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General Introduction

In today’s world, reliable and high-speed transmission of information over
long reach is vital. Optical fibers play a significant role in information

transmissions and will continue to take the center stage in the foreseeable
future [1]. The earliest attempts at optical communication date back to 1792,
when French scientist Claude Chappe came up with the idea of the optical
telegraph and developed a coding scheme to encode information alphabets
[3]. In the 1840s, two physicists, Jean-Daniel Collodon from Switzerland
and Jacques Babinet from France demonstrated that light could be directed
along water jets for night-time fountain displays. Over the next 20 years,
physicists and engineers put more effort to transmit light in bent glass rods
and enhance the capacity of electrical telecommunication systems.

The first breakthrough came with the invention of the laser and its demon-
stration in 1960 by Maiman [4], which allowed to generate coherent light
beams. Even though optical fibers was available during the 1960s, they were
used for medical imaging rather than for optical communications [13]. Ini-
tially, the fiber attenuation introduced by Kao and Hockham in 1966 was ex-
tremely high (1000 dB/km) [6], while the atmospheric loss was few dB/km.
Fiber loss was diminished drastically to 20 dB/km by Corning Glass Works
in 1970 [7]. Two years later, the same group produced a germanium core-
doped fiber with a loss of only 4 dB/km, which further reduced to 0.2 dB/km
at a wavelengths near 1.55 µm by a T. Miya group from Japan [8]. The si-
multaneous availability of a low-loss fiber and compact Gallium Arsenide
(GaAs) semiconductor laser, lead to the first-generation optical transmis-
sion system using a graded-index multimode (MMF) fiber by AT&T at a
bit rate of 54 Mbps near 850 nm band up to 23 km [9]. The transmission
distance was mainly limited by modal dispersion in MMFs, and the distance
between repeaters reached 10 km. In 1981, single mode fiber (SMF) was
developed for long distance transmission, however, the fiber loss was not
changed as the fundamental limit for loss is set by Rayleigh scattering. Due
to the availability of SMFs and the InGaAsP semiconductor laser, the second-
generation optical transmission system was deployed in the infrared region
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near 1.3µm where the fiber loss was typically 0.5 dB/km. Transmission at a
bit rate of 154 Mbps over a repeater spacing of ∼ 50 km was demonstrated in
1983 [10]. The first commercial opto-electronically regenerated wavelength-
division multiplexing (WDM) system using two wavelength channels, each
with 1.7 Gbps bit rate, was introduced in 1989. The late 1980s also saw the
deployment of the first transoceanic long-haul transmission fibers, across the
Atlantic and Pacific ocean, carrying 280 Mbps on each of three fiber pairs
[11] − [12].

The third-generation optical transmission systems has migrated to 1.55 µm
where the fiber transmission loss is minimum, i.e. the attenuation value is
≤ 0.2 dB/km. However, their introduction was delayed by a relatively high
dispersion value of SMF in this spectral region. In 1990, thanks to the com-
bination of dispersion shifted fiber (DSF) with lasers oscillating in a single
longitudinal mode, a transmission system operating at data rate of 2.5 Gbps
with signal regeneration distance of ∼ 70 km became commercially avail-
able, and their bit-rate soon increased to 10 Gbps to meet capacity demand
[1], [13].

Until the early 1990s, direct detection was the state of the art, where infor-
mation bits were transmitted by directly modulating the intensity of the laser
source. The capacity increment was facilitated by improving the quality of
the optical fiber and the transmitter-receiver electronics, while the repeater
spacing was limited by the fiber loss. However, the invention of Erbium-
doped fiber amplifier (EDFA), enabling periodic optical amplification for
compensating fiber losses, has increased the repeater spacing to ∼ 100 km
and made the need for optical-electro-optical (OEO) conversion obsolete
[1], [14], [15]. As bit-rate increased to 10 Gbps, group velocity dispersion
(GVD) or chromatic dispersion (CD) become a challenge. To solve the dis-
persion issue, a dispersion shifted fiber (DSF) was introduced, which has
negligible dispersion at 1.55 µm. Further mitigation of amplified sponta-
neous emission (ASE) using a forward error correction (FEC) codes, enabled
the enhancement of optical signal-to-noise ratio (OSNR) for single-channel
optical transmissions. Furthermore, EDFAs make it feasible to use a large
portion of the available amplification bandwidth for a long-haul links, as they
can simultaneously amplify different data streams modulated by lasers at a
slightly different wavelength (WDM) to be transmitted over the same fiber
[17] − [23]. Indeed, the combination of EDFA, WDM, an advance made in
electronic and optoelectronic devices has enabled transmission systems car-
rying up to 80 channels with an individual bit rate of 10 to 40 Gbps on the
50-GHz grid over thousands of km. This represents an increase in system
capacity by a factor of 400 and considered as the fourth generation lightwave
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systems. The revival of coherent transmission techniques in combination
with high-speed digital signal processing (DSP) matured in the early 2000s,
also considered as the fifth generation lightwave systems, granted access to
the amplitude, phase and the two orthogonal polarizations of the optical
carrier, enabling the so-called higher spectral efficient modulation formats.
Today, coherent polarization division multiplexed (PDM) transmission sys-
tems modulated with the quadrature amplitude modulation (QAM) format
has achieved a net WDM data rates of more than 115 Tbps in a single-mode
fiber [24] − [37] as illustrated in Fig.(1).

Figure 1: Evolution of commercial optical transmission system since mid 1980s
and forcast for coming 20 years (after [45])

The technological advances made in lightwave technology over the last half-
a-century ( summarized in Fig.(1)), have led the optical channel capacity to
skyrocket. As a result, an effort has been made in the early 2000s by scien-
tist to estimate the ultimate capacity of single-mode fiber channels. In 1948
Claude E. Shannon introduced the concept of channel capacity, in which he
showed that the SNR sets the ultimate achievable capacity of the a band-
limited channel [27]. As opposed to linear channels, where the capacity
can be increased by sending a more and more powerful signals, fiber optic
channels suffers from nonlinear effects driven by the Kerr effect and inelastic
scattering effects. The Kerr effect, which causes an optical power depen-
dent variation of the refractive index, generates nonlinear signal distortions
such as Self-Phase Modulation (SPM), Cross-Phase Modulation (XPM) and
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Four-Wave Mixing (FWM) [1]. The interplay between these distortions and
CD lead to progressive signal distortions that accumulate over the transmis-
sion link. These set a nonlinear propagation limit in the optical transmission
systems, making it necessary to develop techniques for nonlinearity mitiga-
tion [28]− [29]. Several linear and nonlinear compensation techniques based
on optical and digital methods have been proposed in order to increase the
capacity of optical fiber links. However, digital compensation prevailed over
their optical counterparts thanks to the combination of coherent detection
with digital signal processing. However, the signal-noise nonlinear interaction
set to the upper-bound of achievable performance gain by digital compensa-
tion methods.

Recently, eigenvalue communication has been considered as an emerging
paradigm in fiber-optic communications, that could potentially overcome
these limitations. This method, originally proposed by Hasegawa in 1993,
is based on the fundamental observation that the discrete nonlinear spec-
trum of an optical signal is invariant (except for a trivial linear phase shift)
upon propagation in the fiber channel, as described by the scalar NLSE. The
method was never implemented since it is was not suitable for the intensity-
modulation and direct-detection (IM/DD) systems of the time. However,
the recent development of practical coherent detectors based on fast digi-
tal signal processing enables the real-time measurement of both quadrature
components of the received field. This means that the direct spectral trans-
form (also known as nonlinear Fourier transform) of the received signal can
be computed, and the eigenvalue spectrum fully recovered.

Motivation
Motivated by the eigenvalue communication in the coherent detection con-
figuration, this thesis aims at the development of DSP methods for the im-
plementation of nonlinear Fourier transform (NFT) and nonlinear frequency
division multiplexing (NFDM), assisted by a comprehensive experimental
validation in high-speed and long-haul coherent optical transmission systems.
This thesis work is planned to accomplish the following main objectives

1. Develop a sufficiently accurate numerical implementation of NFT and
inverse-NFT (INFT);

2. Quantify the numerical accuracy of INFT-NFT computational algo-
rithm for different signal types;
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3. Develop a full numerical model for the multi-carrier multiplexing tech-
nique based on NFT, also known as NFDM, both in single- and dual-
polarization configuration;

4. Experimentally validate the developed techniques.

Thesis Outline
In order to accomplish the established research objectives, this thesis is or-
ganized into four chapters.

• Chapter 1: review the architecture and data traffic evolution of op-
tical fiber networks, and and the advent of the technology of coherent
high-speed and long-haul optical transmission system. Afterward, SMF
based transmissions and the associated channel impairments are de-
scribed. To contextualize the nonlinear mitigation techniques in high-
speed and long-haul transmission systems, this chapter provides a brief
review of signal propagation in SMFs, exploring the scalar and vecto-
rial nonlinear Schrödinger equation (NLSE) as the underlying signal
propagation model, and introduces the nonlinear Shannon limit as set-
ting a potential capacity crunch in the optical fibers. Finally, proposed
solutions to increase channel capacity are reviewed.

• Chapter 2: provides the basic notions of the direct and inverse nonlin-
ear Fourier transform (NFT/INFT) method and the associated eigen-
value communication systems. Next, the computation of the nonlinear
spectrum of an ideal channel governed by the normalized NLSE, and its
linear evolution in the nonlinear domain is presented. In addition, the
numerical algorithms of implementation of the scattering transform and
their accuracy are investigated briefly. Finally, a perturbation channel
model that takes into account fiber losses and noise are discussed to-
gether with numerical validation of the effect this perturbation have on
the ideal model of the channel.

• Chapter 3: addresses the experimental validation of high-speed long-
haul coherent NFDM transmission systems, along with its linear coun-
terpart, namely orthogonal frequency-division multiplexing (OFDM).
The transmitter and receiver DSP design of NFDM is described, and
compared against the traditional OFDM design, in terms of perfor-
mance gain and complexity in an experiment for both single- and dual-
polarization configurations, in both the focusing and the defocusing
regime.
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• Chapter 4: building upon the experimental observations, a numer-
ical investigation is reported of challenges, faced when implementing
long-haul transmission based on NFT such as noise, transmission loss,
polarization mode dispersion (PMD), laser phase noise, oversampling,
guard interval size, effective number of bits (ENOB), peak-to-average
power (PAPR), etc.

• Chapter 5: summarizes, the main conclusions of the research and
suggests research topics for future studies.

Main Contributions
This thesis proposes that the experimental validation should be preferentially
conducted in the defocusing regime, where the discrete spectrum is absent
and only the continuous nonlinear spectrum of the signal should be modu-
lated. In this framework, user information streams are encoded onto parallel
subcarriers (eigenvalues) that are analytically shown to be independent of
each other upon a linear propagation in an ideal noise-free and lossless fiber
channel. When compared with OFDM which is limited by fiber nonlinear-
ity, NFDM will demonstrate a performance gain in terms of both Q-factor
and optimal launch power. Furthermore, access to the polarization degree-
of-freedom (DoF) will double the data. The main contribution of this thesis
can be summarized as follows:

1. Describes the first experimental validation of a single-polarization long-
haul NFDM transmission in the defocusing regime [C1].

2. Describes the first experimental demonstration of a dual-polarization
NFDM transmission in defocusing regime[C2,J1].

3. Presents a study of challenges faced in the implementation of NFDM
system which underlines the need for the search for better numerical
algorithms to compute the spectral parameters, a transmitter (Tx)
and receiver (Rx) DSP modules, new data encoding and multiplexing
methods tailored to nonlinear fiber channels, and linear and nonlinear
Tx-Rx distortion compensation methods.
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Chapter 1

State of the Art of Optical
Communication Systems

“ In the beginning God said, "the four-dimensional divergence of
an antisymmetric, second rank tensor equals zero", and there
was light, and it was good. And on the seventh day he rested. ”

Michio Kaku,

Introduction

The introduction of long-haul optical fiber communication has been a key
enabler of the information revolution, which pervades the modern so-

ciety. Nowadays, the number and connection speed of internet users keeps
increasing exponentially with time, generating an ever increasing amount
of data traffic that demands matching communication capacity between net-
work nodes. These advancements are driven by optical fibers channels, which
characterized as transmission medium with low loss, huge bandwidth and low
electromagnetic interference.

This chapter is organized as follows. The chapter starts from the introduc-
tion of current deployed fiber optics networks and their traffic evolution in
section (1.1). Then, the single-mode fiber channel, section (1.2), and the
origin of linear and nonlinear effects during the propagation of light in op-
tical fibers is reviewed in section (1.3). This lead to the derivation of the
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1.1. Fiber optic networks

nonlinear Schrödinger equation (NLSE), section (1.4), and Manakov equa-
tion, section (1.5). Finally, in section (1.6) the nonlinear Shannon limit of
the fiber channel and methods to solve the capacity crunch is presented.

1.1 Fiber optic networks
The architecture of currently deployed optical networks can be roughly cat-
egorized into three groups, i.e. (i) long-haul to transoceanic core networks,
(ii) Metro/regional and (iii) last-mile access networks. The schematic in
Fig.(1.1) represents today’s fiber optics networks. The classification of net-
works level is based mainly on the transmission reach and amount of data
transmitted. The maximum distance covered by different levels of network-
hierarchy is summarized in Table (1.1).

The global telecommunication network uses a (ultra) long-haul, and trans-
oceanic links at a higher levels of the network architecture. These links form
the optical backbone network and transport high capacity data over ultra-
long reach (> 1000 km). These links demand technologies that enable long
regeneration free transmission at low cost. Coherent optical transceivers at
112 Gb/s using dual polarization QPSK modulation format are currently de-
ployed as long-haul transmission systems. Preliminary commercial solutions
at a rate of 224 Gb/s using a dual-polarization 16-QAM format are available.

Long-haul

Core network

Metro/Regional

network

“Last-mile” 

access network

Figure 1.1: Optical network hierarchy; Long-haul core network, metro/regional
and "last-mile" access network.
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System Distance (km)
Access < 100
Metro < 300
Regional 300 − 1,000
Long-haul 1,000 − 3,000
Ultra long-haul > 3,000

Table 1.1: Optical network hierarchy by transmission reach.

Moving up in the optical network hierarchy, the metro/regional networks
are responsible for connecting different metropolitan areas (< 300 km) or a
small country (< 1000 km). The metro networks are evolving from the legacy
ring or star topologies toward mesh architectures, in order to improve the
capacity and reliability as well as increase link redundancy. The amount of
data traffic carried by metro-networks is typically less than 100 Gbps.

The access (last-mile) network is the lowest level of a network hierarchy
composed of a short links from the service provider to business or storage
area networks. The link usually has a length up to 100 km. These networks
are dominated by the legacy coaxial or twisted pair cables, however the
service providers are changing the trend to optical fibers due to their much
higher bandwidth-distance product and sound economical advantage, which
enables high-speed connections over longer distances. Fiber-optics solutions
are denoted as fiber to the ′x′, where ′x′ can be homes (FTTH), or curb
(FTTC). The typical bandwidth of such networks scales to a few hundred
Mbps, and are evolving towards 1 Gbps [30] − [31].

1.1.1 Traffic evolution of optical networks
The data traffic demand is expected to sky-rocket over the next few years.
The latest global Internet Protocol (IP) traffic forecast by Cisco Visual Net-
work Index (VNI) shown in Fig.(1.2) reported a global network traffic of 1.2
zettabytes (ZB), i.e. 1021 bytes, per year, or 96 ExaBytes (EB), i.e. 1018

bytes, per month [32]. The IP traffic is expected to grow with compounded
growth rate of ∼ 24% per year, resulting in roughly a three-fold increase in
traffic over five years. In contrast, web-based applications, video streaming,
and cloud computing have forced the short-reach optical link within data
centers to grow even larger. The data center IP traffic is already exceeding
10 ZB, and it is expected to grow at ∼ 25% per year as shown in Fig.(1.3(a)).
The forecasts also projects that by the year 2021, that 71% of the global IP
traffic distribution is expected to reside within data centers, while only 14%
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accounts for user-destined traffic. The remaining 15% will be traffic between
data centers, as indicated in Fig.(1.3(b)). This trend will be further stretched
by machine-learning applications, whereby significant traffic is dedicated to
answer simple queries.

Figure 1.2: Global IP data traffic forecast, in number of exabytes per month
for the period of 2016-2021, as reported in the Cisco Visual Networking Index
[32].

(a) (b)

Figure 1.3: (a) Data centers global IP traffic growth. (b) projected data traffic
distribution by destination in 2021. Source: Cisco Global Cloud Index, 20162021
[32].

1.2 The Optical Fiber Channel
Current high-speed long-haul data transmissions are carried out by optical
fiber due to their low loss and large bandwidth when compared with other
available waveguides [[1],Ch.2]. In a data communication scenario, optical
fibers made of silica (SiO2) glass are the workhorse of the industry. A typical
fiber is composed by a cylindrical symmetric waveguide with three main
layers, i.e. core, cladding, and external jacket. This structure allows light
to mainly propagate inside the core in a guided mode, while a very small
evanescent field propagates through the cladding. In order to guide light
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inside the core, the refractive index of the core is kept slightly higher than
that of the cladding. As a result, it becomes possible to propagate light
inside a fiber thanks to total internal reflection (TIR).

Depending on the index profile, a typical fiber can be classified as either a
step-index or a graded-index fiber. Most data transmission networks rely on
step-index fibers, that show an abrupt change in the refractive index at the
core and cladding interface. The light gathering capability of such fiber, also
known as the numerical aperture (N.A.), is defined as:

N.A. =
√
n2
1 − n2

2. (1.1)

where n1 and n2 represent the refractive index of the core and the cladding,
respectively. In order to launch the maximum amount of light through the
fiber, the value of the N.A. should be made as large as possible. However, as
the N.A. increases, the light rays launched into the fiber take different path
lengths to arrive at the output end of the fiber. As a result, the pulse at
the fiber output exhibits a spreading in the temporal domain, which limits
the achievable information rate (AIR) of the optical fiber. Such dispersive
pulse spread is minimized by reducing the core radius and the refractive
index difference between the core and cladding, so that few rays travel inside
the core. Such fibers are called single mode fibers (SMFs) since they only
support one spatial mode, also called the fundamental mode. As for today,
the vast majority of deployed optical fibers are SMFs. In SMFs, the electric
field of light, E, that propagates at a carrier frequency, ω0, can be expressed
as

Ez (x, y, z, t) = F (x, y)A (z, t) exp (i (βz − ω0t)) (1.2)
where F (x, y) represents the spatial distribution of light in the transverse
coordinates, t denotes time and β is the field propagation constant at λ0,
which contributes to fiber dispersion. Furthermore, A (z, t) is the slowly
varying envelope of the light wave traveling in the z-direction.

In single-mode fibers, the difference between the refractive indices in the
fiber’s core and cladding is small. Such weakly guiding fibers support only two
orthogonally polarized fundamental modes for wavelengths above a certain
cutoff wavelength. Below cutoff, number of modes allowed to propagate
depends on the normalized frequency or V-parameter of the fiber:

V = 2πa

λ
N.A. (1.3)

where a is the core radius of the fiber and λ is the wavelength. Each mode
is a solution of the wave equation, and is characterized by its own cut-off
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frequency that depends on the fiber core radius, the operating wavelength,
the difference in the refractive index of the fiber core and cladding. For typical
single-mode fibers, i.e., ITU-T G.652 SMFs, the refractive index difference:
∆ = n1−n2 ≈ 0.005, core radius: a = 4µm, and the cutoff wavelength: λcutoff ≈
1.2 µm. In order to allow only a single mode to propagate in a step-index
fiber, the V number should have a value ≤ 2.405. Fig.(1.4) illustrates the
electric field profile of the mode propagating light in a single mode fiber. For
V ≤ 2.4, the fundamental mode field profile can be closely approximated by
a Gaussian profile of form:

F (x, y) ≈ exp [− (x2 + y2) /w2] , (1.4)

where the effective fiber core radius w is a wavelength-dependent fitting pa-
rameter. The Gaussian beam width parameter is evaluated by using

w2 = a
√
2

n1k0
√
∆

(1.5)

for k0 = 2π/λ0. As illustrated in Fig.(1.4), the maximum filed intensity
of light is confined inside the core, with small evanescent field penetrating
through the cladding. In the following subsection, the physical effects affect-
ing wave propagation in optical fibers are summarized briefly.

(a) (b)

Figure 1.4: Illustration of an electric field distribution or mode solution of a
single mode fibers along the cross-section.

1.3 Fiber impairments
As an optical signal propagates through an optical fiber, it is affected by
several distortions. These distortions are categorized as linear and nonlinear
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in nature. Linear fiber effects comprise attenuation, chromatic dispersion
(CD), and polarization mode dispersion (PMD). On the other hand, nonlin-
ear effects include the Kerr-effect, Raman scattering, and Brillouin scattering.
These effects are discussed briefly in the following subsections.

1.3.1 Fiber loss
Optical fiber loss is the primary source of transmission power decay, and
it depends on the wavelength (λ) of the signal as shown in Fig.(1.5). The
optical power decays exponentially along the transmission distance according
to Beer’s law [1], given by

P (z) = Po e
−αL. (1.6)

where Po is the initial input power [W], α is the fiber attenuation coefficient,
which typically is expressed in dB/km, and z is the propagation distance in
[km]. Over sufficiently long distances z, the power of the detected signal will
be too low, leading to a high error rate. Therefore amplification of the signal
is needed for a long-haul optical communications.

Fiber loss can be regarded as equally distributed along the fiber length (when
it is due to absorption and scattering) or occurs at a given point (due to
connectors and splices). In an optical fiber, both silica and impurities in
the glass contribute to the absorption of light, also called the material
absorption. Besides silica, primary absorbers are residual hydroxyl ions
(OH−) and dopants used to modify the refractive index of the glass. The
material absorption depends strongly on the wavelength of light. The OH−
absorption is predominant around 0.95 µm, 1.244 µm and mostly 1.383 µm1.
Today, in many single mode fibers the OH− absorption peaks have been
reduced greatly, e.g., in the "low water peak" or "zero water peak" fibers,
which allows to extend WDM bands across these wavelengths, as shown in
Fig.(1.5) 2.

Main origin of transmission loss is scattering. Scattering occurs when pho-
tons encounter discontinuities in the refractive index and force light to be
scattered at an angle outside of the numerical aperture of the fiber, leading
to its leakage away from the fiber’s core. During preform fabrication, sil-
ica molecules move randomly as a fluid. However, when the fiber solidified,
microscopic fluctuations in material density occur, which lead to random

1Gregory Lietaert, "Fiber Water Peak Characterization", JDSU white paper.
22http://fiber-optic-catalog.ofsoptics.com/asset/

single-mode-optical-fiber-selection-guide-fap-164-web.pdf
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and small variations in the refractive index on a scale smaller than the opti-
cal wavelength. Scattering from refractive index defects is called Rayleigh
scattering and it is proportional to the inverse fourth power of the wave-
length of light, i.e. ∼ 1/λ4.

Figure 1.5: Attenuation curve of conventional G-652 fibers.

1.3.2 Chromatic dispersion
In optical fibers, group velocity of light is different for different frequency
components of the wave. Therefore, the fiber medium is said to be dispersive
and the effect is known as group velocity dispersion (GVD) or chromatic
dispersion (CD). Consequently, an optical pulse will experience a temporal
broadening leading to significant inter-symbol interference (ISI). By expand-
ing the linear propagation constant β of the fiber mode around the carrier
angular frequency ω0 in a Taylor series [1], one writes

β(ω) = β0 + β1 (ω − ω0) +
1

2
β2 (ω − ω0)2 +⋯ (1.7)

where βm is the mth derivative of β with respect to ω. An important pa-
rameter in optical communications is β2[ps2/km] = d2β(ω)/dω2 which is
the GVD parameter of the fiber. It is related to the dispersion coefficient,
D = − (2πcβ2) /λ2 [ps/(nm ⋅ km)], where λ and c represent the wavelength
and speed of light.

Various types of single-mode fibers are characterized in terms of their dis-
persion parameter D. The standard single-mode fiber (SSMF) has a disper-
sion value of around 17 ps/nm/km at the minimum loss-window wavelength
of λ = 1.5 µm. SSMFs exhibit zero CD in the 1.3 µm wavelength region.
Dispersion-shifted fibers (DSF) is a type of single-mode optical fiber where
their zero-dispersion wavelength shifted from the natural 1.3µm to λ = 1.5µm.
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Their large-scale deployment in the WDM systems is prevented by nonlin-
ear effects, since waves interact through four-wave mixing (FWM), being
fully phase-matched in DSFs. In the 90s the nonzero dispersion-shifted fibers
(NZDSF) with a reduced CD value (but non-null) has been deployed. The
NZDSF fibers could have either slightly positive or slightly negative disper-
sion value at 1.55µm. Dispersion-compensating fibers (DCF) exhibit normal
dispersion(i.e. β2 > 0⇔ D < 0) at 1.55 µm [34]. Fig.(1.6) summarizes the
dispersion curves for typical fiber types.

Figure 1.6: Dispersion curves of various single-mode fibers [37].

Dispersion is key factor affecting signal quality in long-haul optical fiber com-
munication systems. Therefore its compensation is required. In mid-1990s,
optical dispersion compensation based on dispersion compensation fibers
(DCFs), fibers with an opposite sign of β2 compared to the fiber deployed
[23], was introduced in On-Off keying (OOK)-based optical transmission
systems at 10 −Gb/s inline rate. Although DCFs can be used as part of a
transmission link, they are commonly packaged as spool in conjunction with
EDFAs. The advent of coherent detection enabled dispersion uncompensated
links, thus the system design made a paradigm shift in the way dispersion is
managed. Coherent detection receivers with digital equalization allow for full
compensation of all linear channel impairments of the optical fiber channel.
This allows for a pre- or post-compensation of CD using an electronic disper-
sion compensation (EDC) module instead of optical compensation modules
such as (DCFs) and fiber Bragg gratings (FBG) [33]. It has been proposed
to employ an all-pass like frequency domain filter or finite impulse response
(FIR) filter in the time domain to compensate CD in either the spectral or
the temporal domain, respectively.
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1.3.3 Polarization mode dispersion
Naturally single mode fibers support two orthogonally-polarized propagation
modes. Ideally, optical fibers are circular-symmetric and isotropic waveg-
uides, where the two orthogonal propagation modes have the same group
velocity. However, in practice optical fibers are deployed in uncontrolled en-
vironments, where the fiber is continuously subjected to time-varying random
mechanical forces. Together with intrinsic fiber stress, external forces break
of cylindrical symmetry. Also fabrication of optical fibers leads to slight vari-
ations of fiber core ellipticity along its length, which breaks the degeneracy of
orthogonal modes. Therefore, the fiber acquires birefringence. Due to fiber
birefringence, the two polarization modes experience two slightly different
propagation constant, βf and βs, where the subscripts f and s denote fast
and slow polarization axes, respectively. The fiber birefringence, ∆β (ω) =
βs (ω)−βf (ω), leads to a random differential delay, also known as polarization
mode dispersion (PMD), between the two orthogonally-polarized propaga-
tion modes. In the temporal domain, PMD manifests itself in the form of
differential group delay (DGD), which is defined as [1]:

τ = (βs − βf)L =
L

vsg
− L
vfg
, (1.8)

where L is the fiber transmission length, and vg,f , vg,s are the different group
velocities along the orthogonal slow and fast optical polarization axes, respec-
tively. In practical fibers, the root mean square value of DGD ∆τrms =Dp

√
L

is considered, where Dp is the PMD parameter, usually provided by the fiber
manufacturer and whose value for modern fibers is typically Dp < 0.1 ps

√
km

[42].

