoymodeloftheLieb-Linigermodel,experimentalartifactsfromthe

3Dworldcannotalwaysbecompletelyneglected.AttheendofthischapterIintro-

ducethetreatmentoflosseswiththewavefunctionQuantumMonte-Carlo(QMC)

method.Furthermore,Iintroducethetoolstostudytheout-of-equilibriumdynam-

ics,withafocusonGHD.

Thesecondchapterintroducestheexperimentalsetupandhighlightstheexper-

imentaldifficultiesencounteredduringmyPhD.Furthermoreitdiscussesexperi-

mentalanalysismethods,suchasthedensityrippleanalysisandtheYang-Yangther-

mometry.

Thefollowingthreechapters(3-5)aremostlyindependentfromeachother,and

eachchapterfocussesonthedetailleddescriptionofoneofthepreviously men-

tionedexperimentalstudies.Thethirdchapterintroducesanexperimentalattempt

toaddresstheproblemofthermalizationinanintegrablemodel. Wethereforesud-

denlychangetheinteractionparameterofthesystemandobservethesubsequent

timeevolution.Ourresultsareinagreementwithanapproximatedmodelofinde-

pendentharmonicoscillator–theBogoliubovHamiltonian[18].Wecannotestablish

directlinkstotheintegrabilityofLieb-LinigerHamiltonian,stillthedescriptionin

termsofthetheBogoliubovHamiltonianrepresentsa"trivially"integrablemodel.

Thefourthchapterfocusesonenergy-independentlosses.Atthebeginningof

myPhDasurprisingexperimentalandtheoreticalresultwaspublishedintheatom-

chipgroupinVienna[19,20].Itwasshownthatenergy-independentlossescanlead

toacoolingofa1DBosegas.Inspiredbytheseresults,ourgrouppublishedseveral

4
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papersonthissubject[21–24].Withthesepaperswedevelopeddifferenttheoretical

approachestotheproblemandIgiveatheoreticaldescriptionoftheproblemwith

thewavefunctionMonte-Carlomethod,whichweintroducedin[21].Thesetheo-

reticalresultsareexperimentallyverifiedbythefirstexperimentalobservationofthe

coolingofa1DBosegasbythree-bodylosses[24].Specialattentionispayedtothe

coolinglimitoftheenergy-independentlossprocesswhichweobservedforthefirst

timein[24].Accordingtothetheoreticalapproaches,introducedatthebeginningof

thechapter,thecoolingmechanismsshouldalsoexistinhigherdimensions.How-

ever,thesecoolingmechanismhaveneverbeenobservedinhigherdimensions.This

differenceisprobablyduetotheintegrabilityofthe1Dsystem.

Thelastchapterdescribesthefirstexperimentalstudyofthepreviouslymen-

tionedGHDtheory[25]. Wethereforeprepare1DBosegasesatequilibriuminside

differentinitialtrappingpotentialsandfollowtheirtimeevolutionafterasudden

modificationofthelongitudinalconfinement.Theobtainedresultscanbewellex-

plainedbythenewlyintroducedtheoryofGHDwhichtakesintoaccountthecom-

pletesetofconservedchargesoftheintegrablemodel. Atthesametime"older"

theories,suchastheconventionalhydrodynamicsapproach,failtodescribetheex-

perimentalresults.Additionnaly,wereproducethefamousNewton’scraddleexper-

iment[26]inwhichthetheoryofconventionalhydrodynamicsisunabletoproduce

results.

5
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Chapter1

Theory

InthischapterIwillintroducethetheoreticaltoolsnecessarytodescribethe1D

physicsthatwillbestudiedinthefollowingchapters.Iwillstartwiththetransi-

tionfrom3Dtothe1Dworldbythefreezingoutofthetransversedegreesoffree-

dom.Mostofthephysicscanbeunderstoodbyconsideringahomogeneoussystem

ofsizeL.Forprecisecalculation,theeffectoftheslowlyvaryinglongitudinalpoten-

tialneedsbetakenintoaccount,whileleadingtothesameoverallphysicalpicture.

Therefore,Iwillmainlyfocusonhomogeneous1Dsystemsandtakeintoaccountthe

longitudinaltrappingpotentialinalaterstep.Inthehomogeneouscaseoursystem

canbedescribedbytheLieb-LinigerHamiltonian,whoseeigenstates,obtainedby

Bethe-Ansatz,arediscussedstartingfromapedagogicalexampleoftwoparticles.Itis

followedbyadiscussionoftheexactthermodynamicsoftheLieb-Linigermodel,the

Yang-Yangequationofstateandthedifferentregimesobtainedfromit.Then,Iwill

focusonthelinearizedmodel–theBogoliubovapproach–withintheexperimentally

importantquasi-condensateregime.Furthermore,Iexplainhowcorrectionstothe

1Dmodel,arisingfromthe3Dworldwhichareexperimentallyalwayspresent,can

betakenintoaccount.InthelastpartIdiscussout-of-equilibriumtheories,themain

topicofthisthesis.

1.1 1DPhysics

ConsiderasinglecomponentBosegastrappedinthreedimensionsinaharmonic

trappingconfinementwithtrappingfrequenciesωx,ωy,ωzandamany-bodywave-

functiondenotedasΨ(x1,x2,...,xN).Inthefollowingwewillassumethatωx=ωy=

ω⊥ ωz.Then,ifalltherelevantenergyscales,namelythechemicalpotentialµand

theenergyscalekBTgivenbythetemperatureT,aremuchsmallerthantheenergy

gaptothefirstexcitedstateinthetransversedirection,i.e.

kBT,µ ω⊥, (1.1)

7



1.2.LIEB-LINIGERHAMILTONIAN CHAPTER1.THEORY

thesystemcanbetreatedasa1Dsystem:Thetransversedegreesoffreedomare

frozenoutandthedynamicsisrestrictedtothelongitudinaldirectionω∥=ωz.In

suchasituationthewavefunctionfactorizesintoitstransverseandlongitudinalpart

Ψ(x1,x2,...,xN)=Ψ(z1,z1,...,zN)
N

n=1

φ0(xi,yi) (1.2)

andthesystemcanbedescribedasa1Dsystemwithalongitudinalwavefunction

Ψ(z1,z1,...,zN).Thegroundstatewavefunctioninthetransversedirectionsφ0(xi,yi)

isaGaussianfunction1ofwidthl⊥= /mω⊥.

For3Dcoldbosonicgasesatlowenoughtemperaturess-wavescatteringdom-

inates[27,28]andthescatteringiscompletelycharacterizedbythe3Dscattering

lengtha3Dandthepseudopotential

U(x−x)Ψ=g3Dδ
3(x−x)

∂

∂r
(rΨ), (1.3)

whereg3D=4π
2a3D/mandmisthemassoftheatoms. Whenthetransversede-

greesoffreedomarefrozenout,thiscanberelatedtoaneffective1Dinteraction

parametergwitha1Dscatteringpotential.

V(z−z)=gδ(z−z), (1.4)

with

g=
2a3Dω⊥

1−Ca3Dl⊥

. (1.5)

TheconstantCcanbecalculatedwiththeRiemannzetafunctionC=ζ(1/2)=1.46...[29].

Forexperimentallyrelevantparametersa3D l⊥Eq.(1.5)reducesto

g=2a3Dω⊥. (1.6)

InsituationswhereCa3D/l⊥ 1aconfinementinducedresonanceappearswhich

arefor87Rbexperimentallyoutofreach.ForCesiumatoms,whereFeshbachresson-

nancescanbeusedtotunea3D,confinementinducedresonanceshavebeenob-

served[30].

1.2 Lieb-LinigerHamiltonian

WithEq.(1.4)onecanwritetheHamiltoniandescribingthegasinthelongitudinal

direction

Ĥ=−
2

2m

N

i

∂2

∂z2
+g

i<j

δ(zi−zj). (1.7)

13Dcorrelationsbetweenatomsatdistancessmallerthanl⊥areneglected.

8



CHAPTER1.THEORY 1.2.LIEB-LINIGERHAMILTONIAN

Equivalently,Ĥwritesinthesecondquantizedversion

Ĥ= Ψ̂†(z)−
2

2m

∂2

∂z2
+
g

2
Ψ̂†(z)̂Ψ(z)Ψ̂(z)dz, (1.8)

wherethebosonicfieldsΨ̂(†)(z)fulfillthestandardcommutationrelations

[̂Ψ(z),̂Ψ(z)†]=δ(z−z), [̂Ψ(z),̂Ψ(z)]=[̂Ψ†(z),̂Ψ†(z)]=0. (1.9)

Since1963thisHamiltonianiswellknownintheliteraturewhenitwasintroduced

byLiebandLiniger[5,31].LiebandLinigershowedthatthesystemwassolvable

viatheBethe-ansatz.In1969C.N.YangandC.P.YangshowedthattheBethe-ansatz

solutionformacompletesetofsolutionsandatthesametimedevelopedtheexact

thermodynamicequationsstartingfromthemicroscopicmodelofofEq.(1.7).This

so-calledYang-YangthermodynamicsorThermodynamicBethe-ansatz(TBA)isdis-

cussedinSec.1.2.3.1.NotethatinthismanuscriptIwillalwaysconsidersituations

whereg>0,leadingtorepulsiveinteractionsbetweenatoms.

1.2.1 Twoparticleproblem

BeforediscussingthesolutionofEq.(1.7)foundbyLiebandLiniger[5,31],letme

startforpedagogicalreasonswiththetwo-particleproblem

H=−
2

2m

∂2

∂z21
+
∂2

∂z22
+gδ(z1−z2), (1.10)

whichcanberewritteninthecenterofmassframe

H=−
2

m

∂2

∂z2
+gδ(z), (1.11)

wherez=z1−z2.SolutionstoEq.(1.11)areplanewaveswithadiscontinuityinthe

firstderivativeatz=0(seeFig.1.1).ForbosonsΨ(z)mustbeeveninzanduptoa

normalizationconstantthesolutioncanbewritten

Ψ(z)=sin(k|z|+θ(k)). (1.12)

Usingthecontinuityconditiononthefirstderivative

∂Ψ

∂z 0+
−
∂Ψ

∂z0−
=
mg
2
Ψ(0) (1.13)

weobtainthescatteringphaseofthetwoparticleproblem

tan[θ(k)]=
22k

mg
. (1.14)

9



1.2.LIEB-LINIGERHAMILTONIAN CHAPTER1.THEORY

Thephaseshiftθ(k)forfreeparticlesisπ/2andinteractionchangeθ(k)tolower

values.ThisphaseshiftiscentraltointegrablemodelssolvedbytheBethe-ansatz.It

isworthtolookatcertainlimitsonthissimplesolution.Inthelimitg→∞thephase

shiftbecomeszeroandthewavefunctiondevelopsstrongkinksatz=0withΨ(0)=0

whichresemblesthePauliexclusionprincipleoffreeFermions(seeFig.1.1).Inthe

limitweaklyinteractinglimitg→0orinthehighenergylimitk→∞,thephaseshift

becomeπ

−4 −2 0 2 4
kz

Ψ(
z)

θ(k)=0

θ(k)=π/2

θ(k)=π/4

0 Lz1

0

L

z 2

z1>z2

z1<z2

a) b)

/2andthewavefunctionbecomesapuresinusoidal.

Figure1.1–a)Wavefunctionofthetwoparticleproblem:Thewavefunctionissinu-

soidalforz=0andshowsakickatz=0.Thekinkisthestrongestforθ(k)=0with

Ψ(0)=0(blueline)andvanishesforθ(k)=π/2(greenline).Theredlineshowsthe

intermediatebehavior.b)RepresentationofthetwoparticleproblemBethe-Ansatz.

Theblacklineindicatesthepositionofthediscontinuityofthederivative.Inthe

greenshadedregiontheplanewavesolutionforz2>z1appliesandinthebluere-

gionz1>z2respectively.

Two-particleBetheAnsatz Thesolutionofthetwo-particleprobleminrelativeco-

ordinatesEq.(1.12)canberewritten,suchthatitcanbelaterextendedtoNparticles.

Thisistheso-calledBethe-Ansatzfortwoparticles.Thegenericsolutionforbosons

canbewrittenas

Ψ(z1,z2)=f(z1,z2)θH(z2−z1)+f(z2,z1)θH(z1−z2) (1.15)

bydividingthespaceintothesubspacez1<z2andz2<z1asshowninFig.1.1.The

HeavisidestepfunctionθH(z)ofEq.1.15isdefinedby:

θH(z)=
1 z>0

0 z<0.
(1.16)

10
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IntroducingtheBethe-Ansatzfortwoparticles,themostgeneralsolutionwritesasa

superpositionofplanewaves

f(z1,z2)=Ae
i(k1z1+k2z2)+Bei(k2z1+k1z2). (1.17)

InjectingthesolutionEq.(1.17)togetherwithEq.(1.15)intotheHamiltonianofEq.(1.10)

andusing∂zθH(z)=δ(z)andf(z)∂zδ(z)=−∂zf(z)δ(z)(validunderintegral),weob-

tainasolutionif
A

B
=
i(k1−k2)+

mg
2

i(k1−k2)−
mg
2

=eĩθ(k1−k2), (1.18)

withthephaseshiftθ̃(k)

θ̃(k)=2arctan
2k

mg
. (1.19)

ThephaseshiftintroducedinEq.(1.14)isrelatedtothephaseshiftintroducedabove

withθ̃(k)/2=θ(k/2). Whenconsideringperiodicboundaryconditionsinaboxof

lengthL,thewave-functionneedstoinvariantunderzj→L+zj.Letusconsiderthe

caseΨ(0,z2)=Ψ(L,z2)whichimplies

eik1L=
A

B
and eik2L=

B

A
. (1.20)

Eq.(1.20)arecalledtheBetheequationswhichcanberewritteninlogarithmicform

2πI1=Lk1+θ̃(k1−k2) and 2πI2=Lk2+θ̃(k2−k1) (1.21)

whichleadstotheintroductionoftwointegers,calledtheBethe-integersI1andI2
[2,32,33].

1.2.2 N-particleBetheansatz

ThemainresultofLiebandLiniger[5]consistsofageneralizationoftheseprevious

resultsfromtwoparticlestoN-particles.FortheNparticleproblemletusrestrictto

thesubspacez1<z2<...zNwhichwriteswiththeBethe-Ansatz

Ψ(z1,z2...zN)=
p

Ape
ikp(1)z1+···+kp(N)zN for z1<z2,...,zN (1.22)

wherethesumistakenoverallpermutationsp.Apisaprefactorwhichneedstobe

determined.Thecompletesolutioncanthenbededucedbythecorrespondingper-

mutationofthe{zi}.Thiswave-functionisaneigenvectoroftheLieb-LinigerHamil-

tonianEq.1.7withenergyE= j
2k2
j
/(2m).Notethatthekjarenotthetruemo-

mentaandarecalledrapiditiesorquasi-momenta.ThesumP= jkjontheother

handisthetotalmomentum.

11
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TheprefactorApcanbedeterminedbeconsideringtwopermutationspandp,

interchangingthetworapiditeskandkandinanalogytoEq.(1.18)onefinds

Ap

Ap
=eĩθ(k−k). (1.23)

Thisrelationleadsto

Ap=α
n<m

ikp(n)−kp(m)+
mg
2
, (1.24)

whereαisanormalizationfactor.Againtheperiodicboundaryconditionsneedto

berespectedandweobtaininanalogytoEq.(1.20)theBetheequations

eikjL=
N

j=p

ikj−kp −
mg
2

ikj−kp +
mg
2

. (1.25)

TheBetheequationsareanontrivialsetofNcouplednon-linearequationswhich

canberewrittenbytakenthelogarithm.Thusweobtainasetofequations,wheredue

totheperiodicityofthecomplexlogarithmtheBetheintegers2Ijareintroduced:

2πIj=Lkj+
N

n=j

θ̃kj−kn . (1.26)

TheeigenstatesoftheLieb-LinigerHamiltonianarethenuniquelycharacterizedby

asetofBetheintegers{I1,I2,...IN}andfromwhichthequasi-momentakjcanbe

numericallycalculated.Sinceθ̃(k)isaoddfunction,thetotalmomentumwrites

P=2π/L jIj.

Groundstate Thegroundstateofthesystemisgivenbythesymmetricallydis-

tributedBetheintegers

Ij= −
N−1

2
,...
N−1

2
, (1.27)

withatotalmomentumP=0.ThegroundstateisalsocalledtheFermiseainanalogy

tocondensedmatterphysics,whiletheuseofthisinterpretationwillbecomemore

clearinthefollowing;letussticktothisnomenclature.Inthelimitg→ ∞,these

Betheintegerscorrespondtothequasi-momenta

kj=
2πIj

L
. (1.28)

2Theuseofthenameintegersisabusive.ForNeven,theBetheintegersarehalfintegersandforN

odd,theyareintegers.
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Excitations Startingfromthegroundstate,thesimplestexcitationscorrespondin

changingoneoftheBetheintegers.Then,twotypesofexcitationscanbedistin-

guished:TypeIexcitationscorrespondtothecreationofanewparticletotheFermi

seaatk>kmax,theso-calledparticleexcitations.IntermsoftheBetheintegers,this

correspondstoaddinganewparticle3abovetheedgeoftheFermisea

I
TypeI

j
= −

N

2
,−
N

2
+1,...,

N

2
−1,
N

2
+s, (1.29)

withs>0andtotalmomentumq=2πs/L.Forlowvaluesofq,itcanbeshownthat

thesecollectivemodesarecharacterizedbyasound-wavelikedispersionrelation

whichbecomesquadraticforhigherqasshowninFig.1.2b).Inthecaseofweak

interactions,theseexcitationscanbealsoobtainedfromBogoliubovcalculationsas

introducedinSec.1.3.

Figure1.2–a)Quasi-momentumoccupationf(k)fordifferentγ=
mg
2n
withn=N/L

thedensity.Inthelimitγ→∞thequasi-momentumoccupationcorrespondstoa

Fermisea,whileforγ 1theFermiseagetsdeformedintoaninvertedparabolawith

asmallercutoffmomentum.

b)TheexcitationspectrumoftheLieb-LinigermodelwithtypeIandtypeIIexcita-

tionsforγ=0.8.Intheweaklyinteractingregimetheseexcitationareverycloseto

theBogoliubovspectrum,calculatedinSec.1.3.Hereρisthedensityinrealspace.

Bothfigurestakenfrom[31].

TypeIIexcitationsarealsocalledholeexcitations,wherewithintheFermiseaone

3Notethataddinganewparticletunsthehalf-integerBethenumbersintointegers

13
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BetheintegerisdisplacedjustabovethetheFermisea

I
TypeII

j
= −

N

2
+1,−

N

2
+1,...,

N

2
−s−1,

N

2
−s+1,...,

N

2
−1,
N

2
, (1.30)

creatingaholeatN2−s,againwithtotalmomentumq=2πs/L.TypeIIexcitations

arenotsoundwaves,andithasbeenarguedthat,intheweakinteractionslimit,they

correspondtodarksolitonsoftheGross-Pitaevskiiequation[34].Itsdispersionrela-

tioncanbeseeninFig.1.2b).

Anexcitation,i.e.ageneraleigenstate,isthenacombinationofthetypeIand

typeIIexcitationwithcertainnumberofholesandparticles,characterizedbyasetof

numbers{Ij}.ThecorrespondingkjcanthenbecalculatedbythesolvingtheBethe

equationsEq.(1.26).

1.2.3 Thermodynamiclimit

Figure1.3–Inthethermodynamiclimitonecanintroducethecontinuousfunction

oftheparticledensityρp(k)asdepictedabove.Azoomintoasmallzoneδkshows

theindividualstateswhichcanbeoccupiedwithaparticle(thicklines)orunoccu-

pied,leadingtoahole(thinline).Notethatthelocaldensityofstateρs(k)depends

onthefunctionρp(k).

InthethermodynamiclimitofN,L→∞ withn=N/Lconstant,thekjcanbe

representedwiththequasi-momentumdistributionassketchedinFig.1.3

ρp(k)=1/L
j

δ(k−kj), (1.31)

wherepstandsforparticleandwhichcountsthenumberofparticlesρp(k)dkinthe

intervaldk.Thequasi-momentumdistributionislinkedtotheI(k)by

k

2π
+
dk

2π
θ̃(k−k)ρp(k)=

1

L
I(k). (1.32)
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Inthestronglyinteractinglimitg→∞andforthegroundstate,thiscorrespondsto

aFermisea,whereρp(k)=1/(2nπ)for|k|<kmax=nπandzeroeverywhereelse.For

finiteg,theFermiseabecomesdeformedandturnsintoaninvertedparabolainthe

weaklyinteractingregimeasshowninFig.1.2a).Inthethermodynamiclimitwecan

alsointroducethedensityofstateρs(k)whichisdefinedas

ρs(k)=
1

L

dI

dk
. (1.33)

BydifferentiatingEq.(1.32)theintegralequation

1

2π
+
dk

2π
∆(k−k)ρp(k)=ρs(k) (1.34)

linksρs(k)toρp(k)wherethedifferentialscatteringphase

∆(k)=
2mg 2

(mg)2+ 4k2
(1.35)

wasintroduced.Inanalogytothedensityofquasi-particles,onecanintroducethe

densityofholes

ρs(k)=ρh(k)+ρp(k). (1.36)

Notethatthedensityofstateisanon-trivialfunction(Eq.(1.34))oftheparticleden-

sityρp(k).Thechangeoftheparticledensityρp(k)affectsthedensityofstateρs(k)

inthewholekspace.

1.2.3.1 Yang-Yangequationofstate

Forgenericphysicalsystemsonlyrareexamplesexistswheretheequilibriumther-

modynamicpropertiescanbeexactlycalculatedstartingfromthemicroscopicprop-

erties. Withthepreviouslyintroducedexactsolutions,YangandYang4showedhow

theequilibriumpropertiesattemperatureTcanbecalculatedintheLieb-Liniger

model[35].Forthistask,theycalculatedforagivenρp(k)thenumberofpossible

microstatesandfromwhichtheentropySofthesystemcanbecalculated.Further-

more,theycalculatedthemaximumentropyundertheconstraintsoffixedenergyE

andparticlenumbersN.TheymaximizedthequantityS−
µN
T −

E
T,withtheLagrange

multiplierµwhichisthechemicalpotential.Fromthemaximizationcondition,they

obtainthatthedensityofholesρh(k)andthedensityofparticlesρp(k)obeythefol-

lowingequation:
ρh(k)

ρp(k)
=eβ(k), (1.37)

4YangandYangreferestoC.N.YangandC.P.Yangwheretheformeristhenobellaureate,maybe

betterknownfromtheYang-Millstheory.
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whereβ=1/(kBT)istheinversetemperatureand(k)theso-calledpseudo-energy.

Thepseudo-energy (k)dependsonalltheotherstatesandcanbecalculatedfrom

theimplicitequation

(k)=−µ+
2k2

2m
−
1

β

dk

2π
∆(k−k)ln1+eβ(k). (1.38)

FromEq.(1.38)onecanthencalculatetheparticledensityinasecondimplicitequa-

tion

ρp(k)1+e
β(k)=

1

2π
+
dk

2π
∆(k−k)ρp(k). (1.39)

Eq.(1.38)&(1.39)formtheYang-Yangequationsandcanbesolvednumericallyby

iteration(see[36]or[14]fordetailsofnumericalimplementation).Thedensityin

realspacenisthengivenby

n= dkρp(k). (1.40)

TheYang-Yangequationsallowtocalculatenumericallyinareasonabletimethe

equationofstaten(µ,T),fromwhichthethermodynamicquantitiesofinterestcan

bededuced.ForthepressurePonecandeducetheformula:

P=
1

β

dk

2π
ln1+e−β(k), (1.41)

whichwillbeusedinChap.4[2,32,33,35].

1.2.4 Theequilibriumregimes

DependingonthetemperatureT,thedensitynandtheinteractionstrengthg,differ-

entregimesoftheLieb-Linigermodelcanbedistinguished.Thesedifferentregimes

canbedistinguishedwithinthephasediagramspannedbytheadimensionaltem-

peraturetYY
5andtheadimensionalinteractionparameterγ

tYY=
22kBT

mg2
and γ=

mg
2n
. (1.42)

Here,theuseofthewordphasediagramshouldnottobetakenbythethermody-

namicsenseofphasetransitions.TheMermin-Wagnertheoremforbidsphasetran-

sitionsforT>0in1D[37–39]andsothedifferentregimesatfinitetemperature

areseparatedbysmoothcross-overs[40].Theboundariesbetweentheregimescan

becalculatedfromtheexactYang-Yangthermodynamics.Thevalueswhichwillbe

giveninthefollowingshouldbeunderstoodastypicalvaluesforwhichthecross-over

occurs.

5ThesubscriptYYstandsforYang-Yangandisintroducedtonotconfusewiththetime,usually

denotedtinout-of-equilibriumexperiments.
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Figure1.4–Equilibriumphasediagramwiththethreeregimesanditssubregimes.

Thelinesseparatingtheregimesindicatethesmoothcrossovers.

Thehistoricalapproachtodistinguishthedifferentregimesusesthenormalized

two-bodycorrelationfunction

g(2)(z)=
〈̂Ψ†(z)̂Ψ†(0)̂Ψ(z)̂Ψ(0)〉

n20
(1.43)

atzero-distanceg(2)(0)wherethemeandensityisgivenbyn0=〈Ψ̂
†(z)̂Ψ(z)〉.The

two-bodycorrelationfunctiong(2)(0)canbecalculatedviatheHellman-Feynman

theoremwhichrelatestheformertothefreeenergyF=U−TS

dF

dg
=
1

2
dz〈̂Ψ†(z)̂Ψ†(0)̂Ψ(z)̂Ψ(0)〉=

Ln20
2
g(2)(0). (1.44)

Fromg(2)(0)threedifferentmainregimescanbedistinguished[41]:theideal

Bosegasregime(IBG)whereg(2)(0) 2,thestronglyinteractingregime,alsoknown

astheTonks-Giradeaugas(g(2)(0) 1),andthequasi-condensateregime(g(2)(0)

1).ThoseregimesareshowinFig.1.4andtheirpropertiesarediscussedinmore

detailinthefollowingsections.

1.2.4.1 IdealBosegas

Forγ3/2tYY 1andt 1thegasisintheidealBosegasregimewhereg(2)(0)≈2:

Theparticlesbunchandaparticlehastwicetheprobabilitytobeatthepositionof

anotherparticle,thanfarapart.Theoccupationnumberofeachmomentumstateq
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isgivenbytheBose-Einsteinstatisticforanon-interactinggas:

nq=
1

e
β

2q2

2m −µ−1

. (1.45)

Fromlatteronecanobtaintheequationofstate,hereexpressedintheformn(µ,T),

byintegratingoverdq

n=
1

λdB
g1
2
(eβµ), (1.46)

withthede-BrogliewavelengthλdB= 2π 2/(mkBT)andtheBose-Eisnteinfunc-

tiong1
2
(x)= ∞

j=0x
jj−1/2.Notethatthe1DBose-Einsteinfunctiondoesnotshowthe

characteristicsofcondensation:Thedensityndivergeswhen|µ|approacheszero.In

contrastto3D,nophasetransitiondrivenbydegeneracyoccurs.

TheidealBosegascanbefurtherdividedintwosub-regimes:Forγ2tYY 1the

gasisintheclassicalregimewhereitisdescribedbytheMaxwell-Boltzmannstatis-

tics,andtheinterparticledistanceislargerthanthethermaldeBrogliewavelength

λdB.Forγ
2tYY 1thegasbecomesadegenerateBosegas.

1.2.4.2 Quasi-condensateregime

Whendecreasingtheinteractionsordecreasingthetemperature,interactionsstart

topreventthebosonicbunchingandg(2)(0)≈1. Thiscrossoveroccursatabout

γ3/2tYY 1andiscalledthequasi-condensatecross-over6.Withinthequasi-condensate

regimelargedensityfluctuationsaresuppressedduetointeractions,i.e.δn n0,

while,incontrastto3Dcondensate,phasefluctuationsarebigandpreventtruelong

rangeorder.Withinthequasi-condensatetheequationofstateiswellapproximated

by

µ=gn, (1.47)

whichdoesnotdependonthetemperature.

Thequasi-condensatecanalsobeseparatedintwosubregimes. Whenconsid-

eringg(2)(0),forγtYY 1thermalfluctuationsdominate,whileforγtYY 1quan-

tumfluctuationsdominate. Withinthisthesisthescientificresultsareallobtained

aroundthiscrossoverγtYY∼1.Itturnsoutthatformanyobservableofinterest,such

astheone-bodycorrelationfunctiong(1)(z),thequantumfluctuationsdonotplaya

rolearoundthecross-overγtYY∼1.SeeSec.1.2.4.4andforamoredetaileddiscus-

sion[42].

6Thecross-overconditionγ3/2tYY 1canbederivedfromtheconditionthatdensityfluctuations

aresmall.
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1.2.4.3 Tonksgas

Forγ 1andt 1thegasisinthestronglyinteractingregime,alsocalledTonks(-

Giradeau)gas.Inthisregimetheparticlesinteractsostronglythattheyforcethe

many-bodywave-functiontovanishforzi=zj(seeFig.1.1).ThismimicsthePauli-

exclusionsprincipleandleadstoanalmostvanishingtwo-bodycorrelationfunc-

tionatzerodistanceg(2)(0).Thereexistsamappingofthemany-bodywavefunction

Ψ(z1,z2,...,zN)ontothewavefunctionofnon-interactingfermionsΨF(z1,z2,...,zN)

Ψ(z1,z2,...,zN)=ΨF(z1,z2,...,zN)
1≤i<j≤N

sgnzi−zj (1.48)

calledfermionization.Thebosonicandthefermionicmany-bodywavefunctiononly

differbyasignandthereforequantitieswhichdependsontheabsolutevalueofthe

many-bodywavefunction,canbedirectlycalculatedbythefermionicwavefunctions.

ThisjustifiestheinterpretationoftheTonksregimeastheregimeoffreefermionsin

certainsituations.Theenergyandthethermodynamicquantitiesarethesameasfor

freefermions.

1.2.4.4 Correlationfunctions

Correlationfunctionsareanimportanttooltocharacterizetheequilibriumproper-

tiesofasystem.InthissectionIgiveabriefoverviewandsummaryofthecorrelation

functions.Fortheexperimentallymostrelevantquasi-condensateregime,detailed

calculationsareperformedinSec.1.3.

One-bodycorrelation Theone-bodycorrelationfunction

g1(z)=〈Ψ̂
†(0)̂Ψ(z)〉 (1.49)

canbeaccessedexperimentallyinahomogeneoussystemviatheFouriertransform

ofthemomentumdistribution

〈̂Ψ†(q)̂Ψ(q)〉= dzg1(z)e
iqz, (1.50)

where

Ψ̂(q)=
1

2π
dẑΨ(z)eiqz. (1.51)

InthefollowingIdiscusstheone-bodycorrelationfunctionindifferentregimes.
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Theone-bodycorrelationfunctioninsidetheidealBosegasregime Theone-body

correlationfunctioninsidetheidealBosegasregimecanbecalculatedbyusingthe

inverserelationofEq.(1.50)andtheBoseoccupationEq.(1.45).Inthetwosub-

regimesMaxwell-Boltzmann(M-B)anddegenerateBosegas(deg.Bose)analytical

formulascanbefoundandwhicharegivenby

gM−B1 =n0e
−π z2

λ
dB2 and g

deg.Bose
1 =n0e

−2π |z|
n0λdB2. (1.52)

Theone-bodycorrelationfunctioninsidethequasi-condensateregime Inthequasi-

condensate(q.-C.)regimetheone-bodycorrelationfunctionisgivenby

g
q.-C-
1 =n0e

−|z|lc, (1.53)

wherethephasecorrelationlengthlc=
22n0
mkBT

=
2n0λ

2
dB

2π hasbeenintroduced. The

explicitcalculationofEq.(1.53)canbefoundinSec.1.3.1.2. Notethatthebehav-

iorinthedegenerateidealBosegas,onlydiffersbyafactorof1/2fromthequasi-

condensateregime.Thecrossoverbetweenthetworegimesishowevernotasim-

pleextrapolation[40].ItisimportanttonotethatEq.(1.53)staysvalidinsidethe

quasi-condensateuptoverylowtemperatureswhereg2(0)isalreadydominatedby

quantumfluctuations.Theeffectofquantumfluctuationsontheg1(z)functionfor

distanceslargerthanthethermalphononwavelengthlT=λ
2
dB
/ξleadstoareduction

byaprefactor(lT/ξ)
− γ/(2π),where γ/(2π)istypicallyverysmallinsidethequasi-

condensate-regime.Letuscalculatethiseffect.ThetemperatureTQforwhichthe

g1-functionisdecreasedbyaprefactor1/2fromthequantumfluctuationsisgivenby
kBTQ
gn
=2−2π/γ.ThetemperatureTQcorrespondtoexperimentallyunreachedtem-

peratures[42].

Higherordercorrelationfunctions Higherordercorrelationfunctionsatzerodis-

tanceg(j)(0)canbeanimportanttooltocharacterizetheBosegas.Aspreviouslyin-

troduced,thedifferentregimesarecharacterizedbythetwo-bodycorrelationfunc-

tionatzerodistanceg(2)(0)andthethethree-bodylossratedependsonthethree-

bodycorrelationfunctionatzerodistanceg(3)(0)(Sec.4.4).

IntheidealBosegasregimetheinteractionpartoftheLieb-LinigerHamiltonian

Eq.(1.8)canbeneglected,makingtheHamiltonianquadraticinΨ̂.Atthermalequi-

libriumthisallowstousetheWicktheorem,andcalculateforexamplethesecond

ordercorrelationfunction

g(2)
IBG
(z)=1+|g(1)(z)|2, (1.54)

fromwhichweobtaing(2)
IBG
(0)=2,sinceg(1)

IBG
(0)=1inallsubregimesoftheidealBose

gas(seeEq.(1.52)). Higherordercorrelationfunctionscanbeexpressedsimilarly

whichleadstoe.g.g(3)
IBG
(0)=6.
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Inthequasi-condensateregimethefieldoperatorΨ̂canbeapproximatedby

n0e
iθwheredensityfluctuationsareneglected.Thisleadstohigherordercorrela-

tionfunctionsatzerodistancewhichareclosetoone. MostimportantlyforChap.4

thenormalizedthirdordercorrelationfunctionatzerodistanceis

g(3)q.−c.(0)=
〈Ψ†

3
(0)Ψ3(0)〉

〈n〉3
1. (1.55)

ConcerningtheTonks-Giradeauregime,calculationsofcorrelationfunctionscan

beinvolvedandIrefertothereviews[43,44].WhenapproachingtheTonks-Giradeau

regime,theprobabilityoffindingmorethanoneparticlatthesameplacedropsto

zerowhichcanbeusedasanexperimentalsignature[7].

1.3 Linearizedtheoryinthequasi-condensate

1.3.1 Homogeneoussystem

Insidethequasi-condensateregimetheBogoliubovtreatmentcanbeapplied,where

theHamiltonianisrewrittenas

H H0+
N

k=1

Hk+∆E=H0+
N

k=1

ωkâ
†
k
ak+∆E, (1.56)

whereH0isgivenbygN
2/L. Thecreation(annihilationoperatorsâ(†)

k
fulfillthe

standardbosoniccommutationrelationsand∆Eisanenergyshiftwhichisnega-

tivein1D.AsitwillbeshowninthefollowingH0istheGross-Pitaevskiimeanfield

HamiltonianandtheuncoupledharmonicoscillatorsHkcorrepondtotheBogoli-

ubovHamiltonian.IncontrasttothederivationofthefamousBogoliubovtheoryfor

superfluidsin3D[45],specialattentionneedstobepayedtothesubtletiesinlower

dimensionduetotheabsenceoflong-rangeorder[46]:TheHamiltoniancannotbe

expandedintermsofΨ̂(z)around〈̂Ψ(z)〉.

Toovercomethisproblemweusethephase-densityrepresentationofΨ̂ina

coarse-grainedapproachwheremicroscopiclengthscalesareavoided.Thefieldop-

eratorinthephase-densityrepresentationwritesΨ̂= n0+δ̂ne
îθwithdensityfluc-

tuationsδ̂n=〈n̂〉−̂n.Thisleadingtothecommutationrelation7

[̂n(z),̂θ(z)]=iδ(z−z), (1.57)

[̂n(z),̂n(z)]=[̂θ(z),̂θ(z)]=0. (1.58)

7Herethedeltafunctionδ(z−z)shouldbeunderstoodasanotationforthediscretedeltafunction

δz,z/lwherelisthesizeofthegrid.
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Inprinciplethephaseoperatorinahomogeneoussystemisill-defined.Thisproblem

isavoidedbylookingatthepreviouslyintroducedcoarsegraineddescriptionwith

manyatomspercell.

TheLieb-LinigerHamiltonianEq.(1.8)inphase-densityrepresentationwrites

Ĥ=
2

2m
dz ∂z n̂(z)

2
+ n̂(z)∂ẑθ(z)

2
n̂(z)+

g

2
dẑn(z)2+µ dẑn(z)+∆E

(1.59)

wherethechemicalpotentialµinthegrandcanonicalensemblewasadded.Inside

thequasi-condensatedensityfluctuationsaresmall|̂δn| n0.Additionallywecan

neglectverysmallwavelengthexcitations,suchthatthephasegradientisasecond

smallparameter|∂ẑθ| n0.Notethatlatterisequivalentofhavingmanyparticles

perconsideredwavelengthN L/λwhichistypicallyverywellfulfilled.Weexpand

Eq.(1.59)withthetwosmallparameters|̂δn|/n0and|∂zθ|/n0.Atzerothorderthis

leadstotheGross-Pitaevskii(GP)pseudo-Hamiltonian

H0= Ψ∗(z)−
2

2m

∂2

∂z2
+
g

2
|Ψ(z)|2−µΨ(z)dz, (1.60)

whereΨ(z)ischosensuchthatissatisfies

−
2

2m

∂2

∂z2
+g|Ψ(z)|2−µΨ(z)=0. (1.61)

ThischoiceofΨ(z)ensurethatthefirstordertermsintheexpansionofĤvanish.

Secondorder—BogoliubovHamiltonian Atsecondorderoneobtains

H2=
2

m
dz

1

8n0
∂zδ̂n

2
+
n0

2
∂ẑθ

2
+
g

2
dzδ̂n

2
. (1.62)

IntroducingtheFouriercomponents

δ̂n(z)=
2

L q>0

n̂c,qcos(qz)+n̂s,qsin(qz) (1.63)

θ̂(z)=
2

L q>0

θ̂c,qcos(qz)+θ̂s,qsin(qz) (1.64)

wherethesubscripts/cstandsforsine/cosine-componentandListhesizeofthe

system.Thewavevectorqtakesdiscretevalues2πn/Lwherenisapositiveinteger.

IntroducingtheFouriercomponentsintoEq.(1.62)oneobtains:

H2=
i={c,s}q

g

2
+

2q2

8mn0
n̂2i,q+

2q2n0

2m
θ̂2i,q . (1.65)
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ThisistheBogoliubovHamiltonianindensity-phaserepresentation,frequentlyused

inthisthesis[43,46].Itsquadraticvariablesfulfilln̂i,q,̂θi,q =iδi,iδq,qanditrep-

resentsNuncoupledharmonicoscillators.FrequentlyIwillusethenotation8

Hq=Aqn̂
2
q+Bqθ̂

2
q (1.66)

fortheBogoliubovHamiltonian,whereAq=
g
2
+

2q2

8mn0
andBq=

2q2n0
2m
.Eachmodeq

describesacollectivemodeatawavevectorqandmodefrequency

ωq=
2q2

2m

2q2

2m
+2gn0. (1.67)

Onecandistinguishtwodifferenttypesofexcitationsbyintroducingthehealing

lengthξ−1= mgn0/.Forqξ 1theexcitationsaresoundwaveswhichtravel

withthespeedofsoundc= gn0/m,alsocalledhydrodynamicexcitations.They

arecharacterizedbytheirphononicdispersionrelation

ωq=cq. (1.68)

Forq ξtheexcitationsresemblemassivefreeparticlewithanenergy
2q2

2m
+gn0,

withthe”restmass”termgn0=c
2m

0 1 2 3 4
ξq

ω
q

ωq=cq

ωq=
h̄q2

2m+gn0

.

Figure1.5–DispersionrelationoftheBogoliubovcollectiveexcitationsEq.(1.67)

(blueline).Forsmallwavevectorsξq 1,thedispersionrelationislinear(dashed

green)andforlargewavevectorsξq 1thedispersionrelationresemblesmassive

freeparticles(dashedred).

Notethatarigrorouscalculationoftheenergyshift∆Eisneededforthecalcula-

tionofthegroundstateenergyofthesystem.Inthisthesiswedonotmakereference

tothegroundstateandreferto[46]forarigoroustreatmentoftheproblem.

8Here,thesubscriptforthesinusandcosinusmodeshasbeendroppedanditislefttothereader

toadditwhennecessary.
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TheBogoliubovHamiltoniancanberewritteninthestandardsecondquantized

formbyintroducingthecreationandannihilationoperatorswiththestandardtrans-

formation

âq,r=fq n0̂θq,r−if
−1
q

1

2 n0
n̂q,r (1.69)

where

fq=





2q2

2m
2q2

2m +2gn0





1
4

(1.70)

Thisfinallyleadstotheform

Hq= ωqa
†
qaq (1.71)

introducedinthebeginning9.

1.3.1.1 Wignerrepresentation

LetusconsideragivenBogoliubovmodeq.Aftertracingoutalltheothermodes,the

systemisdescribedbythereduceddensitymatrixρ̂.Insteadof̂ρonecanusethe

Wignerrepresentation.TheWignerfunctionofthemodeqisgivenby

W(nq,θq)=
1

π
du〈u+nq|̂ρ|u−nq〉e

−2iuθq, (1.72)

TheWignerfunctionisaquasiprobabilityfunctionwhichcantakevaluesW <0for

non-classicalstates.TheWignerfunctioncontainsthefullinformationofthesystem

andexpectationvaluesofanobservableÔ(nq,θq)arecalculatedaccordingto

〈̂O〉= dnqdθqW(nq,θq)O(nq,θq). (1.73)

Forclassicalstates,theWignerfunctioncanbeinterpretedasaprobabilityfunc-

tion.Itgivestheprobabilitythatthegivenmodetakesthevaluesnqandθq.Fora

harmonicoscillator,astheBogoliubovHamiltonianforamodeqinEq.(1.66),the

timeevolutionoftheWignerfunctionisthesameastheclassicaltimeevolution10.It

isgivenbytheLiouvilleequation

∂W(nq,θq)

∂t
=−
∂W(nq,θq)

∂nq

∂Hq

∂θq
+
∂W(nq,θq)

∂θq

∂Hq

∂nq
. (1.74)

9NotethatEq.(1.71)differsbytheconstant ω/2fromEq.(1.65)andwhichneedstobeconsidered

forthedefinitionof∆E.
10Sincetheevolutionisclassical,Iwilldropinthefollowingtheoperatornotation̂fornqandθq.

24



CHAPTER1.THEORY 1.3.LINEARIZEDTHEORYINTHEQUASI-CONDENSATE

AtthermalequilibriumtheWignerfunctionisaGaussiandistributionwiththesame

energyinbothquadratures

Eq/2=Aq〈n
2
q〉=Bq〈θ

2
q〉. (1.75)

ExperimentallywetypicallydealwithexcitationswhicharepopulatedthermallykBT

ωq.SuchthatwecanwriteEq=kBTforthermalstates.

1.3.1.2 Firstordercorrelationfunction

TheBogoliubovapproximationcanbeusedtocalculatethefirstordercorrelation

functioninsidethequasi-condensateregimeg1(z)=〈Ψ̂
†(0)Ψ(z)〉. Neglectingthe

densityfluctuations,onewrites

g1(z)≈n0 e
i[θ(0)−θ(z)]. (1.76)

UsingtheWicktheorem ei∆θ =e−1/2〈∆θ
2〉,validsincetheBogoliubovHamiltonian

isquadraticinθ,onobtains

g1(z)≈n0e
−12〈[θ(0)−θ(z)]

2〉, (1.77)

whichcanberewritten

[θ(0)−θ(z)]2 =
2

Lq>0
θ2q,c cos(qz)−1

2
+
2

Lq>0
θ2q,s sin(qz)

2
. (1.78)

Atthermalequilibriumthepartitiontheoremstatesthattheenergyofthetwoquadra-

turesis

Eq/2=Aq〈δn
2
q,j〉=Bq〈θ

2
q,j〉. (1.79)

AthighenoughtemperaturessuchthatkBT ωq,theenergyisgivenbykBT=Eq

whichimpliesthat〈θ2
q,j
〉=kBTm2q2n0

andoneobtains

[θ(0)−θ(z)]2 =4
∞

0

dq

2π
θ2q 1−cos(qz)=

4mkBT
2n0

∞

0

dq

2π

1−cos(qz)

q2
=
mkBT|z|

2n0
,(1.80)

wherethesumwasreplacedbytheintegraloverq.Thisimpliesthatphasefluctu-

ationsstaysmallondistancesmuchsmallerthanthephasecoherencelengthlc=
22n0
mkBT

.Wefinallyobtain

g1(z)≈n0e
−|z|lc. (1.81)
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1.3.2 Trappingpotential

1.3.2.1 LocalDensityApproximation(LDA)

Untilnow,Iconsideredhomogeneoussystems.Experimentallyonetypicallyuses

systemstrappedinsomelongitudinaltrappingpotentialV(z).Atequilibriumthe

LocalDensityApproximation(LDA)canbeusedwhenthepotentialandthedensity

varyslowlycomparedtothemicroscopicquantities,namelythephasecoherence

lengthlc.Inourexperimentlcistypicallyoftheorderofafewhundredsofnanome-

ters11.TheLDAconsistsinadivisionofthesystemintosmallcellsofsizeδzwith

lc δz n dn
dz

−1
.Ineachofthecellsthedensityn(z)isclosetoconstant.Eachcell

canbeapproximatedbyasmallhomogeneoussystemwithalocalchemicalpoten-

tialgivenbyµ(z)=µp−V(z).Here,asforthewholethesis,wechosetheconvention

thatthepotentialvanishesatthepeakdensityV(0)=0,wheren(0)=np.

BeyondtheLDAapproachthetrappingpotentialV∥(z)needstobeaddedtoEq.(1.59)

as

ĤV= dzV∥(z)̂n(z). (1.82)

AtzerothorderinthetwosmallparametersthetermHV∥= dzV∥(z)Ψ(z)
∗Ψ(z)needs

tobeaddedtotheGross-PitaevskiiHamiltonian(1.60).Whenneglectingthekinetic

energyoneobtainstheThomas-Fermiapproximation,wherethedensityprofileis

givenby

n0(z)=

(µp−V(z))
g |z|<R

0 for|z|>R,

whereµp=gnpisthepeakchemicalpotential,withthepeakdensitynpandthe

ThomasFermiradiussuchthatV(R)=µp.Theneglectofthekineticenergytermin

theGP-equationisequivalenttothepreviouslyintroducedlocaldensityapproxima-

tion.

1.3.2.2 Bogoliubovinaharmonictrap

Insecondorderinthetwosmallparametersthesituationgetsmorecomplicated

andinordertoobtainanalyticresults,letusrestricttoaharmoniclongitudinalcon-

finementV(z)=1/2mω2
∥
z2andlongwavelengthexcitations(hydrodynamicmodes).

ThedensityandphasefluctuationscanbedevelopedonthenormalizedLegendre

11Inpracticeitisoftensufficienttoconsiderlength-scalesmuchlargerthantheinteraparticledis-

tance.
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polynomials[47,48]

θ(z)=
ν

θν(z)pν (1.83)

δn(z)=
ν

nν(z)xν, (1.84)

where

θν(z)=
1

2

mg
2np

1/4 2ν+1

(ν(ν+1))1/4
Pν(
z

R
) (1.85)

nν(z)=
2ν+1

2R
(ν(ν+1))1/4

2np

mg

1/4

Pν(
z

R
). (1.86)

HerePν(z)aretheLegendrepolynomialsofthefirstkindwhichcanbeapproximated

by

Pν(cosα)
2

π(ν+12)sinα

1/2

cosφν, (1.87)

forlargeνandsmallcos(α)whereφν= ν+
1
2α−

1
4.InFig.1.6a)themodefluctua-

tionsnνareshowntogetherwiththeapproximationEq.(1.87)whichtypicallyshows

averygoodagreementalreadyforν>4.

Withthepreviouslyintroducedcanonicallyconjugatedvariablesxνandpνthe

quadraticBogoliubovHamiltonianinaharmonictrapwrites:

Hν= ων
x2ν
2
+
p2ν
2
. (1.88)

Thedispersionrelationintheharmonictrapisgivenby

ων=
ν(ν+1)

2
ω∥. (1.89)

Notethatthedispersionrelationintheharmonictrapisindependentontheden-

sity.Adescriptionforothertrappingpotentialsthanharmonicones,isgiveninour

paper[23].

1.3.3 Highdensity3Deffects

Forhighlineardensitiesn0a3D 1interactioneffectsbetweenatomsinthetrans-

versedirectionbecomeimportantwhichleadstoabroadeningofthetransverseground

state.Thiseffectcanbeexperimentallyimportantandisequivalenttothe1Dcon-

ditionµ ω⊥notbeingfulfilled.Fornottoolargena3Dithasbeenshownthata
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Figure1.6–a)TheThomas-Fermiprofileinaharmonictrapinblackwiththeden-

sityfluctuationsnνfordifferentmodeindicesν.Alreadyforν=10,nodifference

betweentheexactandtheapproximateformulaisvisible.Inthecentertheden-

sityfluctuationsareclosetosinusoidalmodes,asinthehomogeneouscase.b)The

dispersionrelationωνforaharmonicconfinement,comparedtothelinearapproxi-

mation,withaveryfastconvergence.

Gaussianansatzforthetransversewavefunctionisagoodapproximation.Thewidth

oftheGaussianisgivenby

l̃⊥=l⊥(1+2n0a3D)
1
4 (1.90)

anddependsonthelineardensityandonthewidthofthesingleparticlegroundstate

l⊥= h/(mω⊥)[49]. WehavecheckednumericallywithGross-Pitaevskiicalcula-

tions,thatthewidthofthegroundstatefollowsEq.(1.90)uptoamaximaldeviation

of20%fortheexperimentallyrelevantdensitiesna3D<1.3.

BeyondtheGaussianansatzaheuristicequationforthechemicalpotentialinside

thequasi-condensateregimecanbefound

µ= ω⊥ 1+4n0a3D−1−−−−−−→
n0a3D 1

gn0, (1.91)

whichshowsthecorrectasymptoticbehaviorinboththelowandlargedensitylimit[50,

51].

ThesehighdensityeffectscanbetakenintoaccountintheLDAµ(z)=µp−V(z)

suchthatthemeandensityn0(z)intheThomas-Fermiapproximationisgivenby

n0(z)=
1

4a3D
1+4a3Dnp−

V(z)

ω⊥

2

−1. (1.92)

ComparewithFig.2.14b)greencurve,wheretheThomas-Fermiprofileisshownwith

themodifiedequationofstate.
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Althoughthepreviouspartssuggestthatevenforn0a3D∼1anadapted1Dphysics

canbeimplemented,Iwanttostressout,thattheseeffectsarecorrectionsarising

fromthe3Dworldandthephysicsatplaycannotbeconsideredasstrictly1D.Links

totheLieb-Linigermodelandtointegrabilityneedtobetakenwithcareinthese

situations.

1.3.3.1 BogoliubovHamiltonianwith3Deffects

TheBogoliubovHamiltonianforlongwave-length modesq 1/ξcanbe modi-

fiedsuchthatittakesintoaccountthese3Deffects. WhenrewritingtheBogoliubov

HamiltonianEq.(1.65)forq 1/ξ

Hq=
mc2

2n0
δn2q

Eint.

+
2q2n0

2m
θ2q

Ekin.

, (1.93)

onerealizesthatthekineticenergypartEkin.isindependentofthedensityfluctua-

tions,sincethephasefluctuationsθ2qareunaffectedbytheswellingofthetransverse

wavefunction.LetusexpandtheenergyofthesystemE(n0+δn).Thesecondorder

termwrites

E(O(2))=
1

2

∂µ

∂nn0
δn2, (1.94)

whereµ=∂E
∂n
.ThisallowstorewritetheHamiltonianatquadraticorderinδn:

Hq=
1

2

∂µ

∂nn0
δn2q+

2q2n0

2m
θ2q, (1.95)

wherenowthechemicalpotentialofEq.(1.91)isused. Thisdirectlyleadstothe

introductionofthemodifiedspeedofsound

c2=
n0

m

∂µ

∂nn0
=

c21D

1+4a3Dn0
, (1.96)

wherec21D=gn0/mistheexpressioninthepurely1Dsituation.Thereforewecan

usetheexpressionEq.(1.93)withthemodifiedspeedofsoundtodescribeoursys-

temathighdensities(a3Dn∼1).ThisHamiltoniandescribesasituation,wherethe

thetransverseshapefollowsadiabaticallythedensityfluctuationsarisingfromthe

soundwavesoftheBogoliubovHamiltonian.Amoreformalapproachisgiveninthe

appendixofourpaper[23]whichalsotakesintoaccountthelongitudinaltrapping

potential.Furthermore,in[52]ithasbeenproposedtoheuristicallyextendtheGP

equationtotakeintoaccountthebroadeningofthetransversegroundstate.
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1.3.4 Classicalfield

TheGross-PitaevskiiHamiltonianH0,introducedinEq.1.60,isaclassicalfieldequa-

tionwherethequantumnatureofthefieldhasbeenneglectedandthefieldisgiven

byacomplexnumberΨ(z,t).Forverydegenerategasesitcanbegeneralizetofi-

nitetemperatureswheretheprobabilityforthefieldconfigurationΨisgivenbythe

Boltzmannfactore−βH0{Ψ}/Z.ThepartitionfunctionZisgivenbythepathintegral

Z= e−βH0{Ψ}DΨ. (1.97)

Thisclassicalproblemcanbemappedontoaquantumprobleminzerodimensions,

whereitisequivalentofsolvingaparticleina2Dharmonicpotential.Thiscanbe

usedforefficientnumericalcalculations.Theclassicalfieldproblemdependsona

singleparameter

χ=
2n3g

mk2BT
2
=l2c/(4ξ

2). (1.98)

Theclassicalfieldapproachisvalidwithinthequasi-condensateregime,forwhich

χ 1andinsidethedegenerateidealBosegasregime,forwhichχ 1[43].This

approachfailsintheMaxwell-Boltzmannregime.Thediscretenatureoftheatoms

becomesimportantintheMaxwell-Boltzmannregimewhichisnotcapturedbythe

classicalfieldapproach.

1.4 Dynamicsof1DBosegases

1.4.1 Dynamicsofthelinearizedtheoryinthequasi-condensateregime

Afterdiscussingtheequilibriumpropertiesofthe1DBosegas,Iwillnowturnto

itsdynamicalproperties —themainsubjectofmythesis. Manypreviouslyintro-

ducedconceptscanbedirectlygeneralizedtothedynamicalsituation.Thedynam-

icalversionofGross-PitaevskiiHamiltonianEq.(1.60)andtheBogoliubovHamilto-

nian(1.65)canbedirectlyobtainedfromtheHeisenbergequationofmotion:

i
d̂Ψ

dt
= Ψ̂,̂H . (1.99)

Gross-Pitaevskii LetusfirstignorethequantumnatureofΨ̂andthusconsiderΨ

asacomplexfield.Then,Eq.(1.99)givestheGross-PitaevskiiEquation(GPE)

i
∂Ψ(z,t)

∂t
=−

2

2m

∂2Ψ(z,t)

∂z2
+g|Ψ(z,t)|2Ψ(z,t)+V∥(z)Ψ(z,t). (1.100)

TheGPE(1.100)alsogivesthetimeevolutionoftheclassicalfieldapproachofSec.1.3.4.

Itcanbeefficientlynumericallyimplementedwiththesplit-operatormethod[53].
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BogoliubovHamiltonain InahomogeneoussystemtheBogoliubovHamiltonian

foreachmodeqisquadratic.TheevolutionoftheWignerfunctionisclassical(see

Sec.1.3.1.1)andtheevolutionofthequadraturesnqandθqiscapturedbytheclassi-

caldynamicsof:

∂nq

∂t
=−
∂Hq

∂θq
=−2Bqθq (1.101)

∂θq

∂t
=
∂Hq

∂nq
=2Aqnq. (1.102)

Fortheunhomogeneouscase,Ireferthereaderto[46].

1.4.2 Coarsegraineddescription

Inthefollowingtwosections(Sec.1.4.4and1.4.3)wewillconsidertheLieb-Liniger

systeminacoarse-grainedapproach,alsocalledthehydrodynamicpicture,orthe

Eulerscale. Weconsiderlength-andtimescalesthatarelargecomparedtothemi-

croscopicscales:Thelengthscalesarelargecomparedtothehealinglengthand

timeslargecomparedtothelocalrelaxationtimetrelax. Therefore,wedividethe

systemintosmallspace-timeboxesdz×dt,suchthatthethermodynamicquanti-

tiesvariesslowlyonthoselengthscales12.Thesystem,insidesuchasmallcell,is

assumedtobeinanequilibriumstateandthefollowingtwoSectionsdifferinthe

descriptionofthisstate:

1.TheConventional13Hydrodynamics(CHD)assumesthatthesystemcanbe

locallydescribedafterashortrelaxationtimetrelaxbyaGibbsensemble

ρ̂Gibbs=
1

Z
e−β(̂H−µ), (1.103)

withZ=Tre−β(̂H−µ)andtheinversetemperature1/β=kBT.Thestateinside

thesmallcelliscompletelydefinedbyµandTandequivalentlybytheparticle

densitynandtheenergyperparticlee.

2.TheGeneralizedHydrodynamics(GHD)assumesthat,afterashortrelaxation

timetrelax,thesystemislocallydescribedbytheGeneralizedGibbsEnsemble

(GGE)14

ρ̂GGE=
1

Z
exp−

i

βiQ̂i. (1.104)

12ForthespacecoordinatethisisequivalenttotheLDA(seeSec.1.3.2.1).
13WeusethewordconventionalhydrodynamicstohighlightthedifferencetotheGeneralizedHy-

drodynamics(GHD)introducedinthenextsection.
14SeeSec.3.1forfurtherdiscussionsofGGE.
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GGEisdeterminedbythecompletesetofconservedquantitiesQithatcharac-

terizetheintegrablesystem.ThepartitionfunctionisZ=Trexp− iβiQi
andβiaretheLagrangemultiplierswhichmaximizetheentropyS.Forthe

timeevolution,GHDtakesintoaccounttheconservationofallthechargesof

theLieb-Lingermodel.

InanintegrablesystemtheCHDdescriptionrepresents,inmostsituations,anunjus-

tifiedapproximation.AswillbediscussedinSec.3.1,anintegrablesystemisexpected

torelaxetowardsaGGE.

1.4.3 ConventionalHydrodynamics(CHD)

TheConventionalHydroDynamic(CHD)orsimplythehydrodynamicequationsare

widelyusedtodescribethedynamicsofcoldatomsystems.Theyarisefromtheas-

sumptionthatasystemcanbelocallydescribedbyaGibbsstate,characterizedbythe

energyperparticleeandtheparticledensityn.Onewritesthecontinuityrelations

associatedtotheconservationoftotalmomentum,energyandatomnumber:

∂

∂t
n+
∂

∂z
(nv)=0, (1.105)

∂

∂t
np+

∂

∂z
mnv2+P=−n

∂V(z,t)

∂z
(1.106)

∂

∂t
n
mv2

2
+ne+nV +

∂

∂z
nn

mv2

2
+ne+nV +nP =0, (1.107)

wherev(z,t)isthehydrodynamicvelocityofthefluidcellandP(z,t)thepressure.

InanexternalpotentialV∥,theconservationofmomentumisbrokenbytheterm

−n∂V(z,t)
∂z
.Theseequationscanbesolvedtogetherwiththeequationofstate,relating

Ptonande.ThiscanbeobtainedfromtheYang-Yangequationofstateintroduced

inSec.1.2.3.1.TheCHDresultsinChap.5areallbasedonthenumericalimplemen-

tationofEq.(1.105)-(1.107),togetherwiththeYang-Yangequationofstate.

1.4.4 GeneralizedHydrodynamics(GHD)

TheGeneralizedHydroDynamics(GHD)isarecenttheoreticalapproach(2016)to

describetheout-of-equilibriumdynamicsofintegrablesystems[15,16].Incontrast

toCHD,GHDtakesintoaccountalltheconservedchargesoftheLieb-Linigermodel.

TheoperatorsoftheconservedchargesQ̂i,forwhich[̂H,̂Qi]=0,arecomplicated

toconstructandwefocusontheexpectationvaluesoftheconservedchargesQi=

〈̂Qi〉.Additionally,wefocusonahydrodynamicdescriptionwherethelocalcharges

qi(z)=Qi/Ldependonspace.Forthelocalchargesqi(z)wecanwritethecontinuity
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equation
∂qi(z)

∂t
+
∂ji

∂z
=0, (1.108)

whereji(z)isthecurrentassociatedtothechargeqi.IntheLieb-Linigermodelthe

localconservedquantitiesarethequasi-particledensities{qk}={ρp(k)}(seeEq.(1.32)).

Thequasi-particledensities{ρp(k)},labeledbythequasi-momentumk,formacom-

pletesetinthespaceofconservedcharges,suchthatwecanreplacethelabeliwith

k.Inthehydrodynamicsdescription,thequasi-particledensityρp(k)becomesa

spacedependentfunctionρp(z,k).IneachcellthestateisequivalenttoaGGEstate

characterizedbyaquasi-particledensityρp(k)[33].

Thecomplexityliesinthecalculationofthecurrentjkwhichwassolvedin[15].

Inthisthesis,IpresentaphenomenologicalapproachtoGHD,startingfromthe

two-particleproblem.InthefollowingIreferexplicitlytotheLieb-Linigermodel,

althoughGHDcanbeappliedtointegrablemodelsingeneral.

1.4.4.1 Collisionoftwowave-packets

Letusreconsiderthetwo-particleproblemwithcontactinteractionsofSec.1.2.1and

studythecollisionoftwowavepackets.Thestationarysolutionofthetwo-particle

problemΨ(z)=sin[k|z|+θ(k)]dependsontherelativecoordinatez=z1−z2andthe

scatteringphaseθ(k).Startingfromthestationarysolution,weconstructawavepacket

withafunctionA(k)peakedaroundk0:

|φ(t)〉= dkA(k)sin[k|z|+θ(k)]e−i
k2

m t. (1.109)

Thepositionoftheparticlesisgivenwithinthestationaryphaseapproximationby

thecondition

|z|+
∂θ(k)

∂k k0

±
2k0t

m
=0 (1.110)

Eq.(1.110)describesthecollisionoftwoparticles.Theparticletrajectorycanbe

equivalentlydescribedbyafreeevolutionandajumpinpositionby

∆z=−
∂θk

∂k k0

=−
22mg

m2g2+44k20
. (1.111)

asshowninFig.1.7.

1.4.4.2 TheGHDequations

Ateachcollision,theparticlejumpsbyadistance∆z.Formanycollisionsthisjump

affectstheparticlemotion,asiftheinteractionsloweddowntheparticle.Thismoti-

vatestheintroduction,ofaneffectivevelocity.
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Figure1.7–a)Collisionoftwowavepacketswithrapidityk0=k1−k2.b)Afterthe

collisionthedistancebetweentheparticlesisshiftedby∆z.c)Space-timediagram

ofthecollision:Thebluelineshowsthetrajectoryofnon-interactingparticles.In-

teractingparticlesareshiftedbackwardsatthecollisionby∆z(greenline).Notethat

thereisnosecondcollisionhappening.Thediscontinuityinthepositionisarising

fromthestationaryphaseapproximationwhichcannotresolvesdistancessmaller

thanthesizeofthewavepacket.

Theeffectivevelocity Formanycollisionsbetweenparticlesoneintroducestheef-

fectivevelocityveff.Itcanbecalculatedbyconsideringthecorrectiontothebare

velocity k
m.Thesecorrectionsaregivenbythenumberofcollisionsandtheshiftin

positionateachcollision:

veff(k)=
k

m
− dkρp(k)veff(k)−veff(k)

Collisionsperunittime

22mg

m2g2+ 4(k−k)2

Shiftinposition

. (1.112)

Theeffectivevelocityveff(k)canthusbecalculatedwithasimilarimplicitequation

asalreadyseenfortheYang-Yangequationofstate(Eq.(1.38)&(1.39)).Eq.(1.112)

canberewritteninamorecompactform

veff(z,k)=
k

m
− dkρp(z,k)veff(z,k)−veff(z,k)∆(k−k), (1.113)

withdifferentialscatteringphase∆(k−k)introducedinEq.(1.35).Additionallywe

explicitlynotedthespacedependence.

Theauthorsin[15]showedthatthecurrentassociatedtoρp(k)isgivenbyj(k)=

veff(k)ρp(k).ThisleadstotheGHDequation

∂

∂t
ρp(z,k)+

∂

∂z
veff(z,k)ρp(z,k)=0. (1.114)
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Inasemiclassicalinterpretationtheeffectivevelocityveffcanbeseenastheve-

locityofthequasi-particle.Thus,Eq.(1.114)issimplytheclassicallyanticipatedcon-

tinuityequation. Notethatalthoughtheseheuristicargumentsleadtoa"simple"

result,theseresultsarenon-trivialfromthepointofviewofthequantummany-

bodyproblem.Thefullquantumproblemcontainsadditionalcorrectiontermsto

Eq.(1.114)whichariseintheformofadiffusionbetweendifferentcellsandwere

calculatedin[54].

Externalpotential Anexternalpotentialwhichvariesslowlyonthescaleofafluid

cell,canbetakenintoaccountintheinhomogeneousGHDequations[55]:

∂ρp(z,k)

∂t
+
∂

∂z
veff(z,k)ρp(z,k)=

1∂V(z,t)

∂z

∂ρp(z,k)

∂k
. (1.115)

ThenumericalresultsinChap.5arebasedonthecalculationofveffinEq.(1.113)

andtheGHDequation(1.115).Eq.(1.113)canbesolvedbynumericallybyiteration

—similarlytotheYang-Yangequations—and(1.115)canbenumericallyintegrated.

1.5 Losses

Inultra-coldatomsystemslossesarealwayspresentatvariousrates.Considerfor

examplethree-bodylossesduetothree-bodyrecombinationorone-bodylossesby

collisionswiththebackgroundgas.

LossesingeneralcannotbedescribedbytheunitaryevolutionoftheSchrödinger

equationandadescriptionbythedensitymatrixρ̂withthemasterequationisnec-

essary
d

dt
ρ̂=

1

i
H,̂ρ+L[̂ρ], (1.116)

whereL{̂ρ}isthenon-hermitianLindblad-operatorgivenby

L{̂ρ}= dzL̂̂ρ̂L†−
1

2
L̂†̂L̂ρ−

1

2
ρ̂̂L†̂L, (1.117)

withthenon-hermitianjumpoperatorL̂.Thisformalismisnotrestrictedtolosses.

TheLindbladoperatorrepresentsacouplingtoanenvironmentwheretheenviron-

mentisthevacuumstateinthecaseoflosses.InChap.4wetreattheproblemof

j-bodylossesinmoredetail.j-bodylossesrefertoasituationwherethedensity

n=Ψ̂†Ψ̂evolvesaccordingto

d

dt
〈n〉=−̃κj〈n〉

jg(j)(0) (1.118)
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whereκ̃jisthej-bodylossrateconstantandg
(j)(0)thenormalizedj-bodycorrela-

tionfunctionatzerodistance.Forj-bodylossesthejumpoperatorŝLtakestheform

L̂=
κ̃j

j
Ψ̂j(z), (1.119)

whichleadstotheLindbladoperator

L{̂ρ}=
κ̃j

j
dzΨ̂j(z)̂ρΨ̂†

j
(z)−

1

2
Ψ̂†
j
(z)̂Ψj(z)̂ρ−

1

2
ρ̂Ψ̂†

j
(z)̂Ψj(z). (1.120)

Itcanbeverifiedthatthisformof̂LreproducesthecorrecttimeevolutionofEq.(1.118)

asshowninAppendixSec.A.4.

1.5.1 QuantumMonte-Carlowave-functionmethod

ItcanbeenshownthatthetimeevolutiongivenbythemasterequationEq.(1.116)is

equivalenttoastochasticdescriptionofdifferentrealizationsofwavefunctions[56,

57].TheexpectationvaluespredictedbytheLindbladevolutionarerecoveredbya

samplingovermanyrealizations.Consideringthesituationoflosseswithinashort

timeintervaldt15.Ifalossoccurswithindttheinitialwave-function|Ψ(t)〉ispropa-

gatedwith

|Ψ(t+dt)〉=̂L|Ψ(t)〉 (1.121)

andtheprobabilitythatalossoccursisgivenby

dp=
〈Ψ(t)|̂L†̂L|Ψ(t)〉

〈Ψ(t)|Ψ(t)〉
dt. (1.122)

Notethatherewechooseunnormalizedwavefunctionwhichleadstothenormaliza-

tionintheexpressionoftheprobability.

Atthesametimethereexistsaprobability1−dpthatnolossoccurs.Inthatcase

thewavefunctionispropagatedwith

|Ψ(t+dt)〉=e−
dt
2L̂
†̂L|Ψ(t)〉. (1.123)

Thelastequationrepresentthefactthat,evenwhennolossoccurs,wegaininforma-

tionaboutthesystem.Forexampleimaginethatweobserveastatewithanon-zero

varianceinN.Whenwedonotobserveanylossforaverylongperiod,weknowthat

thesystemcontainsveryfewparticles.Themeanparticlenumberisdecreasedby

15Thetimeintervaldtischosensuchthattheprobabilitydpofalossoccurringwithinthetimedt

issmall.

36



CHAPTER1.THEORY 1.5.LOSSES

Eq.(1.123).Theprobabilityofnolossoccurringcanberewritteninfirstorderindt

as

1−dp=
〈Ψ(t+dt)|Ψ(t+dt)〉

〈Ψ(t)|Ψ(t)〉
. (1.124)

Eq.(1.121)-(1.123)representtheWavefunctionQuantumMonte-Carlomethod,

orinshortQuantumMonte-Carlo(QMC).Itcanforexamplebeimplementedona

computer,whereaftereachtimestepdt,oneofthetwopossibleevolutionofthe

wavefunctionischosenwiththecorrespondingprobability.Therepeatedapplica-

tionofthisprocedureonthewave-functioniscalledaquantumtrajectory.Thispro-

cedureisthenrepeatedinordertoobtainmanyquantumtrajectories.Thephysical

observableareobtainedfromaveragesovermanytrajectories.

DependingontheconsideredsituationtheQMC-methodcanhaveseveralad-

vantageousovertheMasterequation:Itallowstoperformcalculationsforfeedback

onaquantumstate.InSec.4.7weusetheQMCapproachforafeedbackscheme

basedontheatomslostfromaquasi-condensate.ThestochasticapproachofQMC

canalsoleadtonumericaladvantage[58].Insteadofcalculatingthetimeevolution

ofamatrixwithN×Nentries,onecalculatesthetimeevolutionofvectorswithsize

N.

Summary:

•TheBethe-AnsatzisapowerfultoolwhichsolvestheLieb-Linigermodel.

•BasedontheBethe-Ansatzanexactthermodynamicscanbederived–

theYang-Yangthermodynamics.Itallowstoidentifythreeequilibrium

regimesoftheLieb-Lingermodel:thequasi-condensate,theidealBose

gasandtheTonksregime.

•Insidethequasi-condensateregimetheBogoliubovapproachindensity-

phaserepresentationleadstoacollectionofuncoupledharmonicoscil-

lators:

Hq=Aqn
2
q+Bqθ

2
q.

•TheGeneralizedHydroDynamics(GHD)isapowerfulnewtooltode-

scribetheout-of-equilibriumdynamicsbasedontheBethe-Ansatz.
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Chapter2

Theatomchipexperiment

Theatomchipexperimentusesstandardlasercoolingandlasertrappingtechniques.

Inafirststageitcreatesacoldcloudof87Rbatomswhichismagneticallytrappedby

micro-wiresdepositedontheatomchip.Foramoredetaileddescribtionaboutthe

experimentaltechniquesIreferthereaderto[36,42,59].Theworkingprinciplesof

thesecreationstageswerenotmodifiedduringmyPhDandratherstandardtech-

niquesforthecoldatomcommunityareused.Thetechniqueswhichareparticular

totheexperiment,asthemodulatedguide(Sec2.3.1.2),orthedouble-wellpotential

inthelongitudinaldirection(Sec2.3.2.2),willbedescribedinmoredetails.

AlN

gold mirror

15µm

3
µ
m

atoms

2.1 Theexperimentalsetup

Figure2.1–Experimentalsetupwithazoomonitsstructure.

Theexperimentisbuiltarounditscentralpiece,theatomchipinsideavacuum

chamberat 10−11mBar.Theatomchipisproducedbymeansofnanofabrication
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techniques1anditconsistsofaprinciplelayerofAluminium-Nitride(AlN)which

servesasanisolatinglayerandshowsatthesametimegoodheat-conductingprop-

erties[60].ThecopperwiresaredepositedontheAlNsubstrateandcoveredbyan

insulatinglayerofbenzocyclobutene(BCB).BCBischosenforitspropertiestocreate

flatsurfacesafterspin-coating.Ontopofthisstructure,thereisathinlayerofgold,

actingasamirrorfortheMOTandtheimagingsystem.Thechipismountedatanan-

gleof45◦insidethevacuumchamberasshowninFig.2.1.ThreepairsofHelmholtz

coilsoutsideofthevacuumchambercreatehomogeneousfieldsinthethreespatial

directionandonepairofanti-Helmholtzcoilscreatesthemagneticquadrupolefor

theexternalMOT(see2.2).

Figure2.2–a)Levelstructureof87Rb,withthedifferentlasersusedintheexperiment.

Theatomsaremagneticallytrappedinthe|5S1/2,F=2,mF=2〉.Themasterlaseris

lockedonthelevelcrossingbetween|F=2〉and|F=3〉whichservesasafrequency

referencefortheexperiment.TheMaster2laserservesastheprimarylaserofthe

experiment;usedfortheMOT,molasses,opticalpumpingandimaging.Itsfrequency

islockedusingabeat-notewiththeMasterlaser,allowingtosweepitsfrequencyof

about300MHz.Adaptedfrom[59].

b)Photooftheatomchipmountedonitscoppermount.

2.2 Preparationscheme

Thepreparationschemecanbesummarizedbythefollowingsteps:

1TheproductionisledbySophieBouchouleattheLaboratoirePhotoniqueetNanostrucutres

(LPN),CNRS/UPSUDinMarcoussis,nowrenamedinCentredeNanosciencesetNanotechnologies

(C2N).
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1.ExternalMOT:AmirrorMagneto-OpticalTrap(MOT)iscreatedwiththetwo

beamsreflectingonthechipsurface.Themagneticquadrupolefieldsarepro-

videdbyexternalcoilsoutsidethevacuumchamber.Theuseofthemirror

MOTconfigurationreducesthenumberofbeamstofour(insteadofsix)and

allowstocreateaMOTclose(afewmm)tothechipsurface.

2.ChipMOT:TheatomsareloadedintoamirrorMOT,whosemagneticquadrupole

fieldiscreatedbywiresonthechipandthedistancetothechipisreducedto

500-800µm.

3.CompressedMOT:ThecompressedMOTisusedtoproduceanelongatedcon-

figurationclosertothechipsurface;moreadaptedforthefollowingveryelon-

gatedtrappingstructures.

4.OpticalMolasses:OpticalMolassesareusedtofurthercoolandincreasephase-

spacedensity.

5.OpticalPumping:Asapreparationofmagnetictrappingtheatomsareoptical

pumpedintothestate|5S1/2,F=2,mF=2〉(seeFigure2.2).

