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Resume substantiel de la these en
francais

Dans cette these, nous étudions les propriétés de plusieurs modeles statistiques. Dans la majorité
des cas, il s’agira de modéles de dépendance, c’est-a-dire de modéles statistiques qui spécifient les
interactions entre différentes variables aléatoires.

Le premier modéle étudié est le modeéle de régression linéaire en grande dimension. Classiquement,
on observe n réplications indépendantes et identiguement distribuées d’'une variable aléatoire réelle Y,
que 'on cherche a expliquer par p variables explicatives X1, ..., X,. On suppose qu'il existe un vecteur
B* e RPtelque Y = XTB*+¢,00 X = (X1,... X,) ete est une variable aléatoire indépendante de X. On
s'intéresse plus particulierement au cas dit “sparse”, ou le vecteur 3* est composé d’un grand nombre
de composante nulles. Autrement dit, on suppose que la sparsité s est faible, ou s := Card{i : 3; # 0}.

Dans ce cadre, il est habituel d’utiliser des estimateurs de type moindres-carrés pénalisés, qui peu-
vent permettent d’atteindre des vitesses optimales au sens minimax (cf. [12]). Néanmoins, ces esti-
mateurs nécessitent la connaissance a priori de I'écart-type o* du bruit . Dans le Chapitre 2, nous
prouvons que deux estimateurs, le Square-root Lasso et le Square-root Slope permettent d’atteindre
les vitesses optimales a distance finie sans nécessiter la connaissance de o*. En outre, le Square-
root Slope ne nécessite pas non plus la connaissance de la sparsité s. Nous détaillons également des
algorithmes permettant le calcul du Square-root Slope.

Dans le Chapitre 3, nous proposons des modifications de ces estimateurs, qui leur permettent d’étre
davantage robustes. En effet, les estimateurs traditionnels a base de moindres carrés sont, tout comme
la moyenne empirique, trés sensibles aux valeurs aberrantes, et la présence d’une seule valeur aber-
rante peut considérablement réduire les performances d’'un estimateur (cf. [91]). Dans cette optique,
nous proposons une version dite MOM (pour médiane-de-moyennes) des estimateurs adaptatifs du
précédent chapitre. Ces estimateurs MOM adaptatifs peuvent encore atteindre les vitesses optimales
en méme temps qu’estimer I'écart-type du bruit o*. Nous proposons également un algorithme permet-
tant de calculer ces estimateurs.

La seconde partie de cette theése est consacrée aux modeéles de copules conditionnelles. Ces mod-
eles permettent de mettre en valeur la fagon dont la dépendance entre les différentes composantes d’un
vecteur X varie en fonction d’une variable explicative Z. Formellement, par le théoreme de Sklar, on
peut décomposer la fonction de répartition conditionnelle de X sachant Z = z de la fagon suivante

Z:z)7

oU Fx|z est la fonction de répartition conditionnelle jointe de X sachant Z, pour i € {1,...,n}, Fx,z

Vx € Rp7 VZ, Fxlz(X|Z = Z) = OX|Z<FX1\Z(:L‘1|Z = Z)7 e ,Fxplz(xplz = Z)

est la fonction de répartition conditionnelle de X; sachant Z et Cx |z est la copule conditionnelle de X
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sachant Z.

Lidée principale d’'une telle décomposition est de séparer I'influence de Z sur les variables marginales
X; d'une part ; et l'influence de Z sur la dépendance entre les composantes de Z, d’autre part. Cette
derniére est représentée par la copule conditionnelle de X sachant Z. Autrement dit, dans le cas
général, pour chaque valeur z de la variable conditionnante Z, il existe une copule conditionnelle
Cxz(-|Z = =z) décrivant la dépendance entre les différentes composantes de X conditionnellement
a I'évenement Z = z. Certains auteurs disent qu’un tel niveau de complexité n’est pas nécessaire, et
affirment parfois qu’'une modélisation fixe de la copule conditionnelle est préférable. Cela permettrait
d’estimer une copule fixe, plutét qu’une famille (infinie) de copules indexée par le paramétre z. D’autres
disent qu’un tel modele est peu susceptible d’apparaitre en pratique, et ne saurait étre proche de la
réalité en général. Dans le chapitre 4, on développe des tests de cette hypothese, appelée “hypothese
simplificatrice”.

Formellement, cette hypothése peut s’écrire “z — Cx|z(-|Z = z) est une fonction constante”, c’est-
a-dire que la fonction Cxz(-|Z = z) ne dépend pas du choix de z. Une premiere idée naturelle est
de construire un test de #H, basé sur une comparaison entre la copule conditionnelle C;; estimée
avec et sans I'hypothése simplificatrice. Ces estimateurs seront appelés respectivement C‘S’ 717 et C‘W.
Ainsi, en introduisant une certaine distance D entre copules conditionnelles, un test peut étre basé
sur la statistique D(C‘,u, C*SJU). Nous proposons des procédures de ré-échantillonage pour évaluer la
loi limite de telles statistiques de test et prouvons la validité d’'un schéma de ré-échantillonage semi-
paramétrique spécifique.

Si 'hypothese simplificatrice est rejetée, il faut modéliser la dynamique de la dépendance en fonction
de z. Pour ce faire, nous utilisons la version conditionnelle d’un indicateur de dépendance usuel, le tau
de Kendall. Pour un entier p fixé, et pour chaque z € R?, le tau de Kendall conditionnel d’'un vecteur
bivarié X := (X3, X») sachant un vecteur de covariables Z = z est défini par

T191z=2 = P ((X21 — X11)(X22 — X12) > 0|Z1 = Zy = 2) — P((X2,1 — X1,1)(Xo2 — X12) < 0|Zy = Zy = 2),

ou (Xl, Zl) = ()(1’17 Xl’g, Z1’1, ey Zlﬁp) et (Xg, Zg) = ()(2’17 Xg’g, Zgyl, ey Zgﬁp) sont deux Copies in-
dépendantes de (X, Z).

On peut noter que le tau de Kendall conditionnel appartient toujours a lintervalle [—1,1] et refléte
une dépendance positive (si 71 2z, > 0) ou négative (si 7y 3 z—, < 0) entre X; et X», sachant Z = z.
Contrairement aux corrélations, cette mesure a I'avantage d’étre toujours bien définie, méme si I'un
des Xy, k = 1,2, nadmet pas de moments d’ordre 2. C’est le cas lorsqu'il suit une loi de Cauchy par
exemple.

Dans le chapitre 5, nous proposons des estimateurs du tau de Kendall conditionnel utilisant des
techniques d’estimation a noyau. Nous prouvons leurs propriétés asymptotiques et a distance finie,
sous des conditions faibles. Puis, dans le chapitre 6, nous proposons un modele de type régression
pour le tau de Kendall conditionnel, de la forme A(7 5,—,) = ¥(z)TB*, ou B* est un paramétre a
estimer, A est une transformation connue et 1 est un dictionnaire de fonctions. Un tel modele peut
étre utile également pour donner une estimation directe d’effets marginaux, du type 07 3(,—,/921, qui
quantifient l'influence locale d’une des variables sur la dépendance entre X; et X5.

Dans le chapitre 7, nous montrons les liens existants entre I'estimation du tau de Kendall condition-
nel et les problemes de classification. Ainsi, soient W := 2 x 1{(X21 — X1,1)(X22 — X12) > 0} — 1 et
IP((Xa,1 — X1,1)(X22 — X1,2) > 0|Zy = Zy = z) = IP(W = 1|Z, = Z = z) =: p(z). Nous pouvons alors
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remarquer que la prédiction de la concordance/discordance parmi les paires d’observations (X1, X5)
sachant Z peut étre vue comme un probléme de classification de ces paires. Si un modéle est capable
d’estimer la probabilité conditionnelle d’observer des paires concordantes d’observations, alors il est
capable d’estimer le tau de Kendall conditionnel. De telles probabilités conditionnelles sont justement
les sorties données par la plupart des algorithmes de classification usuels. Ainsi, la plupart des classi-
fieurs peuvent étre utilisés ici (par exemple les classifieurs linéaires, les arbres de décision, les foréts
aléatoires, les réseaux de neurones, et ainsi de suite), mais appliqués ici a des paires d’observations.

Dans la troisieme partie de cette these, nous abordons deux autres thémes liés a l'inférence des
modeles statistiques. Dans le chapitre 8, nous montrons comment les techniques développées dans le
chapitre 6 peuvent se généraliser au cas de n'importe quelle U-statistique conditionnelle. Finalement,
dans le chapitre 9, nous étudions la construction d’intervalles de confiance pour des ratios de moyennes.
Nous montrons que les estimateurs asymptotiques classiques construits a partir du théoreme central
limite et de la delta-méthode peuvent ne pas marcher dans certains régimes. Nous proposons des
indicateurs fondés sur des théoréemes d’impossibilité pour détecter de tels cas, et proposons d’autres
intervalles de confiance, uniformément valides sur des classes de distributions.
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Chapter 1

Introduction

In the era of big data, statistics and data science are increasingly useful and necessary to analyze
the huge volume of information that is available. Of primary importance are the tasks of estimation
and prediction: estimation because we want to infer some parameter or functional that determine the
unknown data generating process, and prediction because we want to learn from some datasets to
deduce some information about the future.

Often, several random variables X1, ..., X  are available and interact with each other. Therefore it
is obvious that inference from the joint law of X := (X3, ..., X,) should take into account the potential
dependence between the different components of X.

Indeed, in applications, many datasets are fundamentally multivariate. Let us describe shortly a few
examples: in finance, we may want to model the joint distribution of the returns of several assets ; in
hydrology, it is important to model the joint distribution of the characteristic of several rivers ; in social
sciences, usually several variables are available, in the individual level (income, wealth, age and so on)
as well as in the aggregated level (GDP, unemployment rate, average life expectancy and so on) ; in
biostatistics, interactions between different genes or different characteristics of the patients may be of
interest.

In this thesis, we study two main dependence modeling frameworks : the high-dimensional sparse
linear regression, studied in Chapters 2 and 3, and the conditional dependence framework, studied in
Chapters 4, 5, 6 and 7. Other related topics are discussed in the last part : estimation of conditional
U-statistics in Chapter 8, and confidence intervals for ratios of means in Chapter 9.

. Improved bounds for Square-root Lasso and Square-root Slope

. Robust-to-outliers simultaneous inference and noise level estimation
. About tests of the simplifying assumption

. About kernel-based estimation of the conditional Kendall’s tau

. About Kendall’s regression

. A classification point-of-view of the conditional Kendall’s tau

. Estimation of a regular conditional functional

. Confidence intervals for ratios of means

©O© 00N O~ WN

Figure 1.1: Links between the different chapters
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1.1 Estimation of the conditional mean: linear regression and re-
lated methods

1.1.1 Least-squares estimators and penalization

One of the oldest well-known dependence model is the linear regression. In such cases, the statisti-
cian tries to explain specifically one of the variables, called for example Y, using the other variables
Xi,...,X,. As usual, we assume that there is a true parameter 5* € R” such that Y = X7p* + ¢,
where X := (X;,..., X,) is the vector of explanatory variables and ¢ is a random variable representing
the uncertainty. Indeed, in the general case, there is no reason why there would be enough information
in X to completely explain the variable Y. We observe n > 0 i.i.d. replications of (X,Y"), denoted by
(X1,Y1),...,(Xn, Yy), and we define the design matrix as X := (Xy,...,X,)T and Y = (Y1,...,Y,)T.
As our goal is to infer the unknown parameter g*, we can invoke the usual least-squares estimator
BES = argming g |[Y — XB||2, where [[u]|? := (1/n) i, u? for a vector u € R".

If p > n, the estimator 35 may not be relevant. Often, it is no longer unique, and may lead to a
perfect reconstruction of the signal Y as an artifact of lack of observations due to the small size n. In
this case, additional assumptions have to be made about the model to make the task of inference easier.
The most usual assumption is the so-called sparsity of the vector 5*: a vector 3* is said to be s-sparse
for a given integer s > 0 if the number of nonzero coefficients of 8*, denoted by |5*|o < s. In other
words, we assume that Y is not affected by all the variables X3, ... X,,, but only by s of them. Obviously,
the statistician does not have knowledge of the precise set of variables that are relevant. For example,
in biostatistics, the statistician may assume that only a few genes are relevant without knowing which
ones.

As a consequence of this sparsity assumption, we do not want to have g “too big”, in the sense that
large values of 8 should be seen as less appropriate, even if they seem to lead to a better fit. Therefore,
we introduce penalized least-squares estimators of 5*, of the form

Bgrer .= arg min |[Y —XB|[2 + pen(8),
peR?

where pen(-) is a real-valued function of g € R”. Choice of the penalization function is not an easy task,
and different alternatives are possible. The penalization pen(8) := X x |3]o with a tuning parameter A
seems to be a natural choice, but this estimator is NP-hard to compute, meaning that it is impossible to
compute in polynomial time.

The Lasso estimator [135] uses a convex relaxation of this penalization, with pen(3) := X x |5]1,
where | - |; is the [;-norm, i.e. the sum of the absolute values of the coefficients. Bellec, Lecué and
Tsybakov [12] have shown that it is possible to choose a tuning parameter \-esso:9pt- guch that the
Lasso estimator with this choice of \ attains the optimal minimax rates of prediction and estimation in
this sparse framework, under an assumption on the design matrix X.

Nevertheless, the tuning parameter \s5°: Pt depends on the sparsity s, i.e. the number of non-zero
coefficients of 3, that is unknown in practice. Bellec, Lecué and Tsybakov [12] provide two possibilities to
solve this issue. The first solution is to use a Lepski-type procedure to aggregate all the Lasso estimators
for every choice of s. As a result, the aggregated estimator is adaptive to s. The second solution consists
in using a different estimator, the Slope.

The Slope estimator [20] is another penalized least-squares estimator, whose penalty is defined by
18l = 25:1 Aj1Bl¢y, with tuning parameters \; > --- > A, > 0, defining |3|(;) as the j-th largest
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component of |3|. The intuition behind the Slope estimator is simple: larger components of 5 should be
more penalized than smaller ones. Bellec, Lecué and Tsybakov [12] have shown that there exists opti-
mal tuning parameters AJ'°Pe Pt Ajlere. opt- sych that the Slope estimator also attains the optimal
minimax rates of estimation and prediction.

1.1.2 Adaptivity to o using two square-root estimators

Both the Lasso and the Slope estimators attains optimal rates, but the chosen tuning parameter depends
on o, the standard deviation of the noise . This may cause a problem since there is no reason why o
should be known in practice, making both estimators impossible to compute due to a lack of knowledge
about o. Looking closer at both estimators, it appears that the “optimal” tuning parameters are both
proportional to o. We can therefore rewrite those estimators as 37¢" := arg min, e |[Y — XB|Z + o x
pen(B), where pen(f) is a “standardized” version of the penalty.

If we knew the true 3*, we could replace o by an oracle estimator 5°7<l¢ := ||Y — X3*||,,. It is also
possible to replace ¢ in the minimization program by ||Y — XJ||,., which is an estimator of o depending
on A. The corresponding minimization problem would be ||Y — X3||2 +||Y — XB||, x pen(B). Simplifying
this expression, we define a family of square-root penalized estimators by

gt i arg min, [ =X} + pen(3), where |[Y X5, i= J LS - XIp)
€ i=1
The name “square-root” follows from the first part of the objective function ||Y — Xg||,., which is the
square-root of the usual least-squares criteria. A first member of this family is the square-root Lasso
estimator, defined as the square-root estimator using the | - |; penalization. It was first introduced by Sun
and Zhang [134] and Belloni et al. [14] under the name “scaled Lasso”. In a similar way, we define the
square-root Slope using the penalization |5|..

In Chapter 2, we show that the square-root Lasso estimator 359Z attains the minimax rates of es-
timation and prediction under Gaussian noise and a restricted eigenvalue condition about the design
matrix X. Indeed, there exists universal constants Cy,C> > 0, such that for every n large enough, with
IP ;. -probability at least 1 — (s/p)® — (14 €2)e~"/24, the estimator 352 with the tuning parameter chosen
as \9QL:ort- .=~ /(1/n)log(2p/s) and v > 16 + 4+/2 satisfies

- . C S
IX(B59% = )l < oy~ 1og (),

~ . 2
Vo€ 1,2 1599 - ], < Gastin g (%),

where ||, is the [,-norm and « is a constant that only depend on the design X. This estimator is adaptive
to o in the sense that A5?-°P*- does not depend on o anymore, as opposed to the tuning parameters of
the usual Lasso and Slope.

Nevertheless, the square-root Lasso estimator is not adaptive to s, in the sense that knowledge of
the true sparsity s is necessary to achieve this bound. Using a Lepski-type adaptation of this estimator,
we prove that an aggregated estimator of the square-root Lasso achieves optimality in the prediction
norm || - ||, or in an estimation norm | - |,, for a fixed ¢ € [1,2] without any knowledge on s. In fact,
we show a more general result: any family of estimators of 5 depending on s admits an adaptive to s
aggregated version that achieve the same rate as the oracle estimator with the true s. Computation of
this aggregated version is detailed in Algorithm 2.
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Combining the ideas of the Slope and the square-root estimators, the Square-root Slope should be
adaptive to both s and 0. We explain how any algorithm to compute the Slope estimator can be adapted
to compute the Square-root Slope. Then, we show that there is a universal choice of tuning parameters
AJ@S 0Pt =y /(1/n)log(2p/j) independent of s and o, and ~ can be any real greater or equal to
16 + 4v/2. With such a choice of tuning parameters and under an assumption on the design matrix X,
there exists universal constants C7, C5 > 0, such that for every n large enough, with IP g--probability at
least 1 — (s/p)* — (1 + €2)e~"/24, the estimator 3595 satisfies

. C: /s P
X SQL * 1 it
[1X(8 B)ln < I{/QU nIOg(S)v

. C} 1 2

B59F — B*|s < —205'/2 [ = log <p>7
K n S

where ' is a constant that only depends on the design X. This shows that the Square-root Slope attains

the minimax optimal rates of prediction and estimation in the I norm.

1.1.3 Robustness to outliers using the Median-of-Means approach

Robustness is a natural idea in statistics: it seems interesting to ask what would happen to the estimator
if the model is wrong, or if some observations have been “contaminated”. Sometimes, the estimators are
not robust, in the sense that only one outlier is enough to destroy the whole performance of an estimator.
Following [44], we define the breakdown point of an estimator 7" by :

e (T,Dy) = min{

min sup  |T(DzUDo) —T(Dr) :+oo}, (1.1)

n+m pyipo|=m

for an (uncontaminated) dataset Dz of size |Dz| = n > 0. The breakdown point ¢* (7', Dy) is the minimum
proportion of outliers needed to “break the estimator” with the datset Dz. In other words, it is the
minimum number of points that we need to add to the dataset Dz of informative data such that the
estimator T' can lie arbitrary far away from its previous value T'(Dz). The quantity ¢*(7,D;) can be
therefore seen as a measure of the robustness of the estimators (see [91] for a review of such measures
of robustness and new robust estimators).

Most of the times, the breakdown point of an estimator does not directly depends on the dataset Dz,
but it is often only a function of its size n = |Dz|. For example, the breakdown point of the empirical mean
is 1/(n 4+ 1), meaning that one needs only to add a single outlier to any dataset to make the empirical
mean arbitrary high. The median is another location estimator, with a better breakpoint of 1/2. Indeed,
we need to double the size of the any dataset in order to be able to arbitrary modify its median.

The same problem happens with the Lasso and other least-squares estimators : a single outlier
added to any dataset can reduce strongly the performance of the Lasso estimator, as proved in [91].
This problem affects in fact all the previous estimators since they are based on the minimization of the
empirical risk ||[Y — Xg||, = \/% >or . (Y; — X7 3)2, which is a kind of empirical mean.

In [91], Lecué and Lerasle propose to replace the empirical mean by an empirical median-of-mean
(MOM) and use a minimaxisation trick as follows.

1. Given a dataset D of size n, we can divide it into K blocks Dy,... Dk of size n/K (assumed to be
an integer) corresponding to a partition {1,...,n} = By U--- U Bk ;
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2. On each block By, we compute the criteria of 3 against 3

1 .
Pp, (g —15) := B > (i = XTB)? - (Y - X7 B)?,
"' i€By

for every 8,3 € R ;
3. The global MOM criteria of 3 against /3 is defined by

MOM (I — 15) = Median{ P, (Is — 1), k= 1,..., K }

4. Finally, the MOM-K estimator of g is defined by

BMOM=K ._ argmin max MOMy (l[)» — ZB) + )\(pen(ﬁ) - pen(ﬁ)), (1.2)
peR? BeR”
where X is a tuning parameter and pen(-) is a penalty function, such as the Lasso or the Slope
penalty.

They show that the resulting estimator, called the MOM-Lasso (resp. MOM-Slope) attains the optimal
minimax rate of convergence while having a breakdown point of (K/2)/(n + K/2). Indeed, both estima-
tors are robust to up to K/2 outliers, because such a small number of outliers could not affect the median
in step 3 above. Lecué and Lerasle also propose similar estimators for a more general framework where
Y: = f(X;) + ¢, with f belonging to a space of functions F.

Nevertheless, their estimators are not adaptive to the moments of ¢, meaning that, to attain the
optimal rates, the tuning parameter \ has to be chosen in a way that depends on the standard deviation
of £, which is unknown in practice. We propose, in Chapter 3, an adaptive version of the MOM-Lasso and
MOM-Slope. Moreover, it allows a simultaneous inference of the noise level, i.e. the standard deviation
o of . With the Lasso penalty, this joint estimator is defined by

N . I I )
(676.)AdaptwefMOM7Lassa = argmin max MOMK (/B +o0— B _ X) + /L(‘ﬂh o ‘,@|1)7
BGRd,U>o‘m;n BERd7X>UInin o X

(1.3)

where
ls 3 : s g
MOMg| =+0—+=—x| :=Medians Pg, | =+0c—-——x |, k=1,...,K
o X o X
and, forallk=1,..., K,

ls _lé_)._ 1 (Y; = XTB)?  (v; — XTp)>
PBk( +0o N X '_|Bk|z .

o o X

i€ By,

We prove that this adaptive version is still robust to up to K/2 outliers and still attains the optimal
rates of convergence in a non-asymptotic way. Moreover, the optimal choice of the tuning parameter
1 that allows to attain these rates does not depend on o anymore. This means our estimators is also
adaptive to 0. We propose also a generalization of this estimator to the framework where Y; = f(X;) +¢,
and prove a bound on the errors of the estimator (f, &) where f is an estimator of f and & is an estimator
of the standard deviation of e.
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1.2 Copulas and conditional dependence modeling

1.2.1 Distributions with given margins

In the previous section, we studied different ways of estimating adaptively the conditional mean of a
variable Y given other variables Xi,..., X,. Nevertheless, more general models are needed if one
wants to estimate a multivariate law without any specific separation between explained or explanatory
variables. More precisely, in our framework, the statistician is given n i.i.d. replications X;,...,X,, of
a random vector X in R?, and our goal is to estimate the law of X. It can be convenient to model
use a parametric model for the law of X, so that the values of the estimated parameters can be easily
interpreted in application. Often, it can be challenging to find a good parametric model for the data,
especially in a multivariate framework.

We will distinguish two kind of parameters: on the first side, marginal parameters, i.e. parameters that
only influence the univariate margins X, ..., X ; and on the other side, “pure” dependence parameters.
For example, assume that d = 2 and that law of X is bivariate Gaussian with means u1, u2, standard
deviation 01,09 and correlation p. Then (u1, 12, 01,02) is a vector of marginal parameters and p is a
pure dependence parameter, meaning that the distributions of X; and X, do not change with p. On the
contrary, the covariance Cov, 2 := o102p iS @ somehow mixed parameter that we would like to avoid,
since it contained some information about the margins and about the dependence at the same time.

One fruitful idea for inference is a generalization of this idea. This is the fundamental concept of
copula modeling, giving general and flexible estimation techniques such as inference from margins (see
Algorithm 1), where the marginals are estimated first and the dependence is modelled in a second step.

The concept of copula itself comes from Sklar [125] in 1959 (see Sklar [126] and Scheizer [121] for
historical references). Probabilists were interested in properties of several classes of distributions, in
particular distributions with given margins. For example, if we have d continuous distributions Fi, ..., F,
on R, how can we construct d-dimensional distributions F}.; whose margins are Fy,...,Fy ?

Theorem 1.1 (Sklar, 1959). Letd > 2 be an integer.

1. Let F.4 be a distribution function on R¢ with continuous margins Fy,...,Fy, and X ~ Fy.4. Then
there exists a distribution C on [0, 1]¢ with uniform margins, named the copula of X1, ..., X4 such
that the following equation holds

Vx = (21,...,24) € R, Fra(x) = O(Fi(x1),. .., Fa(zad)),
and C is given by
Yu = (uq,...,uq) € [0,1]%, C(uy, ..., ug) = Fl;d(Ff(ul), .. 7F(;(ud)),
where F; is the inverse function of F;, fori =1,...,d.

2. Conversely, if F1, ..., Fy are continuous distributions on R, and C is a copula (i.e. a continuous
distribution on [0, 1]¢ with uniform margins), then F;., defined by

Vx = (21,...,24) € RY, Frq(x) == C(Fi(x1), ..., Falza)),

is a joint distribution on R¢ whose margins are respectively distributed as Fi, ..., F; and whose
copula is C.
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3. Moreover, C is the joint distribution of U = (Uy,...,Uy) where U; := F;(X;) fori =1,...,d when
X =(X1,...,Xy) ~ Fiq.

Therefore, we have a bijection between the joint cdf F}.; and the decomposition (F1, ..., Fy, C). This
allows to separate on the one hand the marginal distributions Fi, . .. F,;, that can be estimated separately,
with possibly different models, and on the other hand the copula C, which summarizes the whole depen-
dence between the components of X. The copula C can be understood as a standardization of the law
of X where all the information about the margins has been removed. Indeed, for every j € {1,...,d},
U, := F;(X;) follows a uniform distribution on [0, 1] and this is true as long as the marginal distributions
F;; are continuous, that will be assumed everywhere in the following.

Fy
X1 —»U;

Fy
Xqg—» Uy
Figure 1.2: Decomposition of a vector X = (X1, ..., X) with multivariate cumulative distribution function

F, margins Fi, ... F; and copula C using Sklar's Theorem (Theorem 1.1).

1.2.2 Inference of copulas models

In practice, the univariate margins F, ... Fy are unknown and need to be estimated in a first, preliminary
step. Let F1, ..., F; be their respective estimators. They can be of any type (parametric, semi-parametric
or non-parametric), but a simple choice consists in using the empirical marginal cumulative distribution
function, i.e. Fj(t) := (1/n) X1, 1{X;; < t}.

From these estimators, we compute the pseudos-observations U; ; := F;(X; ;) for every 1 <i < n,
1 < j < d. Indeed, the statistician cannot access the true values U; ; := F;(X; ;) since they are not

observe and depend on the unknown cdfs Fi,... F;. Strictly speaking, for every i € {1,...,n}, the
random vector (U, 1,...,U; q) follows the copula C, but the pseudo-observation U; := (Ui 1,...,U; )
will not follow C. As n — oo, the estimated marginals cdfs Fi, ..., E,; should converge to the true

univariate cdfs, so it is still relevant to use the pseudos-observations (U; ;);, ; to estimate C.

The equivalent of the empirical cdf in this setting is the empirical copula, defined by
R 1 n . 1 n . R
Yu = (ul, . ,Ud) € [O, 1]d, C’n(u) = Z ]I{Ul < u} = ﬁ Z ]I{UiJ < ULy -ty Ui,d < ud}. (1 4)

n “ ;
=1 =1

Note that the empirical copula C,, is not a copula since its margins are not continuous, and therefore not

uniform on [0, 1]. The empirical copula has been well-studied and converges to the true copula under
mild assumptions, see Fermanian et al. [51] and references therein.

Several parametric models of copulas are also available. One of the simplest copula is the Gaus-
sian copula with correlation matrix 3, defined as the copula of the Gaussian distribution A/(0, ). One
can similarly construct the Student copula as the copula of the multivariate Student distribution with
correlation matrix ¥ and degrees of freedom v.

Another important class of copulas is the class of Archimedean copulas. A copula C of dimension 2
is called Archimedean if there exists a function ¢ convex, continuous, strictly decreasing from [0, 1] to



Chapter 1. Introduction 20

[0, +oo[ such that (1) = 0 and V(u,v) € [0,1]?, C(u,v) = ¢"V (p(u) + ¢(v)). Archimedean copulas
also exist in dimensions strictly larger than 2, under stronger assumptions on the function ¢. In practice,
we can fix a family of generator (g )sco for a low dimension parameter space ©, and a parameter 6 that
can be easily estimated. Several examples of such families are given in [106][Table 4.1].

More generally, assume that we have a finite-dimensional parameter space © C R”, and a parametric
family of copulas C := {Cy,0 € ©}, with densities ¢y. As before, we assume that we are given n i.i.d.
replications X, ..., X,, of a random vector X € R?, whose copula Cy- belongs to the parametric family
C, for a true unknown parameter 6* € ©. One of the main techniques for estimating 6* is the so-called
Canonical Maximum Likelihood Estimation, which simply the pseudo-maximum likelihood estimation of
the model using the pseudos-observations U, ; := Fj(X;;),i = 1,...,n, j = 1,...,p where Ej is the
estimated univariate cdf of X;. Usually £} is chosen as the empirical cdf of X;, that allow for any
marginal distributions. This gives an estimator 6 defined by

0 = arg I;leaé(; log ¢y (Uz'.,h ... U,;JL). (1.5)

Such an estimator is convergent and asymptotically normal under usual regularity conditions, see Tsuka-
hara [137] for details and a proof.

Algorithm 1: Algorithm for the inference from margins
Input: n i.i.d. observations X4, ..., X,, of dimension d
forj < 1toddo
estimate the marginal law F; by the empirical cdf Fj or using a parametric model ;

for every i = 1,...,n, compute the pseudos-observation U; ; := F;(X; ;) ;
end
estimate the copula C' using the pseudos-observations U, 1.4

o either by the empirical copula, defined in Equation (1.4)

e or by Canonical Maximum Likelihood Estimation C,, := C;; where @ is defined by Equation (1.5) ;

Output: d marginals £, ... F,; and a copula C.

1.2.3 Conditional copulas and the simplifying assumption

We study now a related framework, where the statistician observe i.i.d. replications of a vector X =
(X1, X ) where X; € R? is a vector of conditioned variables and X; € R%"? is a vector of conditioning
variables, in the sense that we want to model the law of X; given X ;. In the previous sections, we have
separated marginal and dependence parameters of a given distribution F'. Similarly, we would like to
separate

e ‘conditional marginal parameters”, i.e. parameters linked to the conditional marginals cdfs F;; :=
Fx,;of X;given Jforj=1,...,p;

e ‘conditional dependence parameters”, i.e. parameters linked to the conditional copula C;; of X;
given X ;.
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This conditional copula exists by the conditional version of Sklar's Theorem (Theorem 1.1), by which we
can decompose the conditional multivariate cdf F7; as follows

vxr € RP, Vx;, Fr;(x1|X; =x7) = Cp; (F1\,J(331|XJ =X7)s- s Fplr(p| Xy =x7) ‘ Xy = XJ)- (1.6)

These conditional copulas have been introduced by Patton [111, 112] and in a more general context
by Fermanian and Wegkamp [52]. For example, in a time series context, we may have a sequence of
random vectors (X;); indexed by the time ¢ € Z. To predict one observation using the previous one
in a Markov-chain like model, we would need to estimate the conditional law of X;,; given X;. This is
close to the previous framework, with the formal choice X; := X;.; and X; := X,;. In this case, the
conditional copula of X;,; given X; can be understood as the prediction of the dependence between
the different components of X;,; given X;.

Conditional copulas also naturally appear in the so-called vine framework, see [74, 77, 10]. Let us
detail this idea. Using Bayes’ theorem, one can show that any (unconditional) copula of dimension d can
be decomposed using d(d —1)/2 bivariate conditional copula. By this term, we mean conditional copulas
where the conditioned vector X; is of dimension 2, while the conditioning vector X ; has a dimension
between 0 and d— 2. This decomposition, also called pair-copula construction [1], allows a a very flexible
way of constructing any multivariate copula.

Getting back in the classical framework, the conditional copula of an explained random vector X;
given an explanatory vector X; can be used to explain how the dependence among the components of
X can change with the values of the conditioning variable. Indeed, in the general case, the conditional
copula of X; given X; = x; does depend on the conditioning variable x;. Sometimes, to make the
inference easier, people assume that the conditional copula is constant with respect to the conditioning
variable x ;. This is called the “Simplifying Assumption” for a given conditional copula model and may
or may not be satisfied in practice, i.e. with a given data-generating process. A visual representation of
the simplifying assumption when d = 2 is given on Figure 1.3. The general case, where the conditional
copula does depend on the conditioning variable Z, is illustrated on Figure 1.4.

Figure 1.3: The “simplifying assumption”: Z has Figure 1.4: The general case: Z has an influ-
an influence on the conditional margins X; and ence on the conditional margins X; and X5, and
Xo, but not on the conditional dependence be- also on their conditional dependence.

tween them.

In Chapter 4, we provide some tests of this Simplifying Assumption #,. Formally, it is defined as
follows:
Ho = the function x; — Cyp;(-|X; = x) is constant. (1.7)

Let us define C, ;|; be the cdf of the vector Z;; := ((Fy;(X1]X,), ..., F,(Xp| X)), called the sim-
plified, or partial copula. We prove in Proposition 4.4 that H, is equivalent to the independence be-
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tween Z;; and X, and that if the conditional copula is constant with respect to the conditioning vari-
able, then it is constant to the copula C, ;;. Note that the simplifying assumption does not imply that
Crs(ur| Xy = x;) = Cr(u;) where C7 is the usual (unconditional) copula of X (see Remark 4.1). This
means that the simplified copula C; ;; has no reason to be equal to the usual copula C;.

Nevertheless, we can have an estimate of C‘SJU by averaging kernel-based estimators of the condi-
tional copula C‘Iu, or as the empirical cdf or empirical copula of Z; ;. This allows us to adapt any test
statistics for the constancy of a function to the test of our simplifying assumption. For any norm || - ||
on the space generated by the class of all conditional copulas, the test statistics ||C‘W — C‘SJUH can be
used to test H,. For example, we can think of Kolmogorov-Smirnov-type statistics

T?(s,n = HC'I\J - és,I\JHoo = Ssup sup |C'1|J(UI|X,J) - Cs,I\J(uI)‘v
usy€[0,1]r xJERd—P

or Cramer von-Mises-type test statistics

~ ~ 2
é’vl%,n = / <CI\J(uI|XJ) 7CS,I|J(uI)> w(dufvdXJ)v

for some weight function of bounded variation w, that could be chosen as random. Other tests statistics
can be constructed using the fact that #, is equivalent to the independence between Z;; and X,
recycling usual independence test statistics.

Similar test statistics can be constructed under parametric assumptions. Let C := {Cy,0 € ©} be a
family of copulas and assume that for every x; € RP~¢, there exists a conditional parameter 0(x;) € ©
such that Cr;(-|X; = x;) = Cyx,)- Then H, is equivalent to the existence of a constant parameter 6
such that Vx s, 6(x) = 6. Test statistics can in this case be constructed as ||0(-) — ||, using weighted
versions of the CMLE estimators defined in Equation 1.5 and a norm || - || on the space of functions
R - ©.

In both cases, asymptotic distributions of these tests statistics are complicated to obtain and may
not pivotal, in the sense that they may depend on unknown parameters. Therefore, we propose to
use the bootstrap to estimate quantiles of the asymptotic distribution of a given test statistic 7. We
propose different bootstrap schemes in general nonparametric framework, as well as under parametric
assumptions.

The simplifying assumption that we have studied before concerns the constancy of conditional copu-
las with respect to pointwise conditioning events, i.e. conditioning events of the form X ; = x;, for some
fixed value of x;. One can wonder what would happen for different conditioning events, for example if
we would conditioned by an event of the form x; € A for a borelian subset A; C RIP, Similarly as in
Theorem 1.1 and Equation 1.6, we have the decomposition

Fry(Xr <xq|Xy € A5) = Cp} (Fl\J($1|XJ €Ay);- By Xy € A)) [ Xy € AJ>,

for every point x; € RP and every subset A; € A;, where Aj is the set of all Borel subsets of R?P,
This defines implicitly a conditional copula C}“lj that depends of the conditioning set A; in the general
case. So, it is tempting to replace H, by

Ho C17(ur|X; € Ay)does not depend on A € Ay, for any u;.

Ay
117

Ho ! This is due to the non-linear transformation in Sklar’'s theorem. In fact, we prove that Ho is

Surprisingly and counter-intuitively, C7,7 still depends on A; even under the simplifying assumption
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equivalent to a test of independence between X; and X, which is much stronger than the simplifying
assumption H,. Indeed, Hy means that X ; has no influence on the conditional dependence between
the components of X; ; if X; and X ; were independent, X ; would have no influence on the conditional
distribution of X ;, meaning no influence on its conditional margins nor on its conditional dependence.

Nevertheless, one can weaken the latter assumption, and restrict oneself to a finite family A; of
subsets with positive probabilities. For such a family, we could test the assumption

Ho: Ay Oﬁj(- |X; € Ay)is constant over Aj.

We propose similar test statistics of 7, in both non-parametric and parametric frameworks, as well as
adapted bootstrap procedures. We prove the validity of a particular bootstrap resampling schemes.
Finally, we illustrate the relevance of all these test statistics and related methods on simulated data.

1.2.4 Kendall's tau: a measure of dependence, and its conditional version

Since the copula is a cdf, it lives in an infinite-dimensional space and can be hard to represent, store
(in the memory of a computer) or interpret in applications. Therefore, it may be useful to model the
dependence by a number, rather than by a function. One can invoke the usual (Pearson’s) coefficient
of correlation, but it is not always defined. More precisely, the correlation coefficient does not exists
when one of the marginal distribution does not belongs to L2, for example, if it is a Cauchy distribution.
Moreover, the correlation coefficient is no invariant with respect to increasing transformations of the
margins, such as a logarithmic transformation.

Several margin-free measures of dependence have been proposed, one of the best-known among
them is Kendall’s tau [80]. For a bivariate random vector X = (X, X5), it is defined as

T1,2 1= ]P((X271 — Xl,l)(X2,2 — X172) > 0) — IP((XQJ — X171)(X272 — XLQ) < O), (18)

where X := (X1,1, X1,2) and X := (X321, X22) are two i.i.d. replications of X. This can be interpreted
as the probability of observing a concordant pair (“the two variables move in the same direction”) minus
the probability of observing a discordant pair (“the two variables move in opposite direction”). Note that
Kendall’s tau is always defined for any distribution on R? without any moment assumption and lies in the
interval [—1, 1]. ltis invariant by increasing transformations of the marginal distribution and therefore only
depends on the copula of X. The link between the Kendall’s tau of a given distribution and its copula
is in fact explicit and given by 7 5 = 4f[031]2 C(u,v)dC(u,v) — 1. Further properties of Kendall’s tau and
related dependence measures are detailed in [106].

Kendall’s tau can be estimated easily by the empirical proportion of concordant pairs minus the
empirical proportion of discordant pairs, giving an estimator 7. For most bivariate families of copulas
C = {Cy,0 € © C R}, there exists a bijection ¥ between the Kendall’s tau and the parameter 6, such
that - = ¥(6). Then a natural estimator for 6 is given by the technique called “Inversion of Kendall’s tau”,
that is 6 := w(~1(#), where ¥(~1) denotes the inverse of V.

In a bivariate framework, the inference procedure for the law of X can be therefore divided in four
independent steps:

1. Estimation of the first marginal distribution F ;

2. Estimation of the second marginal distribution F5 ;
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3. Choice / selection of the family of copula C, which determines the shape of the dependence ;

4. Estimation of the Kendall’s tau 7 and the corresponding parameter 6, which determines the strength
of the dependence.

By using Sklar’'s theorem, we can construct an estimator of the cdf of X as
Fx(x) = Cyn 2y (A1), Popp(a2)),

where x = (z1,25) € R

Assume now that we observe n > 0 i.i.d replications (X1, Z;), ..., (X, Z,) of a vector (X, Z) where
X is a bivariate random vector and Z is a vector of explanatory variables. The conditional law of X given
Z can be decomposed using the conditional version of Sklar’'s Theorem, as in Equation 1.6, using the
conditional marginals Fy |z and F;z and the conditional copula Cx z. Assume that the two conditional
margins Fi z and Iz have already been estimated parametrically or non-parametrically (for example,
using kernel smoothing techniques). If the simplifying assumption holds, the conditional copula Cxz is
constant with respect to Z and usual (unconditional) copula models can be used to estimate it.

On the contrary, if the simplifying assumption does not hold, then the statistician has to estimate the
conditional copula Cx)z. This corresponds to the estimation of a model of the thick arrow in Figure 1.4.
It is always possible to use nonparametric estimators of a conditional copula, for example by kernel-
smoothing, but they are very hard to visualize - and a fortiori to interpret. Indeed, even when the
dimension of Z is one, the graph of a conditional copula is an hyper-surface in dimension 4.

A simple idea is the use of the conditional Kendall’s tau. Remember that Kendall’s tau for a copula
Cis7(C) =4 [ CdC — 1. We can therefore extend this definition in a straightforward way as

T121Z=2 = T(OX|z=2) = 4/CX|Z=deX\Z=z -1

=IP((X21 — X1,1)(Xo2 — X12) > 021 =Zy =2z) — P((Xa,1 — X11)(Xo2 — X12) < 0|Zy = Zy = 2),
(1.9)

where (X1,Z1) = (X11,X12,Z1,1,---,21p) and (X2, Zy) = (X21,X29,221,...,2Z2,) are two inde-
pendent versions of (X,Z). This can be interpreted as the probability of observing a concordant pair
conditionally to Z = z minus the probability of observing a discordant pair conditionally to Z = z. We
note that the conditioning event Z;, = Z, = z in Equation 1.9 is unusual, but it is necessary. Indeed,
conditional probabilities of concordance/discordance are only relevant when the two observations follow
the same distribution. In this case, it corresponds to the constraint Z; = Z.

In a parametric framework, one can use the conditional Kendall’s tau to estimate the conditional
parameter of a conditional copula. Indeed, let C; 5 z(-|Z = z) be the conditional copula between X; and
X, given Z = z, C := {Cp,0 € ©} be a family of copulas and assume that for every z, there exists a
conditional parameter 6(z) € © such that C, 5;z(-|Z = z) = Cy(,). Assume that there is a bijection ¥
such that 7(Cy) = ¥(0), where 7(Cy) denotes the Kendall’s tau of the copula Cy. Then if we are given
an estimator 7, 57—, of the conditional Kendall's tau between X; and X, given Z = z, we can estimate
the conditional copula between X; and X, given Z = z by

C NZ=2z)=C_(_1)/. )
1,21z (| z) UEY (7 92-,)

where ¥(—1) denotes the inverse function of ¥. This allows one to separate the inference procedure for
the joint law of (X, Z) in five independent steps:
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1. Estimation of the first conditional marginal distribution F; z which determines the influence of the
covariate Z on X ;

2. Estimation of the first conditional marginal distribution Fz which determines the influence of the
covariate Z on X5 ;

3. Choice / selection of the family of conditional copula C, which determines the shape of the condi-
tional dependence ;

4. Estimation of the conditional Kendall's tau 7, 5z—. and the corresponding parameter 6(z), which
determines the strength of the conditional dependence ;

5. Estimation of the law of the conditioning variable Z.

As a consequence, an estimator of the joint cdf Fx z can be constructed using these five pieces, by
Fx,z(x,2) := Fz(z) x Cg ) (F1.2122) (Fl\z($1|z =1z), Fyz(22|Z = Z))7

where x = (z1,25) € R* and z € R”.

1.2.5 Estimation of the conditional Kendall’s tau

To estimate the conditional Kendall’s tau, we will follow three different approaches. In Chapter 5, we
show how kernel-based estimators can be used to estimate the conditional Kendall’s tau. In Chapter 6,
we propose to estimate the conditional Kendall's tau by a regression-type model. Finally, in Chapter 7,
we show how classification-based methods can be used for the estimation of the conditional Kendall’s
tau.

The conditional Kendall's tau can be rewritten as 7y 57—, = IE[g(X1,X3)|Z1 = Z; = z] for a well-
chosen choice of g and two i.i.d. replications (X;,Z,), (Xs,Zs) of a random vector (X,Z) € R**?,
where dim(Z) = p > 0. Therefore, in Chapter 5, we propose a corresponding kernel-based estimator
of the conditional Kendall’'s tau. It is given by 7 27—, = >/, 23 1 Wi n(2)wjn(2)g(Xi, X;), where
w;n(2) = Kp(Z; — z), K is a kernel on R” and h > 0 is the so-called bandwidth.

Our first result is a concentration inequality for the estimated conditional Kendall’s tau: we show
that for a given z, ¢ > 0 small enough and ¢’ > 0, with probability larger than 1 — exp ( — nh?t?/(Cy +
Cat)) — exp ((— nh®t'?/(Cs + Cyt')), We have |71 51z, — T12jz=s| < &(t,t', ), for some explicit con-
stants C1,...,Cy and an explicit function ¢, under some regularity conditions. Then, we show its con-
sistency, uniform consistency and asymptotic normality under different regularity assumptions on the
data-generating process.

This kernel-based can be nevertheless costly to compute when we want to estimate the whole curve
z > T1 2)z—z- We may also want to have a parametric form for the conditional Kendall’s tau that would
be easier to interpret in applications. Therefore, in Chapter 6, we propose the following regression-
type model. For a given link function A : [-1,1] — R, and a given basis (1;), we can always do the
decomposition

7—1 2|Z= z sz - )TB ) (110)

where the g are real coefficients, assuming that only a finite number of functions is necessary to
reconstruct this transformation of the conditional Kendall’s tau. It seems difficult to have intuition about



Chapter 1. Introduction 26

what kind of functions should be incorporated in the family ;. As a consequence, we advise to include
different transformations, such as polynomials, trigonometric or indicator functions, keeping in mind that
only a few of them might be relevant to the analysis. This means that the vector 5* is sparse, in the
sense that most of its coefficients may be equal to 0. As in the previous section, we would like to use
a penalized regression to estimate Model 1.10. A direct estimation of it seems difficult since we do
not observe realizations of the conditional Kendall’s tau itself. Therefore, we will use a two-step based
procedure :

1. Fixing some design points z, ...,z , with n’ > 0, we estimate the conditional Kendall’s tau using
a kernel-based estimator at each of those points, giving estimators 7, yz—,; fori=1,... ,n.

2. Then we estimate * by the following penalized least-squares estimator

BPES = arg min [ 3" (Al aizar) — ()7 8)” + N8, (1.11)

P /
geR? *V i

where | - |1 is the I; norm and X is a tuning parameter.

Finally, for any point z, the conditional Kendall’'s tau itself can be estimated by A~ (27 37"5). As a by-
product, the coefficient BFLS can also be used to estimate marginal effects of the form 07y 5)7—,/0%;
for j = 1,...,p. This can be useful to have a quantity that measures how the conditional dependence
between X; and X, change with the variable Z;, for example.

We prove a concentration bound for 375 with explicit constants that holds with high probability
under regularity assumptions on the data-generating process and on the design matrix. Then we prove
the consistency and the asymptotic normality of 3725, when n — oo and n’ is fixed. In this situation,
our estimator 57°%5 does not fulfill the oracle property in the sense that it fails to estimate the true set of
relevant variables with probability tending to 1.

We show that a related adaptive procedure can recover the true set of relevant variable. It is defined
with the same [;-penalized criteria, but it uses a random tuning parameter A\ = 1/|3|°, where 3 is a
consistent estimator of §* and u = 1, v is @ deterministic sequence satisfying some rate assumption.

Getting back to the previous estimator 3, we show that, under some regularity assumptions, it is
consistent in the framework where both n and n’ tend to the infinity. We also compute its asymptotic
distribution, and show that the rate significantly improved in this double-asymptotic framework: we obtain
3PLS _ 3* < (nn/h?)~1/2, that can be compared with the equivalent 3715 — g* =< (nh?)~1/2 obtained

n,n’ n,n’

when n’ is fixed.

In Chapter 7, we show how the problem of estimating the conditional Kendall’s tau can be rewritten
as a classification task. Indeed, remember that it is defined as

T 2z=s = P (X2 — X11)(X22 — X12) > 0’Z1 =Zy=1z) - P((Xo1 — X1,1)(Xo2 — X12) < 0’Z1 =Zy=1z).
We now introduce the variable 1 defined by
W =1{(X21 — X11)(X22 — X12) >0} — 1{(X2,1 — X1,1)(X2,2 — X12) < 0}.

As the distribution of X is continuous, W belongs to the set {—1, 1} almost surely, where W = 1 cor-
responds to the observation of a concordant pair and W = —1 to a discordant pair. Using this new
variable W, we can rewrite the conditional Kendall’s tau as
T1,2|1Z=2z = 1P(W = 1|Z1 =7 = z) — IP(W = —1’Z1 =7y = z)
=2P(W =1|Z1 =Zo =2) — 1 =2p(z) — 1, (1.12)
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where p(z) := IP(W = 1|Z; = Z, = z). Therefore, estimating the conditional probability of the variable
W being equal to 1 or —1 is equivalent to estimating the conditional Kendall’s tau. Actually, the prediction
of concordance/discordance among pairs of observations (X;, X2) given Z can be seen as a classifica-
tion task of such pairs. If a model is able to evaluate the conditional probability of observing concordant
pairs of observations, then it is able to evaluate conditional Kendall’s tau, and the former quantity is one
of the outputs of most classification techniques.

For an i.i.d. sample D := (X;,Z;)i—1

,,,,,

n, We define W; ;) as

1 if (4,4) is a concordant pair,
W(iq,j) =2 X ]l{(XjJ - Xiﬁl)(Xj,g - Xi,Z) > 0} —1= ] . ) (113)
—1 if (4,4) is a discordant pair,
forevery 1 <i,j <mn, i # j. A classification technique will allocate a given couple (i, j) into one of the
two categories {1, —1} (or “concordant versus discordant”, equivalently), with a certain probability, given
the value of the common covariate Z.

We first consider a parametric approach, assuming a single-index model of the form 7, 3z, =
9((z)TB*), similarly as in Model 1.10, where g = A(=1). We propose to use maximum-likelihood-type
methods to estimate the parameter 5*. For one observation (W, ;,Z;,Z;), given Z; = Z; = z, its
log-likelihood is

1+ W,
ts(Wii ), 2) = (2”)> log IPg (Wu,j) =1

7 - 1= Weg) R
Zl—ZJ—Z + 5 10gIPB W(,L’])— IZZ—Z]—Z .

In practice, when the underlying law of Z is continuous, there is virtually no couple for which Z; = Z;.
Therefore, we will consider a localized “approximated” log-likelihood, based on (W(; j, Z;, Z;) for all
pairs (i,7), i # j. It will be defined as the double sum

1

L) = =Dy

> Kn(Zi — Z)ts(Wi gy, Zi j),

4.J31#]
where K is a kernel on R?, h a bandwidth, and Zi,j a point belonging to a neighborhood of Z; or Z;,
for example Z; or Z; themselves, or (Z; + Z;)/2. Finally, we define a penalized approximate maximum
likelihood estimator of 5* by

BPAML . oo max Ly, (8) — AnlBl1. (1.14)

pBeR?

Note that, contrary to the two-step estimators considered previously in Equation (1.11), 374ML s not a
solution of a convex program in general, and therefore may difficult to compute in practice. Nevertheless,
it does not need any choice of design points as previously. If g is chosen as the equivalent of the probit
or logit link function, then we prove that the optimization program (1.14) is in fact a convex program, that
can be easily solved in polynomial time using a classical software for solving (penalized) weighted probit
or logit regressions.

More generally, if we are given a dataset D := (X, Z;);=1.... », We can always construct the dataset
of pairs, defined as D = (Wk,Zk,Vk)lngn(n_l)/z, where each pair (i, j) with i < j is indexed by an
integer k. Each observation in this dataset is made up of three components. The first is W, := W, ;,
i.e. the concordance/discordance of the pair (i, j) ; this is the variable that we want to predict. The
explanatory variable of the pair (i, j) is defined by Z; := Zm-. Finally we construct a weight variable
Vi .= Vi; = Kin(Z; — Z;), which measures how close Z, and Z; are, and therefore, it measures how
relevant for the estimation of the conditional Kendall’s tau the pair (i, j) is. Indeed, remember that in the
definition of the conditional Kendall's tau 7, 3z—,, the conditioning event is of the form Z, = Z, = z.
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Assume we are given a classification algorithm that takes in input a dataset with an explained vari-
able, a vector of explanatory variables and a weight for each observation. We remark that it corresponds
exactly to the caracteristic of the dataset of pairs D constructed above. Therefore, we can directly apply
any classification algorithm on the dataset D. As a result we will obtained an estimated function j(z) of
the probability of observing a concordant pair given the covariate z. We can plug this estimate to obtain
an estimator of the conditional Kendall’s tau by 7, 2;z—, = 2p(z) — 1, using Equation (1.10).

Nearly all classification algorithms can be adapted following this principled, and we detail the case of
the probit logit, decision trees, random forest, nearest neighbors and neural networks. One can remark
that observations in the dataset of pairs D are not independent. For example, the pair (1,2) and (1, 3) are
not independent since they share the same first observation (X1, Z;). Nevertheless, we show that this
lack of independence is not too much harmful since most couple of pairs are independent in fact. The
performance of all these estimators and their sensitivities to each component of the model is assessed
in a simulation study. Finally, we apply all these estimators to a dataset of European stock indices, and
compare the conditional dependence between them.

1.3 Other topics in inference

1.3.1 Estimation of a regular conditional functional by conditional U-statistic
regression

Remember that Kendall’s tau, defined in Equation (1.8), can be also rewritten as
T2 1= /]l{($2,1—$1,1)($2,2—9€1,2) > 0} =1{(w21—21,1)(w22—71,2) < 0}dIPx (21,1, 2,1)dPx (1,1, T2,1).-

This means Kendall’'s tau is what we will call a regular function 6(IPx) of the law of X. Similarly, the
conditional Kendall’s tau 7, /z—, can be rewritten as 6(IPxz—,) with the same conditional 6(-). Many
results detailed in Chapters 5 and 6 are not specific to the case of the (conditional) Kendall’s tau, but can
be generalized to any regular (conditional) functional. Such generalizations are studied in Chapter 8,
with corresponding theoretical results.

Our framework will be the following. We observe n i.i.d. replications (X;,Z;) ~ (X,Z), i=1,...,n.
The random variable X belongs to a measurable space (X,.A4) while Z € R?. We will denote the joint
law of (X, Z) by IPx z and the conditional law of X|Z by IPx,z. A regular conditional functional is defined
as a functional of the form

9(Z1, ey Zk) = 9(1PX|Z:zl7 cee >]PX|Z:zk) = /g*(xlv cee axk)d]PX|Z:z1 (Xl) T dIPX\Z:zk (Xk)a

for a fixed function ¢* : ¥ — R, where k > 0. For example, in the case of the conditional Kendall’s tau,
X =R?, k=2, and g*(x1,x3) is 1 if the pair (x, x,) is concordant and —1 if it is discordant.

Our goal is to estimate the function (z1,...2z;) — 0(z1,...,z;). The first method consists in using a
kernel estimator 6 of 6. Asymptotic properties of such an estimator were proved by Stute [132]. Under
some regularity assumptions, we prove that, with probability greater than 1 — 2exp ( — [n/k]t*h*? /(Cy +
C’gt)) — 2exp ( — [n/kJt"2hFP [ (Cg + C7t’)), we have ‘é(zl, vy zi) — 0(z1, ... ,zk)‘ < (1 + C3h® + C’4t) X
(Csh*te +¢'), for some explicit constants Cy, ..., Cr.

Then we propose a regression-type model generalizing the parametric model that we proposed for
the conditional Kendall’s tau in Equation (1.10). It is defined as

Y(z1,...,21) € ZF, Ab(z1,...,2)) = W(z1,.. . zx)" 3", (1.15)
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for a given transformation A : Range(g*) — R, a basis 1 of size » > 0, and a true unknown parameter 5*
to be estimated. This model cannot be directly estimated, as both sides of the equation are unobserved.
Nevertheless, given a finite collection of points z7,...,z/, € 2Z" and a collection Ji n of injective func-
tions o : {1,...,k} — {1,...,n'}, we can use the kernel estimate é(z;(l),...,z;(k)) for each choice
of ¢ € J, /. Then, the estimator 3 can be defined in a second step as the minimizer of the following

l1-penalized criteria

5(q* "— k)
BY) .= arg min (n )

2
o et Z <A<9(Z;(1),mazfy(k))>—U’(Z;(l)amazf;(k))Tﬁ) +AlBlL|

aeﬁ,w,/

where )\ is a tuning parameter. We prove a nonasymptotic bound on ") that holds with high probability.
Then we consider two different asymptotic regimes : n — oo with a fixed n’ and (n,n’) jointly tends to
the infinity. In both regimes, we show that, under suitable regularity conditions, the estimator 3¢ is
consistent and we derive its asymptotic law.

1.3.2 About confidence intervals for ratios of means

In Section 1.3.1, we have given non-asymptotic bounds for our kernel estimator, which is defined as
a ratio of two sums. In fact, the same techniques can be used to obtain concentration inequalities for
ratios of means. These inequalities are of the form, |X,,/Y,, — IE[X]/IE[Y]| < ¥(«), with probability at
least 1 — «, where ¥ is a function that depends on the regularity assumptions made on the distribution
of XandY, X, :=n"'> " | X,,, and we observe n i.i.d. replications (X, ,,Y; ) ~ (X,Y).

In Chapter 9, we prove two versions of these concentrations inequalities, when X and Y both admits
second moments, or when the supports of X and Y are bounded. We give explicit expressions for the
corresponding functions ¥, which are of the form (C + o(1))/v/na (respectively (C + o(1))+/In(1/a)/n).
This allows us to construct confidence intervals for ratios of means, that are valid for any fixed n € N.

The most popular method for constructing confidence intervals is based on an application of the delta
method. In practice, statisticians tend to examine thinner and thinner effects as more and more data are
available. This forms a sequence-of-models framework under which we prove a generalization of the
delta method for ratios of means. Finally, we prove a lower bound and an impossibility result related to
the nonasymptotic inference of ratios of means. More precisely, we show that there exists a minimum
size for any nonasymptotic confidence interval and a minimum level under which no "reasonable test"
can be defined.



Chapter 1. Introduction 30

Publications List

Journal publications

1. Derumigny, A., & Fermanian, J. D., About tests of the “simplifying” assumption for conditional
copulas. Dependence Modeling, 5(1), 154-197, 2017.

2. Derumigny A., Improved bounds for Square-root Lasso and Square-root Slope. Electronic Journal
of Statistics, 12(1), 741-766, 2018.

3. Derumigny, A., & Fermanian, J. D., A classification point-of-view about conditional Kendall’s tau.
Computational Statistics & Data Analysis, 135, 70-94, 2019.

Preprints

1. Derumigny, A., & Fermanian, J. D., About Kendall’s regression. ArXiv preprint, arXiv:1802.07613,
2018.

2. Derumigny, A., & Fermanian, J. D., About kernel-based estimation of conditional Kendall's tau:
finite-distance bounds and asymptotic behavior. ArXiv preprint, arXiv:1810.06234, 2018.

3. Derumigny, A., Estimation of a regular conditional functional by conditional U-statistics regression.
Arxiv preprint, arXiv:1903.10914, 2019.

4. Derumigny, A., Girard, L., & Guyonvarch Y., On the construction of confidence intervals for ratios
of expectations. Arxiv preprint, arXiv:1904.07111, 2019.

Work in progress

1. Derumigny, A., Robust-to-outliers simultaneous inference and noise level estimation using a MOM
approach, in progress, 2019.



Part |

Linear regression






Chapter 2

Improved bounds for Square-root
Lasso and Square-root Slope

Abstract

Extending the results of Bellec, Lecué and Tsybakov [12] to the setting of sparse high-
dimensional linear regression with unknown variance, we show that two estimators, the Square-
Root Lasso and the Square-Root Slope can achieve the optimal minimax prediction rate, which
is (s/n)log (p/s), up to some constant, under some mild conditions on the design matrix. Here,
n is the sample size, p is the dimension and s is the sparsity parameter. We also prove optimality
for the estimation error in the [,-norm, with ¢ € [1,2] for the Square-Root Lasso, and in the [,
and sorted /; norms for the Square-Root Slope. Both estimators are adaptive to the unknown
variance of the noise. The Square-Root Slope is also adaptive to the sparsity s of the true param-
eter. Next, we prove that any estimator depending on s which attains the minimax rate admits an
adaptive to s version still attaining the same rate. We apply this result to the Square-root Lasso.
Moreover, for both estimators, we obtain valid rates for a wide range of confidence levels, and
improved concentration properties as in [12] where the case of known variance is treated. Our
results are non-asymptotic.

Keywords: Sparse linear regression, minimax rates, high-dimensional statistics, adaptivity,
square-root estimators.

Based on [35]: Derumigny A, Improved bounds for Square-root Lasso and Square-root Slope.
Electronic Journal of Statistics, 12(1) :741-766, 2018.

2.1 Introduction

In a recent paper by Bellec, Lecué and Tsybakov [12], it is shown that there exist high-dimensional
statistical methods realizable in polynomial time that achieve the minimax optimal rate (s/n)log (p/s)
in the context of sparse linear regression. Here, n is the sample size, p is the dimension and s is the
sparsity parameter. The result is achieved by the Lasso and Slope estimators, and the Slope estimator
is adaptive to the unknown sparsity s. Bounds for more general estimators are proved by Bellec, Lecué
and Tsybakov [13, 11]. These articles also establish bounds in deviation that hold for any confidence
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level and for the risk in expectation. However, the estimators considered in [12, 13, 11] require the
knowledge of the noise variance o2. To our knowledge, no polynomial-time methods, which would be at
the same time optimal in a minimax sense and adaptive both to o and s are available in the literature.

Estimators similar to the Lasso, but adaptive to o are the Square-Root Lasso and the related Scaled
Lasso, introduced by Sun and Zhang [134] and Belloni, Chernozhukov and Wang [14]. It has been
shown to achieve the rate (s/n)log(p) in deviation with the value of the tuning parameter depending
on the confidence level. A variant of this estimator is the Heteroscedastic Square-Root Lasso, which is
studied in more general nonparametric and semiparametric setups by Belloni, Chernozhukov and Wang
[15], but it also achieves the rate (s/n) log(p) and depends on the confidence level. We refer to the book
by Giraud [67] for the link between the Lasso and the Square-Root Lasso and a short proof of oracle
inequalities for the Square-root Lasso. In summary, there are two points to improve for the Square-root
Lasso method:

(i) The available results on oracle inequalities are valid only for the estimators depending on the confi-
dence level. Thus, one cannot have an oracle inequality for one given estimator at any confidence
level except the one that was used to design it.

(i) The obtained rate is (s/n) log(p) which is greater than the minimax rate (s/n) log(p/s).

The Slope, which is an acronym for Sorted L-One Penalized Estimation, is an estimator introduced
by Bogdan et al. [20], that is close to the Lasso, but uses the sorted I; norm instead of the standard I,
norm for penalization. Su and Candés [133] proved that, as opposed to the Lasso, the Slope estimator
is asymptotically minimax, in the sense that it attains the rate (s/n)log(p/s) for two isotropic designs,
that is either for X deterministic with %XTX = I,xp Or when X is a matrix with i.i.d. standard normal
entries. Moreover, their result has not only the optimal minimax rate, but also the exact optimal constant.
General isotropic random designs are explored by Lecué and Mendelson [93]. For non-isotropic random
designs and deterministic designs under conditions close to the Restricted Eigenvalue, the behavior of
the Slope estimator is studied in [12]. The Slope estimator is adaptive only to s, and requires knowledge
of o, which is not available in practice. In order to have an estimator which is adaptive both to s and
o, we will use the Square-Root Slope, introduced by Stucky and van de Geer [131]. They give oracle
inequalities for a large group of square-root estimators, including the new Square-Root Slope, but still
following the scheme where (i) and (ii) cannot be avoided. The square-root estimators are also members
of a more general family of penalized estimators defined by Owen [109, equations (8)-(9)] ; using their
notation, these estimators correspond to the case where #H,, is the squared loss and B, is a norm
(either the I; norm or the slope norm).

The paper is organized as follows. In Section 2.2, we provide the main definitions and notation. In
Section 2.3, we show that the Square-Root Lasso is minimax optimal if s is known while being adaptive
to o under a mild condition on the design matrix (SRE). In Section 2.4, we show that any sequence of
estimators can be made adaptive to the sparsity parameter s, while keeping the same rate up to some
constant, with a computational cost increased by a factor of log(s.) where s, is an upper bound on the
sparsity parameter s. As an application, the Square-root Lasso modified by this procedure is still optimal
while being now adaptive to s (in addition of being already adaptive to o). In Section 2.5, we show how
to adapt any algorithm for computing the Slope estimator to the case of the Square-root Slope estimator.
In Section 2.6, we study the Square-Root Slope estimator, and show that it is minimax optimal and
adaptive both to s and o, under a slightly stronger condition (WRE). The (SRE) and (WRE) conditions
have already been studied by Bellec, Lecué and Tsybakov [12] and hold with high probability for a large
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class of random matrices. Moreover, the inequalities we obtain for each estimator are valid for a wide
range of confidence levels. Proofs are given in Section 2.7.

2.2 The framework

We use the notation | - |, for the I; norm, with 1 < ¢ < oo, and | - |p for the number of non-zero
coordinates of a given vector. For any v € RP, and any set of coordinates .J, we denote by v; the
vector (v;1{i € J});=1,..,, Where 1 is the indicator function. We also define the empirical norm of
a vector u = (uy,...,u,) as [[ul[2 := 13" w2 For a vector v € R?, we denote by v(;) the j-th
largest component of v. As a particular case, |v|(;) is the j-th largest component of the vector [v| whose
components are the absolute values of the components of v. We use the notation (-, -) for the inner
product with respect to the Euclidean norm and (e;);=1,... , for the canonical basis in R”.

Let Y ¢ R" be the vector of observations and let X ¢ R™*? be the design matrix. We assume that
the true model is the following

Y =XpB* +e. (2.1)

Here 5* € R” is the unknown true parameter. We assume that ¢ is the random noise, with values in
R", distributed as N (0,021,,x,), where I,,.,, is the identity matrix. We denote by IPs- the probability
distribution of Y satisfying (2.1). In what follows, we define the set By(s) := {5* € R” : |5*|o < s}. Inthe
high-dimensional framework, we have typically in mind the case where s is small, p is large and possibly
p>n.

We define two square-root type estimators of 3*: the Square-Root Lasso 359L and the Square-Root
Slope 3595 by the following relations

N 1

SQL ¢ arg mi (YX + A > 2.2
B YgBHelIlélp \/ﬁ| 5\2 |5|1 (2.2)
N 1

SQS5 ¢ arg min ( Y — X3B|s + *) , 2.3
8 5 min (1Y~ X0 +15] (2.3)

where )\ > 0 is a tuning parameter to be chosen, and the sorted I; norm, | - |.., is defined for all © € R?
by |ul|, = §’:1 Ajlul(;y, with tuning parameters A\; > --- > A, > 0.

2.3 Optimal rates for the Square-Root Lasso

In this section, we derive oracle inequalities with optimal rate for the Square-Root Lasso estimator.
We will use the Strong Restricted Eigenvalue (SRE) condition, introduced in [12]. For ¢ > 0 and
s €{1,...,p}, itis defined as follows,

SRE(s,cy) condition : The design matrix X satisfies

.....

and
X0||n
K(s) := min X0
§€Csrr(s,c0):040 |02

>0, (2.4)

where Csrg(s,co) == {0 € RP 1 |§|1 < (1+ co)v/5|0]2} is a cone in RP.
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The condition max,—1 ., ||Xe;||,, < 1 is standard and corresponds to a normalization. It is shown
in [12, Proposition 8.1] that the SRE condition is equivalent to the Restricted Eigenvalue (RE) condition
of [19] if that is considered in conjunction with such a normalization. By the same proposition, the RE
condition is also equivalent to the s-sparse eigenvalue condition, which is satisfied with high probability
for a large class of random matrices. It is the case, if for instance, n > Cslog(ep/s) and the rows of X
satisfies the small ball condition, which is very mild, see, e.g. [12].

Note that the minimum in (2.4) is the same as the minimum of the function 6 + ||X§||,, on the set
Csri(s,c0) N{6 € R? : |§]a = 1}, which is a continuous function on a compact of R”, therefore this
minimum is attained. When there is no ambiguity over the choice of s, we will just write  instead of x(s).

Theorem 2.1. Lets € {1,...,p} and assume that the SRE(s,5/3) condition holds. Choose the following
tuning parameter

1 2
A=)/ log <p), (2.5)

S

and assume that

2
v>16+4v2 and %log <2p> < (2.6)

s )~ 25692
Then, for every 5y > exp(—n/4+?) and every 3* € R” such that |3*|y < s, with IP 5« -probability at least
1— g — (1 +e2)e /%4, we have

IX(B59F — 3*)[|n < o max (g;, /%log (il) , cm/bg(lfo)> , (2.7)
A . C 1 2 [ log?(1/6
|35QL — B*|, < o max (I%;’sl/q ﬁlog <Sp) , Oyst/at nolig(@ia/os))) ; (2.8)

wherel < ¢<2,andC; >0, Cy >0, C3 > 0, Cy > 0 are constants depending only on ~.

The values of the constants ¢4, C5, C3 and C, in Theorem 2.1 can be found in the proof, in Section
2.7.2. Using the fact that « < 1 and choosing do = (s/p)*®, we get the following corollary of Theorem 2.1.

Corollary 2.2. Under the assumptions of Theorem 2.1, with IP g -probability at least 1 — (s/p)® — (1 +
e?)e="/?*, we have

A C s P
X(B59L — B9)||, < =204/~ 1log (=
IIX(8 Bln < 50 nog(s),

2
N C 1 2
3595 — )y < Chostiny [Liog (2),
K n S
where1l < ¢ < 2.

Theorem 2.1 and Corollary 2.2 give bounds that hold with high probability for both the prediction
error and the estimation error in the I, norm, for every ¢ in [1,2]. Note that the bounds are best when
the tuning parameter is chosen as small as possible, i.e. with v = 16 + 41/2. As shown in Section 7 of
Bellec, Lecué and Tsybakov [12], the rates of estimation obtained in the latter corollary are optimal in a
minimax sense on the set By(s) := {8* € R? : |5*|o < s}. We obtain the same rate of convergence as
[12] (see the paragraph after Corollary 4.3 in [12]) up to some multiplicative constant.

The rate is also the same as in Su and Candés [133], but the framework is quite different: we
obtain a non-asymptotic bound in probability whereas they consider asymptotic bounds in expectation



Chapter 2. Improved bounds for Square-root Lasso and Square-root Slope 37

(cf. Theorem 1.1 in [133]) and in probability (Theorem 1.2) but without giving an explicit expression of
the probability that their bound is valid. Our result is non-asymptotic and valid when general enough
conditions on X are satisfied whereas the result in [133] is asymptotic as n — oo, and valid for two
isotropic designs, that is either for X deterministic with 1X”X = I,.,, or when X is a matrix with i.i.d.
standard normal entries.

Similarly to [12], for each tuning parameter ~, there is a wide range of levels of confidence ¢, under
which the bounds of Theorem 2.1 are valid. However, [12] allows for an arbitrary small confidence level
while in our case, there is a lower bound on the size of the confidence level under which the rate is
obtained. Note that this bound can be made arbitrary small by choosing a sample size n large enough.

Note that the possible values chosen for the tuning parameter A are independent of the underlying
standard deviation o, which is unknown in practice. This gives an advantage for the Square-Root Lasso
over other methods such as the ordinary Lasso. Nevertheless, this estimator is not adaptive to the
sparsity s, so that we need to know that |3*|o < s in order to be able to apply this result. In the following
section, we suggest a procedure to make the Square-root Lasso adaptive to s while keeping its optimality
and adaptivity to o.

2.4 Adaptation to sparsity by a Lepski-type procedure

Let s, be anintegerin {2,...,p/e}. We want to show that the Square-Root Lasso can also achieve the
minimax optimal bound, adaptively to the sparsity s on the interval [1, s.] (in addition of being already
adaptive to o). Following [12], we will use aggregation of at most log, (s.) Square-Root Lasso estimators
with different tuning parameters to construct an adaptive estimator 3 of 5 and at the same time an
estimator s of the sparsity s.

In the following, we use the notation

Ky i= K(284).

is done on spaces that are growing with s, in the sense of the inclusion. We will assume that the condition
SRE(2s.,5/3) holds and that (2s./n)log (2p/(2s.)) < 9x2/(25672). The functions b s (b/n)log(2p/b)
and «(-) are respectively increasing (by Lemma 2.4) and decreasing, so this ensures that the second
part of condition (2.6) is satisfied for any s =1,. .., 2s..

We can reformulate Corollary 2.2 as follows: for any s = 1,...,2s, and any v > 16 + 4v/2

- N C s
sup IPB*(IX(ﬁ(SS%—ﬁ)In< 2o 1og(p)>

B*€Bo(s) n S

z1- (Z) — (L4 e?)e (2.9)

denoting by ;%] the estimator (2.2) with the tuning parameter A, given by (2.5). Replacing s by 2s

in equation (2.9), we get thatforany s = 1,...,s, and any v > 16 + 4/2,

A » Ca(vy 2s p
sup IPa*<|X<ﬁé?§>—5>|ng sz)a nlog()>

B*€Bo(2s)

2s
>1- (f) — (14 e¥)e /2, (2.10)



Chapter 2. Improved bounds for Square-root Lasso and Square-root Slope 38

Remark that A,y = v4/%1log (22) = ﬁ\/% log (22) — 2820 — ), ., for some 5 > v. As a conse-
quence, 3°9% = 359L and we can apply Equation (2.10), replacing v by 7 and we get

(5,7) (2s,7)
5 C2(7)  [2s D
sup IPg- X(ﬁSSQL — B|n £ —=~04/ — log (—)
B*€Bo(2s) ? (H (s7) ] K2 n 2s

2s

2s
>1- () — (14 e*)e /2 (2.11)
p

Note that equations (2.9) and (2.11) are the same as equations (5.2) and (5.4) in Bellec, Lecué and
Tsybakov [12], taking C := max (Ca(7), C2(7))/k2, except that we have a supplementary term —(1 +
e?)e~"/?4, Similarly, we deduce from Corollary 2.2 that

5 . Ca(v) s 2p
sup IPﬁ*<|X(ﬁé%L)_5)|q< . psl/a log{ ==

B*€Bo(s) S
S1- () (14 e)en/, (2.12)
p
5 Ci(¥) 4 2s 2p
sup IPg- ﬂSSQL—B* < ost/ —log | —
B*€Bo(2s) ’ <| (=) o K3 n 2s
2s
>1-— (23) — (14 e?)e /2, (2.13)
p

We describe now an algorithm to compute this adaptive estimator. The idea is to use an estimator
5 of s which can be written as 5 := 2™ for some positive data-dependent integer . We will use the
notation M := max{m € N : 2™ < s, }, so that the number of estimators we consider in the aggregation
is M.

The suggested procedure is detailed in Algorithm 2 below, with the distance d(8, 5') = ||X(8 — 8)||x
or d(8,68') = |8 — 8|, for ¢ € [1,2]. It can be used for any family of estimators (B(s))szl’.,,s*, and
chooses the best one in terms of the distance d(, -), resulting in an aggregated estimator . Note that
the weight function w(-) used in the algorithm cannot depend on ¢ as in [12], i.e. to have the form
w(b) = Coo+/(b/n) log(p/b) (respectively w(b) = Coob'/7./(1/n)log(p/b)), because we are looking for

a procedure adaptive to o. Therefore, we will remove o from w and use an estimate 4.

Algorithm 2: Algorithm for adaptivity.

Input: a distance d(-,-) on R?
Input: a function w(-) : [1, s.] — R satisfying Assumption 2.4.1
Input: a family of estimators (5s))
M < [logy(s.)] ;
form <+ 1to M +1do

| compute the estimator 3o ;
end
compute 6 < |[Y — XBanri1)|n ;
compute the set S; « {m e{l,...,M}: d(B@H),B@k)) < 46Cow(2%), forall k > m} :
if S; # 0 then m < min S, else m + M;
Output: 5 + 2™
Output: 3 « 33

s=1,...,84
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Assumption 2.4.1. The function w(-) : [1, s.] — Ry satisfies the following conditions:
1. w(.) isincreasing on [1, s.] ;

2. There exists a constant C' > 0 such that, forallm =1,..., M, we have
m
Zw(?k) <C"w(2™);
k=1

3. There exists a constant C” > 0 such that, forallb=1,...,s,,

w(2b) < C"w(b).

Assumption 2.4.2. The family of estimators (B(S))SZL__”S* satisfies

sup IPg- (0/2 <6< ao) < Up p, M
B*€By(2s)

with a constant o > 0, & := ||Y — XBaat+1y||n, @Nd tpp 11 > 0.

Theorem 2.3. Lets. € {2,...,p/e} and let (B(S))S=1,___7s* be a collection of estimators satisfying As-
sumption 2.4.2 such that, forany s =1,. .., s.,

sup e (a3 5) < Coou(s)) 2 1= () @14)
B*€Bo(s) p
and
2s
5 N 2s
sup  IPpe (d(ﬂ(s), 5*) < coaw(zs)) >1- ( ) — up, (2.15)
B*€By(2s) p

for a constant Cyy > 0, a function w(-) : [1, s.| — R, satisfying Assumption 2.4.1, and u,, > 0.

Then, there exists a constant C5, depending on Cy,C’,C",Cy, x and « such that, for all 3* € By(s),
the aggregated estimator /3 satisfies:

IPs- (d(B,B*) <Cs- Uw(s)>

2 2s
> 1 — 3(logy(ss) + 1) ((S> +un> — Un,p,M-

p

Furthermore,

2 2s
Pg (5 <s) > 1—2(logy(ss) + 1)° ((S) + un> — Upp M-

p

This theorem is proved in Section 2.7.3.1. In particular, it implies that when 3(5) = Bi% the aggre-
gated estimator 3 has the same rate on By(s) as the estimators with known s. We detalil it below. The
following lemmas proved in Sections 2.7.3.2 and 2.7.3.3 assure that Theorem 2.3 can be applied to the

family By = 8525

Lemma 2.4. Assumption 2.4.1 is satisfied with the choices

w(b) = +/(b/n)log(p/b) and w(b) = bl/q\/(l/n) log(2p/b), forq € [1,2].
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Lemma 2.5. Assume that the SRE(2s.,5/3) condition holds and

P\ oo 9k2 K 1 1\?
= mn|—,————|—=—2
s.) = 25672 2C5(v)2 \v2 2/ )’

where k. := r(2s.). Then Assumption 2.4.2 is satisfied with the choice

y>16+4v2 an

3v20s(y)
1665y

_ (1 —|—€2)€7n/24.

A AS
(ﬂ(s))s:l ..... Sy — (ﬁ(sgl)‘)s:l,...,s* 5 oa=2+

M+1
and uy, a1 = (241 /p)?

Combining Equations (2.9), (2.11) with Theorem 2.3 and Lemmas 2.4 and 2.5, we obtain the following
results for the case of the Square-root Lasso.

Corollary 2.6. Under the same assumptions as in Lemma 2.5, using Algorithm 2, with ( ﬂ(g))s 1 =

.....

(Bo25)s=1,....5. the distance d(B, 8') = |X(8 — B')||», and the weight w(b) = \/(b/n)log(p/b), we have

that, for all 5* € By(s), the aggregated estimator [ satisfies
~ S
P (153 - 5l < oy 21 (2) )
>1 — 3(logy(s.) +1)? < +un> — Un,p, M

and
2s

Ps- (5 < s) = 1—2(logy(s.) + 1) <<p) +un) ~ Un,p. M,

where u, = (1 + e2)e™™/24, u, 0 = (2M+1/p)2""" — (1 + e2)e /24, and Cs is a constant depending
only on v and k..

Corollary 2.7. Under the same assumptions as in Lemma 2.5, using Algorithm 2, with (B(S))Szlms* =

(B325)s=1,....» the distance d(B,8') = |8 — B'|,, and the weight w(b) = b*/7\/(1/n)log(2p/b), for q €

[1;2], we have that, for all 3* € By(s), the aggregated estimator j3 satisfies

~ 1 p
. _B* cost/a, ] = v
IPg <|[3 B*lg <Cs-0s nlog(g))

2s
2
>1 - 3(10g2(8*> + 1)2 <(;) +un> — Un,p,M,

and

2s
2
Pg- (§ < s) >1—2(logy(s.) +1)2 <<S> + un> — Up p, M,
p
where u,, = (1+ e2)e ™/, u, ppr = (2M+1/p)2" _ (1 4+ e2)e~"/24, and Cs is a constant depending
only on~y and k..

Thus, we have shown that the suggested aggregated procedure based on the Square-root Lasso is
adaptive to s while still being adaptive to ¢ and minimax optimal. Note that the computational cost is
multiplied by O(log(s))-
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2.5 Algorithms for computing the Square-root Slope

In this part, our goal is to provide algorithms for computing the square-root Slope estimator. A natural
idea is revisiting the algorithms used for the square-root Lasso and for the Slope, then adapting or
combining them.

Belloni, Chernozhukov and Wang [14, Section 4] have proposed to compute the Square-root Lasso
estimator by reducing its definition to an equivalent problem, which can be solved by interior-point or
first-order methods. The equivalent formulation as the Scaled Lasso, introduced by Sun and Zhang
[134] allows one to view it as a joint minimization in (8,0). Sun and Zhang [134] propose an iterative
algorithm which alternates estimation of g using the ordinary Lasso and estimation of o.

Zeng and Figueiredo [144] studied several algorithms related to estimation of the regression with the
ordered weighted [;-norm, which is the Slope penalization. Bogdan et al. [20] provide an algorithm for
computing the Slope estimator using a proximal gradient.

As in the case of the Square-root Lasso, we still have for any g,

¥ %918, 216

[lY — XB||n, = min (U +
>0 o
where the minimum is attained for 6 = ||Y — XJ||,.. As a consequence,

3595 ¢ arg min (||Y —XB||n + |B|*)
peR?
is equivalent to take the estimator 3 in the joint minimization program

_ 2
(B,&) € argmin <o+ w + |B|*> .

BeR? >0

Alternating minimization in 8 and in o gives an iterative procedure for a "Scaled Slope" (see Algo-
rithm 3).

Algorithm 3: Scaled Slope algorithm

Input: explained variable Y, design matrix X ;

Input: tuning parameters A\ <--- < A, ;

choose some initialization value for &, for example the standard deviation of YV ;

repeat
estimate 3 by the Slope algorithm with the parameters 6 - A4, ..., 6 - Ap
estimate 6 by ||Y — X4, ;

until convergence;

Output: a joint estimator (3, &) ;

2.6 Optimal rates for the Square-Root Slope

In this part, we will use another condition, the Weighted Restricted Eigenvalue condition, introduced in
[12]. For¢p > 0and s € {1,...,p}, it is defined as follows,

W RE(s, co) condition : The design matrix X satisfies

,,,,,
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and

X6 |
o min X0l (2.17)
0€CwRrE(8,¢0):07#0 |6‘2

CWRE(S,C()) = {(5 c R? : |(5|* < (1 +Co)|(5|2 Z)\?}
\ j=1

To obtain the following result, we assume that the Weighted Restricted Eigenvalue condition holds.
This condition is shown to be only slightly more constraining than the usual Restricted Eigenvalue con-
dition of [19], but is nevertheless satisfied with high probability for a large class of random matrices,
see Bellec, Lecué and Tsybakov [12] for a discussion. Note that, in a similar way as in definition (2.4),
the minimum is attained. Indeed, «’ is equal to the minimum of the function 6 — [|X4]|, on the set
CwrEe(s,co) N {6 € R? : |6]s = 1}, which is a continuous function on a compact of R”.

where

is a cone in RP.

Theorem 2.8. Lets € {1,...,p} and assume that the W RE (s, 20) condition holds. Choose the following

tuning parameters
log(2p/j
>\j:’>/ w7 forj:l,_”,p7 (218)

12

s 2ep K

and assume that

Then, for every &, > exp(—n/4~'?) and every 3* € R such that |3*|y < s, with IP 3- -probability at least
1— g — (14 €?)e /24, we have

IX(B595 — 89|, < o max (il, /% log (g) , ng/k"g(lrlﬁ&))), (2.20)

A « Cis ,log(1/6
13595 — B*|, < o max (/i’énl()g (g) , ng(n/O))’ (2.21)
. c! s P log?(1/dp)
SQS _ gx|. < 1 /500 (P o, ) 208" /%)
1 Bl2 < omax (n’z n log (s) » O snlog(p/s) |’ 2.22)

for constants C{ > 0 and C, > 0 depending only on~'.

The values of the constants C] and C} can be found in the proof, in Subsection 2.7.4. Note that
the bounds are best when the tuning parameters is chosen as small as possible, i.e. using the choice
7' = 16 4 41/2. Using the fact that »’ < 1 and choosing d, = (s/p)*, we get the following corollary.

Corollary 2.9. Under the assumptions of Theorem 2.8, with IP s~ -probability at least 1 — (s/p)® — (1 +
e?)e /24, we have

X(E°9° ~ 57}l < o[ 2108 (2),
‘BSQS —ﬁ*|* < —Lo—log (E) ,

15595 — 8o < Loy [ 2108 (£),
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These results show that the Square-Root Slope estimator, with a given choice of parameters, attains
the optimal rate of convergence in the prediction norm || - ||, and in the estimation norm | - |,. We also
provide a bound on the sorted I; norm |- |, of the estimation error. One can note that the choice of \; that
allows us to obtain optimal bounds does not depend on the level of confidence 4y, but only influence the
size of the range of valid §,. This improves upon the oracle result of Stucky and van de Geer [131], in
which the parameter does depend on the level of confidence and the rate does not scale in the optimal
way, i.e., as /(s/n)log(p/s). Moreover, we can see that our estimator is independent of the underlying
standard deviation o and of the sparsity s, even if the rates depend on them. Note that, up to some
multiplicative constant, we obtain the same rates as for the Slope in Bellec, Lecué and Tsybakov [12].
In Su and Candés [133], the Slope estimator is proved to attain the sharp constant in the asymptotic
framework where ¢ is known and for specific X ; whereas here we obtain only the minimax rates, but in
a non-asymptotic framework, and under general assumptions on the design matrix X.