1.3.4 Kerr nonlinearity
The linear approximation of a fiber channel is valid when the signal power
is sufficiently low. However, for long-haul and WDM transmission systems,
the launch power must be increased significantly in order to combat addi-
tive noise by the optical amplifier chain and keep the signal-to-noise ratio
(SNR) to a level which permits error-free detection at the receiver. As signal
power increases, the channel nonlinearity becomes significant, and leads to
performance degradation.

Fiber nonlinearities are mainly due to two origins, the Kerr effect and inelas-
tic scattering phenomena such as stimulated Raman scattering (SRS) and
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stimulated Brillouin scattering (SBS). The Kerr effect originates from the
power dependent refractive index of fiber [1], which can be written as

n = n0 + n2
P

Aeff
(1.9)

Aeff =
(∬

∞

−∞
∣F(x, y)∣2dxdy)2

∬
∞

−∞
∣F(x, y)∣4dxdy

where P [W] is the instantaneous optical power of the pulse, Aeff [m2] is
the effective core area, typically varying in the range of 20 − 120 µm2 for
telecommunication fibers, depending on the fiber design, while n0 and n2

represent the linear and nonlinear refractive index of the fiber, respectively.
Although n2 ∼ 2.6 × 10−20[m2/W] is a tiny number for silica, the Kerr effect
is still significant due to small effective area Aeff and the long transmission
reach [2].

In WDM systems, nonlinear interactions between the signal in the channel
of interest and signals in neighboring channels play a significant role. Intra-
channel nonlinearity lead to self-phase modulation (SPM), and inter-channel
nonlinearity lead to cross-phase modulation (XPM), and four-wave mixing
(FWM) [2].

1.3.4.1 Self-Phase Modulation

The variation of signal intensity across a pulse lead to nonlinear refractive
index variations in time. As a result, the signal phase is changed in proportion
to the signal power. This effect is called self-phase modulation (SPM). SPM
leads to frequency chirped pulses. Hence, SPM broadens the pulse spectrum
while keeping the intensity profile unchanged in time [2]. The nonlinear
phase shift is denoted by

φSPM = γPLeff, γ = 2πn2

λAeff
(1.10)

Here, the effective fiber length, Leff [1 − exp (−αL)] /α, measures the fiber
length along which nonlinearities are effective. The SPM spectral broad-
ening depends on the pulse shape, the peak power and the length of the
transmission link. However, in some cases, a proper choice of both pulse
shape and peak power may lead to a compensation between CD and SPM,
which allows for the propagation of special undistorted pulses. These pulses
are known as optical solitons and remain unchanged both in frequency and
in time domain during their propagation.
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1.3.4.2 Cross-Phase Modulation

When considering WDM systems, involving signals at a different wavelengths,
cross-phase modulation (XPM) is another nonlinear effect originated by the
power dependent refractive index. In the case of two channels that overlap in
time, the nonlinear refractive index seen by each wave not only depends on
the pulse itself, but also on the intensity of co-propagating waves. Therefore,
all pulses mutually modulate their phases. The impact of the XPM-induced
phase shift can be shown to be twice as strong as that of SPM on the ith
channel [2], and the total nonlinear phase shift reads as

φi
XPM = γ

⎛
⎜
⎝
Pi + 2

N

∑
k=1
k≠i

Pk

⎞
⎟
⎠
Leff (1.11)

The first term in Eq.(1.11) stand for the SPM contribution, whereas the
second term represents the XPM contribution. The influence of XPM on
a given system is severed when the number of channels is large, and chan-
nels are closely spaced with each other. Furthermore, in WDM systems, the
XPM-induced phase shift on a the channel of interest is random, since at a
given instant of time the amplitude of the neighboring channels varies, as each
channel in WDM systems is independent of the other [35]. Due to the dif-
ferent group velocity of different wavelength channels there will be dispersive
walk-off among them. This leads to averaging the power across neighboring
channels leading to a reduction of the effect of XPM on the channel of inter-
est. Therefore the impact of XPM can be reduced by increasing the spectral
separation among channels, or increasing the GVD of the transmission fiber
(i.e. the SMF-28 is much preferable compared to NZDSF) [36].

1.3.4.3 Four-Wave Mixing

In optical communications, FWM shows up when three spectral components
with frequencies ω1, ω2, and ω3 interact through the third-order nonlinear-
ity, χ(3), and generate a fourth spectral component with frequency ω4. The
FWM process requires two basic conditions to be fulfilled, namely, the en-
ergy conservation and the phase matching condition. The first condition
defines the frequency spacing between the spectral components that interact
through FWM. The newly created spectral component is related to remain-
ing frequencies as ω4 = ω1 ± ω2 ± ω3. The phase matching condition leads to
the generation of a strong spectral components [2].

In the high nonlinear regime, the FWM results in a power transfer between
channels; such power transfer may subtract power from certain channels,
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thus forcing their SNR to degrade significantly. The efficiency of FWM tone
generation heavily relies on phase matching between the three pumps (spec-
tral components). Dispersion has a significant role on the efficiency of power
transfer because of the phase matching condition is disrupted, which leads
to a steep decrease in the efficiency of power transfer to newly generated
frequencies. Systems that employ dispersion-shifted fibers (DSFs) overcome
CD effects, while enhancing FWM. However, fibers such as NZDSF maintain
a reduced CD value FWM efficiency.

1.3.5 Optical amplification and noise
When signals propagates in optical fibers, their power decays exponentially
due to fiber loss. As a result, after a certain distance the SNR of the received
signal will be too low, resulting in too high BER. Therefore signal amplifi-
cation is needed in long-haul communications. Optical signal amplification
can be done either in a lumped or in a distributed fashion [38]. These two
categories differ by the manner in which the amplification is introduced.
Traditional erbium-doped fiber amplifiers (EDFAs) are lumped amplifiers,
since amplification occurs in erbium-doped fibers (EDF) located in a com-
pact amplifier module [14], [15]. These amplifiers are placed periodically
every ∼ 50 − 100 km span length, as illustrated in the schematics diagram
of Fig.(1.7). The EDFA provide broadband amplification of optical signals
over about 30 nm. For long-haul transmissions, the available bandwidth of
the optical amplifiers in C-band and L-band is summarized in Table (1.2)
3. Unfortunately, amplification in a EDFA is accompanied by the genera-
tion of amplified spontaneous emission (ASE) noise as shown in the inset of
Fig.(1.7). ASE noise can be modeled as a complex additive white Gaussian
noise (AWGN), which can be considered to be independent and identically
distributed (i.i.d.) [1]. The one-sided power spectral density per polarization
component of the noise added by an amplifier is

NASE = (G − 1)hνnsp, (1.12)

where G = exp (αL) is the gain needed to compensate for the attenuation in
the fiber of length L, h is Planck’s constant, ν is the optical center frequency,
and nsp is the spontaneous emission factor. The spontaneous emission factor
cannot be directly observed, so the optical amplifier is characterized by its
noise figure NF . The NF is calculated assuming an ideal receiver as [16]

NF = 2 ⋅ nsp ⋅
G − 1
G

(1.13)

3https://www.fiberlabs-inc.com/glossary/about-optical-communication-band/
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In a fiber optic transmission link with NA amplifiers, the optical signal to
noise ratio (OSNR) is given by

OSNR = Ps

NA ⋅ PASE
(1.14)

where Ps is the transmitted power, PASE is the spontaneous emission noise
power defined by

PASE = 2 ⋅NASE ⋅Bopt (1.15)
where Bopt is the optical resolution bandwidth of the optical spectrum ana-
lyzer (OSA).

Figure 1.7: Schematic representation of lumped amplification using EDFAs.

Band Technology Wavelength [nm] Use
O-band SOA 1260 - 1360 Legacy short reach transmission.
E-band SOA 1360 - 1460 Extended band for short reach transmissions.
S-band Tm-DFA 1460 - 1530 Extended C-and L-band.
C-band EDFA 1530 - 1565 Metro/ (ultra) long-haul transmission.
L-band EDFA 1565 - 1625 Expanded C-band (DWDM) band.

Table 1.2: Different optical communication wavelength bands.

The transmission band range from the original O-band to the L-band. Single
mode fiber transmission began in the O-band. This band is extended to the
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so-called E-band in the 1.3µm loss windows. However, the E-band correspond
to high transmission loss region among the five bands (i.e. this represents
the water peak region). Though the dehydration technique is used during
the fiber production in order to reduce the attenuation value in the E-band.

Current systems, however, use the S-, C- and L-band because of the low
optical losses in glass fiber. EDFAs are a key enabling technology in the C-
and L-band systems instead of a semiconductor optical amplifiers (SOAs)
used in the O- and E-band. However, EDFA are less efficient in the L-band.
In recent years, EDFAs became commercial available for both the C- and
L-band4.

On the other hand, distributed-amplification provide amplification along the
transmission fiber itself, by taking advantage of the SRS nonlinear effect [61].
This enables distributed Raman amplification (DRA), i.e. the transmission
fiber itself is pumped at the end of each span to provide amplification of
the signal. Since gain occurs along the entire fiber length, DRA prevents a
signal to being attenuated to a too lower power level, thus improving the
Optical Signal to Noise Ratio (OSNR) of the transmitted signal. Regardless
of the amplification scheme, the optically amplified signal undergoes OSNR
degradation due to added noise by the amplifiers.

The impact of noise in a long-haul systems is reduced by increasing the launch
power into the fiber. However, the power increase moves the channel into
the nonlinear regime, where the signal is distorted by nonlinear impairments.
Thus, the transmission regime can be divided into a linear regime, where the
system performance is limited by CD and noise, and the nonlinear regime,
where the system performance is limited by fiber nonlinearities. Therefore,
it is essential to identify the optimal operating point of a system. This
optimal launch power depends on factors such as transmission reach, Kerr
nonlinearity coefficient γ and dispersion parameter (D), the noise figure (NF)
of EDFAs, the type of modulation, and the compensation DSP used at the
receiver. ASE noise can be modeled as an AWGN process in the linear regime
at end of the link. In the nonlinear regime, however, the ASE model deviates
from white to colored noise corresponding to a non-Gaussian random process
[39],[40].

4https://www.lightwaveonline.com/articles/print/volume-16/issue-9/
special-report/amplifiers-designed-for-the-l-band-53489027.html
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1.4 Scalar nonlinear Schrödinger equation
The propagation of an optical signals in optical fibers is governed by the
generalized scalar nonlinear Schrödinger equation (NLSE) [2]. The evolution
of the slowly varying amplitude of the optical field envelope A(`, t) obeys the
NLSE

∂A

∂`
= −iβ2

2

∂2A

∂t2
+ iγ∣A∣2A − α

2
A + n (t) (1.16)

where β2 is the group velocity dispersion coefficient, γ is the nonlinear co-
efficient, α is the loss coefficient of the fiber, ` ∈ [0, L] is the distance of
propagation, and n(t) is the noise. In the stated form, t is the time coordi-
nate, in a reference frame that moves with the group velocity of the pulse.
In order to remove the dependence on any specific channel, i.e. the fiber
parameters, it is common to normalize Eq.(1.16). Neglecting the loss and
noise terms, the normalized form of the NLSE reads as:

∂q(z, τ)
∂z

= −i∂
2q(z, τ)
∂τ 2

+ i2s∣q(z, τ)∣2q(z, τ), (1.17)

where τ and z represent the normalized time and distance, respectively. Here,
s = +1 corresponds to the defocusing (normal dispersion) regime while s = −1
corresponds to the focusing ( anomalous dispersion) regime. Eq.(1.17) is
obtained from Eq.(1.16) by performing the change of variables

q = A√
P0

, τ = t

T0
, z = `

LD

, (1.18)

with LD = 2T 2
0 /∣β2∣ [m] and P0 = 2

γLD
[W ]. Here, LD represents the dispersion

length, which is the propagation distance after which the dispersive effects
become important, and P0 is the peak power of the pulse. The normalization
time T0, which is the symbol period, is a free parameter.
An analytical solution to the NLSE can be formally obtained by a Volterra
series expansion [52]. Several algorithms exist to numerically simulate the
wave propagation described by the NLSE; in this thesis, the split-step Fourier
method (SSFM) is used for numerical simulations. The idea of the SSFM
algorithm is to divide the fiber into small segments of length h [1]. In each
segment, linear and nonlinear fiber effects are supposed to act independently
so that the exact solution to Eq.(1.16) can be approximated as

A (z + h, t) ≈ exp (hD̂(t)) exp (hN̂(A(z, t)))A(z, t) (1.19)

where D̂ is the linear operator given by

D̂(t) = −α
2
− iβ2

2

∂2

∂t2
(1.20)
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and N̂ is the nonlinear operator that reads as

N̂ (A(z, t)) = iγ∣A (z, t) ∣2. (1.21)

The choice of the step size h represents a trade-off between accuracy and
computational complexity. Fig.(1.8) illustrates the temporal and frequency
domain pulse broadening induced by CD and SPM, respectively. Algorithm
1 summarizes the implementation of the simplified version of the split-step
Fourier method.
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Figure 1.8: Illustration of pulse broadening effect due to GVD (a), and (b)
SPM-induced spectral broadening of a Gaussian pulse.

Algorithm 1 SSFM algorithm
1: procedure SSFM(A,α,L, γ, β2, h)
2: D̂ ▷ Compute linear operators using Eq.(1.20)
3: N̂ ▷ Compute nonlinear operators using Eq.(1.21)
4: Ã←F (A) ▷ Take spectrum of input
5: for <for step size 0:h:L> do
6: Ã← Ã ∗ exp (h2 ∗F (D̂)) ▷ Linear operation in Fourier domain
7: A←F −1(Ã) ▷ Time domain conversion
8: A← A ∗ exp (h ∗ N̂(A)) ▷ Nonlinear operation in time domain
9: A←F (Ã) ▷ Fourier domain conversion

10: Ã← Ã ∗ exp (h2 ∗F (D̂)) ▷ Linear operation in Fourier domain
11: A←F −1(Ã) ▷ Time domain conversion
12: return A ▷ Return nonlinear pulse propagation
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For the numerical simulations and experimental work in this thesis, the fiber
parameters specified in Table 1.3 have been used.

Type α[dB/km] D[ps/nm/km] Aeff[µm2] γ[1/W km]
SSMF 0.2 +17 80 1.47
DSF 0.2 0 50 2.35
NZDSF+ 0.2 +2.8 53 2.22
NZDSF- 0.2 −2.3 57 2.06
DCF 0.5 −80 20 5.88

Table 1.3: Typical parameters of different fiber types at λ = 1.55 µm.

1.5 Coupled nonlinear Schrödinger equation
In single-mode fibers, two orthogonal fundamental modes are able to prop-
agate. However, in the derivation of the scalar NLSE of eq.(1.16), an ideal
geometry of the fiber was assumed, where the fundamental modes have iden-
tical propagation properties. In practice, however, all fibers exhibit birefrin-
gence and polarization-related effects. In a polarization division multiplexed
(PDM) scheme, two coupled nonlinear Schrödinger equation (CNLSE) [42]
are required to describe light propagation in a single-mode fiber. Signals
propagating in the two orthogonal polarization states can be described by
the vector propagation equation

∂A
∂z
= −α

2
A+Θ (z) [∆β0

2
A − ∆β1

2

∂A
∂t
]−iβ2

2

∂2A
∂t2
+iγ [∣A∣2A − 1

3
(A†σ3A)σ3A]

(1.22)

where A = [Ax(z, t)Ay(z, t)]T is the Jones vector of light, that models x and
y polarization, (⋅)T and (⋅)† stand for transpose and transpose conjugate
operators, while β0, and β1 account for birefringence and differential group
delay, respectively. The polarization mode-coupling is defined as

Θ (z) = σ1 cos (θ(z)) + σ2 sin (θ(z)) (1.23)

where θ(z) introduces a random rotation of birefringence axes in the z di-
rection, and the Pauli spin matrices are given by

σ1 = [
1 0
0 −1] , σ2 = [

0 1
1 0
] , σ3 = [

0 −i
i 0

] (1.24)
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Note that the birefringence beat length (typically few meters) is considered to
be much shorter than the nonlinear length (typically several kilometers). In
addition to the fiber impairment presented above, Eq.(1.22) introduces polar-
ization dependent linear impairments originating from the two polarizations
such as polarization mode dispersion (PMD) and polarization dependent loss
(PDL).

Eq.(1.22) poses a significant challenge for a numerical solutions, as the bire-
fringence coefficient θ(z) varies over a small length when compared with
the PMD, CD and the Kerr nonlinearity lengths. Therefore, an accurate
solutions require tracking of the rapid change of varying birefringence. To
overcome such problem, the combined action of Kerr nonlinearity with bire-
fringence can be averaged over the Poincaré sphere, in order to obtain the
Manakov equation. Neglecting the PMD and PDL effects, the Manakov
equation is given by (ME) [43]

∂A
∂z
= −α

2
A − iβ2

2

∂2A
∂t2
+ iγ 8

9
∣A∣2A (1.25)

Neglecting fiber loss, Eq.(1.25) can be expressed in a normalized form as

∂q (z, τ)
∂z

= −i∂
2q (z, τ)
∂τ 2

+ i2s∣q (z, τ) ∣2q (z, τ) (1.26)

using the change variable

q = A√
P0

, τ = t

T0
, z = `

LD

(1.27)

with
LD =

2T 2
0

∣β2∣
, P0 =

√
2

8/9γLD

. (1.28)

1.6 Capacity of optical fiber channels
Present day optical networks, including (ultra) long-haul and trans-oceanic
links, are largely dominated by the use of single-mode fiber. The fiber channel
combines a large bandwidth and low attenuation, with a low-loss bandwidth
of ∼> 50 THz, so that capacity is limited by dispersion, and nonlinear effects
and ASE accumulation [1].

The amount of data that can be transmitted reliably over any channel, in-
cluding optical fibers, is limited by the channel’s capacity. Determining chan-
nel capacity is the foundation of information theory, as described by Claude
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Shannon in his 1948 publication A mathematical theory of communication
[27]. Shannon showed that, for a band-limited AWGN channel, the channel
capacity C is given by

C = 2 ⋅B log2 (1 +
Pavg

N0B
) (1.29)

where B is the channel bandwidth, N0 is the power spectral density of ac-
cumulated noise, and Pavg is the average power of the signal. Here, the
factor 2 describes the two information-carrying polarization states of the
fiber. From a simplified channel model that neglects all nonlinear effects, an
amplified optical link can be considered as AWGN channel. However, with
the advent of high-speed and long-haul optical fiber communications, the
difficulty in the estimation of channel capacity is mostly due to the presence
of fiber nonlinearity. Nonlinear phenomena in long-haul systems are mainly
determined by Kerr induced nonlinear distortions such as SPM, XPM and
FWM [28], [29], [47]. The impact of these distortions rapidly increases with
the launch power and the propagation distance, causing a progressive sig-
nal degradation and thus limiting the maximum achievable SNR for a given
optical link.

1.6.1 Fiber capacity increment
Communicating through a nonlinear channel, such as an optical fiber, poses
many practical and theoretical challenges. Capacity increases were mostly
facilitated by improving the fiber quality and the electronics for transmitters
and receivers. Coherent detection techniques in combination with a pre-
existing technologies such as EDFAs and WDM, led to a dramatic increase
of the capacity of the fiber channel though accessing every degree of free-
dom (DoF) available for modulation and multiplexing of optical signals [45].
Fig.1.9 summarizes the five DoF for an electromagnetic wave that propagates
in an optical fiber, as proposed in [45]:

Time: The time dimension is exploited in the optical time-domain
multiplexing (OTDM) technique. OTDM generates a high-speed se-
rial data stream and sends it in temporal succession. Pulse shaping
can be used to compress the spectrum of signal pulses subject to fun-
damental time/frequency constraints. The OTDM technique is fun-
damentally compatible with modern multi-level quadrature amplitude
modulation (QAM) formats and digital coherent detection to increase
the achievable information rate.
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Figure 1.9: Physical available degree-of-freedom for modulation and multiplex-
ing of optical signal [45].

Frequency: Since optical fiber provides a huge bandwidth, one may
transmit multiple parallel channels at different carrier frequencies over
the same link. This technique is called wavelength-division multiplex-
ing (WDM), and it allows to tremendously increase optical fiber sys-
tems capacity by transporting independent wavelength channels.

Quadrature: The introduction of coherent detection allows access
to the real and imaginary components of the electromagnetic wave,
which are referred to as the two quadrature dimensions. Consequently,
spectrally efficient modulation formats such as M-level QAM can be
used. Recently, techniques such as probabilistic shaping of QAM were
proposed to increase the system throughput [46].

Polarization: As opposed to direct detection receivers, coherent de-
tection allows to access the polarization DoF. Due to the possibility
to transmit different data in each polarization mode, the capacity of
channel increases by a factor of 2 in polarization-division multiplexed
(PDM) systems.

Space: One of the most promising approaches for increasing the ca-
pacity of the optical fiber channel is space-division multiplexing (SDM)
in multi-mode or multi-core optical fibers. With this approach, infor-
mation is transmitted simultaneously over a number of parallel spatial
paths, while relying on multiple-input and multiple-output (MIMO)
DSP to resolve each channel and issues related to mode coupling dur-
ing pulse propagation.
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Despite the effort to increase capacity by exploiting these DoFs, the Kerr
nonlinearity is still regarded as the ultimate limit to the achievable channel
capacity.

1.6.2 The nonlinear Shannon limit
Unlike linear channels, where signal transmission capacity can be increased
indefinitely by using higher signal powers and higher-order modulation for-
mats, Eq.(1.29), the capacity of a nonlinear channel does not grow indefi-
nitely and it has a maximum value. This maximum capacity is called the
nonlinear Shannon limit [47]. Such fundamental limit imposed by Kerr non-
linearity on the fiber channel can be demonstrated by examining the depen-
dence of the achievable information-rate on optical power. Fig.(1.10) depicts
a typical example of the achievable fiber capacity of a nonlinear optical com-
munication systems. The optimal launch power where the capacity reaches
its maximum value is referred to as nonlinear threshold (NLT) power. The
figure shows that in the linear regime, where the launch power is less than
the optimal NLT, the spectral efficiency (SE) increases as the logarithm of
signal power. The SE is defined as the ratio of system capacity (C) to system
bandwidth (B) [45],

SE = C
B
. (1.30)

Here, fiber nonlinearities limit the signal power below the NLT. As the signal
power increases above the NLT, fiber nonlinearity introduces an upper bound
to the spectral efficiency, thus limiting the capacity in fiber optic communi-
cations systems. In addition to the capacity limit, fiber nonlinearities also
restrict the transmission reach of any high-speed long-haul system. In fact,
fiber nonlinearity is the major limiting factor today for any such system. As
a result, it is of great interest researching for approximated closed-form ex-
pressions which describe the impact of fiber nonlinearity on the transmission
performance. Furthermore, the analytical characterization of the relation-
ship between the input and output signal of the fiber links is of paramount
importance for solving the optical fiber channel capacity problem. This char-
acterization is usually referred to as channel modeling. The most common
approach is the Gaussian noise (GN) model, which was first introduced by
Poggiolini et. al. [48]. According to the GN-model, distortions arising from
fiber nonlinearity can be accounted for as a source of additive (Gaussian)
noise, which is independent of both the signal and ASE noise. As a result,
a nonlinear noise source adds in power to the ASE noise accumulated over
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Figure 1.10: Estimated of achievable data-rates versus input power of a nonlin-
ear fiber channel [47].

the transmission reach, which is usually referred to as nonlinear interference
(NLI). This allowes the adoption of a detection strategy tailored to AWGN
channels.

According to the GN-model, nonlinear distortions result from both the signal-
signal and the signal-noise interactions. However, non-deterministic signal-
noise interactions contribute significantly to the fiber capacity limit as they
are hard to predict and fully compensate for. Nevertheless, considering de-
terministic signal-signal interactions have opened a possible transparent and
low-cost digital post-compensation solution to enhance both the optimum
launch power and the maximum achievable capacity.

1.7 Fiber nonlinearity mitigation
The mitigation methods for nonlinear optical fiber impairments described in
previous section can be broadly classified into two categories: optical compen-
sation, and electronic compensation through DSP [49]. Examples of optical
technique is optical phase conjugation (OPC) and optical back-propagataion
(OBP) [50] − [51]. The physical implementation of optical compensation
techniques requires the introduction of additional active optical components
in the transmission system. Unlike optical methods, with the advent of
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coherent optical transmission systems, it became possible to implement dig-
ital nonlinear equalization methods such as digital back-propagation (DBP)
[53], and the Volterra series transfer function method (VSTF) [52]. Digital
compensation techniques can provide mitigation of both linear and nonlin-
ear effects in coherent optical communication systems and fall into two main
categories: (a) pre-compensation methods that create a more resilient signal
to fiber impairments prior to fiber propagation; and (b) post-compensation
techniques, which are applied on the distorted signal after propagation. In
the following a brief summary of DBP and VSTF-based equalization tech-
niques are presented.

1.7.1 Digital back-propagation
During fiber propagation, optical signals become significantly distorted owing
to linear and nonlinear fiber impairments. A digital technique can be used as
a general method for the compensation of both linear and nonlinear effects.
Such a technique involves solving the spatially inverted NLSE, enabling to
exactly recover the transmitted signal from the received one, which leads to
the concept of digital back-propagation (DBP) [53]. The effectiveness of
the DBP technique depends on a complete knowledge of the transmission
link, such as the fiber parameters α, β2 and γ, the EDFA gain, and the fiber
span length Ls. In the absence of noise, taking advantage of the fact that
the NLSE is an invertible equation, propagating the output signal through
a virtual fiber with symmetric parameters (−α,−β2,−γ) inverts the channel
effects. To back-propagate the signal through a section of virtual fiber which
extends from z + h to z, where h represents a given increment of the spatial
coordinate, methods such as non-iterative asymmetric SSFM and iterative
symmetric SSFM have been used, as depicted in Fig.(1.11). Despite its high
computational complexity, DBP has been recently proposed as an effective
way for jointly compensating the linear and nonlinear impairments and is
often used as a benchmark against other equalization techniques. For a
given step h the NLSE is solved by ignoring the nonlinear term, and in the
next step, it is solved by ignoring the dispersion term.