6.DCtrap:Theatomsaretransferedintoanelongatedmagnetictrapcreatedby

aZ-shapedwire.Thistrapisinitiallyat500µmdistancefromthechipsurface

andisthenfurthercompressed.

7.Evaporativecooling:Forcedradio-frequency(RF)evaporativecoolingiscar-

riedouttoobtainabout2×105atomsatT∼1µK.

8.Transfertothesciencetrap:Toobtainhighmagneticgradientsandtherefore

hightrappingfrequencies,theatomsaretransferredintoaposition6µmfrom

thechipsurfaceontopofthethree-wireguidewhichcreatesthefinalscience

trap.Incomparisontopreviouschipdesigns,thistransfercanbeperformed

mucheasierduetothesymmetricdesignofthechip:Thenewchipdesign

placesthecenteroftheDC-trapandthesciencetrapatthesamelongitudinal

position,makingthepreviouslyusedlongitudinaltransferobsolete.Catching

schemesasmentionedin[59]turnedouttobeunnecessary.

9.Sciencetrap/Modulatedguide:Thefinaltrapconsistofaveryelongatedtrap

geometry,whoseprinciplesaredetailedinthefollowingSec.2.3.Weuseamag-

netictrapcreatedbyafastmodulatedcurrentwheretheatomsaresensitiveto

thetime-averagepotential.Amongstotheradvantages,themodulationtech-

niqueallowstocircumventtheproblemofpotentialroughness[61].Inthesci-

encetrap,weinitiallytrapabout8×104atomsatf⊥≈1.5−15kHzandf∥=8Hz.

Besidestheharmoniclongitudinaltraps,quarticanddoublewellpotentialcan

berealized(seeSec.2.3.2.2).

41



2.3. MAGNETICTRAPPING CHAPTER2.THEATOMCHIPEXPERIMENT

10.RF-coolinginthesciencetrap:InthesciencetrapaRF-outcouplingisusedto

furthercooldownthegasintothe1Dregimewherewetypicallypreparesome

hundredstoafewtenthousandatomsinsidethequasi-condensateregime.

Thecoolingmechanismusedinthesciencetrapisdiscussedinmoredetailin

Chap.4.

2.3 Magnetictrapping

Neutralatomswithamagneticmomentµexperienceanenergyshiftinamagnetic

fieldB(x)accordingtotheZeemanHamiltonian

HZ=−µ·B=µBgFF·B, (2.1)

withtheBohrmagnetonµBandgFtheLandég-factoroftheatomichyperfinestate.

IntheexperimentweusethehyperfinestateF=2wheretheLandéfactortakesthe

valuegF=1/2.TheZeemaneffectcanbeusedtocreatespatiallyvaryingpoten-

tialV(x),undertheconditionthatthedirectionofthemagneticfieldchangesmuch

slowerthantheLarmorprecession|dB/dt|/|B| ωL,withωL=µBB/
2[28].Then

mF,themagneticquantumnumber,isaconstantofmotionandtheatommovesin

thepotential

V(x)=gFµBmF|B(x)|. (2.2)

DependingonthesignofgFmF(−/+)atomsgetattractedtowardsthemaximum/min-

imumofthemagneticfieldandarecalledhighfieldseekers/lowfieldseekers[63].Ac-

cordingtoMaxwell’sequationamagneticfieldmaximuminfreespaceisforbidden

inastaticsituation[64].Thereforeonlylowfieldseekersareofpracticalinterestand

weusethestate|F=2;mF=2〉inthisexperiment.

2.3.1 Wiregeometriesfortrappingneutralatoms

Thissectionintroducesdifferenttrappinggeometrieswhichareusedontheexperi-

ment.Startingfromthesinglewire,morecomplicatedgeometriesareintroduced.

2.3.1.1 Potentialbyasinglewire

Letusconsiderasingle,infinitelylong,wirewhichcarriesthestaticcurrentI.Ac-

cordingtotheBiot-Savartlaw,thiswirecreatesamagneticfieldBφ(r)asshownin

Fig.2.3

Bφ(r)=
µ0I

2πr
eφ, (2.3)

2Thisadiabaticityconditioncanbetypicallycriticalatthebottomofthetrapwhichinduceslosses,

knownasMajoranalosses[62,63].
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withthemagneticvacuumpermeabilityµ0,theradialdistancetothewirerandeφ
theunitvectorincylindricalcoordinates.Thesinglewirecreatesa1/r

a)

y

x

z

B⊥

x

B0

b)b)

c)

potentialin

Figure2.3–Singlewireconfiguration:

a)Cutthroughthewireplanewithmagneticfields.b)Normofthemagneticfield

alongthex-axes.Inbluemagneticfieldofthewire,ingreenwithadditionalmagnetic

fieldB⊥creatingapotentialminimumandinredtogetherwithmagneticfieldB0to

liftthemagneticfieldandavoidazeroofthemagneticfield.c)Orientationofthe

wireonthechip

theradialdirectionwhichdoesnotallowatrappingpotentialonitsown.Anaddi-

tionalperpendicularmagneticfieldB⊥needstobeaddedinordertocreateamag-

neticminimum(seeFigure2.3):Thereexistsapointonthex-axiswhereB⊥cancels

outthefieldcreatedbythewireBφ(r).Thetotalmagneticfield|B|+B⊥|obtainsa

minimumatthedistanced=µ0I/(2πB⊥)andthepotentialinthex-directionisgiven

by

V(y=0)=µB B2⊥
d

x
−1

2

, (2.4)

wheremFgFisdropped,sincemFgF=1intheexperimentalimplementation.How-

ever,sincethemagneticfieldatthemagneticminimumatdistancediszerotheadi-

abaticityconditioncannotbefulfilled;theLarmorfrequencyωL=µBB/ becomes

strictlyzero.ToavoidthisproblemanadditionalmagneticfieldB0alongthewiredi-

rectionzisadded.Then,thepotentialofasinglewire,togetherwiththetwohomo-

geneousmagneticfields3createausefultrappingpotential(seeFigure2.3b)).The

dominantfieldaroundthetrappingminimumwillalwaysbegivenbyB0,sinceatthe

3ThehomogeneousmagneticfieldsB⊥andB0canbecreatedbyexternalcoilsinHelmholtzcon-

figuration.ThecreationofB⊥bywiresonthechipisconsideredinthefollowingsection.
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magneticfieldminimumB⊥cancelsoutthemagneticfieldofthewireBφ.Weexpand

themagneticfieldsinthepotentialintermsof1/B0arounditsminimumwhichleads

to:

V=µB B2x+B
2
y+B

2
0 µBB0 1+

1

2

Bx

B0

2

+
1

2

By

B0

2

, (2.5)

whereBx,ByarethexandycontributionsofBφ+B⊥.BxandBycanbeexpandedin

termsofx/dandy/dfromwhichweobtainthetrappingfrequency4ω⊥

ω⊥=
µB

mB0

µ0I

2πd2
=2π

µB

mB0

B⊥

µ0I
. (2.6)

Thesinglewireconfigurationprovidesatrappingpotentialintwodirection(x,y).A

simplewaytoaddatrappingpotentialintheremainingz-direction,canbeobtained

bybendingthewirein"Z"-shape.Thisallowsfortrappingin3Dandslightlytilts

thetrap(formoredetailssee[65]).The"Z"-shapedwireconfigurationisusedinthe

atomchipforthefirstmagnetictrapwhereweperformevaporativecooling.Thistrap

isnamedDC-trap(seeSec.2.2)andwetypicallyuseacurrentofI=3A,togetherwith

B⊥=38GandabiasfieldB0=1.2G.

2.3.1.2 Threewiregeometryandmodulatedguide

Threewireconfiguration Theexperimentusesintheperpendiculardirectiona

three-wireconfigurationasthefinalsciencetrappingpotential5.First,considera

singlewireaspreviouslyintroducedwithcurrentI.Inthethree-wiregeometry,the

perpendicularmagneticfieldB⊥,previouslycreatedbytheexternalcoils,isnowcre-

atedbytwoparallelwirescontainingthesamecurrentinoppositedirection(seeFig-

ure2.4).Thepositionofthepotentialminimumislocatedatthesamedistanced

fromthecentralwire.Thisrendersthetrapcenterinsensitivetocurrentfluctua-

tions6.Thetrappingfrequencyisthesameasinthesinglewiresituationandgiven

by

f⊥=
1

2π

µB

mB0

µ0I

2πd2
. (2.7)

Inordertoobtainhightransversetrappingfrequencies,eitherhighcurrentsIor

smalldistancesdtowardsthewires,arenecessary(f⊥∝ I/d
2).Themaximalcur-

rentisfixedbytheohmicheatwhichtheatomchipstructurecanabsorb,leadingto

atechnologicalbarrier. Whengettingclosertothechipsurfacenewphysicalprob-

lemsarise.Closetothecurrentcarryingwirestheeffectofinhomogeneitiesinthe

4Dueto∇B=0thetrappingfrequencyinxandy-directionarethesameforconstantBz.
5seeSec.2.3.2forthelongitudinalconfinement.
6Exactlythesamecurrentisflowingthroughthesamewiresduetointer-connectionsofthewires

inloops.
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-I II

d

x

yz

d d

B⊥
a) b)

Figure2.4–a)ThethreewireconfigurationwhereB⊥iscreatedbythetwoouterwires

withcurrentsintheoppositedirection.b)Comparisonofwireroughnessofdifferent

chipdesigns.Notethatalthoughourchip,denoted"Orsay-Chip",doesnotshowthe

bestperformanceintermsofproductionquality,theproblemofwireroughnessdoes

noteffectourexperiment,duetothemodulatedguidetechnique.

wirescanbecomeveryimportant. Duetoimperfectionsduringthewiregrowing

process,thewirecannotsimplybedescribedbyperfectcuboids,withparallelplanes

(seeFig.2.5).Thecurrentinsidethewirelocallystartstopointawayfromthez

a) b)

-

direction.Thisleadstoaroughnessofthepotentialinducedbythecurrent.Inworst

casethisleadstoafragmentationofthecondensate[66–68].Twotypesofproduction

defectswereobserved:wireedgeimperfectionsandtopsurfaceimperfections.Both

Figure2.5–a)Wireinhomogeneitywithazoomb).Takenfrom[69].

showanunfavorablescalingasr−5/2withthedistancetowardsthewirer[67].There

existstwomaindirectionstoavoidthisproblem: Manygroupsfocusonthequality

oftheproductionprocesswhichcanbeimprovedinordertoreducetheimperfec-

tionofthewires[70](seeFig.2.4b)).Inourgroupwechooseadifferentapproach.It

wasobservedthatareversedcurrentcreatesareversedpotential[66]andasalready

pointedoutin[66]afastmodulatedcurrentmightovercomethepotentialroughness.

Since2007,ourexperimentusesthistechniqueofamodulatedguidetoovercomethe

problemofwireroughness[61,71].Untiltodaynopotentialroughnessarisingfrom

wiredefectswasobserved.Thecurrentimplementationconsistsofthethree-wire
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geometry,asintroducedabove,andinsteadofadirectcurrent(DC),analternating

current(AC)isused,modulatedatafrequencyωmod/(2π)=400kHz

I(t)=I0cos(ωmodt). (2.8)

Theatomscannotfollowthisfastcurrentmodulationandaresensitivetothetime

averagedpotential

〈V(r,t)〉=
1

T

T

0
V(r,t)dt

a)

b)

c)

. (2.9)

Figure2.6–a)Schematicrepresentationoftheeffectofthewireroughnessonthe

currentdeviationδIandthemagneticfieldδBforacurrentflowingtotheright.b)

Thesamecurrentflowingtotheleftproducestheoppositecurrentdeviation−δIand

consequentlytheoppositemagneticfielddistortion−δB.c)RF-evaporativecooling

inthemodulatedguidewiththeprinciplesknifeoforder0andthesidebandsof

order±1.

InthefollowingIwillcalculatethetimeaveragedpotential〈V(r,t)〉asinEq.(2.5)

whereaninhomogeneityasdepictedinFig.2.6a)&b)istakenintoaccount.The

inhomogeneitycreatesamagneticfielddistortioninthez-directionδBz.Goingback

toEq.(2.5)thepotentialwrites

V(r)=µB (B0+δBz)
2+B2x+B

2
y. (2.10)

ExpandingthisequationinquadraticorderinBi,leadsto

V(r,t) µBB0 1+
δBz

B0
+
1

2

Bx

B0

2

+
1

2

By

B0

2

. (2.11)

WhenmodulatingthecurrentI(t)=I0cos(ωmodt),theterm〈δBz/B0〉averagesout

overafullperiodandthetimeaveragedpotentialwrites

〈V(r,t)〉=µBB0 1+
1

2

〈B2x〉

B20
+
1

2

〈B2y〉

B20
. (2.12)

46



CHAPTER2.THEATOMCHIPEXPERIMENT 2.3. MAGNETICTRAPPING

Withtheuseof〈B2x/y〉=B
2
x/y/2wherehereBx/ystandsforthestaticcase,onerecov-

erstheexpressioninthestaticcaseofEq.(2.5),differingbyafactor1
2
.Thisleadsto

thetrappingfrequencyfAC⊥ inthemodulatedguide

fAC⊥ =
1

2
f⊥. (2.13)

Radio-frequencyevaporativecoolinginsidethemodulatedguide IntheDCtrap,

RFforcedevaporativecoolingisperformedbyspinflipstoanuntrappedstate(mF=

0). Consideraradiofrequency(RF)fieldtogetherwiththepreviouslyintroduced

modulatedguide. Theresonanceconditionthendependsonspaceandleadsto

spin-flipsontheborderofthetrap.RF-inducedspinflipsinthemodulatedguide

canbeseenasaRF-fieldwhichisfrequencymodulatedat2ωmod.Thisintroduces

sidebandsinthespectrumat2ωmod[72].Theresonanceconditionwrites

ωRF=µBB0+
µBb

2
r2n

4B0
−2nωmod, (2.14)

withbbeingthequadrupolegradientandrnthepositionwherethen-thsideband

isresonant(seeFig.2.6c)).Experimentallyoneisinterestedinworkingwithasingle

RF-knife,forwhichwechoosetheordern=0.Thismeansthatevaporativecool-

inginsidethemodulatedguideisonlypossibleinsideawindowof∆V=2ωmod=

kB38µK.Therefore,thecloudhastobeprecooledintheDCtrap,beforeitcanbe

loadedintothemodulatedguide. Thiswindowhasbeenincreasedatthebegin-

ningofmyPhDbychangingthemodulationfrequencyfromωmod/(2π)=200kHz

toωmod/(2π)=400kHz.

Stabilityofthetrap Inprinciple,onecouldbeworriedthattheincreaseinωmod
affectsthestabilityofthetrap.Themodulatedtrapisstableunderthecondition

thatωmodismuchgreaterthanthetransversetrappingfrequencyω⊥whichiseasily

fullfilled. Ontheotherhand,itmustbemuchslowerthantheLarmorfrequency

ωL;assuringthatadiabaticitycondition,suchthattheatomicspincanfollowthe

instantaneousmagneticfieldorientation:

ω⊥ ωmod ωL. (2.15)

In[72]adetailedstudyshowedthatatthenewmodulationfrequency400kHzlosses

arestillnegligible.

2.3.2 Longitudinaltrapping

Themodulatedguideonlycreatesatransverseconfinementandanadditionalcon-

finementinthelongitudinaldirectionisneeded.Asjustifiedinthefollowing,the
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longitudinalpotentialisindependentofthetransverseconfinementandthetotal

confinementisgivenbythesumofthelongitudinalandtransverseconfinement.For

thelongitudinalconfinementweusewiresperpendiculartotheonesforthetrans-

verseconfinement(seeFig.2.7).Theseperpendicularwiresarefarfromtheatoms

andwecandevelopthelongitudinalpotentialinpowersofzarounditsminimum

V(z)=
i=1

aiz
i. (2.16)

Closetothepotentialminimumwheretheatomsarelocated,higherordersleadin

principletosmallercorrections.EachwireallowstocontrolonecurrentIi.This

directlyfixesthemaximalorderinthepowersseriesV(z)= i=1aiz
iwhichcanbe

independentlycontrolled.Inthecurrentchipdesignfourwiresforthelongitudinal

trappinggeometryareimplementedwhichwenameD1,D2,δ1andδ2(seeAppendix

Fig.A.2).Thosewiresallowthecreationofpotentialsuptoorderfour(seeFig.2.8).

Tojustifythedecouplingbetweenthelongitudinalandtransverseconfinement

letuscalculatethefullpotentialarisingfromthemagneticfieldsofmodulatedguide

(threewiregeometry)andthemagneticfieldsfromthefourwiresforthelongitudi-

naltrapping.Themodulatedguidecontributeswithmagneticfieldsoscillatingwith

BAC
i
cos(ωmodt)inxandydirection.TheDCcurrentsinthelongitudinalwiresleadto

staticmagneticfieldsBzandBx.Inanalogytoeq.(2.11)weexpandthefullpotential

uptosecondorderinBi/B
tot
z wherei=x,yandB

tot
z =B0+Bz:

V=µBB
tot
z



1+
1

2

Bx+B
AC
x cos(ωmodt)

Btotz

2

+
1

2

BACy cos(ωmodt)

Btotz

2


. (2.17)

Takingthetimeaverage〈...〉overthefastmodulationofthemodulatedguide,one

obtains

〈V〉=µBB
tot
z








1 +

1

2

B2x

(Btotz)
2

longitudinalconfinementV∥

+
1

4

BACx
2

(Btotz)
2
+
1

4

BACy
2

(Btotz)
2

transverseconfinementV⊥








. (2.18)

Thesecondpartontherhs.,namedtransverseconfinementV⊥,correspondstothe

expressionalreadyfoundforthetransverseconfinementinEq.(2.12)whereB0isre-

placedbyBtotz.InmostsituationsB0stronglydominatesoverBz,whereBzisthecon-

tributionfromthelongitudinalDCwires,andweexactlyrecoverEq.(2.13).Thesmall

correctionsarisingfromBzandleadingtof⊥∝I/B0+Bzaretypicallysmallerthan

1%,exceptforthequarticanddoublewellpotentialwhicharediscussedinSec5.1.3.

Whenthesecorrectionscanbeneglected,thetransverseandthelongitudinalcon-

finementareindependentandgivenbythesumofV∥andV⊥.Thelongitudinalcon-

finementV∥onlyvarieswithrespecttozandthetransverseconfinementV⊥with
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respecttoxandy. NotethatthesituationdiffersfromtheDCtrappingschemes

wherethelongitudinalandthetransverseconfinementarenotindependentofeach

other[42]. Wemakefrequentlyuseofthisdecouplingpropertyinthemodulated

guidetocontrolbothpartsindependentlyandmanyparts,suchastheinteraction

quench(Sec.3.2)andGHDexperiment(Chap.5),heavilyrelyonhisproperty.

LetusnowcalculatethelongitudinalconfinementV∥whichwrites
7accordingto

Eq.(2.18)insecondorderinBi/B0

V∥=µBB0 1+
Bz

B0
+
1

2

Bx

B0

2

. (2.19)

WecalculateV∥startingfromasinglewireatdistanceb=L/2 0.945mmfromthe

trapcenter(seeFig.2.7).Thesinglewirecreatesamagneticfield

Bx =
µ0I

2πb2
b+z

1+2zb+
z
b
2
+ d
b

2

µ0I

2πb
1−
z

b
+
z

b

2
−
z

b

3
(2.20)

Bz =
µ0I
2π
d
b2

1

1+2zb+
z
b
2
+ d
b

2

µ0I

2π

d

b2
1−2

z

b
+3

z

b

2
−4

z

b

3
+5

z

b

4
,(2.21)

uptoorder(z/b)4inV∥.Smallcorrectionoforder(d/b)
2≈10−4ford=15µ

x

z
 

y

B2

B1

B1+2

I1 I2

I1    I2    

V(z)
x

z
 y

a) b)

mare

neglected.

Figure2.7–a)Currentconfigurationfortheharmonicpotentialwithbothcurrents

flowinginthesamedirection.ThemagneticfieldsBxfrombothwirescancelinthe

centeratthepotentialminimum,whileBzaddsup.b)Viewonthechipwiththe

modulatedguideinredandthewiresresponsibleforthelongitudinalconfinement

inpurple.

7Inthefollowingthenotation〈...〉forthetimeaverageisdropped.
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2.3.2.1 Harmonictrappingpotential

Aharmonictrappingpotentialcanbecreatedbytheuseoftwowiresforwhichwe

usethetwowiresnamedD1andD2onthechipdesign(seeAppendixFig.A.2).For

simplicityweassumeacompletelysymmetricchipandthesamecurrentsI1=I2=I

inthewiresD1&D2.Duetothesymmetryoftheproblem,themagneticfieldofthe

secondwirecanobtainedwithEq.(2.20)andBx→−Bxwithz→−z.Thisleadstoa

totalmagneticfieldofthewiresinz-directionwhichonlycontainsoddterms:

Bx=
µ0I

2πb
−2
z

b
−2

z

b

3
. (2.22)

ForBzthesymmetryoftheproblemimposesBz→Bz(andz→−z),leavingonly

eventermsintheexpansion

Bz=
µ0I

2πb

d

b
2+6

z

b

2
+10

z

b

4
(2.23)

Thisleadstoatwo-wirepotential

V∥=µBB0+
µBµ0I

2πb








2d

b
1+3

z

b

2
+5

z

b

4

ContributionofBz

+
µ0I

πbB0

z

b

2
+2

z

b

4

Con.ofBx







. (2.24)

InEq.2.24twocontributionscanbeidentified:ArisingfromBzauniformterm,a

terminz2andaterminz4iscreated,whilethepotentialarisingfromBxdoesnot

containanyuniformcontribution. Comparingthetwocontributionsforourchip

layout,oneobtainsthattheBx-contributionisdominantovertheBz-contribution

(2d µ0I/(πB0)).Thisisequivalenttothemagneticfieldcreatedbythelongitudinal

trappingwiresatthedistancedissmallcomparedtoB0(B0 µ0I/(2πd))which

holdsforthetypicalvaluesofI=1Aandd=15µm.Theharmonictrappingfre-

quencyω∥withinthisapproximationisthengivenby

ω∥=
µBµ

2
0I
2

π2b4B0m
. (2.25)

Thisleadsforthetypicalexperimentalparameterstoashallowconfinementofω∥/(2π)=

0−150Hz.

Asdiscussedbefore,thetermBzintroducescorrectionstothetransversecon-

finementf⊥∝I/B0+Bz.ThestrongestcontributiontoBzarisesfromtheuniform

term

Buniformz =
µ0Id

πb2
. (2.26)
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FortheharmonictrapswhichareusedinChap.3&4,thetermBuniformz neverexceeds

1%ofB0whichmakesthiseffectnegligible.Correctionswhicharenon-uniforminz

areevensmaller.DependingonthedirectionofI1&I2withrespecttoB0,thiscor-

rectionleadstoaslightlyincreasedordecreasedtransversetrappingfrequencyf⊥.

Notethatadditionallysmallcorrectionsarisefromhighertermsinthe1/B0expan-

sion.Beyondsecondorderin1/B0thedecouplingbetweenthelongitudinalandthe

transversedirectionisnotvalidanymore.

InthissectionwealwaysassumedI1=I2.Inpracticethewiresonthechiparenot

completelysymmetricwhichdisplacesthetrapcenterandleadstoz3terms.Inprac-

ticewethereforechoseslightlydifferentvaluesforI1andI2(I1 I2).BycontrollingI1
andI2independently,wecandisplacethecenterofthetraporcorrectforpotentialz

3

terms.Although,fordetailedcalculationsthedifferenceinI1andI2isimportant,the

modelwithI1=I2stillgivesagoodintuitionofthecreationofharmonicpotentials.

PriortomyPhDtheexperimentalpotentialscouldbecalculatednumericallyby

takingintoaccountthefinitesizeofthewiresandthefullwiregeometry8[42].Since

thebeginningofmyPhDthecalculatedpotentialsdidnotmatchtheexperimental

observations(centerofthetrapandω∥).Anagreementwiththecalculationshas

beenobtainedbyartificiallyaddinganuniform9magneticfieldBx=180mG.The

originofthishypotheticalmagneticfieldisunclearandseveralreasonsareunder

consideration:Theunintendeduseofamagneticpieceinsidethemagneticshielding

oraleakycurrent.

2.3.2.2 Doublewellpotential

Tocreateapotentialcontrolleduptoorderfourweuseasecondpairofparallelwires

carryingthecurrentι(seeinnerwiresinFig.2.8whichcorrespondtothewireδ1&

δ2inFig.A.2).Incontrasttothedecouplingbetweenthetransverseconfinement

andthelongitudinalconfinement,thesecondpairofwiresdoesnotsimplyadda

potential,duetothequadraticB2xcontributionofEq.(2.17).Thetotalpotentialis

calculatedusingthesamesymmetryargumentsusedforEq.(2.22)&(2.23)andap-

8SeeFigureA.2:thewiresarenotsimplygivenbystraightlinesandbendfurtherinthecurrent

supplylinesonthechip
9Addingagradient∆Bxdidnotsignificantlyincreasethemodelquality
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proximatingBtotz withB0whichleadsto

V∥=µBB0+
µBµ0

2π






2d
I

b2
+
ι

β2
+6d

I

b4
+
ι

β4
z2+10d

I

b6
+
ι

β6
z4

ContributionofBz

+
µ0

B0π

I

b2
+
ι

β2

2

z2+2
I

b2
+
ι

β2
I

b4
+
ι

β4
z4

ContributionofBx






. (2.27)

Inordertocreateadoublewellpotential,ananti-confiningterminz2

I    
I    

V(z)x

z

 y

andaconfin-

Figure2.8–Topviewonthechipwithasecondpairofwirestogether(comparewith

Fig.2.7)andasketchofthedoublewellpotentialV(z)withwellseparationΛabar-

rierheightδ.ThefourgreenwireswiththecurrentsIandιinoppositedirection

createthelongitudinalconfinement,whilethetransverseconfinementiscreatedby

thethreewiresinred.

ingterminz4isneeded.Concerningthez2part,theBxcontributionwhichstrictly

createsaconfiningz2potential,needstobecompensatedbytheBzcontribution.

WithV(z)=a2z
2+a4x

4weget

a4=
µBµ0

2π
10d

I

b6
+
ι

β6
+
2µ0

B0π

I

b2
+
ι

β2
I

b4
+
ι

β4
> 0 (2.28)

a2=
µBµ0

2π
6d

I

b4
+
ι

β4
+
µ0

B0π

I

b2
+
ι

β2

2

< 0. (2.29)

LetusconsiderI>0.Thena2(ι)isapolynomialofordertwowitha2(ι)−−−−→
ι→±∞

+∞

andforb>β,thereisalwaysanegativeparta2<0whichoccursforι<0(seeFig.2.9

a)).Thereforethecurrentsforadouble-wellpotentialarechoseninoppositedirec-

tion(seeFig.2.8).FormoredetailsseeAppendixA.3.Fortheexperimentalrelevant
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parametersB0=2.4G,I=5A,d=15µm,b=0.945µmandβ=0.722µmthenega-

tivezone,isquitesmall.Additionally.a4needstobepositive(seeFig.2.9b)).Both

conditionsrestrictthezoneintoasmallintervalι=[−3.18A;2.98A].Notehowever

thatinpracticea4<0doesnotimplythatthepotentialbecomesanti-confining.For

largerdistanceshigherterms(a6

a) b)

,...)willalwaysensurethatthepotentialstayscon-

finingatlargerdistances.Againforaprecisecalculationtheeffectsduetothefinite

Figure2.9–a)Thequadraticcoefficientofthepotentialexpansiona2asafunction

ofιfortheexperimentallyrelevantparametersB0=2.4G,I=5A,d=15µm,b=

0.945µmandβ=0.722µmwithazoomaroundthenegativearea.Theredshaded

areacorrespondstotheareawhereadoublewellpotentialiscreatedwitha4>0.

Notethattheregionforadoublewellpotentialisrathersmall.b)ThewidthΛandthe

depthδofthedoublewellpotential(seeFig.2.8)asafunctionofι.Thedashedline

correspondstoatypicalexperimentalrealization,withΛ=200µmcorrespondingto

δ=63nK.

sizeofthewiresshouldtobetakenintoaccount[42].However,duetotheproblems

previouslyexplaineditturnedoutthatthecalculationsonlygavearoughestimation

ofthecreatedpotentialandanadaptionontheexperimentwasnecessary.Thepre-

viouslyestablishedcorrectionswithBx=180mGfailedtoproduceaprecisemodel

(alsoseediscussionbelowaboutthesensitivity).Therefore,wedevelopedthefollow-

ingruleofthumbtechnique,basedonthepreviousdiscussion: Westartfromahot

cloudandcreateaharmonictrappingpotentialwiththeD1andD2wires,closetothe

maximalcurrentinD1&D2whichisaboutI=5A.Then,wedecreasethecurrents

ι1/2inthewiresδ1/2fromzerotonegativevaluesuntilwecanobservethesignatureof

aoddterm(z3)whichmanifestsitselfinanasymmetryinthecloudshape.Byfurther

decreasingthecurrentsι1/2,wecounterbalancetheasymmetrysuchthatthecloud

shapestayssymmetricandinthecenteruntiladoublewellstructureappears.Inthe

typicalparameterrangeafurtherdecreaseofthecurrentsι1/2reducesthedistance

betweenthetwominima(seeFig.2.9b)).Byfurthercoolingthecloudintothequasi-
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condensateregime,wetypicallypreparedouble-wellpotentialswithΛ 200µmand

abarrierofδ 60nK.

Quarticpotentials Withthisprocedure,wealsoreproducedquarticpotentialswith

a2=0

V∥=a4(x−x0)
4. (2.30)

Byincreasingthecurrentsι1/2thecoefficienta2approacheszeroagainandthere

existsapointwherea2=

a) b)

0(seeFig.2.9a)).Anexperimentaldensityprofileofthe

quarticpotentialisshowninFig2.10a). Quarticpotentialshavebeenpreviously

producedontheexperiment[42].

Figure2.10–a)Insitudensityprofileinaquarticpotential(blueline)insidethe

quasi-condensateregime.IngreentheThomas-Fermiprofileobtainedfromafitwith

a4=3×10
8K
m4
wherehighdensitycorrectionsduetotheswellingofthewavefunc-

tionaretakenintoaccount.Intheflatregionofthecloudthepotentialroughness

producedfromadsorbedRubidiumatomsisvisible.b)Sketchofthedoublewell

potentialtogetherwithasmallperturbationVx
1

δI
liftingthedegeneracyofthetwo

minimaandcreatingonoffset .

Sensitivityofthedoublewellpotential Thedoublewellpotentialisexperimen-

tallyratherdelicateduetoitssensitivitytotheexperimentalparameters.Alreadyin

Fig.2.9b)oneobservesthatasmallchangeinιdirectlyleadstoaverystrongchange

inδandΛ.Inpracticeneitherthechiplayoutiscompletelysymmetric,northecur-

rentsintherightandleftwirecanbeperfectlycontrolledtobeequal.Letusmodel

theeffectofanexperimentaldefectasafifthwirecarryingasmallcurrentδI.For

simplicityletusassumethefifthwireisatdistanceβ.Inordertoestimatethelargest

contribution,letuscomputeatfirstorderinz/bthecontributiontothetotalpoten-

tialfromthefifthwire.ThefifthwireintroducesthelinearperturbationVx
1

δI
=a1z.
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ThisliftsthedegeneracyofthetwominimaasshowninFig.2.10b)andcreatesa

potentialwhichaddstoEq.(2.27):

Vx
1

δI=
µBµ0δI

πβ








d

2β

fromBz

+
µ0

πB0

I

b2
+
ι

β2

fromBx







z. (2.31)

AgainthedominantcontributionisgivenbyBx.Fortheexperimentallyrelevantpa-

rameters(seecaptionofFig.2.9),asmallcurrentofδI=100µAleadstoashiftof

thepotentialatthepositionoftheminimaof =22nK.Thiscorrespondstoone-

thirdofthebarrierdepthδ=60nK.NotethatδI=100µAcorrespondsto0.003%of

ι=−3A.Wedidnotperformprecisionmeasurementsofthecurrent.Experimentally,

however,astrongsensitivitywasobserved.

Beforediscussingtheexperimentalobservations,letmeremindthattheexperi-

mentworksinacycleof≈20sandtwoeffectscanbedistinguished:Thelongtime

stabilityofthetrappingpotentialandthestabilityofthetrappingpotentialwithin

thecycle.Remarkably,whenlookingatthesametimeinthesequenceoveraseveral

minutestohours,nosignificantdeviationwasobservable(seeFig.2.11b)).Taking

thepreviousestimationintoaccount,thisisrathersurprising.Still,whenconsidering

verylongtimescalesoftheorderofseveralhours,adriftinthepotentialwasobserv-

able.Betweendifferentdatasetsthebalancebetweenthetwowellswascorrected

bysmallchangesinι1andι2.Thepreviousstatementholdwhentheatomswereal-

waysobservedatthesametimewithintheexperimentalcycle. Whenobservingthe

atomsforvariableholdingtimesinthetrap,oneobserveastrongdriftintheoffset

betweenthetwowells(seeFig.2.11a)).Thisindicatesthattheexperimentalsetupis

wellinastationarysituation.Aftereachexperimentalcycle( 20s)theexperimental

apparatusreturnstoitsinitialsituation(heating,deformation,etc.).Duringasingle

cyclehowever,theexperimentalapparatusexperienceschangeswhichleadtostrong

reproducibledriftsinthepotentialV(z).

Additionallyproblemsarisefromusingcurrentsupto5A.Thisleadstoconsid-

erableheatingeffectsonthechip.Theheatingleadstoathermalexpansionwhich

canbeobservedviatheimagingsystem. Ontheimagesthestructureofthethree

wires,responsibleforthetransversetrapping(seeFigureA.2greenwires),canclearly

bedistinguished.Inordertomaintainanimageinfocusofthesewires,theposition

ofthecameraneedsbeadapted.Fromthechangeinfocusonecandeducethatthe

positionofthechipsurfacechangesby≈60µm10.Thisexpansionofthechipcannot

besolelyexplainedbyanexpansionoftheBCBlayer(≈6µmthick)anditisproba-

blylinkedtoastrongheatingofthechipmount.Thetemperatureexpansionofthe

10Heretheconversionfromthecamerapositiontothefocuspositionisobtainedbyacalibration

fromtime-of-flightimages.
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b)a)

c)

Figure2.11–a)ThepotentialV(z)obtainedfromtheThomas-Fermiapproximation

andapolynomialfitofthelinearinsitudensity(seedashedredlineinb))fordifferent

waitingtimest.Thepotentialshowsasignificantdeformationlinkedtothesensitiv-

ityofthedouble-wellpotential.

b)Thesingleshotdensityn(z)forthewaitingtime(t=0msinb))for15differentre-

alizations.Forreadabilityn(z)wassmoothed(meanvalueover12pixel).Theblack

lineistheaverageoverthe15realizationsandtheredlinethepolynomialfitusedin

a).

c)Firstandlastpotentialoffigurea)
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coopermountofalengthof3cm,canbeestimatedat∆T=60K,tobeofthesame

order(30µm).

Insummary:Theheatingofthechipandthesensitivitytosmallcurrentdevia-

tionsleadtoverysensitiveexperimentalsituation.Inpracticethepreviousestima-

tionoftheoffsetbetweentherightandtheleftwellturnedouttobetoopessimistic.

Arebalancingofthewellswasexperimentallymanageablebycontrollingthecur-

rentsupto0.01%.Thisdiscrepancyarisesmostprobablyfromthesimplificationin

themodel,whichneithertakesintoaccountthefullgeometryofthechipwires,nor

higherordercorrections.Nevertheless,thedouble-wellpotentialpushestheexper-

imenttoitsstabilitylimits.Apossiblepathtoimprovethesituationcouldbethe

increaseofB0.Itleadstoasmallersensitivitytocurrentimperfections(Eq.(2.31))

andatthesametimetheconfiningtermofz2inEq.(2.29)isreduced.Thiswouldbe

paidbythepriceofareducedtransverseconfinement(f⊥∝1/ B0)whichcanbe

compensatedwithastrongercurrentinthetransversewires.Atthesametimethis

wouldalsoleadtoadesiredsideeffectofareducedcouplingbetweenthetransverse

andthelongitudinalconfinement(seepreviousdiscussioninthissection).

2.3.2.3 Potentialroughness

Thechipsurfaceiscoatedwithathinlayerofgold.ItturnsoutthatRubidiumisad-

sorbedbygoldwhichleadstoanaccumulationofsingleRubidiumatomsonthechip

surface.Theadsorptioninducesachargetransferandleaveselectropositiverubid-

iumatomsonthesurfacewhichcreatesanelectricalstrayfield[73,74].Theelectric

fieldinfluencesthetrappingpotentialviatheStarkeffectandleadstoapotential

roughness.Thepotentialroughnessistypicallyvisibleonthedensityprofilesinthe

quasi-condensateregimeasforexampleshowninFig.2.14b)&Fig.2.10.Thereex-

istsdifferentapproachestoremovethesestrayelectricfields:In[75]amonolayerof

Rubidiumonthechipsurfaceincryogenicenvironmentwassuccessfullyusedtocir-

cumventtheproblem.Anotherapproachatroomtemperaturewasusedin[76]with

aquartzsurfaceonthechiptogetherwithanearbyelectronsource.Italsoseems

thatasilvermirrormightbypasstheproblembymaintainingahighreflectivityand

avoidingtheadsorbtion[77].Previousworkinthegrouptriedtoimplementadielec-

triclayerontopofthechipsurface.Unfortunately,thedielectriclayercrackedwhile

insidethevacuumchamber.

2.4 Geneticalgorithms

AtypicalworkofaPhDstudentinexperimentalcoldatomphysicsconsistsofmany

optimizationtaskswhichdonotalwaysneedapreciseunderstandingoftheunder-

lyingphysicsandequations.Asaparadigmaticexampleconsiderthechargingofa
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magnetictrapfromaMOT:Eventhoughtheunderlyingequationsarewell-known,in

mostpracticalsituationstheorydoesnotpredictthebestchoiceoftheparameter.Ei-

therbecausetheproblemistoocomplicated,theinitialconditionsarenotprecisely

determinedortheexactvalueofthemagneticfieldsetc.arenotpreciselyenough

known.Insuchsituationsonetypicallyperformsamanualoptimizationtaskofthe

finalatomnumber.Thiscorrespondstotheoptimizationofascalarfunction11f(x)

wherefistheatomnumberandxavectorcontainingtheadjustableparameters.It

isofstrongpracticalinteresttoautomatizesuchatask.Inmanysituationsthisisnot

easilyachievable,sincetheparametersoftheproblemarenotcontrolledbyacom-

puter(e.g.adjustmentscrewofamirror).Foraatomchipexperimentthissituationis

quitedifferentcomparedwithstandardcoldatomexperiments. Mostexperimental

parametersarecurrentsonthechipwhicharedirectlycomputercontrolled.Onour

experimentonlythefirststagesfromtheexternalMOTtothemolasses(seeSec.2.2)

aresensitivetosuchnon-computer-controlledparameters.Thereforeatomchipex-

perimentsareprimecandidatesforautomatization.

Sincethereexistsanimmensevarietyofoptimizationalgorithm,letmefocuson

somepracticalaspects.Manyalgorithmsusedincomputersciencerelyonthedeter-

ministicnatureofthefunction f(x)whichexcludesthemfromuseinexperimental

situations.Thereexistsdifferentapproachestodealwiththesenoisyexperimental

situations.Someexamplesfromthecoldatomcommunityaremachinelearningap-

proaches[78,79]orgeneticalgorithms[80,81].InthissectionIfocusonanimple-

mentationofanelitistgeneticalgorithm.Thisapproachiswidelyused,butuntil

nowhasnotbeenimplementedontheatomchipexperiment,norintheatomoptics

groupattheinstitute.Themotivationbehindthechoiceofthealgorithmisbasedon

simplicityofimplication.Wearewellawareofmuchmoreinvolvedandmaybemore

efficientmethods[80].Theaimofthissectionistodemonstrate,howanefficient

optimizationmethodcanbeimplementedwithlittleeffort.

2.4.1 Thealgorithm

GeneticalgorithmsareinspiredbytheDarwinprinciplesofevolutionofgenemixing

byreproduction,mutationandselection. Here,anindividualisasetofparame-

tersx={x1,x2,...xn}.Theselectiontakesplacesbytheoutcomeoftheexperiment,

namelythenumberofatomsofthesetofparameters.Thealgorithmstartsfrom

M randomlychosenindividuals(typically10ontheexperiment).Theexperiment

thenperformsMrunswhereineachrunasingleindividualisused(adifferentsetof

parameters)andtheoutcome(thenumberofatoms)issaved.Then,thealgorithm

11Insomesituationseveralparameterse.g.asthefinaltemperatureandthefinalatomnumber

mightbeofinterest.Insuchasituationacostfunctioncanbecreated,mappingtheproblembackto

anoptimizationproblemofascalarfunction.
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Figure2.12–a)Principlesofthegeneticalgorithm.

b)Illustrationofthereproductionprocess.Colorsandnumbers(genes)correspond

toexemplaryvaluesoftheparameteroftheindividuals.Child1iscreatedbyran-

domlychoosinggenesfromtheparents.Child2takesthepreviouslyunusedgenes.

c)Experimentalimplementationofthegeneticalgorithm.Theatomnumber(blue

points)asafunctionoftheexperimentalcycleduringtheoptimizationprocess.One

generationcorrespondsto10experimentalcycles.Forguidance,theindividualdata

pointsareshowntogetherwithasmoothedgreencurve.After20generationtheal-

gorithmconvergeswithabouteighttimesmoreatomsthaninitially.

performsitstaskwithitsthreeprinciples.Firstitselectsthetwo-thirdofthebestper-

formingindividuals(highestatomnumber).Itthenreproducesthesameamountof

children,byrandomlychoosingtwoparents.Thereproductionprocesscanbeper-

formedasfollowing(seeFigure2.12b)):Foreachpairofparentstwochildrenare

created.Foreachparameteritisrandomlychosen,ifchild1obtainsthegene(pa-

rametervalue)fromparent1orfromparent2.Ifchild1obtainsthegenefromparent

1,child2willobtainthegenefromtheparent2andviceversa.Thismethodensures

thatnoinformationislostatthisstage.Oneadds1/3ofthebestperformingparents

tothechildrencreatedbythisprocess.Thisstagecanbeskipped,butaddsanelitist

behaviortothealgorithmwhichcanspeeduptheoptimizationalgorithm.Atthefi-

nalstepmutationsareadded,byrandomlychangingoneoftheparameteroneach

individual.Weperformmutationsonapredefinedintervalaroundtheoriginalvalue

xk,suchthatthenewvalueisgivenby

xk=xk+sD2
−uk. (2.32)

Ddefinestheintervalinwhichmutationsarepossible,sistherandomsignofthe

mutation,kisthemutationprecisionanduauniformlydistributednumberinthe

interval[0,1].ThistypeofmutationisknownasMühlenbein’smutation[81,82].At

theendofthisthreestepsweendupwithanewgenerationwiththesamenumberof
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individualsMandtheprocessstartsagainwherethisnewgenerationistestedonthe

experiment.InourexperimentalimplementationwedidnotpredefinekandDand

insteadimposedforeachparameteramaximalandminimalvaluetogetherwitha

smalleststep.Theparameterwasnecessarytoavoidinfinitesimalsmallnumbers

whichcancauseproblemswiththeourhardwarecontroloftheexperiment.From

thevalueofthemaximalvalue,minimalvalueand,theparameterkandDcanbe

calculatedsuchthatweobtainthesamedistributionasgiveninEq.(2.32). Wecre-

atedtheinitialgenerationbyperformingrandommutationsonasingleindividual.

Theimplementationofthisalgorithmhasproventobeefficientinsituationswhere

notmuchphysicalintuitionwasavailable.AnexampleisshowninFig.2.12c)where

theatomnumberisincreasedbyafactor8after300experimentalcycles.Still,hu-

mancontrolwasclearlyoutperformingthealgorithmwhenaphysicalintuitionwas

available.

2.5 Heatingandlosses

InthissectionIsummarizethemainsourcesoflossesandheatingintheexperiment:

Lossesfromthebackgroundgasandheating&lossesfromtechnicalnoise. Both

heatingandlosseffectswereobservedduringmyPhDandtheeliminationofthose

processeswasoneofthemosttimeconsumingpartsofmyPhDwork,atleastonthe

technicalside.

2.5.1 Backgroundgaslosses

Collisionswiththebackgroundgasareasourceoflosses. Duetothehighkinetic

energyofthebackgroundgasatoms(roomtemperature)acollisionwiththeback-

groundgasleadsinevitablytoalossoftheatomfromthetrap.Thecollisionrateγis

thengivenby

γ nbackv̄backσback, (2.33)

withnbackthedensityofthebackgroundgas,v̄backthemeanvelocityoftheback-

groundgasandσbackthecrosssectionofthecollisions.Inthecurrentexperimen-

talsituation,ifoneassumessolelycollisionswithhydrogenmolecules,oneobtains

Γ=1/γ=100sforapressureP=10−10mBar12[63,83].Takingintoaccountthemea-

suredlifetimeofΓ 7s,weconcludethatcollisionswiththebackgroundgasshould

giveanegligiblecontribution13.Heatingduetocollisionswiththebackgroundgas,

12Duringtheexperimentalcyclethepressureincreasescomparedtotheinital mentioned

10−11mBarduetotherubidiumvapour. Weroughlyestimatetheincreasedpressuretobeafactor

10higher.
13Althoughcollisionswithdifferentatomicspeciescancontribute,theresultforthetabledcollisions

asRb−RbandRb−Hein[83]doonlydifferbyafewpercent.
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canbeneglectedduetotheshallowtraps.

2.5.2 Technicalnoise

Incontrasttomagnetictrapscreatedbycoils,atomchipsetupsdonobenefitfromthe

naturalcapacitivenoisereductionofcoilsandthusmaysufferfromcurrentnoise.It

isinterestingtonotethatthisproblemcanbereversedandatomchipsetupscanbe

usedasveryprecisemagneticfieldsensors,combininghighsensitivitywithahigh

spatialresolution[84,85].

Heating Letmefocusonthethreewireconfigurationwheretheatomsareatd=

15µmfromthewiresandthereforepotentiallymostsensitivetocurrentnoise.In

thethree-wireconfigurationthepositionofthetrapcenterisfixedbythewirege-

ometry(seeSec.2.3.1.2)anditcanbesafelyassumedthatlossesfromafluctuating

trapcentercanbeneglected14.Thusweassumethatthedominantheatingmecha-

nismcomesfromfluctuationsofthetrappingfrequencyω→ω(1+ (t))where(t)

aresmallfluctuations.Thefluctuationscanbecharacterizedbyanoisespectrum

J(ω)= 〈(0)(t)〉e−iωtdt,whosespectralwidthisassumedtobelargecomparedto

ω.Thetrappingfrequencyoscillationsleadtoaparametricdrivingprocesswhere

transitionsfromthequantummechanicalstate|n〉oftheharmonicoscillatorare

driventowards|n+2〉and|n−2〉.Thisleadstoaheatingprocess:

d〈E〉

dt
=
ω2

2
J(2ω)〈E〉. (2.34)

Eq.(2.34)describesanexponentialheatingcharacterizedwithatimeconstantτheat.

Sinceinthethree-wiregeometryω∝I,weobtain

τ−1heat=
ω2

2I2
JI(2ω), (2.35)

whereJI(ω)= 〈I(0)I(t)〉e−iωtdt.Acharacteristicheatingtimeτheatwhichexceeds

10sundertypicalexperimentalsituationswithI=0.1Aandω/(2π)=3kHzimposes

thatJI<500µA
2/Hz.

Losses ForsimplicityletusrestrictthisdiscussiontotheDCtrap-Thestrongest

contributionofthemagneticfieldseenbytheatomscomesfromB0andpolarizes

14Hereitcanbesafelyassumedthatthecurrentnoiseateachmomentisthesameineachofthe

threewires.Thecableswhichinterconnectthethreewiresareoflengthsofsomemeters. Uncor-

relatednoiseisthereforesuppresseduptoseveralgigahertzwheretheatomscannotfollowthefast

movements.
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theatomsalongthezaxes.However,themagneticfieldsBxandBycouplethetrap

statetotheremainingZeemanlevels.Thislossrateisgivenby

Γnoise
1

22
µBµ0

2πd

2
JI(ωL), (2.36)

wheredisthedistancetothewireandωL=µBB/theLarmorfrequency[63,86].In

theDC-traptheatomsareatadistanced 150µm.Eq.(2.36)predictsthatJI(ω)<

15µA2/Hzinordertomaintainalifetimeofτlosses>10s.

ThelossprocessissensitivetothenoisespectrumaroundtheLarmorfrequency

whichistypicallyontheorderofωL/(2π)=3MHz.Theheatingprocessissensitive

tothenoisespectrumaroundtwicethetrapfrequencywhichisontheorderofa

fewkHz.Experimentallybothheatingandlosseswereobserved,withlossesbeingin

mostsituationsthedominanteffect.Experimentallybotheffectscannotbewellsep-

aratedinshallowtraps,sincespill-oversfromheatingeventuallyalsoleadstolosses.

Aprecisecharacterizationoftheelectronicnoiseonthechipisnotstraightfor-

ward.Inprincipaltheelectronicnoiseontheexperimentcanbelowerthanthees-

timationsofthelimitingvaluesinthissections.Thebestexperimentallymeasured

lifetimeduringmyPhDwasaboutΓ 7swhichisprobablystilllimitedbyelectronic

noise.

2.5.3 Switching-modepowerdevices

Itiswellknownthatswitching-modepowerdevicescanbeanimportantsourceof

electricnoise.Theirbasicworkingprincipleconsistin"cutting"theinputvoltage

(typicallyVin=220Vmodulatedat50Hz)byaswitchingregulatorintoshorttimein-

tervalsandasubsequentfilteringoftheoutputvoltage(typicallyVoutafewVolts).

Noisecreatedbytheswitching-modepowerdevicedoesnotonlyaffecttheelectrical

loopunderconsideration,butcanpropagateviathegroundconnectionsandaffect

differentpartsoftheexperiment.Duetheirlowcosts,switching-modepowerdevices

becameanindustrialstandardwhichinsomepracticalcasesmakethemalmostim-

possibletoavoidinlaboratories.Itispracticallyimpossibletoavoidswitching-mode

powerdevicesinstandardequipment,suchascomputersandscreens.Itishowever

worthtonote,thatgoodqualityswitching-modepowersuppliescanbeofverylow

noise.Howeveritcanbedifficulttolinkthenoisequalityofacertainswitching-mode

powerdevicetoitsnoiseimpactontheexperimentalsetupfromcalculations.Exper-

imentaltestingofthenoiseimpactcanbetricky,sincesomeswitching-modepower

suppliesonlyshowahighnoiselevelatcertainmoments.Evenafterathoroughtest-

ingoftheimpactofacertainswitching-modepowersupplyontheexperimentalcy-

cle,itisnotexcludethataftersometime(evenmonthslater)theswitching-power

devicebecomesamajorsourceofelectricnoiseintheexperiment.Atthesametime

thenoiseofaswitching-modepowerdevicecanalsodisappearforsomewhile.The
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electricnoisefinallyleadstolossesandheatingontheexperimentalsetupwhichwas

regularlyobservedontheexperiment.DuringmyPhD,problemsduetoswitching-

modepowerdevicessignificantlysloweddownthescientificprogress.Alltheabove

mentionedproblemsofnoiseappearinganddisappearingrandomlyhavebeenre-

peatedlyobserved.Asaconsequencealmostallswitching-modepowerdeviceson

theexperimenthavebeensteadilyreplacedbylinearpowersupplieswhichledtoa

continuousimprovementoftheatomlifetime.Additionally,allthecurrentcarrying

wireswhichareusedforatomtrappingpurposes,havebeenshieldedbyspecialwires

andconnectors.

2.6 Technicalinstabilities

2.6.1 Mechanicalinstabilities

Additional stopper

lens mount

MOT beam lens
MOT beam lens MOT mirror

M
O
T  
b
e
a
m

Linear actuator
Fixation ring

a) b)

ThescientificworkofmyPhDhasbeenalsosignificantlydelayedduetotechnical

instabilitieswhichwhereallrelatedtoanewlyinstalledmovablelenssystem.These

problemswerealllinkedtothemoregeneralproblemofmaintainingahighme-

chanicalstabilityofverticalmovingmassiveobject(some200g)overalargenumber

ofrepetitions(somehundredofthousandsrepetitions).

Figure2.13–TheMOTbeamwithitsmovableparts.Left:Picturefromtheside.Right:

Sketchfromthetopview.TheMOTbeamlens(theMOTbeammirror)aremovable

partwhichwillliftedup(sidewards)duringtheDCtrapphase(see2.2).

Theintroductionoftheverticalmovinglenseoriginatesfrommajorchangeson

theimagingsystempriortomyPhD15.Thechangeoftheobjectiveoftheimaging

systemrequiredtheuseofanadditionallensduringtheMOT-phase.ThisMOT-lens

isneededtocollimatetheMOTbeampassingthroughthenewobjectiveinreverse

directionasshowninFig.2.13b). Duetothehighnumericalapertureofthenew

15Formoredetailsonthechangesontheimagingsystemsee[36,59]).
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objective,theMOT-lensneededtobeplacedafewcentimetersbeyondtheobjective

toavoidatoolargespreadingoftheMOTbeam.Unfortunately,itispracticallyim-

possibletoplacetheMOT-beamlenswheretheopticalpathoftheimagingsystem

isseparatedfromtheMOTbeams(seeFig.2.13b)).TheadditionalMOT-beamlens

needstobemovedduringtheimaging,inordertonotdisturbtheimagingpart.Due

tospaceconstraintsontheopticaltable,itwasdecidedtomounttheMOT-beamlens

onaverticalmovingplatform(seeFig.2.13a)).Thispartoftheexperimentisinside

themagneticshieldingwhichrequiredtheuseofaspecialnon-magneticplatform

whichstronglyconstrainsthenumberofpossibletechnicalsolutions.Asasolutiona

linearactuatorfromSmarActGmbHwaschosen16basedonastick-slipmotor.Due

totheoperationinverticalposition,anadditionalspringforgravitycompensation

wasadded,afterconsultationwiththeproducer(seeFig.2.13).Thewholesetupis

fixedbyaclampring(fixationring)aroundasteelcylinderofdiameter30cm(see

Fig.2.13a).

DuringmyPhDthefollowingpartsshowedsignificantdegradation:

•Spring:Theadditionalspringbroketwice.Sincethewholesetupishidden

behindthemagneticshielding,thiswasnotimmediatelyrealized. Wedonot

knowhowlongthelinearactuatorwasrunningwithoutgravityassistanceof

thespring.

•Thelinearactuator:Twiceanearlydegradationwasobserved.Eachtimethis

resultedinareplacementofthestick-slipmotor.Afteradetailedinspection

withtheproducer,thecauseofthisearlydegradationremainedunclear.Ac-

cordingtothecompanytheselinearactuatorsareroutinelyusedinsimilar

conditions(numberofrepetitions/weight)withoutsignificantsignsofdegra-

dation.Itisunclearifthisislinkedtothebrokenspringmentionedabove

whichmighthaveleadtoanexcessivestressontheactuator.Eachreplace-

mentwaslinkedtoseveralmonthsofdown-timeoftheexperiment,duetothe

reparationbytheproducingcompany.

•TheclampringTheclampringchangedseveraltimesitsposition.Thiseffect

wasunexpectedbyseveralexperiencedtechnicians,althoughfirstobservation

signswereathand. Theclampringwithstandsatleasttheweightof70kg

withoutanydisplacementandnodisplacementcanbeobservedafterseveral

movementsofthelinearactuatorwithitsload.Howeverthesituationcandra-

maticallychangewhenconsideringhundredofthousandsofmovementofthe

system17.Then,thelenstogetherwithitsmountactslikeasmallhammerof

about200gontheclampring.Thisledtoamovementbyseveralmilimetersof

16The non-magnetic version of SLC-2460-D-NM: http://www.smaract.com/products/

linear-positioners/slc-series/slc-2460/
17Thisisanestimationofthenumberofyearlymovementsofthelinearactuator.
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theclampring18.Byaddingmetalspacerswhichareplacedbetweentheclamp

ringandafixedbasis,thismechanicalinstabilitywasremoved.

Insummary:theverticaldisplacementofalenswithahighprecisionandhigh

reproducibilitycanbeamorecomplicatedtaskthananticipatedandifpossiblea

horizontaldisplacementispreferable.Althoughthesystemisfunctionalatthemo-

ment,areplacementsystemwaspreparedwhichisbasedontheblockandtackle

techniquewithmostofthepartsoutsideofthemagneticshielding.Itcannotbeguar-

anteedthatsuchasystemdoesnotshowsimilarfailures.However,allofitstechnical

componentscanbeeasilyreplacedoutsidethemagneticshieldingandthecompo-

nentsarebasedonwellknownsimpleelectricmotorsand"stoneage"mechanics.

Withthisreplacementsystemweexpecttoavoidlengthytimedelaysinthefuture.

2.6.2 Magneticstability

DuringmyPhD,Iobservedincreasedfluctuationsandlongtermdrifts(ontheor-

derofhours),whenworkingwithlownumberofatoms(np 5µm−1).Itsoriginis

notclear,howevertherearehintsthatitmightbelinkedtofluctuationsofthemag-

neticfields.Thewholevacuumchamberisprotectedfromexternalmagneticfields

byametallicshieldingintwolayers.Theouteroneoutofmu-metalandtheinner

oneoutiron.In[71]ithasbeenestimatedthatthestabilityprovidedbythisshield-

ingisbetterthen800µG.Sincethismeasurementtheinnerlayerofironstartedto

showsignsofrustwhichchangesthemagneticstructureoftheironandprobablyits

shieldingcapacity.Takingtheupperboundof[71]asanestimationforamagnetic

fluctuationδB=800µGandassumingthisfieldalignedtobewithB0,thiswouldre-

sultinafluctuationofthepotentialoffsetof7%comparedtothechemicalpotential

µatf⊥=3kHzandn0=5µm
−1.Inprinciplefluctuationsofthepotentialoffsetare

unimportant,unlessworkingwithRF-knifesasusedfortheevaporativecooling.

2.7 Imagingsystem

Weusestandardabsorptionimagingtechniques,whosekeypointswillbeintroduced

inthefollowing.Amoredetaileddescriptionincludingthenewlyinstalledimaging

systemcanbefoundin[36,59].AbsorptionimagingisbasedontheBeer-Lambert

law
dI

dx
=−n(x,y,z)σ(I), (2.37)

whereinthisparagraphxisthedirectionoflightpropagationthroughtheatomic

cloud,Itheimagingbeamintensity,σ(I)theabsorptioncross-sectionandn(x,y,z)

18ThisproblemcouldbewellsummarizedundertheancientGreeksaying”Ρανιενδελεχουσα
κοιλαινειετραν”—"constantdrippingwearsthestone”(ChoerilusofSamos5thcenturyBC)
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the3Datomicdensity.Ingeneralσ(I)inamultilevelatomicstructurecannotbe

easilyobtained(see[42]fordetailedanalysisoftheprobleminpresenceofamulti-

levelstructure).Thesituationchangesdrasticallyforatwo-levelsystemwithlighton

resonancewherethecrosssectionisgivenby

σ(I)=
σ0

1+ I
Isat

, (2.38)

withthelowintensitycrosssectionσ0=3λ
2/(2π),thesaturationintensityIsat=

Γimπc/(λσ0)andthenaturallinewidthΓim. Atwo-levelsystemcanbeobtained

byapplyingastrongmagneticfield(10G)tosplitthehyperfinestructureinitsmF
statesandaddressingtheatomswithanimagingbeamofσ+polarization.Weusethe

two-levelsystemontheclosedtransitionbetween|F=2,mF=2〉and|F=3,mF=3〉

whichhasnaturallinewidthΓim=2π6.069MHz[87]for
87Rb. Weshinearesonant

imagingbeamatwavelengthλ=780.24nmontotheatomsandanimageisrecon-

structedfromtheabsorbedlight.Thexintegratedatomnumbernatperpixelisthen

obtainedbycomparisonwithareferenceimagetakenwithoutatoms60msafterthe

firstimage:

nat(y,z)=
∆2

σ(I)
ln
N
ph
2

N
ph
1

. (2.39)

N
ph

i
isthenumberofphotonsinthei-thimagewherei=1istheimagewithatoms

andi=2isthereferenceimage. Thesizeofthepixelintheobjectplaceis∆=

1.75µm.Theimagingbeamisshoneontheatomsviathegoldmirroronthesurface

ofthechipat45◦(seeFig.2.14).Withoutatomsthisshouldleadtoaflatimagenat=0

everywhere.Inpractice,however,asmallresidualunevennesscanbeobservedand

areferenceimagewithoutatomsissubtracted.Sinceweareinterestedin1Dphysics,

weuseforalmostallapplicationstheintegratedatomicdensityn(z)= nat(y,z)dy;

theatomicprofileintegratedoverthetransversedirection(seeprofileFigure2.14b)).

2.7.1 Time-of-flightimages

Weuseatime-of-flightimagingtechniqueinordertoobtainasituationwherethe

equationforthetwo-levelsystemEq.(2.38)isvalid.Weswitchoffthetrappingpoten-

tialsandtheatomsfallundergravityduringashorttime-of-flighttf=8ms
19.During

thetime-of-flighttheimagingmagneticfieldBim=10Gisswitchedon.Theimaging

magneticfieldBimisorientatedwithrespecttotheimagingbeamofpolarizationσ+,

suchthattheonlyclosedtransitionisgivenby|F=2,mF=2〉and|F=3,mF=3〉(see

Fig.2.14).Aftertheshorttime-of-flighttheatomsareplacedatapositionwherelight

19Forthiswholemanuscripttfwillbe8ms,ifnotstatedexplicitlydifferently.
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By

a) b)

Figure2.14–a)Theimaginglaserbeamisshoneontheatoms.Thelaserbeamis

reflectedfromthechipsurfaceintotheimagingsystemb)Densityprofilen(z)(blue)

comparedtoThomas-Fermiprofilwiththequasi-condensateequationofstateµ=

gn(red)andwithcorrectionsduetotheswellingofgroundstateinthetransverse

directionµ= ω⊥ 1+4na3D−1(green).Thebumpsontheexperimentalprofile

areduetothepotentialroughnesswhicharisesfromrubidiumatomsadsorbedon

thechipsurface(seeSec.2.3.2.3).

reflectedfromthechipsurfacesdoesnotrecrosstheatomiccloud(seeFig.2.14a)).

Duringthetime-of-flightthecloudexpandsquicklyinthetransversedirectionand

adilutecloudisimaged.Thisavoidsproblemsofhighdensitiesasdiscussedbelow

inSec.2.7.2. Weusetime-of-flightimagestorecordthedensityripplesimages(see

Sec.2.8.1)andtoextractthemomentumdistribution(seeSec.2.8.3).Additionally,

theyareusedtocalibratetheinsitunumberofatoms,asdiscussedinthefollowing

section.

2.7.2 Insituimages

Incontrasttotime-of-flightimages,insituimagesdonotdirectlycontainthecor-

rectatomnumber,andalwaysneedtobecalibratedwithtime-of-flightimages.Still,

insituimagescanbeveryinterestingforpracticalpurposeswheninterestedinthe

atomicprofile.Insituimagesinsidethequasi-condensateregimeonlycontainsmall

densityfluctuations,incontrasttothelargedensityripplesappearingafteratime-of-

flight(seebelowSec.2.8.1).Therefore,theatomicprofilecanbeobtainedinasingle

shotwitharelativelylowlevelofnoiseandaveragingovermanyrealizationsisun-

necessary.ThisadvantageisexploitedintheGHDproject(seeChap.5).

Weacquireinsituimagesafteraveryshorttime-flightof100µs,duringwhich

neitherthedensityprofilenorthedensityfluctuationsaremodified.Insuchasit-

uation,theatomsabsorbtwicetheimagingbeam:Thefirstabsorptiontakesplace
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a)

atoms

b)

Figure2.15–Insituimaging.a)Positionoftheatomswithrespecttotheimaging

beamandthechip.b)Insituabsorptionimagingoftheatomiccloudanditsmirror

image. Notethatthetransversegroundstateissmallerthanthepixelsize∆.The

atomnumberiscalibratedwithatime-of-flightimage(seeFig.2.14).

beforethereflectiononthechipsurfaceandasecondabsorbtionafterthereflection

onthechipsurfaceasshowninFig.2.15a).Thisleadstotwoimagesoftheatomic

cloud:arealimageandamirrorimageoftheatomsasshowninFig.2.15b).Apri-

oriitisnotdirectlypossibletoreconstructn(z),sincewithoutwell-definedmagnetic

fieldtheatomscannotbedescribedbyatwolevelsystem(Eq.(2.38)). However,it

turnsoutthatforpracticalconsiderationsEq.(2.38)stillholds[42,88],withσ0re-

placedwithασ0.Thecorrectioncoefficientisapproximatelyα 0.8andtheexact

valuedependsonthedetuning.Theapplicabilityisroutinelyverifiedbycomparing

theinsituprofilestothetime-of-flightprofilesandαiscorrectedforsmallvariation

ineachdataset.ForhighatomicdensitiesthevalidityoftheBeer-Lambertlawcan

belostandtwoeffectscandistinguished:First,whentheinterparticledistanceis

smallerthanthewavelengthnon-trivialreabsorptionprocessesbecomeimportant.

Second,whenthesizeofthecloudbecomesmuchsmallerthanthesizeofthepixel

∆,thenon-linearityofthelogarithmleadstoaunderestimationoftheatomnum-

ber. Botheffectscanbeobservedontheexperimentforhighatomicdensitiesin

thecenterofthetrapandinpreviousworks[36,42,59]correctiontechniqueswere

used.Forthedatapresentedinthisthesistheatomicdensitieswerechosentobelow

enoughsuchthatthesecorrectionswereunnecessary.Additionally,theshorttime-

flightof100µsleadstoatransverseexpansion,suchthatthetransversesizeofthe

cloudbecomescomparabletothepixelsize.Notethatitcouldbearguedthatonlyin

situimagesallowtoextractthecorrectatomicprofileincontrasttotime-of-flightim-

ages.This,however,doesnotapplytotheexperimentalsituationsconsideredinthis

thesis.Duetotheshallowlongitudinaltrappingconfinementsandtheshorttime-of-

flightstf=8ms,nochangeinthelongitudinalatomicprofilewasobserved.Consid-
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eringthedatainthisthesistheadvantageoftheinsituimagesoverthetime-of-flight

imagessolelyconsistsinalowerstatistics:Thelargedensityfluctuationsinsidethe

quasi-condensateregimeareremovedandthesignaltonoiseratioisincreasedby

avoidingthelargespreadinthetransversedirection.
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2.8 Analysismethods

2.8.1 Densityrippleanalysis

Themethodofthedensityrippleanalysiswaspioneeredby[89]andlaterusedin

theViennagroup[19,90,91].Insidethequasi-condensateregimedensityripples

appearafterashorttime-of-flight,duringwhichinitialphase-fluctuationsaretrans-

formedintodensityfluctuations20δρ(z).Thismethodhasbeenproventobeavery

usefultoolfortemperaturemeasurements[19,24].PriortomyPhDthedensityrip-

plemethodwasnotusedinourgroup21andthetemperaturemeasurementsmainly

reliedoninsitumeasurementsoftheatomnumberfluctuations[11,92,93].Both

measurementsmethodshavetheirstrengthsandweakness.Theadvantageofthe

insituatomnumberfluctuationsmethodliesinitsdirectlinktoathermodynamic

quantityviathefluctuation-dissipationtheorem.Itcanthusbeusedinallregimes

ofthephasediagram(Fig.1.4).However,insidethequasi-condensateregimewhich

wepredominantlyinvestigate,densityfluctuationsaresuppressedwhichmakesits

observationtechnicallydifficultandrequiresalotofstatistics.Instarkcontrast,the

densityripplemethodreliesonthethermalphase-fluctuationswhichdevelopinto

largedensityfluctuationsandwhichcanbeofthesameorderastheinitialmean

atomicdensityn0(z).Thesedensityripplesarethereforeveryeasilyvisibleonasin-

gleshotimageasshowninFig.2.16b)whichdrasticallyincreasesthesignaltonoise

ratio.Theyareofstochasticnatureandtheaverageprofileoverseveralexperimen-

talrealizationgivesthemeanprofile〈ρ(z)〉=ρ0(z).Bothmethodsaresensitiveto

excitationinthephononicregime.InthefollowingIwillshowhowthedensityrip-

pleanalysiscanbeusedtoextractinformationaboutindividualBogoliubovmodes

(seeSec2.8.1.2)andhowitcanbeusedasathermometrytoextractthephononic

temperature(seeSec2.8.1.3).

2.8.1.1 Densityripplespowerspectrum

InthissectionIwillrederiveexpressionsforthedensityripplesspectrum〈|̃ρ(q)|2〉,

firstestablishedin[90].Amoredetailedderivationcanbefoundinourpaper[18],

whosederivationiscloselyfollowed.Letusconsideragasinitiallytrappedwhose

trappingpotentialisremovedatt=0.Theatomsthenfallundergravityduringatime

tf.Thepowerspectrumofthedensityripples〈|̃ρ(q)|
2〉aftertime-of-flightwritesas

〈|̃ρ(q)|2〉= dz1dz2e
iq(z1−z2)〈δρ(z1)δρ(z2)〉, (2.40)

20Inthefollowingtheletterρisusedfortheatomicdensityaftertime-of-flight,whilethelettern

denotestheatomicdensityinthetrap.
21Oneexamplemeasurementcanbefoundin[36]
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withδρ(z)=ρ(z)−〈ρ(z)〉thedensityfluctuationaftertf.Whenexpandingeq.(2.40)

theterm|dzeiqz〈ρ(z)〉|2appears.Thistermcanbesafelyneglected,sincewere-

strictourselvestoshorttime-of-flights,suchthatthecloudshapedoesnotchange

(〈ρ(z)〉 n0(z)withn0(z)theinsituatomicdensity
22andatthesametimeweare

onlyinterestedinwavevectorssmallerthantheinversecloudlengthsuchthatthe

term−| dzeiqz〈ρ(z)〉|2givesnegligiblecontributionsto〈|̃ρ(q)|2〉.Thenweobtain

〈|̃ρ(q)|2〉= dz1dz2e
iq(z1−z2)〈ρ(z1)ρ(z2)〉. (2.41)

Duetothestrongtransverseconfinement,thegasexpandsfastinthetransversedi-

rectionandinteractionsbecomealmostimmediatelynegligible(amoredetaileddis-

cussionabouttheinteractionsfollowsinSec.2.8.1.7),suchthatonecancalculate

ρ(z)=Ψ̂†(z,tf)̂Ψ(z,tf)withthefree-particlepropagator

Ψ̂(z,tf)=
1

2πtf
dαΨ̂(α,0)e

i(z−α)
2

2tf . (2.42)

Forreadability,Iuseinthisparagraph =m=1.Thisleadsto

〈ρ(z1)ρ(z2)〉=
1

(2πtf)2
dαdβdγdδ〈̂Ψ+αΨ̂βΨ̂

+
γΨ̂δ〉e

−i
(z1−α)

2

2tf
+i
(z1−β)

2

2tf
−i
(z2−γ)

2

2tf
+i
(z2−δ)

2

2tf ,

(2.43)

withthenotationΨ̂ν=Ψ̂(ν,0).Expandingtheexponential,weobtain

〈ρ(z1)ρ(z2)〉=
1

(2πtf)2
dαdβdγdδ〈̂Ψ+αΨ̂βΨ̂

+
γΨ̂δ〉e

i
(α−β)z1
tf
+i
β2−α2

2tf
+i
(γ−δ)z2
tf
+i
δ2−γ2

2tf .

(2.44)

InjectingintoEq.(2.41),andusing dzeikz=2πδ(k)andδ(x/α)=|α|δ(x),weget

〈|̃ρ(q)|2〉= dαdδ〈̂Ψ+αΨ̂α+qtfΨ̂
+
δ+qtf
Ψ̂δ〉e

−iα
2

2tfe
i
(α+qt)2

2tf e
−i
(δ+qt)2

2tf e
iδ
2

2tf. (2.45)

Definingδ=α+X,wefinallyobtain

〈|̃ρ(q)|2〉= dαdXeiqX〈̂Ψ+αΨ̂α+qtfΨ̂
+
α+X+qtf

Ψ̂α+X〉. (2.46)

Uptonowthederivationisgeneralanddidneitherassumeaspecificregimenora

certaingeometryofthecloud.

22ThispropertyhasbeenexperimentallyverifiedasdiscussedinSec.4.4.3.
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Homogeneousgasinthequasi-condensateregime Letusconsiderahomogeneous

systeminordertoobtainanalyticresultswhichcanishelpfultoobtainanintu-

ition. Wewilllatercomebacktodifferenttrappingpotentials. Weintroducethein-

tensivequantityofahomogeneoussystemoflengthLwhichisgivenby〈|ρ(q)|2〉=

〈|̃ρ(q)|2〉/L.Insidethequasi-condensateregimêΨzcanbewrittenas n0e
îθ(z)(see

Sec.1.3)wherethedensityfluctuationsδ̂n(z)areneglected.ThenEq.2.46writes

〈|ρ(q)|2〉 n20

L/2

−L/2
dXeiqX e

iθ̂0−θ̂qtf+θ̂X+qtf−θ̂X , (2.47)

wherethetranslationalinvarianceofthesystemwasusedtointegratedoutαand

againweusedthesimplifiednotationθ̂z=θ̂(z).

2.8.1.2 FilterforBogoliubovmodes

InEq.(2.47)onlypairsofθ(z1)−θ(z2)appearwherez1−z2isseparatedbyqtf.When

restrictingtowavevectorssuchthatqtf lc,thedifferenceθ(z1)−θ(z2)stayssmall

(seeSec.1.3)andwecanexpandtheexponentialinEq.(2.47)whichleadsto

〈|ρ(q)|2〉 n20 dX1−
1

2
θ̂0−θ̂qtf+θ̂X+qtf−θ̂X

2
eiqX. (2.48)

Inthewholesectionwearenotinterestedinthecontributionatq=0,andforsim-

plificationofthecalculationwedropallthetermswhichdonotdependonX.Addi-

tionally〈θ(z1)θ(z2)〉onlydependsontheseparationof|z1−z2|whichleadsto

〈|ρ(q)|2〉=n202−e
iq2tf+e−iq

2tf dX〈θ(0)θ(X)〉eiqX, (2.49)

whereagainthetranslationinvariancewasused.LetmenowintroducetheFourier

transformofθ(z)

θ̄q= eiqzθ(z)dz, (2.50)

andweobtain

〈|ρ(q)|2〉=4n20〈|̄θq|
2〉sin2

q2tf

2
, (2.51)

Thecomplexvaluedquantityθ̄qcanbedecomposedinitscosineandsinecontribu-

tionwith〈|̄θq|
2〉=12〈θ

2
q,c〉+〈θ

2
q,s〉.Forasystemwhichisinvariantundertranslation

bothcontributionsareequal〈θ2q,c〉=〈θ
2
q,s〉andwefinallyobtain

〈|ρ(q)|2〉=4n20〈θ
2
q,r〉sin

2
q2tf

2m
, (2.52)
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wheremand arereintroduced.Theindexrstandsforr=c,sandwillbedropped

inthefollowing.

Thisimpliesthatforlowlyingwavevectors qtf lcmthedensityripplespec-

trumresolvesindividualBogoliubovmodes.Onthedataanalysisside,Eq.(2.52)con-

stitutesthecentralequationfortheinteractionquenchwhichisintroducedChap.3.

ForasystematthermalequilibriumandthermallypopulatedmodeskBT ωq
whereωqistheBogoliubovmodefrequencyofEq.(1.67),theequipartitiontheorem

allowstowrite

〈θ2q〉=mkBT/(
2n0q

2). (2.53)

ThepredictionofEq.(2.52)togetherwithEq.(2.53)isshowninFig.2.16.

