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Docteur de l’Université Saint-Joseph - Liban
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❘❡♠❡r❝✐❡♠❡♥ts

❏✬❛✐♠❡r❛✐s t♦✉t ❞✬❛❜♦r❞ r❡♠❡r❝✐❡r ❝❤❛❧❡✉r❡✉s❡♠❡♥t ♠♦♥ ❞✐r❡❝t❡✉r ❞❡ t❤ès❡✱ Pr♦❢❡ss❡✉r
❑❛r❛♠ ❙❆❇✱ q✉✐ ♠✬❛ ✐♥té❣ré❡ ❛✉ s❡✐♥ ❞❡ s♦♥ éq✉✐♣❡ ❡t ♠✬❛ ♦❝tr♦②é s❛ ❝♦♥✜❛♥❝❡✳ ❏❡ ❧✉✐
❛❞r❡ss❡ ♠❛ ❣r❛t✐t✉❞❡ ♣♦✉r ❧❡ t❡♠♣s ❛❝❝♦r❞é✱ s❛ ❣❡♥t✐❧❧❡ss❡✱ s♦♥ ❡①✐❣❡♥❝❡✱ s❛ r✐❣✉❡✉r s❝✐❡♥✲
t✐✜q✉❡ ❡t ❧❡s ♥♦♠❜r❡✉① ❡♥❝♦✉r❛❣❡♠❡♥ts ♣r♦❞✐❣✉és✳

❯♥ très ❣r❛♥❞ ♠❡r❝✐ à ♠❛ ❝♦✲❞✐r❡❝tr✐❝❡ ❞❡ t❤ès❡✱ ❉♦❝t❡✉r ❏♦❛♥♥❛ ❇❖❉●■ ♣♦✉r s♦♥ ❡♥❝❛✲
❞r❡♠❡♥t✱ s♦♥ ❛tt❡♥t✐♦♥ ❡t s❡s s❛❣❡s ❝♦♥s❡✐❧s q✉✐ ♠✬♦♥t ♣❡r♠✐s ❞❡ ♠❡♥❡r à ❜✐❡♥ ❝❡ tr❛✈❛✐❧✳

❏❡ s♦✉❤❛✐t❡ ❡①♣r✐♠❡r ♠❛ ♣r♦❢♦♥❞❡ r❡❝♦♥♥❛✐ss❛♥❝❡ ❛✉ ❉♦❝t❡✉r ❆rt❤✉r ▲❊❇❊❊ ♣♦✉r s❡s
❝♦♥s❡✐❧s ❛✈✐sés✱ s♦♥ ❡♥t❤♦✉s✐❛s♠❡✱ s❛ ❞✐s♣♦♥✐❜✐❧✐té ❡t s♦♥ ✐♠♣❧✐❝❛t✐♦♥ t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡
tr❛✈❛✐❧✳ ❏✬❛✐ ♣r✐s ✉♥ ❣r❛♥❞ ♣❧❛✐s✐r à tr❛✈❛✐❧❧❡r ❛✈❡❝ ❧✉✐✳

❏❡ t✐❡♥s à r❡♠❡r❝✐❡r ❝♦r❞✐❛❧❡♠❡♥t ▼✳ ❈❧❛✉❞❡ ❇❖❯❚■◆ ❡t ▼✳ P✐❡rr❡ ❙❊PP❊❈❍❊❘✱ r❡s♣❡❝✲
t✐✈❡♠❡♥t Pr♦❢❡ss❡✉rs à ▲✬❊❝♦❧❡ ◆❛t✐♦♥❛❧❡ ❉❡s ❚r❛✈❛✉① P✉❜❧✐❝s ❞❡ ▲✬❊t❛t ❡t à ❧✬❯♥✐✈❡rs✐té
❞❡ ❚♦✉❧♦♥ ❡t ❞✉ ❱❛r✱ ♣♦✉r ❛✈♦✐r ❛❝❝❡♣té ❞✬êtr❡ r❛♣♣♦rt❡✉rs ❞❡ ❝❡ tr❛✈❛✐❧✳

▼❡s ✈✐❢s r❡♠❡r❝✐❡♠❡♥ts s✬❛❞r❡ss❡♥t é❣❛❧❡♠❡♥t à Pr♦❢❡ss❡✉r ❚♦♥✐ ❙❆❨❆❍ q✉✐ ❛ ❛❝❝❡♣té ❞❡
♣rés✐❞❡r ♠♦♥ ❥✉r② ❞❡ t❤ès❡✳

❏❡ r❡♠❡r❝✐❡ P✐❡rr❡ ▼❆❘●❊❘■❚ ♣♦✉r ❧✬❛✐❞❡ q✉✬✐❧ ♠✬❛ ♦✛❡rt❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ❝♦♥❝❡r♥❛♥t ❧❡s
é❧é♠❡♥ts ✜♥✐s ❡t ♣♦✉r s❡s rés✉❧t❛ts q✉❡ ❥✬❛✐ ✉t✐❧✐sés ❝♦♠♠❡ ré❢ér❡♥❝❡ ❞❛♥s ♠♦♥ tr❛✈❛✐❧✳

❏❡ s♦✉❤❛✐t❡ ❡①♣r✐♠❡r ✐❝✐ t♦✉t ❧❡ ♣❧❛✐s✐r q✉❡ ❥✬❛✐ ❡✉ à tr❛✈❛✐❧❧❡r ❛✉ s❡✐♥ ❞✉ ❧❛❜♦r❛t♦✐r❡ ◆❛✈✐❡r✳
◗✉❡ t♦✉s s❡s ♠❡♠❜r❡s ❡♥ s♦✐❡♥t r❡♠❡r❝✐és✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ▼❛r✐❡✲❋r❛♥ç♦✐s❡ ❑❆❙P■ ♣♦✉r s❛
❣❡♥t✐❧❧❡ss❡ r❡♠❛rq✉❛❜❧❡ ❡t s♦♥ ❛✛❡❝t✐♦♥✳

❏❡ r❡♠❡r❝✐❡ é❣❛❧❡♠❡♥t ❧❡s ❞♦❝t♦r❛♥ts ❡♥ ❋r❛♥❝❡ ❡t ❛✉ ▲✐❜❛♥ q✉✐ ♠✬♦♥t ❝♦t♦②é ♣❡♥❞❛♥t ♠❛
t❤ès❡ ❡t ❛✈❡❝ q✉✐ ❥✬❛✐ ♣❛rt❛❣é ❞❡s ♠♦♠❡♥ts ✐♥♦✉❜❧✐❛❜❧❡s✳

▼❡s r❡♠❡r❝✐❡♠❡♥ts ✈♦♥t ❛✉ss✐ à ♠❡s ♣r♦❝❤❡s ❡t ♠❡s ❛♠✐s q✉✐✱ ❛✈❡❝ ❝❡tt❡ q✉❡st✐♦♥ ❢ré✲
q✉❡♥t❡✱ ✧q✉❛♥❞ ❡st✲❝❡ q✉❡ t✉ ✈❛s s♦✉t❡♥✐r t❛ t❤ès❡ ❄✔✱ ❜✐❡♥ q✉❡ str❡ss❛♥t❡✱ ♦♥t été à ♠❡s
❝ôtés ♣♦✉r ♠❡ r❡♠♦♥t❡r ❧❡ ♠♦r❛❧ ❞✉r❛♥t t♦✉t❡s ❝❡s ❛♥♥é❡s✳

❏❡ ❞é❞✐❡ ❝❡tt❡ t❤ès❡ à ♠❛ ❢❛♠✐❧❧❡✱ ♠♦♥ ♣èr❡ ❡t ♠❛ ♠èr❡ s❛♥s ❧❡sq✉❡❧s ❥❡ ♥✬❡♥ s❡r❛✐s ♣❛s
❧à ❛✉❥♦✉r❞✬❤✉✐✳ ▲❡✉r s♦✉t✐❡♥ ✐♥❝♦♥❞✐t✐♦♥♥❡❧ ❡t ❧❡✉r ♣rés❡♥❝❡ ❞❛♥s ❧❡s ♠♦♠❡♥ts ❞✐✣❝✐❧❡s
♠✬♦♥t été ✐♥❞✐s♣❡♥s❛❜❧❡s✳

✐





❘és✉♠é

❈❡tt❡ t❤ès❡ ❡st ❝♦♥s❛❝ré❡ à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ♣❧❛♥❡s ❞❛♥s ❧❡s
♣❧❛q✉❡s ♠✉❧t✐❝♦✉❝❤❡s ✐♥✜♥✐❡s✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧✬é❧❛st✐❝✐té ❧✐♥é❛✐r❡✳ ▲✬♦❜❥❡t ❞✉ tr❛✈❛✐❧ ❡st ❞❡
tr♦✉✈❡r ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❛❧②t✐q✉❡ ♦✉ s❡♠✐✲❛♥❛❧②t✐q✉❡ ❞❡s r❡❧❛t✐♦♥s ❞❡ ❞✐s♣❡rs✐♦♥ ❞❡s
♦♥❞❡s ❧♦rsq✉❡ ❧❡ r❛♣♣♦rt ❞❡ ❧✬é♣❛✐ss❡✉r ❞❡ ❧❛ ♣❧❛q✉❡ s✉r ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❡st ♣❡t✐t✳ ❈❡s
r❡❧❛t✐♦♥s ❞❡ ❞✐s♣❡rs✐♦♥✱ ❧✐❛♥t ❧❛ ❢réq✉❡♥❝❡ ❛♥❣✉❧❛✐r❡ ❡t ❧❡ ♥♦♠❜r❡ ❞✬♦♥❞❡✱ ❢♦✉r♥✐ss❡♥t ❞❡s
✐♥❢♦r♠❛t✐♦♥s ❝❧és s✉r ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ❞✐✛ér❡♥ts ♠♦❞❡s✳ ❖♥ ♣r♦♣♦s❡
❞❛♥s ❝❡tt❡ t❤ès❡ ❞❡✉① ♠♦❞é❧✐s❛t✐♦♥s ✿ ❧❡ ♠♦❞è❧❡ ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡t ❧❛ ♠ét❤♦❞❡ ❞❡s
❞é✈❡❧♦♣♣❡♠❡♥ts ❛s②♠♣t♦t✐q✉❡s✳ ▲❛ ♣❡rt✐♥❡♥❝❡ ❞❡ ❝❡s ♠ét❤♦❞❡s ❡st t❡sté❡ ❡♥ ❝♦♠♣❛r❛♥t
❧❡✉rs ♣ré❞✐❝t✐♦♥s à ❝❡❧❧❡s ❞❡s t❤é♦r✐❡s ❞❡ ♣❧❛q✉❡s ❜✐❡♥ ❝♦♥♥✉❡s✱ ❡t à ❞❡s rés✉❧t❛ts ❞❡ ré❢é✲
r❡♥❝❡ ♦❜t❡♥✉s ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡s é❧é♠❡♥ts ✜♥✐s✳ ❆✉ ♣ré❛❧❛❜❧❡✱ ❞❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡
❧❛ t❤ès❡✱ ✉♥❡ ❥✉st✐✜❝❛t✐♦♥ ♠❛t❤é♠❛t✐q✉❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❞❛♥s ❧❡ ❝❛❞r❡
st❛t✐q✉❡ ❡st ré❛❧✐sé❡ à ❧✬❛✐❞❡ ❞❡s ♠ét❤♦❞❡s ✈❛r✐❛t✐♦♥♥❡❧❧❡s✳ ■❧ s✬❛❣✐t ❞✬❛❜♦r❞ ❞✬✐❞❡♥t✐✜❡r
❧❡s ❡s♣❛❝❡s ♠❛t❤é♠❛t✐q✉❡s ❞❛♥s ❧❡sq✉❡❧s ❧❡s ♣r♦❜❧è♠❡s ✈❛r✐❛t✐♦♥♥❡❧s ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t
s♦♥t ❜✐❡♥ ♣♦sés✳ P✉✐s✱ ❞❡s t❤é♦rè♠❡s ❞✬❡①✐st❡♥❝❡ ❡t ❞✬✉♥✐❝✐té ❞❡s s♦❧✉t✐♦♥s ❝♦rr❡s♣♦♥❞❛♥t❡s
s♦♥t ❡♥s✉✐t❡ ❢♦r♠✉❧és ❡t ♣r♦✉✈és✳ ▲❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ ❡st ❝♦♥s❛❝ré❡ à ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞❡s
éq✉❛t✐♦♥s ❞✉ ♠♦✉✈❡♠❡♥t ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t✳ ❉❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s s♦♥t ❡✛❡❝✲
t✉é❡s ♣♦✉r ♣❧✉s✐❡✉rs t②♣❡s ❞✬❡♠♣✐❧❡♠❡♥ts✱ ♣❡r♠❡tt❛♥t ❛✐♥s✐ ❞❡ t❡st❡r ❧❛ ✈❛❧✐❞✐té ❞✉ ♠♦❞è❧❡
♣♦✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ❞❡ ✢❡①✐♦♥✳ ▲❛ tr♦✐s✐è♠❡ ♣❛rt✐❡ ❡st ❞é❞✐é❡
à ❧✬❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s éq✉❛t✐♦♥s tr✐❞✐♠❡♥s✐♦♥♥❡❧❧❡s ❞✉ ♠♦✉✈❡♠❡♥t✱ ♠❡♥é❡ à ❜✐❡♥
❣râ❝❡ à ❧❛ ♠ét❤♦❞❡ ❞❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❛s②♠♣t♦t✐q✉❡s✱ ❧❡ ♣❡t✐t ♣❛r❛♠ètr❡ ét❛♥t ❧❡ r❛♣✲
♣♦rt ❞❡ ❧✬é♣❛✐ss❡✉r s✉r ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ❊♥ s✉♣♣♦s❛♥t q✉❡ ❧❡s ❝❤❛♠♣s tr✐❞✐♠❡♥s✐♦♥♥❡❧s
s✬é❝r✐✈❡♥t ❝♦♠♠❡ ❞❡s sér✐❡s ❡♥ ♣✉✐ss❛♥❝❡ ❞✉ ♣❡t✐t ♣❛r❛♠ètr❡✱ ♦♥ ♦❜t✐❡♥t ✉♥❡ s✉❝❝❡ss✐♦♥ ❞❡
♣r♦❜❧è♠❡s à rés♦✉❞r❡ ❡♥ ❝❛s❝❛❞❡✳ ▲❛ ✈❛❧✐❞✐té ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ ❡st é✈❛❧✉é❡ ♣❛r ❝♦♠♣❛r❛✐s♦♥
❛✈❡❝ ❧❛ ♠ét❤♦❞❡ ❞❡s é❧é♠❡♥ts ✜♥✐s✳

✐✐





❆❜str❛❝t

❚❤✐s t❤❡s✐s ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ ♣❧❛♥❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ✐♥✜♥✐t❡ ♠✉❧t✐❧❛②❡r❡❞
♣❧❛t❡s✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❧✐♥❡❛r ❡❧❛st✐❝✐t②✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ✜♥❞ ❛♥ ❛♥❛❧②t✐❝❛❧ ♦r
s❡♠✐✲❛♥❛❧②t✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s ✇❤❡♥ t❤❡ r❛t✐♦ ♦❢ t❤❡ t❤✐✲
❝❦♥❡ss t♦ t❤❡ ✇❛✈❡❧❡♥❣t❤ ✐s s♠❛❧❧✳ ❚❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s✱ ❧✐♥❦✐♥❣ t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝②
❛♥❞ t❤❡ ✇❛✈❡ ♥✉♠❜❡r✱ ♣r♦✈✐❞❡ ❦❡② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢
t❤❡ ✇❛✈❡ ♠♦❞❡s✳ ❚✇♦ ♠❡t❤♦❞s ❛r❡ ♣r♦♣♦s❡❞ ✐♥ t❤✐s t❤❡s✐s ✿ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦✲
❞❡❧ ❛♥❞ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞✳ ❚❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡s❡ ♠❡t❤♦❞s ✐s t❡st❡❞ ❜②
❝♦♠♣❛r✐♥❣ t❤❡✐r ♣r❡❞✐❝t✐♦♥s t♦ t❤♦s❡ ♦❢ ✇❡❧❧✲❦♥♦✇♥ ♣❧❛t❡ t❤❡♦r✐❡s✱ ❛♥❞ t♦ r❡❢❡r❡♥❝❡ r❡✲
s✉❧ts ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳ Pr❡❧✐♠✐♥❛r✐❧②✱ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ t❤❡s✐s
✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✐♥ t❤❡ st❛✲
t✐❝ ❢r❛♠❡✇♦r❦ ✉s✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s✳ ❚❤❡ ✜rst st❡♣ ✐s t♦ ✐❞❡♥t✐❢② t❤❡ ♠❛t❤❡♠❛t✐❝❛❧
s♣❛❝❡s ✐♥ ✇❤✐❝❤ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠s ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❛r❡ ✇❡❧❧ ♣♦s❡❞✳ ❆ s❡r✐❡s
♦❢ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss t❤❡♦r❡♠s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥s ❛r❡ t❤❡♥ ❢♦r♠✉❧❛t❡❞
❛♥❞ ♣r♦✈❡❞✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥
♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛r❡ r❡❛❧✐③❡❞ ❢♦r ❞✐✛❡r❡♥t t②♣❡s ♦❢
❧❛②❡r st❛❝❦s t♦ ❛ss❡ss t❤❡ ❛❜✐❧✐t② ♦❢ t❤✐s ♠♦❞❡❧ t♦ ❝♦rr❡❝t❧② ♣r❡❞✐❝t t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢
✢❡①✉r❛❧ ✇❛✈❡s✳ ❚❤❡ t❤✐r❞ ♣❛rt ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡ t❤r❡❡✲
❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✱ ❝❛rr✐❡❞ ♦✉t ✉s✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞✱ t❤❡
s♠❛❧❧ ♣❛r❛♠❡t❡r ❜❡✐♥❣ t❤❡ r❛t✐♦ ♦❢ t❤❡ t❤✐❝❦♥❡ss t♦ t❤❡ ✇❛✈❡❧❡♥❣t❤✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡
t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✜❡❧❞s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❡①♣❛♥s✐♦♥s ✐♥ ♣♦✇❡r ♦❢ t❤❡ s♠❛❧❧ ♣❛r❛♠❡t❡r✱ ❛
s❡r✐❡s ♦❢ ♣r♦❜❧❡♠s ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ r❡❝✉rs✐✈❡❧② ✐s ♦❜t❛✐♥❡❞✳ ❚❤❡ ✈❛❧✐❞✐t② ♦❢ t❤✐s ♠❡t❤♦❞
✐s ❡✈❛❧✉❛t❡❞ ❜② ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳
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❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s

❘és✉♠é ✐✐

❆❜str❛❝t ✐✐✐

❚❛❜❧❡ ❞❡s ✜❣✉r❡s ✈✐✐✐

▲✐st❡ ❞❡s t❛❜❧❡❛✉① ✐①

■♥tr♦❞✉❝t✐♦♥ ✶

❈❤❛♣✐tr❡ ✶

❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❚❤❡♦r② ❢♦r ❚❤✐❝❦ P❧❛t❡s ✿ ❊①✐st❡♥❝❡ ❛♥❞ ❯♥✐q✉❡✲

♥❡ss ❘❡s✉❧ts ✸
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✶✳✸✳✷✳✶ ●❡♥❡r❛❧✐③❡❞ str❡ss❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
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✶✳✸✳✷✳✸ ❊q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✸✳✷✳✹ ❈♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✸✳✷✳✺ ❙✉♠♠❛r② ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣❧❛t❡ t❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
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✶✳✹ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❢✉❧❧②
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✶✳✹✳✹ ❘❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ str❡ss ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥s ✳ ✳ ✳ ✷✸

✶✳✺ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❧♦❛❞❡❞

♣❧❛t❡ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺
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✶✳✺✳✷ ❈♦❡r❝✐✈✐t② ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ă ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✶✳✺✳✸ ❲❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐✲

t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✶✳✺✳✹ ❊q✉✐✈❛❧❡♥❝❡ t♦ ❛ str❡ss ❢♦r♠✉❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✶✳✻ ❙✐♠♣❧❡ ❙✉♣♣♦rt ❇♦✉♥❞❛r② ❈♦♥❞✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✶✳✼ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✶✳✼✳✶ ❙tr❡ss ❢♦r♠✉❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✶✳✼✳✷ ❉✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✶✳✽ ❘❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✶✳✽✳✶ ❚❤❡ r❡❣✉❧❛r✐③❡❞ ♣r♦❜❧❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✶✳✽✳✷ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ r❡❣✉❧❛r✐③❡❞ s♦❧✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✶✳✾ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
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❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❢♦r ✢❡①✉r❛❧ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❝♦♠♣♦s✐t❡

♣❧❛t❡s ✹✷

✷✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✷ ◆♦t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✷✳✸ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ▼♦❞❡❧ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤✐❝❦ ♣❧❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✷✳✸✳✶ ❚❤❡ ✸❉ ♣❧❛t❡ ❝♦♥✜❣✉r❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✷✳✸✳✷ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡q✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✷✳✸✳✸ ❍♦♠♦❣❡♥❡♦✉s ♣❧❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✷✳✸✳✹ Pr♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣❧❛t❡ ♠♦❞❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✸✳✹✳✶ ❚❤❡ ❙❤❡❛r ❈♦♠♣❧✐❛♥❝❡ Pr♦❥❡❝t✐♦♥ ✭❙❈P✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✸✳✹✳✷ ❚❤❡ ❙❤❡❛r ❙t✐✛♥❡ss Pr♦❥❡❝t✐♦♥ ✭❙❙P✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✷✳✸✳✺ ❑❡❧✈✐♥ ◆♦t❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✷✳✸✳✻ ❚❤❡ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
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✷✳✹✳✶✳✷ ❘❡s♦❧✉t✐♦♥ ❜② ♠❡❛♥s ♦❢ ❋✐♥✐t❡ ❊❧❡♠❡♥t ❆♥❛❧②s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✺✹
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✷✳✹✳✷✳✶ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✷✳✹✳✷✳✷ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♣❧❛t❡ ❞✐s♣❡rs✐♦♥ ❡q✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
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❖♥ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❢♦r ♠♦❞❡❧❧✐♥❣ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❝♦♠♣♦s✐t❡

♣❧❛t❡s ✻✻
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✸✳✹✳✷✳✶ ❚❤❡ ❝❛s❡ ♦❢ ✐♥✲♣❧❛♥❡ ♠❡♠❜r❛♥❛❧ ✇❛✈❡s ✿ α0 6= 0 ❛♥❞ V −1

3 = 0 ✼✾

✸✳✹✳✷✳✷ ❚❤❡ ❝❛s❡ ♦❢ ✢❡①✉r❛❧ ✭♦r ❜❡♥❞✐♥❣✮ ✇❛✈❡s ✿ α0 = 0 ❛♥❞ V −1

3 6=
0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✸✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✸✳✺✳✶ ❋❧❡①✉r❛❧ ✇❛✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾
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✸✳✺✳✷✳✶ ▲♦♥❣✐t✉❞✐♥❛❧ ✇❛✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✸✳✺✳✷✳✷ ■♥✲♣❧❛♥❡ s❤❡❛r ✇❛✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✸✳✻ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

❈♦♥❝❧✉s✐♦♥s ❡t ♣❡rs♣❡❝t✐✈❡s ✶✵✸

❆♥♥❡①❡s

❇✐❜❧✐♦❣r❛♣❤✐❡ ✶✶✸

✈✐✐



❚❛❜❧❡ ❞❡s ✜❣✉r❡s

✶✳✶ ❚❤❡ 3❉ ❝♦♥✜❣✉r❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✶ ❚❤❡ 3❉ ❝♦♥✜❣✉r❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✷✳✷ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [0◦, 90◦]s ♣❧② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✷✳✸ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [−30◦, 30◦]s ♣❧② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✷✳✹ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [0◦,−45◦, 90◦, 45◦]s ♣❧② ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✷✳✺ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ ❬●❋❘P✱ ❆❧✱ ●❋❘P✱ ❆❧ ❪s ♣❧② ✳ ✳ ✻✹

✸✳✶ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [0◦, 90◦]s ♣❧② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✸✳✷ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [0◦, 90◦]s ♣❧② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✸✳✸ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [−30◦, 30◦]s ♣❧② ✳ ✳ ✳ ✳ ✳ ✾✷

✸✳✹ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [0◦,−45◦, 90◦, 45◦]s ♣❧② ✳ ✾✸

✸✳✺ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ ❬●❋❘P✱ ❆❧✱ ●❋❘P✱ ❆❧ ❪s
♣❧② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✸✳✻ ❈♦♠♣❛r✐s♦♥ ♦❢ ❧♦♥❣✐t✉❞✐♥❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [0◦, 90◦]s ♣❧② ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✸✳✼ ❈♦♠♣❛r✐s♦♥ ♦❢ ❧♦♥❣✐t✉❞✐♥❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [−30◦, 30◦]s ♣❧② ✳ ✳ ✳ ✳ ✳ ✾✼

✸✳✽ ❈♦♠♣❛r✐s♦♥ ♦❢ ❧♦♥❣✐t✉❞✐♥❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [0◦,−45◦, 90◦, 45◦]s ♣❧② ✳ ✾✼

✸✳✾ ❈♦♠♣❛r✐s♦♥ ♦❢ ❧♦♥❣✐t✉❞✐♥❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ ❬●❋❘P✱ ❆❧✱ ●❋❘P✱ ❆❧
❪s ♣❧② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✸✳✶✵ ❈♦♠♣❛r✐s♦♥ ♦❢ ❧♦♥❣✐t✉❞✐♥❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ ❬●❋❘P✱ ❆❧✱ ●❋❘P✱ ❆❧
❪s ♣❧② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✸✳✶✶ ❈♦♠♣❛r✐s♦♥ ♦❢ ✐♥✲♣❧❛♥❡ s❤❡❛r ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [0◦, 90◦]s ♣❧② ✳ ✳ ✳ ✳ ✳ ✾✾

✸✳✶✷ ❈♦♠♣❛r✐s♦♥ ♦❢ ✐♥✲♣❧❛♥❡ s❤❡❛r ✇❛✈❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [−30◦, 30◦]s ♣❧② ✳ ✾✾

✸✳✶✸ ❈♦♠♣❛r✐s♦♥ ♦❢ ✐♥✲♣❧❛♥❡ s❤❡❛r ✇❛✈❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [0◦,−45◦, 90◦, 45◦]s
♣❧② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✸✳✶✹ ❈♦♠♣❛r✐s♦♥ ♦❢ ✐♥✲♣❧❛♥❡ s❤❡❛r ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ ❬●❋❘P✱ ❆❧✱ ●❋❘P✱
❆❧ ❪s ♣❧② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✈✐✐✐



▲✐st❡ ❞❡s t❛❜❧❡❛✉①

✷✳✶ ❊❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧❛♠✐♥❛t❡✱ E ❛♥❞ G ✐♥ Pa✱ ρ ✐♥ kg/m3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✷✳✷ ❘❡❧❛t✐✈❡ ❡rr♦r ♦❢ ♣❧❛t❡ ♠♦❞❡❧s ❝♦♠♣❛r❡❞ t♦ ✜♥✐t❡ ❡❧❡♠❡♥t r❡s✉❧ts ✇✐t❤ h/λ =
0.3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✷✳✸ ❘❡❧❛t✐✈❡ ❡rr♦r ♦❢ ♣❧❛t❡ ♠♦❞❡❧s ❝♦♠♣❛r❡❞ t♦ ✜♥✐t❡ ❡❧❡♠❡♥t r❡s✉❧ts ❢♦r ❛
[0◦,−45◦, 90◦, 45◦]s ♣❧② ✇✐t❤ h/λ = 0.3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✷✳✹ ❊❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❡♣♦①②✲❣❧❛ss ✜❜❡r ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧ ❘❡♥♥♦ ❡t ❛❧✳
✭✷✵✶✸✮✱ E ❛♥❞ G ✐♥ Pa✱ ρ ✐♥ kg/m3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✷✳✺ ❊❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛❧✉♠✐♥✐✉♠ ♠❛t❡r✐❛❧ ▲✐✉ ❡t ❛❧✳ ✭✷✵✶✻✮✱ E ❛♥❞ G ✐♥ Pa✱
ρ ✐♥ kg/m3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✷✳✻ ❘❡❧❛t✐✈❡ ❡rr♦r ♦❢ ♣❧❛t❡ ♠♦❞❡❧s ❝♦♠♣❛r❡❞ t♦ ✜♥✐t❡ ❡❧❡♠❡♥t r❡s✉❧ts ✇✐t❤ h/λ =
0.3 ❢♦r ❛ [0◦, 0◦, 90◦, 0◦]s ♣❧② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✸✳✶ ❊❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧❛♠✐♥❛t❡✱ E ❛♥❞ G ✐♥ Pa✱ ρ ✐♥ kg/m3 ✭▲❡❜é❡ ❛♥❞
❙❛❜✱ ✷✵✶✺❀ P❛❣❛♥♦✱ ✶✾✻✾✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✸✳✷ ❊❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❡♣♦①②✲❣❧❛ss ✜❜❡r ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧✱ E ❛♥❞ G ✐♥ Pa✱
ρ ✐♥ kg/m3 ✭❘❡♥♥♦ ❡t ❛❧✳✱ ✷✵✶✸✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✸✳✸ ❊❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛❧✉♠✐♥✐✉♠ ♠❛t❡r✐❛❧✱ E ❛♥❞ G ✐♥ Pa✱ ρ ✐♥ kg/m3 ✭▲✐✉
❡t ❛❧✳✱ ✷✵✶✻✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✐①





■♥tr♦❞✉❝t✐♦♥

▲❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ❡st ❧✬✉♥ ❞❡s ♣❤é♥♦♠è♥❡s ♣❤②s✐q✉❡s ❧❡s ♣❧✉s ✉s✉❡❧s✱ ❞♦♥t ❧✬✐♠♣♦r✲
t❛♥❝❡ ♣r❛t✐q✉❡ ❡st ❝♦♥s✐❞ér❛❜❧❡✱ ét❛♥t à ❧❛ ❜❛s❡ ❞❡ ❧❛ tr❛♥s♠✐ss✐♦♥ ❞✬✐♥❢♦r♠❛t✐♦♥s ❞✐✈❡rs❡s
❞❛♥s ♥♦tr❡ ❡♥✈✐r♦♥♥❡♠❡♥t q✉♦t✐❞✐❡♥ ✭♣r♦♣❛❣❛t✐♦♥ ❞❡ ❧❛ ❧✉♠✐èr❡✱ ❞✉ s♦♥✱ ❞✬♦♥❞❡s r❛❞✐♦s✱
✳✳✳✮✳ ❈✬❡st ✉♥ ❞♦♠❛✐♥❡ très ✈❛st❡ ❛②❛♥t ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❛♥s ♣❧✉s✐❡✉rs ❞✐s❝✐♣❧✐♥❡s✳
❊♥ ❣é♦♣❤②s✐q✉❡ ♣❛r ❡①❡♠♣❧❡✱ ❧❡s tr❡♠❜❧❡♠❡♥ts ❞❡ t❡rr❡ s♦♥t ❞ét❡❝tés ❡♥ ♠❡s✉r❛♥t ❧❡s
♦♥❞❡s q✉✬✐❧s ❝ré❡♥t✳ ▲❡s ♦♥❞❡s s♦♥t ❛✉ss✐ ✉t✐❧✐sé❡s ♣♦✉r ❧❡s ♣r♦s♣❡❝t✐♦♥s ❞✉ ♣étr♦❧❡ ❡t ❞✉
❣❛③ ❡t ♣♦✉r ét✉❞✐❡r ❧❛ str✉❝t✉r❡ ❣é♦❧♦❣✐q✉❡ ❞❡ ❧❛ ❚❡rr❡✳
❯♥❡ ❛✉tr❡ ❛♣♣❧✐❝❛t✐♦♥ très ❝♦♠♠✉♥❡ ❞❡s ♦♥❞❡s ❡st ❧❡ ❝♦♥trô❧❡ ♥♦♥ ❞❡str✉❝t✐❢ ✭❈◆❉✮ ✈✐s❛♥t
à ❞é❝❡❧❡r ❧❛ ♣rés❡♥❝❡ ❞❡ ❢❛✐❧❧❡s ❞❛♥s ✉♥❡ str✉❝t✉r❡ s❛♥s ❛✈♦✐r à ❛❧tér❡r ❧❡s ♣r♦♣r✐étés ♣❤②✲
s✐q✉❡s ❞❡ ❝❡❧❧❡✲❝✐✳ ▲❡ ❝♦♥trô❧❡ ♥♦♥ ❞❡str✉❝t✐❢ ❡st ❝❛♣✐t❛❧ ♣♦✉r ❧❡s ✐♥❞✉str✐❡s ❞❡ ❢❛❜r✐❝❛t✐♦♥
❝♦♠♠❡ ❧✬✐♥❞✉str✐❡ ♣étr♦❧✐èr❡ ✭♣✐♣❡❧✐♥❡s✱ rés❡r✈♦✐rs✱ ✳✳✳✮✱ ❧✬❛ér♦♥❛✉t✐q✉❡ ✭❛✐❧❡s ❞✬❛✈✐♦♥✱ ♣✐è❝❡s
♠♦t❡✉rs✱ ✳✳✳✮✱ ❧✬✐♥❞✉str✐❡ ♥✉❝❧é❛✐r❡ ✭t✉❜❡ ❞✬é❝❤❛♥❣❡✉r ❞❡ ❝❤❛❧❡✉r✱ ❣é♥ér❛t❡✉r ❞❡ ✈❛♣❡✉r✱✳✳✳✮✳

◆♦♠❜r❡✉① s♦♥t ❧❡s ❡✛♦rts q✉✐ ♦♥t été ❞é♣❧♦②és ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡s str✉❝t✉r❡s ❡t ❞❡s
♠❛tér✐❛✉① ✈✐s❛♥t à ♠♦❞é❧✐s❡r ❝♦rr❡❝t❡♠❡♥t ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ❞❛♥s ❧❡s ♣❧❛q✉❡s
é❧❛st✐q✉❡s✳ ❈❡t ✐♥térêt ❛ été s✉s❝✐té ♥♦t❛♠♠❡♥t ♣❛r ❧✬❡①♣❛♥s✐♦♥ ré❝❡♥t❡ ❞❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s
♠❛tér✐❛✉① ❝♦♠♣♦s✐t❡s ❞❛♥s ❧✬❛ér♦♥❛✉t✐q✉❡✱ ❧❡s ❝♦♥str✉❝t✐♦♥s ♥❛✈❛❧❡s✱ ❧❡ tr❛♥s♣♦rt ❛✉t♦✲
♠♦❜✐❧❡ ♦✉ ❞❛♥s ❧❡ ❜ât✐♠❡♥t✱ ❞✉ ❢❛✐t ❞❡s ♥♦♠❜r❡✉① ❛✈❛♥t❛❣❡s q✉✬✐❧s ♦✛r❡♥t ♣❛r r❛♣♣♦rt
❛✉① ♠❛tér✐❛✉① ♠ét❛❧❧✐q✉❡s ❝♦♥✈❡♥t✐♦♥♥❡❧s✳ ❖♥ ❝✐t❡ ❡♥ ♣r❡♠✐❡r ❧❡✉r ❢♦r♠✐❞❛❜❧❡ ❞✉r❛❜✐❧✐té
❡t ❧❡✉r ❜♦♥♥❡ rés✐st❛♥❝❡ à ❧❛ ❢❛t✐❣✉❡✱ à ❧❛ ❝♦rr♦s✐♦♥ ❡t à ❧❛ ♣❧✉♣❛rt ❞❡s ❝♦♥❞✐t✐♦♥s ❡♥✈✐✲
r♦♥♥❡♠❡♥t❛❧❡s✱ ❝❡ q✉✐ ❧❡✉r ♣❡r♠❡t ❞❡ ❣❛r❞❡r ✐♥❞é✜♥✐♠❡♥t ❧❡✉rs str✉❝t✉r❡s✳ ▲❡s ♠❛tér✐❛✉①
❝♦♠♣♦s✐t❡s s♦♥t ❛✉ss✐ ❝❛r❛❝tér✐sés ♣❛r ✉♥ ❣r❛♥❞ r❛♣♣♦rt r❛✐❞❡✉r✴♠❛ss❡ q✉✐ ♣❡r♠❡t ✉♥
❛❧❧è❣❡♠❡♥t ❝♦♥séq✉❡♥t ❞❡s str✉❝t✉r❡s✱ ♥♦t❛♠♠❡♥t r❡❝❤❡r❝❤é ❞❛♥s ❧❡s ❞♦♠❛✐♥❡s ♣ré❝✐tés✳
❈❡♣❡♥❞❛♥t✱ ❧❡✉r ✉s❛❣❡ ✐♥t❡♥s✐❢ r❡st❡ ❧✐♠✐té ♣❛r ❧❛ ♥é❝❡ss✐té ❞❡ ❧♦❝❛❧✐s❡r ❧❡s ❞é❢❛✉ts ♦✉ ❧❡s
❞é❣r❛❞❛t✐♦♥s ❧♦rs ❞❡ ❧❡✉r ❢❛❜r✐❝❛t✐♦♥ ❡t ❞♦♥❝ ❞❡ s✬❛ss✉r❡r ❞❡ ❧❡✉r ✐♥té❣r✐té✳

P❧✉s✐❡✉rs s♦♥t ❧❡s ♣❛r❛♠ètr❡s str✉❝t✉r❛✉① q✉✐ ✐♥✢✉❡♥t s✉r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ♠é❝❛♥✐q✉❡
❡t ❞②♥❛♠✐q✉❡ ❞❡s ♣❧❛q✉❡s ❝♦♠♣♦s✐t❡s ✿ ❧❛ ♥❛t✉r❡ ❞❡s ♠❛tér✐❛✉① ❝♦♥st✐t✉t✐❢s ✭♣r♦♣r✐é✲
tés ❝❤✐♠✐q✉❡s✱ ❞❡♥s✐té✮✱ ❧❡s é♣❛✐ss❡✉rs r❡❧❛t✐✈❡s ❞❡s ❞✐✛ér❡♥t❡s ❝♦✉❝❤❡s ❡t ❧❡✉rs séq✉❡♥❝❡s
❞✬❡♠♣✐❧❡♠❡♥t✳ ❊t❛♥t ❤étér♦❣è♥❡s ❡t ❢♦rt❡♠❡♥t ❛♥✐s♦tr♦♣❡s✱ ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞❡s ♣r♦♣r✐é✲
tés ♠é❝❛♥✐q✉❡s ❞❡s str✉❝t✉r❡s ❝♦♠♣♦s✐t❡s ❡t ❧❛ ♣ré❞✐❝t✐♦♥ ❞❡ ❧❡✉r ré♣♦♥s❡ ❞②♥❛♠✐q✉❡
r❡♣rés❡♥t❡♥t ✉♥ ❡♥❥❡✉ ✐♠♣♦rt❛♥t✳

❉❛♥s ❝❡ tr❛✈❛✐❧✱ ❞❡✉① ❛♣♣r♦❝❤❡s ♣r✐♥❝✐♣❛❧❡s s♦♥t ♣r♦♣♦sé❡s ♣♦✉r ét✉❞✐❡r ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s
♦♥❞❡s é❧❛st✐q✉❡s ❞❛♥s ❧❡s ♣❧❛q✉❡s ❝♦♠♣♦s✐t❡s ✐♥✜♥✐❡s✳ ❉❡ ♣❧✉s✱ ✉♥❡ é✈❛❧✉❛t✐♦♥ ❞✉ ❝♦♠♣r♦✲

✶



♠✐s ❡♥tr❡ ❧❛ s✐♠♣❧✐❝✐té ❡t ❧✬❡①❛❝t✐t✉❞❡ ❞❡ ❝❡s ❛♣♣r♦❝❤❡s ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥
❞❡s ♦♥❞❡s ❡st ♣rés❡♥té❡✳

▲❛ ♣r❡♠✐èr❡ s❡ ♣❧❛❝❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ✸❉ ♣❛r ✉♥ ♣r♦❜❧è♠❡ ✷❉
❡t ❡st ❜❛sé❡ s✉r ✉♥ ♥♦✉✈❡❛✉ ♠♦❞è❧❡ ❞❡ ♣❧❛q✉❡ ❡♥ st❛t✐q✉❡✱ ❝réé ré❝❡♠♠❡♥t ❛✉ ❧❛❜♦r❛t♦✐r❡
◆❛✈✐❡r✱ ❝♦♥♥✉ s♦✉s ❧❡ ♥♦♠ ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t✳ ❈❡ ♠♦❞è❧❡ ♣❡✉t êtr❡ ❝♦♥s✐❞éré ❝♦♠♠❡
✉♥❡ ❡①t❡♥s✐♦♥ ❛✉① ♣❧❛q✉❡s ❤étér♦❣è♥❡s ❞✉ ♠♦❞è❧❡ ❞❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥✳
◆♦✉s ❝♦♥s❛❝r♦♥s t♦✉t ❞✬❛❜♦r❞ ❧❡ ❝❤❛♣✐tr❡ 1 à ✉♥❡ ❥✉st✐✜❝❛t✐♦♥ ♠❛t❤é♠❛t✐q✉❡ ❞ét❛✐❧❧é❡
❞❡ ❧❛ t❤é♦r✐❡ ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❞❛♥s ❧❡ ❝❛❞r❡ st❛t✐q✉❡ ♣❛r ❧❡ ❜✐❛✐s ❞❡s ♠ét❤♦❞❡s ✈❛✲
r✐❛t✐♦♥♥❡❧❧❡s✳ ▲❡s ❞é✜♥✐t✐♦♥s ♣r✐♥❝✐♣❛❧❡s ❞❡s ❝❤❛♠♣s st❛t✐q✉❡s ❡t ❝✐♥é♠❛t✐q✉❡s ❛✐♥s✐ q✉❡
❧❡s éq✉❛t✐♦♥s ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t s♦♥t ❡①♣❧✐q✉é❡s ❡♥ ❞ét❛✐❧✳ ❉❛♥s ♥♦tr❡ ét✉❞❡✱ ♦♥ s❡
❝♦♥❝❡♥tr❡ ❡♥ ♣❛rt✐❝✉❧✐❡r s✉r ❧❡s ♣❧❛q✉❡s ❡♥❝❛stré❡s ❡t ❧✐❜r❡s✳ ▲❛ ♣r❡♠✐èr❡ ét❛♣❡ ❝♦♥s✐st❡ à
❡①♣❧✐❝✐t❡r ❧❡s ❢♦r♠✉❧❛t✐♦♥s ✈❛r✐❛t✐♦♥♥❡❧❧❡s ❡♥ ❝♦♥tr❛✐♥t❡ ❡t ❡♥ ❞é♣❧❛❝❡♠❡♥t ❞✉ ♣r♦❜❧è♠❡ ❡♥
s❡ ❜❛s❛♥t s✉r ❧❡ ♣r✐♥❝✐♣❡ ❞✉ ♠✐♥✐♠✉♠ ❞❡ ❧✬é♥❡r❣✐❡ ♣♦t❡♥t✐❡❧❧❡ ❡t ❝❡❧✉✐ ❞❡ ❧✬é♥❡r❣✐❡ ❝♦♠♣❧é✲
♠❡♥t❛✐r❡✳ ◆♦✉s ❞é✜♥✐ss♦♥s ❡♥s✉✐t❡ ❧❡s ❡s♣❛❝❡s ❢♦♥❝t✐♦♥♥❡❧s ❛♣♣r♦♣r✐és✱ ❞❛♥s ❧❡sq✉❡❧s ❝❡s
❢♦r♠✉❧❛t✐♦♥s s♦♥t ❜✐❡♥ ♣♦sé❡s✳ ❊♥✜♥✱ ❞❡s t❤é♦rè♠❡s ❞✬❡①✐st❡♥❝❡ ❡t ❞✬✉♥✐❝✐té ❞❡ ❧❛ s♦❧✉t✐♦♥
❞✉ ♣r♦❜❧è♠❡ s♦♥t ❢♦r♠✉❧és ❡t ♣r♦✉✈és✳
▲❡ ❝❤❛♣✐tr❡ 2 ❝♦♥❝❡r♥❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ❧❛ ✈❛❧✐❞✐té ❞❡ ❧❛ t❤é♦r✐❡ ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣♦✉r
❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ❞❡ ✢❡①✐♦♥ ❞❛♥s ❞❡s ♣❧❛q✉❡s s②♠étr✐q✉❡s✱
❤étér♦❣è♥❡s ❡t ❛♥✐s♦tr♦♣❡s✳ ▲❡s éq✉❛t✐♦♥s ré❣✐ss❛♥t ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ❞❛♥s ❝❡s
str✉❝t✉r❡s s♦♥t ❢♦r♠✉❧é❡s ❡♥ ♣r❡♠✐❡r ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡s ❞é❢♦r♠❛t✐♦♥s ❞✉ ❝✐s❛✐❧❧❡♠❡♥t
tr❛♥s✈❡rs❡ ❡t ❡♥ ♥é❣❧✐❣❡❛♥t ❧❡s ❡✛❡ts ❞✬✐♥❡rt✐❡ ❡♥ r♦t❛t✐♦♥✳ ◆♦✉s ❞ét❛✐❧❧♦♥s ❡♥s✉✐t❡ ❧❛ rés♦✲
❧✉t✐♦♥ ❡t ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ❞❡ ❝❡s éq✉❛t✐♦♥s✳ ❉❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s s♦♥t ❡✛❡❝t✉é❡s
♣♦✉r ♣❧✉s✐❡✉rs t②♣❡s ❞✬❡♠♣✐❧❡♠❡♥ts✳ ▲❛ ♣❡rt✐♥❡♥❝❡ ❞✉ ♠♦❞è❧❡ ❡st t❡sté❡ ❡♥ ❝♦♠♣❛r❛♥t ❧❡s
rés✉❧t❛ts ♦❜t❡♥✉s à ❝❡✉① ♣ré❞✐ts à ♣❛rt✐r ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡s é❧é♠❡♥ts ✜♥✐s s♣❡❝tr❛✉①✳ ◆♦✉s
♣rés❡♥t♦♥s ❛✉ss✐ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣♦✉r ❧❡ ♠♦❞è❧❡ ❞❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ ❡t ❧❛ t❤é♦r✐❡ ❞❡
❞é❢♦r♠❛t✐♦♥ ❡♥ ❝✐s❛✐❧❧❡♠❡♥t ❞✉ ♣r❡♠✐❡r ♦r❞r❡✳

▲❛ ❞❡✉①✐è♠❡ ❛♣♣r♦❝❤❡ s✬✐♥s♣✐r❡ ❞❡s tr❛✈❛✉① ❞❡ ▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✸✮ ❡t ❝♦♥s✐st❡ à ♠❡ttr❡
❡♥ ♦❡✉✈r❡ ❧❛ ♠ét❤♦❞❡ ❞❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❛s②♠♣t♦t✐q✉❡s ♣♦✉r ❧✬ét✉❞❡ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥
❞❡s ♦♥❞❡s ♣❧❛♥❡s ❞❛♥s ❧❡s ♣❧❛q✉❡s ❝♦♠♣♦s✐t❡s é❧❛♥❝é❡s✳
▲❡ ❝❤❛♣✐tr❡ 3 ❞é❜✉t❡ ♣❛r ✉♥ r❛♣♣❡❧ ❞❡s éq✉❛t✐♦♥s tr✐❞✐♠❡♥s✐♦♥♥❡❧❧❡s ❞✉ ♠♦✉✈❡♠❡♥t✳ ▲❡s
❝❤❛♠♣s tr✐❞✐♠❡♥s✐♦♥♥❡❧s✱ s♦❧✉t✐♦♥s ❞❡ ❝❡s éq✉❛t✐♦♥s✱ s♦♥t r❡❝❤❡r❝❤és s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥ ❞é✲
✈❡❧♦♣♣❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❡♥ ♣✉✐ss❛♥❝❡ ❝r♦✐ss❛♥t❡ ❞✬✉♥ ♣❡t✐t ♣❛r❛♠ètr❡✱ é❣❛❧ ❛✉ r❛♣♣♦rt
❞❡ ❧✬é♣❛✐ss❡✉r s✉r ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ▲❡ ♣r♦❜❧è♠❡ ✐♥✐t✐❛❧ s❡ ❞é❝♦♠♣♦s❡ ❛❧♦rs ❡♥ ✉♥❡ sér✐❡
❞❡ ♣r♦❜❧è♠❡s s✐♠♣❧✐✜és ❞♦♥t ❧❛ rés♦❧✉t✐♦♥ ♣❡r♠❡t ❞❡ ❞ét❡r♠✐♥❡r ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s s✉❝✲
❝❡ss✐✈❡s ❞❡ ❧❛ s♦❧✉t✐♦♥✳ ▲❛ ♣❡r❢♦r♠❛♥❝❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❛s②♠♣t♦t✐q✉❡s
❡st é✈❛❧✉é❡ ❡♥ ❧❛ ❝♦♠♣❛r❛♥t à ❧❛ ♠ét❤♦❞❡ ❞❡s é❧é♠❡♥ts ✜♥✐s ❡t ❛✉① t❤é♦r✐❡s ❞❡ ♣❧❛q✉❡ ❞❡
❑✐r❝❤❤♦✛✲▲♦✈❡✱ ❞❡ ❞é❢♦r♠❛t✐♦♥ ❡♥ ❝✐s❛✐❧❧❡♠❡♥t ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❡t ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t✳

◆♦✉s t❡r♠✐♥♦♥s ❡♥✜♥ ♣❛r ✉♥❡ ❝♦♥❝❧✉s✐♦♥ ❣é♥ér❛❧❡ q✉✐ ❝♦♠♣♦rt❡ ❧❡s rés✉❧t❛ts ❡ss❡♥t✐❡❧s
ét❛❜❧✐s ❞❛♥s ❝❡ tr❛✈❛✐❧ ❞❡ t❤ès❡ ❡t ♥♦✉s ♣r♦♣♦s♦♥s q✉❡❧q✉❡s ♣❡rs♣❡❝t✐✈❡s ❞❡ r❡❝❤❡r❝❤❡✳

✷





❈❤❛♣✐tr❡ ✶

❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❚❤❡♦r② ❢♦r

❚❤✐❝❦ P❧❛t❡s ✿ ❊①✐st❡♥❝❡ ❛♥❞

❯♥✐q✉❡♥❡ss ❘❡s✉❧ts

❈❡ ❝❤❛♣✐tr❡ ✈✐s❡ à ❡①♣❧♦✐t❡r ❧❡s ♠ét❤♦❞❡s ✈❛r✐❛t✐♦♥♥❡❧❧❡s ❛✜♥ ❞❡ ❞♦♥♥❡r ✉♥❡ ❥✉st✐✜❝❛t✐♦♥
♠❛t❤é♠❛t✐q✉❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡♥ st❛t✐q✉❡✳ ❖♥ ♣rés❡♥t❡ t♦✉t ❞✬❛❜♦r❞
❧❡s ❞é✜♥✐t✐♦♥s ❞❡s ❝♦♥tr❛✐♥t❡s ❡t ❞❡s ❞é❢♦r♠❛t✐♦♥s ❣é♥ér❧✐sé❡s ❛✐♥s✐ q✉❡ ❧❡s éq✉❛t✐♦♥s ❞❡
❝♦♠♣❛t✐❜✐❧✐té✱ ❧❡s éq✉❛t✐♦♥s ❞✬éq✉✐❧✐❜r❡ ❡t ❧❡s éq✉❛t✐♦♥s ❝♦♥st✐t✉t✐✈❡s ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t✳
❖♥ ♣❛ss❡ ❡♥s✉✐t❡ à ❢♦r♠✉❧❡r ❧❡s ♣r♦❜❧è♠❡s ✈❛r✐❛t✐♦♥♥❡❧s ❡♥ ❞é♣❧❛❝❡♠❡♥t ❡t ❡♥ ❝♦♥tr❛✐♥t❡✳
▲❡ ♣r✐♥❝✐♣❡ ❡st ❞❡ ♠♦♥tr❡r ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡s s♦❧✉t✐♦♥s ❞❡ ❝❡s ♣r♦❜❧è♠❡s ♣♦✉r t♦✉s
t②♣❡s ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉① ❜♦r❞s✳ ❈❡ ❝❤❛♣✐tr❡ ❛ été ♣✉❜❧✐é ❞❛♥s ❧❛ r❡✈✉❡ ❏♦✉r♥❛❧ ♦❢ ❊❧❛st✐❝✐t②
s♦✉s ❧❛ ré❢ér❡♥❝❡ ❇❡❥❥❛♥✐ ❡t ❛❧✳ ✭✷✵✶✽✮✳

❆❜str❛❝t

❚❤✐s ♣❛♣❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②
✇❤✐❝❤ ✐s ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② ✭♦r t❤❡ ❋✐rst ❖r❞❡r
❙❤❡❛r ❉❡❢♦r♠❛t✐♦♥ ❚❤❡♦r②✮ t♦ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❡s✳ ■♥ ♦r❞❡r t♦ r✐❣♦r♦✉s❧② ❛ss❡ss t❤❡
✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠s✱ ✇❡ ✜rst ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♠♣❧✐❛♥❝❡
t❡♥s♦r r❡❧❛t❡❞ t♦ t❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡ ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥❛❧
s♣❛❝❡s t♦ ✇❤✐❝❤ t❤❡ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ t❤❡♦r② ❜❡❧♦♥❣✱ t❤❡♥ st❛t❡ ❛♥❞ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss t❤❡♦r❡♠s ♦❢ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠s ❢♦r ❝❧❛♠♣❡❞ ❛♥❞ ❢r❡❡
♣❧❛t❡s✱ ❛s ✇❡❧❧ ❛s ❢♦r s✐♠♣❧② s✉♣♣♦rt❡❞ ♣❧❛t❡s✳ ❚❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts ❛r❡ ❛❢t❡r✇❛r❞ ❡①t❡♥❞❡❞
t♦ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ✐✳❡✳✱ ✇❤❡♥ t❤❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r r❡❧❛t❡❞ t♦ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡s ✐s
♥♦t ❞❡✜♥✐t❡✳
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✶✳✶✳ ■♥tr♦❞✉❝t✐♦♥

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

P❧❛t❡s ❛r❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ str✉❝t✉r❡s ✇✐t❤ ❛ s♠❛❧❧ ❞✐♠❡♥s✐♦♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦t❤❡r
t✇♦ ❞✐♠❡♥s✐♦♥s✳ ◆✉♠❡r♦✉s ❛♣♣r♦❛❝❤❡s ✇❡r❡ s✉❣❣❡st❡❞ ✐♥ ♦r❞❡r t♦ r❡♣❧❛❝❡ t❤❡ t❤r❡❡✲
❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠ ❜② ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠ ✇❤✐❧❡ ❣✉❛r❛♥t❡❡✐♥❣ ❛❝❝✉r❛❝② ♦❢ t❤❡
t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✜❡❧❞s✬ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡ ♣❛ss❛❣❡ ❢r♦♠ t❤❡ 3❉ ♣r♦❜❧❡♠ t♦ ❛ 2❉ ♣❧❛t❡
t❤❡♦r② ✐s ❦♥♦✇♥ ❛s ❞✐♠❡♥s✐♦♥❛❧ r❡❞✉❝t✐♦♥✳ ■t ❛❧s♦ ♠❛❦❡s t❤❡ t❤❡♦r② ❡❛s✐❡r t♦ ✉♥❞❡rst❛♥❞
❛♥❞ t♦ ❞❡❛❧ ✇✐t❤✳ ❊✈❡r② t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣❧❛t❡ t❤❡♦r② ✐s ✐♥❞❡❡❞ ❥✉❞❣❡❞ ❜❛s❡❞ ♦♥ ❤♦✇
✇❡❧❧ ✐ts s♦❧✉t✐♦♥ ❛♣♣r♦①✐♠❛t❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠✳ ❚❤❡ ♠♦st
❝♦♠♠♦♥ ❞✐♠❡♥s✐♦♥❛❧❧② r❡❞✉❝❡❞ t❤❡♦r✐❡s ♦❢ t❤✐♥ ♣❧❛t❡s ❛r❡ t❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ ❛♥❞ t❤❡
❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r✐❡s✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤❡s❡ ♣❧❛t❡ t❤❡♦r✐❡s ✐s ❤❡♥❝❡
✐♥t❡r❡st✐♥❣ ❛♥❞ ❤❛s ❛ ❧♦♥❣ ❤✐st♦r②✳ ■t ❤❛s ❜❡❡♥ ❛ ❝❤❛❧❧❡♥❣✐♥❣ s✉❜❥❡❝t t♦ ❡♥❣✐♥❡❡rs ❛♥❞ ♠❛✲
t❤❡♠❛t✐❝✐❛♥s t❤r♦✉❣❤♦✉t t❤❡ ♣❛st ❝❡♥t✉r✐❡s✳ ❚✇♦ ❞✐st✐♥❝t ✇❛②s t♦ ❥✉st✐❢② t✇♦✲❞✐♠❡♥s✐♦♥❛❧
♣❧❛t❡ t❤❡♦r✐❡s ❛r❡ ❡✐t❤❡r ❜② ✉s✐♥❣ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ♦r ❜② ✉s✐♥❣ ✈❛r✐❛t✐♦♥❛❧ t❡❝❤♥✐q✉❡s✳

❚❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ t❤❡♦r②✱ ❦♥♦✇♥ ❛❧s♦ ❛s t❤❡ ❝❧❛ss✐❝❛❧ t❤❡♦r② ♦❢ ♣❧❛t❡s✱ ✐s ❛♥ ❡①t❡♥s✐♦♥
♦❢ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❜❡❛♠ t❤❡♦r②✳ ■t ❞❛t❡s ❜❛❝❦ t♦ 1888 ❛♥❞ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥
t❤❛t str❛✐❣❤t ❧✐♥❡s ♥♦r♠❛❧ t♦ t❤❡ ♠✐❞✲♣❧❛♥❡ ♦❢ t❤❡ ♣❧❛t❡ r❡♠❛✐♥ ♥♦r♠❛❧ ❛❢t❡r ❞❡❢♦r♠❛t✐♦♥✳
▼♦r❣❡♥st❡r♥ ✇❛s t❤❡ ✜rst t♦ ♣r♦✈❡ ✐♥ 1959 t❤❛t t❤❡ ❑✐r❝❤❤♦✛ t❤❡♦r② ✐s ❝♦rr❡❝t ❢♦r t❤✐♥
♣❧❛t❡s✱ ✐✳❡✳✱ ✇❤❡♥ t❤❡ t❤✐❝❦♥❡ss ❛♣♣r♦❛❝❤❡s ③❡r♦ ✭s❡❡ ▼♦r❣❡♥st❡r♥ ✭✶✾✺✾✮✮✳ ❍✐s ❛♥❛❧②s✐s
✇❛s ♣❡r❢♦r♠❡❞ ✉s✐♥❣ t❤❡ t✇♦✲❡♥❡r❣✐❡s ♣r✐♥❝✐♣❧❡ ♦❢ Pr❛❣❡r ❛♥❞ ❙②♥❣❡✱ ❦♥♦✇♥ ❛❧s♦ ❛s t❤❡
❤②♣❡r❝✐r❝❧❡ t❤❡♦r❡♠ ✭Pr❛❣❡r ❛♥❞ ❙②♥❣❡ ✭✶✾✹✼✮✮✳ ◆❡①t✱ ❈✐❛r❧❡t ❛♥❞ ❉❡st✉②♥❞❡r ❡st❛❜❧✐s❤❡❞
r✐❣♦r♦✉s ❡rr♦r ❡st✐♠❛t❡s ❜❡t✇❡❡♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ 3❉ ❡❧❛st✐❝ ♣r♦❜❧❡♠ ❛♥❞ ✐ts ❧✐♠✐t
✭s❡❡ ❈✐❛r❧❡t ❛♥❞ ❉❡st✉②♥❞❡r ✭✶✾✼✾✮❀ ●✳ ❈✐❛r❧❡t ✭✶✾✾✵✮✮✳ ▲❛t❡r ♦♥✱ ❛♥♦t❤❡r ♠❛t❤❡♠❛t✐❝❛❧
❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ t❤❡♦r② ✇❛s ❡st❛❜❧✐s❤❡❞ ❜② ❈✐❛r❧❡t ✉s✐♥❣ ❝♦♥✈❡r❣❡♥❝❡
t❤❡♦r❡♠s ❛s t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♣❧❛t❡ ❛♣♣r♦❛❝❤❡s ③❡r♦ ✭s❡❡ ●✳ ❈✐❛r❧❡t ✭✶✾✾✼✮ ❢♦r ♠♦r❡
❞❡t❛✐❧s✮✳

❉✉❡ t♦ ✐ts ♥♦r♠❛❧✐t② ❛ss✉♠♣t✐♦♥✱ t❤❡ ❝❧❛ss✐❝❛❧ ♣❧❛t❡ t❤❡♦r② ♥❡❣❧❡❝ts ❞❡❢♦r♠❛t✐♦♥s ❝❛✉s❡❞
❜② tr❛♥s✈❡rs❡ s❤❡❛r✳ ❚❤✐s ❧❡❛❞s t♦ ❝♦♥s✐❞❡r❛❜❧❡ ❡rr♦rs ✇❤❡♥ ❛♣♣❧✐❡❞ t♦ ♠♦❞❡r❛t❡❧② t❤✐❝❦
♣❧❛t❡s✳ ❘❡✐ss♥❡r ❘❡✐ss♥❡r ✭✶✾✼✻✮✱ ❍❡♥❝❦② ❍❡♥❝❦② ✭✶✾✹✼✮ ❛♥❞ ❇♦❧❧é ❇♦❧❧é ✭✶✾✹✼✮ ✐♥❞❡♣❡♥✲
❞❡♥t❧② ❞❡✈❡❧♦♣❡❞ ♣❧❛t❡ ❜❡♥❞✐♥❣ ❢♦r♠✉❧❛t✐♦♥s tr②✐♥❣ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ ❞❡✲
✜❝✐❡♥❝② ♦❢ ❑✐r❝❤❤♦✛✲▲♦✈❡ ♣❧❛t❡ t❤❡♦r② ❛♥❞ ❣❛t❤❡r❡❞ ❤❡r❡ ✉♥❞❡r t❤❡ ✉s✉❛❧ ❞❡♥♦♠✐♥❛t✐♦♥
❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r✐❡s✳ ❚♦ t❤✐s ❛✐♠✱ t❤❡② r❡❧❡❛s❡❞ ❑✐r❝❤❤♦✛✬s ♥♦r♠❛❧✐t② ❝♦♥str❛✐♥t✱
✐✳❡✳✱ str❛✐❣❤t ❧✐♥❡s ♥♦r♠❛❧ t♦ t❤❡ ♠✐❞✲♣❧❛♥❡ ♦❢ t❤❡ ♣❧❛t❡ ✉♥❞❡r❣♦ ❛♥ ✐♥❞❡♣❡♥❞❡♥t r♦t❛t✐♦♥
❛❢t❡r ❞❡❢♦r♠❛t✐♦♥✳ ❚❤✐s ❛❧❧♦✇❡❞ t❤❡♠ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t s❤❡❛r ❞❡❢♦r♠❛t✐♦♥s t❤r♦✉❣❤ t❤❡
t❤✐❝❦♥❡ss ♦❢ t❤❡ ♣❧❛t❡✳ ❚❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② ✐s ♦❢t❡♥ ❝❛❧❧❡❞ t❤❡ ✜rst✲♦r❞❡r s❤❡❛r
❞❡❢♦r♠❛t✐♦♥ t❤❡♦r② ✭❋❖❙❉❚✮✳ ❚❤✐s t❤❡♦r② ✇❛s ♣r♦✈❡❞ t♦ ❤❛✈❡ ❛ ✇✐❞❡r r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛❜✐✲
❧✐t② t❤❛♥ t❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ t❤❡♦r② ♣❛rt✐❝✉❧❛r❧② ❢♦r ❝❧❛♠♣❡❞ ♣❧❛t❡s ♦❢ s♠❛❧❧ t♦ ♠♦❞❡r❛t❡
t❤✐❝❦♥❡ss ✇❤❡♥ tr❛♥s✈❡rs❡ s❤❡❛r ♣❧❛②s ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✭s❡❡ ❘❡✐ss♥❡r ✭✶✾✽✺✮ ❛♥❞ ❍✉❣❤❡s
✭✷✵✵✵✮✮✳ ❆❝❝♦r❞✐♥❣ t♦ ❘❡✐ss♥❡r ✭✶✾✽✺✮✱ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② ✐s ❛❧s♦ ♣r❡❢❡rr❡❞ ❜❡✲
❝❛✉s❡ ✐t ❜❡tt❡r r❡♣r❡s❡♥ts ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s s✐♥❝❡ ✐t ❝❛♥ ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥ ❤❛r❞ ❛♥❞
s♦❢t s✐♠♣❧❡ s✉♣♣♦rt ❝♦♥❞✐t✐♦♥s✳

❚❤❡r❡ ✐s ❛ ✈❛st ❧✐t❡r❛t✉r❡ r❡❣❛r❞✐♥❣ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r②✳ ■♥❞❡❡❞✱ ❚❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡

✹



✶✳✶✳ ■♥tr♦❞✉❝t✐♦♥

t❤❡♦r② ✐s t❤❡ ❧✐♠✐t ♠♦❞❡❧ ♦❢ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② ✇❤❡♥ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♣❧❛t❡
❣♦❡s t♦ ✵✳ ❚❤✐s ❧✐♠✐t ❜❡❤❛✈✐♦r ❡♥❢♦r❝❡s ❛ ❥✉♠♣ ♦❢ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ❡♠❡r✲
❣❡♥❝❡ ♦❢ ❜♦✉♥❞❛r② ❧❛②❡rs ✇❤✐❝❤ r❡q✉✐r❡❞ s♣❡❝✐✜❝ ♥✉♠❡r✐❝❛❧ tr❡❛t♠❡♥ts ✭s❡❡ ❢♦r ✐♥st❛♥❝❡
❆r♥♦❧❞ ❛♥❞ ❋❛❧❦ ✭✶✾✾✻✮❀ ❆❧❡ss❛♥❞r✐♥✐ ❡t ❛❧✳ ✭✶✾✾✾✮❀ ❆r♥♦❧❞ ❡t ❛❧✳ ✭✷✵✵✷✮❀ ❇r❛❡ss ❡t ❛❧✳
✭✷✵✵✾✮✳ ❋✉rt❤❡r♠♦r❡✱ r✐❣♦r♦✉s ❞❡r✐✈❛t✐♦♥s ♦❢ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧ ❛s ✇❡❧❧ ❛s ♣r♦♦❢
♦❢ ❤✐❣❤❡r✲♦r❞❡r ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ r❡♠❛✐♥ ✉♥❞❡r ❞✐s❝✉ss✐♦♥ ✭s❡❡ ❇r❛❡ss
❡t ❛❧✳ ✭✷✵✵✾✮❀ P❛r♦♥✐ ❡t ❛❧✳ ✭✷✵✵✼✮❀ ◆❡✛ ❛♥❞ ❍♦♥❣ ✭✷✵✵✾✮ ❛♠♦♥❣ ♦t❤❡rs✮✳