Multi-channel digital back-propagation (MC-DBP) has been proposed as a
promising approach for compensating both intra-channel and inter-channel
deterministic fiber Kerr nonlinearities. In a single-channel transmission sys-
tem, MC-DBP can perfectly mitigate the deterministic signal-signal inter-
actions and nonlinear inter-symbol interference (NISI). This means, in the
absence of noise, that DPB can fully compensate deterministic intra-channel
impairments such as CD and SPM, and inter-channel effects such as XPM

50



Chapter 1. State of the Art of Optical Communication Systems

Figure 1.11: Illustration of forward propagation in real fiber governed by
NLSE and digital backward propagation (DBP) trough virtual fiber using the
inverse NLSE.

and FWM jointly [54]. In addition, it has also been demonstrated that
DBP allows to reduce the growth of nonlinearly-induced noise with increas-
ing optical power [55]. However, DPB does not account for non-deterministic
channel impairments such as the nonlinear signal-noise interactions (NSNI),
hence it can be applied in situations where the accumulated ASE noise in
fiber links, the transmitter-receiver induced imperfections and uncertainty
in fiber parameters can be neglected. The first DBP based equalizations
were performed on the transmitter-side as electronic pre-compensation, in
order to improve the performance of direct detection systems. With the
advent of coherent detection, post-compensation based on DBP in a single-
polarization, either in single-channel or WDM systems, has become a widely
acceptable implementation [56]. This approach has enabled adaptive equal-
ization without full knowledge of the transmission system, and the need to
have high-precision and high-resolution DAC technology. Furthermore, the
DBP can be implemented as pre- and post-compensation method to reduce
the NSNI effect.

1.7.2 VSTF based nonlinear equalizer
Nonlinear time-invariant casual systems such as the scalar NLSE can be solve
numerically without the need for sub-span iterations, by using a 3rd-order
Volterra series transfer function (VSTF) [52]. This method enables the sep-
arate evaluation of the linear and nonlinear operators in the NLSE. As a re-
sult, recently different digital nonlinear equalizers (NLEs) and pre-distorters
based on the inverse VSTF (IVSTF) have been proposed, in order to mit-
igate partially the nonlinear distortions introduced by the fiber link. The
IVSTF can be implemented in the time domain (TD), in the frequency do-
main (FD) and in a hybrid configuration, where the CD is compensated in
the spectral-domain and the nonlinearity in the temporal-domain [58].
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IVSTF equalization is applied in parallel as shown in Fig.(2.1(a)), and in-
volves three stages; the first stage is the CD compensation per span in the
frequency domain by using an all pass-like filter. The second stage involves
a time domain nonlinearity equalization, and finally the equalized field is
obtained by the addition of the independent linear and nonlinear equaliza-
tion contributions. Note that the IVSTF NLE is analogous to the forward
VSTF, but with symmetric fiber parameters (−α,−β2,−γ) [59]. The au-
thors have demonstrated performance gain using the IVSTF-NLE when com-
pared to various DBP-SSFM equalizers in 3-channel WDM using 4-sub-band
PDM-16QAM OFDM transmission in 1000 km SSMF. Fig.(2.1(b)) shows
that IVSTF-NLE has ∼ 0.6 dB gain in Q-factor with respect to unequalized
systems, which is comparable to DBP-SSFM64.

(a) (b)

Figure 1.12: (a)Block diagram of IVSTF-NLEs equalizer; and (b) Q-factor
vs. input power performance improvement obtained for 400 Gb/s without/with
IVSTF-NLEs and DBP-SSFM1,2,8,64 in SSMF (after [59]).

In WDM systems, it is not possible to perform joint transmission and de-
tection, since many channels join and leave the optical link at reconfigurable
optical add-and-drop multiplexers (ROADM), without being acknowledged
by other channel users, thus the information from neighboring channels is
unavailable. For this reason, in a network scenario, both DBP and IVSTF
based NLEs are used mainly for the channel of interest, thereby reducing the
compensation of inter-channel effects which are treated ultimately as noise.
However, the potential performance gain for such nonlinear mitigation ap-
proaches is limited to ∼ 0.5−1 dB, because of inter-channel interference (ICI)
and noise-nonlinearity interactions. Because the noise generated by differ-
ent noise sources in the link is back-propagated during post-compensation,
undesirable noise amplification and artificial signal-noise interactions occur
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at the receiver. Additionally, inter-channel nonlinear interactions strongly
depend on the polarization state of each channel. For typical values of PMD
parameters, multi-channel NLEs techniques become ineffective as the back-
propagation bandwidth increases. Furthermore, these techniques requires
very high computational complexity even in single channel compensation.
Therefore, the practical implementation of NLEs demands an improved al-
gorithm that could provide efficient compensation at a relatively low compu-
tational cost [57] − [44].

1.8 Summary
In this chapter, the architecture, the traffic evolution, and advanced modula-
tion techniques inspired by coherent detection in optical fiber networks have
been reviewed. Prior to outlining the scalar nonlinear Schrödinger equa-
tion (NLSE) and the Manakov equation that govern signal propagation in
nonlinear dispersive fibers, linear impairments were described. Next, the
nonlinearity induced channel capacity for the optical fiber channel and the
compensation methods proposed to mitigate nonlinear effects in order in-
crease such capacity have been presented.

One can observe that communicating through a nonlinear channel poses
many practical and theoretical challenges. Basic communication methods
and paradigms used in current fiber optic communications are borrowed from
linear channels, thus have to be re-examined. This includes questions such
as how to encode information and modulate signals, multiplex different in-
formation channels, detect signals at the output of a link in the weak- and
strong-nonlinear regimes, and so on. These questions necessitate an accurate
modeling of nonlinear channels. The search for the solution to these ques-
tions leads to the revival of eigenvalue communication systems, based on the
idea of the inverse scattering transform (IST). The scope of this thesis is to
discuss the implementation and experimental validation of such techniques.
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Chapter 2

Optical Transmission Systems
based on the Nonlinear Fourier
Transform

“ Everything should be made as simple as possible, but not sim-
pler. ”

Albert Einstein,

2.1 Introduction

In contrast to linear channels, optical fibers exhibit nonlinearity, and sig-
nal amplification is a source of distributed noise. The interplay between

dispersion, nonlinearity, and noise over the transmission length makes light
propagation in fibers a complex process making it difficult to establish a
channel input-output map for the simple estimation of the capacity of opti-
cal fiber channels. As described earlier, the evolution of optical signals in a
fiber is modeled through the scalar NLSE, Eq.(1.16), for single-polarization,
and the Manakov equation, Eq.(1.25), for a dual-polarization signal. These
equations do not lend themselves to an analytic solution except for some spe-
cific cases, also known as soliton solutions. However, approximate analytical
solutions exist for the fiber-optic channel. The NLSE, Eq.(1.17), is one of
a very special class of nonlinear equations, that is an integrable nonlinear
equation, which can be solved by using the NFT technique, which was first
introduced by Zakharov and Shabat [60]. With the help of the NFT, a sig-

55



2.1. Introduction

nal can be represented by its continuous (dispersive) and discrete (solitonic)
nonlinear spectrum. While the evolution of signals along the fiber is remains
complex in the temporal domain, all the complexity disappears in the spectral
domain, where the wave evolution is linear. Based on this, Hasegawa et al.
came up with the proposal to use multiple optical solitons in a communica-
tion system, a technique also known as eigenvalue communication [61]. Such
communication method integrates the Kerr nonlinear effect into the system
design, so that the optical envelope maintains its shape along fiber propa-
gation. The eigenvalue communication is preceded by the classical soliton
communication. Soliton communications have been investigated intensively
in the 1990s [62], and the experimental demonstration of 10 Gbit/s data
transmission over one million kilometers has been provided by Nakazawa et
al. [63]. However, soliton based ultra-high data rate communications suf-
fer from effects such as soliton-to-soliton collisions, inter-channel cross-talk,
noise, loss, high-order dispersion and, SRS, etc. [62].

With the advent of coherent detection, complex advanced digital signal pro-
cessing, and the maturity in the EDFA and WDM technologies, attention
was diverted from solitons to coherent long-haul transmission, in order to
significantly improve the system transmission capacity. However, once again
Kerr nonlinearity remained the limiting factor even with advanced high-
spectral efficient modulation formats and error-correcting codes. Moreover,
partial nonlinearity mitigation techniques in a weakly-nonlinear regime, such
as DBP, VSTF, and others, exhibited limited performance gain due to noise-
nonlinearity interactions, and inter-channel cross-talk in WDM systems. Re-
cently, the idea of eigenvalue communications revived as a possibility to en-
code information for nonlinear-dispersive channels, namely the optical fiber
channel [64]. This proposal, simply put, combines high-order soliton solu-
tions with advanced digital communication techniques to achieve high spec-
tral efficiency, and its given the name of nonlinear frequency division multi-
plexing (NFDM) [64] for its similarity with the orthogonal frequency-division
multiplexing (OFDM) technique. The proposal to encode information in the
continuous spectrum of NFDM systems was suggested by S. K. Turitsyn et.
al [93]. This is done by modulating the amplitude and the phase of the com-
plex amplitude associated with independent and parallel spectral sub-carriers
that are shown to be independent upon propagation in noiseless and lossless
fiber transmissions. Furthermore, the continuous spectrum is reduced to the
ordinary Fourier transform as the intensity of the potential function is low.
Modelling a NFDM system involves solving the so-called spectral problem
associated with the integrable NLSE equation, also known as the Zakharov-
Shabat spectral problem (ZSSP). For this purpose, the NFT is used to
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mathematically linearize the NLSE by solving the ZSSP. The NFT oper-
ation transforms the optical signal to its corresponding nonlinear spectrum,
where the evolution along the fiber is linear. The inverse problem on the
other hand maps the nonlinear spectral data back into the optical filed.
This can be achieved by using either the Riemann-Hilbert problem [64] or
the Gelfand-Levitan-Marchenko (GLM) equation [93]. Several authors have
proposed numerical NFT algorithms with higher orders of accuracy, utilizing
the layer-peeling [75], Ablowitz-Ladik integrable discretization [69], forward
and central discretizations with first-order Euler method, the fourth-order
Runge-Kutta method [76], and the piecewise-constant approximation (PCA)
method [103]. In this thesis, the Ablowitz-Ladik discretization and the layer-
peeling method of computing the forward NFT and inverse NFT (INFT) of
the ZSSP with vanishing boundary condition, respectively, are used.

The organization of this chapter is as follows. The ZSSP is introduced in
section 2.3 [85] − [88], providing an independent treatment of the computa-
tion of the spectral data associated with a potential function in the ZSSP,
their spatial evolution in nonlinear-dispersive channels and the spectral in-
version problem. In 2.4, the numerical algorithms associated with comput-
ing both forward and inverse problems are formulated. Next, the NFDM
transmission architecture for a high-speed long-haul transmission system is
addressed in section 2.5. Finally, the analytical formulation is extended to
dual-polarization transmissions in section 2.6, considering the Manakov sys-
tem in the absence of polarization induced fiber impairments (i.e., PMD or
PDL).

2.2 Principle of the nonlinear Fourier trans-
form

The most efficient techniques to solve the scalar or vector NLSE requires the
use of either the split-step Fourier method (SSFM) or the Volterra series
transfer function (VSTF). Under some specific circumstances in which the
loss is neglected or mitigated by using distributed amplification, the nonlinear
Fourier method provides an elegant method to solve the NLSE. The NLSE
(Eq.(1.17)) is an integrable nonlinear PDEs that can be solved using the
NFT and INFT. From its beginnings, this method has been known to be
the nonlinear analogous of the well-known procedure for solving the initial
value problem (IVP) of a linear PDEs by mean of the Fourier transform
(FT). The parallelism between the two methods has allowed authors such
as M. J. Ablowitz to rename IST as NFT [67]-[69]. This similarity can be
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understood as follows.

For example, the evolution of an optical pulse over a purely dispersive fiber
channel is ruled by the equation

∂q(z, τ)
∂z

= −i∂
2q(z, τ)
∂τ 2

(2.1)

given the initial (τ = 0) waveform q(z = 0, τ) is a known solution at the
position z = 0. The problem is to find the solution or waveform q(z, τ) for
some specific spatial coordinate z if the initial condition is given. The first
step is to map the evolution in the Fourier domain form as

∂Q (z,ω)
∂z

= iω2Q (z,ω) , Q (z = 0, ω) (2.2)

where Q (z,ω) =F (q(z, τ)) is the FT of the signal q(z, τ). Then the spatial
evolution ofQ (z,ω) for each ω can be obtained by integrating over the spatial
coordinate z as

Q (z,ω) = exp (iω2z)Q (z = 0, ω) (2.3)
Finally, the inverse FT (IFT) is computed on the spatially evolved transform
data q(z, τ) =F −1 (Q(z,ω)). This is precisely the solution of the IVP.

Such a mechanism is extended to the IVP of a nonlinear PDEs such as the
NLSE. Solution of the NLSE using NFT/INFT is evaluated by associating a
linear differential operators to the nonlinear PDE. When using the INFT to
search for solutions of nonlinear integrable systems, the strategy is similar,
and can be summarized by using the following procedure:

1. Search for linear operators associated to the nonlinear PDE that pro-
duce the evolution equation qz =K(q) comparable with the NLSE.

2. Transform the initial value, i.e. the optical signal at the transmitter,
from the time domain to the nonlinear spectral domain, where the
space evolution is linear, i.e. q̂(0, λ) = NFT (q(z = 0, τ)).

3. Then calculate the spatial evolution of the transformed spectral data,
i.e. q̂(0, λ)→ q̂(z, λ). Similar to the Fourier transform, the spatial evo-
lution of the spectral data is transformed into a simple phase rotation
in the transform domain, which allows the spectral data to propagate
as a linear and independent entity.

4. Finally, the inverse transform is applied to obtain the solution in time
domain, i.e. q(z, τ) = INFT (q̂(z, λ)).
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The analogy between the two methods is illustrated in Fig.(2.1).

q (z = 0, τ) q (z, τ)

Q̃ (0, ω) Q̃ (z, ω)

F

Evolution

F−1

Time Domain

Frequency Domain

(a)

q (z = 0, τ) q (z, τ)

q̂ (0, λ) q̂ (z, λ)
Evolution

Time Domain

Spectral Domain

Forward
Transform

Inverse
Transform

(b)

Figure 2.1: Schematic representation of solving the IVP of PDEs in (a), direct
and inverse Fourier transform;(b), direct and inverse NFT.

Finding the INFT is a difficult inverse problem. This chapter will address
this issue.

2.3 Theory of the nonlinear Fourier trans-
form

The key idea behind the NFT, also known as the scattering theorem, is to
search for a linear operator L whose spectrum (eigenvalues) remains invariant
even when the signal q(z, τ) evolves in space, z, according to some evolution
equation qz =K(q). The operator L is considered as a diagonalizable matrix
and belongs to the family of isospectral (that is, with invariant eigenvalues)
operators; it must satisfy the compatibility equation

∂L
∂z
+ [L,M] = 0, (2.4)

for some linear operator M. This pair of linear operators, (L,M), that satisfy
Eq.(2.4) is called the Lax pairs [66]. This pair was first discovered for the
NLSE by Zakharov and Shabat [60], and they are

L = i [
∂
∂τ −q(z, τ)

sq∗(z, τ) − ∂
∂τ

] , M = [ i2λ2 − i∣q(z, τ)∣2 −2λq(z, τ) − iqτ(z, τ)
2λq∗(z, τ) − iq∗τ (z, τ) −i2λ2 + i∣q(z, τ)∣2 ]

(2.5)

The systematic method is known as the ′AKNS′ formalism, which was de-
veloped by Ablowitz, Kaup, Newell, and Segur [67], is used to define the
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auxiliary problem associated to NLSE by means of the following pair of lin-
ear differential equations

∂v
∂z
=Mv (2.6a)

∂v
∂τ
= Pv (2.6b)

where
P = [ −iλ q(z, τ)

−sq∗(z, τ) iλ
] (2.7)

is the operator of the linear Zakharov-Shabat spectral problem (ZSSP) Eq.(2.6b).
Here, v = (v1, v2)T ∈ C are the eigenfunctions of the ZSSP. These matrices, P
and M, are associated to the eigenvalue λ and the potential function, q(z, τ)
with its complex conjugate, and are the solution of the two coupled nonlin-
ear evolution equations. By cross-differentiating M and P and equating the
results, the zero-curvature condition

∂P
∂z
− ∂M
∂t
+ [P,M] = 0, (2.8)

can be found. Here, [M,P] =MP−PM stand for the commutator operator.
The derivation of Eq.(2.8) relies on the assumption that the eigenvalues (λ)
are invariant for the evolution equation and a non-vanishing solution (v ≠ 0)
to NLSE exist.

The NFT of a given fast decaying potential function q(z, τ), i.e. ∣q(z, τ)∣ →
0, ∣τ ∣→∞ and q(z, τ) ∈ L1(R), can be obtained by solving the ZSSP (2.6b)
for eigenfunctions that have the following asymptotic boundary condition at
τ → ±∞ [68]

Φ (λ, τ) ≡ (φ1

φ2
) τ→−∞ÐÐÐ→ (1

0
) e−iλτ Ψ (λ, τ) ≡ (ψ1

ψ2
) τ→+∞ÐÐÐ→ (0

1
) eiλτ (2.9)

These functions are known as Jost solutions. The Wronskian of the Jost
solutions, W (φ, φ̄) =W (ψ̄, ψ) = 1, is non-zero, and the pair of vectors {φ, φ̄}
and {ψ, ψ̄} are linearly independent. Therefore, they can be chosen to form
the basis for the ZSSP (2.6b). Hence the solution set {φ, φ̄} can be written
as a linear combination of {ψ, ψ̄}

φ (λ, τ) = a (λ) ψ̄ (λ, τ) + b (λ)ψ (λ, τ) (2.10a)
φ̄ (λ∗, τ) = −b̄ (λ∗) ψ̄ (λ∗, τ) + ā (λ∗)ψ (λ∗, τ) . (2.10b)
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The coefficients {a, b, ā, b̄}(λ) are known as the Jost scattering coefficients
and defined as

a (λ) = lim
τ→+∞

φ1 (λ, τ) eiλτ , b (λ) = lim
τ→+∞

φ2 (λ, τ) e−iλτ (2.11)

These coefficients are a time-independent and complex-valued function. The
NFT of a vanishing potential q(z, τ) is defined as

q̂ (λ) = b (λ)
a (λ)

, λ ∈ R. (2.12)

q̃ (λj) =
b (λj)
a′ (λj)

, λj ∈ C+, (2.13)

where q̂ (λ) and q̃ (λj) represent the continuous spectrum ( also called
the reflection coefficient) and the discrete spectrum (also called the
norming constant) that corresponds to the radiation (a non-solitonic) and
the solitonic component of the potential function, respectively. Here, the
λj, j = 1,⋯,N are the eigenvalues of q̃ (λj) in the upper-half of the complex
plane where a (λj) = 0, and a′ (λj) denotes the derivative da (λ) /dλ∣λ=λj

. The
NFT operation thus involves a mapping of the initial field value, q(0, τ), onto
a set of a scattering data (amplitude) {q̂ (λ) , q̃ (λj)} for the continuous and
discrete spectral parameters {λ ∈ R, λj ∈ C+} [60].
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Figure 2.2: nonlinear spectrum of a potential function with vanishing bound-
ary condition.
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Fig.2.2 illustrates the nonlinear spectrum of a potential function q (0, t) with
a vanishing boundary condition. The nonlinear spectrum contains some iso-
lated discrete spectrum (red and blue) and one continuous spectrum (or-
ange). The continuous spectrum lies on the real axis, for sufficiently van-
ishing boundary grantees the existence of a bounded solution for the ZSSP.
The discrete spectrum corresponds to a particular solution of the NLSE that
preserve the spectral shape upon fiber propagation thanks to balancing act
between dispersion and nonlinear effects.

Eq.2.10 can be written as projection operation as

( φ(λ, τ)
φ̄(λ∗, τ)) = (

a(λ) b(λ)
−b∗(λ∗) a∗(λ∗))

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
S

(ψ̄(λ
∗, τ)

ψ(λ, τ) ) (2.14)

where the matrix S is known as the scattering matrix and contains the contin-
uous nonlinear spectrum coefficients. The continuous spectrum-also referred
to as reflection coefficient-can be interpreted using the scattering problem
as shown in Fig.2.3. The solution for the ZSSP is evaluated by applying a
field φ (−∞, τ) = (1,0)T e−iλτ at t = −∞ where the potential q is absent. The
field propagate forward in time according to the ZSSP formalization, inter-
acts with the potential function (the scattering potential) at finite value of
t, and subsequently allowed to propagate toward t = +∞ where the potential
function absent once again. At t = +∞ the field φ(+∞, τ) is measured and
gives information about the scattering potential seen from a distance [64].
The scattering matrix entries can be used as a data carrier in fiber optic
communication.

Figure 2.3: Scattering problem associated with the continuous spectrum.

The discrete and continuous spectrum representation of the waveform q(z, τ)
is advantageous, since the magnitude of the nonlinear spectra at each eigen-
value λ does not change with z upon propagation if fiber loss and noise is
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neglected. Moreover, the phase of the scattering coefficients obeys a sim-
ple linear evolution, so that the spectral amplitude computed at any given
spatial-coordinate can be simply inverted in order to compensate for the ac-
tion of the channel on the spectral amplitudes. In the absence of noise and
loss, the spectral amplitude at the transmitter can be computed from the
received spectrum by using the following relations

q̂ (λ, z) = q̂ (λ,0) ei4sλ2z, λ ∈ R (2.15a)
q̃ (λj, z) = q̃ (λj,0) ei4sλ

2
jz, λj ∈ C+, i = 1,⋯,N (2.15b)

λ(z) = λ(0), λ ∈ R (2.15c)
λj(z) = λj(0), λj ∈ C+ i = 1,⋯,N (2.15d)

Thus by associating the NLSE with the ZSSP, it is possible to reduce the
spatial evolution of the spectral data to just a phase change in the transform
domain. The channel transfer function is, therefore, modeled as an all-pass
filter, and reads as

H(λ, z) = ei4sλ2z. (2.16)

Similar to the ordinary Fourier transform that maps a linear convolution
channel into a number of independent linear scalar channels, the NFT method
transforms the nonlinear-dispersive channel into a simple multiplicative chan-
nel, thus revealing the hidden "linearity" in the NLSE (1.17) [60] − [64].

The inverse NFT (INFT), which is commonly known as the IST, address
the issue of reconstructing the potential function q(τ) from the continuous
spectral amplitude (q̂ (λ) , q̃ (λj)). As the spatial evolution of the scattering
data is known, it possible to reconstruct the potential function. The poten-
tial function reconstruction from the scattering data can be achieved either
by solving the Riemann-Hilbert (RH) or the Gelfand-Levitan-Marchenko
(GLM) integral equation when the spectrum is purely continuous [64], [68].
However, due to the computational complexity needed to directly solve the
GLM integral equation, in this thesis, the RH-approach is used due to its
efficiency [71]-[74]. The potential function at time τ can be reconstructed
by using the following expression [64]

q (z, τ) = IST (q̂ (λ) , q̃ (λj))

= (2i
N

∑
j=1

q̃(λj)e2iλjτV 1
2 (λj, τ) −

1

π ∫
∞

−∞
q̂(λ)e2iλτV 1

2 (λ, τ)dλ)
∗ (2.17)

where V 1
2 (⋅, τ) is the scaled version of the Jost-solution (for a detailed deriva-

tion refer to the appendix of [64]).
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In general, the forward and inverse NFT methods may be viewed as a nonlin-
ear generalization of the linear Fourier transform. Indeed, when the modulus
of the potential function (signal) q(z, τ) approaches to zero asymptotically,
the continuous spectrum (the reflection coefficient) converges to the linear
Fourier transform of a signal. This justifies the use of the term inverse/non-
linear Fourier transform (INFT/NFT) to represent the inverse and direct
scattering transform (IST/DST) in recent publications. The spectral param-
eter, λ ∈ R, thus takes the role of a frequency and is often called the nonlinear
frequency.

2.4 Numerical method for computing the NFT
Numerical simulation plays a significant role in validating the algorithm used
to implement the forward- and inverse NFT, especially in the development
of eigenvalue communications. In the past, several discretization and inte-
gral methods have been proposed to find the nonlinear spectrum associated
with the ZSSP. The main part of numerically solving the ZSSP is to replace
the differential problem, ∂t, with a finite-difference approximation which can
be Forward-Euler, central-difference, Runge-Kutta, etc [64]. Some of these
methods are robust and computationally sound. Numerical algorithms for
the NFT computation includes methods such as the Ablowitz-Ladik dis-
cretization [69] and the Boffetta-Osborne method [70]. To compute the
continuous spectrum of a signal, the AL-discretization procedure described
in [75] was used, where the implementation procedure is shown in Fig.(2.7).

The goal of the AL-discretization method is to calculate the continuous non-
linear spectrum q̂(λ) from the given space-time-domain potential function
q(z, τ). This process involves computing the scattering coefficients a (λ) and
b (λ) associated with the potential function q(t), i.e., it solves the ZSSP as-
sociated with NLSE. Meanwhile, the layer peeling (LP) remains one of the
most efficient methods to invert the nonlinear spectrum (compute the INFT
of a potential profile). The LP method is a two-step process as shown in
Fig.(2.8). The first step consists in computing the NFT coefficients a (λ)
and b (λ) from the nonlinear spectral amplitude q̂ (λ), and the second step
consists in retrieving the potential function from the scattering coefficients.
Applying the LP method to the AL-discretization was proposed by Wahls
and Poor [77] − [80], and it has been shown to be an effective method to
compute the potential function from the scattering coefficients. In this itera-
tive methods, the computational error accumulates as the number of iterative
increases [64], [75].
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2.4.1 Numerical Forward NFT using the AL-discretization
method

This study make use of the AL-discretization method to calculate the NFT
[64] or, equivalently, to solve the ZSSP. Let us assume that q(t) ∈ L1(R)
with support set [τ1, τ2] and consider a uniform grid with τ[k] = τ1+kε, k =
0,1,⋯,N − 1, τ1 = − τ

2 , ε = τ
N where N is the number of temporal sample

size. Similarly, the nonlinear frequency uniform grid is defined as λ[k] =
−L

2 + kµ, k = 0,1,⋯,N − 1 and L = π
ε .