For this estimator, we did not provide a bound for the I; norm, for the same reasons as in [12].
Indeed, the coefficients \; of the components of 5 are different in the sorted norm. As a consequence,
we do not provide inequalities for I, norms when ¢ < 2, that are obtained by interpolation between the I,
and Iy norms.

2.7 Proofs

2.7.1 Preliminary lemmas

Let 3* € R, S  {1,...,p} with cardinality s and denote by S¢ the complement of S. Fori € {1,...,p},
let 8 be the i-th component of 3* and assume that for every i € S¢, 8 = 0.

Lemma 2.10. We have

1
AVnlel2

(BSQL _ 6*)SC

1§‘(BSQL_ﬁ*)Sl+ <XT€7BSQL_6*>.

The proof follows from the arguments in Giraud [67, pages 110-111], and it is therefore omitted.

Lemma 2.11. Letu € R” be defined by u := 3595 — 5*. We have

p s 1
> Nlulgy < ;MUM + NP <XT5, u>.

j=s+1

Proof : We combine the arguments from Giraud [67, pages 110-111], and from the proof of Lemma
A.1in [12]. First, we remark that the sorted /; norm can be written as follows, for any v € R?,

p
[v|s = mgxz)\j V()

j=1

)

where the maximum is taken over all permutations ¢ = (¢(1),...,¢(p)) of {1,...,p}.

By definition, 3595 is a minimizer of (2.3), so we have

Y = XBS9S|, — [Y X8z < Vi (|6°]. - 1B95L.).
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Let ¢ be any permutation of {1,...,p} such that

1871« =D AilBicsy| and Jugsin)] > ugisia) > -+ > [ug)l- (2.23)
j=1
We have
s p
87| — 185, < ZAj(|B;(j)| - 558‘)30 - 2 MNIBE
j=1 j=s+1
s P
<D Nlue| = D MBS
j=1 j=s+1
s p
= Nlusin] = D Ailugey |-
j=1 j=s+1

Since the sequence ); is non-increasing, we have > 7, Ajlug(| < >°7_; Ajlul(;). The permutation ¢
satisfies (2.23), therefore, Z?:S“ Ajluly < Z§:s+1 Ajlug;)|- From the previous inequalities, we get
that

s p
Y = X359, — Y = X8, </ (Z Alulgy = > /\j|u(j)) ~ (2.24)

j=1 j=s+1

By convexity of the mapping 8 — ||Y — X ||2, we have
Y — XpB595), — Y — XB¥,

T
>_<X57 35@5_5*>:_1 <XT5, BSQ5_5*>. (2.25)

lel2 le]2
Combining (2.24) and (2.25), we get

1 . . s P
_Tg‘z <XT€7 ,BSQS —ﬁ > < \/’E (Z )\j|u|(j) — Z )\Ju|(j)) ,
Jj=1

j=s+1

which concludes the proof.

Lemma 2.12. We have

X(359F — )3 < (XTe, BSQF — 57} + AVRlY — XB59E|y|359E — g7,

Lemma 2.13. We have

(3595 — )3 < (XTe, BSOS — ) + Vly — XBS95|, 3595 — ..

Proof : We will give a general proof of Lemmas 2.12 and 2.13 in the case of an estimator defined by

Bi= aug min (=¥ = X8+ 1) (2.26)
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where || - || is a norm on R”. Lemmas 2.12 and 2.13 are obtained as special cases corresponding to
[-[l=Al-lrand|[-[| =" |.. Denote by || |l4ua the norm dual to || - ||.

Since 3 is optimal, we know that X (Y — X3)/(y/n|Y — XJ).) belongs to the subdifferential of the

function || - || evaluated at 3. Thus, there exists v € R? such that ||v||que < 1 and
xT(y - X8
XWX oo
ValY — X5l

Thus, we have
X(3 -3 = (XTe, B 5"+ Valy —XB"h(v, f-57).
The conclusion results from the inequality

(v, =587 <lollawatl |3 = 871l < 118 = 87

]
Lemma 2.14. We have
7/ (s/n)1og(@p]5) < | SN2 < v/ /(s/n) log 2ep/s).
j=1
Proof : From Stirling’s formula, we deduce that slog(s/e) < log(s!) < slog(s). Therefore
slog(2p/s) <> log(2p/j) = log(2p) — log(s!) < slog(2ep/s).
j=1
The conclusion follows from the definition of the A; in (2.18).
(]

The following simple property is proved in Giraud [67, page 112]. For convenience, it is stated here
as a lemma.

Lemma 2.15. With IP - -probability at least 1 — (1 + e2)e~"/?*, we have

el

[ V)

< < 20.

Slo
S

We will also use the following theorem from Bellec, Lecué and Tsybakov [12, Theorem 4.1].

Lemma 2.16. Let0 < 6y < 1 and let X in R™*? be a matrix such that
max ||Xej|], < 1.
Jj=1,...,p

Forany u = (uy,...u,) inR?, we define :

Glu) = (44 V2o B gy

H(u):= 4+ \/5)2 lul(jyo %7

F(u) = (44 V2o % (\/§|u|2 + Z |U|(j)) .

Jj=s+1
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Ife ~ N(0,02I,x,), then the random event

{isTXu < max (H(u), G(u)),Vu € R”} ;

is of probability at least 1 — 6y/2.

Moreover, by the Cauchy-Schwarz inequality, we have H(u) < F(u), for all v in R?.

2.7.2 Proof of Theorem 2.1

Lemma 2.16 allows one to control the random variable ¥ Xu that appears in Lemmas 2.10 and 2.12 with
u = #5QL — g*. Our calculations will take place on an event of probability at least 1 — &y — (1+e2)e~"/24,
where both Lemmas 2.15 and 2.16 can be used. Applying Lemma 2.16, we will distinguish between the
two cases : G(u) < F(u) and F(u) < G(u).

First case : G(u) < F(u).

Then we have

Jj=s+1

(v L) ), < (a4 vy /OB (\ﬂuw 3 u|<]>>

We will show first that « is in the SRE cone, so that we can use the SRE assumption. From Lemma
2.10, we have

lugel < lugh + Te, pSOL - )

1
WIER
no(4+v?2) % (\/§|U|2+ Z |U|(j)>

j=s+1

1
< lugl + —=—
sl * Zanen

< fugh + (Valuls + higelr)

where in the last inequality, we have used Lemma 2.15 and assumption (2.6). We deduce that
2luly < Lugl + Sv/sluls < L v/aluls + S v/5luls = 2v/5lu
g/t = glush Ty 2= 7 2Ty 2= 2-

Therefore, we have

8
july < S5lule, (2.27)

and thus, the following inequality holds |u|; < (1 + ¢o)+v/s|ul2, with ¢g = 5/3, allowing us to use the
SRE(s,5/3) assumption.

From Lemmas 2.12 and 2.16, and using that, in view of the SRE(s,5/3) condition, ||Xul|, > k|u|2, we
deduce that

ull? < (44 V)oY (muﬁ > |u|<j>)
j=s+1

€ 8
+ (22 + ) vl

11
< (44 VD) Lo [s 2B Bl 5 ) Sa Rl
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Thus,

(log(2p/s) 1
n

11 1
Kull, < 4+ V3 5o L+ (20 +[[%ulla) AV

Under assumptions (2.5) and (2.6), we have
BAVS _ 8i\/flog (210) < :
3K 3\l n s 2

44 + 11v/2 2 1
7+ \[U il log 4 + 6oA/s
3K n S 3K

Thus, we have

| Xufln <2 (

88 + 22/2 4 32 2
<8t 3:,C+ g Zlog(p) (2.28)

We have proved in (2.27) that |u|; < (1 + ¢o)v/s|ul2, with ¢g = 5/3, so we get that |uls < ||Xul|,/k.
Therefore, we can deduce the following inequalities

22/2 + 32 2
88 +22v/2 + 3 7, ZlOg(p)7 (2.29)

<
Juls < 3K?2 s

ulp < (2.30)

S

— log

704 + 17672 + 256y . |1 2
k2 n '

Second case : F(u) < G(u).

Then we have

(14 2y 2P (\/§IUI2+ ) |u|<j>) < @+ vay L)

. n
j=s+1
Thus
p
log(1/6o)
ulp < +v/slulo + uly <y | ———=|1Xull,.
| ‘1 \[| |2 j;l| |(J) 10g(2p/s)” ||
From Lemmas 2.12 and 2.16, we find
log(1/6 15
Il < 4+ V2o ECE o (2 4, )
log(1/60) log(1/do)
< (4 2 ——|IX 2 X —— L |IX .
< (44 V)| PR Kl + 0 2o +1[Kull) o2 o Kl

Thus,

|[Xu|l, < (44 ﬁ)a\/@Jr A (20 + [[Xul]n) M'

We have chosen A = v,/ 1 log (22), therefore we have

S

log(1/do)

(44 V2 +29) + |[Xul ]y | 22220

B n
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By assumption, exp(—n/4v?) < &, thus we have

log(1/6
| Xull, <o W(smﬁww. (2.31)
As a consequence, we have
[ log(1/do) log*(1/4o)
< =LV X, < oy | —2— 0L 22 + 4). 2.32
We have also /s|ul, < igé&/jgg ||Xul|,,, thus
log?(1/8)
< _— 22 + 4). 2.
lula < o snlog(?p/s)(8+ V24 4v) (2.33)

As a conclusion, we can prove the result (2.7) by combining the inequalities (2.28) and (2.31). The

general bound for |u|,, with 1 < ¢ < 2 is a consequence of the norm interpolation inequality |u|, <

u| 297 [u|2%/7 which proves (2.8).

O
2.7.3 Proofs of the adaptive procedure
2.7.3.1 Proof of Theorem 2.3
We choose s € [1, s,] and assume that §* € By(s). Define IP := IPg- and my := |logy(s)| + 1.
For any a > 0, we have
IP(d(3,8%) > a) <TP(d(B,8*) > a, 1 < mg) + P> > mg +1). (2.34)
On the event {m < mg}, we have the decomposition
mo
B8 < Y d (B, Ban ) +d(Bama, 8. (2.35)
k=m+1
Using Assumption 2.4.1, we get that,
> d(Bor-yBen) £ Y 46CouEh) (2.36)
k=m+1 k=m+1
< 46CHC'w(2™0) < 46CHC'C"w(s). (2.37)
We have 2™ < 2s, therefore applying Assumption (2.15), we have with IPz--probability at least 1 —
(25/1))2S - uny
5 Ca (5 Ca(y)C"
A(Bany. 9 < PP guae) « PO g (2.38)

Combining equations (2.35), (2.37), (2.38) and Assumption 2.4.2, we get with IPz--probability at least

1= (25/p)** = tn — tn,p,ar,

5.5 < (106oC'C"a + 2O o) 2.39)

K2
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We now bound the probability TP (. > mg + 1).

M
P >mo+1)< > Phn=mg+1)
m=mo+1

M M

< 3 Z]P<d(5’(zk—l),5<2*’)>>4‘300w(2k))

m=mo+1 k=m
M

M
< Z Z P(d(@(zkl),ﬁ*) > Q&Cow@k)>

m=mo+1k=m

M M R
<2 Y IP(d(ﬂ(Qk1),6*)>2&C’ow(2k)>

m=mo+1 k=m—1

M M
<2 Y3 P(d(ﬁ(zkl),ﬂ*) > 26Cyw(2%),6 > ;) +IP(& < ‘2’>

m=mo+1 k=m-—1

Combining the previous equation with Assumption 2.4.2, and then with Assumption (2.15), we get

P(m > mg+1)

M M
<2 Y % IP(d(B(2k1),B*) > JC()w(2k)> — Ut

m=mo+1 k=m-—1

25 2s
<2M? <() + Un) = Un,p,M
p
2 2s
< 2(10g2(3*) + 1)2 <(p) + un) — Up,p,M -

As a consequence, we deduce the bound on 5. Combining the last equation with equations (2.34) and
(2.39), we finally get that

P <d(5, B*) > <4acoc’c”a + CQ(ZQ)CN> aw(s)>

2s
2
< 3(logy(s4) + 1)2 ((;) + un> — 2Upp M-

2.7.3.2 Proof of Lemma 2.4

Now, we consider the general case of the function w(b) = b'/7,/(1/n) log(ap/b), with ¢ a fixed number of
the interval [1, 2]. The first case will correspond to « = 1 and ¢ = 2 and the second case will correspond
to a = 2 with any choice of q.

We want to that the first part of Assumption 2.4.1 is satisfied, i.e., w is increasing on the interval
[1,s.]. Letb € [1,s,]. We have

L -1 /1 ap _1
w'(b) = —pM/0=1 [ Zlog (= ) + b1/ ——nb
' () 2/ log ()

b D=1n=1/2 ((2/q)log (%2) — 1)

24/log (“—bp) ’
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which is positive when (2/q) log (%2) — 1 > 0, that is, when b < ape~%/2.

We have b < s, < p/e = ape~9/? whena =1 and ¢ = 2. Whena =2 and ¢ € [1,2], p/e < 2pe~! <
ape=/2. In the two cases we consider, we have proved that w’(-) > 0 on the interval [1,s,], thus the
function w is increasing on this interval. This proves that the first part of Assumption 2.4.1 is satisfied.

Let m be an integer in the interval [1, M].

m m m—1
1 ap _ 1 ap
ky _ k _ m—k
Zw(2 )722/11 ﬁlog(?)f o(m=k)/a ﬁlog(Qm_k)
k=1 k=1 k=0
om/q 7§1 1 \/(1 (ap) Rl (2))
= - O,
Vi 2= e\ %8 g 8
2m/q <m1 1 ap m—1 \/E
< Z ——1/log (—) + V1og(2)
k %
v o 2 /i 2 im0 27
Qm/q< ap 1 g
<2 (]1og (—m —+ ——/1og(2)
Jn 2m) 1—2-1a " £ 9k
1 ap 1 4,/log(2)
m/q, [~ -
< 2/ o (3 )(1_21/q+1_21/<2q> ’

which proves that the second part is satisfied.

Let b be an integer of [1, s.]. We have w(2b) = (2b)}/7./(1/n)log(2p/(2b)) < 2'/9w(b), which proves that
the third part is satisfied.

2.7.3.3 Proof of Lemma 2.5

We have 8* € By(s) C Bo(2M+1), therefore, we can apply Corollary 2.2 and Lemma 2.15, we have with
IP 5. -probability at least 1 — (2M+1/p)2"™" — (1 + ¢2)e—/24,

& < llelln + | [X(Bm+y — 84|,

Gy, BT
S20+ K2 g n IOg(2M+1>

Y <2+ 02(27) 25 10g (%’)) <o <2+ 3\502(7)) 7
K2 n s 164y

and
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2.7.4 Proof of Theorem 2.8

We act as in Section 2.7.2, with suitable modifications. We place ourselves in the event where both
Lemmas 2.15 and 2.16 are valid, and set now u := 3595 — g*. Applying Lemma 2.16, we will distinguish
between the two cases : G(u) < H(u) + olulay /S5, A2 and H(u) + olu|ay /> 5, A2 < G(u).

j=1"j j=1"j

)\2

j=173"

First case : G(u) < H(u) + olula, />3

Applying Lemma 2.11, Lemma 2.16 and then Lemma 2.15, we have

P
|ul« = ZAjIU\u)

< 2ZA |ul ) + —=—— f|a| <XT5, jses _5*>

j=1

<2 Z)\2|u|2+ ‘ ((44—\/) [ul. + olulz Z/\2)

8+2f
<4 ZVI |2 + |ul,

and we get
4 S
lul, < & 2
84 2v/2
-

1

Using assumption (2.19), we have 4/ > 16 + 4+/2, therefore |u|. < 8|u|z, />25—1 A} As a consequence,
we get u € Cwre(s,co) with ¢ := 8. Invoking Lemmas 2.13, 2.14, 2.16 and using the W RE(s, ¢p)
condition, we get

1 1 5
ully < o (XTe s )+ =Y — XBlalul.

g(4+f) -l + olula sz (20 + ||Xul| ) |ul.
((32+8f) +17a+8|Xu||n> |ulo ZA?

((324—8\[) +170+8|Xu||n> HHﬂ "/ (s/n)log(2ep/s).

Thus,

26]) 32+ S\f 2+ 17+
2€p

Applying condition (2.19), we obtain

2
K| < (64 + 16V2 + 347’)% Z log ( Zp) (2.40)
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This and the W RE condition imply
2
luls < (64 + 16v/2 + 347/ ) glog <Zp>
Therefore, using the inequality |u|. < 8|ul2,/> 5_, A2, we get from Lemma 2.14

j=17"3>

2
Jul. < 8(64+ 16V2 + 347')y 7 lg< Zp>

Second case : H(u) + a|u|2m < G(u).

Then we have
log(1/4
@+ VD) il +olul, Zv (1 VDL

Therefore we have

, [log(1/d¢) - log(1/do)
ful. <7/ =22 K|, and Juls ;As < (44 V2) | 2 1Kl

Invoking Lemmas 2.13 and 2.16, and using (2.43), we get

log(1/6 .
1l < (4 + VD)o B s tofuly | D702+ (20 + Kullul,
=1

< (44 VDo B0 gy (a4 v /B

log(1/6
+ (20 + [l )y 2B

log(1 log(1
Kl < (8 4+ 2v2 4 2oy 2By L8]

We have chosen exp(—n/47y'2) < o, which implies that

log(1
Xl < (16 +4V2 + 47’)0\/%/50).

We can deduce from (2.43) that

which yields

log(1/4
Jul. < (16 +4v2 +4¢W%7

and combining the second part of (2.43) with Lemma 2.14, we get
log(1/6
ulor'y [ S0 (2) < (4-+ vy B
< (44V2)(16 +4v2 + 47%%.

Finally, we get that

luls < (4+¢§)(16+4¢§+4¢)U log?(1/0)
2= o snlog(p/s)’

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
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Chapter 3

Robust-to-outliers simultaneous
inference and noise level estimation
using a MOM approach

Abstract

In this article, we extend the results of the previous chapter to a more robust setting, where
outliers are present in the data. We present a family of penalized Median-of-Means (MOM)
estimators to estimate conditional mean models, and as a special case, high-dimensional linear
regression models. Our procedures allows simultaneous inference of conditional mean and noise
level using a joint convex-concave optimization procedure, that can be computed easily. We give
simultaneous estimation bounds for the conditional mean and the noise level, as well as for the
risk of the estimator. In the high-dimensional linear regression, we show that our estimator is
minimax optimal in estimation with the {, norm while being robust to outliers and adaptive to the
noise variance. Bounds for the estimated standard deviation are also given.

Keywords: Median-of-means, robustness, adaptivity, minimax optimal rates.

Based on [37]: Derumigny, A., Robust-to-outliers simultaneous inference and noise level estima-
tion using a MOM approach, in progress, 2019.

3.1 Introduction

One of the most simple problem in statistics is the estimation of an univariate mean. Of course, it is
always possible to use the empirical mean, but it may not be an ideal choice. Indeed, the empirical
mean is not robust, meaning that only one outlier in the dataset can push the mean towards infinity.
One of the procedures to guarantee optimality even in the presence of outliers is the Median-of-Means
(MOM) framework [43]. Its principle is very simple: divide the sample in K blocks, compute the empirical
mean on each block, and return the median of these means. Note that this procedure is naturally robust
to the presence of up to K/2 outliers. In the multivariate case, it is more difficult to construct robust and
optimal estimators, see [98, 72].
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Recently MOM procedures have received a great amount of attention for estimating conditional
means, see [90, 91, 104]. Furthermore, Median-of-Means (MOM) type approaches have been devel-
oped for a lot of frameworks such as classification [92], empirical risk minimization [30], sub-sampling
and hyper-parameter tuning [88], and reproducing kernel Hilbert space embedding [96].

In the recent paper [91], it was proved that minimaximization of a MOM-type criteria can be used to
construct robust minimax optimal estimators in the linear high-dimensional framework. Nevertheless,
these estimators require the knowledge of the standard deviation of the noise, which is unknown in
practice. It is proposed in [91] to use the square-root Lasso or the square-root Slope to estimate the
noise level at a first step. If there is even one outlier in the data, this noise level estimator will not be
robust which makes the whole procedure not robust as a consequence.

In Section 3.2, we propose a joint estimator for the parameter and the noise level in the high dimen-
sional framework under sparsity. We propose an algorithm to compute it using penalized optimization
techniques. We show that, under some conditions, this estimator can achieve optimal rates of estima-
tion. This is proved by an application of Section 3.3 where we give a more general result of the estimation
of a conditional mean in a given function class F' under some technical assumptions. The rest of the
chapter is devoted to the proofs of the main results.

3.2 Results in the high-dimensional linear regression framework

Let X € R? and Y € R, with d > 1 be two random variables such that
Y =X"8" +¢(,, (3.1)

where ( is a real random variable satisfying IE|(| < +oo. We assume that IE[¢] = 0 and define o*2 :=
IE[¢?] unknown, but greater than a lower bound o.,;, and x* := IE[¢*]/o*. We do not necessarily
assume that ¢ is independent of X, but we will assume that the link between ¢ and X is not too strong,
see Assumption 3.2.1.

Our goal is to estimate (8*, o*) in Model 3.1, assuming that 8* is sparse, in the sense that |3*|y < s,
where s is a given integer smaller than d and |3*|, is the number of coefficients of 5*. Finally, we assume
that we observe n > 0 pairs of random variables (X;,Y;);=1,...n € R™*(4+1) 'where the observations are
divided into the two following groups:

e the informative group Z C {1,...,n}, where the pairs (X;,Y;),i € Z are independent and follow
the same distribution as (X,Y) ;

e the outlier group O C {1,...,n} : for every i € O, (X;,Y;) are outliers, meaning that they may
not follow Model (3.1) ; they may be deterministic and even adversarial in the sense that they may
depend on the informative data (X;,Y;):cz defined above and on the choice of the estimator.

Obviously, we have ZUO = {1,...,n} and ZNnO = () meaning that, for each pair (X;, Y;), the correspond-
ing index i € {1,...,n} belongs to one of the two groups. Of course, it is unknown to the statistician
whether i belongs to Z or @. Otherwise, we would just remove the outlier group. To construct a robust
estimator, we will use the Median-of-Means framework. Our estimator is defined as follows:

1. GivenadatasetD = {(X;,Y;),i =1,...,n} of size n > 0, we can divide it into K blocks D, ... Dk
of size n/K (assumed to be an integer) corresponding to a partition {1,...,n} = By U---U Bk,
where K is a tuning parameter to be chosen later ;



Chapter 3. Robust-to-outliers simultaneous inference and noise level estimation using a MOM
approach 57

2. Foreach k =1,..., K, the criteria of (3, o) against (B, x) on the block By, is defined by

1z - _ xT )2 - _ vTR)2
PBk<lﬁ+O—BX) ::—1 Z<(YZ X B) +cr—(Yl X 8) X);
X o X

for every 3,0, B8, x € R? x Ry x R? x R, where | B;| denotes the cardinal of By, ;
3. The global MOM criteria of (8, o) against (3, x) is defined by
lg 5 : lg 5
MOMgkg|—=+0c———x]| :=Median{ Pg,| =+0c——=—x |, k=1,...,K ;;
o X o X

4. Finally, the MOM-K estimator of (8*, c*) is defined by

(B,0) := argmin max
ﬂERd,a>amin BeR®, x>0 min

l3 ~
MOMK(ZB‘FU_S_X) +u(|/3|1—|51)]a (3-2)

where p is a tuning parameter to be chosen.

An algorithm to compute the joint estimator (3, 4) is proposed in Algorithm 4. The main idea is to
alternate minimization steps in (3, o) and maximization steps in (3, p). For this reason, we call (3.2) a
minmax-MOM estimator. The minimization and maximization steps should only use data from the central
block, i.e. the block By, realizing the median in step 3 above. Indeed, the M OM criteria is not affected
by local variations of (B,J,B, x) in the other blocks By when k' # k.

As the minimization and maximization steps are similar, we detail only the former. We separate the
joint minimization step in (8, ¢) in two steps, one in 3, and one in 0. When o and (3, x) are fixed, the
partial minimization in 3 of the criterion (3.2) is locally equivalent to the minimization of the program
ming Y. 5 (Yi — X[ B8)* + po|B]1. This is the classical Lasso program on the dataset Dy, with a tuning
parameter defined as \ := uo. Therefore, any algorithm to compute the usual Lasso estimator (or even
one step of the optimization program of the Lasso) may be used to update 5. In Algorithm 4 and as an
example, we choose to do a subgradient step. It is equal to

IXT (Yy — X 8471) — 6 Vsign(p1—1),

where ¢~ 1) is the estimated standard deviation at the previous step, sign is the component-wide sign,
with the convention sign(0) = 0, Yy, is the vector (Y;);cp, and X is the matrix whose lines are the
vectors X, for i € Bj. Note that other choices of updates for 5 are possible, such as the use of
proximal gradient descent, alternating direction method of multipliers (ADMM), and cyclic coordinate
descent, as for non-adaptive minmax-MOM estimators (see respectively Algorithms 2, 3 and 4 in [91]).

When j and (3, x) are fixed, the partial minimization in o of the criterion (3.2) is locally equivalent to
the minimization of the program min, a/o + o, where a = (1/|Bg|) > _;cp, (Yi — XTB)2. This optimization
program admits a closed-form solution & = +/a, which is the update step of o that we will use. If
we observe o < omin, then we update o := o, but this should not occur too much often in practice.
Indeed, if a given o is very small, it means that for one of the blocks, there exists a parameter g for which
a = (1/|Bk|) Xiep, (Y: — X['8)2. This would mean that at least for one of the blocks, the noise has a
very small intensity, and should rather invite the applied statistician to set a lower o,,;,. There exists
other possibilities of updating o. For instance, if o is too much unstable, then we could use instead the
update step o) < (o= + /a)/2 or other autoregressive filters. This would slow the convergence of
o, but would introduce more stability.
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The maximization in (3, x) follows exactly the same procedure as the minimization in (5, ¢): we do a
first update step on 3 and a second update step of the parameter o. Following the conclusions of [91],
we use a random choice of blocks at each step. Such a choice is useful in the sense that it should help to
avoid saddle-points. Indeed, when the blocks are fixed, only the central block is used in the optimization
step. This could mean that other blocks don’t influence the optimization process. By randomizing the
blocks, we are sure to change at each step which dataset is used. This allows to "explore" better the
space of parameters, and improves strongly the performance of minmax-MOM algorithms.

Algorithm 4: An alternating sub-gradient algorithm to compute the adaptive minmax MOM-LASSO
estimator of (8*, c*) using random blocks
Input: a dataset D = (X;,Y;)i=1,...n ;
Input: tuning parameters p, omin > 0, K € {1,...,n}, two step size sequences (1;):en and (7:)ten
Input: initial point (3(®, (), 30 () ¢ R? x R, x R? x R, and stopping criteria ey > 0
Initialize t + 0 ;
repeat
Update t < ¢t + 1 ;
/* Update of [ and o */
Partition {1,...,n} into K blocks By, ... Bk at random ;
Find k& € {1,..., K} such that

MOMg <Zj((t_i; +olt= if((t_i; - x(“)) = Pg, <Zj((:_3 +olt= if((:_l; - X(tl)) ;
Update ) « (=1 4 20, X (V4 — X, 8071) — o= Vysign(8¢—1) ;

Update o®) + |Y), — X80 |5/ |Bi|'/? ;

/* Update of (3 and x */
Partition {1,...,n} into K blocks By, ... Bk at random ;

Find &k € {1,..., K} such that

l Ige— l Lo

S () _ BETD -1 ) o () _ BETD -1 ) .
MOMK(g(t) T T e X =P\ Gm T T e X :

Update 5 « 511 + 27X (Y — X 80) — px = Vijesign(54-1) 5

Update x() « |Yy, — X80 |5/| By |1/ ;

until |30~ — 80|, < ¢, [B0D — W]y < ¢, [o=D — 0] < ¢ and [~V — xB] < ¢;

Output: a joint estimator (3, 5) := (8®, o) ;

To prove statistical properties of (3, ), we will need the following set of assumptions.

Assumption 3.2.1. Denote by (¢;);—1. a4 the canonical basis of R?. We assume that there exist some
finite constants C, Cs, Cs, 0y, 6,,, such that

1. |Z] > n/2 and |O] < Cyslog(ed/s),
2. X is isotropic and ¥t € R?, 1 < p < Cylog(ed), 1 < j < d, [|XTe;||r, < Csy/p || XTe;]|1,,
3. vt € R ||X |1, < 00| XTtl|1,, and Var [¢XTt] < 0,/ X7t||1,,

where for p > 0 and for any function f : R” — R, ||f(X)||z, is defined, if it exists, as || f(X)||L,(px) =
([If (x)|deX(x))1/ P, Px denotes the law of the random vector X, and X™ denotes the transpose of
the random vector X .
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The first assumption affirms that the number of informative data should be at least half of the sample
size. Conversely, if more than half of the data have been corrupted, than there is little hope of recovering
information about the informative data. Second, the outlier should not be too much numerous compared
to the number of observations times the minimax optimal rates. This is similar to the assumption needed
in [91]. The second assumption is necessary to apply [103, Theorem 1.6] to bound Gaussian mean
widths (that are related to the Rademacher complexities that we will define in Section 3.3) by local
Gaussian mean widths. These local Gaussian mean widths will be bounded by the minimax rates
using [93, Lemma 5.3]. These two steps will ensure that our estimator of 5* attains the optimal minimax
rates. The third assumption is a special case of small ball property, which is often needed to establish
bounds in learning without using concentration inequalities, see [102, 83]. Finally, the last inequality is
satisfied when ¢ and X are independent. We relax this hypothesis of independence, but still assume
that the dependence between ¢ and X is not too strong.

The following theorem is proved in Section 3.7.2, and show that the estimator (3,5) attains the
minimax optimal rate adaptively in o.

Theorem 3.1. Assume that 5* is s-sparse for a given s < d, and that n 2 slog(ed/s). Under Assump-
tion 3.2.1 and if there exist ¢, such that Conditions (3.5)-(3.13) are satisfied for o = r*'/*o*, there
exist constants cy, co, c3, ¢4, c5, ¢ > 0 independent of s, d, n,o*, k such that, choosing the regularization
parameter as

we have

m(vp € [1,2), 18— 5]y < eallclzas™? | o (d) and |6 — o*| < o* (K /m) /(" - 1)1/2/10)

>1—czexp(—K/cq),
for every integer K such that cs max (|O|, |[¢||2slog(ed/s)) < K < cgn.

Note that these constants are fixed but might be difficult to compute in practice. To obtain precise
values for these constants, for instance ¢;, one would need to quantify the constants ¢, in [103, Theorem
1.6] for qo =4 and L = 2 and C in [93, Lemma 5.3], using their notation.

3.3 A general framework

In this section, we generalize the results of the previous section. We now assume that the explanatory
variable X has values in a measurable space X, and we denote by F' a class of measurable functions
from X to R included in the space L. (Px), where Px is the law of X. This means that for every f € F,
IIF(X)I7, = [ f(z)?dPx(x) is supposed to be finite. The random variable Y is still with values in R,
and we assume that

Y = f"(X)+¢, 33

for a given unknown function f* in the class F'. The assumptions on ¢ are the same as in the previous
section: it has finite moments at least of the order 4, and an unknown square deviation o* greater than
a lower bound o,;, > 0. This lower bound will be needed in the proofs, see Section 3.6.9.1.
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Note that, if ¥ = R? for a fixed d > 0 and F is the class of sparse linear functionals, i.e. if for a given
s<d,wehave F = {fs := (z ¢ R" = Tz € R), B € R, |B]y < s}, we recognize indeed the framework
of the previous section.

Finally, our goal is to estimate (f*,c*) given a dataset of random pairs D = (X;,Y;),i = 1,...,n,
where the observations are spilit in two groups : the informative group Z, for which (X;,Y;) are indepen-
dent and distributed as (X,Y) ; and the outlier group O, made up of potentially adversarial variables.
Our estimators is a generalization of (3.2), defined by :

1. Givenadataset D = {(X;,Y;),i =1,...,n} of size n > 0, we can divide it into K blocks Dy, ... Dg
of size n/K (assumed to be an integer) corresponding to a partition {1,...,n} = B, U---U Bk ;

2. Foreach k =1,..., K, the criteria of (f, o) against (f, x) on the block By, is defined by

(W+U_WX(XW_X),

lf lf ) 1
Pp|L+o—L —x)=—
for every f, o, f,x € Fx R, x F x R, where |By| denotes the cardinal of By, ;
3. The global MOM criteria of (f, o) against (f, x) is defined by
. l~

l ! l
MOMK(f+fo) :Median{PBk<f+afx),kl,...,K};
o X o X

4. Finally, the MOM-K estimator of (8*,o*) is defined by

. . l l
(f;6):= argmin _ max MOMK(f+o—g—x) +u(|f|—|lgl)] (34)
fEF, 0>0min 9EF, X>0min o X
= argmin _max  Tku(g,x, f,0) = argmin Cku(f,0),
fEF, 0>0min IEF X>0min fEF, 0>0min
where p is a tuning parameter to be chosen, || - || is a norm on the space of functions generated by

F!
lf lg
Tk ,u(9, X, f,0) == MOM S ToT X + pdllf1] = [lgll)

and CK,H(fa G) = ma‘XQEF,X>Umin TK,M(g? X) fa G)'

Note that this estimator (f, &) depends only on two tuning parameters K and p. To prove its properties,
we will need the following assumption, which is a generalization of Assumption 3.2.1.

Assumption 3.3.1. There exists 0y, 6,, such that, foralli € 7 and f € F

1. Var[C(f = f)X)] < 0l1f = f*113,

2. ||f = fllee < Oollf = f*(|Ls-

The first part of this assumption specifies that the dependence between the noise ¢ and transfor-
mations f — f* of X is not too strong compared to the norm of these transformations. It is satisfied

as a special case when ¢ and X are independent. The second assumption is related to the small ball
assumption and controls the link between the L, and the Ls norms of f — f*.

Definition 3.2. Let F' be a class of functions X — R. Let E be the vector space generated by F' and
[| - || @ norm on E, which will be used for regularization.
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1. The subdifferential of || - || at any f € F is denoted by (]| - ||)s := {z* € E* : ||f + h|| >
[If]| + 2*(h), Vh € E}, where (E*,|| - ||«) is the dual normed space of (E, || - ||).

2. Forany p > 0, we set

Hy:={feF:|[f-fll=pand||f - L, <r(p)},
fef*+(p/20)B
A(p) := inf sup  Z*(f—f"),

J€H, v eTpu (pic) ( )

3. We will use the so-called sparsity inequality A(p) > 4p/5, and we define p* as the smallest p > 0
satisfying it.

4. The risk of a function f € F is defined by R(f) := B[(Y — £(X))?]"/*.
Definition 3.3. Let ¢; be independent random variables uniformly distributed on {—1,1}, and indepen-
dent from the datasetD. Forall f € F,r > 0 and p > 0, we denote B,..,(f,p,r) :=={9 € F :||g — f||z, <
r, |lg — fI| < p}. Forevery vo,vm > 0, we define two so-called Rademacher complexities by

. N X
ro(pg) =inf{r>0:V¥JCL|J|> 5 B sup ‘Zq(f—f )(Xi)| < voldlr e
fEBreg(f*,p,r) icJ
N o .
5 sup > alilf = 11)(X0)

fEBreg(f*spv'r‘) icJ

TM(p,’yM):inf{r>O:VJCI,|J|2 §’yMJ|r2},

and letr = r(-,vum, Vo) be a continuous non-decreasing function Ry — R, depending on ~q,var such
that for every p > 0, (p,vq,Ym) > rq(p, Q) andr(p,vq,var) > ra(ps Yar)-

Theorem 3.4. Let Assumption 3.3.1 hold and assume that

n > K(k* —1)Y2/400, (3.5)
r2(2pg) < min <2'~yla*2, 20980*2), (3.6)
/
(2+ 7)o" < *(2pK), (3.7)

~ 40pgchy "

where 7, := (K/n)'/2(k* — 1)}/2/10, with the choice o = 1/(7200,), and v = ¢/360. Let us define
K* as the smallest integer satisfying K* > ner?(p*)/(28462) and ¢ := 1/(c03) for a constant ¢ > 0.
Let K be an integer in [ max(K*,8|0|), n/(96(600,,,)?)]. We define implicitly px as the solution of
r%(px) = (384602,/¢%) - (K/n), where r(-) is defined in [91, Definition 5]. Let ¢, uo > 0 such that

o < 640*(1+41)/5, (3.8)
Ho S 46/0111111/57 (39)
16¢
> * 5
o> —oo0 (1+1/2) (3.10)
o < (14 (17¢' /200)) Omin (8.11)
2 2 4c
02320*(1—%)< - _ +c) (3.12)
o*—rlpx) o* =" o
¢ > Who _ Swo. (3.13)

*
Omin g
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Choosing the regularization parameter as i :== (c'e/uo)r?(pr )/ px, we have

If = £71l < 2px, (3.14)
f = e, <7(20k), (3.15)
|6 —o*| < 0%, (3.16)

R < RO +2(1 450 )P or) +0" (14 )0 + 2up)

+ (0" +r(2pK)) o* —r(kpr) Mo

2(1 +'~Y1)O'*'~Yl + <2€ + Cleli>r2(pK)‘|' (317)

with probability 1 — ¢y exp(—K/c2), where ¢, and co are universal constants.

This theorem allows us to bound in a general framework statistical errors on an event that holds with
high probability. Indeed, on this event of probability 1 — ¢; exp(—K/c2), we control the distance of the
estimators f to its true value f* in the regularization norm || - || and in the || - ||, norm. We also control
the distance between the estimated standard deviation & and the true standard deviation o*. Finally, we
control the risk of f, meaning that it is smaller than the risk associated with the true function f*, plus a
residual term.

Note that, even if many parameters appear in the statement of Theorem 3.4 above, the estimator
still depends only on two parameters, that are  and K. If u can be chosen as in the statement of
this theorem, as well as other parameters, the theorem apply, and gives bounds on our estimators with
high probability. If the condition of Theorem 3.4 could not be satisfied with any choice of ¢, ¢, ug for a
given i, then the joint estimator (f, &) can still be computed, but without any theoretical guarantee on its
performance.

3.4 Technical lemmas

The following lemma is adapted from from Lecué and Lerasle [91, Equations (16), (18), and (19)].

Lemma 3.5. There exists an event Q,(K) of probability bigger than 1 — 4 exp(—K/4320) such that, for
allp € {rpr : v € {1,2}}, and all f € F such that ||f — f*|| < p, we have

LIS~ £l > ralo.a), e Quuse (F — 1)) = Qusr (7 — F)2) > cbollf — £,
2. Qs3/ak(2¢(f = 1) < Qrys i (2¢(f = f*) <

3. P[=2¢(f — f*)] < min (Q1/8,x[—2¢(f — )], Quja,x[-2¢(f — f)]) +

72002, K
e n’

where o := 2¢ - max (7“12\4(,0’ M),

I - f*m) and e == 1/(c8?).

Proof of Lemma 3.5: The results are proved by following the same steps as in the proof of Equations (16),
(18), and (19) in Lecué and Lerasle [91], choosing = 1/8, v = 15/16, a = = = 1/45, g = 1/(7206,),
and vy = €/360.

The following lemma is proved in [91, Lemma 4]. We reproduce it here for convenience.
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Lemma 3.6. Letp >0, T (p) := Ujse st (p/205 (Ol - ||)f. Forallg € F,

* 14 * *
I =Tlgll < 75— sup 2"(g = f7).
z*€T y=(p)

Lemma 3.7. Letp > 0, forall f € F such that||f — f*|| < p and |c — ¢*| < a,, we have

PI2(f = )] < (0" + 0) Tiea(f*,0", £,6) + 01+ (0% +7) =5 + (07 + o) (0 + pp).

72002, K
where a; := 2¢ - max (ﬁw(p, ) =g = f*||L2>-

Proof: We apply part 3 of Lemma 3.5 and get
P[=2¢(f — )] € Quuar[-2¢(f = )]+
< Quyakl(f - Y2 =20(f = )+

1
<0Q1/aK ;(lf - lf*)} +aq

[ L 1 1
< 0Qi/4K ;‘F(U—U*)_&f*"‘lf*(_a)} totoas

O—*

<0Qi/2,Kx P +(0c—0")—

L] = Quase] =1 (5 = 2]+ ontiall = 1571+ e + (a0 + o)

o* o
* % [ oA 2 1 1
S oTrA(f* 0%, f,6) — Quarx[—C] = 5 + a1 +o(as + pp).
We apply now Lemma 3.9 and the mean value theorem to the function z — 1/z, and we get

PI=20(f = )] € 0Tia(F,0" f.6) + a1 + (02 + 1) =5 + oo + pp)

* * * poA * 0% *
< (0" + o) T (0%, f,6) + a1+ (072 + 71) =5 + (0% + as)(as + pp).

0.*2

In the following, we will use the notation £ := {k € {1,..., K} : By C Z}.

Lemma 3.8. Letv,v1,m,x > 0 such that (1 — KVar[Z]/(nv}) —xz) > 1 —n. Let K € [|O|/(1 —~),n].
Let Z be a real-valued random variable. There exists an event Q)(Z, K) with probability greater than
1 — exp(—y2%K/2) such that, on the event Q(Z, K)

[{k € [K]: |Pp,(Z) —EZ| < 71 }| = K(1—n).

Proof : We have

{k € [K]: |Pp,(Z) —TBZ| <} > Y 1{|Pp,(Z) —EZ| < m}
kelC

= K| = > P{IPe,(2) ~B2] =} = Y (HIP6.(2) ~ 2| = m} — P{|Ps,(2) ~EZ| = }).
kelC kekC

We bound the first term using Chebychev’s inequality
VaTPkZ_IEZ VarlZ

S P{|Ps, (2) - BZ] > ) < (kL §2> ) 2]

kekC 1

KVar|Z]
= |IC| B2 = | ‘ D) .
|Bi |7 nyi
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We bound the other term using Hoeffding’s inequality

> (1IPs,(2) ~BZ| = 31} — P{|Ps,(2) - BZ| 2 m}) < 2lK],

kel
on an event Q(Z, K) of probability greater than 1 — exp(—22|K]|/2). Combining the previous inequalities,
we get that on Q(Z, K),

KVar|Z KVar|Z
€ 5 1Pa,(2) - B2 < )| 2 K] (1= S0 o) 2 i (1- U ),
oy nyy

O

Lemma 3.9 (Bounding the quantiles of ¢2). Assume that K < nasz. On an event Q,(K) of probability
greater than 1 — exp(—5K/13824), we have Q1,4 x[(?] < 0 + v and —o*? — v < Qu/ax[—C?] <

/2

—0*2 4 v, where v, = o’ 20*2(rk* — 1)1/2 /5. The same inequalities are also valid with 1/4 replaced by

1/8, on the same event. As a consequence, this is valid for the choice a3 := K /n.

Proof of Lemma 3.9: We apply Lemma 3.8 with Z := (2, Var[Z] = E[¢}] — E[¢?]? = o**(x* — 1),
n=1/8 v=15/16, x = 1/36, v, = 6(a3VaT[Z])1/2, so that (1 — KVar[Z]/(ny?) — z) > 1 —n with
probability 1 — exp(—yz2K/2) = 1 — exp(—5K/13824). Therefore, on the same event, all Qs x[¢?],
Q1/4,x[¢%, Q3/4,x[¢?] and Q75 x[¢?] belongs to the interval [IE¢? — v1, IEC? + 71]. We get also that
Q/8,k[—C%, Quya,x[-C?l € [ EC + 1, —IEC? + ).

O

Lemma 3.10. Let x € {1,2} and as,. = (K/n)"/?0*(x* — 1)/2/10. Under the assumptions of Theo-
rem 3.4, we have

1. m < 20% g, + a3, therefore \/o*2 + v < 0™ + aa ;

2 2e—(4600) 2 T de < 0:

o*tag, . Mo —

3. a27,€2 <M +2ag 0" — r?(kpr), therefore o* — ag, < \/0*2 +71 —r2(kpK) 5

4 2er2(c,f*z<2)*% <44+

o*2 7

267(490)_2 11ce < 2e ce
5. o*+tasz 1 + 10po — o*—r(pk) + 1o

where v, := (K /n)'/20*2(k* — 1)}/2/5
Proof of Lemma 3.10: 1. By construction, we have v, = 20*«s . Therefore, the claimed inequality is

satisfied.
2. Because we have assumed that Equation (3.10) holds, we have

o > 29 (1 () 2 — 172 10).
This is equivalent to
2 1 d
o (2= 5) + Son L+ (/20 = 1)2/10) <0,
which can be rewritten as
2/(ct3) — 1/(460)° c/(cbo)

o (1 + (K/n)1/2(k* — 1)1/2/10) 10 <0.
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3. By Equation (3.5), we derive that as , < 20*, which means that as .2 < 2as ,0*. Using Equa-
tion (3.6), we get r?(kpk) < 2as,0* = 71. Combining the two equations, we get as .2 + r*(kpk) <
2009 0" 4+ 71.

4. Using Equation (3.6), we get 7?(px) < 2c¢6%0*2. Therefore 2er?(px)/o*? < 4, which implies the
claimed result.

5. We have

2¢ — (400)72  11ce < ce < 2¢ n ce
o+ 10po ~ 10po — o* —r(px) o’

where the first inequality is a consequence of part 4 of this lemma.

3.5 Control of the supremum of T ,(g, x, f*,0*) on each Fi(“)

3.5.1 Preliminaries

In this section, we will assume to be on the event Q(K) := Q; (K) N Qy(K), where Q,(K) is defined in
Lemma 3.5 and Q5 (K) is defined in Lemma 3.9. For x € {1,2}, and any fixed as . > 0, let us define

F” = {(g,x) € F xR} : |lg = F*[| < ki, lg = ||, < r(spxc) and 0" — x| < @z}
Fy” = {(9.x) € F xR} : |lg = f*| < #pxc. lg = ||, > r(px) and [o* — x| < oz}
F" = {(g,x) € F xR} :[lg = f*]| > kpxc and |0* = x| < aa}
Fy™ = {(g.x) € Fx R} : |lg = 1| < kprc, lg = |20 < r(sipxc) and x > 0™ + g}
F" = {(g,x) € F xR} : |lg = f*I] < ko, g — F¥llLa > rkpxc) and x > 0™ + az e}
F{™ = {(g,x) € F xRS : ||g— f*|| > rpx and x > 0™ + aa .}
= {(g,x) € F xR}« |lg = /1| < kprc, g = ]2 < r(spxc) and x < o™ — g}
F = {(g.,x) € F xR < |lg — [*| < wpxc. lg — *1|za > r(wpx) @nd x < o™ — az e}
F{™ = {(g,x) € F xR% : ||g— f*|| > rpx and x < 0™ — aa.r}-

Lemma 3.11. On the event Q(K), it holds for all x € {1,2} that

/

sup TKa#(g7X7f*7U*) < (2—’_’112)0[2”‘9—"_ (*26 C€H>r2(pl() = Bl,n

(g:x)€F"™ o o* —r(kpr) o
Y1 2¢ — (400)72  der\ ,
(9:x)€Fy"™ g oF — Qg Ho
/

sup TK?“(g7X’f*’U*)SmaX<<2+’112>0(2.ﬁ+/€€( . 2 — e )TQ(pK)a

(gx)€Fy" g o* —az,  10po

o* + agk 10p0

2¢ — (460p)72  1lce
(2 + %) Qg+ K ( 4h0)™ ) TQ(PK)) 1= Bs.x

2¢ der
sup TK,/L(g7X?f*)O.*) < %O‘Zﬁ =+ <a + ) T2(pK) = By

(g.x)EF™) tazk Mo
/
Y1 CER
sup T (g, x, f70") < ﬁaz,{ + T'Q(pK) := By .
(g.x)€F) 0

( 7c
o*+az, 10ug

)TQ(PK%

sup TK,/J.(g7Xaf*aa*) S max < ’1120‘25“’»’{6
(r) o
(9:x)€Fs
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2¢ — (46,) 2 11¢
(112—1)a2,n+n<6 N CE)WM) = By

o o+ Qs 1040

. 2er?(kpr) — 2¢  Cdex

sup TKylL(g7Xaf , 0 ) S ( ( pg) n - 2> a2 g + <* + ) Tz(pK) = B7,/~c
(k) g ag I,LO

(9,x)EF;

<<2e— (160)2) | e

sup TKsM(Qva f*70'*) < (2 + %) a2,k + ) TQ(pK) = B87&

(g.x)€F of — g, Ho
ok et 2¢ 7c e
sup T (g, x, f7,0") <max | —Sag,. + ( _ wr? (o) |
(gyx)GFg(“) o Omin ]-OMO

2¢ — (469)72)  11¢
(2"-7712) CYQ’H"FH ( O) ) + ce T‘Q(pK) = Bg’ﬁ.
o* o — Qg 10p0

Each bound is respectively proved in each of the subsections of Section 3.6. The following lemma
gives a comparison between all these bounds.

Lemma 3.12. We have Bl,l = max;—=1...9 Bi71 and _Bl,l > max;—2....9 Bi,2-

.....

.

3.5.2 Proof of the first assertion of Lemma 3.12

In this section, we show that By ; is bigger than the other B, 1,i=2,...,09.

Case i = 2: using az1 < (1 X pk), we get

2¢ — (46))? 2¢ 2¢
< < ,
of—ag1 ~ o*—ag1  o*—r(lXpg)
therefore BQJ < B171.
Case ; = 3:
( 2 7c ) < 2¢ 7ce < 2¢ dex1
o* —ag1  10p o* —r(I1xpr) 10po = o* —r(l X pk) o
and, applying part 5 of Lemma 3.10, 2U%) = | Lice < 2 4 <’ therefore By 1 < Bi.1.

Cases i = 4,5,8: Each of the two terms in the definition of B, ; is smaller than the corresponding
term in the definition of B, therefore B; ; < By ;.

Case i = 6: Same as for i = 3.

Case i = 7: The resultin this case follows because 2+-11; > 2”2(5#72, by part 4 of Lemma 3.10.

o*

Case: =09: 3971 < Bl,l if

2¢ 7ce 2¢ cdex1
Omin  10pg = o* —r(1 X pK) 140

)

which is equivalent to

1 < 1 n 17¢
Omin — 0" —7(px)  20po’

i.e. o* —r(kpx) < (14 (17¢//20p0)) omin, Which is true as we have assumed Equation (3.11).
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3.5.3 Proof of the second assertion of Lemma 3.12

In this section, we show that —B ; is bigger than B; ,, for all i = 2,...,9. We only give a sketch of the
proof here since it results from elementary computations. Because of Equation (3.7) we can control all
the terms of the form as , by terms of the form r2(pk). Therefore, we only compare such terms. All
inequalities are similar and consequences of Equation (3.12), using the definition ¢ = 1/(c63). For the
term ¢ = 9, the inequality is a consequence of Equation (3.13).

3.6 Proof of Lemma 3.11

Let us remark that

Tiulf.008%,0%) = MOMic (£ 40" =L ) 4 i1~ 171

—M0M (17 (2 = ) 0" =)+ 24y = 1))+l = 171D
=800 (17 (1= 1) 07 = )4 2 (200 = )= (= 1) )+ a1 - D

This decomposition will be a key component of the proofs below.

3.6.1 Bound on F*

Letg € Ff“). Using the inequality (g — £*)? > 0 and the triangular inequality, we get

Tl 0 = MOMic (1 (2 = 1) 4 0" =0+ 1 (2600 - 1) = (0= £92) ) + sl = )
< age+ MOMic (17 (2 = 1)+ 2etg = 1) ) + ulls” =

< g, + %Qs/u{ [¢(g - f*)} — Q1/1,x[¢%] (i - %) + pkpK

* * a2
<agt Qs/1x[2C(g— f )} + ("2 +71) 2'2 + UKpK.

o* —r(kpK) o*
where in the last line, we used Lemma 3.9. By the part 2 of Lemma 3.5, using the fact that a; <

2er?(kpr ), and plugging our choice of y, we get

o*? + 2¢ cex
Tru(g, X, f*,07) < <1Jr *2V1>O‘2,n+ <*+ >T2(pK)'
o o* —r(kpK) o

3.6.2 Bound on F\"

Let (g,x) € F{*). We have

Tl 0) = MOMic (1 (2 = 1)+ 0 =0+ £ (2600 1) = (0= £92) ) + sl = )

7= )+ (2= 1)) = ZQuallo = £Vl = ol

< (0" —X)+Qs/ax (lf*(

<agx+ Q34K <lf* (% — i) + %(QC(Q - f*))> - %Q1/4[(9 - f*)Q] + pkpK
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< gt~ Qrjsc[2000 = )] = Qual=¢31(5 = ) = < Qually = £ + o

11
o* X
On the right hand-side of the last equation, we will bound the second term using part 1 of Lemma 3.5,
the third term using Lemma 3.9 and the fourth term using part 2 of Lemma 3.5. Finally, we replace
and px by their values so that we get

ar = [[f* = gll72 (460)" o, (62 + dek
P + 27f€( 71) + . TQ([)K)-
0

TK,u(g7X7f*a0*) Sa2,n+ » =)

We have 2¢ < (46,) 2, therefore a; — ||f* — g||%% (46p)~2 < (2¢ — (46)~2)7r?(px) and we can deduce
that

. o*? + 2¢ — (400)72  Cer
TK,H(Qaan , O ) S (1 + 0_*2’71) a2,ﬁ + ((0) + ) T'Q(p[().

0F — Qg 1o
O
3.6.3 Bound on F."
Let (g,x) € F\"). We have
Tiulgox. 10°) = MOMic (1 (= 1) 0 =)+ 1 (2600 = 1) = (0= £2) ) + sl = )
< (o _X)‘i‘MOMK(lf*(O_* - ;) +;(2<(9—f )—(g—1f") )) —uz*eg?f)(px)z (9=F)+=5
(3.18)

where the last line results from the application of Lemma 3.6 with p = px. We follow now the proof of
Lemma 5 in [91]. Let us define f := f* + px (9 — f*)/|lg — f*||. By convexity of F', we get f € F. Let
Y :=|lg — f*||/px- Noting that || f — f*|| = pk,and g — f* = Y(f — f*), we have

i_l l L AN kN2 _ * _f*
MOMK(Zf*(J* X)+X(2C(g ) —=(g f))) MZ*GIE?*p(pK)z(g )
1 1y 1
= MOMg (1l — — = T*T2*2>T up  2(f - f*
o K<f(o_* X>+X(2 C(f =1 (f f)) I z*eﬁfgpx) (f =1
1 1y 1
(== )+ =(2vc(f =) =Y(F = )2) ) —pr (f—fr
gMOMK(lf (= X)+X(2 Cf )= T(f f))) i e (),

where in the last line, we used the fact that T > 1. Therefore, combining the previous equation with
Equation (3.18), we get

1 1 T
T u(g, %, 7, 0%) < (0% — x) + MOMy (zf* (; - ;) o (xr=r-(- f*)2)>
—uY  sup  2(f - )+ P (3.19)
€l = (px) 10

3.6.31 Case ||f — f*[|;2 < r(px)

Remembering that ||f — f*|| = px, we can deduce that f € H,, Using the definition of K*, the fact
that K > K*, we get that px > p, and therefore px follows the sparsity equation, from which we derive
SUD T (o) 2*(f — f*) > A(px) > 4pk /5. Using our choice of u, we get

/
4c’e

—p  sup  2(f—f") < - (Prc)-

-
2 €T px (pi) By
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Combining this with Equation (3.19) and the fact that (f — f*)? > 0, we get that

T ‘e €
Tl 0°) < (0" =)+ MOMe (17 (2 = 2) 4 2 (267 = 1) ) = Tooer(pa) + Fom (o)

Sagk+ IQ3/4,K[24(JC - f*)} - (% - i)Ql/&K[ ¢ ] T

4c'e cek
r*(pr) + T

24 1 " / /
<1 + g 271>052,,€ +T(;Q3/47K [QC(f— f )} _ m;T?(pK)) + fTZT)TQ(pK)-

Applying part 2 of Lemma 3.5, we get Q3,4 1 [2((f — £*)] < a1 < 2er?(pk). Therefore,

2¢ 4c’e cer

)7“2(,01() + 10710 r*(pK).

TKvH(QaX:f*7U*) S (2 + 0’);12)042,& + T(

o* — a2 5/10
Using the inequalities uo < 4¢/(0* — a2,)/5, and T > k , we finally get

" ( 2 G ) 9
2 Jam e 2 = o))

TK,H(QaX; f*70*) S (

3.6.3.2 Case ||f — f*|[r2 > r(pK)

We have ||f — f*|| = pk, therefore, it follows from parts 1 and 2 of Lemma 3.5,

MOMy (lf (- )+ (- -0- f*)2)>
< — <Q7/8K 20(f = 9] = Quax[(f - f*)Q]) - (% - i)Ql/S,K[* ¢?]
< — ( — 4057 f — f* HLQ) *ij—g% a2k

+
<= (26*490 21f = FI2, + *2%042,n

+’yla
2,k
2 )
0-*

K 0'
< — (2 — (460)72)r?
= 0*+0¢2,~( €= (490)7)7*(prc) +

because 2¢ — (46y)~2 < 0. Plugging this back in Equation (3.19), we get

2e — (490)72
oF + Qg k

r(px) + upK> 1 HEPK

* * et
TK”u(g,X,f y O )§(2+0ﬁk2)a2,n+’r< 10

/

" 2¢ — (400)~2 €\ o dek o
< (o4 a1 (22U e
— ( + 0.*2 Ol27 + ( o* +0427,€ + 1o r (pK) + 10/1071 (pK)

" 2¢ — (400)72  11ce\ ,
< (2 7) ; .
- ( + o*2 Q2 K ( o* + Qg + 1040 r(px)

3.6.4 Bound on F"

Let (g,x) € Fi“). Recall that, in this case, x > ¢* + a3 .. We have

1
TK#(Q,X,JC*’O’*) = MOMK (lf*( *

=)o+ (2= ) = o= ) ) el - o)

< (0" —x)+MOMK(lf )1((2C(g—f*))>+u||f*—gll

< (0" =0+ L Q2o = 1] + (5 = =) Qua[=¢ + o

g
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We apply part 2 of Lemma 3.5 and Lemma 3.9, and, using our choice of ;. and px, we deduce that

1 1 2¢ cer
T X *’ * < * (7_7) *2 2 .
Kn(9:X 7 07) < (07 =) + ( X ("2 +m) + o T )" (px)

The function x — —x — a/x is decreasing for x > /a. Applying the first part of Lemma 3.10, we have
Vo*2+v1 < o* + ag . Therefore, the maximum of the former function is attained for x = o* + az 4,
which yields

1 1

1 cex
Teal 577 < b (&~ LYoty o (s )
(92X f7,07) < —0n 4 o*  oFtag, ("% ) + J*+OZ2,F&+ 140 r(px)

o2+ 2¢ cer o
< (2L - .
B < o*?2 %2 T\ oy a2, " w )" (exc)

3.6.5 Bound on F\*

Let (g, %) € Fé”). Recall that, in this case, x > o* + a2 .. We have

Tiulgx. 0% = MOMxc (1y- (7 = 1) 0 =)+ 1 (2600 = 1) = (0= £92) ) + sl = )
<(0"=x)+ i (Q?/S,K[zc(g - f*)} — Q1/ax[(9— f*)QD - (% - i)QUS,K[* o] + pkpic.

We bound Q75 x [2¢(g — f*)} using part 2 of Lemma 3.5 ; Q1 4,k [(g — f*)?] using part 1 of Lemma 3.5
;and Qy/s i [ — (2] by Lemma 3.9.

ar = [[f*=gll7: (460)72 1 1y,
X +<———)(a + M) + pEpK.

TKvH(QaX)f*7U*) < (U* - X) + o* X

We have 2¢ < (46y) 2, therefore ay — || f* — g||3. (46) =2 < 0 and, plugging in our choice of . and px,
we can deduce that

*(pK)

. N 1 1 N CER
TK,H(QaX?f y O )S(U _X)J'_(i*_*)(a 2+Pyl>+
o X Ho

The function x — —x — a/x is decreasing for x > \/a. Applying the first part of Lemma 3.10, we have

Vo*2+y1 < 0" + ag . Therefore, the maximum of the former function is attained for x = o* + as .,
which yields

Ticulox, £0%) < 0t (=~ ) (02 ) + S )
» Xy , O S~k - . . o —7T
K.u\9; X 2, o o+ amn Y1 0 PK
o*2 + dek
E e,

o* Ho

3.6.6 Boundon F."

Let (g9,x) € Fé"”“). Recall that, in this case, x > ¢* + a2 . Following the beginning of the proof in
Section 3.6.3, we have as in Equation (3.19)

1 1 T
TK,;L(Q?X)JC*7U*) S (U* - X) +MOMK (lf* <O'* - ;) + ;(QC(f - f*) - (f - f*)2)>
—puY  sup  Z(f-—[ )+ ,meK7 (3.20)

=€l = (px) 10
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3.6.6.1 Case||f — [*||;2 <7(px)

Remembering that ||f — f*|| = px, we can deduce that f € H,, Using the definition of K*, the fact
that K > K*, we get that px > p, and therefore px follows the sparsity equation, from which we derive
SUP+ €T v () 2*(f — f*) > A(pk) > 4px /5. Using our choice of u, we get

4ce ,

—p sup  2Z*(f - f") <~ .

577“ (PK)-
z* €l px (px) 0

Combining this with Equation (3.20) and the fact that (f — f*)? > 0, we get that

Tl 00 < (0" =)+ MOMie (- (= ) 4 (2607 = 1) ) = Y5or(om) + (o)
<(c*—x)+ £Q3/4,K[2<(f -] - (%

)Q1/4,K[_ ¢l - T4C 6T’Q(PK) +

Do 1040

1
X
(" =0+ (57 = 1) 07 90+ 0 (£ Qa2 = 1)) = 250000 + f et (o)

o—*

Applying part 2 of Lemma 3.5, we get Q54 i [2((f — f*)] < a1 < 2er?(pk). Therefore,

cer
10p0

2¢ 4c'e
o*+az.  Suo

Tl 57209 < @ =0+ (52 = )@ +2) + 7

)ri(ex) +

0-*
Using the inequalities pg < 4¢/(0* + aa2,,)/5, and T > k, we finally get

1

1
Tiulgn £,07) < (0" =)+ (o =)0 ) + e

7c
o*+az,. 10po

>T2(pK). (3.21)

The function x — —x — a/x is decreasing for x > +/a. Applying the first part of Lemma 3.10, we have
Vo2 +v1 < 0" + ay .. Therefore, the maximum of the former function is attained for x = o* + s ..,
which, combined with Equation (3.21), yields

7c
o*+az,. 10ug

7N o
(o* +ag B 1OMO)T (Pr)-

(%
TK,,LL(Q,va*aO—*) S —02k + Oj;; (0*2 +71) + ’%6(

)r (o)

71
< ﬁazn + Ke

3.6.6.2 Case ||/ — f"|[r2 > r(pK)

We have ||f — f*|| = px, therefore, it follows from parts 1 and 2 of Lemma 3.5,

MOt (1 (= 1)+ X (%0 = 1) - (7= 1) )
< %(Q?/&K [2¢(f = )] = Qujar [(f — f*)Q]) - (% — i)@l/&K[_ ¢*]

<~ (on— @) 27 = 771, ) + (55 - )0 4.

T —2 * 12 i l *2
< (e = (00) I = U+ (= )0 ).
Plugging this back in Equation 3.20, we get

T
Tiealg . 007) < (0 =)+ (2= (@00) )1 = Pt + (57 = )@+ )

* * /</
—pY  sup  Z(f-f )+Mng-
z*€l = (pK)
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As 2¢ — (460)~2 < 0, the function x — —x — a/x is decreasing for x > \/a, and o* + as,, > \/a, where
here, a = 0*2 + 1 + (46p) 2 — 2¢, we get

0_*2 + o

Trp(9, X, [7,07) < —ag + (2€ = (400) )1 = Iz, + — 502

0'-|—(121,{
—pY  sup  Z(f - f7)+
z*€lpx (prc)
2¢ — (46)~2)r? K
712042,”4-”{ (2 — (460)72) (,OK)+WK | HpK
o* o + 10

" L (26 — (46)2 c’e) "2 (oxc) + c’&erQ(pK).

< —a + —
= g*2 2,k 0*4_0&275 1o 1()“0

HEPK
10

<

Using Y > > 0, and (W + %) < 0, by the second part of Lemma 3.10, we get

otz .

. v 2¢ — (400)72 e\ o rer?(pr)
T < T — 100,
K,u(97X7f ,07) < U*Qaz’ﬁ k ( o* 4 Qo Lo r(pr) + 10p0

1 2€ — (490)_2 11c'e 2
< — .
- cr”‘20é27'i TR ( o* + g + 100 r(px)

3.6.7 Bound on F"

Let (g,x) € F7(“). Recall that, in this case, x < 0* — a2 .. We have

Tiulgox 0 = MOMic (1 (7 = 1) 0" =)+ 1 (2600 = 1) = (0= £92) ) + (11 = )
<o =+ MOMic( 1 (1 = %) + 2 (2¢(a - 1) ) + sl ~ o)
<o —-x+ §Q3/4,K [2C(9 - f*)} + (i - %)Ql/ﬁl,K[_ Pl + pkpk.

We apply part 2 of Lemma 3.5, using the fact that a; < 2er?(px ), and Lemma 3.9 to get

2er? 1 1 N
TKM(Q)X?.]C*’O'*) S o* — X+ ﬂ + (7 - 7)(0 2 +’Yl) +H“HPK

X or X
o*2 + 2er?(k —o*? —
<o —x+ e Ny ( pK)X Ny UEPK -

We have 2er?(pg) < 0*2 + 1, so that 7?(kpx ) — 02 — 1 < 0. The function x — —x — a/x is increasing
for 0 < x < /a. Applying the third part of Lemma 3.10, we have o* — as , < \/0*2 + 71 — r2(kpK).
Therefore, the highest value is attained when y = o* — a3 ., and we get

2

*2 2 *
« % o "+ | 2er*(kpg) — 0" —m
Tru(g, X [507) < g + — + ( s )_a2 + pUKpK
N
*2 2 *2 2 *2 2 *2
o+ 2er< (kK — o — 2er< (kK —o*° — 2er< (kK —o*° —
— g+ no (kpK) "o (KpK) no (kpK) My o
o* o o* oF — Qg
2er?(kpK 2er?(kpr) — 0*% —
< —Q2k + ( p ) + Q2 g ( P ) 2 + HRPK,

o* o*

Replacing 1 and px by their values, we get

. 2er?(k —0*? — 2¢  der
Tr (g, X, [ 07) < ( (rprc) 5 o 1> Q2,5 + <U*+ ; )TQ(pK),

0-*
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3.6.8 Bound on F."

Let (g,x) € Fé“). Recall that, in this case, x < 0* — as .. We have

1
TK,M(Q:X?.]C*’O-*) - MOMK (lf*(

a*_

)0 =04 2 (2000 = 1 = = £92) )+l = D)
< (0" =0+ LQumac 2000~ 1] = TQuasello - 1]+ (5 = 72 ) Queal-¢2 + e

We bound the second term using part 2 of Lemma 3.5, the third using part 1 of Lemma 3.5 and the
fourth using Lemma 3.9. Finally, we replace in the last term p and px by their values, so that we have

ar—||f* = gll7. 460)2 /1 1
TK,/L(Q?X?f*7O-*) S (U* - X) + £ + (

cex
) (—0%— ) + S%02 ()
X X 0 Ho

We have 2¢ < (409) 2, therefore a1 — || f* — g|[3. (400) 2 < (2¢ — (460)2)r*(px) and we can deduce
that

TK,M(97Xaf*aU*) < (U* - X) + <1 - ;) (0*2 +71) + (

0—*

(2¢ — (460)72) N cek
o — ok o

)TQ(PK)-

The function x — —x — a/x is increasing for 0 < x < v/a. We have ¢* — as ., < \/0*2 + 7. Therefore,
the highest value is attained when x = o* — a2 ,,, and we get

. x o*? + 2¢ — (460) 2 der
TK,u(Q,X,f ,0°) < (1 + *271) a2, + <(*(0)) + ) TQ(pK).
o 0" —Qap Mo

3.6.9 Bound on F"

Let (g,x) € Fg(”). Recall that in this case, x < ¢* — ag, Following the beginning of the proof in
Section 3.6.3, we have as in Equation 3.19

1 1 T
Thu(9,X: 7,0%) < (0" = X) + MOMc (z,«* (=) (e =-0- f*)2)>
—uY  sup (- fr) + BEPK (3.22)
z*€l = (pK) 10

3.6.9.1 Case||f — [*|[;2 <7(px)

Remembering that ||f — f*|| = px, we can deduce that f € H,,. Using the definition of K*, the fact
that K > K*, we get that px > p, and therefore px follows the sparsity equation, from which we derive
SUP+ €T v () 2*(f — f*) > A(pk) > 4px /5. Using our choice of p, we get

. . 4c'e
—psup  ZH(f = f*) < ——*(px).
2% €T e (pic) Do

Combining this with Equation (3.20) and the fact that (f — f*)? > 0, we get that

'r /
Tiulgox, 0%) < (0" =)+ MOMe 15 (72 = ) 4 2 (267 = 1) ) = Tomer(oa) + foreron)
T 1 1 4c !
< (0" =x)+ ;Q3/4,K[2C(f —- ] - (; - ;)Ql/él,K[_ ¢l - TSZSTQ(PK) + 1006:;7“2@1()
. 11y, 1 Lo 4 /
<00 =20+ (o= )0 ) (L Qo [ = 0] = 550k + {g o)
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Applying part 2 of Lemma 3.5, we get Q54 i [2((f — f*)] < a1 < 2er?(pk). Therefore,

1 1 2¢  4ce dex
T o of — —|—(——7) o*? + —|—T(———)r2 + r?
(90 7 07) S (07 =x) + (5 , ( M) < 5m (px) T0/10 (PK)
o2 +y 1 4ce ek
<oty T2 ( 2 I er2 ) _ €€ o 2
< (0" —x) o Tz eT o2 (px) S0 (px) + 0" (px)
The minimization is done on x > o, therefore we have y~! < ¢! , and we get
o2+ y =02 -y 2Ter?(pK) 4c'e ek
T * *) < * -7 2 2
Ka/l«(g7 X5 f , 0 ) = (J X) + o* + X + Cumin 5#0 r (pK) + IO[LOT (pK)
o2 +y =02 —my 2¢ 4c'e ek
< * _ T 2 2
S =0+ ———F— N (Gmin 3 ﬂ0> r(px) + T (k)

Using the inequalities pp < 4¢'omin/5, and T > k, we get

/

o 24y —0*2 -y 2¢ 4c'e ek
Tru(g, x, [70%) < (0" —x) + + + — kr?(pr) + r(px
(9, x ) < (0" =X) e N P (pr) 1010 (pr)
o*2 + —o*2 — 2¢ 7ce
<o -+ T2+ L ( - wr(pxc)
a X Omin 10,“0

The function x — —x — a/x is increasing for xy < \/a, and o* — as , < \/a, Where here a = o*? + ;.
Therefore, the maximum of the former function is attained for y = ¢* — as ., Which yields

. . 1 1 2¢ 7ce
Tl 0") < ozt (072 420) (2 - )+ (2 - o) on)

o* — a2 g Omin 10”0
*2 /
o +m 2e Tc'e 9
< — -1« + - KT .
- ( 0*2 ) 2 (Ulnin ]-ONO (pK)

3.6.9.2 Case ||f — [*||.2 > r(pK)

We have ||f — f*|| = pxk, therefore, it follows from parts 1 and 2 of Lemma 3.5,

w0 (1y- (= 1)+ X (220 - 1) - (1= 1))

X
< — ! <Q7/8K 20(f = )] = Quax[(f — f*)Q]) - (% - i)QI/S,K[_ ¢?]
<~ (an = (80) 20 = £112,) + (57 - )0+ ).

T —2 * |2 1 o 1 *2
< (2= (400 )T — £+ (7 = )0+ ).
Plugging this back in Equation 3.22, we get

T 1 1
Ticalg:00 17%,07) < (07 = x) + (26 = (400))lIS = Sz, + (5 - ;)(a*? +71)

. o HEPK
—pT  sup 2(f = )+
z* €T px (px)

As 2e — (46)~2 < 0, the function x — —x — a/x is increasing for x < \/a, and o* — a2, < /a, where
here, a = 0*2 4+ v1 — 2¢ + (46,) 2, we get
0,*2 _|_,Yl

* % T — *
TK,,u(Q;Xaf O ) Sagk+ (26 - (400) Z)Hf —f H2L2 + 2 X2k
0 — 2k g

* * HEPK
—pY  sup  Z(f-f )JFT
2 €Ty« (pK)

2¢ — (460p) %) r2
<(2+J1)az,ﬁ,+T< (460) %) (pK)JrHPK)Jr'LLHpK

0 — Q2
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2¢ — (46 -2 / / 2
< (2+ 712)%MLY €~ (460)7?) + 26 p2(pg) + EEE (p)
o* 0 — 0 o 1040
o 2¢ — (460)7%)  11ce) ,
< (2 ) . .
- ( * o*2 Q2+ 10 ( o — + 100 r(px)

3.7 Proofs of main results

3.7.1 Proof of Theorem 3.4

We begin the proof by applying Lemmas 3.5 and 3.9, and on the rest of the proof, we will reason
on the set Q(K) := Q;(K) N Q(K). By Lemmas 3.5 and 3.9, IP(Q(K)) > 1 — 4dexp(—K/4320) —
exp(—bK/13824) > 1 — 5exp(—K/4320). Applying the definition of the estimators in Equation (3.4), we
have on Q(K)

CK,u(faa-) SCK,;L(f*7U*) = sup TK,M(QvXaf*7U*)
gEF, X>0min

<max sup Txu(g,x,f"0") <maxDB;;
i€[5] (97X)€Fﬂ(1> 1€[5]

< By,
where the last inequality follows by combining Lemma 3.11 (for x = 1) and the first part of Lemma 3.12.
The proof is completed by application of the following lemma.
Lemma 3.13. Assume thatCKvu(f, &) < By,1. Then Equations (3.14)-(3.16) hold and

R 0,*2
R(f) < R(f") + (1 +2€e + aj; 71>7°2(2/)K) + (0" +7(2pK))Bi1 + (0" + az2) (22 + 2upK ).

Proof: For any z € R¥, Q1/2(x) > —Q1/2(—x). As a consequence,

Bl,l ZCK,AL(f7&): Fsup TK,;L(QvXa,}Ea&) ZTK,;L(f*aU*vfa&):_TK,;L(fva'vf*vo'*)'
geF, X>0min

We deduce that on Q(K), (f,6) € {(g,x) € F x RY : T u(g,x, f*,0%) > —B1,1}. Applying the second
part of Lemma 3.12, we have —B; ; > sup,_, o B; 2 and, combining this with Lemma 3.11 (for x = 2),
we get that (f,6) € F®. By definition of F{?, we have ||f — f*|| < 2ok, |If — £*|lz, < r(20x), and
o — o*| < ag 9, as claimed.

Finally, we prove the control on the excess risk. We apply Lemma 3.7 with p := 2px and a, := a2

R(f) = R(f*) = |If = f*I3, + P[-2¢(f — )]

2 * * N 2 3840727LK *
< 1°2px) + (0" +r(2ox)) T\ (f7, 07, £,6) + 26 - max | vy (p,v0r) s =5 — 0 [If = f7I.
r(2
40?49 ) (0% 4 )0+ 210,
e . , 384602, K ) ,
We bOUnd TKJ\(f , 0 7f’0') by CKJ\(faO-)’ and T]W(pv’-yl\/l)7 T;a ||f - f ||L2 byT (2pK)

R(f) = R(f")

0.*2 + . A .
= (1 +2et 0*2%>7"2(2,0K) + (0" +7(20))Cra(f,0) + (07 + az2)(az2 + 2upK)
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g * *
< <1 +2et U*2>T2(2PK) + (0" +7(2pK))B11 + (0" + az2) (22 + 2upK).

3.7.2 Proof of Theorem 3.1

We will apply Theorem 3.4. Following [91, pages 39-40] and with gy = 4 (in their notation), it is possible
to choose the function r(-) and p such that

* 1 ed % s ed
pr=crallclipasy |~ log (S> and r%(p*) = c1.o/[¢][7:~ log (S> 7

where ¢y, 1, ¢, 2 are constants depending on C;. Therefore, we can see that, with ¢; := ecr, 2/cr,1 and
€ := 1/(83362), our choice of y satisfies

1 d / 2( %
W= c1 log(e) _cer (f ),
n o Mo p

where fio := ||¢||ps. Note that g = IE[¢*]Y/* = k*1/40*.

Therefore, conditions in Theorem 3.4 are satisfied, which give the bounds

A_ pr x 1 ed
5071 < 207 ~ enaClesy o ()

S

. s ed
5= 512 < 2027) ~ cralllff S og ().

The results follows by application of the norm interpolation inequality.

2 * 2 *|— A *12— 1 ed
58l <15 - 3G - 57 S sy 1o (). 0
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Chapter 4

About tests of the “simplifying”
assumption for conditional copulas

Abstract

We discuss the so-called “simplifying assumption” of conditional copulas in a general framework.
We introduce several tests of the latter assumption for non- and semiparametric copula models.
Some related test procedures based on conditioning subsets instead of point-wise events are pro-
posed. The limiting distribution of such test statistics under the null are approximated by several
bootstrap schemes, most of them being new. We prove the validity of a particular semiparametric
bootstrap scheme. Some simulations illustrate the relevance of our results.

Keywords: Conditional copula, simplifying assumption, bootstrap.

Based on [38]: Derumigny, A., & Fermanian, J. D., About tests of the “simplifying” assumption for
conditional copulas. Dependence Modeling, 5(1), 154-197, 2017.

4.1 Introduction

In statistical modelling and applied science more generally, it is very common to distinguish two subsets
of variables: a random vector of interest (also called explained/exogenous variables) and a vector of
covariates (explanatory/endogenous variables). The objective is to predict the law of the former vector
given the latter vector belongs to some subset, possibly a singleton. This basic idea constitutes the
first step towards forecasting some important statistical sub-products as conditional means, quantiles,
volatilities, etc. Formally, consider a d-dimensional random vector X. We are faced with two random
sub-vectors X; and X, s.t. X = (X;,X;), TUJ ={1,...,d}, INnJ = (), and our models of interest
specify the conditional law of X; knowing X, = x, or knowing X, € A, for some subset 4; c RI/I.
We use the standard notation for vectors: for any set of indices I, x; means the |I|-dimensional vector
whose arguments are the x, & € I. For convenience and without a loss of generality, we will set
I={1,....,ptand J={p+1,...,d}.

Besides, the problem of dependence among the components of d-dimensional random vectors has
been extensively studied in the academic literature and among practitioners in a lot of different fields.
The raise of copulas for more than twenty years illustrates the need of flexible and realistic multivariate
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models and tools. When covariates are present and with our notation, the challenge is to study the
dependence among the components of X; given X ;. Logically, the concept of conditional copulas has
emerged. First introduced for pointwise (atomic) conditioning events by Patton ([111, 112]), the definition
has been generalized in [52] for arbitrary measurable conditioning subsets. In this paper, we rely on the
following definition: for any borel subset A; C R?P, a conditional copula of X; given (X; € Ay) is
denoted by C}“‘j(~|XJ € Ay). This is the cdf of the random vector (I ;(X1|X; € Ay), ..., Fp1(Xp|Xy €
Ay)) given (X; € Ay). Here, Fy;(-|X; € A;) denotes the conditional law of X knowing X; € Aj,
k =1,...,p. The latter conditional distributions will be assumed continuous in this paper, implying the

existence and uniqueness of CJA|§ (Sklar’s theorem). In other words, for any x; € R?,

P (X; <x1[X; € Ay) = O <F1|J(I1\XJ €A),... . Fp(ap|Xy € Ay) ’XJ € AJ)~

Note that the influence of A; on Cﬁj is twofold: when A; changes, the conditioning event (X; € Aj)
changes, but the conditioned random vector (Fy|;(X1|X; € Ay), ..., Fp,11(X,|Xs € Ay)) changes too.

In particular, when the conditioning events are reduced to singletons, we get that the conditional
copula of X; knowing X ; = x; is a cdf Cy;(-|X; = x;) on [0, 1]” s.t,, for every x; € R?,

IP (X, <x/Xy=x7)=Cpy (Fis(@1Xy =x), ..., Fpy(ap|Xy =x5) | Xy =x) .

With generalized inverse functions, an equivalent definition of a conditional copula is as follows:

CI'J(U[‘X_J:XJ):FI‘J(Fl_‘J(U,1|XJ:X.]),...,F_

le(up|XJ =x7)X; =xy),

for every u; and x, setting Fr;(x;|X; = x;) := P (X7 < x/|X; = x7).

Most often, the dependence of C;;(-|X; = xs) w.rt. to x; is a source of significant complexi-
ties, in terms of model specification and inference. Therefore, most authors assume that the following
“simplifying assumption” is fulfilled.

Simplifying assumption (H,): the conditional copula Cp;(-|X; = x;) does not depend on x, i.e.,
for every u; € [0, 1]?, the function x; € RIP s Cr(ur|Xy = x;) is a constant function (that depends
on uI).

Under the simplifying assumption, we will set Crj;(u;|X; = x;) =: C, s(ur). The latter iden-
tity means that the dependence on X ; across the components of X; is passing only through their
conditional margins. Note that C, ;; is different from the usual copula of X;: Ci(-) is always the
cdf of the vector (F1(X1),...,F,(X,)) whereas, under H,, C, ; is the cdf of the vector Z;; :=
(Fus(X1|X ), ..., Fps(X,| X)) (see Proposition 4.4 below). Note that the latter copula is identical
to the partial copula introduced by Bergsma [17], and recently studied in [61, 128] in particular. Such
a partial copula is always be defined (whether H, is satisfied or not) as the cdf of Z; ;. Note that it is
equal to [pa-—» Cry7(ur|Xy = x7)dPs(x).

Remark 4.1. The simplifying assumption H, does not imply that C, ;;(-) is C;(-), the usual copula of
X ;. This can be checked with a simple example: let X = (X1, X, X3) be a trivariate random vector s.t.,
given X3, X; ~ N(X3,1) and X» ~ N(X3,1). Moreover, X, and X, are independent given X5. The
latter variable may be N (0,1), to fix the ideas. Obviously, with our notation, I = {1,2}, J = {3},d =3
and p = 2. Therefore, for any couple (u1,uz) € [0,1]* and any real number w3, C1 o3(u1, uz|zs) = uyug
and does not depend on x3. Assumption H, is then satisfied. But the copula of (X1, X5) is not the
independence copula, simply because X, and X, are not independent.
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Basically, it is far from obvious to specify and estimate relevant conditional copula models in practice,
especially when the conditioning and/or conditioned variables are numerous. The simplifying assump-
tion is particularly relevant with vine models (see [1], among others). Indeed, to build vines from a
d-dimensional random vector X, it is necessary to consider sequences of conditional bivariate copulas
Crys, where I = {iy,i>} is a couple of indices in {1,...,d}, J C {1,...,d}, INnJ =0, and (i1,42|J]) is
a node of the vine. In other words, a bivariate conditional copula is needed at every node of any vine,
and the sizes of the conditioning subsets of variables are increasing along the vine. Without additional
assumptions, the modelling task becomes rapidly very cumbersome (inference and estimation by max-
imum likelihood). Therefore, most authors adopt the simplifying assumption #, at every node of the
vine. Note that the curse of dimensionality still apparently remains because conditional marginal cdfs
Fy;(-|X s) are invoked with different subsets J of increasing sizes. But this curse can be avoided by
calling recursively the non-parametric copulas that have been estimated before (see [105]).

Nonetheless, the simplifying assumption has appeared to be rather restrictive, even if it may be seen
as acceptable for practical reasons and in particular situations. The debate between pro and cons of
the simplifying assumption is still largely open, particularly when it is called in some vine models. On
one side, [68] affirms that this simplifying assumption is not only required for fast, flexible, and robust
inference, but that it provides “a rather good approximation, even when the simplifying assumption is far
from being fulfilled by the actual model”. On the other side, [5] maintain that “this view is too optimistic”.
They propose a visual test of Hy when d = 3 and in a parametric framework. Their technique was based
on local linear approximations and sequential likelihood maximizations. They illustrate the limitations
of Hy by simulation and through real datasets. They note that “an uncritical use of the simplifying
assumption may be misleading”. Nonetheless, they do not provide formal test procedures. Beside, [4]
have proposed a formal likelihood test of the simplifying assumption but when the conditional marginal
distributions are known, a rather restrictive situation. Some authors have exhibited classes of parametric
distributions for which H, is satisfied: see [68], significantly extended by [130]. Nonetheless, such
families are rather strongly constrained. Therefore, these two papers propose to approximate some
conditional copula models by others for which the simplifying assumption is true. This idea has been
developed in [128] in a vine framework, because they recognize that “it is very unlikely that the unknown
data generating process satisfies the simplifying assumption in a strict mathematical sense.”

Therefore, there is a need for formal universal tests of the simplifying assumption. It is likely that the
latter assumption is acceptable in some circumstances, whereas it is too rough in others. This means,
for given subsets of indices I and J, we would like to test

Ho : Cry5(-|X; = x7) does not depend on x,

against that opposite assumption. Hereafter, we will propose several test statistics of #,, possibly
assuming that the conditional copula belongs to some parametric family.

Note that several papers have already proposed estimators of conditional copula. [141], [63] and [52]
have studied some nonparametric kernel based estimators. [32], [119] studied bayesian additive models
of conditional copulas. Recently, [120] invoke B-splines to manage vectors of conditioning variables. In
a semiparametric framework, i.e. assuming an underlying parametric family of conditional copulas,
numerous models and estimators have been proposed, notably [3], [2], [50] (single-index type models),
[140] (additive models), among others. But only a few of these papers have a focus on testing the
simplifying assumption H, specifically, although convergence of the proposed estimators are necessary
to lead such a task in theory. Actually, some tests of H, is invoked “in passing” in these papers as
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potential applications, but without a general approach and/or without some guidelines to evaluate p-
values in practice. As exceptions, in very recent papers, [62] have tackled the simplifying assumption
directly through comparisons between conditional and unconditional Kendall’s tau. Moreover, [87] have
proposed tests of the latter assumption for vine models.