❘❡✐ss♥❡r✲▼✐♥❞❧✐♥✬s t❤❡♦r② ✐s ✇✐❞❡❧② ✉s❡❞ ✐♥ ❛♣♣❧✐❡❞ ♠❡❝❤❛♥✐❝s s✐♥❝❡ ✐t ✇♦r❦s ✇❡❧❧ ❢♦r ❤♦✲
♠♦❣❡♥❡♦✉s ♣❧❛t❡s✳ ❍♦✇❡✈❡r✱ ❛♣♣❧②✐♥❣ ✐t ❞✐r❡❝t❧② t♦ ❧❛♠✐♥❛t❡❞ ♣❧❛t❡s ❧❡❛❞s t♦ ❞✐s❝♦♥t✐♥✉♦✉s
tr❛♥s✈❡rs❡ s❤❡❛r ❞✐str✐❜✉t✐♦♥s ✐♥ ❛❞❞✐t✐♦♥ t♦ ✐♥❝♦rr❡❝t ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞❡✢❡❝t✐♦♥ ❝♦♠✲
♣❛r❡❞ t♦ ❡①❛❝t s♦❧✉t✐♦♥s✳ ■♥ r❡❝❡♥t ❞❡❝❛❞❡s✱ ♠❛♥② st✉❞✐❡s ❤❛✈❡ ❜❡❡♥ ❝♦♥❞✉❝t❡❞ ✐♥ ♦r❞❡r
t♦ tr② t♦ ❝❛♣t✉r❡ ❝♦rr❡❝t❧② t❤❡ ❡✛❡❝ts ♦❢ tr❛♥s✈❡rs❡ s❤❡❛r ❞❡❢♦r♠❛t✐♦♥s ✭s❡❡ ▼✳ ❲❤✐t♥❡②
✭✶✾✼✷✮❀ ❘❡❞❞② ✭✶✾✽✾✮❀ ◆♦♦r ❛♥❞ ▼❛❧✐❦ ✭✷✵✵✵✮❀ ❉✐❛③ ❡t ❛❧✳ ✭✷✵✵✶✮❀ ❈❛rr❡r❛ ✭✷✵✵✷✮✮✳ ❘❡✲
❝❡♥t❧②✱ ♠♦t✐✈❛t❡❞ ❛♥❞ ✐♥s♣✐r❡❞ ❜② t❤❡ ✐❞❡❛s ❛♥❞ t❡❝❤♥✐q✉❡s ♣r❡s❡♥t❡❞ ✐♥ ❘❡✐ss♥❡r ✭✶✾✹✺✮✱
❆✳ ▲❡❜é❡ ❛♥❞ ❑✳ ❙❛❜ ❞❡r✐✈❡❞ ❛ ♥❡✇ ♣❧❛t❡ t❤❡♦r② ❝❛❧❧❡❞ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②
❢♦r t❤✐❝❦ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❡s ✭▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✶✮✮✳ ❚❤✐s t❤❡♦r② r❡♣❧❛❝❡s t❤❡ ❝❧❛ss✐✲
❝❛❧ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♦✉t✲♦❢✲♣❧❛♥❡ s❤❡❛r ❢♦r❝❡ ❜② ❛ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡ r❡❧❛t❡❞ t♦ t❤❡
✜rst ❣r❛❞✐❡♥t ♦❢ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✐s ❤❡♥❝❡ ❝♦♥s✐❞❡✲
r❡❞ ❛s ❛♥ ❡①t❡♥s✐♦♥ t♦ ❧❛♠✐♥❛t❡❞ ♣❧❛t❡s ♦❢ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♣❧❛t❡ t❤❡♦r②✳ ❆✳ ▲❡❜é❡
❛♥❞ ❑✳ ❙❛❜ ❛❧s♦ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❝❛♥♥♦t ❜❡ r❡❞✉❝❡❞ t♦ ❛
❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② ✉♥❧❡ss t❤❡ ♣❧❛t❡ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ❤♦♠♦❣❡♥❡♦✉s ✭s❡❡ ▲❡❜é❡
❛♥❞ ❙❛❜ ✭✷✵✶✶✮✮✳ ❚❤❡ ♥❡✇ t❤❡♦r② ✇❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② ❛♥❞ t♦
❢✉❧❧ 3❉ ✭P❛❣❛♥♦ ✭✶✾✻✾✱ ✶✾✼✵✮✮ ❡①❛❝t s♦❧✉t✐♦♥s ✐♥ ▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✶✮✳ ❚❤❡② ❝❛♠❡ ✉♣
✇✐t❤ t❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❛t t❤❡✐r ♥❡✇ t❤❡♦r② ❣✐✈❡s ❣♦♦❞ ♣r❡❞✐❝t✐♦♥ ♦❢ ❞❡✢❡❝t✐♦♥✱ s❤❡❛r str❡ss
❞✐str✐❜✉t✐♦♥s ❛♥❞ ✐♥✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥t ❞✐str✐❜✉t✐♦♥s ✐♥ ❛♥② ♠❛t❡r✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡②
❛❧s♦ ❡①t❡♥❞❡❞ t❤❡✐r ♥❡✇ t❤❡♦r②✱ ✇❤✐❝❤ ✇❛s ♦r✐❣✐♥❛❧❧② ❞❡s✐❣♥❡❞ ❢♦r ❧❛♠✐♥❛t❡❞ ♣❧❛t❡s✱ t♦ ✐♥✲
♣❧❛♥❡ ♣❡r✐♦❞✐❝ ♣❧❛t❡s ❛♥❞ t❤❡② ❛♣♣❧✐❡❞ ✐t t♦ s❛♥❞✇✐❝❤ ♣❛♥❡❧s ✭s❡❡ ▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✷❛✮
❛♥❞ ▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✷❜✮✮✱ ❛s ✇❡❧❧ ❛s s♣❛❝❡ ❢r❛♠❡s ✭▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✸✮✮✳ ❋✐♥❛❧❧②✱
t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✇❛s ❥✉st✐✜❡❞ t❤r♦✉❣❤ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ▲❡❜é❡ ❛♥❞ ❙❛❜
✭✷✵✶✸✮✳

❲❡ ❝♦♥❝❡♥tr❛t❡ ✐♥ t❤✐s ♣❛♣❡r ♦♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤✐s t❤❡♦r② ❜② ♠❡❛♥s
♦❢ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s✳ ❚❤❡ ♠❛✐♥ ❡♠♣❤❛s✐s ✐s ♣✉t ♦♥ ❝❧❛♠♣❡❞ ❛♥❞ ❢r❡❡ ♣❧❛t❡s✳ ❲❡ ❛r❡
♣r✐♥❝✐♣❛❧❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤ ✐❞❡♥t✐❢②✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ s♣❛❝❡s ✐♥ ✇❤✐❝❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠s ❛r❡ ✇❡❧❧✲❞❡✜♥❡❞✱ ✐♥ ♦r❞❡r t♦ ❢♦r♠✉❧❛t❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss t❤❡♦✲
r❡♠s ❢♦r t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s✳ ❋♦r ❢✉❧❧ ❞❡t❛✐❧s ♦♥ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✱
✇❡ r❡❢❡r t♦ ❙❛❜ ❛♥❞ ▲❡❜é❡ ✭✷✵✶✺✮✳

❚❤❡ ♣❛♣❡r ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✸✳✷ ♣r♦✈✐❞❡s ❛ ❜r✐❡❢ r❡✈✐❡✇ ♦❢ t❡♥s♦r ❝❛❧❝✉❧✉s ❛♥❞
♥❡❝❡ss❛r② ♥♦t✐♦♥s t❤❛t ✇✐❧❧ ❜❡ ♥❡❡❞❡❞ ✐♥ t❤✐s ✇♦r❦✳ ❋✉rt❤❡r♠♦r❡✱ ✐t r❡❝❛❧❧s s♦♠❡ ✇❡❧❧✲❦♥♦✇♥
❞❡✜♥✐t✐♦♥s ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡♦r❡♠s ❛♥❞ r❡s✉❧ts ✇❤✐❝❤ ❛r❡ ❡ss❡♥t✐❛❧ ❢♦r t❤❡ ♣r♦❜❧❡♠s t❤❛t
✇❡ ✇❛♥t t♦ ❝♦♥s✐❞❡r✳ ■♥ ❙❡❝t✐♦♥ ✶✳✸✱ ✇❡ s❡t ❜r✐❡✢② t❤❡ 3❉ ❡❧❛st✐❝ ♣r♦❜❧❡♠ ❢♦r ❛ ❝❧❛♠♣❡❞
♣❧❛t❡ t❤❡♥ ✇❡ s✉♠♠❛r✐③❡ s②♥t❤❡t✐❝❛❧❧② t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠✳❲❡ ♣r♦♣♦s❡ ♥❡①t ✐♥
❙❡❝t✐♦♥ ✶✳✹ ❛ ♣r♦♣❡r ♠❛t❤❡♠❛t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✳ ❙❡❝t✐♦♥

✺



✶✳✷✳ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r✐❡s

✶✳✹✳✶ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ str❡ss ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♥❡✇ ♣❧❛t❡ t❤❡♦r② t❤❡♥ t♦ t❤❡ ♣r♦♦❢ ♦❢ ✐ts
✇❡❧❧✲♣♦s❡❞♥❡ss ✭❚❤❡♦r❡♠ ✶✮✳ ■♥ ❙❡❝t✐♦♥ ✶✳✹✳✸✱ ✇❡ ♣r❡s❡♥t ❛ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ✇❤✐❝❤
✐s ❜❛s❡❞ ♦♥ t❤❡ ♠✐♥✐♠✉♠ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ♣r✐♥❝✐♣❧❡✳ ■♥ ❙❡❝t✐♦♥ ✶✳✺✱ ✇❡ st✉❞② t❤❡ ♣r♦❜❧❡♠
✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ♣r♦✈❡ t❤❛t ✐t ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✭❚❤❡♦r❡♠ ✹✮✳
■♥ ❙❡❝t✐♦♥ ✶✳✻✱ ✇❡ ❞✐s❝✉ss t❤❡ ♣r♦❜❧❡♠ ✇❤❡♥ t❤❡ ♣❧❛t❡ ✐s s✐♠♣❧② s✉♣♣♦rt❡❞✳ ■t s❤♦✉❧❞
❜❡ ✉♥❞❡r❧✐♥❡❞ t❤❛t t❤r♦✉❣❤♦✉t ❙❡❝t✐♦♥s ✶✳✹✲✶✳✻✱ ✇❡ tr❡❛t t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ t❤❡
❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r r❡❧❛t❡❞ t♦ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ■♥
❙❡❝t✐♦♥ ✶✳✼✱ ✇❡ ❡①t❡♥❞ t❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts t♦ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❛♥❞ ♣r♦✈✐❞❡ ❝♦rr❡s♣♦♥❞✐♥❣
str❡ss ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥s✳ ❙❡❝t✐♦♥ ✶✳✽ ✐s ✐♥t❡♥❞❡❞ t♦ ♣r♦✈✐❞❡ ❛ r❡❣✉❧❛r✐③❛t✐♦♥
♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❛♥❞ t♦ st✉❞② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ r❡❣✉❧❛r✐③❡❞ s♦❧✉t✐♦♥
t♦ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❋✐♥❛❧❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ ✐♥ ❙❡❝t✐♦♥
✸✳✻ ✇✐t❤ s♦♠❡ ✜♥❛❧ r❡♠❛r❦s✳

✶✳✷ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r✐❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ♦✉r ♥♦t❛t✐♦♥s ❛♥❞ ✇❡ r❡❝❛❧❧ s♦♠❡ ❡①✐st✐♥❣ r❡s✉❧ts ✇❤✐❝❤ ❛r❡
❝r✉❝✐❛❧ ❢♦r ♦✉r ❛♥❛❧②s✐s✳

✶✳✷✳✶ ❚❡♥s♦rs

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ s❤❛❧❧ ❛ss✉♠❡ t❤❛t ❛❧❧ ✈❡❝t♦r s♣❛❝❡s ❛r❡ ♦✈❡r R✳ ❋✐rst✱ s❡❝♦♥❞✱
t❤✐r❞✱ ❢♦✉rt❤ ❛♥❞ s✐①t❤ r❛♥❦ t❡♥s♦rs ❛r❡ ❞❡♥♦t❡❞ ❜② X ✱ X

∼
✱ X

⌢
✱ X

≈

✱ X
⌢⌢
✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡②

❝♦♠♣❧② ✇✐t❤ s♣❡❝✐✜❝ s②♠♠❡tr✐❡s ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ◆♦t❡ t❤❛t t❤❡s❡ ♥♦t❛t✐♦♥s ❛r❡
✉s❡❞ ❢♦r ❜♦t❤ 2D ❛♥❞ 3D t❡♥s♦rs✳ ❋♦r t❡♥s♦r ❝♦♠♣♦♥❡♥ts✱ ✇❡ ✉s❡ ●r❡❡❦ ✐♥❞✐❝❡s t♦ r❡♣r❡s❡♥t
2D t❡♥s♦rs ✭α, β, γ.. = 1, 2✮ ❛♥❞ ▲❛t✐♥ ✐♥❞✐❝❡s t♦ r❡♣r❡s❡♥t 3D t❡♥s♦rs ✭i, j, k.. = 1, 2, 3✮✳
❋♦r ❡①❛♠♣❧❡✱ (Xij) ❞❡♥♦t❡s t❤❡ 3D t❡♥s♦r X

∼
✇❤❡r❡❛s (Xαβ) ❞❡s✐❣♥❛t❡s t❤❡ 2D t❡♥s♦r X

∼
✳

❋♦r s✐♠♣❧✐❝✐t② ♣✉r♣♦s❡s✱ ✇❡ ❛❞♦♣t t❤❡ ❊✐♥st❡✐♥ s✉♠♠❛t✐♦♥ ❝♦♥✈❡♥t✐♦♥ ♦♥ r❡♣❡❛t❡❞ ✐♥❞✐❝❡s
✇❤❡♥ ♠❛♥✐♣✉❧❛t✐♥❣ ❡①♣r❡ss✐♦♥s ✐♥✈♦❧✈✐♥❣ t❡♥s♦rs✳

❚❤❡ tr❛♥s♣♦s❡ ♦♣❡r❛t✐♦♥ T• ✐s ❛♣♣❧✐❡❞ t♦ ❛♥② ♦r❞❡r t❡♥s♦rs ❛s ❢♦❧❧♦✇s ✿ (TX)αβ...ψω =
Xωψ...βα✳ ❋♦✉r s②♠❜♦❧s ❛r❡ ❞❡✜♥❡❞ ✿ (·)✱ (:)✱ (...) ❛♥❞ (...

.
) ❢♦r ❝♦♥tr❛❝t✐♦♥ ♦♥✱ r❡s♣❡❝t✐✈❡❧②✱

♦♥❡✱ t✇♦✱ t❤r❡❡ ❛♥❞ ❢♦✉r ✐♥❞✐❝❡s✳ ❇② ❝♦♥✈❡♥t✐♦♥✱ t❤❡ ❝❧♦s❡st ✐♥❞✐❝❡s ❛r❡ s✉❝❝❡ss✐✈❡❧② s✉♠♠❡❞
t♦❣❡t❤❡r ✐♥ ❝♦♥tr❛❝t✐♦♥ ♣r♦❞✉❝ts✳ ❚❤✉s✱ X

⌢⌢
... Y

⌢
= (XαβγδλµYµλδ) ❛♥❞ X

⌢
· Y = (XαβγYγ)

✐s ❞✐✛❡r❡♥t ❢r♦♠ Y ·X
⌢

= (YαXαβγ)✳

❚❤❡ ✐❞❡♥t✐t② ❢♦r 2D ✈❡❝t♦rs ✐s δ
∼

= (δαβ) ✇❤❡r❡ δαβ ✐s ❑r♦♥❡❝❦❡r s②♠❜♦❧ ✭δαβ = 1 ✐❢
α = β✱ δαβ = 0 ♦t❤❡r✇✐s❡✮✳ ❚❤❡ ✐❞❡♥t✐t② ❢♦r 2D s②♠♠❡tr✐❝ s❡❝♦♥❞ ♦r❞❡r t❡♥s♦rs ✐s i

≈

✇❤❡r❡

iαβγδ =
1
2
(δαγδβδ + δαδδβγ)✳ ❚❤❡ r❡❛❞❡r ♠✐❣❤t ❡❛s✐❧② ❝❤❡❝❦ t❤❛t i

≈

: i
≈

= i
≈

✱ i
≈

... i
≈

= 3/2 δ
∼

❛♥❞ i
≈
...
.
i
≈

= 3✳

❚❤❡ ❣r❛❞✐❡♥t ♦❢ ❛ s❝❛❧❛r ✜❡❧❞ X ✇r✐t❡s ∇X = (X,β) ✇❤✐❧❡ t❤❡ ❣r❛❞✐❡♥t ♦❢ ❛ ✈❡❝t♦r
♦r ❛ ❤✐❣❤❡r✲♦r❞❡r t❡♥s♦r ✜❡❧❞s ✇r✐t❡s X

∼
⊗ ∇ = (Xαβ,γ)✱ ❢♦r ✐♥st❛♥❝❡✱ ✇❤❡r❡ ⊗ ✐s t❤❡

✻



✶✳✷✳ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r✐❡s

❞②❛❞✐❝ ♣r♦❞✉❝t✳ ❚❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ ❛ ✈❡❝t♦r ✜❡❧❞ ♦r ❛ s❡❝♦♥❞ ♦r❞❡r t❡♥s♦r ✜❡❧❞ ✐s ♥♦t❡❞
X ·∇ = (Xα,α) ❛♥❞ X

∼
·∇ = (Xαβ,β)✱ r❡s♣❡❝t✐✈❡❧②✳

▲❡t R ✱ R
∼
❛♥❞ R

⌢
❜❡ t❤❡ s♣❛❝❡s ♦❢ 2D ✜rst✱ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ r❛♥❦ t❡♥s♦rs ✇❤✐❝❤ ❝♦♠♣❧②

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s②♠♠❡tr✐❡s ✿

✭✶✳✶✮ R
∼
=
{

X
⌢

= (Xαβ) ∈ R4| Xαβ = Xβα

}

,

✭✶✳✷✮ R
⌢
=
{

X
⌢

= (Xαβγ) ∈ R8| Xαβγ = Xβαγ

}

❚❤❡ s♣❛❝❡s R
∼
❛♥❞ R

⌢
❛r❡ r❡s♣❡❝t✐✈❡❧② ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s❝❛❧❛r ♣r♦❞✉❝ts ✿

TX
∼

: X
∼

′ = XαβX
′
αβ

❛♥❞
TX
⌢
...X

⌢

′ = XαβγX
′
αβγ .

❆♥② 2D t❤✐r❞✲r❛♥❦ t❡♥s♦r X
⌢

✐♥ R
⌢

❝❛♥ ❜❡ ♦rt❤♦❣♦♥❛❧❧② ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❛ s♣❤❡r✐❝❛❧ ♣❛rt
X
⌢

s ❛♥❞ ❛ ❞❡✈✐❛t♦r✐❝ ✶ ♣❛rt X
⌢

❞ ❛s ✿

X
⌢

= X
⌢

s +X
⌢

❞

✇❤❡r❡

Xs
αβγ =

1

3
(Xανλδνλδβγ +Xβνλδνλδαγ) .

❖♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ✿

TX
⌢

s ...X
⌢

❞ = 0, X
⌢

❞ : δ
∼
= 0.

◆♦t❡ t❤❛t ❛♥② t❡♥s♦r ♦❢ t❤❡ ❢♦r♠

✭✶✳✸✮ X
⌢

= i
≈

·X

✇❤❡r❡ X ∈ R ✱ ✐s ❛ ♣✉r❡❧② s♣❤❡r✐❝❛❧ t❡♥s♦r✳ ❈♦♥✈❡rs❡❧②✱ ❢♦r ❛♥② ❣✐✈❡♥ X
⌢

∈ R
⌢
✱ t❤❡r❡ ❡①✐sts

❛ ✉♥✐q✉❡ ✈❡❝t♦r X s ❡①tr❛❝t❡❞ ❢r♦♠ ✐ts s♣❤❡r✐❝❛❧ ♣❛rt s✉❝❤ t❤❛t ✭✶✳✸✮ ✐s s❛t✐s✜❡❞ ❢♦r X
⌢

s✳
❚❤✐s ✈❡❝t♦r ✐s ❣✐✈❡♥ ❜② ✿

✭✶✳✹✮ X s =
2

3
X
⌢

: δ
∼
=

2

3
X
⌢

s : δ
∼

✶✳ ❲❤❡r❡❛s t❤❡ s♣❤❡r✐❝❛❧ ❛♥❞ ❞❡✈✐❛t♦r✐❝ ♣❛rt ♦❢ ❛ s❡❝♦♥❞ r❛♥❦ t❡♥s♦r ✐s ❝♦♥✈❡♥t✐♦♥❛❧✱ t❤✐s ❞❡♥♦♠✐♥❛t✐♦♥

✐s ✉♥❞❡rst♦♦❞ ❤❡r❡ ❢♦r t❤❡ t✇♦ ❧❛st ✐♥❞✐❝❡s ♦❢ ❛ t❤✐r❞ r❛♥❦ t❡♥s♦r✳

✼



✶✳✷✳ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r✐❡s

✶✳✷✳✷ ❋✉♥❝t✐♦♥❛❧ s♣❛❝❡s

▲❡t ω ❜❡ ❛ ❜♦✉♥❞❡❞✱ ❝♦♥♥❡❝t❡❞✱ ♦♣❡♥ s✉❜s❡t ♦❢ R2 ✇✐t❤ ❛ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❛r②✳
❲❡ ❞❡♥♦t❡ ❜② C∞(ω) t❤❡ s♣❛❝❡ ♦❢ ✐♥✜♥✐t❡❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ ω ❛♥❞ ❜② D(ω)
t❤❡ s✉❜s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ ω✳ ❲❡ ❢✉rt❤❡r r❡❢❡r t♦ D′(ω) ❛s t❤❡
s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s ♦♥ ω✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡ L2(ω) ✐s t❤❡ s♣❛❝❡ ♦❢ sq✉❛r❡
✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ ω✳ ❋♦r ❡❛❝❤ ✐♥t❡❣❡r m ≥ 1✱ Hm(ω) ❛♥❞ H1

0 (ω) ❞❡♥♦t❡ t❤❡ ✉s✉❛❧
❙♦❜♦❧❡✈ s♣❛❝❡s✳ ❚♦ ❛✈♦✐❞ ❛♠❜✐❣✉✐t②✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ t❡♥s♦r✐❛❧ ♥♦t❛t✐♦♥s ❛s ♠❡♥t✐♦♥❡❞
✐♥ s❡❝t✐♦♥ ✶✳✷✳✶✳ ◆❛♠❡❧②✱ L 2 (ω)✱ L

∼

2 (ω) ❛♥❞ L
⌢

2 (ω) ❞❡♥♦t❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ s♣❛❝❡ ♦❢
✈❡❝t♦r ✜❡❧❞s✱ s②♠♠❡tr✐❝ s❡❝♦♥❞ r❛♥❦ ✜❡❧❞s ❛♥❞ s②♠♠❡tr✐❝ t❤✐r❞ r❛♥❦ ✜❡❧❞s ❤❛✈✐♥❣ t❤❡✐r
❝♦♠♣♦♥❡♥ts ✐♥ L2 (ω)✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ♥♦r♠s ❛r❡ ❞❡✜♥❡❞ ❜❛s ✿

‖a ‖2
L

2
(ω)

=

∫

ω

a · a , ‖a
∼
‖2
L
∼

2
(ω)

=

∫

ω

a
∼
: a

∼
,
∥

∥a
⌢

∥

∥

2

L
⌢

2
(ω)

=

∫

ω

Ta
⌢
... a

⌢
.

❍❡r❡✱ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t t❡♥s♦rs a
∼
♦❢ L

∼

2 (ω) ❛r❡ s②♠♠❡tr✐❝✱ ✐✳❡✳✱ Ta
∼
= a

∼
✳ ❚❤❡ ✇❡❧❧✲

♣♦s❡❞♥❡ss ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠s r❡❧✐❡s ♦♥ s♦♠❡ ✐♥t❡r♠❡❞✐❛t❡ t❤❡♦r❡♠s ❛♥❞
r❡s✉❧ts ✇❤✐❝❤ ✇❡ st❛t❡ ❤❡r❡ ❛s ▲❡♠♠❛s✳ ❋✐rst✱ ▲❡♠♠❛ ✶ t♦ ▲❡♠♠❛ ✹ ❤❛✈❡ ❜❡❡♥ ❛❧r❡❛❞②
❡st❛❜❧✐s❤❡❞ ❢♦r t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ t❡♥s♦r ✜❡❧❞s ✐♥ ❙❛❜ ❡t ❛❧✳ ✭✷✵✶✺✮ ❛♥❞ t❤❡✐r str❛✐❣❤t❢♦r✲
✇❛r❞ ❡①t❡♥s✐♦♥ t♦ t❤❡ ❝❛s❡ ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ t❡♥s♦rs ✇✐❧❧ ♥♦t ❜❡ ❞❡t❛✐❧❡❞✳ ❚❤❡♥✱ ▲❡♠♠❛
✺ ✐s ❛♥ ♦r✐❣✐♥❛❧ ❝♦♥tr✐❜✉t✐♦♥ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ❜❡❧♦✇✳

▲❡♠♠❛ ✶✳ ❚❤❡ s❡t ❞❡✜♥❡❞ ❜②

✭✶✳✺✮ H
⌢
(div, ω) =

{

Φ
⌢
∈ L

⌢

2 (ω) ; Φ
⌢
·∇ ∈ L

∼

2 (ω)
}

❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t

✭✶✳✻✮
〈

Φ
⌢1
,Φ

⌢2

〉

H
⌢

(div,ω)
=

∫

ω

TΦ
⌢1

...Φ
⌢2

+
(

Φ
⌢1

·∇
)

:
(

Φ
⌢2

·∇
)

❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ♥♦r♠ ‖•‖H
⌢

(div,ω)
✐s ❛ ❍✐❧❜❡rt s♣❛❝❡✳

❲❡ ♥♦✇ ❣✐✈❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ s❡♥s❡ t♦ t❤❡ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ r❡❧❛t❡❞ t♦H
⌢
(div, ω) ✿

Φ
⌢
·n = 0✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ tr❛❝❡ ♦❢ H

⌢

1(ω) t❡♥s♦rs ♦♥ ∂ω✳ ❍♦✇❡✈❡r✱
t❤❡ tr❛❝❡ ♦❢ ❛ t❡♥s♦r ❜❡❧♦♥❣✐♥❣ t♦ L

⌢

2(ω) ✐s ♥♦t ❞❡✜♥❡❞✳ ❙✐♥❝❡ Φ
⌢

∈ H
⌢
(div, ω)✱ ✐t ✐s ❧❡ss

r❡❣✉❧❛r t❤❛♥ ❛ H
⌢

1(ω) t❡♥s♦r✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ❝❛♥ s❡t ✐ts ♥♦r♠❛❧ tr❛❝❡ Φ
⌢
· n t♦ ③❡r♦ ✐♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦ s❡♥s❡ ✿ ▲❡t Φ
⌢
✐♥ C

⌢

∞(ω) ❛♥❞ M
∼

✐♥ C
∼

∞(ω) ❜❡ s♠♦♦t❤ ✜❡❧❞s✱ ✇❡ ❤❛✈❡ ✿

✭✶✳✼✮
∫

ω

M
∼

:
(

Φ
⌢
·∇
)

+ T(M
∼

⊗∇) ...Φ
⌢
=

∫

∂ω

M
∼

:
(

Φ
⌢
· n
)

❙✐♥❝❡ ✭✶✳✼✮ ❤♦❧❞s tr✉❡ ❢♦r ❛♥② ❣✐✈❡♥ M
∼

♦♥ ∂ω✱ ✐♠♣♦s✐♥❣ Φ
⌢
· n = 0 ✐s t❤✉s ❡q✉✐✈❛❧❡♥t t♦

✐♠♣♦s✐♥❣ ✿

✭✶✳✽✮
∫

ω

M
∼

:
(

Φ
⌢
·∇
)

+ T(M
∼

⊗∇) ...Φ
⌢
= 0

❢♦r ❛❧❧ M
∼

∈ C
∼

∞(ω)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✐s ❤❡♥❝❡ ✈❡r② ♥❛t✉r❛❧✳

✽



✶✳✷✳ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r✐❡s

▲❡♠♠❛ ✷✳ ❚❤❡ s❡t ❞❡✜♥❡❞ ❜② ✿

✭✶✳✾✮ H
⌢ 0

(div, ω) =
{

Φ
⌢
∈ H

⌢
(div, ω); (1.8) ❤♦❧❞s tr✉❡ ❢♦r ❛❧❧ M

∼
∈ H

∼

1 (ω)
}

✐s ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ ♦❢ H
⌢
(div, ω) ❡q✉✐♣♣❡❞ ✇✐t❤ ✐ts ♥♦r♠ ‖•‖H

⌢
(div,ω)

✳ ❍❡♥❝❡✱ H
⌢ 0

(div, ω)

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t 〈•, •〉H
⌢

(div,ω)
✐s ❛ ❍✐❧❜❡rt s♣❛❝❡✳

▲❡♠♠❛ ✸✳ ▲❡t
(

Φ
⌢k

)

k∈N∗
❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ t❤✐r❞✲r❛♥❦ t❡♥s♦rs ❞❡✜♥❡❞ ♦✈❡r H

⌢ 0
(div, ω)✳ ❲❡

❞❡♥♦t❡ ❜② Φ
⌢

❞

k
t❤❡ ❞❡✈✐❛t♦r✐❝ ♣❛rt ♦❢ Φ

⌢k
✳ ■❢ Φ

⌢k
s❛t✐s✜❡s

∥

∥Φ
⌢k

·∇
∥

∥

L
∼

2
(ω)

+
∥

∥Φ
⌢

❞

k

∥

∥

L
⌢

2
(ω)

≤ C

k

✇❤❡r❡ C ✐s ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✱ t❤❡♥ Φ
⌢k

str♦♥❣❧② ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✐♥ H
⌢
(div, ω)✳

▲❡♠♠❛ ✹✳ ❚❤❡r❡ ❡①✐sts ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ Φ
⌢

∈ H
⌢
(div, ω)✱

t❤❡r❡ ❡①✐sts ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ r✐❣✐❞ ♠♦t✐♦♥ ✈❡❝t♦r ✜❡❧❞ r ♦❢ t❤❡ ❢♦r♠ ✿

✭✶✳✶✵✮ r (x1, x2) = (u− wx2, v + wx1),

s✉❝❤ t❤❛t ✿

✭✶✳✶✶✮ ‖Φ s − r ‖L 2
(ω)

≤ C
(

∥

∥Φ
⌢
·∇
∥

∥

2

L
∼

2
(ω)

+
∥

∥Φ
⌢

❞
∥

∥

2

L
⌢

2
(ω)

)1/2

❍❡r❡✱ (u, v) ❛♥❞ w ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✐♥✲♣❧❛♥❡ r♦t❛t✐♦♥ ✈❡❝t♦r ❛♥❞ t❤❡ ❣❧♦❜❛❧ ♦✉t✲♦❢✲♣❧❛♥❡
t✇✐st ♦❢ t❤❡ r✐❣✐❞ ♠♦t✐♦♥ ✜❡❧❞ r ✱ Φ

⌢

❞ ❞❡♥♦t❡s t❤❡ ❞❡✈✐❛t♦r✐❝ ♣❛rt ♦❢ Φ
⌢

❛♥❞ Φ s ✐s t❤❡ ✈❡❝t♦r
✜❡❧❞ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s♣❤❡r✐❝❛❧ ♣❛rt ♦❢ Φ

⌢
t❤r♦✉❣❤ ✭✶✳✹✮✳

▲❡♠♠❛ ✺✳ ❆ss✉♠❡ t❤❛t ❢♦r ❡❛❝❤ ✐♥t❡❣❡r k✱ t❤❡r❡ ❡①✐sts ❛ ✈❡❝t♦r ✜❡❧❞ r k ♦❢ t❤❡ ❢♦r♠
✭✶✳✶✵✮

r k(x1, x2) = (uk − wkx2, vk + wkx1)

❛♥❞ ❛ s❝❛❧❛r ✜❡❧❞ Wk ✐♥ H1(ω) s✉❝❤ t❤❛t ✿

✭✶✳✶✷✮ ‖r k +∇Wk‖L 2
(ω)

−→ 0

❛s k ❣♦❡s t♦ ✐♥✜♥✐t②✳ ❚❤❡♥✱ wk −→ 0 ❛♥❞ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ ♥✉♠❜❡rs ❞❡♥♦t❡❞
❜② zk s✉❝❤ t❤❛t ✿

✭✶✳✶✸✮ ‖Wk + ukx1 + vkx2 + zk‖H1(ω) −→ 0.

▼♦r❡♦✈❡r✱ ✐❢ Wk ✐s ✐♥ H1
0 (ω) ❢♦r ❛❧❧ k✱ t❤❡♥ (uk, vk) −→ (0, 0) ❛♥❞

✭✶✳✶✹✮ ‖Wk‖H1
0 (ω)

−→ 0.

✾



✶✳✷✳ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r✐❡s

❉é♠♦♥str❛t✐♦♥✳ ▲❡t ✉s ❞❡❝♦♠♣♦s❡ r k ✐♥t♦ t✇♦ t❡r♠s r k = r
(u,v)
k + r w

k ✇✐t❤ r
(u,v)
k =

(uk, vk) ❛♥❞ r w
k = (−wkx2, wkx1)✳ ❚❤❡♥✱ t❤❡ ❧✐♠✐t ✭✶✳✶✷✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✿

✭✶✳✶✺✮ ‖r w
k +∇ (Wk + ukx1 + vkx2)‖L 2

(ω)
−→ 0

❆ss✉♠❡ ✜rst t❤❛t t❤❡ ♦r✐❣✐♥ ♣♦✐♥t (0, 0) ✐s ✐♥s✐❞❡ t❤❡ ❞♦♠❛✐♥ ω✳ ❙✐♥❝❡ ω ✐s ♦♣❡♥✱ t❤❡r❡
❡①✐sts ❛ ❞✐s❝ Dρ ✐♥ ω ♦❢ r❛❞✐✉s ρ ❝❡♥t❡r❡❞ ❛t (0, 0)✳ ❲❡ ❤❛✈❡✱
✭✶✳✶✻✮

‖r w
k +∇ (Wk + ukx1 + vkx2)‖2L 2

(ω)
≥ ‖r w

k +∇ (Wk + ukx1 + vkx2)‖2L 2
(Dρ)

=

‖r w
k ‖2L 2

(Dρ)
+ ‖∇ (Wk + ukx1 + vkx2)‖2L 2

(Dρ)
+

∫

Dρ

2r w
k ·∇ (Wk + ukx1 + vkx2)

■♥t❡❣r❛t✐♥❣ ❜② ♣❛rts t❤❡ ❧❛st t❡r♠ ✐♥ t❤❡ ❛❜♦✈❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ②✐❡❧❞s ✿

✭✶✳✶✼✮

∫

Dρ

2r w
k ·∇ (Wk + ukx1 + vkx2) = −

∫

Dρ

2 (r w
k ·∇) (Wk + ukx1 + vkx2)

+

∫

∂Dρ

2 (r w
k · n ) (Wk + ukx1 + vkx2) = 0

❜❡❝❛✉s❡ r w
k · ∇ = 0 ✐♥ t❤❡ ❜✉❧❦ ❛♥❞ r w

k · n = 0 ❛t t❤❡ ❜♦✉♥❞❛r② ✇❤❡r❡ n ❞❡♥♦t❡s t❤❡
♦✉t❡r ♥♦r♠❛❧ t♦ Dρ✳ ▼♦r❡♦✈❡r✱ ❜② ❛ s✐♠♣❧❡ ❝❛❧❝✉❧✉s✱ ✇❡ ♦❜t❛✐♥ t❤❛t ‖r w

k ‖2L 2
(Dρ)

= π
2
ρ4w2

k✳

❈♦♥s❡q✉❡♥t❧②✱ ❜② t❤❡ ❧✐♠✐t ✭✶✳✶✺✮✱ ✇❡ ♣r♦✈❡ t❤❛t wk −→ 0 ✇❤❡♥ t❤❡ ♦r✐❣✐♥ ♣♦✐♥t ✐s ✐♥s✐❞❡
ω✳

◆♦✇✱ ✐❢ t❤❡ ♦r✐❣✐♥ ♣♦✐♥t (0, 0) ✐s ♥♦t ✐♥s✐❞❡ t❤❡ ❞♦♠❛✐♥ ω✱ ✇❡ ❝❛♥ ♠❛❦❡ t❤❡ ❝❤❛♥❣❡ ♦❢
✈❛r✐❛❜❧❡s

(x1, x2) = (x′1, x
′
2) + (c1, c2)

✇❤❡r❡ (c1, c2) ✐s ❛ ♣♦✐♥t ✐♥s✐❞❡ t❤❡ ❞♦♠❛✐♥ ω ❛♥❞ (x′1, x
′
2) ❜❡❧♦♥❣s t♦ t❤❡ tr❛♥s❧❛t❡❞ ❞♦♠❛✐♥

ω′✳ ❚❤❡♥✱ ✇❡ ❞❡✜♥❡ ♦♥ t❤❡ ❞♦♠❛✐♥ ω′ t❤❡ ✜❡❧❞s ✿

r ′
k(x

′
1, x

′
2) = r k(x1, x2) = (u′k − w′

kx
′
2, v

′
k + w′

kx
′
1)

❛♥❞
W ′
k(x

′
1, x

′
2) = Wk(x1, x2)

✇✐t❤
(u′k, v

′
k, w

′
k) = (uk − wkc2, vk + wkc1, wk).

❚❤❡♥✱ ❜② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ♦r✐❣✐♥ ♣♦✐♥t (0, 0) ✐s ✐♥s✐❞❡ t❤❡ ❞♦♠❛✐♥ ω′✳ ❆♣♣❧②✐♥❣ t❤❡ ❛❜♦✈❡
r❡s✉❧t t♦ t❤❡ ✜❡❧❞s r ′

k ❛♥❞ W ′
k✱ ✇❡ ♣r♦✈❡ t❤❛t wk −→ 0 ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❛♥❞✱ ❝♦♥s❡✲

q✉❡♥t❧②✱ t❤❡ ❧✐♠✐t ✭✶✳✶✺✮ ❜❡❝♦♠❡s ✿

✭✶✳✶✽✮
∥

∥

∥
∇Wk + r

(u,v)
k

∥

∥

∥

L
2
(ω)

= ‖∇ (Wk + ukx1 + vkx2)‖L 2
(ω)

−→ 0,

✶✵



✶✳✸✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠

❯s✐♥❣ t❤❡ ✇❡❧❧✲❦♥♦✇♥ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t②✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧
♥✉♠❜❡rs ❞❡♥♦t❡❞ ❜② zk s✉❝❤ t❤❛t ✭✶✳✶✸✮✳

■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ Wk ✐s ✐♥ H1
0 (ω) ❢♦r ❛❧❧ k✱ t❤❡♥ ✉s✐♥❣ st❛♥❞❛r❞ ✐♥t❡❣r❛t✐♦♥ ❜②

♣❛rts ❣✐✈❡s ✿

✭✶✳✶✾✮
∥

∥

∥∇Wk + r
(u,v)
k

∥

∥

∥

2

L
2
(ω)

= ‖∇Wk‖2L 2
(ω)

+
∥

∥

∥
r

(u,v)
k

∥

∥

∥

2

L
2
(ω)

❍❡♥❝❡✱ t❤❡ ❧✐♠✐t ✭✶✳✶✽✮ ✐♠♣❧✐❡s (uk, vk) −→ (0, 0) ❛♥❞ ✭✶✳✶✹✮ ❜② t❤❡ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t②✳

✶✳✸ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜rst s❡t t❤❡ 3D ❧❛♠✐♥❛t❡❞ ♣❧❛t❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡♥✱ ✇❡ ♣r♦✈✐❞❡ ❛♥
♦✈❡r✈✐❡✇ ♦❢ ✐ts r❡❞✉❝t✐♦♥ t♦ ❛ 2D ♣r♦❜❧❡♠ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✳ ❚❤❡
❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ str❡ss❡s ❛♥❞ str❛✐♥s ♦❢ t❤✐s t❤❡♦r② ❛r❡ r❡❝❛❧❧❡❞✱ ❛s ✇❡❧❧ ❛s t❤❡
❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s✳ ❲❡
✜♥❛❧❧② ♣r❡s❡♥t t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤✐s ❧✐♥❡❛r ♣r♦❜❧❡♠ ✇✐t❤♦✉t s♣❡❝✐❢②✐♥❣ t❤❡
❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s t♦ ✇❤✐❝❤ ♠✉st ❜❡❧♦♥❣ t❤❡ ✉♥❦♥♦✇♥ ❦✐♥❡♠❛t✐❝ ❛♥❞ st❛t✐❝ ✜❡❧❞s✳

✶✳✸✳✶ ❚❤❡ ✸❉ ❝♦♥✜❣✉r❛t✐♦♥

❚❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡ ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛♥ ♦rt❤♦♥♦r♠❛❧ r❡❢❡r❡♥❝❡ (O, e 1, e 2, e 3) ✇❤❡r❡ O ✐s
t❤❡ ♦r✐❣✐♥ ❛♥❞ e i ✐s t❤❡ ❜❛s❡ ✈❡❝t♦r ✐♥ ❞✐r❡❝t✐♦♥ i ∈ {1, 2, 3}✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❧✐♥❡❛r ❡❧❛st✐❝
♣❧❛t❡ ♦❝❝✉♣②✐♥❣ t❤❡ 3D ❞♦♠❛✐♥ Ω = ω ×

]

− t
2
, t
2

[

✱ ✇❤❡r❡ ω ⊂ R2 ✐s t❤❡ ♠✐❞❞❧❡ s✉r❢❛❝❡ ♦❢
t❤❡ ♣❧❛t❡ ❛♥❞ t ✐ts t❤✐❝❦♥❡ss✳ ❚❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥✱ ❞❡♥♦t❡❞ ❜② ∂Ω✱ ✐s ❞❡❝♦♠♣♦s❡❞
✐♥tr♦ t❤r❡❡ ♣❛rts ✭❋✐❣✉r❡ ✷✳✶✮ ✿

∂Ω = ∂Ω❧❛t ∪ ∂Ω+
3 ∪ ∂Ω−

3 ,

✇✐t❤ ∂Ω❧❛t = ∂ω ×
]

− t

2
,
t

2

[

❛♥❞ ∂Ω±
3 = ω ×

{

± t

2

}

.
✭✶✳✷✵✮

✇❤❡r❡ ∂ω ✐s t❤❡ ❜♦✉♥❞❛r② ♦❢ ω✳

❋♦❝✉s✐♥❣ ♦♥❧② ♦♥ ♦✉t✲♦❢✲♣❧❛♥❡ ❧♦❛❞✐♥❣s✱ t❤❡ ♣❧❛t❡ ✐s s✉❜❥❡❝t❡❞ t♦ ❢♦r❝❡s ♣❡r ✉♥✐t s✉r❢❛❝❡
♦♥ ∂Ω±

3 ♦❢ t❤❡ ❢♦r♠ ✿

✭✶✳✷✶✮ T ± (x1, x2) =

(

0, 0,
1

2
p (x1, x2)

)

,

✇❤❡r❡ p ✐s ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ ♦♥ ω✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ❜♦❞② ❢♦r❝❡s ❛♥❞ t❤❛t t❤❡ ♣❧❛t❡ ✐s ❢✉❧❧②
❝❧❛♠♣❡❞ ♦♥ ✐ts ❧❛t❡r❛❧ ❜♦✉♥❞❛r② ∂Ω❧❛t✳

✶✶





✶✳✸✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠

✶✳✸✳✷ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛✐♥ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✱
✇❤✐❝❤ ♠❛✐♥ ♣✉r♣♦s❡ ✐s t♦ r❡♣❧❛❝❡ t❤❡ ❢✉❧❧ 3D ♠♦❞❡❧ ❜② ❛ r❡❞✉❝❡❞ 2D ♣❧❛t❡ t❤❡♦r② ❛♥❞ t♦
❜❡ ❛❜❧❡ t♦ r❡❝♦♥str✉❝t t❤❡ 3❉ s♦❧✉t✐♦♥ ✜❡❧❞s ❢r♦♠ t❤❡ 2D s♦❧✉t✐♦♥ ✜❡❧❞s✳

❋♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛s ♦❢ ❘❡✐ss♥❡r ✭✶✾✹✺✮ ❢♦r ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❡s✱ ▲❡❜é❡ ❛♥❞ ❙❛❜ ▲❡❜é❡ ❛♥❞
❙❛❜ ✭✷✵✶✶✮ ❞❡r✐✈❡❞ ❛ ♥❡✇ ♣❧❛t❡ t❤❡♦r②✱ ❝❛❧❧❡❞ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✱ s✉✐t❛❜❧❡ ❢♦r
❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❡s✳ ■♥ t❤✐s t❤❡♦r②✱ t❤❡ ❢✉❧❧ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t ✐s ❝♦♥s✐❞❡r❡❞
❛s ❛ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r str❡ss✳ ◆♦t❡ t❤❛t t❤✐s t❤❡♦r② ❝❛♥♥♦t ❜❡ r❡❞✉❝❡❞ t♦ ❛ ❘❡✐ss♥❡r✲
▼✐♥❞❧✐♥ t❤❡♦r② ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❍♦✇❡✈❡r✱ ✐t ✐s t✉r♥❡❞ ✐♥t♦ ❛ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r②
✇❤❡♥ t❤❡ ♣❧❛t❡ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ❤♦♠♦❣❡♥❡♦✉s ✭s❡❡ ❙❛❜ ❛♥❞ ▲❡❜é❡ ✭✷✵✶✺✮✱ ▲❡❜é❡ ❛♥❞
❙❛❜ ✭✷✵✶✺✮✱ ▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✺✮ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳ ❚❤✐s s❤✐❢t ❜❡t✇❡❡♥ t❤❡♦r✐❡s ✐s ❞✐r❡❝t❧②
r❡❧❛t❡❞ t♦ t❤❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡♥❡ss ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❝♦♥st✐t✉t✐✈❡ t❡♥s♦r ❞❡✜♥❡❞ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣✳ ■♥ t❤✐s s❡❝t✐♦♥ ❛♥❞ ✉♣ t♦ ❙❡❝t✐♦♥ ✶✳✼ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r
❝♦♥st✐t✉t✐✈❡ t❡♥s♦r ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❙❡❝t✐♦♥ ✶✳✼ ✇✐❧❧ tr❡❛t t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❞❡✜♥✐t❡♥❡ss
✐s ❧♦st✳

✶✳✸✳✷✳✶ ●❡♥❡r❛❧✐③❡❞ str❡ss❡s

❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❣❡♥❡r❛❧✐③❡❞ str❡ss❡s ❛r❡ ✿
✕ ❚❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t t❡♥s♦r M

∼
r❡❧❛t❡❞ t♦ t❤❡ 3D ❧♦❝❛❧ str❡ss (σij) ❜② ✿

M
∼

= (Mαβ) = (〈x3σαβ〉)

✇❤❡r❡ t❤❡ ✐♥t❡❣r❛t✐♦♥ t❤r♦✉❣❤ t❤❡ t❤✐❝❦♥❡ss ✐s ♥♦t❡❞ 〈•〉 ✿
∫

t
2

− t
2

f(x3)dx3 = 〈f〉✳ ❲❡ ❦❡❡♣

✐♥ ♠✐♥❞ t❤❛t t❤❡ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦r M
∼

❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ s②♠♠❡tr② ✿

Mαβ =Mβα.

✕ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡✱ ❞❡♥♦t❡❞ ❜② R
⌢

❛♥❞ ❞❡✜♥❡❞ ❛s t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❜❡♥❞✐♥❣
♠♦♠❡♥t ✿

R
⌢

= M
∼

⊗∇ .

■♥ t❡r♠s ♦❢ ❝♦♠♣♦♥❡♥ts✱ t❤✐s r❡❧❛t✐♦♥ ✐s ✇r✐tt❡♥ ❛s Rαβγ = Mαβ,γ✳ ◆♦t❡ t❤❛t t❤❡ 2❉
t❤✐r❞✲♦r❞❡r t❡♥s♦r Rαβγ ❝♦♠♣❧✐❡s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s②♠♠❡tr② ✿

Rαβγ = Rβαγ .

❘❡♠❛r❦ ✶✳ ❚❤❡ ✉s✉❛❧ tr❛♥s✈❡rs❡ s❤❡❛r ❢♦r❝❡ Q ✐s ❞❡✜♥❡❞ ❢r♦♠ t❤❡ 3D str❡ss ✜❡❧❞ σ
∼

❛s
❢♦❧❧♦✇s ✿

Q = (Qα) = (〈σα3〉)
■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡ 3D ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❡♥❢♦r❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ Q ❛♥❞ R

⌢
✿

✭✶✳✷✻✮ Q = i
≈

...R
⌢

= M
∼

·∇

✶✸



✶✳✸✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠

✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ ❝♦♠♣♦♥❡♥ts ❛s ✿

✭✶✳✷✼✮ Qα = Rαββ =Mαβ,β

✶✳✸✳✷✳✷ ●❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts

❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts ❛r❡
(

W,Φ
⌢

)

✳ ❚❤❡ s❝❛❧❛r W ✐s ❝❛❧❧❡❞ t❤❡
♦✉t✲♦❢✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❡ ♣❧❛t❡ ✭♦r ❞❡✢❡❝t✐♦♥✮ ❛♥❞ Φ

⌢
✐s t❤❡ ❣❡♥❡r❛❧✐③❡❞ r♦t❛t✐♦♥

t❡♥s♦r✳ ❚❤❡ 2D t❤✐r❞✲♦r❞❡r t❡♥s♦r Φ
⌢
❝♦♠♣❧✐❡s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s②♠♠❡tr② ✿

Φαβγ = Φβαγ

❚❤❡s❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛r❡ ✐♥t❡r♣r❡t❡❞ ♣❤②s✐❝❛❧❧② ❛s s✉✐t❛❜❧❡ ❛✈❡r❛❣❡s ♦❢ t❤❡ 3D ❞✐s♣❧❛❝❡✲
♠❡♥ts ♦✈❡r t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♣❧❛t❡✳ ❚❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❙❛❜ ❛♥❞ ▲❡❜é❡ ✭✷✵✶✺✮
✭❈❤❛♣t❡r 5✮ ❢♦r ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡t❛✐❧s✳

❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❣❡♥❡r❛❧✐③❡❞ str❛✐♥s✱ ✇❤✐❝❤ ❞❡r✐✈❡ ❢r♦♠
(

W,Φ
⌢

)

✱ ❛♥❞ ❝♦♥st✐t✉t❡ t❤❡
❞✉❛❧ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ str❡ss❡s

(

M
∼
,R

⌢

)

❛r❡ ✿
✕ ❚❤❡ ❝✉r✈❛t✉r❡ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦r χ

∼

❞❡✜♥❡❞ ❜② ✿

✭✶✳✷✽✮ χ
∼

= Φ
⌢
·∇ ♦r χαβ = Φαβγ,γ

✕ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r str❛✐♥ Γ
⌢
❣✐✈❡♥ ❜② ✿

✭✶✳✷✾✮ Γ
⌢
= Φ

⌢
+ i

≈

·∇W ♦r Γαβγ = Φαβγ + iαβγδW,δ

Γ
⌢
✐s ❛ t❤✐r❞✲♦r❞❡r 2❉ t❡♥s♦r ✇❤✐❝❤ ❝♦♠♣❧② ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s②♠♠❡tr② ✿

Γαβγ = Γβαγ

❊q✉❛t✐♦♥s ✭✶✳✷✽✮ ❛♥❞ ✭✶✳✷✾✮ ❛r❡ ❝❛❧❧❡❞ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ♦♥ ω✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ ❝❧❛♠♣❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✈❛r✐♦✉s
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭❢r❡❡✱ s✐♠♣❧② s✉♣♣♦rt❡❞✳✳✮ ❛r❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♣❛♣❡r ✭s❡❡ ❙❡❝ts✳
✶✳✺ ❛♥❞ ✶✳✻✮✳ ❚❤❡ ❝❧❛♠♣❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ ∂ω r❡❛❞ ✿

✭✶✳✸✵✮ Φ
⌢
· n = 0 ❛♥❞ W = 0 ♦♥ ∂ω.

✇❤❡r❡ n ✐s t❤❡ ♦✉t❡r ♥♦r♠❛❧ ✈❡❝t♦r t♦ ∂ω✳

◆♦t❡ t❤❛t t❤❡ ❦✐♥❡♠❛t✐❝s ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❘❡✐ss♥❡r✲
▼✐♥❞❧✐♥ ❦✐♥❡♠❛t✐❝s ✐❢ t❤❡ ❞❡✈✐❛t♦r✐❝ ♣❛rt ♦❢ Φ

⌢
✐s s❡t t♦ ③❡r♦✳ ❲❡ ❝❛♥ ❤❡♥❝❡ ✐♥t❡r♣r❡t t❤❡

❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ❦✐♥❡♠❛t✐❝s ❛s t❤❡ r❡str✐❝t✐♦♥ ♦❢ Φ
⌢
t♦ i

≈

·ϕ ✱ ✇❤❡r❡ ϕ ❞❡s✐❣♥❛t❡s ❛ r♦t❛t✐♦♥

✈❡❝t♦r✳

✶✹



✶✳✸✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠

✶✳✸✳✷✳✸ ❊q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s

❲❡ st❛rt ❜② r❡❝❛❧❧✐♥❣ t❤❛t ✐♥t❡❣r❛t✐♥❣ t❤❡ 3D ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥ ✭✸✳✼❛✮ ❧❡❛❞s t♦ t❤❡
✇❡❧❧✲❦♥♦✇♥ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♣❧❛t❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ✿

✭✶✳✸✶✮







M
∼

·∇ = Q

Q ·∇ + p = 0

❈♦♥s✐❞❡r✐♥❣ t❤❛t
(

M
∼
,R

⌢

)

❛r❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ str❡ss❡s ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✐♥s✲
t❡❛❞ ♦❢

(

M
∼
,Q
)

❢♦r t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r②✱ t❤❡ ❛❜♦✈❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❜❡❝♦♠❡ ✿
{

R
⌢
−M

∼
⊗∇ = 0,✭✶✳✸✷❛✮

i
≈
...
. (
R
⌢

⊗∇
)

+ p = 0,✭✶✳✸✷❜✮

✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❝♦♥st✐t✉t✐✈❡ t❡♥s♦r ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❖t❤❡r✇✐s❡✱
t❤❡ ♠♦❞✐✜❡❞ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✼

◆♦t❡ t❤❛t ✉s✐♥❣ t❤❡ ✜rst ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥ t♦ ❡❧✐♠✐♥❛t❡ R
⌢

✐♥ t❤❡ s❡❝♦♥❞ ❡q✉✐❧✐❜r✐✉♠
❡q✉❛t✐♦♥ ❣✐✈❡s t❤❡ ❡q✉✐✈❛❧❡♥t ❢♦r♠ ✿

i
≈
...
. (
R
⌢

⊗∇
)

+ p = i
≈
...
.
((M

∼
⊗∇)⊗∇) + p =Mαβ,αβ + p = 0

✶✳✸✳✷✳✹ ❈♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s

❋✐♥❛❧❧②✱ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✇r✐t❡ ✿

✭✶✳✸✸✮



















χ
∼

= d
≈

: M
∼
,

Γ
⌢
= h

⌢⌢
...R

⌢
,

❍❡r❡✱ d
≈

✐s t❤❡ ❝❧❛ss✐❝❛❧ ❜❡♥❞✐♥❣ ❝♦♠♣❧✐❛♥❝❡ ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r✱ ✐♥✈❡rs❡ ♦❢ t❤❡ ❜❡♥❞✐♥❣

st✐✛♥❡ss ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r D
≈

✳ ■t ✐s ❣✐✈❡♥ ❜② ✿

✭✶✳✸✹✮ d
≈

= D
≈

−1 ✇✐t❤ D
≈

=
〈

x23C
≈

σ
〉

.

❚❡♥s♦rs d
≈

❛♥❞ D
≈

❛r❡ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❛♥❞ ❞❡✜♥✐t❡✳ ❚❤❡② ❢♦❧❧♦✇ ❜♦t❤ ♠❛❥♦r s②♠♠❡tr②
TD
≈

= D
≈

❛♥❞ ♠✐♥♦r s②♠♠❡tr② Dαβγδ = Dβαγδ✳

❚❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ s✐①t❤✲♦r❞❡r t❡♥s♦r h
⌢⌢
✐s ❣✐✈❡♥ ❜② ✿

✭✶✳✸✺✮ h
⌢⌢
=
〈

Ts
≈

R · S
∼

γ · s
≈

R
〉

,

✶✺



✶✳✸✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠

✇❤❡r❡ t❤❡ ❢♦✉rt❤ ♦r❞❡r t❡♥s♦r s
≈

R(x3) ✐s t❤❡ ❢✉♥❝t✐♦♥ ♦❢ x3 ❞❡✜♥❡❞ ❜② ✿

✭✶✳✸✻✮ s
≈

R (x3) =

∫ x3

− t
2

−s
≈

M(y3) dy3 ✇✐t❤ s
≈

M (x3) = x3C
≈

σ (x3) : d
≈

.

❚❡♥s♦r h
⌢⌢
❤❛s t❤❡ ♠❛❥♦r s②♠♠❡tr② Th

⌢⌢
= h

⌢⌢
❛♥❞ t❤❡ ♠✐♥♦r s②♠♠❡tr✐❡s hαβγδǫζ = hβαγδǫζ ✳ ■t

✐s ♣♦s✐t✐✈❡ ❜✉t ♥♦t ❛❧✇❛②s ❞❡✜♥✐t❡✳ ❚❤r❡❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s s❤♦✉❧❞ ❜❡ ❞✐st✐♥❣✉✐s❤❡❞ ✇❤❡♥
❞❡❛❧✐♥❣ ✇✐t❤ h

⌢⌢
✿

✕ ❚❤❡ ✜rst ♦♥❡ ✐s ✇❤❡♥ t❤❡ s✐①t❤✲♦r❞❡r t❡♥s♦r ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ■♥ t❤✐s ❝❛s❡✱ ✐ts ✐♥✈❡rs❡
✐s ✉♥❛♠❜✐❣✉♦✉s❧② ❞❡✜♥❡❞ ❛♥❞ ❞❡♥♦t❡❞ ❜② H

⌢⌢
= h

⌢⌢

−1✳
✕ ❚❤❡ s❡❝♦♥❞ ❝❛s❡ ✐s ✇❤❡♥ t❤❡ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠ ✿

h
⌢⌢
= i

≈

· h
∼

❘▼ · i
≈

✇❤❡r❡ h
∼

❘▼ ❞❡s✐❣♥❛t❡s ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ s②♠♠❡tr✐❝ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦r ❝❛❧❧❡❞ t❤❡
❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t
t❤❡♦r② ❞❡❣❡♥❡r❛t❡s ✐♥t♦ ❛ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r②✳ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡
s♦❧✉t✐♦♥ ✐♥ t❤✐s ❝❛s❡ ✐s ❛❧r❡❛❞② ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

✕ ❚❤❡ t❤✐r❞ ❝❛s❡ ✐s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❜❡t✇❡❡♥ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❝❛s❡s✳ ■t ✇✐❧❧ ❜❡ st✉❞✐❡❞
✐♥ ❞❡t❛✐❧s ✐♥ ❙❡❝t✐♦♥ ✶✳✼✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭❡①❝❡♣t ✐♥ ❙❡❝t✐♦♥ ✶✳✼✮✱ ✐t ✇✐❧❧ ❜❡ ❛ss✉♠❡❞ t❤❛t t❤❡ s✐①t❤✲♦r❞❡r t❡♥s♦r h
⌢⌢

✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❝❛♥ t❤✉s ❜❡ ✐♥✈❡rt❡❞ ✿

✭✶✳✸✼✮



















M
∼

= D
≈

: χ
∼

,

R
⌢

= H
⌢⌢
... Γ

⌢
.

✶✳✸✳✷✳✺ ❙✉♠♠❛r② ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣❧❛t❡ t❤❡♦r②

❋✐♥❛❧❧②✱ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❡♥❛❜❧❡s ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ 3❉ ✜❡❧❞s
✐♥tr♦❞✉❝❡❞ ❡❛r❧✐❡r ✐♥❝❧✉❞✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ tr❛♥s✈❡rs❡ s❤❡❛r✳ ■t ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ t❤❡ ❣❡✲
♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥t

(

W,Φ
⌢

)

s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ✿


























χ
∼

= Φ
⌢
·∇ ❛♥❞ Γ

⌢
= Φ

⌢
+ i

≈

·∇W,✭✶✳✸✽❛✮

M
∼

= D
≈

: χ
∼

❛♥❞ R
⌢

= H
⌢⌢
... Γ

⌢
,✭✶✳✸✽❜✮

R
⌢
−M

∼
⊗∇ = 0 ❛♥❞ i

≈
...
. (
R
⌢

⊗∇
)

+ p = 0,✭✶✳✸✽❝✮

Φ
⌢
· n = 0 ❛♥❞ W = 0 ♦♥ ∂ω.✭✶✳✸✽❞✮

■t s❤♦✉❧❞ ❜❡ ❡♠♣❤❛s✐③❡❞ t❤❛t ♦♥❝❡ ✇❡ ✜♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠✱
✇❡ ❝❛♥ r❡❝♦♥str✉❝t t❤❡ 3D str❡ss ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞s ✭s❡❡ ❈❤❛♣t❡r 5 ♦❢ ❙❛❜ ❛♥❞ ▲❡❜é❡
✭✷✵✶✺✮ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✳

✶✻



✶✳✸✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠

◆♦✇ t❤❛t ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ t❤❡ ♠❛✐♥ ❢❡❛t✉r❡s ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✱ ✐t ✐s ✉s❡❢✉❧
t♦ r❡❝❛❧❧ ✐ts ✈❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤ ❛s st❛t❡❞ ✐♥ ❙❛❜ ❛♥❞ ▲❡❜é❡ ✭✷✵✶✺✮✳ ■t ❤❛s t♦ ❜❡ ♣♦✐♥t❡❞
♦✉t ✜rst t❤❛t ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts

(

W,Φ
⌢

)

✇❤✐❝❤ s❛t✐s❢② t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
✭✶✳✸✽❞✮ ❛r❡ ❝❛❧❧❡❞ ❦✐♥❡♠❛t✐❝❛❧❧② ❝♦♠♣❛t✐❜❧❡ ✜❡❧❞s✳ ❇❡s✐❞❡s✱ ❣❡♥❡r❛❧✐③❡❞ str❡ss❡s

(

M
∼
,R

⌢

)

t❤❛t ❝♦♠♣❧② ✇✐t❤ ❡q✉❛t✐♦♥s ✭✶✳✸✽❝✮ ❛r❡ ❞❡s✐❣♥❛t❡❞ ❛s st❛t✐❝❛❧❧② ❝♦♠♣❛t✐❜❧❡ ✜❡❧❞s✳

✶✳✸✳✷✳✻ ▼✐♥✐♠✉♠ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②

❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② st❛t❡s t❤❛t t❤❡ s♦❧✉t✐♦♥
(

W ❇●,Φ
⌢

❇●
)

♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ✭✶✳✸✽✮ r❡♥❞❡rs t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ E❇● ❛
♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦♥ t❤❡ s❡t ♦❢ ❦✐♥❡♠❛t✐❝❛❧❧② ❝♦♠♣❛t✐❜❧❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❞✐s♣❧❛❝❡♠❡♥ts✳
❍❡r❡✱ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② E❇● ✐s ❞❡✜♥❡❞ ❛s ✿

✭✶✳✸✾✮ E❇● =

∫

ω

w❇●

(

χ
∼

,Γ
⌢

)

−
∫

ω

pW,

✇❤❡r❡ χ
∼

❛♥❞ Γ
⌢
❛r❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ str❛✐♥s r❡❧❛t❡❞ t♦ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts

(

W,Φ
⌢

)

t❤r♦✉❣❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❡q✉❛t✐♦♥s ✭✶✳✸✽❛✮✳ ❋✉rt❤❡r♠♦r❡✱ w❇● ✐s t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t
str❛✐♥ ❡♥❡r❣② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ❜② ✿

✭✶✳✹✵✮ w❇●

(

χ
∼

,Γ
⌢

)

=
1

2
χ
∼

: D
≈

: χ
∼

+
1

2
TΓ
⌢
...H

⌢⌢
... Γ

⌢
.

✶✳✸✳✷✳✼ ▼✐♥✐♠✉♠ ♦❢ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡♥❡r❣②

❙✐♠✐❧❛r❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡♥❡r❣② E∗❇● ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠
✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s ✿

✭✶✳✹✶✮ E∗❇● =

∫

ω

w∗❇●
(

M
∼
,R

⌢

)

,

✇❤❡r❡ w∗❇● r❡♣r❡s❡♥ts t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t str❡ss ❡♥❡r❣② ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ❜② ✿

✭✶✳✹✷✮ w∗❇●
(

M
∼
,R

⌢

)

=
1

2
M
∼

: d
≈

: M
∼

+
1

2
TR
⌢
... h

⌢⌢
...R

⌢
.

❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ♠✐♥✐♠✉♠ ❝♦♠♣❧❡♠❡♥t❛r② ❡♥❡r❣② st❛t❡s t❤❛t✱ ❛♠♦♥❣ ❛❧❧ st❛t✐❝❛❧❧② ❝♦♠✲
♣❛t✐❜❧❡ str❡ss ✜❡❧❞s✱ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ E∗❇● ❛ss✉♠❡s ❛ ♠✐♥✐♠✉♠ ✈❛❧✉❡
❢♦r t❤❡ str❡ss ✜❡❧❞

(

M
∼

❇●,R
⌢

❇●
)

✱ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠✳

❍❛✈✐♥❣ s❡t t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠✱ ♦✉r ♠❛✐♥ ❝♦♥❝❡r♥ ♥♦✇ ✐s t♦ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦✲
♥❛❧ s♣❛❝❡s ✐♥ ✇❤✐❝❤ ✇❡ s❤❛❧❧ s❡❡❦ s♦❧✉t✐♦♥s ❛♥❞ ✐♥tr♦❞✉❝❡ ♥♦r♠s ✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠s✱ ♥❛♠❡❧② t❤❡ str❡ss ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥s✱
❛r❡ ✇❡❧❧✲♣♦s❡❞✳

✶✼



✶✳✹✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❢✉❧❧② ❝❧❛♠♣❡❞ ♣❧❛t❡

✶✳✹ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t

♣r♦❜❧❡♠ ❢♦r ❛ ❢✉❧❧② ❝❧❛♠♣❡❞ ♣❧❛t❡

❲❡ st✉❞② ✐♥ t❤✐s s❡❝t✐♦♥ ❜♦t❤ str❡ss ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❇❡♥❞✐♥❣✲
●r❛❞✐❡♥t t❤❡♦r② ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❛♥❞ s❤♦✇ t❤❡✐r ✇❡❧❧✲♣♦s❡❞♥❡ss✳

✶✳✹✳✶ ❙tr❡ss ❢♦r♠✉❧❛t✐♦♥

■t ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡♥❡r❣② ✭❙❡❝t✐♦♥ ✶✳✸✳✷✳✼✮✳
❙✐♥❝❡ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t t❡♥s♦r M

∼
❛♥❞ t❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡ R

⌢
❛r❡ r❡❧❛t❡❞ ❜②

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥ ✭✷✳✽❛✮✱ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡♥❡r❣② E∗❇● ✇✐❧❧ ❜❡ ❡①♣r❡ss❡❞ s♦❧❡❧②
✐♥ t❡r♠s ♦❢ M

∼
✳ ❚❤❡r❡❢♦r❡✱ ✐t ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠ ✿

✭✶✳✹✸✮ E∗❇● (M
∼
) =

∫

ω

w∗❇● (M
∼
,M

∼
⊗∇) dω,

✇❤❡r❡ w∗❇● ✐s ❞❡✜♥❡❞ ❜② ✭✶✳✹✷✮✳

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦rs d
≈

❛♥❞ h
⌢⌢
❛r❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡r❡

❡①✐sts t✇♦ ❝♦♥st❛♥ts c > 0 ❛♥❞ c′ > 0 s✉❝❤ t❤❛t ✿

∀M
∼

∈ R
∼
, cM

∼
: M

∼
≤ M

∼
: d

≈

: M
∼

≤ c′ M
∼

: M
∼
,✭✶✳✹✹✮

∀R
⌢

∈ R
⌢
, c TR

⌢
...R

⌢
≤ TR

⌢
... h

⌢⌢
...R

⌢
≤ c′ TR

⌢
...R

⌢
.✭✶✳✹✺✮

◆♦t❡ t❤❛t r❡❧❛t✐♦♥s ✭✶✳✹✹✮ ❛♥❞ ✭✶✳✹✺✮ ❛❧s♦ ❤♦❧❞ ❢♦r t❤❡ st✐✛♥❡ss t❡♥s♦rs D
≈

❛♥❞ H
⌢⌢
✳

❙✐♥❝❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ str❡ss❡s
(

M
∼
,R

⌢

)

t❤❛t ❝♦♠♣❧② ✇✐t❤ ❡q✉❛t✐♦♥s ✭✶✳✸✽❝✮ ❛r❡ s✉❝❤ t❤❛t ✿

i
≈
...
. (
R
⌢

⊗∇
)

= i
≈
...
.
((M

∼
⊗∇)⊗∇) = (M

∼
·∇) ·∇ =Mαβ,αβ,

t❤❡♥ ✐t ✐s ♥❛t✉r❛❧ t♦ ❞❡✜♥❡ t❤❡ s♣❛❝❡ ♦❢ st❛t✐❝❛❧❧② ❛❞♠✐ss✐❜❧❡ ❣❡♥❡r❛❧✐③❡❞ str❡ss ✜❡❧❞s ❛s
❢♦❧❧♦✇s ✿

✭✶✳✹✻✮ SC(p) =
{

M
∼

∈ H
∼

1(ω), Mαβ,αβ + p = 0 ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s
}

.