To calculate the nonlinear spectrum using the AL-discretization method, the
procedure described in [64] was used. For every eigenvalue λ, the ZSSP is
solved in iterative way during each time-step,

φ[k + 1] − φ[k]
ε

= ( −iλ[k] q[k]
−sq∗[k] iλ[k])φ[k] = T [k]φ[k] (2.18)

which can be simplified as

φ[k + 1] = (1 − iελ[k] q[k]
−sq∗[k] 1 + iελ[k])φ[k]

= (I2×2 + εT [k])φ[k]
(2.19)

The AL-discretization method introduce discretization of NLSE by replacing
1 ± iελ by e±iλε for small ε, and let Q[k] = εq[k] and z = e−i2λε, thus Eq.2.19
can be written as

φ[k + 1, z] = ck (
z

1
2 Q[k]

−sQ∗[k] z−
1
2
)φ[k, z], φ[0] = (1

0
) z

k0
2 , k0 =

τ1
ε

(2.20)

where ck = 1√
1−s∣Q[k]∣2

is the normalization constant and φ[0] is the boundary
condition for φ (λ, τ). The NFT coefficients are obtained from the end point
solution as

a[k, z] = z−
k0+k

2 φ1[k], b[k, z] = z
k0+k

2 φ2[k] (2.21)
which can be written in a scaled format as

A[k, z] = a[k, z] = z−
k0+k

2 φ1[k], B[k, z] = z−(k0+k)+ 1
2 b[k, z] (2.22)

The forward iteration of the scaled AL-discretization method is given by

(A[k + 1, z]
B[k + 1, z]) = ck (

1 Q[k]z−1
−sQ∗[k] z−1

)(A[k, z]
B[k, z])

(A[0, z]
B[0, z]) = (

1
0
) , 0 ≤ k ≤ N − 1

(2.23)
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Instead of updating the scaled NFT coefficients in Eq.2.23 for each z, one
can update the coefficients of the z-transform transform polynomial as

A[k, z] =
M−1

∑
m=0

Am[k]z−m

B[k, z] =
M−1

∑
m=0

Bm[k]z−m
(2.24)

where M stand for non-zero coefficients and Am[k] and Bm[k] are calculated
as

Am[k] =
1

L ∫
L2

L1

A[k, e−i2λτ[k]]e−i2mελdλ (2.25)

Finally, the continuous nonlinear spectrum is evaluated as ratio of the scat-
tering coefficients q̂(λ) = b(λ)/a(λ). The flow chart in the Fig.2.7 illustrates
the steps of the AL-discretization routine in computing the continuous spec-
trum of a vanishing potential.

2.4.2 Numerical Inverse NFT using the LP method
The LP method is used for fast and accurate computation of the inverse
transform based on the RH-problem. In the LP method, the NFT coefficients
are computed from the continuous nonlinear spectral amplitude using the
relation

∣a(λ)∣ = 1√
1 − s∣q̂(λ)∣2

(2.26)

following the unimodularity condition

∣a(λ)∣2 − s∣b(λ)∣2 = 1, λ ∈ R (2.27)

The amplitude ∣a(λ)∣ and arg(a(λ)) are related by the Hilbert transform

arg(a(λ)) = H (log ∣a(λ)∣) , λ ∈ R (2.28)

where H is the Hilbert transform and arg is the principal value of the phase.
As a result, b(λ) = q̂(λ)/a(λ).

The recovered potential function waveform at a discrete time τ[k] = kε is
given by

Q∗[k] = s lim
z→∞

z−(k+k0)+
1
2
b[k + 1, z]
a[k + 1, z]

(2.29)

after which dividing by ε and taking the complex conjugate gives the po-
tential function q(t). The numerical implementation of the LP method is
summarized in the Fig.2.8.
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For example, consider a rectangular pulse

q (t) =
⎧⎪⎪⎨⎪⎪⎩

A, τ ∈ [τ1, τ2]
0, otherwise

where A is the amplitude of the pulse. Let T = τ2 − τ1 and T ′ = τ1 + τ2.
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Figure 2.4: Illustration of the NFT of a simple un-modulated rectangular
pulse. The absolute value of the continuous spectrum of a rectangular pulse
q(t) = A ∗ rect(t),(a), evolves from a simple sinc-type for (b) A=1, to more
complicated shapes for (c) A=4, and (d) A=6.

Fig.(2.4) illustrate the spectral amplitude for T = 64 and various value of
A. For small amplitude, A, the continuous spectrum becomes the ordinary
Fourier transform (FT) of q(t) as shown in Fig.2.4(a), i.e., the sinc-pulse,
given by:

q̂ (λ) = F{q(t)} = −A ⋅ Te−i2πfT ′sinc (2Tf) , λ = 2πf
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as solitions are absent. For higher amplitudes, the continuous spectrum
deviation from the ordinary FT, i.e., from a simple sinc-shape to more com-
plicated shapes, as discrete spectrum or solitons emerge [64] as illustrated
in the Fig.(2.4(b) − 2.4(d)).

The computational complexity of the forward and inverse scattering trans-
form operation poses a significant challenge both in numerical simulations
and experimental validations. In the past few years, the numerical complex-
ity of computing the NFT of a signal has been reduced quite significantly by
using a fast polynomial arithmetic approach [77]. The INFT computation
algorithm, however, becomes a computational bottleneck. The LP-method
that is applied to compute the time-domain signal requires that the spectral
amplitude to remain quite small within the discretization step so that they
can be combined together. Otherwise, the computational error will propa-
gate between discretization steps and increase exponentially to corrupt the
signal. For this reason, for spectral amplitude values that approach the unit
value, i.e. q̂ (λ)→ 1, a large number of temporal samples and higher spectral
resolution (i.e. smaller step in λ or dλ) are required for a better accuracy in
the forward and in the inverse spectral problem, respectively.

In order to test the relative error in the numerical computation of the contin-
uous spectrum of the potential function using both the NFT and the INFT,
digital back-propagation based on NFT (NFT-DBP) is used as proposed in
[81]. As illustrated in Fig.(2.5), a pure un-modulated Gaussian optical signal
q (z = 0, τ) = q0 = A ⋅ exp (−0.5 ∗ τ 2) from the transmitter propagates in the
fiber according to the NLSE. Here, the pulse duration is set to T = 64, and,
both the time and nonlinear frequency λ uniform grid is defined over a sam-
ple size of N = 215 points. Then, the NFT algorithm is used to compute the
continuous spectrum (q̂ (z, λ) = q̂z) from the received signal (q (z, τ) = qz).
The spatial evolution of the signal given by the analytic expression of (2.15)
is inverted using a one-tap channel equalizer. Here, the interplay of both CD
and nonlinearity on the signal is removed in the nonlinear frequency domain.
Finally, the time domain signal q̃ (z, τ) is computed from the equalized spec-
tral domain signal q̂eq (z, λ) via the INFT. For nonlinear spectrum with a
norm close to one, a larger number of step are required to accurately com-
pute the INFT of the given pulse. The numerical error in the computation
of the nonlinear spectrum using the NFT-INFT procedures is quantified by
the relative (percentage) error, and reads as

Error [%] =
norm (q̂ (0, λ) − q̂eq (z, λ) ,2)√

norm (q̂ (0, λ)) ⋅ norm (q̂eq (z, λ))
(2.30)
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Figure 2.5: A schematic diagram of digital back-propagation based on
nonlinear Fourier transform (a).The NFT-DBP block diagram, where the
time domain signal q0 (b.1) propagates inside a nonlinear-dispersive fiber chan-
nel so that the interplay of dispersion and nonlinearity results a broaden pulse
qz, (b.2). The channel effect is removed in the spectral domain q̂z → q̂eq (b.3-4)
before the time domain information signal q̃z is recovered using the INFT (b.5).

Following the NFT based DBP configuration in Fig.(2.5), the numerical ac-
curacy analysis of the NFT-INFT computation for different signal shapes
of the potential function is demonstrated in Fig.(2.6). In this simulation
different potential functions such as secant-hyperbolic, Gaussian, rectangu-
lar and sinc-function are considered as possible candidates of the NFT basis
functions. The relative error is measured as a function of the number of float-
ing point operations (flops), which represent the number of sample points,
used in the NLSE discretization. Signals which are well-shaped and decay
exponentially demonstrate a lower error value as the number of points is in-
creased when compared with pulse shapes with either a sharp and oscillatory
decaying behavior. Here, the author point out that the LP-method is only
adequate to extract the potential function from nonlinear spectral amplitude
norm upto 0.9999 because of the large increase in computational error with
the iterative matrix inversion procedure.

Current communication methods were ones developed for the linear chan-
nels. This design approaches are flawed when dealing with the fiber channels
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Figure 2.6: The numerical accuracy of the NFT-INFT algorithm as function of
the number of samples for a different signal types.

in the sense that the fiber nonlinear effect was neglected in the such de-
sign. In a typical quadrature amplitude modulation (QAM), for example,
the transmitted signal in absence of noise is

q (t) =∑
k

ckg (t − kT ) (2.31)

such that the set of time-shifted pulses

{g(t − kT ) ∶ k = ⋯,−2,−1,0,1,2,⋯}

are used as an orthonormal basis to perform a projection of user symbols.
Here, each pulse g(t − kT ) (for a choice of k-subcarriers) essentially defines
a channel which do not interfere with each other. As a general principle, a
channel capacity crunch occurs if the basis function used for communication
is not compatible with the channel. Therefore, choosing NFT basis function
that satisfies the Nyquist criterion for zero ICI and ISI is key for a real-world
application of NFT based communication systems. The next section inves-
tigates the concepts of Nonlinear Frequency Division Multiplexed (NFDM)
system.
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q (z = 0, t) = q0 (t)

Compute: ϵ = t
N

, Q = ϵq0(t)
Define: A = [0]1×N ,B = [0]1×N

Assign: A[1]← 1, B[1]← 0

k = 1 : 1 : N

B ← shift (B[k], 1)

A← ck (A[k] +Q[k] ∗B[k])

B ← ck (sQ
∗[k]A[k] +B[k])

output: A,B

A = N · IFFT (A) · ∗(−1)0:(N−1) B = N · IFFT (B) · ∗(−1)0:(N−1)

a(λ) = (A) · ∗1 b(λ) = (B) · ∗e2iλ(t[N ]−0.5ϵ)

q̂(λ) = b(λ)
a(λ)

end

Figure 2.7: Flow chart of NFT algorithm implementation (after [75]).
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q̂(λ)

Hilbert pair
{a (λ,N) , b (λ,N)}

A(λ,N) = (a(λ,N)) · ∗1 B(λ,N) = (b(λ,N)) · ∗e2iλ(t[N ]−0.5ϵ)

A = FFT (A) /N · ∗(−1)0:(N−1) B = FFT (B) /N · ∗(−1)0:(N−1)

k = N : −1 : 1

Q[k] = s (B0[k]/A0[k])
∗ q = Q/ϵ

A← 1
ck
(A−Q[k]B)

B ← 1
ck
shift (−sQ∗[k]A+B[k],−1)

Figure 2.8: Flow chart of INFT algorithm implementation (after [75]).

Symbol Description
{ a (λ) , b (λ)} NFT coefficients
{A (λ) , B (λ)} Scaled NFT coefficients
{A (λ) , B (λ)} The Fourier transform of the scaled coefficients
shift (⋅) Matlab®shift operation

Table 2.1: Parameters in NFT/INFT algorithms.
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2.5 Nonlinear Frequency Division
Multiplexed Systems

The approach of optical transmission system design based on NFT, which
takes into account the fiber nonlinearity as an essential element rather than
considering it as a destructive effect, has a promising potential to overcome
nonlinear distortions. Similar to the linear Fourier transform that translates
dispersive effects into a simple phase rotation in the frequency domain, the
NFT leads to a nonlinear spectrum which has a non-interfering and linear
evolution, as it couples both dispersion and nonlinearity effects in the nonlin-
ear spectral domain. This suggests that information can be encoded on the
nonlinear spectrum directly, such that it can be restored at the receiver avoid-
ing any nonlinear interference due to propagation. This scheme is referred
to as nonlinear frequency division multiplexing (NFDM) [64]. The idea is
similar to the OFDM in the linear domain, in which interference is avoided in
frequency domain by properly allocating transmission modes (eigenmodes)
with the help of Fourier transform (FT). Let us consider a transmitted signal
over a distance z over linear channel. The input and output signal is related
through the channel transfer function, h(z, t), such that

y(z, t) = y(0, t)⊗ h(z, t)

where the input signal is x(t) = y(0, t). Invoke FT on y(0, t) and y(z, t)
results

Y (z, f) = Y (0, f) ⋅H(z, f)

where Y = FT (y) and H = FT (h). As a results, the channel is "diagonalised"
into multiple independent channels (each indexed by a different frequency).
In the NFDM, the FT is replaced by the NFT and the signal input-and-
output relation in the nonlinear spectral domain becomes linear scalar mul-
tiplication, which significantly "diagonilised" the nonlinear fiber channel [64].
The linear evolution of the nonlinear spectral data can be demonstrated by
comparing a nonlinear signal evolution in temporal and transform domain.
Let us consider the evolution signal q(t) inside a nonlinear dispersive chan-
nel. In the temporal domain, the action of dispersion and nonlinearity force
the input q(z = 0, t)-to-output q(z = L, t) mapping to be a complex process
as shown in Fig.2.9(a). However, for integrable channel characterized by the
Lax pair (L,M), the output of the channel q(z = L, t) is given as a Lax
convolution between the input q(z = 0, t) and the action of the integrable
system (L,M;L), i.e., q(L, t) = q(0, t)⊗ (L,M;L). In the NFT domain, the
Lax convolution is translated into a simple multiplication operation such that
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in the absence of noise the input and the output spectrum are related by

q̂ (L,λ) = q̂ (0, λ) ⋅H (L,λ)

where H (L,λ) is an all-pass like filter which allow a linear evolution of
spectral data as shown in the Fig.2.9(b).

(a)

(b)

Figure 2.9: Illustration of nonlinear pulse evolution in a nonlinear dispersive
channel in, (a) temporal domain where the input-output mapping become com-
plex; and (b) nonlinear frequency domain where the nonlinear spectral ampli-
tude evolve in linear and trivial manner.

These property motivates to directly modulate the continuous and discrete
part of the nonlinear spectrum either separately or jointly. An alternative
approach to modulated the continuous part of the nonlinear spectrum, called
nonlinear inverse synthesis (NIS), uses the INFT and NFT DSP blocks as
extra layers in a traditional OFDM based transmission architecture as shown
in Fig.(2.10) [93]. Here, the linear spectrum from OFDM block is mapped to
the continuous part of the nonlinear spectrum before being transmitted over
the fiber in the nonlinear regime. In this thesis, however, the NIS system
considered as a special case of NFDM.

For the NFDM NIS-system shown in Fig.(2.10), at the transmitter, the in-
coming serial information bits {bk} are converted to parallel by a serial-to-
parallel (S/P) converter and mapped according to the high-level modulation
techniques such as QPSK or QAM. After that, the subcarriers are modulated
in the digital domain by using the inverse fast Fourier transform (IFFT)
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OFDM
encoder

Nonlinear
mapping INFT
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Channel

Serial
to

parallel

NFT+
Equalizer
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{bk} q (0, t)

{b̂k}

u (0, τ) q̂ (0, λ) q (0, τ)

q (z, t)

q̂ (z, λ)û (z, τ)

(a)

(b)

Figure 2.10: The architecture of NFDM transmission system (a) and (b) the
corresponding DSP.

module. The output of the IFFT, u (0, τ), represents the linear spectrum,
i.e. the OFDM signal, which is then mapped on to the continuous nonlinear
spectrum q̂ (0, λ). The time domain signal q (0, τ) is generated by taking the
INFT according to Eq.(2.17). The output of the INFT block can be seen
as a superposition of all modulated nonlinear frequency subcarriers. Since
the NFT/INFT computation is done in the normalized domain, the signal
must be denormalized according to Eq.(1.18). Then, the subcarriers are
converted to a serial signal q (0, t) by a parallel-to-serial (P/S) converter and
transmitted through amplified multi-span optical fiber links.

At end of the transmission line, the receiver processes the modulated signal
to restore the transmitted data. At the receiver side, the digital signal is nor-
malized and arranged into parallel signal using the serial-to-parallel (S/P)
converter before the spectral of q(z, t) is recovered by the NFT operation,
q̂(z, λ) = NFT (q̂(z, λ)), and a simple one-tap equalizer H = exp (−4iλ2L) is
used to reverse the action of dispersion and nonlinearity on the nonlinear
spectral amplitude. Each equalization output is de-mapped into the nonlin-
ear spectral domain û (z, τ), demodulated by the FFT operation, and then a
residual channel equalization is applied before being decoded by the symbol
decoding block. The numerical implementation and experimental validation
of NFDM system is revisited in details in the next chapter.
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2.6 NFT of polarization division multiplexed
signal

Increasing the capacity and spectral efficiency (SE) per unit bandwidth of
optical communication systems is one of the ultimate goal of researchers and
engineers. It was possible to achieve this goal on the basis of technologies such
as advanced modulation techniques, coherent detection, wavelength division
multiplexing, polarization multiplexing, and complex digital signal proces-
sors. The polarization-division-multiplexing (PDM) scheme, which supports
two independent data channels on a single wavelength with orthogonal po-
larization states, has become a standard in most state-of-the-art optical fiber
communication systems. As a result, it has been proposed [82] − [83] and
experimentally demonstrated [84] that the INFT can be applied to a PDM
system if the optical field propagation follows the Manakov equation [43].
Manakov first recognized that Eq.(1.26) is an integrable system and the cor-
responding scattering transform is developed as follows.

The integrable Manakov equation (1.26) can be associated to a linear sys-
tem of ordinary differential equations (ODEs) that depend on a spectral
parameter λ [85],

∂v
∂τ
= (iλσ +Q) v (2.32a)

∂v
∂z
= [2iλ2σ + 2λQ + iσ (Q2 −Qτ)] v (2.32b)

where v (λ, z, τ) is 3×3 eigenfunction matrix, σ is a constant diagonal matrix
given by

σ =
⎛
⎜
⎝

1 0 0
0 1 0
0 0 1

⎞
⎟
⎠
, (2.33)

and Q = Q(z, τ) and the time derivative Qt = Qτ(z, τ) are 3 × 3 matrix
potential functions which read as

Q(z, τ) =
⎛
⎜
⎝

0 qx qy
−sq∗x 0 0
−sq∗y 0 0

⎞
⎟
⎠

Qz(z, τ) =
⎛
⎜
⎝

0 qx,τ qy,τ
−sq∗x,τ 0 0
−sq∗y,τ 0 0

⎞
⎟
⎠

(2.34)

The system of equations, Eq.(2.32a) is known as the Lax pair or scatter-
ing problem associated with the Manakov system. The Lax pair of these
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equations is found through the modified ZSSP given by [43]:

L = i
⎡⎢⎢⎢⎢⎢⎣

∂
∂τ −qx −qy
sq∗x − ∂

∂τ 0
sq∗y 0 − ∂

∂τ

⎤⎥⎥⎥⎥⎥⎦
, M =

⎡⎢⎢⎢⎢⎢⎣

2iλ2 + si∣q∣2 −2λqx − iqx,τ −2λqy − iqy,τ
−s2λq∗x + siq∗x,τ −i2λ2 − i∣qx∣2 −siqyq∗x
−s2λq∗y + siq∗y,τ −siq1q∗y −2iλ2 − is∣qy ∣2

⎤⎥⎥⎥⎥⎥⎦
(2.35)

To compute the spectral data associated with a given potential q, the so-
called Jost-solution matrix Φ and Ψ for Eq.(2.32a) defined by their corre-
sponding asymptotic behaviour:

Φ (λ, τ) ≡
⎛
⎜
⎝

φ1

φ2

φ3

⎞
⎟
⎠

τ→−∞ÐÐÐ→
⎛
⎜
⎝

1 0 0
0 1 0
0 0 1

⎞
⎟
⎠
e−iλτ Ψ (λ, τ) ≡

⎛
⎜
⎝

ψ1

ψ2

ψ3

⎞
⎟
⎠

τ→+∞ÐÐÐ→
⎛
⎜
⎝

0 0 1
1 0 0
0 1 0

⎞
⎟
⎠
e−iλτ

(2.36)
The set of these solution matrices {Φ,Ψ} (λ, τ) defines a linearly independent
set which spans the solutions space of (2.32a). One can expand Φ in the basis
of Ψ:

φ1 (λ, t) = ψ1 (λ, τ) b1 (λ) + ψ2 (λ, τ) b2 (λ) + ψ3 (λ, τ)a (λ) (2.37)

where a (λ), b1 (λ) and b2 (λ) are nonlinear spectral coefficients, with

a (λ) = lim
τ→+∞

φ1 (λ, tτ) eiλτ , b1 (λ) = lim
τ→+∞

φ2 (λ, τ) e−iλτ , b2 (λ) = lim
τ→+∞

φ3 (λ, τ) e−iλτ

(2.38)

These coefficients are used to define the DST/NFT of the potential q(τ) as

NFT (qp(τ)) (λ) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

q̂p (λ) =
bp (λ)
a (λ)

, λ ∈ R,

q̃p (λ) =
bp (λj)
a′ (λj)

, λj ∈ C+, p = x, y; j = 1,⋯,N

(2.39)
where a′ (λj) = da (λ) /dλ∣λ=λj

and the set of N discrete eigenvalues λj cor-
responds to the zeros of a (λj) in the upper-half complex plane, i.e. a (λj) =
0, ∀λj ∈ C+. In the absence of noise, these time-independent nonlinear spec-
tral amplitudes, {q̂ = q̂x,y (λ) , q̃ = q̃x,y (λ)}, have a linear spatial evolution:

q̂ (z, λ) = q̂p (z = 0, λ) e−i4sλ
2z, q̃ (z, λj) = q̂ (z = 0, λj) e−i4sλ

2
jz, (2.40)

where the channel transfer function is modeled as the all-pass filter H (z, λ) =
exp (−i4sλ2z). The nonlinear spectral coefficients must satisfy the unimod-
ularity condition

∣a (λ) ∣2 − s (∣b1 (λ) ∣2 + ∣b2 (λ) ∣2) = 1. (2.41)

77



2.6. NFT of polarization division multiplexed signal

The mathematical procedure for reconstructing the potential function is
quite similar to the single polarization case, but depends on the modified
Manakov-Zakharov-Shabat spectral problem (MZSSP), Eq.(2.32a). The nu-
merical approaches of forward and inverse NFT used to compute the contin-
uous nonlinear spectrum are based on the Ablowitz-Ladik (AL) discretiza-
tion and discrete layer peeling (DLP)-methods, respectively [83]. Similar to
the single-polarization case, the accuracy of the AL and the DLP methods is
demonstrated in Fig.(2.11) for two displaced Gaussian nonlinear spectral am-
plitudes q̂ = [q̂x, q̂y] with standard deviation

√
2, a time window size T = 64,

and a fixed number of 2048 samples in the defocusing regime. Fig.(2.11)
demonstrates a deviation in spectral amplitude of coupled shifted pulse when
it is computed directly by numerically solving the Manakov equation, and
after NFT-INFT joint processing, unlike the single polarization case illus-
trated in Fig.(2.5). Such deviation is attributed to the reduced accuracy of
the NFT-INFT algorithm at higher signal powers. As a result, higher sam-
pling rates are required to generate the NFT and INFT of a signal. Moreover,
compared to single-polarization, the Manakov NFT requires twice the num-
ber of samples for a similar accuracy.
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Figure 2.11: The numerical accuracy of a dual-polarization NFT-INFT pair
for a dual polarization signal which given by a shifted Gaussian shaped initial
spectrum q̂ = [q̂x, q̂y] and NFT(INFT(q̂)) at high power. For a fixed sample size,
the accuracy of algorithm decreases at large amplitudes (after [83]).
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2.7 Summary
This chapter provided an overview of analytical and numerical methods to
compute the continuous nonlinear spectrum of the potential function, in-
cluding the spatial evolution and the inverse problem. Neglecting the effect
of PMD, the spectral problem associated to the Manakov equation is pre-
sented. Finally, the concept of nonlinear frequency division multiplexing was
introduced briefly, and will be used in the remainder of this thesis as the
underlying architecture for an experimental validation and further numerical
investigations.
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Chapter 3

Experimental demonstration of
a NFDM based optical
transmission system

“ Experimenters are the shock troops of science. ”
Max Planck,

3.1 Introduction

A well-known technique for high-speed and long-haul optical fiber trans-
missions is orthogonal frequency division multiplexing (OFDM) [89].

In OFDM, the overlapping orthogonal property of sub-carriers allows for an
increase of the spectral efficiency [90]. However, at relatively high transmis-
sion power, the nonlinearity in the fiber causes nonlinear mixing between sub-
carriers, limiting the maximum achievable transmission capacity and reach
[92]. As mentioned in section 2.5, the NFDM transmission based on the NFT
technique has been proposed as a potential approach to increase the OSNR
value, and ultimately an increase the spectral efficiency [64],[93]. In recent
years, either the continuous or the discrete spectrum have been considered as
data encoding mechanisms. Several experimental demonstrations of NFDM
have been reported: these experiments employed transmission fibers operat-
ing either in the anomalous or in the normal dispersion regime, respectively.
In the former case, the nonlinear spectrum consists of continuous and dis-
crete components, which can be separately [94] − [96],[100] or jointly [101]
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modulated. In the latter case, there is no discrete spectrum and only the
continuous spectrum can be modulated [102]. NFDM systems underwent a
rapid progress, going from 4 Gbps transmission rate using 2-eigenvalues [104]
to 65 Gbps systems using both continuous and discrete spectrum [101]. The
current record transmission burst-rate for NFDM is 125 Gbps, which results
in effective bit-rate of 25 Gbps, with a spectral efficiency of 2.3 bit/s/Hz
using the continuous spectrum [105].

Modulation Gross date rate L [km] Year Ref.
QPSK 10.7 Gb/s 7344 2016 U. Aston [94]
16-QAM 25.6 Gb/s 1632 2016 Nokia Bell Labs [95]
32-QAM 125 Gb/s 1464 2017 Nokia Bell Labs [105]
64-QAM 150 Gb/s 976 2017 Nokia Bell Labs [101]
7-soliton QPSK 7 Gb/s 1440 2017 Nokia Bell Labs[97]
2-soliton QPSK 4 Gb/s 640 2018 Nokia Bell Labs [99]
2-soliton QPSK* 8 Gb/s 373.5 2015 DTU [84]
1-soliton 16-APSK 24 Gb/s 1000 2016 PolyU [100]

Table 3.1: Experimental demonstration of a continuous and discrete spectrum
based optical NFDM transmission systems.(* Dual-polarization NFDM transmis-
sion systems.)

The Table 3.1 shows the gross data rate, transmission reach and modulation
formats for different experimental validations of optical NFDM transmis-
sion using either the continuous or the discrete spectrum. In the contin-
uous spectrum, the QPSK modulation format has a very small gross data
rate when compared with the highest order modulation formats, i.e. 16, 32,
64QAMs. Similarly, the gross data rate of the discrete (soliton) methods can
be increased by adding more eigenvalues and using higher-order modulation
formats.