Example 4.2. To illustrate the problem, let us consider a simple example of H, in dimension 3. As-
sume that p = 2 and d = 3. For simplicity, let us assume that (X, Xs) follows a Gaussian distribution
conditionally on X3, that is :

<X1> Xy =2~ N((umg)),( ot (xs) p<x3>al<x3>az<x3>>>. @)
Xo pi2(23) p(z3)or(z3)oa(zs) o3 (w3)

Obviously, a(-) == (u1, u2,01,02)(+) is a parameter that only affects the conditional margins. Moreover,
the conditional copula of (X, X2) given X5 = x5 is gaussian with the parameter p(xzs). Six possible
cases can then be distinguished:

a. All variables are mutually independent.
b. (X1, X2) Is independent of X5, but X, and X are not independent.

c. X, and X, are both marginally independent of X3, but the conditional copula of X, and X, depends
on Xs.

d. X1 (or X5) and X3 are not independent but X, and X5 are independent conditionally given Xs.

e. X1 (or X3) and X3 are not independent but the conditional copula of X, and X, is independent of
X3.

f. X (or X5) and X3 are not independent and the conditional copula of X, and X is dependent of
X;.

These six cases are summarized in the following table:

p(:) =01 p(-) =po | p(-) is not constant

al) = ag a b c
a(-) is not constant d e f

In the conditional Gaussian model (4.1), the simplifying assumption H, consists in assuming that we live
in one of the cases {a, b, d, e}, whereas the alternative cases are c and f. In this model, the conditional
copula is entirely determined by the conditional correlation. Note that, in some other models, the con-
ditional correlation can vary only because of the conditional margins, while the conditioning copula stay
constant: see [128].

Note that, in general, there is no reason why the conditional margins would be constant in the con-
ditioning variable (and in most applications, they are not). Nevertheless, if we knew the marginal cdfs’
were constant with respect to the conditioning variable, then the test of #, (i.e. b against c) would
become a classical test of independence between X; and X ;.

Testing H, is closely linked to the m-sample copula problem, for which we have m different and inde-
pendent samples of a p-dimensional variable X; = (X;,..., X,). In each sample k, the observations are
i.i.d., with their own marginal laws and their own copula C7 ;. The m-sample copula problem consists on
testing whether the m latter copulas C; ;, are equal. Note that we could merge all samples into a single
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one, and create discrete variables Y; that are equal to k& when i lies in the sample k. Therefore, the
m-sample copula problem is formally equivalent to testing #, with the conditioning variable X ; := Y.

Conversely, assume we have defined a partition {4, 5,..., A, s} of R"P composed of borelian
subsets such that IP(X; € A, ;) > 0forall k =1,...,m, and we want to test

Ho:ke{l,...,m}— Cﬁ@*J(-|XJ € Ay, y) does not depend on k.
Then, divide the sample in m different sub-samples, where any sub-sample k contains the observations
for which the conditioning variable belongs to A4y ;. Then, H, is equivalent to a m-sample copula prob-
lem. Note that 7, looks like a “consequence” of , when it is not the case in general (see Section 4.3.1),
for continuous X ; variables.

Nonetheless, H, conveys the same intuition as H,. Since it can be led more easily in practice (no
smoothing is required), some researchers could prefer the former assumption than the latter. That is
why it will be discussed hereafter. Note that the 2-sample copula problem has already been addressed
by [115], and the m-sample by [23]. However, both paper are designed only in a nonparametric frame-
work, and these authors have not noticed the connection with the simplifying assumption.

The goal of the paper is threefold: first, to write a “state-of-the art” of the simplifying assumption
problem; second to propose some “reasonable” test statistics of the simplifying assumption in different
contexts; third, to introduce a new approach of the latter problem, through “box-related” zero assump-
tions and some associated test statistics. Since it is impossible to state the theoretical properties of all
these test statistics, we will rely on “ad-hoc arguments” to convince the reader they are relevant, without
trying to establish specific results. Globally, this paper can be considered also as a work program around
the simplifying assumption H, for the next years.

In Section 4.2, we introduce different ways of testing H,. We propose different test statistics under
a fully nonparametric perspective, i.e. when C7,; is not supposed to belong into a particular parametric
copula family, through some comparisons between empirical cdfs’ in Subsection 4.2.1, or by invoking a
particular independence property in Subsection 4.2.2. In Subsection 4.2.3, new tools are needed if we
assume underlying parametric copulas. To evaluate the limiting distributions of such tests, we propose
several bootstrap techniques (Subsection 4.2.4). Section 4.3 is related to testing Hy. In Subsection
4.3.1, we detail the relations between #, and H,. Then, we provide tests statistics of 7, for both the
nonparametric (Subsection 4.3.2) and the parametric framework (Subsection 4.3.3), as well as bootstrap
methods (Subsection 4.3.4). In particular, we prove the validity of the so-called “parametric independent”
bootstrap when testing H,. The performances of the latter tests are assessed and compared by simula-
tion in Section 4.4. A table of notation is available in Appendix 4.6 and some of the proofs are collected
in Appendix 4.7.

4.2 Tests of the simplifying assumption

4.2.1 “Brute-force” tests of the simplifying assumption

A first natural idea is to build a test of H, based on a comparison between some estimates of the
conditional copula C7; with and without the simplifying assumption, for different conditioning events.
Such estimates will be called C*”J and C‘SJU respectively. Then, introducing some distance D between
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conditional distributions, a test can be based on the statistics D(C*W, és,I|J)- Following most authors,
we immediately think of Kolmogorov-Smirnov-type statistics

T?(s,n = ||CI|J - és,1|J||oc = Ssup sup ‘C'I|J(UI|XJ) - és,I\J(uI)|a (4.2)
ule[071]p xJeRdfp

or Cramer von-Mises-type test statistics

TCortn = / (ézu(uﬂXJ) - CA's,1r|J(Ulf))2 w(dur,dx), (4.3)

for some weight function of bounded variation w, that could be chosen as random (see below).

To evaluate C‘IU, we propose to invoke the nonparametric estimator of conditional copulas proposed
by [52]. Alternative kernel-based estimators of conditional copulas can be found in [63], for instance.

Let us start with an iid d-dimensional sample (X;);=1....... Let F}, be the marginal empirical distribution
function of X, based on the sample (X x,..., X, ), forany £ =1,...,d. Our estimator of C;; will be
defined as

é]lJ(u1|XJ = XJ) = FIU (Fl_lJ(ul\XJ = XJ)7...,FP_‘J(UP|XJ = XJ)|XJ = XJ) y

Py (x| Xy =x) ZK 0,0, %x7) (X1 < x1), (4.4)
where
Kn(Xi,s,x7) := Kj (FpH(Xi.,pH) — Fppa(@pi), - Fu(Xia) — Fd@d)) ;
Kn(x5) = h K (x,1/h,...,x4/h),

and K is a (d — p)-dimensional kernel. Obviously, for k& € I, we have introduced some estimates of the
marginal conditional cdfs’ similarly:

Zz 1K< lJvXJ)]l<XiJ§XI)'
> Kn(X,0,%x7)

Fys(2Xy =x5) = (4.5)

Obviously, h = h(n) is the term of a usual bandwidth sequence, where h(n) — 0 when n tends
to the infinity. Since FIU is a nearest-neighbors estimator, it does not necessitate a fine-tuning of
local bandwidths (except for those values x; s.t. Fj(x;) is close to one or zero), contrary to more
usual Nadaraya-Watson techniques. In other terms, a single convenient choice of h would provide
“satisfying” estimates of C*I|J(XI|XJ = xy) for most values of x. For practical reasons, it is important
that Fku(xk|xJ) belongs to [0, 1] and that Fk|J(~|xJ) is a true distribution. This is the reason why we use
a normalized version for the estimator of the conditional marginal cdfs.

To calculate the latter statistics (4.2) and (4.3), it is necessary to provide an estimate of the underlying
conditional copula under #,. This could be done naively by particularizing a point x*% < RY"? and by
setting C§ I)U( )= C*,|J(~|XJ = x%). Since the choice of x% is too arbitrary, an alternative could be to
set

o () /cm Xy = x) wldxy),

for some function w that is of bounded variation, and [w(dx;) = 1. Unfortunately, the latter choice
induce (d — p)-dimensional integration procedures, that becomes a numerical problem rapidly when
d — p is larger than three.
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Therefore, let us randomize the “weight” functions w, to avoid multiple integrations. For instance,
choose the empirical distribution of X ; as w, providing

Oggf)\J /CIlJ Xy =xg) Fy(dxy) = ZCI\J 11Xy =Xig) (4.6)

An even simpler estimate of C ;| ;, the conditional copula of X; given X ; under the simplifying as-
sumption, can be obtained by noting that, under Ho, C; 1,7 is the joint law of Z;) ; := (F1(X1|X ), ..., Fp(Xp[X))
(see Property 4.4 below). Therefore, it is tempting to estimate C; ;| ;(ur) by

n

1 . N
L) = = DA (KiaXiy) < sy By (X X)) < ) (4.7)
=1

when u; € [0,1]?, for some consistent estimates Fk|J(xk|xJ) of Iy s(zxlxs). A similar estimator has
been promoted and studied in [60] or in [114], but they have considered the empirical copula associated
to the pseudo sample ((Fl (Xil\XiJ),...,Fp(Xip|XiJ)))i:17,,_7n instead of its empirical cdf. It will be
(5)

called C! S| 0
forget the naive pointwise estimator C( a1 Therefore, under some conditions of regularity, we guess that
our estimators C. .717(ur) of the conditional copula under #, will be \/n-consistent and asymptotically
normal. It has been proved for C(

associated process.

Hereafter, we will denote C*SJU one of the “averaged” estimators C( k > 1and we can

N, in [60] or in [114], as a byproduct of the weak convergence of the

Under H,, we would like that the previous test statistics T‘}(S,n or 7‘%,qu” are convergent. Typically,
such a property is given as a sub-product by the weak convergence of a relevant empirical process,
here (u,x;) € [0,1]7 x R“? s /nhy P (Cp1y — Crp5)(ur|x,). Unfortunately, this will not be the case in
general seing the previous process as a function indexed by x ;, at least for wide ranges of bandwidths.
Due to the difficulty of checking the tightness of the process indexed by x ;, some alternative techniques
may be required as Gaussian approximations (see [28], e.g.). Nonetheless, they would lead us far
beyond the scope of this paper. Therefore, we simply propose to slightly modify the latter test statistics,
to manage only a fixed set of arguments x;. For instance, in the case of the Kolmogorov-Smirnov-type

test, consider a simple grid x; := {x1,s,...,%xm, s}, and the modified test statistics
K,gl,n ‘= sup sup |CI\J(UI|XJ) - CA(s}I\J(uI)L

use0,1]? xsE€X s

In the case of the Cramer von-Mises-type test, we can approximate any integral by finite sums, possibly
after a change of variable to manage a compactly supported integrand. Actually, this is how they are
calculated in practice! For instance, invoking Gaussian quadratures, the modified statistics would be

m - A A 2
G = D W) (CI\J(UJ',I\XJ;J) - Cs,zu(uj,f)) ; (4.8)
j=1
for some conveniently chosen constants w;, j = 1,...,m. Note that the numerical evaluation of C‘W

is relatively costly. Since quadrature techniques require a lot less points m than “brute-force” equally
spaced grids (in dimension d, here), they have to be preferred most often.

Therefore, at least for such modified test statistics, we can insure the tests are convergent. Indeed,
under some conditions of regularity, it can be proved that C‘1|J(u1\XJ = x) is consistent and asymp-
totically normal, for every choice of u; and x; (see [52]). And a relatively straightforward extension
of their Corollary 1 would provide that, under H, and for all 4 := (ur.,...,ur,) € [0,1]?@*+") and
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X = (Xy1,--.,Xyq) € R(4—P)4,

{ Vb P(Cris — Cona)( 7 =%71)s - R P (Cry = Co ) (urg| X = x14),

\/ﬁ(és,lu - Cs,l\])(ul,q+1)7 ceey \/ﬁ(és,lu - CS,I|J)(uI,q+T)} ,

converges in law towards a Gaussian random vector. As a consequence, \/nh{ * K6 andnhi=PTon
tends to a complex but not degenerate law under the H,.

Remark 4.3. Other test statistics of H, can be obtained by comparing directly the functions C‘,‘ J(Xy =
x ), for different values of x ;. For instance, let us define
~0 ~ ~
Trsn = sup  [Cr(lxs) = Crs(-1x))lle
x,X; ERdip

= sup sup |C'1|J(u1\XJ) - C’I|J(u1|xfj)|7 (4.9)
X.nxf,eRd*p us€[0,1]r

or
~0 ~ N 2
T cormn = / (CI|J(uI|XJ) - CI\J(UI|X§)) w(dur,dxy,dx’;), (4.10)

for some function of bounded variation w. As above, modified versions of these statistics can be ob-
tained considering fixed x ;-grids. Since these statistics involve higher dimensional integrals/sums than
previously, they will not be studied more in depth.

The L2-type statistics 7%UM,,I and ’NFOCUMW involve at least d summations or integrals, which can
become numerically expensive when the dimension of X is “large”. Nonetheless, we are free to set con-
venient weight functions. To reduce the computational cost, several versions of 7%711»1,” are particularly
well-suited, by choosing conveniently the functions w. For instance, consider

~ ~ 2, N
7-(clq),Mni /(CI|J(UI|XJ)—Cs,lu(lll)) Cr(duy) Fy(dxy),

where F; and C; denote the empirical cdf of (X; ;) and the empirical copula of (X, ;) respectively.
Therefore, T&)}MW simply becomes

1 n n R 2
Tt = =5 2 2 (Cro(0irlXa = X;0) = Cona(Uin)) (4.11)
Jj=11i=1
where U; 1 = (F1(X;1),...,E,(X;,)),i=1,...,n. Similarly, we can choose

~=(1)
7-C"L)Mn =

= %ZZZ(CIIJ %I|XJ— jJ) — OI\J( i,IlXJ:Xj’7J))2-

To deal with a single summations only, it is even possible to propose to set

~ 2, ~ N
S(urlxy) C[‘J(u1|xf])) Cr(duy) Fy(dxy) Ey(dx'y)

chMn :/(éI|J(F1\J(x1|XJ)7~-~7Fp|J(mp|XJ>|XJ)

A L . 2 .
= Con(Fr(@afxs),. o Fypy(aplxs)) Fldx,dxy),

where F denotes the empirical cdf of X. This means

1 /a . .
T(CQ,ZMJL = Z (CI\J(FIIJ(Xi,l‘Xi,J)v e F g (X X )Xy =X )

i=1

N ~ N 2
_CS,I|J(F1|J(Xi,1|X7Z,J)7---7Fp\J(Xi,p|X7Z,J))) -
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We have introduced some tests based on comparisons between empirical cdfs’. Obviously, the same
idea could be applied to associated densities, as in [49] for instance, or even to other functions of the
underlying distributions.

Since the previous test statistics are complicated functionals of some “semi-smoothed” empirical
process, it is very challenging to evaluate their asymptotic laws under #, analytically. In every case,
these limiting laws will not be distribution free, and their calculation would be very tedious. Therefore,
as usual with copulas, it is necessary to evaluate the limiting distributions of such tests statistics by
a convenient bootstrap procedure (parametric or nonparametric). These bootstrap techniques will be
presented in Section 4.2.4.

4.2.2 Tests based on the independence property

Actually, testing #, is equivalent to a test of the independence between the random vectors X ; and
Zp = (F1(X1|Xy),. .., Fp(Xp| X)) strictly speaking, as proved in the following proposition.

Proposition 4.4. The vectors Z;; and X ; are independent iff Cy ;(ur|X; = x ;) does not depend on

x 7 for every vectors ur andx ;. In this case, the cdf of Z;; is Cy 1.

Proof: For any vectors u; € [0,1]” and any subset A; ¢ RY?,

IP(ZI\J S ubXJ S AJ) =1 []l((XJ S AJ)]P(Z”J S UI|XJ)]
= /]1((XJ € Ap)P(Zy; <urlX; =x;)dPx,(x7)

= ]P(Fk(XleJ:XJ)SU}C,vkEI‘XJ:XJ)d]PXJ(XJ)
A

/ Cry(ur| Xy =x) dlPx, (x7).

Ay

If Z;; and X ; are independent, then
P(Zy; <un)P(X; € 4y) = /ﬂ((XJ € Aj)Cpy(ur|Xy =xy)dlPx,(xs),

for every u; and A;. This implies IP(Z;; < u;) = Cy;(ur|X; = x;) for every ur € [0, 1] and every x
in the support of X ;. This means that C; ;(u;|X; = xs) does not depend on x;, because Z;; does
not depend on any x; by definition.

Reciprocally, under Ho, C 1|5 is the cdf of Z; ;. Indeed,

]P(ZI‘J < 11]) = ]P(Fk(Xk|XJ) < u,Vk € I)

= /IP(F]C(X]AXJ:XJ)SUk7Vk€I|XJ:X']) dIPXJ(XJ)
= /CI\J(UI|XJ =xy)dlPx,(x;) = /CS,I\J(UI) dIPx,(x7) = Cy r1s(ur).
Moreover, due to Sklar’'s Theorem, we have

P(Zy; <ur,X;€45) = /ﬂ(XJ € Aj)Cry(ur|Xy =x7)dPx,(x7)

= f ]].(XJ € AJ)CS,IU(UI) d]PXJ(X.]) = ]P(ZIU < ll[)]P(XJ € AJ),

implying the independence between Z; ; and X ;. [J
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Then, testing #, is formally equivalent to testing

Ho Ly = (F1(X1]X), ..., Fp(X,|Xs)) and X5 are independent.

Since the conditional marginal cdfs’ are not observable, keep in mind that we have to work with
pseudo-observations in practice, i.e. vectors of observations that are not independent. In other words,
our tests of independence should be based on pseudo-samples

<F1\J(Xi,1|Xi7J)» - ,Fp|J(Xi,p|Xi7J)), = (Zi,1)7)i=1,....n, (4.12)

i=1,...,n

for some consistent estimate Fk|J(-\XJ), k € I of the conditional cdfs’, for example as defined in Equa-
tion (4.5). The chance of getting distribution-free asymptotic statistics will be very tiny, and we will have
to rely on some bootstrap techniques again. To summarize, we should be able to apply some usual tests
of independence, but replacing iid observations with (dependent) pseudo-observations.

Most of the tests of H; rely on the joint law of (Z;;, X ), that may be evaluated empirically as

Gry(xr,x7) :=P(Zy; <x1,X5 <X7)

n

~ Gry(x)=n" Z 1(Zi g5 < x1,Xi.7 <X7).
i=1

Now, let us propose some classical strategies to build independence tests.

e Chi-square-type tests of independence: Let By, ..., By (resp. Ay,..., A,,) some disjoint subsets
in R? (resp. R%7P).

N . 2
ii (GI 7(Br x 4;) — G1.5(B, x RTP)Gp 5 (RP x Al)) 4.13)
=N = . .
P — GLJ(Bk X Rdip)G[“](Rp X Al)
e Distance between distributions:
IKS,n = sup |G1’J(X) — GI’J(X[, OOd_p)G[’J(OOp,XJ)‘, or (414)
xERd
. . J . 2
Top = / (GLJ(X) —Gr,5(x1,00 7p)G[7J(OOp,XJ)) w(x) dx, (4.15)

for some (possibly random) weight function w. Particularly, we can propose the single sum
. . . 2,
TooMmn = / (GI,J(X) —Gr(xg, Ood_p)GI,J(OOp7XJ)) Gr,s(dx)

1 n R R R R B R 2
- Z (GI,J(ZZ',I\J’ X)) — Gr,y(Z; 115,00" p)Gl,J(OOp,Xz‘,J)) : (4.16)
=1
e Tests of independence based on comparisons of copulas: let C*LJ and C; be the empirical copulas
based on the pseudo-sample (Z; 117> Xi,7)i=1,...n, @Nd (X 7)i=1,....n respectively. Set

jKS,n: sup |Cv’[”]( ) Csl)\J( )C](UJ)|7k:1,...,5, or
ue(0,1)4

4 A (k) ?
(Crotw) =), Cy(uy) wu)du,
and in particular

. X A (k) 2
Ioomn = (CI,J(U) -G ](UI)CJ(UJ)) C1,s(du).
uel0,1]4 ’
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The underlying ideas of the test statistics st,n and icUMm are similar to those that have been
proposed by Deheuvels ([33],[34]) in the case of unconditional copulas. Nonetheless, in our case,

we have to calculate pseudo-samples of the pseudo-observations (Z; ;| ;) and (X; ;), instead of a
usual pseudo-sample of (X;).

Note that the latter techniques require the evaluation of some conditional distributions, for instance
by kernel smoothing. Therefore, the level of numerical complexity of these test statistics of 7, is com-
parable with those we have proposed before to test #, directly.

4.2.3 Parametric tests of the simplifying assumption

In practice, modelers often assume a priori that the underlying copulas belong to some specified para-
metric family C := {Cy,6 € © C R™}. Let us adapt our tests under this parametric assumption. Appar-
ently, we would like to test

Ho : Cr15(:|X) = Cy(-), for some 6 € © and almost every X ;.

Actually, %, requires two different things: the fact that the conditional copula is a constant copula w.r.t. its
conditioning events (test of H) and, additionally, that the right copula belongs to C (classical composite
Goodness-of-Fit test). Under this point of view, we would have to adapt “omnibus” specification tests
to manage conditional copulas and pseudo observations. For instance, and among of alternatives, we
could consider an amended version of Andrews’s ([7]) specification test

1 o . .
— < Tns) = Cs (s <X
Oy 1= = tma| ?:1 (1(Zi15 < 2Zi1) = Cp, (Z10)| LXKy < X0)l,

recalling the notation in (4.12). For other ideas of the same type, see [145] and the references therein.

The latter global approach is probably too demanding. Here, we prefer to isolate the initial problem
that was related to the simplifying assumption only. Therefore, let us assume that, for every x;, there
exists a parameter 6(x ) such that Cp;(-[xs) = Cyx,)(-). To simplify, we assume the function 6(-) is
continuous. Our problem is then reduced to testing the constancy of 4, i.e.

H; : the function x; — 6(x ) is a constant, called 6.

For every x;, assume we estimate 6(x ) consistently. For instance, this can be done by modifying
the standard semiparametric Canonical Maximum Likelihood methodology ([56, 137]): set

n
H(XJ) = argrg}ea@XZlog Co <F1|J(Xi,1|x‘] = X.i7J), e ,Fplj(Xi,p|XJ = Xi,J)) . Kn(XiJ,XJ),
i=1

through usual kernel smoothing in RY™7 , where cy(u) := 9”Cy(u)/du; - - - du, for € © and u € [0,1]7.
Alternatively, we could consider

é(XJ) = arg Igleag§log co (Fl‘(](Xi’1|X‘] =XJ)y .-y Fplj(Xi’p|X‘] = XJ)) K (XG0, %0),

instead of d(x ;). See [2] concerning the theoretical properties of 6(x ;) and some choice of conditional
cdfs’. Those of é(xJ) remain to be stated precisely, to the best of our knowledge. But there is no doubt
both methodologies provide consistent estimators, even jointly, under some conditions of regularity.
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Under Hg, the natural “unconditional” copula parameter ¢, of the copula of the Z;;; will be estimated

by
fo := arg reneaé(Z; log cg <F1\J(Xi,1|Xi,J), ce Fp|.J(Xi,p|Xz‘,J)) . (4.17)
Surprisingly, the theoretical properties of the latter estimator do not seem to have been established in the
literature explicitly. Nonetheless, the latter M-estimator is a particular case of those considered in [50] in
the framework of single-index models when the link function is a known function (that does not depend
on the index). Therefore, by adapting their assumption in the current framework, we easily obtain that 6,

is consistent and asymptotically normal if ¢4 is sufficiently regular, for convenient choices of bandwidths
and kernels.

Now, there are some challengers to test H:

o Tests based on the comparison between 6(-) and 6;:

T = sup |[|0(xs)—0boll, or 75 := / 10(x5) — Ool[*w(xs) dx, (4.18)

x,lERdﬁp

for some weight function w.

e Tests based on the comparison between C’é(.) and Cy,:

T = / dist (Cé(x.]),céo) w(xy) dx;, (4.19)
for some distance dist(-, -) between cdfs’.

e Tests based on the comparison between copula densities (when they exist):
2
Tiens = [ (Gt ) = 5, (un)) w(ur,xs)dus de,. (4.20)

Remark 4.5. It might be difficult to compute some of these integrals numerically, because of unbounded
supports. One solution is to to make change of variables. For example,

dUJ

75 = [ 16(F5 )~ o Pl P () Fi(Fy (u))

Therefore, the choice w = f; allows us to simplify the latter statistics to | ||é(Fj (uy)) — o |2du, which
is rather easy to evaluate. We used this trick in the numerical section below.

4.2.4 Bootstrap techniques for tests of #,

It is necessary to evaluate the limiting laws of the latter test statistics under the null. As a matter of fact,
we generally cannot exhibit explicit - and distribution-free a fortiori - expressions for these limiting laws.
The common technique is provided by bootstrap resampling schemes.

More precisely, let us consider a general statistics 7, built from the initial sample S := (X;,...,X,,).
The main idea of the bootstrap is to construct N new samples $* := (X7,...,X?) following a given
resampling scheme given S. Then, for each bootstrap sample S*, we will evaluate a bootstrapped test
statistics 7, and the empirical law of all these N statistics is used as an approximation of the limiting
law of the initial statistic 7.
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4.2.41 Some resampling schemes

The first natural idea is to invoke Efron’s usual “nonparametric bootstrap”, where we draw independently
with replacement X for ¢ = 1,...,n among the initial sample § = (Xy,...,X,). This provides a
bootstrap sample §* := (X3,...,X}).

The nonparametric bootstrap is an “omnibus” procedure whose theoretical properties are well-known
but that may not be particularly adapted to the problem at hand. Therefore, we will propose alternative
sampling schemes that should be of interest, even if we do not state their validity on the theoretical basis.
Such a task is left for further researches.

An natural idea would be to use some properties of X under #, in particular the characterization
given in Proposition 4.4: under H,, we known that Z; ;; and X; ; are independent. This will be only
relevant for the tests of Subsection 4.2.2, and for a few tests of Subsection 4.2.1, where such statistics
are based on the pseudo-sample (ZMJ,X“)Z-:L,__,H. Therefore, we propose the following so-called
“pseudo-independent bootstrap” scheme:

Repeat, fori = 1 to n,
1. draw X7 ; among (X 7)j=1,....n;
2. draw ZT,I\J independently, among the observations Z; 75, j = 1,...,n.

This provides a bootstrap sample S := ((Z; ;> X7 1)s -+ (Z5 15, X5 5)-

Note that we could invoke the same idea, but with a usual nonparametric bootstrap perspective: draw

with replacement a n-sample among the pseudo-observations (Z; ;| s, X;,s)i=1,....» for each bootstrap
sample. This can be called a “pseudo-nonparametric bootstrap” scheme.

Moreover, note that we cannot draw independently X} ; among (X; s);=1,...n, and beside X7,
among (X, r);j=1,...» independently. Indeed, H, does not imply the independence between X; and
X ;. At the opposite, it makes sense to build a “conditional bootstrap” as follows:

Repeat, fori =1 to n,
1. draw X7 ; among (X, )j=1,....n;

2. draw X;f", independently, along the estimated conditional law of X given X ; = X7 ;. This can be
down by drawing a realization along the law FI|J(-|XJ = X ;), for instance (see (4.4)). This can
be done easily because the latter law is purely discrete, with unequal weights that depend on X7 ;
and S.

This provides a bootstrap sample S* := (X3 ;, X7 ), ..., (X% ;. X5 ).

Remark 4.6. Note that the latter way of resampling is not far from the usual nonparametric bootstrap.
Indeed, when the bandwidths tend to zero, once x* = X, ; is drawn, the procedure above will select the
other components of X; (or close values), i.e. the probability that x; = X, ; is “high”.

In the parametric framework, we might also want to use an appropriate resampling scheme. As a
matter of fact, all the previous resampling schemes can be used, as in the nonparametric framework,
but we would not take advantage of the parametric hypothesis, i.e. the fact that all conditional copulas
belong to a known family. We have also to keep in mind that even if the conditional copula has a
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parametric form, the global model is not fully parametric, because we have not provided a parametric
model neither for the conditional marginal cdfs Fy,;, k =1,...,p, nor for the cdf of X ;.

Therefore, we can invoke the null hypothesis #; and approximate the real copula Cy, of Z;; by Cy, -
This leads us to define the following “parametric independent bootstrap”

Repeat, fori =1 to n,
1. draw X7 ; among (X5,7)5=1,...n5

2. sample Z* from the copula with parameter 6, independently.

i,1]J,60
This provides a bootstrap sample S* := ((Z:JM@O, X5 g)seees (ZZ,IlJ,éo’ X 1)

Remark 4.7. At first sight, this might seem like a strange mixing of parametric and nonparametric boot-
strap. If |J| = 1, we can nonetheless do a “full parametric bootstrap”, by observing that all estimators
of our previous test statistics do not depend on X ;, but on realizations of F';(X ;) (see Equations (4.4)
and (4.5)). Since the law of latter variable is close to a uniform distribution, it is tempting to sample
Vi*y ~ U, at the first stage, i = 1,...,n, and then to replace FJ(XL J) with V;*; to get an alternative

bootstrap sample.

Without using H¢, we could define the “parametric conditional bootstrap” as:
Repeat, fori =1 to n,

e draw X7 ; among (X, j)j=1.....n;

K2

e sample Z; ; ; ,. from the copula with parameter é(X;ﬁ_,).
This provides a bootstrap sample S* := ((ZT}IMW,X;J), N VASTTIT Xz 1)

Note that, in several resampling schemes, we should be able to keep the same X ; as in the original
sample, and simulate only Z;W in step 2, as in [7], pages 10-11. Such an idea has been proposed
by [108], in a slightly different framework and univariate conditioning variables. They proved that such a
bootstrap scheme “works”, after a fine-tuning of different smoothing parameters: see their Theorem 1.

4.2.4.2 Bootstrapped test statistics

The problem is now to evaluate the law of a given test statistic, say 7, under #H, by the some bootstrap
techniques. We recall the main technique in the case of the classical nonparametric bootstrap. We
conjecture that the idea is still theoretically sound under the other resampling schemes that have been
proposed in Subsection 4.2.4.1.

The principle for the nonparametric bootstrap is based on the weak convergence of the underlying
empirical process. Formally, if S := {Xy,...,X,} in an iid sample in R?, X ~ F and if F,, denotes
its empirical distribution, it is well-known that /n (F,, — F') tends weakly in ¢>° towards a d-dimensional
Brownian bridge Br. And the nonparametric bootstrap works in the sense that \/n (F* — F},) converges
weakly towards a process B/, an independent version of B, given the initial sample S.

Due to the Delta Method, for every Hadamard-differentiable functional x from ¢>(R%) to R, there
exists a random variable H, s.t. \/n (x(F,) — x(F)) = H,. Assume a test statistics 7, of #, can be
written as a sufficiently regular functional of the underlying empirical process as

Tni=19¢ (\/ﬁ (Xs(Fn) - X(Fn))) )
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where x;(F) = x(F) under the null assumption. Then, under H,, we can rewrite this expression as

Thn ::w(\/ﬁ(Xs(Fn)_XS(F)+X(F)_X(Fn)))' (4.21)

Given any bootstrap sample §* and the associated empirical distribution F*, the usual bootstrap equiv-
alent of 7, is

Tr =9 (Vi (xs(Fy) = xs(Fa) + x(Fa) = X(Fy))) »
from Equation (4.21). See [139], Section 3.9, for details and mathematically sound statements.

Applying these ideas, we can guess the bootstrapped statistics corresponding to the tests statistics
of Ho, at least when the usual nonparametric bootstrap is invoked.

Let us illustrate the idea with 7%, .. Note that C ., (-|Xs = ) = xxar(Fn)(-) @nd Cs 115 = Xs,501 ()
for some smoothed functional x xar and xs xar. Under Ho, xxm = Xs,xm @nd T‘}{S’n = |Ixra (Fn) —
XxM(F) — xs. kM (Fn) + Xs,xMm(F)|loo- Therefore, its bootstrapped version is

Tism = Ixaar(Fy) = xear(Fa) = Xeo,nr (F) + X xnr (Fa) oo
= ||é;u —Cpy - é:,zu +Cy 11l
Obviously, the functions C;,; and C7 ; , have been calculated as Cyj; and C, s, respectively, but re-

placing S by S*. Similarly, the bootstrapped versions of some Cramer von-Mises-type test statistics
are

N N N 2
Toumn = / (CF\J(UIIXJ) = Cry(urlxy) = G5y (ur) + Cs,llJ(ul)) w(duay, dx).

When playing with the weight functions w, it is possible to keep the same weights for the bootstrapped
versions, or to replace them with some functionals of F'. For instance, asymptotically, it is equivalent to
consider

) . . . 2 )
Teonim 1:/(C7\J(UI|XJ)*CllJ(uI\XJ)*C:,uJ(UI)+Cs,1u(u1)) Cn(dur) Fy(dx;), or

T(Cl'l));\;[n = / (é}ku(uﬂXJ) — Crs(urlxy) = Coyppy(ug) + és,I|J(uI))2 Cr(dup) F(dx).
Similarly, the limiting law of
&= [ (CiotEratalxn. . B alxn)ix)
= Cr(Ey s (@ilxg), e By p(aplxs)xs) = CF gy (B (@lxa), o B (ap]%)
£ Gl By (aplx)) . Haldxr,dx),
given F, is unchanged replacing H,, by H'.

The same ideas apply concerning the tests of Subsection 4.2.2, but they require some modifications.
Let H be some cdf on R%. Denote by H; and H the associated cdf on the first p and d — p components
respectively. Denote by H, H; and H; their empirical counterparts. Under %, and for any measurable
subsets By and A;, H(B; x Ay) = H(B;)H(Aj,). Our tests will be based on the difference

H(B; x Aj)— H(B)H;(Ay) = (H — H)(B; x Ay)
— (Hy—H)(Br)H;(A;) - (H; — Hy)(A;)Hi(B).

Therefore, a bootstrapped approximation of the latter quantity will be
(H* — H)(Br x Ay) — (H — Hr)(Br)Hj(A;) — (Hy — Hy)(A;)Hi(By).

To be specific, the bootstrapped versions of our tests are specified as below.
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e Chi-square-type test of independence:

m

N
1 A N
' G7.7—Gry)(Br x A
TLZZ Gi (B x RTP)Gy S (RP x Ay) (( 15— Gr.o)(Br x Ai)

k=11=1

N 2
- G7(By x R p)G J(R? x A)) + GI J(Byg X R? ‘p)GI J(RP x Al)) .
e Distance between distributions:

I?(S,n = bupd |(GI J = GLJ)(X) - G;J(va Oodip)é?‘](oopv XJ) + éI,J(XI7 Oodip)éf,«](oozx XJ)|
X€R

2
I, = / ((G;J—Gu)(x)—C;;J(xl, 00P)G; (0P, %)+ G (%1, oodp)é,,.](oop,xJ)> w(x) dx,
and 7;,,,, , is obtained replacing w(x) dx by G} ,(dx) (or even G ;(dx)).

¢ Atest of independence based on the independence copula: Let C‘}* 7 V* T and C; be the empirical
copulas based on a bootstrapped version of the pseudo-sample (Z; 17 X, )i=1,... n (Zuu)i:lwn
and (X, s)i=1,...» respectively. This version can be obtained by nonparametric bootstrap, as usual,
providing new vectors Z;" 1 at every draw. The associated bootstrapped statistics are

Tisn = sup |(Cf ;= Cry)(u) = Cf(un)C5(uy) + Cry(ur)Coluy)l,

uel0,1]¢

v . v v N v 2
z, - | o (G = Cri)(w) = CiyyanCi(a) + Cns(anCiun) wlw du,
ue(0,1

o v v o N o N 2
T = [ (1€ = Cro = Ciyan@itus) + CryunCotun)” G (aw).
0,1]4

In the case of the parametric statistics, the situation is pretty much the same, as long as we invoke
the nonparametric bootstrap. For instance, the bootstrapped versions of some previous test statistics
are

/||0* (x) Xj)— 9*—1—90\\ w(xy)dxy, or

2
(Tgens)* = / (cé*(x,])(uf) - cé(x‘/)(ul) - cé(’; (11]) + Céo (ul)) (U(UI, XJ)duI dXJ~

in the case of the nonparametric bootstrap. We conjecture that the previous techniques can be applied
with the other resampling schemes that have been proposed in Subsection 4.2.4.1. Nonetheless, a
complete theoretical study of all these alternative schemes and the statement of the validity of their
associated bootstrapped statistics is beyond the scope of this paper.

Remark 4.8. For the “‘parametric independent” bootstrap scheme, we have observed that the test powers
are a lot better by considering

(T5)™ /||9 x7) HOH w(xy)dxy, or

2
(Tiens)™ = [ (63 ar) = ey (an)) (. xs)dur

instead. The relevance of such statistics may be theoretically justified in the slightly different context
of “box-type” tests in the next Section (see Theorem 4.14). Since our present case is close to the
situation of “many small boxes”, it is not surprising that we observe similar features. Note that, contrary
to the nonparametric bootstrap or the ‘parametric conditional” bootstrap, the “parametric independent”
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bootstrap scheme uses H,. More generally, and following the same idea, we found that using the statistic
T = (Vn(xs(Er) — x(Fr))) for the pseudo-independent bootstrap yields much better performance
than T*. In our simulations, we will therefore use T** as the bootstrap test statistic (see Figures 4.1 and
4.2).

Remark 4.9. In a vine model, every node is associated with a bivariate conditional copula, and it is desir-
able that they satisfy Hy. Unfortunately, the arguments of such copulas are defined through conditional
distributions F;(X;|X k) for some subsets K C {1,...,d}. Therefore, we do not observe realizations of
such arguments, except for the first level. In practice, they have to be replaced with pseudo-observations
in our previous test statistics. Their calculation involves the bivariate conditional copulas that are asso-
ciated with the previous nodes in a recursive way. The theoretical analysis of the associated bootstrap
schemes is challenging and falls beyond the scope of the current work.

4.3 Tests with “boxes”

4.3.1 The link with the simplifying assumption

As we have seen in Remark 4.1, we do not have C, ;; = C; in general. This is the hint there are
some subtle relations between conditional copulas when the conditioning event is pointwise or when
it is a measurable subset. Actually, to test #, in Section 4.2, we have relied on kernel estimates and
smoothing parameters, at least to evaluate conditional marginal distributions empirically. To avoid the
curse of dimension (when d — p is “large” i.e. larger than three in practice), it is tempting to replace
the pointwise conditioning events X; = x; with X; € A; for some borelian subsets A; C RIP,
P(X; € A;) > 0. As a shorthand notation, we shall write A; the set of all such A;. We call them
“boxes” because choosing d — p-dimensional rectangles (i.e. intersections of half-spaces separated
by orthogonal hyperplans) is natural, but our definitions are still valid for arbitrary borelian subsets in
R%P. Technically speaking, we will assume that the functions x; — 1(x; € A;) are Donsker, to apply
uniform CLTs’ without any hurdle. Actually, working with X ;-“boxes” instead of pointwise will simplify
a lot the picture. Indeed, the evaluation of conditional cdfs’ given X; € A; does not require kernel
smoothing, bandwidth choices, or other techniques of curve estimation that deteriorate the optimal rates
of convergence.

Note that, by definition of the conditional copula of X; given (X ; € A;), we have
IP(X[ < X[|XJ S AJ)
= O (P(X, <x|XyeAy),...,IP(X, <z,[X;e A;)X; e Ay),

IJ

for every point x; € R? and every subset A; in A;. So, it is tempting to replace #, by
7~{0 : Cﬁj(uﬂXJ € Ay)does notdependon A; € A, for any u;.

For any x, consider a sequence of boxes (A" (x,)) s.t. N, AT (x,) = {x,}. If the law of X is

(n) .
sufficiently regular, then lim,, ClAlj (u;|Xy € AS”)) = Cpy(ur|X; = x;) for any u;. Therefore, H,

implies Hq. This is stated formally in the next proposition.



Chapter 4. About tests of the “simplifying” assumption for conditional copulas 96

Proposition 4.10. Assume that the function h : R? — [0, 1], defined by h(y) := P(X; < y;|X; = yJ)
is continuous everywhere. Let x; € R4 such that F;;(-|x ) is strictly increasing for everyi = 1,...,d.
Then, for any sequence of boxes (A} (x;)) such that N, A}” (x ;) = {x,}, we have

. A (x n
lim €y %7 (wr[X € AT (x))) = Oy (X = x,),
for everyuy € [0, 1].

Proof: Consider a particular uy € [0,1]?. If one component of u; is zero, the result is obviously
satisfied. If one component of u; is one, this component does not play any role. Therefore, we can
restrict ourselves on u; € (0,1)?. By continuity, there exists x; € R” s.t. u; = Fjj;(xi[x;) for every
i =1,...,p. Let the sequences («\™) such that u; = Fy,;(«!™|X; € A}") for every n and every
i =1,...,p. First, let us show that xE”) — x; when n tends to the infinity. Indeed, by the definition of

conditional probabilities ([124], p.220), we have

1

(n) )y _
w=PX; <X, eA)y=——
/ P(X,; e AM)

/ P(X; < 2|X, = ys) dPx, (ys),
{Y.IGA(Jm}

and

1
P(X, e AM)
+P(X; < 2|Xy =x) - P(X; < 2M|X, = x)).

s = P(Xi < 2,|Xy = x/) = / P(X; < 2 X, = x,) dPx, (y)
{ysealy

By substracting the two latter identities, we deduce

1 n n
—(7,)/ []P(Xi < l’f )|XJ =ys) - IP(X; < IE )|XJ = XJ)} dlPPx,(ys)
P(X; e A)”) Jy,eal}

= PX, <2X;=xy) - PX,; <2"|X, =x)). (4.22)

But, by assumption, F; ;(tlys) tends towards F; ;(t|xs) when y; tends to x;, for any ¢ (pointwise
convergence). Actually, the latter convergence is uniform on R: ||F;;(-lys) — Fijs(-[xs)|« tends to
zero when y; — x;. This is a straightforward consequence of Pdlya’'s Theorem (also called second
Dini’s Theorem in the literature): see Subsection (A.1) in [18] for instance. From (4.22), we deduce that
P(X; < 2" [X, =x,) = P(X; < 2;/X; = x). By the continuity of F,,(-|x,), we get z\") — a,, for

any:=1,...,p.
Second, let us come back to conditional copulas: setting x\ := (2\™ ... z{"), we have

A(") n
Chr (u1|AS ) - Crs(urlxy)

A(") n n n n n
= Cpy (P AT, Fyy (a5 A ATY) = Oy (Fays (@ ]%0), -, Fpp (%) 1))

= FI\J(X(In)‘AEIn)) — Fry(xrlx)
1

- IP(XeA("))/{ Ay [IP(XI < xV Xy = ys) = P(X; < x1Xy = x)| dPx, (v.).
J J Ys€A;

(n)
Since x\™ tends to x; when n — oo and invoking the continuity of & at (x;,x ), we get o (uz A(”)) —
I IJ J

O]IJ(U]‘XJ) when n — oo. O
Unfortunately, the opposite is false. Counter-intuitively, 7, does not lead to a consistent test of the
simplifying assumption. Indeed, under #,, we can see that C4’

I‘J(uI|XJ € Ay) depends on A; in
general, even if Cy;(ur|X; = x ;) does not depend on x !
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This is due to the nonlinear transform between conditional (univariate and multivariate) distributions
and conditional copulas. In other words, for a usual d-dimensional cdf H, we have

1
H(XI|XJ€AJ):W " H(X]|XJZXJ)d]PXJ(XJ), (423)

for every measurable subset A; € A; and x; € RP. At the opposite and in general, for conditional
copulas,

1
CilyuIXy € 4) # s [ ol = x)) P, (x,), (4.24)

for uy € [0,1]P. And even if we assume H,, we have in general,

CilyuIXy € 4) # s [ Coun) dPx, () = Coy () (4.25)

As a particular case, taking A; = R?~?, this means again that Cr(ur) # Cs 115(uy).

Let us check this rather surprising feature with the example of Remark 4.1 for another subset A ;.
Recall that H, is true and that C ; o3(u,v) = uv for every u,v € [0,1]. Consider the subset (X3 < a),
for any real number a. The probability of this event is ®(a). Now, let us verify that

uv # H(Fyjy (0] Xs < a), Fyy (0] X5 < )] Xs < a),

for some u, v in (0,1). Clearly, for every real number z;, we have

P(X), < 24| X3 < a) = q)(la)/ ®(xn — 2)d(2)dz, k = 1,2, and

— 00

P(X) < 21, X5 < £|X; < ) = ﬁ / " By — 2)B(rs — 2)() do.

In particular, IP(X}, < 0|X5 < a) = (1 + ®(—a))/2. Therefore, set u* = v* = (1 + &(—a))/2 and we
get

H(F,(u*]X3 < a),F2_|3(v*|X3 <a)|X3 <a)=H(0,0X3 < a)
1

= 3 (14 @(—a) + ®*(—a)) # u*v*.

]_Ooaa]

In this example, C; 1 23(-) # € 53" (-|X3 < a), for every a, even if , is satisfied.

Nonetheless, getting back to the general case, we can easily provide an equivalent of Equation (4.23)
for general conditional copulas, i.e. without assuming #,.

Proposition 4.11. Forallu; € [0,1]P and all A; € Ay,

Cﬁj(uﬂXJ S AJ) = / w(UI,XJ,AJ)dIPXJ(XJ), with
Ay

IP(Ay)

P(ur,xy,Ay)

=CnJ <F1J<F1_J(u1|XJ €A)|X,y = XJ), i '7Fp|J(Fp_‘J(uP‘XJ € A)|X,y = XJ)

X.JXJ).
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Proof: From (4.23), we get :

H(X[|X] EAJ)

1
= H(x7|X; =xy)dPx,(x
P(4,) J,, HxrXs =xs)dPx, (x7)
1
IP(AJ)/A,, CI|J<F1|J(£E1‘XJ:XJ),...7FP‘J(IP|X.J:XJ)|XJ:xJ) dIPx , (x).

We can conclude by using the following definition of the conditional copula
Cry(u|Xy € Ay) = H(Fy,(wi|Xy € Ay),..., Fy(uy[ Xy € Ap)[Xy € Ay). O

Now, we understand why (4.24) (and (4.25) under H,) are not identities: the conditional copulas,
given the subset A, still depend on the conditional margins of X; given X ; pointwise in general.

Note that, if X; is independent of X ; for every i = 1,...,p, then, for any such i,
Fi|J(Fi|_J(ui|XJ € A)|Xy = XJ) =F; (Fi_ (W)) = u;,
and we can revisit the identity of Proposition 4.11: under H,, we have
1 .
A _ _
CI‘:;(UHXJ S AJ) = m /AJ OIlJ(U]‘XJ = XJ) d]PXJ(XJ)

1
= ]P(AJ)/A,, Cy115(ug) dIPx, (x5) = Cy r15(uy).

This means H, and #, are equivalent. We consider such circumstances as very peculiar and do not
have to be confused with a test of #,. Therefore, we advise to lead a preliminary test of independence
between X; and X ; (or at least between X, and X; forany i = 1,. .., p) before trying to test #, itself.

Now, let us revisit the characterisation of H, in terms of the independence property, as in Subsec-
tion 4.2.2. The latter analysis is confirmed by the equivalent of Proposition 4.4 in the case of conditioning
subsets A ;. Now, the relevant random vector would be

Z[|AJ = (F1|J(X1|X,] € AJ), c. 7FP\J(XZD|XJ € AJ)) R
that has straightforward empirical counterparts. Then, it is tempting to test
ﬂ; :Zpa, and (X; € A;) are independent for every borelian subset A; C R,

Nonetheless, it can be proved easily that this is not a test of #,, unfortunately.

Proposition 4.12. Z; 4, and (X; € A;) are independent for every measurable subset A; C RP jff
X and X ; are independent.

Proof: For any measurable subset A; and any u; € [0, 1]?, under ”;L;, we have
IP(Z”AJ <us,Xjye AJ) ZIP(ZI‘AJ < uI)IP(XJ € AJ)

Consider x; € R?. Due to the continuity of the conditional cdfs’, there exists uy s.t. Fi(xx|X,; € Ay) =
u, k =1,...,p. Then, using the invertibility of 2 — F.(z|X; € A;), we getIP (Z;j4, <u;,X; € Ay) =
P (X; <xy,X;€ Ay). This implies that ﬂ; is equivalent to the following property: for every x; € R?
and Aj,

P(X;<x,X;€A4;)=P(X;<x))P(X;€Ay).0
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The previous result shows that a test of ”H; is a test of independence between X; and X ;. When
the latter assumption is satisfied, o and then %, are true too, but the opposite is false.

Previously, we have exhibited a simple trivariate model where #, is satisfied when X; and X ; are not
independent. Then, we see that it is not reasonable to test whether the mapping A; — Cﬁ;(-|XJ €Ay
is constant over A, the set of all A; such that IPx,(A;) > 0, with the idea of testing .

Nonetheless, one can weaken the latter assumption, and restrict oneself to a finite family A; of

subsets with positive probabilities. For such a family, we could test the assumption

Ho: Ay — C}“lj(~ |X; € Ay)is constant over Aj.

To fix the ideas and w.l.0.g., we will consider a given family of disjoint subsets A; = {A1 j,..., A s}
in R?~? hereafter. Note the following consequence of Proposition 4.11.

Proposition 4.13. Assume that, for all Ay ¢ A; and foralli € I,
Fi'J(.’,UIXJ = XJ) = Fiu(,ﬂXJ S AJ), Vxy;€ Ay, z € R. (426)

Then, H, implies H,.

Obviously, if the family A is too big, then (4.26) will be too demanding: H, will be close to a test
of independence between X; and X ;, and no longer a test of Hy. Moreover, the chosen subsets in
the family A; do not need to be disjoint, even if this would be a natural choice. As a special case, if
RYP € A}, the previous condition is equivalent to the independence between X; and X ; for every i  I.

Note that (4.26) does not imply that the vector of explanatory variables X ; should be discretized.
Indeed, the full model requires the specification of the underlying conditional copula too, independently
of the conditional margins and arbitrarily. For instance, we can choose a Gaussian conditional copula
whose parameter is a continuous function of X, even if (4.26) is fulfilled. And the law of X; given X
will depend on the current value of X ;.

A test of H, may be relevant in a lot of situations, beside technical arguments as the absence of
smoothing. First, the case of discrete (or discretized) explanatory variables X is frequent. When X;
is discrete and takes a value among {xi.s,...,Xm, s}, set Ax.; = {xx s}, k =1,...,m. Then, there is
identity between testing #, and H,, with 4; = {4, ;,..., A s}. Second, the level of precision and
sharpness of a copula model is often lower than the models for (conditional) margins. To illustrate this
idea, a lot of complex and subtle models to explain the dynamics of asset volatilities are available when
the dynamics of cross-assets dependencies are often a lot more basic and without clear-cut empiri-
cal findings. Therefore, it makes sense to simplify conditional copula models compared to conditional
marginal models. This can be done by considering only a few possible conditional copulas, associated
to some events (X; € Ay 5), k = 1,...,m. For example, Jondeau and Rockinger [78] (the first paper
that introduced conditional dependence structures, beside Patton [112]) proposed a Gaussian copula
parameter that take a finite of values randomly, based on the realizations of some past asset returns.
Third, similar situation occur with most Markov-switching copula models, where a finite set of copulas is
managed. In such models, the (unobservable, in general) underlying state of the economy determines
the index of the box: see [31],[142],[129],[53], among others.

Therefore, testing H, is of interest per se. Even if this is not equivalent to H, (i.e. the simplifying
assumption) formally, the underlying intuitions are close. And, particularly when the components of
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the conditioning variable X ; are numerous, it can make sense to restrict the information set of the
underlying conditional copula to a fixed number of conveniently chosen subsets A ;. And the constancy
of the underlying copula when X ; belongs to such subsets is valuable in a lot of practical situations.
Therefore, in the next subsections, we study some specific tests of #, itself.

4.3.2 Non-parametric tests with “boxes”

To specify such tests, we need first to estimate the conditional marginal cdfs’, for instance by

S l(Xip <z, X;5€Ay)
Y IXiseAy) 7

for every real x and k = 1, ..., p. Similarly the joint law of X; given (X, € A;) may be estimated by

Fys(@|Xy € Ay) =

S WX <xp,X;5 € Ag)
Yo WX € Ay)

The conditional copula given (X; € A ;) will be estimated by

Fry(x1|X; € Aj) =

CryurXy € Ay) = Fr (B (wi|Xy € Ag), .o Er (| Xy € Ag)[X g € Ay).
Therefore, it is easy to imagine tests of #,, for instance

TKSq,n = sup sup ‘éﬁz’ (UI|XJ c Ak,J) CI|J (uI|XJ c A J)‘ (427)
wr€0,1) k,I=1,....m

2
TCUAjn: Z / I|J u1|XJ S Ak J) CI|J (U.I|XJ S Al J)) w(duj), (428)
k=1

for some nonnegative weight functions w, or even

m

T distn := Z dwt( ﬁk] TIXy € Ag ), C ]|J "Xy e A J)) (4.29)
k=1

where dist(-,-) denotes a distance between cdfs’ on [0, 1]?. More generally, define the matrix

M(Z]) = |:]].(k7él) dist(cﬂj‘]"(P{JEAk’J) I|J (|XJ€A[ J)>:| ,
1<k, l<m
and any statistic of the form ||J\/4\(ZJ)|| can be used as a test statistics of 7,, when || - || is a norm on
the set of m x m-matrices. Obviously, it is easy to introduce similar statistics based on copula densities
instead of cdfs’.

4.3.3 Parametric test statistics with “boxes”

When we work with subsets A; € R? instead of pointwise conditioning events (X; = x;), we can
adapt all the previous parametric test statistics of Subsection 4.2.3. Nonetheless, the framework will be
slightly modified.

Let us assume that, for every A; ¢ Ay, ;“lj(~|XJ € Aj) belongs to the same parametric copula
family C = {Cy, 6 € ©}. In other words, Cﬁj( X € Ay) = Cy(a,(:) for every A; € A;. Therefore, we
could test the constancy of the mapping A; — 6(A;), i.e. to test

H, : the function k € {1,...,m} s 6(A; ;) is a constant called 65.
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Clearly, for every A; € A;, we can estimate 0(A ;) by
é(AJ) = arglanea(—))(§10g09 (Fl\J(Xi71|Xi,J € A,]), ceey Fp|J(Xi’p|Xi_’,] € A])) ]].(Xi”] € A])

It can be proved that the estimate (A ;) is consistent and asymptotically normal, by revisiting the proof
of Theorem 1 in [137]. Here, the single difference w.r.t. the latter paper is induced by the random sample
size, modifying the limiting distributions. The proof is left to the reader.

Under the zero assumption 7, the parameter of the copula of (F1(X1|X; € Ay s), ..., Fp(X,| X, €
Ay.7)) given (X; € Ay ;) is the same for any k = 1,...,m. It will be denoted by 63, and we can still
estimate it by the semi-parametric procedure

ég = arg rgleag)(; leog Co (F1|J(XZ-71|XZ-,J S Ak“]), ey Fp|J(Xi’p|XZ"J S Ak”])) ]L(Xi”] € Ak“]).
Obviously, under some conditions of regularity and under ﬁg, it can be proved that ég is consistent and
asymptotically normal, by adapting the results of [137].

For convenience, let us define the “box index” function k(x,) := > ;- k1{x; € Ay s}, for any
x; € R%P_ In other words, k is the index of the box Ay, ; that contains x ;. It equals zero, when no box
in A, contains x;. Let us introduce the r.v. Y; := k(X ;), that stores only all the needed information
concerning the conditioning with respect to the variables X; ;. We can then define the empirical pseudo-
observations as

NE

Zi7[|y = (F1|J(Xi’1‘X'] S Ak_’,]), ceey Fle(Xi’p|XJ € Ak’.])) ]].{Xi’J € Ak’.]}
k=1
= (Fis(Xi1lXy € Apxi ))s - Fplg (Xipl Xy € Apxi ),0))
= (FI‘Y(X’L,llx)v7Fp‘Y(X’L,p|}/1)) )
forany i = 1,...,n. Since we do not observe the conditional marginal cdfs’, we define the observed

pseudo-observations that we calculate in practice: fori =1,...,n,

Zi,I|Y = (Fl‘J(Xi71|XJ S AY“J), ey FP|J(Xi7p|XJ S AY“J)) .

Note that we can then rewrite the previous estimators as

0(Ay.7) = arggleaé{Z;IOg co (Zi,I\Y) 1(Y; = k), and 6 = arggleagzglog co (Zi,I\Y) :

Now, let us revisit some of the previously proposed test statistics in the case of “boxes”.

o Tests based on the comparison between 6(-) and 6,:

Too = \/ﬁk_n{lax 10(Ar,7) — boll, T5 = nz 16(Ak5) = bol[Pwr, (4.30)
=1,....m —1
for some weights wy,.
o Tests based on the comparison between Cj; ) and Cj :
Taist = _dist(Cj 4 1, Cg. ), (4.31)

k=1

and others.
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4.3.4 Bootstrap techniques for tests with boxes

In the same way as in the previous section, we will need bootstrap schemes to evaluate the limiting laws
of the test statistics of 7, or 7, under the null. All the nonparametric resampling schemes of Subsection
4.2.4.1 (in particular Efron’s usual bootstrap) can be used in this framework, replacing the conditional
pseudo-observations ZMJ by Z@”y, i = 1,...,n. The parametric resampling schemes of Subsection
4.2.4.1 can also be applied to the framework of “boxes”, replacing 6, by 63 and d(x ;) by §(A;). In the
parametric case, the bootstrapped estimates are denoted by §;; and §*(A4 ;). They are the equivalents of
0% and 0,,(A,), replacing (Zuuin) by (Z;,Y;").

The bootstrapped statistics will also be changed accordingly. Writing them explicitly is a rather
straightforward exercise and we do not provide the details, contrary to Subsection 4.2.4. For exam-
ple, the bootstrapped statistics corresponding to (4.30) is

2) =0y (107 (Ak.) — 0(Ar.s) — 05 + 05| Pwr,

where ég is the result of the program arg maxg >, log cg (Z;‘_’I‘Y), in the case of Efron’s nonparametric
bootstrap.

As we noticed in Remark 4.8, some changes are required when dealing with the “parametric indepen-
dent” bootstrap. Indeed, under the alternative, we observe 6*(A,. ;) —0; ~ 0, because we have precisely
generated a bootstrap sample under 7. As a consequence, the law of (7’2)* would be close to the law
of 7; but under the alternative, providing very small powers. Therefore, convenient bootstrapped test
statistics of #, under the “parametric independent” scheme will be of the type

5) "= ”Z 1% (Ag,7) — 05 ||Pwi.

Such a result is justified theoretically by the following theorem.
Theorem 4.14. Assume that H,, is satisfied, and that we apply the parametric independent bootstrap.
Set
On,0:= vn(fy — 00), Ok := vn(0(Ay,5) — 00). k=1,....m,
ro=vn(0; —0), and 0}, == Vn(0*(Ars) — 60). k=1,...,m
Then there exists two independent and identically distributed random vectors (O, ...,0,,) and (6F, ..., 0;),
and a real number aqy such that
(@n,o,...,@n,m, o O ) — (@0,...,@,,1,63 +agOy,...,0L +a0®0>.

The proof of this theorem has been postponed in Appendix 4.7.

As a consequence of the latter result, applying the parametric independent bootstrap procedures for
some test statistics based on comparisons between 6, and the (A, ;) is valid. For instance, 75 and

(7’2)** will converge jointly in distribution to a pair of independent and identically distributed variables.
Indeed, we have

(T2, (75 )=<n2neno () P m 3 160~ 52 ) wk)

k=1

( D 1165 o = b0+ 0o — 0n (A ) |Pwk . n Y1650 — 0o + b0 — éZ(Ak,J)Hka)
k=1

k=1

= (Z 180 — Okl*wr, > 105 + agOp — O — a0@0||2wk> ‘
k=1

k=1
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The same reasoning applies with 7, and T;,,, for sufficiently regular copula families.

Remark 4.15. We have to stress that the first-level bootstrap, i.e. resampling among the conditioning
variables X, y, i = 1,...,n is surely necessary to obtain the latter result. Indeed, it can be seen that
the key proposition 4.16 is no longer true otherwise, because the limiting covariance functions of the two
corresponding processes G,, and G}, will not be the same: see remark 4.22 below.

4.4 Numerical applications

Now, we would like to evaluate the empirical performances of some of the previous tests by simulation.
Such an exercise has been led by [58] or [16] extensively in the case of goodness-of-fit test for uncon-
ditional copulas. Our goal is not to replicate such experiments in the case of conditional copulas and
for tests of the simplifying assumption. Indeed, we have proposed dozens of test statistics and numer-
ous bootstrap schemes. Moreover, testing the simplifying assumption through #, or some “box-type”
problems through 7, doubles the scale of the task. Finally, in the former case, we depend on smooth-
ing parameters that induce additional degrees of freedom for the fine tuning of the experiments (note
that [58] and [16] have renounced to consider tests that require additional smoothing parameters, as the
pivotal test statistics proposed in [49]. In our opinion, an exhaustive simulation experiment should be
the topic of (at least) one additional paper. Here, we will restrict ourselves to some partial numerical el-
ements. They should convince readers that the methods and techniques we have discussed previously
provide fairly good results and can be implemented in practice safely.

Hereafter, we consider bivariate conditional copulas and a single conditioning variable, i.e. p = 2 and
d = 3. The sample sizes will be n = 500, except if it is differently specified. Concerning the bootstrap, we
will resample N = 200 times to calculate approximated p-values. Each experiment has been repeated
500 times to calculate the percentages of rejection. The computations have been made on a standard
laptop, and, for the non-parametric bootstrap, they took an average time of 14.1 seconds for Z, ,, ; 26.9s
for T ., 103s for Z ,,, 265s for T and 0.922s for 7.

In terms of model specification, the margins of X = (X, X5, X3) will depend on X3 as
X; ~N(X3,1), Xo ~N(X3,1) and X5 ~ N(0,1).
We have studied the following conditional copula families: given X3 = z,
e the Gaussian copula model, with a correlation parameter 6(z),
¢ the Student copula model, with 4 degrees of freedom and a correlation parameter 6(x),
o the Clayton copula model, with a parameter 6(z),
e the Gumbel copula model, with a parameter 6(z),
¢ the Frank copula model, with a parameter 6(z).

In every case, we calibrate (x) such that the conditional Kendall’s tau 7(x) satisfies 7(x) = ®(z)Tmax,
for some constant m,.x € (0, 1). By default, m,.x is equal to one. In this case, the random Kendall’s tau
are uniformly distributed on [0, 1].

Test of Hy: we calculate the percentage of rejections of #H,, when the sample is drawn under the
true law (level analysis) or when it is drawn under the same parametric copula family, but with varying
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parameters (power analysis). For example, when the true law is a Gaussian copula with a constant
parameter p corresponding to 7 = 1/2, we draw samples under the alternative through a bivariate
Gaussian copula whose random parameters are given by 7(X3) = ®(X3). The chosen test statistics
are T2, s TOCvM (nonparametrics test of o), Z,,» and Z, ,, (nonparametric tests of #, based on the
independence property) and 75 (a parametric test of ;). To compute these statistics, we use the
estimator of the partial copula defined in Equation (4.6).

Test of Hy: in the case of the test with boxes, the data-generating process will be
X1~ N(7(X3),1), Xo ~N(v(X3),1) and X3 ~ N(0,1),

where y(z) = &1 (|m®(X3)|/m), so that the boxes are all of equal probability. As m — oo, we recover
the continuous model for which ~(z) = z.

In the same way, we calibrate the parameter 6(z) of the conditional copulas such that the conditional
Kendall’s tau satisfies 7(X3) = |m®(X3)]/m.

The choice of “the best” boxes A; ;,..., A, s is not an easy task. This problem happens frequently
in statistics (think of Pearson’s chi-square test of independence, for instance), and there is no universal
answer. Nonetheless, in some applications, intuition can be fuelled by the context. For example, in
finance, it makes sense to test whether past positive returns induce different conditional dependencies
between current returns than past negative returns. And, as a general “by default” rule, we can divide
the space of X into several boxes of equal (empirical) probabilities. This trick is particularly relevant
when the conditioning variable is univariate. Therefore, in our example, we have chosen m = 5 boxes of
equal empirical probability for X3, with equal weights.

We have only evaluated 7, for testing H,,. In the following tables, for the parametric tests,
¢ “bootNP” means the usual nonparametric bootstrap ;

e “bootPIl” means the parametric independent bootstrap (where Z;; is drawn under C; and X,
under the usual nonparametric bootstrap);

e “bootPC” means the parametric conditional bootstrap (nonparametric bootstrap for X ;, and X; is
sampled from the estimated conditional copula Cyx..);

¢ “bootPseudolnd” means the pseudo-independent bootstrap (nonparametric bootstrap for X ;, and
draw Zj;l] independently, among the pseudo-observations Z; 1,.);

¢ “bootCond” means the conditional bootstrap (nonparametric bootstrap for X 7, and X; is sampled
from the estimated conditional law of X; given X7).

Concerning tests of #,, the results are relatively satisfying. For the nonparametric tests and those
based on the independence property (Tables 4.1 and 4.2) the rejection rates are large when 7. = 1,
and the theoretical levels (5%) are underestimated (a not problematic feature in practice). This is still the
case for tests of the simplifying assumption under a parametric copula model through 75: see Tables 4.3
and 4.4. The three bootstrap schemes provide similar numerical results. Remind that the bootstrapped
statistics is (75)** with bootP| (Remark 4.8). Tests of H, under a parametric framework and through 7
confirm such observations. To evaluate the accuracy of the bootstrap approximations asymptotically, we
have compared the empirical distribution of some test statistics and their bootstrap versions under the
null hypothesis for two bootstrap schemes (see Figures 4.5 and 4.6). For the nonparametric bootstrap,
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the two distributions begin to match each other at n = 5000 whereas n = 500 is enough for the parametric
independent bootstrap.

We have tested the influence of 7,,.x: the smaller is this parameter, the smaller is the percentage of
rejections under the alternative, because the simulated model tends to induce lower dependencies of
copula parameters w.r.t. X3: see Figures 4.1, 4.2, 4.3, and 4.4. Note that, on each of these figures, the
point at the left corresponds to a conditional Kendall’s tau which is constant, and equal to 0 (because
Tmax = 0) whereas the rejection percentages in Tables 4.1 and 4.3 correspond to a conditional Kendall’s
tau constant, and equal to 0.5. As the two data-generating process are not the same, the rejection
percentages can differ even if both are under the null hypothesis. Nevertheless, in every case, our
empirical sizes converge to 0.05 as the sample size increases. When n = 5000, we found that the
percentage of rejections are between 4% and 6%.

We have not tried to exhibit an “asymptotically optimal” bandwidth selector for our particular testing
problem. This could be the task for further research. We have preferred a basic ad-hoc procedure. In
our test statistics, we smooth w.rt. F3(X3) (or its estimate, to be specific), whose law is uniform on
(0,1). A reasonable bandwidth h is given by the so-called rule-of-thumb in kernel density estimation,
i.e. h* = o(F3(X3))/n'/® = 1/(v/12n'/%) = 0.083. Such a choice has provided reasonable results. The
typical influence of the bandwidth choice on the test results is illustrated in Figure 4.7. In general, the
latter h* belongs to reasonably wide intervals of “convenient” bandwidth values, so that the performances
of our considered tests are not very sensitive to the bandwidth choice.

To avoid boundary problems, we have slightly modified the test statistics: we remove the observa-
tions ¢ such that F5(X;3) < h or F5(X;3) > 1 — h. This corresponds to changing the integrals (resp.
max) on [0, 1] to integrals (resp. max) on [k, 1 — h].

Family | T8unn (48) Teovnrn (410) Iy, (413) T, (4.15)
Gaussian 0 0 0 0
Student 0 0 0 0
Clayton 0 0 1 0
Gumbel 1 1 0 1
Frank 0 0 0 0

Table 4.1: Rejection percentages under the null (nonparametric tests, nonparametric bootstrap bootNP).

Family | T8 (48) Teovarn (410) Ty, (413) T, (4.15)
Gaussian 98 100 100 93
Student 100 99 98 90
Clayton 99 99 99 98
Gumbel 99 98 100 95
Frank 98 100 98 50

Table 4.2: Rejection percentages under the alternative (nonparametric tests, nonparametric bootstrap
bootNP).
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Family TS (4.18) T, (4.30)
bootPl bootPC bootNP | bootPl bootPC bootNP
Gaussian 4 0 0 6 4 1
Student 6 0 2 4 5 3
Clayton 7 0 1 7 1 1
Gumbel 3 1 0 9 2 2
Frank 4 0 6 3 5 1

Table 4.3: Rejection percentages under the null (parametric tests).

Family TS (4.18) T, (4.30)
bootPl bootPC bootNP | bootPl bootPC bootNP
Gaussian | 100 100 100 100 100 100
Student 100 100 100 100 100 100
Clayton 100 62 98 100 98 100
Gumbel 100 100 34 100 99 76
Frank 100 100 100 100 100 100

Table 4.4: Rejection percentages under the alternative (parametric tests).

0.8 1.0
|
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Rejection %
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0.0
|

tauMax

Figure 4.1: Rejection percentages for the statistics Z, (4.13) as a function of 7,,,,: We use the gaussian
copula, with a conditional parameter 6(x) calibrated such that the conditional Kendall’s tau 7(z) satisfies
T(2) = Timaz - (x). Solid line: bootNP. Dashed line : bootPseudolnd. Dotted line : bootCond.
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Rejection %

tauMax

Figure 4.2: Rejection percentages for the statistics /5 ,, (4.15) as a function of 7,,,,,,: we use the gaussian
copula, with a conditional parameter 6(z) calibrated such that the conditional Kendall’s tau 7(z) satisfies
T(Z) = Timas - ®(z). Solid line: bootNP. Dashed line : bootPseudolnd. Dotted line : bootCond.
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Figure 4.3: Rejection percentages for the statistics 75 (4.18) as a function of 7,,...: we use the gaussian
copula, with a conditional parameter 6(z) calibrated such that the conditional Kendall’s tau 7(z) satisfies
T(2Z) = Tmaz - (). Solid line: bootNP. Dashed line : bootPI. Dotted line : bootPC.
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Figure 4.4: Rejection percentages for the statistics 77, (4.30) as a function of 7,,,,,.: we use the gaussian
copula, with a conditional parameter 6(z) calibrated such that the conditional Kendall’s tau 7(z) satisfies
T(Z) = Timaz - |Mm®(X3)|/m. Solid line: bootNP. Dashed line : bootPI. Dotted line : bootPC.
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Figure 4.5: QQ-plot of a sample of the test statistic 7 and a sample of the bootstrap test statistic (75)*
using the non-parametric bootstrap for the gaussian copula, with different sample sizes and under 7
(conditional Kendall’s tau is constant and equal to 0.5).
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Figure 4.6: QQ-plot of a sample of the test statistic 75, and a sample of the bootstrap test statistic
(T2.)** using the parametric independent bootstrap for the gaussian copula, with n = 500 and under

H, (conditional Kendall’s tau is constant and equal to 0.5).

Rejection %

Figure 4.7: Rejection percentage for the statistic 7, ,, (4.8) with m = 20 as a function of h. The red

(resp. black) line corresponds to the alternative (resp. zero) assumption.
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4.5 Conclusion

We have provided an overview of the simplifying assumption problem, under a statistical point of view.
In the context of nonparametric or parametric conditional copula models (with unknown conditional
marginal distributions), numerous testing procedures have been proposed. We have developed the
theory towards a slightly different but related approach, where “box-type” conditioning events replace
pointwise ones. This opens a new field for research that is interesting per se. Several new bootstrap
procedures have been detailed, to evaluate p-values under the zero assumption in both cases. In partic-
ular, we have proved the validity of one of them (the “parametric independent” bootstrap scheme under
Ho).

Clearly, there remains a lot of work. We have opened the Pandora box rather than provided definitive
answers. Open questions are still numerous: precise theoretical convergence results of our test statistics
(and others!), validity of these new bootstrap schemes, bandwidth choices, empirical performances,...
All these dimensions would require further research. We have made a contribution to the landscape of
problems related to the simplifying assumption, and proposed a working program for the whole copula
community.

Acknowledgements: The authors acknowledge the two anonymous reviewers for their numerous
and very useful comments and suggestions.

4.6 Notation
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X =(X5Xy) random vector of size d
I,J {1,...,ptand {p+1,...,d}
S=X114,---,Xpn1:4) initial sample of n i.i.d. observations
Ay measurable subset in RY~?
Ay collection of all measurable subsets of R% 7
such that X ; is in each set with positive probability
A;={A1s,..., A, s} partition of R*” into m sets
such that X ; is in each set with positive probability
Y box index, i.e. Y is the k such that X; € A; s
Ui i i-th pseudo-observation of the k-th variable
Zy, conditional observation of X; given X
Zyy conditional observation of X; given the box index Y
C copula family indexed by the elements of a set ©
Cy copula of the family C with the parameter § € ©
co density of the copula Cy
fo unconditional parameter of the copula of Z;
0(xy) parameter of the conditional copula of Z;|; given X; = x;
5 unconditional parameter of the copula of Z;y
0(Ay) conditional parameter of the copula of Z;y given X; € A;
F;() marginal cdf of X;,i=1,...,d
Fyy(1X; € Ay) conditional marginal cdf of X; given X; € A;,i=1,...,p
Fy (X5 =xy) conditional marginal cdf of X; given X; =x;,i=1,...,p
Fr (X5 e Ay) conditional joint cdf of X; given X; € A;
Fr (X5 =xy) conditional joint cdf of X; given X; = x
Gr.y() joint cdf of (Z;,,X )
C}“lj(-\XJ e Ay) conditional copula of X; given X, € A,
Crna(-1Xy =x%) conditional copula of X; given X ; = x
Cs.115(+) partial copula of X; given X

Table 4.5: Table of notation
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T Mo (4.3) brute-force test statistic of H,, constructed with the L, distance
between the conditional and the partial copula
(resp. Tks.n (4.2)) (resp. L., distance)
(resp. T cynrn (4:8)) (resp. Ls distance using a fixed number m of points)
T OCU M. (4.10) brute-force test statistic of #H,, constructed with the L,-distance
(resp. ;F(;(S,,L (4.9)) (resp. Loo-distance) between all pairs of conditional copulas
Zyn (4.13) chi-square-type test statistic of the independence between Z”J and X
Trsn (4.14) test statistic based on the distance between the joint empirical cdf
of (ZW,XJ) and the product of their empirical cdf, using the L., norm
(resp. Iz ,, (4.15)) (resp. using the Ly norm)
(resp. Zovm,n (4.16)) (resp. using the L, norm, weighted by the joint empirical cdf as weight)
T, (4.18) test statistic based on the L, distance between the parameter of the
conditional copula and the constant parameter of the partial copula
(resp. T5 (4.18)) (resp. Lo distance)
(resp. T5;s: (4.19)) (resp. using some distance between the estimated copulas)
(resp. T Gens (4.20)) (resp. using the L, distance between the estimated copula densities)
T gist,n (4.29) brute-force test statistic of H, constructed with the distance dist(-, -)
between all pairs of conditional copulas with Borelian subsets
(resp. T ks.n (4.27)) (resp. with the L., distance)
(resp. T cum,n (4.28)) (resp. with the L, distance)
T; (4.30) test statistic based on the L, distance between the parameters
estimated on each set and the simplified parameter
(resp. 7’2 (4.30)) (resp. based on the L, distance)
(resp. T y;.; (4.31)) (resp. based on some distance between the copulas whose parameters are

estimated on each set and the copula with the simplified parameter)

T T bootstrap statistics corresponding to a general test statistic 7

Table 4.6: Table of main test statistics
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4.7 Proof of Theorem 4.14
4.7.1 Preliminaires

Let (Z;);=1,... » be a sequence of i.i.d random vectors in [0, 1]?, Z; being drawn from the true cdf Cp,.
They have the same law as the previously called vectors Z; ;1 4, or Z; )y under the zero assumption
H,. Let (X, 7)i—1...n be a sequence of i.i.d random vectors in R, X; ; ~ F;. Let (Z*)i—1._ ., be
an independent sequence of i.i.d random vectors in [0,1]", where Z} ~ Cy, exactly as Z;. The three
samples (Z;), (X;,s) and (Z7) are mutually independent. Let (X} ;)i=1.....» be a sequence of i.i.d random
vectors in RY~?, which are drawn from F,, s, the empirical cdf of X ;,...X,,_ s, and independently of both

(Z:) and (Z).

In the following, we shall use the notation f®g := (z,y) — f(x)g(y) when f, g are two real functions,
possibly from different spaces. Set (6, ) := log cs(-). We will need some conditions of regularity.

.....

.....

Assumption (R): (0,ur) — ((0,uy) is three times differentiable with respect to 0, for every u; € (0, 1)?.
Moreover, for every € > 0,

31

555 0.2 | < +oc.

E sup sup
OlI0—00ll <€ {z|||z—2Z; < Z, 1y —Z:ll}

The latter technical assumption can be weakened through some trimming techniques, as in [50].
Since this would require to change the definitions of the parametric estimators, we do not try to improve
towards this direction. We will set ¢y := dcy /06 and ¢y := 0%cy/06?.

We associate to every X; ; (resp. X7 ;) its corresponding index Y; (resp. Y;*) s.t. X; ; € Ay, (resp.
X7 € Ayr). For convenience, we assume that (Ax)k=1,..,m is @ partition of R, Otherwise, we
have to restrict our sample to the observations for which X; ; belongs to some “box” Ay, k = 1,...,m.
Therefore, denote by C.,, C;;, P,y and Py y the empirical laws of (Z;), (Z;), (Y;) and (Y;*) respectively.
The joint law of (Z1,Y1) (resp. (Z1,X1,;)) will be denoted by G := Cy, @ Py (resp. G := Cp, ® Fy),
with Py (k) = P(Y = k), k = 1,...,m. Denote by G,, (resp. G,) the empirical law of (Z;,Y:)i1...n
(resp. (Z;,X;.;)i-1....n) Moreover, G and G,, will be the empirical distributions of (Z?,Y;*);—;
(Z7, X7 7)i=1,....n respectively. Let P,, be the joint probability distribution of

.....

(20, 25, Y7) oy € (0107 % {1, m ) &7

The following proposition is key. It will be proved in Subsection 4.7.3.

Proposition 4.16. Consider the empirical process defined on [0,1]” x R%~? by

Gn(z,x7) == Vn(G, — G)(z,x) \f Z{]l (Zi,Xi,7) < (z,%7)) — Co(2)Fs(x1)},

and the corresponding bootstrapped empirical process

—k 1

n 1 n
G, (z,xy) = Z]l Z* X, (z,xJ)) —Cgo(z)ﬁZ]l(XingJ),
i=1 =1

TL

or, equivalently, G, = /n(G, — Cy, ® F,, ;). Then there exist two independent and identically distributed
Gaussian processes Ag and &g such that (G.., G,) converges to (Ac, &) weakly in ((“([0, 1P x

Rd‘p))2.
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As a Corollary, we deduce the same results when the discrete variables Y; replace the variables X;; ;.

Proposition 4.17. Under the assumptions of Proposition 4.16, let the empirical process defined on
[0,1]P x {1,...,m} by

Gn(z, k) == Vn(Gn — G)(2, k)
- % > {12 < 2,Y: = k) = Co (@) Pr (k).

and its bootstrapped empirical process

G (z, k) : \FZ (Z; <2,Y7 = k) — Cpy (2 i

or equivalently G = \/n(G% — Cy, @ P,v), Puy(k) being the empirical proportion of S,,-observations

into Ay,. Then, there exist two independent and identically distributed processes A and A} such that
2

(Gn, G},) converges to (A, AL) weakly in (éoo([o, 1P x {1,... ,m})) )

Remark 4.18. The covariance function of A (or A ) is given by
E[Ac(z,y)Ac(z,y)] = ImE[Gy (2, y)Gn (2, y')]

= Uy=y )P =y)Cy,(zN2') —P(Y = y)P(Y = y')Cp,(2)Cs, (z').

As a “toolbox”, we will need the following lemma.

,,,,,

=1,...,

n
0% = arggleag;bg%(zi,mf), and
-

0(Ay) = argreneaé(;log co(Ziy) 1(Yi=k), k=1,...,m.

We will assume they lie in the interior of ©. Set ©,,¢ = \/ﬁ(éf} —6o), and, fork = 1,...,m, O, =
Vn(0(Ay) — 6,). Moreover, for any distribution H on [0,1]° x {1,...,m}, set

1{z) < 22,y' = y*}dH(z",y")
Y1 (H) ::/89 (9 (f Fi jk}dz(z1,y1) Y )ql p) 1{y? = k} dH(2*,3?),

=1,...,

peattn) = [ O (eo,<f“2q— i i )> )1{y2=k}dﬂ<z2,y2>.

J{y" =k} dH (2!

ERREE)

(i) Fork=1,...,m
\/ﬁd}k‘,l(Gn)

Onp=—
* Ur2(Gn)

+ Op(l).

(i) For every discrete law Py with values in {1, ..., m}, the corresponding distribution G := Cy, @ Py
satisfies 1,1 (G) = 0.

(iii) 1 := (Y1.1,-..,¥m1) Is Hadamard-differentiable at every cdf H, and its differential is given by
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bt = [ 5

0?1 Sz <22,y =y’ }dH (2", y") B
+ Z/ 9002 ( ( T 1{y* = k}dH(z', y) >q_1 mp) 1{y? = k}
(f]l{zl <2yl =y?hdh(z' ") [1{z) <2yl =y?HdH (2 y") [ 1{y' = k}dh(z! )) AH(Z1)

Zl 22 1_ .2 le 1
( (qu f{yf fk}difngHy(l) ’ )> )Wk}dh(zzvy%

[1{y* = k}dH(z',y ) (S 1{y! =y2}dH(z )

(iv)
Z?:l \/E(wkl(Gn)) _ kazl wk,Q(Gn)@n,k o
+op(l) = ST na (G +op(1)

977, = - m
o POERDRI(EN)

n- Indeed, for any

,,,,,,,

Proof : Note that Z; 717 is an explicit measurable function of the sample (Z; ;| ;)

i:l,...,nandq:17._.,p,
Z; qlY =F (X4 Xy € Ay,.s)
ZT 1]]-{X <qu,X ]GAYi”]}

Zj:l X € Ak(xi,‘,),J}
1{Fy( JQ‘XJ € AY;‘J) < Fq(Xi,q|XJ € AYnJ)vY} =Y}

_23'1:1 4 (X,

B Z?:1 ]]'{}/J =Y}

_Z?:l HFy(X;,41X € Ay, g) < Fy(Xi gl Xy € Ay, 1), Y; = Yi}
a Z;’L:I ]I{YJ =Y}

(4.32)

_Z?:l WZjqy < Ziqyy,Y; = Yi}

We deduce that 62 and 6(A;) are measurable functions of the unobservable random variables Z; 1y

andY;, fori=1,...,n.
m}. Applying successively the first order condition for the estimator 6(A) and

(i). Letk € {1,...,
some Taylor series expansions, we have
—Z Zi 1)) 1{Yi = k}
= B};k — B2*(0(Ak,s) — 00) +op (é(Ak,J) —6p), with
90, i,117)1{Y; = k} and B} - 892 (60,Z; 17)1{Y; = k},

S\H

implying
R Bl,k
Oni :=Vn(0(Ap,s) — 0) = \/ZQZ + 0p(On k).

n

Now, invoking (4.32), let us compute the numerator of this expression

Bl,k ——
n 9 SOAm e )

i=1

ol f]l{z; < Zg’yl = k}dGn(Zlayl) 2 _ 2,2
/39 (907< f]l{yl _ k‘}dGn(Zl,yl) )q:1 77777 p) ]l{y = k?}dGn<Z Y )

= Vi1 (Gr).
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In the same way, the denominator can be rewritten as

0%l [1{z} < 229" = k}dG, (2", y")
= ’ ’ 2 _ 2 2
el (90’ ( 11" = F}G (e’ Uy = F}dGu(z".v")
) q:1 »

77777

= _¢k,2(Gn)~
(ii). We now prove the second part of the lemma. Since G = Cy, ® Fy, we get

ol J 1z < 22y' = k}dG(z', ') 2 afi2 2
oa@ = [ 55 (6 ( J 1yt = K1dG(al, ) ) ) Hy = ReEn

.....

<22 yvl=k .
S (e () )t

=1,...,

- / gé (90’ (IP{ZI = 22}) ..... p) dCo, (Zz) / ]l{yz = k}dFY(yQ)

=P{Y =k} / 2 (60,2°) dCy, (2°) = 0.

(iii). We remark that the law G appears three times in ¢, ;: two times in the log-density [ and one
time at the end of the main integral. By separating the effect of a change from H to H + & in the main
integral only (first term of the differential) and the effect of a change in [, and using the standard rule of
differential calculus (I is differentiable), we obtain the second part of the given result.