❚❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ♠✐♥✐♠✐③✐♥❣ t❤❡
❝♦♠♣❧❡♠❡♥t❛r② ❡♥❡r❣② E∗❇● (M

∼
) ✇✐t❤ r❡s♣❡❝t t♦ ❛❧❧ M

∼
∈ SC(p) ✿

✭✶✳✹✼✮ min

{

E∗❇● (M
∼
) =

∫

ω

w∗❇● (M
∼
,M

∼
⊗∇) , M

∼
∈ SC(p)

}

.

✶✽



✶✳✹✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❢✉❧❧② ❝❧❛♠♣❡❞ ♣❧❛t❡

✶✳✹✳✷ ❲❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ str❡ss ❢♦r♠✉❧❛t✐♦♥

❲❡ ♥♦✇ ♣r♦❝❡❡❞ t♦ t❤❡ st✉❞② ♦❢ ♣r♦❜❧❡♠ ✭✶✳✹✼✮✳ ❲❡ ❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✿

❚❤❡♦r❡♠ ✶✳ ❆ss✉♠❡ t❤❛t p ∈ H−1(ω) ❛♥❞ t❤❛t ❛ss✉♠♣t✐♦♥s ✭✶✳✹✹✮ ❛♥❞ ✭✶✳✹✺✮ ❤♦❧❞✳
❚❤❡♥✱ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✹✼✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ M

∼

❇● ∈ SC(p)✳ ▼♦r❡♦✈❡r✱
M
∼

❇● ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ✿

✭✶✳✹✽✮











❋✐♥❞ M
∼

❇● ∈ SC(p) s✉❝❤ t❤❛t
∫

ω

µ
∼

: d
≈

: M
∼

❇● +
T(

µ
∼

⊗∇

)

... h
⌢⌢
... (M

∼

❇●
⊗∇) = 0, ∀µ

∼

∈ SC(0)

❉é♠♦♥str❛t✐♦♥✳ ▲❡t ✉s ✜rst s❤♦✇ t❤❛t SC(p) ✐s ♥♦t ❡♠♣t②✳ ■♥❞❡❡❞✱ ❧❡t m ❜❡ t❤❡ ✉♥✐q✉❡
s♦❧✉t✐♦♥ ✐♥ H1

0 (ω) ♦❢ ❡q✉❛t✐♦♥ ∆m+ p = 0✳ ❚❤❡♥✱ P
∼
❞❡✜♥❡❞ ❜② Pαβ = mδαβ ✐s ♦❜✈✐♦✉s❧②

✐♥ SC(p)✳ ▼♦r❡♦✈❡r✱ ❛♥② M
∼

∈ SC(p) ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s t❤❡ s✉♠ ♦❢ P
∼
❛♥❞ µ

∼

✐♥ SC(0)✳
◆❛♠❡❧② ✿

✭✶✳✹✾✮ M
∼

∈ SC(p) ⇐⇒ M
∼

= P
∼
+ µ

∼

, µ
∼

∈ SC(0)

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s②♠♠❡tr✐❝ ❜✐❧✐♥❡❛r ❢♦r♠ ♦♥ H
∼

1(ω)×H
∼

1(ω) ✿

as (M
∼
,M

∼

′) =

∫

ω

M
∼

′ : d
≈

: M
∼

+
T
(M

∼

′
⊗∇) ... h

⌢⌢
... (M

∼
⊗∇)

✇❤✐❝❤ ❡♥❛❜❧❡s ✉s t♦ ✇r✐t❡ E∗❇● ❛s ✿

E∗❇● (M
∼
) =

1

2
as (M

∼
,M

∼
)

❯s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✹✾✮✱ ✐t ❝❛♥ ❜❡ ❡❛s✐❧② s❡❡♥ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐♥✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ ✿

✭✶✳✺✵✮ min

{

1

2
as

(

µ
∼

,µ
∼

)

+ as

(

P
∼
,µ

∼

)

, µ
∼

∈ SC(0)

}

.

✐s ❡q✉✐✈❛❧❡♥t t♦ ♣r♦❜❧❡♠ ✭✶✳✹✼✮✳

❚❤❡ s♣❛❝❡ SC(0) ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t 〈., .〉SC(0) ✐s ❛❝t✉❛❧❧② ❛ ❍✐❧❜❡rt s♣❛❝❡ ❛s
s❤♦✇♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳1✳

〈

µ
∼

,µ
∼

′
〉

SC(0)
=

∫

ω

µ
∼

′ : µ
∼

+
T(

µ
∼

′
⊗∇

)

...
(

µ
∼

⊗∇

)

.

❈❧❡❛r❧②✱ t❤❛♥❦s t♦ ❛ss✉♠♣t✐♦♥s ✭✶✳✹✹✮ ❛♥❞ ✭✶✳✹✺✮✱ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ as

(

µ
∼

,µ
∼

′
)

✐s ❝♦♥t✐✲

♥✉♦✉s ❛♥❞ ❝♦❡r❝✐✈❡ ♦♥ SC(0) ❛♥❞ t❤❡ ❧✐♥❡❛r ♠❛♣ µ
∼

−→ as

(

P
∼
,µ

∼

)

✐s ❝♦♥t✐♥✉♦✉s ♦♥ SC(0)✳

❙❡❡ ❆♣♣❡♥❞✐① ❆✳2✳ ❍❡♥❝❡✱ ❜② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ▲❛①✲▼✐❧❣r❛♠ t❤❡♦r❡♠ ♦♥ ✭✶✳✺✵✮✱ ✇❡
❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✶✳✹✼✮ ✐s ✇❡❧❧✲♣♦s❡❞ ❛♥❞ t❤❛t ✐ts ✉♥✐q✉❡ s♦❧✉t✐♦♥ M

∼

❇● ∈ SC(p)
s❛t✐s✜❡s

∀µ
∼

∈ SC(0), as

(

µ
∼

,M
∼

❇●

)

= 0,

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

✶✾



✶✳✹✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❢✉❧❧② ❝❧❛♠♣❡❞ ♣❧❛t❡

✶✳✹✳✸ ❲❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥

▲❡t
(

W,Φ
⌢

)

❜❡ ❛ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ❞❡✜♥❡❞ ♦✈❡r ω✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② E❇●
❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢

(

W,Φ
⌢

)

t❛❦❡s t❤❡ ❢♦r♠ ✿

✭✶✳✺✶✮ E❇●
(

W,Φ
⌢

)

=

∫

ω

w❇●

(

Φ
⌢
·∇ ,Φ

⌢
+ i

≈

·∇W
)

−
∫

ω

pW

✇❤❡r❡ w❇● ✐s ❣✐✈❡♥ ❜② ✭✶✳✹✵✮✳

❆ss✉♠✐♥❣ p ∈ H−1(ω)✱ E❇● ✐s ❝❧❡❛r❧② ✇❡❧❧ ❞❡✜♥❡❞ ❢♦r
(

W,Φ
⌢

)

∈ KC0 ✇❤❡r❡ t❤❡ s♣❛❝❡
♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❞✐s♣❧❛❝❡♠❡♥ts ✇❤✐❝❤ ❛r❡ ❦✐♥❡♠❛t✐❝❛❧❧② ❝♦♠♣❛t✐❜❧❡
✇✐t❤ ❝❧❛♠♣❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s t❤❡ ♣r♦❞✉❝t ♦❢ H1

0 (ω) ✇✐t❤ t❤❡ s♣❛❝❡ H
⌢ 0

(div, ω)
✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✷ ✿

KC0 = H1
0 (ω)×H

⌢ 0
(div, ω).

◆♦t❡ t❤❛t t❤❡ s♣❛❝❡ KC0 ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❛s t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❍✐❧❜❡rt s♣❛❝❡s✳

❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ✇✐t❤ ❝❧❛♠♣❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝♦♥s✐sts ✐♥ ♠✐♥✐♠✐③✐♥❣
t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② E❇●

(

W,Φ
⌢

)

♦✈❡r ❛❧❧
(

W,Φ
⌢

)

∈ KC0 ✿

✭✶✳✺✷✮ min
{

E❇●
(

W,Φ
⌢

)

,
(

W,Φ
⌢

)

∈ KC0

}

✇❤❡r❡ E❇● ✐s ❣✐✈❡♥ ❜② ✭✶✳✺✶✮✳

■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✺✷✮ ✐s ✇❡❧❧✲♣♦s❡❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡
❜✐❧✐♥❡❛r ❢♦r♠ a ❞❡✜♥❡❞ ♦♥ KC0 ×KC0 ❜②
✭✶✳✺✸✮

a
((

W,Φ
⌢

)

,
(

W ′,Φ
⌢

′
))

=

∫

ω

(

Φ
⌢
·∇
)

: D
≈

:
(

Φ
⌢

′ ·∇
)

+T
(

Φ
⌢
+ i

≈

·∇W
)

...H
⌢⌢
...
(

Φ
⌢

′ + i
≈

·∇W ′
)

❛♥❞ t❤❡ ❧✐♥❡❛r ❢♦r♠ b ❞❡✜♥❡❞ ♦♥ KC0 ❜②

✭✶✳✺✹✮ b
(

W,Φ
⌢

)

=

∫

ω

pW

❍❡♥❝❡✱ E❇●
(

W,Φ
⌢

)

❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✿

E❇●
(

W,Φ
⌢

)

=
1

2
a
((

W,Φ
⌢

)

,
(

W,Φ
⌢

))

− b
(

W,Φ
⌢

)

.

❈❧❡❛r❧②✱ t❤❡ ❧✐♥❡❛r ❢♦r♠ b ✐s ❝♦♥t✐♥✉♦✉s ♦♥ KC0 ✭s❡❡ ❆♣♣❡♥❞✐① ❆✳3✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡
❜✐❧✐♥❡❛r ❢♦r♠ a ✐s s②♠♠❡tr✐❝ ❛♥❞ ❝♦♥t✐♥✉♦✉s ♦♥ KC0 ×KC0 ✭s❡❡ ❆♣♣❡♥❞✐① ❆✳4✮✳ ■t t❤✉s
r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t a ✐s ❝♦❡r❝✐✈❡ ♦♥ KC0✳

✷✵



✶✳✹✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❢✉❧❧② ❝❧❛♠♣❡❞ ♣❧❛t❡

✶✳✹✳✸✳✶ ❈♦❡r❝✐✈✐t② ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ a

▲❡t ✉s ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ❜✐❧✐♥❡❛r ❢♦r♠ ❞❡♥♦t❡❞ ❜② aN ❛♥❞ ❞❡✜♥❡❞ ♦♥ KC0 ×KC0 ❜② ✿
✭✶✳✺✺✮

aN
((

W,Φ
⌢

)

,
(

W ′,Φ
⌢

′
))

=

∫

ω

(

Φ
⌢
·∇

)

:
(

Φ
⌢

′ ·∇
)

+ T
(

Φ
⌢
+ i

≈

·∇W
)

...
(

Φ
⌢

′ + i
≈

·∇W ′
)

❙✐♥❝❡ D
≈

❛♥❞ H
⌢⌢

❛r❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t β > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ χ
∼

∈ R
∼

❛♥❞ ❛❧❧ Γ
⌢
∈ R

⌢
✱ ✇❡ ❤❛✈❡ ✿

β
(

χ
∼

: χ
∼

+ TΓ
⌢
... Γ

⌢

)

≤ χ
∼

: D
≈

: χ
∼

+ TΓ
⌢
...H

⌢⌢
... Γ

⌢

❍❡♥❝❡✱ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ a ♦✈❡r KC0 ×KC0 ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❜❡❧♦✇ ❧❡♠♠❛ ✿

▲❡♠♠❛ ✻✳ ❚❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ aN ✐s ❛ s❝❛❧❛r ♣r♦❞✉❝t ♦♥ KC0 ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ♥♦r♠
❞❡♥♦t❡❞ ❜② ‖•‖N ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥♦r♠ ‖•‖KC0

✳

❉é♠♦♥str❛t✐♦♥✳ ❲❡ ❞❡❝♦♠♣♦s❡ t❤❡ ♣r♦♦❢ ✐♥t♦ t✇♦ st❡♣s✳

❙t❡♣ ✶✳ ❙✐♥❝❡ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ aN ✐s s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡✱ ✐t ♦♥❧② r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t
✐t ✐s ❞❡✜♥✐t❡ ♦♥ KC0 ✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t ✐t ✐s ❛ s❝❛❧❛r ♣r♦❞✉❝t✳ ❈♦♥s✐❞❡r

(

W,Φ
⌢

)

∈ KC0

s✉❝❤ t❤❛t
aN
((

W,Φ
⌢

)

,
(

W,Φ
⌢

))

= 0.

❚❤❡♥✱ Φ
⌢
·∇ = 0 ❛♥❞ Φ

⌢
+ i

≈

·∇W = 0✳ ❲❡ t❤❡r❡❢♦r❡ ❤❛✈❡ t❤❛t ∆W = 0✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t W = 0✱ ❛s W ∈ H1
0 (ω)✳ ❍❡♥❝❡✱ Φ⌢ = 0✳ ❚❤✉s✱ aN ✐s ❛ s❝❛❧❛r ♣r♦❞✉❝t ♦♥ KC0 ❛♥❞

‖•‖N ❞❡✜♥❡s ❛ ♥♦r♠ ♦♥ KC0✳

❙t❡♣ ✷✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t ✿

✭✶✳✺✻✮
∀
(

W,Φ
⌢

)

∈ KC0,
∥

∥W,Φ
⌢

∥

∥

2

N
=
∥

∥Φ
⌢
·∇
∥

∥

2

L
∼

2
(ω)

+
∥

∥

∥
Φ
⌢
+ i

≈

·∇W
∥

∥

∥

2

L
⌢

2
(ω)

≤ C
∥

∥W,Φ
⌢

∥

∥

2

KC0

■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤❡ ♥♦r♠s ‖·, ·‖N ❛♥❞ ‖·, ·‖KC0
❛r❡ ❡q✉✐✈❛❧❡♥t✱ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t

t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C ′ s✉❝❤ t❤❛t

✭✶✳✺✼✮ ∀
(

W,Φ
⌢

)

∈ KC0,
∥

∥W,Φ
⌢

∥

∥

KC0
≤ C ′

∥

∥W,Φ
⌢

∥

∥

N

❚♦ t❤✐s ❛✐♠✱ ✇❡ ♣r♦❝❡❡❞ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❛❧❧ k ∈ N✱ t❤❡r❡ ❡①✐sts
(

Wk,Φ⌢k

)

∈ KC0 s✉❝❤ t❤❛t ✿

✭✶✳✺✽✮
∥

∥Wk,Φ⌢k

∥

∥

KC0
= 1,

∥

∥Wk,Φ⌢k

∥

∥

N
≤ 1

k

✷✶



✶✳✹✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❢✉❧❧② ❝❧❛♠♣❡❞ ♣❧❛t❡

❘❛t❤❡r t❤❛♥ ✇♦r❦✐♥❣ ✇✐t❤ t❤❡ t❤✐r❞ ♦r❞❡r t❡♥s♦r Φ
⌢
✱ ✐t ✐s ♠♦r❡ ✉s❡❢✉❧ t♦ ✇♦r❦ ✇✐t❤ ✐ts

s♣❤❡r✐❝❛❧ ♣❛rt Φ
⌢

s ❛♥❞ ✐ts ❞❡✈✐❛t♦r✐❝ ♣❛rt Φ
⌢

❞✳ ❲❡ ❞❡✜♥❡ t❤❡ s♣❤❡r✐❝❛❧ ♣❛rt Φ
⌢

s ❜② ✿

✭✶✳✺✾✮ Φ
⌢

s = i
≈

·Φ s, Φ s =
2

3
Φ
⌢
: δ

∼

✇❤❡r❡ Φ s ✐s ✐♥ L 2 (ω)✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ✇r✐t❡
∥

∥Wk,Φ⌢k

∥

∥

2

N
❛s ❢♦❧❧♦✇s ✿

✭✶✳✻✵✮

∥

∥Wk,Φ⌢k

∥

∥

2

N
=
∥

∥Φ
⌢k

·∇
∥

∥

2

L
∼

2
(ω)

+
∥

∥

∥
Φ
⌢

❞

k
+Φ

⌢

s

k
+ i

≈

·∇Wk

∥

∥

∥

2

L
⌢

2
(ω)

=
∥

∥Φ
⌢k

·∇
∥

∥

2

L
∼

2
(ω)

+
∥

∥Φ
⌢

❞

k

∥

∥

2

L
⌢

2
(ω)

+
3

2
‖Φ s

k +∇Wk‖2L 2
(ω)

❯s✐♥❣ ✭✶✳✺✽✮✱ ✇❡ ❤❛✈❡ t❤❛t
∥

∥Φ
⌢k

·∇
∥

∥

L
∼

2
(ω)

+
∥

∥Φ
⌢

❞

k

∥

∥

L
⌢

2
(ω)

≤ 1

k
✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✸

t❤❛t
(

Φ
⌢k

)

str♦♥❣❧② ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✐♥ H
⌢
(div, ω)✳ ❯s✐♥❣ ✭✶✳✺✾✮✱ ✇❡ ❝❛♥ ❛ss✉r❡ t❤❛t Φ s

k

str♦♥❣❧② ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✐♥ L 2 (ω)✳

❍❡♥❝❡✱

‖Φ s
k +∇Wk‖L 2

(ω)
≤ 1

k

✐♠♣❧✐❡s t❤❛t (∇Wk) str♦♥❣❧② ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✐♥ L 2 (ω)✳ ❈♦♥s❡q✉❡♥t❧②✱ (Wk) str♦♥❣❧②
❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✐♥ H1

0 (ω)✳ ❚❤❡r❡ ✐s ❤❡♥❝❡ ✐♥ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤
∥

∥Wk,Φ⌢k

∥

∥

KC0
= 1

✶✳✹✳✸✳✷ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✺✷✮

❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✺✷✮ ✐s ❞✐r❡❝t❧②
✐♥❢❡rr❡❞ ❢r♦♠ t❤❡ ▲❛①✲▼✐❧❣r❛♠ t❤❡♦r❡♠ s✐♥❝❡ ✐ts ❛ss✉♠♣t✐♦♥s ❛r❡ s❛t✐s✜❡❞✳ ◆❛♠❡❧②✱ t❤❡
s②♠♠❡tr✐❝ ❜✐❧✐♥❡❛r ❢♦r♠ a ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❝♦❡r❝✐✈❡✱ ❛♥❞ t❤❡ ❧✐♥❡❛r ❢♦r♠ b ✐s ❝♦♥t✐♥✉♦✉s✳
❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r ✐s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✿

❚❤❡♦r❡♠ ✷✳ ❆ss✉♠❡ t❤❛t p ∈ H−1 (ω) ❛♥❞ t❤❛t t❤❡ st✐✛♥❡ss t❡♥s♦rs D
≈

❛♥❞ H
⌢⌢

❛r❡

s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❚❤❡♥ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✺✷✮ ✐s ✇❡❧❧✲♣♦s❡❞✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts ❛
✉♥✐q✉❡ s♦❧✉t✐♦♥

(

W ❇●,Φ
⌢

❇●
)

∈ KC0 s✉❝❤ t❤❛t ✿

✭✶✳✻✶✮ a
((

W ❇●,Φ
⌢

❇●
)

,
(

W,Φ
⌢

))

= b
(

W,Φ
⌢

)

❢♦r ❛❧❧
(

W,Φ
⌢

)

∈ KC0✱ ✇❤❡r❡ a ❛♥❞ b ❛r❡ ❣✐✈❡♥ ❜② ✭✶✳✺✸✮ ❛♥❞ ✭✶✳✺✹✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

✭✶✳✻✷✮
∥

∥W ❇●,Φ
⌢

❇●
∥

∥

KC0
≤ c ‖p‖H−1(ω)

✇❤❡r❡ c ✐s ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳

✷✷



✶✳✹✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❢✉❧❧② ❝❧❛♠♣❡❞ ♣❧❛t❡

✶✳✹✳✹ ❘❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ str❡ss ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛✲

t✐♦♥s

❚❤❡ ❛❜♦✈❡✲♣r❡s❡♥t❡❞ ❢♦r♠✉❧❛t✐♦♥s✱ ♥❛♠❡❧② t❤❡ str❡ss ❢♦r♠✉❧❛t✐♦♥ ✭✶✳✹✼✮ ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡✲
♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ✭✶✳✺✷✮✱ ❤❛✈❡ ❡❛❝❤ r❡s♣❡❝t✐✈❡❧② ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✱ ❛s s❤♦✇♥ r❡s♣❡❝t✐✈❡❧②
❜② ❚❤❡♦r❡♠s ✶ ❛♥❞ ✷✳ ❲❡ t❤❡r❡❢♦r❡ ♣r♦❝❡❡❞ t♦ s❤♦✇ t❤❛t ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t
s♦❧✉t✐♦♥ ❢r♦♠ t❤❡ str❡ss s♦❧✉t✐♦♥✱ ❛♥❞ ✈✐❝❡✲✈❡rs❛✳ ❲❡ st❛t❡ t❤✐s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✿

❚❤❡♦r❡♠ ✸✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✱ ❧❡t (W ❇●,Φ
⌢

❇●) ❜❡ t❤❡ ✉♥✐q✉❡
s♦❧✉t✐♦♥ t♦ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✺✷✮✳ ❈♦♥s✐❞❡r t❤❛t t❤❡ ❣❡♥❡r❛❧✐③❡❞ str❛✐♥s ❛ss♦✲
❝✐❛t❡❞ t♦

(

W ❇●,Φ
⌢

❇●
)

t❤r♦✉❣❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✷✽✮✱✭✶✳✷✾✮ ❛r❡ ❣✐✈❡♥ ❜②

✭✶✳✻✸✮ χ
∼

❇● = Φ
⌢

❇● ·∇ , Γ
⌢

❇● = Φ
⌢

❇● + i
≈

·∇W ❇●,

❛♥❞ t❤❛t t❤❡ ❣❡♥❡r❛❧✐③❡❞ str❡ss ✜❡❧❞s ❛ss♦❝✐❛t❡❞ t♦
(

W ❇●,Φ
⌢

❇●
)

❜② t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s
✭✷✳✼✮ ❛r❡

✭✶✳✻✹✮ M
∼

❇● = D
≈

: χ
∼

❇●, R
⌢

❇● = H
⌢⌢
... Γ

⌢

❇●.

❚❤❡♥✱
M
∼

❇● ∈ SC(p),

✇❤❡r❡ SC(p) ✐s ❞❡✜♥❡❞ ❜② ✭✶✳✹✻✮✱ ❛♥❞

✭✶✳✻✺✮ R
⌢

❇● = M
∼

❇●
⊗∇ .

▼♦r❡♦✈❡r✱ M
∼

❇● ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✹✼✮✱ ✇❤❡r❡ w∗❇● ✐s
❞❡✜♥❡❞ ❜② ✭✶✳✹✷✮✳

❉é♠♦♥str❛t✐♦♥✳ ❙✐♥❝❡
(

W ❇●,Φ
⌢

❇●
)

∈ KC0✱ r❡❧❛t✐♦♥s ✭✶✳✻✸✮ ②✐❡❧❞ χ
∼

❇● ∈ L
∼

2 (ω) ❛♥❞ Γ
⌢

❇● ∈
L
⌢

2 (ω)✳ ❈♦♥s❡q✉❡♥t❧②✱ ❞✉❡ t♦ ❡q✉❛t✐♦♥s ✭✶✳✻✹✮✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t M
∼

❇● ∈ L
∼

2 (ω) ❛♥❞
R
⌢

❇● ∈ L
⌢

2 (ω)✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡♦r❡♠ ✷✱
(

W ❇●,Φ
⌢

❇●
)

s❛t✐s✜❡s ✭✶✳✻✶✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡
t❤❛t✱ ❢♦r ❛❧❧

(

W,Φ
⌢

)

∈ KC0✱

✭✶✳✻✻✮
∫

ω

M
∼

❇● :
(

Φ
⌢
·∇
)

+ T
R
⌢

❇● ...
(

Φ
⌢
+ i

≈

·∇W
)

=

∫

ω

pWdω

❘❡str✐❝t✐♥❣ ✭✶✳✻✻✮ t♦
(

W,Φ
⌢

)

∈ D(ω) ×D
⌢
(ω) ⊂ KC0 ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ ✜rst t❤❡ ♣❛rt✐❝✉❧❛r

❝❛s❡ ✇❤❡r❡ W = 0 ②✐❡❧❞s ❛❢t❡r ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✿

✭✶✳✻✼✮
〈

R
⌢

❇● −M
∼

❇●
⊗∇ ,Φ

⌢

〉

D
⌢

′

(ω),D
⌢

(ω)
= 0

❚❤✐s ♣r♦✈❡s

✭✶✳✻✽✮ R
⌢

❇● = M
∼

❇●
⊗∇

✷✸



✶✳✹✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❢✉❧❧② ❝❧❛♠♣❡❞ ♣❧❛t❡

✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✳

❈♦♥s✐❞❡r✐♥❣ ♥♦✇ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ Φ
⌢
= 0 ②✐❡❧❞s

✭✶✳✻✾✮
〈

−
(

i
≈

...R
⌢

❇●

)

·∇ − p,W
〉

D
′
(ω),D(ω)

= 0

❍❡♥❝❡✱

✭✶✳✼✵✮
(

i
≈

...R
⌢

❇●

)

·∇ + p = 0

✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✳

❊q✉❛t✐♦♥ ✭✶✳✻✽✮ s❤♦✇s t❤❛t t❤❡ ❜❡♥❞✐♥❣ ❣r❛❞✐❡♥t ❝♦♠♣♦♥❡♥ts ❛r❡ ✐♥ L
⌢

2(ω)✳ ❍❡♥❝❡✱
M
∼

❇● ∈ H
∼

1(ω)✳ ❘❡♣❧❛❝✐♥❣ R
⌢

❇● ❜② M
∼

❇●
⊗∇ ✐♥ ✭✶✳✼✵✮ ②✐❡❧❞s ✿

(M
∼

❇● ·∇) ·∇ + p = 0.

✇❤✐❝❤ ♠❡❛♥s t❤❛t M
∼

❇● ✐s ❛❝t✉❛❧❧② ✐♥ SC(p)✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t M
∼

❇● ✐s t❤❡ ✉♥✐q✉❡
s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✹✼✮✳ ❈♦♥s✐❞❡r ❛♥② ❡❧❡♠❡♥t M

∼
∈ SC(p)✱ ❛♥❞ s❡t

M
∼

′

= M
∼

−M
∼

❇●.

❈❧❡❛r❧②✱ M
∼

′

❜❡❧♦♥❣s t♦ SC(0) ❛♥❞✱ ❜❛s❡❞ ♦♥ ✭✶✳✻✸✮✱ ✭✶✳✻✹✮ ❛♥❞ ✭✶✳✻✽✮✱ ✇❡ ❤❛✈❡ ❜② s✐♠♣❧❡
❛❧❣❡❜r❛ ✿
✭✶✳✼✶✮

E∗❇● (M
∼
) = E∗❇●

(

M
∼

′

)

+ E∗❇● (M
∼

❇●) +

∫

ω

M
∼

′

: d
≈

: M
∼

❇● +
T(

M
∼

′

⊗∇

)

... h
⌢⌢
... (M

∼

❇●
⊗∇)

= E∗❇●
(

M
∼

′

)

+ E∗❇● (M
∼

❇●) +

∫

ω

M
∼

′

:
(

Φ
⌢

❇● ·∇
)

+
T(

M
∼

′

⊗∇

)

...
(

Φ
⌢

❇● + i
≈

·∇W ❇●

)

❘❡❝❛❧❧✐♥❣ t❤❛t t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts
(

W ❇●,Φ
⌢

❇●
)

❜❡❧♦♥❣ t♦ KC0 ❛♥❞ t❤❛t t❤❡
str❡ss ✜❡❧❞ M

∼

′

❜❡❧♦♥❣s t♦ SC(0)✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ✐♠♣❧✐❡s t❤❛t t❤❡ ❧❛st t❡r♠ ♦❢ t❤❡
r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✼✶✮ ✈❛♥✐s❤❡s✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ✿

E∗❇● (M
∼
) = E∗❇●

(

M
∼

′

)

+ E∗❇● (M
∼

❇●) .

❲❡ ❡♥❞ t❤❡ ♣r♦♦❢ ❜② ♠❡♥t✐♦♥✐♥❣ t❤❛t E∗❇●
(

M
∼

′

)

✐s ♣♦s✐t✐✈❡ ❛s s♦♦♥ ❛s M
∼

′

❞♦❡s ♥♦t

✈❛♥✐s❤✳

❍❛✈✐♥❣ st✉❞✐❡❞ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❢♦r ❝❧❛♠♣❡❞ ♣❧❛t❡s✱ ✇❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤✐s
t❤❡♦r② ✇❤❡♥ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♣r❡s❝r✐❜❡❞✳

✷✹



✶✳✺✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❧♦❛❞❡❞ ♣❧❛t❡ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

✶✳✺ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t

♣r♦❜❧❡♠ ❢♦r ❛ ❧♦❛❞❡❞ ♣❧❛t❡ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐✲

t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ ❝♦♠♣❧❡t❡❧② ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❙✐♥❝❡ t❤❡
s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r ✐s ❛ss✉♠❡❞ t♦ ❜❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✇r✐t❡ ❛s
❢♦❧❧♦✇s ✇❤❡♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ str❡ss ✜❡❧❞s ❛r❡ r❡❣✉❧❛r ❡♥♦✉❣❤ ✭❙❡❡ ❙❛❜ ❛♥❞ ▲❡❜é❡ ✭✷✵✶✺✮✱
❝❤❛♣t❡r 6✮ ✿

✭✶✳✼✷✮ M
∼

= 0,
(

i
≈

...R
⌢

)

· n = 0 ♦♥ ∂ω

♦r ✐♥ t❡r♠s ♦❢ ❝♦♠♣♦♥❡♥ts ✿

✭✶✳✼✸✮ Mαβ = 0, Rαββnα = 0 ♦♥ ∂ω

❍❡r❡✱ n ✐s t❤❡ ♦✉t❡r ♥♦r♠❛❧ ✈❡❝t♦r t♦ ∂ω✳

❲❡ ❤❡♥❝❡ ❤❛✈❡ t♦ ✜♥❞ W ✱ Φ
⌢
✱ χ

∼

✱ Γ
⌢
✱ M

∼
❛♥❞ R

⌢
s♦❧✉t✐♦♥ ♦❢ ✭✶✳✷✽✮✱ ✭✶✳✷✾✮✱ ✭✷✳✽✮✱ ✭✷✳✼✮ ❛♥❞

✭✶✳✼✷✮✳ ❚❤✐s ♣r♦♠♣ts ✉s t♦ ✐♥tr♦❞✉❝❡ ❛ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ✭s❡❡ ✭✶✳✽✷✮✮ t❤❡♥ t♦ ♣r♦✈❡
t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✭s❡❡ ❚❤❡♦r❡♠
✹✮✳ ❲❡ ✜♥❛❧❧② ❡st❛❜❧✐s❤ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤✐s ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ ❛ str❡ss ❢♦r♠✉❧❛t✐♦♥
✭❚❤❡♦r❡♠ ✻✮✳

✶✳✺✳✶ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ s❡t ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❞✐s♣❧❛❝❡♠❡♥ts ✇❤✐❝❤ ❛r❡ ❦✐♥❡✲
♠❛t✐❝❛❧❧② ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛s t❤❡ q✉♦t✐❡♥t s♣❛❝❡ ✿

KCf = KC/R

✇❤❡r❡
KC = H1(ω)×H

⌢
(div, ω)

❛♥❞ R ✐s t❤❡ s❡t ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts
(

W,Φ
⌢

)

✐♥ KC s✉❝❤ t❤❛t t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❇❡♥❞✐♥❣✲

●r❛❞✐❡♥t str❛✐♥s
(

χ
∼

,Γ
⌢

)

❛r❡ ✐❞❡♥t✐❝❛❧❧② ♥✉❧❧✳

❖❜✈✐♦✉s❧②✱ s✉❝❤ ❞✐s♣❧❛❝❡♠❡♥ts ✈❡r✐❢② Φ
⌢
= −i

≈

·∇W ❛♥❞ Φ
⌢
·∇ = (−W,αβ) = 0✳ ❚❤❡r❡❢♦r❡✱

W ✐s ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥ ♦❢ x1 ❛♥❞ x2 ❛♥❞ t❤❡ s❡t R ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

✭✶✳✼✹✮ R =
{

(

W,Φ
⌢

)

∈ KC/ W = α · x + β, Φ
⌢
= −i

≈

·α , α1, α2, β ∈ R

}

■♥ ❝♦♠♣♦♥❡♥ts✱ ✇❡ ❤❛✈❡
W (x1, x2) = α1x1 + α2x2 + β

✷✺



✶✳✺✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❧♦❛❞❡❞ ♣❧❛t❡ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❛♥❞

(Φ111,Φ221,Φ121,Φ112,Φ222,Φ122) (x1, x2) =

(

−α1, 0,−
1

2
α2, 0,−α2,−

1

2
α1

)

.

❈❧❡❛r❧②✱ t❤❡ s♣❛❝❡ R ✐s ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ ♦❢ KC✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❝♦♥s✐❞❡r t❤❡ ♦rt❤♦❣♦♥❛❧
♣r♦❥❡❝t✐♦♥ ♦❢ KC ♦♥ R ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥♦r♠ ‖•‖KC ✿ ❋♦r ❛♥②

(

W,Φ
⌢

)

∈ KC✱ t❤❡r❡ ❡①✐sts
❛ ✉♥✐q✉❡ Π

(

W,Φ
⌢

)

s✉❝❤ t❤❛t ✿

✭✶✳✼✺✮
∥

∥

(

W,Φ
⌢

)

− Π
(

W,Φ
⌢

)∥

∥

KC
= inf

(V,Ψ⌢ )∈R

∥

∥

(

W,Φ
⌢

)

−
(

V,Ψ
⌢

)∥

∥

KC

▲❡♠♠❛ ✼✳ ❚❤❡ q✉♦t✐❡♥t s♣❛❝❡ KCf ✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t

✭✶✳✼✻✮
〈[

W̆ , Φ̆
⌢

]

,
[

W̆ ′, Φ̆
⌢

′
]〉

KCf

=
〈(

W,Φ
⌢

)

− Π
(

W,Φ
⌢

)

,
(

W ′,Φ
⌢

′
)

− Π
(

W ′,Φ
⌢

′
)〉

KC
,

✇❤❡r❡
(

W,Φ
⌢

)

✭r❡s♣✳
(

W ′,Φ
⌢

′
)

✮ ✐s ❛♥② ❡❧❡♠❡♥t ✐♥
[

W̆ , Φ̆
⌢

]

✭r❡s♣✳
[

W̆ ′, Φ̆
⌢

′
]

✮✱ ✐s ❛ ❍✐❧❜❡rt
s♣❛❝❡✳

❉é♠♦♥str❛t✐♦♥✳ ❲❡ st❛rt ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✭✶✳✼✻✮ ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ❈♦♥s✐✲

❞❡r
(

W,Φ
⌢

)

❛♥❞
(

W ∗,Φ
⌢

∗
)

t✇♦ ❡❧❡♠❡♥ts ✐♥
(

W̆ , Φ̆
⌢

)

✳ ❙✐♥❝❡ Π ✐s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r✱ ✇❡ ❝❛♥

✇r✐t❡
(

W ∗,Φ
⌢

∗
)

−Π
(

W ∗,Φ
⌢

∗
)

=
(

W ∗,Φ
⌢

∗
)

−
(

W,Φ
⌢

)

−Π
((

W ∗,Φ
⌢

∗
)

−
(

W,Φ
⌢

))

+
(

W,Φ
⌢

)

−Π
(

W,Φ
⌢

)

◆♦✇✱
(

W ∗,Φ
⌢

∗
)

−
(

W,Φ
⌢

)

❜❡✐♥❣ ❛♥ ❡❧❡♠❡♥t ♦❢ R ②✐❡❧❞s
(

W ∗,Φ
⌢

∗
)

−
(

W,Φ
⌢

)

− Π
((

W ∗,Φ
⌢

∗
)

−
(

W,Φ
⌢

))

= 0

❲❡ t❤❡r❡❢♦r❡ ❤❛✈❡ t❤❛t ✿
(

W ∗,Φ
⌢

∗
)

− Π
(

W ∗,Φ
⌢

∗
)

=
(

W,Φ
⌢

)

− Π
(

W,Φ
⌢

)

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✭✶✳✼✻✮ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ♦♥ KCf ✳

❲❡ ❛r❡ ♥♦✇ ❧❡❢t t♦ ♣r♦✈❡ t❤❛t KCf ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t
[

W̆n, Φ̆⌢n

]

∈ KCf ✱

n ∈ N✱ ❜❡ ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ✐♥ t❤❡ ♥♦r♠ ‖•‖KCf
✳ ❖❜✈✐♦✉s❧②✱

(

Wn,Φ⌢n

)

− Π
(

Wn,Φ⌢n

)

✐s

❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ✐♥ KC✳ ❍❡♥❝❡✱ ✐t ❝♦♥✈❡r❣❡s t♦ ❛♥ ❡❧❡♠❡♥t
(

W∞,Φ⌢∞

)

s✉❝❤ t❤❛t

Π
(

W∞,Φ⌢∞

)

= 0

s✐♥❝❡ t❤❡ ♦♣❡r❛t♦r Π ✐s ❝♦♥t✐♥✉♦✉s✳ ❲❡ ♥♦✇ s❡❡ t❤❛t
∥

∥

∥

[

W̆n, Φ̆⌢n

]

−
[

W̆∞, Φ̆⌢∞

]∥

∥

∥

2

KCf

=
∥

∥

(

Wn,Φ⌢n

)

−
(

W∞,Φ⌢∞

)

− Π
(

Wn,Φ⌢n

)∥

∥

2

KC
,

❤❡♥❝❡
[

W̆n, Φ̆⌢n

]

❝♦♥✈❡r❣❡s t♦
[

W̆∞, Φ̆⌢∞

]

✐♥ KCf ✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

✷✻



✶✳✺✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❧♦❛❞❡❞ ♣❧❛t❡ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❦✐♥❡♠❛t✐❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❣❧♦❜❛❧ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ♣❧❛t❡ ✐s
✐♠♣♦ss✐❜❧❡ ✉♥❧❡ss t❤❡ ❛♣♣❧✐❡❞ tr❛♥s✈❡rs❡ ❧♦❛❞ p ✐s s❡❧❢✲❜❛❧❛♥❝❡❞✳ ◆❛♠❡❧②✱

∀
(

W,Φ
⌢

)

∈ R, b
(

W,Φ
⌢

)

=

∫

ω

pW = 0.

❚❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ❝♦♥❞✐t✐♦♥s st✐♣✉❧❛t✐♥❣ t❤❛t t❤❡
r❡s✉❧t❛♥t ❛♣♣❧✐❡❞ ❢♦r❝❡ ❛♥❞ ♠♦♠❡♥ts ❛r❡ ♥✉❧❧ ✿

✭✶✳✼✼✮
∫

ω

p = 0,

∫

ω

px1 = 0 ❛♥❞
∫

ω

px2 = 0.

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ✐♥tr♦❞✉❝❡ ❛ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦♥ KCf ✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r ❢♦r♠ ✿

✭✶✳✼✽✮ ∀
[

W̆ , Φ̆
⌢

]

∈ KCf , b̆
([

W̆ , Φ̆
⌢

])

= b
(

W,Φ
⌢

)

=

∫

ω

pW

✇❤❡r❡
(

W,Φ
⌢

)

✐s ❛♥② ❡❧❡♠❡♥t ✐♥
[

W̆ , Φ̆
⌢

]

✳ ❚❤✐s ♠❛❦❡s s❡♥s❡ ❜❡❝❛✉s❡ ❡q✉❛t✐♦♥s ✭✶✳✼✼✮ ❡♥s✉r❡

t❤❛t t❤❡ ❛❜♦✈❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢
(

W,Φ
⌢

)

✳ ❆ss✉♠❡ t❤❛t p ✐s

✐♥ L2(ω)✳ ❚❤❡♥✱ t❤❡ ❧✐♥❡❛r ❢♦r♠ b ✐s ❝♦♥t✐♥✉♦✉s ♦♥KC✱ ❛♥❞ ✇❡ ❤❛✈❡ ❢♦r ❛♥②
[

W̆ , Φ̆
⌢

]

∈ KCf ✱

✭✶✳✼✾✮

∣

∣

∣b̆
([

W̆ , Φ̆
⌢

])∣

∣

∣ =
∣

∣b
((

W,Φ
⌢

)

− Π
(

W,Φ
⌢

))∣

∣

≤ C
∥

∥

(

W,Φ
⌢

)

− Π
(

W,Φ
⌢

)∥

∥

KC

≤ C
∥

∥

∥W̆ , Φ̆
⌢

∥

∥

∥

KCf

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❧✐♥❡❛r ❢♦r♠ b̆ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ KCf ✳ ▲❡t ✉s ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❜✐❧✐♥❡❛r ❢♦r♠ ♦♥ KCf ✿

✭✶✳✽✵✮
ă
([

W̆ , Φ̆
⌢

]

,
[

W̆ ′, Φ̆
⌢

′
])

= a
((

W,Φ
⌢

)

,
(

W ′,Φ
⌢

′
))

=

∫

ω

(

Φ
⌢
·∇
)

: D
≈

:
(

Φ
⌢

′ ·∇
)

+ T
(

Φ
⌢
+ i

≈

·∇W
)

...H
⌢⌢
...
(

Φ
⌢

′ + i
≈

·∇W ′
)

✇❤❡r❡
(

W,Φ
⌢

)

✭r❡s♣✳
(

W ′,Φ
⌢

′
)

✮ ✐s ❛♥② ❡❧❡♠❡♥t ✐♥
[

W̆ , Φ̆
⌢

]

✭r❡s♣✳
[

W̆ ′, Φ̆
⌢

′
]

✮✳ ❚❤❡ ❜✐❧✐♥❡❛r

❢♦r♠ ă ✐s ✇❡❧❧✲❞❡✜♥❡❞ ♦♥ KCf ❜❡❝❛✉s❡✱ ♦❜✈✐♦✉s❧②✱ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢
[

W̆ , Φ̆
⌢

]

❤❛✈❡ t❤❡

s❛♠❡ ❣❡♥❡r❛❧✐③❡❞ str❛✐♥s Φ
⌢

· ∇ ❛♥❞ Φ
⌢

+ i
≈

· ∇W ✳ ▼♦r❡♦✈❡r✱ ă ✐s ❝♦♥t✐♥✉♦✉s ♦♥ KCf ✳

■♥❞❡❡❞✱
✭✶✳✽✶✮

∣

∣

∣ă
([

W̆ , Φ̆
⌢

]

,
[

W̆ ′, Φ̆
⌢

′
])∣

∣

∣ =
∣

∣a
((

W,Φ
⌢

)

− Π
(

W,Φ
⌢

)

,
(

W ′,Φ
⌢

′
)

− Π
(

W ′,Φ
⌢

′
))∣

∣

≤ C
∥

∥

(

W,Φ
⌢

)

− Π
(

W,Φ
⌢

)∥

∥

KC

∥

∥

(

W ′,Φ
⌢

′
)

− Π
(

W ′,Φ
⌢

′
)∥

∥

KC

≤ C
∥

∥

∥
W̆ , Φ̆

⌢

∥

∥

∥

KCf

∥

∥

∥
W̆ ′, Φ̆

⌢

′
∥

∥

∥

KCf

✷✼



✶✳✺✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❧♦❛❞❡❞ ♣❧❛t❡ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✿

✭✶✳✽✷✮ min
{

P̆
([

W̆ , Φ̆
⌢

])

,
[

W̆ , Φ̆
⌢

]

∈ KCf

}

,

✇❤❡r❡

P̆
([

W̆ , Φ̆
⌢

])

=
1

2
ă
([

W̆ , Φ̆
⌢

]

,
[

W̆ , Φ̆
⌢

])

− b̆
([

W̆ , Φ̆
⌢

])

.

❚❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤✐s ♣r♦❜❧❡♠ r❡❧✐❡s ♦♥ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ă✱ ✇❤✐❝❤
✇❡ ✇✐❧❧ ♣r♦✈❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛❣r❛♣❤✳

✶✳✺✳✷ ❈♦❡r❝✐✈✐t② ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ă

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ ă✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✿

▲❡♠♠❛ ✽✳ ▲❡t
[

W̆ , Φ̆
⌢

]

∈ KCf ✳ ❚❤❡r❡ ❡①✐st t✇♦ ❝♦♥st❛♥ts c > 0 ❛♥❞ c′ > 0 s✉❝❤ t❤❛t

c
∥

∥

∥
W̆ , Φ̆

⌢

∥

∥

∥

N
≤
∥

∥

∥
W̆ , Φ̆

⌢

∥

∥

∥

KCf

≤ c′
∥

∥

∥
W̆ , Φ̆

⌢

∥

∥

∥

N

✇❤❡r❡
∥

∥

∥
W̆ , Φ̆

⌢

∥

∥

∥

2

N
= aN

((

W,Φ
⌢

)

,
(

W,Φ
⌢

))

✱ ✇✐t❤ aN ❣✐✈❡♥ ❜② ✭✶✳✺✺✮ ❛♥❞
(

W,Φ
⌢

)

✐s ❛♥②

❡❧❡♠❡♥t ✐♥
[

W̆ , Φ̆
⌢

]

✱ ❞❡✜♥❡s ❛ ♥♦r♠ ♦♥ KCf ✳

❉é♠♦♥str❛t✐♦♥✳ ❲❡ ❞❡❝♦♠♣♦s❡ t❤❡ ♣r♦♦❢ ✐♥t♦ t❤r❡❡ st❡♣s✳

❙t❡♣ ✶✳ ❙✐♥❝❡ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢
[

W̆ , Φ̆
⌢

]

❤❛✈❡ t❤❡ s❛♠❡ ❣❡♥❡r❛❧✐③❡❞ str❛✐♥s Φ
⌢
· ∇ ❛♥❞

Φ
⌢
+ i

≈

·∇W ✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ăN ♦♥ KCf ×KCf ❛s ✿

✭✶✳✽✸✮ ăN

([

W̆ , Φ̆
⌢

]

,
[

W̆ ′, Φ̆
⌢

′
])

= aN
((

W,Φ
⌢

)

,
(

W ′,Φ
⌢

′
))

✇❤❡r❡
(

W,Φ
⌢

)

✭r❡s♣✳
(

W ′,Φ
⌢

′
)

✮ ✐s ❛♥② ❡❧❡♠❡♥t ✐♥
[

W̆ , Φ̆
⌢

]

✭r❡s♣✳
[

W̆ ′, Φ̆
⌢

′
]

✮✳ ❙✐♥❝❡ t❤❡ ❜✐❧✐✲

♥❡❛r ❢♦r♠ ăN ✐s s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡✱ ✐t ♦♥❧② r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t ✐t ✐s ❞❡✜♥✐t❡ ♦♥ KCf
✐♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t ✐t ✐s ❛ s❝❛❧❛r ♣r♦❞✉❝t✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❤❛✈❡ aN

((

W,Φ
⌢

)

,
(

W,Φ
⌢

))

= 0✱

t❤❡♥✱ Φ
⌢
·∇ = 0 ❛♥❞ Φ

⌢
+ i

≈

·∇W = 0✳ ❍❡♥❝❡✱
(

W,Φ
⌢

)

∈ R ❛♥❞
[

W̆ , Φ̆
⌢

]

= 0✳ ❚❤✉s✱ ăN ✐s

❛ s❝❛❧❛r ♣r♦❞✉❝t ♦♥ KCf ❛♥❞ ‖·, ·‖N ❞❡✜♥❡s ❛ ♥♦r♠ ♦♥ KCf ✳

❙t❡♣ ✷✳ ❲❡ ✜rst st❛rt ❜② ♣r♦✈✐♥❣ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c > 0 s✉❝❤ t❤❛t ✿
∥

∥

∥W̆ , Φ̆
⌢

∥

∥

∥

KCf

≥ c
∥

∥

∥W̆ , Φ̆
⌢

∥

∥

∥

N

✷✽



✶✳✺✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❧♦❛❞❡❞ ♣❧❛t❡ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

▲❡t
(

W,Φ
⌢

)

❜❡ ❛♥② ❡❧❡♠❡♥t ✐♥
[

W̆ , Φ̆
⌢

]

✳ ❆s ✐♥ ❙❡❝t✐♦♥ ✶✳✹✳✸✳✶✱ ✇❡ ❞❡❝♦♠♣♦s❡ t❤❡ t❤✐r❞✲♦r❞❡r

t❡♥s♦r Φ
⌢

✐♥t♦ ✐ts s♣❤❡r✐❝❛❧ ♣❛rt Φ
⌢

s = i
≈

·Φ s ❛♥❞ ✐ts ❞❡✈✐❛t♦r✐❝ ♣❛rt Φ
⌢

❞✳ ❍❡♥❝❡✱
∥

∥W,Φ
⌢

∥

∥

N

❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s ✿

✭✶✳✽✹✮

∥

∥

∥
W̆ , Φ̆

⌢

∥

∥

∥

2

N
=
∥

∥Φ
⌢
·∇
∥

∥

2

L
∼

2
(ω)

+
∥

∥

∥
Φ
⌢
+ i

≈

·∇W
∥

∥

∥

2

L
⌢

2
(ω)

=
∥

∥Φ
⌢
·∇
∥

∥

2

L
∼

2
(ω)

+
∥

∥Φ
⌢

❞
∥

∥

2

L
⌢

2
(ω)

+
3

2
‖Φ s +∇W‖2

L
2
(ω)

❇❡s✐❞❡s✱ ✇❡ ❤❛✈❡ ✿

✭✶✳✽✺✮

∥

∥

∥
W̆ , Φ̆

⌢

∥

∥

∥

2

KCf

=
∥

∥

(

W −WR,Φ
⌢
−Φ

⌢

R
)∥

∥

2

KC

=
∥

∥W −WR
∥

∥

2

L2(ω)
+
∥

∥∇W −∇WR
∥

∥

2

L
2
(ω)

+
3

2

∥

∥Φ s −ΦR
∥

∥

2

L
2
(ω)

+
∥

∥Φ
⌢

❞
∥

∥

2

L
⌢

2
(ω)

+
∥

∥Φ
⌢
·∇
∥

∥

2

L
∼

2
(ω)
,

✇❤❡r❡ ✇❡ ❞❡♥♦t❡ ❜②
(

WR,Φ
⌢

R
)

t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢
(

W,Φ
⌢

)

♦♥ R✱ ✐✳❡✳✱ ✿

Π
(

W,Φ
⌢

)

=
(

WR,Φ
⌢

R
)

∈ R

❲❡ ❝❛♥ ♦❜✈✐♦✉s❧② ✇r✐t❡ ✿

∥

∥∇W −∇WR
∥

∥

2
+

3

2

∥

∥Φ s −ΦR
∥

∥

2 ≥ 1

2

∥

∥∇W −∇WR
∥

∥

2
+

1

2

∥

∥Φ s −ΦR
∥

∥

2

❇② ❝♦♥✈❡①✐t② ♦❢ t❤❡ sq✉❛r❡ ❢✉♥❝t✐♦♥✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ✿

1

2

∥

∥∇W −∇WR
∥

∥

2
+

1

2

∥

∥Φ s −ΦR
∥

∥

2 ≥
∥

∥

∥

∥

1

2

(

∇W −∇WR +Φ s −ΦR
)

∥

∥

∥

∥

2

◆♦t✐❝✐♥❣ t❤❛t ∇WR +ΦR = 0 ❜② t❤❡ ✈❡r② ❞❡✜♥✐t✐♦♥ ♦❢ R✱ t❤❡♥ ❡q✉❛t✐♦♥ ✭✶✳✽✺✮ ❛♥❞ t❤❡
❛❜♦✈❡ ✐♥❡q✉❛❧✐t✐❡s ②✐❡❧❞ ✿

✭✶✳✽✻✮
∥

∥

∥W̆ , Φ̆
⌢

∥

∥

∥

2

KCf

≥ 1

4
‖Φ s +∇W‖2

L
2
(ω)

+
∥

∥Φ
⌢

❞
∥

∥

2

L
⌢

2
(ω)

+
∥

∥Φ
⌢
·∇
∥

∥

2

L
∼

2
(ω)

≥ 1

6

∥

∥

∥W̆ , Φ̆
⌢

∥

∥

∥

2

N

❙t❡♣ ✸✳ ❲❡ ❛r❡ ❧❡❢t ✇✐t❤ ♣r♦✈✐♥❣ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c′ > 0 s✉❝❤ t❤❛t ✿

✭✶✳✽✼✮
∥

∥

∥
W̆ , Φ̆

⌢

∥

∥

∥

KCf

≤ c′
∥

∥

∥
W̆ , Φ̆

⌢

∥

∥

∥

N

❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✐♥❥❡❝t✐♦♥ ♦❢ KCf ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠ ‖•‖N
✐♥t♦KCf ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠ ‖•‖KCf

✳ ❈♦♥s✐❞❡r✐♥❣ ❛ s❡q✉❡♥❝❡
[

W̆k, Φ̆⌢k

]

∈ KCf ✱ k ∈ N

✷✾



✶✳✺✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❧♦❛❞❡❞ ♣❧❛t❡ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

s✉❝❤ t❤❛t
∥

∥

∥
W̆k, Φ̆⌢k

∥

∥

∥

N
−→ 0 ❛s k ❣♦❡s t♦ ✐♥✜♥✐t②✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t

∥

∥

∥
W̆ , Φ̆

⌢

∥

∥

∥

KCf

−→ 0

❛s k ❣♦❡s t♦ ✐♥✜♥✐t②✳

❯s✐♥❣ ✭✶✳✽✹✮✱ ✇❡ ❝❛♥ s❡❡ t❤❛t

✭✶✳✽✽✮ ‖Φ s
k +∇Wk‖2L 2

(ω)
−→ 0

❛♥❞ t❤❛t

✭✶✳✽✾✮
∥

∥Φ
⌢k

·∇
∥

∥

2

L
∼

2
(ω)

+
∥

∥Φ
⌢

❞

k

∥

∥

2

L
⌢

2
(ω)

−→ 0

❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✹ ❛♥❞ t❤❡ ❛❜♦✈❡ ❧✐♠✐t✱ ❢♦r ❡❛❝❤ k✱ t❤❡r❡ ❡①✐sts ❛ ✈❡❝t♦r ✜❡❧❞ r k ♦❢
t❤❡ ❢♦r♠ ✭✶✳✶✵✮

r k(x1, x2) = (uk − wkx2, vk + wkx1)

s✉❝❤ t❤❛t ✿

✭✶✳✾✵✮ ‖Φ s
k − r k‖L 2

(ω)
−→ 0

■t ❢♦❧❧♦✇s ❢r♦♠ ❡q✉❛t✐♦♥s ✭✶✳✽✽✮ ❛♥❞ ✭✶✳✾✵✮ t❤❛t ✿

✭✶✳✾✶✮ ‖r k +∇Wk‖L 2
(ω)

−→ 0

❚❤❡♥✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✺✱ wk −→ 0 ❛♥❞ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ ♥✉♠❜❡rs
❞❡♥♦t❡❞ ❜② zk s✉❝❤ t❤❛t ✿

✭✶✳✾✷✮ ‖Wk + ukx1 + vkx2 + zk‖H1(ω) −→ 0

■♥ t✉r♥✱ wk −→ 0 ❛♥❞ ✭✶✳✾✵✮ ✐♠♣❧✐❡s t❤❛t

✭✶✳✾✸✮
∥

∥

∥
Φ s

k − r
(u,v)
k

∥

∥

∥

L
2
(ω)

−→ 0

✇❤❡r❡ r (u,v)
k = (uk, vk)✳ ❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥♦r♠ ‖•‖KCf

❛♥❞
(

Vk,Ψ⌢ k

)

✐♥ R ❞❡✜♥❡❞
❜② ✿

(

Vk,Ψ⌢ k

)

=
(

−ukx1 − vkx2 − zk, i
≈

· r (u,v)
k

)

✇❡ ❤❛✈❡ ✿

✭✶✳✾✹✮
∥

∥

∥W̆k, Φ̆⌢k

∥

∥

∥

KCf

≤
∥

∥

(

Wk,Φ⌢k

)

−
(

Vk,Ψ⌢ k

)∥

∥

KC
−→ 0

t❤❛♥❦s t♦ ❡q✉❛t✐♦♥s ✭✶✳✾✷✮ ❛♥❞ ✭✶✳✾✸✮ t♦❣❡t❤❡r ✇✐t❤ ✭✶✳✽✾✮✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

✸✵



✶✳✺✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❧♦❛❞❡❞ ♣❧❛t❡ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

✶✳✺✳✸ ❲❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ❢r❡❡ ❜♦✉♥✲

❞❛r② ❝♦♥❞✐t✐♦♥s

❲❡ ❤❛✈❡ s❤♦✇♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s t❤❛t t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ă ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❝♦❡r❝✐✈❡
♦♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ KCf ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t t❤❡ ❧✐♥❡❛r ❢♦r♠ b̆ ✐s ❝♦♥t✐♥✉♦✉s
♦♥ KCf ✳ ❆s ❛❧❧ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ▲❛①✲▼✐❧❣r❛♠ t❤❡♦r❡♠ ❛r❡ ✈❡r✐✜❡❞✱ ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✿

❚❤❡♦r❡♠ ✹✳ ❆ss✉♠❡ t❤❛t ✿
✕ t❤❡ tr❛♥s✈❡rs❡ ❧♦❛❞ p ∈ L2(ω) ✐s s✉❝❤ t❤❛t ✭✶✳✼✼✮ ❛r❡ s❛t✐s✜❡❞ ❀
✕ t❤❡ s②♠♠❡tr✐❝ st✐✛♥❡ss t❡♥s♦rs D

≈

❛♥❞ H
⌢⌢

❛r❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳

❚❤❡♥✱ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✽✷✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❡♥♦t❡❞ ❜②
[

W̆ ❇●, Φ̆
⌢

❇●
]

✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ ✿

✭✶✳✾✺✮







❋✐♥❞
[

W̆ ❇●, Φ̆
⌢

❇●
]

∈ KCf s✉❝❤ t❤❛t

ă
([

W̆ ❇●, Φ̆
⌢

❇●
]

,
[

W̆ , Φ̆
⌢

])

= b̆
([

W̆ , Φ̆
⌢

])

, ∀
[

W̆ , Φ̆
⌢

]

∈ KCf

❖✉r ♦❜❥❡❝t✐✈❡ ♥♦✇ ✐s t♦ ❜✉✐❧❞ ❢r♦♠
[

W̆ ❇●, Φ̆
⌢

❇●
]

❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ❢♦r♠❡❞ ❜② t❤❡

❡q✉❛t✐♦♥s ✭✶✳✷✽✮✱ ✭✶✳✷✾✮✱ ✭✷✳✽✮✱ ✭✷✳✼✮ ❛♥❞ ✭✶✳✼✷✮✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s❡t SC0(p)
♦❢ st❛t✐❝❛❧❧② ❝♦♠♣❛t✐❜❧❡ ♠♦♠❡♥t ✜❡❧❞s ✇❤✐❝❤ ❛r❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✭✷✳✽✮ ✇✐t❤ t❤❡ ❡①t❡r♥❛❧
❧♦❛❞ p ❛♥❞ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✶✳✼✷✮✱ ✐♥ t❤❡ ✇❡❛❦ s❡♥s❡ ✿

✭✶✳✾✻✮ SC0(p) =

{

M
∼

∈ H
∼

1
0
(ω),

∫

ω

(M
∼

·∇) ·∇W =

∫

ω

pW ∀W ∈ H1(ω)

}

.

■♥❞❡❡❞✱ ✉s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✐t ❡❛s✐❧② s❡❡♥ t❤❛t ✐❢ M
∼

∈ SC0(p) ✐s r❡❣✉❧❛r ❡♥♦✉❣❤✱
t❤❡♥ t❤❡ ❡q✉❛t✐♦♥s ✭✷✳✽✮ ❛♥❞ ✭✶✳✼✷✮ ✇✐❧❧ ❤♦❧❞ tr✉❡ ✐♥ t❤❡ str♦♥❣ s❡♥s❡ ✇✐t❤ R

⌢
= M

∼
⊗∇ ✳

❚❤❡♦r❡♠ ✺✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ tr❛♥s✈❡rs❡ ❧♦❛❞ p ❛♥❞ t❤❡ st✐✛♥❡ss t❡♥s♦rs D
≈

❛♥❞ H
⌢⌢

s❛✲

t✐s❢② t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✭✹✮ ❛♥❞ ❧❡t
[

W̆ ❇●, Φ̆
⌢

❇●
]

❞❡♥♦t❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡

♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✽✷✮✳ ▲❡t
(

W ❇●,Φ
⌢

❇●
)

❜❡ ❛♥② ❡❧❡♠❡♥t ✐♥
[

W̆ ❇●, Φ̆
⌢

❇●
]

✳ ❚❤❡ ❣❡♥❡✲

r❛❧✐③❡❞ str❛✐♥s ❛ss♦❝✐❛t❡❞ t♦
(

W ❇●,Φ
⌢

❇●
)

t❤r♦✉❣❤ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✶✳✷✽✮✱✭✶✳✷✾✮
❛r❡ ❣✐✈❡♥ ❜②

✭✶✳✾✼✮ χ
∼

❇● = Φ
⌢

❇● ·∇ ❛♥❞ Γ
⌢

❇● = Φ
⌢

❇● + i
≈

·∇W ❇●,

❛♥❞ t❤❡ ❣❡♥❡r❛❧✐③❡❞ str❡ss ✜❡❧❞s ❛ss♦❝✐❛t❡❞ t♦
(

W ❇●,Φ
⌢

❇●
)

❜② t❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s
✭✷✳✼✮ ❛r❡

✭✶✳✾✽✮ M
∼

❇● = D
≈

: χ
∼

❇● ❛♥❞ R
⌢

❇● = H
⌢⌢
... Γ

⌢

❇●.

✸✶



✶✳✺✳ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❛ ❧♦❛❞❡❞ ♣❧❛t❡ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❚❤❡♥✱

✭✶✳✾✾✮ M
∼

❇● ∈ SC0(p) ❛♥❞ R
⌢

❇● = M
∼

❇●
⊗∇ .

▼♦r❡♦✈❡r✱ t❤❡ ❛❜♦✈❡ ✜❡❧❞s ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢
(

W ❇●,Φ
⌢

❇●
)

✐♥
[

W̆ ❇●, Φ̆
⌢

❇●
]

✳

❉é♠♦♥str❛t✐♦♥✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❚❤❡♦r❡♠ ✭✸✮✳ ❙✐♥❝❡
[

W̆ ❇●, Φ̆
⌢

❇●
]

s❛t✐s✜❡s

✭✶✳✾✺✮ ✭✇❡ r❡❢❡r t♦ ❚❤❡♦r❡♠ ✭✹✮✮✱ ✇❡ ❤❛✈❡ t❤❛t✱ ❢♦r ❛❧❧
[

W̆ ❇●, Φ̆
⌢

❇●
]

∈ KCf ✱

✭✶✳✶✵✵✮
∫

ω

M
∼

❇● :
(

Φ
⌢
·∇
)

+ T
R
⌢

❇● ...
(

Φ
⌢
+ i

≈

·∇W
)

=

∫

ω

pW,

✇❤❡r❡
(

W ❇●,Φ
⌢

❇●
)

✐s ❛♥② ❡❧❡♠❡♥t ✐♥
[

W̆ ❇●, Φ̆
⌢

❇●
]

❛♥❞
(

W,Φ
⌢

)

✐s ❛♥② ❡❧❡♠❡♥t ♦❢ KC✳ ❇②

❛r❣✉♠❡♥ts s✐♠✐❧❛r t♦ t❤♦s❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✱ ✇❡ ♦❜t❛✐♥ ✭✶✳✾✾✮✳

✶✳✺✳✹ ❊q✉✐✈❛❧❡♥❝❡ t♦ ❛ str❡ss ❢♦r♠✉❧❛t✐♦♥

❲❡ ❤❛✈❡ ❜✉✐❧t ✐♥ ❚❤❡♦r❡♠ ✺ t❤❡ ❣❡♥❡r❛❧✐③❡❞ str❡ss ✜❡❧❞s
(

M
∼

❇●,R
⌢

❇●
)

s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦✲
❜❧❡♠ ✇✐t❤ ❢r❡❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t M

∼

❇● ∈ SC0(p) ❛♥❞
t❤❛t R

⌢

❇● = M
∼

❇●
⊗∇ ✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✿

❚❤❡♦r❡♠ ✻✳

❆❞♦♣t✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✹ ❛♥❞ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✺✱ t❤❡ str❡ss ✜❡❧❞
M
∼

❇● ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✺ ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ✿

✭✶✳✶✵✶✮ min

{

E∗❇● =

∫

ω

w∗❇● (M
∼
,M

∼
⊗∇) dω, M

∼
∈ SC0(p)

}

✇❤❡r❡ w∗❇● ✐s ❞❡✜♥❡❞ ❜② ✭✶✳✹✷✮✳

❉é♠♦♥str❛t✐♦♥✳ ❋♦r ❛ ♣r♦♦❢✱ ✇❡ ❢♦❧❧♦✇ ✐♥ ❝❧♦s❡ ❧✐♥❡s t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❛t ♦❢ ❚❤❡♦r❡♠
✸✱ ✇❤❡r❡ SC0(p) ✐s s✉❜st✐t✉t❡❞ t♦ SC(p)✳ ❈♦♥s✐❞❡r ❛♥② ❡❧❡♠❡♥t M

∼
∈ SC0(p)✱ ❛♥❞ s❡t

M
∼

′

= M
∼

−M
∼

❇●.

❙✐♠♣❧❡ ❛❧❣❡❜r❛✐❝ tr❛♥s❢♦r♠❛t✐♦♥s ❧❡❛❞ t♦ ✿

E∗❇● (M
∼
) = E∗❇●

(

M
∼

′

)

+E∗❇● (M
∼

❇●)+

∫

ω

M
∼

′

:
(

Φ
⌢

❇● ·∇
)

+
T(

M
∼

′

⊗∇

)

...
(

Φ
⌢

❇● + i
≈

·∇W ❇●

)

❯s✐♥❣ t❤❛t M
∼

′ ∈ SC0(0)✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ❧❡❛❞s t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ❧❛st t❡r♠ ✐♥ t❤❡
❛❜♦✈❡ ❡q✉❛t✐♦♥ ✈❛♥✐s❤❡s✳ ❲❡ ❤❡♥❝❡ ♦❜t❛✐♥ t❤❛t ✿

E∗❇● (M
∼
) = E∗❇●

(

M
∼

′

)

+ E∗❇● (M
∼

❇●)

❲❡ ❡♥❞ t❤❡ ♣r♦♦❢ ❜② ♠❡♥t✐♦♥✐♥❣ t❤❛t E∗❇● (M
∼
) ✐s ♣♦s✐t✐✈❡ ❛s s♦♦♥ ❛s M

∼

′

❞♦❡s ♥♦t
✈❛♥✐s❤✳

✸✷



✶✳✻✳ ❙✐♠♣❧❡ ❙✉♣♣♦rt ❇♦✉♥❞❛r② ❈♦♥❞✐t✐♦♥s

✶✳✻ ❙✐♠♣❧❡ ❙✉♣♣♦rt ❇♦✉♥❞❛r② ❈♦♥❞✐t✐♦♥s

❲❡ ❤❛✈❡ ❛❧r❡❛❞② ♣r❡s❡♥t❡❞ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❢♦r ❝❧❛♠♣❡❞ ♣❧❛t❡s ✭s❡❝t✐♦♥ ✶✳✹✮
❛s ✇❡❧❧ ❛s ❢♦r ❢r❡❡ ♣❧❛t❡s ✭s❡❝t✐♦♥ ✶✳✺✮ ❛♥❞ ♣r♦✈❡❞ ✐ts ✇❡❧❧✲♣♦s❡❞♥❡ss ✐♥ ❜♦t❤ ❝❛s❡s✳ ◆❡✈❡r✲
t❤❡❧❡ss✱ ♦t❤❡r t②♣❡s ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ✐♠♣♦s❡❞ ♦♥ ∂ω✳ ■♥ t❤✐s s❡❝t✐♦♥✱
✇❡ ❞✐s❝✉ss t❤❡ s✐♠♣❧❡ s✉♣♣♦rt ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

❆❝❝♦r❞✐♥❣ t♦ ❙❛❜ ❛♥❞ ▲❡❜é❡ ✭✷✵✶✺✮✱ t❤❡ s♦❢t s✐♠♣❧❡ s✉♣♣♦rt ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡
❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② s❡t t♦ ③❡r♦ ❜♦t❤ t❤❡ ♠♦♠❡♥t t❡♥s♦r M

∼
❛♥❞ t❤❡ tr❛♥s✈❡rs❡

❞✐s♣❧❛❝❡♠❡♥t W ✳ ◆❛♠❡❧② ✿

✭✶✳✶✵✷✮ M
∼

= 0 ❛♥❞ W = 0 ♦♥ ∂ω.