The method used by Le et al. in [105] is considered as a bench mark. In
[105], the authors have experimentally demonstrated NFDM transmission
using 64 orthogonal sub-carriers modulated with 32QAM format using the
continuous spectrum over 1464 km. This demonstration has achieved a record
net data rate of 32 Gb/s and a performance gain of 0.8 dB as indicated in
Fig.(3.1(a)). Another experimental performance of NFDM transmissions
using a discrete spectrum modulation in a dual-polarization configuration is
shown in Fig.(3.1(b)). In this case, a gross data rate of 8 Gb/s over 373.5
km was achieved.
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(a) (b)

Figure 3.1: Illustration of NFDM optical transmissions. (a) A Q-factor as
function of the launch power when modulating the continuous spectrum [105];
(b) BER performance as a function of OSNR for discrete spectrum modulation
in a dual-polarization configuration [84].

In this thesis, the numerical implementation and an experimental validation
of NFDM transmission system is carried out in the normal dispersion regime.
This choice is justified due to the fact that in normal dispersion regime only
the continuous spectrum DoF can be modulated as the soliton components
are assume to be absent. Therefore, this work can be considered as original in
its own right as most experiments are done by using the SSMFs (i.e. anoma-
lous dispersion fibers). Furthermore, this is the first experiment intended to
demonstrate the dual polarization NFDM transmission system following the
theoretical work done in [83].

This chapter begins by briefly reviewing the description of the NFDM trans-
mission scheme, by drawing a parallelism with OFDM systems in section
3.2. Next, the experimental NFDM signal generation is presented in section
3.3. In section 3.4 and 3.5 the functional DSP module for the transmitter
and receiver are discussed in great details. Finally, section 3.6 presents a
detailed account of the experimental validation of NFDM transmission by
using the continuous spectrum in both the normal and the anomalous dis-
persion regime, with both a single- and a dual-polarization configuration,
respectively.
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3.2 Brief review of the coherent optical OFDM
transmissions

OFDM is one of the most popular among a broad class of multi-carrier mod-
ulation (MCM) schemes, here, instead of transmitting data using a single
high-rate carrier, one transmits in parallel on a number of low-rate differ-
ent subcarriers [106]. As a result, each low-rate subcarrier sees a channel
with a flat-frequency response, resulting in a longer symbol period (Ts) for
the same total data rate, and better tolerance to ISI. Therefore, the channel
impairment equalization is simplified. The key feature in OFDM is the use
of orthogonal subcarriers, which is achieved through the inverse fast Fourier
transform (IFFT). This enables a precise and computationally efficient way
of generating orthogonal subcarriers in OFDM.

The spectrum of OFDM is obtained from the sum of N sinusoidal impulses
of the same duration, but with different frequencies. These sub-carriers sat-
isfy the orthogonality condition in the frequency domain as illustrated in
Fig.(3.2(a)): each sub-carriers spectrum must have a null point at all fre-
quencies of other subcarriers used to form the OFDM symbols. The orthog-
onality condition is given by ∆f = 1/Ts where ∆f represents the sub-carriers
frequency spacing. Although the spectra of individual sub-carriers overlap,
they can be demodulated without inter-carrier interference (ICI). The sub-
carrier packing in OFDM can fill the bandwidth close to the Nyquist band-
width, as illustrated in Fig.(3.2(b)), which eventually increases the spectral
efficiency. However, due to fiber dispersion, the sub-carriers may lose their
orthogonality. In order to cope with dispersive channel effects such as CD
and PMD, a guard interval (GI) in the time domain is used between two
consecutive OFDM symbols [107]. The guard interval is implemented as a
zero-padded (ZP) symbol. In order to be effective, the guard interval dura-
tion must exceed the maximum delay spread of the channel. Such a design
is known as the burst-mode OFDM system, and as mentioned in section 2.5,
it is the preferable modulation format for NFDM-based optical transmission
schemes [93].
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(a) (b)

Figure 3.2: Principle of OFDM and its spectrum. (a) Theoretical overlapping
and orthogonal subcarriers, (b) experimental Nyquist bandwidth of OFDM.

3.3 Experimental generation, transmission and
detection of NFDM signal

In its most general form, an optical fiber transmission system is composed
of a transmitter, an optical channel containing amplified fiber spans, other
optical components, and a receiver. The optical transmission system based on
NFDM involves a linear modulation, linear evolution of the nonlinear spectral
amplitude over the channel, and linear demodulation [96]. Consequently, a
linear transformation between the transmitter and the receiver chain is key
for a proper NFDM implementation. However, both linear and nonlinear
distortions may arise from the optical modulator, the electrical and optical
front-end amplifiers, and the non-flat gain-loss profile of fiber link, which
make it hard to achieve full linearity in a real world transmission system.

Fig.(3.3) shows a typical experimental schematic design of a DSP based
NFDM optical transmission system. The offline transmitter DSP block is
shown in the inset of Fig.(3.3). It is quite trivial to draw a parallelism
between the coherent NFDM transmitter and the burst-mode CO-OFDM
implementation. Here, the additional DSP layers required by the NFDM
system are indicated in yellow blocks [94].

3.3.1 NFDM signal generation
At the transmitter side, user information bits are encoded using a square-
16QAM modulation format and parallelized before being processed by the
IFFT block. After that, a guard interval is inserted to the time domain
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NFDM symbols to prevent inter-symbol interference (ISI) due to channel
dispersion. The FFT of the time domain signal is encoded onto the nonlinear
continuous spectrum by the forward mapping stage before the time domain
complex signal is computed via the INFT. The temporal domain signal then
denormalized according to Eq.(1.18) and serialized by the parallel-to-serial
(P/S) converter. The in-phase (I) and quadrature (Q) digital signals are
converted to analog signals using a digital-to-analog converter (DAC), and
the aliasing signal is filtered out by the low-pass filter (LPF). The output
analog signal is up-converted to the optical signal via the IQ modulator (i.e.
Mach-Zehnder IQ modulator). The power of the optical envelope at the
output of the modulator may be boosted to the desired power level by using
an erbium doped fiber amplifier (EDFA) [111] before its launching into an
optical channel.

Figure 3.3: The experimental setup block diagram and the associated offline
DSP chain at the TX and RX.

3.3.2 Optical modulator
The basic functionality of the optical transmitter is to convert an electrical
complex waveform into an optical pulse for its transmission through the
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optical link. For typical high-speed long-haul systems, this is process is
achieved by the modulation the optical carrier of the laser source with an
external optical modulator as shown in Fig. (3.4(a)), which is driven by an
electrical baseband signal containing the data to be transmitted [109],[110].
Hence, the output of the MZM takes the form

Eout (t) = E0 ⋅ cos(π
V1 − V2
2Vπ

) ⋅ exp(iπV1 + V2
2Vπ

) , (3.1)

where E0 and Eout are the fields at the input and output of the modulator
respectively, V1 and V2 are the voltages applied to the arms, and Vπ is the
half-wave voltage of the modulator. Such configuration of the MZM can be
used to generate modulation formats encoding transmitted bits on the field
amplitude (e.g. on-off keying (OOK) and amplitude shift keying (ASK)) or
phase (e.g. binary phase shift keying (BPSK)).

In order to utilize quadrature components of the optical carrier for data
transmission, an optical IQ-modulator is required. As a result, for high
spectral efficiency, all possible physical degrees of freedom, i.e. amplitude,
phase, and polarization, of light should be modulated [108],[110]. Unlike
a single MZM that modulates the phase of the optical carrier along one
axis (either I or Q-phase), in order to exploit the functionality of an IQ-
modulator, two MZMs are required, as shown in Fig.(3.4(b)). After signal
pre-equalization to combat any amplitude distortion in the transmitter, the
complex waveform in the digital domain is separated into its real (I) and
imaginary (Q) components, and transformed into an analog electrical signal
by means of DACs and LPFs. As shown in Fig.(3.4(b)), an optical IQ-
modulator consisting in two nested Mach-Zehnder modulators (MZMs) with
a π/2 shift between their outputs. After modulation, the two MZM output
waves are recombined to form a total optical field that reads as

ET = Eout,I + exp (iπ/2) ⋅Eout,Q. (3.2)

For high-speed long-haul transmissions, the electro-optical bandwidth, the
insertion loss, the carrier extinction ratio, and the modulator linearity are
the most important properties of the MZM. A modulation format with a
higher spectral efficiency requires a MZM to operate in the linear regime,
so that the distances between constellation point are preserved in the op-
tical domain. However, the MZM has a cosine nonlinear response and it
introduces a significant distortion to the NFDM signal. In order to achieve
a linear operation regime, the NFDM signal should be pre-distorted at the
transmitter.
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(a) (b)

Figure 3.4: Structure of (a) a Mach-Zehnder-Modulator (MZM), (b) an IQ-
modulator made of two MZMs and a π/2 phase shifter.

3.3.3 Amplified Optical fiber transmission link

A multi-span fiber link is emulated with a recirculation loop, which consists
of single mode fiber and EDFA ( with a pre-defined NF of 5.5 dB). During
fiber propagation, the NFDM signal will be impaired by fiber linear and
nonlinear effects, as well as by amplified spontaneous emission (ASE) noise
introduced at each EDFA stage and accumulates over the transmission link.
Therefore, a bandpass optical filter (OBPF) is used to eliminate the out-
of-band ASE noise. Throughout this thesis, the transmission link does not
include any in-line dispersion and nonlinearity compensation modules, thus
the fiber linear and nonlinear impairments are left uncompensated.

3.3.4 Coherent receiver

The fundamental functionality of a coherent receiver is transforming the in-
coming optical field into an electrical waveform [112]. In a coherent detection
configuration, frequency locking of the free-running local oscillator (LO) and
the optical carrier is a difficult task, thus coherent receivers are designed in
an intradyne configuration [113]. As a result, the transmitter and receiver
laser are free to have a drift in both frequency and/or phase by small but ar-
bitrary shift. In this thesis, the intradyne configuration is used, which allows
for the mixing of the continuous-wave free-running LO, from the same ECL
that generated the optical carrier, with the electric field of the modulated
optical signal. Such detection provides access to the complete physical de-
grees of freedom of the optical field, i.e. amplitude, phase, and polarization.
As a result, coherent detection enables the use of high-SE modulation for-
mats, where the information is encoded jointly on the amplitude, phase and
polarization state of the optical field. The schematic of a typical polarization
diversity front-end coherent receiver is shown in Fig.(3.5).
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Figure 3.5: Polarization diversity intradyne receiver.

At the receiver input, two polarization beam splitters (PBSs) split both the
signal and LO into two orthogonal polarizations. In order to recover the in-
phase and in-quadrature components of the signal, each polarization enters
into the 90o optical hybrid, which allows for the coherent mixing of the LO
tuned at the carrier frequency, i.e. ωLO = ωc, and the incident x- and y-
polarization components of the optical signal. The output of each optical
hybrid is connected to four pairs of high-speed balanced photodiodes (PDs)
that separate the IQ-components of each polarization, and at the same time
suppress the DC component corresponding to direct detection. The IQ-
components of the photocurrent of each polarization is proportional to the
field values, which are defined as

[ Ix
Qx
]∝ [R{ExE∗LO,x}

I{ExE∗LO,x}
] [ Iy

Qy
]∝ [R{EyE∗LO,y}

I{EyE∗LO,y}
] (3.3)

where Ex&y and ELO,x&y represent the x and y polarization components of
the signal and LO, respectively. The differential electrical currents from each
pair of PDs are converted to electrical signals by four linear trans-impedance
amplifiers. Following signal conversion, the photo-currents are sampled by
analog-to-digital converters (ADCs). Subsequently, the sampled data are
processed by RX-DSP blocks to decode the transmitted data.
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3.3.5 NFDM signal detection
The optical signal out of the loop is detected by using a polarization diversity
coherent receiver, comprising a polarization beam splitter, a local oscillator,
two hybrids, and four balanced detectors which are described in section 3.3.4.
After the down-conversion of the optical signal, each detected RF tributaries
(Ix, Qx, Iy, and Qy) signals are digitized by using ADCs. After a successful
NFT window synchronization and carrier frequency offset (CFO) compensa-
tion, the NFDM signal is normalized and the nonlinear continuous spectrum
is obtained by using the NFT. The interplay between nonlinearity and dis-
persion can be removed in the NFT domain using a 1-tap channel equalizer.
Then, once the nonlinear spectrum is reverse mapped, the complex waveform
is recovered by using IFFT operation and the guard interval is removed in the
temporal domain. The resulting signal is down-sampled in the Fourier do-
main and residual channel estimation is done by using the zero-forcing 1-tap
equalization per subcarrier per symbol. Finally, the laser phase noise estima-
tion and compensation, carrier recovery, demodulation, and BER estimation
are done before data detection.

In the following sections, all the blocks of the DSP chain are described in
details.

3.4 NFDM digital transmitter design
In this section, the basic NFDM transmitter DSP block is presented.

3.4.1 Modulation and symbol mapping
At the transmitter, the linear feedback shift register (LFSR) method is used
to generate a pseudo random bit sequence (PRBS), {bk}, with a bit duration
Tb = 0.5 ns. These bits are encoded using the desired modulation format and
parallelized before the subcarrier assignment is done. A constellation alpha-
bet with M-points can carry a maximum of n = log2(M) bits per symbol.
This maximum number of bits per symbol is achieved when the constella-
tion points are uniformly distributed. The most used modulation formats
for coherent optical communication systems are quadrature phase shift key-
ing (QPSK) and M-level quadrature amplitude modulation (M-level QAM)
[108],[110]. The average power associated with such constellations is given
by:

P = 1

M

M

∑
k=1

∣ck∣2 (3.4)
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where ck is the symbol sequence drawn from 16-QAM constellations. In this
thesis, a transmission reach of ∼ 2000 km was investigated, thus the 16QAM
modulation format based on a Gray mapping architecture is proposed as the
M-level modulation scheme.

3.4.2 Baseband signal generation
After performing bit modulation, the modulated symbols are encoded over
orthogonal subcarriers in the nonlinear Fourier domain. The signal waveform
can be written as [75]:

U (0, λ) =
NSym

∑
l=1

Nsc

∑
k=1

clkG (λ − kW0) (3.5)

where Nsc is the total number of nonlinear subcarriers, Nsym is the total
number of symbols, clk corresponds to the lth-symbol transmitted over the
kth-subcarrier at the frequency λ = kW0 chosen from the constellation symbol
set, W0 = ∆f is the subcarrier spacing, and G(λ) is an orthogonal basis
function. For a given symbol-rate, the basis function that minimizes the
signal bandwidth is the sinc function, as its Fourier transform is a rectangular
function which is commonly used in linear multiplexing, i.e., in OFDM. The
multiplexing in Eq.(3.5) can, therefore, be considered as a nonlinear analog
of linear multiplexing. The time domain equivalent signal is generated by
using the IFFT (F−1) of Eq.(3.5) as [75]

u (0, τ) = F−1 (U (0, λ)) =
Nsc

∑
l=1

Nsym

∑
k=1

ĉ l
kgk (τ) ei2πkW0τ (3.6)

where τ is interpreted as a virtual time (normalized time), g (τ) = F−1 (G (λ))
is the orthogonal basis in the temporal domain, ĉ l

k is the IFFT of the trans-
mitted symbols, and W0 = 1/Ts, where Ts is the symbol duration.

3.4.3 Guard interval insertion
The continuous part of the nonlinear spectrum of the potential function is
dispersive, which suggest that signal broadening occurs during its evolution.
As a result, the NFDM signal is designed in the burst mode, which is similar
to the CO-OFDM signal, i.e. the neighboring NFDM/OFDM symbols are
separated with a zero guard interval in the temporal domain in order to
prevent inter-symbol interference upon a propagation. The length of the
guard interval (GI) introduced between symbols must be longer than the
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channel memory as a result of accumulated dispersion in the optical link due
to both the CD and PMD [101], and it is defined as

Tch = 2πBβ2L + 3 ⋅Dp

√
L (3.7)

where β2, Dp, and L represent the second order dispersion coefficient, the
PMD coefficient, and the transmission length of the fiber, respectively. The
total duration of the dispersed waveform TDW in the quasi-linear regime, i.e.
whenever nonlinear effects are negligible, is given by TDW = Ts + Tch.

Fig.(3.6) shows the NFDM signal broadening in a pure dispersive channel.
Here, a channel memory of Tch = 2.8 ns (red) is introduced on each side of
the initial symbol with a duration of Ts = 2 ns (blue), resulting in a total
symbol duration of T = Ts +GI > Ts + Tch = 8 ns (red) including the guard
interval.
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Figure 3.6: Signal broadening due to dispersion in NFDM transmission over
1600 km fiber link.

3.4.4 Forward mapping
The forward nonlinear mapping DSP layer is a unique process for NFDM
transmissions. The continuous spectrum in the nonlinear Fourier domain
is mapped from the complex-plane into the z-plane [75] according to the
following transformation:

q̂ (0, λ) =
√
s − se− s

2
∣U ′(0,λ)∣ ei∠U ′(0,λ) (3.8)
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where U ′ (0, λ) is the FFT of u′ (0, τ), which is the burst-mode temporal
domain signal and can be considered as the nonlinear equivalent of the burst-
mode CO-OFDM time domain signal. Finally, the nonlinear Fourier spectral
signal is fed to the INFT block to convert it to the time domain complex
waveform q (τ) as

q (0, τ) = INFT (q̂ (0, λ)) . (3.9)

The INFT of the signal is computed numerically by using the layer-peeling
algorithm shown in Fig.(2.8).

3.4.5 Signal denormalization
The complex waveform q (τ) at the output of the INFT block is computed in
the normalized domain, in order to remove any channel dependency. How-
ever, the signal A (t) that is going to be optically modulated and launched
into the fiber link must be denormalized according to eq.(1.18) in order to
match the real channel parameters [75], [64]. This denormalized signal, must
satisfy the energy conservation condition given by Parseval identity

E =∑
k,l

∣clk∣2 = ∫
∞

−∞
∣q (t) ∣2dt = − s

π ∫
∞

−∞
log (1 − s∣q̂ (λ) ∣2)dλ, (3.10)

which guarantees the magnitude of the continuous spectrum to be less than
one, i.e. ∣ q̂ ∣ < 1 [75], in the defocusing regime, following Eq.(3.8). The power
of the signal is then computed as

P = E

T
= 1

T ∫
∞

−∞
∣q (t) ∣2dt, (3.11)

where T is the period of the NFDM signal. The shape of the complex time-
domain INFT signal is directly dependent of the input signal power as indi-
cated in Eq.(3.10). In Fig.(3.7), different output signals of the INFT block
with different input signal power levels are compared by using a numeri-
cal simulation. At the launch input power of −7 dBm, the INFT approxi-
mates the IFFT and the signal resembles the burst-mode OFDM signal. As
the input launch power increased, i.e. from −4 dBm to −2 dBm, the sig-
nal energy is leaking toward the decaying tail, which leads to a pronounced
longer tail. This decaying tail puts a large strain on the effective number of
bits (ENOBs) requirement of the analog-to-digital converter (DAC) at the
transmitter front-end [94]. Here, the effective burst power of the signal is
evaluated while taking the energy of the tail into consideration.

93



3.5. NFDM digital receiver design

−4 −2 0 2 4
0

1

2

3

4
·10−2

t[ns]

|q
(t
,·
)
|(

a.
u)

Pburst = −7dBm

Pburst = −4dBm

Pburst = −2dBm

Figure 3.7: Comparison of NFDM signal with different input power levels.

3.5 NFDM digital receiver design
As shown in Fig.(3.3), the standard DSP processing blocks for a single po-
larization NFDM transmission system consists of time-synchronization, CFO
estimation and compensation, signal normalization, NFT computation, 1-tap
channel inversion, reverse mapping, guard interval removal, down-sampling,
residual channel equalization, laser phase noise equalization, demodulation
and BER estimation. The receiver DSP operation chain is described here
briefly.

3.5.1 Time synchronization
Due to the absence of a synchronization mechanism between the transmit-
ter and receiver, the transmitter clock is recovered from the received signal.
Incorrect estimation of the starting point of the NFT window results in ICI
between the subcarriers, and induces ISI between the NFDM symbols. The
synchronization process uses the Schmidle-Cox method [114], which is the
most celebrated synchronization method in linear OFDM systems, which
relies on training symbols with two identical patterns, called the synchro-
nization symbols (SS).

Let us assume that the first pattern of synchronization symbols at the receiver
of length L is rm. Then the auto-correlation metric is computed over a pre-

94



Chapter 3. Experimental demonstration of a NFDM based optical
transmission system

defined search by

P (d) =
L−1

∑
m=0

r∗d+mrm+d+L, (3.12)

where d is a randomly picked time index. The maximum value of the corre-
lation metric P (d) will determine the start point of the NFT window. In the
burst mode NFDM/OFDM signal design, the correlation metric peak posses
a sharp peak which is considered to be more accurate. However, the sharp
peak is sensitive to the synchronization error as a result of a slight offset on
timing estimation. From the time shift property of the NFT, a slight tem-
poral shift in the synchronization window can be translated into a frequency
dependent phase shift in the nonlinear frequency domain, that reads [94]

q (t − t0)↔ e−2iλt0 ⋅ q̂ (λ) . (3.13)

Such phase drift is common among symbols in a given frame, which makes
it simple to compensate by using training symbols.

3.5.2 Carrier frequency offset compensation
The CFO in optical transmission is induced by the frequency mismatch be-
tween the optical carrier at the transmitter and the free-running LO at the
receiver. CFO results in ICI, that destroys the orthogonality between neigh-
boring subcarriers. CFO can be corrected by using an identical pattern in
the synchronization symbol in the temporal domain [90].
In the presence of CFO ∆FCFO, the nth received sample becomes:

rn = ei2πnε/Nsc

L

∑
m=1

hmxn−m (3.14)

where x is the transmitted data, h is the transfer function of the channel
and ε is the normalized CFO with respect to the subcarrier spacing ∆f :
ε = ∆FCFO/∆fsub. The estimated frequency offset at the kth subcarrier can
be written as:

Rk =
Nsc

∑
m=1

ΨCFO
k−m HmXm (3.15)

where ΨCFO is considered as common for all the subcarriers, i.e., indepen-
dently of the subcarrier index, and is modeled as

ΨCFO
m = 1

N

sin (π(ε −m))
sin (π(ε −m)/N)

eiπ(ε−m)(1−
1
N
) (3.16)

which suggests that the CFO induces an amplitude distortion, a phase shift
on each subcarrier, and an ICI between different subcarriers.
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The CFO is a time-varying effect due to wavelength instability between the
optical carrier and the LO. As a result, CFO rotates the received constella-
tion and can reach values up to ∼ 500 MHz (its typical value is < 50 MHz).
The fractional and integral portion of the CFO value is estimated and com-
pensated in the temporal and in the spectral domain, respectively [91]. The
temporal domain compensation takes advantage of the repetitive structure
of synchronization symbol in the frame-synchronization algorithm, while the
residual frequency domain compensation is done by using the training sym-
bols prior to residual channel estimation. It should be noted that, since
CFO is a polarization independent effect, CFO in both polarizations can be
compensated jointly for a better estimation.

3.5.3 Signal normalization

The NFT of the signal is computed by taking the normalized NLSE based
channel model [75]. The received complex digital signal after synchroniza-
tion is pre-distorted in the spectral domain to compensate for amplitude
distortions experienced by the transmitter-receiver chain. First, the received
signal, Q(z, t), power is re-assigned to the power of the transmitted signal, as
the performance of the NFDM depends on the power of the spectral ampli-
tude. Next, the signal is normalized according to the normalization constant
in Eq.(1.18) to remove any channel dependency.

3.5.4 NFT computation and channel inversion

Once the received signal is normalized, the nonlinear spectral amplitude
q̂ (λ,L) at the receiver is computed by using the NFT block [75] ( i.e.,
q̂ (λ,L) = NFT (q(z, t))), where its implementation is given by Fig.(2.7).
The NFT is used for sub-carrier demultiplexing. In the absence of noise, the
linear propagation of the spectral data allows for a 1-tap channel inversion
[75], [94]:

q̂eq (λ,L) =H−1 (λ,L) q̂ (λ,L) (3.17)

where q̂ (λ,L) and q̂eq (λ,L) represent the nonlinear spectral amplitude at
receiver before and after the channel inversion, respectively. Here, H (λ,L) =
e−i4sλ

2L is an all-pass-like channel filter. As mentioned several times, the 1-tap
channel inversion stage removes the inter-play of dispersion and nonlinearity
on the received NFDM symbols.
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3.5.5 Spectral demapping and guard interval removal
Following channel inversion, the nonlinear spectrum amplitude is transformed
from q̂ (λ,L) to U (λ,L) as[75]:

U (λ,L) = (−2s log (1 − s∣q̂ (λ,L) ∣2))
1
2 ei∠q̂(λ,L). (3.18)

The time domain equivalent signal is computed by the IFFT, i.e. u (τ,L) =
F−1 (U (λ,L)), and the guard interval introduced at the transmitter is re-
moved at the receiver in the normalized temporal domain.

3.5.6 Residual channel equalization
Due to the non-flat gain-loss spectrum of the fiber links, accumulated ASE
noise, and random polarization fluctuations in fibers, the received signal al-
ways contains a mix of data from both polarization modes. Although the
1-tap channel inversion in Eq.(3.17), which assumes a lossless and noiseless
transmission channel, is capable of compensating the interplay of fiber disper-
sion and nonlinearity, residual channel distortions still remain. In addition to
the residual channel distortions due to non-ideal transmission components,
distortion from electrical and optical components in the transmitter and re-
ceiver chain also contribute to residual distortions. All these effects should
be compensated either completely or partially before mapping symbols to
bits at the decoder. It is the task of the equalizer to mitigate all those effects
in order to successfully recover the transmitted symbol stream.