2.8.1.3 Densityripplethermometry

Withouttherestrictiontosmallwavevectors qtf lcmandinequilibriumsitua-

tionsinahomogeneoussystemananalyticformulacanbeobtained[90].Forhigher

qcontributiondifferentBogoliubovwavevectorsgetmixedandthedensityripple

spectrumcannotresolveindividualBogoliubovmodes.StartingfromEq.(2.47),we

canusethefactthatθ̂isaGaussianvariableandapplytheWicktheoremtorewrite

theexponential:

〈|ρ(q)|2〉=n20 dXeiqXe
−12 θ̂0−θ̂qtf+θ̂X+qtf−θ̂X

2

. (2.54)

Theexponentialcanbefurtherrewrittenas

〈|ρ(q)|2〉

n20
= dXeiqXe

−12 (̂θ0−θ̂qtf)
2+(̂θX+qtf−θ̂X)

2+(̂θ0−θ̂X)
2+(̂θqtf−θ̂X+qtf)

2−(̂θ0−θ̂X+qtf)
2−(̂θqtf−θ̂X)

2

.

(2.55)

Usingthefirstordercorrelationfunction

g1(z)=〈Ψ̂
†(0)̂Ψ(z)〉 n0e

−12〈θ̂(z)−θ̂(0)
2
〉=n0e

−|z|/lc, (2.56)

withlc=
22n0
kBT
,onecalculates

〈|ρ(q)|2〉

n20
=

∞

−∞
dXeiqXe

−2
|qtf|+|X|

lc
+
|X+qtf|

lc
+
|X−qtf|

lc . (2.57)

ThisFouriertransformofanevenfunctiononXcanberewritten

〈|ρ(q)|2〉

n20
=2

∞

0
dXe

−2
|qtf|+|X|

lc
+
|X+qtf|

lc
+
|X−qtf|

lc cos(qX). (2.58)
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Aspreviously,letusrestricttoq>0andwecandistinguishthetwocasesX>qtf
andX<qtf.ForX>qtfEq.(2.58)onlygivesanirrelevantcontributiontoq=0.For

X<qtfEq.(2.58)leadsto

〈|ρ(q)|2〉

n20
=2

qtf

0
dXe

−2Xlccos(qX). (2.59)

TheintegralofEq.(2.59)canbesolvedanalyticallywhichleadsto

〈|ρ(q)|2〉=2n20

2qlc−2e
−
2qtf
mlc qlccos(

q2tf
m
)+2sin(

q2tf
m
)

q(4+l2cq
2)

(2.60)

where andmarereintroduced.Eq.(2.60)representsthecentralresultsofthissec-

Figure2.16–a)Densityripplepowerspectrum.Greenlinecorrespondstothepre-

dictionforahomogeneousgas |̃ρ(q)|2 inaboxoflengthL=2Randathemean

atomicdensityn0=N/(2R)(Eq.2.60).Thebluelinecorrespondsthelocaldensity

predictionEq.(2.64).Thedotscorrespondstoadatasetatf⊥=3.1kHzandtheyel-

lowlinetothecorrespondingfitwhichtakesintoaccounttheLDAandtheimaging

resolutionforwhichweobtainσ=1.97±0.04µm.Alltheplottedlinescorrespond

tothesametemperatureT=53±4nKwhichisobtainedfromthefit.Notethatthe

positionofthefirstmaximumofthedensityrippleisshiftedtotheleftbytheimag-

ingresolutionwhichpreventstoobservetheoscillatorybehavior.Theupperaxis

j=qRcorrespondstothewavevectorwhichisdominatedbytheν-thmodeindex

forBogoliubovmodesinaaharmonictrap.Theredlinecorrespondstothesmallq

expansion(seeSec.2.8.1.2)validfor qtf/(mlc) 1.

b)Singleshot2Dimageofthedensityripple.Thelongitudinalz-axisishorizontal.

tion.InFig.2.16itisshownforexperimentallyrelevantparameters.Eq.(2.60)shows
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adampedoscillatorybehaviorwheretheheightofthefirstmaximumisapproxi-

matelyproportionaltothetemperatureofthegas(seeEq.2.52).Theexpressionof

Eq.(2.60)solelydependsonthetemperatureT,apartfromtheexperimentallywell

knowndensityn0andthetime-of-flighttf.Itcanbethereforeusedtofittheexperi-

mentaldatatoobtainthetemperature.

2.8.1.4 Localdensityapproximation

TheexpressionforthefilterofBogoliubovmodesEq.(2.52)andforthethermom-

etryEq(2.60)onlyholdsforahomogeneousgas,whilethegasinourexperimental

realizationisconfinedinanexternalpotential.Theconceptuallymostintuitivetreat-

mentofthetrappedgas,canbeobtainedbytheLDA.Laterinthissection,weshow

thatcorrectionsbeyondtheLDAapproachcanbeneglectedfortheexperimentally

relevantsituations.

InordertoderivethedensityripplepowerspectrumwithintheLDA,letusrein-

troducethetermB=| dzeiqz〈ρ(z)〉|2,neglectedinEq.2.41.Applyingthefreepar-

ticlepropagatorBwrites

B= dαdXeiqXΨ̂+αΨ̂α+qtf Ψ̂
+
α+XΨ̂α+X+qtf. (2.61)

Withinthequasi-condensatewheredensityfluctuationscanbeneglected,thefield

operatorsinEq.(2.46)&Eq.(2.61)write

Ψ̂+αΨ̂α+qtfΨ̂
+
α+X+qtf

Ψ̂α+X= nαnα+qtfnα+X+qtfnα+Xe
iθ̂α−θ̂α+qtf+θ̂α+X+qtf−θ̂α+X.

(2.62)

ThedensityisgivenbytheThomas-Fermiprofilenα=n0(α).CollectingEq.(2.61)&

(2.62)onewrites:

〈|̃ρ(q)|2〉= dαdXeiqX nαnα+qtfnα+X+qtfnα+X×

e
iθ̂α−θ̂α+qtf+θ̂α+X+qtf−θ̂α+X − e

iθ̂α−θ̂α+qtf e
iθ̂α+X+qtf−θ̂α+X (2.63)

TheLDAassumesthatthesizeofthecloudLismuchlargerthanlcandadditionally

wecanassumethat qtf/m lc.ThisimpliesthatatconstantαandforX lc
thesecondterminEq.(2.63)vanishes.Thedensityprofilen(z)variesonlyslowlyon

scalesz L.AslongasweconsiderwavevectorsforwhichholdsLq 1wecan

write

〈|̃ρ(q)|2〉 dα〈|ρn0(α)(q)|
2〉. (2.64)

TheLDAresultofEq.(2.64)canbeusedtocalculatethedensityripplethermom-

etrythepowerspectrum〈̃ρ(q)〉inatrap.ThenumericalresultofEq.(2.60)together
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withEq.(2.64)isshowninFig.2.17.TheLDAresultsisalsousedtocalculatethetime

evolutionof〈̃ρ(q)〉aftertheinteractionquenchinthesmallwavevectors qtf/m

lcapproximation(seeSec.3.4).

Figure2.17–TestofLDA:Densityripplepowerspectrumcalculatedforexperimen-

tallyrelevantparameterslc/R=0.2andtf=0.015ml
2
c/,withlc=2

2np/(mkBT)

thecorrelationlengthatthecenter.ThebluelinesshowcalculationbasedonBogoli-

ubovcalculationsintrapwhichshowexcellentagreementwiththeLDAcalculations

inreddashedline.Thegreendottedlineisthesmallqexpansionfor qtf lcm

whichshowssimilartoFig.2.16a)goodagreementuptoqR=50.

2.8.1.5 Bogoliubovinatrap

ThevalidityoftheLDAcanbeverifiedbytheBogoliubovtreatmentinaharmonic

trapwiththeLegendre-polynomialswhichwasintroducedinSec.1.3.2.Startingfrom

Eq.(2.62)whichholdsinatrap,onecanintroducetheexpansionofθ(z)intermsof

theorthogonalLegendrepolynomialswhichleadsto

〈|̃ρ(q)|2〉=
R

R
dαdXeiqX n0(α)n0(α+qtf)n0(α+X+qtf)n0(α+X)

e−
1
2 ν〈p

2
ν〉θν(α)−θν(α+qtf)+θν(α+X+qtf)−θν(α+X)

2

.

(2.65)

For qtf/m lc,theexponentialcanbeexpandedinanalogytoEq.(2.48).

ForlargeνonecanusetheapproximationEq.(1.87)forwhichtheLegendre-

polynomialsbehaveapproximatelyascos((ν+1/2)z+π/4).Underthisapproxima-

tionthedensityripplepowerspectrum〈|̃ρ(q)|2〉(Eq.(2.65))forasinglemodeνis

peakedatapproximatelyatν=qR.ThisjustifiestheuseoftheaxisqRwhichdirectly

indicatesthemodeν=qRwiththelargestcontributionatagivenq.

AswiththeLDA,theBogoliubovapproachwithitsresultEq.(2.65)canbeused

tocalculatetheequilibriumdensityrippleprofile.Weusetheequilibriumprediction
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p2ν =kBT/(ων)andtheresultisshowninFig.2.17.Forparametersclosetothe

relevantvaluesontheexperiment,theBogoliubovapproximationinatrapisinvery

goodagreementwiththeLDAcalulationsofEq.(2.64).SincetheintegraloftheLDA

isnumericallylessdemanding,thanBogoliuobovcalculationsinatrap,wewilluse

theLDAEq.(2.64)togetherwithEq.(2.60).

2.8.1.6 Imagingsystem

Experimentallythefiniteimagingresolutionneedstobetakenintoaccount.Itcan

bemodeledasaGaussianresponsefunctioninrealspace

A(z)=
1

2πσ2
e
−z

2

2σ2. (2.66)

Themeasureddensityρmeas isgivenbytheconvolutionoftherealdensityρreal(z)

withA(z).Thisleadstoamultiplicationofthetheoreticaldensityripplepowerspec-

trum〈|ρ(q)|2〉withe−q
2σ2.

Inprincipletheimagingresolutionwasmeasuredwithpinholesbeforeinstalla-

tionoftheimagingsystem.WefoundanimagingresponsefunctionclosetoaGaus-

sianwitharesolutionofσ=0.8µm.However,onecanexpectanincreaseofthisvalue

sincetheatomiccloudexpandsbyafewhundredsmicronsinthetransversedirec-

tionduringtime-of-flight.Thisisconsiderablecomparedtothedepth-of-focusalong

theimagingbeamwhichcanbeestimatedtobeontheorderof5µm.Wethusexpect

thattheeffectiveimagingresolutionislargerthanthemeasuredvalueσ=0.8µm.By

fittingtheexperimentaldensityripplepowerspectrumwithTandσasfreeparame-

terswetypicallyobtainσ 2µm.Thisvaluedependsonthetransverseconfinement

andslightlylargervaluesareobservedfordatasetsatthehighestexperimentaltrans-

verseconfinementsω⊥/(2π)>6kHz.

Inpractice,wealsocorrectforthephotonshot-noisewhichgivesasmallcorrec-

tionindependentofqandwhichwrites:

〈δρ2shot〉=
∆2

σ(I)

2

y

1

N
ph
1(y,z)

+
1

N
ph
2(y,z)

. (2.67)

Insummary:Thedensityripplethermometryisbasedontheanalyticfunctionin

Eq.(2.60)togetherwiththeLDAofEq.(2.64)andtheimagingresolutionwhichare

usedasafitfunctionwithTandσasfreeparameters.Thedensityrippleanalysis

whichresolvesindividualBogoliubovmodesisbasedonEq.(2.52)togetherwiththe

LDAofEq.(2.64)andtheeffectoftheimagingresolutioncanbetakenintoaccount

whichwillbeexplainedinSec.3.4.2.
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2.8.1.7 Interactionsduringtime-of-flight

InthepreviousderivationsinthisSec.2.8.1itwasalwaysassumedthattheinter-

actionscanbeneglectedduringthetime-of-flight.In[94]theeffectofinteractions

duringthetime-of-flightwereestimated.Theyconsiderasituationslightlydifferent

fromthesituationstudiedinthisthesisandinthefollowingIwillarguethattheir

resultscanstillbeusedforourexperimentaldata.Theirderivationdiffersintwo

pointsourexperimentalsituation:First,theyconsiderthetransverseThomas-Fermi

regime(µ ω⊥).Ourdataisintheharmonicoscillatorregimeµ< ω⊥.Itcanbe

assumedthatinteractioneffectsintheharmonicoscillatorregimearesmallerthan

intheThomas-Fermiregime,makingtheestimationin[94]anupperboundestima-

tion.Second,theyuseaBogoliubovapproach(asintroducedin1.3)whichassumes

smalldensityfluctuationsandourcloudsdeveloplargedensityfluctuationsduring

time-of-flight.Ifwerestrictourselvestosmallwavevectors,(q mlc/(tf))theden-

sityfluctuationsstaysmall23andtheBogoliubovprocedurestillapplies.Therefore

forsmallwavevectorswecangivethepessimisticcorrectionfactorCwhichreplaces

〈|ρ(q)|2〉→〈|ρ(q)|2〉C

C=ω⊥tf
−
cq
ω⊥

2

. (2.68)

InallexperimentalsituationsCexceeds0.95whereweusedexperimentallyrelevant

wavevectorsqofChap.3andsimilarresultsholdforChap.4.Thisconfirmsthatin

thesmallqzoneof〈|ρ(q)|2〉interactionsarenegligible.Takingintoaccountthatour

calculationsfor〈|ρ(q)|2〉matchwellourexperimentaldataoverthewholeq-range

(seeFig.2.16),itcanbeassumedthatinteractionsduringthetime-of-flightcanbe

neglectedforallwave-vectorsq.

2.8.2 Yang-Yangthermometry

AsintroducedinSec.1.2.3.1theequationofstateofthe1DBosegaswithcontact

interactionsisexactlyknownandcanbecomputednumerically.Usingtheequation

ofstate,togetherwiththelocaldensityapproximationinatrapµ(z)=µp−V(z),it

canbeusedtoextractthetemperatureofthegas[12,92,95].Ifthepotentialisknown,

asitistypicallythecaseforharmonictraps(seebelowSec.2.9),agivenmeandensity

profilen(z)canbefittedwithµpandTasfreeparameters.Forthispurposeitis

advantageoustotabulateµ(nYY,T)intherelevantparameterrange
24andextrapolate

forthefittingpurpose.

23Hereq mlc/(tf)shouldbeunderstoodinastrictersensethaninthepreviousderivationfor

quantitativeresults,suchthatweareinthelinearpartofthesmallqexpansioninSec.2.8.1.2.This

rangeofqisvisibleinFig.2.16where〈|̃ρ(q)|2〉islinearinqandindeeddensityfluctuationsstaysmall

inthisqrange.
24CourtesytoKarenKheruntsyanandGiuseppeCarleofornumericalcalculations.
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Figure2.18–TheYang-Yangthermometryingreencomparedwiththe modified

Yang-Yangthermometryinred.Boththeoriesfitwelltheexperimentaldatabutlead

todifferenttemperatures.ForcomparisonthepurplelineistheThomas-Fermipro-

file(TF).

Intheexperimentthe1DconditionskBT µisnotstrictlyfulfilledandcorrec-

tionsarisingfromthetransverseexcitedstatesshould25betakenintoaccount.The

fewpercentofatomsinthetransverseexcitedstatescanbetreatedasidealBose

gases,withthechemicalpotentialµ(jx,jy)=µ−(jx+jy)ω⊥fortheexcitedstates.

Herejxisthej-thexcitedstateinthexdirectionandjyrespectively.Thecorre-

spondingequationofstatenTE(µ(j),T)isgivenby

nTE(µ(j),T)=
1

λdB
g1
2
e
µ(j)
kBT , (2.69)

withthedeBrogliewavelengthλdB=
2π 2

mkBT
andtheBose-Einsteinfunctiong1

2
(x)=

∞
j=0

xj

j1/2
,alsoknownasthepolylogarithmLi1/2(x)[12,93].Thetotallineardensityis

thengivenby

n(µ,T)=nYY(µ,T)+
∞

j=1

(j+1)nTE(µ(j),T), (2.70)

withj=jx+jy.Theprefactorj+1takesintoaccountthedegeneracyoftheexcited

states.Fornumericalpurposesthesumistypicallytruncatedatj=20.

WetypicallyapplytheYang-Yangthermometrytocloudswhichareinthequasi-

condensateregimeatcenterofthetrapandconfinedinaharmonictrapasshown

inFig.2.18.InsuchasituationthetemperatureobtainedfromtheYang-Yangther-

mometryismainlyduetotheshapeinthewingswherethegasisintheidealBosegas

25InChap.5thesecorrectionsarenottakenintoaccount.ThetheoryofGenerealizedHydroDynam-

ics(GHD)cannottakeintoaccountthecorrectionsfromthetransverseexcitedstate.SeeSec.5.2for

moredetails.
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regime.Thecentralparttheprofilisdominatedbythequasi-condensateequationof

stateµ=gnwhichdoesnotdependontemperature.

ThephononicexcitationoftheBogoliubovHamiltonianaremainlyconfinedto

theinverseparabolagivenbytheThomas-Fermiregime.Therefore,theYang-Yang

thermometryisnotanadaptedthermometrytomeasurethetemperatureofthepho-

nons.ExperimentallywetypicallyobservedifferenttemperaturebetweentheYang-

Yangthermometryandthedensityripplethermometry(ordifferentthermometries

whichprobethetemperatureofthephonons)[22].SeeSec.4.4.3formoredetailon

thisobservation.

2.8.3 Momentumspacedistribution

Foratomchipexperimentswith1Dgasesitispracticallyimpossibletoreachthefar

fieldregimebystandardtime-of-flighttechniques.Duetotheveryshallowconfine-

mentsinthelongitudinaldirectionoftypicallyafewHertz,thefarfieldisreachedfor

timesandcloudsizeswhichexceedthetypicalapparatusparameter.Tocircumvent

thisproblempionneringworkwasperformedinAmsterdamwiththeintroductionof

themagneticlensingtechnique[96,97].Thistechniqueisnowroutinelyusedonour

setup[40,98,99]withamoredetaileddescriptiongivenin[42].Theprocessresem-

blesthefocusingoflightwithalenswherethelensisreplacedbyatightharmonic

kickpotentialcharacterizedbyωkickandappliedduringtheashorttimetkick.Let

usrestrictthediscussiontoclassicalparticleswithoutinteractionsforthemoment:

Wechoseakicktimetkicksmallenoughsuchthatatomsdonotmoveinsidethekick

potential.Thisgivestheconditionωkicktkick 1.Thekickpotentialgivestheatoms

avelocityproportionaltothedistancefromthecenterofthetrap.Immediatelyaf-

terwardstheconfiningpotentialsareswitchedoffandtheatomsfallundergravity

duringatimetf

tf=
1

ω2
kick
tkick
. (2.71)

Thetime-of-flightischosensuchthatalltheatomscollapseatthecentralposition

whentheinitialvelocitydistributionisneglected.Takingintoaccounttheinitialve-

locitydistributiontheatomsfocusinthecenterofthetrapandtheirspatialdistri-

butionishomothetictotheinitialvelocitydistributionasillustratedinFig.2.19a).

Interactionsduringthetime-of-flightcantypicallybeneglectedduetothefastex-

pansioninthetransversedirectionwhichremovesinteractionsalmostimmediately.

Inthisthesiswetypicallyuseakickpotentialwithωkick/(2π) 51Hztogetherwith

akicktimetkick 0.4mswhichleadstotf=24ms.Duringthistimetheatomsfall

2.9mm,forwhichtheimagingsystemneedstocorrectitsfocuspositioninthehori-

zontaldirection(weusethemirrorimage).Thisdistanceisthemaximaldistancefor

whichwearecurrentlyabletoadaptthefocus.Theresolutionofthemeasurementin
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momentumspaceisgivenby∆v=∆/(tf) 73µm/s,dependingontheprecisevalue

oftf.

Themomentumfocusingcanbedisturbedbyseveralreasons,whoseeffectsare

discussedindetailin[42].Experimentallytheconditionωkicktkick 1isnotalways

wellfulfilledandcorrectionstoEq.(2.71)needtobetakenintoaccount.Additionally

interactionsduringthekickcanplayarole.Itcanbehowevershownwiththescaling

approachthatforω∥tkick 1interactionsarenegligible.Additionallyanharmonici-

tiesinthekickpotentialneedstobeminimized.

Figure2.19–a)Schemeofthemomentumfocustechnique.b)Experimentalmomen-

tumdistributiontogetherwithafit(green)takingintoaccounttheimagingresponse

functionandtheLDA(seeEq.(2.73)).ThisleadstoatemperatureT=30.3nK.

Comparisonwiththeory Thetheoreticalmomentumdistributioncanbecalcu-

latedbytheFouriertransformoftheone-bodyfunctioncorrelationg1(z).Insidethe

quasi-condensate26atequilibriumandinahomogeneoussystem(seeEq.(1.81))this

correspondstoaLorentzianofFullWidthHalfMaximum(FHWM)2/lc.

nq∝
1/lc

q2+1/l2c
, (2.72)

wherelc=
22n0
mkBT

.Insideatrappingpotentialitcanbecalculatednumericallywith

theLDAandweobtain:

nq∝
−R

R
dz

1/lc(z)

q2+1/l2c(z)
n(z). (2.73)

Forcomparisonwiththeexperiment,weconvolutewithaGaussianofwidthσq,to

mimictheimagingresponsefunction,asshowninFig.2.19b)inblue.Forverycold

26Fordifferentregimessee[42]
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clouds,forwhichlcislarge,thebulkofnqisdominatedbyeffectsoftheresolution

andthefitsgivesagoodestimationofσq.Thevaluesofσqcorrespondstoawidthin

realspaceσ=2µm(seeFig.2.19b)),inagreementwiththevalueobtainedfromthe

densityrippleanalysis.Thetemperaturecanbecomparedwiththetemperatureob-

tainedfromthedensityrippleanalysiswhichagreesupto20%,whilebothmethods

aresensitivetoslightlydifferentwavevectors.Forcomparison,thecorresponding

densityripplespectrumtoFig.2.19b)ispeakedaroundqξ 0.05.

2.8.4 Commentabouttemperaturemeasurementsinthesystem

Withoursetupweareabletoprobethetemperatureofthesystemwithdifferent

methods(densityripplesanalysis,momentumfocusingandYang-Yangthermom-

etry)andthese methodsnotnecessarilyleadtothesamevaluesofthetempera-

ture[22,36].Thisislesssurprisingwhenconsideringthatthe1Dsystemisanin-

tegrablesystem.Theequilibriumstateofanintegrablesystemisnotdescribedbya

thermalequilibrium,butbyamoregeneralequilibrium(seeSec.3.1foramorede-

taileddiscussion).InoursetupthefitoftheprofilewiththeYang-Yangequationof

statetypicallyleadstohighervaluesthanthetemperatureobtainedfromthedensity

rippleanalysisorthemomentumfocusingtechnique.Thisisprobablyduetothe

preparationprocess[22,59]butfurtherinvestigationisneeded. Moredetailsabout

thisphenomenonarealsodiscussedinSec.4.4.3.

2.9 Parametercalibration

Longitudinaltrappingfrequency Inthecaseofaharmonictrappingpotentialits

trappingfrequencycanbemeasureddirectlybyadisplacementoftrapcenterandthe

recordingofthesubsequentoscillationsofthecenterofmassaroundthepotential

minimumasshowninFig.2.20a).

Transversetrappingfrequency Inthetransversedirectionthetrapcentercannot

beeasilydisplacedduetothethree-wiregeometry(seeSec.2.3.1.2).Tocircumvent

thisproblemweuseaparametricheatingprocesstomeasurethetrapfrequencyf⊥.

Thetrapfrequencycanbemodulatedatafrequencyfparabymodulatingtheampli-

tudeoftheAC-currentwithanadditionalsignalgenerator

I= I0+∆Icos(2πfparat)cos(ωmodt). (2.74)

Thisleadstoresonancesatfpara=2nf⊥whereatomsareexcitedtohighermotional

states.Theobservablesignalconsistsinabroadeningoftheatomiccloudinthe

transversedirectionafterashorttime-of-flight. Equivalently,oncanobservethe
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a) b)

Figure2.20–a)Oscillationofthecenterofmasstogetherwithitssinusoidalfit.

b)Firstresonanceoftheparametricheating.Thetransversewidthσ⊥afterashort

timeofflighttf=8msisobtainedfromaGaussianfit.Thecenterfrequencyf
0
para

leadstof⊥=3.1kHzwherethedashedlinecorrespondstoaGaussianfitforguid-

ance.

atomlossesduetospill-overs. Wetypicallyusedabout10oscillationsofthepara-

metricheatingsignalwithanamplitudeδI/I 10%.Thismethodalsoallowedthe

verificationofthef⊥∝Idependence(seeEq.(2.7))whichwasbetterthan1%.

Commentaboutuncertainties Allthepublishedscientificresultsinthisthesissolely

dependonthevaluesn(z),f⊥,f∥andthemeasuredtimes.Theuncertaintiesonthe

timeisverysmallduetothetechnologicalstandardsoftheclockswhichareinte-

gratedinthehardwarecontrol.Itsprecisioncanbeindependentlyverifiedwitha

veryhighprecision. Thestatisticalerrorforf⊥andf∥isverylow(<1%seeFig-

ure2.20).Andthestatisticaluncertaintyinn(z)caneasilybereducedbyaveraging

overseveralruns.Theestimationofthesystematicerrorforn(z),f⊥andf∥ismuch

moretricky,sincenoindependentmeasurementmethodisaccessiblewithinarea-

sonableamountofworkandreasonableprecision27.Atthesametimeweexpectthe

systematicerrortodominateoverthestatisticerror.Thereexistshoweveranindirect

methodtoverifytheconsistencyofourparameters.Inthequasi-condensateregime,

theshapeofthecloudcanbepredictedbytheThomas-Fermiapproximation(see

Sec.1.3.2),startingfromthevaluesoff∥,f⊥andthepeakdensitynp.InFig.2.14b)

thecloudshapeandtheThomas-Fermiapproximationisplottedwithahighagree-

ment.Onecoulddeduceerrorestimationsfromtheatomicshapeswhichwouldlead

tostrongcorrelationsbetweentheuncertaintiesandwethereforedecidedtopublish

27f⊥canbecalculatedfromEq.(2.7),howeveratthecurrentsituationnopreciseknowledgeofthe

exactparametersisavailable.
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thevalueswithouterrorestimations28.Furtherindicationthatthestatisticalerror

isnotthedominantcontributioncanberecoveredfromtheresultsinChap.3and

Chap.4.Ifoneassumesthatthetheoreticalmodelsarecorrect,thestatisticalincer-

titudeismuchtoosmalltoexplainthedeviationfromthetheoreticalresults29.This

indicatesthatfurthersystematicerrorsshouldcomeintoplay.Ingeneralitcanbe

saidthatthesystematicerrorsareexpectedtobeoftheorderofafewpercent.

Summary:

• Weuseanatomchipsetuptocreatecloudsof87Rbwhicharestrongly

confinedintwodimensions.Thisallowstocreate1Dcloudsinsidethe

quasi-condensateregime.

•Themodulatedguidetechniqueeliminatestheproblemofwirerough-

nessandallowsforanindependentcontrolofthelongitudinalandtrans-

versedirections.Inthelongitudinaldirectionwecancontrolthefirst

termsoftheTaylorexpansionV(z)= 4
i=1aiz

i.

•ThedensityrippleanalysisallowstoaccessindividualBogoliubovmodes

andtoobtainthephonontemperature

28Anotherindirectverificationmethodfortheatomicdensityn(z)canbeobtainedbyverifyingthat

thecross-sectionisindependentoftheatomnumber[71].
29SeeforexamplethestatisticalerrorbarsinFig.3.5b)orinFig.4.10wheretheerrorbarsfor

ω⊥/(2π)=1.6kHzwouldbetoosmalltobevisible.
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Chapter3

Interactionquench

Thischapterfirstintroducestheconceptofquenchesinisolatedmany-bodyquan-

tumsystems.Itthenfocusesonaninteractionquenchina1DBosegasandintro-

ducesitsdescriptioninthequasi-condensateregime.Iwillpresenttwoexperimental

methodstostudythedynamicsgeneratedbyaninteractionquench.Thefirstonean-

alyzestheevolutionofmomentumdistributionwhichundergoesrelaxationtowards

athermaldistribution.Thesecondoneusesthedensityrippleanalysiswhichallows

toaccessindividualBogoliubovmodes.Weshowthattheobserveddynamicsofthe

Bogoliubovmodescontinuesfortimeslongerthanthethermalizationtimeofthe

momentumdistribution.Theseresultsarepublishedin[18].Finally,Iwilldiscuss

thedifficultiesofobservingrecurrencesin1DBosegasesinaharmonictrapwhich

indicatesthepresenceofadampingoftheBogoliubovmodesduetonon-linearcou-

plingbetweenmodes.

3.1 Quenchesinintegrablesystems

Beforeintroducingtheworkpublishedin[18],Igiveashortmotivationandoverview

ofquenchesinisolatedquantumsystems.Itisabasicassumptioninstatisticalphy-

sicsthataftersomeshorttimetrelaxamacroscopicsystemcanbedescribedbyafew

thermodynamicquantitiesandtwosystemsdescribedbythesamethermodynamic

quantitiesdifferonlybymicroscopicfluctuations.Inclassicalmechanics,thisprop-

ertyarisesfromtheergodicityofthesystemwhichensuresthatthesystemcanex-

plorethewholeconfigurationspaceandremovethememoryoftheinitialstate.After

trelaxthefundamentalpostulateofstatisticalmechanicsbecomestrue:Thesystemis

withequalprobabilityinanyaccessiblemicrostate.Foranisolatedquantumsystem

thesituationismorecomplicated.Forexampleconsideraneigenstate|Ψi〉ofthe

HamiltonianĤ.Then,thesystemwillstayundertheunitaryevolutionoftheĤin

exactlythesamestate;uptoanirrelevantphasefactore−iωit.Thissituationclearly
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differsfromanevolutiontowardsastatisticalensemble.

Thethermalizationofanisolatedmany-body-quantumsystemisoneofthekey

questionsinthefieldofout-equilibriumdynamics.Motivatedbyadvancesinrecent

years,mainlyinthefieldofcoldatomexperiments[100–108],theoreticalresearch

wasstimulated1.Thesuddenquenchistherebyoneofthestandardsetups,onwhich

wewillfocusinthefollowing.Thesystemispreparedintheinitialdensitymatrixρ̂0
(orstate|Ψ0〉).Att=0thesystemisbroughtout-of-equilibriumbysuddenchange

ofaHamiltonianparameterandtimeevolvedwiththenewHamiltonianĤ

ρ̂(t)=e−i
tĤ ρ̂0e

itĤ. (3.1)

Thethermalizationofthesystemistypicallydefinedbytheexpectationvaluesofa

physical2variable〈̂A〉.Thesystemthermalizesiftheexpectationvaluetendsinthe

longtimelimittowards

〈Ψ(t)|̂A|Ψ(t)〉−−−→
t→∞

Trρ̂GibbsÂ, (3.2)

withρ̂Gibbs=exp(−βĤ)/Tr(exp(−βĤ)),thedensitymatrixpredictedfromstatistical

mechanics.

Non-integrablesystems Fornon-integrablesystemsitiswidelyassumedthatthe

EigenstateThermalizationHypothesis(ETH)explainswhythesystemcanbede-

scribedinthelong-timelimitbyequilibriumstatisticalmechanics[109,115].The

timeevolutionofEq.(3.2)canbewrittenexplicitlyintheenergyeigenbasis|i〉with

eigenvalue ωi:

〈Ψ(t)|̂A|Ψ(t)〉=
i,j

〈Ψ(0)|i〉〈j|Ψ(0)〉〈i|̂A|j〉ei(ωi−ωj)t. (3.3)

Inthelongtimelimitthephasefactoraveragesoutfori=jwhichleadsto

〈Ψ(t)|̂A|Ψ(t)〉
t→∞

i

|〈Ψ(0)|i〉|2〈i|̂A|i〉. (3.4)

ETHpredictsthattheexpectationvalueofÂinstate|i〉onlydependsontheenergy

Ei= ωi
〈i|A|i〉=〈A〉Ei (3.5)

wherethemicrocanonicalaverage〈A〉EatenergyEistheaverageoverofallstates

insideasmallshellE,E+∆E

〈̂A〉E=
1

N E∈[E,E+∆E]

〈E|̂A|E〉. (3.6)

1Thereexistsalargenumberoftheoreticalstudieswithsomeofthemostprominentresults[109–

111]andthereviews[112–114]tociteafew.
2Âshouldbelocalorafew-bodyobservable.
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Eq.(3.5)canbeinterpretedasfollows:Theexpectationvalueofanoperatorisal-

mostindependentofthedetailsofthestateandonlydependsontheenergyofthe

state.ThisistheETHstatement.NotethatnogeneralproofofETHexists,andmainly

numericalevidencewasfound[111].Inthethermodynamiclimitthemicrocanoni-

calandcanonicalensembleareequivalentandiftheinitialcoefficients〈Ψ(0)|i〉are

sufficientlynarrowinenergythesystemevolvestowardsthethermalGibbsstateof

Eq.(3.2).

Integrablesystemsandgeneralizedeigenstatehypothesis Inanintegrablesystem

ETHisnotvalid.Thiscanbeillustratedwiththeexampleofthetrivialintegrable

modelofanon-interactinggasandtheobservationofthemomentumdistribution

n̂(p).TwomomentumdistributionscansharethesameenergyE= n̂(p)p2/(2m)

andatthesametimetheirexpectationvalues〈̂n(p)〉canbeverydifferent.Inanin-

tegrablesystemsETHcanbenaturallyextendedtotheGeneralizedEigenstateTher-

malizationHypothesis(GETH).GETHassumesthattheexpectationvalueof〈̂A〉not

onlydependsontheenergy,butontheexpectationvaluesoftheconservedquanti-

ties3Qi=〈Q̂i〉.TheexpectationvalueofEq.(3.6)inthegeneralizedmicrocanonical

ensemblebecomes

〈i|A|i〉=
1

N
|s〉,〈s|̂Qi|s〉∈{Qi+δQi}

〈s|̂A|s〉. (3.7)

Thesumrunsoverallstates|s〉whosequantumnumbers〈s|̂Qi|s〉fallinanarrow

rangearoundQi.Allthestateswhichsharethesame{Qi},withinanarrowrange,

alsosharethesameexpectationvaluesofÂ.Eachofthosestatescanbedescribed

bysomerepresentativestate|s〉.Equivalentlythisstatecanbecharacterizedbythe

GeneralGibbsEnsemble(GGE)densitymatrix.

ρ̂GGE=
1

Z
exp−

i

βiQ̂i, (3.8)

withtheLagrangemultipliersβiimposedbytheinitialconditionsandthepartition

functionZ=Trexp− iβiQ̂i .OnetypicallychoosesthefirstLagrangemultiplier

tobetheinversetemperatureβ0=kBTwiththeconservedquantityQ̂0=Ĥ[116].

ExperimentallyaGGEwasobservedin[117].

Nearlyintegrablesystem Anearlyintegrablesystemisasystemcomposedofa

HamiltonianĤ=Ĥ0+ Ĥ1whereĤ0isintegrableandĤ1asmallnon-integrable

3NotethatthedefinitionoftheQ̂iisnottrivial.AllhermitianHamiltonianpossesamaximum

setofofindependentcommutingoperators{̂Qi}.Thechoiceofthemeaningfulsetof{Qi}isvery

important[3].
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perturbationwith 1.Insuchasituationaprethermalizedstateisexpectedto

occur[118–121].Thedynamicsatthebeginningismainlygovernedbythealmost

conservedquantitiesandanon-thermalstationarystateappearswhichisincreas-

inglylong-livedwithapproachingzero.Atverylongtimesthenon-integrablepart,

canleadtoathermalization.Experimentallynon-integrableperturbationsareal-

wayspresent.Someexamplesaretheexcitedstatesinthetransversedirection,the

couplingtotheenvironmentandthelongitudinaltrappingpotentialV∥(z).

Lieb-Liniger WithintheclassofintegrablemodelstheLieb-Linigermodelconsti-

tutesoneoftheparadigmaticmodelsstudiedbytheoreticiansandthestudyofthe

quenchdynamicsintheLieb-Linigermodelattractsalotofinterest[122–132].As

previouslystated,itisexpectedthatthesystemrelaxestowardsarepresentativestate

whichintheLieb-Linigermodelcanbecharacterizedbythequasi-momentumdis-

tributionρp(k).

Ontheexperimentalside,IspeciallywanttohighlighttheresultoftheVienna

group[103]whichobservedalight-cone-likebehaviorinasimilarsystem.Thislight-

coneeffectinthequasi-condensateregimewillbedescribedindetailinSec.3.2.1.

Furthermore,quenchesinintegrablemodelshavebeenstudiedin[133].

3.2 TheExperiment

Inthischapterweinvestigatethedynamicsgeneratedbyaninteractionquench.We

prepareafewthousandstotenthousandsofatomsinthequasi-condensateregime

withω⊥/(2π)=1.5kHzor3.1kHz,dependingonthedatasetandω∥=8.5Hz. We

firstincreasetheRFfrequencybyabout60kHz,toprovideashieldingforthree-body

collisionsresiduesandthenletthesystemrelaxforabout150ms.Then,weperform

asuddenquenchoftheinteractionparametergfromitsinitialvaluegi,toitsfinal

valuegf=gi(1+κ),asdepictedinFig.3.1a)whereκisthesocalledquenchstrength.

Theinteractionparametergisdirectlyproportionaltothetransversetrappingfre-

quencyω⊥,itselfbeingproportionaltothecurrentI0inthemodulatedguide(see

Eq.(2.7)).Theinteractionquenchisperformedbyalinearcurrentrampduringtr,

duringwhichgchangesfromgitogf(seeFig.3.1a))Thechangeofgneedstobefast

comparedtotherelevantlongitudinaltimescales1/ωq 10msandslowcompared

tothetransversetimescales,suchthatnotransverseexcitationoccur.Considering

thetransverseconfinement,theprocessneedstobeslowerthantr ∆ω⊥/ω
2
⊥toful-

filltheadiabaticityconditionforalinearrampinω⊥.TheSchrödingerequationfor

alinearrampingleadstoananalyticsolutionsintermoftheAiryfunctions.Nu-

mericalevaluationofthesesolutionsshowthattheexcitationtohigherlevelsareless

thanafewpercentinalltheexperimentalsituations(tr=0.7ms).Experimentallywe

couldnotobserveanyexcitationtohigherlevels.
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Thelongitudinalconfinement Thelongitudinaltrappingpotentialisalwayshar-

monicinthischapter. WecreatedthelongitudinalconfinementV∥=
1
2
mω2

∥
z2,by

usingtheD1&D2chipwires(seeSec.2.3.2.1andFig.A.2).Theinteractionquench

modifiesgwhichchangestheequilibriumThomas-Fermiprofile.Inordertomain-

tainthesameequilibriumprofile,wemodifythelongitudinaltrappingpotentialsi-

multaneouslytotheinteractionquench4. Weadaptthelongitudinaltrappingfre-

quencysuchthattheThomas-Fermiprofilestaysconstantduringthequench.This

impliesthatthefinaltrappingfrequencyω∥isgivenby:

ωf∥= 1+κωi∥. (3.9)

Thisisobtainedbyalinearcurrentrampinthelongitudinalwiresfromthecorre-

spondinginitialtothefinalcurrents.Sinceω∥isnotproportionaltoI1/2,inprincipal

theprofileisnotatequilibriumduringtheramp.Forfastramps(tr 1/ω∥)longitu-

dinalexcitationcanbeneglectedwhichwasexperimentallyverified.

Figure3.1–Theinteractionquench:a)Schemeofthequenchrampforgforaramp

ofamplitudeκandlengthtr.b)TheGaussianphasespacedistributionbeforethe

quench(t=0−),immediatelyafterthequench(t=0+)andafteranevolutiontime

ωqt=π/2.c)Probabilitydistributionforκ=3withthesubsequentbreathingphe-

nomena,thecolorrepresentsthephasespacedistribution.Thedashedlinecorre-

spondstoaconstantprobability.

InSec.3.3.2Ipresenttheobservationafteraninteractionquenchinmomentum

spaceandinSec.3.4theobservationbythedensityrippleanalysis.Beforediscussing

theexperimentalresultsIintroducethetheoreticaldescriptionoftheevolutionafter

aninteractionquenchinsidethequasi-condensateregime.

4Withoutthemodificationofthelongitudinaltrap,wewouldstronglyexcitethebreathingmode,

whosephysicshasalreadybeenstudiedindetailin[98,134].
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3.2.1 Interactionquenchinthequasi-condensateregime

ForthetheoreticaldescriptionoftheinteractionquenchIstartwiththeconceptually

simplersituationofahomogeneoussystemandaninstantaneousquenchtr=0.The

BogoliubovHamiltonianforagivenmodewrites

Hq=Aqn
2
q+Bqθ

2
q= ωq

ñ2q

2
+
θ̃2q

2
(3.10)

whereweintroducedasymmetricformwiththereducedvariablesñq=nq Aq/Bq
1/4

andθ̃q=θqBq/Aq
1/4
.Forthischapter,werestrictourselvestophononicexcita-

tionsq ξ−1andtakeintoaccounthighdensityeffects,suchthatAq=mc
2/(2n0)

andBq=
2q2n0/(2m)asintroducedinSec.1.3.3.

Wignerfunction Foreachmodeq,thesystemcanbedescribedbyaWignerfunc-

tionasintroducedinSec.1.3.1.1.Priortothequench,thesystemisatthermalequi-

librium.TheWignerfunctionisanisotropicGaussianinthe(̃θq,̃nq)-planeasde-

pictedinFig.3.1b)ingreen. Theenergyisequallydistributedbetweenthetwo

quadraturessuchthattheequipartitiontheoremholds.Fortheconsideredhighen-

ergiesEq ωqwecanrelatetheinitialenergytotheinitialtemperatureT:

kBT

2
=Aq〈n

2
q〉=Bq〈θ

2
q〉. (3.11)

TheinstantaneousquenchonlyeffectsAq,whilenqandθqcannotfollow.Thisleads

toasqueezingoftheGaussianstate5inthẽθqdirectionandthevariancesbecome

〈̃θ2q〉t=0+=〈θ̃
2
q〉t=0−/(1+κ)

1/2and〈̃nq
2〉t=0+=〈ñq

2〉t=0−(1+κ)
1/2.Theanti-squeezing

inthẽnqdirectioniscompensatedbythesqueezingintheθ̃qdirection.Thisensures

thepreservationofthephasespacedensity.Thesubsequenttimeevolutionisarota-

tioninphasespacewithfrequencyωq=cq.Lookingattheθqcomponentthisleads

to:

θ2q = θ2q
i
1+κsin2(cqt). (3.12)

Forathermalstatetheinitialvalueisgivenby θ2q
i
=mkBT/(

2q2n0).Eq.(3.12)is

themaintheoreticalpredictionofthischapterandIwilldescribeitsexperimentalob-

servationinSec.3.4.BeforediscussingtheobservationofthesqueezedBogoliuobov

modesIintroducetheeffectontheone-bodycorrelationfunctionoftheinteraction

quench.Thereby,Ishowthattheone-bodycorrelationfunctioncannotbeusedto

observethesqueezedBogoliubovmodes.

5Thewordsqueezingshouldnotbeinterpretedinthequantumsensewhereoneofthequadrature

obtainsawidthsmallerthanthegroundstatevalue.Althoughthepresentedequationsapplyfora

quantumsqueezing,wedonotobserveaquantumsqueezingintheseexperiments.
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3.3 Momentumspace

Theeffectofthequenchcanbeobservedinmomentumspace.Themomentum

distributionistheFouriertransformoftheone-bodycorrelationfunctiong1(z).The

g1(z)functionshowsacharacteristiclight-conephenomenawhichIderiveinthe

following.

3.3.1 Light-conelikeeffectontheone-bodycorrelationfunction

AsintroducedinSec.1.3,theone-bodycorrelationatequilibriumwrites

g1(z)=n0e
−12〈[θ(z)−θ(0)]

2〉=n0e
−|z|lc, (3.13)

wherelc=
22n0
mkBT

.InthederivationweusedWick’stheorem.TheuseofWick’stheo-

remstaysvalidaftertheinteractionquench,sincethesqueezingpreservestheGaus-

siannatureofθ.Thetimeevolutionaftertheinteractionquenchcanbecalculated

from[θ(z)−θ(0)]2.InEq.(1.80)wederived

[θ(z)−θ(0)]2 =4
∞

0

dq

2π
θ2q 1−cos(qz). (3.14)

Insteadofusingtheequilibriumequationfor〈θ2q〉,weinjecttheevolutionof〈θ
2
q〉

accordingtoEq.(3.12)andobtainfromintegration

g1(z,t)=
n0e

−|z|κ+22lc z<2ct

n0e
−|z|/lc z>2ct.

(3.15)

Thisbehaviorcanbeunderstoodasalight-conephenomena6wherequasi-particles

travelwiththespeedofsoundofthesystemandestablishanewequilibriumsitua-

tionsforalldistancesz<2ct.Thenewequilibriumsituationischaracterizedbya

newcorrelationlengthlfc=2lc/(κ+2).Fordistanceslargerthan2ctthesystemis

stilldescribedbytheinitialequilibriumbehaviorwithg1(z)=n0e
−|z|/lc.Fig.3.2a)

showstheg1functionfordifferenttimesafterthequench.Atz=2ctakinkisvisible.

Thekinktravelsinspacewithatthepositionz=2ct.Thislight-conephenomenare-

flectstheongoingout-of-equilibriumdynamicsoftheBogoliubovmodes.Forpracti-

calpurposes,theout-of-equilibriumdynamicsbecomesexponentiallysuppressedin

6Let mestressout,thattheuseofthewordlight-cone,doesnotrefertotheLieb-Robinson

bound[135]whichinprincipleonlyappliestofinitedimensionalHilbertspaces,althoughextension

tocontinoussystemsexists[136].Here,thewordlight-conereferstotheconcept,borrowedfromspe-

cialrelativitywhereparticlestravelwiththespeedoflightandthespeedoflightisreplacedbythe

speedofsoundofthesystem.
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Figure3.2–Thelight-conelikeeffectinahomogeneoussystemfortheg1(z)func-

tionshownina)anditseffectonthenormalizedmomentumdistributionshownin

b).Thecolorcodesfordifferenttimesarethesameina)andb).Priortothequench

theequilibriumg1(z)function,showsanexponentialdecaycharacterizedbylc.The

subsequenttimeevolutionafterthequenchleadstoanewexponentialdecaychar-

acterizedbylfc=2lc/(κ+2)fordistancesmallerthan2ct,whiletheprequenchchar-

acteristicdecaysurvivesforlengthexceeding2ct.Fortimeslargerthanafewtthg1,the

g1functionhasessentiallyreacheditsnewsteady-stateform.Alreadyfort/t
g1
th
=2

nodifferencewiththelongtimelimitisvisible.

timewhichischaracterizedbythethermalizationtimeoftheg1functiont
g1
th
=l
f
c/c.

Fort=∞theg1functioncorrespondstoanexponentialdecay.Fromtherelation

lc=2
2n0/mkBTonecouldassociatedanewtemperatureTf=Ti(κ+2)/2tothe

exponentialdecayingg1functionwhereTiistheinitialtemperature.Thisnewther-

malbehavioroftheone-bodycorrelationfunctiondoesnotreflectathermalequilib-

riumsituation.TheunderlyingBogoliubovmodescontinueundampedoscillations

aspredictedbyEq.(3.12).AsshowninFig.3.2a)alreadyfort=2tthg1essentiallyno

differencewiththelong-timelimitisvisible.Thescreeningoftheout-of-equilibrium

dynamicsmathematicallyarisesfromthesumoverallmodesqwhichistakenin

Eq.(3.15)andwhichmakestheoscillationsoftheBogoliubovnontransparentinthe

g1function. Whenlookinginmomentumspace–givenbytheFouriertransformof

g1–thesituationgetsmorecomplicated.Thelight-conephenomenaisnotdirectly

transparentasitisshowninFig.3.2b).

Thisillustratesthefactthattheobservationofanon-equilibriumdynamicscan

stronglydependonthechoiceoftheobservable.InthefollowingSec.3.3.2Iwill

presentthisthermalization-likebehavioroftheone-body-correlationfunctionbyex-

perimentallyaccessingthemomentumdistribution.
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3.3.1.1 RelationtotheViennaexperiment

Thelight-conelikedynamicsoftheone-bodycorrelationfunctionwasfirstobserved

intheViennagroup[103]inasimilarsystem.Theauthorsuseda1Dquasi-condensate

andsplititintotwouncoupledcopies.Byintroducingthephaseandthedensityfluc-

tuationofthetwocondensatesθ1/2,δn1/2(z),itcanbeshownthatthedynamicsofthe

relativevariables

θ(z)=θ1(z)−θ2(z) and δn(z)=
1

2
[δn1(z)−δn2(z)] (3.16)

isgovernedinthelinearizedapproximationbytheBogoliuobovHamiltonianforphononic

excitations[137]:

Hq=gn
2
q+

2q2n0

4m
θ2q. (3.17)

ThiscorrespondstotheBogoliubovHamiltonianofEq.(1.66)withafactor2differ-

enceinAq.ThedefinitionoftheFouriercoefficientsfollowsthedefinitionforthe

single1Dgas.Att=0thequasi-condensateissplitintotwoidenticalcopies.Initially,

thephasesofthetwoquasi-condensatesareidenticalandtheinitialfluctuationsof

therelativephaseiszero7.DensityfluctuationsarecreatedbythePoissoniannoise

〈δN21〉=〈N1〉associatedtothesplittingprocess.Thusthesplittingcorrespondsto

thecreationofasqueezedstate,asdescribedinSec.3.2.1.

Theauthorsof[103]accessthephasecorrelationfunctionoftherelativephase

C(z,z)=〈cosθ(z)−θ(z)〉. (3.18)

ForsmalldensityfluctuationsandGaussianstatesC(z,z)isequalto

C(z,z)=e−
1
2〈[θ(z)−θ(z)]

2
〉 (3.19)

whichcorrespondstothenormalizedone-bodycorrelationfunction.Eq.3.19can

becalculatedwiththesameargumentsasinSec.3.3.1,resultinginthesamelight-

conephenomenon.Thesplittingcanthusbeinterpretedasaninteractionquench

fromgi=0tothefinalvaluegfofthe1DBosegas.Thislightcone-phenomenawas

experimentallyobservedin[103].

3.3.2 Experimentalobservationinmomentumspace

InthisSectionIexperimentallystudytheevolutionofthemomentumdistribution

aftertheinteractionquench.Thisstudyisacomplementarystudywhichhighlights

7CorrectionsfromtheHeisenberguncertaintyrelation,aswellasexperimentalimperfectionsare

neglected.
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thetheoreticalargumentswhichwerepresentedinourarticle[18]andintheprevi-

ousSec.3.3.1.WeusethemomentumfocusingtechniqueasintroducedinSec.2.8.3

tomeasurethemomentumdistributionnq.Fig.3.3showstheexperimentalmo-

mentumdistributionpriorthequenchanditspost-quenchevolution.Inorderto

comparewiththetheoreticalpredictions,wecalculatethemomentumdistribution

viatheFouriertransformoftheone-bodycorrelationfunction.Weusetheprediction

forlight-conephenomenaontheg1functioninEq.(3.15)andapplytheLDAtogether

withtheconvolutionoftheimagingresponsefunction.Wefittheinitialequilibrium

distributiontoobtainthetemperatureofthecloud. WecompareinFig3.3a)the

experimentaldatatothetheoreticaltimeevolutionofthemomentumdistribution.

Theasymptoticlimitisexpectedtocorrespondtoanewequilibriumshapeofthe

momentumdistributionwithTf/Ti=(κ+2)/2. Wefitthesteadystatedistribution

withtheequilibriumpredictionandobtainthefinaltemperaturesTf.Theinsetof

Fig.3.3b)showsTffordifferentκ.

Figure3.3–Theeffectofthequenchontheexperimentalnormalizedmomentum

distributionnq.Theequilibriumdistributioninblue,isfittedwiththetemperature

andthewidthoftheimagingresolutionasafreeparameter.Weobtainatemperature

T=30nK,whichcorrespondstokBT/(gnp)=0.51

a)Thetimeevolutionafteraquenchwithκ=2.Asexpected,thelight-conedynam-

icsisdifficulttoobserve.AsshowninFig.3.2fort/tthg1 2,thelongtimelimitis

essentiallyreached.ThetheoreticalpredictionaretheFouriertransformofEq.(3.2)

togetherwiththeLDAandaconvolutionoftheimagingresolution.

b)Thelongtimedistribution(t>4.5t
g1
th
)fordifferentquenchstrengthsκ. The

asymptoticlimitisexpectedtocorrespondtoanewequilibriumshapeofthemo-

mentumdistribution.Thesolidlinesarefitsoftheequilibriumsituationwiththe

temperatureTfasafreeparameter.TheinsetshowsthefittingresultsTf/Ti,com-

paredwithitstheoreticalpredictionTf/Ti=(κ+2)/2.

Asexpectedthemomentumdistributionnqreachesasteadystate,whilethedy-
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namicstowardsthesteadystateisbarelyresolved.Thisisrelatedtoatechnicalprob-

lemofthemomentumfocusingtechnique.Thethermalization-likebehaviorofthe

g1-functionisoftheorderoft
g1
th

1msfortypicalsamples.Suchafastdynamics

cannotbefollowedbythemomentumfocusingtechnique.Themomentumfocus-

ingtechniquecontainstheapplicationofashortkick-potentialwhichtypicallytakes

halfamillisecond.Themomentumfocusingtechniquecanstillbeusedtoaccessthe

asymptoticlimitafterthequench,astheexperimentaldatainFig.3.3b)shows.

3.4 Densityrippleanalysis

3.4.1 SqueezedBogoliubovmodes

Thepreviousstudyofthepostquenchdynamicsinmomentumspace,couldnot

revealthedynamicsoftheBogoliubovmodes.First,duetotechnicalreasonsthe

light-conedynamicswasnotresolved.Second,evenwithanaccesstothelight-cone

phenomena–asobtainedin[103]–theunderlyingdynamicsbecomesexponentially

suppressedatlongtimes.InordertorevealtheongoingdynamicsoftheBogoliubov

modes,weusethedensityrippleanalysisandtheresultsofthisstudycanalsobe

foundin[18].AsintroducedinSec.2.8.1.2thedensityrippleanalysisgivesaccess

tothephasequadrature〈θ2q〉oftheBogoliubovmodes,fromwhichwerevealtheos-

cillatorybehaviorof〈θ2q〉aspredictedinEq.(3.12).Forpracticalpurposesweintro-

ducethequantityJ(q,τ)=
〈|̃ρ(q)|2〉

〈|̃ρ(q)|2〉i
where〈|̃ρ(q)|2〉iistheinitialdensityripplepower

spectrumatt=0.Thereducedtimeisgivenbyτ=cqandthespeedofsoundcis

calculatedatthecenterofthetrap.ForahomogeneoussystemthequantityJ(q,τ)

oscillatesas

J(q,τ)=1+κsin2(τ), (3.20)

whichisindependentofq.

Beforeintroducingtheexperimentalobservationoftheoscillatorybehaviorof

Eq.3.20letmeintroducetwotheoreticalrefinementstoourmodel:theswellingof

thetransversewavefunctionduetohighdensitiesandthelongitudinaltrappingpo-

tential.Thoseeffectsareimportantforaquantitativecomparisonbutdonotchange

theoverallpictureofcreationofsqueezedcollectiveexcitationsbytheinteraction

quench.

Swellingofthetransversewavefunction Duetothehighlineardensities8na3D ∼

1,3Dcorrectionarisefromtheswellingofthetransversegroundstate.IntheAp-

pendixofourpaper[18]thesecorrectionsarecalculatedexplicitlyforaharmonic

8Sec.3.4.4justifiestheuseofsuchhighdensities.
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trap.Thespeedofsoundandthedensityiscalculatedwiththemodifiedequation

ofstateµ(n)= ω⊥ 1+4na3D−1.Thesecorrectionschangethemodefrequency

ωq=cqbyapproximately30%,buthaveasmalleffectontheamplitudeandtheform

oftheoscillations.

Thetrappingpotential InaharmonicallyconfinedtrapEq.(3.20)ismodifiedas

J(q,τ)=1+κF(τ), (3.21)

wherethefunctionF(τ),calculatedwith(LDA),is

F= dzn0(z)sin
2c(z)qt/N. (3.22)

Thelocalspeedofsoundisgivenbyc(z)= n0(z)
m
∂µ
∂nn0(z)

.Forsimplicityletmere-

strictthisdiscussiontothepure1Dcase.Detailedcalculationoftheeffectofhigh

densitiesinatraparegivenintheAppendixorourarticle[18].Inthepure1Dcase

Eq.(3.22)is

F1D=
3

2

1

0
d̃z(1−z̃2)sin2τ 1−z̃2. (3.23)

Incontrasttothehomogeneouscase,F1Dshowsdampedoscillationswhichleadsto

adampingoftheoscillationsoftheJ.Thisdampingisapuredephasingeffect,cap-

turedbytheLDAargumentbelow:IntheLDApicturethesystemisdescribedbylocal

harmonicoscillatorsateachpointinspacewhichoscillateaccordingtoEq.(3.12).

Theoscillatorsatdifferentpointsinspaceoscillatewithalocalspeedofsoundc(z)

whichleadstoadephasingoftheoscillatorcollections.Thistranslatesintoadamp-

ingofthequantityJ(q,τ).

BeyondtheLDAonecanperformBogoliubovcalculationsinaharmonictrap

(Sec.1.3.2).Thequenchmodifiesthecanonicalvariablesxνandpνaccordingto

xν(t=0
+)=

gf

gi

1/4

xν(t=0
−), (3.24)

pν(t=0
+)=

gi

gf

1/4

pν(t=0
−). (3.25)

Asinthehomogeneouscase,theinitialGaussianstateisgivenbytheequipartition

theoremp2νi= x
2
νi=

kBT
ων
forthephononicmodesandforkBT ων.Theevo-

lutionofp2ν isgivenby

p2ν (t)= p
2
νi[1+κsin(ωνt)]. (3.26)
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AsintheLDA,theunderlyingmodesperformundampedoscillations.IntheBogoli-

uovapproachinaharmonictrap,thedampingofJarisesfromthedensityripple

analysis.Incontrasttothehomogeneouscase,theLegendrepolynomialsarenot

thegoodquantumnumberofthefreeevolution.Therefore,thefreeevolutionofthe

densityrippleanalysismixesdifferentmodesintheharmonictrap.Themixingof

thesemodesleadstoadampingeffectinthedensityripplepowerspectrum|̃ρ(q)|.

TheeffectcanbecalculatedfromEq.(2.65)anditgivesverysimilarpredictionscom-

paredtotheLDA.TheLDAcalculationsarenumericallylessdemandingandwewill

usetheLDApredictionsinthefollowing.

Insummary,agoodunderstandingwithasufficientprecisioncanbeobtained

fromthephysicalpictureofaquenchinahomogeneoussystem,togetherwiththe

dephasingeffectpredictedbytheLDA,andamodificationofthemodefrequencyby

highdensityeffects.

3.4.2 Experimentalrealization

Figure3.4–Densitypowerspectra:a)densitypowerspectrumbeforethequenchat

thermalequilibriumwiththeoreticalpredictioningreen(seeSec.2.8.1.3),leadingto

atemperatureT=55nKandσ=2µm.

b)Densitypowerspectraafterthequenchforaquenchstrengthofκ=2attimes

t=2.1ms(green),t=2.6ms(blue)andt=4.6ms(black).Forcomparisontheinitial

spectrumisshowninredlineandthetwoblacklineslimittherangeofqusedfor

J(q,τ).

Wetypicallyrecordthedensitypowerspectrumbeforethequenchatt=0and

thenevery0.5msoveratotaltimeofupto10ms.Foreachindividualdensityripple
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powerspectrumweuseabout50imagesandtypicaldensityripplepowerspectra

〈|̃ρ(q)|2〉areshowninFig.3.4.Atfirstglancethepost-quenchspectraseemerratic.

TheoscillatorybehaviorofeachFouriercomponentcanberevealedbylookingatthe

previouslyintroducedquantityJ(q,τ).SinceweexpectthatJ(q,τ)isindependentof

qwebinthedatacorrespondingtodifferentqvaluesforagivenintervalinτ.The

binningisimplementedbyasmoothbinningonanirregularspacedgrid. Weusea

numericalGaussianconvolutionofawidth∆̄:

J̄(τ)=
αJ(qα,τα)e

−
(τα−τ)

2

2̄∆2

αe
−
(τα−τ)2

2̄∆2

, (3.27)

where∆̄=0.1π.Thesumoverαisdoneoverthedatasetwhereqisrestrictedto

10<qR<40inordertoensurebothqtf/m lcandthevalidityoftheLDA.The

opticalresolutiondependsonthetransverseconfinementwhichisnotequalbefore

andafterthequench.Wecorrectforthissmalleffectby

〈|̃ρ(q)|2〉→〈|̃ρ(q)|2〉eq
2σ2

f
−σ2i, (3.28)

wheretheinitial/finalopticalresolutionσi/fisobtainedfromfitsoftheequilibrium

densityripplespowerspectra.

Fig.3.5a)showsthequantityJ̄(τ)whereτ=cqtisevaluatedatthetrapcen-

ter.Itshowstheexpectedoscillatorybehavior.Thefrequencyof̄Jisingoodagree-

mentwithitspredictions,whenthe3Deffectsaretakenintoaccount.Theoscilla-

tionshowstheexpecteddampingarisingfromtheharmonictrap.Theamplitude

oftheoscillationissmallerthanexpected.Anartificialrescalingoftheamplitude

byκ→κ/2gaveanapproximateagreementbetweentheoryanddata(blacklinein

Fig3.5a)).

Werepeattheexperimentfordifferentquenchstrengthsκ=-0.7,2and4anddif-

ferentinitialtrappingfrequenciesω⊥=1.5kHzand3.1kHzasshowninFig.3.5b).In

allthedatasettheoscillatorbehaviorcanbeobserved.AsinFig.3.5a)thedamping

andthefrequencyareinagreementwithitstheoreticalprediction.Theamplitudede-

pendsonthedatasetandisalwayssmallerthantheanticipatedone.Theoriginofthe

discrepancyisnotentirelyunderstoodandinSec.3.4.5differenteffectswhichleadto

areducedamplitudearediscussed.TheseoscillationsoftheBogoliubovmodesafter

aninteractionquenchhavealsobeenobservedexperimentallyin[102]in2Dsystem.

3.4.3 Beyondthelight-cone

AsdiscussedinSec.3.3.1oneexpectsalight-conebehavioroftheg1functionwhich

exponentiallysuppressestheprequenchinformationonatypicaltimescalet
g1
th
=

l
f
c/c.Att=t

g1
th
theg1functionhasreacheditsfinalvalueforalldistancesz<2l

f
c
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Figure3.5–TimeevolutionoftheBogoliubovmodesaftertheinteractionquench.

Thenormalizeddensityripplespowerspectrumisplottedversusthereducedtime

τ=cqtwherethespeedofsoundciscalculatedforthecentraldensity.a)Thedata

correspondstoaninteractionquenchwithκ=2andaninitialf⊥=1.5kHz.Each

datapointcorrespondstoameasurementtimetandadiscreteqvalue.Bluepoints

correspondtot<t
g1
th
andredpointstot>t

g1
th
.Theblacklinecorrespondstothe

resultingcontinuousaveragedquantitȳJ,togetherwitsitserrorbarsatanexemplary

positions.Thereddashed-dottedisthetheoreticalpredictionforκ=1.b)Time

evolutionoftheexperimentalsmoothedquantityJ̄fordifferentdatasets.Theerror

barsshowthetypicalstatisticaluncertaintyonJ̄with68%confidenceinterval.The

initialtransverseoscillationfrequencyis1.5kHz,exceptforthegreencurveforwhich

itis3kHz. Quenchstrengthsareκ=4(red),κ=2(blueandgreen)andκ=−0.7

(purple). Dashedlinesaretheoreticalpredictionsforquenchstrengthsisreduced

byafactor0.5:(red:κ=2,blueandgreen:κ=1andpurple:κ=−0.35).Thegrey

Gaussiancorrespondstothesmoothingfunctionusedforthedataconvolution.The

bluelinecorrespondstothesamedatasetasina).
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wheretheg1functionhasalreadydroppedtog1=n0e
−2andwhichcorrespondsto

14%ofitsvalueatz=0(seeFig.3.2).InFig.3.5a)weshowtherawdatapoints,each

correspondingtoasinglepairofqandt.Redpointscorrespondtot>t
g1
th
andblue

pointstot<t
g1
th
.InFig.3.5a)theoscillationscontinuefortimest>t

g1
th
whichshows

thatthedensityrippleanalysisgivesaccesstoinformationwhichisexponentially

screenedontheg1function.

3.4.4 Modedamping

0 1 2 3 4
τ/π

1

2

3

J

t<tg1th

t>tg1th

J̄

ThepreviousresultsareinagreementwiththelinearizedapproachoftheBogoliubov

model.InthefollowingIpresentunpublishedresultswhichindicatephysicsbeyond

thelinearizedapproach.

Figure3.6–Datasetcontainingdatapointsuptot=16mswhichexceedsmorethan

threetimestthg1.Againthefirstoscillationisdominatedbydatapointsoriginatingfrom

t<tthg1.Thethirdandforthperiodsarestronglydampedandtheoscillatorybehavior

finallyvanishes.Thisdampingisnotcapturedbytherescaledtheoreticalprediction

fromthelinearizedmodel(blackline).

Incontrasttothepreviousresultthefollowingdatasetincludesdatapointswhich

exceedseveraltimest
g1
th
.Fig.3.6containsdatapointsuptothreetimest

g1
th
andit

clearlyshowsadampingwhichisnotpredictedbythelinearizedmodelofSec.3.2.1.

Itcanbeexpectedthattheoriesbeyondthelinearizedmodelpredictfurtherdamp-

ing.GoingbeyondtheBogoliubovdescriptionwiththefullquantumtreatment(Lieb-

LinigerHamiltonian)istremendouslydifficult.Asimplerapproachcanbeobtained

fromtheclassicalfieldequations(seeSec.1.3.4).Theclassicalfieldequationsintro-

duceanadditionaldampingphenomenaforthetimeevolutionofasqueezedmodes:

Theyintroducecouplingbetweendifferentmodesqandqandcouplingbetween

thetwoquadraturesθqandδnq.Theunderstandingofthisdampingisstillworkin

progress.Letmefinishthissectionwithsomepreliminaryremarks:
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Forsimplicityletusrestrictthisdiscussiontoahomogeneoussystems.Theclas-

sicalfielddependsonasingleparameter;theclassicalfieldparameterχ=l2c/(4ξ
2)

(seeSec.1.3.4). Fig.3.7showstwoclassicalfieldsimulationsoftheevolutionof

thedensityripplesspectrumafterthequench.Forhigherχ,thedampingbecomes

smaller.Forlargerχthesystemisdeeperintothequasi-condensateregimeandthe

densityfluctuationsδn/n0

1

2

J
(q
,
τ
)

lc/ξ=12.5

qL
2π=5

qL
2π=7

qL
2π=10

qL
2π=12

qL
2π=15

0 1 2 3 4 5 6
tωq/π

1

2

3

J
(q
,
τ
)

lc/ξ=25

aresmaller.Thisleadstoasmallercouplingbetweenthe

modes.

Figure3.7–ClassicalfieldsimulationoftimeevolutionofthequantityJ(q,τ)after

quenchfordifferentinitialvaluesoftheclassicalfieldparameter2 χ=lc/ξ.Higher

valuesoflc/ξleadtoaweakerdamping.Themodeindexisgivenbyj=qL/(2π).The

colorscodesarethesameinbothfigures.

Justificationfordatawitha3Dn 1. Themodedampingisaninterestingsubject

onitsown.Still,thefirstaimofthisstudywastoobservetheoscillatorybehavior

oftheBogoliubovmode.Therefore,weareinterestedinsituationswherethemode

dampingissmall,suchthattheoscillatorybehaviorcanbeobserved.

Inatypicalsituationwepreparequasi-condensateattemperatureskBT/(gn0)

y∞ wherey∞ issomenumericalfactorverycloseto1(seeChap.4forajustification

forthisassumption).Insuchasituationχcanberewrittenas

χ
1

γ
. (3.29)
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AsshowninFig.3.7themodedampingdecreaseswithχ.Thereforeweareinterested

inworkingwithsmallγ.Thiscanbeobtainedbyhighdensitiesandsmallg.Dueto

practicalrestrictionsthevalueofgcannotbevariedinalargerange.Itsvalueneeds

tobelargeenoughsuchthatthesystemstaysinthe1Dregimeandmaintainsahigh

aspectratio. Wethereforechoosetoworkwithhighdensitiesn.Unfortunately,the

classicalfieldsimulationssuggestthatalowmodedampingcanonlybeobtained

byworkingwithdensitiessuchthatcorrectionsfromtheswellingofthetransverse

wavefunctionbecomeimportant.Thiswasexperimentallyconfirmed: Whenwork-

ingwithlowerdensities,comparedtothepreviouslypresentedresults,wewereun-

abletoobservetheoscillatorybehavioroftheBogoliubovmodes.Wethereforeraised

thedensitysuchthatna3Ddidnotstayverysmall.Forexamplethecorrectionstothe

speedofsoundaccountsforupto30%(c/c1D=0.7)inthedataofFig3.5.Afurther

increaseofn0isunfeasibleduetoexperimentalconstraintsandalsoduetothree-

bodylosseswhichstartbecomeimportant.

3.4.5 Amplitudereduction

Inthefollowing,Ibrieflydiscussdifferenteffectswhichleadtoareductionofthe

oscillationsinJ̄(τ)whichstandsindiscrepancywithourtheoreticalprediction(see

Fig.3.5).Amoredetailleddiscussionisgivenintheappendixofourpaper[18].

Binningofthedata Thestrongesteffectcomesfromthesmoothbinningofour

data.Therawdensityrippledatabeforesmoothbinningshowsalargespreadwhich

requestedalargē∆,inordertogetridofthenoiseinthedata.Thespreadoftheraw

datashowninFig.3.5b)isnotrepresentativeandshowsourbestdataset.Amore

representativedatasetisshowninFig.3.6.Assumingapuresinusoidalbehaviorof

J=Asin2(τ),thesmoothingprocessoftheGaussianconvolutionEq.(3.27)leadsto

anamplitudereductionofA=Ae−2̄∆
2
whichcorrespondsto18%for∆̄=0.1π.

Finiteramptime Inthepreviousanalysisweassumedaninstantaneousrampwith

aramptimetr=0.Intheexperimentswetypicallyusedtr=0.7msinordertoensure

theadiabaticfollowingofthetransversestate.Forlargewavevectorstrisnotsmall

comparedtotheoscillationperiodofthemodeswhichreducesthemodesqueezing

producedbythequench.Assumingalinearramp,onecancalculatethesqueezing

factorSqforeachmode,withdetailedcalculationspresentedintheappendixofour

paper[18].Theamplitudereductioncanbecalculatedbysolvingtheequationof

motionsoftheBogoliubovHamiltonian(Eq.(1.101)&(1.102))withatimedependent

variableAq(t).ThesolutionaregivenbytheAiry-functions.

InFig.3.8theexperimentallyobservedamplitudereductiononthefirstoscilla-

tionisshownfordifferentwavevectorsq.Thegreenlineisthetheoreticalprediction
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ofthereducedsqueezingduetothefiniteramptime.Asexpectedthesqueezingof

themodedecreaseswithq

10 20 30
qR

0.8

0.9

1.0
A
m
pl
it
u
de
A
0

inagreementwiththeexperimentaldata.

Figure3.8–TheAmplitudeofthefirstoscillationfordifferentwavevectorsq.The

amplitudeisobtainedfromcalculatingJ(τ)foranarrowbandofq,whosewidthis

representedbythehorizontalerrorbars. WethenfitthefirstoscillationofJ(τ)with

asinusoidalA0sin
2(τ)+1.Theverticalerrorbarscorrespondto68%uncertaintyob-

tainedfromthefit.Thegreenlineisthetheoreticalpredictionrescaledby0.5asin

fortheprevioustheoreticalpredictions.Thequenchstrengthisκ=3andtheramp

durationtr=0.7ms.

Inthepreviouslypresenteddatasets,awholerangeofqcontributetoJ̄(q).In

theexperimentaldata,allthedatapointsarisefromatotalobservationtimetmax.

Differentmodesqcontributeuptoamaximaltimeτmax=cqtmax.Smallwavevectors

qcontributetodatapointsatsmallerτ,whilelargerwavevectorsqcancontributeto

higherτ.ThequantitȳJ(q,τ)isdominatedbysmallerwavevectorsqatsmallτand

bylargerwavevectorsqatlarger9q.Takingintoaccounttheweightsofthedifferent

q,itcanbeestimatedthatthiseffectreducestheamplitudebytypically10%forthe

firstoscillation.

Insummarythetwoeffectswhicharisefromthefiniteramptimeandthedata

binningreducetheoverallamplitudebyapproximately75%whileweobserveanam-

plitudereductionbyabout50%.Theremaining25%arenotunderstood.Itcanbe

speculatedthatthisdiscrepancymayarisefrommodecouplingorfromeffectsdue

toatomsinthetransverselyexcitedstates.

9Notethatthiseffectcannotexplaintheadditionaldampingobservedin3.6.
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3.4.6 Recurrencesinaharmonictrap

In[133]recurrenceafterthesplittingprocessofaquasi-condensateintotwowere

observed.DuringmyPhD,weaimedtoachievesimilarresultswithasinglequasi-

condensateafteraninteractionquench.Thissectiondetailswhyarecurrenceina

singlequasi-condensatewasnotobservedandclarifiesthedifferencetotheobser-

vationin[133].

Homogeneoussystem Foralineardispersionrelationafteratimetrecallthemodes

acquirethesamephase.Letusstartwithboxpotentialwherethemodefrequencies

aregivenbyωj=cπj/L.Thedensityrippleanalysisissensitivetothephasemod-

ulo10π.Afteratimetrec=L/c,allthemodesacquirethesamephase.Thefirstmode

performedhalfofaturnandacquiresthephaseπ.Thej-thmodeacquiresaphase

jπ.Consequently,thedensityripplepowerspectrumattherecurrencetimeisiden-

ticaltoitsinitialdistributionatt=0+.

Harmonictrap AsalreadyshowninFig.1.6b)thedispersionrelationinaharmonic

trapisveryclosetolinear,whenexcludingthefirstmodes.Thissuggeststhatrecur-

rencephenomenacouldalsobeexpectedinaharmonictrap.Forlargeνthedisper-

sionrelationinatrapcanbeexpandedas

ων=
ν(ν+1)

2
ω∥

1

2
ν+
1

2
ω∥. (3.30)

Again,theobservableofinterest〈|̃ρ(q)|2〉resolvesthemodesmoduloπ.Thefirst

recurrenceoccurswhenthephasedifferenceθν+1−θν=(ων+1−ων)tisequaltoπ.

WiththelinearapproximationofEq.(3.30)oneobtainstherecurrencetimeinatrap:

trec=
π

ω∥
2. (3.31)

Atthefirstrecurrencethefirstmodehasapproximatelyturnedby3π/2andtheν-th

modeby(ν+1/2)πasshowninFig.3.9a).Incontrasttoahomogeneoussystem,

thestateattherecurrencetimedoesnotcorrespondtotheinitialsituationatt=0+.

Allthemodesacquirethesamephase,butshiftedbyπ/2fromtheinitialsituation.