(iv). As in the proof of (i), we apply successively the first order condition for éﬁ,o and some Taylor
series expansion to get

Z 89 (06, Zi.rjy) = By, — (65 — 00) By, + op (65 — 6o), with

n m a2l A m
Z 90, i) =Y By¥and B) = — o0 (60, Zi1y) = > B*.

k=1 k=1

S\H

We deduce

Bl m plLk
On0 = \/5(90 bo) = VB, +0p(Onp) = % + 0p(On,0)

By ’ >l Bt
VN i (Ga) o
- >opey Uk 2(G )+OP( n’0>
E;gn:lwkﬁ( n) n,k

B 22;1 Yi2(Gn) +op (@n,o). O

Lemma 4.20. Let/,, be defined by

cop(Z7)
b, = Zl < eb ) .
090
If there exists a random vector ©, such that ©,, , = ©, under P,,, then we have

1
b, = OTWE — §®0TIOG)0 +op (1),

where W+ ~ N(0, Io) is independent of the sample (Z; ry,Y;),_, , and Iy is the Fisher information
matrix T ]
) e, [c90<z2> ceo<Z>] .
CHO(Z)
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Proof : By a Taylor expansion, we obtain

Z{l(eo, ) (60, 2;)}

A ol 1. 21
= (98 - 90) 89 (00,Z7) + 5(98 — 90) 2 202 (00,Z7) (9 - 90) + R,
1 | 021
263;0 727(00725) 7671110 (90a ) @n,0+Rn-
Vi & 90 5 2 g2
First, we have
"b 3 n 831
Ro<ostlh-olf s 1 2hez)
ollo—6oll<I0—60ll 1=t
91 1 1
<cslonlf sp 123 Z50.2011 o= =0e (=),
61116—00 | <1166 Z 00° vn Vin

by Assumption (R). By the usual CLT, we know that ﬁ S 9l/00 (00, ZF) — WL, W is independent
of (Zi’”y, Yi)i:1 ., as alimit of a sequence of variables that have the same property. Using the law of

yeeey

large numbers, we have also

Mn  mm -T-
821 1 Cg 9 Co
9 Z* — — 7= 0-1y, O
i=1 892 " nL:1 69 Cg ) ’

4.7.2 Proof of Theorem 4.14

We first reason under P,, as in Theorem 1 in [57]. By Proposition 4.17, under P,,, there exist two
independent and identically distributed processes A and A such that

Vi(Gn = Coy ® Py, G = Coy ® Puy ) = (g, AE),

2
weakly in (EOO([O, 17 x {1,... ,m})) . By (iii) of Lemma 4.19, v, is Hadamard-differentiable and so,
using the functional Delta-method, we deduce
Vi (61(Gn) = 01(Co, ® Py, 61(G) = (o, @ Pay)) = ($1(G)(Aa) , 1(G)(AE)).
By (ii) of Lemma 4.19, ¢ (Cy, ® Py) = 11(Cp, ® P, y) = 0, implying

V(010G Uma(Ga) P11 (G Y (G1)
— (011G (AG)s- 1 (G)AG) s D1 (G (A 1 (G)(AF)).

By Slutsky’s theorem, we have

¥1,1(Gr) Ym,1(Gn) Y11(Gl
f(l/& 2(Gn)" T Um2(Gr) 7 1,2(GE
U12(G)(AG) Ui (G)(Ag) 1 ,(G)(AE) 1Z)m71<G><Aé>)

V12(G) 7T ne(G) T 12(G) T 4y a(G) )

By (i) of Lemma 4.19, the latter convergence result implies
(Gn,la R @n,m ) 62713 AR ®;7m>

({m,l(G)(AG) V01 (G)(AG)  11(G)(AS) fpm,l(GxAxé))
—12(G) T =ma(G) T —12(G) T = a(G)
— (@1,...,@m, @f,...,@fn).

= (
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Moreover, (91, .. .,@m) and (@f, .. .,@fn) are independent and identically distributed under P,,, by
construction. Because of (iv) of Lemma 4.19, ©,, , can asymptotically be seen as a mean of the ©,,
and this provides

Z;cn=1 wk,Q(Gn)@n,k ZZLl ¢k,2(G)@k
Ono = = = — =: Q.
v Zk:l ¢k72(Gn) Ek:l wkﬂ(G) °

Therefore, by the continuous mapping theorem, we deduce

1 1
<@n,07~--a®n,ma LN @:;m>:>(@0,...,@7”,@0,.. @m),

and we still have that (@0, e @m) and (@0% cee @;) are independent and identically distributed under
P

Now, we will work under P;, the probability measure over ([0,1]7 x {1,... ,m})®2" whose density
with respect to P, is
ap: n g (25)

n * ok * ok
(Zlayh"'7Z7L7y7uz17y15"'aznayn) = H
dPn i=1

Co, (Zf) ,

where ég is the estimator of 6, when applied to the “sample” (z1,y1, ..., 2zn, yn). We remark that

dpP,,
P,

21, Y1, 2, Y YT YY) = exp(y).

Since we have shown that ©,, = ©¢ under P,,, use Lemma 4.20 and obtain
1
b, = OFW+ — 5@gloe)o +op (1).
Therefore, under P,,, we have

d *
<d77z" On0s- - Onm, O, - .- @:;m) = ((,00,...,01,,07,...,0;.)

where ¢ := exp (6f W+ — ©'1,0,/2). Note that IE[(] = E[IE[¢|6]] = 1 because ©, and W are
independent, and W+ ~ N(0, Iy). This corresponds to condition (iii) of Theorem 3.10.5 of [139], and
we deduce P}, is contiguous with respect to P,,. We can then apply Le Cam’s Third Lemma (Theorem
3.10.7 of [139]. We get that, under P;,,

(On0r- -+ Oy O% e, OF ) = (é(),...,émeg,...,@:n),

where IE[x(Oo.m: )] = E[CX(O0:m O] for any simple function x. Choose w; and w, € R™*" and
set ¥ := Var[Og.m|. Then, we have

IE[exp(uu1 Oo.m + iws @0 )] =1E[¢ exp(iw?@o;m + zwg@ém)]

= Elexp(0F Wt — 08 1,00/2 + iwl ©¢.m + iwd OF,,)]

= IE[eXp(iwf@():m — 0l'1,00/2) Elexp(0F W+ +iwl ©g.,,) | 0. m}]
T T 1 1

=1E [exp(zw1 O0:m — 05 1000 /2) exp <2 ( wl Swy + @0 IyO¢ + 22w2]E[®0 " W ]GO)H
T T . 1L Tyyl

=1E [exp (zwl O0:m — Wy Dwa /2 + 1w IE[O.,,,” W ]@o)}

=1E [exp (zwl Og.m + zwg@o m+ nglE[@O m WJ‘]@OH .
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Therefore, we have proven the following equality:
(éo,...,ém,eg,...,@:n) ™ (g, ..., Om, OF +agOy, ..., 0% + a0y ,
where a;, = IE[@kLTWﬂ. To finish the proof, it remains to show that a;, = ag forall k € {1,...,m}, i.e.
E[0 W] = E[o} w4,

First, we know from the proof of Lemma 4.19 that ©;,, = —fbk,l(G)(Ag)/wk,g(G) +op(1), k =
L...,mand Oy, = =y 1(G)(Ag)/102(G) + op(1), where

ol Sz < 22,y" = y*}dG (2", y") 2 9
Y0,1(G) = /80 (%,( T1{y* = y2}dG(2", 1) )q_1 p) dG(z*,y7),

.....

021 J1{zy <23, y" = y?}dG(2',y")
V02(G)= | 5 <9°’< fqll{qu= y2}dG(z',y) > ) 16 v").
q=1,....p

=1,...,

and

This implies Oy = —, 1 (G)(Ag)/Yk2(G), k= 0,...,m

Actually, the reasoning is exactly the same when dealing with ©; , and Oi, k=0,...,m, replacing
Ag by AS. We get

O = 2<G> - and Oy === @
Second, note that, when k =1,...,m,

[ 0% JU{z) < 229" = k}G(z", y") - s o
Yr2(G) == 202 (90, ( TI{yt = k1 dG 2, y") ) ~ ) 1{y* = k} dG(z*,y°)

82
—e(y=#) [ o (90, (/n{z; < zg}ngo(z1)> 1 ) dCy, ()
q=1,...,p
82
o0

=IP(Y = k)vo,2(G).

—P(Y = k) (60,2) dCy, (2%)

Third, let us calculate z'pk’l(G)(h), k=0,1,...,m. From Lemma 4.19, we have

Dea(@) = [ 55 (00.2%) 10 = 1} dh(z2, +Z/a (00,7) 1{y? = K}
Uz <2yt =ythdh(zly) [z <23yt =y?}dG(2h y') [ H{y' = y?}dh(z! )) 1G(2. )
J Uyt =y*}dG(z', y') (f 1{y* = y2}dG(z',y ))2 o

fork=1,...,m. Since G = Cp, ® Fy, we can simplify the latter equalities:

Da (@) = [ 0 (60,5%) 1y? = kY dh(s2, ) + (Y = kz/aaa% (60.2%)

JILE < 20 = 92} = 210 = P NdhE )
| < J 1{y' = y?}dG(z', y") ) dCo, (z7).
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Since 11 (G)(h) = Y1 ., (G)(h), we have

. 0 0?
P0,(©)0) = [ 55 (60 2?) dn(z®, +Z/89; (60,2

Sz < 2]yt =02} — 21y = y?}]dh(z!
J{y! = y?}dG (2" y)

4 )> dCy, (z2)dFy (y?).

Then, we can rewrite zZJM(G)(h) = Mi(h,k) + P(Y = k)Ms(h,k) and zZ)O’I(G)(h) = My(h) +
Y1 P(Y =K')Ms(h, k"), where

M, (h, k) ::/% (60,2%) 1{y* = k} dh(z®,y®), M>(h) = gé (60,2%) dh(2*,y?),

% 0?1 o [ Sz} < 22,y" =k} — 23 1{y" = k}dh(z',y") )
Ms(h, k) ::jz_;/ 500 < Ti = FdCw ) )ngO(z ).

Substituting » by A%, we get

or _ _Da@Ag) _ Mi(Abk)  My(hb.k)
Vi,2(G) P(Y = k)ho2(G)  o2(G)
or _ _D0a(G)AE) _ Myab) S P(Y = K)My(Ag k).
’ $0:(G) G02(G) G02(G)
ol

Fourth, since W+ is the weak limit of Y7 00, Z7) //n under P,,, this implies W- = ¢, (G)(AL),

=1 % (
with

ol v ol

w3(G) 69 (907 ) dG(Z7y>7 and wS(G)( ) 30 (007 ) dh(Z,y).

Finally, by (i) of the following Lemma 4.21, we have IE[M; (A, k)TWL] = IP(Y = k)IE[My(AS)TWH],
By (ii) of the latter lemma, we have IE[M3(AS, k)TWL] = E[M5(AS, k')TW+] for all k and &'. Finally, we
obtain IE[OL " W] = IE[@,?TWH, which finishes the proof. [J

Lemma 4.21. Assume that H,, is satisfied. Then,

() Fork=1,...,m,

IE [/ a(i)TlT (0o, 2) 1{y = k} dA5(z, y) / % (0o,2") dAé(z’,y/)]

P =0 | [ e (t02) dnd(an) [ 5 (00,2 dssta )]

(i) The expectations

E 021 oy ((JIHz <27yt =k} = 2 1{y' = k}dAg(2',y")
907 0z (60, 2°) J1{y' = k}dG(z', y')
ol
00

> dC@o (Zz)
(60, 7°) dAazay%]

do notdependonk =1,...,m
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Proof : (i) By simple calculations, we obtain

ol ol

E V&OT (60, 2) 1{y = k’}dAé(Zvy)/% (60,2") dAG(Z',y)
ol
ol ol , /

=] a7 (0o,2) 1{y = k}@ (00,2") {0y =ydIP (y)[dCp, (2) 65/ =7 + dCp, (2')0=r']

—dCy,(z)dCy, (2" )dIP(y)dIP(y') }

ol ol ol ol
= QIP(Y = k) W (00, Z) % (00, Z) dC@O (Z) — IP(Y = k) W (90, Z) dCQO (Z) . % (90, Z) dC@O (Z)

ol
007 Z) ]l{y = k}% (905 Z/) dz,y, 2y’ (]E [Aé(za y)ACL}'(Zla y/)])

By summing up the latter identities w.r.t. k = 1,...,m, we prove (i).

(i) For convenience, let us write ¢2(z) := 9%1/(007 0z;) (6o, z) and ¢3(z) := 9l(0y,z)/007. We get
the result if we prove that

2} < 22 1= EYdAL (2", ¢! .
A =18 l/ p2(22) <f]1{ jfg]l{inﬂ:{i}dG(}zl’ycig d )> dc9o(zz)/¢3(23) dAé(zsvyd)] and

2104 = Ll 1
Agy = IE [/ b(22) <f j]l{y k‘}dAG( Y )) dOgU(ZZ)/¢3(Z3)dAJé(Z3,y3)

JH{y' = k}dG(z',y")

do not depend on k. We will do the task for A, ;, £ = 1,...,m, and the calculations will be similar for
Aj 1. Note that

A= gy 2] S I = K6s5) A0, @) T [ ")
= m /qbz(Zz)ll{z} < 22}1{y" = k}¢s(zs) dCs, (2°)
{8,5—yr dIP (1) [dCoy (215,51 + dCoy ()01 —y3] — Coy (21)dCoy (2°)dIP (y")dIP (1) }
We deduce that
Ay =2 / $2(22)1{z] < 27}3(2") dCy, (2")dCy, (2°)
- / $2(22)1{z} < 27}¢3(2°) dCy, (2")dCl, (2°)dCo, (2°),

that does not depend on k. OJ

4.7.3 Proof of Proposition 4.16

As usual with the nonparametric bootstrap, we rewrite the bootstrapped empirical process by counting
the number of times every observation of the initial sample is drawn:

.1
G, =13 M
i=1

where M, ; denotes the number of times (X; ;) has been redrawn in a n-size bootstrap resampling
with replacement. It is well-known that M,, = (M,1,...,M,,) follows a multinomial distribution
M(n,n=1, ... ,n~1): its mean is n and the associated probabilities are 1/n,...,1/n. In other words,

Gl x) = = D M (U(Z5 X < (5%0)) — oy (0) Fo (x0)),
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We can remove the dependence between the random components M, ;, i = 1,...,n by a “Pois-
sonization” procedure. We mimic van der Vaart and Wellner [139], p.346: instead of drawing n times the
initial observations, this is done N,, times, where N,, follows a Poisson distribution with mean » and N,,
is independent of the initial sample. Then, the n variables My, 1,..., My, , are i.i.d. Poisson random
variables with mean one. And we can build the new process as

G (z,x7) = IZMN,L,ZH 23 X:,0)<(zxs) — Coo(2)Fn g (%)}

Actually, the distance between @* and G* is negligible. Indeed, for every (z,x ),
An(z,x5) = (G — G,)(z,%x7) Z MNn, i = My i){L(z= x, ))<(zxs) — Cop(2) Fn, s (%)}

is centered. Moreover, by independence between the observations and by the resampling scheme, we

have
9 1
E[|A,]%] = E[sup A% (z,x,)] <5 Z E[(MN,,i — Mn,i)(Mny, ; — Mn;)|]
z,X g ’] 1
< Z IE MN K M, z) ]UQIE[(Mij - M",j)2]1/2
1,7=1

< E[(Mn,1— M,1)?,

ny

because the sequence (My, ; — My i)i=1,... »n iS €xchangeable. Given N,, = k, the i-th variable | My, ; —
M,, ;| is binomial with the parameters (|k — n|,1/n), i.e

1 1 |k—n|—1
P(|My; — My ;| =1) = C‘lk,nW (1 - ) ,1=0,...,]k—n|

n

Therefore, we obtain

2
Bl(My, i~ Mo) Zexp {lk;nl( i”('k;n)}

Simple calculations provide

\k—n| 2n™ 2\ /2
Zexp =2 exp(om) e ()
n! ™

by Stirling’s formula, and

= n* (k—n\"> exp(—n) o= n*
Zexp(—n)ﬁ (kn ) :%1(72)2?(/{3(/{—1)4—]6(1—271)4-712):%
k=0 ’ k=0

We deduce E[(My,, ;

almost all sequences S,, := (Z;, Xi.)i=1.....
theorem follows if we prove the weak convergence of (G,,, G).

~M, )’ =0m?)and P (||A, |l > €) — 0, when n tends to the infinity, given
». This means that we can safely replace G, by G*, and the

Note that we can rewrite
G (z, %) f Z N i — D {1(ZE, X, 5) < (z,%x7) — Coy (2)Fr(x)}
+ % Z {1(Z], Xi,7) < (2,%x7) — Coo(2) Fy(x7)} — Coy (2) V12 (Fn s — Fr) (x7)
i=1

n <1 _ :LZMN”> Coo(2)V/n (Fn gy — Fy) (%)

= G (z,x;5)+ G 2(z,x7) — Gu3(z,%7) + Ru(2,%7).

n,l
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Obviously, the last remaining term is op(1) uniformly w.r.t. (z,x;), and it can be forgotten. Moreover,
since the variables (My,, ; —1)i=1,... ., are i.i.d., centered with variance one and independent of the data,
we can invoke some multiplier bootstrap results. Consider we live in the space W := [0, 1]?x [0, 1]? x R4 P
that is related to our observations W, := (Z;, Z},X, 5), i = 1,...,n. The true distribution of W; under the
null is Py, whose cdf is Cy, ® Cy, @ F;. Applying Corollary 2.9.3. in [139], the sequence of processes

n

(Wi, W) = (”_1/2 > Gw, = Pw),n 2y (M, i — 1) (6w, — PW))

=1 i=1

converges weakly in £>°(F) x £>°(F) to a vector of independent Gaussian processes, where F denotes
any Donsker class of measurable functions from W to R.

Now, let us consider the class F of functions
faoalxs0 t (2:2,%7) = 1(z < 20,2" < 20,%x5 < X0),

for any triplet (29, z), x.5,0) in [0, 1]7 x [0, 1]” x R* " Note that F is Donsker, that G, , (z,x,) = W5 f1 5.,
G} 5(z,%x5) = W, f1,4x, and that G}, 5(z,x;) = Cg,(2)W, f1,1.x,. By the permanence of the Donsker
property (see Section 2.10 in [139], and the continuity of Cj,, the process G* converges in £>°([0, 1]? x
R%"P) to a gaussian process A Obviously, G,, tends in distribution in £>°([0,1]? x R%"?) to a Gaussian
process A, whose covariance function is given by

E [@n(z, XJ)@n(z’,xf,)] = Cy,(z N2 )Fs(x; NX}) — Co,(2)Fy(x7)Cy, (2 ) Fs(x)),

for every z, 2, x5, x/;). By some standard calculations, we check that IE[G* (z, x ;)G (z', x';)] = IE[G (2, x,)Gn (2, X))
for every couples (z,x ) and (z’,x/;), implying that A and A" have the same covariance functions. More-
over, the two limiting processes A and A" are uncorrelated because

E[Gy(2,%,)G;, (2, x))] = E[Gn(2,x,)E[G (2, x})[S4]] = 0,

for every couples (z,x;) and (z’,x;). Therefore, the A and A" are two independent versions of the
same Gaussian process.

Remark 4.22. [f there were no resampling of the observations X; ; at the first level, this would no longer
be true. Indeed, the corresponding bootstrapped process would be given by

G (z,xy) \FZ X7 <x5){1(Z] <2z)—Co,(2)},

implying

E (G, (2,x,)G, (2/,x})| = Fs(x AX)[Ca, (2 A7) = Co,(2)Ca, ()],
that is different of IE G, (z,x,)G, (2", x})].

To conclude, we apply Corollary 1.4.5. in [139]: for every bounded nonnegative Lipschitz function h
and h,

E[R(G)h(G)] — EIRERA )] = Elh(Ga) (ElR(G;)[S] - BA(AE)]))
+ E[(h(G,) - BA@)])ERAE ).
The first (resp. second) term tends to zero by the weak convergence of Gj; (resp. G,,). This concludes
the proof. O
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About kernel-based estimation of
conditional Kendall’s tau:
finite-distance bounds and asymptotic
behavior

Abstract

We study nonparametric estimators of conditional Kendall’s tau, a measure of concordance be-
tween two random variables given some covariates. We prove non-asymptotic bounds with ex-
plicit constants, that hold with high probabilities. We provide “direct proofs” of the consistency
and the asymptotic law of conditional Kendall’s tau. A simulation study evaluates the numerical
performance of such nonparametric estimators.

Keywords: Conditional dependence measures, kernel smoothing, conditional Kendall’s tau.

Based on [40]: Derumigny, A., & Fermanian, J. D., About kernel-based estimation of conditional
Kendall’s tau: finite-distance bounds and asymptotic behavior. ArXiv preprint, arXiv:1810.06234,
2018.

5.1 Introduction

In the field of dependence modeling, it is common to work with dependence measures. Contrary to
usual linear correlations, most of them have the advantage of being defined without any condition on
moments, and of being invariant to changes in the underlying marginal distributions. Such summaries
of information are very popular and can be explicitly written as functionals of the underlying copulas:
Kendall's tau, Spearman’s rho, Blomqvist’s coefficient... See Nelsen [106] for an introduction. In partic-
ular, for more than a century (Spearman (1904), Kendall (1938)), Kendall’s tau has become a popular
dependence measure in [—1, 1]. It quantifies the positive or negative dependence between two random
variables X; and X,. Denoting by C; » the unique underlying copula of (X, X») that are assumed to be
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continuous, their Kendall’s tau can be directly defined as

TLQ = 4 Clyz(ul, 'LLQ) Clyz(dul, dUQ) — ]. (51)
[0,1]?

=TP((X1,1 — X2,1)(X12 — X22) > 0) =P ((X11 — Xo.1)(X12 — X22) <0),

where (X, 1, X, 2)i=1,2 are two independent versions of X := (X, X»). This measure is then interpreted
as the probability of observing a concordant pair minus the probability of observing a discordant pair.
See [86] for an historical perspective on Kendall’s tau. lIts inference is discussed in many textbooks
(see [71] or [94], e.g.). Its links with copulas and other dependence measures can be found in [106]
or [75].

Similar dependence measure can be introduced in a conditional setup, when a p-dimensional covari-
ate Z is available. When thousands of papers refer to Kendall’s tau, only a few of them have considered
conditional Kendall’s tau (as defined below) until now. The goal is now to model the dependence be-
tween the two components X; and X-, given the vector of covariates Z. Logically, we can invoke the
conditional copula C 2z—, of (X1, X») given Z = z for any point z € R” (see Patton [111, 112]), and the
corresponding conditional Kendall’s tau would be simply defined as

T1,2|Z=z = 4 . C1 2)1z=2(u1, u2) C1 277 (duy, dus) — 1
[0,1]

= ]P((Xl’l — X211)(X1’2 — XQ’Q) > O|Zl =75 = Z)
—P((X1,1 — X21)(X12 — Xap2) < 0|Z1 =17y =12),

where (X; 1, X 2,7Z;):=1,2 are two independent versions of (X, X2, Z). As above, this is the probability
of observing a concordant pair minus the probability of observing a discordant pair, conditionally on Z;
and Z, being both equal to z. Note that, as conditional copulas themselves, conditional Kendall’s taus
are invariant w.r.t. increasing transformations of the conditional margins X; and X», given Z. Of course,
if Z is independent of (X1, X,) then, for every z € R”, the conditional Kendall’'s tau 71 57—, is equal to
the (unconditional) Kendall’s tau 7 5.

Conditional Kendall's tau, and more generally conditional dependence measures, are of interest per
se because they allow to summarize the evolution of the dependence between X; and X5, when the
covariate Z is changing. Surprisingly, their nonparametric estimates have been introduced in the litera-
ture only a few years ago ([63],[141],[52]) and their properties have not yet been fully studied in depth.
Indeed, until now and to the best of our knowledge, the theoretical properties of nonparametric con-
ditional Kendall’s tau estimates have been obtained “in passing” in the literature, as a sub-product of
the weak-convergence of conditional copula processes ([141]) or as intermediate quantities that will be
“plugged-in” ([50]). Therefore, such properties have been stated under too demanding assumptions.
In particular, some assumptions were related to the estimation of conditional margins, while this is not
required (Kendall's tau are based on ranks). In this paper, we will directly study nonparametric esti-
mates 7, 5|, without relying on the theory/inference of copulas. Therefore, we will state their main usual
properties of statistical estimates: exponential bounds in probability, consistency, asymptotic normality.

Our 7 5)z—, has not to be confused with so-called “conditional Kendall’s tau” in the case of truncated
data ([136], [101]), in the case of semi-competing risk models ([89], [73]), or for other partial information
schemes ( [27], [81], among others). Indeed, particularly in biostatistics or reliability, the inference of
dependence models under truncation/censoring can be led by considering some types of conditional
Kendall’s tau, given some algebraic relationships among the underlying random variables. This would
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induce conditioning by subsets. At the opposite, we will consider point-wise conditioning events only in
this paper, under a nonparametric point-of-view. Nonetheless, such point-wise events can be found in
the literature, in parametric or semi-parametric frameworks, as for the identifiability of frailty distributions
in bivariate proportional models ( [107], [100]). Other related papers are [8] or [97], that are dealing
with extreme co-movements (bivariate extreme-value theory). There, the the tail conditioning events of
Kendall’s tau have probabilities that go to zero with the sample size.

In Section 5.2, different kernel-based estimators of the conditional Kendall’s tau are proposed. In
Section 5.3, the theoretical properties of the latter estimators are proved, first with finite-distance bounds
and then under an asymptotic point-of-view. A short simulation study is provided in Section 5.4. Proofs
are postponed into the appendix.

5.2 Definition of several kernel-based estimators of 7, ,,

Let (X1, Xi2,Z;),i=1,...,nbe ani.i.d. sample distributed as (X, X, Z), and n > 2. Assuming con-
tinuous underlying distributions, there are several equivalent ways of defining the conditional Kendall’s
tau:

Tiojzes = 4P (X110 > X0, X120 > Xoo|Z1 = Zy =2) — 1

=1-41P(X11 > Xo1, X12 < Xo2|Zy = Zy = 27)

=TP((X1,1 — Xo,1)(X12 — Xap2) > 0|Zy = Zy = z)
—TP((X11 — X21)(X12 — X22) <0|Z1 =Zy = z).

Motivated by each of the latter expressions, we introduce several kernel-based estimators of 71 3z_,:

n n

~(1
g = 422%’"@)%”(@1{&71 < Xjn, Xip < Xjof — 1,
=1 7=

n n

%I(QQ)\Z:z =y Zwi,n(z)wjm(z)(]l{(Xi,l — Xj1)-(Xi2 — Xj2) >0}

)

i=1 j=1

— ]1{(Xi71 — Xj,l)-(Xi,Q — Xj’g) < O}),

%1(32)\Z:z =1 4ZZwi,n(z)wj,n(Z)]l{Xi71 < Xj’l,Xi’Q > Xj’g},

)

i=1 j=1
where 1 denotes the indicator function, w; ,, is a sequence of weights given by

- Kh(Zifz)
B 22;1 Kn(Zj —z)’

with K (-) := h™PK(-/h) for some kernel K on R?, and h = h(n) denotes a usual bandwidth sequence
that tends to zero when n — oo. In this paper, we have chosen usual Nadaraya-Watson weights.
Obviously, there are alternatives (local linear, Priestley-Chao, Gasser-Miiller, etc., weight), that would

(5.2)

wim(z)

lead to different theoretical results.

The estimators Y #® _ and #&)__ ook similar, but they are nevertheless different, as
1,2|Z=2z> '1,2|Z=z 1,2|Z=z

shown in Proposition 5.1. These differences are due to the fact that all the %ff;)‘zzz, k=1,2,3 are affine
transformations of a double-indexed sum, on every pair (i, j), including the diagonal terms where i = j.
The treatment of these diagonal terms is different for each of the three estimators defined above. Indeed,
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setting s, :== >.!", w;,,(z), it can be easily proved that %flg‘zzz takes values in the interval [—1, 1 — 2s,,],
#8gy N [=1 + 50, 1= s,], and 7%, in [-1+ 25, , 1]. Moreover, there exists a direct relationship

between these estimators, given by the following proposition.

Proposition 5.1. Almost surely, %1(12)‘2:2 + 8, = A1(22)|Z i 721(,32)‘Z:z — s, Where s, := Z?zl wf’n(z).

This proposition is proved in Section 5.5.1. As a consequence, we can rescale easily the previous
estimators so that the new estimator will take values in the whole interval [—1, 1]. This would yield

A(l) A(2) (3)
% . Ty ,2|1Z=2 Sn T1,2|Z=z T1,2|Z=2 Sn
12Z: — = = —_— .
22=z 1—s, 1—s, 1— s, 1—s, 1-—s,

Note that none of the latter estimators depends on any estimation of conditional marginal distribu-
tions. In other words, we only have to choose conveniently the weights w; ,, to obtain an estimator of
the conditional Kendall’s tau. This is coherent with the fact that conditional Kendall’s taus are invariant
with respect to conditional marginal distributions. Moreover, note that, in the definition of our estimators,
the inequalities are strict (there are no terms corresponding to the cases ¢ = j). This is inline with the
definition of (conditional) Kendall’s tau itself through concordant/discordant pairs of observations.

The definition of 7 rl z‘zf can be motivated as follows. For j = 1,2, let Fjz(-|Z = z) be an estimator
of the conditional cdf of X; given Z = z. Then, a usual estimator of the conditional copula of X; and X,
givenZ =zis

o] 21z (u1,u2|Z = z) sz n( )1{F1\Z(Xi,1|z =z)<u, F2|Z(Xi,2\z =1z) < us}.

See [141] or [52], e.g. The latter estimator of the conditional copula can be plugged into (5.1) to define
an estimator of the conditional Kendall’s tau itself:

T1,21Z=2 ‘= 4/©l,2|Z(“h“2|Z =z) CA'1,2|z(du1, dus|Z =z) — 1 (5.3)

= 4ij n Ol 2|Z F1|z( jJ‘Z = Z),F2|Z(Xj72|z = Z)|Z = Z) — 1.
Since the functions F; i1z(-|Z = z) are non-decreasing, this reduces to

T1,2|Z=2 = 42 Zwi,n(z)w‘j,n(z)ﬂ{Xi,l < X1, X2 < Xj2)—1
i=1j=1

n n

= ) Y win(@win(2)1{Xi1 < Xj1, Xi2 < X2} — 1+ 0p(1) = 295, +op(1).
i=1 j=1

Veraverbeke et al. [141], Subsection 3.2, introduced their estimator of 7, 5, by (5.3). By the functional
Delta-Method, they deduced its asymptotic normality as a sub-product of the weak convergence of the
process \/7((51 2z(+12) = C121z(+, |2 )) when Z is univariate. In our case, we will obtain more and
stronger theoretical properties of 1( glz , under weaker conditions by a more direct analysis based on
ranks. In particular, we will not require any regularity condition on the conditional marginal distributions,
contrary to [141]. Indeed, in the latter paper, it is required that F; z(-|Z = z) has to be two times contin-
uously differentiable (assumption R3) and its inverse has to be continuous (assumption R1). This is not
satisfied for some simple univariate cdf as Fj(t) = t]l(t e [0,1])/24+1(t € (1,2])/2+tL(t € (2,4])/4+1(t >

4), for instance. Note that We could similarly justify 7-1 2‘2 , in a similar way by considering conditional
survival copulas.
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Let us define g1, g2, g3 by

(X7,X —4]].{X71<Xj1,X72<Xj2}
2 (X5, X;) = 1{(X ) X (Xi2— Xj2) > 0} —1{(X;1 — Xj1) x (X;2 — X 2) <0},
gB(Xi»Xj) =1- 4]1{Xi,1 < X1, Xi2 > X0},

wherefori=1,...,n,wesetX,; := (X; 1, X 2). Clearly, %1(’“2)‘2 is a smoothed estimator of IE[¢x (X1, X3)|Z1 =
Z, = z], k = 1,2,3. The choice of the bandwidth i can be done in a data-driven way following the gen-
eral conditional U-statistics framework detailed in Dony and Mason [45, Section 2]. Indeed, for any
k € {1,2,3} and z € Z, denote by 70 kj)) 1,21z~ the estimator %1(f€2)|z:z
parameter h and our dataset where the i-th and j-th observations have been removed. As a conse-
quence, the random function #.*) |,/ is independent of ((X;,Z,), (X;,Z;)). As usual with kernel
methods, the bandwidth & has to be chosen. It would be tempting to propose % as the minimizer of the

cross-validation criteria

that is made with the smoothing

n

2 (b ) 2
CVpu(h) == nn=1) > (gk(Xian) T (i) 1,2]2= (zi+zj)/2> Kn(Zi — Zy),
4,j=1

for k = 1,2,3 or for 7 5z—.. The latter criterion would be a “naively localized” version of the usual
cross-validation method. Unfortunately, we observe that the function h — CVp(h) is most often
decreasing in the range of realistic bandwidth values. If we remove the weight K,(Z; — Z;), then
there is no reason why g¢;(X;,X;) should be equal on average to # ()”) 1,21Z=(Z:47,)/27
not interested in the prediction of concordance/discordance pairs for which the Z; and Z; are far apart.

and we are

Therefore, a modification of this criteria is necessary. We propose to separate the choice of h for the
terms g;.(X;, X;) — (( k)) 1,217—(z:+2,),2 @nd the selection of the “convenient pairs” of observations (i, j).
This leads to the new criterion

n

2 (k) 2
Vi) = oy ;1 (X6 X)) = 78 o) K2~ %), (5.4)

with a potentially different kernel K and a new fixed tuning parameter h. Even if more complex pro-
cedures are possible, we suggest to simply choose K(z) := 1{|z|.. < 1} and to calibrate % so that
only a fraction of the pairs (i, j) have non-zero weight. In practice, set h as the empirical quantile of
({1Z; — Zj| : 1 < < j #n} of order 2N, /(n(n — 1)), where Npqrs is the number of pairs we want
to keep.

Note that such dependence measures are of interest for the purpose of estimating (conditional or
unconditional) copula models too. Indeed, several popular parametric families of copulas have a simple
one-to-one mapping between their parameter and the associated Kendall’s tau (or Spearman’s rho):
Gaussian, Student with a fixed degree of freedom, Clayton, Gumbel and Frank copulas, etc. Then,
assume for instance that the conditional copula C 3 z—, belongs is a Gaussian copula with a parameter
p(z). Then, by estimating its conditional Kendall’s tau 7, 5z—,, we get an estimate of the corresponding
parameter p(z), and finally of the conditional copula itself. See [119], e.g.

5.3 Theoretical results

5.3.1 Finite distance bounds

Hereafter, we will consider the behavior of conditional Kendall’s tau estimates given Z = z belongs to
some fixed open subset Z in RP. For the moment, let us state an instrumental result that is of interest per
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se. Let fz(z) :==n"" Z;‘:l K, (Z; — z) be the usual kernel estimator of the density fz of the conditioning

variable Z. Note that the estimators %f’;)‘zzz,

Denote the joint density of (X, Z) by fx z. In our study, we need some usual conditions of regularity.

k =1,...,3 are well-behaved only whenever fz(z) > 0.

Assumption 5.3.1. The kernel K is bounded, and set |K || =: Ck. It is symmetrical and satisfies
fK =1, f |K| < co. This kernel is of order o for some integer o > 1: forallj = 1,...,a — 1 and every
indices iy, ... i;in{1,...,p}, [ K(u)u;, ...u;, du= 0. Moreover, IE[K}(Z —z)] > 0 for every z € Z and
h>0.SetK(-):=K?(-)/ [ K? and | K|« =: Cg.

Assumption 5.3.2. fz is a-times continuously differentiable on Z and there exists a constant Cx o > 0
s.t., forallz € Z,

P
0° f7
/| |(u) E s, Ui, t;é}f)dazz_l.”azu (Z+thu)|du K,

i1,eeyia=1
Moreover, C; , denotes a similar constant replacing K by K and « by two.
Assumption 5.3.3. There exist two positive constants fz min and fz ma.. such that, for every z ¢ Z,
fZA,min < fZ(Z) < fZ,maz-

Proposition 5.2. Under Assumptions 5.3.1-5.3.3 and if Cx o h* /! < fz min, for any z € Z, the estima-
tor fz(z) is strictly positive with a probability larger than

1- 2€Xp ( - nhp(fz,min - CK,aha/a!)Q/ (QfZ,maz/K2 + (2/3)CK(fZ,mln - CK,ocha/a!)))-

The latter proposition is proved in Section 5.5.2. It guarantees that our estimators %ff“;lz, k=1,...,3,
are well-behaved with a probability close to one.
The next regularity assumption is necessary to explicitly control the bias of 7, 3z_,.

Assumption 5.3.4. Foreveryx € R?, z — fx z(x,z) is differentiable on Z almost everywhere up to the
ordero. ForeveryO0 <k <aandeveryl <iy,...,io <p, let

o* fx z

denoting U’ = (i1, .. .,1a). ASsume that H;, (u, v,x1, X2, z) is integrable and there exists a finite constant
Cxz.o > 0 such that, foreveryz € Z and every h < 1,

0k fx 7

Hi(w, v, Xx1,X9,2) := sup £ £
Zipir - - 0%,

(xl, z + thu)
tel0,1]

(xz, z + thv)

)

a p
e
/|K|(u)|K|(v) E (k) E M (W, v, X1, X2, 2) Ui, - .. Ui Vi, - - V4, | dudv dxy dxg

k=0 i1eia=1

is less than Cxz .

The next three propositions state pointwise and inform exponential inequalities for the estimators

%f’;)‘z:z, when k = 1,2, 3. They are proved in Section 5.5.3. We will denote ¢; :=c¢3 :=4 and ¢, := 2.

Proposition 5.3 (Exponential bound with explicit constants). Under Assumptions 5.3.1-5.3.4, for every
t > 0 such that Cx oh®/a! +t < fz.min/2 and every t’ > 0, ifCKQh2 < f.(z), we have

) ¢k (Cxzah®  3fu(2z) [ K? 16 f2(z) /Cx oh®
IP(Iﬁ(?z_zﬁ,zz—z>f2E‘>( xzah® | 3/a(2) | +t’>>< <1+ Ja( )( LE +t>)>

z al 2nhp f%,min a!
nhPt? (n — 1)h2?Pt'?
<2 — 2 —
= 2P ( 2fZ,ma9L‘ f K2 + (2/3)0Kt) * P ( 4f%,maa:( K2)2 + (8/3)012(t/)
+ 2exp ( — nh?(f,(z) — Cf(,th)Q )
8fz.maz | K2 +4C; (fo(2) — Cg ,h?)/3)

foranyz € Z and every k = 1,2,3.
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Alternatively, we could obtain a better rate of approximation, at the price of managing unknown
(universal) constants instead of explicit constants.

Proposition 5.4 (Alternative exponential bound without explicit constants). Under Assumptions 5.3.1-
5.3.4, foreveryt > 0 such that Cx oh®™ /a!+t < fz min/2 and everyt’ > 0s.t. t' < 2hP([ K?)3f3 0./ Cle,
there exist some universal constants Cy and as S.1.

Cxz.oh® 3fs K? 16 f2 Cr oh®
]P<|7A-1(,I€2)Z—Z_T1,2Z_z|> Ch ( X2, + f(z)f +t’) X <1+ fZ(z)( X, +t)>>

12(z) al 2nhP f%mm al
< 2ex ( — nh?t? ) + 2ex ( - nh?(f2(z) - CR,2h2)2 )
= 2O 2 g man [ K2 + (2/3)Cict P\ 8fzmar [ K2+ 4C 5 (fulz) — i oh?)/3
nhPt? agnhPt
2 e o Genlt )
e (32fK2<f K25 e + 80k | IKIfz,mazt/i%) 2P ( S zmar (] K2>)

foranyz e Z and every k = 1,2,3, if C ,h* < fz(z) and 6h? ( [ |K|)* famaz < [ K>

Remark 5.5. In Propositions 5.2, 5.3 and 5.4, when the support of K is included in [—c, c]P for some
¢ > 0, fz,maz €an be replaced by a local bound sup, Vo) fz(z), denoting by V(z,¢) a closed ball of
centerz and any radius e > 0, when h c < e. Moreover, if it is not guaranteed thatIE[ K}, (Z—z)] is positive,
the results above apply, replacing 2/3 by 4/3 in the denominators of inequality in Proposition 5.3.

As a corollary, the two latter result yield the weak consistency of %ff;)‘z:z for every z € Z, when
nh?’ — oo (choose the constants ¢ and ¢’ ~ kP sufficiently small, in Proposition 5.4, e.g.).

It is possible to obtain uniform bounds, by slightly strengthening our assumptions. Note that this next
result will be true if n is sufficiently large, when Proposition 5.4 was true for every n.

Assumption 5.3.5. The kernel K is Lipschitz on (Z,|| - ||~), with a constant A and Z is a subset of an
hypercube in R whose volume is denoted by V. Moreover, K and K? are regular in the sense of [66]
or[47].

Proposition 5.6 (Uniform exponential bound). Under the assumptions 5.3.1-5.3.5, there exist some
constants Lx and C; (resp. L and C ) that depend only on the VC characteristics of K (resp. K),
s.t., for every u € (0,1) such that pufy min < Cxz.ah®/a! + bk [ K2z maz/Ci, if f2.maz < Cxz.2h?/2 +
bi [ K fz.mar/Ci

A Ck C(XZ aha 3fz max fKQ
IP| sup |T(k) =z — T1,2|Z=2| > ( : +— +1
<zez L2lz=s ~ T2l 2min(1—=2\ o 2nhe
Cxz,ah”

)’)

S LK exp ( — Cf,Knhp (/fffz,min -

ol
asnth? A 212
D - Lz —C, 2nh? (frmaz — C h 4
+ O exp( sz,max(fK2)> + L exp ( . &P ([, xz,.2h%)?/4)
AonhPt2Ct AanhPt
2 — 2 ——
to2ee (g g, (R 2O oz A,

for n sufficiently large, k = 1,2, 3, and for every t > 0 s.t.

t S 2hp(/K2)3f%,maT/C;1<7

AifKZ gmax(f‘KDZ
~164,02. -2 VLT ln(hp/Kzfz‘r‘,mM(/\K|)2) <t, and
4C2 logD 4CK)\K
P 2 3/2 K _ o P
nhPt > (/K )fz,mamMg(p—l—ﬁ) log (hpfz,’rrLafo2)7 B = max (O, logn)’ D: fV( > ) 1.

for some universal constants C,, aa, M2, A1, A> and a constant Ag that depends on K and f, maz-
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We have denoted Cy i := log(1 + bx /(4Lk))/(Libi f2,max [ K?), for an arbitrarily chosen positive
constant b > C. Similarly, C; z :=log(1+ by /(4L ))/(Lgbg famaz [ K?), bz > Ck.

5.3.2 Asymptotic behavior

The previous exponential inequalities are not optimal to prove asymptotic results. Indeed, they directly
or indirectly rely on upper bounds, as in Hoeffding or Bernstein-type inequalities. In the case of kernel
estimates, this implies the necessary condition nh?? — oo, at least. By a direct approach, it is possible to
state the consistency of %1(7’“2)‘2:2, k =1,2,3, and then of 7, 3 z—,, under the weaker condition nh? — co.

Proposition 5.7 (Consistency). Under Assumption 5.3.1, if nh?, — oo, lim K (t)|t|? = 0 when |t| — oo,

; ~ (k)
fz and z — 7, z—, are continuous on Z, then T\ 2\Z—2

anyk=1,23.

tends to 7, 2)z—, in probability, when n — oo for

This property is proved in Section 5.5.6. Moreover, Proposition 5.6 does not allow to state the strong
uniform consistency of %f?‘zzz because the threshold ¢ has to be of order »” at most. Here again, a
direct approach is possible.

Proposition 5.8 (Uniform consistency). Under Assumption 5.3.1, assume thatnh?P / logn — oo, lim K (t)[t|P =
0 when [t| — oo, K is Lipschitz, fz and z — 7 57—, are continuous on a bounded set Z, and there
exists a lower bound fz,min S.t. fzmin < fz(z) foranyz € Z. Thensup,_z |%1(f“2)|zzz — Tiajz=z| = 0

almost surely, whenn — oo forany k =1, 2, 3.

This property is proved in Section 5.5.7. To derive the asymptotic law of this estimator, we will
assume:

Assumption 5.3.6. (i) nh?, — oo and nh?™2* — 0, (ii) K(-) is compactly supported.

Proposition 5.9 (Joint asymptotic normality at different points). Letz,...,z,, be fixed points in a set

Z C RP. Assume 5.3.1, 5.3.4, 5.3.6, that the z, are distinct and that fz andz — fx z(x,z) are continuous
on Z, for every x. Then, asn — oo,

~ D
(nh?)'/? (71,2022 — T1,2|Z:z§)i=17.__7n/ 2 N(O,H®), k=1,2,3,

where 7 37—, denotes any of the estimators %1(k2)| 7y B =1,2,3 0r 7y 5)7—,, and H is the n’ x n’ diagonal
real matrix defined by
, 4 [ K21,_;
P, = M{E[Qk(xh X)gr(X2, X)|Z = Z1 = Zy = 2] — T{ 37y }

f2(2;)

forevery1 <i,j <n'/,and (X,Z), (X1,Z;), (X2, Z2) are independent versions.
This proposition is proved in Section 5.5.8.

Remark 5.10. The latter results will provide some simple tests of the constancy of the function z +—
T1,2|2, @nd then of the constancy of the associated conditional copula itself. This would test the famous
“simplifying assumption” (“H, : C; 2)z—, does not depend on the choice of z”), a key assumption for vine
modeling in particular: see [5] or [68] for a discussion, [38] for a review and a presentation of formal tests
for this hypothesis.
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5.4 Simulation study

In this simulation study, we draw i.i.d. random samples (X;1,X;2,%;), ¢« = 1,...,n, with univariate
explanatory variables (p = 1). We consider two settings, that correspond to bounded and/or unbounded
explanatory variables respectively:

1. Z =0, 1] and the law of Z is uniform on ]0,1[. Conditionally on Z = z, X;|Z = z and X3|Z = =
both follow a Gaussian distribution A(z,1). Their associated conditional copula is Gaussian and
their conditional Kendall's tau is given by 7y 5/ z—. = 2z — 1.

2. Z = R and the law of Z is A/(0,1). Conditionally on Z = z, X;|Z = z and X»|Z = z both follow
a Gaussian distribution N (®(z),1), where ®(-) is the cdf of the Z. Their associated conditional
copula is Gaussian and their conditional Kendall’s tau is given by 7y 57—, = 2®(2) — 1.

These simple frameworks allow us to compare the numerical properties of our different estimators
in different parts of the space, in particular when 7 is close to zero or one, i.e. when the conditional
Kendall's tau is close to —1 or to 1. We compute the different estimators %1(7’“2)‘2:2 for k = 1,2,3, and
the symmetrically rescaled version 7, 5 .. The bandwidth h is chosen as proportional to the usual “rule-
of-thumb” for kernel density estimation, i.e. h = a;,6(Z)n~"/> with oy, € {0.5,0.75,1,1.5,2} and n €
{100, 500, 1000, 2000}. For each setting, we consider three local measures of goodness-of-fit: for a given
z and for any Kendall's tau estimate (say 7, 5;—.), let

o the (local) bias: Bias(z) := IE[71 9z=2] — T1,2/7=2,
911/2
o the (local) standard deviation: Sd(z) := ]E[(%LQ‘Z:Z — Bl 07— } ,

e the (local) mean square-error: MSE(z) := ]E[(ﬁ,mz:z - 7172‘2:2)2}

We also consider their integrated version w.r.t the usual Lebesgue measure on the whole support of z,
respectively denoted by IBias, ISd and IMSE. Some results concerning these integrated measures
are given in Table 5.1 (resp. Table 5.2) for Setting 1 (resp. Setting 2), and for different choices of «;, and
n. For the sake of effective calculations of these measures, all the theoretical previous expectations are
replaced by their empirical counterparts based on 500 simulations.

For every n, the best results seem to be obtained with o, = 1.5 and the fourth (rescaled) estimator,
particularly in terms of bias. This is not so surprising, because the estimators 7*), & = 1,2,3, do not
have the right support at a finite distance. Note that this comparative advantage of 7 in terms of bias
decreases with n, as expected. In terms of integrated variance, all the considered estimators behave
more or less similarly, particularly when n > 500.

To illustrate our results for Setting 1 (resp. Setting 2), the functions z — Bias(z), Sd(z) and M SE(z)
have been plotted on Figures 5.1-5.2 (resp. Figures 5.3-5.4), both with our empirically optimal choice
an = 1.5. We can note that, considering the bias, the estimator 7 behaves similarly as () when the
true 7 is close to —1, and similarly as 7(*) when the true Kendall’'s tau is close to 1. But globally, the
best pointwise estimator is clearly obtained with the rescaled version 7, 5 z—., after a quick inspection of
MSE levels, and even if the differences between our four estimators weaken for large sample sizes. The
comparative advantage of 7, 5, more clearly appears with Setting 2 than with Setting 1. Indeed, in the
former case, the support of Z’s distribution is the whole line. Then fz does not suffer any more from the
boundary bias phenomenon, contrary to what happened with Setting 1. As a consequence, the biases
induced by the definitions of ﬂ(,@w k = 1,3, appear more strinkingly in Figure 5.3, for instance: when z
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is close to (—1) (resp. 1), the biases of %1(12)‘2 (resp. %1(32)‘2) and 7 5|, are close, when the bias %1(732)‘2 (resp.
1( 2)‘2) is a lot larger. Since the squared biases are here significantly larger than the variances in the tails,
71,2|- Provides the best estimator globally considering "both sides” together. But even in the center of Z's

distribution, the latter estimator behaves very well.

In Setting 2 where there is no boundary problem, we also try to estimate the conditional Kendall’s tau
using our cross-validation criterion (5.4), with N« = 1000. More precisely, denoting by 1“" the mini-
mizer of the cross-validation criterion, we try different choices h = aj, xh¢Y with ay, € {0.5,0.75,1,1.5,2}.
The results in terms of integrated bias, standard deviation and MSE are given in Table 5.3. We do not
find any substantial improvements compared to the previous Table 5.2, where the bandwidth was chosen
“roughly”. In Table 5.4, we compare the average h“V with the previous choice of h. The expectation of
h¢V is always higher than the “rule-of-thumb” h"¢/, but the difference between both decreases when the
sample size n increases. The standard deviation of RV is quite high for low values of n, but decreases
as a function of n. This may be seen as quite surprising given the fact that the number of pairs N,qirs
used in the computation of the criterion stays constant. Nevertheless, when the sample size increases,
the selected pairs are better in the sense that the differences |Z; — Z;| can become smaller as more
replications of Z; are available.

5.5 Proofs
For convenience, we recall Berk’s (1970) inequality (see Theorem A in Serfling [123, p.201]). Note that,
if m = 1, this reduces to Bernstein’s inequality.

Lemma 5.11. Let m,n > 0, Xy,...,X,, i.i.d. random vectors with values in a measurable space X
and g : X™ — [a,b] be a symmetric real bounded function. Set 6 = IE[g(X1,...,X,,)] and ¢% =
Var[g(Xy,...,X)]. Then, foranyt > 0 andn > m,

P ((Z)_l;g(xi“--wxim) —0= f) < oxp <_ 202 +[?2//n?ﬂi2b—9)t>’

where ). denotes summation over all subgroups of m distinct integers (i1, . .., i) of {1,...n}.

5.5.1 Proof of Proposition 5.1

Since there are no ties a.s.,

n n

L A0 g = 420 D win(@wsn(2) (1{Xin < Xj1} = 1{Xi1 < Xj1, Xi2 > X))
=1 1
n J?’L
=43 win(@win@1{Xin < Xy} + 735, L
i=1 j=1
But
1zzzwl,n wjn :ZZ zn U}jn (]I{X’Ll j)1}+]l{Xi71>X"1})
i=1 j=1 i=1 j=1
:22 wz7n(z)wjn( )]l{X 1< X 1}+Zw
i=1 j=1
implying that .
~ Sn
1+T]§,12)|Z—z:4( 9 )+ 1(2)\Z z_17
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n =100 n = 500 n = 1000 n = 2000
IBias 1Sd IMSE | IBias ISd IMSE | IBias 1Sd IMSE | IBias ISd IMSE
#z, -133 197 665 |-345 849 986 | -182 616 485 | -109 46 265
Lc}' Oz, 129 187 437 | -408 844 858 | 0.9 615 449 | -1.07 46 253
5 #%),., 107 190 566 | 264 845 926 | 164 615 476 | 88 46 26
Flojz—. -0.91 213 482 | -1.18 869 855 |0.733 624 446 | -0.149 464 25
# oz, -88 150 358 | -263 68 632 | -13.9 507 333 | -7.98 376 18
5 #oz—, -104 145 263 | -597 679 56 | -233 506 812 | -1.39 375 174
;L Hoz_, 672 146 306 | 143 679 575 | 92 506 319 | 52 375 176
Fiojg—s -2.06 157 267 |-399 692 549 | -121 512 3.05 | -0.76 37.8 169
#oz, 678 128 245 |-192 587 48 | -11 431 252 | -634 33 144
oAYa, 999 121 19 | -395 586 439 | -235 431 239 | -1.39 33 14
§ ¢, 478 122 209 | 113 587 447 | 634 431 241 | 357 33 141
Fiojz—s -348 128 181 | -234 595 4.18 | -1.46 434 229 |-0897 332 135
oz, -446 101 175 | -159 504 412 | 97 3859 213 | -552 276 1.8
ﬁ #4z_, 581 100 149 |-568 503 384 | -384 359 202 | 218 276 124
5 #%,., 83 101 155 | 458 503 377 | 201 359 199 | 1.15 276 1.3
Fiojz—. -1.09 104 13.4 | -455 508 3.57 |[-319 361 1.9 | -1.83 277 1.18
Hoz_, 878 914 173 | -118 438 414 | 72 312 235 | -597 237 143
| Az, 803 914 154 | -393 438 394 | 275 312 228 | -344 237 1.39
§ 29, 217 917 154 | 391 438 387 | 1.7 312 224 |-0912 237 1.37
Flojz—. 45 942 135 |-301 441 362 | 224 313 212 | 316 238 132

Table 5.1: Results of the simulation in Setting 1. All values have been multiplied by 1000. Bold values
indicate optimal choices for the chosen measure of performance.
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Figure 5.1: Local bias, standard deviation and MSE for the estimators 7(!) (red) , 7(2) (blue), 7(3) (green),
7 (orange), with n = 100 and «;, = 1.5 in Setting 1. The dotted line on the first figure is the reference at

0.
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Figure 5.2: Local bias, standard deviation and MSE for the estimators 7(!) (red) , 72 (blue), 7(*) (green),
7 (orange), with n = 500 and «, = 1.5 in Setting 1. The dotted line on the first figure is the reference at

0.
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n =100 n =500 n = 1000 n = 2000
IBias ISd IMSE | IBias ISd IMSE | IBias ISd IMSE | IBias ISd IMSE
#z_, 207 227 180 | -54.1 839 169 | -296 553 581 | -169 389 249
% #z_, 115 207 97 |0.845 805 108 | 0557 544 435 |0.145 386 204
s #3,., 210 228 181 | 557 832 164 | 307 554 59 | 172 389 25
#Yz, 14 225 519 | 0987 814 686 | 0456 55 322 |0.175 389 1.66
# Yz, -144 175 986 | -333 60.6 75 | -198 419 312 | -106 305 142
5 #z_, 233 163 562 | 173 594 556 | -0.0619 417 251 | 0665 304 1.24
!j: # )z, 140 176 992 | 368 607 7.73 | 197 421 312 | 119 305 145
# Yz, 315 170 303 | 169 602 385 | -0.093 421 195 |0645 305 1.05
# oz, 998 143 577 | -249 509 506 | -135 366 228 | -692 266 1.09
U Az, 117 132 346 [ 0903 504 402 | 1.16 365 197 | 146 266 0.994
§ #),, 102 139 544 | 267 51 513 | 158 366 233 | 9.83 266 1.11
#z_, 251 138 201 | 0897 509 289 | 1.16 367 156 | 148 267 0.847
# oz, 591 104 281 | -147 423 387 | -756 297 1.86 | -417 21.8 0.932
ﬁ #s, 434 997 214 | 205 421 348 | 207 296 175 | 135 21.8 0.899
5 #%,., 678 103 206 | 188 423 396 | 117 296 192 | 6.87 218 0.957
oz, 334 103 134 | 208 425 26 | 208 297 139 | 135 21.8 0.755
#z_, 372 882 239 | -957 882 46 | -375 262 234 |-1.09 198 132
U Az, 817 859 212 | 269 38 445 | 332 261 23 | 299 198 1.32
§ #),, 535 874 253 | 149 381 474 | 104 262 241 | 708 198 1.36
#),, 847 85 15 | 269 384 359 | 333 263 193 | 3 199 1.15

Table 5.2: Results of the simulation in Setting 2. All values have been multiplied by 1000. Bold values
indicate optimal choices for the chosen measure of performance.
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Figure 5.3: Local bias, standard deviation and MSE for the estimators 7(!) (red) , 7(2) (blue), 7(3) (green),

7 (orange), with n = 100 and «y, = 1.5 in Setting 2. The dotted line on the first figure is the reference at
0.
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Figure 5.4: Local bias, standard deviation and MSE for the estimators 7(!) (red) , 72 (blue), 73 (green),

7 (orange), with n = 500 and «, = 1.5 in Setting 2. The dotted line on the first figure is the reference at
0.
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n =100 n = 500 n = 1000 n = 2000
IBias ISd IMSE | IBias ISd IMSE | IBias ISd IMSE | IBias ISd IMSE
Oz, 111 154 662 | -36.9 668 901 | 224 482 406 |-129 361 204
% #z_, 00488 137 363 |0.236 642 645 | 0546 468 314 | 1.29 357 1.78
§ A%z, 11 151 606 | 374 663 883 | 235 472 407 | 155 362 2.18
#z, 188 182 183 | 027 645 449 | 061 468 236 | 1.29 356 149
g 674 117 357 | -283 521 527 |-139 378 24 | 76 29 13
5 oz, 432 108 235 | 0809 507 421 | 103 372 207 | 178 288 1.21
|é|§ Yz, 761 119 354 | 249 516 512 | 16 376 249 | 112 291 139
oz, 498 106 133 | 086 516 313 | 1.03 375 163 | 1.81 289 1.02
Hoz_s 43 101 28 | -158 457 444 | 951 331 204 |-468 251 1.07
oA s_, 787 931 224 | 201 448 391 | 157 327 187 | 229 249 1.03
§ #Y,, 588 976 272 | 198 453 441 | 127 329 21 | 927 251 1.14
#Yz, 851 98 157 | 205 46 301 | 157 331 15 | 233 251 0.871
oz, 161 956 417 | 636 43 635 | -4.04 306 287 |-1.11 221 134
KTT oz 149 926 404 | 508 426 62 | 317 304 283 | 347 22 134
5 Y., 46 928 422 | 165 426 645 | 104 304 294 | 806 221 14
#Yz, 156 100 352 | 511 44 531 | 317 31 245 | 35 224 117

Table 5.3: Results of the simulation in Setting 2 using h = «a;, x h“Y where h¢V has been chosen by
cross-validation. All values have been multiplied by 1000. Bold values indicate optimal choices for the
chosen measure of performance.

n \ 100 500 1000 2000
E[hCY] 0.77 043 034 0.27
Sd[hCY] 0.17 0.091 0.060 0.057

el =n~1/5 1040 029 025 0.22

Table 5.4: Expectation and standard deviation of the bandwidth selected by cross-validation as a function
of the sample size n, and comparison with bandwidth A"¢/ chosen by the rule-of-thumb.
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and then %flg‘zzz = A1(32)|Z=z — 2s,. Moreover,

3

Al(’22)‘Z:Z _ Z Zwi’n(z)win(z) (1{Xz,1 > Xj,l; Xi,2 > Xj’g} -+ I].{Xi’l < ijl,Xi’Q < ijg}
i=1 j=1

— ]l{Xi’l > Xj}l,XZ‘,g < Xj’g} — ]l{Xi,l < XjJ,Xi’Q > Xj72}

=23 > win(Dwin(@) (1{Xia > Xj0, Koz > Xj2} = 1 Xix > X1, Xiz < X2}
i=1 j=1
~(1) ~(3)
1. . (3) T2Z=2 T T1212=2 _ .(1) (3)
= §(T1,2\Z:z +1) + 5 2 (Tl 2|Z=2 -1)= ) =T 9225 T 50 = 710725 = 5n- UJ

5.5.2 Proof of Proposition 5.2

Lemma 5.12. Under Assumptions 5.3.1, 5.3.2 and 5.3.3, we have for any t > 0,

A Ck o nhPt?
IP<|fZ<Z) - fafe)| 2 T ”) = 2o (‘ 2z [ K21 (2/3>0Kt)'

This Lemma is proved below. If, for some ¢ > 0, we have Ck h®/a!+t < fz min—¢, then f(z) >e>0
with a probability larger than 1 — 2 exp ( — nh?t? /(2 fz,maz [ K* + (2/3)Ckt)). So, we should choose the
largest ¢ as possible, which yields Proposition 5.2.

It remains to prove Lemma 5.12. Use the usual decomposition between a stochastic component and
abias: fz(z) — fz(2z) = (fz(z) — E[fz(2)]) + (E[fz(2)] — fz(z)). We first bound the bias from above.

Blfa()] - fale) = [ K(w)(fa(a+ hu) - fa(a) )du

Set ¢,u(t) :== fz(z + thu) for ¢t € [0,1]. This function has at least the same regularity as fz, so it is
a-differentiable. By a Taylor-Lagrange expansion, we get

L5 (sala+ ) = ate))an =[x (Z LOU0) + 0kt ),

for some real number ¢,.,, € (0,1). By Assumption 5.3.1 and for every i < , [pv K (u)$5%u(0) du = 0.
Therefore,

[l fz2(2) - fa(2 ] . K (0) 26t )i
’/p L2 M_lhau“ ...1LiQM(z+tz uhu) du‘ < CKah
Second, the stochastic component may be written as
fa(s) ~ TElf2 1ZKh (Z; —2) ~E|n~ ZKh (i) =Y (0.(20) - Elg(20).

i=1
where ¢(Z;) = Ky(Z; — z). Apply Lemma 5.11 with m = 1 and the latter ¢(Z;). Here, we have
b=—a=h"PCk,0=1E[g(Z)] > 0and ’Var[g(Zl)H < h™P fz.max fK2, and we get
P ’liKh(Z’_Z)_E[Kh(Z-—Z)H>t < 2exp nt
i Z ' - )

2

O
 2hPfg maz [ K2+ (2/3)h~ PC’Kt)
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5.5.3 Proof of Proposition 5.3

We show the result for £ = 1. The two other cases can be proven in the same way.
Consider the decomposition

Flojzes — Ti2z—a =4 Y Win(2)w;n(2)1{X; < X;} — 4P (X < X3|Z) = Zy = 2)
1<i,j<n

4
= 2R 1<_Z< Kn(Zi — 2)K(Z; — z)(]l{Xi <X} = P(Xy < Xo|Zy = 2y = Z)>
S,Jsn

= A24 Z Si,j (Z)

fZ(Z) 1<i,j<n

Therefore, for any positive numbers x and \(z), we have

. 1 1+ A(z) 4(1
]P(|T1,2|Z:z — 7-1,2|Z:z| > x) S Ip(f%(z) > f%(z) ) + IP(T 1<;<n Sz ] | > .’I})
1 1-|— )\
< P(|= - Sij(z)] >
B (|f%(z) 2 ) ( 1<L2J:<n j | x)

Forany ts.t. Cx oh®/a!l+t < fz.min/2, Set

16f2(z) (C’K,aha N t).

al

Az) =

3
fZJnin

Then, this yields

1 1

fa(z)x
[ D Sile 11+ Az )))

1<7, g<n

By setting

4 Cxzaoh®  3f.(2) [K* 16f3(2) ( Cr .oh®
= : t 1 : t

* [2(2) ( o T o T ) + I3 min ( o T ) ’
and applying the next two lemmas 5.13 and 5.14, we get the result. O

Lemma 5.13. Under Assumptions 5.3.1-5.3.3 and if Cx o h* /ol +t < fz.min/2 for somet > 0,

1 1 16 /Cr.oh® nhPe?
P<|f%(z)f%(2)|>f%,mm< o H))é?e}(p( 2fz mar | K2+ 2/3)0Kt)

and fz(z) is strictly positive on these events.

Proof : Applying the mean value inequality to the function z — 1/22, we get the inequality ]1/f§(z) -
1/ f%(z)’ < 2|fz(z) — fz(z)|/f33, where f; lies between fz(z) and fz(z). Denote by £ the event £ :=
{|fz(2) — fz(2)] < Ok oh®/al +t}. By Lemma 5.12, we obtain

nhPt? )
2measz2 2/3 )Ckt

P(E) > 1 — 2exp ( (5.5)

Therefore, on this event &, \fz(z) — fz(z)\ < fzmin/2, SO that fz min/2 < fz(z). We have also
fz,min/2 < fz(z) and then fz ,.:n/2 < f. Combining the previous inequalities, we finally get

©fal) ~ fale)| < o (CE ),

|
fZ,mi’rL a:

fZ ,min

B 1
f2(z) [7(2)
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on £. But since

1 1 16 /Ck.oh® .
IPO E(z)‘f%(z)bfg,mm( ol +t)>s1P<5>,

we deduce the result. O

Lemma 5.14. Under Assumptions 5.3.1-5.3.4, if CKth < f.(z), we have forany t > 0

o' Z 2 _ 2p42
]P<’ Z Sz‘,j(z)’>cxz"ah Jrsz( )fK +t)SZeXP(4f%mm(n Dh7rt )

1<ij<n ol 2nhe (J K2)? +(8/3)Ckt
( nh?(f,(z) — C ,h?)? )
+ 2exp| — = d i
8fZ,maz f K2 + 4Cf((fz(z) - Cf(72h2)/3

Proof : Note that 3=, _, ;,, Si.i(2) = Y1<izj<p (Si,j(2)—IE[Si ;(2)]) +n(n—1)E[S 2(2)]+ X1, Sii(2).
The “diagonal term” 37" | S;i(z) = —IP(Xy < X3|Z1 = Zy = 2) Y, K}(Z; — z)/n? is negative and
negligible. It will be denoted by —A,,(z) < 0. Note that K(-) := K?2(-)/ [ K2 is a two-order kernel. Then,
fa(z) == 32" Kin(Z; — 2)/n is a consistent estimator of fz(z). Therefore, due to Lemma 5.12 and with
obvious notations, we have for every ¢ > 0

_ 2 »
P(’fz(z) — fz(z)| > Cral” +5) < 2exp(— nhPe? )

2 2fZ,maw fk2 + (2/3)0R6
This implies
JE2 =7 g fz(z) [K? /[ K2\ Cgoh?
Ip(nghp;f(h(zz—z)— = () (o)
( nhPe? )
< 2exp| — — .
2fZ.,maac sz + (2/3)CR€

By choosing ¢ s.t. CI~(72h2/2 +¢e = f,(z)/2, A, will be smaller than 3f,(z) | K?/(2nh?) with a probability
that is larger than
p2
1—2exp ( — n~h c ) (5.6)
2fz.max [ K2+ (2/3)Cie

Now, let us deal with the main term, that is decomposed as a stochastic component and a bias
component. First, let us deal with the bias. Simple calculations provide, if i # 7,

E[S; ;(z)] = n*E |:Kh(zi —2)Kn(Z; — 2) (l{xi <X;} -P(X; < X;|Z; =Z; = z))]
=n2 /R2p+2 Ky (z1 — 2)Kp(z2 — z)(]l{X1 <x} —IP(X; < X;|Z; =Z; = z))
X fx,z(x1,21) fx,z(X2,22) dx1 dzq dxs dzo
=n2 /IR2P+2 17<(u)K(v)(1L{x1 <x9} —P(X; < X;|Zi = Z; = Z))
. <fX7Z (1.2 + 1) (324 hv) = fxax1.9) fX,z(Xg,z)) dx; du dx dv,
because, for every z,
0= /R“ <]1{X1 <xo} —P(Xy <XofZ = Zo = Z)) fx,z(x1,2) fx,z(x2,2) dx; dx;.

Apply the Taylor-Lagrange formula to the function ¢, x, uv(t) == fx,z(x1,2z + thu) fx z(x2,2 + thv).
With obvious notation, this yields

E[S; ;(2)] = n~2 /K(u)K(v)(]l{x1 <x} —P(X; < X;|Z; = Z; = z))
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( Z k' (bgckl)xz u, v + (ZSS(C:)XQ u v( Xl,X2»u,V)> dX1 dll dX2 dV

X1,X2,u,V
n2a! 1,X2,u,

= / M (]l{X1 < X2} - IP(Xi < Xj‘Zi =Z;= Z))¢(a) (txy,x2,u,v)dx1 dudxs dv.

Since d)xl x2,u,v(t) is equal to

= £ 8]‘7 aa—k:
Z <Z> Z h%ug, .o, vi vzam (xl,z + thu) M (xz,z + thv),

2 .
k=0 i1yenia=1 ik o

using Assumption 5.3.4, we get
IE[S)2(2)]| < Cxz.oh®/(n%al). (5.7)
Second, the stochastic component will be bounded from above. Indeed,

> (S-S = Y e((XuZ), (X;,2,)),

1<i#j<n 1<i#j<n

with the function g, defined by
9, (Xi Z0), (X5, 25)) 1= Kn(Zis — 2)Kn(Z; — 2) (1{X: < X} = P(X; < X;|Z; = Z; = 7))

“E [Kh(zi — 2)Kn(Z; — z)(]l{Xi <X;}-P(X; < X,|Z = Z; = z))}

The symmetrized version of g is g; ; = (gz((Xi, Z,), (X;,Z)) +9.((X;,Z;), (X, Zi)))/2. We can now
apply Lemma 5.11 to the sum of the g, ;. With its notation, 6 = IE[g; ;] = 0. Moreover,

‘Var [gz ((Xi,Zs), (X, Zj))} ‘

< /K,%(zl —2)K2 (2 — z)(]l{xl <x} —P(X; < X,|Z;, = Z; = z))2
X fx,z(x1,21) fx z (X2, 22) dx1 dx2 dz1 dzo

< / KX tlhzlf t2) Ix,z(x1,2 — ht1) fx,z(Xx2,2 — hta) dx; dxs dt, dto

<

2
hinfZ,ma;c /K2> ’

and the same upper bound applies for g; ; (invoke Cauchy-Schwarz inequality). Here, we choose b =
—a = 2C%h~?P. This yields

2 ) [n/2]¢2
Py 2 gi’j”)g‘”{p(‘zh2pf%,mm<fK2>2+<4/3)0%<h2pt> 5.8)

1<i<j<n

Then, for every ¢t > 0, we obtain

Pl Y (Sisl®) ~ElSi;()]) > t)

1<i#j<n

< IP(%' Z gz((Xi,Zi)v (XjaZ])D 2 t)

1<i#j<n

P((ngl) x n(nQ— 1)| Z 9.l Zt)

1<i<j<n

[n/2)2
e ( IS (T2 <4/3>c%<h—2pt>'

The latter inequality, (5.6) and (5.7) yield the result. O

IN

IN
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5.5.4 Proof of Proposition 5.4

Alternatively, we can apply Theorem 1 in Major [99] instead of the Bernstein-type inequality that has
been used in the proof of Proposition 5.3. With the notations of this proof, this will yield the following
lemma, that straightforwardly implies the result.

Lemma 5.15. Under Assumptions 5.3.1-5.3.4 and whent < 2h?([ K?)*f5 .. /C, 61 f7 max( [ |K|)2 <
[ K?* and Cj; ,h* < f.(z), we have

Cxz.oh® 3fz(Z) fKQ asnhPt
. : < _ o Gnivibt
IP(‘ 1§%:§n S;i(z)] > i + Sy +t) <Cyexp Fzman ([ K2
nh?(f,(z) — Cx 2h2)2
+ 2exp ( — — d 5 )
8fZ,max fK + 40[{(fz(z) - C[“(’Qh )/3
+ 2ex ( nh?t? )
P\ S TR ([TKD 13 pan + 5Cs [ 1K Jzmart/3

for some universal positive constants Cy and as.

Proof : We lead exactly the same reasoning and the same notations as in Lemma 5.14, until (5.8).
Now, with the same notations, introduce g, := IE[g; ;|X;, Z;] and consider &; ; := g;; — g; — g,- Then,
&;.; is a degenerate (symmetrical) U-statistics because E[¢; ;|X;, Z;] = IE[¢; ;|X;,Z,] = 0, when ¢ # j.
Actually &, ; =: £,(X;, Z;,X;,Z;) for some function &, and set

h2p
ly o (X1,21,X2,22) > jfz((xl,zﬁa (X27Z2)), (5.9)
4C%

for a fixed z and a fixed h. This yields ||¢,]- < 1 and, by usual changes of variables, we obtain

/@(Xh Z1,X2,22) fx,z(X1,21) fx,z(X2, 22) dx1 dx2 dz, dzo
(f K2fz,max)2 fKsz,ma:c(f |K‘fz,mam)2

S 3h2pW + 6h3p (4012()2 S 0'27 W|th
fKZfz max
= hP = A
o= hPC,, C, T (5.10)

because 6h” [ K2 f, maz ([ |K|fzmaz)? < (f K2 f2.max)?. With the notations of [99], this implies D = 1,
m = 1 and L is arbitrarily small. Therefore, Theorem 2 in [99] yields

Qo

IP(%Zez(xi,zi,xj,zj)\ >ac) <02exp<—>, (5.11)
i#£]

a

for some universal constants C, and o, when = < no®. By setting t/2 = 4C%x/(nh?") and applying
Lemma 5.11, this provides

Pl Y (Sl - BSu@D) 2 0) <P(51 S gyl > 2) + (10 Y5 > 1/4)
1<i#j<n 1<i#j<n i=1
asnth?
< Cyexp ( - —8fz,maw(f KQ))
5 nhPt?
T Gexp (32fK2(f|K|)2f§)mw +8/30Kf|K\fz,mwt)

when ¢ < 2hP([ K?)?f3 .../ Ci- The latter inequality, (5.6) and (5.7) conclude the proof. O
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5.5.5 Proof of Proposition 5.6

For k = 1, we follow the paths of the proof of Proposition 5.4. Since 7, 2jz—, —71,2/z—2 421<L j<nSi Sij(z )/fz( )
we prove the result if we bound from above 1/f2(z) and ] doi<ij<n Si (z)| uniformly w.r.t. z € Z. To be
specific, for any positive constant 1o < 1, if | fz(2) — fz(2)| < pufa.min, then 1/f2 .. (z) < f 2, (1—p) 2

We deduce

IP(SUP |7A—1.,2|Z:z - 7—1,2|Z:z| > l‘) S ]P(Hfz - fZHoo > Mfz,min)
FAS

+ P(mg—F=——3 sup | Z S;.;(z)] > x).

fZ mzn(l M) eZ 1<i,j<n

First invoke the uniform exponential inequality, as stated in [116], Proposition 9: forevery e < bx [ K? fz maz/Ci,

CxXZ o p
P (|| fz — fzlloo > e+ L) <TP(||fz — E[fz]|lse > ¢) < L exp (— Cy xgnh?e?), (5.12)
for n sufficiently large. Then, apply Lemma 5.16, by setting («, ) so that

4 CXZ(,Y a+3fzmawa2

— p)? ( al 2nhp

Cxz.oh®
t) and e =+ ZXZa = ,Ufz,min- O

2 al

z,'mi,n(l

Lemma 5.16. Under the assumptions of Proposition 5.6, we have

@ zZ,maxr K2
(sup’ Z Si.j(z ‘ Cxz,ah +3f’ =) +t>

al 2nhp
22 1< j<n

asnthP
8fzmaz([ K?)
Agnhpt?C';(4
162A7 [ K23 00 (J 1K)

whent < 2hp(f K2)3f%,mam/c4 ’

Ag K2f3 K))
—164,0% 7 K famaa(J 1K])” hp/K2 s maz /\K|)2) <t, and

< (C3Dexp < — ) + L[( exp ( - ij{nhp(fz,max - CN(XZ,2}12)2/4)

Aznh”t
16C2 A,

) + 2exp(—

+ 2exp(— ),

nl/2pp/2

nhPt > (/KQ)fz,mmMz(zoJr6)3/2 log (hpf—Ksz) B = max (O’%)’ D= Ili =

for some universal constants Cs, s, Ma, A1, A; and a constant Ay that depends on K and f; maz-

Proof : We will use the arguments and notations of the proof of Lemmas 5.14 and 5.15. We still invoke

the decomposition Y=, _; i, Si.j(2) = Y1 <;zj<p, (Sij(2)—TE[S; (2)]) +n(n— 1) [S1.2(z )]+Z7 1 Sii(2).
First let us find a uniform bound for the “diagonal term” A, (z) = >"1; S; ,( fKsz /(nh?). As
n (5.12), forevery ¢ < bz [ K2 fz.maz/Cr

Cxz.2h?
2

P (|| fz — fzlloo > e+ ) < Liexp (—C; gnhPe?),

for n sufficiently large. This implies
[ fale) [ K2 (K L Oxgoh®
PR —_ > )
(g 150 3 Aoz - - SO LIS o (L0 1 ety

< Lgexp ( - C’f;f(nhpeQ).
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Choose ¢ s.t. C‘XZ72h2/2 + & = famaz/2- Then, sup, |A,(z)| will be smaller than 3f, ;4. [ K?/(2nh?)
with a probability that is larger than

1 —Lkexp(—C’f’RnhPEZ). (5.13)
Moreover, it is easy to see that

sup |IE[S12(2)]| < Cxz,oh®/(n*al). (5.14)
zE

With the same notations as in the proof of Lemma 5.15, the stochastic component will be driven by
1

D> (Sij(z) —E[Si;(2)]) = 3 > 0a((XiZi), (X5, Z5))
1<i#j<n 1<i#j<n
1 ~ 1 2(n —1) o= _
=2 2 Gumis X Gt ) T
1<i£j<n 1<i#j<n i=1

Now apply Theorem 1 in [99], by recalling (5.9) and considering the family F := {Ez, z € Z}, for
a fixed bandwidth 4. The constant o has the same value as in (5.10). It is easy to check that the latter
class of functions is L? dense (see [99]). Set ¢ € (0,1). Since K is A\x-Lipschitz, every function ¢, € F
can be approximated in L? by a function ¢,, € F, for some j € {1,...,m} sit. [|l, — {,|?dv < €2,
for any probability measure v. Indeed, [ |¢, — ¢,,|?dv < 6423 ||z — z;||%,C%h~2 that is less than &2, if
we cover Z by a grid of m points (z;) in Z s.t. ||z — 2|« < ¢h/(8CkAk) := 4. This can be done
with m < e P[[[7_, ((bx — ax)/d)] = e P[V6~7] points. Then, with the notations of [99], L = p and
D =V(8CkAk/h)P. As above, this yields
< aonhPt

8(f KQ)fZ,maz), (515)

1
P(sup | Y a(Xi20X5.2), (X;,2))| > t) < CaDexp
2c2 " 1<izi<n

when t < 207 ([ K2)° £ 0. /.

It remains to bound IP(sup,_ = [n~' Y_", g;| > t/4). Consider the family of functions

p

h
Fi={(x1,21) e Rx Z = —+1IE[g,(x1,21,X,Z)], z € Z}.
4C%

This family of functions is bounded is one and its variance is less than 52 := h? [ K2f3 ..([ \K|)2.

Apply Propositions 9 and 10 in [50] that is coming from [47]: for some universal constants A; and A,
some constant Ay that depends on K and f, ., (see Proposition 1 in [47]) and for every = > 0,

IP( sup ﬂ\im[gz(xi 7., X,Z)|X:, Z:]| > Al(:c—l-Afnl/QEln(l/E)))
ez 40% pt ) ) £Xy ) g

A2I2

< 2(exp (- = )+ exp(—Aga:)),

or
Ly Ago Asnh?Py?
P - G > 44,02 (v — =97 1n(z <2 _ = D) — AonhPE).
<ZS;1§ “;gA 1Cc (o nl/2pp n(a))) < 2exp ( 2 ) + 2exp(—AanhPi)
For any positive ¢ s.1.
5 (n—1)Ag0 _
4A10len(l/0') < t/8’

note that we can find a real = > th? /(16C% A;). Then, we have

(n—1) «~_, _t AonhPt?C it
P . Z) <2 _
(s 5 ';‘6’”4) <20 (g Regg, L (TR

YAS

AQTtht

ez (619

) + 2exp(—
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Therefore, for such ¢, we obtain from (5.16) and (5.15) that

agnhPt
IP( sup | (Si,(z) —IE[S; ;(2)])| = t) < CaDexp (— )
(ZEZ 1§;§n ’ ! ) 8(IK2)fZ,maw
AonhPt2C it AgnhPt
2 - 2exp(— ).
v 2o (- e gEE) 2O Bopa)

for sufficiently large integers n. The latter inequality, (5.13) and (5.14) yield the exponential upper bound.
O

5.5.6 Proof of Proposition 5.7

Let us note that 7y 57—, = IE[gx(X1,X2)|Z1 = 2,Z; = z] for every k = 1,2,3, and that our estimators
with the weights (5.2) can be rewritten as %1(’“2)‘2:2 = Un(gk) /{Un(1) + €, } where
1 1
X“XK —ZlK —Z:)= —— 3.5y
n(nf].)]E[Kh(Z7Z)]2 Z g( ]) h(Z ) h(Z j) TL(TL*].) Z g,j

1<i#j<n 1<i#j<n

Un(.g) =

for any measurable bounded function g, with the residual diagonal term e, := Y"1 | K7 (z — Z;)/{n(n —
)IE[K,(z — Z)]?}. By Bochner’s lemma (see Bosq and Lecoutre [21]), ¢, is Op((nh?)~1), and it will be
negligible compared to U,,(1). Since the reasoning will be exactly the same for every estimator Tl(f;)‘z,
for every function g, k = 1,2, 3, we omit the sub-index k. Then, the functions g will be simply denoted

by g.

i.e.

The expectation of our U-statistics is

E([Un(9)] = E[9(X1, Xo)Kn(z — Z1) Kn(z — Z2)] /IE[K (2 — Z))°

= /Q(Xh x2) K (t1) K (t2) fx.z(x1,2 + ht1) fx z(X2,z + hto)dx; dxs dt1 dts/IE[K),(z — Z)]?

f%(z) /g(XlaX2).fX,Z(X17Z)fX,Z(X27Z)dX1dX2 =E[g(X1,X3)|Z1 = 2,25 = 2],
Z

applying Bochner's lemma to z — [ g(x1,X2) fx|z—z(X1) fx|z=2(X2) dX1 dxo = 71 57—, that is a continu-
ous function by assumption.

Set 0, := E[Un(9)], g% (x1,%2) = (g9(x1,%2) + g(x2,x1))/2 and g; ; = (g:,5 + g5,1)/2 for every (i, j),
i # j. Note that U, (g) = U, (¢*). Since g* is symmetrical, the Hajek projection U,,(¢*) of U, (¢*) satisfies

* 2 - *
Un(g") := > Elgs 41X, Zj) — O
i=1
Note that IE[U,, ()] = 0 = 71 9jz=s+0p(1). Since Var(Un(g*) = 4Var(Elgs ;1X;, Z;])/n = O((nh?) 1),
then U,,(g*) = 0, + op(1) = 71 ojz—5 + 0p(1).

Moreover, using the notation g, ; := g7, — [E[g;,;|1X;, Z;] — E[g;;|Xi, Z;] 4 0, for 1 < i # j < n,
we have U, (¢*) — Un(g*) = > 1<izj<n 9ij/m(n —1). By usual U-statistics calculations, it can be easily
checked that

* 2 * 1 - —_ 1
Var(Un(g ) —Unl(yg )) = n2(n —1)2 Z Z ]E[gi17jlg7;27j2} = O(nzth)'
1<ii#j1<n 1<iz#ja<n
Indeed, when all indices (i1,1i2,j1,j2) are different, or when there is a single identity among them,
IE[g;, ;,9:,.5,] 18 zero. The first nonzero terms arise when there are two identities among the indices,
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i.e.i; =iy and j; = j» (Or iy = jo and j; = is). In the latter case, we get an upper bound as O((nh?)~2)
when fz is continuous at z, by usual changes of variable techniques and Bochner’s Lemma. Then,
Un(g*) = Un(g*) + 0op(1) = T1,21z—z + 0p(1). Note that U,, (1) + €, tends to one in probability (Bochner’s
lemma). As a consequence, 71 2z—, = Un(9")/(Un(1) + €,) tends to 7y 9z—,/1 by the continuous
mapping theorem. O

5.5.7 Proof of Proposition 5.8

Let us note that
T1217=2 = Blgr(X1, X2)|Z1 = 2,2, =2z = /gk(XhX2)fX|Z:z(X1)fX|Z:z(XQ)dxldXQ = ¢r(2)/ f7(z)

where ¢i(z) = [ gr(x1,%2)fx,z(X1,2) [x,z(X2,2)dx1dx2. We can also write %1(562)\Z:z = on(2)/f3(2),
where ¢y (z) :==n"2 Y7 .| Kn(Z; — 2)Kn(Z; — 2)gx (X, X;) and fz(z) := n~' Y1) Ky(Zi — z). There-
fore, we have

- (k) 1.(2) — P (2) f2(2) — fa(2)

1,2|1Z=z ~ T1,2|1Z=z = ; — T1,2|Z=z B
2= f3(2) f3(2)

By usual uniform consistency results (see for example Bosq and Lecoutre [21]), sup,,. z ]fz(z)—fz(z)| —

x (fz(2) + fz(2)).

0 almost surely, as n — co. We deduce that

min fz( ) > f2 min/2; andmax\fz( )+ fz(2z)| < 2max fz(z) a.s.
ZEZ z€ ZGZ

This means it is sufficient to prove the uniform strong consistency of ¢, on Z, to obtain that sup,_ z |71 2|z

(k)
Ty 57— ,| tends to zero a.s.