In this thesis, a linear Zero-Forcing (ZF) equalization based on the training
symbols is proposed, due to its simplicity in implementation and low com-
putational complexity [115]. Moreover, any frequency and phase distortion
introduced in time domain on the NFDM signal can be tracked by using a
training symbols added in the nonlinear frequency domain. This assumption
is based on the property of NFT for any phase and frequency offset, i.e.,
eiφq(t) ↔ e−iφq̂(λ) and e−i2ωtq(t) ↔ q̂(λ − ω). ZF-equalization is performed
when the residual channel impulse response HR is compensated by directly
applying its inverse to the detected signal at the receiver after the channel.
Here, the channel response is assumed to be known at the receiver. Let us
assume an optical channel with polarization diversity, which can be modeled
as a 2 × 2 MIMO system

TS = [T S t1,x 0
0 T S t2,y

] , (3.19)
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where T S = [T S(0),⋯,T S(Nsc)] and 0 represents the training symbols and
the zero vector of subcarrier length Nsc. The training symbols in eq.(3.19)
are implemented by sending a known symbol in the first NFDM symbol on
the x-polarization, while zero symbols are sent over the y polarization, and
the opposite is done for the second symbol. The symbols are concatenated
in time, and they are separated by the symbol duration Ts, i.e. t2 = t1 + Ts.
As a consequence of Lax convolution,[64], the receiver estimates the channel
impulse response at each subcarrier HR,k by applying the following relation:

T̃Sk (λ,L) =HR,k (λ,L)TSk (λ,0) (3.20)

where T̃Sk (λ,L) is the received training symbols and TSk (λ,0) is the trans-
mitted training symbols which is known at the receiver. The associated
ZF-equalizer takes the form of the inverse, i.e. H−1R,k = 1/HR,k. Therefore, a
simple multiplication of the received signal with the ZF-equalizer is enough
to restore the transmitted signal at the receiver. However, the ZF-equalizer
is prone to noise enhancement, which leads to further system performance
degradation. Therefore, channel transfer function estimation by averaging
over several numbers of training symbols or channel estimation based on the
minimum mean-square-error (MMSE) can be used to attenuate the noise
contribution.

3.5.7 Laser phase noise compensation
The NFDM implementation requires a high-quality laser with a linewidth of
few kHz to slow down the evolution of the random phase shift introduced by
the optical carrier and the LO laser. Using a free-running laser with a large
linewidth results in a phase drift within a given symbol, making it impossible
to estimate and correct the phase error. Assuming that the phase evolution
is slow compared to the symbol duration, phase noise induces a phase noise
error common to all subcarriers, called the common phase error (CPE), and
an ICI term [116].

In absence of ASE noise, the received NFDM signal can be written as

E (t) = E0 ⋅ ei(∆ωτ+θ(τ)) (3.21)

where ∆ω is the CFO, and θ (τ) is the laser phase noise (PN). The laser
phase noise at any discrete time instant is the phase noise difference between
the transmitter and the LO lasers, i.e θ (n) = θc (n) − θLO (n). If the signal
and LO lasers have Lorentzian line-shapes, the phase noise can be modeled
by a Wiener process

θ (n) = θ (n − 1) +Ψ (n) (3.22)
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where Ψ (n) is a Gaussian random process with zero mean, and variance
σ2 = 2π∆vTs, where ∆v is laser linewidth defined as the bandwidth at the
full-width half-maximum (FWHM) of the laser power spectral density. Due
to the time-varying random phase walk, a laser exhibits a typical linewidth
in the range of ∼ 0.1−0.2 MHz. In this work, an ECL with a typical linewidth
value around 100 kHz was used. The phase noise can be estimated by re-
moving the data subcarriers and then track the phase change using the pilot
tones (known data on certain subcarriers). This pilot tone will experience
the same phase noise than the whole NFDM signal, however, they are not
used to encode any useful user information data.

Once a perfect time-synchronization, CFO compensation, and residual chan-
nel equalization have been performed, the pilot subcarriers dedicated to
the phase noise estimation are extracted from the equalizer output for each
NFDM symbols. Let us consider the received symbols corrupted with phase
noise as [117]:

Ũl,k = c̃l,kHR,l ke
iΘCPE

l + εl,k (3.23)
where Ũlk and c̃l,k are the received and transmitted QPSK modulated pilot
tones on kth subcarriers, HR,l k is the channel impulse response, and εl,k is the
ICI term modeled as additive white Gaussian noise. The term ΘCPE is the
CPE term in a given NFDM symbol. The QPSK modulated is used because
of its tolerance to noise as the separation between constellations points are
wider compared to 16-QAM modulation formats. This CPE value can be
estimated by using the pilot tones, and the phase difference between the
received pilot tones and the transmitted ones can be evaluated by averaging
as [117]:

eiΘ
CPE
l = 1

Np
∑
k∈PT

Ũl,k ∣̃clk∣
∣Ũl,k ∣̃clk

(3.24)

where Np is the number of known pilot tones PT at the receiver. The phase
equalization is done by multiplying the received symbols with the inverse of
the estimated phase shift (ΘCPE

l ) as

U ′ (λ) = Ũl,k (λ) e−iΘ
CPE
l , (3.25)

In practice, only the common phase noise is compensated without addressing
the ICI: such technique is known as pilot-aided phase compensation.

3.5.8 Data decoding and performance measurement
The NFDM decoder employs a maximum-likelihood detection method to re-
cover the transmitted symbols from the noisy received symbols. The decoder
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compares the received constellation symbols with every and each transmitted
constellation points. Thereafter, the constellation point that corresponds to
the smallest distance is selected as the most likely digital symbol, which can
then be rearranged as a bit value.
The correct way to measure system performance is to evaluate the bit error
ratio (BER), by comparing the received bits and the transmitted bits:

BER = number of error bits
number of total bits

In experimental measurements, the BER is estimated by directly counting
the number of error bits. To ensure a reliable estimation, it is necessary to
transmit a sufficient number of bits for a certain BER level. In optical com-
munication systems, the measured BER is usually converted to an equivalent
Gaussian noise quality factor (Q-factor) through the inverse complementary
error function (erfc−1) [118]. The Q-factor in dB as a function of BER is
given by

QdB = 20 ⋅ log10 (
√
2 ⋅ erfc−1 (2 ⋅BER)) . (3.26)

Moreover, an alternative suitable metric for evaluating system performance
is the error vector magnitude (EVM), which evaluates the average deviation
of the received signal from the corresponding ideal signal in the constellation
diagram. The EVM is represented by the normalized root mean square of
the error vector of the received symbol from the reference position of the
ideal symbols, denoted by Eerr [119]:

Eerr,l = Er,l −Et,l, EVM =
√
⟨∣Eerr,l∣2⟩

max(∣Et∣)
, (3.27)

where Er,l is the lth received symbol, Et,l is the lth transmitted symbol, and
⟨⋅⟩ is the averaging operation over the number of symbols. The EVM value,
assuming AWGN channel, is converted approximately to the BER by [119]:

BER = 0.5 ⋅ erfc(EVM−1√
2
) . (3.28)

In the following section, the experimental validation based on such DSP
design is presented and discussed.

3.6 Experimental Validation
Numerical simulation is vital for testing the robustness of the INFT/NFT
algorithm. However, the experimental demonstration is the ultimate val-
idation tool to show that the NFDM is a data encoding scheme which is
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compatible with the nonlinear-dispersive optical fiber channel. Two major
distinct experimental setups for a single- and dual-polarization configuration
will be considered for the demonstration of the gain achieved by the NFDM
transmission, when compared to its linear counterpart, OFDM. A detailed
description of the laboratory setup and the obtained results are provided in
the following subsections.

3.6.1 Experimental demonstration of a single-polarization
NFDM transmission

A simplified experimental schematic of a single polarization NFDM/OFDM
transmission setup is presented in Fig. (3.3). In the experiment, OFDM and
the NFDM systems with comparable transmitter (TX) and receiver (RX)
DSPs are considered. The DSPs are summarized in the inset of Fig. (3.3),
where the white DSP blocks correspond to the OFDM, and the yellow DSP
blocks indicate the additional DSP layers required for NFDM.

The data structure of NFDM consists of a 32×64 matrix of complex symbols
at the transmitter as illustrated in Fig.3.8. The symbols duration for NFDM
is 2 ns, which correspond to a baud rate of 16Gbd (gigabaud). The rows
and columns denote, respectively, the orthogonal sub-carriers and the corre-
sponding symbols. The symbols include synchronization symbols, training
symbols, data symbols, and zeros. The INFT and IFFT in NFDM are ap-
plied to each column, except for the synchronization symbols. The resulting
sub-signals are concatenated, to obtain the entire signal that is transmitted
over the fiber channel.

In NFDM, the offline transmission DSP begins by modulating a sequence of
complex symbols {cl} according to eq.(3.5) from a 16QAM constellation as
[96],[75]

U (0, λ) = Pmax

Nsym

∑
l=1

Nsc

∑
k=1

ckl
sin (λ − kW0)
(λ − kW0)

eiλlT

= Pmax

Nsym

∑
l=1

Nsc

∑
k=1

ckl δ (λ − kW0)
(3.29)

where Pmax is the peak power of the signal, Nsc is the number of sub-carriers,
Nsym is the number of symbols, W0 is the sub-carrier spacing, and λ = πf ,
where f is the frequency. Here, G (λ − kW0) = sinc (λ − kW0) is a narrow
width sinc basis function borrowed from the OFDM, which can fairly be
approximated by the Kronecker delta function δ (λ) so that U is discretized
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Figure 3.8: 2D symbol matrix structure of NFDM/OFDM in frequency (sub-
carriers) and time (symbol).

to the vector of symbols {ckl }. It is clear that the NFDM system is the
nonlinear counterpart of OFDM, i.e. U (f) = U (λ/π), where U (f) is the
OFDM signal in the linear spectral domain and U (λ) is the NFDM signal
in the nonlinear frequency domain. The resulting signal is over-sampled by
a factor of 32 for accurate INFT computation. One then generates u(0, τ)
by using Eq.(3.6) to introduce guard time in the virtual time τ domain. If
the duration of u(0, τ) is Ts seconds, two blocks of zeros, each with duration
2.5Ts, are added to the left and right of u(0, τ), to obtain u′(0, τ) with the
total burst duration of 12 ns and U ′(0, τ) = F (u(0, τ)). The transmitted
signal in the spectral domain q̂ (0, λ) is computed using eq.(3.8).

Finally, the INFT maps the q̂ (0, λ) to the continuous part of the nonlinear
spectrum of the output signal q (0, τ) = INFT (q̂ (0, λ)), which is then unnor-
malized to realistic units using Eq.(1.18). Fig.(3.9) illustrates a typical train
of NFDM and OFDM temporal domain signals. The NFDM symbols exhibit
a decaying tail as the input power increases. Whereas, OFDM symbols retain
their shape for any given input signal power.

The TX and RX equipments introduce significant distortions, particularly to
the power profile of the signal. The non-uniform amplitude response of the
transmitter is partially equalized at this stage via inversion of the magnitude
response of the launched optical pulse obtained from the optical spectrum
analyzer (OSA) in the digital domain, as shown in Fig.(3.10). The signal
is then down-sampled to 64 GSa/s before being loaded into the arbitrary
waveform generator (AWG).
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(a) (b)

Figure 3.9: A typical sample of (a) NFDM, and (b) OFDM temporal domain
waveforms.

(a) (b)

Figure 3.10: Pre-distortion of the NFDM signal (b) in order to compensate for
non-uniform amplitude response of transmitter (a).

3.6.1.1 Experimental Setup

In this thesis, we consider an experimental setup with 3 WDM channel with a
50 GHz spacing. The central channel is optically generated by an ECL with
100 kHz linewidth at 1550 nm. Two additional distributed feedback (DFB)
lasers are used to generate the WDM dummy channel at the boarder of
the multiplexer. The relative channel locations guarantee enough separation
between the central NFDM channel and the dummy channels, so that any
interference effect is absent. The output I and Q signals from the AWG are
amplified by RF-drivers and then modulated onto optical field using nested
IQ-Mach-Zehnder modulator (MZM). The transmitted signal propagates
inside a re-circulation loop, which is controlled by an acousto-optical modu-
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lator (AOM). The recirculating loop in Fig.(3.3) consists of 2 spans of 70 km
TrueWave Submarine Reduced Slope (TW-SRS) fiber, with attenuation of
0.2 dB/km, chromatic dispersion D = −4.66 ps/(nm-km), and effective area
of Aeff = 53.5 µm2 at 1550 nm. The optical power at the fiber input and
output is controlled by two EDFAs with noise figure NF = 5.5 dB cascaded
with a variable optical attenuator (VOA). A bandwidth-adjustable Finisair
waveshaper (WS) is used as gain equalizer filter to equalize the power level
in all channels, compensating for loss-gain imperfection of EDFA-amplified
optical link. The transmission link consists of 10 loops, for a total 1400 km
of transmission length.

At the receiver, the signal is detected by a coherent intradyne receiver using
the same ECL laser at the TX as local oscillator (LO), and then sampled by
a realtime 50 GSa/s Tektronix digital phosphor oscilloscope (DPO). Here,
the optical carrier at the TX and the LO at the Rx are not phase locked
even though they are assumed to be frequency locked. The phase drift are
resulted from a temperature variation and the fiber path length the ECL
signal traversed between TX and RX devices. After timing synchroniza-
tion and CFO compensation by using the synchronization symbol, amplitude
post-correction is carried out in order to compensate for the non-uniform am-
plitude response of the receiver hardware. This post-correction is done in the
frequency domain by using training symbols, so that the received spectrum
matches that of the transmitted spectrum, as illustrated in Fig.(3.11). The
received signal power is re-scaled to account for power variations in the re-
cerculation loop. Then the signal is normalized before that the NFT of the
received signal is taken as q̂ (λ,L) = NFT (q (t,L)), in order to recover the
continuous part of the nonlinear spectrum. The channel effect on the signal
is reversed by a single-tap equalizer as given by Eq.3.17. Finally, U (λ,L) is
computed by using Eq.(3.18), followed by down-sampling and guard interval
removal. The residual channel coefficient HR is estimated for each subcarrier
by using training symbols in the λ domain. The laser phase noise, specifically
the common phase error, is also estimated and removed by using pilot tones.

3.6.1.2 Experimental Results

Let us compare the Q-factor of NFDM and OFDM transmissions, with the
same launch power and bandwidth. The powers reported here correspond
to the signal that goes into the fiber, when taking into account the guard
intervals and the TX front-end loss.

The Q-factors as a function of the input power are plotted in Fig.(3.12).
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Figure 3.11: The received spectra of OFDM and NFDM after post-correction
(a-b). Compared to NFDM, the OFDM spectrum shows significant distortions
from four wave mixing (FWM).

Optimal performance for NFDM is obtained at −6 dBm for 8 Gbaud (i.e.,
only 16 subcarriers are used), and at −3 dBm for 16 Gbaud transmission. As
shown in Fig.(3.12), NFDM exhibits 0.7 dB Q-factor gain and 1 dB peak-
SNR (or launch power) gain over OFDM at 16 Gbaud.
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Figure 3.12: Q-factors as a function of burst power for single polarization
NFDM and OFDM transmissions.

The relative error in the continuous spectrum is less than 5% in simulations,
while in experiments it is of about 18% in back-to-back and 30% after fiber
propagation, as illustrated in Fig.(3.13). The gap between simulations and
experiment is partly because the experiment is conducted with non-ideal
equipment and corresponding sub-optimal DSP. It is expected that NFDM
performance can be substantially improved by utilizing advanced DSP, e.g.,
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(a) (b)

Figure 3.13: A relative error between the input and output in the nonlin-
ear spectral amplitude q̂ (λ, ⋅) in (a) simulation, and (b) experiment for 16GHz
NFDM transmissions.
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Figure 3.14: The Received constellations at P = −3 dBm for 16GHz (a) NFDM
and (b) OFDM.

by compensating for the DAC response, IQ-modulator, etc. Indeed, it was
shown recently that TX and RX adaptation may improve the peak-SNR gain
by as much as 3 dB [105]. We leave harnessing these potentials to future
work.

3.6.2 Experimental demonstration of a dual-polarization
NFDM transmission

The 32 × 0.5GBd NFDM/OFDM symbols in each polarization consist of
32 orthogonal subcarriers modulated with 16QAM complex symbols at the
transmitter as Eq.(3.29). The transmitted symbol blocks include synchro-
nization symbols (SS), polarization separation symbols (PSS), training sym-
bols (TS), and data symbols, as shown in Fig.(3.15). The (PSS) symbols
are generated using OFDM with cyclic-prefix for MIMO channel separation.
Whereas (TS) and data symbols are defined in the NFT domain, and the
prior used for MIMO channel equalization.
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Figure 3.15: Data structure of real part of 16QAM PDM-NFDM/OFDM.

NFDM symbols are oversampled by a factor of 8, thus increasing the sam-
pling frequency from 64 GSa/s to 512 GSa/s, for accurate computation of the
nonlinear spectrum. We compute u = F−1 (U) in order to introduce a guard
band of 8 ns, to satisfy the vanishing boundary conditions of the Zakharov-
Shabat spectral problem [14] in the time domain (i.e., a total symbol duration
of ∼ 10 ns). Since NFT processing is applied to each data symbol separately,
guard bands added to both front and end of NFDM/OFDM symbols pre-
vent inter-burst interference, and accommodate symbol broadening due to
the combined action of dispersion and nonlinearity during fiber propagation.
Prior to mapping user data into the NFT domain according to Eq.(3.8), we
compute U = F (u). Time domain NFDM symbols are computed by the
INFT algorithm. Four of the subcarriers are used as pilot tones for laser
phase noise estimation.

To perform dual-polarization transmission, we use a polarization division
multiplexing emulator (PDME). In most experiments, a PDM emulator is
usually applied when a single transmitter setup is available. As shown in
the inset in Fig.(3.16), the single complex I/Q modulator serially generates
both X and Y polarization data as follows: q1y, q1x, q2y , q2x,⋯. Next, the PDME
splits the two orthogonal polarization components of the signal, delays the
Y component by one symbol, and recombines them. As a result, NFDM
symbols not involving the same serial number in the two polarizations (as
indicated by red circles in Fig.(3.16)) are discarded at the receiver.
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Figure 3.16: Experimental setup, PDM-NFDM data stream structure and of-
fline Tx/Rx DSP

3.6.2.1 Experimental Setup

Fig.(3.16) above shows the experimental setup of our 16 GHz PDM-NFDM/
OFDM transmission system: yellow boxes indicate the additional DSP block
for NFDM. The NFDM signal is resampled to 64 GSa/s before being loaded
into the arbitrary waveform generator (AWG). The optical signal is gener-
ated by using a complex I/Q modulator. Linear adaptation is employed to
pre-equalize only the amplitude imperfection of the transmitter and receiver.

The I/Q modulator output passes through the PDME with 1 symbol time
delay (∼ 10 ns), is amplified and then launched into a negative dispersion
fiber designed for submarine transmissions (TW-SRS fiber, α = 0.2 dB/km,
D = −4.66 ps/nm/km and Aeff = 53.5 µm2). The transmission link within
the recirculating loop consists of two 70 − km fiber spans and two EDFAs
(NF = 5.5 dB). An optical band-pass filter (OBPF) with a 3−dB bandwidth
of 1 nm is used inside the loop, to suppress out-of-band ASE noise. A po-
larization scrambler is included in the loop, to randomize the polarization
state after each loop. Moreover, the scrambler is added in order to prevent
any spurious effects due to using the same fiber multiple times. The same
ECL (∆f ≈ 100 kHz) is used both as the optical carrier, and the local oscil-
lator at the transmitter and receiver, respectively. The signal is detected by
an intradyne coherent receiver, and sampled by a real time 80 GSa/s sam-
pling oscilloscope. The sampled signal is analyzed by offline digital signal
processing (DSP), whose structure is also shown in Fig.(3.16).

At the receiver, after timing synchronization and carrier frequency offset
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(CFO) compensation by using synchronization symbols, the received samples
are separated in time blocks. The (PSS)-symbols are separated, and chro-
matic dispersion compensation applied to them. The compensated (PSS)
symbols are then used to separate the two states of polarization and equal-
ize the amplitude distortion arising from transmission imperfections. NFDM
symbols are then normalized for carrying out the NFT operation. Here the
wrongly combined symbols are dropped as shown in the inset of Fig.(3.16).
Channel inversion on the received q̂ is done by using a single-tap equal-
izer, to compensate for both dispersion and nonlinearity jointly according to
Eq.(3.17), and translated into the U-domain using Eq.(3.18). After remov-
ing the guard bands in time domain, and resampling in frequency domain,
the received symbols are compensated for residual channel amplitude and
phase distortions in the nonlinear frequency domain by using NFT training
symbol-aided MIMO channel estimation. The pilot-aided laser phase noise
estimation was done in the NFT domain, because any phase variation that
affects the time domain signal directly translates into phase noise in the NFT
domain. Finally, maximum likelihood detector based symbol decision and bit
error rate (BER) calculation were performed.

3.6.2.2 Experimental Results

In Fig.(3.17), typical examples of transmitted PDM-NFDM symbols are pre-
sented. Similar to the single polarization, the signal energy in the decaying
tails increases with input power, and it is taken into account in INFT pro-
cessing. The received constellations at −3 dBm optimal launch power are
presented in Fig.(3.18). In Fig.(3.19) we compare the Q-factor of single-
and dual-polarization NFDM with OFDM, for the same baud-rate and input
launch burst power. The Q-factor is calculated from the BER measurements.
The BERs values are almost identical for both polarizations. For a fair com-
parison between NFDM and OFDM, we do not include a cyclic prefix in
OFDM data symbols: therefore, chromatic dispersion equalization is applied
before the OFDM receiver. The input launch power reported in Fig.(3.19)
corresponds to the average launch power in the fiber including guard bands.

We exploit training symbols to correct potential synchronization timing er-
rors. Synchronization timing errors manifest themselves as a frequency de-
pendent phase shift, that can be compensated by using the time shift prop-
erty of the NFT Eq.(3.13). RX DSP was thus optimized to minimize phase
error, which is the key for performance gain in NFDM transmissions. As
a result, Fig.(3.19) shows that optimal performance is obtained at −4 dBm
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Figure 3.17: Examples of PDM-NFDM time domain symbols.

Figure 3.18: Received constellations at P = −3 dBm for PDM-NFDM after a
transmission and in a back-to-back configuration.

for PDM-OFDM, and −3 dBm for PDM-NFDM, with a peak Q-factor of
6.84 dB and 7.25 dB, respectively. For SP-OFDM and SP-NFDM, optimal
Q-factors of 7.1 dB and 7.5 dB are obtained, at launch powers of −5 dBm
and −4 dBm, respectively. At low powers, we observe a 2 dB power differ-
ence between SP and PDM-NFDM instead of normally expected 3 dB. We
can observe that, at lower powers the single polarization transmission is al-
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ready entering the nonlinear regime. Furthermore, for the same power in a
dual-polarization transmission, the nonlinearity is distributed over the two
polarizations, while in a single-polarization transmission it all falls on the
single-polarization. In our experiments, polarization impairments such as
differential group delay (DGD), polarization mode dispersion (PMD), and
polarization dependent loss (PDL) were not compensated for. Also non ideal
polarization demultiplexing which induce a penalty.
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Figure 3.19: NFDM and OFDM results in SP- and PDM-NFDM.

To estimate the effect of DGD on the performance of NFDM and OFDM,
we introduce an extra time delay at the AWG between successive symbols.
This results in a temporal mismatch between the two polarizations at the
PDME output. We reduced the propagation distance to 980 km, in order to
increase the Q-factor, thus allowing for more accurate assessment of DGD
effects. Fig.(3.20) shows that DGD has a higher impact on the Q-factor for
PDM-NFDM than for PDM-OFDM. However, for typical PMD parameters
less than 0.1 ps/

√
km, the Q-factor penalty caused by DGD is insignificant

for the transmission distance of our experiments.
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Figure 3.20: Q penalty induced by DGD.

3.6.3 NFDM comparison in the normal and anomalous
dispersion regime

In this experiment, continuous spectrum modulation has been investigated
in both the normal and the anomalous dispersion regime. The experimental
setup is similar to that shown in Fig.(3.16). For the anomalous disper-
sion case, the re-circulation loop, which replaces the TW-SRS fiber (α =
0.195 dB/km, D = −4.66 ps/nm/km and Seff = 53.5µm2), is composed by
11-spans of 75 km SMF-28 fiber with dispersion D = 17.5 ps/nm, nonlin-
ear coefficient γ = 1.25 W−1km−1, effective area Seff = 80.0µm2, attenuation
α = 0.195 dB/km, and PMD coefficient Dp < 0.1 ps/

√
km.

In the anomalous dispersion regime, the signal energy is strong enough to
nucleate solitons [103] on top of the dispersive radiative part. The solitonic
and radiative degrees of freedoms remain decoupled, and can be modulated
independently. However, in this experiment the continuous spectrum only
is modulated, and system performance is compared with the case of normal
dispersion regime.

The system performance in terms of Q-factor as a function of the total launch
input power is shown in Fig.(3.21). The performance difference in the two
experiments, i.e. the normal and anomalous dispersion regimes, is rather
small, which suggests that there is no significant interaction between the
continuous spectrum and noise induced solitonic components in the NFDM
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system [126]. As shown in Fig.(3.21), optimal performance is obtained at
−2 dBm for PDM-NFDM in the anomalous dispersion regime, and −3 dBm
for PDM-NFDM in the normal dispersion regime, with a peak Q-factor of
7.41 dB and 7.27 dB, respectively. For PDM-OFDM, optimal Q-factors of
7.10 dB and 6.85 dB are obtained, at launch powers of −2 dBm and −4 dBm
in the anomalous and normal dispersion regimes, respectively. In this ex-
periment, optimal power in the anomalous dispersion regime exhibits a 2 dB
power difference when compared with the normal dispersion regime. This
performance difference is attributed to the smaller effective area (Aeff ) of
the SSMF, which leads to a lower nonlinearity value when compared with
the NZDSF− (TW-SRS) fiber. Moreover, the higher dispersion value of the
SSMF when compared with the TW-SRS fiber force the signal to disperse
wider in temporal domain thus effectively reducing the peak power of the
NFDM signal. As a results, the SSMF shows a better nolinearity tolerance
as the nonlinear effects depend on the pulse peak power.
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Figure 3.21: The PDM-NFDM experiment in the normal and anomalous dis-
persion regime using either the TW-SRS or the SSMF fiber, respectively.
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3.7 Conclusions
In this chapter, the transmitter and receiver DSP-architecture of the pro-
posed NFDM optical transmission system based on the NFT has been pre-
sented in detail. Single and dual-polarization NFDM transmissions using
the continuous spectrum in normal dispersion regime have been experimen-
tally validated for the first time. Moreover, when compared with OFDM
with the same bandwidth and power, NFDM demonstrated 1 dB of better
nonlinear tolerance in a transmission system with 16 Gbaud symbol-rate,
16 QAM modulation and 1400 km transmission reach in single polarization
configuration. Similarly, when compared with PDM-OFDM, PDM-NFDM
transmission shows a Q-factor gain of 0.4 dB (OSNR gain of 1 dB) over
1680 km by using the continuous spectrum in normal dispersion optical fiber.
In the anomalous dispersion regime, NFDM shows similar performance as
the normal-dispersion regime. However, NFDM demonstrates better OSNR
performance. We believe that these experiments provide a first step in de-
veloping the full potential of nonlinear signal multiplexing in optical fibers.