Forν>3,thisrecurrencepredictedfromthelargeνexpansionturnsouttobealmost

perfect.Wethereforeexpecttoobserveanalmostperfectrecurrencewhenlookingat

thedensityripplepowerspectrum|̃ρ(q)|2 asshowninFig.3.9b).Thefirstmodes,

forwhichtherecurrenceisnotperfect,caneasilybeexcludedinthedensitypower

spectrum,asalreadyperformedinSec3.4.1.

10Wearesensitiveto θ2q .
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Figure 8 Retour des oscillations autours du temps t ⇡
p
2/ ! observé avec up

Figure3.9–a)ThenormalizedexpectationsvalueoftheBogoliubovmodesp2ν after

thequench.Att=trecfirstrecurrenceisvisible,aspredictedbythelargeνapproxi-

mation.Alreadyforν=3themodesalmostperfectlyacquirethesamephasewhere

theagreementincreaseswiththemodeindexν.

b)Thenormalizeddensitypowerspectrumvs.thedimensionlesstimeτ=ωq(t−

trec)aroundtherecurrencetime.Theblacklineshowsthetheoreticalpredictionfrom

theLDA.NotethatinprincipletheLDAdoesnotpredictarecurrence.Still,itcanbe

usedpredicttheoscillationbehavioraroundt=trecwhichisthesameasatt=0with

aphaseshiftofπ/2.Calculationsaredoneforlc/R=0.0033andtf/lc=0.2.

3.4.6.1 Experimentalrealization

Weexperimentallyinvestigatedtherecurrencephenomenaafteraninteractionquench.

Oneexperimentalchallengeconsistsinapreciseknowledgeoftherecurrencetime

trec.Inordertoapplythedensityrippleanalysisandrevealhowallthemodesoscil-

lateinphasearoundtrecasseeninFig.3.9b),thecorrectrecurrencetimeneedstobe

chosen.Duetothehighlineardensitiesnptheequationofstateismodifiedwhich

modifiesthespectruminthetrap.FromnumericalcalculationoftheBogoliubov

modeswiththemodifiedequationofstate,onecanshowthatthenewdispersion

relationisgivenapproximatelyby

ων≈α(η)
ν(ν+1)

2
ω∥, (3.32)

whereη=µp/ω⊥andα(η)canbecalculatednumericallyasshowinFig.3.11a).

Unfortunately,itwasimpossibletoproduceasignificantexperimentalobserva-

tionoftherecurrencephenomenaintheharmonictrap.InFig.3.11anexemplary

datasetforthepreviouslyintroducedquantityJ(τ)isshownfordifferentchoicesof

trec.Thereasonwhywecouldnotobservetherecurrencephenomenaismostprob-

ablythedampingoftheBogoliubovmodesintroducedinSec.3.4.4.Therecurrence
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Figure3.10–3Deffectsfromtheswellingofthetransversewavefunctionathighden-

sities.Thefigureshowsthedependenceofthecoefficientα(η)onthedensitygiven

byη=µp/ω⊥= 1+4a3Dnp−1.

timeistypicallyt 60ms.AsalreadyvisibleinFig.3.6thedampingleadstoade-

creasedoscillationamplitudeatshortertimes.Theoscillationsattherecurrencetime

aredampedbeyondtheexperimentalresolution.

Comparisonwithrecurrencesafterthesplittingofaquasi-condensate In[133]

recurrenceswereobservedafterthesplittingofaquasi-condensateintwo(seeSec.3.3.1.1).

Fortheobservationaboxpotentialwasused.In[138]thesamegroupshowedthat

withtheirmethodtheobservationofrecurrencesinaharmonicpotentialwasnot

possible.Thisismainlyduetothefirstmodeν=1whichsmearsoutthesignalon

thephasecorrelationfunction(orontheg1function).Thisproblemcanbeeas-

ilyavoidedwiththedensityrippleanalysismethodwhereonecanexcludethefirst

modes.Still,wecouldnotobservetherecurrencesignal.Thisismostprobablydue

tothedifferenceintemperature.Thesplittingoftheinitialquasi-condensateleadsto

aneffectivetemperatureoftheanti-symmetricmodesbelowtheinitialtemperature

ofthequasi-condensate.Theauthorsof[133]performedclassicalfieldsimulationfor

theevolutionofthetwoquasi-condensatesinaboxpotentialafterthesplitting.Their

simulationsindicatethattherecurrencesignalcanonlybeobservedforclassicalfield

parameterswhicharehigherthantheoneofoursystem.Duetothesplittingprocess

theirsystemobtainsaneffectivetemperaturewhichismuchlowerthantheoneof

atypicalsinglequasi-condensate.Thelowertemperatureleadstoahigherclassi-

calfieldparameterwhichexplainsthereduceddampingofthesqueezedmodes.We

expectthatthesamequalitativeargumentsholdinaharmonictrap.

Insummary:Inprincipletheobservationofarecurrenceinaharmonictrap

shouldbepossiblewiththedensityripplemethod.Themethodallowstoexclude
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Figure3.11–ThesmoothquantityJ(τ)aroundtheexpectedrecurrenceshownat

differentoffsetwhichcorrespondtodifferenttrec.NotethatthevariationinJ(τ)is

significantlysmallerthanthepreviouslyobservedoscillationsatshorttimes.

thenonequallyspacedfirstmodeswhichhinderitsobservationondifferentob-

servables,astheg1function.ThedampingofthesqueezedBogoliubovmodesmost

probablypreventedtheobservationofarecurrencewiththedensityripplemethod.
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Summary:

• Werealizeaninteractionquenchbysuddenlychangingthetransverse

confinement.

•Theobservationinmomentumspacedoesnotallowtoresolvethesub-

sequentdynamics.

•Thedensityrippleanalysisisausefultooltostudytheout-of-

equilibriumdynamicsfollowingtheinteractionquench.

•Thepublisehdresultsareingoodagreementwiththelinearizedmodel

(BogoliubovHamiltonian)andtheout-of-equilibriumdynamicsoutlasts

thedynamicsobservableonthefirstordercorrelationfunctiong(1)(z).

•IpresentdatasetsthatindicateeffectswhichgobeyondtheBogoliubov

analysis: WeobserveanadditionaldampingwhichisnotintheBogoli-

ubovanalysis.Suchaneffectisalsoseeninnumericalclassicalfieldsim-

ulations.

•Theobservationofrecurrenceswasnotpossibleduetothemodedamp-

ing.
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Chapter4

LossesinaBosegas

Theworkpresentedinthischapterwasoriginallytriggeredbytheunexpectedresult

thatenergy-independentlossescanleadtothecoolingofquasi-condensates.These

resultswerefirstobtainedbytheViennagroupwithatheoreticalwork[20]andan

experimentalverification[19].Theseresultsledtoseveraltheoreticalandanexperi-

mentalworkinourgroup[21–24].InthischapterIwillfirstintroducethetheoretical

toolstotreatenergy-independentlosses(Sec.4.1-Sec.4.3).Thetheoreticalstudies

ofourgroup[21–23]focusondifferentaspectsandalsousedifferentapproachesto

describetheenergy-independentlosses.InSec.4.2thelossesareintroducedwiththe

wavefunctionMonte-Carlomethod,asusedin[21].Indifferenceto[21]themethod

isextendedfromone-bodylossestoj-bodylosses.Iadviseamoreexperimentalor

anunpatientreadertodirectlyreadSec.4.3wherethesametheoreticalresults,asin

Sec.4.2,areobtainedinamoreintuitiveway.Itshouldbenotedthatthesimplified

approachofSec.4.3cannotjustifyallofitsapproximationwithoutreferringtoamore

sophisticatedapproachasQMC.

Thetwodifferenttheoreticalapproachessuggestthatacoolingshouldbeex-

pectedfromthree-bodylosses.InSec.4.4experimentalresultsarepresentedwhich

confirmthecoolingbythree-bodylossesandwhicharepublishedin[24].Theendof

thechaptercollectsdifferentsideaspectsoftheenergy-independentcoolingprocess.

Ipresentthethree-bodylosscoolingobservedbytheYang-Yangthermometry4.4.3,

forwhichtheoreticalpredictionsaredifficulttoobtain.Furthermore,Ipresentathe-

oreticalstudybasedontheQMCapproachwhichallowstocoolaBogoliubovmode

tothegroundstateviaafeedbackloop.Thisworkispublishedin[21].

Thephysicaloriginofthecooling Atfirsthandacoolingintroducedbyenergy-

independentlossescouldseemcontradictory.Especiallywhenconsideringthewell

establishedevaporativecoolingwhichspecificallyreliesontheenergyselectivity.A

coolinginducedbylossescanbeunderstoodinthefollowingway:Letusconsidera
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BogoliubovmodeqwhoseHamiltonianisgivenby

Hq=Aqn
2
q

Eint

+Bqθ
2
q

Ekin

, (4.1)

asintroducedinSec.1.3. Whenconsideringphonons,thefirsttermonther.h.sis

theinteractionenergyEintandthesecondtermthekineticenergyEkin.Thelosses

reducetheamplitudeofthedensitymodulations〈n2q〉andconsequentlyremovein-

teractionenergyfromthemode.Thisisaneffectwhichcanbeunderstoodfroma

meanfieldapproach.Itisimportanttonotethattheoriginofthiscoolingeffectis

unrelatedtothecommonlyusedevaporativecooling,althoughitspracticalimple-

mentationmightbeverysimilar1.Thelossesintheevaporativecoolingprocessare

selectiveinthekineticenergyandreducethetemperaturebyathermalizationpro-

cess.Consideringthattheenergy-independentlossesdecreasetheinteractionen-

ergy,itmightbetemptingtointerprettheenergy-independentlossprocessasthe

equivalentoftheevaporativecoolingwherethekineticenergyisreplacedbythein-

teractionenergy.Thisishoweverastrongoversimplification.Thecoolinginduced

bytheenergy-independentlossesdoesnotrelyonthermalization,asIwillshowin

thischapter.

Thecoolingbyenergy-independentlossesalsointroducesacompetingheating

process.Thissecondeffectisduetothediscretenatureoftheatomlosses.Thelossof

individualatomsisassociatedwithashot-noisewhichincreasesthedensityfluctua-

tions.Thusitincreasestheenergypermode.Thisheatingeffectcannotbecaptured

byamean-fieldapproach.

Insummary,acompetitionofthesetwoprocessesleadstoastationaryvalueof

theratio

kBT/(gnp)=y∞. (4.2)

Theparametery∞ isoftheorderofoneanddependsonthetypeoflossesandthe

trappinggeometry.Thisstationaryvaluecorrespondstothecrossoverbetweenthe

quasi-condensateregimedominatedbyquantumfluctuationsandthequasi-condensate

regimedominatedbythermalfluctuations(seeSec.1.2.4).

4.1j-bodylossinaquasi-condensate

Letmefirstdefinethenotionofj-bodylosses:Itreferstoasituationwherethetime

evolutionoftheatomicdensityisgivenby

d

dt
〈n〉=−̃κj〈n〉

jg(j)(0), (4.3)

1MoreaboutthisaspectinSec.4.5.
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withtheeventrateconstantκ̃jandthenormalizedj-bodycorrelationfunctionat

zerodistance

g(j)(0)=
〈Ψ†

j
(0)Ψj(0)〉

〈n〉j
. (4.4)

Thenormalizedj-bodycorrelationfunctionatzerodistancegivestheprobabilityof

havingjparticlesatthesameplace,normalizedto〈n〉j–thevalueforuncorrelated

atoms.

Forthewholechapter,wewillconsiderj-bodylossesinthequasi-condensate

regimewhereg(j)(0)isclosetoone(alsoseeEq.(1.55))

g(j)(0) 1. (4.5)

Thismotivatestheintroductionofanewconstantκj=κ̃jg
(j)(0)wherethedepen-

denceonthetemperatureandtheregimeisrecastintoκj.

InthefollowingtwosectionsIwillcalculatetheeffectsofj-bodylossesontheen-

ergyofaBogoliubovmodeqwithtwodifferentmethods.ThefirstmethodinSec.4.2

usestheQuantum-MonteCarlo(QMC)method.ThesecondmethodinSec.4.3uses

asimplifiedapproach.Bothsectionsarecomplementaryandcanbereadindepen-

dentlyofeachother.TheresultsoftheQMCmethodgiveadeeperunderstanding

oftheprocessandformthebasisofthefeedbackprocessofSec.4.7.Thesimplified

approachofSec.4.3givesamoreintuitiveaccesstotheprocess.

4.2 QuantumMonte-Carlo

InthissectionweapplythewavefunctionQuantumMonte-Carlo(QMC)methodin-

troducedinSec.1.5.1toj-bodylosses.

Inasmallcell WediscretizespaceintoQcellsoflengthδz.Thesecellscontain

alargemeanatomnumberN0withsmallfluctuationsδN=N−N0,sincethegas

liesinthequasi-condensateregime.Furthermoreweassumethatδzislargeenough

suchthatthefluctuationsarelargecomparedtounityδN 1.Bothcanbefulfilled

atlengthsmallerthanthehealinglengthξ.ThesmallcellcontainsNatomsandits

timeevolutionisgivenby
d

dt
N=−KjN

j, (4.6)

whereKj=κjδz
1−j.

QMCmethod DuringthesmalltimedttheQMCmethodofSec.1.5.1isbasedon

twopossibilities:Eitheralosseventoccursornolosseventoccurs.
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1.LosseventIfalosseventoccurstheinitialstate|Ψ(t)〉evolvesas2

|Ψ(t+dt)〉=̂aj|Ψ(t)〉, (4.7)

whereâannihilatesaparticleinthecell.Theprobabilityforthislosseventis

givenby

dp=〈Ψ(t)|L†L|Ψ(t)〉=
Kj

j
〈Ψ(t+dt)|Ψ(t+dt)〉dt. (4.8)

Thefactor1/jarisesfromthefactthatwelookatthenumberoflosseventsand

notatthenumberoflostatoms.

2.NolosseventWiththeprobability1−dpnolosseventsoccursandthestate

evolvesaccordingto

|Ψ(t+dt)〉=e
Kj
2jâ

†jâjdt
|Ψ(t)〉. (4.9)

Theprobabilityoffornolosseventisgiven

1−dp=
〈Ψ(t+dt)|Ψ(t+dt)〉

〈Ψ(t)|Ψ(t)〉

j lost atoms

. (4.10)

Figure4.1–Atypicallosssequenceduringthetimeinterval∆t.Ateachlossevent,

indicatedbythearrows,jatomsarelostandthetotalnumberoflostatomsduring

thesequenceisjM.

Losssequence Letuslookatalosssequenceduringasmalltimeinterval∆twhere

atomsarelostfromthecellattimest1<t2<...<tMasdepictedinFig.4.1.Thefinal

stateafterthislosssequenceisobtainedbythesuccessiveapplicationofEq.(4.7)&

(4.9)whichleadsto

|Ψ(t+∆t)〉=e
Kj
2jâ

†jâj(t+∆t−tM)âje
Kj
2jâ

†jâj(tM−tM−1)...̂aje
Kj
2jâ

†jâj(t1−t)|Ψ(t)〉.(4.11)

2Notethatweworkwithunnormalizedstates.
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Theprobabilityofthelosssequenceisgivenby

dp{ti}=
〈Ψ(t1)|Ψ(t1)〉

〈Ψ(t)|Ψ(t)〉

Kjdt

j

〈Ψ(t1+dt)|Ψ(t1+dt)〉

〈Ψ(t1)|Ψ(t1)〉
...

〈Ψ(t+∆t)|Ψ(t+∆t〉

〈Ψ(tM+dt)|Ψ(tM+dt)〉
(4.12)

whichleadsto

dp{ti}=
Kjdt

j

M
〈Ψ(t+∆t)|Ψ(t+∆t〉

〈Ψ(t)|Ψ(t)〉
. (4.13)

Forthecalculationofthelosssequenceprobabilitydp{ti}wechoosetoworkin

theFockstatebasis|Ψ(t)〉= NcN(t)|N〉.ThelosssequencechangestheFockstate

coefficientscN(t+∆t)=〈N|Ψ(t+∆t)〉.Theyaregivenby

cN(t+∆t)=f{ti}(N+jM)cN+jM(t) (4.14)

wherethefunctionf{ti}(N)dependsonthelosssequence.Thetimeinterval∆tis

chosensuchthatthenumberoflostatomsismuchsmallerthanthetotalnumberof

atomsNinthecell.Then,thefunctionf{ti}(N)becomesalmostindependentonthe

timesequence{ti}foragivennumberoflosseventsM.Thefunctionf{ti}(N)canbe

approximatedby

f{ti}(N) fM(N)=N
jM/2e

−
Kj
2jN

j∆t
, (4.15)

whereweusedM Nandneglectedthecommutator[̂a,̂a†]=1.Thelastapproxi-

mationisvalidaslongastheatomnumberinsidetheconsideredcellislargeN 1.

ItisequivalenttoEq.(4.5).WiththeFockstatecoefficientswecancalculatetheprob-

abilityforthegivensequence

dp{ti}=
N

|cN|
2
Kj

j
Njdt

M

e
−
Kj
jN

j∆t
. (4.16)

Statisticsofthetrajectories Asinglelosssequencecorrespondstoaquantumtra-

jectory.Theprobabilityofthequantumtrajectorydp{ti}onlydependsonthenumber

oflosseventsM.Thelosseventsarerandomeventsandoneneedstotakeintoac-

countallpossiblequantumtrajectories.LetuscalculatetheprobabilityofhavingM

events:WesumallthepossiblesequencesbyintegratingoverEq.(4.16)

P(M)= ···

0<t1<t2...<∆t

dp{ti}=
N|cN|

2 Kj
j
Nj∆t

M
e
−
Kj
jN

j∆t

M!
. (4.17)

ForagiveninitialatomnumberNwerecovertheexpectedPoissoniandistribution

whichcanbeapproximatedbyaGaussianwithmeanλ=
Kj
j
Nj∆tandvarianceλ

PN(M)=
λMe−λ

M! λ 1

1

2πλ
exp




−
M−

Kj
j
Nj∆t

2

2
Kj
jN

j




, (4.18)
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WiththeGaussianapproximationthemeannumberoflosseventsis

〈M〉=
Kj

j
〈Nj〉∆t

Kj

j
N
j
0∆t+KjN

j−1
0 〈δN〉∆t. (4.19)

InthesecondstepweexpandedN=N0+δNinfirstorderinδN.Thevarianceofthe

Gaussianisgivenby:

〈M2〉−〈M〉2=
Kj

j
〈Nj〉∆t

Kj

j
N
j
0∆t (4.20)

whereinthesecondstepweexpandedtheexpressioninzerothorderinδN.Asex-

pected,forafixedN,thenumberofeventsMobeysaPoissonianstatistics,whilethe

numberoflostatomsjMonlyobeysaPoissonianstatisticsforj=1.

Insidethequasi-condensatedensityfluctuationsaresmallδN N0andthenum-

berofeventsM iscloseto
Kj
jN

j
0∆twithsmallfluctuationsKjN

j−1
0 〈δN〉∆taround

thisvalue. This motivatestheintroductionofanewrandomvariableM =M−
Kj
j
N
j
0∆t.Insidethequasi-condensateregimeM showssmallfluctuationscompared

to
Kj
jN

j
0∆t.Itsmeanandvariancefordifferenttrajectoriesaregivenby

〈M〉=KjN
j−1
0 〈δN〉∆t and 〈M 2〉−〈M〉2=

Kj

j
N
j
0∆t. (4.21)

CalculationofthefunctionfM(N): ForagivenMthefunctionfM(N)inEq.(4.15)is

asharplypeakedfunctionclosetoaGaussian(seeFig.4.2).WecalculatetheGaussian

functionbyexpandinglogfM(N)arounditsmaximumN̄:

logfM(N) logfM(̄N)+
1

2

∂2logfM(N)

∂N2
N̄

(N−N̄)2. (4.22)

ThemaximumisgivenbyN̄=
jM
Kj∆t

1/j
andwhichleadsto

fM(N) AMexp−
1

2

N−N̄
2

Σ2
(4.23)

withthenormalizationfactorAMand

Σ2=
2(jM)2/j

j2M(Kj∆t)2/j
. (4.24)
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Figure4.2–a)TheinitialFockstatecoefficientscN(t)arepeakedaroundN0.The

functionfM(N)(blueline)isclosetoaGaussian(dashedgreenline)andcentered

aroundN̄.

b)ThenewFockstatecoefficientscN−jM(t+∆t)=fM(N)cN(t)areshiftedbyjM.Its

widthisreducedduetothegaininknowledgeonN.

.

LetusnowintroducecalculateN̄byintroducingM:Weusethefactthatinsidethe

quasi-condensateregimeM showssmallfluctuations(M
Kj
jN

j
0∆t).Weapproxi-

mateN̄atfirstorderinjM/(KjN
j
0∆t)whichleadsto:

fM(N) AMexp







−
1

2

δN− M

KjN
j−1
0 ∆t

2

Σ2







. (4.25)

WiththesameargumentswecanapproximatethevarianceoftheGaussianΣ.The

variableMatzerothorderin∆NistypicallyclosetoM =
Kj
j
N
j
0∆twhichleadsto:

Σ2
2N
2−j
0

jKj∆t
. (4.26)

4.2.1 Generalizationtoallcells

Thesoleeffectoflossesdoesnotintroducecorrelationsbetweendifferentcellsand

theresultofEq.(4.25)candirectlybegeneralizedtoseveralcells. Weintroducethe

variableM
i
ineachcellandtheFockstate|N1,N2,...NQ〉inseveralcells.Thenthe
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probabilityamplitudeuptoaglobalnormalizationfactorwrites:

cN1,...NQ(t+∆t)=cN1+jM1,...NQ+jMQ(t)
i

AMiexp−
1

2
δNi−

M
i

KjN
j−1
0 ∆t

2
jKj

2
N
j−2
0 ∆t.

(4.27)

Lossesindifferentcellsareuncorrelatedwhichletuswrite

〈MlMm〉−〈Ml〉〈Mm〉=
Kj

j
N
j
0δl,m∆t (4.28)

withtheKroneckerDeltaδl,m.

Fourierdecomposition InordertotakeintoaccountthefreeevolutionbytheBo-

goliubovHamiltonianweintroducetheFourierdecompositionoftheatomnumber

andtheatomlosses

nq,c=
Q

2δzj
cos(qzj)δNj and nq,s=

Q

2δzj
sin(qzj)δNj (4.29)

Mq,c=
Q

2δzj
cos(qzj)Mj and Mq,s=

Q

2δzj
sin(qzj)Mj (4.30)

whereqtakesthevaluesq=2πiL withi∈[1,...,(N−1)/2]andL=Qδz.Thevariable

Mq,rrepresentstheFourier-transformofthelosseventsinmodeq,r.Thepreviously

introducedFockstate|n1,n2,...nQ〉isalsoaneigenstateoftheoperator̂nq,rwhere

thesubscriptrstandsforcors:

|n1,n2,...nQ〉=|n2π/L,c,n2π/L,s,n4π/L,c,n4π/L,s,...,n(Q−1)π/L,c,n(Q−1)π/L,s〉=|{nq,r}〉,

(4.31)

whereweintroducedtheshortnotation|{nqr}〉.Equivalently,wewritẽc{nk,r}=cn1,...nQ.

WiththisnotationandtheintroductionoftheFourierdecomposition,werewrite

Eq.(4.27)as

c̃{nq,r}(t+∆t)=c̃{nq,r+Mq,r}(t)
q

AMqexp−
1

2
nq,r−

Mq,r

κjn
j−1
0 ∆t

2
jκj

2
n
j−2
0 ∆t.

(4.32)

InEq.(4.32)weusedtheorthogonalityoftheFourierdecompositionandthefactthat

thevariancesareindependentofqandr.Forreadabilityletmerewritethisas

c̃{nq,r}(t+∆t)=c̃{nq,r+Mq,r}(t)
q

1

2πσ2
e
−
(nq,r−n̄q,r)2

2σ2 , (4.33)
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where

n̄q,r=
Mq,r

κjn
j−1
0 ∆t

(4.34)

σ2=
2

jκjn
j−2
0 ∆t

. (4.35)

asgivenbyEq.(4.32).UsingthedefinitionoftheFouriertransformEq.(4.29)-(4.30)

andthestatisticsofM
i
Eq.(4.21)and(4.28)weobtainthestatisticsofthedifferent

quantumtrajectoriesforMq,r:

〈Mq,r〉=κjn
j−1
0 〈nq,r〉∆t (4.36)

〈M2q,r〉−〈Mq,r〉
2=jκjn

j
0∆t (4.37)

Wignerfunction Theeffectofthelossescanbeconvenientlydescribedwiththe

Wignerfunction.Theeffectofthelossesdoesnotintroducecorrelationsbetween

modesandwewillfocusonagivenmodeqwherewewillomitthesubscriptr.The

Wignerfunctionofthegivenmodeqis:

W(nq,θq)=
1

π
du〈u+nq|̂ρ|u−nq〉e

−2iuθq. (4.38)

AccordingtoEq.(4.33)theWignerfunctionafterthelosssequenceW (nq,θq)writes

as

W (nq,θq)=
1

2π2σ2
du〈u+nq+Mq|̂ρ(t)|u−nq−Mq〉e

−2iuθqe
−
(nq−n̄q+u)

2

2σ2 e
−
(nq−n̄q−u)

2

2σ2 .

(4.39)

Injecting〈u+nq|̂ρ|u−nq〉= d̃θqW(nq,̃θq)e
2ĩθuleadsto

W (nq,θq)=
1

2π3/2σ
d̃θqW(nq+Mq,̃θ)e

−σ2(̃θq−θq)e
−
(nq−n̄q)

2

σ2 . (4.40)

Thelossesintroducesashiftinnq. Atthesametimeitchangesthewidthinnq
andθq.Thesqueezinginnqreflectsthegainofknowledgeacquiredonnqbythe

losses. Theassociatedanti-squeezinginθqensuresthepreservationoftheHeis-

senberguncertainty-relation(seeFig.4.3foraGaussianWignerfunction).

GaussianWignerfunction Letusconsiderasituationwhereinitiallythedistribu-

tionisgivenbyaGaussianstate:

W(nq,θq)=
1

2π det(C)
e−

1
2(X−R)

TB(X−R) (4.41)
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Figure4.3–TheWignerfunctionundertheeffectoflosses:Theellipsesrepresent

theRMSoftheGaussianWignerfunctionsattimet(blue)andt+∆t(green).The

correspondingdotsarethecenteroftheGaussianWignerfunctions.Thelosseseffect

boththecenterandtheshapeoftheGaussian:Thecenterisshiftedtowardssmaller

nq.Atthesametimethewidthinnqisdecreasedandthewidthinθqincreased,such

thattheuncertaintyrelationisrespected.

whereX=
nq
θk
,RisthecenterofthedistributionandCisthecovariancematrix

withB=C−1.ThetransformationinEq.(4.40)transformstheinitialGaussianstate

intoanewGaussianstatecenteredonRwithanewcovariancematrixC.Thedetails

ofthecalculationforthisnewGaussianstatearegiveninAppendixSec.A.4.2.The

calculationofthenewcovariancematrixCinfirstorderin∆tgives

C=C−jκj∆tn
j−2
0

C211 C11C12
C11C12 C

2
12−

1
4

. (4.42)

ForthenewcenterRweobtaininfirstorderin∆t:

R=R+
jMq

n0
−jκjn

j−2
0 ∆t〈nq〉

C11
C12

−
Mq
0
. (4.43)

ForpracticalpurposesletusreplacethevariableMqwithanewrandomvariable

dξcenteredaround0:

dξ=Mq−κjn
j−1
0 〈nq〉∆t (4.44)

with

〈dξ2〉=jκjn
j
0∆t, (4.45)

whichleadsto

R=R−κjn
j−1
0 ∆t

〈nq〉

0
−dξ

1−C11
n0

−C12n0
. (4.46)
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ThetwoequationEq.(4.42)&(4.46)arethemainresultssofar.Theydescribedhow

theinitialGaussianstateevolveundertheeffectoflosses.

4.2.2 EffectoftheBogoliubovHamiltonian

AsingletrajectoryofaGaussian Wignerfunctionevolvesunderthesoleeffectof

lossesaccordingtoEq.(4.42)andEq.(4.46). Additionally,theintrinsicdynamics

ofthesystemneedstobetakenintoaccountwiththeBogoliubovHamiltonian(see

Sec.1.3.1).Itsevolutioncorrespondstoarotationinphasespacewiththematrix

R(ωqt)=
cos(ωqt) B/Asin(ωqt)

− A/Bsin(ωqt) cos(ωqt)
. (4.47)

EvolutionofthecovariancematrixC Letusfirstfocusontheevolutionoftheco-

variancematrixunderthecombinedeffectoflossesandtheintrinsicevolutionun-

dertheBogoliubovHamiltonian:TheevolutionofthecovariancematrixCisinde-

pendentofthetrajectory.Foraninitialthermalstate,theenergyassociatedtothe

covariancematrixECisequallydistributedbetweenthetwoquadraturesandgiven

by
EC

2
=AqC11=BqC22. (4.48)

Additionally,letusfocusonasituationwherethefreeevolutionfortheconsidered

modeqisfastcomparedtothelossesκjn
j−1 ωq.Then,Cstaysisotropicateach

moment.Eq.(4.48)staysvalid,togetherwithC12 0atalltimes.

Asingletrajectory TheevolutionofRdependsonthetrajectory.ThecenterRper-

formsarandommotiondependingondξ.TheeffectonthecenterRandonthe

covariancematrixareshowninFig.4.4withnumericalsimulations.Thelosseslead

toarandommotionofthecenterinthe(̄nq,̄θq)-planeand,asexpected,theGaussian

staysisotropic3

4.2.3 Averageoverdifferenttrajectories

Ifonedoesnotrecordlosses,onlyaveragesoverdifferenttrajectoriesaremeaningful.

Letusfirstinvestigatetheevolutionofaagivensinglequantumtrajectory,i.e.agiven

valueofdξ.IftheWignerdistributionisinitiallycenteredaroundzero,itwillstay

3Notethatthereason,thattheGaussianstaysinathermalstate,namelythesamewidthinboth

quadratures,isnotduetoathermalizationprogress.ItisduetothefastrotationoftheBogoliubov

modeswhichavoidsthecreationofasqueezinginnq.
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Figure4.4–Thefigureshowstheevolutionofthephase-spacedistributionforasingle

trajectoryandj=1.Thetimeevolutiongoesfromt=0tot=8/κ1. Weconsidera

phononicmodewithξq=0.1andaninitialtemperatureTi=1.1gn0.Thelossrateis

κ1=ωq/400.ScatteredbluepointsgivetheevolutionofthecenterR.Theevolution

isgivenbythenumericalimplementationofEq.(4.46),(4.42)&(4.47). Weverified

thatC12stayssmallwhile,atanytimewithAkC11 BqC22 Ec/2,asexpectedfor

ωq κ1.Theblacksolid-circle,ofradius EC,representsthefinalRMSwidthof

theWignerfunction.Forcomparison,thereddashed-circle,ofradius EwhereE

isthefinalenergyobtainedafteraveragingover100trajectories,givesthermswidth

oftheaveragedphasespacedistribution.Thecoordinatesaregivenintheframe

rotatingaccordingtothefreeevolution:namely,theplottedquantityisR̃=(̃nq,̃θq)=

R−1(ωqt)R.
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centeredaroundzero.Foragiventrajectory,initiallycenteredatR(0)=0,thecenter

acquiresarandomdisplacementaccordingtoEq.(4.46):

R=R−
1−C11

n0

−C12
n0

dξ. (4.49)

Consideringthetwocontributionofarandomshiftofthecenterandthemodifica-

tionofthecovariancematrixaccordingtoEq.(4.42)oneobtains

〈n2q(t+∆t)〉st=〈n
2
q(t)〉−jκjn

j−2
0 C

2
11+dξ

21−
C11

n0

2

(4.50)

〈θ2q(t+∆t)〉st=〈θ
2
q(t)〉−jκjn

j−2
0 C212−

1

4
+dξ2

C12

n0

2

, (4.51)

wherethesubscriptststandsforsingletrajectory.Then,wecomputetheaverage

overthedifferenttrajectorieswiththeuseof〈dξ2〉tr=jκjn
j
0∆andC12 0forafast

freeevolution.FromEq.(4.50)&(4.51)weobtain

〈n2q(t+∆t)〉tr−〈n
2
q(t)〉=−2jκjn

j−1
0 〈n

2
q〉∆t+jκjn

j
0∆t (4.52)

〈θ2q(t+∆t)〉st−〈θ
2
q(t)〉=

jκjn
j−2
0 ∆t

4
. (4.53)

Thesubscripttrstandsfortrajectories.AsexpectedEq.(4.52)&(4.53)areidenticalto

theonesobtainedfromthemasterequationandfoundin[20,22].Thederivationin

thisSec.4.2correspondstotheonewedescribedin[21]forj=1.

Evolutionofthemodeenergy Letusnowcalculatethetimeevolutionofthemode

energyEq=Aq〈n
2
q〉+Bq〈θ

2
q〉.Againweassumeslowlosses,suchthattheequiparti-

tionofenergyholdsforalltime.ThelosseschangestheHamiltonianparametersAq
andBqaccordingto

dAq

dt
=

2q2

8mn0
κjn

j−1
0 (4.54)

dBq

dt
= −κjBqn

j−1
0 . (4.55)

ThequadraturesevolveaccordingtoEq.(4.52)&(4.53)whichwriteindifferential

notation:

d〈n2q〉

dt
= −2jκjn

j−1
0 〈n

2
q〉+jκjn

j
0 (4.56)

d〈θ2q〉

dt
=
jκjn

j−2
0

4
. (4.57)

121



4.3.SIMPLIFIEDAPPROACH CHAPTER4.LOSSESINABOSEGAS

Usingtheequipartitonofenergy,oneobtains

dEq

dt
=κjn

j−2
0 Eqn0

2q2

8mn0

1

2Aq
−j−

1

2
+jn20Aq+

jBq

4
. (4.58)

Eq.(4.58)couldhavebeenequivalentlyderivedfromthemasterequationandthe

LindbladianinEq.(1.120).Nevertheless,theLindbladapproachcannotbeusedfor

thefeedbackschemewhichwillbeintroducedinSec.4.7.Thefeedbackschemere-

liesontheresultsfortheindividualtrajectoriesobtainedinEq.(4.42)&(4.46).Fur-

thermore,comparedtothemasterequationapproach,theQMCapproachprovides

interestingphysicalinsightsintothelossprocess.

Inthephononiclimitξq 1ofEq.(4.58)thephasediffusiontermcanbene-

glectedandEq.(4.58)turnsintoEq.(4.71)whichwillbederivedindependentlyinthe

followingSec.4.3.ThefollowingSec.4.3givesdetaileddiscussionaboutEq.(4.58)for

phonons.

4.3 Simplifiedapproach

InthissectionIintroduceacomplementaryapproachwhichleadstothesameresult

astheQuantumMonte-Carlo(QMC)approachforphonons.Thisderivationisinde-

pendentfromtheQMCappraochanditfollowsthederivationsin[23,24].Asinthe

previoussection,weconsiderj-bodylossesinaquasi-condensate.Theevolutionof

thelineardensitynisgivenby:

dn

dt
=−κjn

j. (4.59)

TheatomnumberinasmallcellofsizeδzevolvesaccordingtodNdt=−KjN
jwhere

Kj=κjδz
1−j.TheatomnumberinsidethesmallcellisN=N0+δN,withδNsmall

comparedtoN0(quasi-condensateregime). Duringasmalltimeinterval
4dtthe

lossesarestochasticandthenumberofeventsMisclosetoaPoissoniandistribution

p(M)=
λMe−λ

M!
(4.60)

withvarianceandmeanλ=
Kj
j
Nj∆t.ThemeannumberoflostatomsM̃=jMis

〈̃M〉=KjN
jdt (4.61)

anditsvariance

〈̃M2〉−〈̃M〉2=jKjN
jdt. (4.62)

4Thesmalltimeintervalldtinthissectionwouldcorrespondto∆tinthequantumMonte-Carlo

approachofSec.4.2.
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Theprefactorjrepresentsthefactthatateachlosseventjatomsarelost.

Letusnowcalculatetheevolutionofthedensityduringdtwhichisgivenby:

dN=N−M̃=−KjN
jdt+dη. (4.63)

Inthelaststep,wereplacedtherandomvariableM̃ bytheshiftedrandomvariable

dηofvanishingmeanandthesamevariance〈dη2〉=jKjN
jdt.Themeandensityup

tofirstorderinδNevolvesas

dN0=−KjN
j
0dt. (4.64)

ThedensityfluctuationsuptofirstorderinδNevolveaccordingto

dδN=−jKjN
j−1
0 δNdt+dη. (4.65)

Thefirsttermcorrespondstoadecreaseofdensityfluctuationsbylosses.Thiscontri-

butioncanbeobtainedfromameanfieldapproachwhichignoresthequantification

ofatoms,i.e.theirdiscretenature.Thesecondtermincreasesdensityfluctuations

duetotheshotnoiseofthelosses.Theshotnoiseofthelossescannotbecaptured

inameanfieldapproach.

Inthenextstepletusapproximatethevarianceby〈dη2〉=jKjN
jdt jKjN

j
0dt

andassumethatlossesindifferentcellsareuncorrelated.Goingtothecontinuous

limitthisleadsto:

〈dη(z)dη(z)〉=jKjN
j
0δ(z−z)dt. (4.66)

IntroducingtheFouriercomponentsnq,raccordingtoEq.(1.63),oneobtainsinfirst

orderindtthefollowingtimeevolution:

d〈n2q,r〉

dt
=−2jκjn

j−1
0 〈n

2
q,r〉+jκjn

j
0. (4.67)

Hereagainr=c,sstandsforthecosineandsinemodes.Sincethesineandcosine

modesobeythesameequationsandsharethesameinitialvalue,Iwilldroptheindex

rinthefollowing.

EvolutionoftheHamiltonian Letusconsiderthetimeevolutionoftheenergyfor

agivenmodeEq=〈Hq〉thatliesinthephononicregime,i.e.qξ 1.TheBogoliubov

Hamiltonianofthismodeis

Hq=Aqn
2
q+Bqθ

2
q=
mc2

2n0
n2q+

2q2n0

2m
θ2q. (4.68)

Thesystemisinitiallyatthermalequilibrium.Atthermalequilibriumtheenergyis

equallydistributedbetweenthequadratures,suchthat

〈Hq〉/2=Aq〈n
2
q〉=Bq〈θ

2
q〉. (4.69)
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Letuscomputetheevolutionof〈Hq〉undertheeffectoflosses
5.TheHamiltonian

parameterAq=g/2staysunmodifiedbythelossesandBqchangesaccordingto

dBq

dt
=−κjBqn

j−1
0 . (4.70)

Moreover,thedensityfluctuations〈n2q〉aremodifiedaccordingtoEq.(4.67).Inprin-

cipleoneshouldalsoconsidertheeffectoflossesonthephasequadrature〈θ2q〉.In

Sec.4.2.3itwasshownthatthiseffectisnegligibleforthephononicmodeswhich

weconsiderinthisapproach.Furthermore,weassumethatthelossesrateκjn
j−1is

slowcomparedtothemodefrequencyωq=2 AqBq/.Then,theequipartitionin

Eq.(4.69)holdsforalltimes.SummingupthetwocontributionsofEq.(4.67)&(4.70)

andusingtheequipartitiononeobtains:

d〈Hq〉

dt
=−κjn

j−1
0 〈Hq〉j+

1

2
−
g

2
jκjn

j
0. (4.71)

Themodeenergyin(4.71)tendstozerointhelongtimelimit.Insteadofconsider-

ingthemodeenergy,letusfocusontheratioy=〈Hq〉/(gn0).Thisratioobeysthe

differentialequation
dy

dt
=κjn

j−1
0 −yj−

1

2
+
j

2
, (4.72)

whichisindependentofg.FromEq.(4.72)onededucesthatyconvergesinthelong

timelimitto

y∞=
1

2−1/j
. (4.73)

Inthelongtimelimit,themodeenergyHqdecreasesinthesamewayastheden-

sitydecreasesandthequantityy=〈Hq〉/(gn0)becomesaconstant.Assumingthat

weinitiallystartfromy(t=0)>y∞,wehavethaty(t)≥y∞∀t,whichimpliesthat

〈Hq〉>gn0.Forphononicmodeswehavegn0 ωq.Thosetwoconditionimply

thatthephononoccupationnumberstayslargeatanytime. Wecanthusintroduce

thephononictemperature6askBT=〈Hq〉.

Insummary,weobtainthatinthelongtermlimitahomogeneousquasi-condensate

undertheinfluenceofone-bodylossestendstowardsthetemperaturekBT=gn0.

Forthree-bodylosses,ittendstokBT=0.6gn0.ForanyjittendstokBT=y∞gn0
wherey∞∈[1/2,1].

ForfurtheruseitisadvantageoustorewriteEq.(4.72)as

dy

dn0
=
1

n0
yj−

1

2
−
j

2
, (4.74)

5Forthemomentweneglect3Dcorrectionduetothetransverseswellingofthetransverseground

statesuchthatc=c1D.
6Eq.(4.72)doesnotdependonq.Thusthedefinitionofthetemperaturedoesnotdependonq.

Notethatthisdoesnotholdanymore,whenconsideringparticleexcitation[22].
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whichisindependentofκj.AnumericalintegrationofEq.(4.74)isshowninFig.4.5

forj=

0.0 0.5 1.0 1.5
n0a3D

0.6

0.8

1.0

1.2

1.4

y
=
k
B
T
/
(g
n 0
)

j=1

j=2

j=3

1,2,3.

Figure4.5–Thetimeevolutionoftheratioy=kBT/gn0fordifferentj,togetherwith

itslongtimelimit(dashedlines).Thex-axisn0a3Ddecreasesastimeincreases.
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4.4 Coolingbythreebodylosses

Intheprevioussections(Sec.4.2&Sec.4.3),itwasshownthatthatj-bodylosses

areexpectedtocoola1DBosegasinthequasi-condensateregime.Thisresultsis

important,sinceitcontradicts"commonbelieve"inourdomain.Thisisparticularly

trueforthecasej=3. Withinthecommunityofcoldatomphysicistthree-body

losseshavebeengenerallyconsideredas"bad"losses.Theyareconsideredtobe

linkedtoundesiredheatingeffects.Forthermalgases,theypredominantlyoccur

inregionsofhighatomicdensitiesandleadtoan"anti-evaporation"process.In

BECsconfinedindeeptraps,itwaspredictedthatthree-bodycollisionsproducea

heatingthroughsecondarycollisionswithhighenergyexcitationsformedbytheloss

process[139].Apartfromitsconceptionalinterest,thecasej=3isexperimentally

relevant.AsIwilldescribelater,ourcoldatomicgasescanbedominatedbythree-

bodylosses.

InthisSectionIpresenttheexperimentaldatawhichshowsthatthree-bodylosses

indeedcoola1DBosegasinthequasi-condensateregime.Theexperimentaldatais

inagreementwiththepreviouslypresentedtheoryofSec.4.2&Sec.4.3.Beforede-

scribingthoseresults,Iwillintroducetheconceptofthree-bodylosses.

Three-bodylosses Ultracoldatomgasesaremetastablesystems.Theirgroundstate

istypicallyasolid.Theyarethusplaguedwithintrinsicrecombinationprocesses,

thatlimittheirlifetime.Themainprocessisthethree-bodyrecombination.Ina

three-bodyrecombination,amolecule(adimer)isformedanditsbindingenergyis

releasedintheformofkineticenergyofthemoleculeandtheremainingatom.After

thethree-bodyrecombinationprocessbothfinalconstituentsaretypicallylostfrom

thetrap.Theirenergyistypicallymuchlargerthanthetrapdepthwhichweinten-

tionallylimitbyaradio-frequencyfield.Additionally,itcanbeassumedthattheydo

notcauseanysecondarycollisions:Theconsideredprocessisa3Dprocess.There

isonlyaverylowchancethattheleavingconstituentscollideagainwithatrapped

atom.Theseargumentsjustifythatthethree-bodyrecombinationprocessshould

leadtothelossofallthethreeinitialatomsinvolvedinthecollision.Inthefollowing

step,weverifythisassumptionexperimentally.

4.4.1 Theevolutionofthepeakdensitynpunderthree-bodylossses

Theaimofthissectionistoexperimentallydemonstratethatthree-bodylossescan

coolcloudsthatlieinthequasi-condensateregime.Forthispurpose,letmear-

guethatinabsenceofRF-outcoupling,oursystemshouldbedominatedbythree-

bodylosses:Two-bodylossesarenegligibleforspin-polarized87Rb[7,140]. One-

bodylossesfromthebackgroundgasandfromtechnicalnoisearesmallonourex-
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periment(seeSec.2.5.1&Sec.2.5.2)andtheyhavebeenmeasuredtobesmaller

than0.14s−1.Inordertoobservecloudsdominatedbythree-bodylosses7,wepre-

parequasi-condensatesbyRF-evaporativecoolinginaharmonictrappingpotential

V(z)=1/2mω∥z
2. WethenincreasetheRF-fieldbyseveralkHzandverifythatafter

alongwaitingtimethenumberofatomsisindependentofthefrequencyoftheRF-

field. Wetheninvestigatetheevolutionduringthetimet. Wepresentfivedifferent

datasetwithdifferenttransversetrappingfrequenciesω⊥,initialtemperaturesTand

peakdensitiesnp.Thepeakdensitynpasafunctionofthewaitingtimetisshown

inFig.4.6.Toverifythatthesecloudsaredominatedbythree-bodylosses,wecalcu-

latetheevolutionofnpunderthesoleeffectofthree-bodylosses.Three-bodylosses

decreasethe3Ddensityρ3Daccordingto

dρ3D

dt
=−κ3Dg(3)(0)ρ33D, (4.75)

withthe3Dthree-bodylossconstantκ3Dwhichisknownfromliterature:κ3D=(1.8±

0.5)×10−41m6/sfor87Rb[140].Insidethequasi-condensateg(3)(0) 1(seeSec.4.1).

The3Ddensityfactorizesinto(seeSec.1.1)

ρ33D(x,y,z)=n0(z)ρ2D(x,y), (4.76)

whereρ2D(x,y)=|φ0(x,y)|
2isthetransversedensitywithaGaussianshapeasin-

troducedinEq.(1.2).The1Dthree-bodyrateκ3isgivenby
dn0
dt =−κ3n

3
0,anditis

obtainedbyintegrating
dρ3D
dt overthetransverseshapeofthecloud:

κ3=κ3D dxdyρ2D(x,y)
3=

κ3D

πl2⊥
3

dxdye
−
3(x2+y2)

l2
⊥ =

κ3Dm
2ω2⊥

3π2 2
, (4.77)

Inthelaststepweusedthefactthattheatomsareintheharmonicoscillatorground

state.Sinceweareinterestedinhavingstrongthree-bodylosses,wetypicallywork

withhighdensitieswhere3Deffectsleadtotheswellingofthetransverseground

state.AsdiscussedinSec.1.3.3theseeffectscanbetakingintoaccountbymodify-

ingthewidthoftheGaussianbỹl2⊥=l
2
⊥ 1+2n0a3D.Thisleadstoκ3(z)=κ3/(1+

2n0a3D).ThechangeofthetotalatomnumberNatisthengivenby

dNat

dt
=−

∞

−∞
κ3(z)n0(z)

3dz. (4.78)

Intheseexperiments,weuselossrateswhicharesmallenough,suchthatthecloud

profilesfollowtheequilibriumprofiles.Insidethequasi-condensateregimetheequi-

libriumprofilescanbeapproximatedbytheThomas-Fermiprofile

n0(z)=np−
1

2g
mω2∥z

21−
mω2

∥
z2

4ω⊥
, (4.79)

7Tomyknowledge,j-bodylosseswithj>3haveneverbeenobserved.
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whichextendsover2R=2
2µp
mω∥2

and3Deffectsaretakenintoaccountbythemod-

ifiedequationofstate(seeSec.1.3.3).ThetotalatomnumberNatandtheprofile

n0(z)arecompletelydeterminedbynpandEq.(4.78)canberewrittenasadifferen-

tialequationonnp. WeuseforthisEq.(4.79)&Eq.(4.78)whichweintegratenu-

merically.TheresultofthisnumericalintegrationisshowninFig.4.6.Theevolution

ofnp
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n
p
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−
1
]

ω⊥/(2π)=1.6kHz

ω⊥/(2π)=2.3kHz

ω⊥/(2π)=3.1kHz

ω⊥/(2π)=4.7kHz

ω⊥/(2π)=9.3kHz

isingoodagreementwiththesoleeffectofthree-bodylosses.Notethatthese

calculationsdonotcontainanyfittingparameter.

Figure4.6–Thepeakdensitynpinlogscaleversusthewaitingtimet.Solidlinesare

ab-initiocalculationsoftheeffectofthree-bodylossesforinitialpeakdensitiesequal

totheoftheexperiment.

Limitationsofthemodel Itshouldbenotedthatthecalculationfornpassumethat

thecloudliescompletelyinsidethequasi-condensateregime.Thisapproximation

failsinthewingsofthecloudwherethecloudenterstheidealBosegasregime.The

calculationofthissectioncannottakeintoaccounttheatomswhichareinthewings.

ThisisthereasonwhyweplotnpinsteadofNat.ThetotalatomnumberNatismore

sensitivetothoseeffectsinthewings.Anotherlimitationisthevalueofg(3)(0)which

changesfrom1inthequasi-condensateto6intheidealBosegasregime.Theex-

actdependenceiscomplicatedtoevaluate.Again,thiseffectislessimportantwhen

lookingatnpinsteadofNat.Finally,itshouldbenotedthatthevalueofκ3Disonly

knownbyaprecisionof27%[140].

4.4.2 Thephonontemperature

Thetemperatureofthegasisobtainedbythedensityripplethermometryasintro-

ducedinSec.2.8.1.3andatypicalspectrumisshownintheinsetofFig.4.7.Themain

graphofFig.4.7showsthetimeevolutionofthetemperatureTforthesamedatasets
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Figure4.7–Evolutionofthetemperatureforthefivedatasetswiththesamecolor

codeasina).Theinsetshowsatypicaldensityripplepowerspectrumwhichcor-

respondstotheencircledpoint.Thesolidlineisthefitfromwhichweobtainthe

temperatureT.

asshowninFig.4.6.Foralldatasetsthetemperaturedropsandforω⊥/(2π)=2.3kHz

thetemperaturedropsbyafactoraslargeas4.Notethatthedensityripplethermom-

etryissensitivetophononicexcitations.Thetemperatureobtainedfromthedensity

ripplethermometrycanbecomparedtothepredictionsoftheQMCapproachof

Sec.4.3forphononicmodesorequivalentlytothesimplifiedapproachofSec.4.2.

Commentaboutthefittingprocedure Thedensityripplethermometryisbasedon

afitwiththetemperatureTandtheimagingresolutionσasafreeparameter.The

imagingresolutionσisaparameterofthetheopticalimagingsystem.Forthedata

setsinthischapteritonlydependsonthetransversewidthofthecloudandthuson

thetransversetrappingfrequencyω⊥.Foreachdataset(sameω⊥)wefitatt=0the

densityripplespectrumwithTandσasafreeparameter.Foralltheotherdatapoints

wefitthedensityripplespectrumwithTasafreeparameterandusethevalueforσ

obtainedatt=0.Theassumptionofthisprocedurecanbeexperimentallyverified

byfittingeverydatapointwithTandσasafreeparameter.Theimagingresolutionσ

showsaverysmalldispersionforthesameω⊥,exceptfordataatlowdensitieswhere

thesignaltonoiseratioislow.

ThestatisticaluncertaintyonthetemperatureT,obtainedfromthefit,istypically

verylow(afewpercent)andhardlyvisibleinFig.4.7.AsdiscussedinSec.2.9,wedo

notexpectthestatisticalerrortobedominantandwedonotshowerrorbars.

4.4.2.1 Comparisontotheory

Beforecomparingtheexperimentaldatatotheoreticalpredictions,letmeintroduce

twotheoreticalrefinementsofthetheoreticalmodelintroducedinSec.4.2andequiv-

129



4.4.COOLINGBYTHREEBODYLOSSES CHAPTER4.LOSSESINABOSEGAS

alentlyinSec.4.3.Thoserefinementsareimportantforaquantitativecomparison

withtheexperimentalresults.Thetworefinementscorrespondtotheeffectofthe

trappingpotentialandtheeffectoftheswellingofthetransversewavefunctiondue

tohighdensities.Thesecorrectionsmodifytheequations,butdonotmodifythe

overallpictureofthecoolinginducedbythree-bodylosses,aspresenteduptonow.

Highdensityeffects Weexplicitlychooseexperimentalsituationswherethethree-

bodylossesrateislargeenoughtobethedominantprocess.Atlowω⊥thisdirectly

imposestousehighdensitiesand3Dcorrectionsduetothetransverseswellingof

thetransversegroundstatecannotbeneglected.AsdetailledinSec.1.3.3inalin-

earizedapproach,theBogoliubovHamiltoniancanbewrittenasinEq.(4.68)where

thespeedofsoundisgivenbyc2=
c21D

1+4a3Dn0
.ThetimeevolutionofBqstaysunmod-

ified(Eq.(4.70)),andthemodificationofAqisgivenby:

dAq

dt
=Aqκ1Dn

2
0

2n0a3D

1+4a3Dn0
. (4.80)

FollowingthesameargumentsasinSec.4.3,weobtain

d̃y

dt
=κ1Dn

2
0 −ỹ3−

1+2a3Dn0

2(1+4a3Dn0)
+
3

2
(4.81)

whereweintroducedthequantityỹ=kBT
mc2
.Thequantitỹyisthenaturalgeneral-

izationofy=kBTgn0andaswewillseelater,itisthemostrelevantquantity.Inthe

asymptoticlimitn0tendstozeroandwerecoverthesameexpressionasinEq.(4.73)

&(4.72).Thisleadstoỹ∞ =0.6forthree-bodylosses.Theeffectofthetransverse

broadeningallowsthesystemtoreachtransientlyslightlylowerscaledtemperatures

thanthefinal̃y∞=0.6,evenforỹ(t=0)>0.6.Theminimalvaluethatỹ(t)canreach

fory(0)>y∞is

ỹmin(a3Dn0)=
3(1+4a3Dn0)

5+22a3Dn0
. (4.82)

Thisvaluestaysintheinterval[0.6,0.54].Thecoldesttemperaturesthusneverdevi-

atesbymorethan10%fromtheasymptoticvalue0.6asshowninFig.4.8.Thissitu-

ationisdifferentwhenconsideringthescaledtemperatureT/µorkBT/(gn0)where

muchlargerdeviationswouldappear.Thisjustifiesthepreviousintroductionofthe

quantityỹ.Detailedcalculationsforanyj,canbefoundin[23].

Trappingpotential Forthetreatmentofthetrappingpotentialletuscomeback

toapure1Dsituations(na3D 1)andletusrestrictthediscussiontoaharmonic

potential.Then,thewavefunctionsoftheBogoliubovmodesaretheLegendrepoly-

nomialsasintroducedinSec.1.3.2.Inatrap,theadditionalconditionthattheloss
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ỹ

Figure4.8–Three-bodycoolingofahomogeneousquasi-condensate. Theinitial

densitiesarehigh,suchthatthetransversebroadeningisrelevant.Thebluecurves

correspondtodifferentinitialvalues.Theredlineshowsthefunctionỹmin which

givesthevaluesofỹminduringthecoolingprocess.

rateissmallcomparedtothemodefrequencydifference∆ων
1
2
2ω∥needstohold,

suchthatthelossesdonotintroducecouplingbetweendifferentmodes8.Thesys-

temfollowsadiabaticallytheeffectofthelossessuchthatequipartitionoftheenergy

holdsatalltimesandtheratioAν=〈Hν〉/(ων)isunaffectedbythemodificationof

n0.ThedynamicsofAνisthengivenbythemodificationsofδn(z)andθ(z)induced

bythelossesandwehave

dAν

dt
=
1

2

d〈x2ν〉

dt
+
d〈p2ν〉

dt
. (4.83)

HerexνandpνarethecanonicallyconjugatedvariablesintroducedinSec.1.3.2.The

timeevolutionof
d〈x2ν〉

dt
and

d〈p2ν〉

dt
iscalculatedin[23].Foraharmonictrap,wereplaced

theratiõybyỹ=kBT/(mc
2
p)wherecpisthespeedofsoundatthecenterofthetrap.

WhenusingtheasymptoticexpansionoftheLegendrepolynomialsofEq.(1.87)one

canshowthattheasymptoticvalueisgivenby

y∞

3
π
π/2
0 dαsin6α

6
π
π/2
0 dαsin4α−

π/2
0 dαsin7α

0.701. (4.84)

8ThisconditionwasalreadyimposedbythecalculationforthepeakdensitynpinSec.4.4.1.Since

inFig4.6theexperimentaldataisingoodagreementwiththosecalculations,onecanassumethat

thisconditionisverified.
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Thustheasymptoticvalueevaluatedatthetrapcenteronlydiffersby15%fromthe

oneinthehomogeneouscase. Detailedcalculationinatraparegiveninourpa-

per[23]whichalsoconsiderscorrectionduethetransverseswellinginatrap.

Comparisonwiththetwotheoreticalrefinements Inordertocomparetheob-

serveddropintemperatureduetothree-bodylossesofFig.4.7,weshowthesame

datainFig.4.9.Thetemperatureisreplacedbythequantityỹ=kBT/(mc
2
p)forwhich

alldatasetsshouldreachthesameasymptoticvalue.Additionally,thedataisshown

asafunctionofnp,suchthattheunderlyingdifferentialequation(Eq.(4.74))isin-

dependent9ofκ3.Whilenpexploresmorethanoneorderofmagnitude,kBT/(mc
2
p)

showsasmalldispersionandstaysclosetothepredictedasymptoticvalueỹ∞

0 50 100 150 200 250
np[µm

−1]

0.0

0.5

1.0

k
B
T
/
(m
c
2 p
)

.The

dataqualitativelyagreeswithnumericalcalculationsthattakeintoaccountthetrans-

verseswellingandthetrappingpotential(showningreylines)fortypicalinitialsitu-

ations.

Figure4.9–a)EvolutionoftheratiokBT/(mc
2
p)duringthethree-bodylossprocess

forthefivedatasets(samecolorcodesanddatasetsasinFig.4.6).Thesolidline

correspondstotheasymptoticratiofora1Dhomogeneousgas. Thedashedline

correspondstotheasymptoticratiofora1Dgasconfinedinaharmonictrap.The

dottedlinesarenumericalcalculationsthattakeintoaccountthetransverseswelling

andthetrappingpotentialfortwodifferentinitialsituations.

4.4.2.2 Evolutiontowardstheasymptoticratio

Alreadyatthebeginningoftheobservedtime-evolutiontheratiokBT/(mc
2
p)isclose

toitsasymptoticone.Inprinciple,onecouldexpectthatinitiallythecloudwould

behotter(̃y>ỹ∞),asshowninthetheoreticalpredictionsofFig.4.8. Wedonot

9Thesameholdsinatrap,asshowninEq.(32)in[23].
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attributeafundamentalreasontothelackofvaluesofỹmuchlargerthanỹ∞.Wein-

terpretthissituationasatechnicalartifact.Datawasonlytakenforgaseswhichwere

alreadysufficientlycooledbyevaporativecoolingsothatthegasliesinthequasi-

condensateregime,whereboththethermometryandtheoreticaldescriptionapply.

Itoccursthat,inourexperiment,whenthegasentersthequasi-condensateregime,

theratiokBT/(mc
2
p)isalreadyclosetõy∞.

Quenchingtowardsdifferentvaluesofỹ Wedidnottakeanydatawiththeinten-

tiontostudythiseffectoftheevolutiontowards̃y∞.However,areanalysisofolddata

sets,takenwiththepurposetostudytherecurrencephenomena,turnedouttoshow

theexpectedbehavior.

Agaswithavalueofỹdifferentthanỹ∞ canberealizedafteraninteraction

quench(seeChap.3).Ashorttime(somemilliseconds)afterthequenchthesys-

temevolvestowardsanewequilibriumsituation.Thiswasobservedonthedensity

ripplespectrumasdiscussedin(seeSec.3.4.4).Thenewequilibriumtemperature

afterthequenchwithquenchstrengthκisgivenbyT=(κ+2)Ti/2.Thenewratio
10

y=kBT
gn0
=kBT
gn0

κ+2
2(κ+1)

decreasesforaquenchtohigherg(κ>0).

Eventhoughitdoesnotcorrespondstotheparadigmaticsituationofcooling

fromhigh̃ytowardsitsfinalvaluẽy∞,letusconsiderthesituationofaquenchwith

κ=4whereweexpectỹtoincreasetoitsasymptoticvaluẽy∞.Theincreasedvalue

ofgacceleratesthethree-bodylossesandFig.4.10showshowthegasevolvesfrom

aninitialvalueỹ<ỹ∞ toitsfinalvaluenotfarfromỹ∞ =0.7.Sincethisdataset

wasnottakenwiththepurposeofstudyingthisphenomena,theuncertaintyisquite

highandweshowthestatisticaluncertaintyinFig.4.10.Theinitialvalueỹ,priorto

quench,isalreadybelowitsasymptoticvalueforthree-bodylosses.Thisisduetothe

preparationschemewithRF-outcoupling(seeSec.4.5)11.

Inprincipleonecouldobservethecoolingtowards̃y∞fromhighervaluesof̃yby

aquenchtolowerg(κ<0).Thismethodishowevernotverypractical.Adecrease

ofgleadstoareducedthreebody-lossesratewhichmakesitdifficulttocreatesitu-

ationswhicharedominatedbythreebody-losses.

4.4.2.3 Thephasediagram

InFig.4.9thedatawaspresentedasafunctionofthelineardensitynpwhichisnot

themostrelevantquantity.Pure1DgasesaredescribedbytheLieb-Linigermodel

whichisparameterizedbythedimensionlessquantitiestYYandγ(seeSec.1.2.4).

10Thesameargumentsholdforỹwhencorrectionsduetheswellingofthetransversewavefunction

aretakenintoaccount.
11Inprincipleitcouldbearguedthatitissufficienttoobservetheratiostartingfromthepreparation

ỹ 0.3.Inpracticeitturnedout,thatinsuchasituationthedensitywasalreadytoolowandnot

dominatedbythree-bodylosses.
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Figure4.10–TheevolutionoftheratiokBT/(mc
2
p)duringthethree-bodylossesafter

aninteractionquenchofκ=4showninpalebluedots.Theotherdatapointsarethe

previouslypresenteddatapresentedinFig.4.9(samecolorcodes).Afterthequench

wewaitfort=60mstoletthesystemthermalize.Thequenchreducestheinitial

parameterỹandthetemperatureevolvestowardsavalueclosetoitsexpectedfinal

valueỹ∞=0.7.Notethatthissetofdatawasnottakenonpurposeforthistaskwhich

explainsthelargeerrorbarsforthelastpoints.Theerrorbarsrepresent68%confi-

denceintervalarefittingerrorswhichareshowninordertohighlighttheuncertainty

onthelastdatapoints.

Here,wegeneralizethosequantitiestosituationswheretheswellingofthetransverse

wavefunctionisimportant.Thisleadsto

t̃YY=
2kBTn

2

m3c4
and γ̃=

m2c2

2n2
. (4.85)

Inthecaseoftheharmonicallyconfinedgas,weevaluatethosequantitiesatthe

centerofthetrap.TheasymptoticlimitthencorrespondstokBT/(mc
2
p)=γ̃̃tYY

0.7.TheevolutionofthegasinthephasediagramisshowninFig.4.11.Allthedata

collapseonthelineγ̃̃tYY 0.7,withamaximumdeviationof36%,whilet̃YYexplores

morethan2ordersofmagnitude.Fig.4.11suggeststhatthesystemwouldenter

theTonksregime,asthedensityfurtherdecreasesbythree-bodylosses.Thisisnot

guaranteed.ClosetotheTonksregimethethree-bodylosscoefficientdropstozero

andthedynamicstartstotakeplaceonverylongtimescales.Additionally,thetheory

presentedinSec.4.2(orequivalentlySec.4.3)isvalidinsidethequasi-condensate

regime.TheeffectoflossesinthecrossovertowardstheTonksregimeremainsan

openquestionsandisworthfurtherinvestigation.
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Figure4.11–TheexperimentaldataintheLieb-Linigerphasediagram(see

Sec.1.2.4). Thedatacollapsesonthelineγ̃̃tYY=0.7whichcorrespondstothe

crossoverbetweenthethermalandquantumquasi-condensate(andwhichcorre-

spondsatthesametimetotheasymptoticlimitinaharmonictrap).Thedatasets

andcolorscodesarethesameasinFig.4.6.

4.4.3 Yang-Yangthermometry

Thepreviouspartofthischapterfocusedonthephonontemperaturededucedbythe

densityrippleanalysis.Asobservedin[22,36]thephonontemperature,deducedby

theinsitudensityfluctuations,cansignificantlydifferfromthetemperaturededuced

bythefitofthedensityprofilewiththeYang-Yangequationofstate(seeSec.2.8.2).

Onecanexpectasimilardifferenceinthetemperaturededucedfromthedensity

rippleanalysisandthetemperaturededucedfromthedensityprofile.InthissectionI

apply,inapreliminarystudy,theYang-Yangthermometryontheprofileoftheclouds

andstudytheeffectofthefittedtemperatureundertheeffectofthree-bodylosses.

Itturnsoutthatforthisstudynonewdataisnecessaryandweapplytheanaly-

sisonthedatasetsstudiedinthissection:Indeed,weverifiedthatthelongitudinal

profiledoesnotchangefortheshorttime-of-flightoft=8mswhichwasusedforthe

densityrippleanalysis.Wethusfitthemeandensityprofileofthedatasetsusedfor

thedensityrippleanalysiswiththeYang-Yangthermometry. Moreprecisely,weuse

themodifiedYang-Yangequationofstatewhichtakesintoaccountthetransverse

excitedstatesandweapplytheLDA.Thefittingalgorithmwithtwofreeparameters:

thetemperatureTYYandthepeakchemicalpotentialµp.Sinceweareinterestedin

ahighatomicdensity,suchthatthethree-bodylossrateislarge,3Dcorrectionsdue

tothetransverseswellingofthequasi-condensateinthecenterofthetrapcanbe

importantinthesedatasets.TheYang-Yangthermometrycannottakeintoaccount

thesecorrectionsandthefitsareappliedinazonewherea3Dn(z) 1andtrans-

verseswellingisnegligible.Inpracticewechosetheconditiona3Dn(z)<0.3(see

Fig.4.12).Thisprocedureexcludesazoneofthecentralpartofthecloudforthe

135



4.4.COOLINGBYTHREEBODYLOSSES CHAPTER4.LOSSESINABOSEGAS

100 200 300
z[∆]

0

50

100

150

200

n
(z
)[
∆−
1
]

MYY

TF

TYY=217nK

Figure4.12–AtypicaldensityprofiletogetherwiththemodifiedYang-Yang(MYY)

(seeSec.1.2.3.1).IncomparisontheThomasFermi(TF)profileobtainedfromthe

modifiedequationofstateEq.(1.91).TheYang-Yangfitsarerestrictedtozonesoflow

atomicdensity(a3Dn<0.3),suchthatcorrectionduetheswellingofthetransverse

wavefunctionaresmall.

fittingroutine(seeFig.4.12).Thewidthofthethiszonedependsonthepeakden-

sity.Forveryhighpeakdensitiesthepartofthecloudwhichisusedforthefitcan

completelylieintheidealBosegasregime.Thisleadstounstablefitresults:Thein-

formationforµpismainlycontainedinthezonewhichliesinthequasi-condensate

regime(seeThomas-Fermi(TF)profileinFig.4.12).Whenthequasi-condensatere-

gionisnotcontainedinthefittingdata,theresultforµpstartedtodeviatefromthe

expectedvalueµp= ω⊥ 1+4npa3D−1andshowedstrongdependenceonthe

initialvalue.Therefore,werestrictouranalysistodatasetswhere,atleast,apart

ofthecloudfollowedtheThomas-Fermiinthezonena3D<0.3.Thiseffectivelyre-

strictedtheanalysistothepreviousdatasetswithω⊥/(2π)≥4.7kHz.Theresultof

theYang-YangthermometryispresentedinFig.4.13.Foralldatasetsthetempera-

turedropsduringthethree-bodylosses.Theratiobetweenthephonontemperature,

measuredwiththedensityrippleanalysismethodandthetemperaturemeasuredby

themodifiedYang-Yangfits,TYY/Tphononincreasesuptoafactorof5.

Asexpectedfromtheresultsof[22,36]thetemperaturededucedfromdensity

fluctuationsandthetemperaturededucedfromafitoftheprofile(Yang-Yangther-

mometry)aredifferent.Theauthorsof[22,36]observedthatTYYistypicallyafactor

twohigherthanthephonontemperature.In4.13theinitialratioTYY/Tphononisalso

closeto2.Subsequently,thethree-bodylossesevenincreasetheratioTYY/Tphonon
toamaximalvalueof5.Thisclearlyindicatesthatweobserveanout-of-equilibrium

situation.

IncontrasttothedensityripplethermometrytheYang-Yangthermometrydoes

notmeasurethephonontemperature.Itistypicallysensitivetothepartofthecloud
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Figure4.13–a)ThemodififedYang-YangtemperatureTYYobtainedfromfittingthe

densityprofile(seeFig.4.12)undertheinfluenceofthree-bodylosses.Inbothcases

thetemperaturedrops.b)Theratiobetweenthephonontemperatureandthemod-

ifiedYang-YangtemperatureTYYwhichincreasesduringthethree-bodylosses.

whichisintheidealBosegasregime.Thetheoreticalconsiderationsintroducedin

thebeginningofthischapter(Sec.4.2&4.3)areonlyvalidinthequasi-condensate

regimeandcannotbedirectlycomparedtoTYY.

4.5 Coolingbyone-bodylosses

TheresultsofSec.4.2(orequivalentlySec.4.3)showthatone-bodylossesshouldcool

a1DBosegasinthequasi-condensateregime.One-bodylossescanbeimplemented

byRF-outcouplingscheme(seeSec.2.3.1.2).Inthefollowingsection4.5.1Igivean

overalldescriptionhowtheRF-outcouplingisthoughttocoolasinglecloudonthe

atomchipexperiment.Inthenextsection4.5.2Idiscusswherethissimplifiedpicture

standsincontradictiontothecurrentexperimentalobservations.

4.5.1 Coolingasinglecloudintothe1Dregime

Ontheatomchipexperimentwestartwithahot3Dcloudonwhichweapplyforced

evoparativecoolingwithRF-outcoupling(seeSec.2.3.1.2).TheRF-outcouplingsteadily

removesthemostenergeticatomsofthecloudandthesubsequentthermalization

leadstoareductionofthetemperature,assketchedinFig.4.14.Thisoutcoupling

thereforereliesonanenergy-selectiveprocess.

Failureofevaporativecoolingin1D Oncethecloudentersthe1Dregime,the

evaporativecoolingisexpectedtodropdrasticallyinefficiency.Thisisduetothe
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a)

x

x

b)

Figure4.14–Thetransversedirectionduringevaporativecoolingintotheground

state.a)Atthebeginningthemostenergeticatomsareremoved.Thelossoccursby

anadiabaticfollowingofthestatesdressedbyRF-field:thelowfieldseekingstateis

adiabaticallytransformedintothehighfieldseekingstateastheresonanceiscrossed.

b)Oncealltheatomsareinthegroundstate,thelossprocessisnotselectiveinenergy

inthetransversedirection.AsmallRF-amplitudeleadstoacouplingofthetrapped

statetotheuntrappedstate.

followingeffects:

•Noenergyselectivityinthetransversedirection:Letusforthemomentre-

strictourselvestothetransversedirections:Oncetheatomsenterthe1Dregime,

almostalltheatomspopulatethetransversegroundstateandthelossescannot

beselectiveinenergyanymore(seesketchofFig.4.14).

•Suppressedcoolingrateinshallowtraps:Concerningthelongitudinaldirec-

tiontheefficiencyoftheevaporativecoolingisexpectedtobestronglyreduced.

Intheexperimentweuseshallowtrapswhoseoscillationfrequencyisoftheor-

derofafewHertz.Coolingduetoevaporativecoolingisexpectedtooccuron

timescaleslargerthana1/ω∥.Observedcoolingratesaremuchfaster.Addi-

tionally,thermalizationinanintegrablesystemisnotguaranteed,whileitis

requiredforevaporativecooling.

Onethereforeexpectsthattheevaporativecoolingschemegraduallystopsworking

oncethecloudapproachesthe1Dregime.

Energy-independentcoolingbyone-bodylosses Whenthecloudentersthe1D

regimeinthequasi-condensateregimethecoolingschemeinducedbyenergy-independent

lossesbecomesimportant.TheRF-outcouplingproducesapproximatelyhomoge-

neousone-bodylosses(j=1). Notethatthisisasimplification. Theatomsare

trappedinalongitudinalmagneticpotentialwhichmakesthelossprocessapriori

spacedependent,sincetheresonanceconditionforspin-flipsdependsonz.In[19,

138]itisarguedthatintypicalsituationsthelossesarealmosthomogeneousinthe

longitudinaldirection.Forhomogeneouslossesonecanusethetheoreticalpredic-

tionofthischapter(seeSec.4.3orSec.4.2equivalently)whichleadstofurthercool-
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ing.Thetemperatureisexpectedtodecrease12withthepeakdensitynp

kBT∝mc
2
p gnp

1D-limit

. (4.86)

Intheviewoftheexperimentalimplementationthedifferencebetweenevaporative

coolingduetoRF-outcouplingandcoolingbyenergy-independentRF-outcoupling

mightappearverytechnical.Thephysicalconceptsofbothcoolingmechanismsare,

however,verydifferent.

4.5.2 Experimentalresultsforj=

50 100 150 200 250
np[µm

−1]

0.00

0.25

0.50

0.75

1.00

k
B
T
/
(m
c
2 p
)

RF-lossesf⊥=3.1kHz

1

Figure4.15–Coolingwithone-bodylossesinducedbyRF-outcoupling(blackpoints)

incomparisonwiththepreviouslypresenteddatafromthree-bodylosses(samedata

asinFig.4.9).Theobservedtemperaturesareclearlybelowtheexpectedlimiting

temperaturekBT=0.75mc
2
pinsideaharmonictrap(blackdashedline).

AsinSec.4.4forthree-bodylossesthetheoreticalpredictionsforone-bodylosses

canbetestedexperimentally.Again,weusethedensityrippleanalysistoobservethe

temperatureevolutionofaclouddominatedbyone-bodylosses.Aclouddominated

byone-bodylossesisproducedbyloweringtheRF-frequency,suchthatastrongout-

couplingofatomsoccur.ThisensurethatthelossesbyRF-outcouplingoccuron

timescalesmuchfasterthanthethree-bodylosses.Theresultforaclouddominated

byone-bodylossesisshowninFig.4.15.Inaharmonictraponeexpectsthatforj=1

thelimitingtemperatureiskBT=0.75mc
2
p[23].Theexperimentaldata(blackpoints)

clearlydiffersfromthisexpectationanddropstomuchlowertemperatures.In[19]

12Three-bodylossesmayalsoplayaroleinthecurrentexperimentalsetup.Thisdoesnotchangethe

pictureofthecoolingprocess.ThesystemfollowskBT=y∞mc
2
pwherey∞ iscloseto1anddepends

onjandthetrappinggeometry.SeealsoSec.4.6foradifferenttrappinggeometry.
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thecoolingbyRF-outcouplingwasalsoobserved.SimilarlytotheresultsinFig.4.15,

thetemperaturedroppedtovaluesaslowaskBT=0.25gn0.

Insummary,theexperimentalresultsforj=1donotcorrespondtothetheoret-

icalexpectationandthelimitingtemperatureforone-bodylosses(kBT=0.75mc
2
p)

isnotobserved.Thisdiffersfromthesituationforj=3wherepreciselythislimiting

temperaturewasobserved.Thisdiscrepancyisnotunderstood:Anon-homogeneous

outcouplingmightbebehindthisobservation,butfurtherinvestigationisneeded.