❍❡♥❝❡✱ t❤❡s❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❛ ♠✐①❡❞ ❜❡t✇❡❡♥ t❤❡ ❝❧❛♠♣❡❞ ❛♥❞ t❤❡ ❢r❡❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳ ❲❡ ❝❛♥ ❣❡♥❡r❛❧✐③❡ t❤❡ r❡s✉❧ts ❡st❛❜❧✐s❤❡❞ ❢♦r t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ ✐♥
❙❡❝t✳ ✶✳✺✱ ♥❛♠❡❧② ❚❤❡♦r❡♠s ✭✶✮✱ ✭✷✮ ❛♥❞ ✭✸✮ t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♠✐①❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
✭✶✳✶✵✷✮ ❛s ❢♦❧❧♦✇s ✿
✕ ❚❤❡ s♣❛❝❡ KCm ♦❢ ❦✐♥❡♠❛t✐❝❛❧❧② ❝♦♠♣❛t✐❜❧❡ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞s ✇✐t❤ ♠✐①❡❞
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s ❞❡✜♥❡❞ ❛s ✿

KCm = H1
0 (ω)×H

⌢
(div, ω).

◆♦t❡ t❤❛t ✿
KC0 ⊂ KCm ⊂ KC.

✕ ❚❤❡ tr❛♥s✈❡rs❡ ❧♦❛❞ p ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✐♥ H−1(ω)✳
✕ ❚❤❡ s♣❛❝❡ SCm(p) ♦❢ st❛t✐❝❛❧❧② ❝♦♠♣❛t✐❜❧❡ ❣❡♥❡r❛❧✐③❡❞ str❡ss ✜❡❧❞s ✇✐t❤ ♠✐①❡❞ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s ✐s ❞❡✜♥❡❞ ❛s ✿

SCm(p) =
{

M
∼

∈ H
∼

1
0
(ω), Mαβ,αβ + p = 0 ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s

}

.

◆♦t❡ t❤❛t ✿
SC0(p) ⊂ SCm(p) ⊂ SC(p).

✕ ❚❤❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦rs d
≈

❛♥❞ h
⌢⌢
❛r❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ✭✶✳✹✹✮ ❛♥❞ ✭✶✳✹✺✮✳

✕ ❚❤❡♦r❡♠ ✭✶✮ ❤♦❧❞s tr✉❡ ✐❢ SCm(p) ❛♥❞ SCm(0) ❛r❡ r❡s♣❡❝t✐✈❡❧② s✉❜st✐t✉t❡❞ ❢♦r SC(p)
❛♥❞ SC(0) ✐♥ ✭✶✳✹✼✮ ❛♥❞ ✭✶✳✹✽✮✳ ❚❤❡ ♣r♦♦❢ ✐s ❡①❛❝t❧② t❤❡ s❛♠❡✳

✕ ❚❤❡♦r❡♠ ✭✷✮ ❤♦❧❞s tr✉❡ ✐❢ KCm ✐s s✉❜st✐t✉t❡❞ ❢♦r KC0 ✐♥ ♣r♦❜❧❡♠ ✭✶✳✺✷✮✳ ❚❤❡ ♣r♦♦❢ ✐s
♠❛✐♥❧② t❤❡ s❛♠❡ ❜✉t ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C ′ s✉❝❤ t❤❛t ✿

✭✶✳✶✵✸✮ ∀
(

W,Φ
⌢

)

∈ KCm,
∥

∥W,Φ
⌢

∥

∥

KCm
≤ C ′

∥

∥W,Φ
⌢

∥

∥

N

❚♦ t❤✐s ❛✐♠✱ ✇❡ ♣r♦❝❡❡❞ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ ❛s ✉s✉❛❧✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❛❧❧ k ∈ N✱ t❤❡r❡
❡①✐sts

(

Wk,Φ⌢k

)

∈ KCm s✉❝❤ t❤❛t ✿

✭✶✳✶✵✹✮
∥

∥Wk,Φ⌢k

∥

∥

KCm
= 1,

∥

∥Wk,Φ⌢k

∥

∥

N
≤ 1

k
.

✸✸



✶✳✼✳ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡

❚❤❡ ❡①♣r❡ss✐♦♥ ♦❢
∥

∥Wk,Φ⌢k

∥

∥

N
✐s ❣✐✈❡♥ ❜② ✭✶✳✺✾✮ ❛♥❞ ✭✶✳✻✵✮✳ ❋r♦♠ ✭✶✳✶✵✹✮✱ ✇❡ ♦❜t❛✐♥

✭✶✳✽✽✮ ❛♥❞ ✭✶✳✽✾✮✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✹ ❛♥❞ t❤❡ ❧✐♠✐t ✭✶✳✽✾✮✱ ❢♦r ❡❛❝❤ k✱ t❤❡r❡ ❡①✐sts ❛
✈❡❝t♦r ✜❡❧❞ r k ♦❢ t❤❡ ❢♦r♠ ✭✶✳✶✵✮ s✉❝❤ t❤❛t ✭✶✳✾✵✮✳ ❚❤❡♥✱ ✭✶✳✾✶✮ ❢♦❧❧♦✇s ❢r♦♠ ❡q✉❛t✐♦♥s
✭✶✳✽✽✮ ❛♥❞ ✭✶✳✾✵✮ ❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✺ ✇✐t❤ Wk ∈ H1

0 (ω)✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♥✈❡r✲
❣❡♥❝❡s r k −→ 0 ❛♥❞ Wk −→ 0 ✐♥ H1

0 (ω)✳ ❍❡♥❝❡✱
(

Wk,Φ⌢k

)

−→ 0 ✐♥ KCm ✇❤✐❝❤ ✐s ✐♥
❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤

∥

∥Wk,Φ⌢k

∥

∥

KCm
= 1✳

✕ ❚❤❡♦r❡♠ ✭✸✮ ✇❤✐❝❤ st❛t❡s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ st❛t✐❝ ❛♥❞ t❤❡ ❦✐♥❡♠❛t✐❝ ❛♣✲
♣r♦❛❝❤❡s ❢♦r ❝❧❛♠♣❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞ t♦ ♣r♦✈❡ t❤❡ ❡q✉✐✈❛✲
❧❡♥❝❡ ♦❢ t❤❡s❡ ❛♣♣r♦❛❝❤❡s ❢♦r t❤❡ ♠✐①❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✶✳✶✵✷✮✳

❆s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r ✭s❡❡ ❙❡❝t✳ ✶✳✸✳✷✳✹✮✱ t❤❡ s✐①t❤ ♦r❞❡r t❡♥s♦r h
⌢⌢
✐s ♣♦s✐t✐✈❡ ❜✉t ♥♦t ❞❡✜♥✐t❡

♦♥ ✇❤♦❧❡ R
⌢
✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❙❡❝t✐♦♥s ✶✳✹✲✶✳✻ ✇❡r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡

❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠s ✇❤❡♥ h
⌢⌢

✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ■t ✐s t✐♠❡ ♥♦✇ t♦ ❡①t❡♥❞ t❤❡s❡
r❡s✉❧ts t♦ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❖♥❧② ❝❧❛♠♣❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇✐❧❧ ❜❡ st✉❞✐❡❞ t♦ ❛✈♦✐❞
❧❡♥❣t❤❡♥✐♥❣ t❤❡ ♣❛♣❡r✳

✶✳✼ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✐♥ t❤❡

❣❡♥❡r❛❧ ❝❛s❡

❙✐♥❝❡ t❤❡ s✐①t❤✲♦r❞❡r t❡♥s♦r h
⌢⌢

✐s ♥♦t ❞❡✜♥✐t❡ ♦♥ ✇❤♦❧❡ R
⌢

✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ❙❛❜ ❛♥❞
▲❡❜é❡ ❙❛❜ ❛♥❞ ▲❡❜é❡ ✭✷✵✶✺✮ ♦rt❤♦❣♦♥❛❧❧② ❞❡❝♦♠♣♦s❡❞ t❤❡ ✈❡❝t♦r s♣❛❝❡ R

⌢
✱ ❡♥❞♦✇❡❞ ✇✐t❤

t❤❡ s❝❛❧❛r ♣r♦❞✉❝t TX
⌢
...X

⌢

′ = XαβγX
′
αβγ✱ ✐♥t♦ S

⌢
❛♥❞ ✐ts ♦rt❤♦❣♦♥❛❧ K

⌢
✿

R
⌢
= S

⌢
⊕K

⌢

✇❤❡r❡ S
⌢

✐s t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ s✐①t❤✲♦r❞❡r s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r h
⌢⌢
✿

S
⌢
= {h

⌢⌢
...X

⌢
, X

⌢
∈ R

⌢
},

❛♥❞ K
⌢

❞❡♥♦t❡s ✐ts ❦❡r♥❡❧ ✿
K
⌢

= {X
⌢

∈ R
⌢
| h

⌢⌢
...X

⌢
= 0}.

▲❡t P
⌢⌢

S ❛♥❞ P
⌢⌢

K ❞❡♥♦t❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ♦♥t♦ S
⌢

❛♥❞ K
⌢
✳

■t ❝❛♥ ❜❡ ❡❛s✐❧② ✈❡r✐✜❡❞ t❤❛t ❛♥② t❤✐r❞✲♦r❞❡r t❡♥s♦r X
⌢

❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✿

✭✶✳✶✵✺✮ X
⌢

= X
⌢

S +X
⌢

K

✇✐t❤
X
⌢

S = P
⌢⌢

S ...X
⌢

∈ S
⌢
, X

⌢

K = P
⌢⌢

K ...X
⌢

∈ K
⌢
,

T

X
⌢

S ...X
⌢

K = 0.

■t ✐s ✉s❡❢✉❧ t♦ ♥♦t✐❝❡ t❤❛t ✇❡ ❛❧✇❛②s ❤❛✈❡ ✿

✭✶✳✶✵✻✮ TX
⌢
... h

⌢⌢
...X

⌢
=

T

X
⌢

S ... h
⌢⌢
...X

⌢

S.

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r h
⌢⌢
✐s ❞❡✜♥✐t❡ ♦♥❧② ♦♥ t❤❡ s✉❜s♣❛❝❡ S

⌢
✳

✸✹



✶✳✼✳ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡

❚❤❡ s✉❜s♣❛❝❡ S
⌢
❝♦♥t❛✐♥s ❛❧❧ t❤❡ s♣❤❡r✐❝❛❧ t❤✐r❞✲♦r❞❡r t❡♥s♦rs ♦❢ t❤❡ ❢♦r♠ ✭✶✳✸✮ ❛s s❤♦✇♥

❜② ❙❛❜ ❛♥❞ ▲❡❜é❡ ✭✷✵✶✺✮✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt② ✿

✭✶✳✶✵✼✮ P
⌢⌢

S ... i
≈

= i
≈

... P
⌢⌢

S = i
≈

,

❛♥❞ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ S
⌢

✐s ❛t ❧❡❛st t✇♦✳ ❆❝t✉❛❧❧②✱ ✐t ✐s ❡①❛❝t❧② t✇♦ ❢♦r ❤♦♠♦❣❡♥❡♦✉s
♣❧❛t❡s ❛♥❞ ✐♥ t❤✐s ❝❛s❡ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❞❡❣❡♥❡r❛t❡s ✐♥t♦ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥
t❤❡♦r②✳ ❲❤❡♥ h

⌢⌢
✐s ❞❡✜♥✐t❡ ❛♥❞ t❤❡r❡❢♦r❡ ✐♥✈❡rt✐❜❧❡✱ S

⌢
✐s ❡q✉❛❧ t♦ R

⌢
♦❢ ❞✐♠❡♥s✐♦♥ s✐①✳ ■♥

t❤✐s ❝❛s❡✱ P
⌢⌢

S ✐s t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r✳ ❙♦✱ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ S
⌢

✐s ❜❡t✇❡❡♥ t✇♦ ❛♥❞ s✐①✱
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣❧❛t❡✳

■♥ ♦r❞❡r t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣♦ss✐❜❧❡ ♥♦♥✲❞❡✜♥✐t❡♥❡ss ♦❢ h
⌢⌢
✱ ❜♦t❤ ❣❡♥❡r❛❧✐③❡❞ r♦t❛t✐♦♥

t❡♥s♦r Φ
⌢

❛♥❞ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡ t❡♥s♦r R
⌢

❛r❡ ❡♥❢♦r❝❡❞ t♦ ❜❡❧♦♥❣ t♦ S
⌢
✳ ❚❤❡ ✜rst

❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥ st❛t❡s t❤❛t R
⌢

✐s ❛❝t✉❛❧❧② t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❜❡♥❞✐♥❣ ❣r❛❞✐❡♥t
M
∼

⊗∇ ♦♥ S
⌢
✳ ▼♦r❡♦✈❡r✱ ✉s✐♥❣ ♣r♦♣❡rt② ✭✶✳✶✵✼✮✱ ❡①♣r❡ss✐♥❣ t❤❡ ❢❛❝t t❤❛t S

⌢
❝♦♥t❛✐♥s ❛❧❧

t❤❡ s♣❤❡r✐❝❛❧ t❤✐r❞✲♦r❞❡r ♦❢ t❤❡ ❢♦r♠ ✭✶✳✸✮✱ s❤♦✇s t❤❛t i
≈
...
.(
R
⌢

⊗∇
)

=Mαβ,αβ ✐♥ t❤❡ ❣❡♥❡r❛❧

❝❛s❡✱ ❛♥❞ ❤❡♥❝❡ t❤❡ s❡❝♦♥❞ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥ r❡♠❛✐♥s t❤❡ s❛♠❡✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ h
⌢⌢
♠❛②

❜❡ ♥♦t ✐♥✈❡rt✐❜❧❡✱ H
⌢⌢

✇✐❧❧ ❞❡♥♦t❡ ✐ts ▼♦♦r❡✲P❡♥r♦s❡ ♣s❡✉❞♦ ✐♥✈❡rs❡ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳
■♥ s✉♠♠❛r②✱ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❢♦r ❝❧❛♠♣❡❞ ♣❧❛t❡s ✐s t♦ ✜♥❞ W ❛♥❞ Φ

⌢
∈ S

⌢

s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✿


























χ
∼

= Φ
⌢
·∇ ❛♥❞ Γ

⌢
= Φ

⌢
+ i

≈

·∇W,✭✶✳✶✵✽❛✮

M
∼

= D
≈

: χ
∼

❛♥❞ R
⌢

= H
⌢⌢
... Γ

⌢
,✭✶✳✶✵✽❜✮

R
⌢
− P

⌢⌢

S ... (M
∼

⊗∇) = 0 ❛♥❞ i
≈
...
. (
R
⌢

⊗∇
)

+ p = 0,✭✶✳✶✵✽❝✮

Φ
⌢
· n = 0 ❛♥❞ W = 0 ♦♥ ∂ω.✭✶✳✶✵✽❞✮

◆♦t❡ t❤❛t s✐♥❝❡ Φ
⌢
✐s ✐♥ S

⌢
❛♥❞ t❤❡ s♣❤❡r✐❝❛❧ t❤✐r❞✲♦r❞❡r t❡♥s♦rs ♦❢ t❤❡ ❢♦r♠ ✭✶✳✸✮ ❛r❡ ❛❧s♦

✐♥ S
⌢
✱ t❤❡♥ Γ

⌢
✇✐❧❧ ❜❡ ❛❧s♦ ✐♥ S

⌢
✳

■♥ ❣❡♥❡r❛❧✱ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❝❛♥♥♦t ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥
t❤❡♦r②✳ ❍♦✇❡✈❡r✱ ✐t ✇❛s ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❝♦✐♥❝✐❞❡s ✇✐t❤
t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ t❤❡ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r h

⌢⌢
❤❛s t❤❡

❢♦❧❧♦✇✐♥❣ ❢♦r♠ ✿
h
⌢⌢
= i

≈

· h
∼

❘▼ · i
≈

✇❤❡r❡ h
∼

❘▼ ❞❡♥♦t❡s ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦r ❝❛❧❧❡❞ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥
s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r✳ ❚❤✐s ✐s ❡①❛❝t❧② t❤❡ ❝❛s❡ ❢♦r ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❡s ✇❤❡r❡ h

⌢⌢
✐s

❣✐✈❡♥ ❜② ✿

h
⌢⌢
=

6

5t
i
≈

· S
∼

γ · i
≈

❛♥❞ S
∼

γ = (4Sα3β3) ❞❡♥♦t❡s t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ tr❛♥s✈❡rs❡ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r✳

■♥❞❡❡❞✱ ✇❤❡♥ h
⌢⌢
✐s ♦❢ t❤❡ ❛❜♦✈❡ ❢♦r♠✱ t❤❡♥ S

⌢
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ s❡t ♦❢ s♣❤❡r✐❝❛❧ t❤✐r❞✲♦r❞❡r

t❡♥s♦rs ♦❢ t❤❡ ❢♦r♠ ✭✶✳✸✮✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ♥❡❝❡ss❛r✐❧②

Φ
⌢
= i

≈

·ϕ

✸✺



✶✳✼✳ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡

✇❤❡r❡ ϕ ✐s ❛ ✷❉ ✈❡❝t♦r r❡♣r❡s❡♥t✐♥❣ r♦t❛t✐♦♥s✱

R
⌢

= P
⌢⌢

S ... (M
∼

⊗∇) =
2

3
i
≈

· (M
∼

·∇) ,

❛♥❞ ❛❧❧ t❤❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② ❛r❡ r❡tr✐❡✈❡❞✳

❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ♣r♦♣❡r ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s ✐♥ ✇❤✐❝❤ t❤❡ str❡ss ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ t❤❡
❞✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥ t✉r♥ ♦✉t t♦ ❜❡ ✇❡❧❧✲♣♦s❡❞ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✇❤❡r❡ h

⌢⌢
♠❛②

♥♦t ❜❡ ❞❡✜♥✐t❡✳

✶✳✼✳✶ ❙tr❡ss ❢♦r♠✉❧❛t✐♦♥

▲❡t
(

M
∼
,R

⌢

)

❜❡ ❛ ❣❡♥❡r❛❧✐③❡❞ str❡ss ✜❡❧❞ ❞❡✜♥❡❞ ♦✈❡r ω✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❝♦♠♣❧❡♠❡♥t❛r②
❡♥❡r❣② E∗❇● ❛♥❞ t❤❡ str❡ss ❡♥❡r❣② ❞❡♥s✐t② w∗❇● ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡✜♥❡❞ ❜② ✭✶✳✹✶✮ ❛♥❞
✭✶✳✹✷✮✳ ❆ss✉♠❡ t❤❛t t❤❡ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ h

⌢⌢
✐s ♣♦s✐t✐✈❡✳ ▲❡t S

⌢
❜❡ ✐ts ✐♠❛❣❡ ❛♥❞ P

⌢⌢

S

t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ♦♥ S
⌢
✳ ❆ss✉♠❡ t❤❛t ✭✶✳✶✵✼✮ ❤♦❧❞s tr✉❡✳ ❚❤❡♥✱ t❤❡ s❡t

♦❢ st❛t✐❝❛❧❧② ❛❞♠✐ss✐❜❧❡ ❣❡♥❡r❛❧✐③❡❞ str❡ss ✜❡❧❞s ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

✭✶✳✶✵✾✮ SC❇●(p) = {
(

M
∼
,R

⌢

)

∈ L
∼

2×L
⌢

2/ R
⌢

= P
⌢⌢

S ... (M
∼

⊗∇) ❛♥❞ i
≈
...
.(
R
⌢

⊗∇
)

+p = 0},

✇❤❡r❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❛r❡ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✱ ✐✳❡✳✱ ❢♦r ❛❧❧
(

W,Φ
⌢

)

∈
D(ω)×D

⌢
(ω)

✭✶✳✶✶✵✮
∫

ω

M
∼

:
((

P
⌢⌢

S ...Φ
⌢

)

·∇
)

+ TR
⌢
...
(

Φ
⌢
+ i

≈

·∇W
)

=

∫

ω

pWdω

◆♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥ ♦❢ SC❇●(p) ❝♦✐♥❝✐❞❡s ✇✐t❤ ❞❡✜♥✐t✐♦♥ ✭✶✳✹✻✮ ♦❢ SC(p) ✐❢ h
⌢⌢
✐s

❞❡✜♥✐t❡ ❛♥❞✱ ❤❡♥❝❡✱ P
⌢⌢

S ✐s t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r✳

❚❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ♠✐♥✐♠✐③✐♥❣ t❤❡
❝♦♠♣❧❡♠❡♥t❛r② ❡♥❡r❣② E∗❇●

(

M
∼
,R

⌢

)

✇✐t❤ r❡s♣❡❝t t♦ ❛❧❧
(

M
∼
,R

⌢

)

∈ SC❇●(p) ✿

✭✶✳✶✶✶✮ min

{

E∗❇●
(

M
∼
,R

⌢

)

=

∫

ω

w∗❇●
(

M
∼
,R

⌢

)

,
(

M
∼
,R

⌢

)

∈ SC❇●(p)

}

,

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ st❛t❡s t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❛❜♦✈❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ■ts
♣r♦♦❢ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❚❤❡♦r❡♠ ✭✶✮✳

❚❤❡♦r❡♠ ✼✳ ❆ss✉♠❡ t❤❛t ✿ p ∈ H−1(ω)✱ t❤❡ ❜❡♥❞✐♥❣ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r d
≈

✐s ♣♦s✐t✐✈❡ ❞❡✜✲

♥✐t❡ ❛♥❞ t❤❡ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ h
⌢⌢
✐s ♣♦s✐t✐✈❡✳ ▲❡t S

⌢
❜❡ t❤❡ ✐♠❛❣❡ ♦❢ h

⌢⌢
❛♥❞ ❛ss✉♠❡ t❤❛t

✭✶✳✶✵✼✮ ❤♦❧❞s tr✉❡ ✇❤❡r❡ P
⌢⌢

S ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ♦♥ S
⌢
✳ ❚❤❡♥✱ t❤❡ ♠✐✲

♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✶✶✶✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥
(

M
∼

❇●,R
⌢

❇●
)

∈ SC❇●(p)✳ ▼♦r❡♦✈❡r✱
(

M
∼

❇●,R
⌢

❇●
)

s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✿

✭✶✳✶✶✷✮











❋✐♥❞
(

M
∼

❇●,R
⌢

❇●
)

∈ SC❇●(p) s✉❝❤ t❤❛t
∫

ω

µ
∼

: d
≈

: M
∼

❇● + Tρ
⌢
... h

⌢⌢
...R

⌢

❇● = 0, ∀
(

µ
∼

,ρ
⌢

)

∈ SC❇●(0)

✸✻



✶✳✼✳ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡

✶✳✼✳✷ ❉✐s♣❧❛❝❡♠❡♥t ❢♦r♠✉❧❛t✐♦♥

▲❡t (W,Φ
⌢
) ❜❡ ❛ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ❞❡✜♥❡❞ ♦✈❡r ω✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧

❡♥❡r❣② E❇● ❛♥❞ t❤❡ str❛✐♥ ❡♥❡r❣② ❞❡♥s✐t② w❇● ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡✜♥❡❞ ❜② ✭✶✳✸✾✮ ❛♥❞ ✭✶✳✹✵✮✳
❇❡❝❛✉s❡ h

⌢⌢
✐s ❞❡✜♥✐t❡ ♦♥❧② ♦♥ S

⌢
✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ r♦t❛t✐♦♥ t❤✐r❞✲♦r❞❡r t❡♥s♦r Φ

⌢
♠✉st ❧✐❡

✐♥ H
⌢ 0

(div, ω) ✇❤✐❧❡ s❛t✐s❢②✐♥❣ Φ
⌢
(x1, x2) ∈ S

⌢
❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ ω✳ ■♥ ♦t❤❡r ✇♦r❞s✱

P
⌢⌢

K ...Φ
⌢
= 0 ✇❤❡r❡ P

⌢⌢

K ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ♦♥ t❤❡ ❦❡r♥❡❧ ♦❢ h
⌢⌢
✳ ❲❡ ❤❡♥❝❡

✐♥tr♦❞✉❝❡ t❤❡ s❡t Υ
⌢

⊆ H
⌢ 0

(div, ω) ❞❡✜♥❡❞ ❜② ✿

Υ
⌢

=
{

Φ
⌢
∈ H

⌢ 0
(div, ω)/ P

⌢⌢

K ...Φ
⌢
= 0
}

Υ
⌢

✐s ♦❜✈✐♦✉s❧② ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ ♦❢ H
⌢ 0

(div, ω) ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠ ‖•‖H
⌢

(div,ω)
✳

❚❤❡r❡❢♦r❡✱ Υ
⌢

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t 〈•〉H
⌢

(div,ω)
✐s ❛ ❍✐❧❜❡rt s♣❛❝❡✳

❆s ✐♥ s❡❝t✐♦♥ ✶✳✹✳✸✱ W s❤♦✉❧❞ ❜❡❧♦♥❣ t♦ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ H1
0 (ω)✳ ❆❧✇❛②s ❛ss✉♠✐♥❣ t❤❛t

p ∈ H−1(ω)✱ E❇● ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✶✳✸✾✮ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❢♦r
(

W,Φ
⌢

)

∈ H1
0 (ω)×Υ

⌢
✳ ❲❡ ❝♦♥s✐❞❡r

t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

✭✶✳✶✶✸✮ min
{

E❇●
(

W,Φ
⌢

)

,
(

W,Φ
⌢

)

∈ H1
0 (ω)×Υ

⌢

}

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ st❛t❡s t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ ❛❜♦✈❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ■ts
♣r♦♦❢ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❚❤❡♦r❡♠s ✭✷✮ ❛♥❞ ❚❤❡♦r❡♠ ✭✸✮✳

❚❤❡♦r❡♠ ✽✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✭✼✮✱ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✶✶✸✮
✐s ✇❡❧❧✲♣♦s❡❞✳ ■ts ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐s ❞❡♥♦t❡❞ ❜②

(

W ❇●,Φ
⌢

❇●
)

❛♥❞ s❛t✐s✜❡s

✭✶✳✶✶✹✮
∥

∥W ❇●,Φ
⌢

❇●
∥

∥

H1
0 (ω)×H⌢ (div,ω)

≤ c ‖p‖H−1(ω)

✇❤❡r❡ c ✐s ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳

▼♦r❡♦✈❡r✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❣❡♥❡r❛❧✐③❡❞ str❡ss❡s
(

M
∼
,R

⌢

)

♦❜t❛✐♥❡❞ ❢r♦♠
(

W ❇●,Φ
⌢

❇●
)

✈✐❛ ❡q✉❛✲
t✐♦♥s ✭✶✳✶✵✽❛✱❜✮ ❛r❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥s

(

M
∼

❇●,R
⌢

❇●
)

♦❢ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✶✶✶✮✳

❲❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❛t ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠ ✐♥ t❤❡
❣❡♥❡r❛❧ ❝❛s❡✱ ♦♥❡ ❤❛s t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❦✐♥❡♠❛t✐❝ ❝♦♥str❛✐♥t P

⌢⌢

K ...Φ
⌢
= 0 ✇❤❡♥ ♠✐♥✐♠✐③✐♥❣

t❤❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②✳ ❆♥♦t❤❡r ❛❧t❡r♥❛t✐✈❡ ✐s t♦ r❡❣✉❧❛r✐③❡ t❤❡ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r
❜② ❛❞❞✐♥❣ t♦ ✐t ❛ ♣♦s✐t✐✈❡ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r✳ ■♥❞❡❡❞✱ t❤❡ r❡❣✉❧❛r✐③❡❞ t❡♥s♦r
✇✐❧❧ ❜❡ ❛❧✇❛②s ❞❡✜♥✐t❡ ❛♥❞ ✐ts ✐♥✈❡rs❡ ✇✐❧❧ ❜❡ ✉♥❛♠❜✐❣✉♦✉s❧② ❞❡✜♥❡❞✳ ❍❡♥❝❡✱ ♥♦ ♥❡❡❞ t♦
✐♥tr♦❞✉❝❡ t❤❡ ❦✐♥❡♠❛t✐❝ ❝♦♥str❛✐♥t✳ ❚❤❡ q✉❡st✐♦♥ t❤❛t ❛r✐s❡s ❛♥❞ t❤❛t ✇✐❧❧ ❜❡ tr❡❛t❡❞ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✐s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ r❡❣✉❧❛r✐③❡❞ s♦❧✉t✐♦♥ t♦ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥
❛s t❤❡ r❡❣✉❧❛r✐③✐♥❣ ♣❛r❛♠❡t❡r ❣♦❡s t♦ ③❡r♦✳

✸✼



✶✳✽✳ ❘❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r

✶✳✽ ❘❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r

✶✳✽✳✶ ❚❤❡ r❡❣✉❧❛r✐③❡❞ ♣r♦❜❧❡♠

❙✐♥❝❡ t❤❡ s✐①t❤✲♦r❞❡r t❡♥s♦r h
⌢⌢

✐s ❛❧✇❛②s ♣♦s✐t✐✈❡✱ ✐ts ❞❡✜♥✐t❡♥❡ss ✐s ❡♥s✉r❡❞ ❜② ❛❞❞✐♥❣ ❛
♣♦s✐t✐✈❡ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ✐❞❡♥t✐t②✳ ❚❤❡ r❡❣✉❧❛r✐③❡❞ t❡♥s♦r ✐s ❞❡♥♦t❡❞ ❜② h

⌢⌢ε
❛♥❞ ❞❡✜♥❡❞ ❜② ✿

h
⌢⌢ε

= h
⌢⌢
+ εI

⌢⌢

✇❤❡r❡ ε > 0✳ ❈❧❡❛r❧②✱ h
⌢⌢ε

✐s ❛❧✇❛②s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❍❡♥❝❡✱ ✐♥ ✈✐rt✉❡ ♦❢ ❙❡❝t✐♦♥ ✶✳✹✱ t❤❡
r❡❣✉❧❛r✐③❡❞ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ❝❧❛♠♣❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

✭✶✳✶✶✺✮ min {E∗
ε (M∼ ) , M

∼
∈ SC(p)} ,

✇❤❡r❡

E∗
ε (M∼ ) =

1

2
M
∼

: d
≈

: M
∼

+
1

2
T(M

∼
⊗∇) ... h

⌢⌢ε
... (M

∼
⊗∇)

❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ M
∼ ε

∈ SC(p)✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡♥♦t❡ R
⌢ ε

= M
∼ ε

⊗∇ ✳ ❲❡ ❦♥♦✇
t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✉♥✐q✉❡

(

Wε,Φ⌢ ε

)

∈ KC0 s✉❝❤ t❤❛t ✿

✭✶✳✶✶✻✮ M
∼ ε

= D
≈

: χ
∼ ε
, R

⌢ ε
= H

⌢⌢ ε
... Γ

⌢ε
, χ

∼ ε
= Φ

⌢ ε
·∇ , Γ

⌢ε
= Φ

⌢ ε
+ i

≈

·∇Wε.

✇❤❡r❡ H
⌢⌢ ε

✐s t❤❡ ✐♥✈❡rs❡ ♦❢ h
⌢⌢ε

✳

✶✳✽✳✷ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ r❡❣✉❧❛r✐③❡❞ s♦❧✉t✐♦♥

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ st❛t❡s t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✿

❚❤❡♦r❡♠ ✾✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✭✼✮✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢
t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✶✶✶✮ ❞❡♥♦t❡❞ ❜②

(

M
∼

❇●,R
⌢

❇●
)

✳ ❆ss✉♠❡ t❤❛t M
∼

❇● ❜❡❧♦♥❣s t♦
H
∼

1(ω)✳ ❚❤❡♥✱ M
∼ ε

✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❣✉❧❛r✐③❡❞ ♣r♦❜❧❡♠ ✭✶✳✶✶✺✮✱ ❝♦♥✈❡r❣❡s ✐♥ L
∼

2(ω) t♦

M
∼

❇●✱ ❛♥❞ R
⌢

S
ε
❝♦♥✈❡r❣❡s ✐♥ L

⌢

2(ω) t♦ R
⌢

❇● ✇❤❡♥ ε t❡♥❞s t♦ ③❡r♦✳ ❍❡r❡✱ R
⌢ ε

= M
∼ ε

⊗∇ ❛♥❞
t❤❡ ♥♦t❛t✐♦♥ ✭✶✳✶✵✺✮ ✐s ✉s❡❞✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡♥❡r❣✐❡s ✿

✭✶✳✶✶✼✮ lim
ε→0

E∗
ε

(

M
∼ ε

)

= E∗❇●
(

M
∼

❇●,R
⌢

❇●
)

❛♥❞ t❤❛t ✿

✭✶✳✶✶✽✮ lim sup
ε→0

∥

∥R
⌢

K
ε

∥

∥

L
⌢

2
(ω)

≤
∥

∥P
⌢⌢

K ... (M
∼

❇●
⊗∇)

∥

∥

L
⌢

2
(ω)

■♥ ❛❞❞✐t✐♦♥✱ ❧❡t
(

Wε,Φ⌢ ε

)

∈ KC0 ❜❡ ❛ss♦❝✐❛t❡❞ t♦ M
∼ ε

t❤r♦✉❣❤ ✭✶✳✶✶✻✮✳ ❚❤❡♥✱
(

Wε,Φ⌢ ε

)

❝♦♥✈❡r❣❡s ✐♥ KC0 t♦
(

W ❇●,Φ
⌢

❇●
)

✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✶✶✸✮✱ ✇❤❡♥
ε t❡♥❞s t♦ ③❡r♦✳

✸✽



✶✳✽✳ ❘❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r

❉é♠♦♥str❛t✐♦♥✳ ❚❤❡ ❤②♣♦t❤❡s✐s M
∼

❇● ∈ H
∼

1(ω) ❣✉❛r❛♥t❡❡s t❤❛t M
∼

❇● ✐s ✐♥ SC(p)✱ ❛♥❞
❤❡♥❝❡ E∗

ε

(

M
∼ ε

)

≤ E∗
ε (M∼

❇●) ✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✿

✭✶✳✶✶✾✮

1

2

∫

ω

M
∼ ε

: d
≈

: M
∼ ε

+TR
⌢ ε

... h
⌢⌢
...R

⌢ ε
+ εTR

⌢ ε
...R

⌢ ε
≤

1

2

∫

ω

M
∼

❇● : d
≈

: M
∼

❇●+T(M
∼

❇●
⊗∇) ... h

⌢⌢
... (M

∼

❇●
⊗∇)

+εT(M
∼

❇●
⊗∇) ... (M

∼

❇●
⊗∇) .

❇② ✭✶✳✶✵✻✮✱ ✇❡ ❤❛✈❡ t❤❛t ✿
TR
⌢ ε

... h
⌢⌢
...R

⌢ ε
=

T

R
⌢

S
ε
... h

⌢⌢
...R

⌢

S
ε

❛♥❞

T(M
∼

❇●
⊗∇) ... h

⌢⌢
... (M

∼

❇●
⊗∇) =

T(

P
⌢⌢

S ... (M
∼

❇●
⊗∇)

)

... h
⌢⌢
...
(

P
⌢⌢

S ... (M
∼

❇●
⊗∇)

)

.

❘❡❝❛❧❧✐♥❣ t❤❛t
P
⌢⌢

S ... (M
∼

❇●
⊗∇) = R

⌢

❇●,

❡q✉❛t✐♦♥ ✭✶✳✶✶✾✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✿

✭✶✳✶✷✵✮

1

2

∫

ω

M
∼ ε

: d
≈

: M
∼ ε

+
T

R
⌢

S
ε
... h

⌢⌢
...R

⌢

S
ε
+ εTR

⌢ ε
...R

⌢ ε
≤

1

2

∫

ω

M
∼

❇● : d
≈

: M
∼

❇●+T
R
⌢

❇● ... h
⌢⌢
...R

⌢

❇●

+εT(M
∼

❇●
⊗∇) ... (M

∼

❇●
⊗∇) .

❙✐♠✐❧❛r❧②✱
(

M
∼ ε
,R

⌢

S
ε

)

∈ SC❇●(p) ②✐❡❧❞s ✿

✭✶✳✶✷✶✮
1

2

∫

ω

M
∼

❇● : d
≈

: M
∼

❇● + T
R
⌢

❇● ... h
⌢⌢
...R

⌢

❇● ≤ 1

2

∫

ω

M
∼ ε

: d
≈

: M
∼ ε

+
T

R
⌢

S
ε
... h

⌢⌢
...R

⌢

S
ε
.

❈♦♠♣❛r✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ✭✶✳✶✷✵✮ ❛♥❞ ✭✶✳✶✷✶✮ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ✿

✭✶✳✶✷✷✮
1

2

∫

ω

εTR
⌢ ε

...R
⌢ ε

≤ 1

2

∫

ω

εT(M
∼

❇●
⊗∇) ... (M

∼

❇●
⊗∇) .

❙✐♠♣❧✐❢②✐♥❣ ❜② ε✱ ✇❡ ♦❜t❛✐♥ t❤❛t ✿

✭✶✳✶✷✸✮
∥

∥R
⌢ ε

∥

∥

L
⌢

2
(ω)

≤ ‖M
∼

❇●
⊗∇‖L

⌢

2
(ω)

< C.

❚❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t ✿

✭✶✳✶✷✹✮
1

2

∫

ω

εTR
⌢ ε

...R
⌢ ε

−→
ε→0

0.

✸✾



✶✳✽✳ ❘❡❣✉❧❛r✐③❛t✐♦♥ ♦❢ t❤❡ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r

❚❤❡♥✱ t❛❦✐♥❣ t❤❡ lim sup ♦❢ ✐♥❡q✉❛❧✐t② ✭✶✳✶✷✵✮ ❛♥❞ t❤❡ lim inf ♦❢ ✐♥❡q✉❛❧✐t② ✭✶✳✶✷✶✮✱ ❛s ǫ
❣♦❡s t♦ ③❡r♦✱ r❡s✉❧ts ✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡♥❡r❣✐❡s ✭✶✳✶✶✼✮ ❛♥❞ ✐♥ ✿

✭✶✳✶✷✺✮
1

2

∫

ω

M
∼

❇● : d
≈

: M
∼

❇● + T
R
⌢

❇● ... h
⌢⌢
...R

⌢

❇● = lim
ε→0

1

2

∫

ω

M
∼ ε

: d
≈

: M
∼ ε

+
T

R
⌢

S
ε
... h

⌢⌢
...R

⌢

S
ε

❇❡❝❛✉s❡
(

M
∼

❇●,R
⌢

❇●
)

❛❝❤✐❡✈❡s t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ❡♥❡r❣② ✭✶✳✶✶✶✮✱ ✇❡
❝♦♥❝❧✉❞❡ t❤❛t M

∼ ε
❝♦♥✈❡r❣❡s t♦ M

∼

❇● ✐♥ L
∼

2(ω) ❛♥❞ t❤❛t R
⌢

S
ε
❝♦♥✈❡r❣❡s t♦ R

⌢

❇● ✐♥ L
⌢

2(ω)✳

❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❡ ♦rt❤♦❣♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭✶✳✶✵✺✮✱ ❡q✉❛t✐♦♥ ✭✶✳✶✷✸✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✿

✭✶✳✶✷✻✮
∥

∥R
⌢

S
ε

∥

∥

2

L
⌢

2
(ω)

+
∥

∥R
⌢

K
ε

∥

∥

2

L
⌢

2
(ω)

≤
∥

∥P
⌢⌢

S ... (M
∼

❇●
⊗∇)

∥

∥

2

L
⌢

2
(ω)

+
∥

∥P
⌢⌢

K ... (M
∼

❇●
⊗∇)

∥

∥

2

L
⌢

2
(ω)
.

❆s
lim
ε→0

∥

∥R
⌢

S
ε

∥

∥

L
⌢

2
(ω)

=
∥

∥R
⌢

❇●
∥

∥

L
⌢

2
(ω)

=
∥

∥P
⌢⌢

S ... (M
∼

❇●
⊗∇)

∥

∥

L
⌢

2
(ω)
,

t❤❡♥✱ ✇❡ ♦❜t❛✐♥ ✭✶✳✶✶✽✮✳

◆♦✇✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✻✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
(

Wε,Φ⌢ ε

)

t♦
(

W ❇●,Φ
⌢

❇●
)

✐♥ KC0 ✐s ❡q✉✐✲
✈❛❧❡♥t t♦ ✿

✭✶✳✶✷✼✮ lim
ε→0

χ
∼ ε

= χ
∼

❇●, lim
ε→0

Γ
⌢ε

= Γ
⌢

❇●,

✇❤❡r❡ t❤❡ ❧✐♠✐ts ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱ ✐♥ L
∼

2(ω) ❛♥❞ L
⌢

2(ω)✱ ❛♥❞ χ
∼

❇● ❛♥❞ Γ
⌢

❇● ❛r❡ ❣✐✈❡♥ ❜② ✿

✭✶✳✶✷✽✮ χ
∼

❇● = Φ
⌢

❇● ·∇ , Γ
⌢

❇● = Φ
⌢

❇● + i
≈

·∇W ❇●.

❚❤❡ ✜rst ❧✐♠✐t ✐♥ ✭✶✳✶✷✼✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ M
∼ ε

= D
≈

: χ
∼ ε

t♦ M
∼

❇● = D
≈

: χ
∼

❇●✳

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ❧✐♠✐t✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ H
⌢⌢ ε

✇❤✐❝❤
❝❛♥ ❜❡ ❡❛s✐❧② ❡st❛❜❧✐s❤❡❞ ❜② ♣❡r❢♦r♠✐♥❣ t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ h

⌢⌢
❛♥❞ H

⌢⌢ ε
✿

✭✶✳✶✷✾✮ lim
ε→0

h
⌢⌢
...H

⌢⌢ ε
= P

⌢⌢

S, TX
⌢
...H

⌢⌢ ε
...X

⌢
= ε−1X

⌢

K ...X
⌢

K , ∀X
⌢

∈ R
⌢

❋r♦♠ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ R
⌢

S
ε
t♦ R

⌢

❇●✱ ✇❡ ❤❛✈❡ ✿

✭✶✳✶✸✵✮ lim
ε→0

h
⌢⌢
...
(

R
⌢

S
ε
−R

⌢

❇●
)

= lim
ε→0

h
⌢⌢
...H

⌢⌢ ε
... Γ

⌢ε
− Γ

⌢

❇● = lim
ε→0

Γ
⌢

S
ε
− Γ

⌢

❇● = 0

✇❤❡r❡ t❤❡ ❧✐♠✐ts ❛r❡ ✐♥ L
⌢

2(ω)✲♥♦r♠✳ ❚♦ ❡♥❞ t❤❡ ♣r♦♦❢✱ ✇❡ ♥♦t✐❝❡ t❤❛t ✿

✭✶✳✶✸✶✮ E∗
ε

(

M
∼ ε

)

=
1

2

∫

ω

M
∼ ε

: d
≈

: M
∼ ε

+ TR
⌢ ε

... h
⌢⌢ε
...R

⌢ ε
=

1

2

∫

ω

χ
∼ ε

: D
≈

: χ
∼ ε

+ TΓ
⌢ε
...H

⌢⌢ ε
... Γ

⌢ε

❛♥❞ ❤❡♥❝❡✱

✭✶✳✶✸✷✮ E∗
ε

(

M
∼ ε

)

≥ 1

2

∫

ω

ε−1TΓ
⌢

K
ε
... Γ

⌢

K
ε
.

❚❤❡♥✱ ✉s✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ✭✶✳✶✶✼✮ ❛♥❞ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦
③❡r♦ ♦❢ Γ

⌢

K
ε

✐♥ L
⌢

2(ω)✱ ❛♥❞ ✜♥❛❧❧② t❤❡ s❡❝♦♥❞ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ✭✶✳✶✷✼✮✳
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✶✳✾✳ ❈♦♥❝❧✉s✐♦♥

✶✳✾ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ❛ ❞❡t❛✐❧❡❞ ♠❛t❤❡♠❛t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤❡ r❡❝❡♥t t❤❡♦r② ♦❢ t❤❡ ❇❡♥❞✐♥❣✲
●r❛❞✐❡♥t ❡❧❛st✐❝✐t② ✇❛s ♣r♦✈✐❞❡❞✳ ❯s✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s✱ ❛ s❡r✐❡s ♦❢ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss t❤❡♦r❡♠s ✇❡r❡ ❢♦r♠✉❧❛t❡❞ ❛♥❞ ♣r♦✈❡❞✳ ❙✐♥❝❡ t❤❡ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r
✐s ♥♦t ❛❧✇❛②s ❞❡✜♥✐t❡✱ ♦✉r st✉❞② ✇❛s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♣❛rts✳ ■♥ t❤❡ ✜rst ♣❛rt✱ ✇❡ ❝♦♥s✐❞❡✲
r❡❞ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ t❤❡ s✐①t❤✲♦r❞❡r t❡♥s♦r ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ■♥ t❤✐s ❝♦♥t❡①t✱
✇❡ ❞❡✜♥❡❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s t♦ ✇❤✐❝❤ t❤❡ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②
❜❡❧♦♥❣✳ ❚❤❡r❡❛❢t❡r✱ ✉s✐♥❣ r❡s✉❧ts ❡st❛❜❧✐s❤❡❞ ❜② ❙❛❜ ❡t ❛❧✳ ✭✷✵✶✺✮✱ ✇❡ r✐❣♦r♦✉s❧② ♣r♦✈❡❞
t❤❛t t❤❡ str❡ss ❛♥❞ ❞✐s♣❧❛❝❡♠❡♥t ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❛r❡ ✇❡❧❧✲♣♦s❡❞ ✇❤❡♥ t❤❡ ♣❧❛t❡
✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ❝❧❛♠♣❡❞ ♦r ❢r❡❡✳ ❆ ❜r✐❡❢ ❞✐s❝✉ss✐♦♥ ✇❛s t❤❡♥ ❝♦♥❞✉❝t❡❞ ❝♦♥❝❡r♥✐♥❣
t❤❡ s✐♠♣❧❡ s✉♣♣♦rt ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ♣❛♣❡r ✇❛s ❞❡✈♦t❡❞ t♦ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ♦✉r ✜♥❞✐♥❣s t♦ t❤❡ ❣❡♥❡r❛❧
❝❛s❡✳ ❙♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ❤❛❞ t♦ ❜❡ ♠❛❞❡ ✇❤❡♥ ❝❤♦♦s✐♥❣ t❤❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s✳
❲❡ ✐♥✈❡st✐❣❛t❡❞ ♦♥❧② t❤❡ ❝❛s❡ ♦❢ ❛ ❝❧❛♠♣❡❞ ♣❧❛t❡✳ ❚❤❡ ♠❛✐♥ ❝♦♥❝❧✉s✐♦♥ ✐s t❤❡ ❡①✐st❡♥❝❡
❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠✳

❆♥ ✐♠♣♦rt❛♥t ♣♦✐♥t ✐s t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❝❛♥♥♦t ❜❡ r❡❞✉❝❡❞
t♦ ❛ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r②✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ♣❧❛t❡ ✐s ❤♦♠♦❣❡♥❡♦✉s✱ t❤❡ ❇❡♥❞✐♥❣✲
●r❛❞✐❡♥t t❤❡♦r② ❝♦rr❡s♣♦♥❞s t♦ ❛ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r②✳ ❚❤✐s ❝❛s❡ ❢❛❧❧s ✐♥ t❤❡ s✐t✉❛t✐♦♥s
✇❤❡r❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡ st✐✛♥❡ss ✐s ♥♦t ❞❡✜♥✐t❡ ❛♥❞ ✇❛s ❝♦✈❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✼✳

■t ✐s ✇♦rt❤✇❤✐❧❡ t♦ ♣♦✐♥t ♦✉t t❤❛t ❛❞❞✐♥❣ ❛ ♣♦s✐t✐✈❡ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r t♦
t❤❡ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r r❡♥❞❡rs ✐t ❞❡✜♥✐t❡✳ ■♥❞❡❡❞✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ r❡❣✉❧❛r✐③❡❞
♣r♦❜❧❡♠ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳ ❖✉r ♠❛✐♥ ❝♦♥❝❡r♥ ✇❛s t♦ ♣r♦✈❡ t❤❛t t❤❡ r❡❣✉❧❛r✐③❡❞
s♦❧✉t✐♦♥ ❝♦♥✈❡r❣❡s t♦ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❲❡
♠❛♥❛❣❡❞ t♦ ❡st❛❜❧✐s❤ t❤✐s ❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧t ❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❡①❛❝t
s♦❧✉t✐♦♥ t♦ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t str❡ss ♣r♦❜❧❡♠ ✐s ❛ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥✳
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❈❤❛♣✐tr❡ ✷

❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❢♦r

✢❡①✉r❛❧ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❝♦♠♣♦s✐t❡

♣❧❛t❡s

❈❡ ❝❤❛♣✐tr❡ ❡st ❝♦♥s❛❝ré à t❡st❡r ❧❛ ✈❛❧✐❞✐té ❞❡ ❧❛ t❤é♦r✐❡ ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣♦✉r ❧❛
♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞✬♦♥❞❡s ♣❧❛♥❡s ❞❛♥s ❞❡s ♣❧❛q✉❡s s②♠étr✐q✉❡s ✐♥✜♥✐❡s✱ ❤é✲
tér♦❣è♥❡s ❡t ❛♥✐s♦tr♦♣❡s✳ ❆♣rès ✉♥ r❛♣♣❡❧ ❞❡s ✈❛r✐❛❜❧❡s ❡t ❞❡s éq✉❛t✐♦♥s ❡♥ st❛t✐q✉❡✱ ♥♦✉s
✐♥tr♦❞✉✐s♦♥s ❞❡✉① ♣r♦❥❡❝t✐♦♥s ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t s✉r ✉♥ ♠♦❞è❧❡ ❞❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥✳
▲❡ t❡♥s❡✉r ❞❡ ❝✐s❛✐❧❧❡♠❡♥t ❣é♥ér❛❧✐sé ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♥✬ét❛♥t ♣❛s t♦✉❥♦✉rs ❞é✜♥✐✱ ✉♥❡
♠ét❤♦❞❡ ❞❡ ré❞✉❝t✐♦♥ ❡st ♣r♦♣♦sé❡ ✈✐s❛♥t à ❝❛❧❝✉❧❡r s♦♥ ✐♥✈❡rs❡✳ ❉❛♥s ✉♥❡ ❞❡✉①✐è♠❡ ♣❛r✲
t✐❡✱ ♥♦✉s ❢♦r♠✉❧♦♥s ❧❡s éq✉❛t✐♦♥s ❞❡ ♠♦✉✈❡♠❡♥t ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧
❡t s✉✐✈❛♥t ❧❡s ♣r♦❥❡❝t✐♦♥s ❞é❥à ✐♥tr♦❞✉✐t❡s✳ ◆♦✉s ❡①♣❧✐q✉♦♥s ❡♥s✉✐t❡ ❝♦♠♠❡♥t ♦❜t❡♥✐r ♥✉✲
♠ér✐q✉❡♠❡♥t ❧❡s r❡❧❛t✐♦♥s ❞❡ ❞✐s♣❡rs✐♦♥ tr❛❞✉✐s❛♥t ❧❛ ré♣♦♥s❡ ❞❡ ❧❛ ♣❧❛q✉❡ à ❧❛ ♣rés❡♥❝❡ ❞❡
♣❡rt✉r❜❛t✐♦♥s✳ ❯♥❡ ✈ér✐✜❝❛t✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡ ❡st ❡✛❡❝t✉é❡ ♣❛r ❝♦♠♣❛r❛✐s♦♥ ❞❡s rés✉❧t❛ts
♦❜t❡♥✉s à ❝❡✉① ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡s é❧é♠❡♥ts ✜♥✐s✳ ❈❡ ❝❤❛♣✐tr❡ ❛ été ♣✉❜❧✐é ❞❛♥s ❧❛ r❡✈✉❡
■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❙♦❧✐❞s ❛♥❞ ❙tr✉❝t✉r❡s s♦✉s ❧❛ ré❢ér❡♥❝❡ ❇❡❥❥❛♥✐ ❡t ❛❧✳ ✭✷✵✶✾✮✳

❆❜str❛❝t

❚❤✐s ♣❛♣❡r ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ✢❡①✉r❛❧ ✇❛✈❡s ✐♥ ❛♥✐s♦✲
tr♦♣✐❝ ❧❛♠✐♥❛t❡❞ ♣❧❛t❡s ✇✐t❤ r❡❧❛t✐✈❡❧② ❤✐❣❤ s❧❡♥❞❡r♥❡ss r❛t✐♦s ❜② ♠❡❛♥s ♦❢ r❡✜♥❡❞ ♣❧❛t❡
♠♦❞❡❧s✳ ❚❤❡ st✉❞② ✐s ❝♦♥❞✉❝t❡❞ ✉s✐♥❣ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✇❤✐❝❤ ✐s ❝♦♥s✐❞❡r❡❞
❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② t♦ ♠✉❧t✐❧❛②❡r❡❞ ♣❧❛t❡s✳ ❚✇♦ ♣r♦❥❡❝t✐♦♥s ♦❢
t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦❞❡❧ ♦♥ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧s ❛r❡ ❛❧s♦ ❡①♣❧♦r❡❞✳ ❚❤❡ r❡❧❡✈❛♥❝❡
♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧s ✐s t❡st❡❞ ❜② ❝♦♠♣❛r✐♥❣ t❤❡♠ t♦ ✇❡❧❧✲❦♥♦✇♥ ♣❧❛t❡ t❤❡♦r✐❡s ❛♥❞ t♦
r❡❢❡r❡♥❝❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳

✹✷



✷✳✶✳ ■♥tr♦❞✉❝t✐♦♥

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

❖✇✐♥❣ t♦ t❤❡✐r ❧✐❣❤t✇❡✐❣❤t ❛♥❞ ❛❞✈❛♥❝❡❞ ❤✐❣❤ str❡♥❣t❤✱ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s ❛r❡ ✇✐❞❡❧② ✉s❡❞
✐♥ t❤❡ ❝✐✈✐❧✱ ♠❛r✐♥❡✱ ❛❡r♦s♣❛❝❡ ❛♥❞ ❛✉t♦♠♦t✐✈❡ ✐♥❞✉str✐❡s✳ ❉✉❡ t♦ t❤❡✐r ❛♥✐s♦tr♦♣✐❝ ❛♥❞
❤❡t❡r♦❣❡♥❡♦✉s ♥❛t✉r❡✱ t❤❡ ❛❝❝✉r❛t❡ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡✐r str✉❝t✉r❛❧ ❜❡❤❛✈✐♦r ✐s ❛ ❝❤❛❧❧❡♥❣✐♥❣
♣r♦❜❧❡♠ t❤❛t ❤❛s st✐♠✉❧❛t❡❞ ❝♦♥s✐❞❡r❛❜❧❡ r❡s❡❛r❝❤ ✐♥t❡r❡st✳ ❙❡✈❡r❛❧ ♣❧❛t❡ t❤❡♦r✐❡s ❤❛✈❡
❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ♠♦st ✇❡❧❧✲❦♥♦✇♥ ❛♥❞ s✐♠♣❧❡st ❛r❡ t❤❡ ❑✐r❝❤❤♦✛✲
▲♦✈❡ t❤❡♦r② ✭♦r ❈❧❛ss✐❝❛❧ P❧❛t❡ ❚❤❡♦r②✮ ❢♦r t❤✐♥ ♣❧❛t❡s ✭❑✐r❝❤❤♦✛✱ ✶✽✺✵❛✱❜❀ ▲♦✈❡✱ ✶✽✽✽✮
❛♥❞ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② ✭♦r ❋✐rst ❖r❞❡r ❙❤❡❛r ❉❡❢♦r♠❛t✐♦♥ ❚❤❡♦r②✮ ❢♦r t❤✐♥
t♦ ♠♦❞❡r❛t❡❧② t❤✐❝❦ ♣❧❛t❡s ✭❘❡✐ss♥❡r✱ ✶✾✹✺❀ ▼✐♥❞❧✐♥✱ ✶✾✺✶✮✳ ❚❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ ❛♥❞ t❤❡
❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧s ♣r♦✈✐❞❡ ✈❡r② s❛t✐s❢❛❝t♦r② r❡s✉❧ts ✇❤❡♥ t❤❡ ❝♦♥st✐t✉t✐✈❡ ♠❛t❡r✐❛❧
✐s ❤♦♠♦❣❡♥❡♦✉s ✭❈✐❛r❧❡t ❛♥❞ ❉❡st✉②♥❞❡r✱ ✶✾✼✾❀ ●✳ ❈✐❛r❧❡t✱ ✶✾✾✵✱ ✶✾✾✼✮✳ ❍♦✇❡✈❡r✱ t❤❡
❡①t❡♥s✐♦♥ ♦❢ t❤❡s❡ ♠♦❞❡❧s t♦ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❡s ❧❡❛❞s t♦ ❞✐s❝♦♥t✐♥✉♦✉s ♦✉t ♦❢ ♣❧❛♥❡
s❤❡❛r ❞✐str✐❜✉t✐♦♥s ❛♥❞ ✐♥❝♦rr❡❝t ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞❡✢❡❝t✐♦♥ ❝♦♠♣❛r❡❞ t♦ ❡①❛❝t s♦❧✉t✐♦♥s
✭❨❛♥❣ ❡t ❛❧✳✱ ✶✾✻✻❀ ▼✳ ❲❤✐t♥❡② ❛♥❞ ❏✳ P❛❣❛♥♦✱ ✶✾✼✵✮✳ ▲✐♠✐t❛t✐♦♥s ♦❢ t❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡
❛♥❞ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧s ✐♥❞✉❝❡❞ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❤✐❣❤❡r ♦r❞❡r ♠♦❞❡❧s ✐♥ ♦r❞❡r
t♦ ❝❛♣t✉r✐♥❣ ❝♦rr❡❝t❧② t❤❡ ❡✛❡❝ts ♦❢ ♦✉t ♦❢ ♣❧❛♥❡ s❤❡❛r ❞❡❢♦r♠❛t✐♦♥s ✭▼✳ ❲❤✐t♥❡②✱ ✶✾✼✷❀
❘❡❞❞②✱ ✶✾✽✾❀ ◆♦♦r ❛♥❞ ▼❛❧✐❦✱ ✷✵✵✵❀ ❈❛rr❡r❛✱ ✷✵✵✷✮✳

■♥ t❤❡ ❧✐❣❤t ♦❢ t❤❡ ✐❞❡❛s ♣r❡s❡♥t❡❞ ❜② ❘❡✐ss♥❡r✱ ▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✶✮ ❤❛✈❡ r❡❝❡♥t❧② ❞❡r✐✈❡❞
❛ ♥❡✇ ♠♦❞❡❧✱ ❦♥♦✇♥ ❛s t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✱ ❞❡❞✐❝❛t❡❞ t♦ t❤✐❝❦ ❛♥❞ ❛♥✐s♦tr♦♣✐❝
♣❧❛t❡s✳ ❍❡r❡✱ t❤❡ ❝❧❛ss✐❝❛❧ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♦✉t✲♦❢✲♣❧❛♥❡ s❤❡❛r ❢♦r❝❡s ❛r❡ r❡♣❧❛❝❡❞ ❜② t❤❡
❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡ r❡❧❛t❡❞ t♦ t❤❡ ✜rst ❣r❛❞✐❡♥t ♦❢ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t✳ ❋✉rt❤❡r♠♦r❡✱
s✐① r♦t❛t✐♦♥s ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥st❡❛❞ ♦❢ t✇♦✳ ❚❤✐s ✐s ✇❤② t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②
✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② t♦ ❧❛♠✐♥❛t❡❞ ♣❧❛t❡s✳ ❚❤❡
r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❙❛❜ ❛♥❞ ▲❡❜é❡ ✭✷✵✶✺✮ ❢♦r t❤♦r♦✉❣❤ ❞❡t❛✐❧s✳ ■t ✇❛s ❞❡♠♦♥str❛t❡❞
t❤❛t t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦❞❡❧ ❝❛♥♥♦t ❜❡ r❡❞✉❝❡❞ t♦ ❛ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧ ✉♥✲
❧❡ss t❤❡ ❝♦♥st✐t✉t✐✈❡ ♠❛t❡r✐❛❧ ♦❢ t❤❡ ♣❧❛t❡ ✐s ❤♦♠♦❣❡♥❡♦✉s ✭▲❡❜é❡ ❛♥❞ ❙❛❜✱ ✷✵✶✶✮✳ ❋♦r
t❤✐s r❡❛s♦♥✱ t❤❡s❡ ❛✉t❤♦rs s❡❛r❝❤❡❞ ❢♦r ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦✲
❞❡❧ ❜② ❛ s✉✐t❛❜❧❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧ ✭▲❡❜é❡ ❛♥❞ ❙❛❜✱ ✷✵✶✺✮✳ ❙❡✈❡r❛❧ ♣r♦❥❡❝t✐♦♥s ♦❢
t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦❞❡❧ ✇❡r❡ ❞✐s❝✉ss❡❞ ❛♥❞ t❤❡✐r r❡❧❡✈❛♥❝❡ ✇❛s t❡st❡❞ ✭❙❛❜ ❛♥❞ ▲❡✲
❜é❡✱ ✷✵✶✺✮✳ ❈♦♠♣❛r✐s♦♥s ✇✐t❤ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② ❛♥❞ t❤❡ ❢✉❧❧ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
❡①❛❝t s♦❧✉t✐♦♥s ✭P❛❣❛♥♦✱ ✶✾✻✾✱ ✶✾✼✵✮ s❤♦✇❡❞ t❤❛t t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❣✐✈❡s ❣♦♦❞
♣r❡❞✐❝t✐♦♥ ♦❢ ❞❡✢❡❝t✐♦♥✱ s❤❡❛r str❡ss ❞✐str✐❜✉t✐♦♥s ❛♥❞ ✐♥✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥t ❞✐str✐❜✉t✐♦♥s
✐♥ ❛♥② ♠❛t❡r✐❛❧ ❝♦♥✜❣✉r❛t✐♦♥✳ ❖r✐❣✐♥❛❧❧② ❞❡s✐❣♥❡❞ ❢♦r ❧❛♠✐♥❛t❡❞ ♣❧❛t❡s✱ t❤❡ ❇❡♥❞✐♥❣✲
●r❛❞✐❡♥t t❤❡♦r② ✇❛s ❡①t❡♥❞❡❞ t♦ ✐♥✲♣❧❛♥❡ ♣❡r✐♦❞✐❝ ♣❧❛t❡s✱ s❛♥❞✇✐❝❤ ♣❛♥❡❧s ✭▲❡❜é❡ ❛♥❞
❙❛❜✱ ✷✵✶✷❛✱❜✮✱ s♣❛❝❡ ❢r❛♠❡s ✭▲❡❜é❡ ❛♥❞ ❙❛❜✱ ✷✵✶✸✮ ❛♥❞ ❛♣♣❧✐❡❞ t♦ ❝r♦ss ❧❛♠✐♥❛t❡❞ t✐♠❜❡r
♣❛♥❡❧s ✭P❡rr❡t ❡t ❛❧✳✱ ✷✵✶✻✮✳

■♥ r❡❝❡♥t ♣❛♣❡rs✱ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✇❛s ❥✉st✐✜❡❞ t❤r♦✉❣❤ ❛s②♠♣t♦t✐❝ ❡①♣❛♥✲
s✐♦♥s ✭▲❡❜é❡ ❛♥❞ ❙❛❜✱ ✷✵✶✸✮ ❛s ✇❡❧❧ ❛s ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s ❛♥❞ ❛ s❡r✐❡s ♦❢ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss t❤❡♦r❡♠s ✇❡r❡ ❢♦r♠✉❧❛t❡❞ ❛♥❞ ♣r♦✈❡❞ ✭❇❡❥❥❛♥✐ ❡t ❛❧✳✱ ✷✵✶✽✮✳ ❍❛✈✐♥❣ ♠❛t❤❡✲
♠❛t✐❝❛❧❧② ❥✉st✐✜❡❞ t❤✐s t❤❡♦r②✱ t❤❡ ❝❡♥tr❛❧ ❛✐♠ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ t❡st ✐ts ✈❛❧✐❞✐t② r❡❣❛r✲
❞✐♥❣ ♣❧❛♥❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ s②♠♠❡tr✐❝❛❧ ❛♥✐s♦tr♦♣✐❝ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❡s✳ ❙✐♥❝❡ ♣❧❛♥❡

✹✸



✷✳✷✳ ◆♦t❛t✐♦♥s

✇❛✈❡s ♣r♦♣❛❣❛t❡ ✐♥ ✉♥❜♦✉♥❞❡❞ ❡❧❛st✐❝ ❝♦♥t✐♥✉❛✱ t❤❡ ♣❧❛t❡ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ✐♥✜♥✐t❡ ✐♥
t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥✱ ❛✇❛② ❢r♦♠ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ❧♦❛❞✐♥❣s✳ ❲❤✐❧❡
t❤❡ ❝❧❛ss✐❝❛❧ ♣❧❛t❡ t❤❡♦r② ❛❣r❡❡s ✇❡❧❧ ✇✐t❤ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t s♦❧✉t✐♦♥s ✇❤❡♥ t❤❡ ✇❛✈❡✲
❧❡♥❣t❤ λ ✐s ✈❡r② ❧❛r❣❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t❤✐❝❦♥❡ss h✱ ♦✉r r❡s✉❧ts s❤♦✇ t❤❛t ✐t ❜❡❝♦♠❡s
✐♥✈❛❧✐❞ ✇❤❡♥ t❤❡ t❤✐❝❦♥❡ss✲✇❛✈❡❧❡♥❣t❤ (h/λ) r❛t✐♦ ✐s ❣r❡❛t❡r t❤❛♥ 0.05 ❛♣♣r♦①✐♠❛t❡❧②✳ ■♥
t❤✐s ♣❛♣❡r✱ ✇❡ ❣♦ ❢✉rt❤❡r ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❢♦❝✉s ♦♥ ✇❛✈❡❧❡♥❣t❤s t❤❛t ❛r❡ ❛❜♦✉t
t✇♦ t✐♠❡s t❤❡ ❧❛♠✐♥❛t❡ t❤✐❝❦♥❡ss (h/λ = 0.5)✳ ■t ✐s ❡①♣❡❝t❡❞ t❤❛t t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t
t❤❡♦r② ✇✐❧❧ ❢❛✐❧ t♦ ❣✐✈❡ ❛❝❝❡♣t❛❜❧❡ r❡s✉❧ts ❜❡②♦♥❞ t❤✐s ❧✐♠✐t✳ ■♥ ❢❛❝t✱ ♠♦❞❡❧❧✐♥❣ ❛ ♣❧❛t❡ ❛s
❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥ ❛♥❞ ✐❣♥♦r✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ✐♥ t❤❡ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥ ✐s
♥♦t ✈❛❧✐❞ ✇❤❡♥ t❤❡ ✇❛✈❡❧❡♥❣t❤ ✐s ❛❜♦✉t ♦r ❧❡ss t❤❛♥ t❤❡ ♣❧❛t❡ t❤✐❝❦♥❡ss✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱
✇❡ s❡❡❦ t♦ r❡❧❛t❡ t❤❡ ✇❛✈❡ ♥✉♠❜❡r ❛♥❞ t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ❢♦r t❤❡ s❛❦❡ ♦❢ ♣r❡❞✐❝t✐♥❣
❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ♦❢ ✢❡①✉r❛❧ ✇❛✈❡s✱ ✐✳❡ ✇❛✈❡s ✇❤♦s❡ ❞✐s♣❧❛❝❡♠❡♥ts ❛r❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦
t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♣r♦♣❛❣❛t✐♦♥✳