In the next chapter, the discussion will focus on the numerical investigation of
some of the NFDM implementation challenges and, along with their proposed
solutions.
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Practical challenges in NFDM
implementation

“ I don’t know anything, but I do know that everything is inter-
esting if you go into it deeply enough. ”

Richard P. Feynman,

By using the NFT, the evolution of signal over an ideal optical fiber
can be mapped into the nonlinear spectral domain, where the nonlin-

ear spectral amplitudes propagate linearly and independently [64]. NFDM
transmission based on the NFT is based on encoding the information on the
nonlinear spectrum [93], which in principle allows for interference-free com-
munications, i.e., both the inter- and intra-channel interferences due to the
interplay of dispersion and nonlinearity are absent. However, for realistic op-
tical fiber channels, which take impairments such as noise, fiber loss, higher
order dispersion and nonlinearity into account, force practical NFDM system
to be sub-optimal. Moreover, linear and nonlinear distortion contributions
from various optical and electrical transmission components may be consid-
ered as bottlenecks for the practical demonstration of performance gain by
NFDM as suggested in [75].

NFDM systems that use the continuous spectrum suffer from a temporal
broadening upon dispersive propagation. In order to accommodate this tem-
poral broadening, NFDM symbols are designed in the burst-mode, by which
successive symbols are separated by a guard intervals with a duration longer
than the maximum delay spread of the optical channel. Although the guard
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interval improves the numerical accuracy of the NFT/INFT algorithms (i.e.
more samples are available to discretize the nonlinear frequency), the com-
putational complexity increases while computing nonlinear spectral ampli-
tudes. Moreover, the use of guard intervals reduce the spectral efficiency of
the NFDM system.

The ideal channel model of the NLSE neglect the intrinsic fiber loss and noise.
The presence of these impairments, however, threatens the integrablity of the
NLSE given in Eq.(1.17). In the case of NFDM transmissions, noise-signal
interactions and the effectiveness of the lossless path averaging (LPA)-model
at higher signal powers may be considered as the origins of performance
degradation in NFDM transmissions. In addition to the aforementioned in-
trinsic challenges, the laser introduces a nonlinear phase noise (NPN) and
a carrier frequency offset (CFO) that further degrade the NFDM system
performance.

In this chapter, to corroborate the experimental results, a numerical inves-
tigation of the implementation challenges of a single polarization NFDM
systems is presented. The organization of this chapter is as follows: section
4.1 describes the simulation model used for the numerical investigation of a
single polarization NFDM system challenges. The physical challenges asso-
ciated with the fiber channel will be analyzed in section 4.2, starting from
the perturbation analysis model of the NLSE. The perturbation analysis is
used to demonstrate NFDM transmission performance in a noisy and lossy
optical fiber channel model, which can be considered as integrablity break-
ing effects. In section 4.3, the optical challenge due to nonlinear laser phase
noise is discussed. Moreover, a detailed analysis and simulation of perfor-
mance penalty due to a variable guard interval and the oversampling factor
is presented in section 4.4. Finally, in section 4.5 the transmitter and receiver
device penalties on NFDM are discussed before drawing our conclusions.

4.1 Simulation setup

The NFDM system is simulated and studied in a single polarization config-
uration by using a MATLAB® model. The simulation diagram is shown in
Fig.(4.1). The design consists of three main parts: the NFDM transmit-
ter (TX DSP), the amplified optical fiber link and the NFDM receiver (RX
DSP).
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Figure 4.1: Simulation setup.

The simulation set-up is based on an optical 16-QAM NFDM transmitter
with a bandwidth of 16 GHz, corresponding to an aggregate bit rate of
128 Gb/s. At the NFDM transmitter, a pseudo-random binary sequence
(PRBS) stream is mapped to the 16-QAM format and oversampling is per-
formed. Here, the NFT size is 128, and the useful symbol duration is
Ts = 2 ns. The middle 64 subcarriers (out of 128) are filled, from which 4 pilot
subcarriers are used for phase estimation. A number of training symbols is
included for channel estimation prior to the oversampling (OS) stage. After
oversampling, the frequency domain signal is converted into a time domain
signal u (0, τ) by using the IFFT. The NFDM signal can be mathematically
written as

u (0, τ) =
Nsc

∑
k=1

ck(τ) ⋅ ei2πλkτ (4.1)

where ck is the pulse shaped symbol corresponding to the kth subcarrier and
Nsc is the total number of digital subcarriers.

As far as the guard interval (GI) is concerned, it is applied to prevent system
degradation by inter symbol interference (ISI) and inter carrier interference
(ICI). Basically, the GI consists of a number of zeros signals used in order to
separate the successive NFDM symbols. By increasing the GI, the NFDM
system is more robust toward CD induced pulse broadening, but on the other
hand it suffers from a non-negligible data rate overhead. Since the NFDM
symbols are (see Eq.(4.1)) in the temporal domain, a FFT is applied be-
fore mapping the burst-mode NFDM symbols into the continuous part of the
nonlinear spectrum q̂ (0, λ) by using Eq.(3.8). Then, an INFT is performed
to obtain the time domain NFDM signal q (0, τ) in the normalized NFT do-
main before de-normalizing it according to Eq.(1.18). Time synchronization
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symbols are added before the NFDM frame. Finally, the de-normalized data
q (0, t) is serialized by using the parallel-to-serial (P/S) converted before that
the signal is transmitted over an optical fiber channel.

In simulations, optical loop consists of 24-spans of TW-SRS fiber; each span
was 70 km long. The TW-SRS fiber parameters are shown in Table 4.2. The
signal evolution inside the dispersive and nonlinear channel, i.e., optical fiber,
is numerically simulated by using the split-step Fourier method (SSFM).
Accumulated power loss from the fiber span was ∼ 14 dB for each span.
Power losses in each span were compensated by EDFAs with noise figure NF =
5.5 dB. The accumulated ASE noise was filtered out by using a Gaussian
optical band-pass filter (OBPF) with ∆v = 0.4 nm bandwidth.

At the NFDM receiver, timing synchronization is performed to accurately
detect the NFT-processing window, which is followed by CFO estimation
and compensation. The synchronization symbol is separated from the rest of
the NFDM symbols, and then serial-to-parallel converted using the serial-to-
parallel (S/P) converter. Next the signal is normalized according to Eq.(1.18)
before that the NFT is performed to compute the nonlinear spectral ampli-
tude q̂ (L,λ), and we apply a 1-tap channel equalizer H = e−i4λ2L in order to
remove the propagation effect. The NFDM symbols are applied to the inverse
mapping, in order to convert the continuous spectrum to the NFT domain
signal U (z, λ) by using Eq.(3.18). In order to recover the original NFDM
signal, the guard interval, which was inserted at the transmitter side, should
be removed in the temporal domain. The FFT is then performed to recover
the sub-carriers, which facilitates a frequency domain down-sampling of the
NFDM symbols. After down sampling, residual channel estimation and com-
pensation using a zero-forcing equalizer is done in the NFT domain. Then
laser phase noise estimation and compensation, demodulation and BER es-
timation follow, before that parallel-to-serial conversion retrieves the data.
The implementation challenges of the NFDM system are investigated on the
basis of the above configuration.

Table 4.1: NFDM parameters.

Parameter Value Parameter Value Parameter Value
Bandwidth 16 GHz Sampling rate 64 G Sa/s NFT size 128
OS factor 8 GI factor 6 Ts 2 ns
Modulation 16-QAM Pilots 4 TS 4
Nsc 64 NFDM frame size 100
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Table 4.2: TW-SRS parameters.

Parameter Value Parameter Value
Aeff 53.5 µm2 PMD 0.1 ps/

√
km

α 0.2 dB/km D −4.66 ps/nm/km

Table 4.3: System parameters.

Parameter Value Parameter Value
Span length 70km No. fiber span 24
Laser linewidth 100 kHz ENoB 5.5
NF 5.5 dB Polarization single

4.1.1 Physical constraints
The simulation were performed taking the device constraint into considera-
tion. The bandwidth and the sampling frequency for this simulation were
set to B = 16 GHz and fs = 64 GHz, respectively. These values are largely
related to the sampling frequency and bandwidth of the available ADC at
the transmitter. In addition, the linewidth of the laser were set to 1 kHz and
the resolution of the DAC and ADC to 5.5 bits. The NFDM signal are de-
signed according material constraints presented above, and the dimensioning
is described in the following sun-section.

4.1.2 NFDM signal dimensioning
The linear and independent evolution of the nonlinear spectral amplitude,
q̂(λ), for each nonlinear frequency λ motivates a modulation of individual
subcarriers as it is done by the OFDM. Therefore, the NFDM signal is de-
signed and dimensioned in a similar manner as of the OFDM.

From the time duration of NFDM signal Ts = 2 ns and the sampling frequency
of the AWG, fs = 64 GHz, the NFT size is calculated as:

NFT-size = Ts ⋅ fs = 2 ns ⋅ 64 GHz = 128

In the NFDM signal, the zero-padded guard between the baseband signal
and the aliasing product can be generated directly in the nonlinear frequency
domain by setting the highest subcarriers to zero. The remaining subcarriers,
the data subcarriers Nsc, are related to the total useful bandwidth, B, by:

Nsc = Ts ⋅B = 2 ns ⋅ 16 GHz = 32.
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The nominal data rate carried out per polarization taking into account the
possible overheads can be expressed as:

Rnom =
Nsc ⋅ log2(M)

Ts
= 32 ⋅ log2(16)

2 ns = 64 Gbps

The guard-interval (GI) between the NFDM symbols is estimated by

TGI ≈ 2πBβ2L + 3Dp

√
L ≈ 3.6435 ns→ 4 ns

The total pulse duration is T0 = Ts + TGI = 10 ns. Finally, each NFDM frame
has 100 successive NFDM symbols that results a data structure of a 32×100
matrix.

4.2 Intrinsic physical challenges
The NLS equation (1.17) governing the evolution of an optical pulse in a fiber
link is fully integrable in the absence of loss, noise, and high-order dispersion
and nonlinear terms. However, the real fiber-optic channel is perturbed both
by fiber loss and noise added by an optical amplifiers. In the following section,
the analysis of noise and loss dominated channel models will be analyzed
separately.

4.2.1 Noisy channel
The propagation of the noisy optical signal over a lossless fiber channel is
modeled using the stochastic NLS equation that reads [60],[1]:

i
∂q(z, τ)
∂z

= ∂
2q(z, τ)
∂τ 2

− 2s∣q(z, t)∣2q(z, τ) + n(z, τ) (4.2)

where n(z, τ) represents ASE noise added by the amplifier stage. The ASE
noise is generated by spontaneous decay of electrons from the upper energy
levels to lower energy levels in the EDFA. This results in the emission of
photons in a wide frequency range. ASE noise with power spectral density
of NASE is accumulated over a fiber span length of Ls. Here, Eq.(4.2) is
considered as a weak perturbation of the NLSE, and it breaks the integrablity
of Eq.(1.17). To study the influence of noise on the evolution of the nonlinear
spectral amplitudes, one can model the field evolution as proposed in [120],
[121]:

q̂(z, λ) = q̂(0, λ) ⋅ exp (4iλ2z) + η(z, λ) (4.3)
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where η(z, λ) is noise added to the continuous spectrum in the NFT domain,
and it is assumed as circularly symmetric Gaussian process. Based on a
perturbation analysis, Iman Tavakkolnia et al. have shown that ASE noise
has a zero-mean value, i.e. E{q̂(z, λ)} = q̂(0, λ) ⋅ exp (4iλ2z), that translates
simply into E{n(z, t)} = 0 [120] (i.e., here E{⋅} stand for the expectation
operator). Moreover, the second-order statistics of the noise suggest that the
noise in the NFT domain depends on the initial spectral amplitude value,
E{∣η(z, λ)∣2} = f [∣q̂ (0, λ) ∣], with order of 2 + 8πz/c and the power spectral
density of noise grows nonlinearly with the power of the input spectral am-
plitude (see Eq.(6)[121] and Eq.(17)[120]). Therefore, noise in the nonlinear
spectral domain is regarded as being non-Gaussian in distribution and de-
pendent on signal in order of larger than 2.

4.2.2 Gaussian pulse propagation in a noisy fiber chan-
nel

Let us investigate the input spectral amplitude dependence of noise in the
NFT domain. Here, the continuous spectrum of an isolated Gaussian pulse
is transmitted over an amplified optical channel either with a noise or noise-
free setting, as shown in Fig.(4.2). In noisy transmission, Gaussian pulses
with different amplitude values are added to a broad-band optical noise, i.e.,
ASE noise. The continuous spectrum of the Gaussian pulse at the receiver
is compared before and after transmission for the case of either noisy or
noise-free fiber transmissions.
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Figure 4.2: The numerical study schematic diagram of an noiseless and noisy
evolution of the continuous spectrum over fiber channel.

The simulation results show that the continuous spectrum of the Gaussian
pulse at a higher amplitudes is affected more by noise, when compared with
the case of lower power values. Fig.(4.3) demonstrates that the continuous
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spectral amplitude is distorted, as more noise is added in the NFT domain,
when compared with noiseless B2B spectral shape.
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Figure 4.3: The ideal and noise loaded nonlinear spectrum of a Gaussian input
with launch power P0 = −8,−5, & − 2 dBm. The amount of noise in the nonlinear
spectral domain is proportional to the initial spectral amplitude.

4.2.3 Transmission of a 16QAM NFDM signal
4.2.3.1 Back-to-back performance NFDM in the presence of noise

A back-to-back (B2B) performance analysis was first conducted by connect-
ing the transmitter to the receiver, based on the simulation model shown
in Fig.(4.1). A 16 GHz NFDM signal modulated by a 16-QAM format is
transmitted over a fiber channel with added ASE noise from EDFAs with
a NF of 5.5 dB. The difference between the continuous spectrum of NFDM
symbols before and after transmission is measured as a function of the optical
signal-to-noise ratio (OSNR) by using the NMSE, and which is defined as

NMSE = ⟨∣q̂int (λ) − q̂est (λ) ∣
2⟩

⟨∣q̂int (λ) ∣2⟩
(4.4)

where q̂int and q̂est (λ) stand for the initial and the noise loaded nonlinear
spectrum, respectively. The averaging (⟨⋅⟩) is performed over the entire non-
linear frequency (λ) grid. Here, the OSNR value of the NFDM signal is
computed as the ASE noise power is varied from 10 dB to 40 dB, while keep-
ing the power of the NFDM signal fixed, e.g. −8 dBm, −5 dBm and −2 dBm.

The B2B NMSE versus the OSNR curves of the continuous spectrum for
NFDM symbols with different input launch powers is shown in Fig.(4.4). The
results show that the accumulated noise-induced performance degradation
becomes significant for relatively high-power NFDM signals, when compared
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with lower power NFDM signals. In the low power regime, the nonlinear
spectral amplitude matching increase with the signal power increment, i.e.,
higher OSNR value deliver better spectral matching as shown in Fig.(4.4)
for NFDM signal with a signal power of P0 = −8 dBm and P0 = −8 dBm.
For higher power signal, the spectral matching worsens as the LPA approxi-
mation becomes less accurate. Moreover, such penalties are a result of error
introduced during the computation of the nonlinear spectral amplitude by us-
ing the NFT in the NFDM receiver. The ZSSP solution of the noisy received
signal by using the NFT results a propagating noise in each discritization
step. Therefore, the accumulated noise in the NFT block results a corrupted
information decoding at the NFDM decoder. Furthermore, the higher am-
plitude nonlinear spectrum will be affected more by an increased signal-noise
interaction. Therefore, it is quite straight forward to draw a comparison
between the analytic asymptotic expression Eq.(4.3)which suggest that the
noise is input signal dependent, and the simulation result in Fig.(4.4) (for
more informations, refer to [121] and [120]).
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Figure 4.4: NMSE between different nonlinear spectral amplitude q̂ (λ) with
an input power of P0 = -8,-5, & -2 dB as a function of the OSNR with Bopt=0.1
nm.
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4.2.3.2 Transmission analysis

In this simulation, the NFDM signal is designed according to the simulation
setup with parameters given in Table (4.1). The NFDM optical signal with
a temporal duration of 12 ns is transmitted over a 1680 km TW-SRS fiber
with parameters given in Table 4.2, and an EDFA which is required to exactly
compensate for the fiber span loss.

In Fig.(4.5) the input and the output continuous spectral amplitude of a
single NFDM symbol in the cases of either noise-free, Fig.(4.5(a)), or noisy,
Fig.(4.5(b)), fiber transmission, is presented. The simulation results suggest
that the noise effect in the NFT domain is not simply that of an additive
noise. As a result, the NFDM signal turns out to be very sensitive to noise
when compared with its linear counterpart, i.e., OFDM signal. Similarly,
Fig.(4.6) shows the constellation diagram after a fiber propagation in the
case of a noise-free and noisy channel.
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Figure 4.5: Illustration of the NFDM transmission performance in a noisy and
noise free transmissions. The input and output continuous spectral amplitude
q̂(⋅, λ) is shown here in the case of: (a) a noise free, and (b) a noisy optical link,
.

−1.5 −1 −0.5 0 0.5 1 1.5
−1.5

−1

−0.5

0

0.5

1

1.5

< (λ)

=
(λ

)

(a)

−1.5 −1 −0.5 0 0.5 1 1.5
−1.5

−1

−0.5

0

0.5

1

1.5

ℜ (λ)

ℑ
(λ

)

(b)
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This observation is supported by computing the Q-factor performance as a
function of the input launch power, as shown in Fig.(4.7). Note that, because
of ASE and numerical noise, in the computation of the NFT/INFT it may
occur that ∣q̂(λ)∣ > 1 [127]. This phenomenon are generally attributed to
a solitonic component generation by noise [126]. Fig.(4.7) shows the Q-
factor from a noise-free (red) and noisy (blue), from guard interval of 4 ns.
The Authors of [127] have observed, in the lower input power region, the
performance of the noise-free curve present a huge gap when compared with
the noisy transmission curve. The noise-free curve falls sharply at the highest
end of the power scale. This is because of the following few reasons:

* The INFT is intrinsically a solution to ill-posed problem, which is a
general property of all inverse scattering problems. The inverse NFT
attempts at recovering the potential that has generated a given non-
linear spectrum. Physically, one can see the origin of this ill-posed
problem by considering that the Zakharov-Shabat problem describes a
linear chirped fiber Bragg grating. In this case, solving the INFT leads
to the synthesis of the chirp profile (potential) that generates a target
complex grating transmission (nonlinear spectrum) [128]-[131].

Now, as the grating transmission amplitude approaches unity, this
means that light is fully reflected by the grating. Then, there is not
sufficient information in the grating transmission to uniquely determine
the chirp profile inside the grating, since no light penetrates in it. In
the context of the NFDM technique for communications, at the non-
linearity gets larger, any numerical solution to this ill-posed problem
will be subject to the growth of spurious solutions which unavoidably
mask the true solution. Therefore, appropriate regularization proce-
dures should be developed in the future, if one want to increase the
range of stability of digital signal processing techniques implementing
the INFT.

* The extra Q-factor penalty in the fiber transmission is attributed to
the error in the lossless path averaging (LPA) approximation model.

* Due to inherit property of the numerical method used to compute the
NFT/INFT, the NFDM signal generated have undesirable tail at a high
power values. An appropriate amount of GI is used to accommodate
the broadening. The longer GI, the more ASE noise added to the
NFT process. Therefore, a signal-noise interaction also linked to such
performance degradation.
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On the other hand, the performance of the noisy NFDM transmission in-
crease as a function of the input power as one might expect. However, after
reaching an optimal performance value, the performance fall down as the con-
tribution from ASE noise increase with input power [127]. The performance
penalty demonstrate the impact of numerical accuracy, boundary conditions,
discretizations, accuracy of the LPA model, etc. [127].

It is also shown in Fig.(4.7) the performance a noise-free NFDM transmission
with a reduced guard interval, i.e., 2 ns. Here, a reduced value of a guard
interval is used to speed up the NFT computation. The Q-factor performance
remains constant in the lower input power region as the numerical accuracy is
sufficient, i.e., at a lower power value the NFDM do not have a tail. However,
once past the optimal power, the Q-factor performance curve fall down for
the same reason mentioned above.
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Figure 4.7: Q-factor performance as a function of input launch power for
NFDM transmission system with and without ASE noise.

It is clear that noise is limiting the performance of the NFDM transmission.
So, to improve the NFDM system performance understanding the noise be-
havior and modeling it is crucial. Such understanding should help mitigate
the noise, evaluate the NFDM channel capacity, and optimize the perfor-
mance of the NFDM transmissions.
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4.2.4 Lossy channel
In long-haul optical communications, in order to overcome the fiber loss the
optical signals need to be amplified periodically so that the signal ampli-
tude is restored to the initial value. Two different approaches exist: the so
called lumped and distributed amplification schemes have been used as it was
pointed out in chapter 1. Let us consider a periodically amplified noise-free
transmission system in which the optical link is divided among N-number of
fiber spans with a length of Ls[km], and all amplifiers have a constant gain.
The master evolution equation with a gain-loss profile Γ(z) term is defined
as [122]:

i
∂q(z, t)
∂z

= β2
2

∂2q(z, t)
∂τ 2

− γ∣q(z, t)∣2q(z, t) + iΓ(z)q(z, t) (4.5)

where
Γ(z) = iα + i (eαLs − 1) ×

N

∑
n=1

δ (z − nLs) (4.6)

and N is the total number of amplifiers. Eq.(4.5) is non-integrable equation,
i.e., the NFT cannot provide an exact analytic solution. Integrablity can be
restored by introducing a simple change of variables:

q(z, t) = exp(−α
2
z)Q(z, t). (4.7)

which is common in the guiding-center soliton theory [123]. The Eq.(4.5)
can be expressed in the following way:

i
∂Q(z, t)
∂z

− β2
2

∂2Q(z, t)
∂τ 2

+ γ (z) exp (−αz) ∣Q(z, t)∣2Q(z, t) = 0. (4.8)

where the distance dependent nonlinear parameter can be replaced with its
average equivalent γ̄ evaluated over the span length (Ls) as

γ̄ = 1

Ls
∫

Ls

0
γ exp (−αz)dz = γ G − 1

G ln (G)
(4.9)

Here, G = exp (αLs) is the gain parameter [1]. It is convenient to rewrite
Eq.(4.5) as an equation that closely approximates the lossless NLSE (1.17).
This is known as the lossless path averaging (LPA) model of the NLSE,
which reads as

i
∂Q(z, t)
∂z

− β2
2

∂2Q(z, t)
∂τ 2

− γ̄∣Q(z, t)∣2Q(z, t) = 0 (4.10)

Note that Eq.(4.10) is a lossless approximation of a lossy system with variable
gain-loss profile, and the NFT solution is closer to the ideal solution of (4.10)
asymptotically.
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4.2.4.1 Transmission performance of loss for Gaussian pulse

Fig.(4.8) depicts the transmission numerical simulation the influence that
fiber losses have on the continuous spectrum by using a 1680 km fiber trans-
mission link. The transmitter generated an isolated Gaussian pulse with
the full-width half-maximum (FWHM) duration of 50 ps and the total du-
ration of 8 ns. The loop consist of a 24 × 70 km TW-SRS fiber with either
α = 0 dB/km or α = 0.2 dB/km fiber loss coefficient. The link is amplified pe-
riodically after each span by using the EDFAs, and ASE noise is neglected.
The fiber is assumed to have dispersion D = 4.06ps/nm-km and nonlinear
coefficient γ = 1.27W−1km−1.
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Figure 4.8: Numerical simulation model of a periodically amplified lossy chan-
nel and an ideal lossless channel.

The continuous spectrum q̂in (λ) and q̂est (λ) are computed by using the NFT
of the input q0 (t) and output qz (t) after the fiber link, respectively. In the
case of a lossy channel, the signal is amplified by using EDFAs in order to
compute the NFT with the LPA approach. The channel effect is reversed by
using a one-tap equalizer, and the NMSE value is computed between q̂in (λ)
and q̂est (λ). In the lossless case, the NFT continuous spectrum shape is pre-
served, unlike the lossy transmission case, as shown in Fig.(4.9). Therefore,
the NFT performs worse in the lossy case when compared with the lossless
case, due to the approximation error in the LPA model used to compute the
NFT when the channel is lossy and non-integrable.

4.2.4.2 Transmission performance of loss for NFDM transmission

In this simulation, the NFDM signal is transmitted over 1680km noise-free
optical channel either with a loss or losseless setting. For the lossy channel,
the transmission loss is compensated by using a noise-free EDFAs after each
span and the LPA model is used. At the fiber output, the coherent NFDM
receiver decodes the information and computes the Q-factor performance.
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Figure 4.9: The NFT continuous spectrum of a lossless and lossy transmission
where the later approximated by the LPA method.
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Figure 4.10: Q-factor performance vs an input power for a lossless and a lossy
noise-free fiber transmission over 1680km.

In Fig.(4.10) the Q-factor performance as a function of the launched input
signal power is shown. The simulation result demonstrates that at low input
power the lossy transmission with approximated integrable model, i.e., the
LPA model, shows ∼ 3 dB penalty, while at high input power the penalty
becomes in the order of ∼ 5 dB. Such deviation is beacause of the fact that
the LPA model break down at high powers and the channel is non-integrable.
The Q-factor performance penalty increases with the power, consistently with
the B2B results.
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4.3 Optical challenges

4.3.1 Frequency Offset and Laser Phase Noise
The impact of carrier frequency offset and laser phase noise on the NFDM
system is investigated using a similar setup as shown in Fig.(4.1). From the
frequency and phase shift property of NFT:

q (t) e−2iωt NFTÐÐ→ q̂ (λ − ω)

q (t) eiφ NFTÐÐ→ e−iφq̂ (λ)
(4.11)

a carrier frequency shift between the optical carrier and the local oscillator
(LO) induces a frequency shift on the eigenvalues, and a constant phase
rotation φ in time domain will introduce a negative phase rotation on the
received nonlinear spectrum.

The NFDM symbol at the receiver can be expressed as follows:

R(t) = [q (z = L, t) ei∆ωt] eiφn . (4.12)

Assuming a perfect synchronization and supposing that the NFT block pro-
cesses the received signal, the continuous spectral amplitude after 1-tap chan-
nel equalizer is expressed as

q̂eq (z, λ) = q̂(0, λ − ω)e−i4λze−iφn (4.13)

Eq.(4.13) shows that the nonlinear spectral amplitude with a frequency offset
ω exhibits a common phase rotation φ0 and irreducible phase noise ∆φn due
to the nonlinear phase noise φn. The following transmission performance
analysis demonstrates this.