Still,weobserveacoolingwhichcannotbeexplainedbyevaporativecooling.Note

thatthree-bodylossesrelyontheintrinsicatomicpropertieswheresuchtechnical

problemsarenotpresent.
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4.6 Quarticpotentials

Figure4.16–Densityripplespectrumforaquarticlongitudinaltrappingpotential,

togetherwithafitofthetemperature

Thedensityripplethermometrycanalsobeperformedindifferentlongitudinal

trappinggeometries,asthedoublewellpotentialandthequartictrappingpotential.

InFig.4.16adensityspectruminsidethequartictrappingpotentialisshown.Its

structureresemblestheonesobtainedintheharmonicconfinement.Thedensity

ripplethermometryinsidethequarticpotentialandinsidethedouble-wellpotential

alwaysledtotemperaturesclosetokBT/(mc
2
p)=ỹ∞whereỹ∞wasalwayscloseand

smallerthan1.Thiscorrespondstotheanticipationfrom13[23].Adetailedstudy

oftheeffectoflossesonthetemperatureinthequartictrapwasnotpossible.The

13Althoughnoexplicitcalculationforaquarticpotentialareperformedin[23],theintroducedthe-

oryappliestoanysmoothpotential.Theresultsdiffersonlyonthenumericalfactorỹ∞.
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quarticpotentialisnotstableintime14duetodriftinthepotentialsasdetailedin

Sec.2.3.2.2.

4.7 QuantumFeedback

Thissectionisbasedonourpaper[21]whichextendsthepreviouslyintroducedcool-

ingbylosses.Itcontainsaproposaltocoolonecollectivemodeofa1DBosegasto

itsgroundstateviaafeedbackloop.Forthistask,weimaginepositionresolvedde-

tectorstogetherwitha1Dlatticewhoseamplitudeiscontrolledbythefeedbackloop

asshowninFig.4.17.Dependingonthelossesinthe1DBosegas,theamplitudeis

adaptedandacoolingofthephononicmodeofwavevectorequaltotheoneofthe

latticecanbeachieved,asIwilldetailinthefollowing.Itstheoreticaldescription

reliesontheQuantumMonte-CarloapproachintroducedinSec.4.2andcannotbe

understoodbythesimplifiedapproachintroducedinSec.4.3.Inprinciplethissec-

tioncouldbegeneralizedtoj-bodylosses.ForsimplicityIwillrestrictmyselftothe

casej=

feedback - lattice amplitude

Bose gas

detectors
lost atoms

δz

M1M2 MN

V(z) lattice potential

z

1andtoahomogeneoussystem.

Figure4.17–The1DBosegaswithatomlossesandaspatiallyresolvedsingleatom

detectorsystem.Theinformationonthelossescanbeusedtocreateafeedback

loopontheatomsviaalatticepotential.Theamplitudeofthelatticepotentialis

controlledbyaprocessingunitwhichusestheinformationgainedfromtheatom

losses.

Aspreviouslyshownthephononicexcitationsreachanasymptotictemperature

kBT=gn0.Thisasymptotictemperatureistheresultofthecompetitionofaheat-

ingandacoolingprocess,mentionedintheintroduction.Theideaofthissection

istoovercomethislimitbycompensatingtheheatingprocessviathefeedbackloop.

14ThestabilityargumentspresentedinSec.2.3.2.2forthedouble-well,directlyapplytothequartic

trap.
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Ifthenumberoflostatoms15Miinsideasmallcellduringthetimeinterval∆tare

recorded,thetrajectoryfollowedofthecentertheWignerdistributionRcanbefol-

lowedexactly.ThefeedbackprocessthenforcesRtostayinthecenterofthephase-

space(nq,θq).

Modificationofg Itturnsoutthatthecoolingofthephononstothegroundstate

canonlybeachieved,whengisadaptedintimeas

g(t)=g(t=0)eΓt, (4.87)

whereΓ=κ1istheone-bodylossrate.Asdetailedin[21],withoutthismodifica-

tionofganinitialphononicexcitationisalreadypromotedtotheparticleregime

beforeapproachingthegroundstate ωq/2. Whenconsideringthemodificationof

Eq.(4.87)thedispersionrelationisunmodifiedbythelosses.Thechangeingalso

modifiesthelongtimelimitintokBT=gn0/2.

Thefeedbackhamiltonian Letusnowfollowagivenphononicmodeq,candcon-

sidertheeffectofthefeedbacklatticegivenbytheperiodicpotential

V(z)=A(t)cos(qz). (4.88)

Thispotentialcouldbeimplementedbyanopticallatticeoraspatiallightmodulator.

TheHamiltonianofthislatticeisgivenbyHfb=A(t)L/2̂nq,c.Inordertocounteract

thediffusionprocessofthecenteroftheGaussianR,onecouldadjustA(t)suchthat

thefeedbackHamiltonianisgivenby

Hfb=− ν〈θq,c〉̂nq,c. (4.89)

Ateachtimeinterval〈θq,c〉iscomputedbyintegratingtheequationofmotionin-

cludingtheeffectoflosses,thefreeevolutionandthefeedbackprocess.Thefeed-

backHamiltonianthenactsasanactivedampingwhichprevents〈θq,c〉todriftfrom

thephasespacecenter.ThefreeevolutionoftheBogoliubovHamiltonianensure

thatneitherθq,nornqdriftawayfromthecenter.Foralargeenoughdampingrate

νthecontributionofRtotheenergyofthemodeisexpectedtobenegligiblecom-

paredtothecontributionofthecovariancematrixC.Itcanbeshownthattheco-

variancematrixreachesthegroundstate(fordetailsofcalculationsee[21]).Fig.4.18

showsnumericalcalculationsoftheenergyevolutionaveragedoverquantumtrajec-

tories. Withoutfeedback(ν=0)thesystemevolvestowardstheasymptoticlimit16

kBT=gn0/2.Forastrongenoughfeedbackstrengthsν,thesystemevolvestowards

15Forj=1,wehaveM
i
=Mi.

16Thefactortwoarisesfromthemodificationing(t).
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Figure4.18–Simulationofthelossprocessfordifferentfeedbackstrengthsν:The

energyinthemodeqisobtainedfrom550quantumtrajectoriesandtheparame-

tersarethesameasinFig.4.4. Withoutfeedbackthemodeenergyevolvestogn0/2

(dottedline). Withasufficientlylargefeedbackstrength,thesystemevolvesintoits

groundstate ωq/2(dashedline).

itsgroundstateE= ωq.Thedriftofthecenterisalmostcompletelyprohibitedand

themodeiscooledtoitsgroundstate.ThefeedbackdoesnotrepresentaMaxwell’s

demon.Closetothegroundstateeffectsasthespontaneousemissioninthelattice

laserbecomesimportant,suchthatthesecondlawofthermodynamicsisnotvio-

lated.

Notethatthisproposalisnotbroughttofullmaturity.Itspracticalimplemen-

tationisnotstraightforward.Foracoolingofthewholesystem,asmanylatticesas

modeswouldnecessary.Furthermore,wedidnotperformanycalculationsonthe

sensitivityoftheparameters.Probablyaverypreciseknowledgeofthemodefre-

quencywouldnecessary.

Atheoreticalgeneralizationtoj-bodylossesshouldbestraightforward.Sincethe

practicalinterestisnotverystrong,weleavethegeneralizationtoj-bodylossesto

furtherwork.

4.8 Outlook

Higherdimensions AslongasoneconsidersthelinearBogoliubovapproach,the

theoreticalargumentsforthecoolingbyenergyindependent-lossesalsoholdinhigher

dimensions(d=2,3)[23].Takingintoaccountthatthree-bodylossesareacommon

phenomenainultra-coldatomphysicsanduntilnow,noobservationofacoolingby
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three-bodylosseswasobserved17,thesetheoreticalargumentsshouldbetakenwith

caution.Letmefinishthisaspectwithsomemorespeculativearguments:Onepos-

sibleexplanationtothispuzzlemightbetheroleofintegrability.Asshownin[22]

theone-bodyoutcouplingprocesscreatesanout-of-equilibriumsituationwhereall

theBogoliubovmodesarecooledandtheparticleexcitations(qξ 1)obtainhigher

temperaturesthanthephonons.Thissituationisstableintimeandweexpectthe

sametoholdforthree-bodylosses.Againin[22]weshowthatthisout-of-equilibrium

situationsvanishesbyacouplingtoasecond1Dsystemwithadifferentmass18.The

energyofthephononicmodesstartstoincreaseduetoacouplingtothehotterparti-

clelikeexcitations.Notethatthiscouplingbreakstheintegrabilityofthesystem.The

sameargumentscouldbeexpectedtoholdinhigherdimensions,sinceinhigherdi-

mensionsthesystemisnotintegrableanymore.Thecouplingtotheparticle-like

excitationreducethecoolingeffect.

Anadditionaleffectwhichcouldscreenthecoolingeffectinhigherdimensions

isduethedifferenceinthedensityofstates.ThedensityofstatesDd(E)inddimen-

sionsforparticlelikeexcitationsscaleslike

Dd(E)∝E
d
2−1. (4.90)

Ford>1thereexistsmorestatesforhigherenergiesthanford=1.Thismightmake

theeffectofan"heating"ofthephononsbytheparticlesmorepronouncedthanin

higherdimensions.Notethatweexpectthatthelossprocessstillcoolstheparticle

likeexcitations,howeverlessthanthephonons.Itcanthereforebespeculatedthat

thecoolingstillexistsinhigherdimensions,butitisstronglysuppressed.Itseffect

mightbetoosmallforobservation.

Out-of-equilibriumstate TheobservationofSec.4.4.3showsthatthethree-body

lossescreateanequilibriumsituationwithTYY=Tphonon.Similarresultswerealso

obtainedin[22,36]forone-bodylosses.Thisobservationchallengesthedescription

ofthecloudsontheatomchipsetup.BoththeYang-Yangthermometryandtheden-

sityripplethermometryarebasedontheassumptionofathermalequilibrium.It

isunclearhowthesetwotemperature(TYYandTphonon)shouldberelatedtoanun-

derlyingquasi-momentumdistributionρp(k).Lossesarecentraltothecreationof

1Dcloudsinthequasi-condensateregime.Wecoolthecloudwithone-bodyand/or

three-bodylossesintothe1Dregimewhereatleastoneofthetwoloss-typesare

alwayspresent.Therefore,ithastobeassumedthatthisout-of-equilibriumstates

existsinalltherealizationsofaquasi-condensate.

17Theobservationofthephonontemperatureinhigherdimensionsisexperimentallychallenging.

Forasystemwhichthermalizes,onecouldstillexpecttoobserveacoolingofthetemperatureofthe

system.
18Thecoupledsystemconsistsoftwohomogeneous1DBosegaseswithcontactinteractionsand

differentmassesmandm.Thesystemissimulatedbyclassicalfieldsimulations.
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GHDwithlosses ThetheoreticalapproachinthischapterisbasedontheBogoli-

ubovdescriptioninsidethequasi-condensateregime.Itwouldbeinterestingtostudy

theeffectoflossesindifferentregimes.Ideally,suchatheoryisbasedontheBethe-

Ansatzsuchthatitcanbeappliedtoall1Dregimes.Inthenextchapterwestudythe

theoryofGeneralizedHydrodynamics(GHD)whichisbasedontheBethe-Ansatz

solution. GHDfaithfullypredictsthedynamicsofthedensityprofile,butcannot

takeintoaccountparticlelosses.IncollaborationwithBenjaminDoyonandJérôme

DubailweareworkingonaQuantum-MonteCarloapproach(Sec.4.2)appliedto

GHD.Suchanapproachcouldpredicttheevolutionofthedensityprofiledueto

lossesandacomparisontotheresultsinSec.4.4.3couldbeinteresting.

Summary:

• Wecomputethecoolingofcollectivemodesproducedbyj-bodylosses

insidethequasi-condensateregime.Forphononswefindthatatlarge

timesTisproportionallytomc2wherecisthespeedofsoundofthe

systemwhichdecreasesintimeandwecomputethestationaryratioof

kBT/(mc
2).

• Weexperimentallyverifythispredictionforj=3andobservedtheex-

pectedcoolingwhichisinagreementwiththeexpectedstationaryvalue.

•BasedonaQuantum-MonteCarloapproachweproposeafeedback

schemetocoolaBogoliubovmodetoitsgroundstate.
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Chapter5

GeneralizedHydrodynamics(GHD)

ThischapterpresentsthefirstexperimentalstudyoftherecenttheoryofGeneralized

HydroDynamics(GHD)[15,16].TheaimofthechapteristoshowthatGHDpredicts

thecorrectout-of-equilibriumdynamicsof1DBosegases. Moreover,weareableto

showthatthe"standard"theoriesfailtodescribetheexperimentalresults.Forthose

standardtheorieswetakeintoaccount:

•IdealBoseGas(IBG)

•Gross-Pitaevskii(GP)

•ClassicalField(CF)

•ConventionalHydroDynamics(CHD).

Ofcoursesuchalistisnevercompleteandwerestrictourselvestotheorieswhich

arewidelyusedtomodelcoldatomexperiments.Specialemphasizeisputonthe

comparisonwithCHDwhichisthecounterpartofGHDinanon-integrablesystem.

Wecreatedthreedifferentexperimentalsetupswithincreasingexperimentalcom-

plexity.Ineachsetupwestartfromanequilibriumsituationsandfollowtheevolu-

tionofthedensityprofileafteraquenchofthelongitudinalpotential.Inthefirst

setup,weshowthatGHDgivesaveryaccuratedescriptionsoftheexperimentalre-

sults.Atthesametimeweshowthat,alreadyatequilibrium,mostpreviouslymen-

tionedstandardtheoriesfailtoreproducethedensityprofile.Inthesecondone,we

showthatthepredictionofCHDfails,whileGHDgivesthecorrectdescription.In

thelastsetupCHDdoesnotproduceameaningfulresult,sinceitdevelopsashock

ontheexperimentaltimescale.AtthesametimeGHDshowsreasonablegoodagree-

mentwiththeexperimentaldata.Theworkinthischaptercanbefoundin[25].

5.1 GHDexperiment

TheGHDequationscanbeseenasadynamicalextensionoftheYang-Yangequation

ofstate.Asshownin[12]theYang-Yangequationshaveproventobeaverypower-
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fulandeleganttooltodescribetheequilibriumprofilesoftheLieb-Linigermodelin

atomchipexperiments.TheYang-Yangequationsareexactandapplytothewhole

Lieb-Lingerphasediagram.InthesamewayGHDappliestothewholephasedia-

gramandoffersanelegantdescriptionoftheout-of-equilibriumdynamicsbasedon

theBethe-ansatz.

GHDandtheYang-Yangequationsarebasedonthequasi-particledensityρp(k).

AsintroducedinSec.1.4.4thequasi-particledistributionρp(k)evolvesaccordingto

theGHDdynamicsby

∂

∂t
ρp(z,k)+

∂

∂z
veff(z,k)ρp(z,k)=

1∂V(z,t)

∂z

∂ρp(z,k)

∂k
, (5.1)

wheretheeffectivevelocityisgivenby:

veff(z,k)=
k

m
− dkρp(z,k)veff(z,k)−veff(z,k)∆(k−k). (5.2)

InabsenceofanexternalpotentialEq.5.1isaconservationequationandexpresses

thefactthattheLieb-Linigerpossesaninfinityofconservedcharges.Inthefollow-

ingsectionsweusetheGHDequationtomodelthedynamicsofa1DBosegas. We

comparetheGHDresultstotheexperimentalinsitulineardensitybycalculating

n(z)= dkρp(z,k). (5.3)

Phase-spaceoccupation Thephase-spaceoccupationisapracticalquantityfor

thisstudy:

ν(z,k)=
ρp(z,k)

ρs(z,k)
, (5.4)

whereρs(z,k)isthedensityofstates(seeEq.(1.34)).AtT=0thephase-spaceoccu-

pationν(z,k)resemblesaFermidistributionwithν(z,k)=1insideacertainrange

ofkandoutsideν(z,k)=0.Insidethequasi-condensateregimeandatT=0,the

rectangularfunctionν(z,k)extendsupto[−2ξ−1,2ξ−1]ink.Atfinitetemperature

thetwosidesoftherectangleareroundedoff(seeFig.5.5).

ItcanbeshownthattheGHDevolutionofρs(z,k)isthesameasEq.(5.1),where

ρp(z,k)isreplacedbyρs(z,k).FromtheGHDequationsforρs(z,k)andρp(z,k)one

obtainsdirectlytheGHDequationforthephase-spaceoccupation:

∂

∂t
ν(z,v)+veff(z,v)

∂

∂z
ν(z,v)=

1

m

∂V(z,t)

∂z

∂ν(z,v)

∂v
(5.5)

wherethebarevelocityv= k/mwasintroduced.
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5.1.1 Theexperiments

TheaimofthisprojectistoverifythatGHDprovidesagooddescriptionofthedy-

namicsof1Dcoldatomexperiments.ForthispurposewecomparetheGHDpre-

dictionstotheout-of-equlibriumdynamicsoftheatomicdensity. Westartwitha

cloudatthermalequilibriumwhichislongitudinallyconfinedinharmonictrapping

potential.Weinitiatethedynamicsbysuddenlyswitchingoffthelongitudinalpoten-

tial.FurtherexperimentsusemoreinvolvedprotocolsthatpermittoexcludeCHD.

TheCHDcalculationsarebasedonEq.(1.105)-(1.107)togetherwiththeYang-Yang

equationofstate(seeEq.1.41).

5.1.2 Expansionfromharmonictrap

Figure5.1–Initialcloudbeforetheexpansion.Theexperimentaldataistheblue

noisyline.ThebluesolidlineisobtainedfromtheYang-Yang(YY)fitwhichgives

T=0.043µKandµp=0.307ω⊥.Thefollowingtheoreticalpredictionsarebasedon

thosevaluesofµpandT:Thedashed-dottedlineistheGross-Pitaevskii(GP)pre-

dictionwhichcorrespondstotheThomas-Fermiprofile.ThedashedlineistheIdeal

BoseGas(IBG)predictionandthesolidtheclassicalfieldprediction(CF).

Theinitialprofile WeprepareacloudwithNat=4600atomswhosecentralregion

liesinthequasi-condensateregime.ThelongitudinalpotentialV(z)=12mω∥z
2is

harmonicwithω∥=2π×8.8Hzandthetransverseconfinementisgivenbyω⊥=2π×

7.75kHz.TheinitialdensityprofileisshowninFig.5.1(bluenoisyline).Thedensity

profileisfittedwiththeYang-Yangthermometry1(solidblueline),fromwhichwe

obtainT=0.43µK

1InthischapterweusetheYang-Yangthermometrywithoutthecorrectionsfromtheexcitated

states(modifiedYang-Yang).GHDisnotabletotakesthoseeffectintoaccount.Adiscussionfollows

inSec.5.2.
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Exp. 1

Exp. 2

Exp. 3

Figure5.2–ThethreedifferentdatasetsintheLieb-Linigerphasediagram(see

Sec.1.2.4foradiscussionofthephasediagram). Thehorizontallinesreflectthe

changeindensitythroughoutthetrap.Thelinesextenduptothepointwhichcorre-

spondstonp/10.Inalldatasetsthepeakdensityliesinthequasi-condensate.Inthe

wingsthedatasetsextendintotheidealBosegasregime.Exp.1istheexperimen-

talsetupofSec.5.1.2(expansionfromharmonictrap),Exp.2istheexperimental

setupofSec.5.1.3(expansionfromdouble-well)andExp.3theexperimentalsetup

ofSec.5.1.4(theNewton’scradleexperiment).

Failureofmostapproximatetheoriesatequilibrium Thedensityofthetrapped

cloudchangesthroughoutthetrappingpotential(seeFig.5.1).Consequently,thein-

teractionparameterγ=mg/(2n)changesthroughoutthecloudwhichcorresponds

toahorizontallineinFig.5.2.Typically,thecenterofthecloudliesinsidethequasi-

condensateregime,whilethewingsexploretheidealBosegas.Letusturntothe

standardtheoriesmentionedatthebeginningofthischapterandwhosepredictions

areshowninFig.5.1.ThepredictionoftheequationofstateoftheIBGEq.(1.46),

togetherwiththeLDA,isshownbythesolidline,withTandµpobtainedfromthe

Yang-Yangfit.AsexpectedtheIBGpredictiongivesthecorrectdescriptionofthe

wingsandfailsinthecentralpart.Asµapproacheszerothedensityndiverges(see

Sec.1.2.4.1).Thedashed-dottedlineshowstheThomas-Fermiprofile2whichap-

proximatelycorrespondstotheexperimentaldatainthecentralpartofthecloud

(sameµpasYang-Yang).Theclassicalfieldtheoryiscapabletodescribethequasi-

condensateregimeanddegenerateidealBosegasregime.Thepredictionfromthe

equationofstateoftheclassicalfieldtheorytogetherwiththeLDAisshownbythe

solidline(sameTandµpastheYang-Yangfit).Asexpected,thepredictionofthe

classicalfieldagreeswiththeexperimentaldatainthecentralregionandinalarger

regionofthewingsthantheThomas-Fermiprofile.Whenthegasstartstoenterthe

Maxwell-Boltzmannregime,theclassicalfieldequationfailstopredictthedensity

profileduetothequantizednatureoftheatoms.

Insummary:NeithertheidealBosegasequationofstate,northeequationof

2TheThomas-FermiprofileistheequilibriumpredictionoftheGross-Pitaevskiiequation.
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stateofthequasi-condensateregime,northeclassicalfieldpredictioncandescribe

theequilibriumprofileinoursystem3.Thisresultwasexpected.Comparedtothe

atomiccloudstypicallystudiedinChap.3andChap.4,weuseacloudwithlarger

wingstoincreasetheeffects.Thisisobtainedbyalowerpeakdensitynpandahigher

transverseconfinement.Bothchangesleadtoanincreasedγ.Thegasinthehar-

monictrapextendsinthephasediagramfromitspeakvalueonahorizontallineas

showninFig.5.2.Atincreasedγ,theregioninsidethequasi-condensatebecomes

morenarrow.Thereforeasubstantialpartofthecloudliesinthecross-overregime

totheidealBosegas,andevenintheMaxwell-Boltzmannregime(alsoseeinFig.1.4).

Expansion Inthefirstsetup,westudytheexpansionformtheharmonictrap.Att=

0wesuddenlyswitchoffthelongitudinaltrappingpotentialsandletthecloudfreely

expandin1Dfort=

a) b)

40ms. WecomparetheGHDpredictionwiththeexperimental

Figure5.3–a)Expansionfromtheaharmonicpotential.Initialprofileisshownin

Fig.5.1.ThedataisthenoisylineandthesolidlinearethecalculationfromGHD.b)

Situationatt=30ms.ThedataisshowntogetherwithGHDandCHD.

dataasshowninFig.5.3a).TheGHDpredictionsareshowninsolidlinesandshow

averygoodagreementwiththeexperimentaldata.

3Weareawareofrefinedtheories,basedonclassicalfieldwhichincludeacut-offabovewhichthe

excitationaretreatedasaquantumgas[141,142]. Wedecidedtoexcludethosetheoriesfromthe

discussion.AlreadyintheequilibriumsituationtheYang-Yangthermodynamicsoffersamuchmore

powerful,elegantandreliabledescription.Theirdynamicalextensionisnottrivial.Inthedynamical

situation,weexpectthatGHDsupersedethoserefinedtheoriesinthesamewayasYang-Yanginthe

equilibriumsituation.
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ComparisonwithConventionalHydroDynamics(CHD) Thestandardtheories,men-

tionedinthebeginningofthischapter,allfailedtodescribetheexperimentaldata,

excepttheConventionalHydroDynamics(CHD).CHDisbasedontheYang-Yang

equationofstate(seeSec.1.4.3foranintroduction).Thereforetheinitialequilib-

riumstatedoesnotdiffersfromtheYang-Yangprediction.InFig.5.3b)theevolution

ofthecloudafterthereleasefromtheharmonicpotentialiscomparedtobothGHD

andCHD.ThereisnovisibledifferencebetweenthepredictionofCHDaGHD.Atthe

sametimeboththeoriesareinverygoodagreementwiththeexperimentaldata.

WeattributethiscoincidenceofGHDandCHDtotheinitialharmonictrapping

potential.Itcanbearguedthatintheasymptoticregime(Gross-Pitaevskiiregimeat

T=0andidealBosegasatT=∞)GHDandCHDcoincideforthereleasefroma

harmonictrap.Intheintermediateregimeitcanbeshownthatboththeoriesgive

verysimilarresults.Itturnsoutthatboththeoriesstarttoclearlydifferforarelease

fromatrappingpotentialwithsignificantcontributionfromtermsinz4orhigher.A

moredetaileddiscussionofthiscoincidenceisgivenintheSupplementaryMaterial

ofourpaper[25].

5.1.3 Expansionfromdoublewell

InordertodiscriminatebetweenGHDandCHD,wechosetoworkwithadouble-

wellpotentialV(z)=a2z
2+a4z

4witha2<0.Att=0weswitchoffthelongitudinal

trappingpotentials.TheevolutionofthedensityprofileisshowninFig.5.4a).Again

weobtainaverygoodagreementbetweentheGHDpredictionandtheexperimental

data(noisyline).

Creationofthedouble-wellpotentialontheatomchipexperiment Forthedouble-

wellpotentialweusethefourlongitudinalwiresD1,D2,δ1andδ2(seeFig.A.2).The

double-wellpotentialisimplementedaccordingtotheconsiderationsofSec.2.3.2.2.

Thecreationofthedouble-wellpotentialdemandshighcurrentswhichcreateasmall,

butnon-negligibleBzcontribution.Thischangesthetransverseconfinementac-

cordingtoω⊥∝I0/B0+Bz.Tomaintainthesametransverseconfinementbefore

andafterthereleasefromthelongitudinalconfinement,weadaptthecurrentI0,

suchthatω⊥staysconstant.

GHDvs.CHD InFig.5.4b)weshowthepredictionofGHDandCHDforthesame

initialstate.Att=40msboththeoriesclearlydiffer.GHDshowsaverygoodagree-

mentwiththeexperimentaldata,whileCHDdiffersfromtheexperimentalprofile

byseveralstandarddeviations.TheCHDsimulationdevelopsalargedensitywave

whichisaprecursoroftheshockwhichdevelopsatlatertimes.
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a) b)

Figure5.4–a)Expansionfromthedouble-wellpotentialcomparedtoGHD(smooth

line).b)ComparisonbetweenGHCandCHD.Theerrorbarshownintheinsetfor

t=40mscorrespondsto68%confidenceintervalandisrepresentativeforallthe

datasets.
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Moreinsightscanbeobtainedfromthephase-spaceoccupationν(z,v)(seeEq.5.4).

Fig.5.5a)showstheevolutionofν(z,v,t)obtainedfromtheGHDcalculations.Ini-

tially,ateachsliceinz,thedistributionisclosetoarectanglewithsmoothededges

duetotemperatureeffects.Thisresultsinapeanutlikestructureinthe(z,v)-plane.

Thetimeevolutiondistortstheinitialstructure.Att=25msthephase-spaceoc-

cupationisfarfromanequilibriumdistributionwiththeappearanceoftwomax-

imaforthecentralslicesinz.Suchadistributionwithseveralmaximaisclearly

farfromathermalequilibriumsituationwhichcouldbedescribedbyCHD.Incom-

parisonFig.5.5b)showsthephase-spaceoccupationobtainedfromtheCHDcal-

culations.TheCHDcalculationsarebasedontheYang-Yangequationofstateand

Fig.5.5showsthephase-spaceoccupationwhichcorrespondstotheYang-Yangstate

inCHD.AteachmomentCHDenforcesathermalequilibriumsituation.Att=
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thecentralpartofthecloudclearlydiffersfromtheGHDdistribution.Thedifference

betweenGHDandCHDcontinuestoincreaseforlargertimes.

Figure5.5–Phasespaceoccupationν(z,v,t)fortheexpansionfromthedoublewell.

Thefirstlineshowsthephasespaceoccupationν(z,v,t)obtainedfromGHDandthe

secondlineshowsthephasespaceoccupationν(z,v,t)obtainedfromCHD.

Theinitialtemperature Intheprevioussetup(Sec.5.1.2)wefittedtheinitialprofile

withtheYang-YangequationofstatetogetherwiththeLDA.TheuseoftheLDAde-

pendsonapreciseknowledgeofthetrappingpotential.Intheharmonictrapweuse

theprecisevaluesobtainedfromthemeasurementoftheoscillationsofthecenter-

of-mass(seeSec.2.9).Forthedouble-wellpotentialwecannotusethismethodand

relyonmoreindirectmethods.Forexample,onecouldfittheprofileusingtheYang-
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Yangequationofstatewith6fittingparameters:T,µpandfourparametersofthe

Taylorexpansion4ofV(z).However,suchahighnumberoffittingparametersgave

unreliableresultsforthetemperature.Tocircumventthisproblem,wedecidedto

proceedasfollows:

Figure5.6–ComparisonofexperimentaldatawithGHDsimulationsfordifferent

temperaturesT.AroundT=0.3µKtheGHDresultsarealmostindependentonT.

Forveryhigh(T=1µK)andverylow(T=0.01µK)temperaturestheGHDresults

clearlydifferfromtheexperimentalobservation.

First,wepostulateaninitialtemperatureTandconstructtheinitialquasi-momentum

distributionρTp(z,v),suchthatρ
T
p(z,v)isthethermalequilibriumquasi-momentum

distributionattemperatureTanddensityn(z,t=0).Wethencalculatethetimeevo-

lutionnGHD(z,t)withGHDwhichwecomparewiththeexperimentaldata. Weper-

formthesecalculationsfordifferentinitialtemperaturesTandcalculatethedistance

htotheexperimentaldata

h=
1

Ndataz,t
[ndata(z,t)−nGHD(z,t)]

2, (5.6)

4Although,weintendtocreateapotentialV(z)=a2z
2+a4z

4,inpracticeanasymmetryisalways

presentandallthefourtermsneedstobetakenintoaccount.
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withthetotalnumberofdatapointsNdata.Simulatingthetimeevolutionfromt=

0−50mstakesabout10hoursonalaptopwithourcode.ThustheGHDcodeisnot

suitedforafittingalgorithm.WecalculatednGHDforafewtemperaturesbetweenT=

10nKandt=1µK.TheminimumvalueofhisfoundforT=0.3µK.Theuncertainty

forthisvalueislarge.TheGHDresultsforT=0.2µKandT=0.4µKdonotdiffer

much(seeFig.5.6). However,fortemperaturesverydifferent(T=10nKandT=

10µK)theGHDpredictionclearlydifferfromtheobserveddata(seeFig.5.6). We

verifiedthatthepotentialwhichcorrespondstothisquasi-momentumdistribution

ρTp(x,v),isclosetotheanticipateddouble-wellpotential.

Figure5.7–GPsimulationfortheexpansionfromthedouble-wellpotential.The

initialdensitydistributionisequaltotheexperimentalone.Theappearanceofthe

centralpeakstronglydiffersfromtheexperimentalprofile.

Gross-Pitaevskii AlthoughitwasshowninFig.5.1thattheGross-Pitaevskii(GP)

theorycannotpredicttheequilibriumprofile,acomparisonwiththeGPdynamics

(Eq.(1.100))canstillbeinteresting. WesimulatedtheGPequationwiththesplit-

operatormethod[53]andtheresultsareshowninFig.5.7.Theresultsclearlydiffer

fromtheexperimentalsituation(seeFig.5.4).Atthesametime,theGPresultsare

closetotheGHDresultsatlow5T,whenthefastoscillationsareaveragedout(see

Fig.5.6).GHDisaclassicaldescriptionofthesystem.Thus,itdoesnotpredictinter-

ferencephenomena.

5.1.4 Releasefromdouble-wellintoharmonicpotential

InthethirdexperimentalrealizationwemimicthefamousquantumNewton’scra-

dle[26,143,144].Incontrasttothesepreviousrealizations,ourcloudisintheweakly

interactingregime.

5ComparetoT=0.01µK
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Figure5.8–Quenchfromdouble-welltoharmonicpotentialcomparedtotheGHD

prediction.Thenoisylinesaretheexperimentaldata.

Weprepareacloudinadouble-wellpotentialandatt=0wereplacethedouble

wellpotentialwithaharmonicpotentialwithfrequencyω∥=2π×6.5Hz.Weobtain

thetemperaturewiththesamemethodasusedfortheexpansionfromthedouble-

wellpotential(seeSec.5.1.3),andwhichleadstoT=0.15µK.FortheNewton’scradle

experiment,CHDdevelopsshocksatearliertimes(t 30ms)andcannotgiveuseful

predictionsforthetimeevolutionofFig.5.8.TheexperimentaldatainFig..5.8is

showntogetherwiththeGHDprediction.Forthissetup,theagreementbetween

GHDandtheexperimentaldataislessstriking.

Periodicity ThemotioninFig.5.8isapproximatelyperiodic,withaperiodslightly

longerthan2π/ω∥.Ataquarterofaperiod,andatthreequartersofaperiod,the

densitydistributionshowsasinglethinpeak6.Thisapproximateperiodisnotanex-

perimentalartifact.Thephase-spacedistributioncalculatedbyGHDdoesnotshow

astrictperiodicbehavior(seeFig.A.3inAppendixformoredetails).Thedistribution

doesnotexactlycomebacktoitsinitialdistributionandonlyshowsanapproximate

periodicity.Theinteractionsbetweentheatomsdistortthephase-spacedistribution

duringtheevolution.ThisisincontrasttotheIBGregimeandthestronglyinteract-

ingregimewherethemotionisperiodicwiththefrequencyofthetrappingpotential.

6Iftheinitialcloudwascompletelysymmetricunderz→−z,theperiodwouldbedividedbytwo.
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Figure5.9–ModifiedYang-YangthermometryforthesamedatasetasinFig.5.1.In

redthefittingresultsfromthemodifiedYang-Yangequations(MYY)comparedtothe

Yang-Yangequationsinred(YY).Whileboththeoriesagreewellwiththeexperimen-

taldata,thetemperaturediffersby30%.

5.2 SummaryandOutlook

ThepresentedstudyrevealedthatGHDistheonlytheorywhichcanfaithfullypredict

theout-of-equilibriumdynamicsofthedensityprofileintheexperiment.Thestan-

dardapproximatetheories(IBG,GPandCF)alreadyfailtodescribetheequilibrium

situation.Thefailureofthe"older"theory(CHD)isdirectlyrelatedtotheintegrabil-

ityofthesystem. Wethereforedemonstratedthattheseexperimentalobservations

aredirectlylinkedtotheintegrabilityoftheunderlyingsystem.

Atlongertimes(seeFig.5.8)theexperimentaldatashowssmalldeviationsfrom

theGHDprediction.Weattributethisdeviationstoexperimentaleffectsbeyondthe

GHDdescriptionandidentifiedtwomaineffects:

1.Atomlosses:Duringthe180msshowninFig.5.8,15%oftheatomsarelost,

mainlyduetothree-bodylosses.

2.Transverseexcitedstates:IftheinitialprofileinFig.5.1isfittedwiththemodi-

fiedYang-Yangequationofstate(seeSec.2.8.2),weobtainatemperaturewhich

is30%lowerthanthetemperatureweobtainedfromthepureYang-Yangfit

(seeFig.5.9).Thisindicatesthatthetransverseexcitestatesmightplayanon-

negligiblerole.

Thesetwoeffectscaninprinciplebeovercomeinfutureexperiments.Asshownin

Sec.4.4.3thetemperaturedecreaseswithfeweratoms.Atlowertemperatureseffects

fromatomthetransverseexcitedstatesbecomesmallerandatthesametimethree-

bodylossesarereducedduetothedecreaseslineardensity.Nevertheless,working

withlowatomicdensitiesisexperimentallychallenging(seeSec.2.6.2).Addition-

ally,wecollaboratewithBenjaminDoyonandJérômeDubail,onatheoreticalap-
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proachwhichcombinestheQuantum-MonteCarloapproachintroducedinSec.4.2

andGHD.

Summary:

•ThischapterpresentsthefirstexperimentalcomparisonwiththeGen-

eralizedHydroDynamics(GHD)approach.GHDisanewtheory(2016)

basedontheconservedquantitiesoftheintegrableLieb-Linigersystem.

• Wecreatethreedifferentexperimentalsetupswhereweinitiateanout-

of-equilibriumdynamicsbysuddenlychangingthelongitudinaltrap-

pingpotentialatt=0.Wefollowtheevolutionofthedensityofthecloud

whichwecomparetodifferenttheoreticalapproaches.

•Asimilarandoldertheory,theConventionalHydrodynamics(CHD),fail

todescribetheexperimentalobservation.CHDonlytakesintoaccount

theconservationofenergy,particlesandmomentumincontrasttoGHD

whichtakesintoaccountalltheconservedquantitiesoftheintegrable

model.

• Moreover,GHDistheonly"simple"theoreticalapproachwhichcan

faithfullydescribetheevolutionofthedensityinallsetups.
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Conclusion

Thisthesiscontainsthreemainstudiesonthedynamicsof1DBosegases.Those

studiesaretherealizationofaninteractionquenchinChap.3,thecoolingbythree-

bodylossesinChap.4andanexperimentalstudyofthetheoryofGeneralizedHy-

drodynamics(GHD)inChap.5.Eachofthesestudiescallsforfurtherinvestigations

onitsown.Letmesummarizeinthefollowingsomeofthemostimportantaspects

andperspectives:

Thisthesisfocusesontheout-of-equilibriumdynamicsofintegrablesystems.An

importantandwidelyacceptedassumptionsfortheout-of-equilibriumdynamics

ofintegrablesystemsistheappearanceofanewequilibriumsituationaftersome

shortrelaxationtimetrelax.ThisnewequilibriumstateischaracterizedbyaGener-

alizedGibbsEnsemble(GGE).TheappearanceofaGGEstateisfarfromtrivialand

noproofofitsappearanceexists.IntheLieb-Linigermodelthesetofmeanvalues

oftheconservedquantitiesenteringGGEcompletelydefinesthequasi-momentum

distributionρp(k).TheconceptofGGE,derivedfromthegeneralizedeigenstatehy-

pothesis,statesthatallmicrostatesofsomeρp(k)areidentical.Thus,thesystem

iscompletelydefinedbythedistributionρp(k).InChap.3weinvestigatedthedy-

namicswhichoccursbeforetheappearanceofanewequilibriumsituation.Forthe

publisheddata[18]presentedinSec.3.4.2thisdynamicsisingoodagreementwith

thelinearizedapproachgivenbytheBogoliubovdescription.TheBogoliubovmodel

isa"trivially"integrablemodel. However,itsconservedchargesarenotthecon-

servedquantitiesoftheunderlyingLieb-Linigermodel.Onethereforeexpectsthat

thedynamicsoftheBogoliubovmodesshouldrelaxatsomepointandnotpersist

forlongtimes.InSec.3.4.4Ipresenteddatawhichshowsindicationofthisrelax-

ationphenomenawiththeobservationofamodedamping.Furtherindicationof

thisphenomenaisgiveninSec.3.4.6wheretherecurrencephenomenoncouldnot

beobservedduetothedampingofthemodes.Forfurtherstudiesacharacterization

oftherelaxationtimetrelaxandthenewequilibriumstatewouldbeveryinteresting.

Ingeneral,itcanbeexpectedthatinanintegrablesystemsuchastateisnotaGibbs

ensemble.Mostideallysuchastateshouldbecharacterizedbyitsquasi-momentum

distributionρp(k)towhichIwillcomebacklater.

InChap.5weleaveoutthisquestionofhow,andonwhichtimescale,thesystem
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relaxestowardsthenewequilibriumsituations.GHDassumesthevalidityofthegen-

eralizedeigenstatehypothesisandtheappearanceofaGGEontimescalesshortcom-

paredtotheexperimentaltimescales.TheGHDresultsshowedaverygoodagree-

mentwiththeexperimentaldatawhichindirectlyjustifiestheassumptionofthere-

laxationphenomena.Chap.5showedthatGHDisaveryimportanttooltofaithfully

describetheout-of-equilibriumdynamicsof1Dgasesincoldatomsetups.Itopens

manydirectionsofnewresearch:Forexample,itcouldbeinterestingtostudyexper-

imentallytransportphenomenabetweentworeservoirsin1Dandcomparethoseto

theGHDprediction.Furthermore,itwouldbeinterestingtoextendGHDsuchthat

itcanpredicttheevolutionofthequasi-momentumdistributionρp(k)underthe

effectoflosses.InSec.4.4.3Ipresentedexperimentalindicationsthattheeffectof

lossesprobablyhasanon-trivialeffectonthequasi-momentumdistribution.The

effectofthree-bodylossesonthephonontemperatureisingoodagreementwitha

linearizeddescriptionbytheBogoliubovmodes(seeSec.4.4). Whenanalyzingthe

densityprofilebyusingtheYang-Yangequationofstate,weobtainedtemperatures

whichdifferedbyuptoafactorof5fromthephonontemperature.Thisindicatesthat

weobserveanout-of-equilibriumstatewhichshouldbedescribedbyanon-thermal

distributionofthequasi-momentumdistributionρp(k).

Ingeneral,atoolwhichcouldaccessthequasi-momentumdistributionρp(k)

wouldbeveryhelpfulfortheinvestigationoftheout-of-equilibriumsituations.The-

oretically,ρp(k)couldbeobtainedinthefarfieldfromanexpansionin1D[145].In

practice,thefarfieldcannotbeattainedduetothelimitedsizeoftheatomchip.GHD

mightbeabletocircumventthisproblemandreconstructtheinitialρp(k)fromthe

densityatdifferenttimesduringtheexpansion.Thismethodcouldbeusedtochar-

acterizetheout-of-equilibriumstateduetoatomlosses.Thesameapproachcould

beused,tocharacterizeρp(k)afteraninteractionquench.

Anothernaturalextensionofstudiesinintegrablesystemsisthecontrolledbreak-

ingofintegrability,asforexamplerealizedin[143]tostudytheNewton’scradleex-

periment.Thebreakingofintegrabilitycouldbeachievedinseveraldifferentways:

Onecouldcoupleasecondgas,asrealizedin[10],oraddanopticallatticewhich

createsaperiodicpotentialvaryingondistanceshorttothemicroscopicalquanti-

ties.Anotherpossibilityistoaddanewinternalstate.Bycontrollingtheinteractions

betweendifferentspecies,thesystemcanbetunedtotheintegrablepointofsym-

metricinteractions[146].

Forfutureexperimentsitwouldbeinterestingtoperformstudiesinaregimeof

higherinteractionparametersγ=mg/(2n).Mostpreferableinthestronglyinterac-

tionregime,characterizedbyγ 1andt 1.Thiswouldallowtostudyinteraction

quenchesinanewregimeandshowtheuniversalityofGHDinallregimes.Addition-

ally,itwouldallowtostudyhowthelosscoolingprocessextendstowardsthestrongly

interactingregime.Isitevenpossibletoenterthestronglyinteractingregimewith
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thisenergy-independentcoolingprocess?

Highervaluesofγareinprincipleachievableandγ=3wasalreadyachievedon

theexperimentalapparatusin[42].Evenhighervaluesofγcouldbeexpectedwith

anoptimizedchipdesignwhichallowstoincreasethecurrentI0forthetransverse

confinement.

Finally,thecoolingprocessofChap.4leavestwomainopenquestions:Whywas

thecoolinglimitforone-bodylossesnotobserved?Canweexpectacoolingbylosses

in3D(2D)?
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AppendixA

Appendix

A.1 Valuesof87Rb

Name Symbol Value

3Dscatteringlengthin|F=2,mF=2〉 a3D 5.311±0.005nm[147]

Massofrubidium87 m 1.44316×10−25kg

Three-bodylosscoefficient κ3D3 (1.8±0.5)×10−41m6/s[140]

Bohrmagneticmoment µB 9.274×10−24J/T

magneticvacuumpermeability µ0 4π10−7H/m

TableA.1–Physicalvaluesusedinthisthesis(for87Rb).

A.2 Chiplayout
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FigureA.1–Chiplayout.BlackboxshowszoomedregionofFig.A.2.
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FigureA.2–Zoomofonthecenterregionoffig.A.1withthepartsofthewirescolored,

whichareusedinthemodeldescriptionofthetrappingpotentialsintroducedinthis

thesis(seeSection2.3).Inthemodeldescription,wiresareinfinitelylongandthe

supplypart,whichconnectsthepinofthechiptotheconsideredwire(seeFigureA.1

onthetopandlowerendofthechip)isneglected.Thetransverseconfinementis

obtainedbythethreesmallgreenwireswiththemodulatedguidetechnique(see

Section2.3.1.2).Thefourbluewiresareusedtocreatethelongitudinalconfinement.

TheouterdarkbluewiresD1&D2areusedtocreateaharmonicconfinement.With

theuseoftheD1&D2togetherwiththeδ1andδ2wires,polynomialpotentialsare

createdwhichcanbecontrolleduptoorderfour(seeSection2.3.2).
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A.3 Longitudinalanti-confiningterm

a2isapolynomialofdegreetwoinι

a2=
µBµ0

2π
ι2
µ0

β4B0π
+ι
6d

β4
+
µ02I

B0πb2β2
+
6dI

b4
+
µ0I

2

B0πb4
, (A.1)

whosediscriminantisgiven

∆discr=
36d2

β8
+
24µ0dI

B0πb2β4
1

β2
−
1

b2
. (A.2)

ForI>0,thisleadstotheconditionb>βinordertoassuretworootsandtherefore

a2<0.ForI<0thesituationsgetsmorecomplicatedanda2<0canpracticallynot

beattainedwiththegeometryofourchipexperiment(b>β).
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A.4 Atomlosses

A.4.1 TheLindbladoperators

WhilethechoiceoftheLindbladjumpoperators L̂isnotunique,letmejustifythe

choiceoftheoperators.Therefore,Iwillshowthatthischoicereproducestheex-

pectedtimeevolutionofthedensityoperatorforj-bodylosses[148].Letusconsider

acoarsegraineddescriptionasin4.2,inwhichcasewewrite:

L̂=
K̃j

j
âj, (A.3)

whereâdestroysaparticleinthesmallcellandK̃j=κ̃jδz
1−j.Letuscalculatethe

timeevolutionofthemeanatomnumberN̂=â†â

d

dt
N̂ =TrN̂

d

dt
ρ̂ =TrL{̂ρ}̂N (A.4)

withthedensitymatrixρ̂.TheLindbladoperatorL{̂ρ}givenbyEq.1.120rewritten
forlossesinasmallcellisgivenby:

L{̂ρ}=
K̃j

j
âjρ̂â†

j
−
1

2
â†
j
âjρ̂−

1

2
ρ̂â†

j
âj. (A.5)

TheHamiltoniancommuteswiththetotalatomnumber,whichleadsto

d

dt
N̂ =

K̃j

j
Trâjρ̂â†

j
N̂ −

1

2
Tr â†

j
âjρ̂N̂ −

1

2
Trρ̂â†

j
âjN̂ . (A.6)

Usingthecommutationrelation N̂,̂aj=−ĵaj,thecyclicpropertyofthetraceand

Tr(Â†)=Tr(Â)oneobtains

d

dt
N̂ =−K̃jTrρ̂â

†jâj. (A.7)

Goingbacktothecontinuouslimit,thisleadsto

d

dt
〈̂n〉=−̃κj〈n〉

jg(1)(0), (A.8)

withthenormalizedj-bodycorrelationfunctionatzerodistance

g(j)(0)=〈Ψ̂†
j
(0)̂Ψj(0)〉/〈n〉j. (A.9)

ThisconfirmsthatthischoiceofL̂leadstotheanticipatedevolutionoftheatom

numberforj-bodylossesaspredictedbyEq.(4.3).
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A.4.2 NewGaussianstate

LetuscomputethisnewGaussianstate:First,theconvolutionontheaxisθdoesnot

changeRandonlychangesCiñCaccordingto

C̃=C+
0 0

0 1
2σ2
. (A.10)

Second,themultiplicationbyaGaussiancenteredaroundn̄=
n̄

0
givesthefollowing

condition:

X−R
T
B̃ X−R+X−n̄

T
2
σ2
0

0 0
X−n̄= X−R−Mq

T
B X−R−Mq ,

(A.11)

withthenotationMq=
Mq
0
.Eq.(A.11)needstoholdfor∀X,implying

B̃+
2
σ2
0

0 0
=B, (A.12)

whichleadsinfirstorderin∆tto

C=B−1= 1+C̃
2
σ2
0

0 0

−1

C̃ 1−jκjn
j−2
0 ∆t

C11 0

C12 0
C̃, (A.13)

whereweusedC11=C̃11andC12=C̃12andwhichletuswrite

C=C−jκj∆tn
j−2
0

C211 C11C12
C11C12 C

2
12−

1
4

. (A.14)

Fromeq.(A.11)wegetasecondconditiononR:

B̃R+
2
σ2
0

0 0
n̄=B R+

Mq
0

. (A.15)

UsingEq.(4.42)wecanwrite

R= 1−jκj∆tn
j−2
0

C11 0

C12 0
R+C̃

2
σ2
0

0 0
n̄ −

Mq
0
. (A.16)

Expandinginfirstorderin∆twefinallyobtain

R=R+
jMq

n0
−jκjn

j−2
0 ∆t〈nq〉

C11
C12

−
Mq
0
. (A.17)
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V. APPROXIMATE PERIODICITY OF THE GHD SOLUTION FOR THE QUENCH FROM
DOUBLE-WELL TO HARMONIC POTENTIAL

In Fig. 8 we display the phase-space occupation⌫(x, v) for the quench from double-well to harmonic potential,
corresponding to the GHD data shown in Fig. 4 in the main text. We recall that⌫(x, v) is the phase-space occupation,
and that it is related to the phase-space density used in the main text by Eq. (8). One can roughly think of⌫(x, v)
as a Fermi dstribution, see App. III above. The GHD evolution equation can be written directly in terms of the
occupation function⌫(v), see Eq. (18).
It is clear from these plots that, after one period of the harmonic trap (the period is 154 ms), the distribution is only
approximately similar to the initial one. So, even though our atomic clouds are weakly interacting, the behavior that
is predicted by GHD is clearly di↵erent from the one of non-interacting particles, since the latter would be exactly
periodic.

t=0 t=20ms t=40ms t=60ms

t=80ms t=100ms t=120ms t=140ms

t=160ms t=180ms

FIG. 8. Phase-space occupation⌫(x, v) obtained from GHD for the quench from double-well to harmonic potential shown in
Fig. 4 in the main text. The motion isapproximatelyperiodic, although one clearly sees that the distribution does not come
back exactly to its initial shape after one period; instead, it gets slightly distorted by the interactions between the atoms. The
period of the harmonic trap is 154 ms, and we see that the approximate period is roughly 165 ms.

A.5 Phasespaceoccupation

FigureA.3–Phasespaceoccupationν(z,v,t)fortheNewton’sCradleexperimentob-

tainedfromGHD(seeSec.5.1.4).Themotionisapproximatelyperiodic.Theperiod

oftheharmonictrapis154msandtheapproximateperiodis165ms.
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AnnexeB

Résuméenfrancais

Cemanuscritprésentelesrésultatsdemathèse,effectuésdansl’équipePuceAto-

mique.Nousutilisonsunsystèmedetype«puceatomique»pourcréerdespièges

magnétiquetrèsallongésdanslesquelsnouschargeonsdesatomesbosoniques(87Rb).

Nousgelonslesdegrésdelibertétransversesetcréonsungaz1Davecdesinterac-

tionsdecontact.Lemodèlequidécritcesystèmeestconnusouslenom«modèle

deLieb-Liniger»etilalaparticularitéd’êtreunmodèleintégrable.Cemanuscrit

contienttroisétudesexpérimentalessurladynamiquedanscesystèmeLieb-Liniger.

Lepremierchapitreintroduitlesoutilsthéoriquesquiontétéutiliséspourdécrire

lesexpériences.Premièrement,j’introduislemodèlequidécritlegazquiaétéétudié.

Ils’agitdesbosonsavecdesinteractiondecontacten1D;lemodèledeLieb-Liniger.

Ilpeutêtrerésoluparlatechniquedel’ansatzdeBethequipermetdecalculerles

étatspropresd’unemanièreexacte.Basésurcettetechniquej’introduisunethermo-

dynamiqueexacte,dite«thermodynamiquedeYang-Yang».Lathermodynamique

deYang-YangpermetdedistinguerdifférentsrégimesdumodèledeLieb-Linigerno-

tammentlerégimequasi-condensat.Laplupartdesexpériencesdecettethèseont

étéeffectuéesdanscerégimeetj’introduisdesméthodesapproximativesquis’ap-

pliquentàl’intérieurdurégimequasi-condensat.La méthodeBogoliubovretient

particulièrementnotreattention.Dansl’approximationdeBogoliubovlesystèmeest

décritparunensembled’oscillateursharmoniquesindépendants.Danslasuitej’in-

troduisdesthéoriesquidécriventladynamiquehors-équilibredesgaz1D.Notam-

mentunenouvellethéoriede2016,baptiséhydrodynamiquegénéralisée(enanglais

generalizedhydrodynamics).Al’inversedel’hydrodynamiqueconventionnellequise

basesurlaconservationdel’énergie,del’impulsionetdunombredeparticule,cette

théorieprendencompteunnombreinfinidechargesconservéesdusystèmeinté-

grable.Jemotivecettenouvellethéorieavecunapprochesimplequiconsidèredes

collisionsàdeuxparticules.

Ledeuxièmechapitrecontientladescriptiondenotreexpériencedetypepuce

atomique.Lespartiesprincipalesderefroidissementn’ontpasétémodifiéespendant
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mathèseetunrésumédesétapeslesplusimportantesestdonné.Lepiégeagema-

gnétiqueestdécritavecplusdedétails.Notammentlacréationd’unpiègeenforme

dedoublepuitsdansladirection1D.Danslasuitej’introduisl’utilisationdesalgo-

rithmesgénétiquescommeméthoded’optimisationdel’expérienceetjediscuteles

problèmestechniquesobservéspendantlathèse.Ensuite,lesméthodesd’analyse

desdonnéesdel’expériencesontdécritesetjemeconcentresurl’analysedesfranges

dedensité(enanglaisdensityripples).Jeprésenteuneformulecentralequipermetde

déterminerlatempératuredesphonons,quisontlesmodesdeBogoliubovdebasse

fréquence.Ensuite,jemontrequecetteanalysedesfrangesdedensitépermetderé-

soudrelesmodesdeBogoliubovetd’accéderàlavariancedelaquadrature«phase»

despremiersmodes.

Letroisièmechapitrecontientdesétudessurladynamiquesuiteàunetrempe

(modificationrapide)desinteractions.Unepremièreétudenon-publiéemesurela

distributiond’impulsioncequipermetd’accéderàlafonctiondecorrélationd’un

corpsg1.Ons’attendàunphénomènedutype«cônedelumière»surlafonctiong1,

enrevanchelaméthodeexpérimentalen’estpasadaptéepourmesurercephéno-

mènedynamique.Seullecomportementàtempslongpouvaitêtremesuré.Ensuite,

j’introduisuneméthodeplusadaptéepourobserverladynamiquesuiteàlatrempe

desinteractionquiestbaséesurl’analysedesfrangesdedensité.Cetteanalyseper-

metd’observerexpérimentalementladynamiquedugazavecunphénomènede

respirationdesmodescollectifs.Nousmontronsquecettedynamiquesepoursuit

surdeséchellesdetempsquinepourraientpasêtreobservéspardesobservables

baséessurlafonctiong1.Lafinduchapitredétaillelesraisonsquirendentdiffi-

cile,aveccedispositifexpérimental,l’observationdesphénomènesderécurrence.

Àcauseduaucouplageentrelesmodescollectifs,ladynamiqueestdéjàtropamor-

tieavantletempsderécurrence.Lequatrièmechapitrecontientlesrésultatssurle

refroidissementpardespertes.Ceprocessusinitialementinattenduaétédécouvert

parlegroupedeVienneRauer,etal.Coolingofaone-dimensionalBosegas.PRL,116.3

(2016):030402[19].Ilpermetderefroidirungazunidimensionnelenrégimequasi-

condensatpardesperteshomogènesquinedépendentpasdel’énergie.Première-

ment,jeprésentedeuxapprochesthéoriquesdifférentesquidécriventl’effetdesces

pertes.LapremièreapprocheutiliseuneméthodedetypeMonte-Carloquantiqueet

quiconsisteenunegénéralisationdeladérivationdenotrepapierSchemmer,etal.

MonteCarlowave-functiondescriptionoflossesinaone-dimensionalBosegasand

coolingtothegroundstatebyquantumfeedbackPRA,95.4(2017):043641[21].La

deuxièmeapprocheestuneapprochesimplifiéepermettantd’expliquerl’effetsur

lesphonons.Danslasuitejetesteexpérimentalementcesprédictionspourlecas

despertesàtroiscorpsetlatempératuredesphonons.Cecasestparticulièrement

intéressantcarlespertesàtrois-corpsétaientgénéralementassociéesàuneffetde

chauffage.Lesrésultatsexpérimentauxreproduisentbienlalimitedecerefroidisse-
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mentquiconsisteenunéquilibreentrelerefroidissementintroduitparlesperteset

lechauffageintroduitparl’effetdebruitdegrenailledueauxpertesd’atomesdis-

cretsSchemmer,andBouchoule.CoolingaBosegasbythree-bodylosses.PRL121.20

(2018):200401[24].

Lequatrièmechapitrecontientuntestexpérimentaldelathéoriehydrodyna-

miquegénéralisée.Pourcetestnouscréonsdifférentessituationsexpérimentalesqui

montrentquel’hydrodynamiquegénéraliséeestlaseulethéoriecapabled’expliquer

l’ensembledesdonnéesexpérimentales.Lapremièresituationconsisteaurelâche-

mentd’ungazpiégéàl’équilibredansunpotentielharmoniqueetl’observationde

l’expansiondansladirection1D.Déjààl’équilibrelesthéoriesapproximéesnepar-

viennentpasàdécrireleprofildedensitéetseuleunethéoriebaséesurlathermody-

namiquedeYang-Yangdécritcorrectementleprofile.Ladynamiquepréditeparl’hy-

drodynamiquegénéraliséedécrittrèsbiennosrésultatsexpérimentaux.Cependant,

pourcetteexpérience,laprédictiondel’hydrodynamiquegénéraliséecoïncideavec

laprédictiondel’hydrodynamiqueconventionnelle.Pourdifférenciercesdeuxthéo-

riesnouspréparonsunnuagedoublementpiqué(réalisédansundoublepuitsde

potentiel)etnousobservonsl’expansiondansladirection1Dsuiteaurelâchement

dupiège.Danscecas,laprédictiondel’hydrodynamiqueconventionnelledéviedes

donnéesexpérimentalesetdesprédictionsdel’hydrodynamiquegénéralisée,toutes

lesdeuxentrèsbonaccord.Cettedéviations’accentueavecletempsd’évolutionet

lathéoriehydrodynamiqueconventionnelledéveloppedesdivergencesàuntemps

fini(unchoc).Ladernièreexpérienceestl’expérienceditedupenduledeNewton.Il

s’agitd’unrelâchementd’unnuagedoublementpiquédansunpiègeharmonique.

Danscecasl’hydrodynamiqueconventionnelledéveloppedeschocsàtempscourts

etestdoncincapabledefournirdesprédictionsàtempslongsetl’hydrodynamique

généraliséeestlaseulethéoriecapabled’expliquerlesrésultatsexpérimentaux.
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Monte Carlo wave-function description of losses in a one-dimensional Bose gas and cooling
to the ground state by quantum feedback
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The effect of atom losses on a homogeneous one-dimensional Bose gas lying within the quasicondensate

regime is investigated using a Monte Carlo wave-function approach. The evolution of the system is calculated,

conditioned by the loss sequence, namely, the times of individual losses and the position of the removed atoms.

We describe the gas within the linearized Bogoliubov approach. For each mode, we find that, for a given quantum

trajectory, the state of the system converges towards a coherent state, i.e., the ground state, displaced in phase

space. We show that, provided losses are recorded with a temporal and spatially resolved detector, quantum

feedback can be implemented and cooling to the ground state of one or several modes can be realized.

DOI:10.1103/PhysRevA.95.043641

In [1], the effect of atom losses on a one-dimensional
quasicondensate was investigated. The authors have shown
that, within a linearized approach and for a large enough initial
temperature, one expects the temperature of the low-lying
modes to decrease in time, in agreement with recent experi-
mental results [2]. The fluctuation induced by the loss process
due to the discrete nature of atoms is, however, responsible for a
heating, limiting the temperature which can be achieved. More
precisely, one expects that the temperature asymptotically
converges towardsgρ(t) wheregis the coupling constant and
ρis the linear atomic density [1,3]. In particular, excitations
in the phononic regime, i.e., of frequency much smaller
thangρ(t)/̄h, never enter the quantum regime: their mean
occupation number stays very large such that they lie in the
Raighley-Jeans regime. This heating only occurs if one ignores
the results of the losses or, equivalently, if one takes the partial
trace on the state of the reservoir in which losses occur, ending
up with the master equation for the system’s density matrix. If,
on the other hand, one records the losses, more information is
gained on the system and the analysis made in [1] is no longer
sufficient.
In this paper, we assume the losses are monitored with a

spatially and temporally resolved detector and we describe the
evolution of the system using a Monte Carlo wave-function
analysis. The measurement back action leads to an evolution
of the system conditioned by the result of the loss process,
namely, a given history of losses. Averaging over the different
possible histories, the results of [1] are recovered. The
analysis proposed in this paper, however, not only presents
an alternative picture conveying more physical insight but
also opens the road to the realization of measurement based
quantum feedback: controlled dynamics, conditioned on the
monitored losses, allows one to reach lower temperatures. In
this paper, we show that feedback on a given mode of the
system could in principle allow one to cool this mode to the
ground state. In particular we show that phononic excitations
can be brought to the quantum regime. State preparation using
information inferred from losses has already been used to
prepare a well-defined phase between two condensates [4],
with a Monte Carlo wave-function approach providing a very
clear understanding of the mechanism [5]. Manipulation of

cold atomic clouds by quantum feedback has been proposed in
many theoretical papers using dispersive light-atom interaction
[6,7], while feedback has been implemented for internal
degrees of freedom [8–10].

I. DISCRETIZATION OF THE PROBLEM

We consider a one-dimensional Bose gas with contact
repulsive interactions of coupling constantg, such that the
Hamiltonian writes, in second quantization,

H=−
h̄2

2m
dxψ+∂2ψ/∂x2

+
g

2
dxψ+(x)ψ+(x)ψ(x)ψ(x).

We assume the gas is submitted to atom losses, the loss
mechanism being a single atom process described by a loss
rate . For instance, magnetically trapped atoms could be
submitted to a radio-frequency field that would transfer atoms
to an untrapped state, as realized experimentally in [2]. Atoms
could also be ionized by laser fields [11], or expelled by
collision with fast electrons [12]. We moreover assume the
lost atoms are detected one by one with position-resolved
detectors, as sketched in Fig.1. We denote ̄ρthe mean linear
density and we assume the gas lies within the quasicondensate
regime such that the atomic density fluctuations are small and
their characteristic length scale, equal to the healing length
lh=h̄/

√
mgρ̄, is much larger than the mean interparticle

distance [13]. We discretize space inNcells of lengthδx,
containing a large mean atom number̄n=δx̄ρand with small
relative fluctuations. We furthermore assume thatδxis large
enough such that the fluctuations are large compared to unity
[14]. The state of the gas may be expanded (as long as one
is not interested in length scales smaller thanδx) on the Fock
basis of each cell:

|ψ =
n1,n2,...,nN

cn1,n2,...,nN|n1,n2,...,nN . (1)

Time is also discretized in intervals tsmall compared to
the time scales involved in the longitudinal dynamics of the
gas. This allows one to consider, during t, the sole effect of

2469-9926/2017/95(4)/043641(7) 043641-1 ©2017 American Physical Society
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FIG. 1. A one-dimensional Bose gas with atom losses and a
spatially resolved single atom detectors system. The information on
the atom loss can be used to create a feedback loop on the atoms via
a lattice potential. The amplitude of the lattice potential is controlled
by a processing unit which uses the information gained from the atom
losses.

losses first and then the effect of the free evolution. We will
first concentrate on the effect of losses. Since losses do not
introduce correlations between different cells, it is relevant to
consider the case of a single cell first.

II. MONTE CARLO DESCRIPTION OF LOSSES

IN A SINGLE CELL

Considering a single cell, the initial state writes|ψ(t)=

ncn|n. Let us split tin elementary time steps of length
dt, small enough so that the probability to have an atom
lost duringdtis small. According to the Monte Carlo wave-
function procedure [15], if no atoms are detected during a
time stepdt, then the state of the system evolves according
to the non-Hermitian HamiltonianHeff=−īha

+a/2, which
ensures the decrease of the probability of highly occupied
states. If on the other hand a lost atom has been detected,
the new state is obtained by the application of the jump
operatorâ, which annihilates an atom in the cell. Let us now
assumeMatoms have been lost from the cell between timet
and timet+ t, at timest1<t2<···<tM, as sketched in
Fig.2. By successively applying the procedure described
above, we construct the quantum trajectory followed by the
system and we find

|ψ(t+ t)=e−iHeff(t+ t−tM)/̄hâe−iHeff(tM−tM−1)/̄h

...̂ae−iHeff(t1−t)/̄h|ψ(t). (2)

With the normalization chosen here, the probability of the
loss sequence is (dt)M ψ(t+ t)|ψ(t+ t)/ψ(t)|ψ(t).
From Eq. (2), we find that the Fock state coefficients

FIG. 2. A typical loss sequence during a time interval t,for
a single cell. The associated quantum trajectory followed by the
system’s wave function is given by Eq. (2).

cn(t+ t)= n|ψ(t+ t)write

cn(t+ t)=f{ti}(n+M)cn+M(t), (3)

where the functionf{ti}(n) depends on the loss sequence.
Assuming tis small enough so thatM is much smaller
than the mean atom number in the cell, itself much larger than
1,f{ti}(n), for a givenM, becomes almost independent on the
time sequence{ti}and can be approximated by

f{ti}(n) fM(n)=n
M/2e− nt/2. (4)

Within this approximation, the probability of the sequence
is n|cn|

2(ndt)Me− n t. Summing over all possible se-
quences withM lost atoms, we find that the probability to
haveMlost atoms isP(M)= n|cn|

2(n t)Me− n t/M!.
For a given initial atom numbern, we recover the expected
Poissonian distribution. In the limitn̄ t 1, the typical
number of losses is much larger than 1 and the functionfM(n)
can be approximated by the Gaussian

fM(n) AMe
−[n−M/( t)]2( t)2

4M , (5)

whereAM is the normalization factor. Using the fact that the
number of lost atomsMis typically equal tōn tand presents
small relative fluctuations, Eq. (5) further approximates to

fM(n) AMe
−[n−M/( t)]2 t

4̄n . (6)

The same approximations lead to a mean number of lost atoms
M tr= n t, with a varianceM2tr− M

2
tr= t̄n,

where the symbol tr indicates that averaging is done here over
many different quantum trajectories.

III. GENERALIZATION TO ALL CELLS

AND BOGOLIUBOV DECOMPOSITION

The results above can immediately be generalized to the
case of several cells. IfMidenotes the number of lost atoms
in the celli, the probability amplitude of the Fock state
|n1,n2,...,nN is, up to a global normalization factor,

cn1,n2,...,nN(t+ t)

=cn1+M1,n2+M2,...,nN+MN(t)
i

e−
[ni−Mi/( t)]2 t

4̄n . (7)

Since the atom number per cell is typically very large
and presents fluctuations large compared to unity, one can
approximate discrete sums onniby continuous integrals and
treat thenias continuous variables.
Since the gas lies in the quasicondensate regime, its Hamil-

tonian is well approximated by the Bogoliubov Hamiltonian
[13]. For a homogeneous system, the Bogoliubov modes are
obtained from the Fourier decomposition. More precisely, let
us introduce the Fourier quantities

nki,c=
2

N
j

cos(kijδx)nj

nki,s=
2

N
j

sin(kijδx)nj. (8)

Hereki=i2π/L, whereiis an integer taking values between 1
and (N−1)/2. We introduce in the same way the operator̂nki,c
and̂nki,s. The Bogoliubov Hamiltonian acts independently on
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each Fourier mode and, for a given mode (k,r), whererstands
forcors, it writes, up to a constant term,

Ĥk,r=Ak̂n
2
k,r+Bk̂θ

2
k,r, (9)

where the phase operatorθ̂k,ris the operator conjugated to
n̂k[16],Ak=[g/2+h̄

2k2/(8mρ̄)]/δx,Bk=h̄k
2ρ̄δx/(2m),

and the mean particle density ̄ρ=n̄/δx. The frequency of the
mode isωk=2

√
AkBk/̄h.

Let us now investigate the effect of losses in the Bogoliubov
basis. The state|n1,n2,...,nN is also an eigenstate of each op-
erator̂nki,r, whererstands forcors, with eigenvaluenki,r.We
thus use the notation|n1,n2,...,nN =|{nki,r}, where{nki,r}
is a short notation fornk1,c,nk1,s,nk2,c,nk2,s...,nkN,c,nkN,s.The
state of the system then writes

|ψ =
i,r

dnki,r̃c{nki,r}|{nki,r}, (10)

wherec̃{nki,r}=cn1,n2,...,nN. The modification of the state of the
system after a time tdue to atom losses is then, according to
Eq. (7),

c̃{nki,r}(t+ t)=c̃{nki,r+Mki,r}(t)
i

e−
[nki
−Mki,r

/( t)]2 t

4̄n , (11)

whereMki,c=
√
2/N jMjcos(kixj) andMki,s=

√
2/N

jMjsin(kixj). We used the facts that, here, on one hand
the variances of each Gaussian in Eq. (7) are all equal and
on the other hand the density profiles of Bogoliubov modes
are orthogonal, namely, the transformation between the basis
niandnk,r is orthogonal. The statistics of the different
quantum trajectories gives a Gaussian distribution forMki,r
with Mki,rtr= tnk,r andM

2
ki,rtr

− Mki,r
2
tr= t̄n.

Equation (11) shows that the losses affect each Fourier
component, i.e., each Bogoliubov mode, independently.
If the initial state is at thermal equilibrium, different

Bogoliubov modes are uncorrelated. The free evolution, under
the Bogoliubov Hamiltonian, as well as the effect of losses, do
not introduce correlations between modes and one can consider
each mode independently. In the following, we consider a
given mode of momentumkand we will omit the subscriptc
ors, since the upcoming considerations apply for both.

IV. EVOLUTION OF A GIVEN BOGOLIUBOV MODE:

WIGNER REPRESENTATION

Here we consider a given mode, described by the two
conjugate variablesnkandθk. A convenient representation
of the state of the system is its Wigner functionW,a
two-dimensional real function, the expression of which, as
a function of the density matrixDof the state, is

W(nk,θk)=
1

2π2
dadbei(ank−bθk)Tr(De(−iânk+ib̂θk)).(12)

The effect of losses during t,inthenkrepresentation, is
given by Eq. (11), and this effect transformsWinto the new

Wigner function functionW according to

W(nk,θk)=
t

2π3/2̄n
d̃θW(nk+Mk,̃θ)

×e−
t

2̄n[nk−Mk/( t)]2e−
2̄n
t(̃θ−θ)

2

. (13)

The multiplication by a Gaussian function along thenkaxis
shifts the distribution towardsMk/( t), the value for which
Mktris equal to the recorder valueMk. It also decreases the
width innk, which reflects the gain of knowledge acquired on
nkby the detection of the number of lost atoms. The associated
convolution along the axisθkincreases the width inθk, and
ensures preservation of uncertainty relations.
The thermal state of the Bogoliubov Hamiltonian has a

Gaussian Wigner function. Since the Gaussian character is
preserved by Eq. (13) and by the free evolution, the state of
the system stays Gaussian.Wis then completely determined
by its centerR=(nk,θk) and its covariance matrix:

C=
n2k− nk

2 nkθk − nk θk

nkθk − nk θk θ2k − θk
2

. (14)

As shown in AppendixA, to first order int, the transforma-
tion in Eq. (13) changesRandCtoRandCwith

C=C+
t

n̄

−C211 −C11C12

−C11C12 −C212+
1
4

(15)

and

R=R−
tnk

0
−dξ

1−C11/̄n

−C12/̄n
. (16)

Here we introduceddξ=Mk− tnk. According to the
statistic of trajectories,dξis a Gaussian variable centered on
zero and of variancedξ2tr= t̄n. The above equations
account for the evolution of the state under the sole effect of
atom losses. One should then implement the evolution under
the Hamiltonian (9), which amounts to a simple rotation of the
Wigner function in phase space and acts independently onC
andR[17]. Finally, one can compute the long term evolution
iteratively following the procedure above, knowing, at each
time interval t, the number of atoms lost in each cell,Mi,
from whichdξis computed.

V. EVOLUTION OF THE CORRELATION MATRIX

Equation (15) shows that the evolution of the correlation
matrix is the same for all possible quantum trajectories, and
general statements can be made. Let us first consider a very
slow mode such that one can ignore the free evolution. Then
C12stays at zero during the evolution and time integration of
Eq. (15) on long times gives

C11 n̄(t)/(1−e
− t), C22 (1−e

− t)/[4̄n(t)] (17)

wheren̄(t)=n̄(t=0)e− tis the time-dependent mean atom
number per cell. The system thus goes towards a state
of minimal uncertainty, as expected, since more and more
information is acquired on the system. Let us now consider
the other limit of a mode of very high frequency. Then the
free evolution of the system ensures, at any time,C12 0
and the equipartition of the energy between the two degrees
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of freedom. ThusAkC11 BkC22 Ec/2 where Ec =
AkC11+BkC22is the contribution of the correlation matrix
to the energy. We then find

d[Ec/(̄hωk)]

dt
= eff{−[Ec/(̄hωk)]

2+1/4}, (18)

where eff= / 1+4mgρ̄/(̄h2k2).effdepends on time via
the exponential decrease of ̄ρdue to losses. At long times,
Ec/(̄hωk) goes to 1/2, such that the state of the system,
as long as only the matrixCis concerned, evolves towards
the ground state. If one assumes the excitation is initially in
the phononic regime, however, we show in AppendixBthat
Ec approaches ̄hωkonly once the decrease of ̄ρhas already
promoted the excitation to the particle regime. Thus phononic
excitations cannot reach the quantum regime. The situation is
different if the decrease of ̄ρis compensated by the following
time dependence ofg:

g(t)=g(t=0)et. (19)

Then effandωkare constant and an excitation lying in the
phononic regime stays in the phononic regime during the whole
loss process and, as long as theCmatrix is concerned, is
cooled to the ground state. In the following, we will assumeg
is modified according to Eq. (19).

VI. AVERAGING OVER TRAJECTORIES

If the loss events are not recorded, then only the quantities
averaged over all possible trajectories are meaningful. If the
Wigner distribution is initially centered around zero, it will
stay centered at zero. Let us investigate its evolution over a
timet. For a given quantum trajectory, i.e., a given valuedξ,
the losses modify the correlation matrix according to Eq. (15)
as well as the centerR, which acquires the nonzero value
R=−dξ(1−C11/̄n;−C12/̄n). One then has

n2kst(t+ t)= n2k(t)− t/̄nC211+dξ
2 1−

n2k
n̄

2

(20)

and

θ2kst(t+ t)= θ2k(t)+ t/̄n1/4−C212 +(dξC12/̄n)
2,

(21)

where the subscript st specifies that this holds for a single
trajectory. Averaging over all possible trajectories, we then
find, usingdξ2tr= t̄n, that losses modify the variances
according to

n2k(t+ t)−n2k(t)=−2 tn2k(t)+ t̄n(t) (22)

and

θ2k(t+ t)−θ2k(t)= t/(4̄n). (23)

As expected, Eqs. (22) and (23) are equal to those obtained
using a master equation description of the loss process [1,18].
Due to the diffusive process experienced byR, an increased
rate in both equations limits the decrease of the mode energy.
For phonons, and assuming the loss rate is small compared
to the mode frequency, we show in AppendixCthat the
temperature asymptotically goes towardsḡρ(t)/2.