❆♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧s ❛r❡ ❞✐✣❝✉❧t
t♦ ❞❡t❡r♠✐♥❡✳ ❖♥❡ ♦❢ t❤❡ ♠♦st ✉s❡❞ ♠❡t❤♦❞s t♦ s♦❧✈❡ s✉❝❤ ♣r♦❜❧❡♠s ✐s t❤❡ ❋✐♥✐t❡ ❊❧❡♠❡♥t
❆♥❛❧②s✐s✳ ❉✐✛❡r❡♥t ♠❡t❤♦❞♦❧♦❣✐❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ♦✈❡r t❤❡ ②❡❛rs✱ t❤❡ ❢♦r❡♠♦st ❜❡✐♥❣
t❤❡ ❙❡♠✐✲❆♥❛❧②t✐❝❛❧ ❋✐♥✐t❡ ❊❧❡♠❡♥t ♠❡t❤♦❞ ✭❙❆❋❊✮ ❑❛✉s❡❧ ✭✶✾✽✻✮❀ ❉❛tt❛ ❡t ❛❧✳ ✭✶✾✽✽✮✳
❘❡❝❡♥t❧②✱ ●r❛✈❡♥❦❛♠♣ ❡t ❛❧✳ ✭✷✵✶✷✮ ♣r❡s❡♥t❡❞ ❛ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♣r♦✲
❜❧❡♠ ❜❛s❡❞ ♦♥ t❤❡ ❙❝❛❧❡❞ ❇♦✉♥❞❛r② ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✭❙❇❋❊▼✮✳ ▼❡♥t✐♦♥ ♠❛② ❛❧s♦
❜❡ ♠❛❞❡ ♦❢ ❘❡♥♥♦ ❡t ❛❧✳ ✭✷✵✶✸✮✱ ✇❤♦ ❞❡s❝r✐❜❡❞ t❤❡ ❲❛✈❡ ❋✐♥✐t❡ ❊❧❡♠❡♥t ✭❲❋❊✮ ❛♣♣r♦❛❝❤
✇❤✐❝❤ ❜❡s✐❞❡s ❜❡✐♥❣ s✐♠♣❧❡ ✐♥ ❛♣♣❧✐❝❛t✐♦♥✱ ♣r♦✈✐❞❡s ❛❝❝✉r❛t❡ r❡s✉❧ts ❛t ❧♦✇ ❝♦♠♣✉t❛t✐♦♥❛❧
❝♦st✳ ■♥ ♦r❞❡r t♦ ✈❡r✐❢② t❤❡ r❡❧❡✈❛♥❝❡ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦❞❡❧ ❛♥❞ ✐ts ♣r♦❥❡❝t✐♦♥s ♦♥
❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧s✱ ❛ ❝♦♠♣❛r❛t✐✈❡ st✉❞② ❜❡t✇❡❡♥ ♦✉r r❡s✉❧ts ❛♥❞ t❤♦s❡ ♦❜t❛✐♥❡❞ ❜②
t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❛❧②s✐s ♦❢ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠ ❞❡t❛✐❧❡❞ ✐♥ ▼❛r❣❡r✐t ✭✷✵✶✽✮
✐s ❝♦♥❞✉❝t❡❞✳

❚❤❡ ♣❛♣❡r ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷✱ ✇❡ ✐♥tr♦❞✉❝❡ t❡♥s♦r ♥♦t❛t✐♦♥s ❛♥❞ ❛❧❣❡❜r❛✐❝
♠❛♥✐♣✉❧❛t✐♦♥s t❤❛t ❛r❡ ✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✳ ❙❡❝t✐♦♥ ✷✳✸ ❝♦♥❝✐s❡❧② ♣r♦✈✐❞❡s t❤❡ ♠❛✐♥
❞❡✜♥✐t✐♦♥s ❛♥❞ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦❞❡❧ ❢♦r ❛♥✐s♦tr♦♣✐❝ ❤❡t❡r♦❣❡♥❡♦✉s
♣❧❛t❡s✳ ❚❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❡s ✐s ❛❧s♦ ❞✐s❝✉ss❡❞ ❛♥❞ ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡
❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ♦♥ ❛ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♣❧❛t❡ t❤❡♦r② ❛r❡ ♣r❡s❡♥t❡❞✳ ❙❡❝t✐♦♥ ✸✳✸
✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❞❡r✐✈❛t✐♦♥ ❛♥❞ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣❧❛♥❡ ✇❛✈❡s ❞✐s♣❡rs✐♦♥
❝✉r✈❡s ❡✐t❤❡r ✐♥ ✸❉ ♦r ❢r♦♠ ❛ ♣❧❛t❡ ♠♦❞❡❧✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✸✳✺✱ ✇❡ ✈❡r✐❢② t❤❡ ❛❝❝✉r❛❝②
♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ❜② ❝♦♠♣❛r✐♥❣ r❡s✉❧ts ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ♣❧❛t❡ t❤❡♦r② ✭❈P❚✮✱ t❤❡
✜rst ♦r❞❡r s❤❡❛r ❞❡❢♦r♠❛t✐♦♥ t❤❡♦r② ✭❋❖❙❉❚✮✱ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✭❇●✮ ❛♥❞
t❤❡ ♣r♦♣♦s❡❞ ♣r♦❥❡❝t✐♦♥s ✭❙❙P ❛♥❞ ❙❈P✮ t♦ r❡s✉❧ts ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t
♠❡t❤♦❞✳ ❈♦♥❝❧✉s✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✸✳✻✳

✷✳✷ ◆♦t❛t✐♦♥s

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✉s❡ ●r❡❡❦ ✐♥❞✐❝❡s ❢♦r ✷❉ t❡♥s♦rs ✭α✱ β✱ γ✳✳= 1, 2✮ ❛♥❞ ▲❛t✐♥ ✐♥❞✐❝❡s ❢♦r
✸❉ t❡♥s♦rs ✭i✱ j✱ k✳✳= 1, 2, 3✮✳ ❋♦r ❡①❛♠♣❧❡✱ (Xαβ) r❡♣r❡s❡♥ts t❤❡ ✷❉ t❡♥s♦r ✇❤✐❧❡ (Xij)

✹✹



✷✳✸✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ▼♦❞❡❧ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤✐❝❦ ♣❧❛t❡s

❞❡♥♦t❡s ❛ ✸❉ t❡♥s♦r ✳ ■♥❞❡① ♥♦t❛t✐♦♥ ❛❧s♦ ♣r♦✈✐❞❡s ❛♥♦t❤❡r ❛❞✈❛♥t❛❣❡ ✿ t❤❡ ♥✉♠❜❡r ♦❢
✐♥❞✐❝❡s ✐♥❞✐❝❛t❡s t❤❡ ♦r❞❡r ♦❢ t❤❡ t❡♥s♦r✳ ❋♦r ❡①❛♠♣❧❡✱ (Xij) ❞❡♥♦t❡s ❛ s❡❝♦♥❞✲r❛♥❦ t❡♥s♦r
✇❤❡r❡❛s (Xijkl) ❞❡♥♦t❡s ❛ ❢♦✉rt❤✲r❛♥❦ t❡♥s♦r✳ ❚♦ s✐♠♣❧✐❢② ❡①♣r❡ss✐♦♥s ✐♥❝❧✉❞✐♥❣ t❡♥s♦rs✱
✇❡ s❤❛❧❧ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❊✐♥st❡✐♥ s✉♠♠❛t✐♦♥ ❝♦♥✈❡♥t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ ❛❧❧ ✐♥❞✐❝❡s
❛♣♣❡❛r✐♥❣ t✇✐❝❡ ✇✐t❤✐♥ ❛♥ ❡①♣r❡ss✐♦♥ ❛r❡ t♦ ❜❡ s✉♠♠❡❞✳

❚❤❡ ✐❞❡♥t✐t② ❢♦r ✷❉ ✈❡❝t♦rs ✐s (δαβ) ✇❤❡r❡ δαβ ✐s ❑r♦♥❡❝❦❡r s②♠❜♦❧ ✭δαβ = 1 ✐❢ α = β✱ δαβ =
0 ♦t❤❡r✇✐s❡✮✳ ❚❤❡ ✐❞❡♥t✐t② ❢♦r ✷❉ s②♠♠❡tr✐❝ s❡❝♦♥❞ ♦r❞❡r t❡♥s♦rs ✐s iαβγδ ✇❤❡r❡ iαβγδ =
1
2
(δαγδβδ + δαδδβγ)✳ ❚❤❡ r❡❛❞❡r ♠✐❣❤t ❡❛s✐❧② ❝❤❡❝❦ t❤❛t iαβγδiδγηθ = iαβηθ✱ iαβγδiδγβθ =

3/2δαθ ❛♥❞ iαβγδiδγβα = 3✳

❚❤❡ ❣r❛❞✐❡♥t ♦❢ ❛ s❝❛❧❛r ✜❡❧❞ X ✇r✐t❡s (X,β) ✇❤✐❧❡ t❤❡ ❣r❛❞✐❡♥t ♦❢ ❛ ✈❡❝t♦r ♦r ❛ ❤✐❣❤❡r✲
♦r❞❡r t❡♥s♦r ✜❡❧❞s ✇r✐t❡s (Xαβ,γ)✱ ❢♦r ✐♥st❛♥❝❡✳ ❚❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ ❛ ✈❡❝t♦r ✜❡❧❞ ♦r ❛ s❡❝♦♥❞
♦r❞❡r t❡♥s♦r ✜❡❧❞ ✐s ♥♦t❡❞ (Xα,α) ❛♥❞ (Xαβ,β)✱ r❡s♣❡❝t✐✈❡❧②✳

❋✐♥❛❧❧②✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ t❤r♦✉❣❤ t❤❡ t❤✐❝❦♥❡ss ✐s ♥♦t❡❞ 〈•〉 ✿
∫

h
2

−h
2

f(x3)dx3 = 〈f〉✳

✷✳✸ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ▼♦❞❡❧ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠

♦❢ t❤✐❝❦ ♣❧❛t❡s

✷✳✸✳✶ ❚❤❡ ✸❉ ♣❧❛t❡ ❝♦♥✜❣✉r❛t✐♦♥

❚❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡ ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛♥ ♦rt❤♦♥♦r♠❛❧ r❡❢❡r❡♥❝❡ ❢r❛♠❡ (O, e 1, e 2, e 3) ✇❤❡r❡
O ✐s t❤❡ ♦r✐❣✐♥ ❛♥❞ e i ✐s t❤❡ ❜❛s❡ ✈❡❝t♦r ✐♥ ❞✐r❡❝t✐♦♥ i ∈ {1, 2, 3}✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❧✐♥❡❛r
❡❧❛st✐❝ ♣❧❛t❡ ♦❝❝✉♣②✐♥❣ t❤❡ ✸❉ ❞♦♠❛✐♥ V = S ×

]

−h
2
, h
2

[

✱ ✇❤❡r❡ S ⊂ R
2 ✐s t❤❡ ♠✐❞❞❧❡

s✉r❢❛❝❡ ♦❢ t❤❡ ♣❧❛t❡ ❛♥❞ h ✐ts t❤✐❝❦♥❡ss✳ ❚❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❞♦♠❛✐♥✱ ❞❡♥♦t❡❞ ❜② ∂V ✱ ✐s
❞❡❝♦♠♣♦s❡❞ ✐♥tr♦ t❤r❡❡ ♣❛rts ✭❋✐❣✉r❡ ✷✳✶✮ ✿

∂V = ∂V❧❛t ∪ ∂V +
3 ∪ ∂V −

3 ,

✇✐t❤ ∂V❧❛t = ∂S ×
]

−h
2
,
h

2

[

❛♥❞ ∂V ±
3 = S ×

{

±h
2

}

,
✭✷✳✶✮

✇❤❡r❡ ∂S ✐s t❤❡ ❜♦✉♥❞❛r② ♦❢ S✳

❋♦❝✉s✐♥❣ ♦♥❧② ♦♥ ♦✉t✲♦❢✲♣❧❛♥❡ ❧♦❛❞✐♥❣s✱ t❤❡ ♣❧❛t❡ ✐s s✉❜❥❡❝t❡❞ t♦ ❢♦r❝❡s ♣❡r ✉♥✐t s✉r❢❛❝❡
♦♥ ∂V ±

3 ♦❢ t❤❡ ❢♦r♠ ✿

✭✷✳✷✮ (T1, T2, T3)
± (x1, x2) =

(

0, 0,
1

2
p (x1, x2)

)

,

✇❤❡r❡ p ✐s ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ ♦♥ S✳
❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❝♦♥st✐t✉t✐✈❡ ♠❛t❡r✐❛❧ ✐s ✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ tr❛♥s❧❛t✐♦♥s ✐♥ t❤❡
(x1, x2) ♣❧❛♥❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❢♦✉rt❤✲r❛♥❦ ✸❉ ❡❧❛st✐❝✐t② st✐✛♥❡ss t❡♥s♦r (Cijkl) ❞♦❡s ♥♦t

✹✺





✷✳✸✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ▼♦❞❡❧ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤✐❝❦ ♣❧❛t❡s

❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❣❡♥❡r❛❧✐③❡❞ str❛✐♥s (χαβ,Γαβγ) ❝♦♥st✐t✉t❡ t❤❡ ❞✉❛❧ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲
●r❛❞✐❡♥t ❣❡♥❡r❛❧✐③❡❞ str❡ss❡s (Mαβ, Rαβγ)✳ ❚❤❡ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦r (Mαβ) ✐s t❤❡ ❝♦♥✈❡♥✲
t✐♦♥❛❧ ❜❡♥❞✐♥❣ ♠♦♠❡♥t t❡♥s♦r (Mαβ =Mβα) r❡❧❛t❡❞ t♦ t❤❡ ✸❉ ❧♦❝❛❧ str❡ss (σij) ❜② ✿

✭✷✳✻✮ Mαβ = 〈x3σαβ〉 .

❚❤❡ t❤✐r❞✲♦r❞❡r t❡♥s♦r (Rαβγ) r❡♣r❡s❡♥ts t❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡ ✇❤✐❝❤ ❝♦♠♣❧✐❡s ✇✐t❤
t❤❡ ❢♦❧❧♦✇✐♥❣ s②♠♠❡tr② ✿ Rαβγ = Rβαγ✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s
✇r✐t❡ ❛s ✿

{

χαβ = dαβγδMδγ,✭✷✳✼❛✮

Γαβγ = hαβγδǫζRζǫδ,✭✷✳✼❜✮

✇❤❡r❡ (dαβγδ) ❛♥❞ (hαβγδǫζ) r❡♣r❡s❡♥t ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦rs ✇❤✐❝❤ ❛r❡ ❡①♣❧✐❝✐t❧② ❡①♣r❡ss❡❞ ✐♥
t❡r♠s ♦❢ t❤❡ ❡❧❛st✐❝ ❝♦♠♣♦♥❡♥ts t❤r♦✉❣❤ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♣❧❛t❡ ✭❙❛❜ ❛♥❞ ▲❡❜é❡✱ ✷✵✶✺✮✳
dαβγδ ❞❡s✐❣♥❛t❡s t❤❡ ❝❧❛ss✐❝❛❧ ❜❡♥❞✐♥❣ ❝♦♠♣❧✐❛♥❝❡ ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r✱ ✐♥✈❡rs❡ ♦❢ t❤❡ ❜❡♥✲
❞✐♥❣ st✐✛♥❡ss ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r Dαβγδ✳ ❇♦t❤ t❡♥s♦rs ❛r❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛♥❞ s②♠♠❡tr✐❝✳
❚❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r hαβγδǫζ ✐s s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❜✉t ✐t ✐s ❞❡✜✲
♥✐t❡ ♦♥❧② ✐ts ✐♠❛❣❡ Imh ✇❤♦s❡ ❞✐♠❡♥s✐♦♥ ✐s ❜❡t✇❡❡♥ t✇♦ ❛♥❞ s✐①✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❡❧❛st✐❝
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣❧❛t❡✳ ▼♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤❡ s✉❜s♣❛❝❡ Imh ❛r❡ ❣✐✈❡♥ ✐♥ ✸✳✻✳ ❚❤❡ ❣❡♥❡✲
r❛❧✐③❡❞ s❤❡❛r st✐✛♥❡ss t❡♥s♦r (Hαβγδǫζ) ✐s t❤❡ ▼♦♦r❡✲P❡♥r♦s❡ ♣s❡✉❞♦ ✐♥✈❡rs❡ ♦❢ (hαβγδǫζ)✳
❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜② ✿

{

Rαβγ − P S
αβγδǫζMζǫ,δ = 0,✭✷✳✽❛✮

iαβγδRδγβ,α + p = 0.✭✷✳✽❜✮

✇❤❡r❡ P S
αβγδǫζ ❞❡s✐❣♥❛t❡s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ♦♥t♦ Imh✳

❲❡ ♥♦t❡ t❤❛t✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡♥❡ss ♦❢ t❤❡ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r
(hαβγδǫζ)✱ ♦♥❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ s❤❡❛r ❢♦r❝❡ Qα = 〈σα3〉 ❢r♦♠ Rαβγ ❜② ✿

✭✷✳✾✮ Qα = Rαββ.

❍❡♥❝❡✱ ❡q✉❛t✐♦♥ ✭✷✳✽✮❜ ❝❛♥ ❜❡ r❡st❛t❡❞ ❛s ✿

✭✷✳✶✵✮ Qα,α + p = 0.

✷✳✸✳✸ ❍♦♠♦❣❡♥❡♦✉s ♣❧❛t❡s

■t ✇❛s s❤♦✇♥ ✐♥ ▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✺✮✱ ▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✺✮✱ ❙❛❜ ❛♥❞ ▲❡❜é❡ ✭✷✵✶✺✮ t❤❛t
t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❝❛♥♥♦t ❜❡ r❡❞✉❝❡❞ t♦ ❛ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② ✐♥ ❣❡♥❡r❛❧✳
❍♦✇❡✈❡r✱ ✇❤❡♥ t❤❡ ♣❧❛t❡ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ❤♦♠♦❣❡♥❡♦✉s✱ t❤❡ t✇♦ t❤❡♦r✐❡s ❝♦✐♥❝✐❞❡✳
■♥ t❤✐s ❝❛s❡✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r t❡♥s♦r (hαβγδǫζ) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ✿

✭✷✳✶✶✮ hαβγδǫζ = iαβγηf
R

ηθiθδεζ ,

✹✼



✷✳✸✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ▼♦❞❡❧ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤✐❝❦ ♣❧❛t❡s

✇❤❡r❡ (fR

ηθ) ✐s ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ s②♠♠❡tr✐❝ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦r ❝❛❧❧❡❞ t❤❡ ❘❡✐ss♥❡r✲
▼✐♥❞❧✐♥ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ r♦t❛t✐♦♥ t❡♥s♦r
(Φαβγ) ✐s ♦❢ t❤❡ ❢♦r♠ ✿

✭✷✳✶✷✮ Φαβγ = iαβγδϕδ,

✇❤❡r❡ (ϕδ) ✐s ❛ ✷❉ ✈❡❝t♦r r❡♣r❡s❡♥t✐♥❣ r♦t❛t✐♦♥s✳ ❚❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡ (Rαβγ) ❝❛♥
❜❡ ❛s ✇❡❧❧ ❡①♣r❡ss❡❞ ❛s ✿

Rαβγ =
2

3
iαβηθMθγ,γ.

■t ❢♦❧❧♦✇s t❤❛t ❡q✉❛t✐♦♥s ✭✷✳✽✮ ❜❡❝♦♠❡ ✿
{

Qα −Mαβ,β = 0,✭✷✳✶✸❛✮

Qα,α + p = 0,✭✷✳✶✸❜✮

✇❤✐❝❤ ❝♦♥st✐t✉t❡ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s✳

✷✳✸✳✹ Pr♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣❧❛t❡ ♠♦❞❡❧

❆s ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡
❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② t♦ ❧❛♠✐♥❛t❡❞ ♣❧❛t❡s✳ ■t ✐s ❤❡♥❝❡ ✐♥t❡r❡st✐♥❣ t♦ tr② t♦ ❛♣♣r♦①✐♠❛t❡
t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦❞❡❧ t❤r♦✉❣❤ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥✬s ♠♦❞❡❧✳ ■♥ t❤✐s
s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t✇♦ ♠❡❛♥s t♦ ♣r♦❥❡❝t t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦❞❡❧ ♦♥ ❛ ❘❡✐ss♥❡r✲
▼✐♥❞❧✐♥ ♠♦❞❡❧ ✿ t❤❡ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ ♣r♦❥❡❝t✐♦♥ ✭❙❈P✮ ❛♥❞ t❤❡ s❤❡❛r st✐✛♥❡ss ♣r♦❥❡❝t✐♦♥
✭❙❙P✮✳ ❚❤❡s❡ ♣r♦❥❡❝t✐♦♥s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❢✉❧❧✲❞❡t❛✐❧ ✐♥ ✭❙❛❜ ❛♥❞ ▲❡❜é❡✱ ✷✵✶✺✮✳

✷✳✸✳✹✳✶ ❚❤❡ ❙❤❡❛r ❈♦♠♣❧✐❛♥❝❡ Pr♦❥❡❝t✐♦♥ ✭❙❈P✮

❈♦♥s✐❞❡r ❛ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦❞❡❧ ✇✐t❤ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r (hαβγδǫζ) ❛♥❞ ❧❡t (f ❘▼

αβ )
❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ❝♦♠♣❧✐❛♥❝❡✳ ❚❤❡ ✜rst ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ✐♥
❝♦♥s✐❞❡r✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❥❡❝t✐♦♥ ♦❢ (hαβγδǫζ) ✿

✭✷✳✶✹✮



























f ❘▼

11 =
4

9
(h111111 + h122221 + 2h111221) ,

f ❘▼

12 = f ❘▼

21 =
4

9
(h111121 + h111222 + h121221 + h222221) ,

f ❘▼

22 =
4

9
(h222222 + h121121 + 2h121222) .

❚❤✐s ♣r♦❥❡❝t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ss✉♠✐♥❣ Rαβγ = 2
3
iαβγηQη ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡

❇❡♥❞✐♥❣✲●r❛❞✐❡♥t s❤❡❛r str❡ss ❡♥❡r❣② ❞❡♥s✐t② ✭❙❛❜ ❛♥❞ ▲❡❜é❡✱ ✷✵✶✺✮✳
■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤✐s ♣r♦❥❡❝t✐♦♥✱ ❛♥ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❇❡♥❞✐♥❣✲
●r❛❞✐❡♥t ♣❧❛t❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧ ✇❛s s✉❣❣❡st❡❞ ✭▲❡❜é❡ ❛♥❞ ❙❛❜
✭✷✵✶✶✮✱ ▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✶✮✮✳ ■♥❞❡❡❞✱ ✇❤❡♥ t❤❡ ♣❧❛t❡ ✐s ❤♦♠♦❣❡♥❡♦✉s✱ t❤❡ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ t❤❡ t✇♦ ♠♦❞❡❧s ✐s ❡q✉❛❧ t♦ ③❡r♦✳

✹✽



✷✳✸✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ▼♦❞❡❧ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤✐❝❦ ♣❧❛t❡s

✷✳✸✳✹✳✷ ❚❤❡ ❙❤❡❛r ❙t✐✛♥❡ss Pr♦❥❡❝t✐♦♥ ✭❙❙P✮

❲❡ ♥♦✇ st✉❞② t❤❡ ❙❤❡❛r ❙t✐✛♥❡ss Pr♦❥❡❝t✐♦♥ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ s✉♣♣♦s✐♥❣ t❤❛t t❤❡ ❘❡✐ss♥❡r✲
▼✐♥❞❧✐♥✬s s❤❡❛r st✐✛♥❡ss t❡♥s♦r (F ❘▼

αβ ) ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t s❤❡❛r st✐✛♥❡ss
t❡♥s♦r (Hαβγδǫζ) ✐s ♦❢ t❤❡ ❢♦r♠ ✿

✭✷✳✶✺✮











F ❘▼

11 = H111111 +H122221 + 2H111221,

F ❘▼

12 = F ❘▼

21 = H111121 +H111222 +H121221 +H222221,

F ❘▼

22 = H222222 +H121121 + 2H121222.

❯s✐♥❣ t❤✐s ♣r♦❥❡❝t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❣❡♥❡r❛❧✐③❡❞ r♦t❛t✐♦♥ ✐s ♦❢ t❤❡ ❢♦r♠
Φαβγ = iαβγδϕδ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t s❤❡❛r str❛✐♥ ❡♥❡r❣② ❞❡♥s✐t② ✭❙❛❜
❛♥❞ ▲❡❜é❡✱ ✷✵✶✺✮✱ ✇❤❡r❡ (ϕδ) ✐s ❛ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ r♦t❛t✐♦♥ ✈❡❝t♦r✳

■t s❤♦✉❧❞ ❜❡ str♦♥❣❧② ❡♠♣❤❛s✐③❡❞ t❤❛t✱ ✉♥❧❡ss ❢♦r ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❡s✱ t❤❡ s❤❡❛r st✐✛♥❡ss
♣r♦❥❡❝t✐♦♥ ❛♥❞ t❤❡ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ ♣r♦❥❡❝t✐♦♥ ❧❡❛❞ t♦ ❞✐✛❡r❡♥t ❛♣♣r♦①✐♠❛t✐♦♥s✳ ❍❡♥❝❡✱
(F ❘▼

αβ ) ✐s ♥♦t t❤❡ ✐♥✈❡rs❡ ♦❢ (f ❘▼

αβ ) ✐♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ✭❙❛❜ ❛♥❞ ▲❡❜é❡✱ ✷✵✶✺✮✳

✷✳✸✳✺ ❑❡❧✈✐♥ ◆♦t❛t✐♦♥s

❊①♣r❡ss✐♥❣ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡q✉❛t✐♦♥s ✐♥✈♦❧✈❡s t❡♥s♦rs ✇✐t❤ ✉♣ t♦ s✐① ✐♥❞✐❝❡s ✇❤✐❝❤
❝❛♥ ❜❡ s♦♠❡❤♦✇ ❝✉♠❜❡rs♦♠❡✳ ❚❤✐s ✐s ✇❤② ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ t❤✐s s❡❝t✐♦♥ ❑❡❧✈✐♥ ♥♦t❛t✐♦♥
✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❡①♣r❡ss ❛♥② ♦r❞❡r t❡♥s♦r ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ♠❛tr✐①✳ ❈♦♥tr❛❝t✐♦♥s ♣r♦❞✉❝ts
❛r❡ ❤❡♥❝❡ t✉r♥❡❞ ✐♥t♦ ❝♦♥✈❡♥t✐♦♥❛❧ ♠❛tr✐① ♣r♦❞✉❝ts✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❜r❛❝❦❡ts [•] ❛r❡ ✉s❡❞
t♦ ❞❡♥♦t❡ t❤❛t ❛ t❡♥s♦r ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ❛ ♠❛tr✐① ❢♦r♠✳ ❚❤✉s✱ [•] ✐s ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r r❡❛❧✲
❧♦❝❛t✐♥❣ t❡♥s♦r ❝♦♠♣♦♥❡♥ts✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t (Mαβ) ❛♥❞ t❤❡ ❝✉r✈❛t✉r❡
t❡♥s♦r (χαβ) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ✿

✭✷✳✶✻✮ [M ] =











M11

M22

√
2M12











, [χ] =











χ11

χ22

√
2χ12











.

❚❤❡ ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r (Dαβγδ) ✐s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ✿

✭✷✳✶✼✮ [D] =
〈

x23 [C
σ]
〉

,

✇❤❡r❡ Cσ
αβγδ = Cαβγδ −

Cαβ33Cγδ33
C3333

❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❧❛♥❡ str❡ss st✐✛♥❡ss✳ [D] ❛♥❞ [Cσ]

t❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐① ❢♦r♠ ✿

✭✷✳✶✽✮ [D] =











D1111 D2211

√
2D1211

D2211 D2222

√
2D1222

√
2D1211

√
2D1222 2D1212











.

✹✾



✷✳✸✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ▼♦❞❡❧ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤✐❝❦ ♣❧❛t❡s

❚❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥ Mαβ = Dαβγδ : χδγ ❜❡❝♦♠❡s ❛ ✈❡❝t♦r✲♠❛tr✐① ♣r♦❞✉❝t ✿

✭✷✳✶✾✮ [M ] = [D] · [χ] .

❙❤❡❛r st❛t✐❝ ✉♥❦♥♦✇♥s ❛r❡ r❡❛❧❧♦❝❛t❡❞ ✐♥ ❛ ✈❡❝t♦r ❢♦r♠ ❛s ✿

✭✷✳✷✵✮ [R] =





























R111

R221

√
2R121

R112

R222

√
2R122





























, [Γ] =





























Γ111

Γ221

√
2Γ121

Γ112

Γ222

√
2Γ122





























, [Φ] =





























Φ111

Φ221

√
2Φ121

Φ112

Φ222

√
2Φ122





























.

❚❤❡ t❤✐r❞✲♦r❞❡r t❡♥s♦r (iαβγδU3,δ) ✐s ❡①♣r❡ss❡❞ ✐♥ ❑❡❧✈✐♥ ♥♦t❛t✐♦♥ ❜② ✿

✭✷✳✷✶✮ [i · ∇U3] = U3,1 [J
1] + U3,2 [J

2] ,

✇❤❡r❡

✭✷✳✷✷✮ [J 1]T =

[

1, 0, 0, 0, 0,
1√
2

]

, [J 2]T =

[

0, 0,
1√
2
, 0, 0, 1

]

.

❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ ❛♥❞ st✐✛♥❡ss t❡♥s♦rs (hαβγδǫζ) ❛♥❞ (Hαβγδǫζ) ❛r❡
t✉r♥❡❞ ✐♥t♦ ❛ 6× 6✲♠❛tr✐① ✿

✭✷✳✷✸✮ [h] =





























h111111 h111122
√
2h111121 h111211 h111222

√
2h111221

h221111 h221122
√
2h221121 h221211 h221222

√
2h221221

√
2h121111

√
2h121122 2h121121

√
2h121211

√
2h121222 2h121221

h112111 h112122
√
2h112121 h112211 h112222

√
2h112221

h222111 h222122
√
2h222121 h222211 h222222

√
2h222221

√
2h122111

√
2h122122 2h122121

√
2h122211

√
2h122222 2h122221





























.

◆♦t❡ t❤❛t ✇❡ ✉s❡ t❤❡ s❛♠❡ ❧❡tt❡r ❢♦r t❡♥s♦r ❛♥❞ ♠❛tr✐① ❝♦♠♣♦♥❡♥ts✳ ❍♦✇❡✈❡r✱ t✇♦ ✐♥❞✐❝❡s
r❡♣r❡s❡♥t ♠❛tr✐① ❝♦♠♣♦♥❡♥ts ✇❤❡r❡❛s s✐① ✐♥❞✐❝❡s ❞❡s✐❣♥❛t❡ t❡♥s♦r ❝♦♠♣♦♥❡♥ts✳ ❋♦r ✐♥s✲
t❛♥❝❡✱ h221121 ✐s t❤❡ t❡♥s♦r ❝♦♠♣♦♥❡♥t ♦❢ (hαβγδǫζ) ✇❤❡r❡❛s h23 =

√
2h221121 ✐s t❤❡ ♠❛tr✐①

❝♦♠♣♦♥❡♥t ♦❢ [h]✳

❆s ❛❧r❡❛❞② ✐♥❞✐❝❛t❡❞✱ t❤❡ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r hαβγδǫζ ✐s ♥♦t ❛❧✇❛②s ✐♥✈❡rt✐❜❧❡✳ ❆ ♥❡✇
❢❡❛t✉r❡ ♦❢ ♦✉r ✇♦r❦ ✐s t❤❡ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞✱ ♣r❡s❡♥t❡❞ ❛♥❞ ❞❡t❛✐❧❡❞ t❤❡r❡❛❢t❡r✱ ✐♥ ♦r❞❡r
t♦ ❝❛❧❝✉❧❛t❡ t❤❡ s❤❡❛r st✐✛♥❡ss t❡♥s♦r✳

✺✵



✷✳✸✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ▼♦❞❡❧ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤✐❝❦ ♣❧❛t❡s

✷✳✸✳✻ ❚❤❡ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞

❚❤❡ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞ ❝♦♥s✐sts ✐♥ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❝♦♥str❛✐♥t (Φαβγ) ∈ Imh ✇❤❡♥ t❤❡ ❞✐✲
♠❡♥s✐♦♥ ♦❢ Imh ✐s str✐❝t❧② ❧♦✇❡r t❤❛♥ s✐① ✭s❡❡ ✸✳✻✮✳ ❚❤❡ ✜rst st❡♣ ❝♦♥s✐sts ✐♥ ❝♦♠♣✉t✐♥❣ t❤❡
♣s❡✉❞♦ ✐♥✈❡rs❡ (Hαβγδǫζ) t❤r♦✉❣❤ t❤❡ ❙✐♥❣✉❧❛r ❱❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭❙❱❉✮✳ ❆❝❝♦r❞✐♥❣❧②✱
t❤❡ r❡❛❧✲✈❛❧✉❡❞ ❝♦♠♣❧✐❛♥❝❡ ♠❛tr✐① [h] ✐s ❢❛❝t♦r❡❞ ✐♥t♦ ✿

✭✷✳✷✹✮ [h] = [N ] . [a] . [N ]T ,

✇❤❡r❡ [a] ✐s ❛ 6× 6 ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✿

✭✷✳✷✺✮ [a] =





























a1 0 0 0 0 0

0 a2 0 0 0 0

0 0 a3 0 0 0

0 0 0 a4 0 0

0 0 0 0 a5 0

0 0 0 0 0 a6





























,

❛♥❞ [N ] ✐s ❛♥ ♦rt❤♦❣♦♥❛❧ 6×6 ♠❛tr✐① ✇✐t❤ [N ]T = [N ]−1✱ ✇❤❡r❡ [N ]T ❞❡♥♦t❡s t❤❡ tr❛♥s♣♦s❡
♦❢ [N ]✳
❚❤❡ ▼♦♦r❡✲P❡♥r♦s❡ ♣s❡✉❞♦ ✐♥✈❡rs❡ (Hαβγδǫζ) ✐s ❤❡♥❝❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ✿

✭✷✳✷✻✮ [H] = [N ] . [A] . [N ]T = [N ] .





























A1 0 0 0 0 0

0 A2 0 0 0 0

0 0 A3 0 0 0

0 0 0 A4 0 0

0 0 0 0 A5 0

0 0 0 0 0 A6





























. [N ]T ,

✇✐t❤ Ak = 0 ✐❢ ak = 0 ❛♥❞ Ak = 1
ak

✐❢ ak 6= 0✳

❙❛❜ ❛♥❞ ▲❡❜é❡ ✭✷✵✶✺✮ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r (P S
αβγδǫζ) ❝❛♥ ❜❡ ❡①♣r❡s✲

s❡❞ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ♠❛tr✐① ❛s ✿

✭✷✳✷✼✮
[

P S
]

= [H] · [h] = [h] · [H] .

✺✶



✷✳✸✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ▼♦❞❡❧ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤✐❝❦ ♣❧❛t❡s

❙✉❜st✐t✉t✐♥❣ [h] ❛♥❞ [H] ❜② t❤❡✐r ❡①♣r❡ss✐♦♥s ✭✷✳✷✹✮ ❛♥❞ ✭✷✳✷✻✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ✿

✭✷✳✷✽✮
[

P S
]

= [N ] . [α] . [N ]T = [N ] .





























α1 0 0 0 0 0

0 α2 0 0 0 0

0 0 α3 0 0 0

0 0 0 α4 0 0

0 0 0 0 α5 0

0 0 0 0 0 α6





























. [N ]T ,

✇❤❡r❡ αk = 0 ✐❢ ak = 0 ❛♥❞ αk = 1 ✐❢ ak 6= 0✳ ■♥ ♣r❛❝t✐❝❡✱ ❛ss✉♠✐♥❣ αk ❛r❡ s♦rt❡❞ ✐♥
❞❡❝r❡❛s✐♥❣ ♦r❞❡r✱ ✐❢ αk ≤ 10−3α1✱ t❤❡♥ αk = 0✳

▲❡t (PK
αβγδǫζ) ❞❡♥♦t❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ♦♥t♦ Kerh ✭s❡❡ ✸✳✻✮✳ (PK

αβγδǫζ) ❤❛s t❤❡ ❢♦❧❧♦✲
✇✐♥❣ ❢♦r♠ ✿

✭✷✳✷✾✮
[

PK
]

= [N ] . [β] . [N ]T = [N ] .





























β1 0 0 0 0 0

0 β2 0 0 0 0

0 0 β3 0 0 0

0 0 0 β4 0 0

0 0 0 0 β5 0

0 0 0 0 0 β6





























. [N ]T ,

✇❤❡r❡ βk = 1 ✐❢ ak = 0 ❛♥❞ βk = 0 ✐❢ ak 6= 0✳
❆s st❛t❡❞ ❡❛r❧✐❡r✱ t❤❡ ❝♦♥❞✐t✐♦♥ Γαβγ ∈ Imh ✐s ❡q✉✐✈❛❧❡♥t t♦ Φαβγ ∈ Imh s✐♥❝❡ iαβγδU3,δ

❛❧✇❛②s ❜❡❧♦♥❣s t♦ Imh✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

✭✷✳✸✵✮
[

PK
]

· [Φ] =
[

PK
]

· [Γ] ,

❛♥❞

✭✷✳✸✶✮
[

PK
]

· [i · ∇U3] = 0.

❈♦♠❜✐♥✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✼✮❜✱ ✭✷✳✷✾✮ ❛♥❞ ✭✷✳✸✵✮ ②✐❡❧❞s ✿

✭✷✳✸✷✮
[

PK
]

· [Φ] =
[

PK
]

· [Γ] = [N ] · [β] · [N ]T · [N ] · [α] · [N ]T · [R] = 0

s✐♥❝❡ ✇❡ ❤❛✈❡ t❤❛t ✿

✭✷✳✸✸✮ [N ] · [N ]T = [I] ❛♥❞ [β] · [α] = 0.

■♥tr♦❞✉❝✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ [Φ] = [N ] · [Φ∗] ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✸✷✮ ❣r❛♥ts ✿

✭✷✳✸✹✮
[

PK
]

· [Φ] = [N ] · [β] · [N ]T · [Φ] = [N ] · [β] · [Φ∗] = 0 ⇐⇒ [β] · [Φ∗] = 0,

✺✷



✷✳✹✳ Pr♦♣❛❣❛t✐♦♥ ♦❢ ♣❧❛♥❡ ✇❛✈❡s ✐♥ ❛♥ ❛♥✐s♦tr♦♣✐❝ ♣❧❛t❡

✇❤✐❝❤ ♠❡❛♥s t❤❛t (Φαβγ) ∈ Imh ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱ Φ∗

i = 0 ❢♦r ❛❧❧ i s✉❝❤ t❤❛t ai = 0✳

■♥ ❜r✐❡❢✱ t❤❡ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞ ❝♦♥s✐sts ✐♥ ♠❛❦✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡

✭✷✳✸✺✮ [Φ] = [N ] · [Φ∗]

✐♥ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡q✉❛t✐♦♥s ✭✷✳✺✮✱ ✭✷✳✼✮ ❛♥❞ ✭✷✳✽✮✱ ❛♥❞ ✐♠♣♦s✐♥❣ Φ∗

i = 0 ❢♦r ❛❧❧ i
s✉❝❤ t❤❛t ai = 0✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ✇r✐t❡ t❤❡ r❡❝✐♣r♦❝❛❧ r❡❧❛t✐♦♥s❤✐♣ ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✼✮❜ ✿

✭✷✳✸✻✮ Rαβγ = HαβγδǫζΓζǫδ, Γαβγ ∈ Imh.

✷✳✹ Pr♦♣❛❣❛t✐♦♥ ♦❢ ♣❧❛♥❡ ✇❛✈❡s ✐♥ ❛♥ ❛♥✐s♦tr♦♣✐❝ ♣❧❛t❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜rst st✉❞② t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ✇❛✈❡s ✐♥ ❛♥✐s♦tr♦♣✐❝ ♣❧❛t❡s ✐♥ t❤❡ ❢r❛✲
♠❡✇♦r❦ ♦❢ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❡❧❛st✐❝✐t② t❤❡♦r②✳ ❖✉r ♠❛✐♥ ♣✉r♣♦s❡ ✐s t♦ ❛❝❝✉r❛t❡❧②
♣r❡❞✐❝t t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡ ❛ss♦❝✐❛t❡❞ t♦ ❧♦♥❣ ✢❡①✉r❛❧ ✇❛✈❡s✱ ✇❤✐❝❤ ✐s ❝♦♥✈❡♥t✐♦♥❛❧❧②
❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳

●♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ st❛t✐❝ ✸❉ s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❇❡♥❞✐♥❣✲
●r❛❞✐❡♥t ♣❧❛t❡ ♠♦❞❡❧ ✭❙❛❜ ❛♥❞ ▲❡❜é❡✱ ✷✵✶✺✮✳ ■t ✐s ❤❡♥❝❡ ✇♦rt❤ t♦ ❛❧s♦ ❡st✐♠❛t❡ t❤❡
❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ t❤r♦✉❣❤ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✳ ❲❡ ❛❧s♦ s✉❣❣❡st
✉s✐♥❣ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧s ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦❞❡❧
❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✹✳

■♥ t❤✐s ♣❛rt✱ ✇❡ ❝♦♥s✐❞❡r ❛ s②♠♠❡tr✐❝❛❧ ♣❧❛t❡ ✇✐t❤ t❤❡ s❛♠❡ ❝♦♥✜❣✉r❛t✐♦♥ ❛s ❙❡❝t✐♦♥ ✷✳✸✳
❆ss✉♠✐♥❣ t❤❡ ♣❧❛t❡ ✐s ✐♥✜♥✐t❡ ✐♥ ❞✐r❡❝t✐♦♥s 1 ❛♥❞ 2✱ ♥♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♥❡❡❞ t♦ ❜❡
❛♣♣❧✐❡❞ ♦♥ ∂V❧❛t✳ ❲❡ ♣❛rt✐❝✉❧❛r❧② ❢♦❝✉s ❛tt❡♥t✐♦♥ ♦♥ ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ✐♥ ❞✐r❡❝t✐♦♥ 1✳

✷✳✹✳✶ ❊①❛❝t ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❣✉✐❞❡❞ ✇❛✈❡s

✷✳✹✳✶✳✶ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥

❋♦r ♣❧❛♥❡ ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ✐♥ ❞✐r❡❝t✐♦♥ 1✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r ui ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
❝♦♦r❞✐♥❛t❡s (x1, x3) ❛♥❞ ♦❢ t❤❡ t✐♠❡ t ✿

ui = ui(x1, x3, t), i = 1, 2, 3.

❚❤❡ ❜❛s✐❝ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② r❡❧❛t✐♥❣ t❤❡ str❡ss σij t♦ t❤❡ ♠♦t✐♦♥ ♦❢ t❤❡
♣❛rt✐❝❧❡s ✐♥ t❤❡ ♣❧❛t❡ ✉s✐♥❣ ◆❡✇t♦♥✬s s❡❝♦♥❞ ❧❛✇✳ ▲❡t ρ ❞❡♥♦t❡ t❤❡ ❞❡♥s✐t② ✭♠❛ss ♣❡r ✉♥✐t
✈♦❧✉♠❡✮✳ ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❜♦❞② ❢♦r❝❡s✱ t❤❡ ▼♦♠❡♥t✉♠ ❡q✉❛t✐♦♥ ✇r✐t❡s ✿

✭✷✳✸✼✮ σij,j − ρüi = 0,

✇❤❡r❡ t❤❡ ❞♦✉❜❧❡ ❞♦t ✐♥❞✐❝❛t❡s ❛ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡
(

ẍ = dx2

dt2

)

✳

✺✸



✷✳✹✳ Pr♦♣❛❣❛t✐♦♥ ♦❢ ♣❧❛♥❡ ✇❛✈❡s ✐♥ ❛♥ ❛♥✐s♦tr♦♣✐❝ ♣❧❛t❡

❲❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ✐♥✜♥✐t❡ ❛♥✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ♣❧❛t❡ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ❢✉❧❧ s❡t ♦❢ ❡q✉❛✲
t✐♦♥s ♦❢ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ t❤❡♦r② ♦❢ ❡❧❛st✐❝✐t②✱ ♥❛♠❡❧② ✿































σij,j − ρüi = 0,✭✷✳✸✽❛✮

σij − Cijkl(x3) : εlk = 0,✭✷✳✸✽❜✮

εij −
1

2
(ui,j + uj,i) = 0,✭✷✳✸✽❝✮

σi3 = 0 ❛t x3 = ±h
2
.✭✷✳✸✽❞✮

❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ str❡ss❡s σi3 ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ui ♠✉st ❜❡ ❝♦♥t✐♥✉♦✉s ❛t t❤❡ ✐♥t❡r❢❛❝❡s
❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ❧❛②❡rs ♦❢ t❤❡ ♣❧❛t❡✳

❋♦r ❤❛r♠♦♥✐❝ ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ✐♥ ❞✐r❡❝t✐♦♥ 1 ❛t t✐♠❡ t✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ui✱ s♦❧✉t✐♦♥
t♦ ✭✷✳✸✽✮✱ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✉s✐♥❣ ✿

✭✷✳✸✾✮ ui(x1, x3, t) = ℜ
(

ûi (x3) e
j(ωt−kx1)

)

, i = 1, 2, 3,

✇❤❡r❡ (ûi)i=1,2,3 ❛r❡ ❛♠♣❧✐t✉❞❡s ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❝♦♠♣♦♥❡♥ts✱ ω ✐s t❤❡ ❛♥❣✉❧❛r ❢r❡✲
q✉❡♥❝②✱ k 6= 0 ✐s t❤❡ ✇❛✈❡ ♥✉♠❜❡r ❛♥❞ j t❤❡ ✐♠❛❣✐♥❛r② ✉♥✐t✳ ❚❤❡ s②♠❜♦❧ ℜ(z) ✐s ✉s❡❞ t♦
❞❡s✐❣♥❛t❡ t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ ❝♦♠♣❧❡① ♥✉♠❜❡r z✳ ❲❡ ❞❡♥♦t❡ ❜② λ t❤❡ ✇❛✈❡❧❡♥❣t❤ ❛♥❞ c
t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t②✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ✇❛✈❡ ♥✉♠❜❡r ✐s r❡❧❛t❡❞ t♦ t❤❡ ✇❛✈❡❧❡♥❣t❤ t❤r♦✉❣❤ ✿

✭✷✳✹✵✮ k =
2π

λ
,

❛♥❞ t❤❛t t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② c ✐s ❡①♣r❡ss❡❞ ❛s ✿

✭✷✳✹✶✮ c =
ω

k
.

❚❤❡ ♣r♦❜❧❡♠ ✐s t♦ ✜♥❞ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ω ❛♥❞ t❤❡ ✇❛✈❡ ♥✉♠❜❡r k
✇❤✐❝❤ ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥♦♥✲③❡r♦ ✈❡❝t♦r (ûi)i=1,2,3✱ s❛t✐s❢②✐♥❣ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✭✷✳✸✽✮✳

❘❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✸❉ ♣r♦❜❧❡♠ ✭✷✳✸✽✮ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✈✐❛ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t
♠❡t❤♦❞ ✇❤♦s❡ ♣r♦❝❡❞✉r❡ ✐s ♣r❡s❡♥t❡❞ ♥❡①t✳

✷✳✹✳✶✳✷ ❘❡s♦❧✉t✐♦♥ ❜② ♠❡❛♥s ♦❢ ❋✐♥✐t❡ ❊❧❡♠❡♥t ❆♥❛❧②s✐s

■♥❥❡❝t✐♥❣ t❤❡ ♣❧❛♥❡ ✇❛✈❡ ❞✐s♣❧❛❝❡♠❡♥t ✭✸✳✽✮ ✐♥ t❤❡ ❧♦❝❛❧ ❡q✉❛t✐♦♥s ✭✷✳✸✽✮ ❧❡❛❞s t♦ t❤❡
❢♦r♠✉❧❛t✐♦♥ ♦❢ ❛ q✉❛❞r❛t✐❝ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✐♥ ❜♦t❤ ✇❛✈❡♥✉♠❜❡r k ❛♥❞ ❢r❡q✉❡♥❝② ω
t❤❛t ❤❛s t♦ ❜❡ s♦❧✈❡❞✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ✐s♦tr♦♣✐❝ ♣❧❛t❡s✱ ✐t ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡
✇❡❧❧ ❦♥♦✇♥ ▲❛♠❜ ♠♦❞❡s tr❛♥s❝❡♥❞❡♥t❛❧ ❡q✉❛t✐♦♥ ✭▲❛♠❜✱ ✶✾✶✼✮✳ ❚❤❡ ❝❛s❡ ♦❢ ❧❛♠✐♥❛t❡❞
♣❧❛t❡s ❤❛s ❜❡❡♥ ✜rst ✐♥✈❡st✐❣❛t❡❞ ❜② ❚✳ ❚❤♦♠s♦♥ ✭✶✾✺✵✮✱ ✇❤♦ ❡①♣r❡ss❡❞ t❤❡ ✐♥t❡r✲❧❛♠✐♥❛
❝♦♥t✐♥✉✐t② ❝♦♥❞✐t✐♦♥s ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ tr❛♥s❢❡r ♠❛tr✐❝❡s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧

✺✹



✷✳✹✳ Pr♦♣❛❣❛t✐♦♥ ♦❢ ♣❧❛♥❡ ✇❛✈❡s ✐♥ ❛♥ ❛♥✐s♦tr♦♣✐❝ ♣❧❛t❡

✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ♠❡t❤♦❞ ✭❍❛s❦❡❧❧✱ ✶✾✺✸✮✱ s❡✈❡r❛❧ r❡❢♦r♠✉❧❛t✐♦♥s ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❞❡❝❛❞❡s ✭❙❝❤♠✐❞t ❛♥❞ ❚❛♥❣♦✱ ✷✵✵✼❀ ◆❛②❢❡❤✱ ✶✾✾✶❀ ❘♦❦❤❧✐♥ ❛♥❞ ❲❛♥❣✱ ✷✵✵✷✮✳

❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ✈❛r✐❛t✐♦♥♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s✮ ❝❛♥ ❜❡
✉s❡❞ ✭❉♦♥❣ ❛♥❞ ❇✳ ◆❡❧s♦♥✱ ✶✾✼✷❀ ❉❛tt❛ ❡t ❛❧✳✱ ✶✾✽✽❀ ❳✐ ❡t ❛❧✳✱ ✷✵✵✵✮✳ ❚❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t
❛♣♣r♦❛❝❤ t❤❡♥ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✿

✭✷✳✹✷✮
(

k2 [K2] + jk [K1] + [K0]− ω2 [M]
)

[U] = 0 ,

✇❤❡r❡ [Ki]✱ i = 1, 2, 3 ❛♥❞ [M] ❛r❡ s②♠❡tr✐❝ ❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s ❛♥❞ [U] ✐s t❤❡ ✈❡❝t♦r ♦❢
♥♦❞❛❧ ❞✐s♣❧❛❝❡♠❡♥ts✳ ❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ✐s ✉s✉❛❧❧② r❡❢❡rr❡❞ ❛s t❤❡ ❙♣❡❝tr❛❧ ❋✐♥✐t❡ ❊❧❡♠❡♥t
▼❡t❤♦❞ ✭❏✳ ❙❤♦rt❡r✱ ✷✵✵✹❀ ❇❛r❜✐❡r✐ ❡t ❛❧✳✱ ✷✵✵✾✮ ✭❙❋❊▼✮ ♦r ❙❡♠✐✲❆♥❛❧②t✐❝❛❧ ❋✐♥✐t❡ ❊❧❡✲
♠❡♥t ♠❡t❤♦❞ ✭❇❛rt♦❧✐ ❡t ❛❧✳✱ ✷✵✵✻✮ ✭❙❆❋❊✮✳ ❚❤❡ ♣r❡❝❡❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞
♠♦r❡ ❡❛s✐❧② ❜② s❡❛r❝❤✐♥❣ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s r❡❧❛t❡❞ t♦ ❛ ❣✐✈❡♥ ✇❛✈❡♥✉♠❜❡r✳ ❍♦✇❡✈❡r✱ ✐t
✐s ♦❢t❡♥ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ s❡❛r❝❤ ❢♦r t❤❡ ✇❛✈❡♥✉♠❜❡r s♦❧✉t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ✜①❡❞
❢r❡q✉❡♥❝② ❀ t❤✐s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜② t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ q✉❛❞r❛t✐❝ ❡✐❣❡♥✈❛✲
❧✉❡ ♣r♦❜❧❡♠✱ ❣✐✈✐♥❣ ❜♦t❤ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② s♦❧✉t✐♦♥s ✭r❡s♣✳ ❞❡♥♦t✐♥❣ ♣r♦♣❛❣❛t✐♥❣ ❛♥❞
❡✈❛♥❡s❝❡♥t ✇❛✈❡s✮✳

❚❤✐s ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❤❡r❡ t♦ ❝♦♠♣✉t❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥s t♦ t❤❡ ♣r♦❜❧❡♠
♦❢ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛♥✐s♦tr♦♣✐❝ ♣❧❛t❡s✳ ▲✐♥❡❛r ❡❧❡♠❡♥ts ✇❡r❡ ✉s❡❞ s✐♥❝❡ t❤❡ ♣r♦❜❧❡♠
✐s ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✐♥ x3✳ ❲❡ ✉s❡❞ t❤r❡❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ♣❡r ♥♦❞❡ t♦ t❛❦❡ ❛❝❝♦✉♥t ♦❢
t❤❡ t❤r❡❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞✳ ■♥ t❤❡ ✇❛✈❡❧❡♥❣t❤ r❛♥❣❡ ♦❢ ✐♥t❡r❡st✱ ✐t ❤❛s
❜❡❡♥ ♦❜s❡r✈❡❞ t❤❛t 10 ❡❧❡♠❡♥ts ❜② ❧❛②❡r ✇❛s s✉✣❝✐❡♥t t♦ ❛✈♦✐❞ ❝♦♥✈❡r❣❡♥❝❡ ✐ss✉❡s✳

✷✳✹✳✷ P❧❛t❡ ♠♦❞❡❧s ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s

✷✳✹✳✷✳✶ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛♥✐s♦tr♦♣✐❝ ♠❡❞✐❛ ✉s✐♥❣ t❤❡ ❇❡♥❞✐♥❣✲
●r❛❞✐❡♥t ♠♦❞❡❧✳ ❲❡ ✜rst ♣r♦✈✐❞❡ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡q✉❛t✐♦♥s ♦❢
♠♦t✐♦♥ ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❡s✳ ❚❤❡♥✱ ✇❡ ❡①♣❧❛✐♥ ❤♦✇ t♦ ✜♥❞ ♥✉♠❡r✐❝❛❧❧② t❤❡ ❝♦rr❡s♣♦♥✲
❞✐♥❣ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s✳ ❋✐♥❛❧❧②✱ t❤❡ ❝❧❛ss✐❝❛❧ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❢♦r t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥
❛♥❞ t❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ ♠♦❞❡❧ ❛r❡ r❡tr✐❡✈❡❞✳

❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♣r♦❜❧❡♠ ✐s ❜❛s❡❞ ♦♥ ▼✐♥❞❧✐♥✬s ♣❛♣❡r ✭▼✐♥❞✲
❧✐♥✱ ✶✾✺✶✮✱ ✐♥ ✇❤✐❝❤ ❛ ❝♦♠♣❛r✐s♦♥ ✇❛s ♠❛❞❡ ❜❡t✇❡❡♥ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ♦❢ t❤❡ t❤r❡❡✲
❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❈P❚✳ ■t ✇❛s s❤♦✇♥ t❤❛t t❤❡
❈P❚ ❞❡✈✐❛t❡s s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ t❤❡♦r② ✇❤❡t❤❡r t❤❡ r♦t❛t♦r② ✐♥❡rt✐❛
❝♦rr❡❝t✐♦♥ ✐s ❛❞❞❡❞ ♦r ♥♦t✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ t❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t❤❡ ❡✛❡❝ts ♦❢ tr❛♥s✲
✈❡rs❡ s❤❡❛r ❞❡❢♦r♠❛t✐♦♥ s♦❧❡❧②✱ t❤❡ ♦❜t❛✐♥❡❞ s♦❧✉t✐♦♥ ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
s♦❧✉t✐♦♥✳ ❚❤❡r❡❜②✱ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❛r❡ ❢♦r♠✉❧❛t❡❞ ❜② ❝♦♥s✐❞❡✲
r✐♥❣ t❤❛t t❤❡ ♦♥❧② ✐♥❡rt✐❛ ❢♦r❝❡s ❛r❡ t❤♦s❡ ❞✉❡ t♦ t❤❡ tr❛♥s✈❡rs❡ tr❛♥s❧❛t✐♦♥ ♦❢ t❤❡ ♣❧❛t❡
❡❧❡♠❡♥ts✱ ❛♥❞ ❤❡♥❝❡ ♥❡❣❧❡❝t✐♥❣ r♦t❛t♦r② ❡✛❡❝ts✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ tr❛♥s✈❡rs❡ ❧♦❛❞ p ❣✐✈❡♥

✺✺
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❜② ✿

✭✷✳✹✸✮ p = −Ü3ρ̄,

✇❤❡r❡ ρ̄ = 〈ρ〉✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r hαβγδεζ ✐s
❞❡✜♥✐t❡✳ ■♥ t❤✐s ❝❛s❡✱ P S

αβγδǫζ ✐s t❤❡ ✐❞❡♥t✐t② ♦♣❡r❛t♦r✳ ❍❡♥❝❡✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡
Rαβγ ✐s t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t Mαβ✳
❲❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛♥✐s♦tr♦♣✐❝ ♣❧❛t❡s ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❜♦❞② ❢♦r❝❡s ✐s t❤✉s ♠♦❞❡❧❧❡❞ ❜② ✿

✭✷✳✹✹✮











Rαβγ −Mαβ,γ = 0,

Qα = Rαββ,

Qα,α = Ü3ρ̄.

❯s✐♥❣ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ✭✷✳✼✮ ❛♥❞ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✺✮✱ ❡q✉❛t✐♦♥s ✭✷✳✹✹✮ ❛r❡
r❡st❛t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts (U3,Φαβγ) (x1, t) ❛s ✿

{

Hαβγδǫζ (Φζǫδ + iζǫδηU3,η)−DαβθǫΦǫθξ,ξγ = 0,✭✷✳✹✺❛✮

Hαββδǫζ (Φζǫδ,α + iζǫδηU3,ηα) = Ü3ρ̄.✭✷✳✹✺❜✮

❲❡ ♣♦✐♥t ♦✉t t❤❛t ✇❤❡♥ t❤❡ s✐①t❤✲♦r❞❡r t❡♥s♦r hαβγδεζ ✐s ♥♦t ❞❡✜♥✐t❡✱ ✐t s✉✣❝❡s t♦ ♠❛❦❡
t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ✭✷✳✸✺✮ ✐♥ ❡q✉❛t✐♦♥s ✭✷✳✹✺✮ ❛s ❞❡t❛✐❧❡❞ ✐♥ ❙❡❝t✳ ✷✳✸✳✻✳

❋♦r ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ✐♥ ❞✐r❡❝t✐♦♥ 1✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts (U3,Φαβγ) (x1, t)✱
s♦❧✉t✐♦♥ t♦ ✭✷✳✹✺✮✱ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✉s✐♥❣ ✿







U3(x1, t) = ℜ
(

Û3e
j(ωt−kx1)

)

,✭✷✳✹✻❛✮

Φαβγ(x1, t) = ℜ
(

Φ̂αβγe
j(ωt−kx1)

)

,✭✷✳✹✻❜✮

✇❤❡r❡ Û3 ❛♥❞ Φ̂αβγ ❛r❡ ❛r❜✐tr❛r② ❝♦♥st❛♥ts✳ ■♥❞❡❡❞✱ ❛❧❧ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ x2 ❛r❡
❡q✉❛❧ t♦ ③❡r♦✱ s✐♥❝❡ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts U3 ❛♥❞ Φαβγ ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ x1✳ ❚❤✉s✱ s✉❜st✐t✉t✐♥❣
✭✷✳✹✻✮ ✐♥t♦ ✭✷✳✹✺✮ ②✐❡❧❞s ✿







Hαβγδǫζ

(

Φ̂ζǫδ − jkiζǫδ1Û3

)

+ k2DαβθǫΦ̂ǫθ1δ1γ = 0,✭✷✳✹✼❛✮

H1ββδǫζ

(

−jkΦ̂ζǫδ − k2iζǫδ1Û3

)

+ ω2Û3ρ̄ = 0.✭✷✳✹✼❜✮

❋✐♥❞✐♥❣ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ ✢❡①✉r❛❧ ✇❛✈❡s r❡q✉✐r❡s ✉s✐♥❣ ❛ ♠❛t❤❡♠❛t✐❝❛❧
❝♦♠♣✉t✐♥❣ s♦❢t✇❛r❡ s✉❝❤ ❛s ▼❛t❧❛❜✳ ❚❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❡q✉❛t✐♦♥s ✭✷✳✹✼✮ ✐s ♣r❡s❡♥t❡❞
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳

✷✳✹✳✷✳✷ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ♣❧❛t❡ ❞✐s♣❡rs✐♦♥ ❡q✉❛t✐♦♥s

❙✉♣♣♦s❡ t❤❛t t❤❡ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r hαβγδǫζ ✐s ❞❡✜♥✐t❡✳ ❯s✐♥❣ ❑❡❧✈✐♥ ♥♦t❛t✐♦♥ ✐♥tr♦✲
❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✺✱ ❡q✉❛t✐♦♥ ✭✷✳✹✹✮❛ ✇r✐t❡s ✿

✭✷✳✹✽✮ [R]− [M ⊗∇] = 0,

✺✻
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✇❤❡r❡ [M ⊗∇] r❡♣r❡s❡♥ts t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t ❡①♣r❡ss❡❞ ❜② ✿

✭✷✳✹✾✮ [M ⊗∇] =





























M11,1

M22,1

√
2M12,1

0

0

0





























.

❯s✐♥❣ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✺✮❜✱ [R] ✐s ❞❡✜♥❡❞ ❜② ✿

✭✷✳✺✵✮ [R] = [H] · ([Φ] + [i · ∇U3]) .

❚❤❡ t❤✐r❞✲♦r❞❡r t❡♥s♦r [i · ∇U3] ✐s ❡①♣r❡ss❡❞ ✐♥ ❑❡❧✈✐♥ ♥♦t❛t✐♦♥ ❜② ✿

✭✷✳✺✶✮ [i · ∇U3] = U3,1 [J
1] = −jkÛ3 [J

1] .

❯s✐♥❣ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✭✷✳✺✮❛✱ ✇❡ ❤❛✈❡ ✿

✭✷✳✺✷✮











M11,1

M22,1

√
2M12,1











= [D] ·











Φ111,11

Φ221,11

√
2Φ121,11











= −k2 [D] ·











Φ̂111

Φ̂221

√
2Φ̂121











.

▼❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ♥♦t❛t✐♦♥s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ❡q✉❛t✐♦♥s ✭✷✳✹✼✮ ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s ❛ ♠❛tr✐①✲✈❡❝t♦r ♣r♦❞✉❝t ✿

✭✷✳✺✸✮ [A] · [δ] = 0,

✇❤❡r❡ [δ] ✐s ❛ ✈❡❝t♦r r❡♣r❡s❡♥t✐♥❣ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts
(

Û3, Φ̂αβγ

)

✿

✭✷✳✺✹✮ [δ]T =
[

Û3, Φ̂111, Φ̂221,
√
2Φ̂121, Φ̂112, Φ̂222,

√
2Φ̂122

]

,

❛♥❞ [A] ✐s ❛ s②♠♠❡tr✐❝ 7× 7 ♠❛tr✐① ❣✐✈❡♥ ❜② ✿

✭✷✳✺✺✮ [A] =



































A11 A12 A13 A14 A15 A16 A17

A12 H11 + k2D11 H12 + k2D12 H13 + k2D13 H14 H15 H16

A13 H21 + k2D21 H22 + k2D22 H23 + k2D23 H24 H25 H26

A14 H31 + k2D31 H32 + k2D32 H33 + k2D33 H34 H35 H36

A15 H41 H42 H43 H44 H45 H46

A16 H51 H52 H53 H54 H55 H56

A17 H61 H62 H63 H64 H65 H66



































,

✺✼
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✇✐t❤

✭✷✳✺✻✮



































































































































A11 = ω2ρ̄− k2
(

H11 +
√
2H61 +

1

2
H66

)

,

A12 = −jk
(

H11 +

√
2

2
H16

)

,

A13 = −jk
(

H12 +

√
2

2
H26

)

,

A14 = −jk
(

H13 +

√
2

2
H36

)

,

A15 = −jk
(

H14 +

√
2

2
H46

)

,

A16 = −jk
(

H15 +

√
2

2
H56

)

,

A17 = −jk
(

H16 +

√
2

2
H66

)

.

❚❤❡ ♣r♦❜❧❡♠ ✭✷✳✺✸✮ ❝❛♥ ❡✐t❤❡r ❜❡ s❡❡♥ ❛s ❛ ❧✐♥❡❛r ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✐♥ ω2✱ ❢♦r ❛ ❣✐✈❡♥
✇❛✈❡ ♥✉♠❜❡r k✱ ♦r ❛s ❛ q✉❛❞r❛t✐❝ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✐♥ k✱ ❢♦r ❛ ❣✐✈❡♥ ω✳ ❚❤❡ ❢♦❝✉s ♦❢ t❤❡
♣r❡s❡♥t ✇♦r❦ ❜❡✐♥❣ ♦♥ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡s tr❛✈❡❧❧✐♥❣ ✐♥ ❡❧❛st✐❝ ♣❧❛t❡s✱ t❤❡ ✜rst ❢♦r♠✉❧❛t✐♦♥
✐s ✉s❡❞✱ ✇✐t❤ r❡❛❧ ✇❛✈❡ ♥✉♠❜❡rs k ❛s ✐♥♣✉t✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❡✈❛♥❡s❝❡♥t ✇❛✈❡s ✭✐✳❡ ✇✐t❤
❛♥ ✐♠❛❣✐♥❛r② ✇❛✈❡ ♥✉♠❜❡r✮ ❛r❡ ❞✐s❝❛r❞❡❞ ❢r♦♠ t❤❡ r❡s✉❧ts✳

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ♥♦♥✲tr✐✈✐❛❧ s♦❧✉t✐♦♥s t♦ ❡q✉❛t✐♦♥ ✭✷✳✺✸✮ ✐♠♣❧✐❡s t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ t❤❡
❞❡t❡r♠✐♥❛♥t ♦❢ t❤❡ sq✉❛r❡ ♠❛tr✐① [A] ✿

✭✷✳✺✼✮ det[A] = 0.

❚❤❡ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ [A]✱ ❜❡✐♥❣ ✈❡r② ❧❡♥❣t❤②✱ ✐s ♦♠✐tt❡❞ ❤❡r❡✳
◆❡✈❡rt❤❡❧❡ss✱ ✐t ❝❛♥ ❜❡ ♥♦t✐❝❡❞ t❤❛t det[A] ✐s ❛ s❡❝♦♥❞ ❞❡❣r❡❡ ♣♦❧②♥♦♠✐❛❧ ✐♥ ω ♦❢ t❤❡
❢♦r♠ aω2 + b✱ ✇❤❡r❡ a ❛♥❞ b ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ✇❛✈❡ ♥✉♠❜❡r k✳ ❚❤❡r❡❢♦r❡✱ ❡q✉❛t✐♦♥

✭✷✳✺✼✮ ❛❞♠✐ts ♦♥❧② t✇♦ r♦♦ts ✇❤♦s❡ ♥❛t✉r❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s✐❣♥ ♦❢ t❤❡ q✉❛♥t✐t② − b

a
✳

■t ❛♣♣❡❛rs t❤r♦✉❣❤ ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ✉s✐♥❣ ▼❛t❧❛❜ t❤❛t t❤❡ q✉❛♥t✐t② − b

a
✐s ❛❧✇❛②s

♣♦s✐t✐✈❡✱ ❛♥❞ t❤❛t t❤❡ t✇♦ r♦♦ts ♦❢ ❡q✉❛t✐♦♥ ✭✷✳✺✼✮ ❛r❡ ♣✉r❡❧② r❡❛❧ ❛♥❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡
❢♦r✇❛r❞ ❛♥❞ ❜❛❝❦✇❛r❞ ✢❡①✉r❛❧ ✇❛✈❡s✳

❲❡ s❤❛❧❧ ♥♦t ❣♦ ✐♥t♦ ❞❡t❛✐❧s ❝♦♥❝❡r♥✐♥❣ t❤❡ ❝❛s❡ ✇❤❡♥ hαβγδǫζ ✐s ♥♦t ❞❡✜♥✐t❡✱ ❜✉t ✇❡
♥♦t❡ t❤❛t t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② s❡tt✐♥❣ t♦ ③❡r♦ t❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ ❛
(m+ 1)× (m+ 1) ♠❛tr✐①✱ ✇❤❡r❡ m ❞❡♥♦t❡s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ Imh✱ ✇✐t❤ 2 < m < 6✳ ❋♦r

✺✽



✷✳✺✳ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ❛♥❞ ❱❡r✐✜❝❛t✐♦♥

❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❞❡t❛✐❧s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ❧❛②❡r ♦❢ ❛♥✐s♦tr♦♣✐❝ ♠❛t❡r✐❛❧✱
t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ✸✳✻✳

❋♦r ❡❛s❡ ♦❢ ❝♦♠♣✉t✐♥❣ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s✱ ❛ ❝♦❞❡ ✇❛s ❝r❡❛t❡❞
✉s✐♥❣ t❤❡ ▼❛t❧❛❜ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡✳ ❑✐♥❞❧② r❡❢❡r t♦ ❇❡❥❥❛♥✐ ✭✷✵✶✾✮ ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s✳
❚❤❡ ❝♦❞❡ ✐s s✐♠♣❧❡ t♦ ✉s❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ♣r♦✈✐❞❡s t❤❡ ❞❡s✐r❡❞ r❡s✉❧ts ❥✉st ❜② ✐♥♣✉tt✐♥❣
t❤❡ ❝♦♥st✐t✉t✐✈❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s✳

✷✳✹✳✷✳✸ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ❛♥❞ ❑✐r❝❤❤♦✛✲▲♦✈❡ ♣❧❛t❡ ♠♦❞❡❧s

▲❡t ✉s r❡❝❛❧❧ t❤❛t ✇❤❡♥ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r hαβγδǫζ ✐s ♦❢ t❤❡
❢♦r♠ ✭✷✳✶✶✮✱ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦❞❡❧ ✐s t✉r♥❡❞ ✐♥t♦ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧ ✇✐t❤
f❘αβ ❛s s❤❡❛r ❢♦r❝❡s ❝♦♠♣❧✐❛♥❝❡✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ✢❡①✉r❛❧ ❜r❛♥❝❤❡s ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡
♠❛② ❜❡ ✇r✐tt❡♥ ❛s ✭s❡❡ ✸✳✻✮ ✿

✭✷✳✺✽✮ ω = ±k
√

k4F ❘

11 (D1111D2121 −D2
1121) + k2D1111 (F ❘

11F
❘

22 − (F ❘

12)
2)

ρ̄
(

(F ❘

11 + k2D1111) (F ❘

22 + k2D2121)− (F ❘

12 + k2D2111)
2) .