Note that, by Bochner's Lemma, sup,_z |IE[¢x(z)] — ¢1(z)] — 0. Then, it remains to show that
sup,. z |¢x(z) — IE[¢y(2)]| — 0 almost surely. Let p,, > 0 be such that we cover Z by the union of 1,
open balls B(t;, p,,), where t1,...,t;, € R” and,, € N*. Then

be(2) — B[ (2)]| < sup [n(te) — Eler(t)]] + A,
zc 2 1=1,...l1,

where A, = supi_; ., SUDsept, ) [P5(2) — Sr(t) — (E[pr(z)] — E[gk(t))])|. For any index I €
{1,...,1,} and any z € B(t;, p,), a first-order expansion yields

| bk (2) — dr(t1) — (Eldr(z)] — Eldx(t:)])]

1
=l Z gk(Xi;Xj)Kh(Z—Zi)Kh(Z—ZJ—)
n(n—1) 1<i£j<n
1
T i (X, X5) Ky (6 — Zy) K (t; — Zj)
n(n—1) 1<;<n J J

- (]E[gk<X17X2)Kh(Z — Z0) Ky (2 — Zo)| — IB[gr (X, X;) Kp(t; — Zi) Kp (6 — Zj)])‘

1
< CLipxh™ !z - tll(E[|9k(Xl»X2)|] ) |gk(Xian)|)
n(n—1) 1<i#j<n

= O(h>""p,) = o(1),

for some constant C;, x and by choosing p,, = o(h2P*1). Actually, we can cover Z in such a way that
= O(h,” 2”“)) This is always possible because Z is a bounded set in R?. Note that the previous
upper bound is uniform w.r.t. I and z € B(t;, p,,), proving that A4,, = o(1) everywhere.
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Now, forevery i =1,...,1,, apply Equation (5.8) for every z = t;. For any ¢t > 0, this provides

1
IP(n(n -1

for some positive constants Cy, C1, Cs, by setting

Conh?Pt?
O 7 (X. 7.0 — a2 [.® _ Conhy}
géjg (X, 2:), (X, Z;)) IE[g ((Xl,zl),(xz,zrz))H > t) < exp( c +C2t),

9D ((Xi,Z:), (X5, Z;)) = giu(Xs, X)) Kt — Zi) Kp(ty — Zj).
Therefore, we deduce

Conh?rt? ) 7

P ( sup [ (t2) — Elgr ()] > t) < Gty exp ( G+ Cat

I=1,...ln

for some constant C,. Finally, applying Borel-Cantelli lemma, sup,_ z
a.s., proving the result. O

or(z) — ]E[gz@k(z)][ tends to zero

5.5.8 Proof of Proposition 5.9

n

By Markov’s inequality, >_" , w7, (z) = Op((nh?)~') for any z, that tends to zero. Then, by Slutsky’s
theorem, we get an asymptotic equivalence between the limiting laws of any %1(’“2)‘2, k =1,2,3, and of
their linearly transformed versions 7, 5,. Thus, we will prove the asymptotic normality of #(k)

71 2, fOr SOMe
index k = 1, 2,3, simply denoted by 7, 5|,.

Let g*(x1,x%2) = (gr(x1,%X2) + gr(x2,%1))/2 for some index k = 1,2,3 (that will be implicit in the
proof). We now study the joint behavior of (1 2jz—z; — 71 2/z=2/)i=1,...n»- We will extend Stute [132]'s
approach, in the case of multivariate conditioning variable z and studying the joint distribution of U-
statistics at several conditioning points. As in the proof of Proposition 5.7, the estimator with the weights
given by (5.2) can be rewritten as 71 3z—/ := Un,i(9%) / (Un,i(1) + €n,:), Where

n

pp— 1 . . / . / .
Un,z(g) = n(n — I)IE[Kh(z’» — Z)]2 o Z ‘ g(XJMXJQ)Kh(Zi Z]l)Kh(zi Z]Q)v
v J1,j2=1,J1#352

for any bounded measurable function ¢ : R* — R. Moreover, SUD;—1 v |€ni| = Op(n~'h™?). By a
limited expansion of fx z w.r.t. its second argument, and under Assumption 5.3.4, we easily check that
E[Un.i(9)] = 71,21z=2 + Tni, Where |r,, ;| < Coht/f7(2;), for some constant C; that is independent of i.

Now, we prove the joint asymptotic normality of (Um-(g))i: .- The Hajek projection Un,i(g) of
U,.i(g) satisfies U, ;(g) := 2 >y 9n.i(Xj,Z5) /n — 0, where 6, :=TE[U, i(g)] and

9ni(x,2) == K, (2} — 2)IE[g(X,x) K, (2] — Z)] | E[Ky (2] — Z)]*.
Lemma 5.17. Under the assumptions of Proposition 5.9, for any measurable bounded function g,

(k)2 (0 i(9) = BUnilg)]) -2 N(0, Mc(g), as7 > o0,

1=1,...,n
where, for1 <i,5 <n/,

2
4fK ]l{z;:z’j}

[Moo(g)]i,j = fz(Zg)

/ Q(Xh X)Q(X% X)fx‘z:z; (X)fX|z:z; (X1)fX\z:z; (x2)dx dxy dxs.
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This lemma is proved in Section 5.5.9. Similarly as in the proof of Lemma 2.2 in Stute [132], for every
i = 1,...,n’ and every bounded symmetrical measurable function g, we have (nh?)'/?Var [Um(g) —
Un,i(9)] = o(1), which implies
(k)2 (Unilg) = E[Una(9)]) 5 N(0,Muc(g)), asn— o
Considering two measurable and bounded functions g; and g2, we have U, ;(c191+c292) = c1Un.i(g1)+
c2Un,i(g2) for every real numbers ¢, co. By the Cramér-Wold device, we easily state that

— ’
1=1,. sn>

()2 (Unston) = BlUnstan)]) o (Unilon) ~ E[Oslan)])

My ;
N (g1) 91 92
Moo(glaQQ
as n — oo, where
4 [ KN g —pry
(Moo (g1, 92)]i5 := T,)J /91 (x1,%)g2 (X2, X) fx|Z2=2, (X) [X|2=2! (X1) [X |22 (X2)dxX dX1 dxXs.

Set T1,22=2; = Un,i(9%)/U,,(1). Since (nh{’l)l/Q(ﬁ 2Z=2, — T1 2|Z:z/.) = Op((nhﬁ)l/zenﬂi) is op(1),
it is sufficient to establish the asymptotic law of (nh?)'/? (F1,2)2= 2 — T12|Z=z! ) Since E[U, ;(1)] =
1+ o((nh?)~'/2) and IE[U,i(g")] = T1,21z—s + o((nh%)~1/?), we get

(nh”)l/Q ((Unl(g*) — 7'1,2|z:z;)i_1 . (U”vi(1> - 1)1:1, ,n’)

=1,...,n

£>N<O [Moo(g*) Mw(g*’”]) as n — oo.
[ Moolg®, 1) Mo(1) |)7

Now apply the Delta-method with the function p(x,y) := x/y where x and y are real-valued vectors of
size n’ and the division has to be understood component-wise. The Jacobian of p is given by the n’ x 2n’
matrix

JP(X7Y) = [Dzag(yl_17 s y;/l) ) Dzag( - xlyl_Qv T x77/y7:/2)j| )
where, for any vector v of size n’, Diag(v) is the diagonal matrix whose diagonal elements are the v;,
withi = 1,...,n'. We deduce (nh?)/? (T1212=2. — T1.212—2!), EN N(0,H), as n — oo, setting

i=1,...,n’

H = J,,(F,e) [ Moo(g*) Mw(g*’l)] ']p(ﬂ )T

My (g%, 1) My (1)

where 7 = (7172‘2:22)1_: o and e is the vector of size n’ whose all components are equal to 1. Thus,
we have J,(7,e) = {Idn/, —Diag(T)] denoting by Id, the identity matrix of size n’ and by Diag(7) the
diagonal matrix of size n’ whose diagonal elements are the 1202, fOri=1,... ,n'. To be specific, we

get
H = Mw(g") — Diag(T)Ms (9", 1) — Moo (9", 1) Diag(T) + Diag(7) Moo (1) Diag(T).

Fori,jin {1,...,n'} and using the symmetry of the function g*, we obtain
4 [ K21 g0y

fZ(Zé) IE[g*(X17X)g*(X27X)|Z = Z1 = Z2 = Z;],

(Moo (9")]ij =
(9. 1) 4 K2y
Diag(P)Mo (g%, )]s = T1.2/2mg ———————
[ 9(7) g ] ¥/ 1,2|Z=z fz(Z;)
4fK IL{Z *Z'} 2

- Tﬁz\z —z = [Meo(g", 1) Diag(7)]i,; = [Diag(T) Moo (1) Diag(7)]; ;-

Elg" (X1, X)|Z = Z; = z]]



Chapter 5. About kernel-based estimation of conditional Kendall’s tau: finite-distance bounds and
asymptotic behavior 151

As a consequence, we obtain
2
4 [ K21z

H]; ; = —,<]E[g*(X1,X)g*(X2,X)|z =7 =Zy=12] - Tf_zlzzz,_). O
fz(z) ' '

5.5.9 Proof of Lemma 5.17

Let us first evaluate the variance-covariance matrix M, ,, := [Cov(Un. i, Un,;)|1<i,j<n'. Note that IE[g, (X, Z;)] =
E[U, ;] = E[Un.i(9)]. and that

opp/2
/_ n1/2 Z gnz IE[UrL,i(g)Dizl n’’

e

((nh”)l/2 (Ui — ]E[Um(g)]))

=1

that is a sum of independent vectors. Thus, Cov(U, ;. Uy ;) = 4n~'Cov(gni(X,Z), gn; (X, Z)), for
every i,jin {1,...,n’}, and

_ / Ko (2 — 1)K (2 — 2) L2 (Xn;([ Iih( zz —Z)]]QE[[ >(< )(;; B minds
- hpf%(zl)f%(zj) /g(xl’ %)g (%2, %) K (2] — 2) Kn (2 — 2) K (2] — w1) K (2 — w>)

X fx,z(%,2) fx,z(x1, W1) fx,z (X2, W2)dx dz dx; dw dxg dwo

- hpf%(l)f%ﬁ /g(xl’ x)g (x2. X)K(“1>K(U2>K(H)K(Z9 - “ ) fx.z(x, 2, — hu)

X fxz(x1,2; — hw) fx z(x2,2; — hug)dx dudx, du; dx; duy.

If i # 7 and K is compactly supported, the latter term is zero when n is sufficiently large, and
COU(U7l,i7 Un,j) = _4n71]E[UrL,i]IE[Un,j] ~ _4n71T172|Z:z27172|Z:z']- = 0((nhp)*1)_

Otherwise, i = j and, as IE[gm- (X4, Zl)} = O(1), we have

Var ((gn,i(x» Z))z) ~ h”fél(zl-)

X fx Z(Xh Z; hul)fx z(Xg, Z; hUQ) dx du dX1 dlll dX2 dll2

/g(xl’x)g(X%X)K(ul)K(U2)K2(u)fx,z(Xv z; — hu)

K2
K7 /Q(Xh x)g (X2, X) fx|z=2 (X) fX|z=2! (X1) fX|2=2! (X2) dX dX} dx2,
b fz(2])
by Bochner’s lemma. We have proved that, for every i,j € {1,...,n'},
4] K2]].{z2:z;_}

nhP[My nrlij — /Q(Xl’x)g(xmx)fmz:z; (%) fx|z=2 (X1) fX| 222, (X2) dx dX1 dxXo,

fz(z})
as n — oo. Therefore, nh? M,, ,,» tends to M.

We now verify Lyapunov’s condition with third-order moments, so that the usual multivariate central
limit theorem would apply. It is then sufficient to show that

hp/2\3 .
(7)Y E[l9ni(X.2)) — ElUai(@]'] = o(0). (5.17)
j=1
Forany j =1,...,n, we have

B |gn.i(X;, Z;) — BlUi(9)]]]

N/‘f ea /g x1,X)Kp (2, — 21) Ky (2, — z) fx z(x1, 21)dx; dz1 — IE[UnJ(g)}’3fxtz(x,z)dxdz.
Z
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By the change of variable z,; = z, — ht; and z = z, — ht, we get
1
IEUgn,i(Xj7Zj) — E[Un,z(g)”?’} ~ h—QP/ ’W /g(Xl,X)K(tl)K(t)fX’z(Xl,Z; — htl)dxl dty
Z\“
3
— WPE [Um(g)]‘ Fx.z(x, 2] — ht)dx dt = O(h~=?),

because of Bochner’s lemma, under our assumptions. Therefore, we have obtained

2
( hp/

) Y005, Z,) — BlUwa(0)]] = O 2 20n ) = O((uh?) %) = (1),

Therefore, we have checked Lyapunov’s condition and the result follows. O
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About Kendall’s regression

Abstract

Conditional Kendall's tau is a measure of dependence between two random variables, condition-
ally on some covariates. We assume a regression-type relationship between conditional Kendall’s
tau and some covariates, in a parametric setting with a large number of transformations of a small
number of regressors. This model may be sparse, and the underlying parameter is estimated
through a penalized criterion. We prove non-asymptotic bounds with explicit constants that hold
with high probabilities. We derive the consistency of a two-step estimator, its asymptotic law and
some oracle properties. Some simulations and applications to real data conclude the paper.

Keywords: Conditional dependence measures, kernel smoothing, regression-type models, con-
ditional Kendall’s tau.

Based on [39]: Derumigny, A., & Fermanian, J. D., About Kendall’s regression. ArXiv preprint,
arXiv:1802.07613, 2018.

6.1 Introduction

In dependence modeling, it is common to work with scalar dependence measures which are margin-
free. They can be used to quantify the positive or negative relationship between two random variables
X, and X,. One of the most popular of them is Kendall’s tau, a dependence measure defined by

T2 =IP((X11 — X21)(X12 — X22) > 0) = IP((X1,1 — X2,1)(X1,2 — Xa.2) <0),

where (X; 1, X;2), ¢ = 1,2 are i.i.d. copies of (X7, X»), see [106]. When a covariate Z is available, it is
natural to work with the conditional version of this, i.e. the conditional Kendall’s tau. It is defined as
T1,2|Z=2 ‘= IP((X1,1 —X01)(X1,2—X22) > 0‘21 =7y = Z)
— IP((XLl — X271)(X1’2 — X272) < O|Z1 =75 = Z),
where (X; 1, X, 02,Z;), 1 = 1,2 arei.i.d. copies of (X1, X», Z). In such a model, the goal is to study to what

extent a p-dimensional covariate z can affect the dependence between the two variables of interest X;
and Xo.

Most often, it is difficult to have a clear intuition about the functional link between some measure
of dependence and the underlying explanatory variables. Sometimes, it is even unclear whether the
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covariates have an influence on the dependence between the variables of interest. This is the so-
called “simplifying assumption”, well-known in the world of copula modeling (see [38] and the references
therein). This issue is particularly crucial with pair-copula constructions, as pointed out in [68], [5], [87],
among others. In our case, we will evaluate an explicit and flexible link between some dependence
measure, the Kendall’s tau, and the vector of covariates. As a sub-product of our model, we will be able
to provide a test of the “simplifying assumption”.

Given a dataset (X;1, Xi2,%Z;), i = 1,...,n, we will focus on the function z — 7, 5 z—, forz € Z,
where Z denotes a compact subset of R”. This Z represents a set of “reasonable” values for z, so that
the density fz is bounded from below on Z. In order to simplify notation, the reference to the conditioning
event Z € Z will be omitted. A first natural choice would be to invoke a nonparametric estimator of
T1,2/z—z @S in [63], [141] and [40]. Here, we prefer to obtain parameters that can be interpreted and that
would sum up the information about the conditional Kendall’s tau. Moreover, kernel-based estimation
can be very costly under a computational point of view: for m values of z, the prediction of all these
conditional Kendall's taus has a total cost of O(mn?), that can be large if a large number m is required.
Other estimators of the conditional Kendall’s tau, based on classification methods, are proposed in [41].

In this paper, our idea is to decompose the function z — 7 57—, on some functional basis (v;)i>1,
as any element of a space of functions from Z to R. First note that a Kendall’s tau takes its values
in the interval [—1, 1], and not on the whole real line. Nevertheless, for some known increasing and
continuously differentiable function A : [~1,1] — R, the function z — A (1 2;z—,) takes values on up to
the whole real line potentially, and it can be decomposed on any basis (;);>1. Typical transforms are
A(7) =log (1) (the Fisher transform) or A(7) = log(— log((1—7)/2)). We will assume that only a finite
number of elements are necessary to represent this function. This means that we have

’

P
A(Tiojz—0) = > _0i(2)B] = (z)" B, (6.1)

=1
forallz € Z, with p’ > 0 and a “true” unknown parameter 5* € R”". The function P() = (Y1), ... ,wp/(-))T
from R” to R”" is known and corresponds to deterministic transformations of the covariates z. In practice,
it is not easy to have intuition about which kind of basis to use, especially in our framework of conditional
dependence measurement. Therefore, the most simple solution is the use of a lot of different functions
: polynomials, exponentials, sinuses and cosinuses, indicator functions, etc... They allow to take into
account potential non-linearities and even discontinuities of conditional Kendall’s taus with respect to
z. For the sake of identifiability, we only require their linear independence, as seen in the following
proposition (whose straightforward proof is omitted).

Proposition 6.1. The parameter 5* in Model (6.1) is identifiable if and only if the functions (v, ..., ¢y )
are linearly independent IPz-a.e. in the sense that, for any given vector t = (t1,...,ty) € R,
Pz (¥ (Z)"t = 0) = 1 implies t = 0.

With such a large choice among flexible classes of functions, it is unlikely we will be able to guess
the right ones ex ante. Therefore, it will be necessary to consider a large number of functions «; under
a sparsity constraint: the cardinality of S, the set of non-zero components of 5*, is less than some
s € {l,...,p'}. Itis denoted by |S| = |3*|o, Wwhere | - | yields the number of non-zero components of
any vector in R”". Note that, in this framework, p’ can be moderately large, for example 10 or 30 while
the original dimension p is small, for example p = 1 or 2. This corresponds to the decomposition of a
function, defined on a small-dimension domain, in a mildly large basis.
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Once an estimator /3 of 3* has been computed, the prediction of all the conditional Kendall’s tau’s
for m values of z, which is just the computation of A~V (1(2)”3) can be done in O(ms), that is much
faster than what was previously required with a kernel-based estimator for large m, as soon as s < n?
(see Section 6.4.1 for a discussion).

Estimating Model (6.1) not only provides an estimator of the conditional Kendall's tau 7, 5z—,, but
also easily provides estimators of the marginal effects of z as by-product. For example, given z € Z, the
marginal effect of 21, i.e. 97y 5jz—,(2)/0z1, can be directly estimated by (9.,4(z))" 3 - A’ (4(2)7 ),
assuming that ¢y and A1) are differentiable respectively at z and v (z)” 3. Such sensitivities can be
useful in many applications.

A desirable empirical feature of Model (6.1) would be the possibility of obtaining very high/low lev-
els of dependence between X, and X,, for some Z values, i.e. A=V (4(z)T 3*) should be close (or
even equal) to 1 or —1 for some z. This can be the case even if Z is compact, that is here required
for theoretical reasons. Indeed, the image of {7 5/,]z € Z} = [Twmin, Tmax] through A is an interval
[Amin: Amax)- f 9(2)7 8% > Apax (resp. 9(z)7 % < Amin), then simply set 71 57—, = Tmax OF €ven one
(resp. T1,2/z—z = Tmin OF €VEN (—1)).

Contrary to more usual models, the “explained variable” - the conditional Kendall’s tau 7y 2z—, - is
not observed in (6.1). Therefore, a direct estimation of the parameter 5* (for example, by the ordinary
least squares, or by the Lasso) is unfeasible. In other words, even if the function z — A(TLQ‘Z:Z) is
deterministic, finding the best g in Model (6.1) is far from being just a numerical analysis problem since
the function to be decomposed is unknown. Nevertheless, we will replace 7, 5z—, by a nonparametric
estimate 7, z—,, and use it as an approximation of the explained variable. More precisely, we fix a
finite collection of points z,...,2z/, € 2" and we estimate 71,2/z—- fOr each of these points. Then, Bis

estimated as the minimizer of the [;-penalized criteria

n

Be=arg min) [ 3" (M apo) — $(2)78)° + A8, 62)
peR” M1V

where ) is a positive tuning parameter (that may depend on n and »’), and | - |, denotes the [, norm, for
1 < ¢ < co. This procedure is summed up in the following Algorithm 5. Note that even if we study the
general case with any A > 0, the properties of the unpenalized estimator can be derived by choosing
the particular case A = 0.

Algorithm 5: Two-step estimation of 3
Input: A dataset (X, 1,X;2,Z;),i=1,...,n
Input: A finite collection of points z, ... ,z,, € z"
for j + 1ton' do
Compute the estimator %1,2|Z=z; using the sample (X, 1,X;2,Z;),i=1,...,n;

end
Compute the minimizer ﬂ of (6.2) using the %mzzz;_,j =1,...,n/, estimated in the above step ;
Output: An estimator 3.

Several nonparametric estimators of %172|Z:z/j can potentially be used. We refer to [40] for a detailed
analysis of their statistical properties. They are of the form

n n

Foz—r = Y Y Win(2)w;a(2)g"(Xi, X;), (6.3)

i=1 j=1
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where g* is a bounded function, X; := (X; 1, X;2)fori =1,...,nand w; ,(z) := K,(Z;—z)/ E?:1 Kn(Z;—
z), h = h(n) > 0 denoting the bandwidth sequence. In the same way, the conditional Kendall’s tau can
be rewritten as 7 5z—, = IE[g*(X1, X2)|Z, = Z, = z] for the same choices of g*. Possible choices of
g* are given in Section 6.9.

In Section 6.2, we state non-asymptotic results for the our estimator 3 that hold with high probability.
In Section 6.3, its asymptotic properties are stated. In particular, we will study the cases when rn’ is fixed
and n — oo, and when both indices tend to the infinity. We also give some oracle properties and suggest
a related adaptive estimator. Sections 6.4 and 6.5 illustrate respectively the numerical performances of
/3 on simulated and real data. All proofs and two supplementary figures have been postponed at the end
of the chapter.

Remark 6.2. At first sight, in Model (6.1), there seems to be no noise perturbing the variable of interest.
In fact, this is a simple consequence of our formulation of the model. In the same way, a classical linear
model Y = X 3* + ¢ can be rewritten as IE[Y |X = x| = xT 3* without any explicit noise. By definition,
IE[Y|X = x] is a deterministic function of a given x. In our case, A(TLM:Z) is a deterministic function
of the variable z. This means that we cannot formally write a model with noise, such as A(TLQ‘Z:Z) =
¥(z)T B* + ¢ where ¢ is independent of the choice of z. Indeed, the left-hand side of the latter equality is
a z-mesurable quantity, unless e is constant almost surely.

Remark 6.3. Note that the conditioning event of Model (6.1) is unusual: usual regression models con-
sider IE[g(X)|Z = z] as a function of the conditioning variable z. Here, the probabilities of concor-
dant/discordant pairs are made conditionally on Z, = Z, = z. This unusual conditioning event will
necessitate some peculiar theoretical treatments.

Remark 6.4. Instead of a fixed design setting (z;),=1,... »/ in the optimization program, it would be pos-
sible to consider a random design: simply draw n’ realizations of Z, independently of the n-sample that
has been used for the estimation of the conditional Kendall’s taus. The differences between fixed and
random designs are mainly a matter of presentation and the reader could easily rewrite our results in
a random design setting. We have preferred the former one to study the finite distance properties and
asymptotics when n’ is fixed (Section 6.3.1). When n and n’ will tend to the infinity (Section 6.3.3),
both designs are encompassed de facto because we will assume the weak convergence of the empirical
distribution associated to the sample (z,);=1,......, whenn' — oco.

6.2 Finite-distance bounds on 3

Our first goal is to prove finite-distance bounds in probability for the estimator 3. Let Z' be the matrix
of size n’ x p’ whose lines are v(z})T, i = 1,...,n, and let Y € R"™ be the column vector whose
components are Y; = A(%Lmzzz;), 1 =1,...,n/. For a vector v € R”/, denote by ||v||. = \v|2/\/r7
its empirical norm. We can then rewrite the criterion (6.2) as 3 := arg minﬂeRp/ [HY —Z'B|1%, + A\B\l],
where Y and Z' may be considered as “observed”, so that the practical problem is reduced to a standard
Lasso estimation procedure. Define some “residuals” by &; ., := A(71,2z=x;) —p(z)T " = AT 212=2) —
A(71212=0;), fOri =1,... ,n’. Note that these ¢; ,, are not “true residuals” in the sense that they do not
depend on the estimator 3, but on the true parameter 3*. We also emphasized the dependence on n in
the notation &; ,,, which is a consequence of the estimated conditional Kendall’s tau.

To get non-asymptotic bounds on /3, assume the Restricted Eigenvalue (RE) condition, introduced
by [19]. Forc¢g > 0and s € {1,...,p}, assume
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RE(s,co) condition : The design matrix 7 satisfies

> 0.

( ) . . |Z' 8|2
K(s,co) := min min
JoC{L,....p'} 5§40 Vi'[d]

Card(Jy) < s ‘6(’[?'1 < coldgy |1

Note that this condition is very mild, and is satisfied with a high probability for a large class of random
matrices: see [12, Section 8.1] for references and a discussion.

Assumption 6.2.1. The function z — (z) are bounded on Z by a constant Cy,. Moreover, A(-) is
continuously differentiable. Let T be the range of z — T 5z—,, from Z towards [-1,1]. On an open
neighborhood of T, the derivative of A(-) is bounded by a constant Cy..

Theorem 6.5 (Fixed design case). Suppose that Assumptions 6.9.1-6.9.4 and 6.2.1 hold and that the
design matrix 7 satisfies the RE(s,3) condition. Choose the tuning parameter as \ = ~t, with v > 4
andt > 0, and assume that we choose h small enough such that

. fZ.mina! f%.mi”()é!t )
h® < min : , : ) 6.4
>~ < 4CK,a SCwCA/(f%,m'Ln + Sf%,mam)CXZ,Ot ( )

Then, we have

VA Ay + Div/s A ey o Py 1)Es
— ;< — L T A — < <
lP(HZ (B =B)ln < (5.3) and|p — %] < 2053 forevery1 < q < 2)
— 1)h?P¢2
> — / — p — / p— (ni
>1—2n exp( nh Cl> 2n exp( Gyt Cat )

( nhp(fZ.m(m? - C[( 2h2)2 )
— 2exp - : ,

- 6.5
Cy+ 4C]"((fz7mm - 01}72}12)/3 (6:5)

where C; := f%,mm/(?’QfZ,mai fK2+(8/3)CKfZ,min)y Cy = {1601110/\'(f%,min—'—sf%,maz)fz,maﬂﬂ fKQ}Q/f%min’
03 = (64/3)01/)01\’05{(](%,77”71 +8f%,maz)/fé,minr C(4 = SfZ,maI ff(Q’ andf = t+3fK2/('flhpr7m1n)

This theorem, proved in Section 6.6.2, yields some bounds that hold in probability for the prediction
error ||Z' (3 — 8*)||» and for the estimation error |3 — 8*|,, 1 < ¢ < 2, under the specification (6.1). Note
that the influence of n’ and p’ is hidden through the Restricted Eigenvalue number (s, 3). The result
depends on three parameters v, t and h. Apparently, the choice of v seems to be easy, as a larger v
deteriorates the upper bounds. Nonetheless, it is a bit misleading because /3 implicitly depends on A
and then on ~ (for a fixed t). Nonetheless, choosing v = 4 is a reasonable “by default” choice. Moreover,
a lower ¢ provides a smaller upper bound, but at the same time the probability of this event is lowered.
This induces a trade-off between the probability of the desired event and the size of the bound, as we
want the smallest possible bound with the highest probability. Moreover, we cannot choose a too small
t, because of the lower bound (6.4): t is limited by a value proportional to h*. The latter ~ cannot be
chosen as too small, otherwise the probability in Equation (6.5) will decrease. To be short: low values
of h and t yield a sharper upper bound with a lower probability, and the opposite. Therefore, a trade-off
has to be found, depending of the kind of result we are interested in.

Clearly, we would like to exhibit the sharpest upper bounds in (6.5), with the “highest probabilities”.
Let us look for parameters of the form ¢t o n=* and h o n~?, with a, b > 0. The assumptions of Theorem
6.5 imply ba > a (to satisfy (6.4)) and 1 — 2a — 2pb > 0 (so that the right-hand side of (6.5) tends to 1 as
n — 00, i.e. nh? — oo and nt?h?P — o). For fixed o and p, what are the “optimal” choices a and b under
the constraints ba: > a and 1 — 2a — 2pb > 0 ? The latter domain is the interior of a triangle in the plane
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(a,b) € R%, whose vertices are O := (0,0), A := (0,1/(2p)) and B := (a/(2p+2a), 1/(2p+2a)), plus the
segment ]0, B[. All points in such a domain would provide admissible couples (a, b) and then admissible
tuning parameters (¢, h). In particular, choosing the neighborhood of B, i.e. a = a(1 —€)/(2p + 2a) and
b=1/(2p + 2«a) for some (small) ¢ > 0, will be nice because the upper bounds will be minimized.

Corollary 6.6. For0 < € < 1, choosing the parameters A = 4t, t = (n — 1)~*(1-9)/(2242p) gnd

f%q,mina! ) 1o
QchA'(f%,min + lﬁf%,mam)cxzya ’

h=cp(n— 1)_1/(20‘+2p)7 cp = (

we have, if n is sufficiently large so that (6.4) is satisfied,

20y/5

1A *
(125 = 5l < gy ey A

% * 5'42/(]81/11
1B=B8"¢ < = S
k2(s,3)(n — 1)a(1=€)/(20+2p)
>1—2n"exp ( - Cidl(n— 1)(2a+p)/(2a+2p))
cip(n _ 1)2(16/(2p+2(x)
Gyt Cs(n — 1)—a(1—€)/(2a+2p)>

—2exp [ — ch(n — 1)@t/ Qot20)(fy 0 — O ,h?)?
p Cy +4ACk (fz,min — Cg 40?)/3

forevery1 < q < 2)

—2n’ exp (

6.3 Asymptotic behavior of 3

6.3.1 Asymptotic properties of 5 when n — oo and for fixed r’

In this part, »’ is still supposed to be fixed and we state the consistency and the asymptotic normality of /3
as n — oo. As above, we adopt a fixed design: the z; are arbitrarily fixed or, equivalently, our reasonings
are made conditionally on the second sample.

For n,n’ > 0, denote by Bnm/ the estimator (6.2) with h = h,, and A = A, ,,». The following lemma,
proved in Section 6.7.1, provides another representation of this estimator ﬁnn that will be useful here-
after.

Lemma 6.7. We have f3,,,,, = argmin__,» G, ..(3), where

BeR”

’
n

G, (B) == %Zfi,nw(Z;)T(ﬁ* -B)+ % Z {"b(Z;)T(ﬁ* - 6)}2 + )‘n,n’|5|1~ (6.6)
i=1

i=1

We will invoke a convexity argument: “Let g,, and g, be random convex functions taking minimum
values at z,, and z,, respectively. If all finite dimensional distributions of g,, converge weakly to those
of g and z. is the unique minimum point of g., with probability one, then z,, converges weakly to z..”
(see [79], e.Q).

Theorem 6.8 (Consistency of 3). Under the assumptions of Lemma 6.23, if n’ is fixed and \ = Anons —
Xo, then, givenz), ...z, and asn tends to the infinity, 3,, .. Ly preo= infg Goo n/ (8), Wwhere Goo 1 (5) :=

ZZ’:/I ((z))T(B* — 6))2/n’ + Xo|Bl1- In particular, if Ao = 0 and < (z}),...,¢¥(z,) >= R”, then

5 P
ﬂn,n’ — B*
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Proof : By Lemma 6.23, the first term in the r.h.s. of (6.6) converges to 0 as n — oo. The third term in
the r.h.s. of (6.6) converges to A¢|5]1 by assumption. We have just proven that G,, ,,, — G pointwise
as n — oo. We can now apply the convexity argument, because G,, ,,» and G- are convex functions.
As a consequence, argming G, ,/(8) — argming G »/(8) in law. Since we have adopted a fixed
design setting, 8** is non random, given (Z},...,Z!,). The convergence in law towards a deterministic
quantity implies convergence in probability, which concludes the proof. Moreover, when \y = 0, 8* is
the minimum of G ,,» because the vectors ¥ (z;), i = 1,...,p’ generate the space R Therefore, this
implies the consistency of Bn,n/. O

To evaluate the limiting behavior of Bnn we need the joint asymptotic normality of (&1, ...,&n n),

when n — oo and given z, ...,z ,. By applying the Delta-method to the function A(-) component-wise,

y Hn’

this is given by the following corollary of Lemma 6.24.

Corollary 6.9. Under the assumptions of Lemma 6.24, (nh2)"/2 (¢, ., ... ,5,,7,L]T tends in law towards a
random vector N'(0,H) given (z,,...,z.,), where H is an’ x n’ real matrix defined, for every integers
1<i,j<n, by
~ 4 KQ]]- z, =z
Hl; ; == f—{,lﬂ}
fz(z)

where g is the symmetrized version §(x1,x2) := (¢*(x1,X2) + ¢*(x2,%1))/2.

2
(A (raoiz=s)) % {IELG(X0, X)5(Xa, X)|Z = Z1 = Zo = 2] — oy }-

Theorem 6.10 (Asymptotic law of the estimator). Under the assumptions of Lemma 6.24, and if A, ,,/ (nhﬁﬁn,)l/ 2
tends to ¢ when n — oo, we have (nhﬁvn/)l/Q(Bn,n/ - B B = argming _p, Foc (1), given
z,...,z,, where

n p n’ p’

2 1
Foonr (1) 1= i SO Wi (zh)u; + I~ > (”‘P(ZQ)TU)Q +0> (|uilLypr =0y + us sign(B]) L sr 0y,

=1 j=1 =1 =1
with W = (Wi, W) ~ N (0,)

This theorem is proved in Section 6.7.2. When ¢ = 0, we can say more about the limiting law in
general. Indeed, in such a case, u* = arg minuERp/ Fo ., (u) is the solution of the first order conditions

VF s o () = 0, that are written as 2211 Wi (z]) + Z;il P(z)(z,)Tu = 0. Therefore,
* a ’ N\ u ’
w == (D wlwE)) Y W),
i=1 i=1

when 3, := | 4(z))e(2,)T is invertible. Then, the limiting law of (k2 VY2 (B —B*) is Gaussian,
and its asymptotic covariance is V,, := ¥ }! ZZ;:l[H],»Jz/;(z;ﬁp(z;)TZ;,l.

The previous results on the asymptotic normality of Bn,n/ — B* can be used to test H, : 5* = 0 against
the opposite. As said in the introduction, this would constitute a test of the “simplifying assumption”, i.e.
the fact that the conditional copula of (X1, X53) given Z does not depend on this covariate. Some tests
of significance of 5* would be significantly simpler than most of the tests of the simplifying assumption
that have been proposed in the literature until now. Indeed, the latter ones have been built on nonpara-
metric estimates of conditional copulas and, as sub-products of the weak convergence of the associated
processes, the test statistics behaviors are obtained. Therefore, such statistics depend on a prelimi-
nary non-parametric estimation of conditional marginal distributions (see [141], [38], e.g.), a source of
complexities and statistical noise. At the opposite, some tests of H, based on B",n/ do not require this
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stage, at the cost of a (probably small) loss of power. For instance, in the case of ¢ = 0, we propose the
Wald-type test statistics

Wi = nh? B — B Vo B — B7), Vi := S0 D i jap(2)ap(2)) TS,
ij=1
2
’ fz(z})
where fz(Z) and G,,(z) denote consistent estimators of fz(z) and IE[§(X1, X)§(X2, X)|Z = Z1 = Zy =

z| respectively. Under H,, W,, tends to a chi-square distribution with n’ degrees of freedom. For in-
stance, with the notation of Section 6.1, we propose

(¥ (Granea)) o )~ o

n
Gn(z) = Z wi,n(z)wj,n(Z)wk,n(z)g(xivXk)g(xj’xk)'
0,7, k=1,i£j#k
Note that if there is an intercept, i.e. if one of the functions in 4 (say, 1) is constant to 1, it should be
removed in the statistics above. The corresponding coefficients of 3 should be removed as well. Indeed,
in this case the simplifying assumption does not correspond to 8* = 0, but rather to 5*, = 0 where g*,
denotes the vector 8* where the i-th coefficient has been removed.

6.3.2 Oracle property and a related adaptive procedure

Let remember that S := {j : 8} # 0} and assume that |S| = s < p so that the true model depends on a
subset of predictors. In the same spirit as [48], we say that an estimator 3 satisfies the oracle property if

. vn(BS — ﬁ:‘s) converges in law towards a continuous random vector, for some conveniently chosen
rate of convergence (v,), and

o we identify the nonzero components of the true parameter 5* with probability one when the sample
size n is large, i.e. the probability of the event ({; : 3; # 0} = S) tends to one.

As above, let us fix n’ and n will tend to the infinity. Then, denote {; : Bj # 0} by S, that will implicitly
depend on n’. It is well-known that the usual Lasso estimator does not fulfill the oracle property, see
[146]. Here, this is still the case. The following proposition is proved in Section 6.7.3.

Proposition 6.11. Under the assumptions of Theorem 6.10, limsup,, IP (S,, =S) =c < 1.

A usual way of obtaining the oracle property is to modify our estimator in an “adaptive” way. Follow-
ing [146], consider a preliminary “rough” estimator of 3*, denoted by £,,, or more simply 3. Moreover
vn(B, — *) is assumed to be asymptotically normal, for some deterministic sequence (v,,) that tends
to the infinity. Now, let us consider the same optimization program as in (6.2) but with a random tuning
parameter given by A, ,/ = tinn'/|Bn|®, for some constant § > 0 and some positive deterministic se-
quence (un, /). The corresponding adaptive estimator (solution of the modified Equation (6.2)) will be
denoted by 3, ../, or simply 3. Hereafter, we still set S,, = {j : 5; # 0}. The following theorem is proved
in Section 6.7.4.

Theorem 6.12 (Asymptotic law of the adaptive estimator of 3). Under the assumptions of Lemma 6.24,
if pi e (nhE )2 — £> 0 and pip, (b,

n,n’

)/208 — oo whenn — oo, we have

(nhi’n,)lm(ﬁvn,n/ - B%)s L, u:‘Si‘ := arg min Foo’n/ (ug), where
useRs
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IFOO”(uS ZZW@@ Dy + — Z(Z% uj) +€Z|B*|§ sign(f}),
i=1 jGS =1 jGS
WithW = (Wq,..., Wy) ~N (0, H) Moreover, when ¢ = 0, the oracle property is fulfilled: TP (S,, = S) —
1.

6.3.3 Asymptotic properties of 3 when » and »’ jointly tend to +co

Now, we consider a framework in which both » and n’ are going to the infinity, while the dimensions
p and p’ stay fixed. To be specific, n and n’ will not be allowed to independently go to the infinity. In
particular, for a given n, the other size n’(n) (simply denoted as n’) will be constrained, as detailed in
the assumptions below. In this section, we still work conditionally on z7,...,z/,,.... The latter vectors
are considered as “fixed”, inducing a deterministic sequence. Alternatively, we could consider randomly
drawn z; from a given law. The latter case can easily been stated from the results below but its specific

statement is left to the reader.

Theorem 6.13 (Consistency of BM jointly in (n,n’)). Assume that Assumptions 6.9.1-6.9.4 and 6.2.1

are satisfied. Assume that Zf;l ¥(z;)y(z;)T /n’ converges to a matrix My, ,/, as n’ — oo. Assume that

An.n — Ao @ndn’ exp(—Anh*) — 0 forevery A > 0, when (n,n’) — co. Then 5nni> arg minﬁeRp/ Goo,00(B),
as (n,n') — oo, where Gog o0 (8) := (8* — B)My (8% — B)T + Xo|B|1. Moreover, if \g = 0 and My, ,» is
invertible, then Bn,n/ is consistent and tends to the true value 5*.

Proof of this theorem is provided in Section 6.7.5. Note that, since the sequence (z) is determin-
istic, we just assume the usual convergence of Zfz/l P(z))yp(z)T /n’ in R, Moreover, if the “second
subset” (z});=1,...»» Were a random sample (drawn along the law IPz), the latter convergence would be
understood “in probability”. And if IPz satisfies the identifiability condition (Proposition 6.1), then M, ,/
would be invertible and 3,,,,» — §* in probability. Now, we want to go one step further and derive the
asymptotic law of the estimator ﬁnn

Assumption 6.3.1. (i) The support of the kernel K (-) is included into [—1, 1]P. Moreover, for all n,n’
and every (i,j) € {1,...,n'}?,i # j, we have |z; — 2| > 2hy, .

(ii) (a) ' (nh??5% + 122, + (nhP )7Y) = 0, (b) A (n/nhE )Y2 =0,
(C)nhp+a/lnn — 00.

(iii) The distribution P,/ ,,; = ZZ’;l b4, /n' weakly converges as n’ — oo, to a distribution TP, . on R?,
with a density f, .. With respect to the p-dimensional Lebesgue measure.

(iv) The matrix Vi := [ (2" ) (2)" f» o (2')dz’ is non-singular.

(v) A(-) is two times continuously differentiable. Let T be the range of z — 1y /z—,, from Z towards
[-1,1]. On an open neighborhood of T, the second derivative of A(-) is bounded by a constant
CAN.

Part (i) of the latter assumption forbids the design points (z,);>1 from being too close to each
other and too fast, with respect to the rate of convergence (h, /) to 0. This can be guaranteed by
choosing an appropriate design. For example, if p = 1 and Z = [0, 1], choose the dyadic sequence
1/2,1/4,3/4,1/8,3/8,5/8,7/8, ...

Part (ii) can be ensured by first choosing a slowly growing sequence »n’(n), and then by choosing h
that would tend to 0 fast enough. Note that a compromise has to be found concerning these two rates.
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The sequence A, - should be chosen at last, so that (b) is satisfied. Interestingly, it is always possible
to choose the asymptotically optimal bandwidth, i.e. h o« n~/(2+P)_|n this case, we can set n’ = n¢®,
with any a €]0, 2./ (2a + p)[ and the constraints are satisfied.

The design points z; are deterministic, similarly to all results in the present paper. For a given rn/,
we can invoke the non-random measure 1P, ,,» := n/~! Z,’];l d.:. Equivalently, all results can be seen
as given conditionally on the sample (z;);>1. In (iii), we impose the weak convergence of IP, , to a
measure with density w.r.t. the Lebesgue measure. Intuitively, this means we do not want to observe
some design points that would be repeated infinitely often (this would result in a Dirac component in
P,/ ). An optimal choice of the density f, ., is not an easy task. Indeed, even if we knew exactly the
true density fz, there is no obvious reasons why we should select the z; along fz (at least in the limit). If
we want a small asymptotic variance Vs (see below), the distribution of the design should concentrate
the z/ in the regions where A’ (7'1,2|z:z')2 is small and where v (z')v(z')7 is big.

Part (iv) of the assumption is usual, and ensure that the design is somehow “asymptotically full rank”.
This matrix V; will also appear in the asymptotic variance of ﬂnn

Part (v) allow us to control a remainder term in a Taylor expansion of A. Notice that this technical
assumption was not necessary in the previous section, where we used the Delta-method on the vector
(T1,2/2=2, = T1,2|Z=2 )i=1,....n- But when the number of terms »’ tends to infinity, we have to invoke second
derivatives to control remainder terms.

The proof of the next theorem is provided in Section 6.8.

Theorem 6.14 (Asymptotic law of BW,,/, jointly in (n,n’)). Under Assumptions 6.3.1 and 6.9.1-6.9.4, we
have

(nn'RP )1/2(8717"/ — B%) &N(()’f/as),

where V,, := V'V, V71, Vi is the matrix defined in Assumption 6.3.1(iv), and

2

P(2)p(2)",

f2' 00 (2)
fz(z)

Va = /K2 /(Q(Xl,xg)é(X%Xs) — 71202, =2, =) N (T1,212=2)

X fxz(x1|Z = 2z) fx|z(x2|Z = 2) fx|z(x3]|Z = z) dxi dxg dxs dz’.

6.4 Simulations

6.4.1 Numerical complexity

Let us take a short numerical application to compare the complexity of our new estimator with the kernel-
based ones. Assume that the size of our dataset is n = 1.000, with a fixed small p, and p’ = 100. We want
to estimate the conditional Kendall’s tau on m = 10.000 given points zi,...,z,,. Using simple kernel-
based estimation, the total number of operations is of the order of n2 x m = 1.000% x 10.000 = 10'°. On
the contrary, using our new parametric estimators, the cost can be decomposed in the following way:

1. We choose the design points z!, ...,z , (say, equi-spaced) with n’ = 100.

2. We estimate the kernel-based estimator on these »’ points (cost: n? x n’ = 1.000% x 100 = 10%).

3. We run the Lasso optimization, which is a convex program, so its computation time is linear in n’
and p’ (cost: n’ x p’ = 100 x 100 = 10%).
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4. Finally, for each z;, we compute the prediction A(—1) (ﬁTzl) and let us assume that s = 50 (cost:
m x s =10.000 x 50 = 5 x 10°).

Summing up, the computational cost of this realistic experiment is around 108, which is 100 times faster
than the kernel-based estimator. Moreover, each new point z,,,, will result in a marginal supplementary
cost of 50 operations, compared with a marginal cost of n? = 1.0002 = 10° for the kernel-based estimator.
Such a huge difference is due to the fact that we have transformed what was previously available as U-
statistic of order 2 with a O(n?) computational cost for each prediction, into a linear parametric model
with s non-zero parameters, giving a cost of O(s) operations for each prediction.

6.4.2 Choice of tuning parameters and estimation of the components of

Now, we evaluate the numerical performance of our estimates through a simulation study. In this sub-
section, we have chosen n = 3000, n’ = 100 and p = 1. The univariate covariate Z follows a uniform
distribution between 0 and 1. The marginals X;|Z = z and X»|Z = z follow some Gaussian distributions
N (z,1). The conditional copula of (X, X5)|Z = z belongs to the Gaussian copula family. Therefore, it

will be parameterized by its (conditional) Kendall's tau 7, 5 ,—., and is denoted by C . Obviously,

1,2|Z==z

T1,2|z=- IS given by Model (6.1). The dependence between X, and X,, given Z = z, is specified by
Tio|z=> = 32(1 —2) = 3/4 — (3/4)(z — 1/2)2.

We will choose A as the identity function and the z/ as a uniform grid on [0.01, 0.99]. The values 0 and
1 for the z are excluded to avoid boundaries numerical problems. As for regressors, we will consider
p’ = 12 functions of Z, namely 11 (2) = 1, ¥;i11(2) =272 — 0.5) fori = 1,...,5, ¥512:(2) = cos(2inz)
and ver2:(2) = sin(2inz) for i = 1,2, ¢¥11(2) = 1{z < 0.4}, ¥12(2) = 1{z < 0.6}. They cover a mix of
polynomial, trigonometric and step-functions. Then, the true parameter is 8* = (3/4,0, —3/4,09), where
0y is the null vector of size 9.

Our reference value of the tuning parameter 4 is given by the usual rule-of-thumb, i.e. h = (Z)n~'/%,
where ¢ is the estimated standard deviation of Z. Data-driven choices of the bandwidth & of the first
estimator are presented in [40]. Moreover, we designed a cross validation procedure (see Algorithm
6) whose output is a data-driven choice for the tuning parameter A<*. Finally, we perform the convex
optimization of the Lasso criterion using the R package glmnet by [55].

Algorithm 6: Cross-validation algorithm for choosing M.
Divide the dataset D = (X, 1, X, 2, Z;)i=1,... » into N disjoint blocks D, ...,Dy ;
foreach )\ do
fork +— 1to N do
Estimate the conditional Kendall’'s taus (%1(?|z:z;)1::1,...,n/
Estimate 3(—*) by Equation (6.2) on the dataset D\D;, using the tuning parameter A ;

o - (k) NT A(—k) z.
Compute Erre(A) = Xicy, . u (F5g — $()TBM)

.....

on the dataset D, ;

end
end
Return A := argminy >_, Err(\).

In our simulations, we observed that the estimation of 3 is not very satisfying if the family of function
1, is far too large. Indeed, our model will “learn the noise” produced by the kernel estimation, and there
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Figure 6.1: Mean absolute bias 3,2, [IE[3;] — 5;|/12 and mean standard deviation 3., o(3;)/12, for
different data-driven choices of the tuning parameters h and .

b 2 B b Bs Be B Bs By B Bu Bra

Truevalue | 075 0 075 0 0 0 0 0 0 0 0 0
Bias | -0.13 3.6e-05 026 0.0033 -0.045 -0.0051 -0.011 -2e-04 -3.2e-05 0.073 -0.0013 0.00021
Std. dev. | 0.15 0.00041 0.8 0.035 0.078 0041 0.022 0.0051 0.00037 0.5  0.007  0.0041
Prob. 1 0015 096 0015 04 0069 036 0076 00076 033 0038  0.023

Table 6.1: Estimated bias, standard deviation and probability of being non-null for each estimated com-
ponent of 8 (h = 0.25 a(z)n—1/5 and \ = 2;\CU)_

will be “overfitting” in the sense that the function A1 (y(-)73) will be very close to T1,2/z—., but not
to the target 7, 5z—.. Therefore, we have to find a compromise between misspecification (to choose a
family of v; that is not rich enough), and over-fitting (to choose a family of ¢, that is too rich).

We have led 100 simulations for couples of tuning parameters (A, h), where \ A and b o
&(Z)n=1/>. The results in term of empirical bias and standard deviation of 3 are displayed in Figure
6.1. Empirically, we find the smallest h tend to perform better than the largest ones. The influence of the
tuning parameter \ (around reasonable values) is less clear. Finally, we selected i = 0.256(Z)n~'/® and
X = 2)¢v. With the latter choice, the coefficient by coefficient results are provided in Table 6.1. The em-
pirical results are relatively satisfying, despite a small amount of over-fitting. In particular, the estimation
procedure is able to identify the non-zero coefficients almost systematically. To give a complete picture,
for one particular simulated sample, we show the results of the estimation procedure, as displayed in
Figures 6.4 and 6.5 in Section 6.10.

6.4.3 Comparison between parametric and nonparametric estimators of the con-
ditional Kendall’s tau

We will now compare our estimator of the conditional Kendall's tau, i.e. z ~ A1) (w(z)TB) with the
kernel-based estimator, i.e. the first-step estimator. For this, we will consider six different settings:

1. as previously, a Gaussian copula parameterized by its conditional Kendall’s tau, given by 7, 57—, :=
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32(1 —2) = 3/4 — (3/4)(z — 1/2)? (well-specified model) ;

2. a badly-specified model, with a Frank copula whose parameter is given by 6(z) = tan(wz/2). Note
that the parameter 6 of the Frank family belongs to R\ {0} and that its Kendall’s tau is not written in
terms of standard functions of its parameter 6, see [106, p.171] ;

3. an intermediate model with a Frank copula calibrated to have the same conditional Kendall’s tau
as in the first setting ;

4. another intermediate model with a Gaussian copula calibrated to have the same conditional Kendall’s
tau as in the second setting ;

5. a Gaussian copula with a conditional Kendall’s tau constant equal to 0.5 ;
6. a Frank copula with a conditional Kendall’s tau constant equal to 0.5.

This setting will allows to see the effect of good/bad specifications and of changes in terms of copula
families. In Table 6.2, for each setting, we provide five numerical measures of performance of a given
estimator:

e the integrated bias: IBias := [, (IE[f1 2/7=.] — T1,2/7=2)dz ;

the integrated variance: IVar := |, ]E|:(7A_1,2|Z:z — ]E[ﬁg‘z:z}ﬂdz :

. - 271/2
the integrated standard deviation: 1.5d := [, IE[(ﬂ,mz:z — IE[f1 27=2]) } dz ;

the integrated mean square-error: IMSE := |, ]E[(ﬁ,mz:z — Tmzzzﬂ dz ;
e the CPU time used for the computation.

Note that integrals have been approximately computed using a discrete grid {0.0005 x i,4 = 0, ...,2000}.
Globally, in terms of IMSE, the parametric estimator of 7, 5, is doing a better work than a kernel esti-
mator almost systematically (with the single exception of setting 3) and not only in terms of computation
time. Surprisingly, even under mis-specification, this conclusion applies whatever the sample size. The
differences are particularly striking when the conditional Kendall’s tau is a constant function (i.e. under
the simplifying assumption).

6.4.4 Comparison with the tests of the simplifying assumption

Now, under the six previous settings, we compare the test of the simplifying assumption H, developed
in Section 6.3.1 with some of the bootstrapped-based tests of the latter assumption that has been intro-
duced in [38]. In particular, they propose a nonparametric test, using the statistic 7%, ,, defined by

~ N 2
Teons = /[0 . (01,2|Z=Fgl(ug)(u1au2) - 03,1,2\Z(U1,UQ)> duyduzdus,

where C’mzzz is a kernel-based nonparametric estimator of the conditional copula of (X1, X2)|Z = =
and Cy 1 o)z (u1,uz) := "' 21 C1 o1z 27, (u1, u2). We will also invoke their parametric test statistic

TS = /1 (é(Fz_l(u)) — é)zdu,

0
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Kernel-based estimator Two-step estimator with n’ = 100 points
Setting 1 2 3 4 5 6 1 2 3 4 5 6
n = 500
I Bias -29.3 -149 -315 -635 -322 -299 |-239 -195 -26 -105 -31.6 -299
IVar 174 264 169 262 185 16.8 27 17.1 28 16.8 1.9 1.65
15d 123 158 120 157 132 126 | 43.3 625 438 564 29.7 26.6

IMSE 174 265 169 264 185 16.8 27 17.1 28 16.9 1.91 1.65
CPUtime(s) | 463 583 462 485 474 49 147 172 142 145 152 154

n = 1000
IBias -16.6 -11.6 -158 -297 -16.6 -17.7 |-126 -123 -123 -542 -16.6 -17.6
IVar 892 173 823 138 882 852 | 806 759 9.03 631 0.622 0.659
I15d 89.2 116 845 115 922 905 | 30.2 478 355 431 182 18.6

IMSE 9.01 174 8.31 14 8.88 857 | 807 7.61 9.04 634 0.624 0.661
CPU time (s) 13 125 128 123 123 127 | 344 358 3.73 359 3.63 3.68

n = 2000
1Bias -994 -496 -10 -447 -10.7 -105|-6.99 -655 -727 -581 -10.6 -10.5
IVar 476 762 449 781 494 465 | 3.09 249 33 244 0.345 0.351
15d 65.2 85 626 864 694 673 | 227 314 223 323 147 152

IMSE 477 763 45 783 495 466 | 3.09 249 33 244 0345 0.352
CPUtime(s) | 67.7 686 672 734 723 592 | 151 151 151 164 179 1438

Table 6.2: Comparison of the performance between the two estimators. Integrated measures have been
multiplied by 103, for readability.

where f(z) estimates the parameter of the Gaussian (resp. Frank) copula given Z = z, assuming we
know the right family of conditional copula, and 6 consistently estimates the parameter of the corre-
sponding simplified copula (under the null). Moreover, Fgl denotes the empirical quantile function that
is associated to the Z-sample. The latter test statistics depends on an a priori chosen parametric cop-
ula family. To evaluate the risk of mis-specification, we also include in our table the parametric test 75
assuming that the data come from a Clayton copula, whereas the true copula is Gaussian or Frank. For
these three tests, p-values are computed by the usual nonparametric bootstrap, with 100 resampling:
see Table 6.3. Globally, the test based on W,, performs very well under all settings, compared to the
alternative nonparametric test. It is only beaten by 775 that is obtained by choosing the right copula
family, a not very realistic situation. When it is not the case, W,, does a better work.

Not under #H, Under H,
1 2 3 4 5 6
W 88.7 99.8 87.3 100 12 12.1
Toont 595 52 647 375 0 0
75 100 100 100 100 0.2 26

T¢(Clayton) 68 13 100 100 1.8 138

Table 6.3: Comparison of the performance between different tests of the simplifying assumption under
the six settings of Section 6.4.3, with n = 500.
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6.4.5 Dimension 2 and choice of v

In this section, we will fix the sample size n = 3000 and the dimension p = 2. The random vector Z will
follow a uniform distribution on [0,1]%, X1|Z = z ~ N(0,21), X2|Z = z ~ N(0,z;). Given Z = z, the
conditional copula of X; and X, is Gaussian. We consider three different choices for the functional form
of its conditional Kendall’s tau :

Setting 1. 7y 9z—, = (3/4) X (21 — 22) ;

Setting 2. 7y 97—, = (4/8) x cos(27mz1) + (2/8) x sin(272) ;

Setting 3. 71 9jz—, = (3/4) X tanh(z1/22),
where z = (z1,22). We try different choices of dictionaries 1. For convenience, define py(z) := 1,
pi(x) :=2""(x—0.5)", trigo(z) := 1, and trig;(z) := (cos(2inx),sin(2inx)), for z € R and i € N*. We will
use the notation (g1, g2) ® (g3, 94) := (9193, 9194, 9293, g294). We are interested in the following functions
1, that are defined for every z € R” by

(1) — . ) _ . . 11
¥ (Z) ’ (1’ (pl(zl))izl ..... 57 <p"(22))i:1 ----- 5) (pl(zl) X P (22))min(i,j)20,max(i,j)SS cR,
@) (g) = % ) € R,
’lp ( ) p( ) p']( min(¢,7)<1, max(i,7)<5
(3) — < . . ) c R27
UJ (Z) pl(21) % P (22) min(z,5)<2, max(z,j)<5 ’
(4) N 36
,¢ (Z) (pz(zl) X P (22))mdx(i,j)§5 € R,
PO (z) = (1, (z‘rzgz(zl)) 15 (trigi(z2)) L ,) e R?,
(6) t t R57
P(2) = (rzgl(zl @ trig;(z )min(i,j)gl,max(i,j)gs < ’
M (z) := (t t ) € R®
w ( ) rng(21 ® ng] 2 min(4,5) <2, max(i,7)<5 ’
111(8)( )= <tmgz(zl) ®tmgj(22)> e R™,
max(z,7)<5
¥(@) = (v @6V @) R, $19@) = (v2@). 0 @) € R,

(@) = (¥92) v V@) RV, p(0(@) = ($(2).$P(2)) € R,

where in the last 4 dictionaries, we count the function constant to 1 only once. We choose n’ = 400 and
the design points z; are chosen as an equispaced grid on [0.1,0.9]2. We consider similar measures of
performance for our estimators as in Section 6.4.3. The only difference is that the integration in z is now
done on the unit square [0, 1]?. In practice, integrals are discretized, and estimated by a sum over the
points {(0.01 x 7,0.01 x 5),0 < 4,5 < 100}. Results are displayed in the following Table 6.4.

We note that the size of the family v» seems to have a tiny influence on the computation time, which
lies always between 6 and 8 seconds. In all settings, polynomial families (¢(*) to ¢*)) give the best
IMSE, even when the true function is trigonometric (Setting 2) or under misspecification (Setting 3).
Nevertheless, using trigonometric functions can help to reduce the integrated biais and standard de-
viation. Indeed, in Setting 2, trigonometric families (¢¢(®) to ¢(®)) do a fair job according to these two
measures of performance. Similarly, in Setting 3, mixed families (1) to 4(*?)) achieve an acceptable
performance. In Settings 1 and 2, they often yield improvement other a msispecified family, especially
in terms of integrated standard deviation.

Comparisons between three indicators IMSFE, IBias and 1Sd may be surprising at first sight, but
there is no direct link between their values. Indeed, for every point z, MSE(z) = Bias(z)? + Sd(z)?,
while IMSE = [ MSE(z)dz, IBias = [ Bias(z)dz and I1Sd = [ Sd(z)dz. Therefore, a procedure
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Setting 1 Setting 2 Setting 3

IBias ISd IMSE Time | IBias ISd IMSE Time | IBias 1Sd IMSE Time
) 0577 194 144 682 | -0632 24 14 675 |-771 17 6.79 6.67
P2 0.309 189 143 6.77 | -0.166 23.7 135 6.66 |-7.57 169 6.8 6.66
P 0.728 199 163 6.77 -0.36 271 1.9 6.67 | -7.63 23.7 3.45 7.06
Y@ 0.513 18.9 1.81 6.77 | -0.245 265 222 6.68 |-7.29 25 2.06 7.52
p(®) 1.5 25,7 157 6.77 | 0.0616 15 267 6.66 |-8.38 21.6 149 7.51
p(©) 1.64 26 15.7 6.79 | 0.269 15 261 6.66 |-823 219 149 752
(M 0.311  26.1 17 6.79 | 0.0167 15 3.14 6.69 |-733 231 151 7.26
Pp(®) 1.2 26 17.3 6.88 | -0.113 146 3.15 6.7 76 229 153 7.2
) 0.596 177 205 6.79 | 0492 158 272 6.67 |-793 16.3 7.04 7.19
(19 | 00921 18 2.08 6.77 | -0.493 166 275 6.66 |-7.65 16.7 6.94 7.19
»D | 0529 173 257 683 | -0.165 158 3.08 6.7 |-6.87 23 476 7.21
p(12) 0.5 169 264 692 | -0.078 164 324 6.76 | -7.07 255 443 754

Table 6.4: Comparison of the estimation using different 1 families. All integrated measures have been

multiplied by 1000. Computation time is given in seconds.

that minimize both Ibias and 1S5d still may not minimize IMSFE, and conversely. This is due to the

non-linearity of the square function, combined with the integration.
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6.5 Real data application

Now, we apply the model given by (6.1) to a real dataset. From the website of the World Factbook of
the Central Intelligence Agency, we have collected data of male and female life expectancy and GDP
per capita for n = 206 countries in the world. We seek to analyze the dependence between male
and female life expectancies conditionally on the GDP per capita, i.e. given the explanatory variable
Z = log,,(GDP/capita). This dataset and these variables are similar as those in the first example
studied in [63].

We use n’ = 100, h = 20(Z)n~'/> and the same family of functions +; as in Section 6.4.2 above
(once composed with a linear transform to be defined on [min(Z), max(Z)]). The results are displayed in
Figure 6.2. As expected, the levels of conditional dependence between male and female expectancies
are strong overall. Many poor countries suffer from epidemics, malnutrition or even wars. In such cases,
life expectancies of both genders are exposed to the same “exogenous” factors, inducing high Kendall’'s
taus. Logically, we observe a monotonic decrease of such Kendall’s taus when Z is larger, up to Z ~ 4.5,
as already noticed by [63]. Indeed, when countries become richer, more developed and safe, men and
women less and less depend on their environment (and on its risks of death, potentially). Nonetheless,
when Z become even larger (the richest countries in the world), conditional dependencies between male
and female life expectancies interestingly increase again, because men and women behave similarly in
terms of way of life. In particular, they can benefit from the same levels of security and health and are
exposed to the same lethal risks.

6.6 Proofs of finite-distance results for 3

In this section, we will use the notation u := 5 — * and € = [&;.]i=1....n/» Eim = Vi — (Z'B)s.

6.6.1 Technical lemmas
1

Lemma 6.15. We have ||Z'u|?, < AJu|1 + = (¢, Z'u).
n

Proof : As 3 is optimal, through the Karush-Kuhn-Tucker conditions, we have (1/n/)Z'T(Y — Z'j3) €
d(\B]1), where 9(X|B|1) is the subdifferential of the norm | - |; evaluated at 3. The dual norm of | - |; is
| |0, SO there exists v such that |v|. < 1 and (1/n/)Z'T(Y — Z'B) + Av = 0. We deduce successively
Z/TZ/(B* _ B)/n/ + Z/Tf/n/ +Av =0,

R 1 X . ,
BB~ BB+ (5" BT+ A(B* — H)Tv =0, and finally
R 1 R R
12 (8" = B2 < = (Z'(B=B), €) + A" = Bl O
2
Lemma 6.16. We have [uge|: < |ug| + por (¢, 7).
Proof : By definition, /3 is a minimizer of ||Y — Z'3||2, + \|3],. Therefore, we have

Y —Z'B|2 + NBl < [[Y —Z'8*|[2, + A\B*1.

After some algebra, we derive || Y —Z'3|[2, — [[Y = Z'8*[12, < \(|(8* — B)gl1 — (B~ B8*) gc|1). Moreover,
the mapping 8 — ||Y — Z'B||2, is convex and its gradient at 8* is —2Z'T(Y — Z'8*)/n’ = —2Z'T¢/n/.
So, we obtain

Y - ZBIR 1Y - 2815 > =7 (27, p-p7).
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Figure 6.2: Estimated conditional Kendall's tau 7, ;z—, (red curve), and prediction AGD (¢(z)TB) (blue
curve) as a function of z for the application on real data, where the estimated non-zero coefficients are
B = 0.78, Bz = —0.043, Bs = 0.069 and (11 = 0.020.
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Coefficients

0.2

0.0
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o N wimpno o
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Figure 6.3: Evolution of the estimated non-zero coefficients as a function of the regularization parameter
A for the application on real data. All the other non-displayed v; coefficients are zero.
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Combining the two previous equations, we get
(=2) (7T, 8= ") o' < A((B" = B)sh — (B = B)geh). O

Ly z i&in| < t, for some t > 0, that the assumption
RE(s, 3) is satisfied, and that the tun/ng parameter is given by A = ~t, with~ > 4. Then, ||Z' (8 —*)||n <
4(y+ 1)ty/s 42/ (y 4+ 1)tst/a
N v Y Ll P QL S/
k(s,3) and | — 5*lq < k2(s,3)

Proof : Under the first assumption, we have the upper bound

Z gi,n

We first show that u belongs to the cone {4 € R” . l0ge < 3ldgli, Card(S) < s}, so that we will be
able to use the RE(s,3) assumption with Jo = S. From Lemma 6.16, [ugc|i < |ug|i + 2¢t[u[1/A. With
our choice of A, we deduce |uge|i < |ug|i + 2[uf1/7. Using the decomposition |uf; = [uge|i + [ugli,
we get [ugeli < [ugli(y+2)/(v —2) < 3Jugli- As a consequence, we have

Lemma 6.17. Assume that max;j—1 .,

, forevery1l < q <2.

1

<Z’T§ u) < |u|1 max < |ulqt.

luly = luge| + [ugh <4lugh < 4v/sluls < 4V/s(|Z'ulln /x(s, 3).

By Lemma 6.15,

1 44/s
1Z"ll2 < Muly+ — (€ Z'w) < Auly + [uht < Juh (7 + 1)t < K(j;,) 12"l (7 + 1)t
We can now simplify and we get
d(y+ 1)t Ay + 1)t 16(y+ 1)t
Z'ul|,y < ———2 /s, <= __—"/s and <=L -7
12wl < K(s,3) Ve fulz < k2(s,3) vs la < K%(s,3)

Now, we compute a general bound for |u|,, with 1 < ¢ < 2, using the HSlder norm interpolation inequality:

42/9(y 4 1)tst/a

2/q—1 2—2/q
<
lul, < [uly lul; > K2(s,3)

6.6.2 Proof of Theorem 6.5

Using Lemma 6.21, for every t1,t5 > 0 such that Crc o h/a!+t1 < fz min/2, With probability greater than
1-2n exp (—(nh”t%) / (2fz ma fK2 2/3)CKt1))) —2n’ exp (—(n—l)tht%féymm / (4f%maz(f K2%)2+
(8/3)C% fmint2) ) — 2650 (= (WhP(fo(2) = Cg 5h)%)/ (8fz.mar | K2 +AC (fu(2) = C 1h?)/3) ), we

have

: ZZ,,gm

max
1,....p7

<CI/) max ’gzn| <C¢CA’ I{Ia’X ‘Tl 2|Z=z, — T1,2|1Z=z,

16f maz (CK oh® C ah
< 4C¢CA/ <1+ 3Z’ ( LS +t1)) (XZ +t2)

fZ,min al fZ min

J

We choose t1 := fz.min/4 S0 that, because of Condition (6.4), we get Cx oh*/a!l +t1 < fz.min/2. NOW
we choose to := tf7 .., /ABCYCrr (fZ mmin + 8% max)}- By Condition (6.4), Cxz oh®/(fZ minc!) < t2, SO
that we have

8 max oh® 8f7 mazx
4C¢CA/( fZ ) X <C;(Z’ -l—tg) < 8tQC¢CA/ (]_ + f2Z7 ) <t.

fZ ,min fZ,mina! fZ,min



Chapter 6. About Kendall’s regression 172

As a consequence, we obtain that

1 & 3 [ K?

P Nz s 2L
(m w2 Zutin| > 4 nhpfz,mm>
nh?f2. (n — 1)h2Pe
< o' ex (_ min )+2n’ex <_>
P\ 32z mar [ K2+ (8/3)Ck fzmin P Cy + Cst
nhp(fZ,'maa; - Cf( 2h2)2

+2exp | — = :

8fZ,maz f K + 4OR(fZ,mzn - Cf(,2h2)/3

and we can apply Lemma 6.17 to get the claimed result. [

6.7 Proofs of asymptotic results for 3, ,,

6.7.1 Proof of Lemma 6.7

Using the definition (6.2) of 3,, ./, we get

’
n

1 . 2
/Bn n/ 1= arg m]llQn ni Z (A(T1,2\Z:z;) - "p(Z;)TB) + /\n,n' ‘6|1
Be r =1

’
n

1
=arg min — > (&0 +9(2) 7B —9(2)7B)” + A |8l
peR” ™ i

’
n

—arg min — 3 €2, + 2 Z&,n%b(ZQ)T(ﬂ* — B+ =3 ()T — 5)° + Anwrl Bl
ﬂERP n P n' “ n

=1

2 g )
=arg min — Z&,,ﬂ/)(zé )+ = Z = B))" + A Bl O
peR” ™ i (Lt

6.7.2 Proof of Theorem 6.10

Let us define ry, v == (nh? )Y2 1w = 1,0 (8 — B%) and Gnp = T (Bu — B7), SO that B, v =
B* 4 Wy s /T . By Lemma 6.7, 3, = arg min gy G, (). We have therefore

Uy = arg mln [ Zé} (2 + l/z (w(z;)T u )2 + A

1} ’
Tn,n’ n Tn,n! Tn,n’
=1

or U, , = argmin <R” F,, .- (u), where, for every u € R? |
u

o 1 2
an/(u) = Tm Z Ei,7L¢(Z;)Tu + ? Z ('(/"(Z;)Tu) + >‘n,7l’r72L,7z’ (
=1 =1

18]

Note that, by Corollary 6.9, we have

%t 2 I p 2 L
T Z&,M/’(ZDT TT Z Z Tn,n’ Sz nwj H W Z Wi¢j(z )’U,]
i=1 i=1 j=1 i=1 j=1
We also have, for any (fixed) u and when n is large enough,
L ( ul wo
|5 =187, = > (- L=y + — sign(B)) Lyg; 20y ) -

i=1
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B -

Therefore \,, /72 ., (

1) = 00 (il gm0y + wi sign(B7)Lgs; 20y)-

We have shown that F,, ,,-(u) = Fo . (u). Those functions are convex, hence the conclusion fol-
lows from the convexity argument. [
6.7.3 Proof of Proposition 6.11

The proof closely follows Proposition 1in[146]. It starts by noting thatIP (S,, = S) < IP (ﬁj =0,Vj¢& S) .
Because of the weak limit of 3 (Theorem 6.10 and the notation therein), this implies

lim sup IP (37 =0, V) €3) <P (UJ* =0,V ¢S).

If £ =0, then u* is asymptotically normal, and the latter probability is zero. Otherwise, ¢ # 0 and define
the Gaussian random vector Ww =2 Zf 1 Wiap(z})/n’. The KKT conditions applied to F ,,» provide

Ww-ﬁ- Z’l/J u* + v =0,

for some vector v* € R” whose components v; are less than one in absolute value when j ¢ S, and

vi = sign(B;) when j € S. If uj = 0 for all j ¢ S, we deduce

Wd’ S+ [ qu z,) }S,Sujs + ¢ sign(8g) = 0, and (6.7)

‘Ww )ge + [ Z¢ z)) } - gUs| <t (6.8)

componentwise and with obvious notation. Comblnlng the two latter equations provides

s = [C vt g g[S wtawia)] s (Wors + tsimtsp)| <o (69)

componentwise. Since the latter event is of probability strictly lower than one, this is still the case for the
event {u} =0, Vj ¢S}. O

6.7.4 Proof of Theorem 6.12

The beginning of the proof is similar to the proof of Theorem 6.10. With obvious notation, w,, ,, =
argmin _p. F,, v (u), where for every u € RY

y B WL 1 &
Ian/(U) = :L/ - Z §i7n¢(zg)Tu =+ ﬁ Z (’lﬂ(z;)Tu)Q
=1 =1

P
1 U
2 § * 7 *
+ M’n,’n/rn,n/ |BZ|6 <|ﬁz + . | - |ﬁ2 > .

=1

If BF # 0, then

2
lu’nﬂ’blrn,n’ Mn n rn n . *
S0 (154 P 157 ) = B sin(5) = T sien(5) + o ().
i n,n’

|Bil° ' Iﬁ °
If 85 =0, then
P/ Tyt (
16i°

18; ) w| -
lvnBi]?
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By assumption v,,3; = O,(1), and the latter term tends to the infinity in probability iff u; # 0. As a
consequence, if there exists some i ¢ S s.t. u; # 0, then ]Fn,n/ (u) tends to the infinity. Otherwise, u; = 0
when i ¢ S and F, /(1) = Feo . (ug). Since Fo v is convex, we deduce [79] that ug — u’, and
uge — 0ge, proving the asymptotic normality of 3, ., s

Now, let us prove the oracle property. If j € S, then Bj tends to ; in probability and IP(j € S,,) — 1.
It suffices to show that IP(j € S,,) — Owhen j ¢ S. If j ¢ S and j € S,,, the KKT conditions on F,, .-
provide

—27"774’”/ il Mn,n’Tn,n’Vi . -

n Z Eintj(2;) ij U—n n = —Wszgn(uj)
=1 n~y

Due to the asymptotic normality of 5 (that implies the one of 1, /), the left hand side of the previous

equation is asymptotically normal, when ¢ = 0. On the other side, the r.h.s. tends to the infinity in

probability because V,LBJ» = Op(1). Therefore, the probability of the latter event tends to zero when

n—oo. O

6.7.5 Proof of Theorem 6.13

By Lemma 6.7, we have j3,,,,, = argmin__r,, G, ./ (3), where

peR?

2 " 1 n
= S G @) (B ) D () (8~ 8)” + Ml
=1 =1

Define also G v (8) := 31, ((2)7(8* — B))%/n + Ao|Bl1. We have

0t 9) =G 9] £ [ a5 = )] o = a3,

By assumption, the second term on the r.h.s. converges to 0. We now show that the first term on the
r.h.s. is negligible. Indeed, for every ¢ > 0,

IP(||% Z;éi,nw(z;)n >e) < IP(HC%/” Z; fay = 7] l(2))]| > )

-

P (|7A'z; — Tz;| > C’ste) ,

=1

where Cst is the constant (|[Ca/|| x ||Cyll)~!. Apply Lemma 6.21 with the ¢t = fz ,:,/4 and t'/c is a
sufficiently small constant. When n is sufficiently large, we get

IP(|7A'172‘Z=Z - T1,2Z=2| > Cste) < 4exp <— nthCst’>,

for some constant C'st’ > 0. Thus, Z;ilgi,ndz(z;)/n’ = op(1), and G, »/(8) = Goo . (B) + op(1) for
every f3.

Since 2?2/1 »(z;)y(z;)T /n’ tends towards a matrix My, ./, deduce that G ./ (8) tends 10 Geo o0 ()
when n’ — co. Therefore, for all 8 € R”', G,n (B) weakly tends to G (). By the convexity argument,
we deduce that arg ming G,, ,,»(8) weakly converges to argming G, (5). Since the latter minimizer is
non random, the same convergence is true in probability. O
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6.8 Proof of Theorem 6.14

We start as in the proof of Theorem 6.10. Define 7, v := (nn/hE | )V/2, u = (8 — B*) and @y, s =
Pt (Bt — B%), SO that By = B + Ty s /Frnr. We define for every u € R,

_2~nn’ o 1 a ~
Foe () 1= =37 6 pp(@) Tut — 3 (@) 0) + Al (167 + ==, = |57],),  (6:10)
i=1 i=1

and we obtain 1, ,,» = argmin R” Fy 0 ().
u

Lemma 6.18. Under the same assumptions as in Theorem 6.14, T\ := (¥, »/ /1) ZZ 1 &in(z;) tends
in law towards a Gaussian random vector N (0, V).

This lemma is proved in Section 6.8.1. It will help to control the first term of Equation (6.10), which is
simply —2T{a
Concerning the second term of Equation (6.10), using Assumption 6.3.1(iii), we have for every u €

’

RP

1 &

— (w(zg)Tu / fZ o dZ. (6.11)
=1

This has to be read as a convergence of a sequence of real numbers indexed by u, because the design

points z; are deterministic. We also have, for any u R”" and when n is large enough,

/

o (Jui

=2 (; Lgr=0y 2

i=1

/6*

u
’5*—1' = ‘1_
Tn,n’

Si@(ﬂf)“{ﬁ:;&o})

Therefore, by Assumption 6.3.1(ii)(b), for every u € ]Rp/,

A2 (|/3 +—\ 1) =0, (6.12)

when (n,n’) tends to the infinity. Combining Lemma 6.18 and Equations (6.10-6.12), and defining the
function Fo, o by

e (W) i= 2W Tt [ (9(&)70)" fare () w € B

where W ~ N(0,V4), we obtain that every finite-dimensional margin of I, ,,, converges weakly to the
corresponding margin of F, ... Now, applying the convexity lemma, we get

1 N =N Uso,c0, WhEre Uy o 1= arg min Fo, o (u).
uERp

Since F () is a continuously differentiable convex function, we apply the first-order condition VF o, (1) =
0, which yields 2W + 2 [ 9(2')1(2') " Ueo,00 far,00 (2 )dz’ = 0. AS @ CONSEQUENCE Uso oo = — Vi "W ~
N(0,V,), using Assumption 6.3.1(iv). We finally obtain 7, ./ (3. — %) —= N'(0, V), as claimed. O
6.8.1 Proof of Lemma 6.18 : convergence of T}

Using a Taylor expansion, we have

7:nn’ " Tnn’ "
T = n” ;&,n,@b(z;) Z( 71,2|Z=2 *A(T1,2|z:zg))¢(zg) =T+ 13,

i=1
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where the main term is

/

Tn,n! .
Ty := ZA' (Tl72‘Z:z;) (7'1,2|z:z; - 7-1,2|Z:z§)"7b(z’/i)v

n’ <
=1

and the remainder is

n'

T 2
Tg = m,n Za?)z 7—12|Z z/ _7—12|Z z) ¢(Z;)7

i=1

withVi =1,...,n/, |as;| < Cav/2, by Assumption 6.3.1(v).

Using the definition (6.3) of 7, 57—, the definition of the weights w; ,,(z) and the notation P(z) =
N (71 ,22=2) % (z), We rewrite T, =: Ty + T, where

. Kz, — Z;))Kn(z, — Zj,
7;712222 hz }2( >( J)

i=1 j1=1 ja=1 Z

J1o

i=1j1=1ja=1

x ( (X, X,,) — E[g*(xl,x2)|zl:zgzz;})a(zg). (6.14)

Jio

x( (X, X) IE[g*<x1,x2>|z1:zgzzg})a(zo, (6.13)

Note that we can put together the terms (51, j2) and (j2,71). This corresponds to the substitution of ¢*
by its symmetrized version g. In the following, we will therefore assume that ¢* has been symmetrized

without loss of generality. The random variable T, can be seen (see Equation (6.13)) as a sum of
(indexed by ¢) U-statistics of order 2. Its Hajek projection will yield the asymptotically normal dominant

term of 1.

To lighten notation, we denote 7; := 71 2z,-z,-2/, f(-,) = fx z(,-) and

Yij1.g2 = 9 (X]17X ) E[g*(XhXQ”Z” =g (XJ17X )

Implicitly, all the expectations we will consider are expectations conditionally on the sequence of z,,
1> 1.

First note that, by usual a-order limited expansions, we have

7: Z n _ 1 Kh Z — 7] K]—)L(Z —ZQ) (g*(X17X2) _Ti)
=1
X E(zi)f(xhzl)f(XQ,Zg) dX1 dX2 d21 dZ2
Frt S~ it
T n ;Tﬂ/f(zi) ! 12(2) f(x,2z)dxdz

B n—lrnn Z/K (4G ) — 72)

X ’l,b(Zi)f(Xl,Zi — htl)f(XQ, z,; htl)dxl dX2 dtl dt2

- n’ 2
LT o / J{;(S)) fx.z(x,2, — ht)dxdt

n'nhp <
i=1
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_ (nfl rnn/h Z/K (X1,X2)*T¢)

X P(2))ds) f(x1,27) - £V dy" )f(XQ, z7) - t$) dxy dxgy dty dty

an,n’ a E(Z;)
 n/nhp ;Ti/KZ/ f%(z;)f(

= Ol P /(01?)) = O (Vi B804/ [(nh?)) = o(1),

) dx

under Assumption 6.3.1 (ii). Above, we have denoted by z; some vectors in R” s.t. ||z} — Z}|| < 1.
They depend on z,, x;, x2 Of x, respectively.

Moreover, set

T, — BT, = Z Z G o (6.15)

i=1 j1,j2=1

Gijrrja = (Kh(zé — 2, ) Kn(z; — Zj,)9i 5, jo — B[ Kn(2; — Zj, ) Ky (2] — ij)gi,jl,h])

Note that Var(T}) = E[T,TT] + o(1) and

E[T,TT] =

Z Z Z Cll,.]l 2J2 22,J37J4}

i1,92=1 j1,j2=1J3,ja=1
By independence, IE[(; j, /o iT’j&M] = 0 when {j1,72} N {43, 44} = 0.

Otherwise, assume that j; = j; = j and there are no other identities among the four indices
(j17j27j37j4)- Set

= , , P (z))
Ci = E[Ky(z; — Z1)Kn(2; — Z2)gi1 2] 5 - (6.16)
fz(z})
Then,
—
E[Giy .52t joja) = Cinvrinsizgiia — CiaCins
where

Cir jojarinigija = IE{Kh(ZZ'l —Z)Kn(z;, — Zj,)Kn(2;, — Z;j)Kn(z;, — Zj4)gi1»j7j2gz'7;,j,j4}
P (2, )P (2] )
f ( ’Ll) %(

= hpfz ;% /K 1) K (62) K ( ”; ) K (62) (9" (510 x2) — 72)

X ( (Xl, X4) 7'12) (Xl, il - htl)f(X27 ’il - htg)f(X4, Z,/L'4 - ht4) dX1 ng dX4 dt1 dtg dt4.

By assumption, (i, j.i,,i».5.5. IS Z€ro when i; # io. Otherwise, when i, =iy =4,
Ldridds X T hpfz /KQ/ “(x1,%2) = 7i) (97 (%1, %4) = 73)
X fXIZ(Xl|zi)fX|Z(X2|zi)fX|Z(X4|zi) dx; dxo dxy := Cj12.4/hP.

It is easy to check that the terms with other identities among the four indices ji, as G j j,.i,j,j. OF
Gi,j.g=,i,j,; Will induce negligible remainder terms. Therefore, we get

’
n
n n’ 1 C
N — .
2n4 Z Z Cn,] J2,%2,5,04 — n 21 i,1,2,4+
1=

i1,i2=1 j,j2,j4=1
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Concerning the terms induced by the product of two ¢, note that, by limited expansions,

C= ”Z;Z%’) [ Enla— 2 (s m) 7 x1.x) = 7)1, 20) iz 22) i dny o
Z Zz
¥(z)

7(7;

)
h2%a(z!
# / K(t1)K (t2) (g% (x1,%2) — Ti)d(za)f(xlv z;) - tga)d(za)f(xb z;) - tga) dxq dty dxo dto,

with the same notation as above. As a consequence, sup, ¢; = O(h*®) and

n’ 2n4 Z Z nn, (% ;ZICM’Q)Z - O(

i1,42=1j,j2,ja=1

h4a ~2
#) = O(n'h4o+P) = o(1).

Therefore, we obtain

E ! E C;
TL’ 2n4 Z C’HJ;]Z 12,7,34 — TLf i,1,2,4-

t1,i2=1j,j2,j4=1

To calculate IE[T,T], there are three other similar terms, that respectively correspond to the cases
J1 = ja» j2 = j3 O j2 = j4. Therefore, we deduce

’

4 n
VCLT(T4) >~ IE][T4T;1T] ~ E ZCZ"172,4

/K2/¢ fz(z ( /(g*(xl,xz)—7'1,2|z1:z2:z)(9*(X1,X4)—7'1,2|zlzzzzz)

X fxjz(x1 |Z)fx\z(X2|Z)fx\z(X4|Z)fz',oo(Z) dxy dxz dx4 dz,

that is equal to the so-called variance-covariance matrix V2. Now assume that T,—IE[T] is asymptotically
normal, i.e. Ty — IE[T}] REN N (0, V5). This result will be proved in Subsection 6.8.2.

Let us decompose the term T5, as defined in Equation (6.14). For every i = 1,...,n’/, a usual Taylor
expansion yields

11 1 1 7:7f()fz()
f3z)  f2(2) f%(zg){(1+fz(zé)—f2(zg))2 1} i 12(2) + T
fz(z;)
where
_ .3 _a( f2(7}) — fa(2))\2 f2(2}) — f2(2})
Tyi = %(Mram) (#) , for some |az,| < ’% .

Therefore, we obtain the decomposition Ty = —2 T + 17, where

n

= ;:2 Z Z > Kn(z — Zj,) Ki(Z] zjz)(fZ(Z})gzz{)Z(Zi))

=1 j1=1j2=1

x( (X1, Xi) — B[y (X1, X0)| 21 = 2o = 7] ) $(2)).

n

n
o Tnn’ j :

Kh Jl Kh( Zj2>T7vi
1=1 j1=17j2=1

x( (X5 Xg) = Blg" (X1, X0)| 2 = 2o = 2] ) $(2)).
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Summing up all the previous equations, we get
T = (T47]E[T4]) 72T6+T7+T3+0(1). (6.17)

Afterwards, we will prove that all the remainders terms Tg, T and T3 are negligible, i.e. they tend to zero
in probability. These results are respectively proved in Subsections 6.8.3, 6.8.4 and 6.8.5. Combining all
these elements with the asymptotic normality of 7, (proved in Subsection 6.8.2), we get T} N N(0, V),
as claimed. O

6.8.2 Proof of the asymptotic normality of 7}

We will lead the usual Hajek projection of T,. To weaken notation, denote IE((; ;, 4, 1X;,, Z;,] := IE[( j, 5, |71]-
Then, recalling (6.15), we can write

Ty — IE[T4] = T4,1 + T4,2 + T4’3, with

2rn 0 Z Z ]1 7 ]2 [C@jh]é |j1]a

1=1 j1,j2=1

2T"” ZZ [¢ijil4], and

Tn > Z Z (Ci,jl,jz—E[Ci,jl,jzljl]—E[Ci,jl,jg\jz]).

i=1 j1,j2=1

We will prove that T, » and Ty 3 are op(1). Therefore, the asymptotic normality of T, reduces to the one
of Ty 1.