This value of the asymptotic temperatureT∞ is particular
to the case of a homogeneous gas with a coupling constant
evolving according to Eq. (19). For constantgthe asymptotic
temperature isT∞ =ḡρ[1,18]. For a gas trapped in a harmonic
potential we expectT∞ to scale asgρp, whereρpis the peak
density. The proportionality factor has not been derived yet,
but since the averaged density is smaller thanρp, one naively
expects thatT∞ is smaller thangρp. ExperimentallyT∞ has
not been identified, while temperatures as low as 0.25gρphave
been reported for a harmonically confined gas [2].

VII. USING INFORMATION RETRIEVED FROM LOSSES

DETECTION: QUANTUM FEEDBACK

If the losses are recorded, such that at each time interval
tthe valuesMjare recorded, the trajectory followed by the
center of the Wigner distribution,R, can be computed exactly,
and the heating associated to the diffusion process seen in
Eqs. (23) and (22) can be compensated for. One strategy
is to perform, during the whole time evolution, a quantum
feedback on the system, based on the knowledge acquired via
the atom losses, in order to prevent the center of the Wigner
distribution from drifting away from the phase-space center.
Let us here, as an illustration, assume one is interested in a
given modek,c. The most simple back action is to submit
the atomic cloud to a potentialV(x)=A(t) cos(kx), where
the computed amplitudeA(t) depends on the recorded history
of the losses. Such a potential could be realized, for instance,
using the dipole potential experienced by atoms in a laser field.
The cosine modulation of the laser intensity can be realized
using an optical lattice, or using a spatial light modulator.
The contribution to the Hamiltonian of this potential is
Ĥfb=A(t)

√
N/2̂nk,c. In order to counteract the diffusion

process ofRdue to the loss process, one could adjustA(t)
such that the feedback Hamiltonian is

Ĥfb=−h̄νθk,cn̂k,c (24)

where, at each time interval, θk,c is computed by integrating
the equations of motion including the effect of losses, the free
evolution, and the feedback process. This Hamiltonian acts
as an active damping, the damping rateνpreventingθkfrom
drifting far from the phase-space center. The free-evolution
Hamiltonian, by coupling the two degrees of freedom, will
ensure that neitherθknornkdrifts away. For a large enough
damping rateν, the contribution ofRto the energy of the
mode is expected to be negligible compared to the contribution
of the covariance matrixCand, according to Eq. (18), one
expects to reach the ground state. We present numerical results
illustrating such a scenario below.
Before presenting numerical results, let us identify the

relevant quantities governing the dynamics. Introducing the
reduced variablẽnk=n̄

−1/2nkandθ̃k=n̄
1/2θk,asshownin

AppendixD, we find as expected that the cell sizeδxdrops
out of the problem and, provided time is rescaled by 1/ ,
the dynamics of the mode of wave vectorkis solely governed
by the dimensionless parametersωk/ ,̄h

2k2/(mgρ̄) andν/ .
The relevant measurement signal, for the time interval t,is
thenM̃k=

√
2/Nat dxm(x) cos(kx), whereNatis the total

atom number andm(x) is the number of lost atoms per
unit length. Figure3shows the phase-space evolution of a
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FIG. 3. Evolution of the phase-space distribution for a single
trajectory from timet=0to8/ in the absence of feedback.
The modek=0.1

√
mgρ̄/̄his considered, with the initial temperature

Ti=1.1ḡρand a loss rate =ωk/400. Scattered blue points give
the evolution of the centerR. We verified thatC12stays small while,
at any time,AkC11 BkC22 Ec/2, as expected for such a large
ωk. The black solid circle, of radius

√
EC, represents the final rms

width of the Wigner function. For comparison, the red dashed circle,
of radius

√
E,whereEis the energy obtained after averaging over

100 trajectories, gives the rms width of the averaged phase-space
distribution. The coordinates are given in the frame rotating according
to the free evolution: namely, the plotted quantity isR̄=(̄nk,̄θk)
=R−1(ωkt)R[17].

single quantum trajectory, for a mode lying in the phononic
regime, in the absence of quantum feedback. Figure4shows
the time evolution of the energy in this mode, averaged over
quantum trajectories, both in the absence and in the presence
of feedback. In the absence of feedback, the energy converges
towards the expected valuegρ/2. If the feedback scheme is
implemented, we observe that the energy in the mode reaches
much smaller values. For a large feedback strengthν, the drift
of the center is almost completely prohibited and the mode is
cooled to its ground state.

VIII. DISCUSSION

In conclusion, we proposed a description of the effect of
losses in a many-body system through a Monte Carlo wave-
function approach, and we showed that quantum feedback by
monitoring losses could be used to cool down selected modes
of a quasicondensate to vanishing temperatures. This work
could be extended in many directions. In view of practical
implementation, the sensitivity of the feedback mechanism
on the exact knowledge of the system parameters should be
investigated. Assuming, as is done in this paper, the system

0  10 20 30 40 50 60

Γt

0

2

4

6

8

10

12

E
/
(̄h
ω
k
)

ν/Γ=0

ν/Γ=1

ν/Γ=10

ν/Γ = 400

h̄ωk/2

ḡρ/2

FIG. 4. Simulation of the loss process for different feedback
strengthsν. Plotted is the time evolution of the energy in the modek,
averaged over 500 quantum trajectories, the parameters being those
of Fig.3. Without feedback the energy converges toḡρ/2 (horizontal
dotted line); lower energies are obtained with feedback, and the
ground state, of energy ̄hωk/2 (horizontal dashed line), is reached
for large enoughν.

parameters are known exactly, the larger the feedback strength
the better the cooling. In the presence of uncertainties, a
too large feedback strength will induce heating as it will
not match the exact dynamics. Additionally, in most exper-
imental situations the quasicondensates, trapped in a shallow
longitudinal potential, are nonhomogeneous. Then, the effect
of losses depends on the spatial coordinate. Moreover, the
linearized description should use, instead of the sinusoidal
modes, the spatial density profiles of the Bogoliubov modes,
which are not necessarily orthogonal. These issues complicate
the picture. Losses might then induce correlations between
modes [7]. Another concern is the coupling between modes,
which exists beyond the linearized approach considered here.
Such coupling is present, for instance, in the Gross-Pitaevskii
equation, which is a classical field approximation of the Lieb-
Liniger model. However, long-lived nonthermal states with
different Bogoliubov modes experiencing long lifetimes [19]
have been reported, which indicates small coupling between
modes and the possibility to cool down a particular Bogoliubov
mode. Finally, note that this cooling process is not limited to
one-dimensional systems.
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APPENDIX A: EFFECT OF LOSSES ON

THE WIGNER REPRESENTATION

Here we consider a given mode and we will omit the
subscriptsk,rto make our notations lighter. We also introduce
σ2=n̄/( t) andq0=Mk/(t). Equation (12) writes, in
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representationn,

W(n,θ)=
1

π
duu+n|D|u−ne−2iuθ. (A1)

The effect of losses given by Eq. (11) transforms the Wigner
function of the mode to

W(n+Mk,θ)=
1

2π2σ2
duu+n|D|u−ne−2iuθ

×e−(n−q0+u)
2/(4σ2)e−(n−q0−u)

2/(4σ2).(A2)

Injectingu+n|D|u−n= d̃θW(n,̃θ)ei2̃θu, we then find
Eq. (13).
Let us now consider a Gaussian state. Its Wigner function

writes

W(n,θ)=
1

2π
√
det(C)

e−
1
2[(X−R)

tB(X−R)] (A3)

whereX=(n
θ
),Ris the center of the distribution,Cis

the covariant matrix, andB=C−1. The transformation in
Eq. (13) transforms the Gaussian state into a new Gaussian
state centered onRand of covarianceC. The convolution on
the axisθdoes not changeRand changesCiñCaccording to

C̃=C+
0 0

0 1
4σ2

. (A4)

Let us now consider the effect of the multiplication ofWby

e−
1

2σ2
(n−q0)

2

, as well as the shift alongnbyMk.FromEq.(A3),
we find

B=
1/σ2 0

0 0
+B̃ (A5)

and

B̃R+
q0

σ2
1
0
=B R+

Mk
0

(A6)

whereB̃=C̃−1andB=C−1.FromEq.(A5), we obtain

C= Id+C̃
1/σ2 0

0 0

−1

C2. (A7)

Injectingσ=
√
n̄/( t) and expanding to first order in t,

one gets

C Id−
t

n̄

C11 0

C12 0
C̃. (A8)

Here we used the fact thatC̃11=C11andC̃12=C12.This
equation also takes the form of Eq. (15). Let us now consider
the center of the distribution. Multiplying the left- and

right-hand parts of Eq. (A6)byC and injecting Eq. (A8),
we deduce

R= Id−
t

n̄

C11 0
C12 0

R+
Mk

n̄

C11
C12

−
Mk
0
.

(A9)

Neglecting terms beyond first order in t, we obtain

R=R+
Mk

n̄
−

t

n̄
nk

C11
C12

−
Mk
0
. (A10)

InjectingMk= nk +dξ, we recover Eq. (16).

APPENDIX B: EVOLUTION OFECFOR CONSTANTg

We assumeωk such that Eq. (18) is valid. Note that the
conditionωk also ensures adiabatic following, namely,
the time evolution of the Hamiltonian parametersAkandBk
preserves the ratioEC/(̄hωk), such that Eq. (18) holds both
for a constantgand a time-varyingg. Let us introduce the
variabley= Ec

ḡρ
and rewrite Eq. (18) in the form

y(t)=y 1−
gρ

2ḡρ+h̄2k2/(2m)
(1+y)+

h̄2k2

8mgρ̄
.

(B1)

Fory=1 we see thaty(t) 0 and thereforey(t) has to be
an increasing function aty=1. It follows that for all initial
conditionsy(0) 1 the energyECstays greater thanḡρ.This
implies in particular that, as long as an excitation stays in
the phononic regime (i.e., its frequency stays much smaller
thanḡρ/̄h), it stays in the high-temperature regime, namely,
EC/(̄hωk) 1.

APPENDIX C: ASYMPTOTIC TEMPERATURE

FOR NONRECORDED LOSSES

We consider a modek(we omit the indexrfor simplicity)
and we assume averaging is done over trajectories. Then
evolution of the variances ofnkandθkdue to the loss process
is given in Eqs. (22) and (23). Let us consider the quantity
Ẽ= Hk/(̄hωk). We assume the loss rate is small enough
so that the free evolution under the Hamiltonian (9) ensures
equipartition of the energy between the two quadratures,
namely, at each timeAkn

2
k =Bkθ

2
k =E/2. Note that this

is equivalent to the condition of adiabatic following. Then the
modification ofẼunder the loss process is

1dẼ

dt
=−Ẽ+(K+1/K)/4 (C1)

whereK=4̄nAk/ωk=2̄n
√
Ak/Bk. The evolution under the

Hamiltonian (9), provided the adiabatic following condition is
satisfied, does not modifyẼ. Thus Eq. (C1) gives the total time
evolution ofẼ, and it is valid both whenAkandBkdepend on
time and when they do not depend on time. In this paper, we
consider the situation given by Eq. (19), where the exponential
decrease of ̄ρis compensated by a time dependence ofgsuch
thatKis time independent. Then Eq. (C1) evolves at long
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times to

Ẽ →
t→∞

(K+1/K)/4. (C2)

For phononic modes, for whichk2 gρ, one hasK
2
√
gρ/ k. ThenẼgoes to

√
gρ/(2k) at long times, which

gives

E →
t→∞

1

2
gρ . (C3)

This energy is very large compared toωk. Thus the excitation
lies in the high-temperature limit and its temperature isT
E gρ/2. Note that, in the casegis constant, thenKdepends
on time and solving Eq. (C1) with the time-dependant value of
Kgives thatEconverges toḡρ=ḡρ0e

− t, as derived in [1].

APPENDIX D: EQUATIONS IN REDUCED VARIABLES

Here we derive the evolution equations for the reduced

variablesñk=n
−1/2
0 nkandθ̃k=n

1/2
0 θk. We denoteR̃andC̃

the associated mean vector and covariant matrix. Taking into
account the exponential decrease ofn0,Eqs.(15) and (16)give

C̃ =C̃+ t
−C̃211+C̃11 −C̃11C̃12

−C̃11C̃12 −C̃212+
1
4
−C̃22

(D1)

and

R̃=R̃+d̃ξ
C̃11−1

C̃12
−
1

2

3 tñk

− tθ̃k
. (D2)

Hered̃ξ=M̃k− tñk whereM̃k=Mk/
√
n0. The statis-

tic of trajectory implies thatM̃kfollows a Gaussian statistic
with M̃k = tñk and Var̃Mk= δt.
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We investigate the cooling produced by a loss process nonselective in energy on a one-dimensional (1D) Bose

gas with repulsive contact interactions in the quasicondensate regime. By performing nonlinear classical-field

calculations for a homogeneous system, we show that the gas reaches a nonthermal state where different modes

have acquired different temperatures. After losses have been turned off, this state is robust with respect to

the nonlinear dynamics, described by the Gross-Pitaevskii equation. We argue that the integrability of the

Gross-Pitaevskii equation is linked to the existence of such long-lived nonthermal states and illustrate this by

showing that such states are not supported within a nonintegrable model of two coupled 1D gases of different

masses. We go beyond a classical-field analysis, taking into account the quantum noise introduced by the

discreteness of losses, and show that the nonthermal state is still produced and its nonthermal character is even

enhanced. Finally, we extend the discussion to gases trapped in a harmonic potential and present experimental

observations of a long-lived nonthermal state within a trapped 1D quasicondensate following an atom-loss

process.

DOI:10.1103/PhysRevA.96.013623

I. INTRODUCTION

Ultracold temperatures are routinely obtained in dilute
atomic gas experiments using evaporative cooling. Here, an
energy-selective loss process removes the most energetic
atoms; provided these atoms have a high enough energy,
rethermalization of the remaining atoms leads to a lower
temperature [1]. Naively, one expects evaporative cooling to be
highly inefficient in (quasi-)one-dimensional (1D) geometries
where the transverse degrees of freedom are suppressed and the
atoms mainly populate the transverse ground state. Evapora-
tive cooling then only relies on longitudinal dynamics, and we
expect its efficiency to be poor, particularly for the very shallow
longitudinal confinements realized experimentally. Despite
this issue, cooling deep in the 1D regime to temperatures
as low as one-tenth of the transverse energy gap has been
reached experimentally in Bose gas experiments [2,3]. This
has allowed the realization of 1D quasicondensates, where
the repulsive interactions between atoms strongly suppress
the density fluctuations and low excitations of the gas are
collective density waves, also called phonons [4]. The nature
of the cooling mechanism in such 1D geometries is still not
well understood. However, its investigation is essential in
order to properly characterize both the equilibrium and out-
of-equilibirum properties of these atomic clouds, especially
with a view towards their application in quantum simulation
experiments [5].
Recently, Ref. [6] theoretically considered a 1D quasicon-

densate subject to a simple energy-independent loss process
and showed, within a linearized approach where excitations
are treated independently, that cooling was possible. More
precisely, for a given mode, losses amount to a decrease of the
mode’s energy due to the decrease of both the mean density
and the amplitude of density fluctuations. Free evolution,
if fast enough, ensures equipartition of energy between the
mode’s two quadratures, such that one can assign an effective
temperature to the mode, so losses consequently amount
to a reduction of the mode’s temperature. The temperature

decrease predicted by this linearized theory was observed in an
experiment probing the low-energy modes of a quasiconden-
sate undergoing a continuous and homogeneous outcoupling
process [7]. However, studies for homogeneous systems show
that the cooling rate is expected to depend on the mode energy,
with higher-energy modes cooled at a slower rate than low-
energy excitations. Thus, as long as the linearized approach
is trusted, losses should produce a nonthermal state (i.e., a
state that is not described by the Gibbs ensemble). Typically,
this state is not guaranteed to be long lived, since coupling
between modesaprioriredistributes energy, leading to global
thermal equilibrium. However, 1D Bose gases with repulsive
contact interactions are peculiar since they are described by
the Lieb-Liniger Hamiltonian, which belongs to the class of
integrable models. Relaxation of observables towards their
values predicted by the Gibbs ensemble is not granted in such
systems [8,9]. Consequently, the nonthermal nature of the state
produced by the loss process could be robust against coupling
between modes. This might be the origin of the nonthermal
nature of the long-lived 1D quasicondensates produced by
evaporative cooling and reported in [10,11].
In this article, we go beyond the linearized approach and

show that a simple uniform loss process realizes long-lived
nonthermal states of 1D quasicondensates. We numerically
investigate the simple case of homogeneous gases and describe
the quasicondensate within a classical-field approach, its
dynamics being governed by a nonlinear partial differential
equation: the Gross-Pitaevskii equation with an additional
term taking losses into account. We believe the realization
of long-lived nonthermal states is related to the integrability
of the system, supported by numerical simulations showing
that the system thermalizes towards the Gibbs ensemble when
integrability is violently broken. We then present numerical
studies showing that long-lived nonthermal states are also
produced if one incorporates the shot noise associated with
the loss process, due to the discreteness of losses, namely the
quantum nature of the atomic field operator.
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Finally, we discuss the case of a gas trapped in a harmonic
potential. Both the excitation spectrum and the form of
the excitations differ from that of a homogeneous system,
and hence one cannot directly extend the results for the
homogeneous system to the trapped case. We nevertheless
argue that we still expect a nonthermal state to be produced by
the loss process. We present recent observations of long-lived
out-of-equilibrium states on our experimental atom-chip setup
that could be related to the conclusions of our theoretical study.

II. LINEARIZED APPROACH FOR HOMOGENEOUS

SYSTEMS WITHIN THE CLASSICAL-FIELD APPROACH

We first recall results obtained within the linearized
approach in the classical-field framework. For this purpose,
consider the simple case of a 1D Bose gas confined in
a box of lengthLthat is initially at thermal equilibrium
at temperatureTi and mean densityρi. Weusethe
density-phase representation of the atomic fieldψ=

√
ρeiθ

and denoteρ0the (time-dependent) mean density. Density
fluctuationsδρ=ρ−ρ0are small in the quasicondensate
regime and phase fluctuations occur on long wavelengths;
therefore, as a first approximation one can linearize the
equations of motion. Expandingθandδρon sinusoidal
modes,θ= k>0

√
2/L[θckcos(kz)+θsksin(kz)] andδρ=

k>0

√
2/L[δρckcos(kz)+δρsksin(kz)], we find thatθjkand

δρjkare conjugate variables (i.e., [δρjk,θjk]=iδjjδkk) and
that each mode is governed by its own Hamiltonian

Hjk=Akδρ
2
jk+Bkθ

2
jk, (1)

where the coefficientsAk=g/2+h̄
2k2/(8mρ0) andBk=

h̄2k2ρ0/(2m) depend onρ0.Herej=corsandktakes
discrete values 2nπ/L, wherenis a positive integer. Within
the classical-field approach, the thermal state of the modejk
corresponds to a Gaussian distribution ofθjkandρjksatisfying
the equipartition relationAkδρ

2
jk =Bkθ

2
jk =kBT/2.

Now consider the uniform loss of atoms at rate and its
effect on a given modejk. Losses decreaseρ0at the rate
and, ignoring at first evolution under the Hamiltonian (1),δρjk
is decreased at the same rate—i.e.,dδρjk/dt|L=− δρjk,
where the symbolLindicates that we are only considering
the effect of losses. Thus the losses decrease the energy
in each quadrature, due both to the decrease ofδρjkand
the modification ofAkandBk. If the loss rate is small
compared to the mode frequencyωk=2

√
AkBk, one expects

adiabatic following under the modification ofAkandBk.In
particular, equipartition of energy between the two conjugate
variables holds at all times. Then, the quantityẼ=E/(̄hωk)
is unaffected by the modification ofAkandBkdue to the
decrease ofρ0, and its modification comes solely from the
decrease ofδρjkdue to losses. We finally find

dẼ

dt
=− Ẽ. (2)

Our assumption of energy equipartition allows us to associate
a temperaturekBTk=Ekto the mode, and so Eq. (2) can be
rewritten as

Tk(t)

Ti
=e− t

ωk(t)

ωk(0)
. (3)

Note that the form of Hamiltonian (1) is not particular to
the case of a homogeneous gas, providedδρk,jandθk,jare
replaced by the proper quadratures of the Bogoliubov mode,
corresponding to density and phase fluctuations, respectively,
andAkandBktake values which depend on the Bogoliubov
wave functions [12]. Thus Eqs. (2) and (3) are general,
provided the adiabatic following condition is fulfilled. Note
that, in Eq. (3), changes of the parametersAkandBkonly
contribute to the temperature evolution via the ratioωk(t)

ωk(0)
,

while the exponential prefactor amounts to the extra cooling
due to the loss-induced squeezing of the density-fluctuation
quadrature. For the particular case of a homogeneous gas,
Eq. (3)gives

dTk

dt
=− Tk

3+h̄2k2/(2ρ0mg)

2+h̄2k2/(2ρ0mg)
. (4)

Losses thus lead to the cooling of each mode, but at different
rates explicitly dependent onk. In the phononic regime
k

√
mgρ0/̄h, the cooling rate is 3/2, compared to

in the particle regimek
√
mgρ0/̄h. Therefore, within the

linearized approximation, a uniform loss process produces a
nonthermal state, where different modes correspond to differ-
ent temperatures. Such a state can be viewed as a generalized
Gibbs ensemble [13], where the different conserved quantities
are the energies in each linearized mode.

III. NONLINEAR CLASSICAL-FIELD APPROACH

Beyond the linearized approximation, but still within the
classical-field approach, the system’s evolution in the absence
of loss is given by the Gross-Pitaevskii equation for the atomic
fieldψ

īh
∂ψ

∂t
=−

h̄2

2m

∂2ψ

∂z2
+g|ψ|2ψ. (5)

This equation contains coupling between the linearized modes
studied above, which acquire a finite lifetime [14,15]. In a
generic system, such coupling redistributes the energy between
the modes such that the system reaches the Gibbs ensemble
where all modes share the same temperature. However, the
Gross-Pitaevskii equation for a 1D homogeneous gas leads to
integrable dynamics and relaxation towards thermal equilib-
rium is not granted. Consequently, the out-of-equilibrium state
produced by the atom-loss process might be robust against this
nonlinear mode coupling.
To check whether the nonthermal state survives coupling

between modes, we numerically evolved stochastic samples of
{ψ(z)}from an initial thermal state at temperatureTiand den-
sityρiaccording to the dissipative Gross-Pitaevskii equation
[Eq. (5) with the additional loss term∂ψ/∂t=−iψ/2]. Each
sample [i.e., each single stochastic realization of the initial field
{ψ(z)}] was constructed using the linearized approach above
and the associated thermal Gaussian distribution of the conju-
gate variablesθjkandδρjk. Normalizingψby

√
ρiand lengths

byξi=h̄/
√
mgρi, the initial statistical properties ofψdepend

on the single parameterχ=Ti/Tco, whereTco=h̄ρi
√
ρig/m

[16,17], while the subsequent time evolution only depends
on /(ρig), provided time is normalized to ̄h/(ρig). After a
certain timet, the quantitiesδρjkandθjkare extracted, from
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FIG. 1. Time evolution of the mode energy during the loss process
(t <1), and subsequent dynamics after the loss rate is set to zero,
for modes of wave vectorskξi=0.5 (red, lowest curve), 2.5 (black),
and 6 (green, highest curve). The dashed and dotted lines are the
expected behavior for phonons (e−3t/2) and high-energy excitations
(e− t), respectively. Hereχ=Ti/(ρi

√
h̄ρig/m)=0.05 and the loss

rate is =2×10−3ρig/̄h.

which we compute the energy in each mode. Figure1shows
the time evolution of the mean energy, using an ensemble of
10 stochastic samples, in three different Bogoliubov modes of
wave vectorsk=0.5/ξi,6/ξi, and 2.5/ξi, lying respectively in
the phononic regime, the particle regime, and an intermediate
regime. Hereχ=0.05 and the loss rate =2×10−3ρigis
small compared to the frequencies of the modes analyzed.
We verified that equipartition between the two quadratures is
fulfilled within a few percent during the whole time evolution,
confirming that the energy in each mode can be associated
with a temperature. We find that, for modes lying in the
phononic regime and in the particle regime, the results are
in good agreement with the linearized prediction given by
Eq. (4) and the different modes reach different temperatures.
This nonthermal situation produced by atom loss is stable over
long times; after the loss process has stopped, the temperature
of each mode is stationary over times as large as 103h̄/ρig.
Such long-lived nonthermal states are probably only possi-

ble due to the integrability of the 1D Gross-Pitaevskii equation.
Nevertheless, the long-lived nature of the state is not obvious,
since the energies in the linearized modes are not conserved
quantities. Lifetimes of the linearized modes are finite [14]
and nonthermal distributions inside the phononic regime show
good thermalization [18]. The long lifetime of the nonthermal
state generated here is probably due to the poor coupling
between modes lying in the phononic and particle regimes,
respectively. The quantum counterpart might be viewed as a
form of many-body localization in momentum space.

IV. EFFECT OF INTEGRABILITY ON NONTHERMAL

STATE LIFETIME

We investigated the role integrability plays in supporting
these long-lived nonthermal states by considering a closely
related nonintegrable system. Specifically, we coupled a
second atomic fieldϕ, consisting of particles with mass

m=m, to the first field via coupling constant̃g, which is
described by the evolution equations

īh
∂ψ

∂t
=−

h̄2

2m

∂2ψ

∂z2
+(̃g|ϕ|2+g|ψ|2)ψ, (6a)

īh
∂ϕ

∂t
=−

h̄2

2m

∂2ϕ

∂z2
+(g|ϕ|2+g̃|ψ|2)ϕ. (6b)

As before, we constructed samples of an initial thermal state
by identifying the two Bogoliubov modes for each wave vector
k, and stochastically sampling Gaussian distributions of these
modes (for details, see AppendixA). We then evolved the
system in the presence of losses at the same rate for both
species until a substantial fraction of atoms was lost, and
subsequently evolved the system further without the loss term.
The energy in each mode was then extracted via the linearized
approach. As illustrated in Fig.1, when the two fields are
coupled (̃g=0) the modes evolve towards an equipartition of
energy over a long propagation time scale. In contrast, within
the uncoupled system (̃g=0) the energies of the modes remain
distinct.
There are many ways to break the integrability of the

system. In the model of two gases with different masses,
the integrability is violently broken since a two particle
collisional event does not preserve the set of momenta. A
gentler way to break the integrability would be to consider two
gases with atoms of the same mass, but with an interspecies
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FIG. 2. Time evolution of the mean energy of modes of wave
vectorsk=0.3

√
mgρi/̄h(solid lines) andk=6.0

√
mgρi/̄h(dashed

lines), whereρiis the initial density of each species, in the coupled
(fat blue lines,̃g=0.4g) and uncoupled (thin red lines,̃g=0) cases.
The loss process is turned off at timet=2/ and shown is the
subsequent evolution of the isolated system. The modes in the two
uncoupled gases retain their respective energies after dissipation has
been turned off to form a long-lived nonthermal state as above, while
the modes in the coupled system relax towards an equipartition of
energy. This highlights the role of integrability in the establishment
of the long-lived nonthermal configuration. Here results are obtained
by averaging over 10 samples, and for each sample we average the
mode energy over akinterval of 0.2

√
mgρi/̄h. The parameters of the

simulation areTi/(ρi
√
h̄gρi/m)=0.04,m/m=3, and ̄h/(ρig)=

4×10−3.
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couplingg̃different from the intraspecies couplingg. Here,
any two-particle collision does preserve the set of momenta.
This system is nevertheless nonintegrable. However, our
simulations of the classical-field version of this system did
not show any relaxation on the time scales shown in Fig.2.

V. EFFECT OF QUANTUM FLUCTUATIONS

ASSOCIATED WITH THE ATOM-LOSS PROCESS

The above treatment does not take into account the
quantized nature of the atomic field, i.e., the discreteness of the
atoms. In particular, it ignores the shot noise in the loss process,
which introduces additional heating and therefore limits the
lowest attainable temperature. A description that accounts for
the discreteness of the losses is provided by the stochastic
Gross-Pitaevskii equation

īhdψ= −
h̄2

2m

∂2

∂z2
ψ+g|ψ|2ψ−i

2
ψ dt+dξ, (7)

where dξ∗(z)dξ(z)= dt δ(z−z)/2. This equation can
be derived by converting the master equation for the system
density operator to a partial differential equation for the Wigner
quasiprobability distribution. After the third- and higher-order
derivatives associated with the nonlinear atomic interaction
term are truncated (an uncontrolled approximation, but one that
is typically valid for weakly interacting Bose gases, provided
the occupation per mode is not too small over the simulation
time scale), evolution of the Wigner distribution takes the
form of a Fokker-Planck equation, which can be efficiently
simulated via Eq. (7). There exists a formal correspondence
between the quantum fieldψ̂(z) andψ(z): averaging over
solutions to Eq. (7) correspond to symmetrically ordered
expectations (for more details, see AppendixB; an alternative
derivation is provided in [6]).
As shown in AppendixB, linearizing Eq. (7) in density

fluctuations and phase gradient gives an independent evolution
of each mode. Modes with frequencies much larger than
the loss rate remain thermal; however, their temperatures
depend on the mode energy and have the following long-time
behavior:Tphonon

t→∞
ρ0(t)g/kB for phononic modes and

Tpart
t→∞

h̄2k2

2m
1
kB t
for particle modes. Note that, in contrast

to pure classical-field predictions, the temperature within the
particle regime depends onk. Moreover, the ratio betweenTpart
andTphonon,

Tpart

Tphonont→∞

k2

2gρi

et

t
, (8)

is much larger than the one predicted by a pure classical-field
theory. Thus the effect of the shot noise associated with the
discreteness of lost atoms amplifies the nonthermal nature of
the state.
In order to test whether the above predictions including

quantum noise are robust beyond the linearized approach,
we numerically simulated the evolution given by Eq. (7).
The initial thermal state, deep in the quasicondensate regime,
was sampled stochastically by using the linearized approach
and taking into account quantum fluctuations (which is
equivalent to sampling the Wigner function for a thermal
state [19,20]). These samples were then evolved according to
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k̄h/
√
mρig

FIG. 3. Temperature of each mode, obtained from the stochastic
Gross-Pitaevskii equation, as a function of the wave vectorkof
the mode, for different evolution times:t=0 (dotted green line),
t=2.5 (dashed blue line), and t=5.3 (solid fat red line).
The initial temperature iskBTi/(ρig)=3. As atoms are lost, the
gas is driven out of equilibrium andTkacquire akdependence.
For phononic particles, we observe thatTktends towardsgρ0(t),
as expected from the linearized approach. The smooth red solid
line is the asymptotic result of Eq. (8), valid at long times for
excitations in the particle regime, computed for t=5.3. Parameters
of the simulation arekBTi/(̄hρi

√
gρi/m)=3×10

−3,̄h/(gρi)=
2×10−3,andmg/(̄h2ρi)=10

−6.

Eq. (7) and the energyEkof each Bogoliubov mode computed
at each time (with averages over trajectories yieldingEk
and the corresponding temperatureTk=h̄ωk/{kBln[(Ek+
h̄ωk/2)/(Ek−h̄ωk/2)]}). Figure3showsTkas a function of
kat three distinct times and reveals that a nonthermal state is
realized with ak-dependent temperature. At smallkwe find, in
agreement with the linearized approach, that the temperature
converges towardsρ0(t)gat long times. At long times and
largek, predictions from Eq. (8) are recovered.

VI. LONG-LIVED NONTHERMAL STATES

IN HARMONICALLY CONFINED 1D GASES

The generation of a state which is out of equilibrium raises
concerns about experiments probing one-dimensional Bose
gases, where this nonselective cooling scheme is expected
to occur. In standard experiments, atoms are confined in a
harmonic potential, which complicates the picture. To zeroth
order in fluctuations, the density profile of the gas is given
by the Thomas-Fermi inverted parabolic shape [21,22]. At
finite temperature, excitation modes above this Thomas-Fermi
profile get populated. If the loss rate is sufficiently small,
one expects that each mode adiabatically follows the changes
of the Thomas-Fermi shape, such that each mode can be
treated independently and, within the pure classical-field
approximation, Eq. (3) is still valid, wherekis now a positive
integer that indexes the mode. The frequency of phononic
modes, i.e., modes of energy much smaller than the chemical
potentialμ, are well approximated byωk=ν

√
k(k+1)/2,

whereνis the harmonic trapping frequency [23]. Thus, for
modes which stay within the phonon regime during the entire
loss process, Eq. (3) predicts that their temperature decreases
ase− t.
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FIG. 4. Results of the two thermometries we performed on the experiment. (a) Atom number fluctuations. Fitting the central region of the
cloud, i.e., the high atom-number part, (red line) gives a first temperatureTfl=80 nK. However, the expected profile from this temperature
[also the red curve on (b)] lies well below the experimental data. A second temperatureTpr=140 nK is found by fitting the profile with the
equation of state (solid green line). By plotting the expected atom number fluctuations fromTpron (a), the prediction is in good agreement
with the small atom number region. That is, the center of the cloud appears to be at a different temperature than the edges. The close to
50% discrepancy is well beyond the uncertainty we have on the temperature measurements, which is around 10%. (c) Data showing that this
temperature difference is stationary over time: we observed a long-lived nonthermal state.

The description of higher-energy modes, called particle
modes, is not simple since they explore regions where the
Thomas-Fermi density vanishes and the quasicondensate
approximation fails. It is reasonable, however, to believe that
the energy spectrum at energies much larger thanμis close
to the energy spectrum of free particles, so that frequencies
of these modes are equally spaced, separated byν. Since the
chemical potential decreases during the loss process, many
excitations initially in the phononic regime are transferred to
the particle regime. Let us consider such an excitation. Its

frequency goes fromωk kν/
√
2 before the loss process [24]

to aboutkνat the end of the loss process when it lies in
the particle regime. The ratioωk(tf)/ωk(0) is thus larger than
one. According to the classical-field prediction of Eq. (3),
one therefore expects these excitations to attain a higher
temperature than those lower excitations staying within the
phonon regime.
The effect of shot noise on the loss process is not easy to

treat for a trapped gas. However, we expect that, as in the
case of a homogeneous gas, the quantum noise will amplify
the nonthermal behavior of the system, so the temperature
differences between modes could be even larger.

VII. EXPERIMENTAL OBSERVATION

OF A LONG-LIVED NONTHERMAL STATE

Observing the nonthermal nature of the gas experimentally
requires the ability to address modes of different energies
independently. This isapriorinot an easy task for gases
confined in a box since all modes overlap spatially. However,
since the atomic clouds in typical experiments are confined
longitudinally in a slowly varying harmonic potential, there
is some spatial separation of modes of different energy. At
very low temperatures, thermal excitations of energy larger
thanρpggive the density profile “wings” that extend beyond
the Thomas-Fermi inverted parabola of peak densityρp.In
contrast, low-energy excitations lying in the phononic regime

do not extend beyond the Thomas-Fermi profile, but are
responsible for long-wavelength density fluctuations in the
central region of the cloud. The density profile of the gas is
thus most sensitive to high-energy excitations. Low-energy
excitations, on the other hand, can be probed by investigating,
within the Thomas-Fermi profile, atom-number fluctuations
δN2, in pixels of length much larger than the healing
lengthξ0[25].
Experimentally, we prepare clouds of87Rb atoms by

radio-frequency evaporation in our atom-chip experiment, as
described in [26], and we record a set of density profiles taken
under the same experimental conditions. The longitudinal
trapping frequency is 6.2 Hz, while the transverse confinement
is 1.9 kHz. Atoms are polarized in the|F=2,m=2hy-
perfine ground state, where the interactions are characterized
by thes-wave scattering lengtha=5.2 nm. Since the local
density approximation is well fulfilled longitudinally, the
equilibrium profile can be computed using the equation of
state for longitudinally homogeneous gases,ρ(μ,T), whereμ
is the chemical potential. Using the well-established modified
Yang-Yang equation of state [26,27], where the effective 1D
coupling constant isg=2̄hω⊥a, the experimental density
profile is fitted for a temperatureTpr=140 nK (see Fig.4).
We also extract atom-number fluctuations δN2 in each pixel
from the same data set, giving an independent temperature
measurement. Since is both much smaller than the cloud
size and much larger than the healing length, the physics of
homogeneous gases is locally probed and thermodynamics
predictsδN2 =kBT ∂ρ/∂μ[26]. In Fig.4,weplotδN

2

versus the mean atom number in the pixel. Fitting the large
atom-number region, corresponding to pixels lying inside
the Thomas-Fermi profile, with the fluctuation-dissipation
relation and the quasicondensate equation of state, we extract
a temperatureTfl=80 nK (as summarized in Fig.4). The
difference betweenTprandTflis a signature that the cloud is
out of equilibrium. We also confirmed that, after the radio-
frequency loss mechanism has been removed, this situation
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is stable over the cloud lifetime of about 1 s (Fig.4). Since
the profile is more sensitive to high-energy excitations while
the density fluctuations are more sensitive to low-energy
excitations, the fact thatTpr>Tflcould be related to the above
quantitative study of homogeneous gases and the qualitative
arguments given for the trapped system. In the experiments
presented in [7], only low-energy excitations were probed and
consequently this nonthermal character was not revealed.
To conclude, we theoretically investigated the long-lived

nonthermal state produced by the nonselective removal of
atoms in order to cool a uniform one-dimensional Bose gas.
This dissipation drives the system out of equilibrium, with
different excitation modes losing energies at different rates.
This out-of-equilibrium character is robust against coupling
between modes introduced in the Gross-Pitaevskii equation
and is related to the integrable nature of the considered system.
We performed simulations of a two-species Bose mixture with
different masses, a nonintegrable system, and confirmed a
slow relaxation towards an equipartition of energy between
excitations. Truncated Wigner simulations that go beyond
the pure classical-field description and include the shot-noise
associated to the loss process due to the quantized nature of
the atomic field further confirmed the nonthermal nature of
the state produced by dissipation. Finally, we discussed the
relevance of our findings for experimental realizations of 1D
Bose gases trapped in a harmonic potential. From a theoretical
point of view, in the linearized classical-field approach, a small
temperature difference between modes of different energies is
indeed expected, and this effect could be amplified by the
presence of quantum noise. In our quasicondensate experi-
ments, we indeed have signatures of a nonthermal character
since different thermometries that probe different parts of the
excitation spectrum give substantially different temperatures.
However, a more careful and quantitative description in the
trap, perhaps via finite-temperature classical-field simulations
[28], is still required in order to draw firm conclusions on
the relation between these experimental long-lived nonthermal
states and our theoretical findings.
The study performed in this paper is particularly important

for experiments that use 1D gases for quantum simulations
and the investigation of out-of-equilibrium gases, which both
require a high degree of control over the initial system state.
The nonthermal character of the gas may not be visible if
observables do not access the high-energy part of the energy
spectrum, and so an experimenter may incorrectly believe the
gas to be in thermal equilibrium. Nevertheless, the nonthermal
nature of the gas may impact the subsequently observed
physics, and therefore must be accounted for in order to derive
correct conclusions from such experiments.
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APPENDIX A: BREAKING INTEGRABILITY:

TWO COUPLED 1D BOSE GASES

An example of a nonintegrable system is two quasiconden-
sates of different massesmandmcoupled via an interaction
term of coupling constant̃g. Here integrability is broken by
two-body collisions involving an atom of each species, which
does not preserve the set of two initial momenta. Within the
classical-field approximation, this system is described by the
Hamiltonian

H= dz
h̄2

2m

∂ψ

∂z

2

+ dz
h̄2

2m

∂ϕ

∂z

2

+
g

2
dz|ψ(z)|4+

g

2
dz|ϕ(z)|4

+g̃ dz|ψ(z)|2|ϕ(z)|2, (A1)

which yields the equations of motion (6). Within the density-
phase representation, we can writeψ=

√
ρeiθandϕ=

√
ρ̃eĩθ. For sufficiently low temperatures, the repulsive in-
teractions result in very small density fluctuations and long-
wavelength phase fluctuations, such that one can linearize the
equations of motion inδρ,δ̃ρ,∂θ/∂z, and∂̃θ/∂z, or equiv-
alently retain only second-order terms in the Hamiltonian,
which can then be diagonalized using a standard Bogoliubov
procedure. We give more details on this approach below.
Since Eqs. (6) do not explicitly depend onz, different

Fourier components evolve independently of each other. Let us
consider the Fourier components of wave vectork=2nπ/L,
wherenis a positive integer andLis the length of the box that
confines the gases. As for the single component case, we in-
troduce Fourier coefficientsδρck=

√
2/L dzδρ(z) cos(kz)

andδρsk=
√
2/L dzδρ(z)sin(kz), and similarly forδ̃ρ,θ,

andθ̃2. Each modejkevolves independently according to the
quadratic Hamiltonian

Hjk=
g

2
+
h̄2k2

8mρ0
δρ2jk+

h̄2k2ρ0

2m
θ2jk

+
g

2
+
h̄2k2

8mρ0
δ̃ρ2jk+

h̄2k2ρ0

2m
θ̃2jk

+g̃δρjkδ̃ρjk, (A2)

wherej=cors. This gives the following linearized equation
of motion:

īh
∂

∂t

⎛

⎜
⎜
⎜
⎝

2
√
ρ0θjk

δρjk/
√
ρ0

2
√
ρ0̃θjk

δ̃ρjk/
√
ρ0

⎞

⎟
⎟
⎟
⎠
=L

⎛

⎜
⎜
⎜
⎝

2
√
ρ0θjk

δρjk/
√
ρ0

2
√
ρ0̃θjk

δ̃ρjk/
√
ρ0

⎞

⎟
⎟
⎟
⎠
, (A3)

where

L=i

⎛

⎜
⎜
⎜
⎜
⎝

0 2ρ0g+
h̄2k2

2m
0 2̃gρ0

−h̄
2k2

2m
0 0 0

0 2̃gρ0 0 2ρ0g+
h̄2k2

2m

0 0 −h̄
2k2

2m
0

⎞

⎟
⎟
⎟
⎟
⎠
.

(A4)
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Symmetry properties ofLshow that this operator has two
eigenvectors,

L

⎛

⎜
⎜
⎜
⎝

F+1
iF−1
F+2
iF−2

⎞

⎟
⎟
⎟
⎠
=ωa

⎛

⎜
⎜
⎜
⎝

F+1
iF−1
F+2
iF−2

⎞

⎟
⎟
⎟
⎠

(A5)

and

L

⎛

⎜
⎜
⎜
⎝

G+1
iG−1
G+2
iG−2

⎞

⎟
⎟
⎟
⎠
=ωb

⎛

⎜
⎜
⎜
⎝

G+1
iG−1
G+2
iG−2

⎞

⎟
⎟
⎟
⎠
, (A6)

whereF+1,F
−
1,F

+
2,F

−
2,G

+
1,G

−
1,G

+
2,G

−
2 are real and satisfy

the normalization condition:

G−1G
+
1+G

−
2G

+
2=1, (A7a)

F−1F
+
1+F

−
2F

+
2 =1. (A7b)

The vectors (F+1,−iF
−
1,F

+
2,−iF

−
2)
T and (G+1,−iG

−
1,

G+2,−iG
−
2)
Tare eigenvectors ofLof eigenergies−ωaand

−ωb, respectively, which complete the basis. Expanding the
state (2

√
ρ0θjk,δρjk/

√
ρ0,2
√
ρ0̃θjk,δ̃ρjk/

√
ρ0)
Ton these the

eigenbasis ofLgives

2
√
ρ0θjk=−F

+
1i(a−a

∗)−G+1i(b−b
∗),(A8a)

δρjk/
√
ρ0=F

−
1(a+a

∗)+G−1(b+b
∗), (A8b)

2
√
ρ0̃θjk=−F

+
2i(a−a

∗)−G+2i(b−b
∗),(A8c)

δ̃ρjk/
√
ρ0=F

−
2(a+a

∗)+G−2(b+b
∗), (A8d)

whereaandbare complex numbers satisfying

īh∂a/∂t=h̄ωaa, (A9a)

īh∂b/∂t=h̄ωbb. (A9b)

InsertingintoEq.(A2), we find that the HamiltonianHjkcan
be written as

Hjk=h̄ωa|a|
2+h̄ωb|b|

2. (A10)

Although the above procedure utilizes the classical-field
approach, a quantum version yields similar results, withaand
breplaced by bosonic operators andĤjk=E

0
k+h̄ωâa

†â+

h̄ωb̂b
†̂b, whereE0kis the contribution of the modesaandbto

the vacuum energy.
We use the linearization above to sample the initial state

according to a thermal distribution. For this purpose, for
eachjkFourier component, we diagonalizeLand we then
sample the complex numbersaandbaccording to the thermal
Gaussian lawkBT=h̄ωa|a|

2 andkBT=h̄ωb|b|
2.From

this, we can compute the fieldsψandϕ, subsequently evolve
according to Eqs. (6), and extract the energyHjkof each
Fourier component at each time point.

APPENDIX B: STOCHASTIC GROSS-PITAEVSKII

EQUATION

1. Derivation via truncated Wigner

Here we present a derivation of Eq. (7) from a Wigner
distribution formalism and the truncated Wigner approxima-
tion. This methodology has had great success in the numerical
modeling of weakly interacting Bose gases in regimes where
quantum fluctuations are important [29–32], and furthermore
underpins the classical-field methodology used for both zero
and finite temperature simulations [28]. Since the Bose gas
is described by a quantum field, the derivation should strictly
rely upon functional calculus (for details see, for example,
Ref. [33]). However, since we are primarily concerned with
numerical simulation on discrete grids with a finite number
of points, for simplicity of presentation we will discretize the
problem. That is, we divide space into cells of lengthδx, and
discretize the field operator such thatψ̂rannihilates an atom

in the cellr, and satisfies [̂ψ
†
r,̂ψr]=δr,r. Furthermore, we

introduce the per-cell interaction energyg̃=g/δxand the
operator∂2r≡∂

2/∂2r, which must be interpreted as∂
2
r{f}|r=

(fr+1+fr−1−2fr)/δx
2when applied to a discrete function

fr, where integerrindexes the cell.
A homogeneous 1D Bose gas undergoing a nonselective

loss process can be described by the master equation

∂ρ

∂t
=−

i

h̄
[̂H,ρ]+

r

D[̂ψr]ρ, (B1)

whereρis the system density operator,D[̂L]ρ≡L̂ρL̂†−
1
2
L̂†̂Lρ−1

2
ρ̂L†̂L, andĤis the Lieb-Liniger Hamiltonian

Ĥ=
r

−ψ̂†r
h̄2

2m
∂2rψ̂r+

g̃

2
ψ̂†rψ̂

†
rψrψr . (B2)

The system density operator can be equivalently described by
the Wigner quasiprobability distribution,W, which is a real
function of a complex fieldψ(z):

W({ψr,ψ
∗
r})=

r

d2λr
e−(λrψ

∗
r+λ

∗
rψr)

π2
χ({λr,λ

∗
r}), (B3)

whereχ({λr,λ
∗
r}) is the characteristic function

χ({λr,λ
∗
r})=Tr ρexp

r

(λrψ̂
†
r−λ

∗
rψ̂r) . (B4)

Averages of functions ofψr,ψ
∗
roverWcorrespond to expec-

tations of the corresponding symmetrically ordered operators.
Using the operator correspondences [28,33]

ψ̂rρ→ ψr+
1

2

∂

∂ψ∗r
W({ψr,ψ

∗
r}), (B5a)

ψ̂†rρ→ ψ∗r−
1

2

∂

∂ψr
W({ψr,ψ

∗
r}), (B5b)

ρψ̂r→ ψr−
1

2

∂

∂ψ∗r
W({ψr,ψ

∗
r}), (B5c)

ρψ̂†r→ ψ∗r+
1

2

∂

∂ψr
W({ψr,ψ

∗
r}), (B5d)
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we can map the master equation (B1) to the following partial
differential equation for the Wigner function:

∂W

∂t
=
∂W

∂t Kin
+
∂W

∂t nonlin
+
∂W

∂t loss
, (B6)

where

∂W

∂t kin
=
īh

2m
r

∂

∂ψr
∂2rψr−

∂

∂ψ∗r
∂2rψ

∗
r W (B7)

corresponds to the kinetic-energy term,

∂W

∂t nonlin
=
ĩg

h̄
r

1

4

∂3

∂2ψr∂ψ∗r
ψr−

∂3

∂2ψ∗r∂ψr
ψ∗r

+
∂

∂ψr
ψr−

∂

∂ψ∗r
ψ∗r (|ψr|

2−1)W, (B8)

corresponds to the nonlinear atom-atom collisional term, and

∂W

∂t loss
=
2

r

−
∂

∂ψr
ψr+

∂

∂ψ∗r
ψ∗r+

∂2

∂ψr∂ψ∗r
W

(B9)

corresponds to the loss term. This is currently no easier
to simulate than the master equation (B1). However, if we
truncate the third-order derivatives in term Eq. (B8) that arise
due to the nonlinearity, then Eq. (B6) takes the form of a
Fokker-Planck equation with positive definite diffusion. It
can therefore be efficiently simulated via a set of stochastic
differential equations. We also replace (|ψ|2−1) in Eq. (B8)
with|ψ|2since this corresponds to a simple shift in energy and
is thus irrelevant. We then find that the differential equations
are just the stochastic Gross-Pitaevskii equation, Eq. (7). The
truncation of these third-order derivatives is an uncontrolled
approximation, but is typically valid for weakly interacting
Bose gases, provided the occupation per mode is not too
small over the simulation time scale. Note that the truncated
Wigner approximation applied here concerns the treatment of
interactions between atoms in the quasicondensate. The sole
effect of losses is captured in a exact way by this procedure at
the quantum level.

2. Linearized approach

In the quasicondensate regime density fluctuations and
phase gradients are small. A linearized approach can there-
fore be used to identify independent modes, following the
procedure below. Separating the real and imaginary parts of
Eq. (7) and linearizing in density fluctuations and the phase
gradient gives the stochastic equations

dδρr=−
h̄2ρ0

m
∂2rθdt− δρrdt+

√
ρ0dηr, (B10a)

dθr=− g̃−
h̄2

4mρ0
∂2r δρrdt+

1

2
√
ρ0
dνr, (B10b)

where dνr and dηr are random Gaussian variables
with zero mean and variances dηrdηr = dνrdνr =
δr,r dt. Expanding θr and δρr on sinusoidal
modes, θ= k>0

√
2/L[θckcos(kz)+θsksin(kz)] and

δρ= k>0

√
2/L[δρckcos(kz)+δρsksin(kz)] gives

dδρjk=
h̄2k2ρ0

m
θjkdt− δρjkdt+

√
ρ0dηjk, (B11a)

dθjk=− g̃−
h̄2k2

4mρ0
δρjkdt+

1

2
√
ρ0
dνjk, (B11b)

wheredνjkanddηjkare random Gaussian variables of van-
ishing mean and variancesdη2jk = dν

2
jk = dt. An initial

centered Gaussian Wigner distribution (such as a thermal state)
remains Gaussian under the above linearized stochastic evo-
lution. Moreover, after averaging over stochastic trajectories,
it remains centered onδρjk = θjk =0. Consequently the
Wigner distribution for each mode is entirely determined by
variances and covariances of the variables—explicitly, entirely
determined by the following coupled differential equations:

d

dt
δρ2jk=2

h̄2k2ρ0

m
θjkδρjk −2 δρ

2
jk+ρ0 ,(B12a)

d

dt
θ2jk=−2g̃−

h̄2k2

4mρ0
θk,jδρjk +

4ρ0
, (B12b)

d

dt
δρjkθjk =

h̄2k2ρ0

m
θ2jk− g̃−

h̄2k2

4mρ0
θ2jk. (B12c)

The link between theseclassicalaverages overδρjkand
δθjkand the expectations over the correspondingquantum
operators is not immediate. Strictly, averages over various
combinations of thec-number fieldsψrandψ

∗
rcorrespond

to expectations of symmetric orderings of the corresponding
quantum operators—for example,

(̂ψ
†
rψ̂r+ψ̂rψ

†
r)/2=ψ

∗
rψr.

However, since in the quasicondensate regime correlation
lengths are much larger than the mean interparticle distance
and density fluctuations are small, one can use a coarse-grained
approximation where the atom number in each cell is large,
yielding small relative fluctuations. Then the atomic density

ψ̂
†
rψ̂r and its higher-order moments are well approximated

simply by classical averages overψ∗ψ and its powers.
Put another way, those corrections that arise due to the
noncommutativity of the operators are small and can be
neglected. A similar argument holds for the phase operator.
Consequently, we are justified in interpreting those classical
averages within Eqs. (B12) as quantum expectations.
Let us focus on the evolution of a given mode of wave vector

kand assume the loss rate is very small compared to the mode

frequencyωk= h̄2k2/(2m)[ ̄h2k2/(2m)+2̃gρ0]. Then, the
free evolution ensures equipartition of the energy between
the two conjugate variablesδρjkandθjkat any time, which
corresponds to thermal equilibrium. The Wigner function is
then solely determined by the mean energy in the modeEk
and one finds, from Eq. (B12),

d

dt
Ẽ= −Ẽ+ Ā2k+1/̄A

2
k/4, (B13)

whereĀk={[̄h
2k2/(2m)+2gρ0]/[̄h

2k2/(2m)]}1/4andẼ=
Ek/ωk. For phonons,Āk≈[4mgρ0/(̄h

2k2)]1/4and is much
larger than 1. Using this time-dependant approximation ofAk
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to solve Eq. (B13), we find thatEkasymptotically goes towards
gρ0(t). Sincegρ0(t) is much larger than the ground-state energy
for phonons, the Rayleigh-Jeans limit is attained, and this
corresponds to a thermal equilibrium at temperature

kBTphonon
t→∞

ρ0(t)g. (B14)

In contrast, for modes withk
√
mρ0g/̄h, an expansion of

Ākin powers ofgρ0/(̄h
2k2/m)gives

˜
mgρ0

h̄2k2

2

e− t(1−e− t)+ 0̃e
− t, (B15)

where ̃ =(̃E−1/2)/ωkis the mean quantum occupation
number of the mode. At large times, ̃ becomes much
smaller than one. This corresponds to a temperaturekBT

−[̄h2k2/(2m)] ln(̃), much smaller thanωk. At large times, we
find

kBTpart
t→∞

h̄2k2

2m

1

t
. (B16)

The temperature of those modes depends onkand takes much
larger values thanTphonon.
Finally, note that, while in this appendix we start from

the truncated Wigner stochastic equation to derive the above
linearized approach, an alternative approach is to linearize the
Lieb-Liniger Hamiltonian and then consider, for a given mode,
the effect of losses. Thus the validity of the linearized approach
does not require that the mode occupation number be large. It
is valid even in the quantum regime, the approximation here
being that the gas lies deeply enough in the quasicondensate
regime.
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We investigate the out-of-equilibrium dynamics following a sudden quench of the interaction strength in a

one-dimensional quasicondensate trapped at the surface of an atom chip. Within a linearized approximation,

the system is described by independent collective modes and the quench squeezes the phase-space distribution

of each mode, leading to a subsequent breathing of each quadrature. We show that the collective modes are

resolved by the power spectrum of density ripples which appear after a short time of flight. This allows us to

experimentally probe the expected breathing phenomenon. Our results are in good agreement with theoretical

predictions which take the longitudinal harmonic confinement into account.

DOI:10.1103/PhysRevA.98.043604

I. INTRODUCTION

The out-of-equilibrium dynamics of isolated quantum
many-body systems is a field attracting a lot of interest [1],
triggered in part by progress in cold atom experiments. A
particular focus has been devoted to the case of sudden
quenches where the system is brought out of equilibrium by a
sudden change of a Hamiltonian parameter, and in particular
the case of an interaction quench, both theoretically [2] and
experimentally [3–7]. Whether and how the system relaxes
towards an equilibrium state is the subject of intense theoreti-
cal work. The role of integrability, not completely elucidated,
is the focus of many studies. Within this context, the case
of a one-dimensional (1D) Bose gas with contact repulsive
interactions, described by the integrable Lieb-Liniger model,
is a prime theoretical candidate to uncover the underlying
physics, studied in, e.g., [8–11].
This paper constitutes an experimental study of the out-of-

equilibrium dynamics following a sudden quench of the inter-
action strength in a 1D Bose gas with repulsive interactions.
Within a linearized approximation, the evolution following a
splitting of a 1D Bose gas in two copies, studied in [6], can
be interpreted as an interaction quench in an effective 1D
Bose gas. Investigating the first-order correlation function, the
authors observed an apparent thermalization, taking the form
of a light cone effect. This observation may however conceal
underlying nonequilibrium dynamics, as revealed recently by
the observation of recurrences in a similar experiment [12].
Finding appropriate observables revealing these dynamics is
thus a key point for investigating out-of-equilibrium phenom-
ena. In this paper, by investigating the density ripples appear-
ing after short time of flight, the behavior of collective modes
is probed, rather than a global quantity such as the first-order
correlation function, allowing for a better understanding of

*Present address: Vienna Center for Quantum Science and Technol-
ogy, TU Wien-Atominstitut, Stadionallee 2, 1020 Vienna, Austria.
†isabelle.bouchoule@institutoptique.fr

the physics at play after an interaction quench. The dynamics
is revealed by the oscillatory behavior of each component
of the density-ripple power spectrum, observed for times
that go beyond the apparent thermalization time seen on the
first-order correlation function. We show that these oscillatory
dynamics are the signature of squeezed collective modes:
for each collective mode, the quench produces a squeezed
phase-space distribution, leading to a subsequent oscillation
of the width of its quadratures—abreathing behavior.Aswell
as improving the understanding of the effect of an interaction
quench, this work constitutes an observation of squeezed
collective modes, a result interesting on its own.

II. INTERACTION QUENCH WITHIN THE LINEARIZED

APPROACH

The physics at play can be understood by considering a 1D
homogeneous Bose gas, of lengthL, temperatureT, and den-
sityn0, with particles of massminteracting with a two-body
repulsive contact interactiongδ(z), wherezis the distance
between the two particles. Att=0,gis suddenly changed
fromgitogf=(1+κ)gi, whereκis the quench strength.
While the complete treatment of an interaction quench is
tremendously difficult the problem is greatly simplified if

g

t

gi

gf

κgi

t=0

(a)

ñq

θ̃ q

(b)

t=0−

t=0+
0 1 2 ωqt/π

(c)

FIG. 1. Squeezing of each collective mode after an interaction
strength quench fromgitogf. The Gaussian phase-space distribu-
tions before the quench (t=0−), just after the quench (t=0+), and
after an evolution timeπ/(2ωq) (dashed ellipse) are represented in
(b), where lines correspond to a given probability density (here we
choseκ=3). The subsequent breathing is seen in (c), where the time
evolution of the phase distribution is shown in color plot.
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one can rely on a linearized approach, as presented below.
Within the quasicondensate regime, density fluctuations are
strongly reduced (|δn(z)| n0) and phase fluctuations occur
on large length scales, such that the Hamiltonian of the system
can be diagonalized using the phase-density representation
of the field operator (z)=

√
n0+δn(z)exp[iθ(z)] and the

Bogoliubov procedure [13]. The obtained linearized modes
correspond to Fourier modes. For each wave vectorq,the
dynamics is governed by the harmonic oscillator Hamiltonian
[14]

Hq=Aqn
2
q+Bqθ

2
q=h̄ωqñ

2
q/2+θ̃

2
q/2, (1)

where the canonically conjugated Hermitian operatorsnqand
θqare the Fourier components [15]ofδnandθand where
the reduced variables are defined bỹnq=nq(Aq/Bq)

1/4and
θ̃q=θq(Bq/Aq)

1/4. For wave vectorsqmuch smaller than the
inverse healing lengthξ−1=

√
mgn0/̄h, the excitations are of

hydrodynamic nature [16]. Their frequency isωq=cq, where
the speed of sound isc=

√
n0∂nμ/m, and the Hamiltonian’s

coefficients areBq=h̄
2q2n0/(2m) andAq=mc

2/(2n0).
Hereμ(n) is the equation of state of the gas relating the chem-
ical potentialμto the linear density, which reduces toμ=gn
for pure 1D quasicondensate. For a givenq, the dynamics
of the quenched harmonic oscillator is represented in Fig.1.
Before the quench the phase-space distribution is the one of a
thermal state: an isotropic Gaussian in the (̃θq,̃nq) plane. The
quench affectsAqwhileθqandnqdo not have time to change.
The variances thus become θ̃2qt=0+ = θ̃

2
qt=0−/(1+κ)

1/2

andδ̃nq
2
t=0+ = δ̃nq

2
t=0−(1+κ)

1/2[17]. The subsequent
evolution is a rotation in phase space at a frequencyωqleading
to a breathing of each quadrature. In particular

θ2q = θ
2
qi
[1+κsin2(cqt)], (2)

where the initial value θ2qiis the thermal predictionθ
2
q =

mkBT/(̄h
2n0q

2)[18].
Probing the nonequilibrium dynamics following a quench

is not straightforward, especially concerning the choice of the
observable. Since density fluctuations are very small within
the quasicondensate regime, it is more advantageous to probe
the phase fluctuations [19]. One way is to investigate the
one-body correlation functiong1(z)=

†̂(z)̂(0), which,
forz ξand in the quasicondensate regime, writesg1(z)

n0e
−[θ(z)−θ(0)]2/2[13]. However since phase fluctuations are

large in a quasicondensate, the exponential cannot be lin-
earized andg1(z) mixes contributions from all Bogoliubov
modes [20], preventing the observation of the squeezed dy-
namics. In fact, the linearized model above predicts the light-
cone effect on theg1function:g1(z) changes from its initial
exponential decay exp(−|z|/lic), wherel

i
c=2̄h

2n0/(mkBT),

to an exponential decay with a new correlation lengthl
f
c=

2lic/(κ+2) forz<2ct. The breathing of each squeezed
Bogoliubov mode is not transparent here. Moreover, for times

larger than a fewt
g1
th=l

f
c/c,theg1function essentially

reaches the form expected for a thermal state at a temperature
Tf=T(κ+2)/2, and the ongoing dynamics is hidden. In
this paper we use the density-ripple analysis to reveal the
nonequilibrium dynamics of the gas by probing the breathing
of each mode.

III. RESOLVING BOGOLIUBOV MODES WITH

DENSITY RIPPLES

Density ripples appear after switching the interactions off
and waiting for a free evolution timetf (time of flight),
during which phase fluctuations transform into density fluc-
tuations [21–24]. Consider the power spectrum of den-

sity ripples|ρ(q)|2, whereρ(q)=(1/
√
L) dz[n(z, tf)−

n0]e
iqz. Propagating the field operator during the time of flight

and assuming translational invariance we obtain [25]

|ρn0(q)|
2 = dxe−iqxf(q,x)−n20, (3)

where

f(q,x) n20e
i[θ(0)−θ(−h̄qt/m)+θ(x−h̄qt/m)−θ(x)]; (4)

averages in Eq. (4) are taken before the time of flight. The
functionfinvolves only pairs of points separated by ̄hqtf/m.
For small wave vectorsq̄htf/m lc, the phase difference
between those points is small and one can expand the expo-
nential. To lowest order, assuming uncorrelated distributions
for each modeqand vanishing mean values, we then find

|ρn0(q)|
2 =4n20θ

2
qsin

2[̄hq2tf/(2m)], (5)

showing that, for low-lyingq, the density-ripple spectrum
directly resolves the phase quadratureθ2q of individual Bo-

goliubov modes [26]. The proportionality between|ρn0(q)|
2

andθ2q implies that|ρn0(q)|
2oscillates according to Eq. (2)

when varying the timetafter the quench. Density ripples are
thus an ideal tool to investigate the quench dynamics. Note
that in the following we are interested, for each wave vector
q, in the evolution of|ρn0(q)|

2 with the evolution timet,
such that the proportionality factor 4n20sin

2[̄hq2tf/(2m)] is
irrelevant for our data analysis.
In typical experiments, atoms are confined by a smooth

potentialV(z). For weak enough confinement and for wave-
lengths much smaller than the system’s size, one can how-
ever use the above results for homogeneous systems within
a local-density approximation (LDA) [27]. Then ρ̃(q)=
dzδn(z, tf)e

iqz fulfills ρ̃(q) dz|ρn0(z)(q)|
2 where

n0(z) is the density profile, which can itself be evaluated
within the LDA using the gas equation of state and the local
chemical potentialμ(z)=μ0−V(z). Injecting Eq. (2) and
Eq. (5) into the LDA integral, we find

|̃ρ(q)|2/|̃ρ(q)|2i=1+κF(cqt), (6)

wherecis the speed of sound after the quench evaluated at
the trap center andFonly depends on the shape ofV(z).
For a boxlike potential, one recovers previous results and
F(τ)=sin2(τ). The expression ofFis given in AppendixD
in the case of a harmonic potential: The oscillatory behavior is
preserved, although the spread in frequencies originating from
the inhomogeneity inn0introduces damping, which is a pure
dephasing effect.

IV. EXPERIMENTAL REALIZATION

The experiment uses an atom-chip setup [28] where87Rb
atoms are magnetically confined using current-carrying mi-
crowires. The transverse confinement, acting in a vertical
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plane, is provided by three parallel wires carrying ac current
modulated at 400 kHz, which renders the magnetic potential
insensitive to wire imperfections and allows for independent
control of the transverse and longitudinal confinements. We
perform radio frequency (rf) forced evaporative cooling until
we reach the desired temperature. We then increase the rf fre-
quency by 60 kHz, providing a shield for energetic three-body
collision residues and wait during 150 ms relaxation time. The
clouds contain a few thousand atoms, in a trap with a trans-
verse frequencyω⊥/2π=1.5 or 3.1 kHz, depending on the
data set, and a longitudinal frequencyω/2π=8.5Hz.The
samples are quasi-1D, the temperature and chemical potential
satisfyingμ, kBT<h̄ω⊥. The temperature is low enough so
that the gas typically lies well within the quasicondensate
regime [29]. The equation of state is well described byμ=
h̄ω⊥(

√
1+4na−1), wherea=5.3 nm is the 3D scattering

length [30]. While, forna 1, one recovers the pure 1D
expressionμ=gn, whereg=2̄hω⊥a, this equation of state
takes the broadening of the transverse size at largernainto
account. The longitudinal density profile, well described by
the LDA, extends over twice the Thomas-Fermi radiusRTF=√
2μ0/m/ω. The speed of sound derived from the equation
of state isc=c1D/(1+4na)

1/4wherec1D=
√
2̄hω⊥na/m

is the pure 1D expression. For data presented in this paper,
c/c1Dis close to 0.7. Since the effective interaction strength is
proportional toc2, it is proportional toω⊥.
The interaction strength quench is performed by ramping

the transverse trapping frequencyω⊥ from its initial value
ω⊥,ito its final valueω⊥,f=(1+κ)ω⊥,iwithin a timetr,
typically of the order of 1 ms. This time is long enough for
the transverse motion of the atoms to follow adiabatically
but short enough so that the quench can be considered as
almost instantaneous with respect to the probed longitudinal
excitations (see AppendixH1). We simultaneously multiply
ω by

√
1+κ, to avoid modification of the mean profile and

of the Bogoliubov wave functions (see AppendixE).
In order to probe density ripples, we release the atoms from

the trap and let them fall under gravity for a timetf=8ms
before taking an absorption image. The transverse expansion,
occurring on a time scale of 1/ω⊥, ensures the effective
instantaneous switching off of the interactions with respect
to the probed longitudinal excitations. The density ripples
produced by the phase fluctuations present before the free
fall are visible in each individual image, as seen in Fig.2(a).
From the image, we record the longitudinal density profile
ρ(z, tf) and its discrete Fourier transform [31]ρ̃(q). We
acquire about 40 images taken in the same conditions with
atom number fluctuations smaller than 10%. From this data
set, we then extract the power spectrum|̃ρ(q)|2. The power
spectrum obtained before the quench is noted|̃ρ(q)|2i, and a
typical spectrum is shown in Fig.2(b). We chose to normalize
the momenta byR−1TF: since the Fourier distribution of the
ith Bogoliubov mode of a 1D quasicondensate is peaked at
ki i/RTF(see AppendixE), thexaxis roughly corresponds
to the mode index. The predicted power spectrum|̃ρ(q)|2th
is computed using the LDA and analytical solution of Eq. (3)
for thermal equilibrium (see AppendixesBandC).Thisex-
pression is peaked aroundkRTF πm/(̄htf)RTF 50. For
comparison with experimental data, we take the imaging res-

olution into account by multiplying|̃ρ(q)|2thwithe
−k2σ2/2

qRTF

(c)

6040200

qRTF

ρ̃
q
|2
/
N a
t

(b)

(b)

6040200

50

40

30

20

10
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FIG. 2. Density ripples analysis. (a) Typical absorption image
(optical density shown) taken after a time of flighttf=8ms. (b)
Power spectrum of density ripples, obtained by averaging over
about 50 images, for a cloud at thermal equilibrium containing
16 000 atoms confined in a trap with frequenciesωz/(2π)=8.5Hz
andω⊥/(2π)=1.5 kHz, yielding a Thomas-Fermi radiusRTF=
75μm. The dashed (green) line is a theoretical fit (see text), yielding
a temperatureT=55 nK and an optical resolutionσ=2.9μm. (c)
Power spectra after a quench of strengthκ=2, at timest=2.1ms
(crosses, green),t=2.6 ms (circles, blue) andt=4.6 ms (squares,
black), the solid (red) curve being the initial power spectrum.

whereσis the rms width of the impulse imaging response
function, assumed to be Gaussian (AppendixFdiscusses the
effect of this finite optical resolution). The experimental data
ultimately compared well with the theoretical predictions, as
shown in Fig.2(b), whereTandσare obtained by fitting the
data [32,33]. Finally we obtainkBT/μ0=0.4, close to the
lowest value obtained in similar setups [24,34].
We investigate the dynamics following the quench of the

interaction strength by acquiring power spectra of density
ripples at different evolution timestafter the quench. We
typically acquire power spectra every 0.5 ms, over a total time
of 5 ms. A few raw spectra are shown in Fig.2(b), for a quench
strengthκ=2.0. At first sight the power spectra seem erratic.
In order to reveal the expected oscillatory behavior of each
Fourier component we introduce, for each wave vectorqof
the discrete Fourier transform, and each measurement timet,
the reduced timeτ=cqt, wherecis evaluated for the central
density, and computeJ(q,τ)= |̃ρ(q)|2(t)/|̃ρ(q)|2i. We
restrict the range ofqvalues to 10<qRTF<40, to ensure
both the conditionq̄htf/m lcand the validity of the LDA.
On the resulting set of spare data, shown in the inset of
Fig.3, an oscillatory behavior appears, despite noise on the
data. To combine all the data in a single graph, we perform
a “smooth” binning inτ, i.e., we compute, for any given re-
duced timeτ, the weighted averaged of the data with a Gaus-
sian weight function inτof width =0.31: namely we com-

puteJ̄(τ)= αJ(qα,τα)e
−(τα−τ)

2/(22)/ αe
−(τα−τ)

2/(22),
where the sum is done on the data set. The functionJ̄(τ),
shown in Fig.3, shows a clear oscillatory behavior.
We repeat the experiment for different quench strengths

κ=(ω⊥,f/ω⊥,i−1)={0.3,3,5}, and initial trapping oscil-
lation frequenciesω⊥={3,1.5}kHz. The oscillatory behav-
ior is present in all cases as shown in Fig.3. We compared
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FIG. 3. Time evolution of squeezed collective modes produced
by an interaction quench. The normalized density-ripple power spec-
trum is plotted vs the reduced timeτ=cqt, where the speed of
soundcis calculated for the central density. Inset shows the data
corresponding to each measurement time and discreteqvalues, for a
data set corresponding toκ=2andω⊥,i=2π×1.5 kHz, together
with the resulting continuous averaged quantityJ̄(see text). Orange
crosses correspond tot<t

g1
thand blue circles tot>t

g1
th. The main

graph shows the evolution of the experimental smoothed quantity
J̄for different data sets. The error bars show the typical statistical
uncertainty onJ̄. The initial transverse oscillation frequency is 1.5
kHz, except for the thick dark grey (blue) curve for which it is
3 kHz. Quench strengths areκ=4 [light gray (orange)],κ=2[dark
gray (blue)] data, andκ=−0.7 (black). Dashed lines are theoretical
predictions for quench strengthsκ=2 [light gray (orange)], 1 (light
gray), and−0.35 (black).

the observed oscillations with the theoretical predictions from
the linearized model, Eq. (6). The temporal behavior of the
data is in good agreement with the predicted one: both the fre-
quency and the observed damping are in agreement with the
predictions. The amplitude of the experimental oscillations on
the other hand are significantly smaller than the predictions,
and in Fig.3we plot the theoretical predictions for quench
strengths twice as small as the experimental ones. Moreover,
for a given quench strength, the observed amplitude depends
on the initial transverse frequency, in contradiction with the
theoretical model. Several effects leading to a decrease of
the oscillation amplitude are discussed in AppendixH.How-
ever, they only partially account for the observed amplitude
reduction.

V. DISCUSSION

In conclusion, analyzing density ripples, we revealed the
physics at play after a sudden quench of the interaction
strength in a quasi-1D Bose gas, namely the breathing as-
sociated to the squeezing of each collective mode. The ob-
served out-of-equilibrium dynamics continues for times larger
thant

g1
th, for which theg1function essentially reached its

asymptotic thermal behavior [35] This can be seen in the
inset of Fig.3where data corresponding tot>t

g1
th, shown as

blue circles, still present an oscillatory behavior. This clearly
underlines the power of the density-ripple analysis to unveil
out-of-equilibrium physics. The observed damping is com-
patible with the sole dephasing effect due to the longitudinal
harmonic confinement. At later times, the discreteness of the
spectrum and its almost constant level spacing is expected to

produce a revival phenomenon. Its observation might however
be hindered by a damping of each collective mode due to non-
linear couplings. Such a damping occurs, despite the integra-
bility of the 1D Bose gas with contact repulsive interactions,
because the Bogoliubov collective modes do not correspond
to the conserved quantities. A long-lived nonthermal nature
of the state produced by the interaction strength might be
revealed either by observing excitations in both the phononic
regime and the particle regime of the Bogoliubov spectrum
[36], or, ideally, in finding a way to access the distribution of
the Bethe-ansatz rapidities.
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APPENDIXES

These appendixes gives technical information and details
of calculations. In AppendixAwe give a general derivation
of the density-ripple power spectrum, which does notapriori
assume a homogeneous system. AppendixBgives the result
for a homogeneous system and the analytical prediction for
thermal equilibrium [37]. AppendixCdetails the derivation of
the density-ripple power spectrum for a trapped gas, computed
using the results for homogeneous gases and the local-density
approximation. AppendixDprovides the explicit calculation
of the postquench evolution of the power spectrum for a har-
monically trapped gas, namely the calculation of the function
Fof the main text. In AppendixEwe verify the validity of
the local-density approximation for the parameters of the data
presented in the main text. For this purpose, we compute the
density-ripple power spectrum using the Bogoliubov modes
of the trapped gas. In AppendixF, we investigate the effect of
finite resolution on the measured density-ripple power spec-
trum. We also make the link between the power spectrum and
the autocorrelation function, which permits us to compare our
data at thermal equilibrium with previously published work.
In AppendixG, we justify that interactions play a negligible
role during time of flight, so that the calculations of the
density-ripple power spectrum, which assume instantaneous
switch-off of the interactions, are valid. In AppendixH,we
investigate two effects responsible for a reduction of the
oscillation amplitude of the quantityJ̄(τ), extracted from
the data, as compared to the simple theoretical predictions
Eq. (6) of the main text: First the finite ramp time of the
interaction strength decreases the squeezing of the collective
modes, and second the finite resolution inτresulting from
data binning is responsible for a decrease of the expected
oscillation amplitude on the processed data.
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APPENDIX A: DERIVATION OF THE DENSITY-RIPPLE

POWER SPECTRUM

The power spectrum of density ripples has been first investi-
gated in the limit of small density ripples and for a gas initially
in the 3D Thomas-Fermi regime (i.e.,μ h̄ω⊥)[22,38]. It
was then computed assuming instantaneous switching off of
the interactions in [21]. Here, for consistency, we rederive
Eqs. (4) and (5) of the main text. Since we will later consider
trapped gases, let us first assume a general scenario where we
do not restrict ourselves to the homogeneous case. We let the
gas evolve freely for a timetfafter interactions have been
switched off. The power spectrum of the density fluctuations
aftertfwrites

|̃ρ(q)|2 = dz1dz2e
iq(z1−z2)δn(z1,tf)δn(z2,tf).