4.3.2 Transmission analysis of laser phase noise penalty
In the simulation architecture presented in Fig.(4.1), an ECL with vari-
able linewidth from 0 k Hz to 1 MHz is introduced for NFDM transmission
over an optical link of either 840 km or 1680 km, respectively. Pilot sub-
carriers/tones are widely used to characterize the laser phase noise at the
RX. In this thesis work, pilot tones are embedded in the nonlinear frequency
domain and retrieved after transmission. This means that the phase drift
between the optical carrier and the LO laser can be tracked over a number
of NFDM symbols.
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To investigate the impact of laser phase noise, at the transmitter signal passes
through a filter s (t) = q (0, t) ⋅ exp (iφ(t)), where φ(t) is the enhanced laser
phase noise. The signal propagates over amplified optical links of L = 840 km
or L = 1680 km reach. At the receiver, synchronization was performed, and
the received signal was separated into a block of NFDM symbols before being
processed by the NFT. The continuous spectrum was equalized by a 1-tap
channel equalizer, and processed by using the OFDM decoder. 4-pilot tones
are used to track the phase evolution before the decoder detects the symbols
and computes the Q-factor values.
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Figure 4.11: Q-factor performance of NFDM transmission over L = 840 km and
L = 1680 km using laser line width of ∆v = 100 kHz and ∆v = 0 kHz.

The comparison of Q-factor performance (derived from the EVM value) vs
the launch input power for L = 840 km and L = 1680 km optical links is
shown in Fig.(4.11). At lower input powers, the performance of the two
systems differ by only 0.8 dB. However, as the launch power increase, the
enhanced phase noise penalty increases for long distance transmission, i.e.,
almost 2.6 dB penalty is observed at the launch input power of −1 dBm.

The laser phase noise (LPN)-induced performance penalties as a function of
laser linewidth (LO) and for a transmission distance of 1680 km for a NFDM
transmission system with a 16QAM is shown in Fig.(4.12). In Fig.(4.12),
different linewidths were used in the simulation. The penalty was only 0.11,
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0.34 and 0.55 dB as LO linewidth changed from 1 kHz to 1 MHz for the
launch input power of −1 dBm, −5 dBm and −8 dBm, respectively. With
linewidths larger than 1 MHz, the performance degradation starts to be sig-
nificant (> 0.5 dB). This penalty suggest that, in NFDM systems the time
domain laser phase noise impacts both amplitude and phase of the nonlin-
ear spectral amplitude q̂ (λ). Moreover, similarity can be drawn between
Fig.(4.12) and Fig.(4.11) in terms of a performance penalty when using the
same transmission distance for a different laser linewidth. The simulation
result in Fig.(4.12) and Fig.(4.11) demonstrates that at high power the laser
linewidth-induced penalty are insignificant when compared with low power
inputs.
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Figure 4.12: A B2B Q-factor penalties as functions of a laser linewidth for a
burst launch input power of 1, −1 and −3 dBm over a 1680 km link.

Finally, the LPN penalty increase with transmission distance is shown in
Fig.(4.13). The Q-factor performance significantly decreases as the distance
increases: a 5 dB penalty at the transmission reach of 1960 km, when com-
pared with the 840 km link is observed for the LO linewidth of ∆v = 100 kHz.
Moreover, compared with linewidth of LO = 0 kHz, the LO = 100 kHz shows
penalty of 1 dB at 840km while this penalty decreases to only 0.2 dB at a
transmission reach of 1960km. On the other hand, a significant performance
degradation for the LO linewidth of 1 MHz is observed when compared with
both the LO linewidth of LO = 0 kHz and LO = 100 kHz. It is apparent that,

134



Chapter 4. Practical challenges in NFDM implementation

in short range transmissions reach, the LPN penalty for the LO linewidth
of 1 MHz is ∼ 3.5 dB and ∼ 3 dB when compared with the LO linewidth
of LO = 0 kHz and LO = 100 kHz, respectively. However, the performance
degradation in all cases are nearly equal when the link distance reaches the
value of 1960 kms.
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Figure 4.13: Q-factor performance versus transmission distance (no ASE noise
is considered).

4.4 DSP implementation and transmission de-
vice issues

4.4.1 Guard interval and spectral efficiency
The burst-mode NFDM system is resilient to the dispersion effects by insert-
ing a very long guard interval (GI), to prevent the inter-symbol interference
(ISI). However, the large GI overhead compromises the spectral efficiency
benefit of NFDM transmission, and also leads to an increased complexity in
the computation of the NFT and INFT of the signal. In NFDM systems,
dispersion effects can only be removed at the receiver in the NFT domain,
while the pulse is still broadens in the temporal-domain upon propagation.
The Authors of [124] have evaluated both in a numerical study and in its ex-
perimental validation, the spectral efficiency gain in pre-compensated NFDM
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as a function of a variable size GI. As per [124], the normalized spectral ef-
ficiency in symbol/s/Hz as a function of the guard interval size, taking both
CD and PMD into account [124], is given as:

SE = Ts

Ts + 2πBβ2L + 3 ⋅Dp

√
L

(4.14)

Neglecting the PMD term and using the relation Ts = Nsc/B, where Nsc is
the number of useful subcarriers, Ts is the useful NFDM symbol duration
and B is the bandwidth of the transmitted signal, Eq.(4.14) is reduced to:

SE = 1

1 + 2πB2β2L/Nsc

(4.15)

In this section, the effect of variable GI size on NFDM systems is investigated
numerically.

4.4.1.1 B2B Performance

To analyze the impact of the GI, the NFDM signal is designed with a variable
GI size in a B2B configuration. At the receiver, it is essential to minimize
the error associated with synchronization, CFO and the split-step Fourier
method. Fig.(4.14) shows the optimal Q-factor performance of the NFDM
system for different sizes of the normalized guard interval GI/T0, i.e. the
guard interval length is normalized to the symbol duration. It can be ob-
served that high-power NFDM symbols perform as good as low power sym-
bols, for normalized guard intervals (NGI) from 2 to 3. However, the high
power symbols performance decreases sharply for NGIs less that 1.5. This
is due to the fact that, at high power, the NFDM symbol exhibits longer
tails, due to its increasing energy leakage towards the decaying tails, when
compared with lower power symbols. Moreover, a reduced guard interval also
induces a performance penalty as a result of increasing numerical errors in
the NFT-INFT computation, due to increased sample size in the nonlinear
frequency domain.

4.4.1.2 Transmission Performance

The transmission performance of NFDM systems subject to variable NGI size
is presented in Fig.(4.15). Here, the simulation was done for both a noise-free
and a noisy amplified optical fiber channel. Fig.(4.15) shows the Q-factor
performance as a function of the input launch burst power for different sizes
of NGI in noise-free (thick lines) and noisy (dashed lines) transmissions.
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Figure 4.14: Simulation result of a B2B Q-factor performance as a function of
NGI for NFDM transmissions with input power of −4 dBm and −1 dBm.
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Figure 4.15: Q-factor vs burst input power for NFDM transmissions with dif-
ferent NGIs in a noise-free (solid lines) and noisy (dashed lines) fiber transmis-
sions.

In Fig.(4.15), the noise-free transmission performance of a NFDM system
with a short guard interval perform slightly worse when compared with a
NFDM system with a longer guard intervals. This penalty is attributed
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to the growth of the signal-noise interaction in the region near the lower
end of the input power; moreover, the noisy performance curve fall down
as the impact of ASE noise increase. The noisy transmission performance
demonstrates that noise has significant impact on the NFDM transmission
with a shorter NGI. Compared with NFDM transmission with NGI = 3, the
NFDM system with NGI = 1 exhibits a Q-factor penalty of 3.4 dB at input
burst power of −2 dBm, and a comparable performance for an input burst
power lower that −4 dBm and. However, spectral efficiency will increase by
a factor of 2 when compared with the NFDM transmissions with NGI = 1.

4.4.2 Oversampling and numerical accuracy
While the idea of using the continuous spectrum for NFDM transmissions is
attractive due to analogies with OFDM, errors in the generated continuous
spectrum and run-time of the NFT/INFT algorithms, make the NFDM more
complex in practical implementations. This sub-section investigates the de-
pendence of the accuracy of a NFDM system on the oversampling factor and
signal power.

4.4.2.1 B2B performance

For the oversampling investigation, a NFDM system with variable oversam-
pling factor is used. NFDM symbols in the linear spectrum are over-sampled,
before mapping them to the continuous part of the nonlinear spectrum. Since
the NLSE is solved by using the INFT numerically, oversampling is essential
for minimizing the numerical errors associated with the information-bearing
signal at the output of the INFT block, q (0, τ). The B2B noise-free perfor-
mance is illustrated in the Fig.(4.16).

The performance of the NFDM transmission in Fig.(4.16) shows a significant
Q-factor gain as the oversampling factor is increased from a value of 4 to
a value of 32. This gain can be attributed to improved accuracy in the
computation of the nonlinear spectral amplitude, as illustrated in inset of
Fig.(4.16).

4.4.2.2 Transmission performance

For transmission performance investigation of the oversampling factor, an
oversampling factor of 4 and 8 was used. Here, the simulation was done for
both a noise-free and a noisy amplified optical fiber channel. Fig.(4.17) shows
the Q-factor performance remain similar for the oversampling factor of 4 and
8. This is the main reason behind our decision to reduce the oversampling
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Figure 4.16: Illustration of B2B performance of the oversampling factor.

factor from 32, in single polarization first experiment, to factor of 8, in a dual
polarization experimental validation.
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Figure 4.17: Q-factor performance as function of input launch power for the
oversampling factor of 4 and 8.

4.5 Transmitter and receiver limitations
Transmitter and receiver front-end electrical components put a major lim-
itation on the achievable performance of NFDM when compared with OFDM
[105]. Commercial DACs/ADCs have very limited bandwidth and bit-resolution.
As a result, there is a limit on the maximum symbol-rate which can be gener-
ated by the transmitter, since the symbol-rate and the signal bandwidth lin-
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early proportional. Moreover, the DAC also introduces a quantization noise
to the digital waveform while converting it into an analog electrical signal.
The quantization noise power variance, σ2 =∆2/12, depends on the step-size
of DAC/ADC (∆), which in turn depends on the number of bits supported
by the device in its operational voltage range. In practice, quantization noise
is further enhanced by other noise sources in the transmitter-receiver chain,
ultimately leading to substantially reduced SNR values.

In practice, DACs/ADCs can be characterized in terms of their effective
number of bits (ENoB) as [125]:

ENoB = SNDR[dB] − 1.76[dB]
6.02

(4.16)

where SDNR is signal to noise plus distortion ratio, which includes noise and
any additional distortions to the system. In this thesis, a Keysight arbitrary-
waveform generator (AWG) with sampling frequency of fs = 64 GSa/s and
50 GSa/s Tektronix digital sampling oscilloscope were used at the transmitter
and receiver, respectively. Although the bit resolution of the AWG is 8 bits,
the maximum value of ENoB is only ∼ 5.5 bits. As a result of the low
ENob, the DAC output signal has a frequency dependent distortion noise
added to it. Consequently, the SNR of the NFDM signal is limited, which
untimely translates into low OSNR and a limited transmission reach. In this
thesis, the generation and transmission of signals with higher order multi-
level modulation proved to be extremely challenging when compared to e.g.
QPSK, due to their higher SNR requirements, for the same level of BER
performance.
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Figure 4.18: Experimentally measured DAC frequency/Phase response for the
(a) I- and (b) Q-channels.
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Experimental measurements of the magnitude and phase response of the
DAC are presented in Fig.(4.18). Ideally, the channel response should be flat
over the entire bandwidth of the signal, in order to avoid any device-induced
performance degradations. Here it should be noted that, while the half power
bandwidth of the amplitude spectrum is limited up to only about ∼ 24 GHz,
the phase response already shows a loss of −10 dB in the I-channel, while it
shows negligible decay in the Q-channel. Due to this decaying response, the
NFDM signal was designed to reside in the flat section of the phase response
curve, i.e. ∼ 16 GHz. The bandwidth limitation of DACs restricted NFDM
symbol-rate around ∼ 25 Gbaud.

Mitigating distortion from the transmitter-receiver chain has may increase
the spectral efficiency and transmission reach. Due to the unavailability of
a measurement method to effectively estimate the transfer function of each
electrical component, only an amplitude pre-distortion equalization was used
at the transmitter side DSP stage as shown in Fig.(4.19). Using a naive
assumption that the phase response is constant over the signal bandwidth,
amplitude equalization is still necessary, since high-frequency components
of the NFDM signal are attenuated, due to the bandwidth narrowing of
the DAC, thus leading to enhanced ISI. A full equalization should also, in
addition to the DACs, take into account driver amplifiers and MZMs induced
amplitude distortion.

(a) (b)

Figure 4.19: Signal spectra of the NFDM signal, (a) before and (b) after the
amplitude pre-emphasis equalizer compensating for the transmitter electronics
induced amplitude distortion.
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4.5.1 TX and RX limitation in B2B performance
In this section, we evaluate the impact on the NFDM transmission of a
limited number of bits of DACs/ADCs. Performance penalties due to a
finite DAC/ADC resolution are shown in Fig.(4.20). In a B2B configuration,
increasing the signal power leads to a performance degradation, due to the
longer decaying tails of the NDFM signal burst. This suggest that higher
DAC resolutions are required to preserve the long tails in NFDM symbols,
i.e., the flat-gain region (refer to [94] for similar observations).
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Figure 4.20: ENoB vs OSNR

4.5.2 TX and RX limitation in transmission perfor-
mance

In this sub-section a simulation was performed to investigate the impact of a
DAC resolution on the NFDM transmission systems.The NFDN signal was
then transmitted over 70km span of TW-SRS fiber which amplified by EDFAs
with NF=5.5 dB, resulting in a total distance of 1680km. In the simulation,
a bit resolutions of ENoB = 3, ENoB = 5, ENoB = 6, and ENoB = 7 were
used.

Fig.(4.21) show Q-factor performance versus the burst input powers, for
3-bit, 5-bits, 6-bits, and 7-bit DAC, respectively. When 5- to 7-bit DAC is
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used, only slight performance improvement is observed. For a 3-bit DAC,
however, the performance penalty is ∼ 3.8 dB. This is expected since with a
low-bit DAC, there is not enough resolution to accurately sample the non-
linear spectral amplitude at the transmitter.
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Figure 4.21: Q-factor performance as a function of the burst input power after
1680km. The DAC resolutions are 3,5,6 and 7 bits, ASE noise was added.
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4.6 Summary
In this chapter, the implementation challenges of NFDM transmissions have
been investigated numerically. NFDM systems suffer from significant distor-
tions due to signal perturbations by noise and loss. Moreover, the integrable
model assumption of the ideal NLSE channel is invalid in a practical scenario,
which needs to be properly taken into account for NFDM to be viable system
for real world implementations. Our comprehensive study of the impact of
guard interval size and oversampling factor suggest the following. First, the
spectral efficiency of NFDM systems can be increased by means of a suit-
able reduction of the guard interval [105]. Second, reducing either the guard
interval or the oversampling factor results increased numerical errors in the
numerical computation of the spectral amplitude by using the NFT. Unlike
OFDM, NFDM symbols are uniquely characterized by a significant decaying
tail as the signal power is increased which puts a tremendous pressure on
the high resolution requirement of DACs/ADCs. Finally, the overall per-
formance of NFDM systems relies on the compensation of any phase error
which may arise in the transmission system, including laser phase noise. As
a result, lasers with linewidth values of ≤ 1 kHz may lead to a significant
performance gain in the NFDM system, compared to its linear counter part,
OFDM.
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Chapter 5

Conclusions and Future Work

“ You cannot hope to build a better world without improving the
individuals. To that end, each of us must work for our own
improvement. ”

Marie Curie,

The motivation of this thesis is that the capacity of present single-mode
fiber (SMF) coherent optical communication systems is fast getting

saturated by fundamental limits. With the global data traffic increasing at
an astounding 26% Compound Annual Growth Rate (CAGR), and the new
machine-learning and Internet-of-Things (IoT) technologies, the research for
new ways to approach the fiber capacity growth is actively being pursued
in order to surpass the transmission capacity crunch. As of today, a ma-
jor limitation to fiber capacity is set by the nonlinear response of the fiber
channel. However, the high computational complexity imposed by state-of-
the-art nonlinear equalization techniques remains a major challenge for their
practical deployment. With the advent of coherent detection and high-speed
digital-signal processing (DSP), novel equalization method have been been
numerically analyzed and experimentally validated in the framework of this
thesis for the compensation of nonlinear fiber impairments in long-haul op-
tical transmission systems.

5.1 Conclusion
The thesis started with an overview of the optical fiber communication sys-
tems evolution, explaining its history from its beginning until present time.
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The architectures of optical networks and their capacity evolution has also
presented. Next, linear and nonlinear processes that affect signal propagation
in optical fibers were described rigorously. Moreover, a detailed literature re-
view of the methods being studied to mitigate nonlinear effects was discussed
in chapter 1.

In Chapter 2, the scattering transform based on the Zakharov-Shabat spec-
tral problem is reviewed, based on the scalar- or vector integrable nonlinear
Schrödinger equation (NLSE). Using the continuous spectrum and operating
in the normal dispersion regime, it was found that the numerical accuracy
of the NFT-INFT algorithms increase linearly with the signal discretization
sample size. Finally, a brief introduction of optical communication systems
based on the NFT is presented.

The first major contribution of this thesis is presented in Chapter 3, where
the NFDM system transmitter and receiver DSP architecture is proposed and
described in great details. An NFDM transmission system in the normal dis-
persion regime and using the continuous spectrum is experimentally demon-
strated for single-polarization transmission. The NFDM is then extended to
polarization-division multiplexing (PDM) optical systems, and experimen-
tally demonstrated for 16 GHz transmission systems based on 16 − QAM
modulation. By these means, the NFDM method is shown to enable high
performance nonlinear equalization with the same bandwidth and transmis-
sion reach, in comparison with the benchmark OFDM system. Although the
normal dispersion regime allow only modulation of the continuous spectrum,
the anomalous dispersion experiment has demonstrated better nonlinearity
tolerance and increased the OSNR value.

Chapter Four. Using the insight from the numerical simulations and exper-
imental validation of NFDM transmission, numerical investigation are per-
formed, aiming at identifying the main challenges in a practical NFDM im-
plementation. The limit of using NFDM arises from several aspects. Firstly,
the non-ideal NLSE channel, which includes loss and noise, leads to signif-
icant distortion on the NFDM communication system. The channel power
dependence of noise in the NFT domain sets a limitation on the achiev-
able spectral efficiency, and by the same token also limits the transmission
reach. Secondly, other sources of penalty come from the guard interval size,
oversampling factor, the DAC/ADC resolution and effective number of bits
(ENoBs).
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5.2 Future Work
Following the research undertaken in this thesis, certain issues and challenges
require further research and development. Among these we may cite:

1. Numerical implementation and optimization of emerging fast-NFT/INFT
algorithms.

2. Design NFDM systems based on b (λ)-modulation in dual-polarization
configuration and perform their experimental validation.

3. Effective DSP techniques to address the complexity limitations of NFDM
systems.

4. Optimize modulation formats by using techniques such as geometric or
probabilistic shaping of constellations.

5. Analytical and numerical study of noise models in the NFT domain.

6. IInvestigate NFT based WDM transmissions based on reconfigurable
optical add-and-drop multiplexer (ROADM).
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5.3. INTRODUCTION

COMMUNICATIONS OPTIQUES BASEES SUR LA
TRANSFORMEE DE FOURIER NON-LINEAIRE

RÉSUMÉ

Les performances des systèmes optiques sont limitées par les effets non-
linéaires. La transformée de Fourier nonlinéaire permet dexploiter les non-
linéarités afin de dépasser la limite de Shannon nonlinéaire. La démonstration
dune transmission NFDM multiplexée en polarisation constitue une étape
importante dans la mise uvre de ce type dapproche.

5.3 INTRODUCTION

La détection cohérente combinée à des techniques de traitement de signal per-
met la mise en oeuvre de formats de modulation conçus dans lhypothèse dun
canal linéaire (i.e. xQAM, OFDM). La capacité des systèmes de transmis-
sion optique approche aujourdhui la limite de Shannon. Laccroissement des
puissances injectées dans les fibres est limité par les effets non-linéaires. Les
performances des égaliseurs non-linéaires, du type DBP (pour Digital Back
Propagation) ou séries de Volterra sont limitées, en particulier en régime
WDM par la non-prise en compte des interactions non-linéaires induites par
les canaux adjacents. Une solution alternative consiste à utiliser de manière
appropriée les non-linéarités : lapproche NFT (Nonlinear Fourier Transform).

Un signal NFDM (Nonlinear Frequency Division Multiplexing) consiste à
multiplexer des signaux dans le domaine NFT. Le signal à transmettre est
décomposé sur la base de modes spectraux non-linéaires, incluant les modes
solitoniques (solutions discrètes) et les modes radiatifs dispersifs (solutions
continues), qui se propagent de manière indépendante. Cette thématique
de recherche commence à faire lobjet dattention dans certains laboratoires
académiques (Univ. Toronto (Canada), Univ. dAston (UK), DTU (Dane-
mark), Telecom ParisTech, ) et laboratoires industriels (Nokia Bell Labs
(Allemagne), Huawei Labs (France)). La première partie concerne une présen-
tation des principes de base dune transmission NFT. Plusieurs démonstra-
tions de transmissions à longue distance de type NFDM ont été présentées
récemment. La deuxième partie concerne les premiers résultats obtenus à
Télécom ParisTech avec la 1ère démonstration dune transmission NFDM
multiplexée en polarisation exploitant le spectre non-linéaire continu.
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PRINCIPE DUNE TRANSMISSION NFT

5.4 PRINCIPE DUNE TRANSMISSION NFT
La propagation dun signal dans une fibre sans perte peut être modélisée
par léquation de propagation non-linéaire qui décrit les interactions entre
dispersion et non-linéarité de type Kerr:

∂Q

∂`
= −iβ2

2

∂2Q

∂t2
+ iγ∣Q∣2Q (5.1)

dans laquelle Q(t, `) représente lenveloppe du signal, β2 le coefficient de dis-
persion chromatique et γ le paramètre non-linéaire. En utilisant les normal-
isations q = Q/

√
P0 , τ = t/T0 et z = `/L avec P0 = 2/(γL) et T0 =

√
∣β2∣L/2,

léquation Eq.5.1 peut se mettre sous une forme normalisée:

i
∂q

∂z
= ∂

2q

∂τ 2
+ 2s∣q∣2q (5.2)

où s = ±1, fonction du signe de la dispersion chromatique D (i.e. s = 1 pour
une fibre à dispersion positive (ń focusing régime) et s = −1 pour une fibre à
dispersion négative (ń defocused regime ż).

Zakharov and Shabat ont démontré que Eq.5.2 est un système non-linéaire
intégrable. Les solutions peuvent être calculées, par exemple, par la méthode
de ń diffusion inverse ż. Le signal peut être décomposé en une combinaison
de composantes spectrales non-linéaires λ qui évoluent linéairement avec la
propagation dans la fibre. Ainsi, de manière similaires aux systèmes de com-
munications classiques (i.e. hypothèse régime linéaire), il est possible détablir
une relation linéaire entrée-sortie des composantes spectrales non-linéaires:

NFT (q(L, τ)) = e−4isλ2LNFT (q(0, τ)) (5.3)

Différentes méthodes numériques du calcul des signaux q̂(0, λ) sont décrites
dans

5.5 TRANSMISSION DUN SIGNAL NFDM MUL-
TIPLEXE EN POLARISATION

Le dispositif expérimental dune transmission NFDM est présenté sur la Fig.5.1.
Un système NFDM présente un certain nombre de similitudes à celles dun
système OFDM. Les étapes du traitement de signal sont insérées sur la fig-
ure, les blocs en blanc correspondent au cas OFDM, les blocs de couleur aux
étapes additionnelles nécessaires au cas NFDM.
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5.5. TRANSMISSION DUN SIGNAL NFDM MULTIPLEXE
EN POLARISATION

Figure 5.1: Comparaison dune transmission NFDM et linéaire.

Un signal NFDM est constitué dun multiple de sous-porteuses, chacune por-
tant une séquence de symboles ck de type QAM:

U (0, λ) =
Nsc

∑
k=1

ckσ (λ − kW0) (5.4)

où Nsc et W0 représentent le nombre et lespacement des sous-porteuses, et
σ(x) est la fonction Dirac. Le signal transmis dans le domaine temporel
sécrit q(0τ) = TF −1[U(0, λ)]. Afin de saffranchir des interactions entre sym-
boles successifs, une bande de garde temporelle de 1.5T0 est introduite des
deux côtés de chaque symbole de durée T0, soit le symbole résultant q(0, τ).
En posant U(0, λ) = TF [q(0, τ)], le signal dans le domaine spectral sécrit
finalement:

q̂(0, λ) =
√
1 − e−∣U ′(0,λ)∣2eiargU ′(0,λ) (5.5)

Le signal NFDM/OFDM est consisté de matrices de 32 sous-porteuses × 64
symboles 16QAM. Les 8 premiers symboles sont utilisés en tant que séquence
dapprentissage et 2 sousporteuses par symbole sont allouées à lestimation de
la phase commune. Les signaux optiques sont générés au moyen dun AWG
(64GS/s) couplé à un modulateur I&Q. Le signal NFDM multiplexé en polar-
isation q = (q1, q2)T nécessite le calcul des composantes q1 et q2 considérant
une équation de propagation de type Manakov. Le signal multiplexé est
émulé au moyen dun PDME : génération successive des signaux q1 et q2 et
réalignement via une ligne à retard optique. Le signal transmis correspond
à un débit binaire en mode burst de 128 Gb/s (pas de prise en compte des
intervalles de garde). Le signal est transmis dans une boucle à recircula-
tion constituée de 2 tronçons de fibres sous-marines de 70 km (D = -4.66
ps/nm/km).
Les performances obtenues sont présentés sur la Fig.5.3(a) en mono- et dou-
ble polarisation. Des performances similaires à loptimum de puissance sont
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CONCLUSION

Figure 5.2: Dispositif expérimental. Insert: structure de la trame
NFDM/OFDM multiplexée en polarisation, Etapes du traitement signal Tx/Rx
(en blan: OFDM, couleur: étapes spécifiques NFDM)

observées. Un écart de ∼ 3 dB est observé entre mono- et double polari-
sation pour les faibles niveaux de puissance comme prédit théoriquement.
La réduction des performances pour les puissances élevées sexpliquent par
la précision relative des équipements utilisés (ENOB ∼ 5 bits, fonction de
transfert de lAWG). La Fig.5.3(c) montre une insensibilité relative à la DGD
de la fibre de transmission (< 0.1ps/

√
km).

Figure 5.3: Performances obtenues: (a) résultats NFDML et OFDM en mono-
et double polarisation, (b) Constellation s NFDM à -3dBm, (c) Sensibilité à la
DGD.
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CONCLUSION
La transmission dun signal NFDM multiplexé en polarisation utilisant le
spectre non-linéaire continu a été démontrée expérimentalement. Un gain
du facteur Q de 0.25 dB du format NFDM par rapport au cas OFDM a été
observé. La sensibilité à la DGD est compatible avec les niveaux de PMD
des fibres actuellement déployées.
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