Note that nTy1/2(n — 1) = >0, Bjn,n, Where

~ n/
T ’ i .
Bjmm: = ;Z,Z ZIE[Q,J‘,OML Jj=1...,n
=1

by formally considering a random vector Z, that is independent of the other Z;, j > 1. Therefore, we get
a triangular array of random vectors (5, ,,.n/)j=1,....n, S.t., for a fixed n, the variables 3; ,, ,» are mutually
independent given the vectors z}, i > 1. Let us check Lyapunov’s sufficient condition, that will imply the
asymptotic normality of 7 ;. In other words, it is sufficient to prove that

D IBjmm 1% — 0, (6.18)

Jj=1

when n and n’ tend to the infinity. Recalling (6.16), we can rewrite

,FTL,TL' " — ’f‘nn/
Bjnn = o ;{Kh(z;—z fz /Kh (z; —z)( *(x, X )—Tl)f(X z)dxdz — ¢ }:— v ;%]7

where sup, ¢; := O(h*®). Note that

/

~3 n

ro o
il <P T Y s

i1,12,13=1

|OO“7i27j||OO||7137]' 0
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The terms that that involve some products by the means ¢,

1k’

k =1,2,3, are negligible and they may be
forgotten here. For some constants C'st, this provides

ZIEMﬂj,nm/Hio} < 322/ Z Z H":ZJHOO(QZil2||¢!00Ezi2)2”¢”00(zz‘3)

2 L X @R RE,)
x B[|K(, - zj)/Kh(zgl —21) (9" (x1,X;) — 70,) (1, 21) dx; dz1 |
x|KM%—Zﬁ/Kﬂéng@%%XQ—ngﬂmmgﬁﬂm|
% |Kn(2, zj)/Kh(zgg — 23)(9" (63, X,) — 72,) F 3, 23) i .

By some now usual changes of variables, the latter expectations are zero when one of the three indices
i1,12 and i3 is different from the others. Thus, the non-zero expectations are obtained when i; = iy = i3.
In the latter case, we get

/

C’stf

Z 1By v g ”’”‘3
JsT, n’ oo — 3n2

i=1
3
/|K|h z, — 7 ‘/Kh Z, —71) (xl,x)—Ti)f(xl,zl)dxldzl‘ f(x,2)dxdz

C’St’l‘:3 '(/) 3 / 3
3n2h2p Z H H /|K| ‘/K t1 Xl, ) - Ti)f(Xl,Z; - htl)dxl dtl‘
=1

- 1
, - n,n _ —
x  f(x,2z; — ht) dxdt = O(i(n’)Qthzp) O(i(nn’hp)lm) o(1).

Concerning the remainder terms T, » and T, 3, note that IE[T, 2] = IE[T,3] = 0. Moreover, since
IE[(i,;,5]4] is centered,

IE[T4 2T4 2 nQ,TLL4 Z Z IE|: CH,]J |-7 [ 12,5,J |j]:|

i1,i2=175=1
When iy # i, some usual changes of variables yield
p(z) )p(z;,)"
12(2;,) 17(2,)

Y (ﬂa (K2(d, — 2,)K}(el, — Z;)] - B[k, — 2,)|E[K(, - zn]) — o),

EW@MM]LMMH

Tiy Tig

uniformly w.r.t. 5. By a similar reasoning, we can prove that

sup B (G 5 I ]| = 0.

Therefore,
T ,’:’127/,”' N2 —2p / —3p TL, 1
IE[Ty 2Ty 5] = O((n')2n4 ((n ) nh™P + n'nh )) = O(m + m) = o(1).

Concerning T} 3, this remainder term is centered and

IE[T4 3T4 3 n n’ Z Z Z ]E[ Cll WJiJz T ]E[Cilajth |jl] - ]:E‘J[Cilvjl1j2 |J2]}

i1,02=1 j1,j2=1j3,ja=1

% {Gingouin = Tl goulda] = LG g} . (6.19)
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The expectations on the latter r.h.s. are zero when {j1, j2} N {43, j4} = 0 due to independence and the
fact that the terms (; ; ;» are centered. Otherwise, there is at least an identity among the indices j,
k=1,...,4. Forinstance, assume j; = j3 = j and j # js # j4. Then,

B {Gisiz = Bl s3] = ElGi i 72 Hir i = BlGia isal) = ElGia s lia]} |
= B[{Gr 5 — Bl a3 HCix g — Bl g1} |

BB (G~ B il HGi 5 ~ Bl i)

]E{IE [CFFRGET UH - IE[IE [SERAT]) ol (PN |.7'H =0.

Due to the symmetry of the latter cross-products, all cases of a single identity among the ji, k = 1,... .4,
yield the same result. Therefore, we need (at least) two identities among them to obtain non zero
covariances in the calculation of ]E[T4’3T4T’3]. Thus, let us assume that j; = j3 and jo = js. Then, the
corresponding terms in (6.19) is

Z Z [{Cz‘l,jhjz =[Gy jrjo l51] = BlGiy v ol 72) HGa i e — BlGig g o] — ElCig g o li2]}T

i1,82=1 j1,j2=1

= nn’ Z Z <]E [Ci11j17j2 ';I';J-l,j2:| 72]E|:IE[<2'1J1,J'2 |j1]IE[Ci27jl1j2 |‘71]T})

11,42=1 j1,j2=1

n/ 2TL4

=1 V4,31 — U4,32-

By now usual techniques, we get

72
n, ’VL ’VL fL
V4,31 = § E [Ch,h,]z 12,]1732} — E : § : {Q Jl:J2C ;]17]2:|

(n')?n*

i1,12=1 j1,j2=1 =1 j1,j2=1
nn’ " E e % 2
Z /Kh Kh(z —22)(9 (X17X2)—Tz‘) f(x1,21)
,r"ﬂ’ﬂ 1
X f(X2,22) dx; dzy dxo dzos = O(n’thQP) = O(nhp) =o(1).

Moreover,

V4,32 = 77/ 27’L4 Z Z [ Chdh]z']l] [Ciz,jl,jg'jl]}

i1,42=1 j1,j2=1

’

~2 n n
rn,n/ . .
= Y 2 BBl iR, )]
i=1 j1,j2=1
f’?l n’ " E Z/
= W 2,2 > ( li /K%(Z — 21) K (2, — 22) Kn(2; — 23) (9" (x1,%2) — 7)
i=1 z

Another case of two identities occurs when j; = j4 and js = j3, but it can be dealt similarly. Then,
we have proved that IE[T}, 5T/ 3] = o(1) and Ty 3 = op(1).
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6.8.3 Convergence of 7; to 0

Replacing fz in the definition of T; above by the normalized sum of the kernels, we get

Tﬁsz’,’;;“;;Zl Zl Bl = 2 = Boe) (51 o) - patal)

% (9" (%50 X ) = B [g" (X1, Xa) |21 = 2o = 2] ) (2)

X
VU
<
*
e
>
v
|
&
e
e
P
N
|
N
[V}
|
N
N
<
|
>3
+
>3
[\v]

The sum of the diagonal terms in T ; is

ot S KR = 2) (11 )] o)) B [ (%0 X |2 = 25 = 2] (a),

nn2
=1 j=1

that is Orp (7, h®/(nh?)). The sum of the extra-diagonal terms in Ty ; is the r.v.

TG,l — rn n’ Z Z Kh(zg‘ - Zjl)Kh(Z; - ij) (]E[]EZ(Z;)] N fZ(Z;))

i=1 1<j1#j2<n f%(zg)
% (9" (X5, X5) = Bl (X1, Xa) |21 = Zo = 7] ) (2)).

Note that z — fz(z) and (z1,22) — IE[g*(X1,X2)|Z; = z1,Zs = z5] are a-times continuously differen-
tiable on Z and 22 respectively, because of Assumptions 6.9.2 and 6.9.4. By a-order Taylor expansions
of such terms, they yield some factors h®. It is easy to check that the expectation of (T's1)? is of order
72/ h**/(n?h?P). Therefore,

Tor = oﬂ)(fnﬁn,h“) _ OP(%) — op(1).

Concerning Ts2, we can assume that the indices ji, j2 and js; are pairwise distinct. Indeed, the
cases of one or two identities among such indices can be easily dealt. They yield an upper bound that is
Op (7n,n»h®/(nhP)) as above, and they are negligible. Once we remove such terms from the triple sums
(indexed by (1, ja, j3)) defining Ts », we get the centered r.v. T . Let us calculate the second moment
of T's 2.

[ 6,2) = 26 Z Z Z Z E fa(z)
t1=1ia=11<j1#ja#js<n 1<ju#js#je<n

x (Kn(z;, — Zj,) — E[fz(z},)]) ( (X5, X5,) —E[g"(X1,X2)|Zy = Z, = ZQI])E(ZZ)

K (), ng)fl(h(zg2 - Zj,) (Kn(z, — Z;,) — B[fz(2,)])
fZ(ZiQ) : 2

X ( (X X)) — ]E[g*(xl,x2)|zl_z2_ZQQ])MZQQ)T]

X

n
nn'hP B
= n/gnb § E E : i1,12,j1—Jj6"

i1,02=1 1<j1#j2#Jja<n 1<ju#js#je <n
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When all the indices of the latter sums are different, the latter expectation is zero. Non zero terms
above are obtained only when j3; and jg are equal to some other indices. In the case j; = jg and no
other identity among the indices, we obtain two extra factors h* through «-order limited expansions of
(z1,22) — E[g*(X1,X2)|Z1 = 21,Zy = z2]. This yields an order O(nn'h?*2*/(nh?)). When j; and
je are equal to two different indices (j5 = j4 and jg = j2, €.9.), we lose another factor h? but we still
benefit from the two latter factors h*. This yields an upper bound O(nn'hPT2%/(n?h??)) = o(1). The
other situations can be managed similarly. We get

nn’ P22

=2
ETs2] = O( nh?

) = o(1).

Globally, we obtain 7g — 0 in probability under Assumptions 6.3.1(ii)(a). O

6.8.4 Convergence of 77 to 0

Since sup;_, . |fz(2}) — fz(z;)| = op (1), note that
sup |[T7i| < =3 sup | fz(2}) — fz(2})I,
i=1,...,n’ fZ,min i=1,...,n’

with a probability arbitrarily close to one. Apply Lemma 6.19 with a fixed ¢ > 0 and z = z/ for each
i=1,...,n

6 Cx oh® 2 , nhPt?
P T .| > 2 t <2 — .
e fé,mm< ) B R O s <Eaerorer

Set t o< h*/2. Deduce sup,_; ., |T7,:| = Op(h®) since nh?**/Inn’ — oo by assumption. Then,

’

sup |Tri| > [(z})]

i=1

X Y K (|n (2 - Z)|K|n(2 - Zj,)|97(X;,, Xj,) — E[g" (X1, X2)|Z) = Z = 7]

J1=1j2=1

77| <

Tn,n
n'n?

The expectation of the double sum is O(h*), by an a-order limited expansion of (z1,z2) — IE[g* (X1, X2)|Z1 =
z1,Zy = z5]. Then, by Markov’s inequality, we deduce

T7 = Op (P sup | T7 3| h®) = Op (F wh**) = Op ((n'nhPT%)1/?),

and then T; = op(1) due to Assumption 6.3.1(ii)(a). O

6.8.5 Convergence of 73t0 0
For every € > 0, by Markov’s inequality,

CA” 7ﬁn,n’

IP(|T3] > ¢€) < ZIE[(%172|z:z; - 7'1,2|z:zg)2]1/’(zli)~
i=1

2n'e
An approximated calculation of IE[(1 27—z — 7-172‘2222)2} can be obtained following the steps of the
proof of Lemma 6.24. Indeed, it can be easily seen that the order of magnitude of the latter expectation
is the same as the variance of U, ;(¢*), and then of its Hajek projection U, ;(¢). Since the latter variance
is O((nh?)~1), we get

7Zn,n’
P(IT5] > ) < B2

for some constant B. Since n’/(nh?) — 0, we get 75 = op(1), as claimed. O
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6.9 Technical results concerning the first-step estimator

Three possible choices for g* are given in [40]

gl(Xi,Xj) =4 . ]I{Xi,l < Xj,l,Xi,g < Xj,g} — 1,
gg(X“XJ) = ]l{(XZJ — Xj,1)~(Xi,2 — Xj’g) > O} — ]l{(XiJ — Xj,l)-(Xi,2 — Xj72) < 0},
g3(XZ7X]) =1—4- I].{Xll < Xj717Xi72 > Xj72}7

where 1 is the indicator function. In the following, we assume that we have chosen g* as one of the g
for a fixed k € {1, 2, 3}.

Assumption 6.9.1. The kernel K is bounded, and set |K || =: Ck. It is symmetrical and satisfies
J K =1, [|K| < co. This kernel is of order o for some integer o > 1: forall j = 1,...,a — 1 and every
indices 21, .. ,’ij in {1, e ,p}, fRP K(u)uil ce U du = 0,.

Assumption 6.9.2. fz is a-times continuously differentiable and there exists a constant Cx , > 0 s..,
forallz € Z,

P
0 fz
/|K|(u) Z |ty - ui, | sup ‘T(z—&—tu)‘dugC’K,a.

t€[0,1] -0z,

i1,eia=1

Assumption 6.9.3. There exist two positive constants fz min and fzmaz such that, for every z ¢ Z,
fZ,min S fZ(Z) S fZ,maa;-

Lemma 6.19. Under Assumptions 6.9.1, 6.9.2 and 6.9.3, we have for any t > 0,

A Ck,oh® nhPt?
1P<|fz(Z) ~ fala)| > Cal +t) < 2exp (— T (2/3>0Kt).

Lemma 6.20. Under Assumptions 6.9.1-6.9.3 and if C oh®/a! < fz.min, the estimator fz(z) is strictly
positive with a probability larger than

1— 2€XP ( - nhp (fZ,min - CK,(xha/a!)Q/ (zfz,max / K2 + (2/3)CK(fZ,77Lin - CK,aha/a!))> .

Assumption 6.9.4. Foreveryx € R?, z — fx z(x, z) is differentiable almost everywhere up to the order
oa,z€ Z. Forevery0 <k <aandeveryl <iiy,...,iq <p, let

akfX Z 0a7kfx 7
ka(ua Vv, X1, X2, Z) = sup |—— o — (Xl, z + tu) _— (X2, 7z + tv) ,
tef0,1] | 9%iy - - - Oz, 0z, -0z,
denoting v’ = (i1, ...,i,). Assume that Hy, (u, v,x1, X2, z) IS integrable and there exists a finite constant

Cxz.o > 0, such that, for every z € Z,

a p
!
/|K|(u)|K|(v) g (k) E Hi,r(0, v, X1, X0, 2) w4, .. U, Vi, - Vi, | dudv dxy dxo
k=0

i1,eia=1

is less than Cxz .
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Lemma 6.21 (Exponential bound for the estimated conditional Kendall’s tau). Under Assumptions 6.9.1-
6.9.4, for every t > 0 such that Cx oh®/a! +t < fz.min/2 and everyt’ > 0, we have

. (Cxz.oh™  3f, K? 16f2 Ck,ah®
1P<|ﬂ(,kz)z—z—ﬁ,22—z|> N ( xz.0h” | 3f2(2) ] +t’)>< <1+ fZ(Z)< K, +t>>>

fzz(z) O[! thp f%,mzn Ol!
nhPt? (n — 1)h%rt?
<20 (- 2 fzman | K2 + (2/3)0Kt) +20m (- Afg (K22 + (8/3)C2 t'>
Z,mazx f K
, nhP(fo(z) — Cg 5h?)?
Faew ( " 8fzmar | K2+ 4C K (ful2) — cg,2h2>/3)’

withc, == c3:=4 and cy := 2.

Remark 6.22. In Lemma 6.20 and 6.21, fz .., can be replaced by fz(z). Moreover, when the support of
K is included in [—c, c] for some ¢ > 0, fz ma. can be replaced by sup, Vo fz(z), denoting by V(z,¢)
a closed ball of center z and any radius e > 0, whennc < e.

Lemma 6.23 (Consistency). Under Assumption 6.9.1, if nh?, — oo, lim K (t)|t|? = 0 when |t| — oo, fz
and z — 1y |z, are continuous on 2, then v, sz—, tends to 7 5|z, in probability, when n — cc.

To derive the asymptotic law of this estimator, we will assume:
Assumption 6.9.5. (i) nh2, — oo and nh?2* — 0, (ii) K(-) is compactly supported.

Lemma 6.24 (Asymptotic normality). Assume 6.9.1, 6.9.4, 6.9.5, that the z; are distinct and that fz and
z — fx z(x,z) are continuous on Z, for every x.
Then, (nh2)/? (%Lmzzzé — T1.2Z=2, EEN N(0,H) asn — oo, where H is an’ x n’ real matrix

defined by

)izl,...,n’

I 4fK2]1{z;:z;}
B m T e

forevery 1 < i,j < n/, and (X,Z), (X1,Z1), (X2,Z2) are independent copies, where g is the sym-

{IE[§(X1, X)§(X2, X)|Z = Z1 = Zo = 2] — T 971 }

metrized version g(x1,x2) := g*(x1,%2) + g% (x2,%1))/2.

6.10 Estimation results for a particular sample
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Figure 6.4: Evolution of the estimated non-zero coefficients as a function of the regularization parameter
A. The non-zero coefficients are 8; = 3/4 and 83 = 3/4. Note that the coefficients B2, Bs and Bg
coefficients are always zero (and are not displayed).
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Figure 6.5: True conditional Kendall’s tau 7 5/z—. (black curve), estimated conditional Kendall's tau
71,2/z=- (red curve), and prediction A(—l)(z/;(z)TB) (blue curve) as a function of z. For the blue curve,
the regularization parameter is 2A°” ~ 0.034 where A< is selected by Algorithm 6.



Chapter 7

A classification point-of-view on
conditional Kendall’s tau

Abstract

We show how the problem of estimating conditional Kendall’s tau can be rewritten as a classifica-
tion task. Conditional Kendall’s tau is a conditional dependence parameter that is a characteristic
of a given pair of random variables. The goal is to predict whether the pair is concordant (value
of 1) or discordant (value of —1) conditionally on some covariates. We prove the consistency
and the asymptotic normality of a family of penalized approximate maximum likelihood estima-
tors, including the equivalent of the logit and probit regressions in our framework. Then, we detail
specific algorithms adapting usual machine learning techniques, including nearest neighbors, de-
cision trees, random forests and neural networks, to the setting of the estimation of conditional
Kendall’s tau. Finite sample properties of these estimators and their sensitivities to each com-
ponent of the data-generating process are assessed in a simulation study. Finally, we apply all
these estimators to a dataset of European stock indices.

Keywords: Conditional Kendall’s tau, conditional dependence measure, machine learning, clas-
sification task, stock indices.

Based on [41]: Derumigny, A., & Fermanian, J. D., A classification point-of-view about conditional
Kendall's tau. Computational Statistics & Data Analysis, 135, 70-94, 2019.

7.1 Introduction

Beside linear correlations, most dependence measures between two random variables are functions of
the underlying copula only: Spearman’s rho, Kendall’s tau, Blomqvist’s beta, Gini’s measure of asso-
ciation, etc. As a consequence, they are independent of the corresponding margins. This is seen as
a positive point. See Joe [76], Nelsen [106], for instance, and, as a reminder, some basic definitions
in 7.7. Such measures are well-known and widely used by practitioners. When some covariates are
available, natural extensions of these tools can be defined, providing so-called “conditional” measures
of dependence. In theory, it is sufficient to replace copulas by conditional copulas to obtain the “condi-
tional version” of any dependence measure. Surprisingly, this simple and fruitful idea has not yet been
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widely used in the literature. Nonetheless, in a series of papers, Gijbels et al. [63, 64, 65, 61] have
popularized this approach, with a focus on conditional Kendall’s tau and Spearman’s rho. Note that
conditional dependence measures have been invoked in different frameworks, often without any explicit
link with conditional copulas: truncated data (Tsai [136], e.g.), multivariate dynamic models (Jondeau
and Rockinger [78], Almeida and Czado [6], among others), vine structures (So and Yeung [127]), etc.

Now, let us introduce our key dependence measure: for each z € R?, the conditional Kendall’s tau of
a bivariate random vector X := (X3, X») given some covariates Z = z may be defined as

T1,2|Z=2 = ]P((Xz,l —X11) (X2 —X12) > 0’21 =7y = Z) - ]P((Xz,l —X11) (X2 —X12) < 0’21 =7, = Z),

where X; = (X3 1,X1,2) and X, = (X3,1, X2,2) are two independent versions of X. To simplify, we will
assume that the law of X given Z = z is continuous w.r.t. the Lebesgue measure, for every z. This
implies

T1,2|Z=2z = 2IP((X2’1 — Xlﬁl)(XQ’Q — XLQ) > 0|Zl = ZQ = Z) — 1.

A conditional Kendall's tau belongs to the interval [-1,1] and reflects a positive (7 3jz—, > 0) or
negative (7, 3z—, < 0) dependence between X; and X5, given Z = z. Unlike correlations, this measure
has the advantage of being always defined, even if some X, £ = 1,2, has no finite second moments
(when it follows a Cauchy distribution, for example).

Some estimators of conditional Kendall’s tau have already been proposed in the literature, either as
a by-product of the estimation of conditional copulas - see Gijbels et al. [63] and Fermanian and Lopez
[50] - or directly, as in Derumigny and Fermanian [39, 40]. Nonetheless, to the best of our knowledge,
nobody has yet noticed the relationship between conditional Kendall’s tau and classification methods.

Let us explain this simple idea. Denote W := 2 x 1{(X21 — X1,1)(X22 — X1,2) > 0} — 1 and
]P((X271 — Xl,l)(X2,2 — XLQ) > 0|Zl = ZQ = Z) = ]P(W = 1|Zl = Z2 = Z) =: p(Z)

Actually, the prediction of concordance/discordance among pairs of observations (X, Xs) given Z can
be seen as a classification task of such pairs. If a model is able to evaluate the conditional probability of
observing concordant pairs of observations, then it is able to evaluate conditional Kendall’s tau, and the
former quantity is one of the outputs of most classification techniques. Therefore, most classifiers can
potentially be invoked (for example linear classifiers, decision trees, random forests, neural networks
and so on [54]), but applied here to pairs of observations.

Indeed, for every 1 <i,j <n, i # j, define W, ; as

1 if (4,4) is a concordant pair,
W(i,j) =2 X ]1{(Xj71 — Xi)l)(ijg — Xi}g) > O} —1= ) ) . . (71)

—1 if (4,4) is a discordant pair.
A classification technique will allocate a given couple (i, ) into one of the two categories {1, —1} (or
“concordant versus discordant”, equivalently), with a certain probability, given the value of the common

covariate Z.

Section 7.2 introduces a general regression-type approach for the estimation of conditional Kendall’s
tau. Some asymptotic results of consistency and asymptotic normality are stated. In Section 7.3, we ex-
plain how some machine learning techniques can be adapted to deal with our particular framework, and
we detail the corresponding algorithms. A small simulation study compares the small-sample properties
of all these algorithms in Section 7.4. In Section 7.5, these techniques are applied to European stock
market data. We evaluate to what extent the dependence between pairs of European stock indices may
evolve with respect to different covariates. All proofs have been postponed into appendices.



Chapter 7. A classification point-of-view on conditional Kendall’s tau 189

7.2 Regression-type approach

Typically, a regression-type model based on conditional Kendall’s tau may be written as
T1,2|Z=2 = go(Z,B*)7 Vz € Z C Rp, (72)

for some finite dimensional parameter 3* € R” and some function g,. As a particular case, a single-
index approach would be
T1,2|Z=2z = g(,l/)(Z)Tﬁ*)a Vz € Z, (73)

where v : R? — R”" is known, and g may be known (parametric model) or not (semi-parametric model),
as in [39]. In this section, we propose an inference procedure of 5* under (7.3) when the link function
g is analytically known. This procedure will be based on the signs of pairs only, and not on the specific
values of the vectors X;. Then, since inference will be based on the observations of W € {1, -1}, our
model belongs to the family of limited-dependent variable methods. One difficulty will arise from the
pointwise conditioning events Z; = Z; = z, that will necessitate localization techniques. Actually, we
will consider couples of observations X; and X, for which the associate covariates are close to a given
value z. Indeed, the relationship (7.3) does not define the dependence levels between every couple
(Xi,Z;) and (X;,Z;), i # j, but only between those that share the same covariate. If the variables Z
were discrete, we would consider a subset of couples such that Z; = Z;. In our case of continuous
variables Z (see below), the latter event does not occur almost surely, and some smoothing/localization
techniques have to be invoked.

Let K be a p-dimensional kernel and (h,,) be a bandwidth sequence. The bandwidth will simply
be denoted by h and we set K;(z) = K(z/h)/hP. The log-likelihood associated to the observation
(W(i,j)v Zi, Zj) given Z;, = Zj =1zis
(Wi jy,2) = (2”’> log P (W(m-) 1|2, =2; = z>+(2“>> logIP5 (W(Z,j) — 1
In practice, when the underlying law of Z is continuous, there is virtually no couple for which Z; = Z;.
Therefore, we will consider a localized “approximated” log-likelihood, based on (W, ;),Z;, Z;) for all

Zi:Z]’:Z>.

pairs (i,7), ¢ # j. It will be defined as the double sum

1

LalB):= =Dy

Z Kn(Zi = Zj)ls(Wii j), Zi j),
1,J357#]

for any choice of Z,»J» that belongs to a neighborhood of Z; or Z;. We will assume that K is a compactly
supported p-dimensional kernel of order m > 2.

The most obvious choices would be to select Z; ; among {Z;, Z;, (Z; + Z;)/2}. Here, we propose
1

Ln(B) = nin—1) > Kn(Zi — Z3)0s(Wii 5, Zs)
0,31
= ! - — 7 LVV(”]) 1 1 T
- mi%;f“zz Zﬂ{( 5 )log(2+29<¢<zz) ﬁ))

(e Y g (3 - otz ) )

under (7.3). We can therefore derive an estimator of 5* based on the maximization of the latter function,
with a ¢; penalty (Lasso-type estimator), as

f = arg max L, (B) — \ulB1, (7.4)
peR”
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where ), (also simply denoted as \) is a tuning parameter to be chosen. Note that L,,(3) is not really a
likelihood function since the observations (W; ;y, Z;, Z;) for every couple (i, j), i # j, are not mutually
independent.

If K > 0, the objective function is a concave function of s if it satisfies
ag" (t)(1 +dg)(t) < (¢')%(1), V1, (7.5)

for§ € {1,-1}. When g — L,(5) is concave, the penalized criterion above is concave too and the
calculation of 3 can be led in practical terms through convex optimization routines, even with a large
number of regressors (p’ > 1). Since this will be our framework, we will show that (7.5) holds for some
usual classification techniques. When it is not the case, we have to rely on other optimization schemes
and to avoid considering too many regressors.

Moreover, note that, when ¢ is odd (i.e. g(—t) = —g(t)), the estimator simply becomes

R 1 1 1
B = arg max Y p— Z Kn(Z;, —Z;)log (2 + ZQ(W(i,j)’l,[)(Zi)Tﬂ)> — Bl (7.6)
peR” it

The implementation of an algorithm to solve problem (7.4) or its simplified version (7.6) may seem
difficult due to the non-differentiability of the I; norm. Nevertheless, as in the case of the ordinary Lasso,
it can be solved in a very efficient way using the Alternative Direction Method of Multipliers (ADMM)
for general I; minimization, following [24, Section 6.1]. More precisely, assume L, (8) is a concave
and differentiable function of  (this is the case in both Examples 7.1 and 7.2). Then the optimization
task (7.4) can be rewritten as finding the solution (x,z) € R of

minimize f(x) + g(z
fx)+9(z) 7.7)
subjecttox —z =0,
where f(x) := —L,(x) and g(z) := \,|z|;. The solution is given by iterating the following algorithm,

denoting by u € R the dual variable of the problem (7.7) and by p > 0 the step size (similarly to the
usual gradient descent algorithm),

xFtl .= argm)in (f(x) + (p/2)|1x — zF + ukH%),

zk-‘rl = S}\n/p(xk-l-l + uk)7

k+1 k41 k41

u ::uk+x z ,

where for any « > 0, S, is the element-wise soft thresholding operator, i.e. for each component S, (a) :=
(1—k/]a])+ xa, fora # 0, and S, (0) := 0. Note that we have reduced the non-differentiable problem (7.4)
into a sequence of differentiable optimization steps for x, and the computation of the proximal operator
S, for the z-updates. We refer to [110] for a detailed presentation about proximal operators and their
use in optimization. ADMM can also be adapted for large-scale data, using standard libraries and
frameworks for parallel computing such as MPI, MapReduce and Hadoop, see [24] for more details
about the implementation of such methods.

Example 7.1 (Logit). If we choose the Fisher transform g(t) = (¢! — 1)/(e* + 1), then g is odd and the
optimization program becomes

B (= arg max

o (1) Y Kn(Zi = Zj)log (logit(Wi 9 (Zi)" B)) = M1,
peR”

,3517#]
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where the so-called logit link function is defined by logit(x) = e*/(1 + e*). Therefore 3 can be seen
as the maximizer of the log-likelihood of a weighted logistic regression with independent realizations of
an explained variable W ; ;y, given some explanatory variables Z;. On a practical side, when K > 0,
the (-criterion is concave. This allows to use the existing software and optimization routines of logistic
regression without many changes.

Example 7.2 (Probit). Similarly, choosing g(t) = 2®(t) — 1, where ® denotes the cdf of the standard
normal distribution, yieds the equivalent of a (weighted) probit regression. Indeed, this function g is odd,
(7.6) applies in this case and our criterion in (7.4) is concave wrt 3.

Let us assume that a family of models or some statistical procedure allow the calculation of the
functional link g(ey(z)T3) and then p(z), for any z, ¢ € {—1,1} and any given value 3: logit, probit,
regression trees, neural networks, etc. Then, we can estimate the “true” parameter 3* by 3, as given
by (7.4), in practical terms.

Now, we state the asymptotic properties of 3, under the assumption that 5 — L., (3) is concave. To
this goal, we introduce some notation.

For any x and y € R?, denote
p(x,y) :=Pg-((X21 — X1,1)(Xo2 — X12) > 0|Z1 =x,Zy =y).

The latter expectations are calculated when the underlying parameter is assumed to be the true value
B*. Note that p(x) := p(x,x) and 2p(z) — 1 = 7 5)z—,. Moreover, for any x,y and z € R, set

p(x,y,2) :=TPg- (X211 —X11) (X220 —X12) >0,(X31—X11)(X32—X12) >0Zy =%x,Zy =y, Z3 = z).

This is the conditional probability that X;, X5 and X3 are concordant, given their respective covariates.
Denote, forany g € R,

¢(x,y, 8) == p(x,¥)log (4(x, 8)) + (1 = p(x,¥))log (1 — a(x, 8)) , a(x.8) :=1/2+ g(x(x)" B)/2.

Note that ¢(z, 8*) = p(z). Finally, for any real function f and ¢ > 0, denote by f. the function = —
SUDP¢, |z —t|<e |f ()]

Regularity assumption RO: The density fz of Z is assumed to be m-times continuously differentiable.
Moreover, the functions ¢(x, -, 8) and ¢(-, 3) are continuous for any x € Z and any § € R”". To simplify,
(x,y,2) — p(x,y,z) will be continuous on 23.

Theorem 7.3. Under RO, (7.14) and (7.15) in 7.8, if \,, — Ao and n?h? — oo when n — oo, if the
true model is given by (7.3) and 8 — L, (8) is concave, then the solution 3 of (7.4) tends in probability
fowards ** := arg maxg Loo (8) — Aoo| 8|1, Where

Lo(3) = [ 0(2.2.9)f}(2) do.

In particular, when )\, = 0, the estimator 6 tends to arg maxg Lo (8) = 8*, because ¢(z, z, 8) is the
expected log-likelihood associated to W, 5 given Z; = Z, = z. Thus, for every z, the latter quantity is
maximal when g = §*.
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Theorem 7.4. Under the conditions of Theorem 7.3 and some additional conditions of regularity in 7.9
(notably (7.16), (7.17), (7.18) and (7.19)), if n*/2X,, — pu and nh? — oo when n — oo, then n*/2(3 — 5*)
weakly tends to

u” = arg min W(3")u + iuTH(B Ju—p > fukl—p Y sign(By)u,
ucR ki3 =0 i B #0

where W(3*) ~ N'(0,, 55-), Sp- = [ 03b(2,2, °)95(2 2. ) 3 (z) dz and

H(p") = / 02 o d(2. . B f3(2) da.

Remark 7.5. All the previous results and those of the next sections are based on the kernel-weighted
log-likelihood criterion L,,(/3), and then on the choice of the bandwidth h. We have not tried fo find an
“optimal” smoothing parameter h. This task is outside the scope of this paper and is left for further
research. Instead, we have preferred to rely on the usual rule-of-thumb (Scott [122]), even if, strictly
speaking, it is relevant only for kernel estimators of densities. Nonetheless, we have not empirically
found an “excessive sensitivity” of our simulation results w.r.t. h.

7.3 Classification algorithms and conditional Kendall’s tau

In the latter section, we have studied a localized likelihood procedure to estimate 5* under (7.3), when
we can explicitly write (and code) the link function g. This may be seen as a restrictive approach,
because it is far from obvious to guess the right functional form of g. To improve the level of flexibility
of our conditional Kendall's tau model, we recall the estimation of 7, 5, is similar to the evaluation of
IP(W 0 = 1|Z; = Zy = z), i.e. the probability p(z) of classifying the couple (1,2) into one of two
categories (concordant or discordant), given a common value z of their covariates. Formally, the answer
of such a question can be directly yielded by some classification algorithms. This is the topic of this
section. Therefore, instead of estimating an assumed parametric model by penalization, as in (7.4), a
classification algorithm will “automatically” evaluate p(z) by 5(z). An estimator of the conditional Kendall’s
tau will simply be 7y jz—, := 2p(z) — 1.

Now, we show how different classification algorithms can be used and adapted to the estimation
of 71 9/z—, In practice. The first step is to transform the dataset D = (X1, Xi 2, Z;)i=1,...n € (R**P),
called the initial dataset, into an object D, that will be called the dataset of pairs (see Algorithm 7). Each
element of this dataset of pairs is indexed by an integer k& € {1,...,n(n — 1)/2}, which corresponds to
any (unordered) pair (i, j), i # j, of observations in the initial dataset.

For any pair of observations, we compute the associated covariate Z, which is just the average of
the two covariates Z; and Z; (contrary to Section 7.2 where we have chosen Z;). Note that we want Z;
and Z; to be close to each other, so that the pair (i, 7) is relevant. This means that a weight variable V,
is defined for any pair. It is related to the proximity between Z; and Z;. Obviously, if V;, = 0 then the
corresponding pair is not kept, finally. This selection induces also a computational benefit, by reducing
the size of the dataset and the computation time. For example, suppose that n = 4000. Then, up to
around 8 x 10% possible pairs can be constructed but only a small group of them (around 10* or 10°
pairs, typically) will be relevant. The others are pairs for which the covariates are considered too far
apart. Note that, in order to increase the proportion of k£ such that the weight V} is zero, it is sufficient
to use compactly supported kernels. For instance, for any arbitrary p-dimensional kernel K, we can
consider K (z) := vK(z)1{||z]| < 1}, with some normalizing constant v so that [ K = 1.



Chapter 7. A classification point-of-view on conditional Kendall’s tau 193

Algorithm 7: Algorithm for creating the dataset of pairs from the initial dataset.

Input: Initial dataset D = (X1, Xi2, Z:)iz1,..n € (RZP)";
k+0;
fori+ 1to(n—1)do
forj <« (i+1)tondo
Zy +— (Zi+Z;)/2;
Wy, < W, ;) as defined in Equation (7.1) ;
Vi < Kin(Z; — Z;5) ;
k< k+1;
end

end
Define K := {k : V}, > 0} ;
Output: A dataset of pairs D := (Wi, Zy, Vi), € ({~1,1} x R x R+)n(n71)/2-

7.3.1 The case of probit and logit classifiers

With the new dataset D, we can virtually apply any classification method to predict the concordance
value W, of the pair k, given the covariate Z; and the weight V. The logit and probit models yield
some of the oldest and easiest methods in classification. They have straightforward adapted versions
in our case: see Algorithm 8. These weighted penalized GLM procedures are estimated using the R
package ordinallNet [143]. Note that we are still estimating 7 5z—, under the parametric model given
by (7.3). The tuning parameter A can be chosen using a generalization of Algorithm 2 in Derumigny and
Fermanian [39]. The chosen X is the one which minimizes the cross-validation criterion,

N
OV =Y d (2o i s 2o g(w(@) BN Y)).
k=1

where d(-; -) is a distance on a space of bounded functions of z, for example the distance generated by
the L, norm, %f’;)lzz, is an estimator of Kendall’s tau using the dataset D, 5~ is estimated on the
dataset D\ Dy, using the tuning parameter )\, and the initial dataset D has been separated at random in

N subsets Dy, ..., Dy of equal size.

Algorithm 8: Estimation of the conditional Kendall's tau 7, 5 z—, using a logit (resp. probit) regres-
sion.

Input: A dataset of pairs D := (Wi, Zk, Vi), [

Input: A point z € Z, a function 1) and a penalty level \;

Compute the usual weighted penalized logit (resp. probit) estimator 3 on the dataset
(Wi, ¥(Z1.), Vi) pe i With @ tuning parameter X ;

Output: An estimator 7y gz, := (e¥® "% —1)/(e¥®"F 1 1)

(resp. 71 2jz—z = 2¢(¢(Z)TB) —1).

7.3.2 Decision trees and random forests

Now, let us discuss how partition-based methods can be used for the estimation of the conditional
Kendall’s tau. Strictly speaking, such techniques are parametric: the relationship (7.2) implicitly applies,
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but for some complex untractable function g. And the parameter 5* is related to some covariate thresh-
olds, typically. Nonetheless, a classical decision tree can be directly trained on the weighted dataset D.
We use the R package tree by Ripley [117], following Breiman et al. [25]. Therefore, the application
of decision trees to our framework is straightforward, and does not require any special adaptation, con-
trary to random forests. And the tree procedure allows the calculation of the probability of observing a
concordant pair, given any common value of Z.

In a classical classification setting, random forests are techniques of aggregation of decision trees
that are built on a subset of samples and subsets of variables. More precisely, a typical random forest
algorithm is the following: sample 80% of the rows of the dataset (without replacement), and 80% of the
explanatory variables; estimate a tree on this, and repeat this procedure a certain number of times, with
different sub-samples every time. In our framework, it is not clear at which level subsampling should
take place.

The easiest solution would be to directly plug-in the dataset of pairs D into a classical random forest
algorithm, but it does not obviously lead to the best solution. For comparison, we detail this solution in
Algorithm 9. We propose now an improvement on Algorithm 9. Indeed, noting that aggregation of trees
is useless if all trees are identical, it seems that the more variability in the input of the trees, the better.
Following this idea, we have noticed that the observations in the dataset of pairs are not independent.
Influence of this lack of independence is discussed in a general setting in Section 7.3.5. For example,
the pair (1, 2) is usually not independent of the pair (1, 3), because they both share the first observation
(X1,1,X1,2,Z1). Therefore, to increase the diversity of inputs in the different trees, we suggest to lead a
first sampling S; on the initial dataset, and then to build a dataset of pairs on the sampled observations
Dj := (Xin, Xi2,Zi),c s, (see Algorithm 10). As a matter of fact, if for example the first observation does
not belong to the samplé §;, then the dataset D; and the estimated tree 7 ; become both independent
of this first observation (X 1, X1,2,Z;). This independence property makes the trees less dependent,
and significantly improves the performance in our results compared to the original Algorithm 9.

Algorithm 9: Random forests un-adapted for the estimation of the conditional Kendall’s tau
Input: Initial dataset D = (X1, X; 2, Z;)iz1,...n € (R*TP)";
Compute the dataset of pairs D using Algorithm 7 on D ;
for j « 1to Ny doO
Sample asetS; C {1,...,n(n — 1)/2} without replacement ;
Compute the dataset of pairs D; = (Wy, Zy, Vi)kes, Using observations from D:

Sample a set S;- c {1,...,p'} without replacement ;
Estimate a classification tree 7 ; on the dataset (W, (W(Zk))zeS’ Vi)res, s
4 j J

end

Output: An estimator 7, 1z := N;.2, SN T5().
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Algorithm 10: Random forests adapted for the estimation of the conditional Kendall’s tau
Input: Initial dataset D = (X; 1, X; 2, Z;)i=1,...n € (R*P)";
for j «+ 1to Ny... dO
Sample a set S; C {1,...,n} without replacement ;
Dj + (Xi,1>Xi,27Zi)i68j ;
Compute the dataset of pairs D; = (W}, Zy, Vi)kekc, Using Algorithm 7 on D, providing K ;

Sample a set S} c {1,...,p'} without replacement ;
Estimate a classification tree 7; on the dataset (W, (wl(Zk))zeS’w Vi) wekC, s
j J

end

Output: An estimator 71 ojz_. 1= Nyl S35 T5().

7.3.3 Nearest neighbors

The nearest neighbors also provide a very popular classification algorithm and can be directly used
on the dataset D (see Algorithm 11). Here, we no longer assume (7.3) or even (7.2), and we live
in a nonparametric framework. A pretty difficult problem is to choose a convenient number of nearest
neighbors. As usual in nonparametric statistics, we must find a compromise between variance (tendancy
to undersmooth, i.e. to choose a too small N) and bias (tendancy to oversmooth, i.e. to choose a too
big N). Moreover, in our case, with n(n — 1)/2 possible pairs, choosing a right value for N can be
challenging. Indeed, in the usual (i.i.d.) nearest neighbor framework, the asymptotically optimal N is a
power of the sample size. Here, this is different because there are three potential sample sizes: n, if
we consider there are fundamentally n sources of randomness, n(n — 1)/2 by considering that the new
sample has a cardinality equal to the number of pairs, or even |K| that is random and depends on h.
Thus, our problem is to choose a “relevant formula” for N based on the “convenient” sample size.

Algorithm 11: Estimation of the conditional Kendall's tau 7, »/z—, using nearest neighbors.

Input: A dataset of pairs D := (Wi, Zi, Vi),

Input: A point z € Z, a number N of nearest neighbors and a distance d on R? ;
K, « arg HlinEc/C,\E\:N (Zkeg d("/’(z)v"/’(zk))) ;

Output: An estimator ﬂ(gfzﬂ = (Xperc, VW) / Yorerc, Vi

In applications, one might not be interested in the value of the conditional Kendall’s tau at only one
point, but also in the whole function z > 7, 5z—,. The goodness of this estimation is linked to the
underlying density fz of Z: the estimation can be made more precise in regions where fz is high,
allowing to use a higher number of neighbors with close covariates. At the opposite, in some regions
where fz is low, a smaller N should be used. Note that, in general, fz is unknown and its estimation
may be difficult as well, due to the curse of dimensionality. Therefore, it is highly desirable to build a local
number of neighbors N (z). Such a local choice N (z) will help to avoid both under- and over-smoothing
in all parts of the space 2.

Cross-validation techniques are widely use for the choice of tuning parameters, but might not be here
the best solution as one would like to find a local choice of N. This problem has similarities with classical
non-parametric regression. We propose to use a procedure inspired by Lepski’'s method for choosing
the bandwidth [95], once adapted to our setting. Lepski’s method is built on a simple principle: when two
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non-parametric estimators are close, the best is the smoothest. When two non-parametric estimators
are far apart, the best is the least smooth. Let (Z;);cz be a partition of Z. The goal will be to choose
the best estimator on each Z;, which corresponds to the choice of a local number of nearest neighbors
N;. This procedure is called “local” since the diameters of the Z; will be small. For example, if p =1
and Z is a bounded interval then the Z; can be chosen as small intervals. We denote by /' C N the
finite set of possible numbers of neighbors. Following Lepski’s approach, we choose A as a geometric
progression, i.e. N' = {|a; x ab], i =1,...,%imas} fOr some constants a,as > 0, where |z | denotes the
integer part of a real .

To measure how far the estimators are from each other, we introduce a distance d;, i € Z. As
our estimators of conditional Kendall’s tau are bounded (between —1 and 1) and measurable, several
choices are possible. In applications, we will use

1 Jmax

o\ 1/2
it = ( (F(a1) = awig /M) ) mine B € 2 7.9

e 22 |
where M is a normalization factor independent of ¢ and the subsets z; 1, .. ., z; ;,... are arbitrarily chosen
inZ;,i=1,...,%mae. We willuse M = (max—min){f'l(g‘)zzz,]\f € N,z € Z}. Indeed, in the classical
nonparametric regression model Y = f(X)+e¢, with an unknown function f, M should be replaced by the
standard deviation of the noise <. In our case, we can define a (pseudo-)noise &, n := %ffgl)zzz —T1,2|Z=2
but it is unknown in practice and its distribution is complicated. Therefore M serves as a proxy of the
amplitude of the variations in the estimated conditional Kendall’s tau. This normalization by M ensures

a kind of adaptativity of the estimation.

Algorithm 12: Lepski’s method for a local choice of the number of nearest neighbors, and the
corresponding estimator of the conditional Kendall’s tau.

Input: A set A/ C N of possible numbers of nearest neighbors and the corresponding estimates
~(N)
T1,2|Z=

Input: A partition (£;);cz of Z and a distance d; on a space of bounded measurable real
functions defined on Z;, for every i € 7;
foreach i € 7 do

_given by Algorithm 11, for all N € A/;

e {N eN:d; (ﬂ(ﬁfz:. , %gl';:_) < A\/(1/N") log(max(N)/N'),¥N' € N1, N]} . (7.9)
i < max(S;);

end
Output: An estimator z — 71 yz— = > ;e 1{z € Z:}7{5) .

We have observed that the sensitivity to A/ is not too large, if it is chosen in a reasonable way, for
example between 5 or 10 possibilities. When Z is univariate, a simple partition (Z,);cz can be given by
the deciles of Z. We choose A = 1 for simplicity since we believe there is no procedure for choosing
it. A statistician who would like to play with the smoothness of the result is free to adjust the constant
A, using an expert knowledge of the situation. Finally, the z; ; can be chosen as quantiles of Z, or as a
regular grid on each Z;.
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7.3.4 Neural networks

Nowadays, neural networks have become very popular with a wide range of applications. In classification
problems, a neural network can be seen as an estimator that depends on some parameters, but in a
very flexible and complex way. For every input z, it yields the probability of belonging to any class. In our
framework, we will train a network on the dataset of pairs D. It is well-known that most neural networks
do not induce convex programs, and the outputs therefore depend on some initial parameter values.
One strategy is to independently train networks with different starting parameter values, that may be
randomly chosen, for example.

This method of using independent estimators (conditionally on the initial sample D) and then aggre-
gating them is related to the random forest approach of the previous section and the discussion therein.
Therefore, the same techniques are relevant and we have noticed an improvement in terms of perfor-
mance by using an adapted version of Algorithm 10. More precisely, we fix a number of neural networks.
For each neural network, we sample without replacement a part of the initial dataset from which the cor-
responding dataset of pairs is constructed and used as a training set. In order to improve stability, we
aggregate the predictions of the different neural networks by using their median as the final predicted
Kendall’s tau. There is a trade-off between computation time and accuracy: a larger number of networks
should improve the accuracy while taking obviously a longer time to be trained. The precise choice of
the best architecture of the network is a complicated task, which is left for future research. As we are
looking for functions z — 7, 5z—, Which are smooth almost everywhere and easy to interpret in appli-
cations, we choose a simple architecture with N,,...; = 10 neural networks, each having a single hidden
layer of 3 neurons. Besides, bigger networks seem to deteriorate the performance of this estimator, see
Section 7.4.6.

Algorithm 13: Neural networks with median bagging, adapted for the estimation of the conditional
Kendall’s tau
Input: Initial dataset D = (X1, Xi2, Zi)iz1,..n € (RZP)";
for j + 110 N, dO
Sample asetS; C {1,...,n} without replacement ;
Dj + (Xi717Xi,27Zi)i€8j ;
Compute the dataset of pairs D; = (Wy, Zy, Vie)gec, Using Algorithm 7 on D, providing K ;

Estimate a neural net 91, on the dataset (Wj, ¥ (Zs), Vk)ke]cj ;
end
Output: An estimator 7y jz—. := Median{M;(:),j = 1,..., Npnet }-

7.3.5 Lack of independence and its influence on the proposed algorithms

The machine learning methods that are discussed in this section were all designed for i.i.d. data. But
it is easy to see that some observations in the dataset of pairs D will not be independent. Indeed,
assume that the observations in the original dataset (X; 1, X; 2, Z;)i=1,... » are i.i.d., to simplify. The pair
(i = 1,7 = 2) and the pair (i = 1, 7 = 3) both involve the first observation (X} 1, X1.2,Z;), and therefore
are not independent. This is a theoretical problem, but numerical results in Section 7.4 show that this
does not often seem to be a problem in practice.
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As far as the logit and probit are concerned, it was proved in the previous Section 7.2 that they are
related to a family of estimators that can use D “as is”. They yield consistent and asymptotically normal
estimates, nonetheless, if the specification is correct. It is likely that the other methods presented here
enjoy similar properties and are also largely unaffected by dependence between pairs. Note that, if all
observations in D are identically distributed, then the observations in D are identically distributed as well.
This is favourable to our methods.

Concerning the dependence inside D, we will show that it is not too strong. For example, the pairs
(1,2) and (1, 3) are not independent, but the pairs (1,2) and (3,4) are indeed independent. This means
that there is still “a large proportion of” independence left in D. Formally, if two distinct pairs are randomly
chosen in D, the probability that they are really independent is high. Indeed, there are N, := n(n —
1)(n(n — 1) — 2)/8 couples of distinct pairs. Beside, the number N,,, of couples of pairs which are
independent is N;,q := n(n — 1)(n — 2)(n — 3)/8. The factor 1/8 appears in both N;,; and N, since
we can always switch the two observations in the first pair, in the second pair, and switch the two pairs
(every 4-tuple is counted 23 = 8 times). It is easy to see that N;,q/Niot = 1 — O(1/n) as n — oo.

This means that the pairs are “almost all” independent from each other, as n — oo. In other words, the
dependence between two pairs become negligible with averages. That is the reason why the machine
learning methods used will perform well if the original dataset D is large enough. If the original dataset
D is not i.i.d., for example as observations of a time series, we conjecture that such methods will work
in a similar way as long as dependence is not too strong, for example if the data-generating process
satisfies some usual assumptions, see Remark 7.6.

Whenever bootstrap, subsetting, resampling, or cross-validation is led on these classification-based
estimators, we advise to perform them on the original dataset D rather than on the dataset of pairs D, as
we did in Sections 7.3.1, 7.3.2 and 7.3.4. This seems to yield a good improvement in performance. An
example is given by the difference between Algorithms 9 and 10. This can be simply summed up as “do
the resampling on the original dataset D, not on the transformed dataset D”. Nevertheless, a complete
study and justification of this general principle is beyond the scope of this paper and is left for future
work.

7.4 Simulation study

In this section, we have studied the relative performances of our estimators by simulation. For a given
model and a given method of estimation, we sample 100 different experiments, and estimate the model
for each sample. We fix the sample size as n = 3000. We remark that, for a given dimension p > 0
of Z and a given support Z of Z, we have different “blocks” of the model which can be chosen in an
independent way:

(i) the law Pz of Z,
(i) the function z € Z = 7y 5)z—s,

(iii) the (conditional) copula family (Cr)-c(,1) Of (Cr)re(-1,1) Of (X1,X2)|Z = z, indexed by its con-
ditional Kendall’s tau - for example the Gaussian, Student, Clayton, Gumbel, etc, copula families.
Such a family can also depend on Z: for example, think of a Student copula with varying degrees
of freedom -,

(iv) the conditional margins X;|Z and X5|Z,
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(v) the choice of the functions 1);, fori =1,...,p/,
(vi) the choice of the estimator 7| 3z_..

Our so-called “reference setting” will be defined as p = 1, 2 = [0,1] and (i) Pz = U1} ; (ii)
T1,2)12=2 = 32(1 — 2) ; (iii) (Cr)r¢(0,1) is the Gaussian Copula family ; (iv) Px,|z—. = Px,|z=. = N (z,1).
For each tested model, the performance of the estimator will be evaluated by the mean integrated ¢
error. With obvious notation, it will be estimated as

simu Npoints

N S 2 (%) 2
Err =1 |:/Z(7-1,2|Z_z —7'1,2|z:z) dz stmuNpomts Z ; 12| Z=a() TI)Q‘ZZZ(,’)) , (7.10)

i=1

where Ny, Npoints are positive integers, z(1, ..., z(Nreine<) are fixed points in Z, and 7’ 2\z L isthe
estimated conditional Kendall’s tau at point z(?) tralned on data from the i-th simulation. We choose
Ngimy = 100 experiments, and in this reference setting, the integral is discretized with Npg;n:s := 100

equispaced points on the segment [0.01,0.99], to avoid numerical problems at the boundaries.

In the following simulations, “logit” and “probit” refer to Algorithm 8. “Tree” refers to the applica-
tion of the method tree () of package tree by Ripley [117] on the dataset D produced by Algorithm 7.
“Random forests” refers to Algorithm 10. “Nearest neighbors” refers to the adapted version using Algo-
rithm 11, once aggregated using Algorithm 12. Finally “Neural networks” refers to Algorithm 13. Such
specifications are now part of our “reference setting”.

7.4.1 Choice of the functions {¢;},i =1,...,p.

We consider six different choices of 4, that are
1. No transformation, i.e. ¥{" () = z.
2. Polynomials of degree lower than 4: ¢{? (z) = 2=7+1(z — 0.5)i" fori =1,...,5.
3. Polynomials of degree lower than 10: ¢* (z) = 2=7*+1(z — 0.5) " fori = 1,...,11.

4. Fourier basis of order 2 with an intercept: w§4)(z) =1, wé‘i‘)( ) = cos(2miz) and %Hl( z) = sin(2miz)
fori=1,2.

5. Fourier basis of order 5 with an intercept: ¢\”) (2) = 1, ¥:5?) (2) = cos(2miz) and 32 | (2) = sin(2miz)
fori=1,...,5.

6. Concatenation of ¥»(?) and (%), which will be denoted by (%),

For each of the choices of ¥ above, and each estimator, we compute the criterion (7.10). The results
are displayed in the following Table 7.1.

With the choice of (%), logit and probit methods provide the best results. This good performance
deteriorates with other choices of v, especially when the model is misspecified. Neural networks pro-
vide the best results with 11, and their performance declines when further transformations of z are
introduced in +. Nearest neighbors have nearly the best behavior with »(*), and it does not seem that
other transformations can significantly increase its performance. On the contrary, for trees and random
forests, it seems that bigger families v can yield improvements over ().

From now on, we will choose (%) for the methods logit, probit, tree and random forests. Indeed,
for these methods, this choice of v yields nearly the lowest error criterion and presents the advantages
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Chosen 1  Logit Probit Tree Random forests Nearest neighbors Neural network
p ) 48.1 48.1 7.5 4.89 2.26 0.561
) 0.721 0.554 4.28 3.28 2.26 1.32
) 0663 0528  4.13 3.41 2.23 1.73
p®) 1.41 1.45 4.73 14.2 2.72 1.74
p(®) 1.05 1.06 4.76 10.3 2.79 2.67
(6 0.456 0.434 4.57 3.15 2.64 3.87

Table 7.1: Error criterion (7.10) for each choice of ¢» and each method, multiplied by 1000.

of proposing various shapes, which will help to combine the performances of both polynomials and

oscillating functions. On the contrary, for the methods nearest neighbors and neural networks, we
choose (1) as adding new functions does not seem to increase the performance of both of these
methods. Figure 7.1 displays a comparison of the different methods on a typical simulated sample.

7.4.2 Comparing different copulas families

Now, we keep the reference setting and we change only its part (iii), i.e. the functional form of the
conditional copula. The results are displayed in Table 7.3. We observe that such choice of a paramet-

ric copula families has nearly no effect on the performance of the estimators. Nonetheless, with the
Student copula (either with fixed or variable degrees of freedom), most estimators have slightly worse
performances than with other copulas. This can be explained by the fact that this copula allows asymp-

totic dependence, i.e. a strong tail association.

Copula family Logit Probit Tree Random Nearest Neural

forests neighbors network
Gaussian 0.456 0.434 4.57 3.15 2.26 0.561
Student 4 df 0.549 0.515 4.54 3.28 2.87 0.753
Student (2 +1/z) df  0.531 0.518 4.66 3.23 2.82 0.805
Clayton 0.498 0.472 4.52 3.36 2.67 0.742
Gumbel 0.45 0.431 4.56 3.23 2.66 0.775
Frank 0.448 0.42 4.5 3.28 2.13 0.615

Table 7.3: Error criterion (7.10) for each copula family and each method, multiplied by 1000.

7.4.3 Comparing different conditional margins

In this subsection, we still start from the reference setting and we change only its part (iv), i.e. the
functional form of the conditional margins (X;|Z) and (X2|Z). We consider the following alternatives:

1. Px,|z=. = Px,|z=. = N(z,1) (as in the reference case).

2. Px,|z—. = N(cos(1072),1) ; IPx, z—. = N(z,1). The idea is to make X, oscillate fast enough so
that the algorithms will have difficulties to localize concordant and discordant pairs ;

3. Px,|z=- = Exp(|z|) ; IPx, z=- = U, .41)- This choice allows to see how estimation is affected by

changes in the conditional support of (X, X5) given Z = z ;
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Figure 7.1: An example of the estimation of the conditional Kendall’s tau using different estimation
methods (see Table 7.2 below). The black dash-dotted curve is the true conditional Kendall’s tau that
has been used in the simulation experiment.

Method Logit Probit Tree Random Nearest Neural

forests neighbors network

Algorithm  Algorithm 8  Algorithm 8 tree() of [117] Algorithm 10  Algorithms 11-12  Algorithm 13

Color orange red blue green purple black

Table 7.2: Summary of available estimation methods for the estimation of the conditional Kendall’s tau
and corresponding algorithm and curve color.

For each estimator, we state in the second line of the above table the algorithm used to compute it, and
in the third line the color of the corresponding curve on Figures 7.1 to 7.13. For example, the estimator
“probit” is computed using Algorithm 8 and corresponds to the red curves.
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4. Px,z—. = N(0, 22 ; Py, z—. = U, - Then, we will see how estimation is affected by changes
in the conditional variance of (X1, X») given Z = z.

Setting  Logit Probit Tree Random forests Nearest neighbors Neural network

1. 0.456 0.434 4.57 3.15 2.26 0.561
2. 0.809 0.818 4.65 3.72 2.65 0.838
3. 1.15 1.12 5.29 4.21 3.57 1.32
4. 0.493 0.471 4.43 3.44 2.54 0.662

Table 7.4: Error criterion (7.10) for each choice of conditional margins and each method, multiplied by
1000.

In a similar way as in the previous section, the results of these experiments, as displayed in Table
7.4 show that changes in terms of conditional marginal distributions generally have a mild impact on the
overall performance of the estimators. Moreover, such changes have no effect on the ranking between
estimators: the logit and probit methods are always the best, followed by the neural networks, the
nearest neighbors, and the random forests are behind (in this order). The estimator Tree shows the
lowest performance, but note that it also has the lowest computation time.

7.4.4 Comparing different forms for the conditional Kendall’s tau

In this part, we keep the reference setting, but we change only its part (ii), i.e. the functional form of the
conditional Kendall’s tau itself. We consider the following choices:

1. fi(z) :=0.9—-081{z > 0.5},

2. fo(2) == 32(1 - 2),

3. f3(2) == 0.5+ 0.4sin(4r2),

4. fu(2) :== 0.1+ 1.621{z < 0.5} + 1.6(z — 0.5)1{u > 0.5}.

The results are presented in Table 7.5. If the estimated model is close to be well-specified, the best
methods are parametric, i.e. the logit and probit regressions. In all the other cases, neural networks
seem to perform very well. There appears a compromise between a minimization of the error and
a minimization of the computation time. We refer to Table 7.8 for a quantitative comparison of the
performance of such methods in terms of computation time as a function of the sample size n.

Setting  Logit Probit Tree Random forests Nearest neighbors Neural network

f 11.2 11.6 412 4.03 3.89 1.48
fa 0.456 0.434 4.57 3.15 2.26 0.561
f3 3.77 3.22 5.95 4.76 2.35 2.17
fa 12.8 12.8 16.8 10 3.71 1.97

Table 7.5: Error criterion (7.10) for different Kendall’s tau models and each estimation method, multiplied
by 1000.
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7.4.5 Higher dimensional settings

In the previous sections, we had chosen a univariate vector Z, i.e. p = 1. Since this may sound a bit
restrictive, we would like to obtain some finite-sample results in dimension p = 2. Note that the latter
dimension cannot be too high because of the curse of dimensionality linked with the necessary kernel
smoothing (done in Algorithm 7 when creating the dataset of pairs). We also choose a simple dictionary
1 of functions, which consists of the two projections on the coordinates of Z. The performance of the
estimators is still be assessed by the approximate error criterion (7.10). The corresponding z/) are
chosen as a grid of 400 points equispaced on the square [0.01,0.99].

In this framework, we first choose block (iii) of the model : the conditional copula of X; and X, given
Z will be Gaussian, and block (iv) : Py, |z—, = IPx,jz—, = N(z1,1). We will try different combinations
for the remaining blocks (i) and (ii), as described as follows:

(1) Z1 ~ N(0,1), Zy ~ U|_1 1), and the copula of (Z1, Z) is Gaussian with a Kendall’'s tau equal to
0.5. Moreover, 7y 2z—, = 22 tanh(z1). This model is interesting because the function z — 7| 57—,
will be far away from a linear function of v)(z), and machine learning techniques should work better
than logistic/probit regressions.

(2) We keep the same model as previously, but by setting g(71 2jz—,) = 21 + 22, using the function g in
Example 7.1 so that we recover the parametric setting of Section 7.2.

(3) Z1 ~ Exp(1), Z, ~ N(0,1) and both variables are independent. Set 7 5jz—, = exp(—z1|22]).
Again, we have a misspecified nonlinear model that is far away from logit/probit models.

The results are given in Table 7.6. With the exception of the well-specified setting (2), the logit model
performs worse than non-parametric methods. In all these settings, neural networks show better per-
formances than all other methods, followed by nearest neighbors and tree-based methods. Finally,
parametric methods are the worst, especially under misspecification of the model.

Setting  Logit Probit Tree Random forests Nearest neighbors Neural network

(1) 35.5 355  9.63 11.7 6.72 2.21
) 0.433 0.681  10.9 5.85 4.33 0.848
(3) 17.8 172 572 9.79 1.84 1.36

Table 7.6: Error criterion (7.10) for each setting with 2-dimensional Z random vectors and each method,
multiplied by 1000.

7.4.6 Choice of the number of neurons in the one-dimensional reference setting

We consider networks with different numbers of neurons, and study their performance, both statistically
and computationally. The results are displayed in the following Table 7.7. We observe that increasing
the number of neurons only seems to deteriorate the performance of the method.

7.4.7 Influence of the sample size n

In our one-dimensional reference setting, we fix all the parameters except n. For a grid of values of n
we evaluate the performance of our estimators.
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Number of neurons 3 5 10 30
Criteria 0.561 0.808 1.47 1.45
Time (s) 234 429 607 5.29e+03

Table 7.7: Error criterion (7.10) multiplied by 1000, and average computation time in seconds for each
architecture of the neural networks.

Logit Probit Tree Random Nearest Neural
forests neighbors network
Criteria 1.58 1.52 5.85 4.45 4.01 2.01
n = 1000
Time (s) 59.6 156 0.215 8.11 5.04 30.6
Criteria  0.666 0.64 4.9 3.39 2.95 1.79
n = 2000
Time (s) 192 489 0.99 35.9 17.1 85.3
Criteria  0.456 0.434 4.57 3.15 2.26 0.561
n = 3000
Time (s) 414 1010 2.37 87 36.9 234
Criteria  0.275 0.253 3.77 3.05 1.69 0.791
n = 5000
Time (s) 957 2420 6.37 218 111 461
Criteria 0.22 0.204 3.6 3.39 1.27 0.225
n = 8000
Time (s) 2178 5480 15.2 499 290 1268

Table 7.8: Error criterion (7.10) multiplied by 1000 and computation time in seconds for each method and
each choice of n.

We observe that, for most methods, the computation time increases and the error criterion decreases
when the sample size increases. We note that the number of pairs is O(n(n—1)) (at most) and, therefore,
the computation time should increase as O(n?), which is coherent with the results of Table 7.8. The
relative order of the performances does not seem to change with the sample size n: the same methods
are the best ones with small or large n. Note that we have not tried to find an “optimal” fine-tuning of the
parameters for each method and each choice of n. Indeed, finding optimal choices of tuning parameters
is not an easy task (in a theoretical and practical sense). More accurate analysis are left for future
research.

7.4.8 Influence of the lack of independence

In Section 7.3.5, we explain some theoretical considerations about the lack of independence in the
dataset D and some consequences. The following simulation experiment complements this analysis
with some empirical results.

Indeed, using Algorithm 7, we note that pairs of observations are not independent, and therefore, the
elements of the dataset of pairs D are not independent from each other in general. This could damage
the performance of our methods, compared to a situation where all elements would be independent. We
now consider such a situation, in order to compare the performance of the methods in both cases. Note
that the cardinality of D is n(n — 1) /2. Therefore, we will compare the two following settings:

1. Reference situation: fix n = 3000, simulate n independent copies D,, := (X;1,Xi2,Z;)i=1,..n

9
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construct the dataset of pairs D,, using Algorithm 7. Use the estimators on the training set D,,.

2. Independent situation: fix n = 3000, simulate n(n — 1) ~ 9,000, 000 independent copies D, (,—1) :=
(Xi1,Xi2,2Z;)i—1,.. n(n—1)- Create the dataset of consecutive pairs ﬁl(n,l) on this sample using
Algorithm 14. This means that we use only consecutive pairs, i.e. (1,2), (3,4), (5,6), and so on.
Use the estimators on the training set 5n(n_1)-

Algorithm 14: Algorithm for creating the dataset of consecutive pairs from the initial dataset.

Input: Initial dataset D = (X1, Xi.2,Z:)iz1,...n € (R*P)";
for k + 1to |n]/2do
1,] + 2k —1,2k ;
Zy «— (Zi +2Z;)/2;
Wy, < W, ;) as defined in Equation (7.1) ;
Vi < Kin(Z; - Z;) ;
end
Define K :={k: V}, > 0} ;
Output: A dataset of pairs D := (W, Zk7Vk)ke/C € ({-1,1} xRP x R+)L"J/2.

Note that, by construction, the cardinalities of fn(n,l) and D,, are the same, i.e. both have exactly
n(n—1)/2 pairs. This is the reason why we chose to simulate n(n—1) points in the independent situation,
so that these two numbers of pairs can match. Note that the elements in D are independent from each
other by construction while some elements in D may not be independent from each other in general. We
can now compare the performances of the estimators trained on ﬁl(n,l) and on D,, using the criterion
(7.10). Some results are given in Table 7.9. Note that the simulation of the each (X; 1, X, 2,Z;) is still
made under the previous one-dimensional “reference setting”.

Logit Probit Tree Random Nearest Neural
forests neighbors network
Independent 0.127 0.114 3.02 2.52 0.12 0.0363
Not independent  0.456 0.434 4.57 3.15 2.26 0.561

Table 7.9: Error criterion (7.10) multiplied by 1000 for each method and each situation. “Independent”
means the independent situation with 5n(n_1), and “Not independent” means the reference situation
with D,,.

As expected, all estimators show a better performance in the independent situation. Nonetheless,
the independent situation has been simulated using n(n — 1) ~ 9,000, 000 points whereas the reference
situation uses only n = 3,000 points. Even if the numbers of pairs in both experiments are the same, the
sample size of the dataset was much larger in the independent situation. This means that there is more
information available, and explains also why the independent situation has a better performance: it just
uses more data. Such a huge sample may not be available in practice though.

Nevertheless, the original procedure costs O(n?), which can be large for very large values of n. In
this case, it is always to possible to restrict oneself to consecutive pairs, with a cost of only O(n). Such
a procedure is possible if the dataset is very large and Algorithm 14 can be seen as an alternative
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to Algorithm 7 where only consecutive pairs are used. This would lower the computation cost at the
expense of precision.

7.5 Applications to financial data

In this section, we study the changes of the conditional dependence between the daily returns of MSCI
stock indices during two periods: the European debt crisis (from 18 March 2009 to 26 August 2012)
and the after-crisis period (26 August 2012 to 2 March 2018). We will consider the couples (Germany,
France), (Germany, Denmark), (Germany, Greece), respectively denoted by (X7, X5), (X1, X3), (X1, X4).

We will separately consider two choices of conditioning variables Z:

e a proxy variable for the intraday volatility o := (High — Low)/Close, where High denotes the
maximum daily value of the Eurostoxx index, Low denotes its minimum and Close is the index
value at the end of the corresponding trading day.

e aproxy of so-called “implied volatility moves” Ac”. It will record the daily variations of the EuroStoxx
50 Volatility Index, whose quotes are available at https://www.stoxx.com/index-details?symbol=
V2TX: Aol := V2T X (i) — V2T X (i — 1) for each trading day i. The EuroStoxx 50 Volatility Index
V2T X measures the levels of future volatility, as anticipated by the market through option prices.

Note that, for a given couple, the levels of the estimated conditional Kendall’s tau are different (in
general) for different conditioning variables. Indeed, the unconditional Kendall’'s tau 7 2, the average
conditional Kendall’s tau with respect to o, which is IE, [ 2|, ] and the average conditional Kendall’s tau
with respect to Ac’, which is IEx 1 [71 2/a,1 ] have no reason to be equal.

Both conditioning variables o and Ac’ are of dimension 1. For each method and each conditioning
variable, we will use the “best” choice of v as determined from the simulations in Section 7.4.1, that
is (%) for the methods logit, probit, tree and random forests and (1) for the methods Nearest neigh-
bors and neural networks. On the following figures, the matching between colors and corresponding
estimators still follows Table 7.2.

Remark 7.6. It is well-known that sequences of asset returns are not i.i.d. In particular, their volatilities
are time-dependent, as in GARCH-type or stochastic volatility models. Moreover, the tail behavior of
their distributions is significantly varying, due to some periods of market stress. Several families of
models (switching regime models, jumps, etc) have tried to capture such stylized facts. We conjecture
that such temporal dependencies will not affect our results too much. Indeed, dependence will be
mitigated by considering all possible couples of random vectors, independently of their dates. It is
easy to go one step beyond, for instance by keeping only the couples of returns indexed by i and j when
|i—j| > m, for some “reasonably chosen” threshold m (m = 20, e.g.). In every case, it is highly likely that
our inference procedures are still consistent and asymptotically normal, for most types of dependence
between successive observations (mixing processes, weak dependence, m-dependence, mixingales,
etc), even if the asymptotic variances are different from ours.

7.5.1 Conditional dependence with respect to the Eurostoxx’s volatility proxy o

We will first consider the conditioning events given by o, the proxy variable for the market intraday volatil-
ity. The results are displayed on Figures 7.2 to 7.7. Intuitively, dependence should tend to increase with
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market volatility: when “bad news” are announced, they are source of stress for most dealers, especially
inside the Eurozone that brings together economically connected countries. This phenomenon should
be particularly sensitive during the European debt crisis, because a lot of such “bad news” were related
to the Eurozone itself (economic/financial news of public debts in several European countries). Let us
see whether this is the case.

On most figures, the estimated conditional Kendall's tau seems to exhibit some kind of concavity.
The behavior of these functions can be roughly broken down into two main regimes:

1. The “moderate” volatility regime (also called the “normal regime”) in the sense that the volatility
stay mild, say in the lower half of its range. In this normal regime, conditional Kendall’s tau is an
increasing function of volatility. This is coherent with most empirical research where it is shown
that dependence increases with volatility.

2. The high volatility regime: this is a “stressed regime” where o lies in the upper half of its range. In
this less frequent regime, the influence of the European volatility o on the conditional Kendall’s tau
appears to be less clear: the estimators become more “fluctuating” and more different from each
other, as a consequence of the small number of observations in most stressed regimes.

During the European debt crisis (see Figures 7.2, 7.4 and 7.6), the three couples seem to exhibit the
same shape of conditional dependence with respect to o, even if their average levels are different. These
similarities can be a little bit surprising considering that the economic situations of the corresponding
countries are different. It can be conjectured that the heterogeneity in the “mean” levels of conditional
dependence is sufficient to reflect this diversity of situations. In this perspective, the increasing pattern
of conditional dependence w.r.t. the “volatility” would be a pure characteristic of that period, regardless
of the chosen pair of European countries. Indeed, we have observed this pattern for most couples of
European countries in the Eurozone. An explanation might be that investors were focusing on the same
international news, for example, about the future of the Eurozone, and, therefore, they were reacting in
a similar way, irrespective of the country.

For each couple of countries, conditional Kendall’s tau is nearly always lower during the After-crisis
period than during the European debt crisis. Apparently, in the After-crisis period, factors and events
that are specific to each country attract more attention from investors than during the crisis, which results
in lower dependence. In this context, the shapes of conditional dependence are no longer similar for
different couples. In particular, the conditional Kendall's tau between German and French returns show a
significant increase during the low volatility regime and a decrease during the high volatility regime: see
Figure 7.3. The conditional dependence between the German and the Danish returns is also increasing
during the low volatility regime, but in the high volatility, their conditional Kendall's tau seems to be
rather constant, even increasing according to the nearest neighbors and the neural networks estimators.
Concerning Figure 7.7, we do not seem any clear tendency. It is likely that o has almost no impact on
the conditional dependence between the German and Greek stock index returns.

7.5.2 Conditional dependence with respect to the variations As’ of the Eu-
rostoxx’s implied volatility index

The implied volatility is computed using option prices. In this sense, this financial quantity reflects
investors’ anticipation of future uncertainty. When important events happen, investors most often update
their anticipations, which results in a change of implied volatilities. This change, denoted by Ao’ may be
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linked to variations of the conditional dependence between stock returns of different countries. Figures
7.8 to 7.13 illustrate the variations of the conditional Kendall’s tau between couples of stock returns with
respect to the conditioning variable Ao’ during the two periods we study.

For each couple, the levels of the conditional Kendall’s tau are higher during the European debt crisis
than during the after-crisis period. This is coherent with our conclusions in the previous subsection. But
here, conditional Kendall's taus look like concave functions of Ac’! during the crisis, while they exhibit
“double bumps” features after the crisis. During the crisis, when Ao is small in absolute value, implied
volatilities do not change much and the dependence is in general higher than during big changes of the
market implied volatility, i.e. when |Ac?| is high (see Figures 7.10 and 7.12).

One exception is the couple (France, Germany), for which the conditional Kendall’s tau is roughly a
decreasing function of Ao’ during the crisis. France and Germany are close countries and have strong
economic relationships, but Germany is seen as a country in the “center of Europe” while France share a
lot of similarities with countries of the periphery (in the South of Europe). Indeed, during the crisis, when
implied volatility decreases (corresponding to a negative value of Ac’), the dependence is higher, which
can be interpreted as investors seeing the two countries as close. On the contrary, when the market
implied volatility increases, there are concerns in the market about the robustness of Eurozone and
investors raise doubts about southern European countries - including France - which tend to decrease
the conditional Kendall’s tau between French and German returns.

After the crisis, the couples (Germany, France), and (Germany, Denmark) revert to a more usual
shape of conditional dependence: when volatility does not change much, conditional Kendall’s tau is low
; when volatility changes much, conditional Kendall’s tau is higher, reflecting more stressed situations.
In this period, an exception is the couple (Germany, Greece), whose conditional Kendall’'s tau has a par-
ticular shape, that looks like the one of the couple (Germany, France) during the crisis. This is coherent
with the fact that, in stressed situations, when volatility increases, investors sometimes remembers that
Greece still has a fragile economy, which results in a lower conditional Kendall’s tau. But three estima-
tors suggest that, when volatility increases very much, conditional Kendall’'s tau between Germany and
Greece increases again, following the classical tendencies that we had already observed.

7.6 Conclusion

In a parametric setting, we have proposed a localized log-likelihood method to estimate conditional
Kendall’'s tau. When the link function is analytically tractable and explicit, it is then possible to code and
optimize the full penalized criterion. The consistency and the asymptotic normality of such estimators
have been stated. In particular, this is the case for logit or probit-type link functions. We noticed that
evaluating a Kendall’s tau is equivalent to evaluating a probability of being classified as a concordant
pair. Therefore, most classification procedures can be adapted to directly estimate conditional Kendall's
tau. Classification trees, random forests, nearest neighbors and neural networks have been discussed.
They generally provide more flexible parametric models than previously.

We note that multiple trade-offs arise when choosing one of these methods, as displayed in Ta-
ble 7.10. Depending on the requirements of the situation, statisticians can choose some algorithms that
best match their needs. To summarize, trees and random forests methods are the fastest ones, but
exhibit the lowest performances. Parametric methods such as the logit and probit may perform very well
under some “simple” functional forms of g and 1, but they deteriorate quickly when the true underlying
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Performance Computation Interpretation Tuning parameters
Method
in the sense of (7.10) time Number Difficulty of choice
Logit / Probit (well-specified) Best Very Slow Yes 1 Easy
Logit / Probit (mis-specified) Low Very Slow Possible 1 Easy
Tree Average Very Fast Possible 3 (see [117]) Average
Random forests Good Average No at least 4 Average
Nearest neighbors Very Good Fast No atleast 5 Complicated
Neural network Excellent Slow No at least 2 Complicated

Table 7.10: Strengths and weaknesses of the proposed estimation procedures

model departs from their parametric specification. Note that they also show the longest computation
time. Nonetheless, interpretability of the coefficient 5 can be useful in applications. Even if the model
is misspecified, it can still be seen as an estimation of the best approximation of z — 7, 3z, on the
functional space generated by 1. Nearest neighbors methods are average in terms of computation time
as well as performance. Neural networks are the slowest of all our nonparametric methods, but they
behave nearly uniformly the best ones in term of prediction. Finally, we have evaluated these different
methods on several empirical illustrations.

7.7 Some basic definitions about copulas

Here, we recall the main concepts around copulas and conditional copulas. First, a d-dimensional
copula is a cdf on [0, 1]¢ whose margins are uniform distributions. Sklar's theorem states that, for any
d-dimensional distributions H, whose marginal cdfs’ are denoted as Fi, ..., Fy, there exists a copula C
s.t.

H({El,...,.%'d):C(F1($1)7...,Fd($d)), (711)
forevery (z1,...,2q) € R<. If the law of H is continuous, the latter C'is unique, and it is called the copula
associated to H. Inversely, for a given copula and some univariate cdfs’ Fy, k = 1,...,d, Equation (7.11)

defines a d-dimensional cdf H.

The latter concept of copula is similarly related to any random vector X whose cdf is H, and there
is no ambiguity by using the same term. Copulas are invariant w.r.t. strictly increasing transforms of
the margins X, &k = 1,...,d. They provide very practical tools for modeling complex and/or highly
dimensional distributions in a flexible way, by splitting the task into two parts: the specification of the
marginal distributions on one side, and the specification of the copula on the other side. Therefore,
a copula can be seen as a function that describes the dependence between the components of X,
independently of the marginal distributions. Several popular dependence measures are functionals of
the underlying copula only: Kendall's tau, Spearman’s rho, Blomqvist coefficient, etc. The classical
textbooks by Joe [76] or Nelsen [106] provide numerous and detailed results.

Numerous parametric families of copulas have been proposed in the literature: Gaussian, Student,
Archimedean, Marshall-Olkin, extreme-value, etc. Several inference methods have been adapted to
evaluate an underlying copula, possible without estimating the marginal cdfs’ (Canonical Maximum Like-
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lihood). See Cherubini and Luciano [29] for details. Nonparametric methods have been developed too,
since the seminal papers of Deheuvels [33, 34] about empirical copula processes.

Second, conditional copulas have been formally introduced by Patton [112, 111]. They are rather
straightforward extensions of the latter concepts, when dealing with conditional distributions. Formally,
for a given sigma-algebra 7, let H(:|F) (resp. Fx(:|F)) be the conditional distribution of X (resp. X,
k=1,...,d)given F. The “conditional version of” Sklar’'s theorem now states that there exists a random
copula C(:|F) s.t.

H(z1,...,2q|F) = C(Fi(x1|F),..., Fa(zq|F)|F), ae. (7.12)

for every (z1,...,x4) € R If the law of H(-|F) is continuous, the latter C(-|.F) is unique, and it is called
the conditional copula associated to H(:|F), given F. Inversely, given F, a conditional copula C(:|F)
and some univariate cdfs’ Fi(-|F), k = 1,...,d, Equation (7.12) defines a d-dimensional conditional cdf
H(-|F). See Fermanian and Wegkamp [52] for extensions of the latter concepts.

7.8 Proof of Theorem 7.3

Simple calculations provide: if  # j and under (7.3),
E[L,(8)] = IE [Kn(Zi — Z;)ls(W(i j), Zi)] = B [Kn(Zi — Z)E[lg(W; 5, Zi)|Zi, Z5]]
— {2 - 2) (00202 105 (5 + G0(270)) + (1 (2.2 g 5 - 50w(@)79)) )]
= IE[K}L ZL_Z )(ﬁ(zuzpﬁ)}
= {/K &(Zi, Z; — ht, B) fz(Z; — ht) dt} ,
that tends to IE [¢(Z;, Zi, B) fz(Zi)] = Loo(8) When n — oo, if [ (¢(z,-,8)fz(-))_(2)f(2) dz < oo, for
some ¢ > 0 (invoke the dominated convergence Theorem and the compact support of K).

Now, let us prove that, for any 3, L,(8) tends towards L., (8) in probability, when n — oco. ltis
sufficient to prove that the variance of L,,(3) tends to zero.

Bl(L@-BnE) ]| - gt ¥ X

i1,J1381771 G2,J2;92 72

(]E (Kn(Zi, — Zj, ) Kn(Zi, — Z3, ) 0s(Wiiy oy Ziy )o(Wiy o Ziy)] — TB[Lin (B)]7)

1
= m Z Z Viy,j1,02,529

1,511 771 42,5202 772
with obvious notation. Obviously, v;, j, 4, ;, IS zero when i; and j; are not equal to iz nor j,. At the
opposite, in the case of equalities between some of these four indices, we get non-zero terms.

To be specific, when i, = is = i, and j; # jo, We have
Vijrige = 1B [Kn(Zi = Zj, ) Kn(Zi — Zj, ) s(Wii 1y, Zi) s (Wi o) Zi) | — TE[Ln (B))?
— | [ KOOR()A® 2~ x. 2~ 1)l 1) f2(2: ~ hy) dxdy | = BIL, )P
by setting
Ax,y,z) =1E [Zg(W(mvl), Z)ls(Wi oy, Li)|Li = x,Zj, =y,Z;, = z}

= p(xa Yy, Z) 10g2 Q(Xv B) + (p(X, Y) - p(X7 Yy, Z)) log Q(X7 5) IOg(l - Q(Xa ﬂ))
+ (p(x,2) — p(x,y,2))log q(x, ) log(1 — q(x, B)) + (1 — p(x,y) — p(x,2) + p(x,y,2z)) log*(1 — q(x, B)).
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If [A(z,-,-)c(2,2)f7 .(2)fz(z) dz < oo for some € > 0, then v; ;, ; ;, tends to a constant when n — oo
(independently of the choice of such indices).

A similar analysis can be led for the other terms. When i; = j> and j; # i-, we get
Uiy gnsiyin = K (le - Zjl)Kh(Z - Zil)ZB(W(h,]&% Zil)gﬁ(W(iz,h)ﬂ Z'LQ):I - IE[LH(B)]Q
UK (Ziy, Ziy — hx, Zi, + hy) fz(Zi, — hx) fz(Zi, + hy) dxdy | — E[L,(8)]?,
by setting

B(x,y,2) == [(s(Wi, 1), Zi)ls(Wiin ir), Zix)|Ziy = %, Zj, =y, Zi, = 2]
p(x,y,z)log q(x, B)log q(z, B) + (p(x> y) — p(x,¥,2))logq(x, 8) log(1 — q(z, B))
(p(x,2) — p(x,y,2))logq(z, B) log(1 — q(x, B))

(1 —p(x,y) —p(x,2) + p(x,y,2)) log(1 — q(x, 8)) log(1 — q(z, B)).

+

+

It [ B(z,-,-)(2,2) [Z .(2) fz(2) dz < oo, then v;, j, i, tends to a constant when n — cc.
When j; = j» = j and i; # i5, we obtain

Viy g1 iz,52 = [K (le - Z; )Kh(ZiQ - Zj)gﬁ( (41,4) 11 )gﬁ( (i2,4)> le)} - IE[LH(B)}Q
[/K C(Zj + hx, Zj, Zj + hy) fz(Z; + hx) fz(Z; + hy) dxdy | — E[L,(8)]?,
by setting
C(X7Y7Z) =1E Vﬁ(W(n ) 1,1 )Zﬁ(W(zz 7) )|ZZ1 =X, Z =Y Z Z}
p(x,y,2z)logq(x, 8)logq(z, B) + (p(x,y) —p(x,y,2))log q(x, B) log(1 — q(z, B))

+ (p(y,2z) — p(x,y,2))logq(z, 8) log(1 — q(x, B))
+ (I -pxy)—ply, 2z)+pxy,2))log(l — q(x, 3)) log(1 — q(z, B)).

If [C(-2,-)c(2,2) f7 .(2) fz(z) dz < oo, then v;, ;;, ; tends to a constant when n — co.
When j1 =19 and 21 75 jQ:
Viy,j1,51.d2 — E [ (Zil - Zjl)Kh(Zjl - ij)gﬁ(w(ihh)? Zil)éﬂ(W(jl,jz)a Zjl )] - ]E[Ln(ﬂ)]Z
|:/K Zh + hx, Z]17ZJ1 )fZ(Zj1 +hx)fz(zj1 _hY) dXdy _]E[Ln(ﬁ)]Qv
by setting

D(Xv Yy, Z) =1E [Eﬁ(W(il,jd)v Zil )eﬂ(W(jhjz)? Zjl)lzil =X, Zjl =Y, Zj2 = Z]
= p(x,y,2)logq(x, 8)logq(y, B) + (p(x,y) — p(x,y,2)) log q(x, #) log(1 — q(y, )
+ (p(Y7Z) _p(an7Z)) logQ(Y7ﬁ) IOg(l - q(X7B))
+ (I-p(xy)—ply,2z) +p(x,y,2))log(l - q(x, 8))log(1 — q(y, 3)).
It [ D(,2,-)-(2,2)f7 .(2) fz(2) dz < oo, then v;, j, j, ;, tends to a constant when n — oc.