(A1)
Writing δn(z)=n(z)− n(z) and expanding the above
equation, the term|dzeiqzn(z, tf)|

2appears. Here we

consider times of flight short enough so that the shape
of the cloud barely changes during time of flight, so that
n(z, tf) n(z,0). We moreover consider wave vectorsq
much larger than the inverse of the cloud length, such that
|dzeiqzn(z,0)|2is a negligible quantity. We then have

|̃ρ(q)|2 dz1dz2e
iq(z1−z2)n(z1,tf)n(z2,tf).(A2)

To compute n(z, tf)=
+(z, tf)(z, tf) weevolvethe

atomic field with the free-particle propagator, which leads to

ψ(z, tf)=
1

2πtf
dαψ(α,0)ei[(z−α)

2/2tf], (A3)

where for simplicity we use a unit system in whichm=h̄=
1. We then have

n(z1,tf)n(z2,tf)=
1

(2πtf)2
dαdβdγdδψ+αψβψ

+
γψδe

−i[(z1−α)
2/2tf]ei[(z1−β)

2/2tf]e−i[(z2−γ)
2/2tf]ei[(z2−δ)

2/2tf], (A4)

where we use the simplified notationψν=ψ(ν,0). Expanding the exponentials, the above expression writes

n(z1,tf)n(z2,tf)=
1

(2πtf)2
dαdβdγdδψ+αψβψ

+
γψδe

i[(α−β)z1/tf]ei[(β
2−α2)/2tf]ei[(γ−δ)z2/tf]ei[(δ

2−γ2)/2tf]. (A5)

Injecting into Eq. (A2), and using dzeikz=2πδ(k) andδ(x/α)=αδ(x), we get

|̃ρ(q)|2 = dαdδψ+αψα+qtfψ
+
δ+qtf
ψδe

−i[α2/2tf]ei[(α+qt)
2/2tf]e−i[(δ+qt)

2/2tf]ei[δ
2/2tf]. (A6)

Definingδ=α+X, we obtain

|̃ρ(q)|2 = dαdXeiqXψ+αψα+qtfψ
+
α+X+qtf

ψα+X . (A7)

For gases lying deep in the quasicondensate regime, one can neglect density fluctuations when estimating the expectation value
in the above equation, such that

|̃ρ(q)|2 dαdXeiqX n(α)n(α+qtf)n(α+X+qtf)n(α+X)e
i(θ(α)−θ(α+qtf)+θ(α+X+qtf)−θ(α+X)). (A8)

The following section applies this result to homogeneous
systems. This equation is however not restricted to homoge-
neous systems and we will use it to treat the effect of the trap
beyond the local-density approximation.

APPENDIX B: POWER SPECTRUM OF THE DENSITY

RIPPLES FOR A HOMOGENEOUS GAS

For a homogeneous gas, the relevant quantity is an inten-
sive variable which relates to the expression|̃ρ(q)|2 of the
previous section by

|ρ(q)|2 =
1

L
|̃ρ(q)|2, (B1)

whereLis the length of the box. Injecting Eq. (A8)into
Eq. (B1), we recover Eqs. (3) and (4)ofthemaintext,up
to an irrelevant term inδ(q)[39]. In fact, Wick’s theorem
is applicable sinceθis a Gaussian variable [40], which
leads to

|ρ(q)|2

n20
= dXeiqX−(1/2)[θ(0)−θ(qtf)+θ(X+qtf)−θ(X)]

2

.

(B2)
To compute the power spectrum of density ripples for a

thermal equilibrium state, we follow the calculation made
in [21] and expand the exponential term in Eq. (B2)as
a function of the first-order correlation functiong(1)(z)=

n0e
−(1/2)[θ(0)−θ(z)]2, which fulfilsg(1)(z)=n0e

−|z|/lc where
lc=2̄h

2n0/(kBT)[21]. Calculation of the integral in Eq. (B2)
then leads to
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FIG. 4. Density ripples power spectrum for a homogeneous gas.
The exact formula Eq. (B3) (dashed curve) is compared to the small
qapproximation given Eq. (5) of the main text, where|ρ(q)|2

is proportional toθ2q (solid curve). The only relevant parameter
is ̄htf/(ml

2
c). Results are shown for ̄htf/(ml

2
c)=0.05, a value

corresponding to the data depicted in Fig.2(b)of the main text,
the correlation lengthlc=2̄h

2n0/(mkBT) being computed for the
central density. The effect of the imaging resolution is to multiply
this theoretical power spectrum withe−σ

2q2,whereσis the rms width
of the imaging pulse response function, assumed to be Gaussian.
For our data,σ m/(̄htf)=0.85 and only the first maximum of
|ρ(q)|2 remains visible.

|ρ(q)|2

n20
=

4qlc

q4+l2cq
2

−
4e−2̄hqtf/mlcqlccos

h̄q2tf
m
+2sin

h̄q2tf
m

q4+l2cq
2

.(B3)

Note that we corrected the formula given in [21]. The power
spectrum computed with this equation is compared in Fig.4
to the approximated formula valid for smallq, namely Eq. (5)
of the main text.

APPENDIX C: DENSITY RIPPLE POWER SPECTRUM FOR

A HARMONICALLY CONFINED GAS UNDER THE LDA

Let us investigate the density-ripple power spectrum in
the case of a gas trapped in a longitudinal potential smooth
enough so that the cloud sizeLis much larger than the typical
phase correlation lengthlcand much larger than ̄hqtf/m:
L lc,̄hqtf/m. As in AppendixA, we moreover consider
the power spectrum for wave vectorsq 1/L. Let us start
with the general expression Eq. (A1) that we write

|̃ρ(q)|2 = dz duδρ(z, tf)δρ(z+u, tf)e
iqu.(C1)

Consider δρ(z, tf)δρ(z+u, tf)for a givenz. This expres-
sion vanishes over a length much smaller thanL, so values of
usignificantly contributing to the integral are much smaller
thanL. Moreover the region of the initial cloud contributing
most to δρ(z, tf)δρ(z+u, tf)is much smaller thanLfor
sufficiently largeL. Then, to computeδρ(z, tf)δρ(z+u, tf)
one can perform a local density approximation and use the
result of a homogeneous gas at a densityn0(z). We then obtain

|̃ρ(q)|2 = dz|ρn0(z)(q)|
2, (C2)

where the subscriptn0(z) specifies that one considers the
result for a homogeneous gas of densityn0(z). This expression
is referred to as the local-density approximation expression
(LDA) of the power spectrum. We have tested this approxima-
tion, for conditions close to the experimental data presented
in the main text, by comparing it with calculations based
on the Bogoliubov excitations of the trapped system (see
AppendixE).

APPENDIX D: TIME EVOLUTION OF THE

DENSITY-RIPPLE POWER SPECTRUM FOR A

HARMONICALLY CONFINED GAS

Here we give an explicit derivation of Eq. (6)ofthemain
text, for a gas harmonically confined in a longitudinal trap
of frequencyω. Injecting Eqs. (5) and (2)ofthemaintext
into Eq. (C2), and using the local initial power spectrum of
θwhich writes θ2q =mkBT/(̄h

2n0q
2), we derive Eq. (6)of

the main text with

F= dzn0(z)sin
2[c(z)qt]/N, (D1)

whereNis the total atom number. The density profilen0(z)
is estimated itself within the LDA, using the local chemical
potential

μ(z)=μp[1−(z/RTF)
2], (D2)

whereRTFis the Thomas-Fermi radius of the density profile
andμpis the chemical potential at the trap center. For a
transverse harmonic confinement of frequencyω⊥, it has been
checked, by comparing with predictions of the 3D Gross-
Pitaevskii equation, that the equation of state of the gas is very
well described by the heuristic formula [30]

μ(n)=h̄ω⊥(
√
1+4na−1), (D3)

whereais the 3D scattering length between atoms. For small
linear densities, we recover the 1D expressionμ=2̄hω⊥an,
valid far from the confinement-induced resonance [41]. Using
Eqs. (D3) and (D2), we obtain the density profile

n0(z)=[(η(1−z̃
2)+1)2−1]/(4a), (D4)

where we introducedz̃=z/RTF andη=μp/(̄hω⊥). This
yieldsN=(4/3η+8η2/15)RTF/(2a). The local speed of
sound on the other hand, obtained from the thermodynamic
relationc=

√
n(∂μ/∂n)/m, writes

c(z)=cp
(1+η){[1+η(1−z̃2)]2−1}

[1+η(1−z̃2)][(1+η)2−1]
, (D5)

wherecp is the speed of sound computed for the central
density. Injecting into Eq. (D1), we then find

F=
1

4η/3+8η2/15

1

0

d̃z{[1+η(1−z̃2)]2−1}

×sin2

⎛

⎝τ
(1+η){[1+η(1−z̃2)]2−1}

[1+η(1−z̃2)][(1+η)2−1]

⎞

⎠. (D6)
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FIG. 5. Oscillation of each spectral component of the power
spectrum for a harmonically confined gas in the LDA. The function
Fis shown as thick solid lines (green), forη=μp/(̄hω⊥)=1.0.
The pure 1D limit, corresponding toη 1 is shown as dashed (red)
lines. The undamped oscillations expected for a homogeneous gas
are shown as dotted (blue) line. In all the cases,τ=cqtwherecis
the central sound velocity.

When the gas is deeply 1D, namely forη 1, this expression
reduces to

F1D=
3

2

1

0

d̃z(1−z̃2)sin2(τ 1−z̃2). (D7)

Experimentally, values ofηare in the range [0.6; 1.3]. Fig-
ure5shows the functionF, computed forη=1. We compare
it toF1Dand to the expression expected for a homogeneous
gas, namely sin2(τ).

APPENDIX E: BEYOND THE LDA: CALCULATION USING

BOGOLIUBOV MODES OF A HARMONICALLY

CONFINED 1D GAS

Here we consider a 1D gas confined longitudinally in a
harmonic trap of frequencyω. In opposition to the calcu-
lations done in the previous appendix we do not rely on the
local-density approximation but use the Bogoliubov modes of
the trapped gas to compute the postquench evolution and the
density-ripple power spectrum. The relevant collective modes
lie deep in the phononic regime. The Bogoliubov modes,
indexed by an integerν, then acquire an analytical dispersion
relation and analytical wave functions that one can use for
calculations. For each mode, the dynamics are accounted for

by the harmonic oscillator Hamiltonian

Hν=h̄ων
x2ν
2
+
p2ν
2
, (E1)

where ων=ω
√
ν(ν+1)/2 andxν andpν are canoni-

cally conjugate variables. The phase and density fluctuation
operators write

θ(z)= νθν(z)pν

δn(z)= νnν(z)xν
, (E2)

where
⎧
⎪⎨

⎪⎩

θν(z)=
1√
2

mg

h̄2np

1/4 √
2ν+1

[ν(ν+1)]1/4
Pν

z
RTF

nν(z)=
√
2ν+1
2RTF
[ν(ν+1)]1/4

h̄2np
mg

1/4

Pν
z
RTF

. (E3)

HerenpandRTFare the central density and radius of the
Thomas-Fermi profilen0(z)=np[1−(z/RTF)

2] andPνare
the Legendre polynomials. The interaction quench consists
of a sudden change of the interaction parametergfromgi
togf=(1+κ)giatt=0, while changing the longitudinal

oscillation frequency by a factor
√
1+κso thatRTFstays

constant. Then the interaction quench preserves the shapes
of the wave functionsθνandnν, and it simply changes the
canonical variablesxνandpνaccording to

xν(t=0
+)=(gf/gi)

1/4xν(t=0
−)

pν(t=0
+)=(gi/gf)

1/4pν(t=0
−)
. (E4)

Under such a transformation, the initial thermal state, an
isotropic Gaussian, becomes a squeezed state and its subse-
quent evolution under the Hamiltonian Eq. (E1) leads to a
breathing of each quadrature. In particular

p2ν = p
2
νi
[1+κsin2(ωνt)]. (E5)

The initial value p2νiis given by the thermal expectation
value, which reduces to

p2νi=kBT/(̄hων) (E6)

for the low-lying modes for whichkBT h̄ων.
Injecting Eq. (E2) into Eq. (A8), using Wick’s theorem and

the fact that different modes are uncorrelated, we get

|̃ρ(q)|2 = dαdXe
iqX n0(α)n0(α+qtf)n0(α+X+qtf)n0(α+X)

e−(1/2) νp
2
ν[θν(α)−θν(α+qtf)+θν(α+X+qtf)−θν(α+X)]

2
.

(E7)

For ̄hqtf/m lc, wherelcis the phase correlation length,
one can expand the exponential and |̃ρ(q)|2 is obtained
by summing the contribution of each mode. Since the
Legendre polynomials behave as cos[(ν+1/2)x+π/4] at
smallx, the contribution of the modeνis peaked at
q ν/RTF.
The predictions of Eq. (E7) may be compared to

the one obtained within the local-density approximation.

Here we focus on the case of thermal equilibrium. We
compute the density-ripple spectrum injecting the thermal
equilibrium value Eq. (E6) and the mode wave function
Eq. (E3) into Eq. (E7). Figure6shows the result for a cloud
whose Thomas-Fermi radius fulfillslc/RTF=0.2, wherelc=
2̄h2np/(mkBT) is the correlation length of the first-order
correlation function at the center of the cloud, and for a time
of flighttf=6×10

−4mR2TF/̄h. These parameters are close
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FIG. 6. Test of the local-density approximation (LDA). The plot
shows the density-ripple spectrum of a gas at thermal equilibrium
confined in a harmonic potential. The complete calculation, based
on the expansion on the Bogoliubov modes, whose wave functions
are given by the Legendre polynomial, is shown as solid line (blue).
It is in excellent agreement with the spectrum computed within
the local-density approximation (LDA) shown as dashed line (red).
The further approximation of small wave vectors, Eq. (5)ofthe
main text, injected into the LDA, shown as dotted line (green),
is also in good agreement, for wave vectors fulfillingqRTF<50.
Calculations are done for a Thomas-Fermi radiuslc/RTF=0.2and
and time-of-flighttf=0.015ml

2
c/̄h,wherelc=2̄h

2np/(mkBT)is
the correlation length at the center of the cloud. These parameters
are close to those of the experimental data.

to the experimental ones. We compared the results with the
LDA together with the analytical formula for homogeneous
gases Eq. (B3) and we find excellent agreement. We also
compare with the LDA but using, instead of Eq. (B3), the
approximation Eq. (5) of the main text. We find very good
agreement as long asqRTF<50.

APPENDIX F: EFFECT OF A FINITE OPTICAL

RESOLUTION AND AUTOCORRELATION FUNCTION

The effect of the imaging resolution is to multiply the

theoretical power spectrum of density ripples withe−σ
2q2,

whereσis the rms width of the imaging pulse response func-
tion, assumed to be Gaussian. The resulting power spectrum,
for a harmonically confined cloud at thermal equilibrium, is
shown in Fig.7forσ m/(̄htf)=0.85, a value typical for
our experiments. The largeqbehavior of the power spectrum
is highly dominated by the effect of resolution and only the
first maximum of|ρ(q)|2 remains visible. Fitting the exper-
imental power spectrums for clouds at thermal equilibrium,
we extract both the temperature and the imaging resolution
(see Fig.2of the main text). The obtained rms widthsσ,
close to 3μm, are compatible with the expected values if one
takes into account the depth of focus of our imaging system
(5μm) and the fact that after the expansion timetfthe
cloud explores several tens ofμm along the imaging axis.
Note finally that the imaging resolution is irrelevant for the
investigation of the dynamics following an interaction quench,
since, for each Fourier componentq, we investigate the time
behavior of the normalized quantity |̃ρ(q)|2(t)/|̃ρ(q)|2i
(see main text): the imaging resolution has no effect on this
normalized quantity.

qRTF

q h̄tf/m

ρ̃
q
|2
/
(R
T
F
n
p
k
B
T
t
f
/̄
h
)

250200150100500

32.521.510.50
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1.2

1

0.8

0.6

0.4

0.2

0

(b)

FIG. 7. Effect of the finite resolution. We consider a cloud at
thermal equilibrium in a harmonic potential with the same param-
eters as in Fig.6. The power spectrum for infinite resolution (blue
dashed curve) is compared to the power spectrum expected for a
finite imaging resolution (red solid curve). The effect of the imaging
resolution is to multiply the power spectrum withe−σ

2q2,whereσis
the rms width of the imaging pulse response function, assumed to be
Gaussian. Here we tookσ m/(̄htf)=0.85, a value close to that of
experimental data.

In our paper, we extract from the data the density-
ripple power spectrum since it is the relevant quantity that
enables us to resolve the collective Bogoliubov modes. Al-
ternatively, one could consider the autocorrelation function
of the density ripplesC(u)= dzδn(z)δn(z+u)dz, which
is the Fourier transform of the density-ripple power spec-
trum:C(u)=1/(2π) dq|̃ρ(q)|2e−iqu.In[23], the authors
introduced the normalized autocorrelation functiong2(u)=
1+C(u)/ dun(z)n(z+u). Figure8showsg2(u)for
the data at thermal equilibrium (before the quench) shown
in Fig.2of the main text. A behavior very similar to that
observed in [23] is recovered.

APPENDIX G: BEYOND INSTANTANEOUS

INTERACTION SWITCH OFF: FINITE TRANSVERSE

EXPANSION TIME

In the data presented in the main text, the frequency of the
probed longitudinal modes, of the order ofcq, is no more than

0.0 0.5 1.0 1.5 2.0 2.5
u[μm]

0.95

1.00

1.05

g 2
(u
)

theor. predict.

expt. data

FIG. 8. Normalized autocorrelation function of the density rip-
ples. The data set used is the same as that of Fig.2(b)of the main text.
Experimental data are shown in green and the theoretical prediction
for a cloud at a temperatureT=55 nK and an optical resolution
σ=2.9μm is shown in blue.
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0.15×ω⊥. Then, due to the rapid transverse expansion, inter-
actions during time of flight become almost instantaneously
negligible and are expected to give only minor corrections
to the density-ripple spectrum computed for an instantaneous
switching off of the interactions. It is nevertheless interesting
to estimate their effect. This has already been computed in
[38], in the limitμ h̄ω⊥and using time-dependent Bogoli-
ubov equations, i.e., equations of motion linearized in density
fluctuations and phase gradient. The linearized calculationsa
priorirequire that density fluctuations stay small. Although in
our case density ripples at the end of the time of flight have
large amplitudes, the Bogoliubov calculations hold for the
smallqcomponents, which fulfillq mlc/(̄htf) and which
are considered in our paper. The conditionμ h̄ω⊥on the
other hand is not verified for the data shown in the main text.
We nevertheless believe that the calculations of [38]givea
relevant estimation of the effect of interactions during the time
of flight for our data. From results of [38], we find that the
density-ripple power spectrum for the smallqwave vectors,
givenbyEq.(5) of the main text, should be corrected by the
factor

C=(ω⊥tf)
−(ck/ω⊥)

2

. (G1)

In all experimental situationsC>0.95, which confirm
that the effect of interactions during the time of flight is
small.

APPENDIX H: EFFECTS WHICH MAY REDUCE THE

OSCILLATION AMPLITUDE

In this section we investigate two effects responsible for
a reduction of the amplitude of the oscillations ofJ̄(see
main text), as compared to the theoretical prediction given
by Eq. (6) of the main text. We first consider the effect of
the finite ramp time of the interaction strength, which reduces
the squeezing of the Bogoliubov modes, as compared to an
instantaneous quench. This effect contributes to the reduction
of the amplitude on the order of 10%. We then investigate
the reduction of the amplitude induced by the binning of the
data with a finite resolution inτ. This effect amounts to an
additional reduction of the amplitude by 18%.

1. Beyond the instantaneous quench: Finite ramp time

In the experiment, the change of the effective interaction
strength is not instantaneous: to ensure the adiabatic following
of the transverse motion, we perform a ramp of the transverse
oscillation frequency during a timetr. The finite value of
tris responsible for a decrease of the induced squeezing
of each mode. In the asymptotic limit of very largetr,the
squeezing vanishes since then the modes follow adiabatically
the modification of the interaction strength. In the following
we compute the effect of the ramp on the squeezing of each
mode and we use this result to compute the resulting decrease
of the oscillation amplitude ofJ̄.
In order to estimate the effect of the finite ramp time,

we will consider a homogeneous gas for simplicity. The
Bogoliubov modes are then described by the Hamiltonian of

(a)

(c) (d)

(b)

0 tr
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−
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+
1
/
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FIG. 9. Effect of the interaction strength ramp on the squeezing
of longitudinal modes. The time sequence is shown in (a). An
example of the phase-space distribution at the end of the ramp is
shownin(b):the1/

√
eline of the Gaussian distribution is plotted.

The squeezing factorSis the ratio between the rms widths along the
antisqueezed and the squeezed directions. The curved arrow shows
the direction of rotation under free evolution. Quantitative results
are shown in (c) and (d) for a quench strengthκ=ω

f
⊥/ω

i
⊥−1=

2 (solid lines) andκ=4 (dashed lines). (c) shows
√
κ+1(S2−

1)/(Sκ), which gives the amplitude of the resulting breathing os-
cillations normalized to the amplitude for an instantaneous quench
(see text), vsωfqtrwhereω

f
qis the final frequency of the mode. The

squeezing angle is shown in (d), normalized byωfqtr/2.

Eq. (1) of the main text, namely

Hq=Aqn
2
q+Bqθ

2
q. (H1)

We regard the effect of a ramp ofω⊥between the timet=0

and the timetr:ω⊥ goes fromω
i
⊥ toω

f
⊥=(κ+1)ω

i
⊥,as

depicted in Fig.9. The coefficientBq=n0̄h
2q2/(2m)istime

independent, while the coefficientAqevolves linearly during
the ramp ( i.e., during time interval 0<t<tr), since it is
proportional toc2, itself proportional toω⊥. Then, the solution
of the second-order equations describing the evolution ofθq
andnqduring the ramp is given in terms of the Airy functions.
In order to investigate the squeezing, it is natural to introduce
the reduced variables

θ̃q=θq/̄θq
ñq=nq/̄nq

, (H2)

whereθ̄q=[Aq(t)/Bq]
1/4andn̄q=[Bq/Aq(t)]

1/4are the
time-dependent widths of the ground state. For given initial
values, the values ofθ̃qand̃nqat the end of the ramp are

θ̃q(tr)

ñq(tr)
=M

θ̃q(0)

ñq(0)
, (H3)
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where the matrixMhas the following components:
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

M11=(κ+1)
−1/4π{−Bi(−δ

−2/3)Ai[−(κ+1)δ
−2/3]+Ai(−δ

−2/3)Bi[−(κ+1)δ
−2/3]}

M22=(κ+1)
1/4π{Bi(−δ

−2/3)Ai[−(κ+1)δ
−2/3]−Ai(−δ

−2/3)Bi[−δ
−2/3(κ+1)]}

M21=[δ
−4/3(κ+1)]1/4π{−Bi(−δ

−2/3)Ai[−δ
−2/3(κ+1)]+Ai(−δ

−2/3)Bi[−δ
−2/3(κ+1)]}

M12=[δ
−4/3(κ+1)]−1/4π{Bi(−δ

−2/3)Ai[−δ
−2/3(κ+1)]−Ai(−δ

−2/3)Bi[−δ
−2/3(κ+1)]}

. (H4)

HereAi,Biare the first and second kind Airy functions and
Ai,Bi, their derivatives andδ=κ/(trω

i
q) the quench speed

normalized to the initial mode frequency (we recall that the

quench strength isκ=ω
f
⊥/ω

i
⊥−1). Under this transforma-

tion, the initial isotropic Gaussian distribution transforms into
a squeezed distribution, i.e., a Gaussian elliptical distribution
with a squeezing angleαand ratio between the rms width
of the two eigenaxes equal to the squeezing factorS.In
order to findαandS, let us compute, for any angleβ,the
width along the quadraturex̃β=cos(β)̃θq+sin(β)̃nq.Using
the fact that the initial state is a thermal equilibrium state
fulfillingθ̃2qi= ñ

2
qi≡Vandθ̃q̃nqi=0, and using the

transformation above, we find

x̃2β =V cos
2(β)M211+M

2
22 +sin

2(β)M221+M
2
22

+2 cos(α)sin(α)(M11M21+M22M12). (H5)

The squeezing angleαis found by imposingdx̃2β/dβ|β=α=

0, which leads to

tan(2α)=−2
M11M21+M22M12

M221+M
2
22−M

2
11−M

2
12

. (H6)

The most squeezed quadrature isx̃α while x̃α+π/2is the
most antisqueezed quadrature. The squeezing factor isS=

x̃2α/ x̃2α+π/2. It also writesS= x̃
2
α/Vsince the con-

servation of the phase-space area ensures x̃2α x̃
2
α+π/2 =

V, and it is evaluated injectingβ=αin Eq. (H5). Results
are shown in Fig.9for quench amplitudesκ=2 andκ=4

as a function ofω
f
qtrwhereω

f
qis the final frequency of the

mode. For very slow modesω
f
qtr 1, one recovers the results

expected for an instantaneous quench:α 0 and (S2−1)
κ. For modes of larger frequency, the effect of the ramp is to
reduce the squeezing and also to rotate its axis.
The postquench dynamics results in a breathing of theθ̃q

quadrature: θ̃2q oscillates with an amplitudeV(S
2−1)/S.

Coming back to the variableθq, the evolution at timest>tr
writes

θ2q(t)= θ
2
qi

√
κ+1

Sq
1+ S2q−1sin

2ωfq(t−tr)+αq ,

(H7)
where the indiceqinSandαindicates these quantities depend

onq. As seen in Fig.9, the angleαqis very close toω
f
qtr/2,

for moderate values ofω
f
qtr. Injecting this value into Eq. (H7),

we find that it amounts to shifting the time reference totr/2.
We perform this shift when analyzing the data; in other terms
the reduced variableτisτ=cq(t−tr/2).
Let us now consider the evolution of the density-

ripple power spectrum|̃ρq|
2(t). For smallq,|̃ρq|

2(t)is

proportional toθ2q(t) such that the evolution of|̃ρq|
2(t)

is given by Eq. (H7). This leads to

J(q,τ)=

√
κ+1

Sq
1+ S2q−1sin

2(τ). (H8)

Let us now investigate the quantityJ̄(τ), defined in the main
text for experimental data. Here we will assume that the
measurement times are spread over [tm,tM] and we denote
h(t)dtthe number of points in the time interval [t,t+dt].
Theqvalues are assumed to be equally spaced, as in the case
of a fast Fourier transform, and onlyqvalues in the interval
[qm,qM] are considered. We assume thatJ̄(τ) is obtained by
binning inτthe collection of data with a bin size small
enough so that, for all measurement timest,J(q,τ) is about
constant in the intervalq∈[τ/(ct),(τ+ )/(ct)]. Then,
one has

J̄(τ)=
1

h(t)dt /(ct)
h(t)dtJ[q=τ/(ct),τ]/(ct),

(H9)
where the integrals are evaluated betweent1andt2, wheret1=
Max[tm,τ/(cqM)] andt2=Min[tM,τ/(cqm)]. Typically, in
the experiment small times are sampled more densely than
large times. Takinghproportional to 1/t, we obtain

J̄(τ)=
1

dt/t2
dt
J[q=τ/(ct),τ]

t2
=

dqJ(q,τ)

q2(τ)−q1(τ)
,

(H10)
whereq1=max[τ/(c)tM,qm] andq2=min[τ/(c)tm,qM].

τ/π
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(τ
)
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FIG. 10. Effect of the finite ramp time of the interaction strength
for a homogeneous gas. The expected behavior ofJ̄(solid line)
is compared to the case of an instantaneous ramp (dashed line).
Here we consider a gas of rubidium atoms at conditions close to
the experimental ones. More precisely, the linear density isn0=
630 atoms perμm, the initial transverse oscillation frequency is
ω⊥=2π×1.5 kHz, the quench strength isκ=2, and the ramp
time istr=0.7 ms. The range ofqvalues used to computeJ̄is
q∈[0.1,0.5]μm−1and the range of measurement times ist∈
[tr/2,6ms].
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The predicted time evolution ofJ̄is shown in Fig.10for
parameters close to that of the experimental data shown in the
main text. The amplitude of the first oscillation is decreased
by about 10%.

2. Finite width of the convolution function used

in data processing

The data shown in the inset of Fig.3of the main text
correspond to a data set with an exceptionally good signal over
noise. In general, the spread of the data points corresponding
toagivenvalueofτ(and thus corresponding to different
timestand wave vectorsq) is as large as about 50%. In
such conditions, a binning of the data as a function of the
reduced timeτ=cqtwith a bin size sufficiently large to
accommodate many data points is required in order to increase

the signal over noise. As describe in the main text, we use a
“smooth” binning: we compute the weighted average of the
data,J̄, with a Gaussian cost function of rms width .For
a very dense data set, we can define the local average value
J̃(τ)= i,τi∈[τ,τ+dτ]

Ji/dτ, where the sum is done on the

data set anddτis much smaller than . Then̄Jcorresponds
to the convolution ofJ̃with a convolution width .This
convolution reduces the amplitude of the oscillations. To
estimate this amplitude reduction, let us disregard the small
damping of the oscillations coming from the cloud in-
homogeneity (see Sec.III) and thus consider data which
would follow the oscillatory behavior J̃=Asin2(τ). The

smoothingJ̄(τ)=
∞
−∞dτJ̃(τ)e

−(τ−τ)2/(22)/(
√
2π 2)re-

duces the amplitude toA=Ae−2
2
.For =0.1π,asused

for the data analysis shown in the main text, the amplitude is
reduced by 18%.
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We report the demonstration of cooling by three-body losses in a Bose gas. We use a harmonically

confined one-dimensional (1D) Bose gas in the quasicondensate regime and, as the atom number decreases

under the effect of three-body losses, the temperatureTdrops up to a factor of 4. The ratiokBT=ðmc
2Þstays

close to 0.64, wheremis the atomic mass andcthe speed of sound in the trap center. The dimensionless 1D

interaction parameterγ, evaluated at the trap center, spans more than 2 orders of magnitudes over the

different sets of data. We present a theoretical analysis for a homogeneous 1D gas in the quasicondensate

regime, which predicts that the ratiokBT=ðmc
2Þconverges towards 0.6 under the effect of three-body

losses. More sophisticated theoretical predictions that take into account the longitudinal harmonic

confinement and transverse effects are in agreement within 30% with experimental data.
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The identification and understanding of cooling proc-
esses, both on the theoretical and the experimental side, is
crucial to the development of cold atom physics[1,2]. It can
help to elaborate strategies to enter new regimes and it can
also improve the control over state preparation in experi-
ments where cold atoms are used as quantum simulators of
many body systems. Ultracold atom gases are metastable
systems, their ground state being a solid phase. They are
thus plagued with intrinsic recombination processes, that in
practice limit their lifetime. Such processes are mainly
three-body collisions during which a strongly bound dimer
is formed. It amounts to three-body losses because the
dimer is typically no longer trapped and the remaining atom
escapes because of its large kinetic energy. These losses are
known to produce an undesired heating in cold gases. In the
case of a thermal gas, since they occur predominantly in the
regions of high atomic density, where the potential energy
is low, these losses increase the energy per remaining
particle, leading to an antievaporation process[3]. In Bose-
Einstein condensates (BEC) confined in deep traps, it was
predicted that three-body collisions produce a heating of
the BEC through secondary collisions with high energy
excitations formed by the loss process[4]. This Letter
constitutes a breakthrough since we identify a cooling
associated with three-body losses in a cold Bose gas.
A similar counterintuitive cooling was recently inves-
tigated in[5–8]where the effect of one-body losses in
quasicondensate regime[9]is considered. Although one-
body losses are also central for evaporative cooling, here
the losses are energy independent and the cooling origi-
nates from a very different physics. Those works were
recently extended[11]to anyj-body loss process, for Bose
gases in the BEC or quasicondensate regime, in any
dimensiond, and for homogeneous gases as well as gases

confined in a smooth potential. These studies focus on the
effect of losses on low energy excitations in the gas, the
phononic modes, which correspond to density waves
propagating in the condensate. On the one hand, the energy
in these modes is reduced by losses since the amplitude of
density modulations is decreased, removing interaction
energy from the mode. On the other hand, the discrete
nature of the loss process comes with accompanying shot
noise which induces density fluctuations, increasing the
energy per mode. It has been shown that the competition
between these processes leads to a stationary value of the
ratiokBT=ðmc

2Þwheremis the atom mass andcthe speed
of sound. This value, of the order of one, depends onj,d,
and on the confining potential[11]. For three-body losses
in a 1D quasicondensates (j¼3,d¼1) confined in a
harmonic potential one expectskBT=ðmc

2
pÞto converge to

0.70[11], wherecp is evaluated at the peak density.
In contrast to evaporative cooling, this loss-induced cool-
ing does not rely on a thermalization mechanism in the
gas[12].
In this Letter, we show experimentally that three-body
losses induce a cooling and we identify the stationary value
ofkBT=ðmc

2
pÞassociated with the three-body process.

More precisely, investigating the time evolution of a 1D
quasicondensate, we observe a decrease of the temperature
as the atom number decreases under the effect of three-
body losses. Moreover, on the whole observed time
interval, the ratiokBT=ðmc

2
pÞstays about constant, at a

value close to 0.64, which indicates that the stationary value
ofkBT=ðmc

2
pÞimposed by the loss process is reached. We

took several data sets for different parameters. In terms of
the 1D dimensionless parameterγ[13]characterizing the
strength of the interactions[14], our data span more than 2
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orders of magnitude. We compare the experimental data
with numerical calculations based on the results of[11],
which take into account the harmonic longitudinal confine-
ment of the gas and the swelling of the transverse wave
function under the effect of interactions. The experimental
results are close to those predictions. In order to present the
underlying physics, we derive in this Letter the evolution of
the temperature under three-body losses, in the more simple
case of a homogeneous purely 1D quasicondensate.
The experiment uses an atom-chip setup[15]where87Rb
atoms are magnetically confined using current-carrying
microwires. An elongated atomic cloud is prepared using
radio frequency forced evaporative cooling in a trap of
transverse frequencyω⊥. Depending on the data set,
ω⊥=ð2πÞvaries between 1.5 and 9.2 kHz and the atomic
peak linear densitiesnvary between 22 and257μm−1. The
temperature fulfillskBT<ℏω⊥and the gas mostly behaves
as a 1D Bose gas[17]. It, moreover, lies in the quasicon-
densate regime[18], characterized by weak correlations
between atoms, as in Bose-Einstein condensates[19], and
in particular small density fluctuations[20]. As long as the
atoms are in the ground state of the transverse potential,
interactions between atoms are well described by a 1D
effective coupling constantg¼2ℏω⊥a, wherea¼5.3nm
is the 3D scattering length[21], and the chemical potential
is given byμ¼gn. This is valid only as long asμ≪ℏω⊥,
which requiresna≪1. In the presented datanatakes
values as large as 1.3 and the broadening of the transverse
wave function due to interactions has to be taken into
account for quantitative analysis. In particular, the equation

of state becomesμ¼ℏω⊥ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ4na
p

−1Þ[23]. The qua-
sicondensates are confined in the longitudinal direction
with a harmonic potentialVðzÞof trapping frequency
ωz=ð2πÞ¼8.5Hz, weak enough so that the longitudinal
profilen0ðzÞis well described by the local density
approximation (LDA), with a local chemical potential
μðzÞ¼μp−VðzÞ, whereμpis the peak chemical potential.
It extends over2Rwhere the Thomas-Fermi radiusR
fulfillsVðRÞ¼μp. Once the quasicondensate is prepared,
we increase the frequency of the radio-frequency field, by
several kHz, a value sufficient so that it no longer induces
losses. We then investigate the evolution during the waiting
timet. Five different data set are investigated, differing in
the value of the transverse confinement and the initial
temperature and peak density.
Using absorption images we record the density profile of
the gas, from which we extract the peak densitynp.
Figure1shows the evolution ofnpwith the waiting time
tfor the different data sets. The observed nonexponential
decrease ofnpis neither due to one-body losses (whose rate

is smaller than about0.14s−1in our experiment), nor to
inelastic two-body collisions, negligible for spin polarized
87Rb[24,25]. Its origin is three-body recombinations, as
justified by calculations presented below. In a three-body
recombination, a molecule (a dimer) is formed and its

binding energy is released in the form of kinetic energy of
the molecule and the remaining atom. They both leave the
trap since their energy is typically much larger than the trap
depth, limited by the radio-frequency field. Thus, the effect
of the three-body process is to decrease the gas density

according todρ=dt¼−ρ3gð3Þð0Þκ, whereρis the three

dimensional atomic density,gð3Þð0Þis the normalized three-
body correlation function at zero distance, andκ¼ð1.8
0.5Þ×10−41m6=s is the three-body loss rate for87Rb[24].
In a quasicondensate, correlations between atoms are small

andgð3Þð0Þ≃1[26]. Moreover, integratingdρ=dtover the
transverse shape of the cloud, we obtain a one-dimensional
rate of density decreasedn0ðtÞ=dt¼−Kn0ðtÞ

3, where
K¼ðκ=n30Þ∬dxdyρðx; yÞ

3. Taking into account the trans-

verse broadening of the wave function using the Gaussian
ansatz results of[27], we obtainK¼K0=ð1þ2n0aÞ,
where K0¼κm2ω2⊥=ð3π

2ℏ2Þ[28]. Finally, the rate of
variation of the total atom numberNis

dN

dt
¼−

Z
R

−R
dzKðzÞn0ðzÞ

3: ð1Þ

At any time, the measured profile is very close to an
equilibrium profile, which indicates the loss rate is small
enough to ensure adiabatic following ofn0ðzÞ. ThenNand
n0ðzÞare completely determined bynpand Eq.(1)can be
transformed into a differential equation fornp. We solve it
numerically for the parameters of the experimental data,
namely the frequencyω⊥and the initial peak density, using
the LDA to relateNandn0ðzÞtonp. Calculations, shown in
Fig.1, are in good agreement with the experimental data,
which confirms that losses are largely dominated by three-
body losses. In contrast to[5], where losses are dominated
by engineered large one-body losses, we rely here on
intrinsic collisional properties of the gas.
The temperature of the gas is determined analyzing the
large density ripples that appear after a time of flighttf
[5,29–32]. Interactions are effectively quickly turned off by
the transverse expansion of the gas and the subsequent free
evolution transforms longitudinal phase fluctuations into
density fluctuations. Using an ensemble of images taken in

FIG. 1. Peak density, in log scale, versus the waiting timet, for
the five different data sets. Solid lines areab initiocalculations of
the effect of three-body losses, for initial peak densities equal to
that of the experimental data.
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the same experimental condition, we extract the density
ripple power spectrum

hjρðqÞj2i¼

Z

dz½nðz; tfÞ−hnðz; tfÞie
iqz
2

: ð2Þ

We choose tfsmall enough so that the density ripples
occurring near the positionzare produced by atoms which
were initially in a small portion of the cloud, located nearz.
We can thus use, within a LDA, the analytic predictions for
homogeneous gases to compute the expected power spec-
trum of the trapped gas[32]. We take into account the finite
resolution of the imaging system modeling its impulse
response function by a Gaussian of rms widthσres. For a
given data set the density ripple power spectrum recorded at
t¼0is fitted with the temperatureTandσres, the latter
depending on the transverse width of the cloud and thus on
ω⊥. We then fithjρqj

2iat larger values oftwithTas a

single parameter (see inset Fig.2). The time evolution ofT
is shown in Fig.2for the five different data sets investigated
in this Letter. The temperature decreases witht, which
indicates a cooling mechanism associated with the three-
body losses. Note that this thermometry probes phononic
collective modes since the experimentally accessible wave
vectors are much smaller than the inverse healing
lengthξ−1¼

ffiffiffiffiffiffiffiffiffiffiffi
mgn0
p

=ℏ.
Figure3shows the same data, with the temperature

normalized tomc2p, wherecp¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
np∂nμjnp=m
q

is the

sound velocity at the center of the cloud, shown versus
the peak densitynp. Whilenpexplores more than one order

of magnitude, remarkably kBT=ðmc
2
pÞshows small

dispersion and is close to its mean value 0.64, the standard
deviation being 0.02[33].
The absolute linear density is, however, not the most
relevant quantity. A 1D gas at thermal equilibrium is
characterized by the dimensionless quantities γ¼
mg=ðℏ2nÞandtYY¼ℏ

2kBT=ðmg
2Þ[18]. In particular,

the quantum degeneracy condition corresponds to the line
γ2tYY≃1. Moreover, the crossover between the ideal Bose
gas regime and the quasicondensate regime occurs, within

the regionγ≪1, along the lineγ3=2tYY≃1. Finally, within
the quasicondensate regime, the lineγtYY≃1separates the
high temperature regime, where the zero distance two- and

three-body correlations functionsgð2Þð0Þandgð3Þð0Þare
dominated by thermal fluctuations and are larger than 1

from the low temperature regime, wheregð2Þð0Þandgð3Þð0Þ
are dominated by quantum fluctuations and are smaller than
1[34]. Here, we generalize these 1D parameters to quasi-
1D gases introducingt̃YY¼ℏ

2kBTn
2=ðm3c4Þandγ̃¼

m2c2=ðℏ2n2Þ. For a harmonically confined gas, we refer
in the following to the values of̃tYYand̃γevaluated at the
trap center. The evolution of the state of the gas during the
three-body loss process is shown in Fig.4in the (̃tYY,̃γ)
space. All data collapse on the linẽγ̃tYY¼kBT=ðmc

2
pÞ¼

0.7, with a maximum deviation of 36%, whilẽtYYexplore
more than 2 orders of magnitude.
The physics at the origin of the observed behavior can be
understood by considering the simple case of a pure 1D
homogeneous quasicondensate. We give here a simplified
analysis and refer the reader to[11]for a more complete
study. At first, let us solely consider the effect of three-body
losses, during a time intervaldt, in a small cell of the gas of
lengthΔ. The density isn¼n0þδn, wheren0is the mean
density andδn≪n0since we consider a quasicondensate.

FIG. 2. Evolution of the temperature for the five data sets (same
color code and symbols as in Fig.1). Inset: density ripples power
spectrum corresponding to the encircled point, with the fit in solid
line yielding the temperature.

FIG. 3. Evolution of the ratiokBT=ðmc
2
pÞ, in the course of the

three-body loss process, for the five data sets (same color code
and symbols as in Fig.1). The temperature decreases withc2p,
which is approximately proportional tonp. Solid (respectively,
dashed) lines: asymptotic ratio for a 1D homogeneous (respec-
tively, harmonically confined) gas. Dotted lines: numerical
calculation, that takes into account the transverse swelling, for
two different initial situations close to that of experimental data.

FIG. 4. The data collapse on the lineγ̃̃tYY¼0.7. The lower
right corner corresponds to the strongly interacting Tonks-
Girardeau regime. The data sets and color (symbols) codes are
the same as in all other figures.
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The density evolves according todn¼−Kn3dtþdη,
where dηis a random variable of vanishing mean
value reflecting the stochastic nature of the loss process.
Duringdtthe loss process is close to Poissonian and
hdη2i¼3Kn3dt=Δ≃3Kn30dt=Δ, where the factor 3 comes
from the fact that each loss event amounts to the loss of 3
atoms. To first order inδn, the mean density evolves
according todn0¼−Kn

3
0dt, and the expansion ofdn

yields

dδn¼−3Kn20δndtþdη: ð3Þ

The two terms of the right-hand side correspond to the
two competing effects of losses. The first term, a drift
term, reduces the density fluctuations: it thus decreases
the interaction energy, leading to a cooling. The second
term, a stochastic term due to the discrete nature of the
atom losses, increases the density fluctuations and thus
induces a heating. Going to the continuous limit, one
hashdηðzÞdηðz0Þi ¼3Kn30dtδðz−z

0Þ.
Let us now consider the intrinsic dynamics of the gas.
Within the Bogoliubov approximation, valid in the quasi-
condensate regime, one identifies independent collective
modes and, up to a constant term, the Hamiltonian of the
gas writesH¼

P
kHk, where

Hk¼Akδn
2
kþBkθ

2
k ð4Þ

is the Hamiltonian of the collective mode of wave vectork
[8]. Here, the conjugate quadraturesδnkandθkare the
Fourier components ofδnandθ,Bk¼ℏ

2k2n0=ð2mÞ, and,
as long as phononic modes are considered,Ak¼g=2.At
thermal equilibrium the energy is equally distributed
between the quadratures so thathHki=2¼Akhδn

2
ki¼

Bkhθ
2
ki. Let us compute the evolution ofhHkiunder the

effect of losses, assuming the loss rate is small compared to
the mode frequencyωksuch that the equipartition holds
for all times. First, the Hamiltonian parameterBk
changes according todBk¼−Kn

2
0Bkdt. Second, accord-

ing to Eq.(3), the losses modify the distribution on the
quadratureδnkand we obtaindhδn

2
ki=dt¼−6Kn

2
0hδn

2
kiþ

3Kn30[35]. Summing this two contributions leads to

dhHki

dt
¼−
7

2
Kn20hHkiþ

3

2
Kn30g: ð5Þ

From this equation, and usingdn0=dt¼−Kn
3
0, we derive

the evolution of the ratioy¼hHki=ðmc
2Þ, wherec¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
gn0=m
p

is the speed of sound. We find thatyconverges at
long times towards the stationary valuey∞¼0.6.
Phononic modes typically have large occupation numbers
for values ofyof the order of or larger than 1 so that
hHki≃kBT, whereT is the mode temperature, and
y¼kBT=ðmc

2Þ.
In the presence of a harmonic longitudinal potential,
calculations which assume that the loss rate is small enough

to neglect nonadiabatic coupling between modes, predict a
stationary value of the ratiokBT=ðmc

2
pÞequal toy∞¼

0.70ð1Þ[11], a value close to experimental data. For a more
precise comparison of data with theory, we compute the
time evolution ofyaccording to the formula derived in
[11], that takes into account the transverse swelling of the
wave function which occurs in our data at largena. The
results, shown in Fig.3for two different initial situations, is
close to experimental data. Even at the beginning of the
observed time evolution, the ratiokBT=ðmc

2
pÞin our gases

is close to its asymptotic value. Data are taken only for
gases that were sufficiently cooled by evaporative cooling
to be in the quasicondensate regime, where both our
thermometry and the theoretical description of the effect
of losses are applicable. It occurs that, in our experiment,
when the gas enters the quasicondensate regime the ratio
kBT=ðmc

2
pÞis already close to 0.7.

In conclusion, we showed in this Letter that, under a
three-body losses process, the temperature of a quasicon-
densate in the quasi-1D regime decreases in time. The ratio
kBT=ðmc

2
pÞstays close to the predicted stationary value,

which results from the competition between the cooling
effect of losses and the heating due to the stochastic nature
of losses. This work raises many different questions. First,
the cooling mechanism presented in this Letter is not
restricted to 1D quasicondensates and it would be interest-
ing to investigate it in other regimes and dimensions, in
particular as one approaches the Tonks regime of 1D gases.
Second, while results presented in this Letter concern only
the phononic modes, it would be interesting to study the
effect of losses on higher energy modes. They might reach
higher temperatures than phononic modes, as predicted for
one-body losses[7], and the stability of such a nonthermal
situation might be particular to the case of 1D gases.
Finally, it is interesting to compare the three-body losses
cooling to the commonly used evaporative cooling mecha-
nism, which occurs via the removal of atoms whose energy
is larger than the trap depth. Its efficiency drops drastically
for temperatures lower thanmc2p=kB: the relevant excita-
tions are then phonons, which do not extend beyond the
condensate, and are thus very difficult to“evaporate.”Thus,
obtaining, by means of evaporative cooling, temperatures
lower than the asymptotic temperature imposed by three-
body losses is not guaranteed.
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Abstract

Wepresentageneralanalysisofthecoolingproducedbylossesoncondensatesorquasi-

condensates. Westudyhowtheoccupationsofthecollectivephononmodesevolvein

time,assumingthatthelossprocessisslowenoughsothateach modeadiabatically

followsthedecreaseofthemeandensity.Thetheoryisvalidforanylossprocesswhose

rateisproportionaltothejthpowerofthedensity,butotherwisespatiallyuniform. We

coverbothhomogeneousgasesandsystemsconfinedinasmoothpotential.Foralow-

dimensionalgas,wecantakeintoaccountthemodifiedequationofstateduetothe

broadeningofthecloudwidthalongthetightlyconfineddirections,whichoccursfor

largeinteractions. Wefindthatatlargetimes,thetemperaturedecreasesproportionally

totheenergyscalemc2,wheremisthemassoftheparticlesandcthesoundvelocity.

Wecomputetheasymptoticratioofthesetwoquantitiesfordifferentlimitingcases:a

homogeneousgasinanydimensionandaone-dimensionalgasinaharmonictrap.
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1 Introduction

Despitetheirextensiveuseasquantumsimulatorsorforquantumsensing,thetemperatures

reachedinultracoldgasesarenotfullyunderstood.Carefulanalysesofthecoolingmecha-

nismshavealongtraditioninthecoldatomscommunity,andthecorrespondingtemperature

limitsconstituteimportantbenchmarks.Theroleofatomlosses,however,isnotyeteluci-

dated,althoughsuchprocessesoftenplayaroleinquantumgasexperiments.Differentloss

processesmayoccur.One-bodyprocessesarealwayspresent,theirorigincouldbeforinstance

acollisionwithahotatomfromtheresidualvapour.Thefamiliarmethodofevaporativecool-

inginvolveslossesthatdependontheparticleenergy,acaseweexcludeinthispaper.For

cloudstrappedinaninternalstatewhichisnotthelowestenergystate,suchaslow-fieldseek-

ersinamagnetictrap,two-body(spinflip)collisionsmayprovidesignificantloss.Finally,

three-bodyprocesseswhereatomsrecombineintostronglybounddimersarealwayspresent

andareoftenthedominantlossmechanism.Theeffectofone-bodylossesforanidealBosegas

wasinvestigatedin[1].Lossprocessesinvolvingmorethanonebodyareasourceofheating

fortrappedthermalclouds,sincetheyremovepreferentiallyatomsindenseregionswherethe

potentialenergyislow[2].HereweareinterestedintheeffectoflossesinBosecondensates

orquasi-condensates,andwefocusonlowenergycollectivemodes,whosephysicsisgoverned

byinteractionsbetweenatoms.

One-bodylosseshaverecentlybeeninvestigatedforone-dimensional(1D)quasi-conden-

sates[3–6].Quasi-condensatescharacteriseweaklyinteracting1DBosegasesatlowenough

temperature:repulsiveinteractionspreventlargedensityfluctuationssuchthatthegasre-

sembleslocallyaBoseEinsteincondensate(BEC),althoughitdoesnotsustaintruelong-range

order[7,8].Theabovestudieshavefocussedonlow-energyexcitationsinthegas,thephonon

modes.Thesecorrespondtohydrodynamicwavespropagatinginthecondensate,wherelong-

wavelengthphase(orvelocity)modulationsarecoupledtodensitymodulations.Ontheone

hand,lossesreducedensityfluctuationsandthusremoveinteractionenergyfromeachphonon

mode.Thisdecreaseinenergy,andthusofquasiparticleoccupation,amountstoacoolingof

themodes.Ontheotherhand,theshotnoiseduetothediscretenatureoflossesfeedsaddi-

tionaldensityfluctuationsintothegas.Thisincreasestheenergypermodeandamountsto

heating.Theoreticalstudies[4–6],validforone-bodylossesin1Dhomogeneousgases,pre-

dictthatasanetresultofthesecompetingprocesses,thesystemiscoolingdowninsuchaway

thattheratiobetweentemperaturekBTandthechemicalpotentialµbecomesasymptotically

aconstant(equalto1). Manyquestionsremainopen.Forinstance,theroleoflongitudi-

nalconfinementhasnotbeenelucidated. Moreover,theoreticalpredictionsforhigher-body

lossprocessesarelacking,althoughcoolingbythree-bodylosseswasrecentlydemonstrated

experimentally[9].

Inthispaper,wegeneralisethetheoreticalresultsforone-bodylossesinhomogeneous

1DgasesandextendtheanalysistoaBECoraquasicondensateinanydimension,forany
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j-bodylossprocess,andforhomogeneousgasesaswellascloudsconfinedinasmoothlyvary-

ingtrappingpotential. Weconcentrateonphononmodesandthelossrateisassumedsmall

enoughtoensureadiabaticfollowingofeachmode.Low-dimensionalsystemsarerealised

experimentallybyfreezingthetransversedegreesoffreedomwithastrongtransversecon-

finement. However,inmanyexperimentstheinteractionenergyisnotnegligiblecompared

tothetransverseexcitationfrequenciessuchthatthefreezingisnotperfect.Theinteractions

thenbroadenthewavefunctioninthetransversedirections,andphononmodesintheweakly

confineddirectionsareassociatedwithtransversebreathing[10–12]. Ourtheorycantake

thisintoaccountwithamodifiedequationofstate:thequantitiesµandmc2,wheremisthe

atomicmassandcthesoundvelocity,equalforastrongtransverseconfinement,nolonger

coincide.Wefindthattheevolutionproducedbylossesisbetterdescribedbyaconstantratio

kBT/(mc
2)insteadofkBT/µ.TheasymptoticratiokBT/(mc

2)iscomputedforafewexam-

ples.Predictionsfromthispaperhavebeentestedsuccessfullyagainstrecentexperimental

resultsobtainedatLaboratoireCharlesFabryontheeffectofthree-bodylossesinaharmoni-

callyconfined1DBosegas[9].

2 Model

Weconsideracondensate,orquasi-condensate,indimensiond=1,2or3.Thegasiseither

homogeneousortrappedinasmoothlyvaryingpotentialV(r). Weassumeitissubjectto

aj-bodylossprocessofrateconstantκj:thenumberofatomslostperunittimeandunit

volumeisκjn
jwherenisthedensity. Thisdensityincludesfluctuationsofquantumand

thermalnature,anditsaverageprofileisdenotedn0(r,t).Insteadofusinginvolvedpowerful

theoreticaltechniquessuchasthetruncatedWignerapproach[13,14],wecomputetheeffect

oflossesinthispaperwithaspatiallycoarse-grainedapproachthatdoesnotrelyoninvolved

theoryandinwhichtheapproximationsaremadetransparent.Forthesamepedagogical

reason,weexplicitlyconstructthephase-densityrepresentationofthecollectiveexcitationsof

thegas,inasimilarwayasisdoneforinstancein[15].

2.1 Stochasticdynamicsoftheparticledensity

Letusfirstconsiderthesoleeffectoflossesandfixacellofthegasofvolume∆,smallenough

sothatthedensityofthe(quasi)condensateisabouthomogeneousinthisvolume,butlarge

enoughtoaccommodatemanyatoms.TheatomnumberinthecellisN=N0+δNwhere

N0=n0∆andδN N0sincethegasliesinthe(quasi)condensateregime.(Wedropthe

positiondependencen0=n0(r)forthemoment.)SincetypicalvaluesofδNaremuchsmaller

thanN0,onecanassumewithoutconsequencethatδNisavariablethattakesdiscretevalues

between− ∞and∞ .Hence,onecandefineaphaseoperatorθ,whoseeigenvaluesspanthe

interval[0,2π[andthatiscanonicallyconjugatetoδN.Losseswillaffectboththedensity

fluctuationsandthephasefluctuations.

Wefirstconcentrateontheeffectoflossesondensityfluctuations.Consideratimestepdt,

smallenoughthatthechangedNinatomnumberismuchsmallerthanN,butlargeenough

suchthatdNismuchlargerthan1.Afterthetimestep,wehave

dN=−KjN
jdt+dξ, (1)

whereKj=κj/∆
j−1.Here,dξisarandomnumberwithvanishingmeanvaluethattranslates

theshotnoiseassociatedwiththestatisticalnatureoflosses.Thenumberoflosseventsduring

thesmallstepdtisPoissondistributedsothatthevarianceofdξrelatestothemeannumber

oflostatomsby

〈dξ2〉=jKjN
jdt jKjN

j
0dt, (2)

3
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thefactorjcomingfromthefactthatateachevent,jatomsarelost.Theevolutionoffluctu-

ationsintheatomnumberisobtainedfromdδN=dN−dN0,wheredN0isthechangeofthe

meannumber,equaltodN0=−KjN
j
0dtinthelowestorderinδN.ExpandingN

jinEq.(1)to

firstorderinδN,weobtainthefollowingevolutionforthedensityfluctuationδn=δN/∆:

dδn=−jκjn
j−1
0 δndt+dη, (3)

wheredη=dξ/∆isarandomvariableofvariance〈dη2〉=jκjn
j
0dt/∆.Thefirsttermin

ther.h.s,thedriftterm,decreasesthedensityfluctuations.Itwillthusreducetheinteraction

energyassociatedtofluctuationsinthegasandproducecooling.Thesecondtermontheother

handincreasesthedensityfluctuationsinthegaswhichleadstoheating.

2.2 Shotnoiseandphasebroadening

Wenowcomputetheeffectoflossesonthephasefluctuations,followinganapproachsimilarto

Ref.[16].Forthispurpose,oneimaginesthatonerecordsthenumberoflostatomsduringdt.

ThismeasurementincreasestheknowledgeaboutN,andthusδN.Toquantifythisincrease

ofknowledge,weusetheBayesformula

P(δN|Nl)=
P(δN)

d(δN)P(Nl|δN)
P(Nl|δN), (4)

whereP(δN)istheinitialprobabilityofhavinganatomnumberN=N0+δN,andP(Nl|δN)

istheprobabilitythatanumberNlofatomswillbelost,giventhattheinitialatomnumberwas

N0+δN.Finally,P(δN|Nl)istheprobabilitythatthefinalnumberisN0−Nl+δN,knowing

thefactthatNlatomhavebeenlost.Asarguedabove,thePoissoniannatureofthelossprocess

andtheassumptionthatthenumberoflostatomsislargecomparetoone,implytheGaussian

distribution

P(Nl|δN)
1

2πσl
e−(Nl−KjN

jdt)2/(2σ2
l
), (5)

where N = N0+δN andσ
2
l
= jKjN

j
0dt. ExpandingN

jaroundN
j
0andintroducing

δN=Nl/(jKjN
j−1
0 dt)−N0/j,onehas

(Nl−KjN
jdt)2

σ2
l

(δN−δN)2

σ2
δN

, (6)

where

σ2δN=
N0

jKjN
j−1
0 dt

. (7)

Thus,accordingtoEq.(4),thewidthofthedistributioninδNismultipliedbyafunctionofrms

widthσδNafterrecordingthenumberoflostatoms.Thisnarrowsthenumberdistribution

andmustbeassociatedwithabroadeningintheconjugatevariable,θ,lesttheuncertainty

relationsareviolated.Thephasebroadeningmustbeequalto

〈dθ2〉=
1

4σ2
δN

=
jκjn

j−1
0

4n0∆
dt. (8)

Thisspreadingofthephaseresultsfromtheshotnoiseinthelossprocess.

Inthefollowing,keepinginmindthatonlylengthscaleslargerthantheinterparticledis-

tancehavetobeconsidered,wegotothecontinuouslimit.Thefactors1/∆inthevariance
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fordηinEq.(3)andinthephasediffusionofEq.(8)thenturninto

〈dη(r)dη(r)〉 = jκjn
j
0δ(r−r)dt, (9)

〈dθ(r)dθ(r)〉 =
j

4
κjn

j−2
0 δ(r−r)dt. (10)

Bothdiffusiontermsareduetothequantisednatureofthebosonicfield,namelythediscrete-

nessofatoms.TheireffectsbecomenegligiblecomparedtothedriftterminEq.(3)inthe

classicalfieldlimit,i.e.n0→ ∞ atfixedtypicaldensityfluctuationsδn/n0.Notefinallythat

theseresultscouldalsohavebeenobtainedusingatruncatedWignerapproach[13,14],using

approximationsbasedontherelationδn n0.

Beforegoingon,letusmakearemarkconcerninggasesinreduceddimension.Aneffec-

tive1D(resp.2D)gasisobtainedusingastrongtransverseconfinementinordertofreezethe

transversedegreeoffreedom:theatomsareinthetransversegroundstateoftheconfining

potential,ofwavefunctionψ(x⊥).Inthecaseofj-bodylosseswithj>1,thelossprocess

apriorimodifiesthetransverseshapeofthecloudsinceitoccurspreferentiallyatthecenter,

wherethedensityisthehighest.Inotherwords,itintroducescouplingstowardstransverseex-

citations.Weassumeherethelossratetobemuchsmallerthanthefrequencygapω⊥between

thetransversegroundandfirstexcitedstates.Thenthecouplingtotransverseexcitationshas

negligibleeffects,andtheaboveanalysisoftheeffectoflossesalsoholdsfortheeffective1D

(resp.2D)gas,providedκj=κ
3D
j d2x⊥|ψ(x⊥)|

2j(resp.κj=κ
3D
j dx⊥|ψ(x⊥)|

2j),where

κ3Dj istherateconstantcoefficientforthe3Dgas.

2.3 Collectiveexcitations

Letusnowtakeintoaccountthedynamicsofthegas.Undertheeffectoflossestheprofile

n0(r,t)evolvesintimeand,exceptforahomogeneoussystem,ameanvelocityfieldappears,

generatedbyaspatiallydependentphaseθ0(r,t).Hereweassumethelossrateissmallenough

sothat,atanytime,n0(r)isclosetotheequilibriumprofile.Wemoreoverassumethepotential

variessufficientlysmoothlysuchthattheequilibriumprofileisobtainedwiththelocaldensity

approximation.Then,atanytime,n0(r)fulfills

µ(n0(r))=µp−V(r), (11)

whereµ(n)isthechemicalpotentialofahomogeneousgasofdensitynandµpisthepeak

chemicalpotential,whichfixesthetotalatomnumber1.Inmostcasesµ=gnwheregis

thecouplingconstant.In3Dcondensates,g=4πħh2a/mwhereaisthescatteringlength

describinglow-energycollisions.Insituationswheretwo(resp.one)degreesoffreedomare

stronglyconfinedbyatransversepotentialoffrequencyω⊥,µdependsona,onthelinear

(resp.surface)densityn,andonω⊥.Aslongasħhω⊥ µ,thetransversecloudshapeis

closetothatofthetransversegroundstate2,andonerecoverstheexpressionµ=gnwhere

theeffective1D(resp.2D)couplingconstantgdependsonlyonaandonω⊥[17,18].At

largedensities,ħhω⊥∼µ,thetransversedegreesoffreedomarenolongercompletelyfrozen:

interactionsbroadenthetransversewavefunction,andµisnolongerlinearinn[11,12].We

discussoneexampleinSec.3.2.

Totreatthedynamicsaroundtheaveragedensityn0(r,t),aBogoliubovapproximation

isvalidsincethegasisinthe(quasi)condensateregime:onecanlinearisetheequationsof

motioninthedensityandphasefluctuationsδn(r)andϕ(r)=θ−θ0[15,19].Theseequations

1ThepeakdensityisreachedatthepositionrpwhereVreachesitsminimumvalue.WeimposeV(rp)=0.
2Weassumeherethatthetransversewidthofthecloudfulfillsl⊥ asuchthattheeffectofinteractionsiswell

capturedtreatingthegasasa3Dgas.

5



SciPostPhys.5,043(2018)

involvethemeanvelocityfieldħh∇θ0/m.Hereweassumethelossrateissmallenoughsothat

suchtermsarenegligible. Wemoreoverconsideronlylengthscalesmuchlargerthanthe

healinglength.Then,asdetailedinAppendixA,thedynamicsofδn(r)andϕ(r)isgoverned

bythehydrodynamicHamiltonian

Hhdyn=
ħh2

2m
ddrn0(∇ϕ)

2+
m

2
ddr
c2

n0
δn2. (12)

Herethespeedofsoundc=c(r)isrelatedtothelocalcompressibility,mc2=n0∂nµ,eval-

uatedatn0(r).Atagiventime,Hhdyncanberecastasacollectionofindependentcollective

modes.Thecollectivemodesaredescribedbytheeigenfrequenciesωνandtherealfunctions

gν[detailsinAppendixB].Theyobey

∇· n0∇(
c2

n0
gν)=−ω

2
νgν, (13)

andarenormalisedaccordingto

δν,ν=
m

ħhων
ddr
c2

n0
gν(r)gν(r). (14)

ThenHhdyn= νHνwhere

Hν=
ħhων
2
(x2ν+p

2
ν). (15)

Thedimensionlesscanonicallyconjugatequadraturesxνandpνarerelatedtoδnandϕre-

spectively.Moreprecisely,





δn(r)= νxνgν(r)

ϕ(r)=
mc2

n0 ν

pν
gν(r)

ħhων
,

(16)

whichinvertsinto 




xν=
m

ħhων
ddr
c2

n0
δn(r)gν(r)

pν= ddrϕ(r)gν(r).

(17)

Atthermalequilibrium,theenergyinthemodeνisequallysharedbetweenbothquadratures

and,fortemperaturesT ħhων,onehas〈Hν〉=T.

3 Coolingdynamics

3.1 Evolutionoftheexcitations

Letusconsidertheeffectoflossesonthecollectivemodes.Thelossprocessmodifiesintime

themeandensityprofileandthusthetwofunctionsofr,n0andc,thatenterintotheHamilto-

nianEq.(12). Wehoweverassumethelossrateisverylowcomparedtothemodefrequency

andtheirdifferencesων−ων,sothatthesystemfollowsadiabaticallytheeffectofthesemod-

ifications.Asaconsequence,equipartitionoftheenergyholdsatalltimesforanycollective

modeν,andtheadiabaticinvariantAν=〈Hν〉/(ħhων)isunaffectedbytheslowevolutionof

n0.ThedynamicsofAνisthenonlyduetothemodificationsofδn(r)andϕ(r)inducedbythe

lossprocess(subscriptl),namely

dAν
dt
=
1

2

d〈x2ν〉l

dt
+
d〈p2ν〉l

dt
. (18)

6
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InjectingEq.(3)intoEq.(17),weobtainforthe‘densityquadrature’

(dxν)l=
m

ħhων
ddr
c2

n0
gν(r)−jκjn

j−1
0 δn(r)dt+dη(r). (19)

Usingthemodeexpansion(16)forδn(r)inthefirstterm,weobservetheappearanceof

couplingsbetweenmodes.Intheadiabaticlimit(lossratesmallcomparedtomodespacing),

theeffectofthesecouplingsishowevernegligible.Then,Eq.(19)leadsto

d〈x2ν〉l

dt
=−
2jκjm

ħhων
〈x2ν〉 ddrc2n

j−2
0 g

2
ν+

jκjm
2

(ħhων)2
ddrc4n

j−2
0 g

2
ν. (20)

Letusnowturntothephasediffusionassociatedwithlosses.Itmodifiesthewidthofthe

conjugatequadraturepν,accordingto

d〈p2ν〉l

dt
=
jκj

4
ddrn

j−2
0 g

2
ν. (21)

Thehydrodynamicmodesarecharacterisedbylowenergies,ħhων mc2,whenthespeedof

soundisevaluatedinthebulkofthe(quasi)condensate.Thend〈p2ν〉l/dtgivesacontribution

thatscaleswiththesmallfactor(ħhων/mc
2)2comparedtothesecondtermofEq.(20).Inother

wordsoneexpectsthatthephasediffusionassociatedtothelossprocessgivesanegligible

contributiontotheevolutionofAν[Eq.(18)]forphononmodes
3.

WeseefromEq.(20)thattheadiabaticinvariantAνisactuallychangedbyj-bodylosses.

Wenowshowthatthedecreaseintheenergypermode〈Hν〉isbettercapturedbytheenergy

scaleassociatedwiththespeedofsound,astheirratiowillconvergetowardsaconstantduring

thelossprocess.Moreprecisely,weintroduce

yν=
〈Hν〉

mc2p

kBTν
mc2p

, (22)

wherecpisthespeedofsoundevaluatedatthepeakdensitynp.Thesecondexpressionis

validaslongasthephononmodesstayintheclassicalregime,〈Hν〉 ħhων.FromEq.(18)

and(20),neglectingthecontributionofEq.(21),weimmediatelyobtain

d

dt
yν=κjn

j−1
p [−(j − )yν+j ], (23)

wherethedimensionlessparameters , and are

=
m

ħhων
ddr
c2n

j−2
0

n
j−1
p

g2ν(r), (24)

=
m

2ħhων
ddr
c4n

j−2
0

c2pn
j−1
p

g2ν(r), (25)

=
dln(mc2p/ħhων)

dNtot
ddr

n
j
0

n
j−1
p

. (26)

Ingeneral,allofthemdependonνbutweomittheindexνforcompactness.Theterm is

therateofdecreaseofyνinducedbythereductionofthedensityfluctuationsundertheloss

3Attheborderofthe(quasi)condensate,wherethedensitybecomessmall,theconditionħhων mc2breaks

down,however.TheeffectofphasediffusionismorecarefullyevaluatedinSec.3.3.
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process,normalisedtoκjn
j−1
p .Theterm originatesfromtheadditionaldensityfluctuations

inducedbythestochasticnatureofthelosses.Theterm arisesfromthetimedependence

oftheratiomc2p/ħhων.Itiscomputedusingthedependenceofmc
2
p/ħhωνonthetotalatom

number,thelatterevolvingaccordingto

dNtot
dt
=− ddrκjn

j
0. (27)

Eqs.(23–26)constitutethemainresultsofthispaper.Theyhavebeensolvednumericallyfor

theexperimentalparameterscorrespondingtothedataof[9](j=3andanisotropicharmonic

confinement)andtheirpredictionscompareverywellwithexperimentalresults.

Wewouldlikeatthisstagetomakeafewcommentsabouttheseequations.First,thefactor

ħh,althoughitappearsexplicitlyintheequations,isnotrelevantsinceitiscanceledbytheħh

containedinthenormalisation(14)ofthemodefunctionsgν.Second,wenotethat , and

areintensiveparameters:theyareinvariantbyascalingtransformationV(r)→V(λr)and

dependonlyonthepeakdensitynpandontheshapeofthepotential.Finally,Eqs.(23–26)

dependonνanditispossiblethatthelossy(quasi-)condensateevolvesintoanon-thermal

statewheredifferentmodesacquiredifferenttemperatures.Suchanon-thermalstateofthe

gasispermittedwithinthelinearisedapproachwheremodesaredecoupled.Intheexam-

plesstudiedbelow,however,itturnsoutthatallhydrodynamicmodesshareaboutthesame

temperature4.Inthefollowing,weinvestigatetheconsequencesofEq.(23-26),considering

differentsituations.

3.2 Example:homogeneousgas

Inthiscase,densityn0andspeedofsoundcarespatiallyconstant.Thecollectivemodesare

sinusoidalfunctions,labelledbyνandofwavevectorkν
5.Thefrequenciesaregivenbythe

acousticdispersionrelationων=c|kν|andthemodefunctionsgνc,s(r)arenormalisedto

ddrg2ν(r)=
ħhων
mc2
n0. (28)

ThenEqs.(23-26)reduceto

d

dt
y=κjn

j−1
0 −y j−

∂logc

∂logn0
+j/2, (29)

whichisthesameforallmodesν.Letusconsiderthelimitµ=gn0,validin3Dgases,or

inlow-dimensionalgaseswithstrongtransverseconfinement(negligiblebroadeningofthe

transversewavefunction).Thenc∝ n
1/2
0 andEq.(29)showsthatytendsatlongtimes

towardstheasymptoticvalue

y∞ =
1

2−1/j
, (30)

independentofthemodeenergy4.Forone-bodylosses,onerecoverstheresulty∞ =1[4,5].

Inthecaseof3-bodylosses,onefindsy∞ =3/5.

Letusnowconsideraquasi-low-dimensionalgas,wheretransversebroadeningofthewave

functioncannotbeneglected.ThelogarithmicderivativeinEq.(29)isthennolongerconstant.

4Inthecaseofone-bodylosses,theoriesthatgobeyondthehydrodynamicapproximationpredictnon-thermal

statestoappear,wherethehigh-frequencymodesreachhighertemperaturesthanthephononmodes[4,5].
5For1Dgases,ν=(p,σ)wherepisapositiveintegerandσ=corsdependingwetherweconsidercosine

orsinemodes.Thewave-vectoriskν=2pπ/LwhereListhelengthofthebox,assumingperiodicboundary

conditions.Thisgeneralisestohigherdimensionswithν=(p1,σ1,p2,σ2,p3,σ3)in3Dforinstance.
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Figure1:Coolingaquasi-1Dgas,homogeneousalongtheaxialdirection,bythree-

bodylosses.Thedensityisinitiallysohighthattransversebroadeningisrelevant[the

chemicalpotentialdoesnotfulfillµ ħhω⊥].Left:timeevolutionofthetemperature

(thickblue),shownversusthetimedecreasingdensity.Blackdashedandthinred

linesshowtheintrinsicenergyscalesµandmc2.Thesystemrapidlyevolvesinto

adynamicalstatewherethetemperaturefollowstheenergyscalemc2,ratherthan

thechemicalpotential.Right:evolutionoftheratioy=kBT/mc
2vs.thedensity.

Thecurvescorrespondtodifferentinitialvalues(markedwithdots,thewhitedot

correspondingtotheparametersontheleft).Thethickredlineshowsthefunction

yminthatgivesthepositionsoflowestvaluestakenbyyinthecourseofcooling.In

thissystem(homogeneousalongtheaxialdirection),allhydrodynamicmodesevolve

withthesametemperature.

Wewillfocusonthecaseofaquasi-1Dgas,asrealisedexperimentallyforinstancein[9].The

effectofthetransversebroadeningiswellcapturedbytheheuristicequationofstate[11,12]

µ=ħhω⊥ 1+4n0a−1, (31)

whereω⊥ isthefrequencyofthetransverseconfinementandathe3Dscatteringlength.

InsertingintoEq.(29),onecancomputetheevolutionofy.Thetransversebroadeningalso

modifiestheratecoefficientκj,makingitdensity-dependent. However,re-scalingthetime

accordingtou=
t

0
κj(τ)n

j−1
p dτ=ln(n0(0)/n0(t)),Eq.(29)transformsinto

dy

du
=−y j−1/2+

n0(0)ae
−u

1+4n0(0)ae−u
+j/2 (32)

andnolongerdependsonκj.Fig.1showsthesolutionofthisdifferentialequationinthecase

of3-bodylosses,andforafewinitialsituations,namelydifferentvaluesofyandn0a(right

plot).Theasymptoticvaluey= y∞ isalwaysreachedatlongtimessincethetransverse

broadeningthenbecomesnegligible. Notethatindistinctiontopure1Dgases,theeffect

oftransversebroadeningallowsthesystemtoreachtransientlylowerscaledtemperatures

y<y∞,evenwhenstartingatvaluesofylargerthany∞. Moreprecisely,letusdenote

ymin(n0)=j/2/(j−1/2+an0/(1+4an0)).Whenstartingwithy>ymin,thelowestvalueof

yisreachedforsome(non-vanishing)density,anditfallsonthecurveymin.Forj=3,one

findthatyminvariesbetweeny∞ =0.6and6/11 0.55.Thus,thecoldesttemperaturesin

thecourseofthelossprocessneverdeviatebymorethan10%fromtheasymptoticvalue0.6:

theimpactoftransverseswellingisrelativelysmall.Notethat,ifoneconsideredthescaled

temperatureT/µratherthany,muchlargerdeviationswouldappear.
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Figure2: Asymptoticratioy∞ = kBT/mc
2forhydrodynamiccollective modes

ofa1Dquasi-condensateconfinedinaharmonictrap,for1-body(red),2-body

(blue)and3-body(green)losses. Themodesarelabeledbytheireigenfrequen-

ciesων=ω ν(ν+1)/2andweonlyconsiderν≥2.Symbols:calculationbased

ontheLegendrepolynomialsofEq.(34),insertedintoEqs.(24,25).Solidlines:

large-νapproximationgivenbyEq.(36)withvaluesy∞ =3/4,45/56,525/748for

j=1,2,3.