✇❤❡r❡ F ❘

αβ ✐s t❤❡ s❤❡❛r st✐✛♥❡ss t❡♥s♦r✱ ✐♥✈❡rs❡ ♦❢ t❤❡ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r f❘αβ✳

❋✐♥❛❧❧②✱ t❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ t❤❡♦r② ✐s ♦❜t❛✐♥❡❞ s❡tt✐♥❣ hαβγδǫζ = 0✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡
❝❧❛ss✐❝❛❧ r❡s✉❧t ✿

✭✷✳✺✾✮ ω = ±
√

D1111

ρ̄
k2.

✷✳✺ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ❛♥❞ ❱❡r✐✜❝❛t✐♦♥

❍❛✈✐♥❣ ♣r❡s❡♥t❡❞ t❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ✐ts s♦❧✉t✐♦♥✱ ✇❡ ❛r❡
♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ❡✈❛❧✉❛t❡ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❛♥❞ ♦❢ t❤❡
s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ ❛♥❞ s❤❡❛r st✐✛♥❡ss ♣r♦❥❡❝t✐♦♥s✳ ●❡♥❡r❛❧❧②✱ t❤✐s ❡✈❛❧✉❛t✐♦♥ ✐s ♣❡r❢♦r♠❡❞ ❜②
❝♦♠♣❛r✐♥❣ ♦❜t❛✐♥❡❞ r❡s✉❧ts t♦ r❡❢❡r❡♥❝❡ r❡s✉❧ts✳ ❚❤❡ ♥❛t✉r❛❧ r❡❢❡r❡♥❝❡ ❢♦r s✉❝❤ ❛♥ ❛ss❡ss✲
♠❡♥t ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❞②♥❛♠✐❝ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞
✉s✐♥❣ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❋❊▼✮ ❛s ❞❡t❛✐❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳✶✳✷✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱
r❡❢❡r❡♥❝❡ r❡s✉❧ts ❛r❡ ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❈❧❛ss✐❝❛❧ P❧❛t❡ ❚❤❡♦r② ✭❈P❚✮✱
t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✭❇●✮ ❛s ✇❡❧❧ ❛s t❤❡ ❙❤❡❛r ❈♦♠♣❧✐❛♥❝❡ ✭❙❈P✮✱ t❤❡ ❙❤❡❛r
❙t✐✛♥❡ss ✭❙❙P✮ ♣r♦❥❡❝t✐♦♥s ❛♥❞ t❤❡ ✜rst ♦r❞❡r s❤❡❛r ❞❡❢♦r♠❛t✐♦♥ t❤❡♦r② ✭π

2

12
✲❋❖❙❉❚✮✳

❙✐♠✉❧❛t✐♦♥s r❡♣♦rt❡❞ ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✇❡r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ s♦❢t✇❛r❡
▼❛t❧❛❜✳ ❚❤❡ ♣r♦♣♦s❡❞ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞ ❛♣♣❧✐❡s t♦ ❛♥② st❛❝❦ ♦❢ ❧❛②❡rs ✇❤❡t❤❡r t❤❡ s❤❡❛r
❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r ✐s ❞❡✜♥✐t❡ ♦r ♥♦t✳ ■❢ t❤❡ ❧❛tt❡r ✐s t❤❡ ❝❛s❡✱ t❤❡ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞ ♣r❡✲
s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✻ ✐s ✉s❡❞ ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s✳

✺✾



✷✳✺✳ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ❛♥❞ ❱❡r✐✜❝❛t✐♦♥

❚❛❜❧❡ ✷✳✶ ✕ ❊❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧❛♠✐♥❛t❡✱ E ❛♥❞ G ✐♥ Pa✱ ρ ✐♥ kg/m3

EL EN = ET GLN = GLT GTN νLN = νLT = νTN ρ

✶✳✼✷❡✰✶✶ ✻✳✽✾❡✰✵✾ ✸✳✹✺❡✰✵✾ ✷✳✼✺❡✰✵✾ ✵✳✷✺ ✷✷✻✵

❚❤❡ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧s ♣r❡s❡♥t❡❞ t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦ ✇❡r❡ ❛♣♣❧✐❡❞ t♦ ✈❛r✐♦✉s ❧❛♠✐♥❛t❡
❝♦♥✜❣✉r❛t✐♦♥s✳ ❇❡❧♦✇ ✇❡ ♣r❡s❡♥t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s r❡❛❧✐③❡❞ ❢♦r ❛ ❧❛♠✐♥❛t❡ ✇❤♦s❡
♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❛r❡ ❧✐st❡❞ ✐♥ t❛❜❧❡ ✸✳✶ ✭▲❡❜é❡ ❛♥❞ ❙❛❜✱ ✷✵✶✺❀ P❛❣❛♥♦✱ ✶✾✻✾✮ ✿

❚❤❡ s②♠❜♦❧s E✱ G✱ ν ❛♥❞ ρ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ t❤❡ ❨♦✉♥❣✬s ♠♦❞✉❧✉s✱ t❤❡ s❤❡❛r ♠♦❞✉❧✉s✱
P♦✐ss♦♥✬s r❛t✐♦ ❛♥❞ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♠❛t❡r✐❛❧✳ ❚❤❡ ✐♥❞✐❝❡s L✱ T ❛♥❞ N ❝♦rr❡s♣♦♥❞ r❡s✲
♣❡❝t✐✈❡❧② t♦ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧✱ tr❛♥s✈❡rs❛❧ ❛♥❞ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥s✳ ❊❛❝❤ ♣❧② ♦❢ t❤❡ ❧❛♠✐♥❛t❡
✐s ♠❛❞❡ ♦❢ ✉♥✐❞✐r❡❝t✐♦♥❛❧ ✜❜❡r✲r❡✐♥❢♦r❝❡❞ ♠❛t❡r✐❛❧ ♦r✐❡♥t❡❞ ❛t θ r❡❧❛t✐✈❡ t♦ t❤❡ ❜❡♥❞✐♥❣
❞✐r❡❝t✐♦♥ x1✳ ❆❧❧ ♣❧✐❡s ❤❛✈❡ t❤❡ s❛♠❡ t❤✐❝❦♥❡ss h = 0.01 mm ❛♥❞ ❛r❡ ♣❡r❢❡❝t❧② ❜♦✉♥❞❡❞✳ ■♥
t❤❡ ❢♦❧❧♦✇✐♥❣✱ s②♠♠❡tr✐❝ ❧❛♠✐♥❛t❡s ❛r❡ ❞❡s✐❣♥❛t❡❞ ❜② t❤❡ s❡q✉❡♥❝❡ ♦❢ ✜❜❡r ♦r✐❡♥t❛t✐♦♥s✱
❢r♦♠ t❤❡ ♦✉t❡r♠♦st ♣❧② t✐❧❧ t❤❡ ♠✐❞♣❧❛♥❡✱ ❡♥❝❧♦s❡❞ ❜② ❜r❛❝❦❡ts s✉❜s❝r✐♣t❡❞ ✇✐t❤ ❛♥ s✳ ❋♦r
✐♥st❛♥❝❡ [0◦, 90◦]s ❞❡♥♦t❡s ❛ 4✲♣❧② ❧❛♠✐♥❛t❡ ✇✐t❤ [0◦, 90◦, 90◦, 0◦]✳

■♥ t❤❡ ✜❣✉r❡s ❜❡❧♦✇✱ t❤❡ x✲❛①✐s ✐♥❞✐❝❛t❡s t❤❡ t❤✐❝❦♥❡ss✲✇❛✈❡❧❡♥❣t❤ r❛t✐♦ ✭h/λ)✳ ❚❤❡ y✲❛①✐s
❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❛t✐♦ (❝/❝❙)✱ ✇❤❡r❡ ❝ ✐s t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t② ❛♥❞ ❝❙ ❞❡♥♦t❡s ❛ ♥♦r♠❛❧✐③❛✲
t✐♦♥ ❢❛❝t♦r ❞❡✜♥❡❞ ❜② ▼✐♥❞❧✐♥ ✭✶✾✺✶✮ ✿

❝❙ =

√

GLN

ρ
.

■♥ ❋✐❣s✳ ✷✳✷✱ ✷✳✸ ❛♥❞ ✷✳✹ ❛r❡ ✐❧❧✉str❛t❡❞ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [0◦, 90◦]s ♣❧②✱ ❛ [−30◦, 30◦]s
♣❧② ❛♥❞ ❛ [0◦,−45◦, 90◦, 45◦]s ♣❧② r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ♠❡♥t✐♦♥ t❤❛t t❤❡ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ t❡♥✲
s♦r hαβγδǫζ ♦❢ ❜♦t❤ 4✲❧❛②❡r ❧❛♠✐♥❛t❡s ✐s ♥♦t ❞❡✜♥✐t❡ ❛♥❞ t❤❛t t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ Imh ✐s
❡q✉❛❧ t♦ 4✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ 8✲❧❛②❡r ❧❛♠✐♥❛t❡✱ t❤❡ s✐①t❤✲♦r❞❡r t❡♥s♦r hαβγδǫζ
✐s ❞❡✜♥✐t❡ ❛♥❞ t❤❡r❡❢♦r❡ dim Imh = 6✳

❚❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✐s ❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s ✿

✭✷✳✻✵✮ Er =
❝❛♣♣ − ❝❢❡♠

❝❢❡♠

,

✇❤❡r❡ ❝❛♣♣ ❛♥❞ ❝❢❡♠ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ ✈❛❧✉❡ ♦❢
t❤❡ t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t②✳ ❚❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ✇✐t❤ r❡s♣❡❝t t♦ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥s ❝♦♠♣✉t❡❞
✇✐t❤ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❋❊▼✮ ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✷✳✷ ❢♦r ❛ t❤✐❝❦♥❡ss✲✇❛✈❡❧❡♥❣t❤
r❛t✐♦ h/λ = 0.3✳

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s ❣❡♥❡r❛❧❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ❛♥❣❧❡ ♦❢ ✇❛✈❡ ♣r♦✲
♣❛❣❛t✐♦♥ ψ✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ψ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ❝♦♥s✐sts ✐♥ r♦t❛t✐♥❣ t❤❡ ❡♥t✐r❡

✻✵
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❋✐❣✉r❡ ✷✳✷ ✕ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [0◦, 90◦]s ♣❧②
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✲❋❖❙❉❚ ❑▲

❋✐❣✉r❡ ✷✳✸ ✕ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [−30◦, 30◦]s ♣❧②

✻✶
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✲❋❖❙❉❚ ❑▲

❋✐❣✉r❡ ✷✳✹ ✕ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [0◦,−45◦, 90◦, 45◦]s ♣❧②

❧❛♠✐♥❛t❡ ❜② −ψ✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❝❛❧❝✉❧❛t✐♦♥s ♦♥ t❤❡ [0◦,−45◦, 90◦, 45◦]s ♣❧② ❛r❡ ♣❡r❢♦r✲
♠❡❞ ❢♦r s❡✈❡r❛❧ ✈❛❧✉❡s ♦❢ ψ ✭+15◦,+22◦ ❛♥❞ +45) ❛♥❞ t❤❡ r❡❧❛t❡❞ r❡❧❛t✐✈❡ ❡rr♦rs ❛r❡ s❡t
♦✉t ✐♥ ❚❛❜❧❡ ✷✳✸✳

❚❛❜❧❡ ✷✳✷ ✕ ❘❡❧❛t✐✈❡ ❡rr♦r ♦❢ ♣❧❛t❡ ♠♦❞❡❧s ❝♦♠♣❛r❡❞ t♦ ✜♥✐t❡ ❡❧❡♠❡♥t r❡s✉❧ts ✇✐t❤ h/λ =
0.3

▲❛♠✐♥❛t❡ ❑▲ π2

12
❋❖❙❉❚ ❇● ❙❈P ❙❙P

[0◦, 90◦]s ✶✳✵✹✹ ✲✵✳✵✸✺ ✲✵✳✵✸✽ ✲✵✳✵✾✶ ✲✵✳✵✶✺

[−30◦, 30◦]s ✵✳✽✾✻ ✲✵✳✵✵✷ ✲✵✳✵✹✶ ✲✵✳✵✹✻ ✲✵✳✷✶✶

[0◦,−45◦, 90◦, 45◦]s ✵✳✾✶✼ ✲✵✳✵✹✺ ✲✵✳✵✵✻ ✲✵✳✵✸✼ ✵✳✵✵✽

❆s ✐s s❡❡♥ ❢r♦♠ ❋✐❣s✳ ✷✳✷✱ ✷✳✸ ❛♥❞ ✷✳✹✱ ✇❤❡♥ t❤❡ ✇❛✈❡❧❡♥❣t❤ ❜❡❝♦♠❡s ❧❡ss t❤❛♥ 10 t✐♠❡s t❤❡
♣❧❛t❡ t❤✐❝❦♥❡ss✱ t❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ t❤❡♦r② ✭❑▲✮ ❢❛✐❧s t♦ ❝♦rr❡❝t❧② ♣r❡❞✐❝t t❤❡ ❞✐s♣❡rs✐♦♥
❝✉r✈❡ ♦❢ t❤❡ ✢❡①✉r❛❧ ♠♦❞❡✳ ■♥ ❢❛❝t✱ r❡❧❛t✐✈❡ ❡rr♦rs ♥♦t✐❝❡❞ ❢♦r h/λ = 0.3 ❛r❡ ❣r❡❛t❡r t❤❛♥
80%✳ ❚❤✐s ✐s ❡①♣❡❝t❡❞ s✐♥❝❡ t❤❡ r♦t❛t♦r② ✐♥❡rt✐❛ ❛♥❞ t❤❡ tr❛♥s✈❡rs❡ s❤❡❛r ❞❡❢♦r♠❛t✐♦♥s
❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ♥❡❣❧✐❣✐❜❧❡ ✭▲♦✈❡✱ ✶✽✽✽✮✳

■♥ t❤❡ ❝❛s❡ ♦❢ ❛ [0◦, 90◦]s ♣❧②✱ ♦♥❡ ❝❛♥ ♦❜s❡r✈❡ ♦♥ ❋✐❣✳ ✷✳✷ t❤❛t t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤
t❤❡ s❤❡❛r st✐✛♥❡ss ♣r♦❥❡❝t✐♦♥ ✭❙❙P✮ ❛❣r❡❡ ✇❡❧❧ ✇✐t❤ t❤❡ r❡❢❡r❡♥❝❡ r❡s✉❧ts ✭❋❊▼✮✳ ■♥❞❡❡❞✱
t❤❡ ❙❙P ✇❛✈❡ ✈❡❧♦❝✐t② ✐s ❧♦✇❡r t❤❛♥ t❤❡ r❡❢❡r❡♥❝❡ ✈❛❧✉❡ ❜② 1.5% ❛♣♣r♦①✐♠❛t❡❧②✳ ❚❤❡ ❙❤❡❛r
st✐✛♥❡ss ♣r♦❥❡❝t✐♦♥ ✭❙❙P✮ ✐s ❝❧❡❛r❧② ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ t❤❡ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ ♣r♦❥❡❝t✐♦♥
✭❙❈P✮✱ ✇❤✐❝❤ ♥❡✈❡rt❤❡❧❡ss ❣✐✈❡s ❛ s❛t✐s❢❛❝t♦r② ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ✇✐t❤ ❛♥ ❡rr♦r
|Er| t❤❛t ❞♦❡s ♥♦t ❡①❝❡❡❞ 9.1%✳

✻✷



✷✳✺✳ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ❛♥❞ ❱❡r✐✜❝❛t✐♦♥

❚❛❜❧❡ ✷✳✸ ✕ ❘❡❧❛t✐✈❡ ❡rr♦r ♦❢ ♣❧❛t❡ ♠♦❞❡❧s ❝♦♠♣❛r❡❞ t♦ ✜♥✐t❡ ❡❧❡♠❡♥t r❡s✉❧ts ❢♦r ❛
[0◦,−45◦, 90◦, 45◦]s ♣❧② ✇✐t❤ h/λ = 0.3

ψ ❑▲ π2

12
❋❖❙❉❚ ❇● ❙❈P ❙❙P

+15◦ ✵✳✾✸✺ ✲✵✳✵✹✻ ✲✵✳✵✵✺ ✲✵✳✵✸✼ ✵✳✵✵✷✾

+22◦ ✵✳✾✻✵ ✲✵✳✵✹✷ ✵✳✵✷✹ ✲✵✳✵✸✻ ✵✳✵✵✺

+45◦ ✶✳✵✻✹ ✵✳✵✵✵✻ ✲✵✳✵✷✹ ✲✵✳✵✶✹ ✵✳✵✺✹

❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛ [−30◦, 30◦]s ♣❧②✱ ❋✐❣✳ ✷✳✸ s❤♦✇s ❛ ✈❡r② ❣♦♦❞ ❛❝❝♦r❞❛♥❝❡ ❜❡t✇❡❡♥ t❤❡
s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ ♣r♦❥❡❝t✐♦♥ ✭❙❈P✮ ❛♥❞ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❋❊▼✮✳ ■♥ t❤✐s ❝❛s❡✱
t❤❡ s❤❡❛r st✐✛♥❡ss ♣r♦❥❡❝t✐♦♥ ✭❙❙P✮ ✉♥❞❡r❡st✐♠❛t❡s t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡ ♦❢ t❤❡ ✢❡①✉r❛❧
♠♦❞❡ ❜② 21.1%✳

❋♦r t❤❡ [0◦,−45◦, 90◦, 45◦]s ♣❧②✱ ✐t ✐s ❡✈✐❞❡♥t❧② s❡❡♥ ♦♥ ❋✐❣✳ ✷✳✹ t❤❛t t❤❡ ❝✉r✈❡ ♦❜t❛✐♥❡❞
❜② t❤❡ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ ✭❙❈P✮ ❛♥❞ t❤❡ s❤❡❛r st✐✛♥❡ss ♣r♦❥❡❝t✐♦♥s ✭❙❙P✮ ♠❛t❝❤ ✈❡r② ✇❡❧❧
t❤❡ s♦❧✉t✐♦♥ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❋❊▼✮✳ ❚❤❡ r❡❧❛t✐✈❡ ❡rr♦r |Er| ❤❛s
❛ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ 0.5% ❛♥❞ ❛ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ 5% ❢♦r ❜♦t❤ ♣r♦❥❡❝t✐♦♥s ✐♥ ❝❛s❡ ♦❢ ❛❧❧
♠❡❛s✉r❡♠❡♥ts ✭s❡❡ ❚❛❜❧❡s ✷✳✷ ❛♥❞ ✷✳✸✮✳

❚❤❡ ❝♦♥❢♦r♠✐t② ❜❡t✇❡❡♥ t❤❡ π2

12
✲❋❖❙❉❚ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ r❡s✉❧ts ✐s ✈❡r② ❣♦♦❞ ❛❝❝♦r❞✐♥❣

t♦ ❋✐❣s✳ ✷✳✷✱ ✷✳✸ ❛♥❞ ✷✳✹ ✇✐t❤ ❛ r❡❧❛t✐✈❡ ❡rr♦r t❤❛t r❡❛❝❤❡s ❛ ♠❛①✐♠✉♠ ♦❢ ❛❜♦✉t 4.6% ✐♥
❛❜s♦❧✉t❡ ✈❛❧✉❡ ❢♦r t❤❡ ❝♦♥s✐❞❡r❡❞ ❡①❛♠♣❧❡s✳

❚❛❜❧❡s ✷✳✷ ❛♥❞ ✷✳✸ s❤♦✇ t❤❛t t❤❡ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r |Er| ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦❞❡❧
r❛♥❣❡s ❢r♦♠ 0.5% t♦ 4.1%✳ ❙✉❝❤ s♠❛❧❧ ❡rr♦rs r❡s✉❧t ✐♥ ♣r❡❝✐s❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡
❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥✱ ✇❤✐❝❤ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣s✳ ✷✳✷✱ ✷✳✸ ❛♥❞ ✷✳✹✳

▼♦r❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ❝❛rr✐❡❞ ♦✉t t♦ ❛ss❡ss t❤❡ ✈❛❧✐❞✐t② r❛♥❣❡ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲
●r❛❞✐❡♥t ♠♦❞❡❧ ❛♥❞ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧s s✉❣❣❡st❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✹✳ ❋♦r ✐♥st❛♥❝❡✱
✇❡ ❝♦♥s✐❞❡r❡❞ ❛ ♠✉❧t✐❧❛②❡r❡❞ ♣❧❛t❡ ❝♦♥s✐st✐♥❣ ♦❢ ❛❧t❡r♥❛t❡ ❧❛②❡rs ♦❢ t❤❡ s❛♠❡ t❤✐❝❦♥❡ss
h = 1 ♠♠ ♦❢ ❡♣♦①②✲❣❧❛ss ✇♦✈❡♥ ❝♦♠♣♦s✐t❡ ❛♥❞ ❛❧✉♠✐♥✐✉♠ ✇❤♦s❡ ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s ❛r❡
r❡s♣❡❝t✐✈❡❧② s❡t ❞♦✇♥ ✐♥ ❚❛❜❧❡s ✸✳✷ ❛♥❞ ✸✳✸✳ ❚❤❡ s❡q✉❡♥❝❡ ✐s ❬ ●❋❘P✱ ❆❧✱ ●❋❘P✱ ❆❧ ]s
❛♥❞ t❤❡ ●❋❘P ♠❛t❡r✐❛❧ ❞✐r❡❝t✐♦♥s L,N ❛r❡ ❛❧✐❣♥❡❞ ✇✐t❤ ❉✐r❡❝t✐♦♥s ✶ ❛♥❞ ✷✳

❚❛❜❧❡ ✷✳✹ ✕ ❊❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❡♣♦①②✲❣❧❛ss ✜❜❡r ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧ ❘❡♥♥♦ ❡t ❛❧✳ ✭✷✵✶✸✮✱
E ❛♥❞ G ✐♥ Pa✱ ρ ✐♥ kg/m3

EL = ET EN GLT GLN = GTN νLT νLN = νTN ρ

✺✳✹✵❡✰✶✵ ✹✳✽✵❡✰✵✾ ✸✳✶✻❡✰✵✾ ✶✳✼✽❡✰✵✾ ✵✳✵✻ ✵✳✸✶ ✷✵✵✵

✻✸



✷✳✺✳ ◆✉♠❡r✐❝❛❧ ❘❡s✉❧ts ❛♥❞ ❱❡r✐✜❝❛t✐♦♥

❚❛❜❧❡ ✷✳✺ ✕ ❊❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛❧✉♠✐♥✐✉♠ ♠❛t❡r✐❛❧ ▲✐✉ ❡t ❛❧✳ ✭✷✵✶✻✮✱ E ❛♥❞ G ✐♥ Pa✱
ρ ✐♥ kg/m3

E G ν ρ

✼✳✷✵❡✰✶✵ ✷✳✻✼❡✰✶✵ ✵✳✸✺ ✷✼✵✵
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❚❤✐❝❦♥❡ss✲✇❛✈❡❧❡♥❣t❤ r❛t✐♦ (h/λ)
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❋❊▼ ❇● ❙❈P

❙❙P π
2

12
✲❋❖❙❉❚ ❑▲

❋✐❣✉r❡ ✷✳✺ ✕ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ ❬●❋❘P✱ ❆❧✱ ●❋❘P✱ ❆❧ ❪s ♣❧②

❚❤❡ ♦❜t❛✐♥❡❞ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✳ ✷✳✺✳ ❚❤❡ r❡❧❛t✐✈❡ ❡rr♦rs ✇✐t❤ r❡s♣❡❝t
t♦ ✜♥✐t❡ ❡❧❡♠❡♥t ✭❋❊▼✮ s♦❧✉t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳✻ ❢♦r ❛ t❤✐❝❦♥❡ss✲✇❛✈❡❧❡♥❣t❤ r❛t✐♦
h/λ = 0.3✳

❚❛❜❧❡ ✷✳✻ ✕ ❘❡❧❛t✐✈❡ ❡rr♦r ♦❢ ♣❧❛t❡ ♠♦❞❡❧s ❝♦♠♣❛r❡❞ t♦ ✜♥✐t❡ ❡❧❡♠❡♥t r❡s✉❧ts ✇✐t❤ h/λ =
0.3 ❢♦r ❛ [0◦, 0◦, 90◦, 0◦]s ♣❧②

▲❛♠✐♥❛t❡ π2

12
❋❖❙❉❚ ❇● ❙❈P ❙❙P

[0◦, 0◦, 90◦, 0◦]s ✲✵✳✶✸✹ ✲✵✳✵✻✺ ✲✵✳✵✻✾ ✲✵✳✵✸✶

❆❝❝♦r❞✐♥❣ t♦ ❋✐❣✳ ✷✳✺✱ t❤❡ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ π2

12
✲❋❖❙❉❚ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ r❡s✉❧ts ✐s

♣♦♦r✳ ❋♦r ❛ t❤✐❝❦♥❡ss✲✇❛✈❡❧❡♥❣t❤ r❛t✐♦ h/λ = 0.3✱ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r |Er| ✐s ❛r♦✉♥❞ 13%✳

■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦❞❡❧ ✭❇●✮ ❛♥❞ t❤❡ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ ♣r♦❥❡❝t✐♦♥
✭❙❈P✮ ♣r♦✈✐❞❡ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s✳ ❚❤❡ r❡❧❛t✐✈❡ ❡rr♦r
|Er| ✐s ❧♦✇❡r t❤❛♥ 7% ❛s st❛t❡❞ ✐♥ ❚❛❜❧❡ ✷✳✻✳

✻✹



✷✳✻✳ ❈♦♥❝❧✉s✐♦♥

❚❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧ts r❡✈❡❛❧ t❤❡ ❜❡tt❡r ❛♣♣r♦①✐♠❛t✐♦♥ ❢r♦♠ t❤❡ s❤❡❛r st✐✛♥❡ss ♣r♦❥❡❝t✐♦♥
✭❙❙P✮ ✐♥ t❤✐s ❝❛s❡✳ ❚❤❡ r❡❧❛t✐✈❡ ❡rr♦r |Er| ✐s ❡q✉❛❧ t♦ 3.1% ❢♦r h/λ = 0.3✳

❲❤❡r❡❛s ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ❛♣♣r♦①✐♠❛t✐♦♥s ✭❙❈P✱ ❙❙P✱ π
2

12
✲❋❖❙❉❚✮ ♠❛② ❣✐✈❡ ✈❡r② ❛❝❝✉r❛t❡

❡st✐♠❛t❡s ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡ ✐♥ s♦♠❡ s♣❡❝✐✜❝ ❝❛s❡s✱ ✐t ❛♣♣❡❛rs t❤❛t t❤❡ ❇❡♥❞✐♥❣✲
●r❛❞✐❡♥t ❛♣♣r♦①✐♠❛t✐♦♥ ✐s t❤❡ ♠♦st r♦❜✉st ♦♥❡✳ ■♥❞❡❡❞✱ ✐♥ ❛❧❧ ❝❛s❡s✱ r❡❛s♦♥❛❜❧❡ ❡st✐♠❛t❡s
♦❢ t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t② ✐s ♣r♦✈✐❞❡❞✳

✷✳✻ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛❞❞r❡ss❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✢❡①✉r❛❧ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛♥✐s♦tr♦♣✐❝ ❧❛✲
♠✐♥❛t❡❞ ♣❧❛t❡s ❜② ✉s✐♥❣ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✳ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣r♦❜❧❡♠
✇❛s ❜r✐❡✢② r❡❝❛❧❧❡❞ ❛♥❞ t✇♦ ♣r♦❥❡❝t✐♦♥s ♦♥ ❛ s✐♠♣❧✐✜❡❞ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧ ✇❡r❡
✐♥tr♦❞✉❝❡❞ ✿ t❤❡ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ ♣r♦❥❡❝t✐♦♥ ❛♥❞ t❤❡ s❤❡❛r st✐✛♥❡ss ♣r♦❥❡❝t✐♦♥✳ ❚❤❡ ♣❛r✲
t✐❝✉❧❛r ❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❡s✱ ✐♥ ✇❤✐❝❤ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦❞❡❧ ✐s t✉r♥❡❞ ✐♥t♦
❛ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧✱ ✇❛s ❛❧s♦ ❞✐s❝✉ss❡❞✳

■♥s♣✐r❡❞ ❜② ▼✐♥❞❧✐♥✬s ♣❛♣❡r✱ t❤❡ ❞②♥❛♠✐❝ ♣r♦❜❧❡♠ ✇❛s ❢♦r♠✉❧❛t❡❞ ❜② t❛❦✐♥❣ ✐♥t♦ ❛❝✲
❝♦✉♥t tr❛♥s✈❡rs❡ s❤❡❛r ❞❡❢♦r♠❛t✐♦♥s ❛♥❞ ♥❡❣❧❡❝t✐♥❣ r♦t❛t♦r② ✐♥❡rt✐❛ ❡✛❡❝ts✳ ❚❤❡ s♦❧✉t✐♦♥
♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s ❡♥❛❜❧❡❞ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❝♦♥♥❡❝t✐♥❣ t❤❡ ❛♥❣✉❧❛r
❢r❡q✉❡♥❝② ❛♥❞ t❤❡ ✇❛✈❡ ♥✉♠❜❡r✳ ❚❤❡ ❛♥❛❧②t✐❝❛❧ ♠♦❞❡❧s ✇❡r❡ ✈❡r✐✜❡❞ ❜② ❝♦♠♣❛r✐♥❣ t❤❡♠
t♦ ✜♥✐t❡ ❡❧❡♠❡♥t s♦❧✉t✐♦♥s ❝♦♥s✐❞❡r❡❞ ❛s r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥s✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✇❡r❡
❝♦♥❞✉❝t❡❞ ❛♥❞ ✐t ✇❛s s❤♦✇♥ t❤❛t t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧s ♦❜t❛✐♥❡❞ ❜② ♣r♦❥❡❝t✐♦♥s
♠❛② ②✐❡❧❞ ❛❝❝✉r❛t❡ ❡st✐♠❛t✐♦♥s ♦❢ t❤❡ s♦❧✉t✐♦♥ ✐♥ s♦♠❡ ❝❛s❡s✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ✇❛s ❝❧❡❛r
t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❛r❡ ♠♦r❡ r♦❜✉st ❛♥❞
❧❡ss s❡♥s✐t✐✈❡ t♦ t❤❡ ♣❧② ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤♦✉❣❤ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② s❡❡♠s ♠♦r❡
❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r②✱ ❛ ♣r❛❝t✐❝❛❧✱ ❡❛s②✲t♦✲✉s❡ ❛♥❞ ♣✉❜❧✐❝❧② ❛❝✲
❝❡ss✐❜❧❡ ▼❛t❧❛❜ ❝♦❞❡ ✇❛s ❝r❡❛t❡❞ ❢♦r ♦❜t❛✐♥✐♥❣ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥
❝✉r✈❡s✳
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❈❤❛♣✐tr❡ ✸

❖♥ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❢♦r ♠♦❞❡❧❧✐♥❣

✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s

❈❡ ❝❤❛♣✐tr❡ tr❛✐t❡ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ❞❛♥s ❧❡s ♣❧❛q✉❡s ❝♦♠♣♦s✐t❡s ✐♥✜♥✐❡s ♣❛r ❧❡
♠♦②❡♥ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❛s②♠♣t♦t✐q✉❡s✳ ❈❡tt❡ ♠ét❤♦❞❡ ❢❛✐t ❛♣♣❡❧ à ❧✬✉t✐✲
❧✐s❛t✐♦♥ ❞✬✉♥ ♣❡t✐t ♣❛r❛♠ètr❡ ❛ss♦❝✐❛♥t ❧✬é♣❛✐ss❡✉r ❞❡ ❧❛ ♣❧❛q✉❡ à ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ▲❡s
éq✉❛t✐♦♥s tr✐❞✐♠❡♥s✐♦♥♥❡❧❧❡s s♦♥t ❡♥ ♣r❡♠✐❡r ❛❞✐♠❡♥s✐♦♥♥❛❧✐sé❡s✳ ▲❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡
❡st ❡♥s✉✐t❡ r❡❝❤❡r❝❤é❡ s♦✉s ❢♦r♠❡ ❞✬✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❡♥ ♣✉✐ss❛♥❝❡ ❝r♦✐s✲
s❛♥t❡ ❞✉ ♣❡t✐t ♣❛r❛♠ètr❡✳ ❖♥ ♣rés❡♥t❡ ❡♥ ❞ét❛✐❧s ❧❛ ❞é♠❛r❝❤❡ ✉t✐❧✐sé❡ ♣♦✉r ❧❛ rés♦❧✉t✐♦♥
❞✉ ♣r♦❜❧è♠❡ ❡t ❧✬♦❜t❡♥t✐♦♥ ❞❡s r❡❧❛t✐♦♥s ❞❡ ❞✐s♣❡rs✐♦♥ ❞❡s tr♦✐s ♠♦❞❡s ❞❡ ❑✐r❝❤❤♦✛✲▲♦✈❡✳
❊♥ ✈✉❡ ❞❡ ✈ér✐✜❡r ❧❛ ♣❡rt✐♥❡♥❝❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❛s②♠♣t♦t✐q✉❡s✱ ♥♦s
rés✉❧t❛ts s♦♥t ❡♥✜♥ ❝♦♠♣❛rés à ❝❡✉① ❞❡s t❤é♦r✐❡s ❞❡ ❑✐r❝❤❤♦✛✲▲♦✈❡✱ ❞❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥✱
❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡t ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡s é❧é♠❡♥ts ✜♥✐s✳ ❈❡ ❝❤❛♣✐tr❡ ❛ été s♦✉♠✐s ❞❛♥s
❧❛ r❡✈✉❡ ❏♦✉r♥❛❧ ♦❢ ❊❧❛st✐❝✐t②✳

❆❜str❛❝t

❚❤✐s ♣❛♣❡r ❛❞❞r❡ss❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ♣❧❛♥❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s✳ ■t ❡①✲
♣❧♦r❡s t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ❛♥❞ ❛ss❡ss❡s ✐ts s✉✐t❛❜✐❧✐t② ❛♥❞ ❢✉♥❝t✐♦♥❛❧✐t②✳ ❚❤❡
✸❉ ♣r♦❜❧❡♠ ✐s ✜rst r❡❝❛❧❧❡❞ ❛♥❞ s❝❛❧❡❞ ❜② ✉s✐♥❣ ❛ ♣❛r❛♠❡t❡r ❞❡✜♥❡❞ ❛s t❤❡ r❛t✐♦ ♦❢ t❤❡
♣❧❛t❡✬s t❤✐❝❦♥❡ss t♦ t❤❡ ✇❛✈❡ ❧❡♥❣t❤✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ♠❡❝❤❛♥✐❝❛❧ ✜❡❧❞s ❝❛♥ ❜❡ ✇r✐tt❡♥
❛s ❡①♣❛♥s✐♦♥s ✐♥ ♣♦✇❡r ♦❢ t❤✐s ♣❛r❛♠❡t❡r✱ ❛ s❡r✐❡s ♦❢ ♣r♦❜❧❡♠s ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ r❡❝✉r✲
s✐✈❡❧② ✐s ♦❜t❛✐♥❡❞✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ❛r❡ ❝♦♠♣✉t❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ♦❢ ❝❧❛ss✐❝❛❧ ❛♥❞
r❡✜♥❡❞ ♣❧❛t❡ ♠♦❞❡❧s ❛s ✇❡❧❧ ❛s r❡❢❡r❡♥❝❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳
■t ✐s ❢♦✉♥❞ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ❝❛♥ ❛❝❝✉r❛t❡❧② ♣r❡❞✐❝t t❤❡ ✢❡①✉r❛❧✱
❝♦♠♣r❡ss✐♦♥❛❧ ❛♥❞ ✐♥✲♣❧❛♥❡ s❤❡❛r ✇❛✈❡ ♠♦❞❡s✱ ❡✈❡♥ ❢♦r ❧❛r❣❡ t❤✐❝❦♥❡ss✲✇❛✈❡❧❡♥❣t❤ r❛t✐♦✱
✇❤❡♥ ❤✐❣❤❡r ♦r❞❡rs ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ❛r❡ ✉s❡❞✳

✻✻



✸✳✶✳ ■♥tr♦❞✉❝t✐♦♥

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

❖✇✐♥❣ t♦ t❤❡✐r ❧✐❣❤t✇❡✐❣❤t ❛♥❞ ❤✐❣❤✲♣❡r❢♦r♠❛♥❝❡✱ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s ❛r❡ ❜❡✐♥❣ ✐♥❝r❡❛s✐♥❣❧②
✉s❡❞ ✐♥ ♠❛♥② ❡♥❣✐♥❡❡r✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✳ ❯♥❞❡rst❛♥❞✐♥❣ t❤❡ ❞②♥❛♠✐❝ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ s✉❝❤
str✉❝t✉r❡s ❤❛✈❡ ❤❡♥❝❡ ❛r♦✉s❡❞ t❤❡ ✐♥t❡r❡st ♦❢ r❡s❡❛r❝❤❡rs ♦✈❡r t❤❡ ❧❛st ❞❡❝❛❞❡✳ ■♠♣♦rt❛♥t
✐♥✈❡st✐❣❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ ❝♦♥❞✉❝t❡❞ ❜② ♠❛♥② ❛✉t❤♦rs s✉❝❤ ❛s ●r❡❡♥ ✭✶✽✸✾✮✱ ❇✳ ❈❤r✐st♦✛❡❧
✭✶✾✼✵✮✱ ❘❛②❧❡✐❣❤ ✭✶✽✽✽✮✱ ▲❛♠❜ ✭✶✾✶✼✮ ❛♥❞ ♠❛♥② ♦t❤❡rs✳

❆♥ ✐♠♣♦rt❛♥t t♦♦❧ ❢♦r t❤❡ ❛♥❛❧②s✐s ♦❢ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ❛r❡ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s✳ ❋♦r
✐s♦tr♦♣✐❝ str✉❝t✉r❡s✱ t❤❡s❡ ❝✉r✈❡s ❛r❡ ❛❝❝❡ss✐❜❧❡ t❤r♦✉❣❤ t❤❡ ❧✐t❡r❛t✉r❡ ✭s❡❡✱ ❡✳❣✳✱ ▲❛♠❜
✭✶✾✶✼✮❀ ▲♦✇❡ ✭✶✾✾✸✮❀ ●r❛✛ ✭✶✾✾✶✮❀ ▼✐❦❧♦✇✐t③ ✭✶✾✼✽✮❀ ❈❤✐♠❡♥t✐ ✭✶✾✾✼✮❀ ❉✳ ❉✳ ❆❝❤❡♥❜❛❝❤
✭✶✾✼✹✮❀ ▼✐♥❞❧✐♥ ✭✶✾✻✵✮✮✳ ❍♦✇❡✈❡r✱ ❢♦r ❝♦♠♣♦s✐t❡ ♣❧❛t❡s✱ ❛♥✐s♦tr♦♣② ♠❛❦❡s t❤❡ ❝❛❧❝✉❧❛t✐♦♥s
♠♦r❡ ❞✐✣❝✉❧t ❛♥❞ t✐♠❡✲❝♦♥s✉♠✐♥❣✳ ❚❤❡ s✐♠♣❧❡st ❛♣♣r♦❛❝❤❡s ❢♦r ❡st✐♠❛t✐♥❣ ❞✐s♣❡rs✐♦♥
❝✉r✈❡s ♦❢ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✇❛✈❡s ❛r❡ t❤❡ ❝❧❛ss✐❝❛❧ ♣❧❛t❡ t❤❡♦r② ✭❈P❚✮ ❛♥❞ t❤❡ ✜rst ♦r❞❡r
s❤❡❛r ❞❡❢♦r♠❛t✐♦♥ t❤❡♦r② ✭❋❖❙❉❚✮ ✇❤✐❝❤ ❜♦t❤ ❛ss✉♠❡ t❤❛t t❤❡ ❧❛♠✐♥❛t❡ ✐s ✐♥ ❛ st❛t❡ ♦❢
♣❧❛♥❡ str❡ss✳

❚❤❡ ❝❧❛ss✐❝❛❧ ♣❧❛t❡ t❤❡♦r② ✭❈P❚✮ ✐s ❜❛s❡❞ ♦♥ ❑✐r❝❤❤♦✛✬s ♣r♦♣♦s✐t✐♦♥ ✇❤❡r❡❜② str❛✐❣❤t
❧✐♥❡s ♥♦r♠❛❧ t♦ t❤❡ ♠✐❞✲♣❧❛♥❡ ♦❢ t❤❡ ♣❧❛t❡ r❡♠❛✐♥ str❛✐❣❤t ❛♥❞ ♥♦r♠❛❧ ❛❢t❡r ❞❡❢♦r♠❛t✐♦♥
✭❑✐r❝❤❤♦✛✱ ✶✽✺✵❛✱❜❀ ▲♦✈❡✱ ✶✽✽✽✮✳ ❚❤❡ ❝❧❛ss✐❝❛❧ ♣❧❛t❡ t❤❡♦r② ❣✐✈❡s r❡❛s♦♥❛❜❧② ❛❝❝✉r❛t❡
r❡s✉❧ts ✐♥ t❤❡ ❧♦✇ ❢r❡q✉❡♥❝② r❛♥❣❡✱ ✇❤❡♥ t❤❡ ✇❛✈❡❧❡♥❣t❤ λ ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ♣❧❛t❡
t❤✐❝❦♥❡ss h✳ ❍♦✇❡✈❡r✱ ❡♥♦r♠♦✉s ❞✐s❝r❡♣❛♥❝✐❡s ✇✐t❤ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ s♦❧✉t✐♦♥ ✇❡r❡
r❡♣♦rt❡❞ ✐♥ t❤❡ ❤✐❣❤❡r ❢r❡q✉❡♥❝② r❛♥❣❡ ❞✉❡ t♦ ♥❡❣❧❡❝t✐♥❣ r♦t❛t♦r② ✐♥❡rt✐❛ ❛♥❞ tr❛♥s✈❡rs❡
s❤❡❛r ❡✛❡❝ts ✭◆✳ ❘❡❞❞② ✭✶✾✽✹✮✱ ❚✉r✈❡② ❛♥❞ ❖s♠❛♥ ✭✶✾✽✾✱ ✶✾✾✵✱ ✶✾✾✶✮✮✳

❘❡✐ss♥❡r ✭✶✾✹✺✮ ❛♥❞ ▼✐♥❞❧✐♥ ✭✶✾✻✵✮ ✇❡r❡ t❤❡ t✇♦ ♣✐♦♥❡❡rs t♦ ✐♠♣r♦✈❡ t❤❡ ❡st✐♠❛t✐♦♥
♦❢ tr❛♥s✈❡rs❡ s❤❡❛r str❡ss❡s ❜② ❞r♦♣♣✐♥❣ ❑✐r❝❤❤♦✛ ♥♦r♠❛❧✐t② ❛ss✉♠♣t✐♦♥✳ ❚❤❡ ❘❡✐ss♥❡r✲
▼✐♥❞❧✐♥ t❤❡♦r②✱ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ✜rst ♦r❞❡r s❤❡❛r ❞❡❢♦r♠❛t✐♦♥ t❤❡♦r② ✭❋❖❙❉❚✮✱ ❛ss✉♠❡s
t❤❛t t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ ✐s ❧✐♥❡❛r ✇✐t❤✐♥ t❤❡ ❞♦♠❛✐♥ ❛♥❞ ❧❡❛❞s t♦ ❛ ❝♦♥st❛♥t ❞✐str✐❜✉t✐♦♥
♦❢ t❤❡ tr❛♥s✈❡rs❡ s❤❡❛r str❡ss❡s ❛❝r♦ss t❤❡ t❤✐❝❦♥❡ss✳ ❚❤✐s ✐s ✐♥❡①❛❝t s✐♥❝❡ t❤❡ tr❛♥s✈❡rs❡
s❤❡❛r str❡ss ❢✉♥❝t✐♦♥ ✐s ❦♥♦✇♥ t♦ ❜❡ ❛t ❧❡❛st q✉❛❞r❛t✐❝ t❤r♦✉❣❤ t❤❡ t❤✐❝❦♥❡ss✳ ■♠♣r♦✈✐♥❣
t❤❡ ❛❝❝✉r❛❝② ♦❢ s❤❡❛r str❡ss ♣r❡❞✐❝t✐♦♥ t❤✉s r❡q✉✐r❡s t❤❡ ✉s❡ ♦❢ ❛ s❤❡❛r ❝♦rr❡❝t✐♦♥ ❢❛❝t♦r✱
✇❤✐❝❤ ✐s ✉s✉❛❧❧② s❡t t♦ 5

6
♦r π2

12
❛s ♣r♦♣♦s❡❞ ❜② ❘❡✐ss♥❡r ❛♥❞ ▼✐♥❞❧✐♥ r❡s♣❡❝t✐✈❡❧② ❀ t❤❡

✜rst ❜❡✐♥❣ ❞❡r✐✈❡❞ ❢r♦♠ st❛t✐❝ ❝♦♥s✐❞❡r❛t✐♦♥s✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ❜❡✐♥❣ r❡❧❛t❡❞ t♦ t❤❡ ♦✉t✲♦❢✲
♣❧❛♥❡ s❤❡❛r ✇❛✈❡ ♠♦❞❡ ❝✉t♦✛ ❢r❡q✉❡♥❝②✳ ❋♦r ❤✐❣❤❧② ❛♥✐s♦tr♦♣✐❝ ♣❧❛t❡s✱ t❤❡ s❤❡❛r ❝♦rr❡❝t✐♦♥
❢❛❝t♦r ✐s ♥♦t ❛❧✇❛②s s✐♠♣❧② ❞❡t❡r♠✐♥❡❞ s✐♥❝❡ ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ ❧♦❛❞✐♥❣s ❛♥❞ t❤❡ st❛❝❦✐♥❣
♦❢ t❤❡ ❧❛♠✐♥❛t❡ ✭❲❤✐t♥❡②✱ ✶✾✾✶✮✳

❆ ✈❛st ❛♠♦✉♥t ♦❢ ❧✐t❡r❛t✉r❡ ❡①✐sts ♦♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s✳
❆✐♠✐♥❣ t♦ ✐♠♣r♦✈❡ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧ ♣r❡❞✐❝t✐♦♥s✱ ❤✐❣❤❡r✲♦r❞❡r s❤❡❛r ❞❡❢♦r♠❛✲
t✐♦♥ t❤❡♦r✐❡s ✇❡r❡ ♣r♦♣♦s❡❞ ❜② ♠❛♥② r❡s❡❛r❝❤❡rs s✉❝❤ ❛s ▼✳ ❲❤✐t♥❡② ❛♥❞ ❏✳ P❛❣❛♥♦
✭✶✾✼✵✮❀ ❲❤✐t♥❡② ❛♥❞ ❙✉♥ ✭✶✾✼✸✱ ✶✾✼✹✮✱ ●❛✉t❤❛♠ ❛♥❞ ●❛♥❡s❛♥ ✭✶✾✾✷✮ ❛♥❞ ♦t❤❡rs ❆♠✲
❜❛rts✉♠②❛♥ ✭✶✾✼✵✮❀ ◆❡❧s♦♥ ❛♥❞ ▲♦r❝❤ ✭✶✾✼✹✮❀ ▲♦ ❡t ❛❧✳ ✭✶✾✼✼❛✱❜✮❀ ◆✳ ❘❡❞❞② ✭✶✾✽✹✮✳ ❚❤❡
❞②♥❛♠✐❝ ❜❡❤❛✈✐♦r ♦❢ ❧❛♠✐♥❛t❡❞ ♣❧❛t❡s ✇❛s st✉❞✐❡❞ ❜② ◆✳ ❘❡❞❞② ✭✶✾✽✼✮❀ ❘❡❞❞② ✭✶✾✽✾✮❀
◆✳ ❘❡❞❞② ✭✶✾✾✼✮✱ ▲✐✉ ❡t ❛❧✳ ✭✶✾✾✵✮✳ ■♥ 1991✱ ◆❛②❢❡❤ ✭✶✾✾✶✮ ♦❜t❛✐♥❡❞ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥
❝✉r✈❡s ♦❢ ❡❧❛st✐❝ ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ✐♥ ❛♥✐s♦tr♦♣✐❝ ♠❡❞✐❛ ❜② ❞❡✈❡❧♦♣✐♥❣ ❛ tr❛♥s❢❡r ♠❛tr✐①

✻✼



✸✳✶✳ ■♥tr♦❞✉❝t✐♦♥

t❡❝❤♥✐q✉❡✳ ❉❡t❛✐❧❡❞ r❡✈✐❡✇ ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ✇❛✈❡s ✐♥ ❛♥✐s♦tr♦♣✐❝ ❧❛♠✐♥❛t❡s ✇❛s ❧❛t❡r
❣✐✈❡♥ ❜② ▲✐✉ ❡t ❛❧✳ ✭✷✵✵✷✮✳ ■♥ ❛ r❡❝❡♥t ✇♦r❦ ✭❇❡❥❥❛♥✐ ❡t ❛❧✳✱ ✷✵✶✾✮✱ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢
✢❡①✉r❛❧ ✇❛✈❡s ✐♥ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s ✇❛s st✉❞✐❡❞ ✉s✐♥❣ ❛ ♥❡✇ ♠♦❞❡❧✱ ❦♥♦✇♥ ❛s t❤❡ ❇❡♥❞✐♥❣✲
●r❛❞✐❡♥t t❤❡♦r②✱ ✇❤✐❝❤ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② t♦
❧❛♠✐♥❛t❡❞ ♣❧❛t❡s ✭▲❡❜é❡ ❛♥❞ ❙❛❜✱ ✷✵✶✶✮✳ ❚❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t
t❤❡♦r② ✇❡r❡ ❢♦r♠✉❧❛t❡❞ ❛♥❞ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s ❝♦♥♥❡❝t✐♥❣ t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ❛♥❞ t❤❡
✇❛✈❡ ♥✉♠❜❡r ✇❡r❡ ❞❡r✐✈❡❞✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✇❡r❡ ♦❜t❛✐♥❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ t♦ ✜♥✐t❡ ❡❧❡✲
♠❡♥t r❡s✉❧ts✳ ■t ✇❛s s❤♦✇♥ t❤❛t t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❣✐✈❡s ❛ r♦❜✉st ❡st✐♠❛t❡ ♦❢
t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡ r❡❣❛r❞❧❡ss ♦❢ t❤❡ t②♣❡ ♦❢ st❛❝❦✐♥❣ ❛♥❞ ♠❛t❡r✐❛❧ ♦❢ t❤❡ ❧❛♠✐♥❛t❡✳

❖❜t❛✐♥✐♥❣ ❡①❛❝t ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✐s ♦❢t❡♥ ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣
❛♥❞ ✐♠♣r❛❝t✐❝❛❜❧❡✳ ❆ ❝♦♠♠♦♥ ♠❛t❤❡♠❛t✐❝❛❧ t♦♦❧ t♦ s♦❧✈❡ s✉❝❤ ♣r♦❜❧❡♠s ✐♥ ♣❧❛t❡✲❧✐❦❡
str✉❝t✉r❡s ✐s t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞✳ ❚❤✐s t❡❝❤♥✐q✉❡ ❝♦♥s✐sts ✐♥ ❝♦♥str✉❝t✐♥❣
❛♣♣r♦①✐♠❛t✐♦♥s t♦ t❤❡ s♦❧✉t✐♦♥s ♦❢ ❡q✉❛t✐♦♥s t❤r♦✉❣❤ t❤❡ s✉❝❝❡ss✐✈❡ t❡r♠s ♦❢ ❛ ♣♦✇❡r
s❡r✐❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ s♠❛❧❧ ♣❛r❛♠❡t❡r✳ ❆s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❞❛t❡ ❜❛❝❦ t♦ t❤❡ t✐♠❡
♦❢ P♦✐♥❝❛ré ✭✶✽✽✻✮ ❛♥❞ ❤❛✈❡ s✐♥❝❡ t❤❡♥ r❡❝❡✐✈❡❞ s✐❣♥✐✜❝❛♥t ❛tt❡♥t✐♦♥✱ ❛s ❡①❡♠♣❧✐✜❡❞ ❜②
t❤❡ ♣❛♣❡rs ❛♥❞ ❜♦♦❦s ♦❢ ❋r✐❡❞r✐❝❤s ❛♥❞ ❉r❡ss❧❡r ✭✶✾✻✶✮✱ ●♦❧❞❡♥✈❡✐③❡r ✭✶✾✻✷✱ ✶✾✻✻✮✱ ❘❡✐ss✲
♥❡r ❛♥❞ ❙②♥❣❡ ✭✶✾✻✸✮✱ ●✳ ❈✐❛r❧❡t ✭✶✾✾✵✱ ✶✾✾✼✮✱ ▲❡ ❉r❡t ✭✶✾✾✶✮ ❛♥❞ ♠❛♥② ♦t❤❡rs✳ ❚❤❡
❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❜♦t❤ st❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝ ♣r♦❜❧❡♠s ✐♥ t❤❡
❢r❛♠❡✇♦r❦ ♦❢ ❧✐♥❡❛r ❛♥❞ ♥♦♥ ❧✐♥❡❛r ❡❧❛st✐❝✐t② ❛✐♠✐♥❣ t♦ ✜♥❞ s♦❧✉t✐♦♥s ❢♦r ♣❧❛t❡ str✉❝t✉r❡s✱
❞❡r✐✈❡ ✷❉ ♣❧❛t❡ ♠♦❞❡❧s ♦r ❥✉st✐❢② ❝❧❛ss✐❝❛❧ ❛♥❞ r❡✜♥❡❞ ♣❧❛t❡ t❤❡♦r✐❡s ✭❆r♥♦❧❞ ❛♥❞ ❋❛❧❦✱
✶✾✾✻❀ ●✳ ❈✐❛r❧❡t✱ ✶✾✾✼❀ ❆r♥♦❧❞ ❡t ❛❧✳✱ ✷✵✵✷❀ ▲❡❜é❡ ❛♥❞ ❙❛❜✱ ✷✵✶✸✮✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✉s❡ t❤❡ ❢♦r♠❛❧ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ t♦ ❛♣♣r♦①✐♠❛t❡ ❞✐s♣❡r✲
s✐♦♥ r❡❧❛t✐♦♥s ✇❛✈❡s ♣r♦♣❛❣❛t✐♥❣ ✐♥ s②♠♠❡tr✐❝❛❧ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s ✇✐t❤ r❡❧❛t✐✈❡❧② ❤✐❣❤
s❧❡♥❞❡r♥❡ss r❛t✐♦s✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ✜rst t❡r♠s ✐♥ t❤❡ ❡①♣❛♥s✐♦♥s ❧❡❛❞ t♦ t❤❡
❑✐r❝❤❤♦✛✲▲♦✈❡ t❤❡♦r② ✭●✳ ❈✐❛r❧❡t✱ ✶✾✾✼❀ ❉❛✉❣❡ ❡t ❛❧✳✱ ✷✵✶✼✮ ✇❤✐❝❤ ❞♦❡s ♥♦t ✐♥❝♦r♣♦r❛t❡
t❤❡ ❡✛❡❝t ♦❢ s❤❡❛r ❢♦r❝❡s✳ ❚❤✉s✱ s❡❡❦✐♥❣ ❤✐❣❤❡r ♦r❞❡rs ✐s ♥❡❝❡ss❛r② t♦ ✐♠♣r♦✈❡ t❤❡ ❡st✐✲
♠❛t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ♠♦❞❡s ♦❢ ♣r♦♣❛❣❛t✐♦♥ ♣r❡❞✐❝t❡❞ ❜② t❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ t❤❡♦r②✱ ✇❤✐❝❤
❛r❡ ❝❛❧❧❡❞ t❤❡ ❝♦♠♣r❡ss✐♦♥❛❧✱ t❤❡ ✐♥✲♣❧❛♥❡ s❤❡❛r ❛♥❞ t❤❡ ✢❡①✉r❛❧ ♠♦❞❡s ✭●r❛✛✱ ✶✾✾✶✮✳
❚❤❡ ✇❛✈❡❧❡♥❣t❤ ❜❡✐♥❣ ♠✉❝❤ ❣r❡❛t❡r t❤❛♥ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♣❧❛t❡✱ ❛ s♠❛❧❧ ♣❛r❛♠❡t❡r
❛ss♦❝✐❛t✐♥❣ ❜♦t❤ q✉❛♥t✐t✐❡s ✐s ✐♥tr♦❞✉❝❡❞✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥
s❝❛❧✐♥❣ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠ s♦ ❛s t♦ ❜❡ ❞❡✜♥❡❞ ♦♥ ❛ ✜①❡❞ ❞♦♠❛✐♥✳ ❚❤❡ s♦❧✉t✐♦♥
✐s t❤❡♥ ✇r✐tt❡♥ ❛s ❛ s❡r✐❡s ♦❢ ♣♦✇❡rs ♦❢ t❤❡ s♠❛❧❧ ♣❛r❛♠❡t❡r ❛♥❞ ✐♥s❡rt❡❞ ✐♥ t❤❡ ❣❡♥❡r❛❧
❡q✉✐❧✐❜r✐✉♠ ❡q✉❛t✐♦♥s✳ ❚❤✐s ②✐❡❧❞s ❛ ❝❛s❝❛❞❡ ♦❢ ♣r♦❜❧❡♠s ❛t ❞✐✛❡r❡♥t ♦r❞❡rs ✇❤♦s❡ s♦❧✈✐♥❣
❞❡t❡r♠✐♥❡s t❤❡ s✉❝❝❡ss✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❚❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♣r❡s❡♥t ❛♣✲
♣r♦❛❝❤ ✐s ❛ss❡ss❡❞ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts t♦ r❡❢❡r❡♥❝❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② t❤❡
✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭▼❛r❣❡r✐t✱ ✷✵✶✽✮✳

❚❤❡ ♣❛♣❡r ❜❡❣✐♥s ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s ❛❞♦♣t❡❞ ✐♥ t❤✐s st✉❞② ✭❙❡❝t✐♦♥ ✸✳✷✮✳ ■♥ ❙❡❝t✐♦♥ ✸✳✸ ❛r❡
r❡❝❛❧❧❡❞ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❢♦r ❛ ❝♦♠♣♦s✐t❡ ♣❧❛t❡ ❛♥❞ ✐s ♣r❡s❡♥t❡❞
t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♥❛❧②s✐s ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♣❧❛♥❡ ✇❛✈❡s ❞✐s♣❡rs✐♦♥
❝✉r✈❡s t❤r♦✉❣❤ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ✐s ❞❡t❛✐❧❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳ ◆✉♠❡r✐❝❛❧
r❡s✉❧ts ❛r❡ ❡①♣❧♦✐t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✺ ❛♥❞ ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ❢r♦♠ t❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ t❤❡♦r②
✭❑▲✮✱ t❤❡ ✜rst ♦r❞❡r s❤❡❛r ❞❡❢♦r♠❛t✐♦♥ t❤❡♦r② ✭❋❖❙❉❚✮✱ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②

✻✽



✸✳✷✳ ◆♦t❛t✐♦♥s

✭❇●✮ ❛♥❞ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❋❊▼✮✳ ❋✐♥❛❧❧②✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ✐s ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥
✸✳✻✳

✸✳✷ ◆♦t❛t✐♦♥s

❲❡ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ ❜②X ✱X
∼
✱X

⌢
✱X

≈

✱X
⌢⌢

✜rst✱ s❡❝♦♥❞✱ t❤✐r❞✱ ❢♦✉rt❤ ❛♥❞ s✐①t❤ r❛♥❦ r❡❛❧

t❡♥s♦rs✳ ■♥❞✐❝✐❛❧ ♥♦t❛t✐♦♥ ❛❧❧♦✇s ✉s t♦ ❞✐✛❡r❡♥t✐❛t❡ ❜❡t✇❡❡♥ ✷❉ ❛♥❞ ✸❉ t❡♥s♦rs✳ ❲❡ ✉s❡
●r❡❡❦ ✐♥❞✐❝❡s ❢♦r ✷❉ t❡♥s♦rs ✭α✱ β✱ γ✳✳= 1, 2✮ ❛♥❞ ▲❛t✐♥ ✐♥❞✐❝❡s ❢♦r ✸❉ t❡♥s♦rs ✭i✱ j✱ k✳✳=
1, 2, 3✮✳ ❋♦r ❡①❛♠♣❧❡✱ (Xαβ) r❡♣r❡s❡♥ts t❤❡ ✷❉ t❡♥s♦r X

∼
✇❤✐❧❡ (Xij) ❞❡♥♦t❡s t❤❡ ✸❉ t❡♥s♦r

X
∼
✳ ■♥❞❡① ♥♦t❛t✐♦♥ ❛❧s♦ ♣r♦✈✐❞❡s ❛♥♦t❤❡r ❛❞✈❛♥t❛❣❡ ✿ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞✐❝❡s ✐♥❞✐❝❛t❡s t❤❡

♦r❞❡r ♦❢ t❤❡ t❡♥s♦r✳ ❋♦r ❡①❛♠♣❧❡✱ (Xij) ❞❡♥♦t❡s t❤❡ s❡❝♦♥❞✲r❛♥❦ t❡♥s♦r X
∼

✇❤❡r❡❛s (Xijkl)
❞❡♥♦t❡s t❤❡ ❢♦✉rt❤✲r❛♥❦ t❡♥s♦r X

≈

✳ ❚♦ s✐♠♣❧✐❢② ❡①♣r❡ss✐♦♥s ✐♥❝❧✉❞✐♥❣ t❡♥s♦rs✱ ✇❡ s❤❛❧❧

♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❊✐♥st❡✐♥ s✉♠♠❛t✐♦♥ ❝♦♥✈❡♥t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ ❛❧❧ ✐♥❞✐❝❡s ❛♣♣❡❛r✐♥❣
t✇✐❝❡ ✇✐t❤✐♥ ❛♥ ❡①♣r❡ss✐♦♥ ❛r❡ t♦ ❜❡ s✉♠♠❡❞✳

❚❤❡ tr❛♥s♣♦s❡ ♦♣❡r❛t✐♦♥ T• ✐s ❛♣♣❧✐❡❞ t♦ ❛♥② ♦r❞❡r t❡♥s♦rs ❛s ❢♦❧❧♦✇s ✿ (TX)αβ...ψω =
Xωψ...βα✳ ❋♦✉r s②♠❜♦❧s ❛r❡ ❞❡✜♥❡❞ ✿ (·)✱ (:)✱ (...) ❛♥❞ (...

.
) ❢♦r ❝♦♥tr❛❝t✐♦♥ ♦♥✱ r❡s♣❡❝t✐✈❡❧②✱

♦♥❡✱ t✇♦✱ t❤r❡❡ ❛♥❞ ❢♦✉r ✐♥❞✐❝❡s✳ ❇② ❝♦♥✈❡♥t✐♦♥✱ t❤❡ ❝❧♦s❡st ✐♥❞✐❝❡s ❛r❡ s✉❝❝❡ss✐✈❡❧② s✉♠♠❡❞
t♦❣❡t❤❡r ✐♥ ❝♦♥tr❛❝t✐♦♥ ♣r♦❞✉❝ts✳ ❚❤✉s✱ X

⌢⌢
... Y

⌢
= (XαβγδλµYµλδ) ❛♥❞ X

⌢
· Y = (XαβγYγ)

✐s ❞✐✛❡r❡♥t ❢r♦♠ Y ·X
⌢

= (YαXαβγ)✳

❚❤❡ ✐❞❡♥t✐t② ❢♦r ✷❉ ✈❡❝t♦rs ✐s δ
∼

= (δαβ) ✇❤❡r❡ δαβ ✐s ❑r♦♥❡❝❦❡r s②♠❜♦❧ ✭δαβ = 1 ✐❢
α = β✱ δαβ = 0 ♦t❤❡r✇✐s❡✮✳ ❚❤❡ ✐❞❡♥t✐t② ❢♦r ✷❉ s②♠♠❡tr✐❝ s❡❝♦♥❞ ♦r❞❡r t❡♥s♦rs ✐s i

≈

✇❤❡r❡

iαβγδ =
1
2
(δαγδβδ + δαδδβγ)✳ ❚❤❡ r❡❛❞❡r ♠✐❣❤t ❡❛s✐❧② ❝❤❡❝❦ t❤❛t i

≈

: i
≈

= i
≈

✱ i
≈

... i
≈

= 3/2 δ
∼

❛♥❞ i
≈
...
.
i
≈

= 3✳

❚❤❡ ❣r❛❞✐❡♥t ♦❢ ❛ s❝❛❧❛r ✜❡❧❞ X ✇r✐t❡s ∇X = (X,β) ✇❤✐❧❡ t❤❡ ❣r❛❞✐❡♥t ♦❢ ❛ ✈❡❝t♦r
♦r ❛ ❤✐❣❤❡r✲♦r❞❡r t❡♥s♦r ✜❡❧❞s ✇r✐t❡s X

∼
⊗ ∇ = (Xαβ,γ)✱ ❢♦r ✐♥st❛♥❝❡✱ ✇❤❡r❡ ⊗ ✐s t❤❡

❞②❛❞✐❝ ♣r♦❞✉❝t✳ ❚❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ ❛ ✈❡❝t♦r ✜❡❧❞ ♦r ❛ s❡❝♦♥❞ ♦r❞❡r t❡♥s♦r ✜❡❧❞ ✐s ♥♦t❡❞
X ·∇ = (Xα,α) ❛♥❞ X

∼
·∇ = (Xαβ,β)✱ r❡s♣❡❝t✐✈❡❧②✳

✸✳✸ Pr♦♣❛❣❛t✐♦♥ ♦❢ ♣❧❛♥❡ ✇❛✈❡s ✐♥ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s

✸✳✸✳✶ ❊①❛❝t ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❣✉✐❞❡❞ ✇❛✈❡s

✸✳✸✳✶✳✶ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥

❚❤❡ ♣❤②s✐❝❛❧ s♣❛❝❡ ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛♥ ♦rt❤♦♥♦r♠❛❧ r❡❢❡r❡♥❝❡ ❢r❛♠❡ (O, e 1, e 2, e 3) ✇❤❡r❡
O ✐s t❤❡ ♦r✐❣✐♥ ❛♥❞ e i ✐s t❤❡ ❜❛s❡ ✈❡❝t♦r ✐♥ ❞✐r❡❝t✐♦♥ i ∈ {1, 2, 3}✳ ❲❡ ❝♦♥s✐❞❡r ❛♥ ✉♥❜♦✉♥✲
❞❡❞ ❝♦♠♣♦s✐t❡ ❡❧❛st✐❝ ♣❧❛t❡ ♦❝❝✉♣②✐♥❣ t❤❡ ✸❉ ❞♦♠❛✐♥ V = R2 ×

]

−h
2
, h
2

[

✱ ✇❤❡r❡ h ✐s t❤❡

✻✾



✸✳✸✳ Pr♦♣❛❣❛t✐♦♥ ♦❢ ♣❧❛♥❡ ✇❛✈❡s ✐♥ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s

t❤✐❝❦♥❡ss ♦❢ t❤❡ ♣❧❛t❡✳ ❚❤❡ ❝♦♠♣♦s✐t❡ ♣❧❛t❡ ✐s ❛ss✉♠❡❞ t♦ ❜❡ s②♠♠❡tr✐❝❛❧ ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ ♠✐❞♣❧❛♥❡✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ✇❛✈❡s ✐♥ ❞✐r❡❝t✐♦♥ 1✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r✱
❞❡♥♦t❡❞ ❜② u ✱ ✐s t❤✉s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡s (x1, x3) ❛♥❞ ♦❢ t❤❡ t✐♠❡ t ✿

✭✸✳✶✮ u = (ui)i=1,2,3 = u (x1, x3, t).

❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r u s❛t✐s✜❡s t❤❡ ❜❛s✐❝ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❜♦❞②
❢♦r❝❡s✱ ✇❤✐❝❤ ✇r✐t❡s ✿

✭✸✳✷✮ σ
∼
·∇ − ρ (x3) ü = 0 ♦r σij,j − ρ (x3) üi = 0,

✇❤❡r❡ σ
∼

❞❡s✐❣♥❛t❡s t❤❡ str❡ss t❡♥s♦r ❛♥❞ ρ t❤❡ ❞❡♥s✐t② ✭♠❛ss ♣❡r ✉♥✐t ✈♦❧✉♠❡✮✳ ❚❤❡
t✇♦ ❞♦ts ❛❜♦✈❡ ❛ ✈❛r✐❛❜❧❡ ❛r❡ ✉s❡❞ t♦ ❞❡♥♦t❡ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t✐♠❡
(

ẍ = d2x
dt2

)

✳

❲❡ ❞❡♥♦t❡ ❜② C
≈

t❤❡ st✐✛♥❡ss t❡♥s♦r ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦♥st✐t✉t✐✈❡

♠❛t❡r✐❛❧ ❛t ❡✈❡r② ♣♦✐♥t x = (x1, x2, x3)✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❡❛❝❤ ❧❛②❡r ♦❢ t❤❡ ❝♦♠♣♦s✐t❡
♣❧❛t❡ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ♠♦♥♦❝❧✐♥✐❝✳ ◆❛♠❡❧②✱

C3αβγ = Cα333 = 0.

❉✉❡ t♦ ♣❧❛♥❡ s②♠♠❡tr②✱ t❤❡ ❢♦✉rt❤ ♦r❞❡r t❡♥s♦r C
≈

❛♥❞ t❤❡ ❞❡♥s✐t② ρ ❛r❡ ❡✈❡♥ ❢✉♥❝t✐♦♥s

♦❢ x3 ✿

✭✸✳✸✮ C
≈

(−x3) = C
≈

(x3) ❛♥❞ ρ(−x3) = ρ(x3).

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ t❡♥s♦r C
≈

♦❜❡②s ♠✐♥♦r (Cijkl = Cjikl = Cijlk) ❛♥❞ ♠❛❥♦r (Cijkl = Cklij)

s②♠♠❡tr✐❡s✳ ❚❤❡ ❡❧❛st✐❝✐t② t❡♥s♦r ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❛♥❞ ✐ts ✐♥✈❡rs❡✱ ❞❡♥♦t❡❞ ❜② S
≈

✱ ✐s

❝❛❧❧❡❞ t❤❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r✳ S
≈

❢♦❧❧♦✇s t❤❡ s❛♠❡ ❝❧❛ss✐❝❛❧ s②♠♠❡tr✐❡s ❛s C
≈

✳

❚❤❡ ❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❝♦♥♥❡❝ts t❤❡ str❡ss σ
∼
t♦ t❤❡ str❛✐♥ ε

∼
♠❛② ❜❡ ✇r✐tt❡♥ ❛s ✿

✭✸✳✹✮ σ
∼
−C

≈

(x3) : ε
∼
= 0.

❚❤❡ str❛✐♥✲❞✐s♣❧❛❝❡♠❡♥t r❡❧❛t✐♦♥s r❡❛❞ ✿

✭✸✳✺✮ ε
∼
− 1

2
(u ⊗∇ +∇ ⊗ u ) = 0.

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ❞❡s❝r✐♣t✐♦♥✱ ✇❡ ♠✉st ❛ss♦❝✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ t♦♣ ❛♥❞
❜♦tt♦♠ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ♣❧❛t❡ ✿

✭✸✳✻✮ σ
∼
· e3 = 0 ❛t x3 = ±h

2

✼✵



✸✳✸✳ Pr♦♣❛❣❛t✐♦♥ ♦❢ ♣❧❛♥❡ ✇❛✈❡s ✐♥ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ str❡ss ✈❡❝t♦r σ
∼
· e3 ❛♥❞ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r u ♠✉st ❜❡ ❝♦♥t✐♥✉♦✉s

❛t t❤❡ ✐♥t❡r❢❛❝❡s ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ❧❛②❡rs ♦❢ t❤❡ ♣❧❛t❡✳

■♥ s✉♠♠❛r②✱ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❢♦r ❛♥ ✐♥✜♥✐t❡ ❝♦♠♣♦s✐t❡ ❡❧❛st✐❝
♣❧❛t❡ ❛r❡ ✿



































σ
∼
·∇ − ρ (x3) ü = 0,✭✸✳✼❛✮

σ
∼
−C

≈

(x3) : ε
∼
= 0,✭✸✳✼❜✮

ε
∼
− 1

2
(u ⊗∇ +∇ ⊗ u ) = 0,✭✸✳✼❝✮

σ
∼
· e3 = 0 ❛t x3 = ±h

2
.✭✸✳✼❞✮

P❛rt✐❝✉❧❛r s♦❧✉t✐♦♥s t♦ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ❛r❡ ♣❧❛♥❡ ✇❛✈❡s✱ ✇❤✐❝❤ ❛r❡ ♦❢ ♣❡❝✉❧✐❛r ✐♠✲
♣♦rt❛♥❝❡ s✐♥❝❡ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❛♥② ♦t❤❡r s♦❧✉t✐♦♥ t♦ ✭✸✳✼✮ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❛
s✉♣❡r♣♦s✐t✐♦♥ ♦❢ ♣❧❛♥❡ ✇❛✈❡s✳ ❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t u ❛t ❛ t✐♠❡ t ❛♥❞ ❛ ❞✐st❛♥❝❡ x1 ❞✉❡ t♦ ❛
♣❧❛♥❡ ✇❛✈❡ ❝❛♥ ❜❡ ♠❛t❤❡♠❛t✐❝❛❧❧② ❞❡s❝r✐❜❡❞ ✐♥ ❡①♣♦♥❡♥t✐❛❧ ❢♦r♠ ❛s ✿

✭✸✳✽✮ u = (ui)i=1,2,3 = u (x1, x3, t) = ℜ
(

û (x3) e
j(ωt−kx1)

)

,

✇❤❡r❡ û = (ûi)i=1,2,3 ✐s ❛ ✈❡❝t♦r ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❛♠♣❧✐t✉❞❡s ♦❢ ❞✐s♣❧❛❝❡♠❡♥t✱ ω ✐s t❤❡
❛♥❣✉❧❛r ❢r❡q✉❡♥❝②✱ k 6= 0 ✐s t❤❡ ✇❛✈❡ ♥✉♠❜❡r ❛♥❞ j t❤❡ ✐♠❛❣✐♥❛r② ✉♥✐t✳ ❚❤❡ s②♠❜♦❧ ℜ(z) ✐s
✉s❡❞ t♦ ❞❡s✐❣♥❛t❡ t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ ❝♦♠♣❧❡① ♥✉♠❜❡r z✳ ❲❡ ❞❡♥♦t❡ ❜② λ t❤❡ ✇❛✈❡❧❡♥❣t❤
❛♥❞ c t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t②✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ✇❛✈❡ ♥✉♠❜❡r ✐s r❡❧❛t❡❞ t♦ t❤❡ ✇❛✈❡❧❡♥❣t❤
t❤r♦✉❣❤ ✿

✭✸✳✾✮ k =
2π

λ
,

❛♥❞ t❤❛t t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② c ✐s ❡①♣r❡ss❡❞ ❛s ✿

✭✸✳✶✵✮ c =
ω

k
.

❖✉r ♠❛✐♥ ♣✉r♣♦s❡ ✐s t♦ r❡❧❛t❡ t❤❡ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ω t♦ t❤❡ ✇❛✈❡ ♥✉♠❜❡r k s✉❝❤ t❤❛t
t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲③❡r♦ ✈❡❝t♦r û s❛t✐s❢②✐♥❣ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥
✭✸✳✼✮✳ ❚❤✐s r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ω ❛♥❞ k ✐s ❝♦♠♠♦♥❧② ❞✐s♣❧❛②❡❞ ✐♥ ❣r❛♣❤s ❝❛❧❧❡❞ ❞✐s♣❡rs✐♦♥
❝✉r✈❡s✳ ❚❤❡s❡ ❝✉r✈❡s s✉♣♣❧② ❦❡② ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ✇❛✈❡
♠♦❞❡s✳

❖♥❡ ♦❢ t❤❡ ♠♦st ♣♦♣✉❧❛r t♦♦❧s ❢♦r ♠♦❞❡❧❧✐♥❣ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❡❧❛st✐❝ ♠❡❞✐❛ ✐s t❤❡ ✜♥✐t❡
❡❧❡♠❡♥t ♠❡t❤♦❞ ✭❋❊▼✮ ✇❤♦s❡ ♣r♦❝❡❞✉r❡ ✐s ❞❡t❛✐❧❡❞ ❜❡❧♦✇✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❡r✐❝❛❧
r❡s✉❧ts ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✸❉ ♣r♦❜❧❡♠ ✭✸✳✼✮✳

✼✶



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

✸✳✸✳✶✳✷ ❘❡s♦❧✉t✐♦♥ ❜② ♠❡❛♥s ♦❢ ❋✐♥✐t❡ ❊❧❡♠❡♥t ❆♥❛❧②s✐s

■♥❥❡❝t✐♥❣ t❤❡ ♣❧❛♥❡ ✇❛✈❡ ❞✐s♣❧❛❝❡♠❡♥t ✭✸✳✽✮ ✐♥ t❤❡ ❧♦❝❛❧ ❡q✉❛t✐♦♥s ✭✸✳✼✮ ❧❡❛❞s t♦ t❤❡
❢♦r♠✉❧❛t✐♦♥ ♦❢ ❛ q✉❛❞r❛t✐❝ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✐♥ ❜♦t❤ ✇❛✈❡♥✉♠❜❡r k ❛♥❞ ❢r❡q✉❡♥❝② ω
t❤❛t ❤❛s t♦ ❜❡ s♦❧✈❡❞✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ✐s♦tr♦♣✐❝ ♣❧❛t❡s✱ ✐t ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡
✇❡❧❧ ❦♥♦✇♥ ▲❛♠❜ ♠♦❞❡s tr❛♥s❝❡♥❞❡♥t❛❧ ❡q✉❛t✐♦♥ ✭▲❛♠❜✱ ✶✾✶✼✮✳ ❚❤❡ ❝❛s❡ ♦❢ ❧❛♠✐♥❛t❡❞
♣❧❛t❡s ❤❛s ❜❡❡♥ ✜rst ✐♥✈❡st✐❣❛t❡❞ ❜② ❚✳ ❚❤♦♠s♦♥ ✭✶✾✺✵✮✱ ✇❤♦ ❡①♣r❡ss❡❞ t❤❡ ✐♥t❡r✲❧❛♠✐♥❛
❝♦♥t✐♥✉✐t② ❝♦♥❞✐t✐♦♥s ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ tr❛♥s❢❡r ♠❛tr✐❝❡s✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧
✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ♠❡t❤♦❞ ✭❍❛s❦❡❧❧✱ ✶✾✺✸✮✱ s❡✈❡r❛❧ r❡❢♦r♠✉❧❛t✐♦♥s ❤❛s ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ❞❡❝❛❞❡s ✭❙❝❤♠✐❞t ❛♥❞ ❚❛♥❣♦✱ ✷✵✵✼❀ ◆❛②❢❡❤✱ ✶✾✾✶❀ ❘♦❦❤❧✐♥ ❛♥❞ ❲❛♥❣✱ ✷✵✵✷✮✳

❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ ✈❛r✐❛t✐♦♥♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s✮ ❝❛♥ ❜❡
✉s❡❞ ✭❉♦♥❣ ❛♥❞ ❇✳ ◆❡❧s♦♥✱ ✶✾✼✷❀ ❉❛tt❛ ❡t ❛❧✳✱ ✶✾✽✽❀ ❳✐ ❡t ❛❧✳✱ ✷✵✵✵✮✳ ❚❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t
❛♣♣r♦❛❝❤ t❤❡♥ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✿

✭✸✳✶✶✮
(

k2 [K2] + jk [K1] + [K0]− ω2 [M]
)

[U] = 0 ,

✇❤❡r❡ [Ki]✱ i = 1, 2, 3 ❛♥❞ [M] ❛r❡ s②♠❡tr✐❝ ❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s ❛♥❞ [U] ✐s t❤❡ ✈❡❝t♦r ♦❢
♥♦❞❛❧ ❞✐s♣❧❛❝❡♠❡♥ts✳ ❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ✐s ✉s✉❛❧❧② r❡❢❡rr❡❞ ❛s t❤❡ ❙♣❡❝tr❛❧ ❋✐♥✐t❡ ❊❧❡♠❡♥t
▼❡t❤♦❞ ✭❏✳ ❙❤♦rt❡r✱ ✷✵✵✹❀ ❇❛r❜✐❡r✐ ❡t ❛❧✳✱ ✷✵✵✾✮ ✭❙❋❊▼✮ ♦r ❙❡♠✐✲❆♥❛❧②t✐❝❛❧ ❋✐♥✐t❡ ❊❧❡✲
♠❡♥t ♠❡t❤♦❞ ✭❇❛rt♦❧✐ ❡t ❛❧✳✱ ✷✵✵✻✮ ✭❙❆❋❊✮✳ ❚❤❡ ♣r❡❝❡❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞
♠♦r❡ ❡❛s✐❧② ❜② s❡❛r❝❤✐♥❣ t❤❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s r❡❧❛t❡❞ t♦ ❛ ❣✐✈❡♥ ✇❛✈❡♥✉♠❜❡r✳ ❍♦✇❡✈❡r✱ ✐t
✐s ♦❢t❡♥ ♠♦r❡ ❝♦♥✈❡♥✐❡♥t t♦ s❡❛r❝❤ ❢♦r t❤❡ ✇❛✈❡♥✉♠❜❡r s♦❧✉t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ✜①❡❞
❢r❡q✉❡♥❝② ❀ t❤✐s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜② t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ q✉❛❞r❛t✐❝ ❡✐❣❡♥✈❛✲
❧✉❡ ♣r♦❜❧❡♠✱ ❣✐✈✐♥❣ ❜♦t❤ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② s♦❧✉t✐♦♥s ✭r❡s♣✳ ❞❡♥♦t✐♥❣ ♣r♦♣❛❣❛t✐♥❣ ❛♥❞
❡✈❛♥❡s❝❡♥t ✇❛✈❡s✮✳

❚❤✐s ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ ❤❡r❡ t♦ ❝♦♠♣✉t❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥s t♦ t❤❡ ♣r♦❜❧❡♠
♦❢ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s✳ ▲✐♥❡❛r ❡❧❡♠❡♥ts ✇❡r❡ ✉s❡❞✳ ■♥ t❤❡ ✇❛✈❡❧❡♥❣t❤
r❛♥❣❡ ♦❢ ✐♥t❡r❡st✱ ✐t ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞ t❤❛t 10 ❡❧❡♠❡♥ts ❜② ❧❛②❡r ✇❛s s✉✣❝✐❡♥t t♦ ❛✈♦✐❞
❝♦♥✈❡r❣❡♥❝❡ ✐ss✉❡s✳

✸✳✹ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

✸✳✹✳✶ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❢r❛♠❡✇♦r❦

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣❡r❢♦r♠ t❤❡ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ✭❙❛♥❝❤❡③✲P❛❧❡♥❝✐❛✱ ✶✾✽✵✮ ♦❢ t❤❡ ❞②✲
♥❛♠✐❝ ♣r♦❜❧❡♠ ✭✸✳✼✮✳ ❙✐♠♣❧✐✜❝❛t✐♦♥s ❞✉❡ t♦ ♠❛t❡r✐❛❧ ❛♥❞ ❣❡♦♠❡tr✐❝❛❧ s②♠♠❡tr✐❡s ♦❢ t❤❡
♣❧❛t❡ ❛r❡ ✜rst ✐♥✈❡st✐❣❛t❡❞✳ ❚❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❡q✉❛t✐♦♥s ✭✸✳✼✮ ❛r❡ t❤❡♥ s❝❛❧❡❞ ❛♥❞ t❤❡
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥❡✇ ❞✐♠❡♥s✐♦♥❧❡ss ✜❡❧❞s ❛r❡ ♣r❡s❡♥t❡❞✳ ❲❡ t❤❡r❡❛❢t❡r ❞❡✈❡❧♦♣ ❛s②♠♣t♦t✐❝
❡①♣❛♥s✐♦♥s ♦❢ t❤❡ ✜❡❧❞s ✐♥ ♣♦✇❡rs ♦❢ ❛ s♠❛❧❧ ♣❛r❛♠❡t❡r ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✼✷



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

✸✳✹✳✶✳✶ ❙❝❛❧✐♥❣

■♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞✱ ✇❡ ♥❡❡❞ ✜rst t♦ s❝❛❧❡ s②st❡♠ ✭✸✳✼✮ s♦
t❤❛t ❛❧❧ ❝♦♠♣✉t❡❞ q✉❛♥t✐t✐❡s ❛r❡ ♦❢ r❡❧❛t✐✈❡❧② s✐♠✐❧❛r ♠❛❣♥✐t✉❞❡s✳ ■t ✐s ❤❡♥❝❡ ❝♦♥✈❡♥✐❡♥t
t♦ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s

✭✸✳✶✷✮ z =
x3
h
, z ∈ [−1

2
,
1

2
].

❆❝❝♦r❞✐♥❣ t♦ t❤✐s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱ t❤❡ st✐✛♥❡ss t❡♥s♦r ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ✿

C
≈

(x3) = C
≈

(h−1x3) = C
≈

(z),

✇❤❡r❡ C
≈

✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ z✳

❋✉rt❤❡r♠♦r❡✱ ❢r♦♠ t❤❡ ✜❡❧❞ û = (ûi)i=1,2,3✱ ✇❡ ❞❡✜♥❡ t❤❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ ✜❡❧❞ v =
(vi)i=1,2,3 ❛s ❢♦❧❧♦✇s ✿

✭✸✳✶✸✮ û = k−1v (
x3
h
) = k−1v (z).

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡r ✐s ♥❛t✉r❛❧❧② ✐♥tr♦❞✉❝❡❞ ✿

✭✸✳✶✹✮ k∗ = hk =
2πh

λ
.

❯s✐♥❣ ✭✸✳✶✸✮ ❛♥❞ ✐♥❥❡❝t✐♥❣ ✭✸✳✽✮ ✐♥t♦ ❡q✉❛t✐♦♥ ✭✸✳✼✮❝✱ s✐♠♣❧❡ ❛❧❣❡❜r❛✐❝ ♠❛♥✐♣✉❧❛t✐♦♥s ②✐❡❧❞ ✿

✭✸✳✶✺✮ ε
∼
= ℜ

(

ε̂
∼
(z)ei(ωt−kx1)

)

,

✇❤❡r❡ ε̂
∼

✐s ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♥♦♥✲❞✐♠❡♥s✐♦♥❛❧ ✜❡❧❞ v ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r k∗

t❤r♦✉❣❤ ✿

✭✸✳✶✻✮ ε̂
∼
(z) =











−iv1(z) −1
2
iv2(z) −1

2
iv3(z) +

1
2
k∗−1v′1(z)

−1
2
iv2(z) 0 1

2
k∗−1v′2(z)

−1
2
iv3(z) +

1
2
k∗−1v′1(z)

1
2
k∗−1v′2(z) k∗−1v′3(z)











.

❍❡r❡✱ f ′ ❞❡s✐❣♥❛t❡s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ✇✐t❤ r❡s♣❡❝t t♦ z
(

f ′ = df
dz

)

✳

❙✐♠✐❧❛r❧②✱ ✇❡ ♦❜t❛✐♥ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✼✮❜ t❤❛t t❤❡ str❡ss t❡♥s♦r σ
∼
❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✿

✭✸✳✶✼✮ σ
∼
= ℜ

(

σ̂
∼
(z)ei(ωt−kx1)

)

,

✇❤❡r❡ σ̂
∼
✐s ❣✐✈❡♥ ❜② ✿

✭✸✳✶✽✮ σ̂
∼
(z) = C

≈

(z) : ε̂
∼
(z).

✼✸



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

❋✐♥❛❧❧②✱ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✭✸✳✼✮ ❝❛♥ ❜❡ r❡st❛t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♣❛r❛♠❡t❡r k∗ ❛♥❞
t❤❡ ✜❡❧❞s vi✱ ε̂ij ❛♥❞ σ̂ij ❛s ❢♦❧❧♦✇s ✿















































































































−iσ̂11(z) + k∗−1σ̂′
13(z) + ρc2v1(z) = 0,✭✸✳✶✾❛✮

−iσ̂12(z) + k∗−1σ̂′
23(z) + ρc2v2(z) = 0,✭✸✳✶✾❜✮

−iσ̂13(z) + k∗−1σ̂′
33(z) + ρc2v3(z) = 0,✭✸✳✶✾❝✮

σ̂
∼
(z) = C

≈

(z) : ε̂
∼
(z),✭✸✳✶✾❞✮

ε̂11(z) = −iv1(z),✭✸✳✶✾❡✮

ε̂12(z) = −1

2
iv2(z),✭✸✳✶✾❢✮

ε̂13(z) = −1

2
iv3(z) +

1

2
k∗−1v′1(z),✭✸✳✶✾❣✮

ε̂22(z) = 0,✭✸✳✶✾❤✮

ε̂23(z) =
1

2
k∗−1v′2(z),✭✸✳✶✾✐✮

ε̂33(z) = k∗−1v′3(z),✭✸✳✶✾❥✮

σ̂13 = σ̂23 = σ̂33 = 0 ❛t z = ±1

2
.✭✸✳✶✾❦✮

■t ✐s ❝r✉❝✐❛❧ t♦ ♥♦t❡ t❤❛t σ̂i3 ❛♥❞ vi✱ i = 1, 2, 3, ♠✉st ❜❡ ❝♦♥t✐♥✉♦✉s ❛t t❤❡ ✐♥t❡r❢❛❝❡s
❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ❧❛②❡rs ♦❢ t❤❡ ♣❧❛t❡✳

❚❤❡ ✜❡❧❞s C ❛♥❞ ρ ❜❡✐♥❣ ❣✐✈❡♥✱ t❤❡ ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ❡①♣r❡ss✐♥❣ t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t②
sq✉❛r❡❞ c2 ✐♥ t❡r♠s ♦❢ t❤❡ ♥♦r♠❛❧✐③❡❞ ✇❛✈❡ ♥✉♠❜❡r k∗ ✐♥ ♦r❞❡r t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✸✳✶✾✮✳

✸✳✹✳✶✳✷ ❊①♣❛♥s✐♦♥

❲❡ ♥♦✇ ♣r♦❝❡❡❞ t♦ ♣❡r❢♦r♠ ❛♥ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ✭❙❛♥❝❤❡③✲P❛❧❡♥❝✐❛✱ ✶✾✽✵❀ ❙❛♥❝❤❡③✲
❍✉❜❡rt ❛♥❞ ❙❛♥❝❤❡③✲P❛❧❡♥❝✐❛✱ ✶✾✾✷✮ ♦❢ t❤❡ s❝❛❧❡❞ ♣r♦❜❧❡♠ ✭✸✳✶✾✮✳ ❚♦ t❤✐s ❛✐♠✱ t❤❡ ❞✐s✲
♣❧❛❝❡♠❡♥t v ✱ t❤❡ str❛✐♥ ε̂

∼
❛♥❞ t❤❡ str❡ss σ̂

∼
❛r❡ ❡①♣❛♥❞❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♣❛r❛♠❡t❡r k∗ ❛s

❢♦❧❧♦✇s ✿










v = k∗−1v −1+ k∗0v 0 + k∗1v 1 + ...

ε̂
∼
= k∗0ε̂

∼

0 + k∗1ε̂
∼

1 + ...

σ̂
∼
= k∗0σ̂

∼

0 + k∗1σ̂
∼

1 + ...

✭✸✳✷✵❛✮

✇❤❡r❡ v p✱ ε̂
∼

p ❛♥❞ σ̂
∼

p✱ p = −1, 0, 1, 2... ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ z ✇❤✐❝❤ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡r✲
t✐❡s ✿

• vp

3✱ σ̂
p

α3 ❛♥❞ ε̂pα3 ❛r❡ ♥✉❧❧ ❢♦r ❡✈❡♥ p ❛♥❞ ❡✈❡♥ ✐♥ z ❢♦r ♦❞❞ p✳

• vp

α✱ σ̂
p

αβ✱ σ̂
p

33✱ ε̂
p

αβ ❛♥❞ ε̂p33 ❛r❡ ♥✉❧❧ ❢♦r ♦❞❞ p ❛♥❞ ♦❞❞ ✐♥ z ❢♦r ❡✈❡♥ p✳

✼✹



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

❚❤❡ s❡r✐❡s ❛r❡ st❛rt❡❞ ❢r♦♠ t❤❡ ♦r❞❡r k∗−1 ❢♦r v ❛♥❞ ❢r♦♠ t❤❡ ♦r❞❡r k∗0 ❢♦r ε̂
∼
❛♥❞ σ̂

∼
✳ ❲❡

♥♦t❡ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ st❛rt✐♥❣ ♦r❞❡r ❤❛s ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ✜♥❛❧ r❡s✉❧ts✳

❲✐t❤ t❤❛t s❛✐❞✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❤✐❣❤❧✐❣❤t t❤❛t ❜② ♠❛❦✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s
k∗ → −k∗✱ v3 → −v3✱ (v1, v2) → (v1, v2)✱ ❡q✉❛t✐♦♥s ✭✸✳✶✾✮ st✐❧❧ ❤♦❧❞ tr✉❡ ✇✐t❤ t❤❡ s❛♠❡
✈❛❧✉❡ ♦❢ t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② c✳ ❚❤✐s ♠❡❛♥s t❤❛t c✱ v1 ❛♥❞ v2 ❛r❡ ❡✈❡♥ ❢✉♥❝t✐♦♥s ♦❢ k∗✱ ❛♥❞
v3 ✐s ❛♥ ♦❞❞ ❢✉♥❝t✐♦♥ ♦❢ k∗✳
❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✐♥✲♣❧❛♥❡ str❛✐♥ ε̂αβ ❛♥❞ str❡ss σ̂αβ✱ t❤❡ ♥♦r♠❛❧ str❛✐♥ ε̂33 ❛♥❞ str❡ss σ̂33
❛r❡ ❡✈❡♥ ✐♥ k∗✱ ✇❤❡r❡❛s t❤❡ tr❛♥s✈❡rs❡ s❤❡❛r str❛✐♥ ε̂α3 ❛♥❞ str❡ss σ̂α3 ❛r❡ ♦❞❞ ✐♥ k∗✳
❯s✐♥❣ t❤❡ ❛❜♦✈❡ ♣r♦♣❡rt✐❡s✱ ✇❡ ❝❛♥ ❡①♣r❡ss t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② sq✉❛r❡❞ c2✱ t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡
❞✐s♣❧❛❝❡♠❡♥t v3 ❛♥❞ t❤❡ ✐♥✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥ts vα ✐♥ t❡r♠s ♦❢ k∗ r❡s♣❡❝t✐✈❡❧② ❛s ✿

✭✸✳✷✶✮ c2 = α0 + α2k
∗2 + α4k

∗4 + ..,

✭✸✳✷✷✮ v3 = v−1

3 k
∗−1 + v1

3k
∗ + v3

3k
∗3 + ...,

❛♥❞

✭✸✳✷✸✮ vα = v0

αk
∗0 + v2

αk
∗2 + v4

αk
∗4 + ...

■♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s✱ α2p, v
2p−1

3 , v2p
α , p = 0, 1, 2..✱ ❞❡s✐❣♥❛t❡ ✉♥❦♥♦✇♥ ❝♦♥st❛♥ts t♦ ❜❡

❞❡t❡r♠✐♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
■t ♦❜✈✐♦✉s❧② ❢♦❧❧♦✇s ❢r♦♠ ❡q✉❛t✐♦♥s ✭✸✳✷✷✮ ❛♥❞ ✭✸✳✷✸✮ t❤❛t ❢♦r ❛♥② p ≥ 0✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t
✜❡❧❞s v 2p−1 ❛♥❞ v 2p ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ✿

✭✸✳✷✹✮ v 2p−1 =











0

0

v2p−1

3











,v 2p =











v2p

1

v2p

2

0











.

✸✳✹✳✷ ❈❛s❝❛❞❡ r❡s♦❧✉t✐♦♥

❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ❧❡❛❞s t♦ ❛ s❡q✉❡♥❝❡ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ♣r♦❜❧❡♠s ✇❤✐❝❤ ✇❡
❛r❡ ❛❜♦✉t t♦ s♦❧✈❡ ♦r❞❡r ❜② ♦r❞❡r ✭❈❛✐❧❧❡r✐❡ ❛♥❞ ◆❡❞❡❧❡❝✱ ✶✾✽✹❀ ▲❡✇✐♥s❦✐✱ ✶✾✾✶✮✳

❙✐♥❝❡ t❤❡ s❡r✐❡s ❛r❡ st❛rt❡❞ ❢r♦♠ t❤❡ ♦r❞❡r k∗0 ❢♦r ε̂
∼
✱ ✇❡ ✐♥❞❡❡❞ ❤❛✈❡ ✿

✭✸✳✷✺✮ ε̂
∼

−2 = 0 ❛♥❞ ε̂
∼

−1 = 0.

❊q✉❛t✐♦♥ ✭✸✳✷✺✮ ✐♠♣❧✐❡s t❤❛t ✿

✭✸✳✷✻✮ ε̂−2

33 = (v−1

3 )′ = 0,

✼✺



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

❛♥❞










ε̂−1

13 = −1

2
iv−1

3 +
1

2
v0′

1 = 0,✭✸✳✷✼❛✮

ε̂−1

23 =
1

2
v0′

2 = 0.✭✸✳✷✼❜✮

❋r♦♠ ✭✸✳✷✻✮✱ ✐t ✐s ❞❡❞✉❝❡❞ t❤❛t v−1

3 ✐s ❛ ✉♥✐❢♦r♠ ❢✉♥❝t✐♦♥ ♦❢ z✳ ❲❡ ✇r✐t❡ ✿

v−1

3 = V −1

3 .

❍❡r❡ ❛♥❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❝❛♣✐t❛❧ ❧❡tt❡rs ❛r❡ ✉s❡❞ t♦ ✐♥❞✐❝❛t❡ ✉♥✐❢♦r♠ ❢✉♥❝t✐♦♥s ♦❢ z✳
❊q✉❛t✐♦♥s ✭✸✳✷✼✮❛ ❛♥❞ ✭✸✳✷✼✮❜ r❡s♣❡❝t✐✈❡❧② ✐♠♣❧② ✿

✭✸✳✷✽✮ v0

1 = V 0

1 + iV −1

3 z,

❛♥❞

✭✸✳✷✾✮ v0

2 = V 0

2 .

❍❡♥❝❡✱ v −1 ❛♥❞ v 0 ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✿

✭✸✳✸✵✮ v −1 =











0

0

V −1

3











, v 0 =











V 0
1 + iV −1

3 z

V 0
2

0











.

■♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❞②♥❛♠✐❝ ❡q✉❛t✐♦♥s ✭✸✳✶✾✮❛✱ ✭✸✳✶✾✮❜ ❛♥❞ ✭✸✳✶✾✮❝✱ ✇❡ st❛rt ❜② ❡①♣❛♥✲
❞✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ c2vα ❛♥❞ c2v3 ✉s✐♥❣ ✭✸✳✷✶✮✱ ✭✸✳✷✷✮ ❛♥❞ ✭✸✳✷✸✮ ✿

✭✸✳✸✶✮

{

c2vα = k∗0 (α0v
0

α) + k∗2 (α2v
0

α + α0v
2

α) + k∗4 (α4v
0

α + α2v
2

α + α0v
4

α) + ...

c2v3 = k∗−1 (α0v
−1

3 ) + k∗1 (α2v
−1

3 + α0v
1

3) + k∗3 (α4v
−1

3 + α2v
1

3 + α0v
3

3) + ...

■♥❥❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥s ✐♥ ❡q✉❛t✐♦♥s ✭✸✳✶✾✮❛✱ ✭✸✳✶✾✮❜ ❛♥❞ ✭✸✳✶✾✮❝ ❧❡❛❞s ❢♦r p =
0, 1, 2.. t♦ ✿











−iσ̂2p

11 + (σ̂2p+1

13 )′ + ρ (α2pv
0

1 + α2p−2v
2

1 + ...+ α0v
2p

1 ) = 0,✭✸✳✸✷❛✮

−iσ̂2p

12 + (σ̂2p+1

23 )′ + ρ (α2pv
0

2 + α2p−2v
2

2 + ...+ α0v
2p

2 ) = 0,✭✸✳✸✷❜✮

−iσ̂2p−1

13 + (σ̂2p

33)
′ + ρ (α2pv

−1

3 + α2p−2v
1

3 + ...+ α0v
2p−1

3 ) = 0.✭✸✳✸✷❝✮

❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t ✿


























































ε̂2p11 = −iv2p

1 ,✭✸✳✸✸❛✮

2ε̂2p12 = −iv2p

2 ,✭✸✳✸✸❜✮

2ε̂2p−1

13 = −iv2p−1

3 + (v2p

1 )
′
,✭✸✳✸✸❝✮

ε̂2p22 = 0,✭✸✳✸✸❞✮

2ε̂2p−1

23 = (v2p

2 )
′
,✭✸✳✸✸❡✮

ε̂2p33 = (v2p+1

3 )′ ,✭✸✳✸✸❢✮

ε̂2pα3 = 0,✭✸✳✸✸❣✮

ε̂2p−1

αβ = ε̂2p−1

33 = 0.✭✸✳✸✸❤✮

✼✻



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

■♥t❡❣r❛t✐♥❣ ❡q✉❛t✐♦♥s ✭✸✳✸✷✮ ✇✐t❤ r❡s♣❡❝t t♦ z ❛♥❞ ✉s✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✸✳✶✾✮❦✱ ✇❡
♦❜t❛✐♥ ✿







−iN 2p

11 + α2p 〈ρv0

1〉+ ...+ α0 〈ρv2p

1 〉 = 0,✭✸✳✸✹❛✮

−iN 2p

12 + α2p 〈ρv0

2〉+ ...+ α0 〈ρv2p

2 〉 = 0,✭✸✳✸✹❜✮

−iQ2p−1

1 + α2p 〈ρv−1

3 〉+ ...+ α0 〈ρv2p−1

3 〉 = 0,✭✸✳✸✹❝✮

✇❤❡r❡ 〈•〉 ✐s ✉s❡❞ t♦ ❞❡♥♦t❡ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ z ✿ 〈f〉 =
∫

1
2

− 1
2

f(z)dz✱ N 2p

αβ ✐s

t❤❡ ♥♦r♠❛❧✐③❡❞ ♠❡♠❜r❛♥❡ str❡ss ❞❡✜♥❡❞ ❛s ✿

N 2p

αβ =
〈

σ̂2p

αβ

〉

,

❛♥❞ Q2p−1
α ✐s t❤❡ ♥♦r♠❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡ ❣✐✈❡♥ ❜② ✿

Q2p−1

α = 〈σ̂2p

α3〉 .

▼✉❧t✐♣❧②✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✸✷✮❛ ❜② z ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ z ②✐❡❧❞ ✿

✭✸✳✸✺✮ −iM 2p

11 −Q2p+1

1 + α2p 〈ρzv0

1〉+ ...+ α0 〈ρzv2p

1 〉 = 0,

✇❤❡r❡ M 2p

αβ r❡♣r❡s❡♥ts t❤❡ ♥♦r♠❛❧✐③❡❞ ❜❡♥❞✐♥❣ ♠♦♠❡♥t ❞❡✜♥❡❞ ❛s ✿

M 2p

αβ =
〈

zσ̂2p

αβ

〉

.

❙✉❜st✐t✉t✐♥❣ p ❢♦r p+ 1 ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✸✹✮❝ ②✐❡❧❞s ✿

✭✸✳✸✻✮ −iQ2p+1

1 + α2p+2 〈ρv−1

3 〉+ ...+ α0 〈ρv2p+1

3 〉 = 0.

❇② ♠✉❧t✐♣❧②✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✸✺✮ ❜② t❤❡ ✐♠❛❣✐♥❛r② ✉♥✐t i ❛♥❞ ❡q✉❛t✐♦♥ ✭✸✳✸✻✮ ❜② −1✱ t❤❡♥
✇❡ ♦❜t❛✐♥ ❛❢t❡r s✉♠♠❛t✐♦♥ ✿

✭✸✳✸✼✮ M 2p

11 + iα2p 〈ρzv0

1〉+ ...+ iα0 〈ρzv2p

1 〉 − α2p+2 〈ρv−1

3 〉 − ...− α0 〈ρv2p+1

3 〉 = 0.

●❛t❤❡r✐♥❣ ❡q✉❛t✐♦♥s ✭✸✳✸✹✮❛✱ ✭✸✳✸✹✮❜ ❛♥❞ ✭✸✳✸✼✮✱ ✐♥t❡❣r❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ✇r✐t❡ ✿







−iN 2p

11 + α2p 〈ρv0

1〉+ ...+ α0 〈ρv2p

1 〉 = 0,✭✸✳✸✽❛✮

−iN 2p

12 + α2p 〈ρv0

2〉+ ...+ α0 〈ρv2p

2 〉 = 0,✭✸✳✸✽❜✮

M 2p

11 + iα2p 〈ρzv0

1〉+ ...+ iα0 〈ρzv2p

1 〉 − α2p+2 〈ρv−1

3 〉 − ...− α0 〈ρv2p+1

3 〉 = 0.✭✸✳✸✽❝✮

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ❢♦r p = 0✱ ❡q✉❛t✐♦♥ ✭✸✳✸✹✮❝ ✐♠♣❧✐❡s t❤❛t

✭✸✳✸✾✮ α0V
−1

3 = 0.

❚❤❡r❡❢♦r❡✱ ✐t ❝❛♥ ❜❡ ❡❛s✐❧② s❡❡♥ t❤r♦✉❣❤ ✭✸✳✸✷✮❝ t❤❛t

(σ̂0

33)
′ = 0.

✼✼



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

❯s✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✸✳✶✾✮❦✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ✿

σ̂0

33 = 0.

❙✐♥❝❡ σ̂0
α3 = σ̂0

33 = 0✱ t❤❡ ♣❧❛t❡ ✐s ✐♥ ♣❧❛♥❡ str❡ss ❛t t❤❡ ♦r❞❡r 0✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❝♦♥st✐t✉t✐✈❡
❧❛✇ ❛t t❤✐s ♦r❞❡r ✇r✐t❡s ✿

σ̂0

αβ = Cσ

αβγδε̂
0

γδ,

✇❤❡r❡ Cσ

αβγδ = Cαβγδ −
Cαβ33C33γδ

C3333
❞❡♥♦t❡s t❤❡ ♣❧❛♥❡✲str❡ss ❡❧❛st✐❝✐t② t❡♥s♦r✳

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❛t ✿

✭✸✳✹✵✮ ε̂0αβ =





−i(V 0
1 + iV −1

3 z) −1
2
iV 0

2

−1
2
iV 0

2 0



 = E
∼

0 + zχ
∼

0.

❍❡r❡✱ E
∼

0 r❡♣r❡s❡♥ts t❤❡ ♣❧❛t❡ ✐♥✲♣❧❛♥❡ str❛✐♥ ✜❡❧❞ ❣✐✈❡♥ ❜② ✿

✭✸✳✹✶✮ E
∼

0 =





−iV 0
1 −1

2
iV 0

2

−1
2
iV 0

2 0



 ,

❛♥❞ χ
∼

0 ❞❡s✐❣♥❛t❡s t❤❡ ❝✉r✈❛t✉r❡ str❛✐♥ ✜❡❧❞ ❣✐✈❡♥ ❜② ✿

✭✸✳✹✷✮ χ
∼

0 =





V −1

3 0

0 0



 .

■♥ t❡r♠s ♦❢ ❝♦♠♣♦♥❡♥ts✱ t❤❡ ♣❧❛t❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠ ✿

✭✸✳✹✸✮











N 0
11

N 0
12

M 0
11











=











A11 A13 0

A13 A33 0

0 0 D11











.











E0
11

2E0
12

χ0
11











,

✇❤❡r❡




A11 A13

A13 A33



 =





〈Cσ

1111〉 〈Cσ

1112〉
〈Cσ

1112〉 〈Cσ

1212〉



 ,

❛♥❞
D11 =

〈

z2Cσ

1111

〉

.

■♥ ✈✐❡✇ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✾✮✱ ♦♥❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ❡✐t❤❡r α0 6= 0 ❛♥❞ V −1

3 = 0 ♦r α0 = 0 ❛♥❞
V −1

3 6= 0✳ ❇♦t❤ ❝❛s❡s ❛r❡ tr❡❛t❡❞ ✐♥ t❤❡ s❡q✉❡❧✳

✼✽



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

✸✳✹✳✷✳✶ ❚❤❡ ❝❛s❡ ♦❢ ✐♥✲♣❧❛♥❡ ♠❡♠❜r❛♥❛❧ ✇❛✈❡s ✿ α0 6= 0 ❛♥❞ V −1

3 = 0

❩❡r♦t❤✲♦r❞❡r ♣r♦❜❧❡♠ (p = 0)✳

❋♦r p = 0✱ s②st❡♠ ✭✸✳✸✽✮ ✇r✐t❡s ✿






−iN 0

11 + α0 〈ρv0

1〉 = 0,✭✸✳✹✹❛✮

−iN 0

12 + α0 〈ρv0

2〉 = 0,✭✸✳✹✹❜✮

M 0

11 + iα0 〈ρzv0

1〉 − α0 〈ρv1

3〉 = 0.✭✸✳✹✹❝✮

❊q✉❛t✐♦♥s ✭✸✳✹✹✮❛ ❛♥❞ ✭✸✳✹✹✮❜ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠ ✿

✭✸✳✹✺✮





A11 A13

A13 A33



 .





V 0
1

V 0
2



 = α0 〈ρ〉





V 0
1

V 0
2



 .

❇❡✐♥❣ s②♠♠❡tr✐❝ ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ t❤❡ ♠❛tr✐① A ❤❛s t✇♦ ❡✐❣❡♥✈❛❧✉❡s A1 ❛♥❞ A2 ✇❤✐❝❤
❛r❡ r❡❛❧ ❛♥❞ str✐❝t❧② ♣♦s✐t✐✈❡✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts t✇♦ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦rs X1 ❛♥❞
X2 ❢♦r♠✐♥❣ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✐♥ R2✳ ❚✇♦ ❝❛s❡s ❛r✐s❡ ❢r♦♠ ✭✸✳✹✺✮ ✿

✭✸✳✹✻✮ α0 =
A1

〈ρ〉 ♦r α0 =
A2

〈ρ〉 .

■♥ t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ s❤❛❧❧ ❛ss✉♠❡ t❤❛t α0 = A1

〈ρ〉
✱ t❤❡ ♦t❤❡r ❝❛s❡ ❢♦❧❧♦✇s

❛♥❛❧♦❣♦✉s❧②✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ✈❡❝t♦r V 0 =





V 0
1

V 0
2



 ✐s ❝♦❧❧✐♥❡❛r t♦ t❤❡ ❡✐❣❡♥✈❡❝t♦r

X1 ✳

❘❡❝❛❧❧✐♥❣ t❤❛t σ̂0
33 = 0✱ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇ ✐♠♣❧✐❡s ✿

✭✸✳✹✼✮ ε̂033 = −C1133

C3333

ε̂011 − 2
C1233

C3333

ε̂012

❯s✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✸✸✮❢✱ ✐t ❝❛♥ ❜❡ ❢♦✉♥❞ t❤❛t t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ v1
3 ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣

❢♦r♠ ✿

✭✸✳✹✽✮ v1

3 = v̄1

3 + V 1

3 ,

✇❤❡r❡ v̄1
3 ✐s ❣✐✈❡♥ ❜② ✿

✭✸✳✹✾✮ v̄1

3 = P (ε̂033) .

❍❡r❡✱ P(f) ❞❡s✐❣♥❛t❡s t❤❡ ✉♥✐q✉❡ ♣r✐♠✐t✐✈❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f s✉❝❤ t❤❛t 〈P(f)〉 = 0 ✭s❡❡
❆♣♣❡♥❞✐① ✸✳✻ ❢♦r ❝♦♠♣✉t❛t✐♦♥❛❧ ❞❡t❛✐❧s✮✳ ❆s ❢♦r V 1

3 ✱ ✐t ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ t❤r♦✉❣❤ ❡q✉❛t✐♦♥
✭✸✳✹✹✮❝ ✿

✭✸✳✺✵✮ V 1

3 =
M 0

11 + iα0 〈ρzv0
1〉 − α0 〈ρv̄1

3〉
α0 〈ρ〉

.

✼✾



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

❚❤❡ ❞❡♥s✐t② ρ ❜❡✐♥❣ ❡✈❡♥ ✐♥ z ✐♠♣❧✐❡s t❤❛t

〈ρzv0

1〉 = 0,

❛s ✇❡ ❤❛✈❡ t❤❛t v0
α = V 0

α ✳ ❍❡♥❝❡✱

✭✸✳✺✶✮ V 1

3 = −〈ρv̄1
3〉

〈ρ〉 .

❊q✉❛t✐♦♥s ✭✸✳✸✷✮❛ ❛♥❞ ✭✸✳✸✷✮❜ ❛❧❧♦✇ ✉s t♦ ✇r✐t❡ ✿

✭✸✳✺✷✮ (σ̂1

α3)
′ = iσ̂0

1α − ρα0v
0

α.

❚❤✉s✱ ✉s✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s σ̂1
α3(±1

2
) = 0✱ t❤❡ tr❛♥s✈❡rs❡ s❤❡❛r str❡ss❡s σ̂1

α3 ❛r❡
❣✐✈❡♥ ❜② ✿

✭✸✳✺✸✮ σ̂1

α3 = Q (iσ̂0

1α − ρα0v
0

α) ,

✇❤❡r❡ Q (f) =

∫ z

− 1
2

f(y)dy ✭s❡❡ ❆♣♣❡♥❞✐① ✸✳✻ ❢♦r ❝♦♠♣✉t❛t✐♦♥❛❧ ❞❡t❛✐❧s✮✳

❚❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇ ❛♥❞ ❡q✉❛t✐♦♥ ✭✸✳✸✸✮❝ ②✐❡❧❞ ✿

✭✸✳✺✹✮
2ε̂113 = 4S3131σ̂

1

31 + 4S2331σ̂
1

23

= −iv1

3 + (v2

1)
′,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ✿

✭✸✳✺✺✮
v2

1 = P (2ε̂113 + iv̄1

3) + V 2

1 + izV 1

3

= v̄2

1 + V 2

1 + izV 1

3 .

▲✐❦❡✇✐s❡✱ ✇❡ ✇r✐t❡ ✿

✭✸✳✺✻✮
2ε̂123 = 4S2331σ̂

1

31 + 4S2323σ̂
1

23

= (v2

2)
′.

❚❤❡r❡❢♦r❡✱

✭✸✳✺✼✮
v2

2 = P (2ε̂123) + V 2

2

= v̄2

2 + V 2

2 .

❉❡t❡r♠✐♥✐♥❣ t❤❡ ✉♥❦♥♦✇♥ ❝♦♥st❛♥ts V 2
α r❡q✉✐r❡s s♦❧✈✐♥❣ t❤❡ ✜rst✲♦r❞❡r ♣r♦❜❧❡♠ (p = 1)✳

✽✵



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

❋✐rst✲♦r❞❡r ♣r♦❜❧❡♠ (p = 1)✳

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤r♦✉❣❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s σ̂2
33(±1

2
) = 0✱ ❡q✉❛t✐♦♥ ✭✸✳✸✷✮❝ r❡❞✉❝❡s

t♦ ✿

✭✸✳✺✽✮ σ̂2

33 = Q (iσ̂1

13 − ρα0v
1

3) .

❋♦r p = 1✱ s②st❡♠ ✭✸✳✸✽✮ ✇r✐t❡s ✿







−iN 2

11 + α2 〈ρv0

1〉+ α0 〈ρv2

1〉 = 0,✭✸✳✺✾❛✮

−iN 2

12 + α2 〈ρv0

2〉+ α0 〈ρv2

2〉 = 0,✭✸✳✺✾❜✮

M 2

11 + iα2 〈ρzv0

1〉+ iα0 〈ρzv2

1〉 − α2 〈ρv1

3〉 − α0 〈ρv3

3〉 = 0.✭✸✳✺✾❝✮

❚♦ ♠❛❦❡ ♥♦t❛t✐♦♥s ❝❧❡❛r✱ ✇❡ ✇r✐t❡ ✿
{

ε̂211 = −iv2

1 = −iv̄2

1 − iV 2

1 + zV 1

3 = ε̄211 + E2

11 + zχ2

11,✭✸✳✻✵❛✮

2ε̂212 = −iv2

2 = −iv̄2

2 − iV 2

2 = 2ε̄212 + E2

12.✭✸✳✻✵❜✮

❍❡♥❝❡✱ σ̂2
1α ❛r❡ ❡①♣r❡ss❡❞ ❛s ✿

✭✸✳✻✶✮
σ̂2

1α = Cσ

111αε̂
2

11 + 2Cσ

1α12ε̂
2

12 +
C1α33
C3333

σ̂2

33

= Cσ

111α (E
2

11 + zχ2

11) + Cσ

1α12E
2

12 + σ̄2

1α,

✇✐t❤

✭✸✳✻✷✮ σ̄2

1α = Cσ

111αε̄
2

11 + 2Cσ

1α12ε̄
2

12 +
C1α33
C3333

σ̂2

33.

❚❤❡r❡❢♦r❡✱

✭✸✳✻✸✮





N 2
11

N 2
12



 =





A11 A13

A13 A33



 .





−iV 2
1

−iV 2
2



+





N̄ 2
11

N̄ 2
12



 ,

✇❤❡r❡

✭✸✳✻✹✮ N̄ 2

1α = 〈σ̄2

1α〉 .

❯s✐♥❣ s❤♦rt ♥♦t❛t✐♦♥✱ ❡q✉❛t✐♦♥s ✭✸✳✺✾✮❛ ❛♥❞ ✭✸✳✺✾✮❜ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ✿

✭✸✳✻✺✮ A
∼
· V 2 − α0 〈ρ〉V 2 = α2 〈ρ〉V 0 + U

2,

✇❤❡r❡ U 2
α ❛r❡ ❣✐✈❡♥ ❜② ✿

✭✸✳✻✻✮ U 2

α = −iN̄ 2

1α + α0 〈ρv̄2

α〉 .

✽✶



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

❘❡❝❛❧❧✐♥❣ t❤❛t
(

X1 ,X2

)

❢♦r♠s ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ✐♥ R2✱ t❤❡ ✈❡❝t♦r V 2 ❝❛♥ ❜❡ ❡①♣r❡s✲
s❡❞ ❛s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ X1 ❛♥❞ X2 ✿

V 2 = a1X1 + a2X2 , a1, a2 ∈ R.

■♥❥❡❝t✐♥❣ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✐♥ ❡q✉❛t✐♦♥ ✭✸✳✻✺✮ ②✐❡❧❞s ✿

a2 (A2 − A1)X2 = α2 〈ρ〉V 0 + U
2.

■t ❢♦❧❧♦✇s t❤❛t t❤❡ r✐❣❤t s✐❞❡ t❡r♠ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✻✺✮ ❛♥❞ V 2 ❛r❡ ❝♦❧❧✐♥❡❛r t♦ X2 ✳ ❈♦♥s❡✲
q✉❡♥t❧②✱ α2 ✐s ❣✐✈❡♥ ❜② ✿

✭✸✳✻✼✮ α2 = −
(

U 2,X1

)

〈ρ〉
(

V 0,X1

) ,

❛♥❞ V 2 ✐s ❡①♣r❡ss❡❞ ❛s ✿

✭✸✳✻✽✮ V 2 =
1

A2 − A1

(α2 〈ρ〉V 0 +U 2) =
1

A2 − A1

(

U 2 −
(

U 2,X1

)

(

V 0,X1

)V 0

)

,

✇❤❡r❡ (·, ·) ❞❡♥♦t❡s t❤❡ ✉s✉❛❧ s❝❛❧❛r ♣r♦❞✉❝t ♦❢ R2✳
❙✐♥❝❡ ‖ X1 ‖= 1✱ ✇❡ ❝❧❡❛r❧② ❤❛✈❡ t❤❛t ✿

✭✸✳✻✾✮
V 0

(

V 0,X1

) = X1 .

❚❤✉s✱ V 2 ✇r✐t❡s ✿

✭✸✳✼✵✮ V 2 =
1

A2 − A1

[

U 2 −
(

U 2,X1

)

X1

]

.

◆♦r♠❛❧ str❛✐♥s ε̂233 ❛r❡ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇ ❛♥❞ ❡q✉❛t✐♦♥ ✭✸✳✸✸✮❢ ✿

✭✸✳✼✶✮
ε̂233 =

σ̂2
33

C3333
− C3311

C3333
ε̂211 − 2

C3312
C3333

ε̂212

= (v3

3)
′.

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ v3
3 ✇r✐t❡s ❛s ✿

✭✸✳✼✷✮ v3

3 = P (ε̂233) + V 3

3 = v̄3

3 + V 3

3 ,

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t V 3
3 ✐s ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✺✾✮❝ ✿

✭✸✳✼✸✮ V 3

3 =
M 2

11 + iα0 〈ρzv2
1〉 − α2 〈ρv1

3〉 − α0 〈ρv̄3
3〉

α0 〈ρ〉
.

✽✷



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

❋r♦♠ ❡q✉❛t✐♦♥s ✭✸✳✸✷✮❛ ❛♥❞ ✭✸✳✸✷✮❜ ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s σ̂3
α3(±1

2
) = 0✱ ✐t ❢♦❧❧♦✇s

t❤❛t ✿

✭✸✳✼✹✮ σ̂3

α3 = Q (iσ̂2

1α − ρ (α2v
0

α + α0v
2

α)) .

❙✐♥❝❡ ε̂3α3 ❛r❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ σ̂3
α3 ❛s ✿

✭✸✳✼✺✮ 2ε̂3α3 = 4Sα3β3σ̂3

β3,

❡q✉❛t✐♦♥s ✭✸✳✸✸✮❝ ❛♥❞ ✭✸✳✸✸✮❢ ②✐❡❧❞ ✿

{

v4

1 = v̄4

1 + V 4

1 + izV 3

3 ,✭✸✳✼✻❛✮

v4

2 = v̄4

2 + V 4

2 ,✭✸✳✼✻❜✮

✇❤❡r❡ v̄4
α ❛r❡ ❣✐✈❡♥ ❜② ✿

{

v̄4

1 = P (2ε̂313 + iv̄3

3) ,✭✸✳✼✼❛✮

v̄4

2 = P (2ε̂313) ,✭✸✳✼✼❜✮

❛♥❞ V 4
α ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❣♦✐♥❣ ♦♥❡ ♦r❞❡r ❤✐❣❤❡r ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ✭p = 2✮✳

❍✐❣❤❡r✲♦r❞❡r ♣r♦❜❧❡♠s (p ≥ 2)✳

■t ✐s ❝❧❡❛r❧② ♣♦ss✐❜❧❡ t♦ ❝❛rr② ♦✉t ❛ r❡❝✉rs✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ ❤✐❣❤❡r ♦r✲
❞❡rs✳ ❚❤✐s s❡❝t✐♦♥ ✐s ❞❡❞✐❝❛t❡❞ t♦ s✉❣❣❡st ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❛❧❣♦r✐t❤♠ ❢♦r ❡✈❛❧✉❛t✐♥❣ t❤❡
✉♥❦♥♦✇♥ ✜❡❧❞s v2p

α ✱ v
2p−1

3 ✱ α2+ ❛♥❞ σ̂2p

33 ❢♦r ❛♥② ♦r❞❡r p ≥ 2✳

❯s✐♥❣ ✭✸✳✸✷✮❝ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s σ̂2p

33(±1
2
) = 0 ②✐❡❧❞s ✿

✭✸✳✼✽✮ σ̂2p

33 = Q (iσ̂2p−1

13 − ρ (α2p−2v
1

3 + ...+ α0v
2p−1

3 )) .

❊q✉❛t✐♦♥s ✭✸✳✸✽✮❛ ❛♥❞ ✭✸✳✸✽✮❜ ✇r✐t❡ ✿

✭✸✳✼✾✮ A
∼
· V 2p − α0 〈ρ〉V 2p = α2p 〈ρ〉V 0 + U

2p,

✇❤❡r❡ U 2p
α ✐s ❣✐✈❡♥ ❜② ✿

✭✸✳✽✵✮ U 2p

α = −iN̄ 2p

1α + α2p−2 〈ρv2

α〉+ ...+ α0 〈ρv̄2p

α 〉 .

❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡ ❛s t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ α2p ❛♥❞ V 2p ❛r❡ r❡s♣❡❝t✐✈❡❧② ❣✐✈❡♥
❜② ✿

✭✸✳✽✶✮ α2p = −
(

U 2p,X1

)

〈ρ〉
(

V 0,X1

) ,

✽✸



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

❛♥❞

✭✸✳✽✷✮ V 2p =
1

A2 − A1

[

U 2p −
(

U 2pX1 ,X1

)]

.

❊q✉❛t✐♦♥ ✭✸✳✸✸✮❢ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇ ✐♠♣❧② ✿

✭✸✳✽✸✮
ε̂2p33 =

1

C3333
σ̂2p

33 −
C1133
C3333

ε̂2p11 − 2
C1233
C3333

ε̂2p12

= (v2p+1

3 )′.

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ v2p+1

3 ✇r✐t❡s ❛s ✿

✭✸✳✽✹✮ v2p+1

3 = P (ε̂2p33) + V 2p+1

3 = v̄2p+1

3 + V 2p+1

3 .

V 2p+1

3 ✐s ❞❡t❡r♠✐♥❡❞ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✸✽✮❝ ❜② ✿

✭✸✳✽✺✮ V 2p+1

3 =
M 2p

11 + iα2p−2 〈ρzv2
1〉+ ...+ iα0 〈ρzv2p

1 〉 − α2p 〈ρv1
3〉 − ...− α0 〈ρv̄2p+1

3 〉
α0 〈ρ〉

.

▲❡t ✉s ♥♦✇ ❞❡t❡r♠✐♥❡ σ̂2p+1

α3 ✳ ❯s✐♥❣ ✭✸✳✸✷✮❛ ❛♥❞ ✭✸✳✸✷✮❜ ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
σ̂2p+1

α3 (±1
2
) = 0✱ ✇❡ ♦❜t❛✐♥ ✿

✭✸✳✽✻✮ σ̂2p+1

α3 = Q (iσ̂2p

1α − ρ (α2pv
0

α + ...+ α0v
2p

α )) .

❚❤r♦✉❣❤ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇✱ t❤❡ tr❛♥s✈❡rs❡ s❤❡❛r str❛✐♥s ε̂2p+1

α3 ✇r✐t❡ ✿

✭✸✳✽✼✮ 2ε̂2p+1

α3 = 4Sα3β3σ̂2p+1

α3 .

❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❛t ✿

{

v2(p+1)

1 = v̄2(p+1)

1 + V 2(p+1)

1 + izV 2p+1

3 ,✭✸✳✽✽❛✮

v2(p+1)

2 = v̄2(p+1)

2 + V 2(p+1)

2 ,✭✸✳✽✽❜✮

✇❤❡r❡ v̄2(p+1)
α ❛r❡ ❦♥♦✇♥ ❛♥❞ ❣✐✈❡♥ ❜② ✿

{

v̄2(p+1)

1 = P (2ε̂2p+1

13 + iv̄2p+1

3 ) ,✭✸✳✽✾❛✮

v̄2(p+1)

2 = P (2ε̂2p+1

23 ) .✭✸✳✽✾❜✮

■♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ V 2(p+1)
α ✱ ✇❡ ♥❡❡❞ t♦ ❣♦ ❢✉rt❤❡r ✐♥ t❤❡ ❡①♣❛♥s✐♦♥✳

✸✳✹✳✷✳✷ ❚❤❡ ❝❛s❡ ♦❢ ✢❡①✉r❛❧ ✭♦r ❜❡♥❞✐♥❣✮ ✇❛✈❡s ✿ α0 = 0 ❛♥❞ V −1

3 6= 0

❩❡r♦t❤✲♦r❞❡r ♣r♦❜❧❡♠ (p = 0)✳

✽✹



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

❋♦r p = 0✱ ❡q✉❛t✐♦♥s ✭✸✳✸✽✮ ❜❡❝♦♠❡ ✿







−iN 0

11 = 0,✭✸✳✾✵❛✮

−iN 0

12 = 0,✭✸✳✾✵❜✮

M 0

11 − α2V
−1

3 〈ρ〉 = 0.✭✸✳✾✵❝✮

❊q✉❛t✐♦♥s ✭✸✳✾✵✮❛ ❛♥❞ ✭✸✳✾✵✮❜ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ✿

✭✸✳✾✶✮





A11 A13

A13 A33



 .





V 0
1

V 0
2



 = 0.

❙✐♥❝❡ A
∼

✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t ✿

✭✸✳✾✷✮





V 0
1

V 0
2



 =





0

0



 .

❊q✉❛t✐♦♥ ✭✸✳✾✵✮❝ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✿

✭✸✳✾✸✮ (D11 − α2 〈ρ〉)V −1

3 = 0

❢♦r ❛♥② V −1

3 6= 0✳ ❲❡ ❤❡♥❝❡ ❤❛✈❡ t❤❛t ✿

✭✸✳✾✹✮ α2 =
D11

〈ρ〉 .

■♥ ✈✐❡✇ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✸✮ ❛♥❞ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇✱ t❤❡ ♥♦r♠❛❧ str❛✐♥ ε̂033 ✐s ❡①♣r❡ss❡❞ ❛s ✿

✭✸✳✾✺✮
ε̂033 = (v1

3)
′

= −C3311
C3333

ε̂011.

■t ✐s t❤❡r❡❢♦r❡ ❞❡❞✉❝❡❞ t❤❛t ✿

✭✸✳✾✻✮ v1

3 = v̄1

3 + V 1

3 ,

✇❤❡r❡ v̄1
3 = P(ε̂033) ❛♥❞ V

1
3 ✐s ❛ ❝♦♥st❛♥t t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❆❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥s ✭✸✳✸✷✮❛ ❛♥❞ ✭✸✳✸✷✮❜ ❢♦r p = 0✱ tr❛♥s✈❡rs❡ s❤❡❛r str❡ss❡s σ̂1
α3 ❛r❡

❣✐✈❡♥ ❜② ✿

✭✸✳✾✼✮ σ̂1

α3 = Q(iσ̂0

1α).

❚r❛♥s✈❡rs❡ s❤❡❛r str❛✐♥s ε̂1α3 ❛r❡ t❤❡♥ ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ✿

✭✸✳✾✽✮ 2ε̂1α3 = 4Sα3β3σ̂1

β3.

✽✺



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

❇② ✐❞❡♥t✐✜❝❛t✐♦♥ ✇✐t❤ ✭✸✳✸✸✮❝ ❛♥❞ ✭✸✳✸✸✮❡✱ ✇❡ ❣❡t ✿
{

v2

1 = v̄2

1 + V 2

1 + izV 1

3 ,✭✸✳✾✾❛✮

v2

2 = v̄2

2 + V 2

2 ,✭✸✳✾✾❜✮

✇❤❡r❡ v̄2
α ❛r❡ ❣✐✈❡♥ ❜② ✿

{

v̄2

1 = P (2ε̂113 + iv̄1

3) ,✭✸✳✶✵✵❛✮

v̄2

2 = P (2ε̂123) ,✭✸✳✶✵✵❜✮

❛♥❞ V 2
α ❛r❡ ❝♦♥st❛♥ts ✐❞❡♥t✐✜❡❞ ❛❢t❡r✇❛r❞s✳

❋✐rst✲♦r❞❡r ♣r♦❜❧❡♠ (p = 1)✳

❚❤❡ str❡ss ✜❡❧❞ σ̂2
33 ✐s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❡q✉❛t✐♦♥ ✭✸✳✸✷✮❝ ✿

✭✸✳✶✵✶✮ σ̂2

33 = Q (iσ̂1

13 − α2V
−1

3 ρ) .

❊q✉❛t✐♦♥s ✭✸✳✸✽✮❛ ❛♥❞ ✭✸✳✸✽✮❜ ✇r✐t❡ ❛s ✿

✭✸✳✶✵✷✮





A11 A13

A13 A33



 .





V 2
1

V 2
2



 =





−iN̄ 2
11

−iN̄ 2
12



 .

❚❤❡ ❝♦♥st❛♥ts V 2
α ❛r❡ ❡❛s✐❧② ♦❜t❛✐♥❡❞ t❤r♦✉❣❤ ❡q✉❛t✐♦♥s ✭✸✳✶✵✷✮✳

α4 ✐s ❞❡r✐✈❡❞ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✸✽✮❝ ✿

✭✸✳✶✵✸✮ α4 =
M̄ 2

11 + iα2 〈ρzv0
1〉 − α2V

−1

3 〈ρv̄1
3〉

V −1

3 〈ρ〉 .

❉✉❡ t♦ ✭✸✳✾✹✮✱ α4 ❝❛♥ ❜❡ ❝❧❡❛r❧② ❝♦♠♣✉t❡❞ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✈❛❧✉❡ t❛❦❡♥ ❜② V 1
3 ✳ ❚❤✐s ❛❧s♦

❛♣♣❧✐❡s t♦ t❤❡ r❡st ♦❢ t❤❡ ❝❛s❝❛❞❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ α2p ✇❤❛t❡✈❡r t❤❡
✈❛❧✉❡ t❛❦❡♥ ❜② V 2p−1

3 ❢♦r ❛♥② ♦r❞❡r p✳ ■♥ ❢❛❝t✱ t❛❦✐♥❣ ❛r❜✐tr❛r② ✈❛❧✉❡s ♦❢ V 2p−1

3 ✱ p ≥ 1 ✐♥
♦✉r ▼❛t❧❛❜ ❝♦❞❡ ❇❡❥❥❛♥✐ ✭✷✵✶✾✮ ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ✜♥❛❧ r❡s✉❧ts✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ s❤❛❧❧
❛ss✉♠❡ ❤❡r❡❛❢t❡r t❤❛t V 2p−1

3 ✐s ❡q✉❛❧ t♦ ③❡r♦ ❢♦r ❛❧❧ p ≥ 1✳

▲✐❦❡✇✐s❡ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ ✜❡❧❞ v3
3 ✇r✐t❡s ✿

✭✸✳✶✵✹✮ v3

3 = v̄3

3 = P(ε̂233).

❊q✉❛t✐♦♥s ✭✸✳✸✷✮❛ ❛♥❞ ✭✸✳✸✷✮❜ ✐♠♣❧② t❤❛t ✿

✭✸✳✶✵✺✮ σ̂3

α3 = Q (iσ̂2

1α − ρα2v
0

α) .

❚❤❡ ✜❡❧❞s σ̂3
α3 ❢✉❧❧② ✐❞❡♥t✐✜❡❞✱ t❤❡ str❛✐♥s ε̂3α3 ✇r✐t❡ ✿

✭✸✳✶✵✻✮ 2ε̂3α3 = 4Sα3β3σ̂3

β3.