There are two cases of two equalities. If i1 = i, =i and j; = j» = j, this yields
Vi j5,4,5 —]E[Kh Z —Z; )262(W(13 )} _]E[Ln(B)F

_ R [/K E(Zs, Zi — hx) f2(Zi — hx) dx| — E[L,.(8)]2,
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by setting
E(x.y) =B [}(W,), Z)|Z: =%, Z; = y]
= p(x,y)log” q(x, B) (1= p(x,y))log®(1 — q(x, B))-
If [ E(z,):(2)fz,:(2)fz(z)dz < oo, then hPv; ;; ; tends to a constant when n — cc.
Finally, if iy = j3 and j; = i5, we get
Uiy v = B [Kn(Ziy — Z5,)*0s(Wi, g1y, Zi ) is(Wi, i), Zjy )| — IB[Ln(B))?

_ PR UK F(Zi,Zs — hx) f2(Zs — hx) dx| — E[Ln(8)]%,
by setting

F(Xa y) =1E Vﬁ(w(ihh)? Zil)éﬂ(W(jhh)a Zjl)‘zil =X, Zj1 = Y]
= p(x,y)logq(x,B)logq(y, B) + (1 — p(x,y)) log(1 — q(x, 3)) log(1 — q(y, B))-

If [ F(z,-)c(2)fz,:(2)fz(z) dz < co, then hPv;, ;, ;. ;, tends to a constant when n — cc.

Summarizing the previous terms, we have obtained Var(L,(3)) = O(n~! + n=2h~P), that tends to
zero pointwise, when n?h? — co. We deduce L,,(8) — Loo(8) = Ly (8) —IE[L,(B)] +1IE[L,(B)] — Lo (B) =
op(1). Since L, (-) and L. (-) are concave, invoking the convexity lemma of Geyer [59] (see Knight and
Fu [82], alternatively), the maximizer j3 of L,, tends in probability towards the maximizer of L... O

We summarize the latter technical assumptions that are sufficient to obtain the consistency of 3: for
some ¢ > 0,

/ (¢(z,-,/8)fz(-))5(z)fz(z) dz < 00, (7.13)

/ (A(z, - )e(2,2) + Bz, -, )e(2,2) + C(-,2,)-(2,2) + D(-, 2, -)€(z7z)>f%75(z)fz(z) dz < 0o, (7.14)
/ (¢(Za B 6)E(Z) + E(Z7 ')8(Z) + F(Zv )E(Z)) fZ,E(Z)fZ(Z) dz < oo. (7-15)

7.9 Proof of Theorem 7.4

Setu := /n(8 — 4*) and  := \/n(3 — 5*). Obviously,

i = arg max, Lo (B +n~Y2u) — A, |8 +n~ 1 ?uly,
uelR”
= arg max nlL, (8" +n~ 1/2 u) — nL,(8%) —n)\n{\ﬁ* +n_1/2u|1 — |5*|1}.
ueR?’

Note that

nAn|B* + n~Y2ul; — n|f*1 = nt/2\, Z lur| + 1'%\, Z sign (B )uk
k;B;,=0 k;By#0
— oy fukl Y sign(Br)ux,
k;B;;=0 k;Br#0
when n — co. Moreover,

nLy(8* +n~Y?u) — nL,(8*) = n'/2L,(8")u + 1uTJjn(B)u + Tn(B)u®),

1
2 N

for some (random) 3 s.t. |3* — B| < |B* — B|. We will successively prove that
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(i) n'/2L,(5*) weakly tends to a Gaussian random vector W, W ~ N(0,, X-);
(i) Ln(ﬁ*) tends in probability towards a constant matrix H(S8*);
(i) Tn(B)is Op(1).
Then, & = arg maxy £, (u), where £,,(u) weakly tends to
Loolw) =Wt JuTHE - Y ful = 32 sign(Bi)u,
k; 81 =0 k: B #0
that is concave. The result will follow, applying Theorem 1 in Kato [79].

First, let us prove (i), i.e. the asymptotic normality of nl/an(ﬁ) for any given parameter 3. Consider
the centered criterion

Mi(8) = Lu(B) = BlLu(8)] = Ty D bu(B
1,531#£7
where (;; .= K}, (Z; — Z;)0sls(W(; 5), Z;) — IE[L',L(ﬂ)]. We symmetrize the localized likelihood:
Mn(/B = TL — 1 Z Mlj

i,J387#]
where Mij (ﬁ) (Or Slmply Mlj) is gij (ﬂ) + €J1(ﬁ) Note that Mij = Mji and that ]E[M”} =0.

By the dominated convergence theorem and a change of variable, we easily check that IE[L,,(8)] =
95Lso(B) + o(1) if, for some € > 0, we have [ (93¢(z,-, 8)fz())_(2) f2(z) dz < co. Moreover, by simple
calculations, we get, if i # 7,

E[M,|Zi] = - B[M; + M) = —B[M; |2
= %/{Kh(zi —2)030(Z;, 2, B) + Ky (z — Z;)03(2, Z;, B)} fz(2) dz — %]E[Ln(ﬂ)]
— [ K()1020(20 7~ 08.6) 122 — ) + 026(Zi + 1t Zo, D) FaZi+ )} dt — ZIBIL (B)
= 2 000(2. 2., 8) 2l 2) ~ ZLec(B) + o) 7

where, by a m-order limited expansion, we obtain

Cst.h™ [ |K m
lraill < %H(fzcww(zh SN+ (F2()00( Zi, £) ™ |-(Z4),
for any norm || - || on R” and a positive constant C'st. We deduce that n'/2 3" | T8[M,,|Z;] is asymptoti-

cally normal by invoking the usual CLT, under condition (7.17) below. To be specific, the Hajek projection
of M, is

iy Y2 - fz{aﬁaszuzz,mfz() Loc(B)} + 0p(1) ~ N(0, Z5), with

= / D30(2. 2, 8)056(2,2, B)T 13(2) d — Loo(B) Lo (B)T
Note that that L..(5*) = 0.

Now consider the “remainder term” A,, := M, (8)—>__, IE[M,|Z;]/2. Since IE[M,,|Z;] = n~'IE[M;;|Z;],
we deduce

An— ZIEM,LIZ ST ol 1) D (M~ TG 2],

1,5397#]
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It is relatively easy to prove that A, is negligible, i.e. A, = op(n~'/?). Indeed, let us prove that the
variance of n'/2A,, tends to zero with n:

1
Var(n'?A,) = nB[A,AT] = — Z Z (i1, 12, 1, J2),

_ 2
4n(n 1) i1,41381771 d2,52392 772
5(i17i27j1aj2) =E [{Miljl - E[Mlljl‘zll]} X {Mi2j2 - E[Mi2j2lzi2]}T] :

If there is no identity among the indices (i1, j1, i2, j2), With i1 # j1 and iz # ja, then 6(iq, s, j1, j2) is zero.
Moreover, this is still the case when there is only a single identity. For instance, assume i; = i = ¢ and
j1 7& jg. Then,

5(Za ivjlan) =1E [{Mijl - IE[Mijl ‘ZZ]} X {Mijz - ]E‘[Ml]2|zl]}T]
= IE [{M7]1 [ iJ1 |Z ]} X ]E[{ ijo T [Mij2|Zi}}T|Zi’ Zjl]]
= E[{M;, —E[M;;,|Z]} x 0] = 0.

The other terms for which a single identity between the indices can be managed similarly.
At the opposite, non-zero terms appear when i; = i = ¢ and j; = j» = j. In this case, we obtain
8(i,i,4,7) = B [{Mi; — IB[My;|Z;| }{M;; — IE[M;5|Z;]}"]| = TB[My; M) — E[E[M;;|Z;|IE[M;; | Z] "]
By a usual change of variable and by symmetry, we get
IE[MWME] =2IE [{£i;(8):;(B)" + £:;(B);:(B)"}]
= 2IE [K}(Z; — Z;)05Ls(Wi ). Zi)0sls(Wii gy, Zi) "
+  Kn(Zi — Z)Kn(Z; — Z:)95Ls(W(i 5y, Z:)9sls(Wis0), Z5) '] + O(1)
= 2h7PIE |:/ (K2(X)H1(Zi, Zz — hX) + K(X)K(*X)HQ(ZZ', Zz - hX))fz(Zz - hX) dx + 0(1)
= 2h_p/ (K2(X)H1(Z7Z — hx) + K(x)K(—x)H3(z,z — hx))fz(z — hx)fz(z) dxdz + O(1),
by setting

Hy(x,y) = I [0503(W(s.5), Z)9s0s (Wi j), Zi) " |Zi = %, Z; =

=]
BT | (x0T (b7 B
= PN T e TP T T e

, and

Hy(x,y) = E [0ps(Wii.5), Zi)Osls (W50, Z5) |2y = x,Zj = y]

_ p(xy) PR ) ( (x)"8)g' (¥ (¥)"B8) Y(x)(y) g (p(x)"B)g (v(y)"B)
(1+g(p(x)T8))(1 + g(b(y)"B)) (1= g(p(x)TB)(1 + g(x(y)TB))

Therefore, IE[M;; M| is O(h~P), if [(|[Hy|| + || Hzl|)< (2, ) fz(-)<(2) fz(z) dz < .

+ (1 =pxy))

The last possible case providing non-zero 6(iy, 2, j1,j2) IS i1 = jo = i and j; = ia = j. Then, we
obtain
8(i j, 7, 1) = B [{Myj — TB[M;;|Zi]} x {Mj; — B[My|Z;1}"] = 6(i 4, 4, ),
due to the symmetry of M;;. Thus, we have proved that Var(n'/?2A,) = O(n"'h~?)) = o(1), which
implies
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We deduce that n'/2M,,(8) weakly tends towards the Gaussian random vector A(0,, %) for any 3.
When g = 5%, 93 L (5*) = 0, and this yields (i).

Second, let us deal with (i) above. It is easy to prove that L,,(3*) tends to H(5*) in probability, when
n tends to the infinity. Indeed, the arguments are exactly the same as in 7.8, where we have proved that
L, (p*) is convergent in probability. We only have to replace 43(-, -) by its second derivatives w.r.t. 5. To
save space, the specific derivations of such conditions of regularity are left to the reader: simply replace
the functions A, B,...,F' of 7.8 by their second derivatives w.r.t. 3, taken at g = *, and rewrite (7.14)
and (7.15).

Third, to prove (iii), it is sufficient to state that IE[|| Z.,,(3)||] is bounded from above, uniformly w.r.t. 3

in a small neighborhood of 5*. By derivation, we get, for every indices a,b,cin {1,...,p'},

83
ga0mon. Ol

S C'st x ]E|:|Kh(zz - Z]){p(zla Z])H(la Zi?ﬁvaabac7) + (1 _p(ZwZJ))H(_l’ Zi767a‘abac)}:|a

IE]

where, for every ¢ € {1, -1},

9 @(2Z)THF |, 1ga" (2B, g ((2)"B)]
1+ 09(W(Z:)"B)PP |1+ 09(¥(Zs)"B)> |1+ 69(p(Zi)"B)]
and C'st denotes a real constant that depend on g and (a, b, ¢) only. Therefore, it is sufficient to assume
that

/ |K|(t) (p(z —ht)H(1,2,3,a,b,¢) + (1 —p(z,z — ht))H(-1,2, 3, a,b, c))fz(z)fz(z — ht)dtdz < oo.

(6.2, 3. a,b.c) — ( >|¢<zi>a¢(zi>b¢(zi>c.

This is guaranteed by Assumption (7.19) below. Then, under the latter assumption, (iii) is stated and this
finishes the proof. O

For convenience, let us gather the main technical assumptions that have been requested to prove
Theorem 7.4: for some ¢ > 0,

/ ((%gb(z, -,5)fz(~))a(z)fz(z) dz < 0. (7.16)
I [[[(f2()050(Ze. . B)™ + (F2()050( 20, 8) ™]1-(Z)] < o0, (7.17)
/ (L + 1 Hal)e (2, ) fa()e(@) fa(2) dz < oc. (7.18)

For every indices (a,b,c) € {1,...,p'} and for V(8*), some (small) neighborhood around g*,

Sup / ((p(Z, )fZ())s(Z)H(la z, 5; a, bv C) + ((1 - p)(Z, ')fZ('))s(z)H(*la z, Bv a, b, &) )> fZ(z) dz < .
BeV(57)

(7.19)
Remark 7.7. Note that ||p(-, )|l < 1. If g and its derivatives are bounded, Condition (7.19) is satisfied
if
swp sup [ 9@+ Sa((2) 9)| e o) Fala) < o,
BeV(B*)d€{—-1,1}
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Chapter 8

Estimation of a regular conditional
functional by conditional U-statistic
regression

Abstract

U-statistics are a large class of estimators, generalizing the empirical mean of a random variable
X to sums over every k-tuple of distinct observations of X. They can be used to estimate a
regular functional (IPx ) of the law of X. When a covariate Z is available, a conditional U-statistic
describes the effect of z on the conditional law of X given Z = z. Conditional U-statistics can
therefore be used to estimate a regular conditional functional 6(IPx z—.). We give non-asymptotic
bounds for conditional U-statistics and review asymptotic results. Then, assuming a parametric
model of the conditional functional of interest, we propose a regression-type estimator based on
conditional U-statistics. Its theoretical properties are derived, first in a non-asymptotic framework
and then in two different asymptotic regimes. Some examples are given to illustrate our methods.

Keywords: kernel smoothing, regression-type models, penalized estimation.

Based on [36]: Derumigny, A., Estimation of a regular conditional functional by conditional U-
statistics regression. Arxiv preprint, arXiv:1903.10914, 2019.

8.1 Introduction

Let X be a random variable with values in a measurable space (X, .A), and denote by IPx its law. A
natural application is X = RP¥, for a fixed dimension px > 0. Often, we are interested in estimating a
regular functional 6(IPx ) of the law of X, of the form

0(Px) = E[g(Xy,...,Xy)] = /g(xla-~-an)dIPX(X1)"'dIPX(Xk)7
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for a fixed k > 0, a function ¢ : X* — R and X4,...X, & Px. Following Hoeffding [69], a natural

estimator of 9(IPx ) is the U-statistic 6(IPx ), defined by

é(IPX) = Z g(Xa'(l)a R Xo‘(k))a
0€Tk,n
where 7y, ,, is the set of injective functions from {1,...,k} to {1,...,n}. For an introduction to the theory
of U-statistics, we refer to Koroljuk and Borovskich [84] and Serfling [123, Chapter 5].

In our framework, we assume that we do not only observe X, but we observe in fact (X, Z) where Z
is a p-dimensional covariate. We are now interested in functionals of the conditional law IPx,z. For each
z1,...,2z; € Z, where Z is a compact subset of R”, we can define such a functional 6,, . ,, by

Ozy...z Pxjz=.) = 0(Px|2=2,, - - - , IPX|2=2, )
=Egt Py, [9(X1,... . Xp)] =E[g(Xy,..., Xy)|Zi =2;,Vi=1,... k]

:/g(xlv---7Xk)dIPX\Z:z1(X1)"'dIPX\Z:zk(Xk)'

This can be seen as a generalization of §(IPx) to the conditional case. Indeed, when X and Z are
independent, the new functional 0, . ., (IPx|z—.) is equal to the unconditional functional 0(IPx). For
convenience, we will use the notation 6(z, . . ., zx) := 0,, .. 4, (IPx|z—.), treating the law of (X, Z) as fixed
(but unknown). Stute [132] defined a kernel-based estimator é(zl, ..., zx) of the conditional functional
0(z1,...,2;) by

iz 2) = Yooea, . Kn(Zoay —21) - Kn(Zor) — 21) 9(Xo(1)s -+ Ko@)
1yeeorZk) dejm Kh(za(l) — Z1) e Kh(zg(k) _ Zk) )

where h > 0 is the bandwidth, K(-) a kernel on R?, K} (:) := h PK(-/h), and (X;,Z;) Hd- Px z.

Stute [132] proved the asymptotic normality of 6(z1, . .., z;) and its weak and strong consistency. Dony
and Mason [45] derived its uniform in bandwidth consistency under VC-type conditions over a class of
possible functions g.

(8.1)

Nevertheless, the estimator (8.1) has several weaknesses. First, interpretation of the whole hyper-
surface (z1,...,zx) — 0(z1, .. .,2z;) can be difficult. Indeed, the latter is a curve of dimension 1 + p x k,
which is rather challenging to visualize even for small values of p and k. Second, for each new tuple
(z1,...,21), computation of A(z,...,z;) has a cost of O(n*). This means that if we want to estimate
02\",....2\") forevery i = 1,..., N, where (z{",....2" ... 2™ .. 2"} € Z¥N then the total
cost is O(NnF). Third, it is well-known that kernel estimators are not very smooth, in the sense that
they usually present many spurious local minima and maxima, that can be a problem in applications.
Therefore, we may want to have estimators which are more monotone with respect to the conditioning
variables z1, . ..z, and have a simple functional form.

Another idea is to decompose the function (z1, . .. ,z;) — 6(z1,. .., zx) inabasis (¢;);>0, generalizing
the work of Derumigny and Fermanian [39]. This may not be always easy if the range of the function
0(-,---,-) is a strict subset of R. In that case, it is always possible to use a “link function” A, strictly
increasing and continuously differentiable such that the range A o 6(,- - ,-) is exactly R. Whatever the
choice of A (including the identity function), we can decompose the latter function in any basis (¢;)i>o.
If only a finite number » > 0 of elements of this basis are necessary to represent the whole function
Aof(.,---,-) over Z¥, then we have the following parametric model

Y(z1,...,21) € ZF, AO(z1,...,2k)) = P(z1,...,2;)" B, (8.2)
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where 3* € R" is the true parameter and ¥ (:) := (¢1(-), ... ,uzr(-))T € R". In most applications, finding
an appropriate basis v is not easy ; this will depend of the choice of the (conditional) functional 6.
Therefore, the most simple solution consists in choosing a concatenation of several well-known basis
such as polynomials, exponentials, sinuses and cosinuses, indicator functions, etc... They allow to take
into account potential non-linearities and even discontinuities of the function A o 6(-,--- ,-). The only
condition is their linear independence, as seen in the following proposition (whose straightforward proof
is omitted).

Proposition 8.1. The parameter 3* is identifiable in Model (8.2) if and only if the functions (1 (-), ..., ¥.(+))
are linearly independent P -almost everywhere in the sense that, for all vectors t = (t4,...,t.) € R",
PZ" (Y(Zy,...,2,)Tt =0) =1 =t =0.

With such a choice of a wide and flexible class of functions, it is likely that not all these functions are
relevant. This is what is know as sparsity, i.e. the number of non-zero coefficients of 5*, denoted by |S]
=|8*|o < s, forsome s € {1,...,r}, where | - | is the number of non-zero components of a vector of R"
and S is the set of non-zero components of 8*. Note that in this framework, » can be moderately large,
for example 30 or 50 while the original dimension p is small, for example p = 1 or 2. This corresponds to
the decomposition of a function, defined on a small-dimension domain, in a mildly large basis.

Remark 8.2. At first sight, in Model (8.2), there seem to be no noise perturbing the variable of interest.
In fact, it can be seen as a simple consequence of our formulation of the model. In the same way, the
classical linear model Y = XT 3* + ¢ can be rewritten as IE[Y |X = x| = x* * without any explicit noise.
By definition, IE[Y |X = x| is a deterministic function of a given x. In our case, the corresponding fact is:
A(0(z1, .. .,2z)) is a deterministic function of the variables (z1, . . ., z;,). This means that we cannot write
formally a model with noise, such as A(0(z1,...,zx)) = ¥ (z1,...,2z,)" B* + ¢ where ¢ is independent
of the choice of (z1,...,z;) since the left-hand side of the latter equality is a (z,...,z;)-mesurable
quantity, unless ¢ is constant almost surely.

Contrary to more usual models, the explained variable A(H(zl, .. ,zk)), is not observed in Model (8.2).
Therefore, a direct estimation of the parameter 5* (for example, by the ordinary least squares, or by the
Lasso) is unfeasible. In other words, even if the function (z1,...,z;) — A(6(z1, .. .,zx)) is deterministic
(by definition of conditional probabilities), finding the best 3 in Model (8.2) is far from being a numeri-
cal analysis problem since the function to be decomposed is unknown. Nevertheless, we will replace
A(0(z1,...,21)) by the nonparametric estimate A(f(z, ..., zx)), and use it as an approximation of the
explained variable.

More precisely, we fix a finite collection of points z,...,z/, € 2z and a collection Tk Of injective
functions o : {1,...,k} — {1,...,n’}. Note that we are not forced to include all the injective functions
in Jx ,, reducing its number of elements. This will allow us to decrease the computational cost of the
procedure. For every o € Jj, ,,/, We estimate é(z;(l), e z;(k)). Finally, the estimator 5 is defined as the
minimizer of the following [;-penalized criteria

B = arg min (' — k)t

2
ﬁGRT nlli Z (A(Q(Z;(l),7zlo_(k))) —'lp(Z;_(l),,Z;_(k))Tﬁ) +/\‘/8|]_ 5 (83)

TET
where ) is a positive tuning parameter (that may depend on n and »’), and | - |, denotes the [, norm, for
1 < ¢ < oo. This procedure is summed up in the following Algorithm 15. Note that even if we study the
general case with any A > 0, corresponding properties of the unpenalized estimator can be derived by
choosing the particular case A = 0.
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Algorithm 15: Two-step estimation of 3
Input: A dataset (X, 1,X,2,Z;),i=1,...,n
Input: A finite collection of points z, ...z}, € 2" selected for estimation
Input: A collection of N k-tuples for prediction (z{",...,z(",...,2(" ... 2") e ¥V
for o € J;,,» do
Compute the estimator 6(z., ), ..., 2,,,) using the sample (X;,Z;), i =1,...,n;

end
Compute the minimizer 3 of (8.3) using the 6(z,, ), ..., 2,,), j = 1,...,n/, estimated in the
above step ;
fori« 1to N do
Compute the prediction d(z\", ..., z\") := ACV (y(2{",...,2")TB) ;
end
Output: An estimator 3 and N predictions 6(z\",...,z\"),i=1,..., N.

Once an estimator 3 of 3* has been computed, the prediction of all the conditional functionals is
reduced to the computation of A (y (2", ..., 20")T3) := d(z",...,2\"), forevery i = 1,...,N. The
total computational cost of this new method is therefore O(|Jx /| - n'* + |Jg,n| - r + Ns) operations.
The first term corresponds to the cost of evaluating each non-parametric estimator (8.1). The second
term corresponds to the minimization of the convex optimization program (8.3), and the last one is the
prediction cost. Note that it can provide a huge improvement compared to the previously available
estimator with a cost in O(Nn*) when N — oo, i.e. when we want to recover the full function 6(-,--- ,-).
Moreover, the speedup given by Algorithm 15 compared to the original conditional U-statistics (8.1) even
increases with the sample size n, for moderate choices of n'.

A similar model, called functional response has already been studied ; see, e.g. Kowalski and
Tu [85, Chapter 6.2]. They provide a method to estimate the parameter 5*, using generalized estimating
equations. However, they only provides asymptotic results for their estimator, and their algorithm needs
to solve a multi-dimensional equation which has no reason to be convex.

In Section 8.2, we provide both asymptotic properties and non-asymptotic bounds for the non-
parametric estimator 6. Section 8.3 is devoted to the theoretical study of the two-step parametric es-
timator 3. Finally, we detail examples in Section 8.4. All proof have been postponed to the Appendix.

8.2 Theoretical properties of the nonparametric estimator 0(-)

Remark that if g is symmetric, then 0(z,, . .., z;) is equal to

Yoeal Kn(Zoq) =) -+ En(Zowy = 2) 9(Xor) - Xo i)
Yoeat, Kn(Zoq) =) -+ Kn(Zow) — 2x) ’

éT(zl,...,zk) = (8.4)

where :f;n is the set of strictly increasing functions from {1,...,k} to {1,...,n}. As a consequence, the
cost of the computation of 47 is reduced by a factor of k! compared to 4. The estimator 6 is well-defined
if and only if Ni(z1,...,2z,) > 0, where
kl(n—k)!
Nk(zh N ,Zk> = ¥ Z Kh(ZU(l) - Z1) te Kh(Za(k) - Zk>. (85)

n!
P
Uejk,n
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8.2.1 Non-asymptotic bounds for Vv,

To prove that our estimator 6(z., . . . , z) exists with a probability that tends to 1, we will study the behavior
of N;. We will need the following assumptions to control the behavior of the kernel K and of the density
of Z.

Assumption 8.2.1. The kernel K (-) is bounded, i.e. there exists a finite constant Cx such that K (-) <
Ck and [ K(u)du = 1. The kernel is of order o for some o« > 0, i.e. forallj = 1,...,a — 1 and all
1<iy,....iq <p, [K()u, ...u;; da=0.

Assumption 8.2.2. fz is a-times continuously differentiable on Z and there exists a finite constant C ,
such that, for all z1, . . . zy,

/’K(m) K(uk)’ > (m(j:k>

mi+ - Fmp=a

k P
: H Z : |uiaj1 tte ui7jrni

=1 j1,.cerjm; =1

o™i fz

sup | —m
0zj, - 82]-7%_

te0,1]

(Zi + tul) dU1 s dUk < CK7(X

«@
1k

where (,© ) := o/ ([T, (m:)) is the multinomial coefficient.
Assumption 8.2.3. fz(:) < fz mas for some finite constant fz, .az-
Lemma 8.3. Under Assumptions 8.2.1, 8.2.2 and 8.2.3, we have for any t > 0,

CK,a
al

k
IP( |Ny(z1,..., — i)| <
(| Kz, 2h) 1;[1 J2(2)| hFpCy + hhrCol

h°‘+t) > 1—2€Xp<— [n/k1® )

where Cy :=2f} ...||K||3", and Cs := (4/3)C}; and ||K|[3 := [ K.

This Lemma is proved in Section 8.6.1. More can be said if the density fz is bounded below. There-
fore, we will use the following assumption.

Assumption 8.2.4. There exists a constant fz .., > 0 such that forevery z € Z, fz(z) > fz.min-

If for some € > 0, we have Ck oh*/a! +t < fz min — € then f(z) > ¢ > 0 with probability larger
than on the event whose probability is bound in Lemma 8.3. We should therefore choose the largest ¢
possible, which yields the following corollary.

Corollary 8.4. Under Assumptions 8.2.1-8.2.4, if Cx oh*/a! < fz min, then the random variable Ny, (z, . ..

is strictly positive with probability larger than

< [”/k]hkp(fz min _CKaha/Oé!)2>

1—-2exp| — J i 7
C1 + Co(fz,min — Cr,ah®/al)

guaranteeing the existence of the estimator é(zl, ...,2) on this event.

8.2.2 Non-asymptotic bounds in probability for ¢
To establish bounds on @ for every fixed n, we will need some assumptions on the joint law of (X, Z).

Assumption 8.2.5. There exists a measure ;. on (X, A) such that IPx z is absolutely continuous with
respect to u ® Leb,, where Leb,, is the Lebesgue measure on RP.

7Zk)
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Assumption 8.2.6. Foreveryx € X, z — fx z(x,z) is differentiable almost everywhere up to the order
a. Moreover, there exists a finite constant C, ¢, > 0, such that, for every positive integers mq, ..., my
such that 3% m; = a, forevery 0 < ji, ..., jm, <p,

i

. (fo’z(xi,zi +u) - W(X“Zio

aZjl cee aiji 8sz s aiji

(g(xl,...,xk) —IE[g(Xl,...,Xk)’Zi =z;,Vi = 1,...,/4;])

k
du(xl) T dﬂ'(xk) < Cg,f,(x H }ui|oo’

=1

for every choices of x1,...,x, € X and z1,...,z, € Z,uy,...,u, € R? such thatz; + u; € Z. There
exists a constant C; , such that

k p k
n
Z ( ) /HK(IIZ) Z um-l...uiﬂjmiH‘ui’wdul-nduk SC}(’Q.
mi+ - +mp=« Mk i=1 jl,...,jmizl =1
An easy situation is the case when g is bounded, i.e. when the following assumption hold.
g p

Assumption 8.2.7. There exists a constant C, such that||g||- < Cy < +00.

When g is not bounded, a weaker result can still be proved under a “conditional Bernstein” assump-
tion. This assumption will help us to control the tail behavior of g so that exponential concentration
bounds are available.

Assumption 8.2.8 (conditional Bernstein assumption). There exists a positive function B, such that, for
alll >1andz,...,z; € R*,

l
1E{|g(xl,...,xk)y ‘zl =21, L, =2, < Bylz,. ...z,
such that B,(Z,...,Z;) < Bg almost surely, for some finite positive constant Bg.

As a shortcut notation, we will define also B, , := By(z1, ..., z;). The following proposition is proved
in Section 8.6.2.

Proposition 8.5 (Exponential bound for the estimator é(zl, ..., 2), with fixed z1, ...z € Zk). Assume
either Assumption 8.2.7 or the weaker Assumption 8.2.8. Under Assumptions 8.2.1-8.2.6, for every
t,t' > 0 such that Cx oh*/a! +t < fz.min/2, we have

“

where Cs := Af} . fz 2% Cra/al, Cy:=Afk 2% and Cs = Cy 1.aCl o fz /0.

Z,min Z,min

é(Zl, RN Zk) — Q(Zl7 S ,Zk)‘ < (1 + C3h® + C4t) X (C5hk+a + t/)>

[n/k|t2hkP [n/k|t'2hFp
>1— - " | — -t -
= 1-2ep ( C1+ Cat 2exp Cs + Ct! ’

If Assumption 8.2.7 is satisfied, the result holds with the following values: Cs := 2C2f5 . f7 2% ||K||3",
Cr = (8/3)C5.CEf,% .. ; in the case of Assumption 8.2.8, the result holds with the following alternative
values: Cs := 128(By, + B,) C2 1 i %, C7 = 2By, + By) Cli f7 % .

Z,min’

8.2.3 Asymptotic results for 6

The estimator é(zl, ..., zx) has been first studied by Stute (1991) [132]. He proved the consistency and
the asymptotic normality of A(z., . . ., z;). We recall his results as they will be used in Section 8.3.
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Assumption 8.2.9. (i) h, — 0 andnh? — oo ;
(i) K(z) > Cxal{z.<cy,} forsome Ck 1, Cr2 >0

(iii) there exists a decreasing function H : R, — R, and positive constants c;, co such that H (t)tf o(t™1)
and c1H(|z|w) < K(z) < coH(|2|o0)-

Proposition 8.6 (Consistency of 6, Theorem 2 in Stute [132]). Under Assumption 8.2.9, for]P%’“-almost
all (zy,...,21), 0(z1, . .. ,zk)i) 0(z1,...,2;) @sn — oo.

We introduce now a few more notation to state the asymptotic normality of 4. For 1 < j,1,m < k and
z1,... 23, € Z°% define

0,1(z1,. ., 2z1) = E[g(X1, .o Xjm 1, X, Xts oy Xi) 9Kt 1o Koo 15 X, Xipgi1s -« - » Xog)
|Z=2;;Zi=2,Vi=1,...,ki#j; Zrpi=2z,Vi=1,... ki #1],
0;1(21,. .. 22) = E[g(X1,. .., Xm0, X, X1, oo, X)) 9Kt -+ oo Xopim1, X Xt 1, - - - Xog)
|Z=2z;; Zi=2,Vi=1,....2ki ¢ {j,k+1}]. (8.6)
0.1,m(21,...,23;) == IE[g(Xh...,Xj,l,X7Xj+17...,Xk)
I(Xkt1y - Xt 15 X Xkt 15 - - Xok)9( Kok 15 -+ Xokpm—1, X, Xoktmt1, - -+, Xak)
|Z=12;; Zi=2,Yi=1,....3ki ¢ {j,k+1,2k+m}].

Assumption 8.2.10. (i) h, — 0 and nh? — oo ;
(i) K is symmetric at 0 and bounded with compact support ;
(iii) 6, is continuous at (z1,...,z;) forall1 < j,1 <k ;
(iv) 6 is two times continuously differentiable in a neighborhood of (z1, ... ,zx) ;

(v) 0,..m is bounded in a neighborhood of the point (zi,...,2zx, 21, ..., 2k, 21,...,2;) € 2°% for all
1<3,im<Ek;

(vi) fz is twice differentiable in neighborhoods of z;,1 < i < k.

Proposition 8.7 (Asymptotic normality of 0, Corollary 2.4 in Stute [132]). Under Assumption 8.2.10,
\/nhﬁ(é(zl, ey Zg) — 0(z1, . .. ,Zk)) D, N(0, p?),
where p2 = Z?,l:l ]]‘{Zj=zl} (ijl(zh e ,Zk) — 92(Z1, R ,Zk))HKH%/fZ(ZJ)

Moreover, let N be a positive integer, and( g ,. z,ﬂl),...,ng),...,zéN)) e ZFN_ Then under
similar regularity conditions, v/nh, (e(zy), T ( ) — ( @ ...,zg)))i:1 N L2 N(0,H), where for1 <
J,l<N,

5[ zk:: (JL (l>}( (le),.. zg),zgl),...,zg))—e (Zgj),...,zg))(9(z(ll_),...,z,(j)))fZ”E(z?)).

Note that the second part of Proposition 8.7 above is a consequence of the first one. Indeed, for
every (ci,...,cy) € RY, we can define H(Zgl), o ’chl), .. ,ng), o ,Z](CN)) = Efv 1 c;e(zgl), . 7zfc))
and corresponding versions of g, § and p2. Finally, the conclusion follows from the Cramér-Wold device.
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8.3 Theoretical properties of the estimator 3

Let us define the matrix Z of dimension [J /| x7 by [Z']; ; := ¥; (2], 1y - - -, 2}, 1)), Where 1 < i < [Ty,
1 < j < r and g; is the i-th element of J;,-. The chosen order of J; , is arbitrary and has no
impact in practice. In the same way, we define the vector Y of dimension |J; .| defined by Y; :=

A(é(z;%(l), e ,z;i(k))), such that the criterion (8.3) is in the standard Lasso form

B = arg min [I[Y — Z/B|I* + A8k,
peR”
where for any vector v of size |7y, ,./|, its scaled norm is defined by ||v|| := |v|2/+/|Tk |- Following [39],

we define & ,,, for 1 <4 < |Jj /|, by

T

§i7n :go-i,n A(é(zgl(l),.,ng(k))) _¢(Z;L(1)7~;Z;L(k})) /3*

= A0y 7)) = MO0y 7h00) )

8.3.1 Non-asymptotic bounds on §

We will also use the Restricted Eigenvalue (RE) condition, introduced by Bickel, Ritov and Tsybakov [19].
Forcy > 0and s € {1,...,p}, itis defined as follows,

RE(s,co) condition : The design matrix 7' satisfies

!/
K(s,co) == min min HZS ol > 0.
Joc{l,...,r} §#0 10l
[ Jo| <'s 05011 < coldlr

Note that this condition is very mild, and is satisfied with a high probability for a large class of random
matrices: see Bellec et al. [12, Section 8.1] for references and a discussion. We will also need the
following regularity assumption on the function A(:).

Assumption 8.3.1. The function z — (z) are bounded on Z by a constant Cy,. Moreover, A(-) is
continuously differentiable. Let T be the range of 0, from Z* towards R. On an open neighborhood of
T, the derivative of A(-) is bounded by a constant C:.

The following theorem is proved in Section 8.6.3.

Theorem 8.8. Assume either Assumption 8.2.7 or the weaker Assumption 8.2.8. Suppose that Assump-
tions 8.2.1-8.2.6 and 8.3.1 hold and that the design matrix 7! satisfies the RE(s,3) condition. Choose
the tuning parameter as \ = ~t, with~y > 4 and t > 0, and assume that we choose h small enough such
that

pmin (222 (L)), ©7)

where Cs := CyCar (1 + Cufz,min/2). Then, we have

IP(HZ(B—B < Wandlﬁ—/f \qﬁw

[0/K] £ i (/K]
>1-2 - ’ -
= Z [exp < 16C: + 402fZ,mm) e ( 40820670 + 208677‘7t)

, forevery1 < ¢ < 2)

. (8.8)

O'Ejk,n/
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If Assumption 8.2.7 is satisfied, the result holds with Cs . and C; , constant, respectively to Cs and C7
defined in Proposition 8.5 ; in the case of Assumption 8.2.8, the result holds with the following alternative
values: Cs o := 128(By (2, 1) - -+ Ziyry) + Bg)ZC%@fZ‘f,’fm and

Cro = 2(Bg(z’g(1)7 . ,z;(k)) + Bg)Cf(fZi’fnm.

The latter theorem gives some bounds that hold in probability for the prediction error ||Z/ (3 — *)||,
and for the estimation error |3 — 3*|, with 1 < ¢ < 2 under the specification (8.2). Note that the influence
of n’ and r is hidden through the Restricted Eigenvalue number (s, 3). The result depends on three
parameters to be chosen: ~, t, h. The choice of v is easy, as a larger v can only deteriorate the bound.
We therefore have an interest in choosing the smallest v possible, i.e. v = 3.

The choice of the parameters ¢ and & is more difficult. Indeed, looking at Equation (8.8), we can see
that a lower ¢ gives a smaller bound, but at the same time the probability of this event (which probability
is bounded in Equation (8.8)) is lower. This induces a trade-off between the probability of the event
and the size of the bound, as we want the smallest possible bound with the highest possible probability.
Moreover, we cannot choose ¢ too small, because of the lower bound (8.7): ¢ is limited by a value
proportional to A*. On the one hand, we could choose a small &, but on the other hand, the probability
of the event in Equation (8.8) will decrease. Summing up this reasoning in other words, we get the
following conclusion: low values of 1 and ¢ give a smaller bound, while high values of / and ¢ give
a high probability. Therefore, there is some kind of compromise to do, depending of the kind of bound
one is looking for.

8.3.2 Asymptotic properties of 5 when n — oo and for fixed r’

In this part, »’ is still assumed to be fixed and we state the consistency and the asymptotic normality of /3
as n — oo. As above, we adopt a fixed design: the z/ are arbitrarily fixed or, equivalently, our reasoning
are made conditionally on the second sample. In this section, we follow Derumigny and Fermanian [39]
by giving similar results. Proofs are identical and therefore omitted.

For n,n/ > 0, denote by /3, .- the estimator (8.3) with h = h,, and A = A, ...

Lemma 8.9. We have 3, = arg min g, G (5), where

2n’ — k)! ) §
Gn,n’(ﬁ) :% Z fcr,nd)(zfyu)w~"zg(k))T(ﬂ _B)

SI

"—k)!
F U S 0y 2h0) 8 = D)+ Bl (8.9)

SR

Theorem 8.10 (Consistency of 3). Under Assumption 8.2.9, if n’ is fixed and \ = An.n' — Ao, then,
givenzi, ...z, and asn tends to the infinity, Bn,n/& B** = infg Geo,n (8), Wwhere

1 2
Goo,n’(ﬁ) = ? Z (¢(Z:7(1)? e ’Z:T(k))T(ﬁ* _ B)) -|- /\0|B‘1

oET

In particular, if \o = 0 and < {1/;(z:7(1), el z;(k)) 20 € Jpn} >=R", then Bn,n,Lﬁ*.
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Theorem 8.11 (Asymptotic law of the estimator). Under Assumption 8.2.10, and if )\nm,(nhfl’n,)l/ 2 tends

to ¢ when n — oo, we have (nh? n/)l/Z(Bnyn/ ) Ly ur = arg min, pr Foo n(0), given zy, ...z,
where
2(n' — k)! " (n' —k)! T \2
]FOOJI,/ (u) = T Z Z WO’¢] (Z:T(l)’ ey Z;(k))u] + T Z (’l[) (Z:J'(l)’ e 7Z:T(k)) u)
Uejk,n’ 7=1 O'GkaV/

JJZ (JuilTggr—oy + i sign(B; ) 1s: 0},

i=1

with W = (Wo)oes, ., ~ N (O,H) where

Z {= }lKH%)A’(O (z;(1)7...,z;(k))>A/<

%o () =% z' .
j,i=1 fZ o (4)

. (éj,l (Z;(1)7 e ,z;(k), Zlg(l), i ,Z/g(k)) —0 (Z;(l)a e 7Z:r(k)) 0 (Z/c(l)’ T ’Z/c(k?)) >’

and éjJ is as defined in Equation (8.6).

<>
awn
i~
=
N
A~
=
~—
~__

Moreover, limsup,, ,. P (S, =8)=c< 1, whereS,, :={j: Bj #0}andS = {j: 5; # 0}.

A usual way of obtaining the oracle property is to modify our estimator in an “adaptive” way. Following
Zou [146], consider a preliminary “rough” estimator of 3*, denoted by £3,,, or more simply 3. Moreover
vn(B, — %) is assumed to be asymptotically normal, for some deterministic sequence (v,,) that tends
to the infinity. Now, let us consider the same optimization program as in (8.3) but with a random tuning
parameter given by A, ./ = 5\n7n1/|5n\5, for some constant § > 0 and some positive deterministic
sequence (:\nm/). The corresponding adaptive estimator (solution of the modified Equation (8.3)) will be
denoted by 3, ../, or simply 5. Hereafter, we still set S,, = {j : 5; # 0}.

Theorem 8.12 (Asymptotic law of the adaptive estimator of 3). Under Assumption 8.2.10, if the following
convergence hold Ay, . (nhE ,)"/? — £ > 0 and Ay, (nh?, ,)'/?13 — co whenn — oo, we have

(nh? o ) /Q(B,m/ - B8 L, uS = argmlnlﬁ‘:>O w(ug), where

uSG
. — ! !
IFoo,n/(uS) = n k Z Z Wol/)j (ni,'k) Z (Z %(%)%‘)2
0€T5 n j€S T 0E€T, jeS
Z 5 sign(8

S
with W = (W,)oes, ., ~ N (0,H).
Moreover, when ¢ = 0, the oracle property is fulfilled: P (S, =S) — 1 asn — oo.

8.3.3 Asymptotic properties of /3 jointly in (n,n’)

Now, we consider the framework in which both n and n’ are going to infinity, while the dimensions p and
r stay fixed. We now provide a consistency result for Bnn

Theorem 8.13 (Consistency of f3,, ./, jointly in (n,n’)). Assume that Assumptions 8.2.1- 8.3.1 are sat-
T T .

isfied. Assume that 3,5, (251,20 ) ¥ (25 - - Zo) /0’ cONverges to a matrix My ., as
n' — oo. Assume that A\, .+ — Ao and n' exp(—Anh*?) — 0 for every A > 0, when (n,n') — oo. Then
B — argming g Goo oo (8), @S (n,1') — 00, Where Guo oo (B) = (8* — B)Myz (8" — B)T + XolBl1.
Moreover, if \o = 0 and My, - is invertible, then BW,,/ is consistent and tends to the true value 3*.
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Note that, since the sequence (z}) is deterministic, we only assume the convergence of the se-
ey . T . r2

guence of deterministic matrices ZUEJMI w(z;(l), .. .,z;(k))zp(z;(l), ... ,z;(k)) /n’ in R™. Moreover,

if the “second subset” (z;);=1,...,» were a random sample (drawn along the law IPz), the latter conver-

gence would be understood “in probability”. And if IPz satisfies the identifiability condition (Proposition

8.1), then M, ,» would be invertible and ﬁnn — B* in probability. Now, we want to go one step further

and derive the asymptotic law of the estimator Bn,n/. For this, we will need the following assumption.

Assumption 8.3.2. (i) The support of the kernel K (-) is included into [-1,1]P. Moreover, for all n,n’
and every (i,j) € {1,...,n'}?,i # j, we have |z; — 2/|oc > 2Ny, .

(”) (a) nl(nhﬁiﬁa + h?ﬁ”/ + hfl,n’ + (”hz,n/)fl) - 0’ (b) )‘n,n’ (n/ nhﬁ,n’)1/2 — 0: (C) TL/ nhfl’n/ — 0 and
nhE? 527/ Inn/ — oo for some e € [0,2a.

(iij) The distribution P, ,,; := \3k7n1|—12063k ,6(%(1)%4(“) weakly converges as n’ — oo, o a
distribution TP, 1. .. on R¥?. There exists a distribution P, ., on R*", with a density f, .. with
respect to the p-dimensional Lebesgue measure such that P, i, o = IP?’fOC.

(iv) The matrix Vi := [p(z},...2,)¢(2},...2})7 for o(2)) - [ .00(2},)dZ] - - - dZ], is non-singular.

(v) A(-) is two times continuously differentiable. Let T be the range of 6, from 2" towards R. On an
open neighborhood of T, the second derivative of A(-) is bounded by a constant C .

(vi) some integrals exists and are finite. We will especially need the folowing ones.

Vi = /9(z’1,...,z§€)A’(9(z’1,...7z§€))@b(z'1,...,z?c)fzf,oo(zl)-~-fz/,oo(zk) dz, - - - dzy ;

K 2
Vg::/J|C|Z(Z|/12)g(x1,X2,...,Xk)g(xl,y%...,yk)A’z(G(zll,...,z%))z/;(z/l,...,zﬁc)ip(z’l,...,z;)T

k
X fx|z=a (1) dp(x2)dp(2}) [ | Fxi12=a (Vi) FX1 2= (%) far 00 (25) dpa(x:)dpu(y ) Az,

1=2

Theorem 8.14 (Asymptotic law of 3, ., jointly in (n,n’)). Under Assumptions 8.2.1-8.2.5 and under
Assumption 8.3.2, we have

(nx ' x B2 VY2 (B — B%) 25 N0, Vo),

where Vs := Vfl V2V{1, V, is the matrix defined in Assumption 8.3.2(iv), and V5 in Assumption 8.3.2(v).

This theorem is proved in Section 8.7.

8.4 Applications and examples

Following Example 4.4 in Stute [132], we consider the function g(x1,z2) := 1{z; < x5}, with k = 2. In
this case 0(z1,2z2) = IP(X1 < X2|Zy = 21,75 = z5). The parameter 0(z1,z2) quantifies the probability
that the quantity of interest X be smaller if we knew that Z = z, than if we knew that Z = z,.

To illustrate our methods, we choose a simple example, with the Epanechnikov kernel, defined by
K(z) = (3/4)(1 —u?)1|u| < 1. ltis a kernel of order o = 2, with [ K* = 3/5. Assumption 8.2.1 is then
satisfied with Cx == 3/4. Fixp =1, Z = [-1,1], X = R, fz(2) = ¢(2)1{|z| < 1}/(1 — 2®(-1)), where
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® and ¢ are respectively the cdf and the density of the standard Gaussian distribution and X|Z = 2z ~
N(z,1), forevery z € Z. Forany 21,2, € Z,

/‘K(m) K(uk)‘ > (mofzk)

mi+ - +mrp=«

k P 8m7f
' H Z ‘uivjl e ui,jm sup 7Z(Zi + tuz) dul .o dUk
i=1 41,0y jom, =1 ieo) |9z, < 0z,
i fz
= | K(u)K(u uyt bup z; +tu;) | dudu
[ ) <2)m1+2m22m1,m2 £[| s | Gr2 (o )| s
82
/K up ) K (u2) |u2’ sup |fz(2)| sup 8fZ (2)
zEZ Z

%2 ()| sup
a zEZ

f‘uluQ| sup
zeZ

n
0z

sup |fz(2)] ) duqdus

0*fz
2)| + [u? sup' z
)|+ 1|Z D |52 (2) Sup

S

1
<2 x0.59% x /K(u)quu + 3 X 0.362(/ |u\K(u)du)2 <0.2.

Assumption 8.2.2 is then satisfied with Cx , = 0.2. Assumption 8.2.3 is easily satisfied with fz max =
1/(vV2m(1 —2®(—1))) < 0.59. Therefore, we can apply Lemma 8.3. We compute the constants C; :=
2% mazl 1 K137 = 2 % 0.59% x (3/5)% < 0.26 and Cy := (4/3)C} = (4/3) x (3/4)> = 3/4. Therefore, for
anyn >0, h,t >0, 21,22 € Z, we have

2
]P<|N2(21722) — f2(21)fz(2)] < 0.1h% + t> =T rew ( - O.26h[gl{&-2](f.75h2t>7

Assumption 8.2.4 is satisfied with fz in = ¢(1)/(1—2®(—1)) > 0.35, so that we can apply Corollary 8.4.
Therefore, the estimator d(z1, z;) exists with probability greater than

(n— 1)h2(0.35 — 0.1h2) )

1—2exp( —
P ( 0.52 + 1.5 x (0.35 — 0.1h2)

Note that this probability is greater than 0.99 as soon as n > 3(0.52 + 1.5 x (0.35 — 0.1h?)) /(h?(0.35 —
0.1h%)?). For example, with 1 = 0.2, it means that the estimator 0(z1, 22) exists with a probability greater
than 99% as soon as n is greater than 651.

We list below other possible examples of applications. Conditional moments constitute also a natural
class of U-statistics. They include the conditional variance (px = 1, k = 2, g(X1, X2) = X% — X; - X5)
and the conditional covariance (px = 2, k = 2, g(X1,X2) := X1,1 - Xo1 — X1.1 - X2,2). The conditional
variance gives information about the volatility of X given the variable Z. Conditional covariances can be
used to describe how the dependence moves as a function of the conditioning variables Z. Higher-order
conditional moments (skewness, kurtosis, and so on) can also be estimated by higher-order conditional
U-statistics, and they described respectively how the asymmetry and the behavior of the tails of X
change as function of Z.

Gini’'s mean difference, an indicator of dispersion, can also be used in this framework. Formally, it
is defined as the U-statistic with px = 1, £ = 2 and g(X;, X2) := |X; — X3|. Its conditional version
describes how two variables are far away, on average, given their conditioning variables Z. for example,
X could be the income of an individual, Z could be the position of its home, and 0(z, z>) represent the
average inequality between the income of two persons, one at point z; and the other at point z.

Other conditional dependence measures can also be written as conditional U-statistics, see e.g.
Example 1.1.7 of Koroljuk and Borovskisch [84]. They show how a U-statistic of order k£ = 5 can be used
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to estimated the dependence parameter

0= // (F1,2(33,y) - F1,2(.T,OO)FLQ(OO,y))dFLQ(x,y).

In our framework, we could consider a conditional version, given by

0(z1,22) = // (F1212=2(%,y) — F1912—4(2, 00) F1 2127 (00,y) ) dF1 5177 (2, y),

where X is of dimension px = 2. Finally, the conditional Kendall’s tau is also included in our framework,
with pPx = 2, k=2, g(Xl,Xg) =4- ]l{X1<X2} —1.

8.5 Notations

In the proofs, we will use the following shortcut notations: x;.; denotes the k-tuple (x1, ..., xx). Similarly,

for a function o, o(1 : k) denotes the tuple (o(1),...,0(k)), and X, (1.1 is the k-tuple (X; (1), ..., Xom))-

For any variable Y and any collection of given points (z1, . .. zx), the conditional expectation IE[Y |Z;.;, =

z1.;) denotes IE[Y|Zy = z4,...,Z;, = z;]. We denote by [ ¢(z1.;)dz1.;, theintegral [ ¢(z1,...,zx)dz - - - dzy,

for any integrable function ¢ : R**? — R, and by [ g(x1:x)du®*(x1.1,) the integral [ g(z1, ...,z )du(x1) - - - dp(xy)
for any u-integrable function g : X* — R.

8.6 Finite distance proofs for 6 and 3

For convenience, we recall Berk’s (1970) inequality (see Theorem A in Serfling [123, p.201]). Note that,
if m = 1, this reduces to Bernstein’s inequality.

Lemma 8.15. Letk > 0,n > k, Xy,...,X,, i.i.d. random vectors with values in a measurable space X
and g : X* — [a,b] be a real bounded function. Set 6 := E[¢(X1.;)] and o := Var[g(X1.1)]. Then, for
anyt > 0,

P (Z) : Y 9(Xoawy) 0>t | <exp ( 202 +[(T;//?)tfb - 9)t>’

(7651,”,

where 7y, ,, is the set of bijective functions from {1,...,k} fo {1,...,n} and 31,1 is the subset of Jy, ,,
made of increasing functions.

Note that g does not need to be symmetric for this bound to hold. Indeed, if g is not symmetric, we can
nonetheless apply this lemma to the symmetrized version g defined as g(x1.x) := (k) ™' X2, c5, , 9(Xo1:1)),
and we get the result.

8.6.1 Proof of Lemma 8.3

We decompose the quantity to bound into a stochastic part and a bias as follows:

k k

Ni(z1:1) — HfZ(Zi) = (Ng(z1:1) — IE[Ni(21.)]) + (I[N (z1:1)] — HfZ(zi))-

i=1 =1



Chapter 8. Estimation of a regular conditional functional by conditional U-statistic regression 234

We first bound the bias.

IE [Ny, (21.)] Hfz z;)

where ¢, (1) = Hle fz(zi + thu;) for t € [—1,1]. Note that this function has at least the same
regularity as fz, so it is a-differentiable, and by a Taylor-Lagrange expansion, we get

a—1 k
1 [ 1 «
) = | [ (X 505000+ okl ) TT K
i=1 . =1
For I > 0, we have

ko gmi( f. (Zl + htul>
o= > ( ) II ( - ) ©)
—1 _
k P N o gy
= Z <m1 k) H Z h™ 4, o Wi, W(zl + tz’uhui)7

where ( * )= al/(TTE, (m! )) is the multinomial coefficient. Using Assumption 8.2.1, for every i =
1,...,a—1,weget [[K(uy)- - K(uy)dsn(0)duy - - - duy, = 0. Therefore, only the last term remains and

l [Nk (2z1:1)] Hfz

we have
’ [Nk (2z1:1)] Hfz z;) ’/( ¢(a) )H K(u;)du;| < C;(;a h?,
using Assumption 8.2.2.
Second, we bound the stochastic part. We have
k
Ni(z1:) — E[Ny(21)] = Z HKh @ —zi) — [ [ BK (Zi —2)]-

UEjT i=1 =1

Then, we can apply Lemma 8.15 to the function g defined by g(z1, ..., 2x) := [1;_, Kx(2i — ). Here,
we have b = —a = h=*PC%., and
K 2
Var(g(Zy,...,Zx)*] SBlg(Z1,...,2)%) = [[E[Kn(Zi — 2:)"] < B f5 anl K13

i=1

Finally, we get

n\ [n/k]t2
P«Q mmmmmmszSwﬂ%M%WMKW+WWMW%)

8.6.2 Proof of Proposition 8.5
We have the following decomposition

0(z1:1) — 6(z1.6)]



Chapter 8. Estimation of a regular conditional functional by conditional U-statistic regression 235

= ‘Nk(zl:k’) 1( Z HKh (i) — Zi (Q(Xa(lzk)) —B[g(X1k)|Z1x = Zl:k])‘
0€Tp n =1
k J—
- Nl;[(lz_ll’fZ(, ;l UEZ:]; H U(Z ) ( (Xa'(lzk)) - ]E[g(Xl:k)‘Zlik = Zl:k])’
Il falz)
o Nk(zl,...7zk) Z S(T '

o€Tk,n

The conclusion will follow from the next three lemmas, where we will bound separately Hle fz/Ng, the
bias term | Y- ., IE[S,]| and the stochastic component | >~ . (S, — IE[S,])|.

Lemma 8.16 (Bound for Hle fz(z;)/Ny). Under Assumptions 8.2.1, 8.2.2, 8.2.3, and 8.2.4 and if for
somet >0, Cx oh®/a! +t < f§ ,.../2, we have

4 Ck oh®
< =7 ( Ko t))
Z,min ol

>1—2exp(—

1 1
IP —
( Ni(z1:1) Hle fz(z)
[n/k]t?
2h=kp fy KN I3F + (4/3)hkp0§<t)’

and on the same event, Ny(z1.;) is strictly positive and

k . 41k a
Hz:l fZ(Z’L) <1+ fz,max (CK7O¢h +t>

Nk(zl:k) - %]fmin al

Proof : Using the mean value inequality for the function = — 1/z, we get

k

< N%?|Nk(21:k) — 1] f2(z)]

=1

1
Ni(zik) 15, fa(z:)

where N, lies between Ni(z;.,) and Hle fz(z;). By Lemma 8.3, we get

IP( [Ny (2 )—ﬁf(z- CK“h“th >1—2exp| — [n/k]t*
k(Z1:k 11 z(zi)| < o = p 2h_kpfé,maz||KH%k+(4/3)h_kpcf’(t .

(z1.1) — [T, fz(2:)| < (1/2) I, fz(z:) by assumption, so that JZmin/2 < Ni(21:4)-
We have also f§ ,..,,/2 < Hle fz(z;). Thus, we have f; . /2 < N,. Combining the previous inequali-
ties, we finally get

1
Ni(zik) 15, fa(z:)

k
1 4 (Crah®
< 3 |Ni(ia) =[] fa(z)] < 2’“<Ka' H)_
* i=1 !

Z.,min

Now, we provide a bound on the bias.
Lemma 8.17. Under Assumptions 8.2.1 and 8.2.6, we have |IE[S,]| < Cy 1.aCk ah™ /(f§ nin®).

Proof : We remark that
0= / <9(X1:k) - E[g(X1x)|Z1x = zl:k])fX\Z:zl(Xl) o x|z (X0 A (X1

= / (g(Xl:k) - IE[Q(XL/C)’ZLk = Z1;k]) fX’Z(Xli_?c) : f f(X’?(Xk’ 2r) dp®*(x1.1,). (8.10)
i=1J2\%;
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We have
Kiy(Zony —21) - Kn(Zory — 21)
E[S,] = IE{ I(Xo(1), s Xo)) — E[9(Xi)|Z1:k = z1:] ]
[T, fz(z:) ( | )
K (u;)
= / (Q(ch) —B[g(X1:k)|Z1k = 21 ) H T2l Ix.z(xi, 2 + hw;) du(x;)du;
=1 z )
k k
K(u;
= / (Q(th) —E[g(X1:k)|Z1x = Z1;kD (H Ixz (Xn z; + hui) - H Ixz (Xi,Zi)> H fz((zg dp(x;)du,.
i=1 i=1 i=1 ¢
We apply now the Taylor-Lagrange formula to the function
k
¢x1:k7u1:k(t) = H fX,Z (Xia z; + hui>7
i=1
and get
k
]E[S(T} = / (Q(Xl:k) - ]E[g(xlk)|zlk = Zl:k]) <¢x1:k7u1:k(t)(1) - ¢x1:k7U1 k ) H Z X7 dl,'l7
= / (Q(Xl:k) - IE[g(Xl:k)|Z1:k - Zl:k})
=1 , 1 b
: <z:1 ﬁd)xl:k’ul:k (t)(J)(O) + a@éxnk,m ik > H Xz duz
Jj= i=1
= / (g(xlzk) - IE[Q(Xl:k)|Z1:k - Zl:k})
1 k
. (M¢X1;k,u1k () lx,u ) U Xz duz
= / (g(xl:k) - IE[g(Xlzk)|Z1:k = Zl:k})
1 k
S (Qﬁxl:k,ul;k(t)(&) (txu) — Gxqoagn ( ) 1:[ 10(x;)du.
For every real ¢, we have
ko™i fxz (i, i + htuz')>
(@) () = ( ’
¢ ( ) m1+~;mk @ (ml k> 1;[ ot
- 0™ fx z
= W™ gy o, e (Xi, 2i + htuy)
m1+'~z+mk=o¢ ( ) 11—[1 i ; - J J Dzj, - 8ij,
a om fX Z
=h Z (m1 k)H Z Us jy - - u,]”az o ( i7zi+htui). (8.11)

mi+ - Fmp=a i=1j1,..., jm =1

Therefore, we get

E[S,] = > <m1 k)/HHZ 2, i._ Ui gy - Ui,

mi+ - Fmp=o

: (Q(th) —E[g(X1)|Z1k = lek})

. ( o™i fx z

0zjy -+ 0z,

o™i fx z

(xi, z; + htui) - m

(xz, z)) du(xy)duy - - - dp(xy)dug,

and, using Assumption 8.2.6, this yields
Cy 1.0aCr ah®T*

’]E[SU” = fé,mina!
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U
Now we bound the stochastic component. We have the following equality
(n—k)!
> (Se —E[S,])| = o > 9(Xe1) Zor) - Kok Zairy))
0€Tk,n 0€Jk,n

with the function g defined by

g((Xla Zl) Yo (Xk" Zk))

Kh<Z1 — Z1> tee Kh(Zk — Zk)
= 9(X1) = Blg(X1k) | Zrk = 214
[T, fa(z:) ( )
Kh(Z1 — Z1) . ~Kh(Zk — Zk)
—IE 9(X1k) — B[g(X1:k) | Z1:k = 21:4]
l [T, fa(z:) ( )

By construction, IE {g((Xl, Zy),..., (X, Zk))} = 0. If g is bounded, we can derive an immediate bound

for this stochastic component. Indeed, we would have ||g||« < 4C}h~*C%/f} ... Moreover, we have

Var[§((X1,21), .. (X, )| < E{Kﬁ(zl —I_ZI;) f;((ggzk .
i=1Jz\%i

< C2fp macfz b P K|[3F.

Z,min

)gQ(Xl,...,Xk)]

Therefore, we can apply Lemma 8.15, and we get

[n/KJ1? )
P S, —IE[S;])| >t <2 — - .
(‘ 2 2] ) eXp( 202k o fa 2 k| [K|[B + (8/3)Clh e Ch f kot

0€Tk,n

In the following Lemma 8.18, our goal will be to bound the stochastic component using only Assump-
tion 8.2.8 on the conditional moments of g.

Lemma 8.18. Under Assumptions 8.2.1, 8.2.4 and 8.2.8, for every t > 0, we have

2 hkPin/k
P Z Se —IE[S;] >t ] <exp (— — f: "1”" in/k] —— ) .
€Tk 128(By 4 + Bg) Ci ™'+ 2t(Bys + Bg)chz,mm

Proof: Using the same decomposition for U-statistics as in Hoeffding [70], we obtain

[n/k]

3 sc,fu*::[sg]:ni Z vag,

0€Jk,n 0€Tn,n

where
Vayio == §((Xa(1+(i—1)k), Lot (i—1)k))s - - - » (Xo(ik), Za(jk)))-

For any A > 0, we have

P ( > S, —E[S,] > t) < e ME |exp (A > S - IE[S[,])

0€Tk,n

[ [n/k]
Se_’\t]E exp ()\ Z /,ZC Z Vnza)

O'Ejn n
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7)\t Z E

! c€T,

1 [n/k]
exp (A[ T 2 Z Vn,i,o)
[n/k]
2 T few (e |

.0‘63771 1

[n/k]
< e M < sup E [exp ()\[n/k]_an7i7g)]> . (8.12)
o€ i

i=1 Z(Zz)
l
+ 4IIE[|IE[g(X1 0| Zak = 214] ‘l 11 | K| gfc(rs)) )}
i=1 Z\"
: K Zo’ i Z;
+ 4! IE[g( o (1) Xk )1:[ h(flzéz)z) )H
— )]
+4'E UE[ Xlk‘Zlk_Z1k|Hf;E;)l))H

Using Jensen’s inequality for the function = — |z|? with the second, third and fourth terms, and the law
of iterated expectations for the first and the third terms, we get

o
]E“Vn,i,aﬂ§4l'Q]E{]E“g(xo(l),...,Xa(k))|l|za(1)7”. o] H|Kh () )}
LoRIENaX )'NZ: = 2, Vi = |Kh|(a(i)*zi)
+4L.9 [ [lg(X1.1)] |Zz—Zz,VZ—1,...,k}i| |1 ) ]
<4 2B|(BL(Z1,.... Zi) + By, )Z,H|Kh| am )}
~ g ) g 5 yZ fZ Z,L

S 4l "2 (B.f] + B!l](zl’ e ’Zk))l!(hikpchZ_,min)lil fZ_,mzn
~ l
< 2(4(By + Byu)hTCh Sk ) NRPCRE
where B, , := By(z1,...,zx). Remarking that IE[Vn i.o] = 0 by construction of g, we obtain

n/k 1™ Whio)']

IE[eXp( [n/k'] nzn *1+Z
<1420 W S (4A[n/k) " (Byys + By)h P CE 175!
1=2

~ 2
(4Am /K (By o + Bo) b 7Ch f k)
1- 4/\[71/]43}71 (Bg,z + Bg)hikpcf(fz_,]:nin
3 3202[n/k] "2 (By.a + By) htr Ot fp 2
= %P 1-— 4)\[71/]{]71 (Bg,z + Bg)hikpcf(fz_,l:nin 7

< 1420 R

where the last statement follows from the inequality 1 + = < exp(x). Combining the latter bound with
Equation (8.12), we get

32)2(B, , + B,) c%1
IP( > SU—IE[SJ]>t> <exp<—)\t+ - (By.x + By) LS . (8.13)

0€Tk,n Z, mznhkp[n/k] - 4)\< g9,z + BQ)C}C(fé,mzn
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Remarking that the right-hand side term inside the exponential is of the form —At + X’ we choose the

b—c\?
value
th tfgk o h*Pn/k
.= — _ 2;71 [/} _ (8.14)
2a +te 64(B9az + BQ) CK ot t(Bgaz + BQ)Ci(fé,mzn
such that —\.t + bfii* = —Mtjgct = —L\,.. Therefore, the right-hand side term of Equation (8.13) can

be simplified, and combining this with Equation (8.14), we obtain

t2 2k hkp n/k
P Z So — IE[SU} >t <exp|— — Z,min [ / ] N .
128(Bg’z + Bg) C?(kil + Qt(Bgvz + Bg>0§fé,mln

UEjk,n
O
8.6.3 Proof of Theorem 8.8
By Proposition 8.5, for every ¢1,ts > 0 such that Cx oh®/a! +t < fz min/2, We have
P <é(Z1, e ,Zk) - 9(Z17 ey Zk)| < (1 + Cgha + C4t1) X (C5hk+a + tg))
[n/k|t2hkP [n/k|t2nkp
>1-2 A e
- oxp ( Cy + Csty oxp Cs + Crto ’
We apply this proposition to every k-tuple (z),...,2} ) where o € Jj ... Combining it with

Assumption 8.3.1, we get

]P(Sup ‘fz’n| < CA/(l + C3h® + C4t1) X (C5hk+a + t2)>

1Tk,
: [n/kJt3R"P [n/kJt3h*P
>1-9 AL _ /R
- . [exp ( Ch1 + Coty e Cs + Crta

Choosing t1 := fz.min/4 and using the bound (8.7) on h, we get

)

P sup &0 < Car (1 4+ Cy T2 4 o TZminy oo phta g )
i 4CK,a 4

[T, n | 2 k
[”/k]fz minh P [n/k}t%hkp
>1-2 — — - .
- ; [exp ( 16C1 + 402fz7mm) texp < Cs + Crto )

Choosing t; = t/(2Cs) =t/ (2CwCA' (1+Cs fﬁgjjf;"! + Oy L2min )) and using the bound (8.7) on h, we
get

[T,

[0/ K17, i D*P [n/k]t2hkP
P in t/C >1-2 — ; —
(Sgp el <2/ ¢> ; [eXp ( 160, + 402fz,mm> e ( 4C2C6 + 20807t>

On the same event, we have max;—; L Z;il Z} ;&in| < t, by Assumption 8.3.1. The conclusion

/
----- P

results from the following lemma.

Lemma 8.19 (From [39, Lemma 25]). Assume that max;—,.. , | Z;il Z} &in| < t, for somet > 0,
that the assumption RE (s, 3) is satisfied, and that the tuning parameter is given by A\ = ~t, with v > 4.

1A o 4y + )t/ s o Ay 4 1)tst/a
Then, ||Z'(B — B )Hﬁwand‘ﬁ*ﬁ |q§W

,forevery1 < ¢ <2.
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8.7 Proof of Theorem 8.14

Deﬁne any"/ = (’/l X ’/l/ X hfL,n’)l/2! u = 7:n,n’ (ﬂ - B*) and ﬁn,n/ = Fn,n/(Bn,n’ - ,B*), SO that Bn,n’ =
B* + p s /Tnn . We define for every u € ]Ri”/,

2Tn n’ T

Fy (1) : > omt(Zhy - Zhpy)
|Jk n’
0€T g, !
Z {9 (201ys- - Zh) u} + A mm( ] 187, ) (8.15)
Uejk '

and we obtain u,, ,, = arg minueRp/ F,, . (u) applying Lemma 8.9.

Lemma 8.20. Under the same assumptions as in Theorem 8.14,

T, = Tr,n/ Z Eonth (20, ))EH\/(O,VQ).

J /
| k,n o-ejkn

This lemma is proved in Section 8.7.1. It will help to control the first term of Equation (8.15), which is
simply —27{u

Concerning the second term of Equation (8.15), using Assumption 8.3.2(iii), we have for every u €

RP

Z {1/) 1),...,z;(k))Tu}2

Ue]kn

—>/ (zy,...,2 ) far00(ZY) -+ [ 00 (2Z)) d2y - - - dz. (8.16)

This has to be read as a convergence of a sequence of real numbers indexed by u, because the design
points z, are deterministic. We also have, for any u € R”" and when n is large enough,

’

([ luil

|68* +7| - 18], = Z(h l{ﬂ*_o}‘F Slgn(ﬂf)]l{ﬁ;;eo})

i=1

Therefore, by Assumption 8.3.2(ii)(b), for every u € R?,

~2
)\n,n' ’I"nm/ (

when (n,n’) tends to the infinity. Combining Lemma 8.20 and Equations (8.15-8.17), and defining the
function Foo o by

1) -0, (8.17)

Foo00(u) := 2W7u + / ('(/)(zll,...,z%)Tu)sz/’oo(z’l) o froo(Z)) d2, - - dzy,

where u € R” and W ~ N(0, V), we obtain that every finite-dimensional margin of F,, ,, weakly con-
verges to the corresponding margin of F, ... Now, applying the convexity lemma, we get
Uy 2, Uoo, 00, Where u, o := arg min Foo o (u).
uelR"
Since F, o (u) is a continuously differentiable convex function, apply the first-order condition VF o (u) =
0, which yields

oW + 2/1/J(Z'1, oz )P(Z, . ,Z;E.)Tuoopofz/?oo(z'l) o far oo(2y) d2Zh - - - dzy, = 0.

As a consequence u. ., = —V; "W ~ N(0,V,,), using Assumption 8.3.2(iv). We finally obtain
f'n,n/ (Bn,n’ - B*) £> N(O, Vas), as claimed. O
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8.7.1 Proof of Lemma 8.20

Using a Taylor expansion yields

Z §0n¢ 0(1 . ))

ko o-ejkn

:ngZI 3 (A(é( (1),...,z;(k)))—A(G(z;(l),-~-,Z;(k))))¢(22(1>7~-~>Z§r<k>)

oET

=T + T3,

where the main term is

Tnn )
‘Jk n/ Z A/( 0_(1 .7Z;_(k))>(9(z/0.(1),.,Z/o_(k)) _Q(Z;_(l),7Z/o_(k)))w(zg_(1)’7z/o_(k)),

S

and the remainder is

Tn,n’

~ 2
T3 = Z O[go- (0 ( )’7Z:7(k)) —Q(ZQ(I),..‘,Z;(M)> 'l/)(zé,(l),...,z;(k)),

|Jk,n" GE€Tp

with Vo € Jp v, |as o] < Car /2, by Assumption 8.3.2(v).
Let us define 4, := A’/ (G(z;(l), . ,z;(k)))zp(z;(l), . ,z;(k)), for every o € Jy .. Using the defini-

tion (8.1), we rewrite T, := T, + T5 where

Tn n’ HZ 1 h Z s(i) — Z/O'(’L)) ’ / —
Ty = E E 9( Xy X)) — 0201y, -+ 2y P,
‘jk 1 Pn €T 0t $€Tkn IL 1 fz(z, ) ( ( o : )) ( @ (k)))

rnn
Ts = Tem| - [Them Z Z HKh <()_Z()>(9(X<(1)""’X<(k))_Q(Z;(1)7~~-azg(k)))

(763 ! SETp,n =1

( 1 - 1 )w
Ny 2w) Tl fa(2,,)/)

To lighten the notations, we will define K, . := Hle Ki(Zeiy — z;(i)), 9 = 9(Xc1ys - X)) b0 =

0(2, 1) Zh))s Tzro = [liey fa(2 ), and Ny = Ni(z,),.--,2, ), for every o € 3y, and
¢ € Jg.n, SO that

rnn _

Tai= |Jk n’ ‘Jk n| Z . sEzlk: fz/ 0)1/)07 (818)
rnn 1 1 N

1= |Jk 77/ ‘jkn| UEBZ , SEJZk KU( - U) (N7(7 - fZ/7(7)¢U. (819)

Using a-order limited expansions, we get

k
Tn,n! i= K Zi_z;i
ir) = Z /H | i}i ) (ox1s) )fole,zz)du F(x14)dzie (8.20)

o€Ty,

rn n’ H i / Rk

= e ‘ fz (X1:k) — 95) H Ix,2(Xi, Zg ;) + hti)dp™" (X1 ) db 1k
n’ ’ i=1

_ k

Tn, n’h o *
= Dol T / H fz' (X1:k-) - 90) Hd(z )fX,Z(X'hZg(i))du®k(xl:k)dt1:k

n’ i=1

- O(ﬁm/h a) - O((n X' hp+2k“)1/2> = o(1),

n,n’
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where above, z; denote some vectors in R? such that |z, — z| < 1, depending on z; and x;

We can therefore use the centered version of T}, defined as
TTL n
T, — IE|T, o5
[ 4] |jk n’ |jk n| Z Z Jos

! S€Tk,n

9o, ‘= ]:Z)bfg (Ka,c (g< - 90) - ]E[KUS (gC - 0”)})'

Computation of the limit of the variance matrix Var[Ty].

We have Var[Ty] = E[T,T{] + o(l).

Z Z gocgo—g +o(1).

Var[Ty) = ﬁ
‘Jk /| |jk"| 0,0€T, nr 65E€Tkn

By independence, IE[g, <ggz] = 0 as soon as ¢ N< = (B, where we identify a permutation ¢ and its image

s({1,...,k}). Therefore, we get

nn h
Varlly| ~ ————=—— > Y Elgyc 9t ]
‘Jk / ooeﬁk n! $:S€Tk,n
SNSHD

~T

'n?
:m—nng Z Z 9o,6,5,5 — gaga-a

Tkt |
‘ k,n | 0,6€Ty, 11 $5E€Tk n
SNSHD

where j, := ¢, IE[K, (9. — 05)]/fz' - and

— —T
9oc,5,5 = %E I:KUSKU,((QC - 60) (gf - 90>:| -

Assume now that ¢ N < is of cardinality 1, i.e. there exists only one couple (

s(j) =5(5)- Then,

7,7) € {1,...,k}? such that

PPy
90,555 = ﬁ (g(Xl:k:) - 00’) (g(XkJrla ce 7Xk;+3—17 X Xk.t,.j.t,.p ce 7X2k) - 0?)
k
. 1:[1 Ky (z; — z;(i))fx’z(xi, z;)dp(x;)dz; - Ky (z; — ZIEG))

k
H K (zr4i — 2 ) X2 (K Zed ) A (X ) A2 i

=145
— —T
P 1!’*/
=—-2"9 Xi.x) — 0o Xkdlyer oy Xpa 7 13X, X 501y, Xog) — O
fz(2;) (9( 1:k) )(9( k41 k+7—10 X5 X741 2k) )
k / / /
fxz(xi,za ot ht;) B Zo(j) T Zas
' HK(tl) f (Z/( )) d,u(xi)dti -h™PK (ti + 2 9U) h (])>
i=1 Z\%o(i)
k x,2(Xktis Z/E(;) + htpii)
' H K(tryi) 7 : dp(Xg1i)db i
- - = Z(Zk+z)
i=1,1#7
— —T
P 1!’*/
~ 229 X -0, Xkt1, X , X, X , X 0
fz(z;) (9( 1:k) )(9( k+1 kj—10 %7 Xhj+1 2k) )
u fxz(xi.2 ;) o . -
> v To(d) — o(J) a(7)
. t)——————du(x;)dt; - h " PK| t; + —————=
(0 2 ) ( )

k fx.z(Xk i, 2. Zo ) )
H K (tk+i) Wdu(mﬂ)dtkﬂ-
(i)
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By assumption, this is zero unless o(j) = @ (j). In this case, it can be simplified, giving

9o,c,5,5 = fZ ZJ hp /KQ/ Xl k 0‘7) (g(xk:Qk,Eﬁj) - 95)

k
'HfX|z:z;(, Xk )dp(x;) H Fxiz=al o (i) dp(Xiri) =009, 5 55,
kel -

L, 4]
where x; o) =, = (Xpa1y--- Xy o1 X X Gp1s - - ,Xok)-

Note that, if ¢ N < is of cardinality strictly greater than 1, some supplementary powers of h=? arise
thanks to the repeated kernels in ¢ and . As a consequence, they are of lower order and therefore
negligible. Using a-order expansions as in Equation (8.20), we get sup, |j,| = O(h*®). Thus,

nn'hP , -
|Jk n’ |2 n|jk; n|2 Z Z Z Z h ng,E,jJ

SE€Tk,n jj=1 S€Tk,n 0,6€T}, 1, 0(5)=5(5)

<()=2(7), lsngl=1
k
j B2 Yo Geryj

3:J=10,5€Ty, o, 0(5)=5(5)

— Z 9j 700 = V2,

Var[Ty ~ O( hp+2k°‘) +

n,n’

\ l

4i=1
where
L / / / ’ fK2 /
955,00 "= /A (e(zl:k))A <G(Zk:2k,§aj))¢( )wT( ka,j*ﬁ]) fZ(Z;) / (Q(Xl;k) - a(zl:k))
2k
’ (g(xk:2k,3—>j) - Q(Z;;;Qk,j_m‘)) H fXIZ:zg (Xi)fZ’,oo(z;)d:u(Xi)dZ;'
i=1,i%k+]

In Section 8.7.2, we will prove that T, is asymptotically Gaussian ; therefore, its asymptotic variance will
be given by V5.

Now, decompose the term T, defined in Equation (8.19), using a Taylor expansion of the function
x 1/(142)ato.

1 1 1 1 No — [z 0
N B A R
Na' fz/7o. fz/7o. <1 + % ) f%/7g

Z' o

where
1 _ Na_fZ/U 2 . NO'_fZ/O'
T o := 14+ a7, 3(’>,Wltha0§".
" fZ’,O'( 77 ) fZ’,o’ ‘ " | fZ’,o'
We have therefore the decomposition 75 = —Ts + 17, where
rn n’ No’ - f lo
Ty = Z Z Koi(9c = 00) —"52,, (8.21)
|jk n’ el fz/ﬁ
n’ k1
rn n’ -
Ty := Z > Koo(ge = 00)Tr0%,. (8.22)
|Jk n’ 67
o n! S€Tk,n

Summing up all the previous equation, we get

T = (T4 — ]E[T4D —Te+T7 4+ T3+ O(].)
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Afterwards, we will prove that all the remainders terms Tg, T, and T3 are negligible, i.e. they tend to zero
in probability. These results are respectively proved in Subsections 8.7.3, 8.7.4 and 8.7.5. Combining all
these elements with the asymptotic normality of 7, (proved in Subsection 8.7.2), we get T EEN N(0, V),
as claimed. O

8.7.2 Proof of the asymptotic normality of 7
Using the Hajek projection of T}, we define

T4 — IE[T4] = T4 1+ T4 125 where

. Iﬁk;nn 2 ZZ]EQ”“

O'Ejk ’ S€7k n =1

T 2 S S <g ) E[gg,<|<<z'>1>,

O’Ej n! S€Jk.,n i=1,....k

denoting by | the conditioning with respect to (X;,Z;), for i € {1,...,n}. We will show that T, ; is
asymptotically normal, and that T, » = o(1).

Using the fact that the (X, Z;); are i.i.d., and denoting by Id the injective function i — i, we have
T 2 yel ;

e n‘jk’nl| n 1=1
:| Z QY i,

krn n’
IE K, —
H\Jkn| Z ; [ Id(gld
because sup,, |g,,| = O(h*®), as proved in the previous section, hence negligible. The ay ; ,,, for 1 <i <
n, form a triangular array of i.i.d. variables. To prove the asymptotic normality of 7, 1, it remains to check
Lyapunov’s condition, i.e. we will show that 7", IE[|as,;n[3,] — 0. We have
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where in the last equivalent, we use a change of variable from the z; to the t;, and then the continuity of
the density fx z with respect to z, because h = o(1).

Because of our assumptions, the terms of the sum for which o(1) # 1 or v(1) # 1 are zero. Therefore,
we get

n 7‘;3 /h—2p (nn’hil)>3/2 .
13 = . (nn'hP)°r=\ - R
;E[ el = 72T P 2 oW =0 ( n2n/2h2p ) -9 <(nn’hp)1/2) = o)

o,v,9€T), ,,0(1)=r(1)=1

We prove now that T, » = o(1). Note first that, by construction, IE[T} o] = 0. Computing its variance,
we get

T
E[Ti,T0] - E w— Y% (v X Eliads)]) (sm5- X Elonsk@))
kot |2+ [T TET r 5,5€T i=1,....k =
0,0€T ) k,n 1=1,..., i=1,..., k
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Because of [E[g, ] = 0 and by independence, the terms in the latter sum for which ¢ N5 = () are zero.
Otherwise, there exists j1,72 € {1,...,k} such that ¢(j1) = 3(j2). If ¢ N < is of cardinal 1, meaning that
there is no other identities between elements of ¢ and g, then we will show that the corresponding term
is zero as well. We place ourselves in this case, assuming that [ N S| = 1, and we get
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Therefore, non-zero terms in Equation (8.23) correspond to the case where there exists js # ji1,j4 # 71
such that ¢(js) = <(j4). Itis equivalent to |¢ N 5| > 2. We will ignore higher-order terms, i.e. the ones for
which ¢ Ng| > 2, as they yield higher powers of 4? and are therefore negligible. Finally, Equation (8.23)
becomes
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As before, using change of variables and limited expansions, we can prove that
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and similarly for the other term.
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8.7.3 Convergence of 75 to 0

Using Equation (8.21), we have Ts = T 1 + T¢,2, Where
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We first prove that Ts 1 = o(1). Using Equation (8.5), we have
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The terms for which |sNv| > 1 induce some powers of (nh?) =1, and are therefore negligible. We remove
them to obtain an equivalent random vector Ts,l, which is centered. Therefore it is sufficient to show
that its second moment tends to 0.
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We deduce that non-zero terms arise only when there exists ji,j2 € {1,...,k} such that: v(j;) = 7(j2)
or v(j1) =5(j2) or ¥(j1) = <(jo). Therefore, we can write IEFGJT&] =T61.1+ Ts12+ T6.1,3, where
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We will prove that T5 11 = o(1). The two other terms can be treated in a similar way. Because of our
assumptions, the terms for which 5 (j;) # o(j2) are zero. This divides the number of possible terms by
n'. By using limited expansions as in Equation (8.20), we get that g, 7 . <. = O(h**~P). Therefore, we
have T 1,1 = O (2Ll pha—r) = O(h**) = o(1).
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Concerning T; o, its variance matrix is given by

, )t
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Note that g, - .- = 0 when ¢ NS = (). This divides the number of terms in the sum above by n, and
imposes that o N< # 0, which divides the number of terms in the sum above by another n’. Finally,
Iimited expansions gives a bound of 2**~?. Summing up all these elements, we obtain Var|Ts ] =

O( Tnn! pka=p) — O(h**) = o(1). Similarly, we get IE[T5 »] = o(1) by a Taylor expansion.

nn’

8.7.4 Convergence of 77 t0 0

We recall Equation (8.22):
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for any ¢ > 0. Therefore, sup, ¢y, , |Tr,,| = Op(h**) by choosing t = h*/*. Then,
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The expectation of the double sum is O(h*), by a-order limited expansions. By Markov’s inequality, we
deduce

Tr = Op (fn’n/ sup |T7’,,|h“)) = Olp(fn,n/h?’"‘) =Op ((nn’h”+3“)1/2),
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therefore T; = op(1).

8.7.5 Convergence of 7310 0

We have
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where

L=y |Jkn|2 > > fg, =05 = o) (95 = 00).

I
|k’" 0ET n S:SE€ETk,n z

Trn Ks Koz 1 1
Tom poe o 2 e a0 =00 (- 7))

0€T nt S:SE€ETk,n

Fn,n’ = — - i_ ! i
Tom G X 3 Keckiosla =0 (o =00) (3~ 75-)"

O'Ejkm// $,S€Tk,n

We show that Ty = o(1). The two other terms can be treated in a similar way.
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Note that terms for which ¢ # < € 7, are zero, because the z; are distinct and because of our

Assumption 8.3.2(i). Therefore, we get
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Chapter 9

Confidence intervals for ratios of
means: limitations of the delta method
and honest confidence intervals

Abstract

In econometrics, many parameters of interest can be written as a ratio of two expectations. The
main method to construct a confidence interval for such a parameter consists in an application of
the delta method. Nevertheless, the delta method is an asymptotic procedure, and the obtained
intervals may not be relevant if the sample size is small, or if we consider a sequence of models
in which statisticians or econometricians study thinner and thinner effects as they have access to
more and more data. We prove a generalization of the delta method for ratios of expectations in
this “sequence of models” framework. Our paper complements it with a partial impossibility result:
nonasymptotic confidence intervals can be built for ratios of expectations, but not at every level.
Based on this, we propose an easy-to-compute rule-of-thumb index to appraise the reliability of
asymptotic confidence intervals based on the delta method. Some simulations and applications
to real data illustrate the practical usefulness of our rule of thumb and how our nonasymptotic
confidence intervals compare to the asymptotic ones.

Keywords: Delta-method, confidence regions, uniformly valid inference, sequence of models.

Based on [42] : Derumigny, A., Girard, L., & Guyonvarch Y., On the construction of confidence
intervals for ratios of expectations. Arxiv preprint, arXiv:1904.07111, 2019.