3.3 Example:1Dharmonictrap

Weconsidera1Dgasconfinedinaharmonicpotentialoftrappingfrequencyω. Weassume

forsimplicityapure1Dsituationwithµ=gn=mc2.IntheThomas-Fermiapproximation,

themeandensityprofileis

n0(z)=np(1−(z/R)
2), |z|≤R, (33)

wherenpisthepeakdensityandR= 2gnp/(mω2)istheaxialradiusofthequasicondensate.

FromEq.(13),werecovertheknownresultthatthehydrodynamicmodesaredescribedbythe

LegendrepolynomialsPν,andtheeigenfrequenciesareων=ω ν(ν+1)/2[7,20].Atrivial

calculation usingNtot =
4
3npR ∝ c3p andthesubstitution z = Rcosα gives

=
π/2

0
dαsin2j+1α=2/3,8/15,16/35forj=1,2,3.Tocompute and ,oneneeds

theexactexpressionofgν,whichaccordingtothenormalisation(14)canbewritten

gν(z)=
ħhων
2gR

2ν+1Pν(z/R). (34)

Insertingthisexpression,togetherwithEq.(33),intotheintegrals(24)and(25),wefindthat

, ,and aretime-independent.Thusytendsatlongtimestowardstheasymptoticvalue

y∞ =j /(j − ).Forlargeν,onecanusetheasymptoticexpansion[21]

Pν(cosα)
2

π(ν+12)sinα

1/2

cosφν, (35)

withφν=(ν+
1
2)α−

1
4π. MoreoverthefastoscillationsofPν(cosα)canbeaveragedoutin

thecalculationofthecoefficients and .Then and nolongerdependonν,sothat

y∞ isidenticalforallmodes,andwefind

y∞

j
π

π/2

0
dαsin2jα

2j
π

π/2

0
dαsin2j−2α−

π/2

0
dαsin2j+1α

. (36)
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Figure3: Diffusionofdensityandphasequadraturesassociatedwithmany-body

lossinaone-dimensionalgastrappedinaharmonicpotential. Weplotthedimen-

sionlesscoefficientsj [Eq.(25)]andj ϕ[Eq.(37)]thatareproportionaltothe

shotnoiseprojectedontothecorrespondingquadratures. Symbols:numerically

computedmodefunctions,improvinguponthehydrodynamicapproximation.Solid

lines:approximateresultsbasedontheLegendremodes(34).Dashedlines:guide

totheeye.Parameters:strictly1Dequationofstateµ=gn,peakchemicalpotential

µp≈gnp=100ħhω.

Forone-andthree-bodylosses,thisgivesy∞ =3/4=0.75andy∞ =525/748 0.701,

respectively.ThisasymptoticresultiscomparedtocalculationsusingtheexpressionEq.(34)

inFig.2.Wefindverygoodagreementassoonasthemodeindexislargerthan5.

Toconcludethisexample,wecomebacktothediffusivedynamicsofthe‘phasequadra-

tures’pνweneglectedsofar.Inthecaseofone-bodylosses,however,ithappensthatthe

integral(21)doesnotconverge:whilethemodefunctiongν(z)[Eq.(34)]remainsfiniteat

thecondensateborderz→±R,theintegrandn
j−2
0 (z)g

2
ν(z)isnotintegrableforj=1.Thisis

actuallyanartefactofthehydrodynamicapproximation,whichbreaksdownattheborderof

thecondensate.

WehaveperformednumericalcalculationsofthecollectiveexcitationsbysolvingtheBo-

goliubovequations6.Themodefunctionsgν(z)aredefinedaccordingtoEq.(61):theyextend

smoothlybeyondtheThomas-FermiradiusandmatchwellwiththeLegendrepolynomials(34)

withinthebulkofthegas.Theresultingvaluesfortheparameter [Eq.(25)]areshownin

Fig.3:theydependveryweaklyonthemodeindexνandarewelldescribedbytheapproxi-

matecalculationbasedontheLegendremodesmentionedafterEq.(35)(solidlines).Inthe

lowerpartofthefigure,thecorrespondingvaluesforthediffusioncoefficientoriginatingfrom

phasenoiseareshown,namelytheparameter

ϕ=
ħhων
8mc2p

ddr
n
j−2
0

n
j−1
p

g2ν(r). (37)

Theyremainatleastoneorderofmagnitudebelow.Forlossesinvolvingmorethanoneparti-

cle,theapproximation,underwhichthefunctionsgνaregivenbytheLegendrepolynomials,

6Forthecondensatewave-function,wealsowentbeyondtheThomas-Fermiapproximationbyallowingfora

‘spill-over’ofthecondensatedensitybeyondtheinvertedparabola.
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givesaconvergentintegralinEq.(37).Theresultisshownassolidlinesfortwo-andthree-

bodylosses,wherewemadetheadditionalapproximationEq.(35)ontheLegendrefunctions

andweaveragedouttheoscillatingpart. WefindthattheLegendreapproximationperforms

betterforthree-bodylossesthanfor2-bodylosses,whichisexpectedsinceastrongerweight

isgiventothebulkratherthantheedgeofthecondensate.Inconclusionofthisnumerical

study,weverifiedthevalidityoftheassumptionthat,forphononmodes,thephasediffusion

termgivesnegligiblecontributiontotheevolutionofy.Thistermbecomesnoticeablewhen

oneleavesthephononregimeħhων mc2.Then,oneshouldgobeyondthehydrodynamic

HamiltonianEq.(12)toproperlycomputethemodedynamics.7

4 Conclusion

Inthispaper,weconstructastochasticmodeltodescribetheeffectoflossesonthehydro-

dynamiccollectivemodesofcondensatesorquasicondensates.Explicitformulasforcooling

anddiffusionofthedensityandphasequadraturesarederived.Theyprovidethebehaviour

ofthemodetemperatureTwithtime. WeshowthatTbecomesproportionaltotheenergy

scalemc2wherecisthehydrodynamicspeedofsound.TheasymptoticratiokBT/(mc
2)is

computedexplicitlyindifferentsituationsandfordifferentj-bodyprocesses.Theseresults

areingoodagreementwithrecentexperimentsperformedinLaboratoireCharlesFabry[9]

wherethree-bodylossesprovidedthedominantlosschannel.

Thisworkraisesmanydifferentquestionsandremarks.First,itisinstructivetoinvestigate

theevolutionoftheratioD=ħh2n2/d/(mkBT),wheredisthegasdimension,sinceDquanti-

fiesthequantumdegeneracyofthegas.8Letusfocusforsimplicityonahomogeneoussystem

andusemc2=gn.OncetheratiokBT/(mc
2)hasbecomestationary,wefindthatDincreases

intimefor3-dimensionalgases,whileitdecreasesforone-dimensionalgases.Startingwitha

1DBosegasinthequasi-condensateregime,lossesletthequantityDγreachastationaryvalue

oforderone,butincreasethedimensionlessinteractionparameterγ=mg/(ħh2n). Whenγ,

fromvaluesmuchsmaller,approaches1,thegasliesatthecrossoverbetweenfourregimes:

thequasi-condensate(γ 1,D γ 1),thequantum-degenerateidealBosegas(D γ 1,

D 1),thenon-degenerateidealBosegas(Dγ2 1,D 1)andtheTonks-Girardeauregime

(γ 1,Dγ2 1).Atlatertimes,oneexpectsthecloudtoleavethequasi-condensateregime

andwebelieveitbecomesanon-degenerateidealBosegas.Second,theeffectoflosseson

high-frequencymodes,notdescribedbyourhydrodynamicmodel,leadsaprioritohighertem-

peratures;thiswasinvestigatedfor1Dgasessubjecttoone-bodylosses[5].Thegasisthen

describedbyageneralisedGibbsensemblewheredifferentcollectivemodesexperiencediffer-

enttemperatures.Thisnon-thermalstateisevenlonglivedin1Dquasicondensates[5].While

thecalculationspresentedhereareformallyvalidforhigherdimensions,efficientcouplingbe-

tweenmodesmayreducetheirrelevance,sincesuchcouplingfavoursacommontemperature.

Itisanopenquestionwhetherourmethodscouldbeextendedtothecaseofevaporativecool-

ingwheretheone-bodylossrateisenergy-orposition-dependent.Thismechanismmayplay

aroleinexperimentswheretemperaturesaslowaskBT≈0.3mc
2havebeenobserved,lower

thanthepredictedtemperaturesforuniformlosses[3].Finally,itwouldbeinterestingtoex-

tendthisworktodifferentregimesofthegas.Forinstance,onemayaskhowtheeffectof

lossestransformsasonegoesfromaquasi-condensatetotheidealgasregime.Theapproxi-

mationofweakdensityfluctuationsthenclearlybecomesinvalid.Onecouldalsoinvestigate

lossesatevenlowerdensities,wherethe1Dgasentersthefermionised(orTonks-Girardeau)

7Afulltreatmentgoingbeyondthehydrodynamicapproximationhasbeenperformedforone-bodylossesin

homogeneous1Dquasi-condensates[4,5].
8NotehoweverthatthetemperatureusedinthedefinitionofDreferstothephononicmodesonly.
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regime.Here,onesexpectsthatthelossesactinasimilarwayasinanon-interactingFermi

gas. One-bodylosses,forexample,shouldthenproduceheating,sincethetemperaturein-

creasesasthedegeneracyofanidealFermigasdecreases.Finally,itwouldbeinterestingto

investigatewhethertheresultspresentedheremayalsocoverinteractingFermigasesinthe

superfluidregime.
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A Reductiontolow-dimensionalhydrodynamics

Asmentionedinthemaintext,weassumethelossprocessisslowenoughsothat,first,the

meanprofileateachtimeisveryclosetotheequilibriumprofilewiththesameatomnumber,

andsecond,wecansafelyneglectanymeanvelocityfieldwhencomputingthetimeevolution

ofthefluctuatingfieldsδn,ϕ.Theevolutionequations∂δn/∂tand∂ϕ/∂tarethus,ata

giventime,equaltothoseforatime-independentquasi-condensate.Inthepurely3D,2Dand

1Dcases,forcontactinteractions,wecanusethewellknownresultsbasedonBogoliubov

theory.Wethenfindthattheequationofstatetakestheformµ=gnand∂δn/∂tand∂ϕ/∂t

derivefromEq.(12)forthelong-wavelengthmodes.

Letusnowconsiderthecasewherethegasisconfinedstronglyenoughin1or2dimen-

sions,suchthattherelevantlow-lyingexcitationsareofplanaroraxialnature. Weallow,

however,foratransversebroadeningofthewavefunctionundertheeffectofinteractions.

Weshowbelowthattheequationsofmotionfortheslowphononicmodes,forwhichthe

transverseshapeadiabaticallyfollowsthedensityoscillations,alsoderivefromEq.(12).The

proofgivenhereiscomplementarytoRefs.[10,11]becauseitdoesnotneedanexplicitmodel

abouttheshapeofthetransversewavefunction.Inordertosimplifythenotations,were-

strictourselvestothequasi-1Dsituation.Thederivationcanbeeasilytranslatedtoquasi-2D

situations.

Wethusconsideragasconfinedinaseparablepotentialconsistingofastrongtransverse

confinementandasmoothlongitudinalconfinement.Theequilibriumdensitydistributionof

thequasi-condensateis|φ0(x,y,z)|
2wheretherealfunctionφ0(x,y,z)obeysthestationary

Gross-Pitaevskiiequation

−
ħh2

2m
∂2z−

ħh2

2m
∆⊥+V⊥(x,y)+V(z)+g|φ0|

2−µp φ0=0. (38)

Hereg=4πħh2a/misthe3Dcouplingconstantwithathezero-energyscatteringlength.

WithintheBogoliubovtheory,theevolutionofexcitationsisgovernedbytheequations[19]





iħh∂t̃f
+ = −

ħh2

2m
∂2z−

ħh2

2m
∆⊥+V⊥(x,y)+V(z)+g|φ0|

2−µp f̃
−

iħh∂t̃f
− = −

ħh2

2m
∂2z−

ħh2

2m
∆⊥+V⊥(x,y)+V(z)+3g|φ0|

2−µp f̃
+.

(39)

Thefieldoperatorsarehalfsumanddifferenceofthefluctuatingfieldoperatorsδψandδψ†.

f̃+islinkedtodensityfluctuationsand̃f−tophasefluctuations.
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Sinceweassumethattheaxialvariationisslowcomparedtothetransverseone,thesolu-

tionφ0canbeapproximatedbyafunctionψthatdependsontheaxialcoordinatezonlyvia

alocalchemicalpotential

φ0(x,y,z) ψ(x,y;µ), µ=µp−V(z). (40)

Here,ψsolvestheGross-Pitaevskiiequationforanaxiallyhomogeneoussystem:

−
ħh2

2m
∆⊥+V⊥(x,y)+g|ψ|

2−µ ψ=0. (41)

Thisprocedureisconsistent,e.g.,withmakingtheThomas-Fermiapproximationintheaxial

direction.Solvingthisequationyieldsthelocalchemicalpotentialasafunctionoftheaxial

(average)densityµ=µ(n0)with

n0(z)= dxdy|φ0(x,y,z)|
2 dxdy|ψ(x,y;µ)|2. (42)

ThismotivatesthefollowingseparationAnsatzfortheBogoliubovfunctionsinEq.(39):

f̃+=∂µψ∂nµF
+

f̃−=iφ0F
−.

(43)

wherethefunctionsF+andF−dependonlyonzandthederivative∂nµisevaluatedatthe

localdensityn0.InsertingthisintothesecondlineofEq.(39),wefind

−φ0ħh∂tF
−= −

ħh2

2m
∂2z−

ħh2

2m
∆⊥+V⊥(x,y)+V(z)+3g|φ0|

2−µp ∂µψ∂nµF
+ . (44)

Theactionofthisoperatoron∂µψcanbeworkedoutbydifferentiatingEq.(41)versusµ:

thisgives

−
ħh2

2m
∆⊥+V⊥(x,y)+3g|ψ|

2−µ ∂µψ=ψ φ0. (45)

Eq.(44)thussimplifiesinto

−φ0ħh∂tF
−=−

ħh2

2m
∂2z ∂µψ∂nµF

+ +φ0∂nµF
+. (46)

Tofindaclosedequationfortheaxialdynamics,wemultiplywithψ(x,y;µ)andintegrate

overthetransversecoordinates.UsingEq.(42)anditsderivativeswithrespecttoµandz,we

findtheidentities

dxdyφ0∂µψ=
1

2
∂µn0=

1

2∂nµ
, dxdyφ0∂zφ0=

1

2
∂zn0. (47)

Usingthefirstone,Eq.(46)becomes:

−ħh∂tF
−=−

ħh2

4mn0
∂2zF

++∂nµF
+ −∂nµF

+, (48)

whereinthesecondstep,wetookthelong-wavelengthlimit.

LetusnowinserttheAnsatz(43)intothefirstlineofEq.(39):

ħh∂µψ∂nµ∂tF
+= −

ħh2

2m
∂2z−

ħh2

2m
∆⊥+V⊥(x,y)+V(z)+g|φ0|

2−µp φ0F
− . (49)
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Theactionoftheoperatorinparenthesesonφ0simplyvanishesbecausethisistheGross-

Pitaevskiiequation(38).SinceF−doesonlydependontheaxialcoordinate,weareleftwith:

∂µψ∂nµ∂tF
+=−

ħh

m
(∂zφ0)∂zF

−−
ħh

2m
φ0∂

2
zF
−. (50)

Weagainprojectoutthetransversecoordinatesandusetheidentities(47).Combiningthe

axialderivatives,wethenhave

∂tF
+=−

ħh

m
∂z(n0∂zF

−). (51)

ThesecalculationsillustratethattheAnsatzofEq.(43)captureswelltheaxialandtransverse

dependenceofthecollectiveexcitationsinthelow-dimensionalgas.Noteinparticularhow

thedensityfluctuations(̃f+)areaccompaniedbydensity-dependentchangesinthetransverse

wavefunction.

TomakecontactwiththehydrodynamicHamiltonian(12),weneedtorelateF+andF−

tothelow-dimensionaldensityandphasefields,δnandϕ.Bogoliubovtheorytellsusthat

three-dimensionaldensityfluctuationsarelinkedtõf+viaδρ=2φ0f̃
+.Integratingδρover

thetransverseplane,replacing̃f+byitsAnsatz(43)andusingEq.(47),weobtain

F+=δn=n−n0. (52)

Phasefluctuationsontheotherhandarelinkedtof̃−accordingtof̃−=iφ0ϕ.[Recallthat

theansatz(43)assumesauniformphaseinthex,yplane.]ComparisonwithEq.(43)gives

immediately

F−=ϕ. (53)

ThenEq.(48)andEq.(51)arepreciselytheevolutionequationsderivedfromtheHamilto-

nian(12).

B HydrodynamicBogoliubovmodes

Hereweconsiderlow-energymodesofeitherathree-dimensionalgasorlow-dimensional

gas,whosedynamicsisdescribedbythehydrodynamicapproximation. Moreprecisely,we

diagonalizetheHamiltonian(12),foragiven,time-independent,equilibriumprofilen0(r).

FromEq.(12)wederivetheevolutionequations

∂

∂t

δn/ n0
n0ϕ

=
δn/ n0
n0ϕ

, (54)

where

=
0 − ħh

m n0
∇· n0∇

1
n0
·

−mc2/ħh 0
. (55)

Thefactors n0areconvenienttogivethetwocomponentsthesamedimensionandtosym-

metrizethedifferentialoperatorthatappearsin .ThetwoequationsderivedfromEq.(54)

correspondtothehydrodynamicequationsprovidedweidentifyħh∇ϕ/mwiththevelocity:

thefirstoneisthecontinuityequation,thesecondonegivestheEulerequation.

Webuildthemodeexpansiononpairsofrealfunctionsthatformrighteigenvectorsof :

f+ν
if−ν

=iων
f+ν
if−ν

. (56)
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Duetosymmetrypropertiesof ,Eq.(56)entailsthefollowingproperties:(a)(f+ν,−if
−
ν)

isarighteigenvectorof ofeigenvalue−iων;(b)(if
−
ν,f

+
ν)isalefteigenvectorofsame

eigenvalue;and(c)differentrighteigenvectorsof verify ddrf−νf
+
ν
=0.Itisconvenient

toconsiderthoseeigenvectorsof whicharenormalizedaccordingto ddrf−νf
+
ν =1.This

yieldstheexpansions

δn/ n0
n0ϕ

=
1

2 ν

aν
f+ν
−if−ν

+a+ν
f+ν
if−ν

, (57)

whichinvertinto

aν=
1

2
ddr

δn(r)

n0
f−ν(r)+i n0ϕ(r)f

+
ν(r) . (58)

Thenormalisationoftheeigenvectorsandtherelation[δn(z),ϕ(z)]=iδ(z−z)ensure

[aν,a
†
ν]=δν,ν.

Weintroducethefunction

gν= n0f
+
ν, (59)

andusetherelationf−ν=mc
2f+ν/(ħhων)thatfollowsfromtheeigenvalueproblem(56).Then

thenormalisationofgν[Eq.(14)]followsfromthatof(f
+
ν,if

−
ν). Definingthequadratures

xν=(aν+a
†
ν)/ 2andpν=−i(aν−a

†
ν)/ 2,theexpansions(57)giveEqs.(16)ofthemain

text.

C Numericalcalculation

ForthenumericalresultsshowninFig.3,wehavesolvedtheGross-Pitaevskiiequationina

1Dharmonictrapbyminimisingthecorrespondingenergyfunctional:thisgivesasmooth

densityprofilen0(z).TheBogoliubovequationsaresolvedwithafinite-differenceschemeon

anon-uniformgrid. Wegetafrequencyspectrumthatcoincidestobetterthanonepercent

withtheLegendrespectrumforallmodeswithħhων 0.1gnp(npisthepeakdensity).The

traditionalBogoliubovmodesuνandvνarerelatedtotheeigenfunctionsofEq.(56)by

f+ν = 2(uν+vν), (60)

f−ν = (uν−vν)/ 2. (61)

InsertingthisintoEq.(59)givesthemodesgν. Wehavecheckedforphononexcitationswith

frequenciesħhων gnp,thattheproportionalitybetweenf
+andf−[seeafterEq.(59)]isan

excellentapproximationinthebulkofthecondensate.
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The emergence of a special type of fluidlike behavior at large scales in one-dimensional (1D) quantum

integrable systems, theoretically predicted in O. A. Castro-Alvaredoet al., Emergent Hydrodynamics in

Integrable Quantum Systems Out of Equilibrium,Phys. Rev. X6, 041065 (2016)and B. Bertiniet al.,

Transport in Out-of-Equilibrium XXZ Chains: Exact Profiles of Charges and Currents,Phys. Rev. Lett.

117, 207201 (2016), is established experimentally, by monitoring the time evolution of thein situdensity

profile of a single 1D cloud of87Rb atoms trapped on an atom chip after a quench of the longitudinal

trapping potential. The theory can be viewed as a dynamical extension of the thermodynamics of Yang and

Yang, and applies to the whole range of repulsive interaction strength and temperature of the gas. The

measurements, performed on weakly interacting atomic clouds that lie at the crossover between the

quasicondensate and the ideal Bose gas regimes, are in very good agreement with the theory. This contrasts

with the previously existing“conventional”hydrodynamic approach—that relies on the assumption of

local thermal equilibrium—which is unable to reproduce the experimental data.

DOI:10.1103/PhysRevLett.122.090601

The emergent hydrodynamic behavior of many interact-
ing particles is a fascinating phenomenon: at the atomic
level, all quantum (classical) systems are described by the
Schrödinger (Newton) equation, yet these unique micro-
scopic descriptions give rise to a wealth of different liquid
and gas phases at larger scales, from the ideal gas to liquid
water to plasmas to superfluid helium to Bose-Einstein
condensates, to name but a few. Inferring the correct
hydrodynamic behavior directly from the microscopic
constituents of a many-body system is, in general, a very
ambitious task that typically involves extensive numerical
simulations and a hierarchy of different modelings on
intermediate scales[1,2].
However, there exist a few simpler systems where the
emergence of a special kind of hydrodynamics can be
linked directly to the underlying microscopic rules[3].One
such system is the one-dimensional (1D) classical billiard,
or hard-rod gas[3–5], whose hydrodynamic behavior, as
seen below, is similar to that of the quantum system studied
in this Letter. The hard-rod gas consists ofNidentical
impenetrable rods of fixed diameterΔthat move along a
line, and exchange their momenta upon colliding elasti-
cally. At largeN, the 1D billiard admits a hydrodynamic
description: in the limit of density variations of very long
wavelength, the billiard can be described by a continuous
distributionρðx; vÞof rods moving at velocityvaround a
positionxand this distribution satisfies an exact evolution
equation which resembles the Liouville equation for phase
space densities, up to a renormalization of the bare velocity

v[see Eq.(2)]. The latter renormalization encodes the
following microscopic mechanism: when one rod with
velocityvhits another one with velocityw<vfrom the
left, they exchange their momenta. Equivalently, because
all the rods are identical, one can think of the collision as an
instantaneous exchange of their positions, as if the rod with
bare velocityvjumped instantaneously by a distanceΔto
the right. Thus, the time needed by that rod to travel a
distancelis notl=v, but ratherðl−ΔÞ=v. For a finite
density of rods, this results in each rod with bare velocityv
moving at an effective velocityveffðvÞ, that depends on the
distributionρðx; vÞ[3–5]. In distributions of long wave-
lengths, the evolution equation forρðx; vÞbecomes a
hydrodynamic flow controlled by the local effective veloc-
ityveff. The 1D billiard thus exhibits an interesting hydro-
dynamic behavior that is straightforwardly related to its
microscopics. Slight generalizations of that model exist,
where the jumping distanceΔdepends on the relative
velocityv−w, which possess a similar hydrodynamic
description[6].
Remarkably, thesameemergent hydrodynamics was
rediscovered in 2016 in the context of 1D quantum
integrable models[7,8]—the resulting theoretical frame-
work is now dubbed generalized hydrodynamics (GHD).
Cold atom experiments offer a unique platform to test the
validity of this theoretical breakthrough. Indeed 1D clouds
are well described by the 1D Bose gas with contact
repulsion[9–11], a paradigmatic integrable system known
as the Lieb-Liniger model[12]whose large-scale dynamics
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is argued to be given by GHD[7,13–22]. Many other
integrable models are argued to be described by GHD,
leading to intense research activity in the past two years
[8,23–32].
The goal of this Letter is to establishexperimentally
GHD as the correct hydrodynamic description of the 1D
Bose gas. To do so, we measure thein situdensity profiles
of a time-evolving 1D atomic cloud trapped on an atom
chip, and compare the data with predictions from GHD. We
contrast those predictions with the ones of the conventional
hydrodynamic (CHD) approach—based on the assumption
of local thermal equilibrium[33]—that has been frequently
used[34–39]. Starting from a cloud at thermal equilibrium
in a longitudinal potentialVðxÞ, dynamics is triggered by
suddenly quenchingVðxÞ. We consider three types of
quenches. The first is a 1D expansion of the cloud from
an initial harmonic potential (Fig.1); the second is a 1D
expansion from a double-well potential (Fig.3); the third is
a quench from double-well to harmonic potential (Fig.4).
We find that only GHD is able to accurately describe the
time evolution of the cloud beyond the harmonic case.
Generalized hydrodynamics.—The Hamiltonian that
describes our atomic gas ofNbosons of massmconfined
in a potentialVðxÞwith contact repulsion is

H¼−
ℏ2

2m

XN

i¼1

∂2xiþg
X

i<j

δðxi−xjÞþ
XN

i¼1

VðxiÞ; ð1Þ

which reduces to the model solved by Lieb and Liniger[12]
whenVðxÞ¼0. As in any hydrodynamic approach, the
idea is to trade that microscopic model for a simpler, long-
wavelength, description in terms of continuous densities.

The fluid consists of local“fluid cells”of sizeδx, withδx
very short compared to the wavelength of density varia-
tions, but very long compared to microscopic lengths in the
gas. The state inside each local fluid cell [x,xþδx]isa
macrostate of the Lieb-Liniger model that is entirely
characterized by its distributionρðx; vÞof rapiditiesv,
similarly to the celebrated thermodynamic Bethe ansatz of
Yang and Yang[46,47](as explained in Refs.[7,8], that
these are the correct local macrostates can be seen as a
consequence of recent results on“generalized thermal-
ization”[48,49]). Semiclassically, one may view the
rapidityvas the bare velocity of aquasiparticle.Asin
the 1D billiard, the velocityvgets renormalized in the
presence of other quasiparticles, resulting in an effective
velocity that is the solution of an integral equation[3,5,7,8],

veffðvÞ¼vþ

Z

dwρðwÞΔðv−wÞ½veffðvÞ−veffðwÞ: ð2aÞ

However, while in the classical billiard the jumping
distanceΔðv−wÞat each collision is a constant—the
length of the rods—in the Bose gas it corresponds to the
time delay resulting from the two-body scattering phase
ϕðv−wÞthrough differentiation[12],Δðv−wÞ¼−ðℏ=mÞ×
f½dϕðv−wÞ=½dðv−wÞg. This givesΔðv−wÞ¼−fð2g=
mÞ=½ðg=ℏÞ2þðv−wÞ2gfor the Dirac delta potential (see
Ref.[6]for an extended discussion). The effective velocity
enters the evolution equation for the distributionρðx; vÞas
follows[7,8,13]:

∂tρþ∂x½v
effρ¼

∂xV

m
∂vρ: ð2bÞ

This resembles a Liouville equation for phase space
densities of quasi-particles, although it is to be stressed
that it is a Euler hydrodynamic equation, determining the
evolution of the degrees of freedom emerging at large
wavelengths. GHD consists of Eqs. (2a)and(2b).
In practice, for a given initial distributionρðx; vÞ, the
GHD equations can be efficiently solved numerically
[6,14,17,19]; in this Letter we rely on a finite-difference
method similar to the one discussed in Ref. [19].
Importantly, for our purposes, the atomic densitynðxÞis
obtained from the distributionρðx; vÞby integrating locally
over all rapidities,nðxÞ¼

R
dvρðx; vÞ.

The atom chip.—Our experimental setup is described in
detail in Ref.[50].87Rb atoms are confined in a magnetic
trap produced by microwires deposited on the surface of a
chip. The transverse confinement is provided by three
1.3 mm long parallel wires (red wires in Fig.2), which
carry ac currents modulated at 400 kHz: atoms are guided
alongx, at a distance of12μm above the central wire, with a
transverse frequencyω⊥which lies between 5 and 8 kHz.
The modulation technique permits an independent control
of the longitudinal potentialVðxÞ, which is realized by two

(a) (c)

(b)

FIG. 1. (i)In situdensity profile after longitudinal expansion
from a harmonic trap of a 1D cloud ofN¼4600 10087Rb
atoms; the smooth curve is the theoretical prediction of GHD and
the noisy one is the experimental data. (ii) Initial profile obtained
from the Yang-Yang equation of state (YY), Gross-Pitaevskii,
ideal Bose gas, and classical field[40], with the same temperature
and chemical potential as for YY. (iii) Evolution from the YY
initial profile with GHD and conventional hydrodynamics.
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pairs of wires perpendicular tox, running dc current (blue
wires in Fig.2). The atomic cloud is far from those wires, in
a region whereVðxÞis well approximated by its Taylor
expansion at smallx. By tuning the currents in the four
wires, we effectively control the coefficients of thex,x2,x3,
andx4terms in that expansion: we can thus produce
harmonic potentials, but also double-well potentials.
Using radio-frequency evaporative cooling we produce
cold atomic clouds in the 1D regime, with a typical energy
per atom smaller than the transverse energy gap: the
temperature and chemical potential fulfillkBT,μ<ℏω⊥.
The gas is then well described by the 1D model(1), with
the effective 1D repulsion strengthg¼2ℏaω⊥[52], where
the 3d scattering length of87Rb isa¼5.3nm, and the
mass ism¼1.43×10−25kg. Moreover the length scale on
which nðxÞvaries is much larger than microscopic
lengths—the phase correlation length at thermal equilibrium,
which is the largest microscopic length in the quasiconden-
sate regime, is of ordernℏ2=ðmkBTÞ[53,54], typically
0.1μmforourclouds—so the hydrodynamic description
applies. At equilibrium, the latter is equivalent to the local
density approximation (LDA), and the local properties of the
gas are parametrized by the dimensionless repulsion strength
γ¼mg=ðℏ2nÞand the dimensionless temperatureθ¼
2ℏ2kBT=ðmg

2Þ[51]. The rangeðγ;θÞexplored by our data
sets is displayed in Fig.2(b). In this Letter we analyze the
density profilesnðxÞ, which we measure using absorption
images[50], averaging over typically ten images, with a
pixel size of1.74μm in the atomic plane.
The Yang-Yang initial profile.—We start by trapping a
cloud ofN¼4600 100atoms, withω⊥¼2π×ð7.75
0.02ÞkHz, in a harmonic potentialVðxÞ¼mω2kx

2=2with

ωk¼2π×ð8.8 0.04ÞHz, and measure its density pro-

file [Fig.1(b)]. To evaluate the temperature of the cloud, we
fit the experimental profile with the one predicted by the
Yang-Yang equation of state[9–11,46], relying on LDA

and on the assumption that the cloud is at thermal
equilibrium; we findT¼ð0.43 0.013ÞμK. This gives
θ¼ð3.5 0.1Þ×102, while the interaction parameter is
γ¼ð2.8 0.1Þ×10−2at the center.
As the density varies from the center of the cloud to the
wings, the gas locally explores several regimes[51], from
quasicondensate to highly degenerate ideal Bose gas (IBG)
to nondegenerate IBG; see Fig.2(b). The Yang-Yang
equation of state[46]is exact in the entire phase diagram
of the Lieb-Liniger model, and thus faithfully describes the
density profile within LDA. We stress that this is the most
natural and powerful method to describe the initial state of
the gas[9–11], and that no simpler approximate theory[40]
can account for the whole initial density profile; see
Fig.1(b). The Gross-Pitaevskii (GP) theory works in the
central part—because it is close to the quasicondensate
regime, but not in the wings. The opposite is true for the
IBG model: it correctly describes the wings, but not the
center of the cloud—the chemical potential is positive in
the center, so the density diverges in the IBG. The classical
field theory captures the quasicondensation transition for
gases deep in the weakly interacting regime but it fails to
reproduce faithfully the wings of our cloud since the latter
are not highly degenerate.
Expansion from harmonic trap: Agreement with both
GHD and CHD.—Att¼0, we suddenly switch off the
longitudinal harmonic potentialVðxÞ, and let the cloud
expand freely in one dimension. We measure thein situ
profiles at timest¼10, 20, 30 and 40 ms; see Fig.1(a).
Two theories are able to give predictions for the
expansion starting from the locally thermal initial state.
One is GHD, presented above, where the full distribution of
quasiparticlesρðx; vÞis evolved in time[55]. The other is
theconventionalhydrodynamics (CHD) of the gas which,
contrary to GHD, assumes that all local fluid cells are at
thermal equilibrium, and keeps track only of three quan-
tities that entirely describe the local state of the gas:
the densitynðxÞ, the fluid velocityuðxÞ, and the internal
energyeðxÞ[40]. We calculate the evolution of the density
profile with both theories, and find that both of them
are in excellent agreement with the experimental data, see
Fig.1(c)for the result att¼30ms.
GHD and CHD thus appear to be indistinguishable in
that situation, at least for the expansion times that we probe
here. We attribute this coincidence to the initialharmonic
potential, which is very special. In this case it is simple to
seethat the GHD and CHD predictions coincide in the ideal
Bose gas regime, and they can be shown to stay relatively
near even beyond that regime[56].
Discussion: GHD vs CHD.—We wish to identify a setup
where the theoretical predictions of both theories clearly
differ, in order to experimentally discriminate between them.
This will be the case if GHD predicts, for some timetand at
some positionx, that the distribution of rapiditiesρðx; vÞwill
differ strongly from a thermal equilibrium one.

(a) (b)

FIG. 2. (a) The atom chip setup with the four wires (blue)
creating the longitudinal potential and the three wires (red)
creating the strong transverse confinement. (b) Position of our
three data sets in the thermal equilibrium phase diagram of the
Lieb-Liniger gas withγ¼mg=ðℏ2nÞandθ¼2ℏ2kBT=ðmg

2Þ
[51]. At the center of the cloudγis of order10−2, but it increases
in the wings as the density decreases; we display the segments
½γmin;γmin=10corresponding to a local densitynðxÞnot smaller
than a tenth of the maximal density in the cloud. The asymptotic
regimes of the Lieb-Liniger gas, separated by smooth crossovers,
are shown in colors. Our data sets lie at the crossover between the
quasicondensate and the ideal Bose gas regimes.
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Such a situation occurs during the expansion of a cloud
that initially has two well separated density peaks (Fig.3).
The reason can be captured by the following argument. The
fluid cells½x; xþδxthat are around either of the two peaks
contain more quasiparticles, including quasiparticles of
large rapidities, than the fluid cells near the center at
x¼0. Under time evolution, the quasiparticles from the
left peak that have a large positive rapidityþusoon meet the
ones coming from the right peak that have a large negative
rapidity−u, aroundx¼0. Then, the distribution of rap-
idities nearx¼0is double peaked, with maxima atv≃ u,
so it is clearly very far from a thermal equilibrium distri-
bution, which would be single peaked. This phenomenon is
obvious for noninteracting particles, Eq.(2)reducing to the
standard Liouville equation, and GHD calculations indicate
that this is true also for interacting particles[17,57].
Expansion from a double well.—To realize the above
scenario, we prepare a cloud ofN¼6300 200atoms,
withω⊥¼2π×ð8.1 0.03ÞkHz, at thermal equilibrium
in a longitudinal double-well potentialVðxÞ, such that the
atomic density presents two well separated peaks, the peak
density corresponding toγ¼ð2.45 0.07Þ×10−2. Then at
t¼0we suddenly switch off the potentialVðxÞand measure
thein situprofiles at timet¼10, 25, 40, 55 ms (Fig.3).
To compare with theoretical predictions, we need to know
the initial temperatureTof the cloud. However, we cannot
estimateTfrom fitting the initial density profilen0ðxÞwith
the Yang-Yang equation of state and LDA because we do not
have a good knowledge of the initial potentialVðxÞthat we
create on the chip. Instead, we proceed as follows. First we
postulate an initial temperatureTand construct the initial
rapidity distributionρTðx; vÞsuch that, for a givenx,
ρTðx; vÞis the Yang-Yang thermal equilibrium rapidity
distribution[46]at temperatureTand densityn0ðxÞ. We

then evolveρTðx; vÞusing GHD and computenTðx; tÞ.
While, by construction, nTðx;0Þ¼n0ðxÞ,nTðx; tÞmay
differ from the data at later times. We repeat this procedure
for several initial temperatures and we select the value ofT
whose time evolution is in best agreement with the data[58].
We obtainT≃0.3μK, corresponding toθ≃2×102, see
Fig.2(b).
The comparison between the expansion data and GHD is
shown in Fig.3(a); the agreement is excellent. We also
simulate the time evolution of the cloud with CHD, for the
exact same initial state. As we expected, expanding from a
double-well potential reveals a clear difference between
CHD and GHD, see Fig.3(b). Two large density waves
emerge in CHD and large gradients develop, eventually
leading to shocks[14], features which are not seen in
GHD[57].
Quench from double-well to harmonic potential.—
Finally, we trapN¼3500 140atoms, withω⊥¼2π×
ð5.4 0.02ÞkHz, in a double-well potential, and we study
the evolution of the cloud after suddenly switching off the
double well and replacing it by a harmonic potential of fre-
quencyωk¼2π×ð6.5 0.03ÞHz. We measure thein situ

profiles at timet¼0;20;40;…;180ms; see Fig.4. The
initial peak density corresponds toγ¼ð2.13 0.07Þ×10−2.
To estimate the temperature of the cloud, we proceed as in
the previous case[58]; we findT≃0.15μK, corresponding
toθ≃2.2×102[Fig.2(b)].
This quench protocol mimics the famous quantum
Newton’s Cradle experiment[59]—see also Refs.[60,61]
for recent realizations—which is realized here in a weakly
interacting gas. Exactly like in the previous paragraph, this is
a situation where GHD predicts the appearance of non-
thermal rapidity distributions[17,62], and must therefore
differ strongly from CHD. In fact, we have observed that
CHD develops a shock at short times (aroundt≃30ms), so
it is simply unable to give any prediction for the whole
evolution time investigated experimentally[63].

FIG. 4. Quench from double-well to harmonic potential,
compared to the GHD prediction, with an atomic cloud that
containsN¼3500 140atoms initially. The main features of
the experimental data are well reproduced by GHD. One
experimental effect, not modeled in GHD, that appears to be
particularly important, are the three-body losses: after 180 ms, the
number of atoms drops by approximately 15%.

(a) (b)

FIG. 3. (i) Longitudinal expansion of a cloud ofN¼6300
200atoms initially trapped in a double-well potential, compared
with GHD. (ii) Even though the initial state is the same for GHD
and CHD, both theories clearly differ at later times. CHD
wrongly predicts the formation of two large density waves.
The error bar shown at the center att¼40ms corresponds to a
68% confidence interval, and is representative for all data sets.
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Importantly, the motion is not periodic, contrary to what
would be seen purely in the IBG or in the strongly
interacting fermionized regime. Nevertheless, the motion
of the cloud preserves anapproximateperiodicity, with
a period close to, but slightly longer than,2π=ωk[62]

(of course, if the cloud was symmetric underx→−x, the
period would be divided by two). At a quarter of the
period—and three quarters of the period—the density
distribution shows a single thin peak located nearx¼0.
We find good agreement with the GHD predictions, with
the initial temperatureTas the only free parameter[58].
However, experimental effects not taken into account by
the GHD equations(2)appear to be more important in this
setup than in the previous ones of Figs.1–3, where shorter
times were probed. For instance, the number of atomsNis
not constant in our experimental setup: it decreases with
time and drops by approximately 15% after 180 ms,
probably because of three-body losses that occur at large
density. This might partially explain the difference between
the experimental density profile and the GHD one. We also
suspect the small residual roughness of the potentialVðxÞ
of affecting the experimental profiles.
Conclusion.—The results presented in this Letter are the
first experimental check of the validity of GHD for 1D
integrable quantum systems. We have shown that GHD—
which predicts the time evolution of the distribution of
rapidities—accurately captures the motion of 1D cold
bosonic clouds made ofN∼103atoms, on timescales of
up to∼0.2s. We probed situations where the GHD
predictions significantly differ from the ones of the conven-
tional hydrodynamic approach, even at short times. We
stress that GHD is applicable to all regimes of the 1D Bose
gas, and it would therefore be particularly interesting to
probe the strongly interacting regime. More generally,
GHD is applicable to all Bethe ansatz solvable models,
including multicomponent mixtures of fermions and
bosons with symmetric interactions[64–67], so it would
be very exciting to use it to describe the dynamics of more
complex gases that can be realized in experimental setups
different from ours[68,69].
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FIG. 1. Position of the three sets of data shown in the text in the (,✓) space. The thin solid line is the line corresponding
to a vanishing chemical potential, computed using Yang-Yang equation of state, which indicates the crossover from the Ideal
Bose gas to the quasi-condensate. The dashed line is the linendB= 1 which indicates the crossover from a non-degenerate to
a highly degenerate gas. The horizontal fat lines correspond to the experimental data investigated in the main text (from top
to bottom data of Fig.1, data of Fig.3 and data of Fig. 4).

I. REGIMES OF THE LIEB-LINIGER GAS AT THERMAL EQUILIBRIUM

Properties of the Lieb-Liniger gas at thermal equilibrium have been studied extensively. The gas at thermal equilib-
rium is entirely parametrized by the dimensionless parameters and✓. Three main regimes have been identified, which
correspond to di↵erent asymptotic value of the normalized zero-distance two-body correlation functiong(2)(0) [50].
The region in the (,✓) plane corresponding to ⌧ 1 and✓⌧ 3/2is that of the quasicondensate regime. In this
regime, correlations between particles are small andg(2)(0)'1. Thus locally, the gas ressembles a Bose-Einstein
condensate, although quantum and thermal fluctuations associated to long wavelength phonons prevent true long
range order. The region✓ max(1, 3/2) is that of the ideal Bose gas regime, characterized byg(2)(0)'2. In this
regime repulsive interactions are not strong enough to prevent the thermally activated large density fluctuations asso-
ciated to the bosonic bunching phenomenon. Finally, the region✓⌧1 and 1 is that of the strongly interacting
regime, also called Tonks-Girardeau or fermionized regime. There, interactions are strong enough to almost prevent
two atoms to sit at the same position so thatg(2)(0)⌧1.
The above-mentioned regimes are all separated by smooth crossovers. Quantitative values for the position of these
transitions depend on the quantity that is considered and on the criteria used. One possible criterion to locate the
transition from the IBG to qBEC regime is the conditionµ= 0, whereµis the chemical potential: in the IBG regime,
µ<0whileµ>0 in the qBEC regime (µ'gnin the qBEC regime). In Fig. 1, we plot the lineµ= 0, found using
the Yang-Yang equation of state. This line follows the expected scaling✓/ 3/2of the crossover between the IBG
and the qBEC regime. It lies however substantially above the line✓= 3/2[50].
The IBG regime can be divided into two subregimes: the highly non-degenerate regime corresponding to✓ 1/2

and the highly degenerate regime corresponding to 3/2⌧✓ 1/2. The crossover between these two subregimes
is very wide and in fig. 1, we signal this transition with the line corresponding tondB= 1, where dB=~/

p
2⇡mkBT

is the de Broglie wavelength.

II. APPROXIMATE THEORIES THAT WE COMPARE TO GHD

A. Conventional hydrodynamics based on Yang-Yang thermodynamics (or Thermodynamic Bethe Ansatz)

What we call ‘conventional’ hydrodynamics (CHD) in the main text is simply the Euler equations that hold in
normal fluids that are locally at thermal equilibrium, that govern the variation of the particle densityn(x, t), the fluid
velocityu(x, t), and the internal energy per particlee(x, t):

8
<

:

@tn+@x(un) =0
@tu+u@xu+

1
mn@xP =

1
m@xV

@te+u@xe+
P
n@xu=0.

(1)
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HereP(n, e) is the pressure, which is given by the equation of state of the fluid. One can put these three equations
in a form that expresses conservation of mass, momentum—broken by the external potentialV(x)—, and energy,

8
<

:

@tn+@x(un) =0
@t(mnu)+@x(u(mnu)+P) = n@xV

@t(n
mu2

2 +ne+nV)+@x(u(n
mu2

2 +ne+nV)+uP) =0.
(2)

These are the evolution equations we solve to obtain the Conventional HydroDynamics (CHD) curves in the main
text. The pressureP(n, e) is obtained from the thermodynamic Bethe Ansatz, also known as the Yang-Yang equation
of state [40].
One convenient way to calculate the pressure is to observe that it is the momentum current, and then to use the
formula from [7] for the latter,

P=
m2

~

Z
dv

2⇡
v⌫(v)vdr. (3)

Here⌫(v)2[0,1] is the occupation function, which, for the thermal Gibbs state at inverse temperature =1/(kBT),
satisfies the integral equation of Yang and Yang [40],

mv2

2
= log


1 ⌫(v)

⌫(v)

Z
dw

2⇡
K(v w) log [1 ⌫(w)], (4)

whereK(v w)= 2(v w)/~
(g/~)2+(v w)2 is the di↵erential scattering phase, or Lieb-Liniger kernel. The superscript ’dr’ in

(3) stands for ’dressing’, and is defined as follows for a functionf(v),

fdr(v)=f(v)+

Z
dw

2⇡
K(v w)⌫(w)fdr(w) (5)

(and by a slight abuse of notation, we writevdrfor iddr(v)whereid(v)=vis the identity function). The occupation
function⌫(v) and the distribution⇢(v) used in the main text are related by

⇢(v)=
m

2⇡~
⌫(v)1dr(v) (6)

where 1(v) = 1. The function⌫(v) gives the occupation fraction of the rapidities, which are the fermionic quantities
defining a Bethe-Anstaz eigenstate [40].

B. Gross-Pitaevskii approach

The Gross-Pitaevskii description (GP) assumes that the gas is Bose-condensed : all the atoms are in the same single-
particle wave function (x). It describes a Bose gas at zero temperature in the limit of weak repulsion !0, as long
as their extension is much smaller than⇠e⇡/

p
,where⇠=~/

p
m⇢is the healing length. The latter condition, usually

fulfilled in experiment with weakly interacting gases, ensures that quantum fluctuations do not break long-range order.
At equilibrium the wavefunction obeys

µ =

✓
~2

2m
@2x+g| |

2+V(x)

◆

 (7)

whereµis the chemical potential. After modification of the potential, the time evolution of is given by the
Gross-Pitaevskii equation

i~@t =

✓
~2

2m
@2x+g| |

2+V(x)

◆

 . (8)

Here (x, t) is the wavefunction of the condensate at timet, normalized such that

Z

dx| (x, t)|2=N. (9)
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Separating the phase and the amplitude of the wavefunction of the condensate,

 (x, t)=
p
n(x, t)ei'(x,t), (10)

and introducing the velocity fieldu= ~
m@x', one gets GP in Madelung form,

@tn+@x(un) =0

@tu+u@xu=
1
m@x

h
gn+V(x) ~2

2m
@2x
p
n

p
n

i
.

(11)

The first equation expresses conservation of mass, the second is the Euler equation for a fluid with the equation of state

µ=gnin an external potentialV(x), with an additionalquantum pressureterm~
2

2m
@2x
p
n

p
n
.IntheEuler limitof long

wavelengths for density variations, the quantum pressure term can be neglected. Then Eq. (11) reduces to the Euler
equation with a pressure termP=gn2/2, which is indeed the pressure of a condensate or a quasicondensate. Note
however that the GP equation goes beyond thisEuler limitof long wavelength variation of . For instance, it would
capture correctly the “quantum Newton craddle” experiment presented in the main text, for a weakly interacting cloud
atT= 0. At the “collision-time” where the two initial clouds are on top of each other, GP predicts fast oscillations of
the density reflecting interference phenomena. Of course such fast oscillations, which, in terms of Bethe-Ansatz states,
would imply interference between di↵erent states (of very similar quasi-momentum distribution), is not accounted for
by GHD. However we expect that predictions of GHD (for a weakly interacting gas atT= 0) would coincide with
the GP ones, if one perform a spatial coarse-grained approximation of the GP solution, smearing out the interference
fringes. It is an open question under which precise conditions and coarse-graining procedure the predictions of GHD
coincide with the coarse-grained GP predictions.

C. The classical field approximation

In the domain characterized by 1⌧ ✓⌧ 2, the typical occupation number of the relevant modes (either the
one-particle states for✓ 3/2, or the Bogolioubov collective modes for✓⌧ 3/2) is much larger than one: in
particular the correlation functions are mainly dominated by the contribution of highly populated modes. In such

a condition, a theory that neglects the quantification of the atomic field ̂and treat it as a complex classical field
—or equivalently, that considers statistical fluctuation of the condensate’s single-particle wave function— is expected
to provide the relevant physics. This is the so-called classical field approximation [67]. At thermal equilibrium the
complex field (x) obeys the probability distribution

P({ (x)})=Z 1e
R
dx(~2/(2m)|@x |

2+g/2| |4+(V(x) µ)| |2), (12)

where =1/(kBT),µis the chemical potential, and the partition functionZensures the correct normalization.
At su ciently shallow confining potential, a local density approximation is valid and the external potentialV(x)is
not very relevant. Note that while two parameters are required to describe a Lieb-Liniger gas, only one parameter,
which can be taken as⌘=µ(~2/(mg2k2BT

2))1/3in terms of the temperature and chemical potential, is sucient to
characterize the classical field, providing lengths and densities are correctly rescaled [67, 68]. One way of sampling
the field according to Eq. (12) is to numerically evolve under a stochastic di↵erential equation.
In contrast to the GP approach above, the classical field takes into account thermal fluctuations in the system.
In particular it captures the quasicondensation crossover, which occurs, for ⌧ 1, around the line✓= 3/2,
although very large values of✓are required for an accurate description of the gas [69]. On the other hand, it ignores
the quantification of atoms. This leads to an overestimation of the population in high energy modes: within CF
theory the mode population iskBT /✏⌫, regardless of the mode energy✏⌫, a value much larger, for modes of energy
✏k kBT, than the expected exponential behaviore

✏k/(kBT)(this is a similar phenomenon as that of the well-known
UV catastrophe of thermal ensembles of electromagnetic fields). This explains why the equilibrium profile predicted
by the classical field model strongly overestimate the wings of the atomic clouds, see Fig. 1(ii) in the main text. We
are aware of refined theories, based on classical field, that include a well-chosen cuto↵above which the excitations
are treated as a quantum gas, see [??] and references therein. They permit to reproduce the equilibrium density
profiles of trapped weakly interacting gases [?]. However, expanding such theories to time-dependent problems is a
priori not trivial. We also think that, in the same way as Yang-Yang thermodynamics o↵ers a much more powerful,
reliable and elegant way of describing the equilibrium profiles [9–11], GHD would supersede complicated and ad-hoc
theories based on the classical field approximation.
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III. RELATION BETWEEN GHD AND CHD FOR AN EXPANSION FROM A HARMONIC
POTENTIAL

As we observed in the main text, the one-dimensional expansion of the gas starting from a state where it is confined
by harmonic potential is well described both by GHD and CHD. This is surprising, as GHD takes into account
infinitely many conservation laws, while CHD only takes into account three: mass, momentum and energy. Of course,
the initial state is, in both cases, obtained by a Gibbs local density approximation, according to which in every
mesoscopic cell the gas is a Gibbs state, thermalized with respect to the energy and number of particles (with zero
average momentum). Nevertheless, one generically expects that under the GHD evolution, other conservation laws
become involved, the fluid being, after some time, locally a generalized Gibbs ensemble – involving higher conserved
charges – instead of a Gibbs ensemble.
There are two limits where one can show that the GHD evolution is, in fact, the same as the CHD evolution.
The first is the zero-temperature limit. It was shown in Ref. [14] that if the initial state is at zero temperature,
where, in every cellx, the quasi-particle occupation function⌫(x, v) takes the value 1 on an intervalv2[vl(x),vr(x)]
and 0 elsewhere, then, at least for small enough times, a GHD evolution is completely equivalent to a CHD evolution,
and the state stays at zero temperature. This holds from any initial potential, harmonic or not. The equivalence
between the evolutions breaks down when in CHD shocks develop; in GHD, large gradients are temporary, and the
fluid passes to a higher-dimensional space of states a↵orded by the higher conservation laws.
The other limit is that of the free gases - either the ideal Fermi gas (at strong coupling) or the ideal Bose gas (IBG)
(at large temperatures). Let us consider the latter, as it is more relevant to the present experiment. In the free limit,
the e↵ective velocity becomes equal to the velocity, and the initial fluid’s Bosonic occupation function ̃⌫(x, v) (note
that this is related to, but not the same as, the quasi-particle – or fermionic – occupation function⌫(x, v)) is of the
form

⌫̃(x, v)=
1

e
(mv2/2+m!2

k
x2/2 µ)/T

1
. (13)

The GHD evolution during the expansion is very simple,

@t̃⌫+v@x̃⌫=0, (14)

and thus the solution is obtained as

⌫̃(x, t, v)=
1

e
(mv2/2+m!2

k
(x vt)2/2 µ)/T

1
=

1

e
(m(v u(x,t))2/2)(1+!2

k
t2)/T

e
(m!2

k
/(1+!2

k
t2)x2/2 µ)/T

1
, (15)

whereu(x, t)=!2k/(1 +!
2
kt
2)xt. Eq. (15) shows that the distribution ofvat a givenxis that of a Gibbs ensemble for

a gas whose center of mass moves at velocityu(x, t). Hence, all currents obtained after GHD evolution are evaluated
within Gibbs states, completely determined by the first three conserved densities. Therefore, it is su cient to restrict
to the evolution described by the first three conservation laws, and we recover CHD.
These two limits, however, only partially explain the observation we have made: the parameters of the experiment,
the full range of regimes covered by the gas (see Fig. 2b in the main text), imply that there are regions where the
occupation function is both relatively far from the zero-temperature form (see typical initial quasi-particle occupation
functions in section IV) and from the IBG form.
We provide below a calculation that shows that, more generally, one may expect the GHD solution to stay relatively
near to CHD solution in an expansion from a harmonic potential, even away from the two limits described above. The
main result is that under GHD evolution from a harmonic potential, the occupation function hasthe same asymptotics
at largev, of the formeP(v)withP(v) a polynomial of degree 2, as that obtained from a CHD evolution. That is, the
“wings” in quasi-momentum space are not drastically a↵ected by the presence of higher conservation laws. Further,
at finitev, the discrepancies must stay bounded. If the occupation function is near enough to the zero-temperature
form, with a region relatively near to 1 at small velocities, surrounded by wings where it tends towards 0, then a
combination of the zero-temperature result recalled above, and the asymptotic results derived below, suggests that
indeed the GHD and CHD solutions should stay near. Typical initial occupation functions shown in section IV indeed
have this form, and thus these arguments explain our observation.
In terms of the quasi-particle occupation function⌫(v), related to the quasi-particle density⇢(x, v) via (6), it turns
out that Eq. (2b) in the main text becomes

@t⌫+v
e↵@x⌫=0. (16)

The pseudoenergy✏,definedvia⌫=1/(1 +e✏), hence satisfies the same equation,

@t✏+v
e↵@x✏=0. (17)
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In order to describe the macrostate, it is convenient to use the energy functione(v), in terms of which the pseudoenergy
can be expressed as the solution to the non-linear integral equation [40]

✏(v)=e(v)

Z
dw

2⇡
K(v w) log(1 +e✏(w)). (18)

Like the quasi-particle density, the energy functione(v), in GHD, becomes space-time dependent, and we can re-write
(17) using (18). One can show that [13]

(@te)
dr+ve↵(@xe)

dr= 0 (19)

where the dressing operation is defined in (5). Note that the e↵ective velocity (Eq. 2a in the main text) can be
written as

ve↵=vdr/1dr (20)

wherevdris the dressed of the functionv(the identity function), and 1dris the dressed of the constant function 1 (1dr

and all dressed quantities are functions ofv, as well as, of course, the space-time positionx, t). Therefore, we have

(@te)
dr+

vdr

1dr
(@xe)

dr= 0 (21)

In the initial state, att= 0, for each positionxthe state of the gas is given by the Gibbs ensemble, with a chemical
potentialµ m!2kx

2and a temperatureT, and the energy function reduces to [40]

e(x,0,v)=
1

T

 
mv2

2
+
m!2kx

2

2
µ

!

. (22)

We propose that an approximatesolution to the evolution equation from a harmonic potential is of the form

e(x, t, v)⇡f(t)v2+g(t)vx+h(t)x2 µ. (23)

This approximate solution holds if the following condition is approximately satisfied,

(vdr)2⇡(v2)dr1dr. (24)

Indeed inserting (23) in (19) gives

f0(t)(v2)dr+g0(t)vdrx+h0(t)x21dr+g(t)(vdr)2/1dr+h(t)xvdr⇡0 (25)

And so we have

h0(t)=0, g0(t)= h(t), f0(t)(v2)dr⇡ g(t)(vdr)2/1dr. (26)

If the approximation (24) holds, then the last (approximate) equation becomes

f0(t)⇡ g(t) (27)

and we find

h(t)=a, g(t)=b at, f(t)=c bt+at2/2. (28)

The initial condition is satisfied, witha=m!2k/(2T),b= 0 andc=m/(2T).

We now note that the approximate solution (23) with (28) is exactlythe form we would obtain (under (24)) from
CHD: in all cells it is a boosted Gibbs state, completely determined by the mass, momentum and energy densities,
hence we can restrict to these conservation laws. The validity of CHD thus reduced to the investigation of the validity
of the approximation (24).
From (18), we see that✏(v) has the same leading large-|v|asymptotics ase(v). Hence, in states with power-law
growinge(v), the occupation function decays as an exponential of a power at large|v|. From the dressing operation
(5), it is then clear that, in any such state, the dressedfdr(v) of any functionf(v) has exactly the same asymptotic
expansion in powers of 1/vup to powers 1/v2: the corrections coming from the occupation function are exponentially
decaying, hence the main corrections come from integrating the di↵erential scattering kernel around finite regions of
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the integration variablew(the size of the finite region being controlled by the exponential decay of the occupation
function). These give the power law 1/v2. That is, assumingfdr(v) stays finite for finite values ofv,wehave

fdr(v)=f(v)+O(1/v2). (29)

Therefore

(vdr)2=(v2)dr1dr+O(1/v) (30)

and the condition (24) is satisfied up to vanishing terms at largev. This fully justifies that the approximate solution
(23) indeed holds as written, up to vanishing terms, and shows that CHD reproduces the correct non-vanishing large-v
asymptotics ofe(v), and thus (by a similar asymptotic analysis as above) of✏(v).
At small velocities, the e↵ective velocityve↵ is di↵erent fromvdue to transport within its local environment:

for instance, a quasi-particle of bare velocityv= 0 acquires a nonzero e↵ective velocityve↵6= 0 if its surrounding
environment carries nonzero currents. However, these di↵erences are bounded, and tend to be relatively small. Similar
e↵ects occur for the dressing of any function, and therefore the approximation (24) has an error that stays bounded
at finitev.
Finally, we note from the above calculations and especially from (29) that thefree evolution(with trivial dressing)

generically (that is, in all situations where the occupation function decays at least exponentially) describes correctly
the first three leading powers of the large-vasymptotics of the source terme(v) under the one-dimensional expansion
(recall that in the case of the initial harmonic potential, the free evolution agrees with CHD, but that in general it
does not). One could for instance consider an initial potential with higher powers, say upx4. Then we see that an
approximate solution of similar type, valid at largev, would have powers ofvup tov4, with the coecients of the
powersv2,v3andv4correctly described by a free evolution equation. This is definitely very far from a CHD solution,
as powers ofv3andv4are forbidden in CHD. That is, when starting from non-harmonic potentials, CHD does not
describe the correct large-vasymptotics of the distribution, hence is quite far for allv– the maximal deviation for
the functione(v) is in fact is unbounded. It is these e↵ects that are seen in section IV.

IV. GHD VS. CHD: COMPARISON OF THE PHASE-SPACE OCCUPATION FUNCTIONS⌫(x, v)

Here we display the phase-space occupation⌫(x, v) for the expansion from a double-well potential shown in Fig.
3 in the main text. At eachx, the occupation function⌫(v) is related to the density⇢(v) used in the main text by
Eq. (6). At thermal equilibrium, one can think of it as a Fermi distribution: at zero temperature, it is exactly a
rectangular function, with support [2

p
gn
m,2
p
gn
m] in the limit of weak repulsion. At finite temperature the two sides

of the rectangle are rounded o↵. The GHD evolution equation can be written directly in terms of the occupation
function⌫(v), see Eq. (16).
On the phase-space pictures in Fig. 2, one clearly sees why CHD must di↵er from GHD. Indeed, initially the phase-

space occupation is the equilibrium one at temperatureT=0.3µK, obtained from LDA in the double-well potential
V(x), see the main text. Because the atomic density increases near the two minima of the potentialV(x), the interval
[v1,v2] in which the occupation function is close to 1 is larger near these points. This results in the support of⌫(x, t)
looking like a peanut att= 0. By definition, the initial distribution is the same for GHD and CHD.

At later times, the distribution gets distorted. GHD predicts that the top of the support of⌫(x, v) moves to the right,
while the bottom of the support moves to the left. Att'25 ms we already see that, for a fixedxin the central region
aroundx= 0, the occupation function⌫(v) does not look like a thermal equilibrium distribution anymore: instead of
being a rounded rectangular function, it is now a function that has two maxima. This gets worse as time increases:
the distribution⌫(v), for fixed positionx, di↵ers more and more from an equilibrium one.
CHD, on the contrary, enforces an equilibrium occupation function at all positions and all times. Therefore, it
must di↵er significantly from GHD. Indeed, this is what we see in the phase-space occupation att= 25 ms, where
the occupation function of CHD is distorted in the central region, compared to the GHD one, in order to maintain a
thermal state. The discrepancy between GHD and CHD then keeps increases at later times.
The density profiles of Fig. 3 in the main text are obtained from these phase-space occupation function⌫(x,✓)by

Eq. (6) and then integrating over all rapidities at fixed positionx,n(x)=
R
⇢(x, v)dv.
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Generalized HydroDynamics (GHD):

t=0 t=25ms t=55ms
Conventional hydrodynamics (CHD):

t=0 t=25ms t=55ms

FIG. 2. Phase-space occupation⌫(x, v)attimetfor the parameters of Fig. 3 in the main text, simulated with GHD and CHD.
Since CHD does not allow non-thermal local distributions of rapidities, we see that the distribution gets quickly distorted,
compared to the GHD one. This results in the two in situ density profiles being clearly di↵erent, see Fig. 3 in the main text.

V. GROSS PITAEVSKII PREDICTIONS FOR EXPANSION FROM A DOUBLE WELL

We performed a Gross Pitaevskii calculation for the situation considered in Fig.3. In this calculation, the initial
wavefunction is (x)=

p
n0(x), wheren0(x) is the initial experimental profile. We then evolve this initial profile

according to the time-dependant Gross-Pitaevskii equation Eq. (8). The resulting time evolution, shown in Fig.(3),
is very di↵erent from that observed experimentally. This indicates that thermal excitations initially present in the
cloud play an important role in the time-evolution shown in Fig.3. Note that GHD calculations performed at a very
low temperature are in agreement with these Gross-Pitaevskii calculations, provided fast oscillations shown in the
Gross-Pitaevski profiles are averages out (see section VI).
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FIG. 3. Expansion of a cloud whose initial density distribution is equal to that of the experimental data of Fig. 3 in the main
text, according to the Gross-Pitaevskii equation. The evolution is very di↵erent from that observed experimentally, with the
appearance of a central peak, not seen experimentally.

VI. RUNNING THE GHD SIMULATION WITHOUT GOOD KNOWLEDGE
OF THE INITIAL POTENTIALV(x)

FIG. 4. Comparison between the experimental data of Fig. 3 in the main text, and the GHD simulation assuming three di↵erent
temperatures of the initial state. For Fig. 3 in the main text, we selected the results corresponding toT=0.3µK.

The creation of a double-well potential on the chip is experimentally tricky, and, as a result, we do not have a very
good knowledge of this potential. It should be close to a polynomial potential of fourth degree,V(x)'

P4
p=0apx

p,



10

but we do not know the coe cientsap. One could extract them from a fit, but then we would have 6 adjustable
parameters in total: the five coe cientsap, and the temperature of the initial state.
On the other hand, the initial potentialV(x) is needed only to reconstruct the initial distribution⇢(x, v). So,
instead of trying to reconstruct first the potentialV(x) and then the initial distribution⇢(x, v), we find it more
satisfying to construct directly that distribution, assuming that it is given by a thermal Gibbs state in every fluid
cell at positionx. When we do that, there is a single adjustable parameter: the initial temperature, assumed to be
initially homogeneous throughout the cloud.
We proceed as follows. First, we take a convolution of the experimental density at time t= 0 with a gaussian,
in order to get a smooth initial density profilen(x). Then we fix arbitrarily a temperatureT, and, assuming that
the gas is locally at equilibrium at temperatureT, we reconstruct the occupation function⌫(x,✓)—or equivalently
the distribution⇢(x,✓)—using the Yang-Yang equation of state (4). Let us emphasize that, at this point, we have
reconstructed a density profile, which corresponds to some potentialVT(x), and the latter potential is not independent
of the choice of the temperatureT. What we then want, of course, is to identify the correctTcorresponding to the
correct experimentalV(x) which, unfortunately, we do not know a priori. We then run the GHD simulation, which
allows us to compute the density profiles at later timest. Those density profiles at later times depend on the initial
state, therefore they depend onT.

FIG. 5. Comparison between the experimental data of Fig. 4 in the main text, and the GHD simulation assuming three di↵erent
temperatures of the initial state. For Fig. 4 in the main text, we selected the results corresponding toT=0.1µK.

We do this for several values of the initial temperature T. In Fig. 4 we display the results for the data set shown in
Fig. 3 in the main text, for initial temperatures 0.2µK, 0.3µK and 0.4µK. We see that the results do not strongly
dependent on the temperature. More quantitatively, for eachTwe measure the mean distance between the experi-

mental data and the GHD prediction defined as
q

1
Ndata

P
x,t[ndata(x, t) nGHD(x, t)]2, where the sum is done over

all the data points for di↵erent positionsxand timestandNdatais the total number of data points. For temperatures
T=0.01,0.2,0.25,0.3,0.35,0.4,1µK, we find that the distance is respectively 1.21,0.66,0.62,0.61,0.64,0.63,1.26
(atom/µm). In the main text, we have selected the GHD results withT=0.3µK, corresponding to the minimum of
that distance for the set of temperatures simulated.
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We have proceeded in the same way for the quench from a double-well to harmonic potential, corresponding to the
data set shown in Fig. 4 in the main text. In Fig. 5 we display the GHD curves for initial temperatures 0.05µK,
0.1µK and 0.2µK, up to timet= 100 ms after the quench. We have performed the GHD simulation for tem-
peratures For temperaturesT=0.05,0.75,0.1,0.125,0.15,0.2,0.3µK, we find that the mean distance is respectively
2.69,2.19,1.88,1.71,1.64,1.72,2.08 (atom/µm). In the main text, we have selected the GHD results withT=0.15µK,
corresponding to the minimum of that distance for the set of temperatures simulated.

VII. APPROXIMATE PERIODICITY OF THE GHD SOLUTION FOR THE QUENCH FROM
DOUBLE-WELL TO HARMONIC POTENTIAL

In Fig. 6 we display the phase-space occupation⌫(x, v) for the quench from double-well to harmonic potential,
corresponding to the GHD data shown in Fig. 4 in the main text. We recall that⌫(x, v) is the phase-space occupation,
and that it is related to the phase-space density used in the main text by Eq. (6). One can roughly think of⌫(x, v)
as a Fermi dstribution, see App. III above. The GHD evolution equation can be written directly in terms of the
occupation function⌫(v), see Eq. (16).
It is clear from these plots that, after one period of the harmonic trap (the period is 154 ms), the distribution is only
approximately similar to the initial one. So, even though our atomic clouds are weakly interacting, the behavior that
is predicted by GHD is clearly di↵erent from the one of non-interacting particles, since the latter would be exactly
periodic.

t=0 t=20ms t=40ms t=60ms

t=80ms t=100ms t=120ms t=140ms

t=160ms t=180ms

FIG. 6. Phase-space occupation⌫(x, v) obtained from GHD for the quench from double-well to harmonic potential shown in
Fig. 4 in the main text. The motion isapproximatelyperiodic, although one clearly sees that the distribution does not come
back exactly to its initial shape after one period; instead, it gets slightly distorted by the interactions between the atoms. The
period of the harmonic trap is 154 ms, and we see that the approximate period is roughly 165 ms.
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Titre:Dynamiquehorséquilibredesgazbosoniquesunidimensionels

Résumé:Cettethèsecontientplusieursétudesexpérimentalescentréessurladynamique

desbosonsdansunedimension(1D).Enutilisantuneexpériencedetypepuceatomique,nous

créonsdesgéométriesdepiègagetrèsallongéespourdesatomesde87Rb.Celaconduitàge-

lerdeuxdimensionsetàcréerungaz1Davecdesinteractionsdecontactquiestdécritparle

modèledeLieb-Liniger.Lemanuscritcontienttroisétudesexpérimentalesindépendantes:La

premièreétudetraitedeladynamiquehorséquilibresuiteàunetrempedesinteractions.Nous

observonsl’évolutiontemporelledesmodesdeBogoliubovcomprimésetmontronsquecette

dynamiquecontinuesurdestempsquineseraientpasobservablesurlafonctiondecorréla-

tiond’ordreun.Ladeuxièmeétudemontrequelespertesàtrois-corpsrefroidissentungazde

Bose1Ddanslerégimequasi-condensat.Cetravailestaccompagnéd’uneétudethéoriquequi

préditcerefroidissementpourlespertesàj-corps.Latroisièmeétudeestlapremièreétude

expérimentaled’unenouvellethéoriedessystèmesintégrables,nomméHydroDynamicsGé-

néralisé(HDG).NousmontronsqueHDGestlaseulethéorie«simple»quidécritcorrectement

lesrésultatsexpérimentaux.Enparticulier,l’approchedel’HydroDynamiqueConventiennelle

(HDC)nereproduitpasl’observationexpérimentale.ContrairementauHDG,HDCneprend

pasencomptel’intégrabilitédusystème.
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Title:Out-of-equilibriumdynamicsin1DBosegases

Abstract:Thisthesiscontainsseveralexperimentalstudiescenteredaroundthedynamics

ofbosonsinonedimension(1D).Withtheuseofanatomchipsetupwecreateveryelongated

trappinggeometriesfor87Rb.Thisleadstothefreeze-outoftwodimensionsandthecreationof

a1Dgaswithcontactinteractions,describedtheLieb-Linigermodel.Themanuscriptcontains

threeindependentexperimentalstudies:Thefirstoneinvestigatestheout-of-equilibriumdy-

namicsafteraninteractionquench.WeobservethetimeevolutionofsqueezedBogoliubov

modesandshowthatthisdynamicscontinuesontimeswhichcannotbeobservedonthefirst

ordercorrelationfunction.Thesecondstudyshowsthatthree-bodylossescoola1DBosegas

inthequasi-condensateregime.Thisworkisaccompaniedbyatheoreticalstudy,whichpre-

dictsthiscoolingforj-bodylosses.Thethirdstudyconsistsofthefirstexperimentalstudyof

anewtheoryinintegrablesystems–theGeneralizedHydroDynamics(GHD).Weshowthat

GHDistheonly"simple"theorywhichcorrectlydescribestheexperimentalresults.Inparti-

cular,theConventionalHydroDynamics(CHD)approachfailstoreproducetheexperimental

observation.IncontrasttoGHD,CHDdoesnottakeintoaccounttheintegrabilityofthesys-

tem.

Keywords:coldatoms,atomchipexperiment,Lieb-Liniger model,integrablesystems,

three-bodylosses,interactionquench,generalizedhydrodynamics.

UniversitéParis-Saclay

EspaceTechnologique/ImmeubleDiscovery

Routedel’Ormeaux MerisiersRD128/91190Saint-Aubin,

France


	Introduction
	Theory
	1D Physics
	Lieb-Liniger Hamiltonian
	Two particle problem
	N-particle Bethe ansatz
	Thermodynamic limit
	Yang-Yang equation of state

	The equilibrium regimes
	Ideal Bose gas
	Quasi-condensate regime
	Tonks gas
	Correlation functions


	Linearized theory in the quasi-condensate
	Homogeneous system
	Wigner representation
	First order correlation function

	Trapping potential
	Local Density Approximation (LDA)
	Bogoliubov in a harmonic trap

	High density 3D effects
	Bogoliubov Hamiltonian with 3D effects

	Classical field

	Dynamics of 1D Bose gases
	Dynamics of the linearized theory in the quasi-condensate regime
	Coarse grained description
	Conventional Hydrodynamics (CHD)
	Generalized Hydrodynamics (GHD)
	Collision of two wave-packets
	The GHD equations


	Losses
	Quantum Monte-Carlo wave-function method


	The atomchip experiment
	The experimental setup
	Preparation scheme
	Magnetic trapping
	Wire geometries for trapping neutral atoms
	Potential by a single wire
	Three wire geometry and modulated guide

	Longitudinal trapping
	Harmonic trapping potential
	Double well potential
	Potential roughness


	Genetic algorithms
	The algorithm

	Heating and losses
	Background gas losses
	Technical noise
	Switching-mode power devices

	Technical instabilities
	Mechanical instabilities
	Magnetic stability

	Imaging system
	Time-of-flight images
	In situ images

	Analysis methods
	Density ripple analysis
	Density ripples power spectrum
	Filter for Bogoliubov modes
	Density ripple thermometry
	Local density approximation
	Bogoliubov in a trap
	Imaging system
	Interactions during time-of-flight

	Yang-Yang thermometry
	Momentum space distribution
	Comment about temperature measurements in the system

	Parameter calibration

	Interaction quench
	Quenches in integrable systems
	The Experiment
	Interaction quench in the quasi-condensate regime

	Momentum space
	Light-cone like effect on the one-body correlation function
	Relation to the Vienna experiment

	Experimental observation in momentum space

	Density ripple analysis
	Squeezed Bogoliubov modes
	Experimental realization
	Beyond the light-cone
	Mode damping
	Amplitude reduction
	Recurrences in a harmonic trap
	Experimental realization



	Losses in a Bose gas
	j-body loss in a quasi-condensate
	Quantum Monte-Carlo
	Generalization to all cells
	Effect of the Bogoliubov Hamiltonian
	Average over different trajectories

	Simplified approach
	Cooling by three body losses
	The evolution of the peak density np under three-body lossses
	The phonon temperature
	Comparison to theory
	Evolution towards the asymptotic ratio
	The phase diagram

	Yang-Yang thermometry

	Cooling by one-body losses
	Cooling a single cloud into the 1D regime
	Experimental results for j=1

	Quartic potentials
	Quantum Feedback
	Outlook

	Generalized Hydrodynamics (GHD)
	GHD experiment
	The experiments
	Expansion from harmonic trap
	Expansion from double well
	Release from double-well into harmonic potential

	Outlook

	Conclusion
	Appendix
	Values of 87Rb
	Chip layout
	Longitudinal anti-confining term
	Atom losses
	The Lindblad operators
	New Gaussian state

	Phase space occupation

	Résumé en francais
	Publications