9.1 Introduction

In applied econometrics, the prevalent method for constructing confidence intervals (Cls) is asymptotic:
the theoretical guarantees for most Cls used in practice hold only when the number of observations
tends to infinity. For a large class of parameters, the construction of asymptotic Cls also relies on the
delta method. In this paper, we focus on parameters that can be expressed as ratios of expectations for
which the delta method is a standard procedure to conduct inference. The objective is twofold: provide
tools to detect cases in which the delta method may behave poorly and develop inference procedures
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that remain valid even in such cases.

Many popular estimands in economics take the form of ratios of expectations. A broad class of such
examples are estimands that correspond to conditional expectations, since any conditional expectation
with a discrete conditioning variable or a conditioning event can be written as a ratio of unconditional
expectations. For instance, assume that we observe an i.i.d. sample of individuals indexed by i €
{1,...,n} with W; the wage of an individual and D; an indicator equal to 1 whenever individual ; belongs
to some treatment group, say a training program; 0 otherwise. Suppose you are interested in the average
wage of participants in the program. We have E (W | D = 1] = E [WD]/E [D] as D is binary, which is
indeed a ratio of expectations.

As for any parameter, one major goal in practice is to construct confidence intervals that are reliable
in finite samples. Nevertheless, Cls based on asymptotic justification are widely used in practice. In
that respect, it is crucial to know how such asymptotic Cls perform when the sample size n is finite. For
ratios of expectations, we document this issue on simulations (see details in Section 9.3.1). One of our
findings is that the coverage of asymptotic Cls based on the delta method happens to be far below the
nominal level, even for large sample sizes, when the expectation in the denominator is close to 0. For
some scenarios, asymptotic Cls require above 100,000 observations to get reasonably close to their
nominal level. Denominators close to 0 are not unusual in practice. Coming back to the treatment/wage
example of the previous paragraph, a small denominator would correspond to a binary treatment with a
low participation rate.

Besides, it is sometimes of interest to consider sequences of distributions indexed by the sample size
as it can rationalize the practice of applied social researchers. The heuristic idea is that researchers can
consider narrower effects as the data gets richer. This is similar to some frameworks that have been
developed for weak instrumental variables. For instance, a researcher may look at the average value of
a variable A of interest in a subgroup of the data. A subgroup could be defined as the intersection of,
say, time, geographical area, gender, age, income brackets and so on. As the number of observations n
grows, it is possible to consider subgroups g¢,, that become thinner and thinner (intersection of more and
more variables, for examples). This practice could be modelled as estimating 6,, := E[A| G, =1] =
E[AG,] /P (G, = 1) where G,, is a binary variable that is equal to 1 if an individual belongs to the
subgroup ¢, and lim,, .. P (G,, = 1) = 0. In such a setting, it is unclear, even asymptotically, what the
properties of Cls based on the delta method are. We show that usual Cl can fail, and the limiting law of
6,, — 6,, may not be Gaussian any more, denoting by 4,, the empirical ratio. In some cases, the difference
6,, — §,, may actually have a Cauchy limit, for example. Complementing these asymptotic properties, we
show on simulations that when the denominator in the ratio goes to zero, those Cls can behave very
badly in finite samples too.

The guiding theme of this paper is therefore to develop valid inference procedures in those settings
and a practical and easy-to-compute index assessing the reliability of asymptotic Cls for a given dataset
with a finite sample size n.

This goal connects to a broad existing literature. In a nutshell, there exist old-established concen-
tration results for expectations, namely upper bounds on the probability that an empirical mean departs
from its expectation more than a given threshold, that enable to construct confidence intervals valid for
any sample size and for large classes of probability distributions (see in particular [22]). To our knowl-
edge, there is no such result for ratios of expectations. One of the contributions of this paper is to provide
similar concentration results for ratios of expectations, which yield nonasymptotic confidence intervals
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that are valid for classes of distributions that satisfy suitable moment bounds or support conditions. We
consider distributions within a class characterized by a lower bound on the first moment for the de-
nominator variable, and an upper bound on the second moment for both numerator and denominator
variables'.

In addition, our results highlight that there exists a critical confidence level, above which it is not
possible to construct nonasymptotic Cls, uniformly valid on such classes, and that are almost surely
bounded under every distribution of those classes. More precisely, we exhibit explicit upper and lower
bounds on this critical confidence level: the former is a threshold above which we show it is impossible
to construct such Cls; the latter is a threshold below which we show how to construct them.

These ideas closely relate to some impossibility results as regards the construction of confidence
intervals. A large share of the research effort has concentrated on the problem of constructing confi-
dence intervals for the expectation of a distribution. In an early contribution, [9] show that, when P is
the set of all distributions on the real line with finite expectation, 6(P) is the expectation with respect to
P and © = R, a confidence interval built from an i.i.d. sample of n € N* observations that has coverage
1 — a must contain any real number with probability at least 1 — « for every P € P. Broadly speaking,
any confidence interval must have infinite length with positive probability for every P € P to ensure a
coverage of 1 —a > 0.

Stronger results can be derived when one further restricts P or ©. When P is taken to be the set of
all distributions on the real line with variance uniformly bounded by a finite constant (henceforth called
the BC-case), it is possible to show (using the Bienaymé-Chebyshev inequality) that for every n € IN*
and every « € (0, 1), there exists a confidence interval that is almost surely bounded under every P € P
and has coverage 1 — «. In this case, the obtained Cls have the advantage that their length shrinks to 0
at the optimal rate 1/+/n. But on the downside, they are rarely of size 1 — «, even asymptotically, except
for some extreme distributions. This means that in practice, they are very conservative.

A strand of the literature has also investigated more complex problems in which 6(P) is not restricted
to being an expectation. For very general parameters, [46] derives a generalization of [9]. An implication
of the results in [46] is the existence of an impossibility theorem for ratios of expectations. Let P be a
distribution on R? with marginals Px and Py. If 9(P) = Ep, [X] /Ep, [Y], then for every o € (0,1), it is
impossible to build nontrivial Cls of coverage 1 — a when P is the set of all distributions on R? with finite
second moments and © = {0 = Ep, [X]| /Ep, [Y]: (Ep, [X],Ep, [Y]) € R x R*}. As will be explained
below, this impossibility result breaks down as soon as P is chosen such that [Ep,. [Y]] is bounded away
from 0 uniformly over P. Interestingly, the impossibility breaks down only partly in the sense that there
remains an upper bound on confidence levels (that depends on n) above which it is impossible to build
nontrivial Cls.

Other results for parameters built as differentiable transformations of one or more expectations are
given in [118] and [113]: in particular, the latter gives conditions on P and 6 : P — 6(P) under which Cls
constructed with the delta method are asymptotically of size 1 — « uniformly over P.

An interesting consequence of our results is that, even if we assume a known positive lower bound
on the expectation in the denominator, the limitation on the coverage of our nonasymptotic Cls remains.
That point complements [46] and can be interpreted as a partial impossibility results: for a given sample
size n, interesting Cls can be built but not at every confidence level. By contrast, provided the expectation

"We refer to this setting as the “Bienaymé-Chebyshev” (BC) case. In Appendix 9.9, we present similar results for distributions
whose supports are bounded (“Hoeffding” case).
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in the denominator is not null, the delta method gives Cls at every confidence level, but their coverage
is only asymptotic.

That discrepancy may cast some doubts on the validity of asymptotic Cls. Hence, we suggest a rule-
of-thumb index to assess the reliability of the delta method for ratios of expectations. The heuristic idea
is simply, for a given sample, to compute the upper bound on the attainable level of our Cls?: for a level
higher than that bound, asymptotic Cls based on the delta method might not reach the nominal level and
could therefore be suspect. We illustrate the empirical usefulness of that rule on various simulations.

The rest of the paper is organized as follows. Section 9.2 details our framework and assumptions.
In Section 9.3, we illustrate the weaknesses of the Cls based on the delta method with a denominator
“close to 0” on simulations and detail the asymptotic behavior of the delta-method in such a framework.
Section 9.4 is devoted to the construction of nonasymptotic confidence intervals and presents a lower
bound on the critical confidence level. In Section 9.5, we derive an upper bound on the critical confidence
level and a lower bound on the length of nonasymptotic Cls. This section also includes the description
of a practical index to gauge the soundness of asymptotic Cls from the delta method. In Section 9.6,
some simulations and applications to a real dataset are presented to illustrate our methods. Section
9.7 concludes. The proofs of all results are postponed to Appendix 9.8. Additional results under an
alternative set of assumptions (Hoeffding case) are also detailed in Appendix 9.9. Finally, Appendix 9.10
shows supplementary simulations.

9.2 Our framework

Throughout the paper, for any random variable U and » i.i.d. replications (Ui, ..., U,,»), we denote by
U ,, the empirical mean of U, thatis n=* """, U, ,,. We present the two main assumptions on the data
generating process that we maintain throughout the article.

i.i.d.

Assumption 9.2.1. For everyn € N*, we observe a sample (X, ,Yi n)i=1,..n ~ Pxyn, where Pxy.,

is a given distribution onR>. The real random variables X1 ,, and 1 ,, are such thatE [ X 2. +E[YE] <

,,,,,

+o00, P (X7, =0) <1andE[Y1,] > ly,, wherely, > 0 is known.

Note that in practice, the value of Iy, may not be available for the statistician. This is the reason
why, in Section 9.5.2, we propose practical methods that do not need the knowledge of ly,. It is worth
noting that »n indexes both the distribution Px y,, of the observations in this model, and the number of
observations n. This encompasses the standard i.i.d. setup if the distribution of the observations does
not change with n: for every n € N*, Px y, = Px,y for some given distribution Px y.

The assumption P (X; , =0) < 1 simply rules out the possibility of having a numerator almost
surely equal to 0, which is a very mild restriction in practice. The last part of the assumption is more
interesting. As we assume the existence of a finite expectation, we can consider E [Y; ,,] > 0 without
loss of generality®. In order to have properly defined ratios of interest, we need to assume away a null
denominator, namely suppose that for every n € N*, E[Y; ,] > 0. The assumption E [Y; ,,] > ly,, > 0
for every n € IN* is stronger but, necessary to derive nonasymptotic Cls with maintained coverage and
that are not trivial. Otherwise, if ly,, = 0, the impossibility theorem of [46] applies and prevents from
constructing nontrivial Cls no matter the confidence level. Our assumption allows Iy, to decrease to 0
though, which enables us to handle cases where the delta method may fail.

2Equivalently, for a stated nominal level for the confidence interval, we can compute the minimum required sample size.
3Qtherwise, we simply replace Y; n by its opposite —Y; .
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In a way, given the results of [46], Assumption 9.2.1 can be seen as close to the minimal hypothesis
that allows for the possibility of nontrivial confidence intervals for a ratio of expectations in a nonasymp-
totic framework.

Assumption 9.2.2. There exist finite constants ux ., uy,, such that the second moments of X, ,, and
Y1, are bounded, i.e. E [X7,] < uxn, and B [Y?,] < uyn.

This framework, where Assumptions 9.2.1 and 9.2.2 hold, will be denoted as the BC case since it
is possible under this assumption to construct Cls using the Bienaymé-Chebyshev inequality. In Ap-
pendix 9.9, we present an adapted version of all our results under the assumption that X, ,, and Y ,
have a bounded support instead of Assumption 9.2.2. This corresponds to what we will call the “Hoeffd-
ing case” because under such assumptions, we can use the Hoeffding inequality to build nonasymptotic
confidence intervals with exponential speed of convergence.

Our objective is to make inference on the ratio of expectations E [X; ,]/E [Y1,,] by constructing
confidence intervals. To sum up, Assumptions 9.2.1 and 9.2.2 define a set P of distributions for
some known constants ly,, ux, and uy,. For a distribution Px y, in P, the parameter of interest
is 0(Px,y,n) = E[X1,]/E[Y1,,] with values in © = R. We will study confidence intervals C,, that are
functions of the n bivariate observations (X1 ., Y1), ..., (Xn.n, Yon)-

In practice, it is possible that Y, = 0 for a given sample, and it may even happen with a strictly
positive probability for some non-continuous distributions of Y. This means that 6,, := X,/Y, does
not exist for such samples. In such a case, it is difficult to construct a meaningful confidence interval.
Different conventions are possible:

e We could choose to define C,, = R in this case. This means that the true parameter 6 belongs to
C,, by definition. We believe that such a case would artificially improve the coverage of C,,, as it
means that, the higher P(Y,, = 0), the better our interval would be in term of coverage.

e We could choose C,, = (. This means that the hypothesis § = 6, would be rejected for each
0y € R, using the duality between tests and confidence intervals. This also something that we
would like to avoid, as it may not seem reasonable to reject every choice of §, for the only reason
that it cannot be estimated with the current sample.

e Other choices are possible, for example C,, = {0}, but they do not seem reasonable either, as
there is no reason to select only 0 in our confidence interval, especially if X,, # 0.

For these reasons, we choose to let C,, undefined for such samples, in the same way as the ratios x/0
are undefined for any real z. In practice, it means that nothing can be said: for any value = € R, it is
undefined whether x belongs or not to C,, (in the same way as it is undefined whether 1/0 is smaller
or higher than 2). Of course, when meeting such a case, the applied statistician could change the
sample, for example by collecting more data. One could also consider sub-samples (possibly several
and combine them in some way) of data for which the empirical mean of the denominator differs from 0.
Nevertheless, the construction of satisfactory estimators in this case lies beyond the scope of this paper.

9.3 Limitations of the delta method

In general, the coverage of asymptotic Cls with nominal level 1—« is uncontrolled for finite samples: for a
sample of size n, the coverage of asymptotic Cls may be well below 1 — «. Intuitively, this phenomenon
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should be driven by "problematic" distributions in P in the following sense: when P is close to the
boundary of P, the probability ¢(n, P) := P pg. (C,, 3 6(P)) may be much smaller than 1 — «.

Let us focus on our case of interest where 6(P) is a ratio of expectations. For this problem, it is
possible to build valid asymptotic Cls based on the delta method. We recall this fact in Section 9.3.1
and illustrate on simulations that when the expectation in the numerator is close to zero, ¢(n, P) can be
well below the nominal level of the Cls and it may require a very large number of observations to make
¢(n, P) reasonably close to the nominal level. In Section 9.3.2, we investigate a more serious issue: in
the sequence-of-model framework presented in Section 9.2, we let the expectation in the denominator
not only be close to zero, but converge to zero as n increases. We show on simulations that depending
on the speed at which the denominator goes to zero, c¢(n, P) can either converge to the nominal level
(more or less fast) or even not converge at all to the nominal level. This sheds light on a partial failure of
the delta method when the denominator goes to zero that we derive formally in Section 9.3.3.

9.3.1 Asymptotic approximation takes time to hold

We first recall how to derive asymptotic confidence intervals based on the delta method in the case
where, for every n € N*, Px v, is identical, hence denoted Px y. In this case, we simply denote
E[X]=E[X;,] and E[Y] = E[Y;,]. Under Assumption 9.2.1, combining the multivariate central limit
theorem and the delta method yields

X, IE[X]> d

where V¢'Y>V¢ = V [X]/E[Y])? + E[X]?V[Y]/E[Y]* — 2Cov [X,Y]E[X]/E[Y]? and ¢ is the func-
tion (z,y) — z/y. As with expectations, we use the shortcuts V [X] = V [X;,] and Cov [X,Y] =
Cov [X1,,,Y1,,]. Based on (9.1), we can construct an asymptotic Cl for the parameter of interest
E[X]/E[Y] using a consistent estimate of the asymptotic variance V¢'~V¢ and Slutsky’s lemma.

To assess the quality of this Cl, we compute ¢(n, P) using simulations for different sample sizes n and
distributions P and compare it to the nominal level. By definition, ¢(n, P) forms an upper bound of the
coverage rate. We therefore denote ¢(n, P) the maximal coverage, in the sense that the true coverage
of our Cls may be lower, but it could not be higher than ¢, p. We focus on Cls with a 95% nominal level.
More specifically, for different sample sizes n and values of IE[Y], we draw 5000 independent samples of
sizen (X;, Y, b N(1,1)@N(E[Y],1). We compute the maximal coverage for Cls based on the delta
method for every pair (n, E[Y]) using the 5000 replications. EE[Y] ranges from 0.01 (the denominator is
close to zero) to 0.75 (the denominator is far from zero). Figure 9.1 sums up the results. For every
n, it turns out that the closer E[Y] to 0, the smaller the maximal coverage of the delta method. When

E[Y] = 0.01, the maximal coverage gets close to the nominal level for n around 300,000.

9.3.2 Asymptotic results may not hold for sequences of models

Unlike the result displayed in (9.1), it is unclear how the quantity \/n (X, /Y, — E[X]/E[Y]) behaves
asymptotically when we consider sequences of statistical models with the expectation in the denominator
tending to 0 as n increases. For a given specification, Figure 9.2 shows the maximal coverage of
asymptotic Cls based on the delta method when E [Y; ,,] = Cn~" where C is set to 0.025 and b varies.
For a speed b > 1/2, 1/2 being the usual speed of the CLT, the maximal coverage of asymptotic Cls
based on (9.1) is incorrect in the sense that it is far lower than the nominal level 1 — « and it does not
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Figure 9.1: Maximal coverage of asymptotic Cls based on the delta method.
Specification: Vn € N*, Px v, = N(1,1) @ N(E[Y], 1). The nominal pointwise asymptotic level is set to 0.95. For
a pair (E[Y],n), the coverage is obtained as the mean over 5,000 repetitions.

converge to the latter. Our simulations even suggest that the maximal coverage tends to 0 for b > 1/2.
For b < 1/2, the maximal coverage of the delta method seems to tend to 1 —«. Yet, in line with Figure 9.1,
the validity of the asymptotic approximation requires very large sample sizes.

At this stage, Figure 9.2 present some evidence that the standard asymptotic Cls based on the delta
method need to be adapted for sequences of models and that the speed of decrease toward 0 of the
expectation E [Y; ,,] matters. The next subsection detail formal results to adapt the delta method for
ratios of expectations in this setup.

9.3.3 Extension of the delta method for ratios of expectations in the sequence-
of-models framework

We are interested in the asymptotic distribution, as n tends to infinity, of the real random variable S,, :=
Vn (Xn/Yn —E[X1,]/E[Y1,]). The following theorem states the asymptotic behavior of S, according
to the comparison of 1/y/n and E [Y; ,], under a multivariate Lindeberg condition. As the distributions
Px y,, change with » without any link from one to the next, it is not possible to obtain equivalents almost
surely or in probability. To overcome this difficulty, we can only consider convergences in distribution,
or here equivalents in distributions. We say that two sequences of random variables X,, and Y,, are
equivalent in distribution if there exists a probability space Q and two sequences of random variables
X, Y, suchthatvn € N, X,, £ X,,, and Y, < ¥,,, and X,, is equivalent to V,, almost surely, as n — .
This theorem is proved in Section 9.8.1.

Theorem 9.1. Let Assumption 9.2.1 hold. Assume that V[(X1.,Y1,)] — V where V is a positive
definite matrix, that P(Y,, = 0) — 0, as n — oo and that sup,,cn- E [| X1, |*] and sup,,ex- E [|Y1,0[?] are
finite.

Then, the sequence of random variables S,, := \/H(Yn /Y, —E[X1,] /E[Y1.] ) satisfies:
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Figure 9.2: Coverage of asymptotic Cls based on the delta method.
Specification: Vn € N*, Px.y., = N(1,1) ® N (Cn~°,1), with C = 0.025. The nominal pointwise asymptotic level is
set to 0.95. For a pair (E[Y], n), the coverage is obtained as the mean over 5,000 repetitions.

1. Ifn'/?E[Y; ] — 0, then S,, is equivalent in distribution to:

\/ﬁ (Yn - E [Xln]) o \/ﬁ (?n -E [YLHD E [Xln]
E [Yi,] B¥; ]2 »asmree

2. Ifn'?E[Y;,,] — +oo, then S,, is equivalent in distribution to:

\/ﬁ(yn - E [Xl’n]) N E [Xl,n] n 00
vn ( Ji(Vy —E[Yi,]) BN ) L asnee

3. Ifthere exists a finite constant C' # 0 such that «/nE [Y1 ,] — C asn — oo, then S, is equivalent in
distribution to:

1 1 ) n (Yn —E [Xl’n]) asn — oo.

Theorem 9.1 can thus be interpreted as a generalization of the result given by the CLT and the delta
method for ratios of expectations. The sequence-of-models framework allows the expectation in the
denominator to tend to 0. Figure 9.3 and its companion table highlight the different asymptotic regimes
depending on the behaviors of {IE [X7 ,,]}nen+ and {E [Y1 »]}nen--

The main takeaway of the latter is that when E [X; ,,] = C;/n® and E [Y; ] = Ca/n® for some con-
stants C; # 0 and Cs # 0, and b < 1/2 (namely the expectation in the denominator converges to 0 at a
slower rate than the standard CLT one), S,, properly renormalized by n to a power that is a function of a
and b, still converges in distribution to a Normal random variable. Asymptotically valid inference based
on Normal approximation remains valid in that case, even if the length of such confidence intervals may
not decrease with the sample size n. In all other cases (except when a > b > 1/2), up to a normalization
of some power of n, S,, converges weakly to a non-Gaussian distribution, in some cases to generalized
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Figure 9.3: Separation between the different asymptotic regimes as a function of (a, b), where E [X; ,,] =
Ci/n® and E[Y; ,,] = Cy/n’, (a,b) € R% .

a<b a=1b a>b

b> 1/2 n1/2W1/W2 7L1/2(W1/W2 — Cl/CQ) *7Lb_a'+1/201/62

b= 1/2 nlia(Cl/(Cz-i-Wg) —01/02) 77/1/2(01/(02+W2) —Cl/CQ+W1/(CQ+W2)) 77/1/2(W1/(CQ+W2))

b < 1/2 n2b—aclw2/022 nb(Wl/Cl — 01W2/022) an1/Cl

Table 9.1: Limiting law of S, := /n(X,/Y, — E[X1,]/E[Y1,]) in the nine different regimes. The
variables (W1, W5) follow the distribution A'(0,V'), where V = lim V [(X1 ,,, Y1 )]
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Cauchy distributions with parameters that depend on the data generating process. Theoretically, quan-
tiles of the limiting distribution could be computed and thus asymptotic confidence intervals, as in the
Normal case. Overall, the results of the table highlight that the method to conduct inference will depend
on the speed of convergence of both numerators and denominators. In comparison, the nonasymptotic
confidence intervals shown in Section 9.4 provide a unique way of conducting inference, once a class of
distributions is defined.

9.4 Construction of nonasymptotic confidence intervals

To construct nonasymptotic confidence intervals for ratios of expectations, we rely on the possibility to
ensure that, with large probability, (i) X,, is close to E[X;,] and (ii) Y,, is both close to E[Y; ] and
bounded away from 0. Under Assumptions 9.2.1 and 9.2.2, the Bienaymé-Chebyshev inequality can be
applied to obtain (i) and (ii). Without extra assumptions, we are only able to build nonasymptotic Cls at
confidence levels that are not too close to 1 (see Section 9.4.2). This limitation does not arise when one
builds a nonasymptotic Cl for an expectation. In that sense, we can say that building a nonasymptotic CI
for a ratio of expectations is more demanding. Intuitively, the extra difficulty of the latter task comes from
the need to ensure (ii). To stress that point, we show in the next subsection that when Y, is bounded
away from 0 and positive almost surely, we can build a nonasymptotic Cl for a ratio at every confidence
level.

9.4.1 An easy case: the support of Y is well-separated from 0

We present a simple framework in which it is possible to build nonasymptotic Cls, valid for every n € N*,
and with coverage 1 — « for every a € (0,1). To do so, we restrict further the set P of admissible
distributions with the following assumption.

Assumption 9.4.1. There exists ay,, > 0 such thatY ,, > ay,, almost surely.

Under Assumption 9.4.1, for every n € N*,Y,, > ay,, > 0 almost surely under every distribution in P
and ?;1 is bounded from above. This assumption obviously rules out binary {0, 1} random variables in
the denominator of the ratio, which can be quite restrictive in practice. Under this assumption, the follow-
ing theorem gives a concentration inequality for our ratio of expectations. It is proved in Section 9.8.2.

Theorem 9.2. Under Assumptions 9.2.1, 9.2.2 and 9.4.1, we have for every n € N* and e € R*,

X n Uy n — l2
pl|Xr  ElXia] >(5+\/W)€Jr € ) o Uxn  Mvm Tl
aY,nlY,n lYm, ne2 ne?

Yn E D/Ln]

As a consequence, P <1E [(X1n] /E[Y1n] € [X0n/Y £ t]) > 1 — «, with the choice

t: 14+

lyn no aym

+ VUX n )

2 2
1 UX n + Uy,n — ZY7I,L 1 UX n + Uy,n — lY,n
no

for every a € (0,1).

The theorem shows that it is possible to construct nonasymptotic Cls for ratios of expectations, with
guaranteed coverage at every confidence level, that are almost surely bounded under every distribution
in P. In Section 9.4.2, we give an analogous result that only requires Assumptions 9.2.1 and 9.2.2 to
hold, so that it encompasses the case of {0, 1}-valued denominators. However, the cost to pay will be
an upper bound on the achievable coverage of the confidence intervals.
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9.4.2 Nonasymptotic confidence intervals with no assumption on the support
of Py

We seek to build nontrivial nonasymptotic Cls under Assumptions 9.2.1 and 9.2.2 only. Under Assump-
tion 9.2.1, E[Y7 ,,] # 0, so that there is no issue in considering the fraction E [X; ,,] /IE [Y7,,,]. However,
without Assumption 9.4.1, {Y,, = 0} has positive probability in general so that X,,/Y, is well-defined
with probability less than one. Note that when Py, is continuous wrt to Lebesgue’s measure, there is no
issue in defining X, /Y, anymore since the event {Y,, = 0} has probability zero. This is not an easier
case from a theoretical point-of-view though, since without more restrictions, Y, can still be arbitrarily
close to zero with positive probability.

Theorem 9.3. Assume that Assumptions 9.2.1 and 9.2.2 hold. For everyn € N*, ¢ > 0, € (0,1), we
have

’Xn E[X; ]
]I) - )
Y, E [Yl,N}

nt+e)E n u n_l2n
>((VUX’ ) +€> ! ><"X’ Y Yin

(1—¢&)2 lyn | = ne? né%ls,

As a consequence, P(\Yn/?n — E[X1,]/E[Y1,,] ] > t) < «, with the choice

1 (\/U’X,’IL + 2UfX,n/na> \/Q(UY,’IL - l%/yn)/nal%/n 2uX
—_— + 1n
2
lyn (1 - \/Q(UYJL - l%n)/nal%,m) na

2(uy.n—l%.,) 4
nls ,

b

for every o > @, =

This theorem is proved in Section 9.8.3. It states that when Iy, > 0, it is possible to build valid
nonasymptotic Cls with finite length up to the confidence level 1 —@,,. This is a more positive result than
[46] which states that it is not possible to build nontrivial nonasymptotic Cls when Iy, is taken equal
to 0, no matter the confidence level. On the other hand, it is more negative than Theorem 9.2. Note
that Theorem 9.3 is not an impossibility theorem since it only claims that considering confidence levels
smaller than 1 —@,, is sufficient to build nontrivial Cls under Assumptions 9.2.1 and 9.2.2. The remaining
question is to find out whether it is necessary to focus on confidence levels that do not exceed a certain
threshold under Assumptions 9.2.1 and 9.2.2. We answer this in Section 9.5.1.

Theorem 9.3 has two other interesting consequences: for every confidence level up to 1 — @, a
nonasymptotic Cl of the form [X,, /Y, + ¢] with ¢ > ¢ has coverage 1 — « but is conservative. Moreover,
if the DGP does not depend on n (i.e in the standard i.i.d. setup), for every fixed «, the length of the
confidence interval shrinks at the optimal rate 1//n. Note that the coefficient 2 in the definition of «,
defined above can be reduced to any number w > 1, at the expense of increasing the length of the
confidence interval. In fact, the latter tends to infinity when w — 1. This is due to the fact we equalize
both terms in the bound of the probability above, and more subtle choices are possible indeed.

9.5 Nonasymptotic Cls: impossibility results and practical guide-
lines

In this section, we prove two impossibility results: a necessary lower bound on the length of nonasymp-
totic Cls and a maximum confidence level above which it is impossible to build nontrivial nonasymptotic
Cls.

4Equivalently, it means that for a given level a, the above choice of ¢ is valid for every integer n > 7iq := 2(uy.n, — l%’,n)/al%,n'
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9.5.1 An upper bound on testable confidence levels

Proposition 9.4. Foreveryn € N*, andeverya € (0,a,,), where a,, := (1-13, Juy,n)", i3, Juyn <1,
there is no finite t > 0 such that [Yn /Y, £ t] has coverage 1 — o over P, where P is the class of all
distributions satisfying Assumptions 9.2.1 and 9.2.2 for fixed ly ,,, ux » and uyp,.

This theorem asserts that confidence intervals of the form [X,,/Y,, + | with coverage higher than
1—a,, under Assumptions 9.2.1 and 9.2.2 are not defined (or are of infinite length) with positive probability
for at least one distribution in P. This is due to the fact that o, is the lower bound on P(Y,, = 0) over all
distributions in P.

Remark that when uy,, /13-, = 1, there is no impossibility result anymore: assume that uy,,, /15, = 1
and let Q be a distribution on R? that satisfies Assumptions 9.2.1 and 9.2.2. Let (X ., Y. ), H Q. We
have that V [Y7 ,,] = 0, which implies that Y7 ,, = E [Y7,,] almost surely. Assumption 9.2.1 further ensures
that Y7, # 0 almost surely. Consequently, the results of Section 9.4.1 apply and allow us to conclude
that under Assumptions 9.2.1, 9.2.2 and qu,/ZQYm = 1, it is possible to build nontrivial nonasymptotic
Cls at every confidence level. Indeed, in that case, we are in fact only estimating a simple mean, and

therefore there is no constraint on a.

Proposition 9.4 is in fact a corollary of the more general Theorem 9.5 that states that it is impossible
to construct confidence intervals that contain X,,/Y,, almost surely and are almost surely bounded over
‘P with coverage greater than 1 — «,,. It is proven in Section 9.8.5.

Theorem 9.5. Letn € N*, and a random set I,, that contains X ,,/Y ,, almost surely whenever it is defined
and is undefined if Y ,, = 0. Then supp, cp P (In undefined) >a,.

Combining Theorems 9.3 and 9.5, we conclude that there exists some critical level 1—«¢, that belongs
to the interval [1 — @,,, 1 — a,,] such that it is impossible to build nontrivial nonasymptotic Cls if and only if
their nominal level is above 1 — «f,. Finally, it is worth remarking that with a sample of size n, Cls based
on the delta method with a nominal level 1 — « > 1 — af cannot have coverage 1 — a.

9.5.2 Practical methods and plug-in estimators

Nonasymptotic confidence intervals based on Theorem 9.3 require Assumptions 9.2.1 and 9.2.2. In
particular, they require the knowledge of the constants Iy, ux,, and uy, that determine the class
of distributions we consider. In practice, we need to state values for ly,,, ux,, and uy,, to build our
nonasymptotic Cls and to compute @, (equivalently 7,)° or «,,. Note that constructing nontrivial and
nonasymptotic Cls that overcome the limitations of having to choose some a priori class of distributions
is not possible. Indeed, we would get back to [9] and [46] type impossibility results.

How to choose Iy ,,, ux,, and uy,, depends on the specific application. In some cases, stating values
can be sensible if researchers do have (some) control or expert knowledge of the variables. Resuming
an example started in Section 9.1, if the variable in the denominator happens to be an indicator of
participating to some treatment and in the setting of a Randomized Controlled Trial, researchers can
have intuitions about reasonable values for the upper bound uy,, of the probability of being treated, for
instance.

Without prior information, a first approximation would be to replace the unknown constants with their
empirical counterparts. Under i.i.d. sampling, the latter are consistent estimates of the former; though

5Actually, the computation of @,, and 7, only require knowledge of ly,n, and uy .
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it ruins the exact nonasymptotic approach. On the other hand, it enables us to construct our Cls and
the quantity m,,, which can be useful in practice as a rule of thumb. We stick to that principle in all our
numerical applications (Section 9.6).

For a given level 1 — « and a class of distributions satisfying Assumptions 9.2.1 and 9.2.2 for some
values ly,,, ux,n and uy ,, i, is the minimal sample size required to construct our nonasymptotic Cls.
For a sample size n < 7, the data is not rich enough to construct nonasymptotic Cls of Theorem 9.3
at this level. Heuristically, the comparison of 7, and n can be used as a rule of thumb to quickly assess
whether the nominal level of asymptotic Cls based on the delta method holds®. Several simulations tend
to confirm the practical interest of that rule of thumb as the obtained 7, turns out to be empirically very
close to the sample size above which the coverage of asymptotic Cls converges to the nominal level
1 — « (see Section 9.6.1).

9.5.3 A lower bound on the length of nonasymptotic confidence intervals
The following theorem is an extension of [26][Proposition 6.2] to ratios. It is proved in Section 9.8.4.

2
Theorem 9.6. For every integer n > 7, every a € <0, 1An/ (lym + 4/ uyn — l%,m) ) and every

¢ < 1 there exists a distribution Q on R? that satisfies Assumptions 9.2.1 and 9.2.2 such that for

id.d
(Xi,n;Yvi,n)?zl ~ Q, we have
U'IT.
>«
Sna) ’

Y, EYi]

(‘Xn E[X1.,]

2
where v, == ux ./ (ly,n + /Uy, — lxzv,n> .

2
With this theorem, we can claim that for every a € (O, 1An/ (ly’n + /Uy — ZQY’n) ) confidence

intervals of the form [Yn/?n + t] cannot have uniform coverage 1 — o under Assumptions 9.2.1 and
9.2.2 if they are shorter than /v, /(3na). By a careful inspection of the proof (see Lemma 9.9), we can
in fact replace the value 3 in the theorem by any number strictly larger than e = exp(1), at the price of
assuming n > ng for ny large enough. It is interesting to note that the distributions @ that are built in the
proof of the theorem are extremal in P in the sense that they satisfy E [X?] = ux , E[Y;,,] = ly,, and
E [Y,LQ] = Uyp.

9.6 Numerical applications

9.6.1 Simulations

This section presents simulations that support the use of 7z, or equivalently @,,, as a rule of thumb to give
insight into the reliability of the asymptotic confidence intervals from the delta method. The simulations
resume the setting of Figure 9.1.

In Figure 9.4, a nominal level 1 — « is fixed and we show the coverage of asymptotic Cls as a function
of the sample size n, as well as 7, derived in Theorem 9.3. It happens that the coverage converges
toward its nominal level for sample sizes around 7, which supports 7., as a rule of thumb of interest in
practice’.

8Equivalently, we could compare @, and a. As a rule of thumb, @, can be seen as the lowest « (hence the highest nominal
level 1 — a) for which the asymptotic Cls based on the delta method are reliable given the sample size n.
"This fact holds across various specifications (see additional simulations in Appendix 9.10).
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Figure 9.4: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7,

Specification: Vn € N*, Px,y,» = N (bivariate Gaussian) with E[X] = 0.5, E[Y] = 0.1, V[X] = 1, V[Y] = 2,
Corr(X,Y) = 0.5. The nominal pointwise asymptotic level is set to 0.90. For a sample size n, the coverage
is obtained as the mean over 5,000 repetitions. The dashed vertical line shows 7, = 2 (uy,n — ly,n”) / (ad¥.,.),
setting here a = 0.1, ly,, = E[Y], uy,, = E[Y]* + V[Y].
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Figure 9.5: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb «,.

Specification: sample size n = 1,000, Px.y,» = N> (bivariate Gaussian) with E[X] = 0.5, E[Y] = 0.25, V[X] = 2,
VY] =1, Corr(X,Y) = 0.5. For each nominal level 1 — « in the x-axis, we draw 10,000 samples, compute the
asymptotic Cls and see whether it covers or not the ratio of interest; we report the mean over the 10, 000 repetitions in
the y-axis. The solid line is the first bisector y = z. The dashed vertical line shows a, == 2 (uy,n — ly,;n”) / (nlyin?),
setting here Iy, = E[Y], uy,, = E[Y]* + V[Y].



Chapter 9. Confidence intervals for ratios of means: limitations of the delta method and honest
confidence intervals 263

In Figure 9.5, a sample size is fixed and we show the coverage® of asymptotic Cls for different
nominal levels, as well as @,,. It is the converse of Figure 9.4.

The rule of thumb based on @,, suggests that at nominal levels higher than 1 —@,, (and for the sample
size at hand) asymptotic Cls show some undercoverage. In the specification of Figure 9.5, @,, turns out
to fall close to the lowest o (hence highest 1 — «) for which the coverage of asymptotic Cls attains their
nominal level®.

Allin all, Figures 9.4 and 9.5 and additional simulations (see Appendix 9.10) advocate the use of the
N derived in Theorem 9.3 (or conversely @,,) as a rule of thumb to appraise the reliability of asymptotic
Cls for ratios of expectations.

9.6.2 Application to real data

We illustrate the use of our confidence intervals with two applications on real data using French La-
bor Survey between 2010 and 2017.'° Both applications resume our canonical example of conditional
expectations and use n = 204, 246 observations.

First, we compute the expected wage conditional on belonging to top wage brackets. Let W be a real
random variable that denotes the wage of an employee. For a given top wage W, the parameter of in-
terestis E[W | W > W], with Wy = ¢; (W) the quantile at order 1 — 7 of W. It can be written as a ratio
with the variable in the numerator X = W1{W > Wy} and in the denominator Y = 1{W > Wy}. In what
follows, we focus on the comparison between our nonasymptotic confidence intervals and the asymp-
totic Cls from the delta method. As explained in Section 9.5.2, we compute our confidence intervals
using plug-in estimators to delimit the class of distributions we consider.

6000

— estimate
— asymp. Cl by DM
nonasymp. Cl by BC

4000 nonasymp. minimal CI

Expected wage conditional on belonging to top %

2000

5% 20% 35% 50% 65% 80% 95%
Top %

Figure 9.6: Expected wage conditional on belonging to top % as a function of 7.

Figure 9.6 compares the confidence intervals constructed using Theorem 9.3 with the confidence
intervals constructed using the delta method. As expected, our nonasymptotic Cls are broader than

8The coverage shown is in fact an estimate obtained with Monte-Carlo simulations, namely the mean over a large number of
repetitions, as usual in MC simulations.

9Again, this fact appears to hold for various specifications (cf. Appendix 9.10).

0The complete references of the databases are as follows: “Enquéte Emploi en continu (version FPR)” - year, INSEE, ADISP,
for year going through 2010 to 2017.
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the ones from the delta method. Both Cls get narrower as the expectation in the denominator moves
away from 0. Figure 9.6 also displays a plug-in estimate of nonasymptotic Cls based on the minimal
half-length t* presented in Theorem 9.6. As a reminder, no nonasymptotic Cl of the form [X,,/Y,, +¢]
can have good coverage if ¢t < t*. On Figure 9.6, we cannot distinguish Cls based on the delta method
from nonasymptotic Cls with minimal half-length (see details below in Figures 9.7 and 9.8).

3]
o
[=]
o

4500

— estimate

— asymp. Cl by DM
4000 nonasymp. Cl by BC
nonasymp. minimal CI

3500

Expected wage conditional on belonging to top %

11% 12% 13% 14% 15%
Top %

Figure 9.7: Expected wage conditional on belonging to top % as a function of = (zoom).

Figures 9.7 and 9.8 zoom in subintervals of the previous graph in order to better compare the asymp-
totic confidence intervals from the delta method and the nonasymptotic Cls based on half-length ¢* from
Theorem 9.6. When focusing on the top of the distribution, the asymptotic Cls happen to be broader
than the minimal one (Figure 9.7). On the contrary, with an expectation in the denominator further from
0, the length of the asymptotic Cls is lower than the minimal one (Figure 9.8).

Nevertheless, we do not have formal results to compare those lengths. At this stage, we can simply
say that it is in some sense reassuring that the length of the asymptotic Cls increases relatively more
than the length of the minimal one as we focus on thinner top percentage of the distribution.

Using the same data, our second application is an estimation of the proportion of women within the
top brackets of the distribution of income. If G is an indicator variable equal to 1 for women and 0 for men,
the conditional expectation of interest can be defined as E [G | W > ¢;_.(W)]. As in the first application,
Figure 9.9 compares the different confidence intervals.

9.7 Conclusion

We provide an overview of the problem of constructing confidence intervals for a ratio of means in
asymptotic and nonasymptotic frameworks. Using the delta method, asymptotic confidence intervals
can be constructed but they have no coverage guarantee for a finite sample size. Nonasymptotic con-
fidence intervals are proposed, but they depend on unknown parameters, which are functions of the
data-generating process. To overcome such difficulties, we have proposed plug-in estimators based on
a rule of thumb that allows the statistician to quantify whether the coverage of the delta-method should
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Figure 9.8: Expected wage conditional on belonging to top % (zoom)
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Figure 9.9: Proportion of women within top % wage bracket
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be close to its nominal level (or not). Finally, we have illustrate our methods with simulated data, and we
have applied it to a real dataset to construct confidence intervals for conditional expectations of wages.

9.8 Proofs of the results in Sections 9.3, 9.4 and 9.5

9.8.1 Proof of Theorem 9.1

Let ax,n = E[len], ey_’n = E[Yl’n], hX,n = \/ﬁ(yn — 0X,n) and hy’n = \/ﬁ(?n — gY,n)- We first
rewrite Theorem 9.1 using this notation.

Theorem 9.7. Let Assumption 9.2.1 hold. Assume that E[| X ,|*] and E[|Y: ,|*] are bounded and
V[(X1.n,Y1.0)] = V whereV is a positive definite matrix and that P(Y,, = 0) — 0, as n — oo.
Then the sequence of random variables A,, .= X,,/Y ,, — 0x /0y satisfies :

1. Ifn='2 = o(y,,), then A, is equivalent to n='/2(hx /0y n — hynOx.n/0%.,), @85 n — cc.
2. If0y.,, = o(n=1/2), then A,, is equivalent to hx ,/hy.n — 0x.n/0vn-

3. If there exists a finite constant C' # 0 such that \/nfy, — C as n — oo, then A, is equivalent to
Vit (1/(C + ) = 1/C) + b /(€ + hy,p).

Let us define W,, := 1{0y,, + hy,/v/n = 0} and remark that W,, = 1 whenever Y,, = 0. By
assumption P(Y,, = 0) — 0, therefore W, ﬁ do. Moreover, the positive-definiteness of vV
and the boundedness of E[|X; ,|?] and E[|Y1,|®] ensure that the Cramer-Wold device applies and
(y s hx.n) # N(0,V). By Slutsky’s Lemma, we also get (hy ., hx n, Wy) ﬁ N(0,V) @ &.
We can therefore apply the almost sure representation theorem, see [138, Theorem 2.19]. It means that
there exists a probability space (Q,U,P), a sequence of random vectors (hy.,., hx.., W,) such that for
every n > 1, (hyn, hixn, W) 2 (By.m: hx.n, Wy), and a random vector (hy o, fix oo, W) following the
distribution A/(0, V) ® &y such that (hyn, hx.n, W) =25 (hy.eo, Px.00, Weo ), Where the convergence is to
be seen as of a sequence of random vectors defined on (Q, U, P). Let us define

A L 9X,n + BXn/\/ﬁ B 9X,n d gX,n + hX,n/\/ﬁ _ 0X,n o & aX,n

n

=A,.

o GYJL + }lem/\/’rl 9Y,n B 9Y,n + hY,n/\/ﬁ HY,n Yn - eY,n

Moreover, we have W,, = 1{fy,, + hy.,//n = 0} and W, = 0 almost surely. We can define
Q' ={0eQ:W,(@) = 0and IN > 0,Yn > N, by, (@) # 0}.

By the almost sure convergence of (hy.,,, W,,), we get P(Q*) = 1, and for every @ € Q*, W, (@) = 0

and hy (@) # 0 for every n large enough. This means that for every given @ € Q*, and for every n

large enough, A,, is well-defined. In the rest of the proof, we will fix such a @ € Q*, so that all random

variables may be considered as deterministic. By the almost sure representation theorem, this means

that the equivalents and limits that will be obtained will still be valid in law in the original spaces (2,,.
First case: We have

i - & Oxn  Oxn At hx.n/v/n _Oxn
" ?n HY,n (gym + iLY’n/\/ﬁ 9Y,n
9Xn+iLXn/\/ﬁ iLYn —92 eXn
=% : - Oy) %) ) — 25
HY,n \/ﬁexn M O((\/ﬁ v ) ) HY,n
_GX,nFLY,n iLX,n

\/ﬁegﬁn \/ﬁeyﬂ ’
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as claimed.

Second case: We have

A _ 9X,n +BX,n/\/ﬁ . QX,n o 9X,n +iLX,n/\/ﬁ _ 9X,n

" byt hya/vn o Ovin (hya o)/ Ovm

_ Ol D o g 1)

hy’n 0Y,n
~ 0X ( \/{E _ 1 ) + iLX,n
" Y.n GYJI hYm. ’

and the result follows from the fact that \/n/hy., is negligible compared to 1/6y,,.

Third case: We have

A -~ 9X,n+BX,n/\/ﬁ . eX,n _ \/’EHX,n"'_iLX,n _ \/ﬁeX,n
" Clnthya/yn ClVn C+ hyn c

We factorize by 0x ,, in the latter expression, which completes the proof.

9.8.2 Proof of Theorem 9.2

We fix arbitrary n € N* and ¢ € R%. By the triangle inequality first, then using the bound |X,,| <
| X, — E[X1,]|+ |E[X1,,]| and Assumptions 9.2.1 to 9.4.1 in the second inequality, we get:

Xn  E[Xi,]

< 1 + 1

— 1
|5 - | e
(lyn -E [Xl,n] ! + \/’U/X,n) |?n —-E Dfl,n] | + |Yn -E [Xl,n] ’

aY,nlY,n lY,n

X, —E[X1,]

<

Consequently, the event considered in Theorem 9.2 is included in the event:

(| Xn —E[X1a] |+ Vuxm) [Ve —EN] | N | X0 — E[X1,0] | N (e + Vuxn)e L
aY,nlY,n lY,n aY,nlY,n lY,n -

(9.2)

If both |X,, — E[X;,]| and |Y,, — E[Y;,]| are inferior or equal to ¢, event (9.2) cannot happen. By
contraposition, we obtain:

((‘Xn —-E [Xl,n] | + \/uX,n) |?n -E [Yl,n} | |Yn —-E [Xl,n} | (5 + \/uXA,n)E 9 )
P + > +
afY,nlY,n lY,’rL aY,nlY,’n lY,n
<P ({|Xn—E[X1n]| >} U{|Yn —EMa]| >¢})

<SP (| X0 —E[X1n]|>e) +P(|[Yn —EMn]|>¢),

where we use the union bound for the last inequality. The first conclusion follows from using twice
Bienaymé-Chebyshev’s inequality applied to the variables X,, and Y, and the fact that under Assump-
tions 9.2.1 and 9.2.2 and Jensen’s inequality, V [X; ,] < ux, and V [Yy ,] < uy,, — I3,,. The second
conclusion follows from solving (ux ., + uy,n — 15.,,)/(ne?) = a.
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9.8.3 Proof of Theorem 9.3

We start by introducing and proving an intermediate lemma that is also used to prove Theorem 9.12. For
a random variable U, ¢ > 0, and € € (0, 1) we define the following events:

AV = {[T, - ElU]| <}, and Y = {|T, — B[V]| < Z[B[U]|}.
Lemma 9.8. Assume that Assumption 9.2.1 holds. Then for everyn € N*, e > 0 and¢ € (0,1), we have

(|7 - Bl (R s ) <1 -p e ep (i),

Y, E[¥,]
We use this lemma with different concentration inequalities, giving different speeds (namely Bienaymé-
Chebychev or Hoeffding inequality).

Proof of Lemma 9.8: We fix arbitrary ¢ > 0 and & € (0,1). Without loss of generality, we can assume that
EY;,]>0andE[X;,] > 0.

First, using the union bound, note that the event AXmn fl?*" holds with a probability bigger than
P (Af“’) +P (AY1 ) — 1. Hence, its complement is of probability lower than 1 — IP (AX1 ”) +1-—
P (A?").

Second, we show that the event considered in Lemma 9.8 is included in the complement of AZ
AY1 ", which concludes the proof. To do so, we reason by contraposition and do the following computa-
tions on the event A" 0 A
By the triangle inequality, we get

Xln

1
”"m‘E[Ym]

Xo _ E[Xy] X, —E[X1.]|.

1
= +
Y, E [Yln] E [Yl,n]

We now bound the first term using the mean value theorem applied to the function f(z) := 1/(z+E [Y1 ,])

‘?n - E [Ylm] | < eE [Yl,n]
(1—&2EVi.)° ~ (1-82E[Y,,)*

1
Y. IEYM

= 170 —E M) - £0)] <

where the first inequality uses that, on the event A?’”, a lower bound on |z + E [Y; ,,] | with = varying
between 0 and Y,, — E [Y; ,,] is (1 — &)[E[Y3.,]|. Therefore, on AZ"" 0 A,

& _ E [Xl,n] | | ) éE [Yl,n} g
Y., EM.I~7" 0-22EM.)? E[Mial
— 15 €
< (|E[X1n] |+ [Xn - E[X14]]) +

(1 - 5)2E [Yl,n] E [}/1,77«]
(|E[X17n] | +€)5~ e
(1 — é)ZE [Yl,n] E [YL”} 7

where we use the triangle inequality to get the second line. It is indeed the complement of the event
considered in the statement of Lemma 9.8.

Proof of Theorem 9.3:
We fix arbitrary n € N*, e > 0and € € (0,1). By Lemma 9.8, we have

‘Xn _EXal| ((E Xl | +e)é
?n E[YLH] (1 _5)2 ‘]E Yln
<1-P(|Xu-EXia]|<c) +1-P (\Y ~E Y]] <EE Y] ]).



Chapter 9. Confidence intervals for ratios of means: limitations of the delta method and honest
confidence intervals 269

Using Jensen’s inequality and Assumption 9.2.2, we have |E [X; ,,] | < (ux.)'/?, and Assumption 9.2.1
entails 1/|E [Y7 ,,]| < 1/ly,,. Consequently, we get

P(‘Xn E (X)) >((\/m+5)é+8) 1)

?771 - E [Yl,n] (1 - 5)2 lY,n

<1-P(|X0-ElXia]| <¢) +1-P(|T0 - ENial | SEEM1l|).

Using Bienaymé-Chebyshev’s inequality twice gives the bounds

W [Xl,n]
ne2
WV [Y1,n]

né2 (E[Yi.,])°

1—1P<|YH—E[XM] | gs) <

1-P([V0 —Eial| <EEMal|) <
For the numerator, V [X1,,] = E [X?,] — (E[X1,,])* < E [X?,] < ux,, using Assumption 9.2.2. For
the denominator, Assumption 9.2.1 immediately entails that 1/13. , is an upper bound on 1/ (IE [Y1..])?
and [%., a lower bound on (IE[Y1,,,])*. Therefore

v [Y17n] < E [Yl%n} B lYanz < Uy,n — lY.,n2

n2 (EYi.)? = nly,” T ndly,’

i

where the second inequality uses Assumption 9.2.2.
Combining the two bounds yields the following upper bound on the probability considered in Theo-

rem 9.3 9
UX n uY,n - lY,n
2 =2 2 (93)
ne nély.,

as claimed.

For the second part of Theorem 9.3, for a fixed «, we equalize each of the two terms in (9.3) to «/2
and solve for ¢ and &, which yields:

2
£2 — 2uxn and &2 = 2 (qu, —lyn )

2
no nalym

The bound @,, comes from the fact that £ needs to be smaller than 1.

9.8.4 Proof of Theorem 9.6

To prove Theorem 9.6, we need the following lemma.
Lemma 9.9. For every integern > 7 and every z € (0,1), z (1 —z/n)" " > 2/3.
Proof of Lemma 9.9: we write the lemma to be applied directly in the demonstration of Theorem 9.6, but

the inequality is equivalent to (1 — z/n)" "' > 1/3. Under our assumptions on n and z, In (1 — z/n) is
well-defined. Using Taylor-Lagrange formula on the function [0, 2] 5 ¢t — In (1 — ¢/n) yields:

(1_%>n71 = exp ((n—l)ln (1—%)) = exp (—(n—l) <2+sz>>

1

for some 7 € (0,1). Using the fact that 2~1 < 1, 2 < 1 and 2(177196/”)2 < s0=s

—1yz, We get that under our

assumptions (1 — %)"_1 > exp (— (1 + m)) This bound is actually valid for every = € (0, 1)

and every n € N*. The computation of exp (— (1 + m» shows that the latter is larger than 1/4

whenever n > 3 and larger than 1/3 whenever n > 7.
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O

Proof of Theorem 9.6: we start using arguments developed in the proof of [26][Proposition 6.2]. We
detail those for the sake of clarity. For every n € N* and n > ,/ux../n, let us define the following
distribution on R, which will be used for the variable in the numerator!":

UX n UX n UX n
P = gz, 3 0t-nm) + (1 nznz) 00y + Gz Ot
This distribution is symmetric, centered and has variance ux . As shown in [26], every i.i.d. sample

(Xin)i, drawn from P, ., ., satisfies

n n—1
>N P (Xig =1, Xjin =0, Vj #1) = ;‘ngg <1 - Z;‘nQ) -
i=1

Note further that for every integer n > 2, the inequality P (X, > ) > P (X,, = n) becomes strict
and for every ¢ € (0,1) {|X.| >n} € {|Xn| > ¢n}. As aresult, if (X;,)7", Hg- Poux . foOr every

n > 0, we have

n—1
P (|X,| > ¢n) > );; (1 “j") . (9.4)

n?n?
The following steps do not show up in [26] since they are specific to controlling ratios of expectations
and sample averages. For every n € N*, let us define the following distribution on R, which will be used

for the variable in the denominator

1 1
AYinouyn = 56{ly’"7 V uy="7l§’,'rz} + 56{1),’”4, UY’"ili’,n}.
ii

Let (Xin, Yin)ie1 ~ Pn = Poux,;m® Pty uy.,- Observethat E[Y1 ] = ly,, and E [Y2,] = uy,.
Furthermore, |Y,| < ly.n + y/ty,n — 13, almost surely. This implies that for every > 0 and ¢ € (0, 1),

the following holds
{my > (zy,n + 1 /uy l%,n) &n { > gn}

2
For fixed n > 7 and o € <O, 1An/ (lym + /Uy — l%,n) ), we choose n = n(a) = /v, /3na.

Combining the above inclusion with (9.4), and Lemma 9.9 (with the choice z = 3a), we conclude that

Py,

there exists a distribution on R?, namely P,, that fulfills Assumptions 9.2.1 and 9.2.2 such that

Yn ]E [Xl,n] Un
=T _ ) >,
Y, E[Yi,] 3na

which completes the proof.

9.8.5 Proof of Theorem 9.5

By Lemma 9.10, for every ¢ < 1A (uy,,/I3.,, — 1), there exists a distribution P, ¢ such that P (Y,, = 0) >
Gy, (€). Taking the supremum over &, we deduce that

sup P (?n = O) > sup &, (&) = a,.
P.€P €

Using the assumption that I,, is undefined whenever X, /Y, is undefined (which is equivalentto Y,, = 0),
we deduce that P (In undefined) > a,.

"The notation & denotes the Dirac distribution.
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Lemma 9.10. For each¢ in the interval <O, LA (uyn /15, — 1)) there exists a distribution P,, ¢ € P such
that P (Y, = 0) > d,, where é,, := (1 — (L+ )13, /uy.a) "
Note that the interval (0, LA (uyn /B, — 1)) is not empty since we have assumed uy,,, /I3, > 1.

Proof of Lemma 9.10: We consider the following distribution on R

Pusmmes = ()30 5 (1 (5) Yo 5 (1= () ) e

where ¢ € (0,n) is some constant to be chosen later, y._ = ly,,(1 — V&)/(1 — (¢/n)*/") and y., :=
lyn(1+VE)/(1 = (¢/n)™). Let Y1, ~ Puiy, uy e Observe that E[Y;,] = Iy, and E v2,] =
13,(1+&)/(1— (¢/n)"/™). With the choice

[1-iava)
c=cp=n|l—-——010+¢ ) ,

Uy,n

2
ff‘" (1+&,) > 0. This is equivalent

Y,n

we have E [Y7?,] = uy,,. Note that ¢, is strictly positive, because 1—

to uy,n /13, > 1+ &, which is true by assumption.

Consider now the following product measure on R? defined by P, := 5{%} ®
(Xin,Yin)y & P,. These random vectors satisfy I [(X7,] = uxn, EVi,] =lynand E[Y2,] =
uy . The next step is to build a lower bound on the event {Y,, = 0}.

The assumption that (X, Y; )7, """ p, and the construction of Pty y.pien ¢ IMply that

Pnle,nauY7n75na§' Let

2 n
IP(Ynzo):C":<1_l5/¥”(1+£)> — &,

Uy,n

9.9 Adapted results for Hoeffding framework

Assumption 9.9.1. For every n € N*, there exist finite constants ax n,bx n,avn, by, Such that X, ,
(respectively Y1 ,,) lies Px y ,-almost surely in the interval [ax ., bx ] (resp. [ay,n, by n])-

The support of X, and Y7 , is allowed to change with n, even though in many examples of interest,
the former can be chosen independent from n. Assumptions 9.2.1 and 9.9.1 together correspond to
the Hoeffding case because under these two assumptions, we can use the Hoeffding inequality to build
nonasymptotic Cls.

9.9.1 Concentration inequality in the easy case

Assumption 9.9.2. For every n € N*, the lower bound ay ., is strictly positive.

Theorem 9.11. Letux,, := (bx.n —axn)’ and uy.,, := (by, — ay,)’. Under Assumptions 9.2.1, 9.9.1
and 9.9.2, we have for every n € N* and ¢ € R*,.

e

1
> < {1 + L (axal V oxal +s>}>
lY,n ay,n

<. 2ne?
exp| ————— .
- P uxn VUuyn

’Xn _ E[X1.4)
Y, E[Y,]
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As a consequence, 1P(|Yn/7n — E[X1,] /E Y1, | > t) < «, with the choice

1 ) In (4 1 nVuy,)ln (4
. \/<ux,nvuy, ) In(4/a) <1+ (lam Vx| 4 \/(UX, wy,) In ( /a>)> |
ayn 2n

- ly,n 2n
The theorem shows that it is possible to construct nonasymptotic Cls for ratios of expectations at

for every a € (0,1).

every confidence level that are almost surely bounded. However, it requires the additional Assumption
9.9.2, that in particular does not allow for binary {0,1} random variables in the denominator which
may limit its applicability for various applications. In Section 9.9.2, we give an analogous result that
only requires Assumptions 9.2.1 and 9.9.1 to hold, so that it encompasses the case of {0,1}-valued
denominators. However, the cost to pay will be an upper bound on the achievable coverage of the
confidence intervals.

9.9.2 Concentration inequality in the general case

We seek to build nontrivial nonasymptotic Cls under Assumptions 9.2.1 and 9.9.1 only. Under Assump-
tion 9.2.1, E Y7 ,,] # 0, so that there is no issue in considering the fraction E [X; ,,] /E[Y7,]. However,
without Assumption 9.9.2, {Y’,, = 0} has positive probability in general so that X,, /Y, is well-defined
with probability less than one and undefined else. Note that when Py, is continuous wrt to Lebesgue’s
measure, there is no issue in defining X,,/Y",, anymore since the event {Y,, = 0} has probability zero.
This is not an easier case to establish concentration inequalities though, since without more restrictions,
Y ,, can still be arbitrarily close to zero with positive probability.

Theorem 9.12. Assume that Assumptions 9.2.1 and 9.9.1 hold. For everyn € N*, ¢ > 0,€ € (0,1), we
have

<‘ X, E[Xi.]

?n E [Yl,n]

where Y (Xl,n) = 2/(bX,n - aX,n)2 and’}/ (Ylﬂl) = 21%,71/(173/7” - CLy7n)2.
As a consequence, IP(\Y”/?n — E[X1,]/E[Y1,]| > t) < a, with the choice

al V1bx nl +€)E 1 _
(axanl VIbxal £9E | ) 1) <5 exp(mne2y (X10)) + 2exp(—ns2y (Yin)),
(1—5)2 lym

o \/ uijo) (I v|bx,n|+¢ln<4/a>/m<xl,n>H) !
S ey (Xn) Ay (Yin) (1 — /In(4/a)/ny (Y1) lyn’

for every a > @, g = 4e~"7(V1.n) 12

This theorem is proven in Section 9.9.4. It states that when Iy, > 0, it is possible to build valid
nonasymptotic Cls with finite length up to the confidence level 1 — @,, y. This is a more positive result
than [46] which claims that it is not possible to build nontrivial nonasymptotic Cls when [y, is taken
equal to 0, no matter the confidence level. On the other hand, it is more negative than Theorem 9.11.
Note that Theorem 9.12 is not an impossibility theorem since it only claims that considering confidence
levels smaller than 1 — @, y is sufficient to build nontrivial Cls under Assumptions 9.2.1 and 9.9.1. The
remaining question is to find out whether it is necessary to focus on confidence levels that do not exceed
a certain threshold under Assumptions 9.2.1 and 9.9.1. We answer this in Section 9.9.3.

Theorem 9.12 has two other interesting consequences: for every confidence level upto 1 — @, m, a
nonasymptotic Cl of the form [X,, /Y, = ¢] with ¢ > ¢ has good coverage but is too conservative. What
is more, if the DGP does not depend on n (i.e in the standard i.i.d. setup), for every fixed a > @, m, the
length of the confidence interval shrinks at the optimal rate 1/+/n.

2Equivalently, it means that for a given level a, the choice of ¢ is valid for every integer n > g := In(4/a) /v (Y1,n)-
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9.9.3 An upper bound on testable confidence levels

Theorem 9.13. For every n € N*, and every o € (0,a,, ) , where a,, i = (1 — ly,n/(byin — ayn)) ",
if (by,n — ayn)/ly;n > 1, there is no finite t > 0 such that [X,/Y , +t| has coverage 1 — o over Py,
where Py is the class of all distributions satisfying Assumptions 9.2.1 and 9.9.1 for a fixed lower bound
ly,» and fixed lengths bx ,, — ax » and by, — ay .

This theorem asserts that confidence intervals of the form [X,,/Y,, +t| with coverage higher than
1 — a,, y under Assumptions 9.2.1 and 9.9.1 are not defined (or are of infinite length) with positive
probability for at least one distribution in Py. The additional restriction (by,,, — ay,»)/ly,» > 1 is rather
mild in practice: it is equivalent to by, — ay,, > ly,, and is satisfied as soon as ay, < 0 and by, >
ly,, > 0. This encompasses all DGPs where the denominator is {0, 1}-valued and the probability that
the denominator equals 1 is bounded from below by Iy ,, € (0, 1).

Note that for Theorems 9.11 and 9.12, it is required to know not only the length bx ,, — ax ,, but also
the actual endpoints of the support, ax , and bx . On the contrary, Theorem 9.13 does not require the
latter. In that respect, the class of Theorem 9.13 is larger than the one of the two preceding theorems.

9.9.4 Proof of Theorems 9.11 and 9.12

The proofs are identical to those of Theorems 9.2 and 9.3, except for the Bienaymé-Chebyshev inequality
that has to be replaced with the Hoeffding inequality. The latter can be used under Assumption 9.9.1.
Note also that E [X7 ,,] is now bounded by |ax | V |bx |-

9.9.5 Proof of Theorem 9.13

By Lemma 9.14, for every £ < 1A ((by,n —ay,n)/ly,n — 1), there exists a distribution P, ¢ € Py satisfying
Assumptions 9.2.1 and 9.9.1 such that P (Y, =0) > &, x (). Denote its marginal distributions by
Px ¢ and Py, ¢. Therefore, P, . satisfies Assumptions 9.2.1 and 9.9.1, and X, /Y, is undefined with
probability greater than &, i (). Taking the supremum over &, we deduce that

sup P (Yn = O) > sup an(€) = o, g-
P, Py 3 ’

This means that the random interval I} := [Yn/Yn it] cannot have coverage higher than 1 — Qg
since it may be undefined with a probability higher than «, .

O

Lemma 9.14. For each ¢ in the interval (071 A ((byn — ay)/lym — 1)) there exists a distribution
Pn)g € Py such that P (?n = 0) > de, where dn,H = (1 — (1 + f)ly’n/(byyn — ay}n)>n.

Note that the interval (0, LA ((byn — ayn)/ly, — 1)) is not empty since we have assumed (by,,, —
aY,n)/lY,n > 1.

Proof of Lemma 9.14: We consider the following distribution on R

Pasncei= (£) "0+ (1 (5) ") 0+ 5 (12 () b

where ¢ € (0,n) is some constant to be chosen later, y._ := Iy (1 — &)/(1 — (¢/n)"/™) and y., :=
lyn(L4€)/(1 = (¢/n)t/™). Let Yy, ~ Py, e, Observe that E[Yy,] = ly,,. With the choice

c:cn::n<1—ly’n(1+§)> ,
by

n — ayn
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we have y.4+ = by, — ay,,. Note that ¢, is strictly positive, because 1 — blyi" (1+&,) > 0. This is

Y,n—aY,n

equivalent to by, — ay.,,/ly,n > 1+ &,, which is true by assumption.

Consider now the following product measure on R* defined by P, := (0.56(0} + 0.56(x, —ax.,.}) ®
Pty ene Lo (Xin, Yin)isg "' P,.. These random vectors satisfy E [Y1,,] = ly,n, (max —min)[¥7 ,,] =
by,n — ay,, and (max —min)[X; ,] = bx,, — ax . The next step is to build a lower bound on the event
{Y, =0}

The assumption that (X .., Y; n)? """ p, and the construction of Pty cn,e iMmply that

n n — aXn
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9.10 Additional simulations

This section complements the simulations presented in the main body of the article. Figures show the
same objects but with different specifications of the distribution used. We use those different specifica-
tions as the order of presentation in this section.

In this setting of simulations, we use the best bounds by setting the constants Iy, and uy, that
define our class of distributions equal to the actual corresponding moments (respectively the expec-
tation for ly,, and the second moment i.e. the expectation of the square for uy,,). That is we use
o = 2(E[Y]? + V[Y])/(aE[Y]?).

In practical settings, the rule-of-thumb will be to replace the theoretical and unknown moments by
their empirical counterparts and use the 7, obtained to appraise the reliability of the asymptotic Cls from
the delta method.

9.10.1 Gaussian distributions

95%)

0.80

0.60

0.40

Maximal coverage (nominal level

0.20
0 20,000 40,000 60,000 80,000

Sample size n

Figure 9.10: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € N*, Px y,» = N (1,1) ® N'(0.025, 1). The nominal pointwise asymptotic level is set to 0.95. For
a sample size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o =2 (uyn — ly,n?) / (adf,,), setting here e = 0.05, Iy, = E[Y], uy,n = E[Y]* + V[Y].

9.10.2 Rule of thumb using @,

Symmetrically, we can consider the rule of thumb for a fixed sample size n and compare the desired
nominal level 1 — « of the test to the rule of thumb 1 — @,,, with the @,, derived in Theorem 9.3.

9.10.3 Student distributions

The specification here is two Student distributions, both in the numerator and in the denominator. Stan-
dard Student distributions are centered. We use therefore translated versions by simply adding the
expectations in order to avoid a null denominator for the ratio of expectations of interest. Below, T (u, v)
denotes the distribution of a translated standard Student variable: 1.+ T where T is distributed according
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Figure 9.11: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € N*, Px y,, = N(1,1) ® N(0.05,1). The nominal pointwise asymptotic level is set to 0.95. For
a sample size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o =2 (uyn — lyn?) / (alf,,), setting here a = 0.05, Iy, = E[Y], uy,n = E[Y]* + V[Y].
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Figure 9.12: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € N*, Px y,» = N (1,1) ® N(0.1,1). The nominal pointwise asymptotic level is set to 0.95. For
a sample size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o =2 (uyn — lyn?) / (adf,,), setting here a = 0.05, Iy, = E[Y], uy,n = V[Y] + E[Y]*.
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Figure 9.13: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7,

Specification: Vn € N*, Px y,, = N(1,1) ® N'(0.25,1). The nominal pointwise asymptotic level is set to 0.95. For
a sample size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o =2 (uy,n — lyin?) / (ad3,,), setting here a = 0.5, ly,, = E[Y], uy,, = E[Y]* + V[Y].
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Figure 9.14: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € N*, Px y,» = N (1,1) ® N(0.5,1). The nominal pointwise asymptotic level is set to 0.95. For
a sample size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o = 2 (uy,n — lyin?) / (ad%.,,), setting here a = 0.5, ly,, = E[Y], uy,» = E[Y]* + V[Y].
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Figure 9.15: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € N*, Px y,, = N(1,1) ® N(0.75,1). The nominal pointwise asymptotic level is set to 0.95. For
a sample size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o = 2 (uy,n — ly,n?) / (ed3.,,), setting here a = 0.5, ly,, = E[Y], uy,n = E[Y]* + V[Y].
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Figure 9.16: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € N*, Px y,, = N> (bivariate Gaussian) with E[X] = 0.5, E[Y] = 0.1, V[X] = 1, V[Y] = 2,
Corr(X,Y) = 0.5. The nominal pointwise asymptotic level is set to 0.90. For a sample size n, the coverage
is obtained as the mean over 5,000 repetitions. The dashed vertical line shows 7o = 2 (uy,n — lyn?) / (ed3,),
setting here a = 0.1, ly,, = E[Y], uy,,» = E[Y]* + V[Y].
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Figure 9.17: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € N*, Px vy, = N> (bivariate Gaussian) with E[X] = 0.5, E[Y] = 0.5, V[X] = 2, V[Y] = 1,
Corr(X,Y) = —0.3. The nominal pointwise asymptotic level is set to 0.99. For a size n, the coverage is obtained
as the mean over 5,000 repetitions. The dashed vertical line shows 7o := 2 (uy,n — lv,n?) / (al3,.), setting here
a=0.01,ly,, = E[Y], uy,, = E[Y]* + V]Y].
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Figure 9.18: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € N*, Px y,, = N> (bivariate Gaussian) with E[X] = 0.5, E[Y] = 0.05, V[X] = 2, V[Y] = 1,
Corr(X,Y) = —0.7. The nominal pointwise asymptotic level is set to 0.95. For a size n, the coverage is obtained
as the mean over 5,000 repetitions. The dashed vertical line shows 7 = 2 (uy,n — ly.n”) / (od3.,,), setting here
a=0.05,ly,, = E[Y], uy,, = E[Y]* + V[Y].
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Figure 9.19: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb @;,.

Specification: sample size n = 2,000, Px,y,» = N (bivariate Gaussian) with E[X] = 1, E[Y] = 0.1, V[X] = 1,
VY] = 1, Corr(X,Y) = 0. For each nominal level 1 — « in the x-axis, we draw 5,000 samples, compute the
asymptotic Cls and see whether it covers or not the ratio of interest; we report the mean over the 5, 000 repetitions in
the y-axis. The solid line is the first bisector y = z. The dashed vertical line shows @y, := 2 (uy,n — ly,n”) / (nly.n?),
setting here Iy, = E[Y], uy,, = E[Y]* + V[Y].

to a Student distribution with v degrees of freedom. To satisfy Assumption 9.2.1, we need finite variance:
we use degrees of freedom strictly higher than 2 for this purpose.

9.10.4 Exponential distributions

The specification here is two exponential distributions, both in the numerator and in the denominator.

In this setting of simulations, we use as previously the best bounds by setting the constants ly-,, and
uy ., that define our class of distributions equal to the actual corresponding moments (respectively the
expectation for ly,, and the second moment i.e. expectation of the square for uy ;). In other words, we
use n, = 2(E[Y]? + V[Y])/(aE[Y]?).

For reminder, in practical settings, the rule-of-thumb will be to replace the theoretical and unknown
moments by their empirical counterparts and use the 7, obtained to appraise the reliability of the asymp-
totic Cls from the delta method.

However, for exponential distributions, the variance is equal to the square of the expectation. Conse-
quently, whatever the parameter of the exponential distribution in the denominator, we have 7, = 4/«.
Previous simulations suggest that the closer the expectation in the denominator to 0, the larger the
sample size required for the asymptotic approximation to hold. At first sight, We might be worried for the
usefulness of our rule-of-thumb to get n,, independent of E[Y']. However, in the special case of exponen-
tial distributions, the lower the expectation, the lower too is the variance. Intuitively, the lower variance
will compensate having an expectation closer to 0. The previous statement that links the closeness to 0 of
the expectation in the denominator and the sample size required to reach the asymptotic approximation
presupposes keeping fixed the variance. It cannot be anymore for exponential distributions.

The following simulations reveal that the convergence of the coverage of the asymptotic confidence
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Figure 9.20: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: ¥n € N*, Px y,» = T(E[X],3) ® T(E[Y],3) with E[X] = 0.5, E[Y] = 0.5. The nominal pointwise
asymptotic level is set to 0.95. For a size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed
vertical line shows 7, := 2 (uy,n — ly,n?) / (al3.,,), setting here a = 0.05, ly,, = E[Y], uy,n = E[Y]* + V[Y].
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Figure 9.21: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: ¥n € N*, Px y,» = T (E[X],3) ® T(E[Y], 3) with E[X] = 0.5, E[Y] = 0.1. The nominal pointwise
asymptotic level is set to 0.95. For a size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed
vertical line shows 7, := 2 (uy,n — ly.n?) / (al3.,,), setting here a = 0.05, ly,, = E[Y], uy,n = E[Y]* + V[Y].
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Figure 9.22: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € IN*, the marginal distributions of X and Y are 7 (E[X],3) and T (E[Y],3), with E[X] =1,
E[Y] = 0.25 and simulated using a Gaussian copula to have Corr(X,Y’) = 0.5. The nominal pointwise asymptotic
level is set to 0.95. For a size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical
line shows 7o 1= 2 (uy.n — ly,n?) / (ad3.,,), setting here o = 0.05, ly,, = E[Y], uy,n = E[Y]? + V[Y].

intervals toward their nominal level happens for n around one hundred and more and, furthermore, has
the same pattern whatever the expectation of the exponential distribution in the denominator. Our rule-
of-thumb 7, appears to be a bit small. Nonetheless, it is coherent that it is constant across the value of
E[Y].

9.10.5 Pareto distributions

The specification here is two Pareto distributions, both in the numerator and in the denominator. Pareto
distributions have support in R’ . They would fall in the easier case when the support of the denomina-
tor is well separated from 0. To assess the dependability of our rule-of-thumb in the general case, we
use translated Pareto distributions. In what follows, the notation Pareto(IE[Y], 7, ) denotes the distribu-
tion of a random variable that follows a Pareto distribution with shape parameter equal to ~ translated
such that its support is (7, +00) and its expectation is E[Y]. A variable that is distributed according to
Pareto(E[Y], 7,7) is equal in distribution to P + (E[Y] —~ty)/(y — 1) with ty = (E[Y] —7) x (y—1) and
P a usual Pareto distribution with support or scale parameter ¢ty and shape parameter ~, that is P has
the density = — 1{z >ty } x yt], /27T with respect to Lebesgue measure.

9.10.6 Bernoulli distributions

With discrete distributions for the variable at the denominator, it may happen that Y,, = 0, all the more so
as the expectation in the denominator and the sample size are low in the case of Bernoulli distributions.
In that situation, the confidence interval is said to be undefined and, for any arbitrary value, the statement
that the CI contains that value is considered as false. Consequently, in the simulations with discrete
distributions in the denominator, whenever the sample drawn is such that Y,, = 0, we count the draw
as a no coverage occurrence in the Monte Carlo estimation of the (maximal) coverage. Concretely, the
maximal coverage displayed in the graph is computed as the mean over B repetitions. The repetitions
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Figure 9.23: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7,

Specification: Vn € IN*, Px y,,» = £ ® £ with E[X] = 1, E[Y] = 0.5. The nominal pointwise asymptotic level is set
to 0.95. For a size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o = 2 (uy,n — ly,n”) / (ed3.,), setting here a = 0.05, ly,, = E[Y], uy,, = E[Y]* + V[Y].
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Figure 9.24: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € IN*, Px,y,» = £ ® £ with E[X] = 1, E[Y] = 0.1. The nominal pointwise asymptotic level is set
to 0.95. For a size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o := 2 (uy,n — ly,n?) / (ad.,,), setting here a = 0.05, ly,, = E[Y], uy,, = E[Y]* + V[Y].



Chapter 9. Confidence intervals for ratios of means: limitations of the delta method and honest
confidence intervals 284

95%)

Maximal coverage (nominal level

0 50 100 150 200
Sample size n

Figure 9.25: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € N*, Px y,» = £ ® £ with E[X] = 1, E[Y] = 0.01. The nominal pointwise asymptotic level is set
to 0.95. For a size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o = 2 (uy,n — lv,n”) / (ad.,,), setting here a = 0.05, ly,, = E[Y], uy,, = E[Y]* + V[Y].
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Figure 9.26: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € N*, the marginal distributions of X and Y are two exponentials, with E[X] = 1, E[Y] = 0.5 and
simulated using a Gaussian copula to have Corr(X,Y) ~ 0.75. The nominal pointwise asymptotic level is set to
0.95. For a size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o = 2 (uy,n — lv,n”) / (ad¥.,,), setting here a = 0.05, ly,, = E[Y], uy,, = E[Y]* + V[Y].
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Figure 9.27: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: ¥n € IN*, the marginal distributions of X and Y are two exponentials, with E[X] =1, E[Y] = 0.01
and simulated using a Gaussian copula to have Corr(X,Y) & 0.75. The nominal pointwise asymptotic level is set
to 0.95. For a size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o =2 (uyn — lyn?) / (adf,,), setting here a = 0.05, ly,, = E[Y], uy,n = E[Y]* + V[Y].
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Figure 9.28: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.
Specification: Vn € N*, Pxy,n = Pareto(1l,—1.5,5) ® Pareto(E[Y], —1.5,5), with E[Y] = 0.5. The nominal
pointwise asymptotic level is set to 0.95. For a size n, the coverage is obtained as the mean over 5,000 rep-
etitions. The dashed vertical line shows 7o := 2 (uy,n — ly,n?) / (od3.,,), setting here o = 0.05, Iy, = E[Y],
uy,, = E[Y]* + V]Y].
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Figure 9.29: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: ¥n € N*, Pxy,» = Pareto(1,—1.5,3) ® Pareto(E[Y],—0.5,3), with E[Y] = 0.25. The nominal
pointwise asymptotic level is set to 0.95. For a size n, the coverage is obtained as the mean over 5,000 rep-
etitions. The dashed vertical line shows 7o := 2 (uy,n — ly,n”) / (ad3.,,), setting here a = 0.05, Iy, = E[Y],
uy,, = E[Y]* + V[Y].
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Figure 9.30: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: ¥n € IN*, Px y,n = Pareto(1,—1.5,5) ® Pareto(E[Y], —1,5), with IE[Y] = 0.1. The nominal point-
wise asymptotic level is set to 0.95. For a size n, the coverage is obtained as the mean over 5,000 repeti-
tions. The dashed vertical line shows n, = 2 (uy,n — ly.n”) / (od3,), setting here o = 0.05, Iy, = E[Y],
uyn = E[Y]* + V[Y].
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for which Y,, = 0 account for 0 in the mean.

Note that in some specifications, a substantial part of the repetitions yield Y,, = 0. For instance,
with Bernoulli distributions, for n smaller than 10 and the expectation at the denominator equal to 0.01,
around 10% only of the repetitions display Y, # 0.
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Figure 9.31: Maximal coverage of asymptotic Cls based on the delta method.
Specification: Vn € N*, Px,y,, = B(0.5) ® B(E[Y]). The nominal pointwise asymptotic level is set to 0.95. For a
pair (E[Y],n), the coverage is obtained as the mean over 10,000 repetitions.

With two Bernoulli variables in the numerator and the denominator, we are both in the BC and the
Hoeffding cases. The following graphs illustrate the use of 7, to appraise the reliability of the asymptotic
confidence based on the delta method. We show both the one obtained in the BC case (Theorem 9.3)
and the one obtained in the Hoeffding case (Theorem 9.12). Again, as in the main body of the paper,
we follow a plug-in strategy to compute in practice 7, and, in the setting of simulations, we simply use
the known moments and bounds of the DGP used in the simulation.

9.10.7 Poisson distributions

The specification here considers two variables distributed according to a Poisson distribution, both in the
numerator and in the denominator.

A Poisson distribution is entirely defined by its positive real parameter, which is equal to both its
expectation and its variance. Consequently, to have denominator close to 0, we would need small
variance too, as in the exponential specification (see Section 9.10.4). In order to disentangle expectation
and variance, we use below translated Poisson variables. Precisely, the notation Poisson(u, 0?), u € R,
o? € R%, denotes a distribution alike to a Poisson, with parameter and variance equal to 2 but translated
such that its expectation is n. That is a variable distributed according to Poisson(u,c?) is equal in
distribution to P + (u — o?) with P a standard Poisson distribution with parameter 2 - that is with
density with respect to the counting measure equal to (02)* exp(—0o?2)/(k!) for every k € N. Thus, a
Poisson(u, 0?) has expectation x and variance o2.
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Figure 9.32: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: VYn € N*, Px y,» = B(0.5) ® B(0.25). The nominal pointwise asymptotic level is set to 0.95. For
a size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows 7, :=
2 (uy,n — ly,n?) / (ad¥,), setting here a = 0.05, ly,n = E[Y], uy,n» = E[Y]? + V[Y] (BC case). The dotted one
shows 7, := In(4/a)/v(Y1,»), setting here o = 0.05, ay,» = 0, by,» = 1 and ly,, = E[Y] (Hoeffding case).
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Figure 9.33: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € N*, Px,y,» = B(0.5) ® B(0.1). The nominal pointwise asymptotic level is set to 0.99. For a
size n, the coverage is obtained as the mean over 10,000 repetitions. The dashed vertical line shows 7m, :=
2 (uy,n — lyn?) / (ed3,,), setting here a = 0.01, ly,, = E[Y], uy,» = E[Y]? + V[Y] (BC case). The dotted shows
Mo := In(4/a)/v(Y1,n), setting here a = 0.01, ay,» =0, by,, = 1 and ly,, = E[Y] (Hoeffding case).
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Figure 9.34: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7, (zoom: starting
from higher n compared to Figure 9.32).

Specification: Vn € N*, Px y,, = B(0.5) ® B(0.25). The nominal pointwise asymptotic level is set to 0.99. For
a size n, the coverage is obtained as the mean over 10,000 repetitions. The dashed vertical line shows 7, :=
2 (uy,n — lyn?) / (ed},,), setting here a = 0.01, Iy, = E[Y], uy,» = E[Y]* + V[Y] (BC case). The dotted shows
o = In(4/a)/v(Y1,n), setting here o = 0.01, ay,, =0, by,, = 1 and ly,, = E[Y] (Hoeffding case).
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Figure 9.35: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € IN*, Px,y,» = B(0.5) ® B(0.5). The nominal pointwise asymptotic level is set to 0.99. For a
size n, the coverage is obtained as the mean over 10,000 repetitions. The dashed vertical line shows 7m, :=
2 (uy,n — ly,n?) / (ad¥.,), setting here o = 0.01, ly,, = E[Y], uy,» = E[Y]* + V[Y] (BC case). The dotted shows
Mo := In(4/a)/v(Y1,n), setting here & = 0.01, ay,» =0, by,, = 1 and ly,, = E[Y] (Hoeffding case).
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Figure 9.36: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € IN*, the marginal distributions of X and Y are two Bernoulli, with IE[X] = 0.5 and E[Y] = 0.25
and simulated using a Gaussian copula to have Corr(X,Y’) & 0.35. The nominal pointwise asymptotic level is set
to 0.95. For a size n, the coverage is obtained as the mean over 10,000 repetitions. The dashed vertical line shows
o = 2 (uy,n — lyn?) / (ad¥.,), setting here a = 0.05, ly., = E[Y], uy,» = E[Y]* + V[Y] (BC case). The dotted
shows 7, := In(4/«)/v(Y1,n), setting here a = 0.05, ay,n = 0, by,, = 1 and ly,, = E[Y] (Hoeffding case).
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Figure 9.37: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € N*, Px y,, = Poisson(0.5,2) ® Poisson(0.1,1). The nominal pointwise asymptotic level is set
to 0.9. For a size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o =2 (uy,n — ly,n”) / (ed3.,), setting here a = 0.1, ly,, = E[Y], uy,, = E[Y]* + V[Y].
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Figure 9.38: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7,

Specification: Vn € N*, Px,y,, = Poisson(1,4) ® Poisson(0.25,3). The nominal pointwise asymptotic level is set
to 0.99. For a size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o = 2 (uy,n — ly,n”) / (ed3.,), setting here a = 0.01, ly,, = E[Y], uy,, = E[Y]* + V[Y].
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Figure 9.39: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € N*, Px y,n» = Poisson(0.5,2) ® Poisson(0.5,2). The nominal pointwise asymptotic level is set
to 0.95. For a size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o := 2 (uy,n — ly,n?) / (ad.,,), setting here a = 0.05, ly,, = E[Y], uy,, = E[Y]* + V[Y].
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Figure 9.40: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: ¥n € IN*, the marginal distributions of X and Y are Poisson(0.5,2) and Poisson(0.1,1), and sim-
ulated using a Gaussian copula to have Corr(X,Y) = 0.7. The nominal pointwise asymptotic level is set to
0.90. For a size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows
o =2 (uyn — lyn?) / (alf,,), setting here a = 0.1, ly,n = E[Y], uy,n = E[Y]* + V[Y].
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Figure 9.41: Maximal coverage of asymptotic Cls based on the delta method and rule-of-thumb 7.

Specification: Vn € IN*, the marginal distributions of X and Y are Poisson(1, 4) and Poisson(0.25, 3), and simulated
using a Gaussian copula to have Corr(X,Y) = 0.4. The nominal pointwise asymptotic level is set to 0.99. For
a size n, the coverage is obtained as the mean over 5,000 repetitions. The dashed vertical line shows 7, :=
2 (uy,n — ly,n?) / (al¥,), setting here a = 0.01, ly,, = E[Y], uy,, = E[Y]* + V[Y].
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