✽✻



✸✳✹✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞

❇② ✐❞❡♥t✐✜❝❛t✐♦♥ ✇✐t❤ ✭✸✳✸✸✮❝ ❛♥❞ ✭✸✳✸✸✮❡✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ v4
α ✿

✭✸✳✶✵✼✮ v4

α = v̄4

α + V 4

α ,

✇❤❡r❡ v̄4
α ❛r❡ ❣✐✈❡♥ ❜② ✿

{

v̄4

1 = P (2ε̂313 + iv3

3) ,✭✸✳✶✵✽❛✮

v̄4

2 = P (2ε̂323) ,✭✸✳✶✵✽❜✮

❛♥❞ V 4
α ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ s❡❝♦♥❞✲♦r❞❡r ♣r♦❜❧❡♠ (p = 2)✳

❍✐❣❤❡r✲♦r❞❡r ♣r♦❜❧❡♠s (p ≥ 2)✳

❖♥❡ ♦❢ t❤❡ ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ✐s t❤❛t ✐t ❛❧❧♦✇s t♦ ♦❜t❛✐♥ t❤❡
❡①♣r❡ss✐♦♥s ♦❢ σ̂2p

33✱ V
2p
α ✱ α2p+2✱ v

2p+1

3 ❛♥❞ v2p+2
α ❢♦r ❛♥② ♦r❞❡r p ❢r♦♠ ❝♦♠♣✉t❡❞ ✜❡❧❞s ❢♦r

♦r❞❡rs q r❛♥❣✐♥❣ ❢r♦♠ 0 t♦ p− 1✳

❊q✉❛t✐♦♥ ✭✸✳✸✷✮❝ ❡♥❛❜❧❡s t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ str❡ss ✜❡❧❞s σ̂2p

33 ✿

✭✸✳✶✵✾✮ σ̂2p

33 = Q (iσ̂2p−1

13 − ρ (α2pV
−1

3 + ...+ α2v
2p−3

3 )) .

❊①❛❝t❧② ❛s ❢♦r t❤❡ ③❡r♦t❤ ❛♥❞ ✜rst✲♦r❞❡r ♣r♦❜❧❡♠s✱ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ V 2p
α ❢♦❧❧♦✇ ❢r♦♠ ✉s✐♥❣

❡q✉❛t✐♦♥s ✭✸✳✸✽✮❛ ❛♥❞ ✭✸✳✸✽✮❜ ❛♥❞ t❤✉s s♦❧✈✐♥❣ ✿

✭✸✳✶✶✵✮





A11 A13

A13 A33



 .





V 2p

1

V 2p

2



 =





−iN̄ 2p

11 + α2p 〈ρv0
1〉+ ...+ α2 〈ρv2p−2

1 〉
−iN̄ 2p

12 + α2p 〈ρv0
2〉+ ...+ α2 〈ρv2p−2

2 〉



 .

▼❛❦✐♥❣ ✉s❡ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✸✽✮❝ ❣✐✈❡s ✿

✭✸✳✶✶✶✮ α2p+2 =
M 2p

11 + iα2p 〈ρzv0
1〉+ ...+ iα2 〈ρzv2p−2

1 〉 − α2p 〈ρv1
3〉 − ...− α2 〈ρv2p−1

3 〉
V −1

3 〈ρ〉 .

❲❡ ♥♦✇ ♣r♦❝❡❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ v2p+1

3 ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✸✸✮❢ ✇❤✐❝❤ ✇r✐t❡s ✿

✭✸✳✶✶✷✮ ε̂2p33 = (v2p+1

3 )′

✱ ❛♥❞ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇ ✿

✭✸✳✶✶✸✮ ε̂2p33 =
1

C3333
σ̂2p

33 −
C3311
C3333

ε̂2p11 − 2
C3312
C3333

ε̂2p12.

■t ❢♦❧❧♦✇s t❤❛t ✿

✭✸✳✶✶✹✮ v2p+1

3 = v̄2p+1

3 = P (ε̂2p33) .

✽✼
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❋✐♥❛❧❧②✱ ✇❡ ❛✐♠ t♦ ❞❡t❡r♠✐♥❡ v2p+2
α ✳ ❇② ❡q✉❛t✐♦♥s ✭✸✳✸✷✮❛ ❛♥❞ ✭✸✳✸✷✮❜ ✱✇❡ ❝❛♥ ✇r✐t❡ ✿

✭✸✳✶✶✺✮ σ̂2p+1

α3 = Q (iσ̂2p

1α − ρ (α2pv
0

α + α2p−2v
2

1 + ...+ α2v
2p−2

α )) .

❯s✐♥❣ t❤❡ ❝♦♥st✐t✉t✐✈❡ ❧❛✇✱ t❤❡ str❛✐♥ ✜❡❧❞s ε̂2p+1

α3 ❛r❡ ❣✐✈❡♥ ❜② ✿

✭✸✳✶✶✻✮ 2ε̂2p+1

α3 = 4Sα3β3σ̂2p+1

β3 .

❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ✿

✭✸✳✶✶✼✮ v2p+2

α = v̄2p+2

α + V 2p+2

α ,

✇❤❡r❡ v̄2p+2
α ✇r✐t❡ ✿

{

v̄2p+2

1 = P (2ε̂2p+1

13 + iv2p+1

3 ) ,✭✸✳✶✶✽❛✮

v̄2p+2

2 = P (2ε̂2p+1

23 ) ,✭✸✳✶✶✽❜✮

❛♥❞ V 2p+2
α ❛r❡ ♦❜t❛✐♥❡❞ s❡q✉❡♥t✐❛❧❧②✳

❲❡ ❞r❛✇ t❤❡ r❡❛❞❡r✬s ❛tt❡♥t✐♦♥ t❤❛t ❛ ❝♦❞❡ ❛❧❧♦✇✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥
❝✉r✈❡s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t❤r❡❡ ✇❛✈❡ ♠♦❞❡s✱ t❤r♦✉❣❤ ▼❛t❧❛❜ ✐s ❛✈❛✐❧❛❜❧❡ ❛t ❇❡❥❥❛♥✐
✭✷✵✶✾✮✳

✸✳✺ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❲❡ ♥♦✇ t✉r♥ t♦ ❡①♣❧♦r❡ t❤❡ ❝❛♣❛❜✐❧✐t② ♦❢ t❤❡ ❝♦♥str✉❝t❡❞ ❡①♣❛♥s✐♦♥ ✐♥ ♣r♦✈✐❞✐♥❣ ❣♦♦❞ ❛♣✲
♣r♦①✐♠❛t✐♦♥s ♦❢ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧✱ ✐♥✲♣❧❛♥❡ s❤❡❛r ❛♥❞ ✢❡①✉r❛❧ ✇❛✈❡
♠♦❞❡s ♣r♦♣❛❣❛t✐♥❣ ✐♥ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s✳ ❚♦ t❤✐s ❛✐♠✱ ❝♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥ t❤❡ ❛s②♠♣✲
t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞✱ t❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ t❤❡♦r② ❛♥❞ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❛r❡
❡st❛❜❧✐s❤❡❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ s♦❢t✇❛r❡ ▼❆❚▲❆❇✳ ❋❧❡①✉r❛❧
❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❛r❡ ♣❛rt✐❝✉❧❛r❧② ❝♦♠♣❛r❡❞ t♦ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✭❆♣♣❡♥❞✐①
✸✳✻✮ ❛♥❞ t❤❡ ❋✐rst ❖r❞❡r ❙❤❡❛r ❉❡❢♦r♠❛t✐♦♥ t❤❡♦r② ❝♦rr❡❝t❡❞ ❜② t❤❡ ❢❛❝t♦r π2

12
✳

◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ❤❡r❡❛❢t❡r ❛r❡ r❡❛❧✐③❡❞ ❢♦r ❛ [0◦, 90◦]s ♣❧②✱ ❛ [−30◦, 30◦]s
♣❧② ❛♥❞ ❛ [0◦,−45◦, 90◦, 45◦]s ♣❧②✳ ❚❤❡ ✐♥❞❡① S✱ ❢♦r s②♠♠❡tr✐❝✱ ♠❡❛♥s t❤❛t t❤❡ ❛♥❣❧❡s
❜❡t✇❡❡♥ sq✉❛r❡ ❜r❛❝❦❡ts ❝♦rr❡s♣♦♥❞ t♦ ❤❛❧❢ ♦❢ t❤❡ st❛❝❦✱ t❤❡ ♦t❤❡r ❤❛❧❢ ❜❡✐♥❣ s②♠♠❡tr✐❝❛❧
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠✐❞♣❧❛♥❡ ♦❢ t❤❡ ♣❧❛t❡✳ ❆❧❧ ♣❧✐❡s ❤❛✈❡ t❤❡ s❛♠❡ t❤✐❝❦♥❡ss ❛♥❞ t❤❡② ❛r❡
♣❡r❢❡❝t❧② ❜♦✉♥❞❡❞✳ ❚❤❡ ❝♦♥st✐t✉t✐✈❡ ♠❛t❡r✐❛❧ ♦❢ t❤❡ ❧❛♠✐♥❛t❡s ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✿

❚❤❡ s②♠❜♦❧s E✱ G✱ ν ❛♥❞ ρ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ t❤❡ ❨♦✉♥❣✬s ♠♦❞✉❧✉s✱ t❤❡ s❤❡❛r ♠♦❞✉❧✉s✱
P♦✐ss♦♥✬s r❛t✐♦ ❛♥❞ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♠❛t❡r✐❛❧✳ ❚❤❡ ✐♥❞✐❝❡s L✱ T ❛♥❞ N ❝♦rr❡s♣♦♥❞ r❡s✲
♣❡❝t✐✈❡❧② t♦ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧✱ tr❛♥s✈❡rs❛❧ ❛♥❞ ♥♦r♠❛❧ ❞✐r❡❝t✐♦♥s✳ ❊❛❝❤ ♣❧② ♦❢ t❤❡ ❧❛♠✐♥❛t❡
✐s ♠❛❞❡ ♦❢ ✉♥✐❞✐r❡❝t✐♦♥❛❧ ✜❜❡r✲r❡✐♥❢♦r❝❡❞ ♠❛t❡r✐❛❧ ♦r✐❡♥t❡❞ ❛t θ r❡❧❛t✐✈❡ t♦ t❤❡ ❜❡♥❞✐♥❣
❞✐r❡❝t✐♦♥ x1✳

✽✽



✸✳✺✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❚❛❜❧❡ ✸✳✶ ✕ ❊❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧❛♠✐♥❛t❡✱ E ❛♥❞ G ✐♥ Pa✱ ρ ✐♥ kg/m3 ✭▲❡❜é❡ ❛♥❞
❙❛❜✱ ✷✵✶✺❀ P❛❣❛♥♦✱ ✶✾✻✾✮

EL EN = ET GLN = GLT GTN νLN = νLT = νTN ρ

✶✳✼✷❡✰✶✶ ✻✳✽✾❡✰✵✾ ✸✳✹✺❡✰✵✾ ✷✳✼✺❡✰✵✾ ✵✳✷✺ ✷✷✻✵

❚❛❜❧❡ ✸✳✷ ✕ ❊❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❡♣♦①②✲❣❧❛ss ✜❜❡r ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧✱ E ❛♥❞ G ✐♥ Pa✱
ρ ✐♥ kg/m3 ✭❘❡♥♥♦ ❡t ❛❧✳✱ ✷✵✶✸✮

EL = ET EN GLT GLN = GTN νLT νLN = νTN ρ

✺✳✹✵❡✰✶✵ ✹✳✽✵❡✰✵✾ ✸✳✶✻❡✰✵✾ ✶✳✼✽❡✰✵✾ ✵✳✵✻ ✵✳✸✶ ✷✵✵✵

❋✉rt❤❡r s✐♠✉❧❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ❢♦r ❛ ♠✉❧t✐❧❛②❡r❡❞ ♣❧❛t❡ ❝♦♥s✐st✐♥❣ ♦❢ ❛❧t❡r♥❛t❡ ❧❛②❡rs
❤❛✈✐♥❣ t❤❡ s❛♠❡ t❤✐❝❦♥❡ss ♦❢ ❡♣♦①②✲❣❧❛ss ✇♦✈❡♥ ❝♦♠♣♦s✐t❡ ❛♥❞ ❛❧✉♠✐♥✐✉♠ ✇❤♦s❡ ❡❧❛st✐❝
♣r♦♣❡rt✐❡s ❛r❡ r❡s♣❡❝t✐✈❡❧② s❡t ❞♦✇♥ ✐♥ ❚❛❜❧❡s ✸✳✷ ❛♥❞ ✸✳✸✳ ❚❤❡ s❡q✉❡♥❝❡ ✐s ❬ ●❋❘P✱ ❆❧✱
●❋❘P✱ ❆❧ ]s ❛♥❞ t❤❡ ●❋❘P ♠❛t❡r✐❛❧ ❞✐r❡❝t✐♦♥s L,N ❛r❡ ❛❧✐❣♥❡❞ ✇✐t❤ ❞✐r❡❝t✐♦♥s ✶ ❛♥❞ ✷✳

■♥ t❤❡ ✜❣✉r❡s ❜❡❧♦✇✱ t❤❡ x✲❛①✐s ✐♥❞✐❝❛t❡s t❤❡ t❤✐❝❦♥❡ss✲✇❛✈❡❧❡♥❣t❤ r❛t✐♦ ✭h/λ)✳ ❚❤❡ y✲❛①✐s
❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❛t✐♦ (❝/❝❙)✱ ✇❤❡r❡ ❝ ✐s t❤❡ ✇❛✈❡ ✈❡❧♦❝✐t② ❛♥❞ ❝❙ ❞❡♥♦t❡s ❛ ♥♦r♠❛❧✐③❛✲
t✐♦♥ ❢❛❝t♦r ❞❡✜♥❡❞ ❜② ▼✐♥❞❧✐♥ ✭✶✾✺✶✮ ✿

❝❙ =

√

GLN

ρ
.

❚❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡✱ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❛♥❞ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❝✉r✈❡s ❛r❡ ♣❧♦tt❡❞ ❛s
s♦❧✐❞ ❧✐♥❡s✳ ❚❤❡ ❜❧✉❡ ✧①✧ ♠❛r❦❡rs ❛r❡ ✉s❡❞ t♦ s❤♦✇ t❤❡ ✜rst✲♦r❞❡r s❤❡❛r ❞❡❢♦r♠❛t✐♦♥ t❤❡♦r②
✭π

2

12
✲❋❖❙❉❚✮ r❡s✉❧ts✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s ❛r❡ ❞❡s❝r✐❜❡❞ ❜② ❞❛s❤❡❞ ❧✐♥❡s✳

✸✳✺✳✶ ❋❧❡①✉r❛❧ ✇❛✈❡s

❋❧❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❛r❡ ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❧❡♠s ❢♦r α0 = 0✳ ❆
❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❝❛❧❝✉❧❛t❡❞ ✈❛❧✉❡s ❛♥❞ r❡❢❡r❡♥❝❡ ✈❛❧✉❡s s❤♦✇❡❞ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡
r❛❞✐✉s ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ✭✸✳✷✶✮ ✐s s♠❛❧❧ ❡♥♦✉❣❤✳ ■t ❝❛♥ ❜❡ ❝❧❡❛r❧② s❡❡♥ ♦♥ ✜❣✉r❡
✸✳✶ ❢♦r ❡①❛♠♣❧❡ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ s❡r✐❡s ❝❧❡❛r❧② ❞✐✈❡r❣❡s ❢♦r h/λ > 0.06✳ ■♥t❡r❡st✐♥❣❧②✱
t❤✐s ♣r♦❜❧❡♠ ✇❛s s♦❧✈❡❞ ❛s ❢♦❧❧♦✇s✳ ❯s✐♥❣ ▲❛❣r❛♥❣❡ ✭✶✼✼✵✮ ✐♥✈❡rs✐♦♥ t❤❡♦r❡♠ ✭s❡❡ ❆♣♣❡♥✲
❞✐① ✸✳✻ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✮✱ ✇❡ ❡①♣r❡ss❡❞ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ k∗2 ✐♥ t❡r♠s ♦❢ c2 ❢r♦♠
t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ c2 ✐♥ t❡r♠s ♦❢ k∗2 ✇❤✐❝❤ ✐s ❣✐✈❡♥ t❤r♦✉❣❤ t❤❡
❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞✳ ❚❤❡♥ ✇❡ ❝❤❡❝❦❡❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥
♦❢ k∗2 ✐♥ t❡r♠s ♦❢ c2 ❢♦r ❛❧❧ ♦✉r ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❋✐♥❛❧❧②✱ ✇❡ t♦♦❦ t❤❡ ✐♥✈❡rs❡ ❢✉♥❝✲
t✐♦♥s ♦❢ t❤❡ tr✉♥❝❛t❡❞ s❡r✐❡s ❛s ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❛♥❞ ✇❡
♣❧♦tt❡❞ t❤❡♠ ✐♥ ✜❣✉r❡s ✸✳✷✱ ✸✳✸✱ ✸✳✹ ❛♥❞ ✸✳✺✳
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❋✐❣✉r❡ ✸✳✺ ✕ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ ❬●❋❘P✱ ❆❧✱ ●❋❘P✱ ❆❧ ❪s
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✸✳✺✳ ◆✉♠❡r✐❝❛❧ r❡s✉❧ts

❚❛❜❧❡ ✸✳✸ ✕ ❊❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛❧✉♠✐♥✐✉♠ ♠❛t❡r✐❛❧✱ E ❛♥❞ G ✐♥ Pa✱ ρ ✐♥ kg/m3 ✭▲✐✉
❡t ❛❧✳✱ ✷✵✶✻✮

E G ν ρ

✼✳✷✵❡✰✶✵ ✷✳✻✼❡✰✶✵ ✵✳✸✺ ✷✼✵✵

❲❡ ❝❤❡❝❦ ♦♥ ✜❣✉r❡s ✸✳✷✱ ✸✳✸✱ ✸✳✹ ❛♥❞ ✸✳✺ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ✇✐t❤ p = 0
❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ ♣❧❛t❡ ♠♦❞❡❧ ✇❤✐❝❤ s❤♦✇s s✐❣♥✐✜❝❛♥t ❞✐s❝r❡♣❛♥❝✐❡s ✇✐t❤
t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ❢♦r ❛❧❧ ♣❧❛t❡ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❚❤✉s✱ s♦❧✈✐♥❣ ❤✐❣❤❡r✲♦r❞❡r ♣r♦❜❧❡♠s
(p ≥ 1) ✐s ❛ ♠✉st ❢♦r t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❡st✐♠❛t✐♦♥s✳

❋❧❡①✉r❛❧ ✈❡❧♦❝✐t✐❡s ❝♦♠♣✉t❡❞ ❢♦r p = 1 ❛♥❞ p = 2 s❤♦✇ ♠✐♥♦r ✐♠♣r♦✈❡♠❡♥t ❝♦♠♣❛r❡❞ t♦
❑✐r❝❤❤♦✛✲▲♦✈❡ s♦❧✉t✐♦♥s ❛s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡s ✸✳✷✱ ✸✳✸✱ ✸✳✹ ❛♥❞ ✸✳✺✳ ❚❤✉s✱ t❤❡② ❞♦ ♥♦t
②✐❡❧❞ ❛❝❝✉r❛t❡ ❡♥♦✉❣❤ ♣r❡❞✐❝t✐♦♥s✳

■t ❝❛♥ ❜❡ ♥♦t✐❝❡❞ t❤❛t ❣♦✐♥❣ ❢✉rt❤❡r ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ❛❧❧♦✇s r❡✜♥✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t❡
s♦❧✉t✐♦♥✳ ■♥ ❢❛❝t✱ t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧ts ❢♦r ❛ [0◦, 90◦]s ♣❧② r❡✈❡❛❧ ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
t❤❡ s♦❧✉t✐♦♥ ❢♦r ❛♥ ♦r❞❡r p = 16✳ ❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛ [−30◦, 30◦]s ❛♥❞ ❛ [0◦,−45◦, 90◦, 45◦]s
♣❧②✱ ✜❣✉r❡s ✸✳✸ ❛♥❞ ✸✳✹ s❤♦✇ ❛ ❣♦♦❞ ❛❝❝♦r❞❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞
❛♥❞ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t r❡s✉❧ts ❢♦r p = 15✳ ❆❝❝♦r❞✐♥❣ t♦ ✜❣✉r❡ ✸✳✺✱ t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧ts
r❡✈❡❛❧ ❣r❡❛t ❡st✐♠❛t✐♦♥s ♦❢ t❤❡ ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡ ❢♦r ❛ ❬●❋❘P✱ ❆❧✱ ●❋❘P✱ ❆❧ ❪s ♣❧②
❢♦r p = 6✳

❆s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ♣r♦✈✐❞❡ ✐♥❝r❡❛s✐♥❣❧② ❜❡tt❡r ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥
❝✉r✈❡s ❛s t❤❡ ♦r❞❡r p ✐♥❝r❡❛s❡s✳ ❍♦✇❡✈❡r✱ ♦♥❡ ✐s ✐♥❝❧✐♥❡❞ t♦ ❝❛rr② ❝❛❧❝✉❧❛t✐♦♥s t♦ q✉✐t❡ ❤✐❣❤
♦r❞❡rs ✭✉♣ t♦ ❛ ♣♦✇❡r ♦❢ 32 ♦❢ t❤❡ ♣❛r❛♠❡t❡r k∗✮ t♦ ❣❡t ❛ ❣♦♦❞ ❞❡❣r❡❡ ♦❢ ❛❝❝✉r❛❝②✳

■t s❤♦✉❧❞ ❜❡ ♣♦✐♥t❡❞ ♦✉t t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ❝♦♥✈❡r❣❡s ❢♦r ♠✉❝❤ ❧❛r❣❡r
✈❛❧✉❡s ♦❢ t❤❡ s♠❛❧❧ ♣❛r❛♠❡t❡r (k∗ > 3) ✇❤❡♥ t❤❡ ▲❛❣r❛♥❣❡ ✐♥✈❡rs✐♦♥ t❤❡♦r❡♠ ✐s ✉s❡❞✳
❘❡❢❡rr✐♥❣ t♦ ❇❡❥❥❛♥✐ ❡t ❛❧✳ ✭✷✵✶✾✮✱ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❛♣♣r♦❛❝❤ ♦✛❡rs ♠♦r❡ r❛♣✐❞✐t②
❛♥❞ ✢❡①✐❜✐❧✐t② t♦ ❝♦♠♣✉t❡ t❤❡ ❞❡s✐r❡❞ r❡s✉❧ts ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s✳

✸✳✺✳✷ ■♥✲♣❧❛♥❡ ♠❡♠❜r❛♥❛❧ ✇❛✈❡s

❇② ❝❤♦♦s✐♥❣ α0 6= 0 ❛♥❞ V −1

3 = 0✱ ✇❡ ❝❛♥ ❞❡r✐✈❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
✐♥✲♣❧❛♥❡ ♠♦❞❡s✳ ■♥ t❤✐s ❝❛s❡✱ α0 = A1

ρ
♦r α0 = A2

ρ
❛s st❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✳ ❚❤❡ ❣r❡❛t❡st

✈❛❧✉❡ ❜❡t✇❡❡♥ A1 ❛♥❞ A2 ✐s t❤❡ ♦♥❡ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ ❧♦♥❣✐t✉❞✐♥❛❧ ✇❛✈❡s ✇❤✐❝❤ ❛r❡
❦♥♦✇♥ t♦ ♣r♦♣❛❣❛t❡ ❢❛st❡r t❤❛♥ s❤❡❛r ✇❛✈❡s✳

■♥ ✜❣✉r❡s ✸✳✻✱ ✸✳✼✱ ✸✳✽ ❛♥❞ ✸✳✾ ❛r❡ ❞❡♣✐❝t❡❞ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s✳ ❚❤♦s❡ ♦❢
t❤❡ ✐♥✲♣❧❛♥❡ s❤❡❛r ♠♦❞❡ ❛r❡ ♣❧♦tt❡❞ ✐♥ ✜❣✉r❡s ✸✳✶✶✱ ✸✳✶✷✱ ✸✳✶✸ ❛♥❞ ✸✳✶✹✳
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✸✳✺✳✷✳✶ ▲♦♥❣✐t✉❞✐♥❛❧ ✇❛✈❡s

■t ✐s s❡❡♥ ♦♥ ✜❣✉r❡s ✸✳✻✱ ✸✳✼✱ ✸✳✽ ❛♥❞ ✸✳✾ t❤❛t ❛ ❣r❡❛t ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥
✐s ❛❝q✉✐r❡❞ ❢♦r p = 1✳ ■♥ ❢❛❝t✱ ♦♥❡ ❝❛♥ ❝❧❡❛r❧② ♦❜s❡r✈❡ s❧✐❣❤t ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧
✈❡❧♦❝✐t✐❡s✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ❞♦❡s ♥♦t ❤❡♥❝❡ ❜r✐♥❣ ❛ ❞r❛st✐❝ ✐♠♣r♦✈❡♠❡♥t
♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ✐♥✲♣❧❛♥❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❝♦♠♣❛r❡❞ t♦ t❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ ♠♦❞❡❧✱
✇❤✐❝❤ ❝♦✐♥❝✐❞❡ ✇✐t❤ t❤❡ ③❡r♦t❤✲♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥s✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t s✐♠✉❧❛t✐♦♥s ✇❡r❡ ♣r❡s❡♥t❡❞ ♦♥❧② ❢♦r t❤✐❝❦♥❡ss✲✇❛✈❡❧❡♥❣t❤
r❛t✐♦s s♠❛❧❧❡r t❤❛♥ 0.15 s✐♥❝❡ ✐♥ t❤✐s ❝❛s❡ P♦✐ss♦♥✬s ❡✛❡❝t ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳ ❋♦r ❤✐❣❤❡r
t❤✐❝❦♥❡ss✲✇❛✈❡❧❡♥❣t❤ r❛t✐♦s✱ ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ✇✐❧❧ ❢❛✐❧
t♦ ♣r♦✈✐❞❡ ❛❝❝✉r❛t❡ r❡s✉❧ts✳ ❚❤✐s ✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✸✳✶✵ ❢♦r ❡①❛♠♣❧❡ ✇❤❡r❡ ❛ str♦♥❣
❞✐s♣❡rs✐♦♥ ♦❢ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ♠♦❞❡ ✐s ♦❜s❡r✈❡❞ ❢♦r 0.15 < λ < 0.5 ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ❬●❋❘P✱
❆❧✱ ●❋❘P✱ ❆❧ ❪s ♣❧②✳

✸✳✺✳✷✳✷ ■♥✲♣❧❛♥❡ s❤❡❛r ✇❛✈❡s

❆s ❢♦r t❤❡ ❝❛s❡ ♦❢ ✢❡①✉r❛❧ ✇❛✈❡s✱ t❤❡ s✐♠✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ❤❡r❡❛❢t❡r ❛r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣
▲❛❣r❛♥❣❡ ✭✶✼✼✵✮ ✐♥✈❡rs✐♦♥ t❤❡♦r❡♠ ✭❆♣♣❡♥❞✐① ✸✳✻✮✳

❋♦r ❛ [0◦, 90◦]s ♣❧②✱ ✜❣✉r❡ ✸✳✶✶ s❤♦✇s t❤❛t t❤❡ ✐♥✲♣❧❛♥❡ s❤❡❛r ❝✉r✈❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❛s②♠♣✲
t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ❢♦r p = 0 ✐s ♣r❛❝t✐❝❛❧❧② ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ ❛♥❞ t❤❡
✜♥✐t❡ ❡❧❡♠❡♥t s♦❧✉t✐♦♥✳

❆s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✶✷✱ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡ ✐s ❝♦♥s✐❞❡r❛❜❧② ❝❧♦s❡
t♦ t❤❡ r❡❢❡r❡♥❝❡ s♦❧✉t✐♦♥ ❢♦r p = 11 ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ [−30◦, 30◦]s ♣❧②✳

✾✻
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❋✐❣✉r❡ ✸✳✶✷ ✕ ❈♦♠♣❛r✐s♦♥ ♦❢ ✐♥✲♣❧❛♥❡ s❤❡❛r ✇❛✈❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ [−30◦, 30◦]s ♣❧②

✾✾
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❚❤✐❝❦♥❡ss✲✇❛✈❡❧❡♥❣t❤ r❛t✐♦ (h/λ)
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c
S

❋❊▼ ❑▲ p = 0
p = 1 p = 2 p = 3

❋✐❣✉r❡ ✸✳✶✸ ✕ ❈♦♠♣❛r✐s♦♥ ♦❢ ✐♥✲♣❧❛♥❡ s❤❡❛r ✇❛✈❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛
[0◦,−45◦, 90◦, 45◦]s ♣❧②

■t ✐s ♦❜s❡r✈❡❞ ♦♥ ✜❣✉r❡ ✸✳✶✸ t❤❛t t❤❡ ♣r❡❞✐❝t❡❞ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡ ✐s ✇❡❧❧ ❝♦rr❡❧❛t❡❞ ✇✐t❤
t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t s♦❧✉t✐♦♥ ❢♦r p = 3 ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ [0◦,−45◦, 90◦, 45◦]s ♣❧②✳

❆❝❝♦r❞✐♥❣ t♦ ✜❣✉r❡ ✸✳✶✹✱ t❤❡ ✐♥✲♣❧❛♥❡ s❤❡❛r ❞✐s♣❡rs✐♦♥ ❝✉r✈❡ ✐s ❛❝❝✉r❛t❡❧② ❝❛♣t✉r❡❞ ❢♦r
p = 1 ❝♦♠♣❛r❡❞ t♦ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t r❡s✉❧ts ❢♦r ❛ ❬●❋❘P✱ ❆❧✱ ●❋❘P✱ ❆❧ ❪s ♣❧②✳

❚❤r♦✉❣❤ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ❛♥❞ t❤❡ ▲❛❣r❛♥❣❡ ✐♥✈❡rs✐♦♥ t❤❡♦r❡♠✱ ✇❡ ✇❡r❡
❛❜❧❡ t♦ ❡st✐♠❛t❡ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ♦❢ ♦♥❧② t❤r❡❡ ♦❢ ❛❧❧ t❤❡ ✇❛✈❡ ♠♦❞❡s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤
t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳ ❲❤❛t ✐s ✐♥t❡r❡st✐♥❣ ✐s t❤❛t t❤❡ ❞♦♠❛✐♥ ♦❢ ✈❛❧✐❞✐t② ♦❢ t❤❡ ♠❡t❤♦❞
✐s ♥♦t ❧✐♠✐t❡❞ t♦ t❤❡ ✈✐❝✐♥✐t② ♦❢ ③❡r♦✳
❯s✐♥❣ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s t♦ ♠♦❞❡❧ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ✢❡①✉r❛❧ ✇❛✈❡s t✉r♥s ♦✉t t♦ ❜❡
❝♦♠♣❧✐❝❛t❡❞ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✳ ❙✉r♣r✐s✐♥❣ ✐s t❤❡ ❢❛❝t t❤❛t
✉s✐♥❣ ▲❛❣r❛♥❣❡ ✐♥✈❡rs✐♦♥ t❤❡♦r❡♠ ❛♥❞ ❝❛rr②✐♥❣ ♦✉t ❝❛❧❝✉❧❛t✐♦♥s t♦ ❤✐❣❤ ♦r❞❡rs ✐s ❛ ♠✉st
t♦ ♦❜t❛✐♥ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s✱ ❛s t❤♦s❡ ♦❜t❛✐♥❡❞ ✇✐t❤
t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✳ ❇❛s❡❞ ♦♥ t❤❡ ♦❜t❛✐♥❡❞ r❡s✉❧ts✱ t❤❡ ❞♦♠❛✐♥ ♦❢ ❛♣♣❧✐❝❛t✐♦♥ ♦❢
t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ✐s ❝❧❡❛r❧② ❧✐♠✐t❡❞ t♦ t❤❡ ✐♥✲♣❧❛♥❡ ♠♦❞❡s✳

✸✳✻ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ♣r❡❞✐❝t✐♦♥ ♦❢ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ✇❛✈❡s ✐♥ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s
❜② ♠❡❛♥s ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞✳ ■♥ ✐ts ✐♥✐t✐❛❧ ✈❡rs✐♦♥✱ t❤✐s ♠❡t❤♦❞ ❡①♣❧♦✐ts
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♠❛❧❧ ♣❛r❛♠❡t❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t❤✐❝❦♥❡ss✲t♦✲✇❛✈❡❧❡♥❣t❤ r❛t✐♦✳
❚❤❡ ❞✐s♣❧❛❝❡♠❡♥t✱ t❤❡ str❛✐♥ ❛♥❞ t❤❡ str❡ss s♦❧✉t✐♦♥s ♦❢ t❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♣r♦❜❧❡♠
❛r❡ s❡❛r❝❤❡❞ ✉♥❞❡r t❤❡ ❢♦r♠ ♦❢ ♣♦✇❡r s❡r✐❡s ♦❢ t❤❡ s♠❛❧❧ ♣❛r❛♠❡t❡r✳ ■♥s❡rt✐♥❣ t❤❡s❡ s❡r✐❡s

✶✵✵
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❚❤✐❝❦♥❡ss✲✇❛✈❡❧❡♥❣t❤ r❛t✐♦ (h/λ)
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❋❊▼ ❑▲ p = 0
p = 1

❋✐❣✉r❡ ✸✳✶✹ ✕ ❈♦♠♣❛r✐s♦♥ ♦❢ ✐♥✲♣❧❛♥❡ s❤❡❛r ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❢♦r ❛ ❬●❋❘P✱ ❆❧✱ ●❋❘P✱
❆❧ ❪s ♣❧②

✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ❛♥❞ ❣❛t❤❡r✐♥❣ t❡r♠s ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s❛♠❡ ♣♦✇❡r ♦❢ t❤❡
s♠❛❧❧ ♣❛r❛♠❡t❡r ②✐❡❧❞s ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❜❧❡♠s t♦ ❜❡ s♦❧✈❡❞ r❡❝✉rs✐✈❡❧②✳

❚♦ ❛ss❡ss t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❝❛♣❛❜✐❧✐t② ❢♦r ❡st✐♠❛t✐♥❣ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s✱ ♥✉♠❡✲
r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡ ❝❛rr✐❡❞ ♦✉t✳ ■t ✇❛s s❤♦✇♥ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞
♣r♦✈✐❞❡s ✐❞❡♥t✐❝❛❧ s♦❧✉t✐♦♥s ✇✐t❤ t❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ t❤❡♦r② s♦❧✉t✐♦♥s ❢♦r t❤❡ ③❡r♦t❤✲♦r❞❡r✳
❚❤❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ t❤❡♦r② ❣✐✈❡s r❡s✉❧ts ❢❛r ❢r♦♠ t❤❡ ❛❝t✉❛❧ ♦♥❡s ✇❤❡♥ t❤❡ t❤✐❝❦♥❡ss✲t♦✲
✇❛✈❡❧❡♥❣t❤ r❛t✐♦ ✐♥❝r❡❛s❡s✳ ❙❡❡❦✐♥❣ ❤✐❣❤❡r ♦r❞❡rs ✐♥ t❤❡ ❡①♣❛♥s✐♦♥ ✇❛s ❤❡♥❝❡ ❛ ♠✉st t♦
♦❜t❛✐♥ ❜❡tt❡r ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ ✢❡①✉r❛❧✱ ❝♦♠♣r❡ss✐♦♥❛❧ ❛♥❞ ✐♥✲♣❧❛♥❡ s❤❡❛r ✇❛✈❡ ♠♦❞❡s✳ ■t
✇❛s ❛❧s♦ s❤♦✇♥ t❤❛t t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ❝❛❧❝✉❧❛t❡❞ ❛s ❚❛②❧♦r s❡r✐❡s
♦❢ t❤❡ t❤✐❝❦♥❡ss✲t♦✲✇❛✈❡❧❡♥❣t❤ r❛t✐♦ ✇❛s ❧✐♠✐t❡❞ t♦ s♠❛❧❧ ✈❛❧✉❡s ♦❢ t❤✐s r❛t✐♦ ✭❧❡ss t❤❛♥
0.06✮✳ ■♥ ♦r❞❡r t♦ ❡♥❤❛♥❝❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡✱ t❤❡ ▲❛❣r❛♥❣❡✬s ✐♥✈❡rs✐♦♥ t❤❡♦r❡♠ ❤❛s ❜❡❡♥
✉s❡❞ ❧❡❛❞✐♥❣ t♦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❡r✐❡s ❢♦r ❛❧❧ t❤❡ ❝♦♥s✐❞❡r❡❞ ✈❛❧✉❡s ♦❢ t❤❡ t❤✐❝❦♥❡ss✲
t♦✲✇❛✈❡❧❡♥❣t❤ r❛t✐♦ ✭✉♣ t♦ ✵✳✺✮✳ ❚❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t t❤❡♦r❡t✐❝❛❧ r❡s✉❧t ✐♥❞✐❝❛t✐♥❣ t❤❛t
t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❡t❤♦❞ ❝❛♥ ❜❡ s♦♠❡t✐♠❡s ❛♣♣❧✐❡❞ ❡✈❡♥ ✇❤❡♥ t❤❡ ❛ss✉♠❡❞ s♠❛❧❧
♣❛r❛♠❡t❡r ✐s ♥♦t s♦ s♠❛❧❧✳

◆✉♠❡r✐❝❛❧ r❡s✉❧ts ✇❡r❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❢♦r ✈❡r✐✜❝❛t✐♦♥ ♣✉r♣♦s❡s✳
❚❤❡ ✐♥✲♣❧❛♥❡ s❤❡❛r ♠♦❞❡ ✇❛s ❛❝❝✉r❛t❡❧② ❡st✐♠❛t❡❞ ✐♥ ❣❡♥❡r❛❧✳ ●♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡
❧♦♥❣✐t✉❞✐♥❛❧ ♠♦❞❡ ✇❡r❡ ♦❜t❛✐♥❡❞✱ ②❡t ✐♥ ❛ ❧✐♠✐t❡❞ r❛♥❣❡ ♦❢ t❤✐❝❦♥❡ss✲✇❛✈❡❧❡♥❣t❤ r❛t✐♦s✳

❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s ✇❡r❡ ✐♥ ♣❛rt✐❝✉❧❛r ❝♦♠♣❛r❡❞ t♦ t❤❡
❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❛♥❞ t♦ t❤❡ ✜rst✲♦r❞❡r s❤❡❛r ❞❡❢♦r♠❛t✐♦♥ t❤❡♦r② ✭π

2

12
✲❋❖❙❉❚✮✳

●♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ❝❛❧❝✉❧❛t❡❞ r❡s✉❧ts✱ t❤❡ r❡❢❡r❡♥❝❡ r❡s✉❧ts ❛♥❞ t❤♦s❡ ♦❢ t❤❡
❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❛♥❞ π2

12
✲❋❖❙❉❚ ✇❛s ❢♦✉♥❞✳ ❯♥❡①♣❡❝t❡❞❧②✱ ✐t ✇❛s ♥❡❝❡ss❛r② t♦ t❛❦❡ ✐♥t♦

❝♦♥s✐❞❡r❛t✐♦♥ ♠✉❝❤ ❤✐❣❤❡r ♦r❞❡r t❡r♠s ♦❢ t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❛ s✐♠✐❧❛r ❛❝✲
❝✉r❛❝② ❛s t❤❛t ♦❢ ♣❧❛t❡ ♠♦❞❡❧s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♣r♦❝❡❞✉r❡ ✐s s♦♠❡❤♦✇ ❝✉♠❜❡rs♦♠❡ ❛♥❞

✶✵✶



✸✳✻✳ ❈♦♥❝❧✉s✐♦♥

❝♦♠♣❧✐❝❛t❡❞ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ❧❛❝❦ ❡✛❡❝t✐✈❡♥❡ss ✐♥ ❛♣♣r♦①✐✲
♠❛t✐♥❣ ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s✳

✶✵✷





❈♦♥❝❧✉s✐♦♥s ❡t ♣❡rs♣❡❝t✐✈❡s

❈❡ tr❛✈❛✐❧ ❞❡ t❤ès❡ s✬✐♥s❝r✐t ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧✬ét✉❞❡ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ❞❛♥s ❧❡s
♣❧❛q✉❡s ♠✉❧t✐❝♦✉❝❤❡s ❤étér♦❣è♥❡s ❡t ❛♥✐s♦tr♦♣❡s✱ ✉♥ s✉❥❡t q✉✐ ❛ été ❛❜♦r❞é ❧❛r❣❡♠❡♥t ❞❛♥s
❧❛ ❧✐ttér❛t✉r❡✳ ❚♦✉t❡ ❧❛ ♣r♦❜❧é♠❛t✐q✉❡ ❡st ❞❡ tr♦✉✈❡r ✉♥❡ ❜♦♥♥❡ ❡st✐♠❛t✐♦♥ ❛♥❛❧②t✐q✉❡ ♦✉
s❡♠✐✲❛♥❛❧②t✐q✉❡ ❞❡s r❡❧❛t✐♦♥s ❞❡ ❞✐s♣❡rs✐♦♥ ❞é❝r✐✈❛♥t ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❢réq✉❡♥❝❡ ❛♥❣✉❧❛✐r❡
❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞✬♦♥❞❡✳ ▲❡s éq✉❛t✐♦♥s q✉✐ ré❣✐ss❡♥t ❝❡ t②♣❡ ❞❡ ♣r♦❜❧è♠❡s s♦♥t ❜✐❡♥
❝♦♥♥✉❡s ❡t ♣❡✉✈❡♥t êtr❡ rés♦❧✉❡s ♥✉♠ér✐q✉❡♠❡♥t✳ ❖♥ ❝✐t❡ ♣❛r ❡①❡♠♣❧❡ ❧❛ ♠ét❤♦❞❡ ❞❡s
é❧é♠❡♥ts ✜♥✐s q✉✐✱ ♠❛❧❣ré ❧❡ ❢❛✐t q✉✬❡❧❧❡ ♣❡r♠❡t ❞❡ r❡♣rés❡♥t❡r ❢❛❝✐❧❡♠❡♥t ❞❡s ❞♦♠❛✐♥❡s
❞❡ ❣é♦♠étr✐❡ ❝♦♠♣❧✐q✉é❡✱ s✬❛✈èr❡ ❝♦♠♣❧❡①❡ ❞❡ ♣♦✐♥t ❞❡ ✈✉❡ ♠✐s❡ ❡♥ ♦❡✉✈r❡ ❡t ❝♦ût❡✉s❡ ❡♥
t❡♠♣s ❞❡ ❝❛❧❝✉❧ ❡t ❡♥ ♠é♠♦✐r❡✳

❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❞❡✉① ❛♣♣r♦❝❤❡s ♦♥t été ♣r♦♣♦sé❡s ♣♦✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡s r❡❧❛t✐♦♥s ❞❡
❞✐s♣❡rs✐♦♥ ❞❡s ♦♥❞❡s s❡ ♣r♦♣❛❣❡❛♥t ❞❛♥s ✉♥❡ ♣❧❛q✉❡ s②♠étr✐q✉❡ ✐♥✜♥✐❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡
❧✬é❧❛st✐❝✐té ❧✐♥é❛✐r❡ ✿ ❧❛ t❤é♦r✐❡ ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡t ❧❛ ♠ét❤♦❞❡ ❞❡s ❞é✈❡❧♦♣♣❡♠❡♥ts
❛s②♠♣t♦t✐q✉❡s✳ ▲❡ ♣rés❡♥t ❞♦❝✉♠❡♥t ❡st ✉♥❡ é✈❛❧✉❛t✐♦♥ ❞✉ ❝♦♠♣r♦♠✐s ❡♥tr❡ ❧❛ s✐♠♣❧✐❝✐té
❡t ❧✬❡①❛❝t✐t✉❞❡ ❞❡ ❝❡s ♠ét❤♦❞❡s ♣♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s✳

❆✈❛♥t ❞❡ ré♣♦♥❞❡ ❛✉ ♣r♦❜❧è♠❡ ♣♦sé✱ ✐❧ s❡♠❜❧❛✐t ♣❡rt✐♥❡♥t ❞❡ ❝♦♠♠❡♥❝❡r ♣❛r ✉♥❡ ❥✉st✐✲
✜❝❛t✐♦♥ ♠❛t❤é♠❛t✐q✉❡ ❞✉ ♠♦❞è❧❡ ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❞❛♥s ❧❡ ❝❛❞r❡ st❛t✐q✉❡ ✭❈❤❛♣✐tr❡
✶✮✳ ❆♣rès ❛✈♦✐r ❡①♣❧✐❝✐té ❧❡s ❢♦r♠✉❧❛t✐♦♥s ❡♥ ❞é♣❧❛❝❡♠❡♥t ❡t ❡♥ ❝♦♥tr❛✐♥t❡✱ ♥♦✉s ❛✈♦♥s
❞é✜♥✐ ❧❡s ❡s♣❛❝❡s ❢♦♥❝t✐♦♥♥❡❧s ❛✉①q✉❡❧s ❛♣♣❛rt✐❡♥♥❡♥t ❧❡s ✈❛r✐❛❜❧❡s ❞✉ ♠♦❞è❧❡✳ ❈❡❝✐ ♥♦✉s
❛ ♣❡r♠✐t ❞✬ét❛❜❧✐r ❡t ❞❡ ♣r♦✉✈❡r ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡ ❧❛ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❞❛♥s ❧❡
❝❛s ♦ù ❧❛ ♣❧❛q✉❡ ❡st ❡♥❝❛stré❡ ♦✉ ❧✐❜r❡✳ ❯♥❡ ❜rè✈❡ ❞✐s❝✉ss✐♦♥ ❛ été ♠❡♥é❡ ♣♦✉r ❧❡s ♣❧❛q✉❡s
❞♦♥t ❧❡ ❜♦r❞ ❡st s✐♠♣❧❡♠❡♥t ❛♣♣✉②é✳

▲❡ ❈❤❛♣✐tr❡ ✷ ❛ été ❝♦♥s❛❝ré à t❡st❡r ❧❛ ✈❛❧✐❞✐té ❞❡ ❧❛ t❤é♦r✐❡ ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♣♦✉r
❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡s ♦♥❞❡s ❞❡ ✢❡①✐♦♥ ❞❛♥s ❧❡s ♣❧❛q✉❡s ❝♦♠♣♦s✐t❡s✳ ▲❡s éq✉❛t✐♦♥s ❞✉ ♠♦✉✲
✈❡♠❡♥t ♦♥t été ❢♦r♠✉❧é❡s ❡♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡s ❞é❢♦r♠❛t✐♦♥s ❞✉ ❝✐s❛✐❧❧❡♠❡♥t tr❛♥s✈❡rs❡
❡t ❡♥ ♥é❣❧✐❣❡❛♥t ❧❡s ❡✛❡ts ❞✬✐♥❡rt✐❡ r♦t❛t♦✐r❡✳ ◆♦✉s ❛✈♦♥s ♠♦♥tré q✉❡✱ ♣♦✉r r❡tr♦✉✈❡r ❧❡s
r❡❧❛t✐♦♥s ❞❡ ❞✐s♣❡rs✐♦♥✱ ✐❧ s✉✣t ❞✬❛♥♥✉❧❡r ❧❡ ❞ét❡r♠✐♥❛♥t ❞✬✉♥❡ ♠❛tr✐❝❡ ❞♦♥t ♦♥ ❛ ❡①♣❧✐❝✐té
❧❡s ❝♦♠♣♦s❛♥t❡s✳ ❉❛♥s ❝❡ ❝❛❞r❡✱ ♥♦✉s ❛✈♦♥s ❝réé ✉♥ ❝♦❞❡ ♣❡r♠❡tt❛♥t ❞✬♦❜t❡♥✐r ❢❛❝✐❧❡♠❡♥t
❝❡s r❡❧❛t✐♦♥s ❡♥ ✉t✐❧✐s❛♥t ❧❡ ❧❛♥❣❛❣❡ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ▼❛t❧❛❜✳ ▲❡ ❝♦❞❡ ❡st s✐♠♣❧❡ à ✉t✐❧✐✲
s❡r ❡t ❛ été ♠✐s à ❧❛ ❞✐s♣♦s✐t✐♦♥ ❞❡s ét✉❞✐❛♥ts ❡t ❞❡s ❝❤❡r❝❤❡✉rs✳ ▲❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣❛r
❧❛ ♠ét❤♦❞❡ ❞❡s é❧é♠❡♥ts ✜♥✐s ♦♥t s❡r✈✐ ❞❡ ré❢ér❡♥❝❡ ♣♦✉r ❧❛ ✈ér✐✜❝❛t✐♦♥ ❞❡ ❧❛ ♣❡rt✐♥❡♥❝❡
❞❡ ❧❛ t❤é♦r✐❡ ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t✳ ◆♦✉s ❛✈♦♥s ❝♦♠♣❛ré ♥♦s rés✉❧t❛ts ❛✉ss✐ à ❝❡✉① ❞❡s
♠♦❞è❧❡s ❞❡ ❑✐r❝❤❤♦✛✲▲♦✈❡ ❡t ❞❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥✳ ▲❡ rés✉❧t❛t ♣r✐♥❝✐♣❛❧ ❞❡ ❝❡ ❝❤❛♣✐tr❡ st✐✲

✶✵✸



♣✉❧❡ q✉❡ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣❛r ❧❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t s♦♥t ❧❡s ♣❧✉s r♦❜✉st❡s ❡t ❧❡s ♠♦✐♥s
s❡♥s✐❜❧❡s à ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ❧❛ ♣❧❛q✉❡✳ ■❧ s❡r❛✐t ✐♥tér❡ss❛♥t ❞❡ ♣♦✉✈♦✐r ❛❞❛♣t❡r ❧❛ t❤é♦r✐❡
❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❛✜♥ ❞❡ ♣❡r♠❡ttr❡ ❧❛ ❝❛r❛❝tér✐s❛t✐♦♥ ❞✉ ❝♦♠♣♦rt❡♠❡♥t ❞②♥❛♠✐q✉❡
❞❡s ♣❧❛q✉❡s ❝♦♠♣♦s✐t❡s ♥♦♥ ♥é❝❡ss❛✐r❡♠❡♥t s②♠étr✐q✉❡s✳

▲❡ ❈❤❛♣✐tr❡ ✸ s✬❡st ❛tt❛❝❤é à t❡st❡r ❧✬❡✣❝❛❝✐té ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❛s②♠♣✲
t♦t✐q✉❡s ♣♦✉r ♠♦❞é❧✐s❡r ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞②♥❛♠✐q✉❡ ❧✐♥é❛✐r❡ ❞❡s ♣❧❛q✉❡s ♠✉❧t✐❝♦✉❝❤❡s
✐♥✜♥✐❡s✱ ❛✈❡❝ ❧❡ r❛♣♣♦rt é♣❛✐ss❡✉r s✉r ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❝♦♠♠❡ ♣❡t✐t ♣❛r❛♠ètr❡✳ ❆♣rès
❛✈♦✐r ❡①♣r✐♠é ❧❡s ❝❤❛♠♣s s♦❧✉t✐♦♥s s♦✉s ❢♦r♠❡ ❞❡ sér✐❡s ❡♥ ♣✉✐ss❛♥❝❡ ❞✉ ♣❡t✐t ♣❛r❛♠ètr❡✱
♥♦✉s ❧❡s ❛✈♦♥s ✐♥❥❡❝tés ❞❛♥s ❧❡ ♣r♦❜❧è♠❡ ✐♥✐t✐❛❧✳ ❊♥ r❛ss❡♠❜❛♥t ❧❡s t❡r♠❡s ❞❡ ♠ê♠❡ ♣✉✐s✲
s❛♥❝❡✱ ♥♦✉s ❛✈♦♥s ♦❜t❡♥✉ ✉♥❡ ❝❛s❝❛❞❡ ❞❡ ♣r♦❜❧è♠❡s ❞♦♥t ❧❛ rés♦❧✉t✐♦♥ à ❧✬♦r❞r❡ ③ér♦ ♥♦✉s ❛
♣❡r♠✐s ❞✬♦❜t❡♥✐r ❧❡s tr♦✐s ♠♦❞❡s ❞❡ ❝♦♠♣r❡ss✐♦♥✱ ❞❡ ❝✐s❛✐❧❧❡♠❡♥t ❞❛♥s ❧❡ ♣❧❛♥ ❡t ❞❡ ✢❡①✐♦♥
❞✉ ♠♦❞è❧❡ ❞❡ ❑✐r❝❤❤♦✛✲▲♦✈❡✳ ▲❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡s rés✉❧t❛ts ❛✈❡❝ ❝❡✉① ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡s
é❧é♠❡♥ts ✜♥✐s ♠♦♥tr❡ ✉♥❡ ❜♦♥♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ♠♦❞❡ ❞❡ ❝✐s❛✐❧❧❡♠❡♥t ❞❛♥s ❧❡ ♣❧❛♥
❡♥ ❣é♥ér❛❧ ❡t ❞✉ ♠♦❞❡ ❞❡ ❝♦♠♣r❡ss✐♦♥ ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ❧✐♠✐té ❞❡ r❛♣♣♦rts é♣❛✐ss❡✉r✲
❧♦♥❣✉❡✉r ❞✬♦♥❞❡✳ ❯♥ ❜♦♥ ❛❝❝♦r❞ ❡♥tr❡ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s✱ ❝❡✉① ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡t
❞❡s é❧é♠❡♥ts ✜♥✐s ❡st ✐♥❞✐q✉é ♣♦✉r ❧❡s ♦♥❞❡s ❞❡ ✢❡①✐♦♥✳ ❈❡♣❡♥❞❛♥t✱ ✐❧ s✬❛✈èr❡ ♥é❝❡ss❛✐r❡
❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❞❡s t❡r♠❡s ❞✬♦r❞r❡s s✉♣ér✐❡✉rs ♣♦✉r ❛♠é❧✐♦r❡r ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❧❛ s♦✲
❧✉t✐♦♥✳ ▲❛ ♠ét❤♦❞❡ ❞❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❛s②♠♣t♦t✐q✉❡s✱ ❜✐❡♥ q✉❡ r✐❣♦✉r❡✉s❡✱ s❡♠❜❧❡ êtr❡
❝♦♠♣❧✐q✉é❡ à ♠❡ttr❡ ❡♥ ♦❡✉✈r❡ ❡♥ ❝♦♠♣❛r❛✐s♦♥ à ❧❛ t❤é♦r✐❡ ❞✉ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t✳

✶✵✹





❆♥♥❡①❡s

✶✵✺



❆♥♥❡①❡ ❆

■♥ t❤❡ s❡q✉❡❧ ✇❡ ✉s❡ t❤❡ s②♠❜♦❧ ✧❝✧ t♦ ❞❡♥♦t❡ ❛ ❣❡♥❡r✐❝ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ■♥ ♦t❤❡r ✇♦r❞s✱
t❤❡ ❝♦♥st❛♥t ❝ t❛❦❡s ❞✐✛❡r❡♥t ✈❛❧✉❡s ❛t s✉❝❝❡ss✐✈❡ ♦❝❝✉rr❡♥❝❡s✱ ❡✈❡♥ ✐♥ t❤❡ s❛♠❡ ❡q✉❛t✐♦♥✳

❆✳✶

❲❡ ❞❡♥♦t❡ ❜② ‖•‖SC(0) t❤❡ ♥♦r♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t 〈•, •〉SC(0)✳ ▲❡t µ
∼n

∈
SC(0), n ∈ N ❜❡ ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ✐♥ t❤❡ ♥♦r♠ ‖•‖SC(0)✳ ❚❤❡♥✱

(

µ
∼n

)

✐s ❛ ❈❛✉❝❤②

s❡q✉❡♥❝❡ ✐♥ L
∼

2(ω) ❛♥❞
(

µ
∼n

⊗∇

)

✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ✐♥ L
⌢

2(ω)✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts

µ
∼

∈ L
∼

2(ω) ❛♥❞ R
⌢

∈ L
⌢

2(ω) s✉❝❤ t❤❛t µ
∼n

❛♥❞ µ
∼n

⊗∇ ❝♦♥✈❡r❣❡ t♦ µ
∼

✐♥ L
∼

2(ω) ❛♥❞ t♦

R
⌢

✐♥ L
⌢

2(ω)✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ t❤✉s ❤❛✈❡ t❤❛t µ
∼n

❝♦♥✈❡r❣❡s t♦ µ
∼

✐♥ D
∼

′

(ω)✳ ❈♦♥s❡q✉❡♥t❧②✱

µ
∼n

⊗∇ ❝♦♥✈❡r❣❡s t♦ µ
∼

⊗∇ ✐♥ D
⌢

′

(ω)✳ ❙✐♥❝❡ µ
∼n

⊗∇ ❛❧s♦ ❝♦♥✈❡r❣❡s t♦ R
⌢

✐♥ D
⌢

′

(ω)✱ t❤❡♥

✇❡ ❤❛✈❡ t❤❛t R
⌢

= µ
∼

⊗ ∇ ✳ ❚❤✐s ♣r♦✈❡s t❤❛t µ
∼

✐s ✐♥ H
∼

1(ω)✳ ❲❡ ❛r❡ ❧❡❢t ✇✐t❤ ♣r♦✈✐♥❣

t❤❛t i
≈
...
.
((

µ
∼

⊗∇

)

⊗∇

)

= 0✳ ❆s t❤❡ ❣r❛❞✐❡♥t ♦♣❡r❛t♦r ✐s ❝♦♥t✐♥✉♦✉s✱ t❤❡♥
(

µ
∼n

⊗∇

)

⊗∇

❝♦♥✈❡r❣❡s t♦
(

µ
∼

⊗∇

)

⊗∇ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✳ ❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t µ
∼n

∈ SC(0)✳

❚❤❡r❡❢♦r❡✱ i
≈
...
.
((

µ
∼

⊗∇

)

⊗∇

)

= 0✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t SC(0) ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ s❝❛❧❛r

♣r♦❞✉❝t 〈•, •〉SC(0) ✐s ❤❡♥❝❡ ❛ ❍✐❧❜❡rt s♣❛❝❡✳

❆✳✷

▲❡t (M
∼
,M

∼

′) ❜❡ ✐♥ H
∼

1(ω) × H
∼

1(ω)✳ ❚❤❡♥✱ ✉s✐♥❣ ♣r♦♣❡rt✐❡s ✭✶✳✹✹✮ ❛♥❞ ✭✶✳✹✺✮ ❛♥❞ t❤❡
❈❛✉❝❤②✕❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡ t❤❛t ✿

|as (M
∼
,M

∼

′)| ≤ c

(∣

∣

∣

∣

∫

ω

M
∼

′ : M
∼

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

ω

T
(M

∼

′
⊗∇) ... (M

∼
⊗∇)

∣

∣

∣

∣

)

≤ c

(

‖M
∼

′‖L
∼

2
(ω)

‖M
∼
‖L

∼

2
(ω)

+ ‖M
∼

′
⊗∇‖L

⌢

2
(ω)

‖M
∼

⊗∇‖L
⌢

2
(ω)

)

≤ c

(

‖M
∼

′‖2L
∼

2
(ω)

+ ‖M
∼

′
⊗∇‖2L

⌢

2
(ω)

)1/2(

‖M
∼
‖2
L
∼

2
(ω)

+ ‖M
∼

⊗∇‖2
L
⌢

2
(ω)

)1/2

≤ c ‖M
∼

′‖H
∼

1
(ω)

‖M
∼
‖H

∼

1
(ω)

❲❡ t❤✉s ❤❛✈❡ ♣r♦✈❡❞ t❤❛t t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ as ✐s ❝♦♥t✐♥✉♦✉s ♦♥ SC(0) ❛♥❞ t❤❡ ❧✐♥❡❛r ♠❛♣
µ
∼

−→ as(P
∼
,µ

∼

) ✐s ❛❧s♦ ❝♦♥t✐♥✉♦✉s ♦♥ SC(0)✳

✶✵✻



❆✳✸

❲❡ ❤❛✈❡ ✿
∣

∣b
(

W,Φ
⌢

)∣

∣ =

∣

∣

∣

∣

∫

ω

pW

∣

∣

∣

∣

≤ ‖p‖H−1(ω) ‖W‖H1
0 (ω)

≤ ‖p‖H−1(ω)

∥

∥W,Φ
⌢

∥

∥

KC0

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❧✐♥❡❛r ❢♦r♠ b ✐s ❝♦♥t✐♥✉♦✉s ♦♥ KC0✳

❆✳✹

❯s✐♥❣ ♣r♦♣❡rt✐❡s ✭✶✳✹✹✮ ❛♥❞ ✭✶✳✹✺✮ t❤❡♥ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ❧❡❛❞s t♦

∣

∣a
((

W,Φ
⌢

)

,
(

W ′,Φ
⌢

′
))∣

∣ ≤
∣

∣

∣

∣

∫

ω

(

Φ
⌢
·∇
)

: D
≈

:
(

Φ
⌢

′ ·∇
)

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

ω

T
(

Φ
⌢
+ i

≈

·∇W
)

...H
⌢⌢
...
(

Φ
⌢

′ + i
≈

·∇W ′
)

∣

∣

∣

∣

≤ c

(∣

∣

∣

∣

∫

ω

(

Φ
⌢
·∇
)

:
(

Φ
⌢

′ ·∇
)

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

ω

T
(

Φ
⌢
+ i

≈

·∇W
)

...
(

Φ
⌢

′ + i
≈

·∇W ′
)

∣

∣

∣

∣

)

≤ c

(

∥

∥Φ
⌢
·∇
∥

∥

L
∼

2
(ω)

∥

∥Φ
⌢

′ ·∇
∥

∥

L
∼

2
(ω)

+
∥

∥

∥Φ
⌢
+ i

≈

·∇W
∥

∥

∥

L
⌢

2
(ω)

∥

∥

∥Φ
⌢

′ + i
≈

·∇W ′
∥

∥

∥

L
⌢

2
(ω)

❙✐♥❝❡
∥

∥

∥i
≈

·∇W
∥

∥

∥

2

L
⌢

2
(ω)

= 3
2
‖∇W‖2

L
2
(ω)

✱ ✉s✐♥❣ t❤❡ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② ②✐❡❧❞s ✿

∣

∣a
((

W,Φ
⌢

)

,
(

W ′,Φ
⌢

′
))∣

∣ ≤ c
∥

∥W,Φ
⌢

∥

∥

KC0

∥

∥W ′,Φ
⌢

′
∥

∥

KC0

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

✶✵✼



❆♥♥❡①❡ ❇

❇✳✶

▲❡t R
⌢
❜❡ t❤❡ s♣❛❝❡ ♦❢ ✷❉ t❤✐r❞ ♦r❞❡r t❡♥s♦rs ✇❤✐❝❤ ❝♦♠♣❧② ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ s②♠♠❡tr✐❡s ✿

✭✶✮ R
⌢
=
{

(Xαβγ) ∈ R8| Xαβγ = Xβαγ

}

.

❙❛❜ ❛♥❞ ▲❡❜é❡ ✭✷✵✶✺✮ ♦rt❤♦❣♦♥❛❧❧② ❞❡❝♦♠♣♦s❡❞ t❤❡ ✈❡❝t♦r s♣❛❝❡ R
⌢
✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡

s❝❛❧❛r ♣r♦❞✉❝t XαβγX
′
αβγ✱ ✐♥t♦ Imh ❛♥❞ ✐ts ♦rt❤♦❣♦♥❛❧ Kerh ✿

R
⌢
= Kerh⊕ Imh,

✇❤❡r❡ ⊕ ✐s t❤❡ ❞✐r❡❝t s✉♠ ♦♣❡r❛t♦r ✭❙❡❝t✐♦♥ ✸✳✷✮✱ Imh ✐s t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ s✐①t❤✲♦r❞❡r
s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r hαβγδǫζ ✿

Imh = {hαβγδεζXζεδ, Xζεδ ∈ R
⌢
},

❛♥❞ Kerh ❞❡♥♦t❡s ✐ts ❦❡r♥❡❧ ✿

Kerh = {Xαβγ ∈ R
⌢
| hαβγδεζXζεδ = 0}.

❙❛❜ ❛♥❞ ▲❡❜é❡ ✭✷✵✶✺✮ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t t❤❡ s❤❡❛r ❢♦r❝❡ ❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r hαβγδǫζ ✐s ❞❡✜♥✐t❡
♦♥❧② ♦♥ t❤❡ s✉❜s♣❛❝❡ Imh ✇❤♦s❡ ❞✐♠❡♥s✐♦♥ ✐s ❜❡t✇❡❡♥ t✇♦ ❛♥❞ s✐①✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡
❡❧❛st✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♣❧❛t❡✳ ❲❤❡♥ t❤❡ ♣❧❛t❡ ✐s ❤♦♠♦❣❡♥❡♦✉s✱ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ Imh ✐s
❡①❛❝t❧② t✇♦ ❛♥❞ ✐♥ t❤✐s ❝❛s❡ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ❞❡❣❡♥❡r❛t❡s ✐♥t♦ t❤❡ ❘❡✐ss♥❡r✲
▼✐♥❞❧✐♥ t❤❡♦r②✳ ❲❤❡♥ hαβγδǫζ ✐s ❞❡✜♥✐t❡ ❛♥❞ t❤❡r❡❢♦r❡ ✐♥✈❡rt✐❜❧❡✱ Imh ✐s ❡q✉❛❧ t♦ R

⌢
♦❢

❞✐♠❡♥s✐♦♥ s✐①✳

❇✳✷

❋♦r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❡s✱ ✇❡ r❡❝❛❧❧ t❤❛t t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t s❤❡❛r
❝♦♠♣❧✐❛♥❝❡ t❡♥s♦r hαβγδǫζ ✐s ♦❢ t❤❡ ❢♦r♠ ✭✷✳✶✶✮✳ ❈♦♥tr❛❝t✐♥❣ t❤r❡❡ t✐♠❡s t❤❡ ❧❡❢t ❛♥❞ t❤❡
r✐❣❤t ♦❢ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✇✐t❤ 2

3
iαβγδ✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ f❘αβ ✐♥

t❡r♠s ♦❢ hαβγδǫζ ✭s❡❡ ❡q✉❛t✐♦♥ ✭✷✳✶✹✮✮✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡♥❡ss ♦❢ f❘αβ✱ ✇❡ ❞❡✜♥❡
✐ts ✐♥✈❡rs❡ F ❘

αβ✳

Pr♦♣❛❣❛t✐♦♥ ♦❢ ❡❧❛st✐❝ ✇❛✈❡s ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✱
✇❤✐❝❤ ❢♦r ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❡s ✇r✐t❡ ✿

✭✷✮

{

Qα −Mαβ,β = 0,

Qα,α = Ü3ρ̄.

■♥ t❡r♠s ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts (U3, ϕα)✱ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ❛r❡ r❡✈✐s❡❞ ❛s ✿
{

F ❘

αβ (ϕβ + U3,β)−Dαβξηϕη,ξβ = 0,✭✸❛✮

F ❘

αβ (ϕβ,α + U3,βα) = Ü3ρ̄.✭✸❜✮

✶✵✽



❚❤❡ ❞✐s♣❧❛❝❡♠❡♥ts (U3, ϕα) (x1, t)✱ s♦❧✉t✐♦♥ t♦ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥s ✭✸✮✱ ❤❛✈❡ t❤❡ ❣❡♥❡r❛❧
❢♦❧❧♦✇✐♥❣ ❢♦r♠ ✿







U3(x1, t) = ℜ
(

Û3e
j(ωt−kx1)

)

,✭✹❛✮

ϕα(x1, t) = ℜ
(

ϕ̂αe
j(ωt−kx1)

)

,✭✹❜✮

✇❤❡r❡ Û3 ❛♥❞ ϕ̂α ❛r❡ ❝♦♥st❛♥ts✳ P❧✉❣❣✐♥❣ t❤❡s❡ ❢✉♥❝t✐♦♥s ✐♥t♦ ❡q✉❛t✐♦♥s ✭✸✮✱ ✐t ❢♦❧❧♦✇s
t❤❛t ✿







F ❘

αβ

(

ϕ̂β − jkδβ1Û3

)

+ k2Dα11ηϕ̂η = 0,✭✺❛✮

F ❘

1β

(

−jkϕ̂β − k2δβ1Û3

)

+ ω2Û3ρ̄ = 0.✭✺❜✮

❲❡ ❞❡♥♦t❡ ❜② [δh] t❤❡ ✈❡❝t♦r ♦❢ ❞✐♠❡♥s✐♦♥ 3 r❡♣r❡s❡♥t✐♥❣ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞✐s♣❧❛❝❡♠❡♥ts ✿

✭✻✮ [δh]T =
[

Û3, ϕ̂1, ϕ̂2

]

.

❊q✉❛t✐♦♥s ✭✺✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ✿

✭✼✮ [B] · [δh] = 0,

✇❤❡r❡ [B] ✐s ❛ 3× 3 ♠❛tr✐① ✐❞❡♥t✐✜❡❞ ❛s ✿

✭✽✮ [B] =











ω2ρ̄− k2F ❘

11 −jkF ❘

11 −jkF ❘

12

−jkF ❘

11 F ❘

11 + k2D1111 F ❘

12 + k2D1121

−jkF ❘

21 F ❘

21 + k2D2111 F ❘

22 + k2D2121











.

❚❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ♦❢ ✢❡①✉r❛❧ ✇❛✈❡s ❢♦r ❤♦♠♦❣❡♥❡♦✉s ♣❧❛t❡s ✐s ❞❡❞✉❝❡❞ ❢r♦♠ s♦❧✈✐♥❣ ✿

✭✾✮ det[B] = 0,

✇❤✐❝❤ ②✐❡❧❞s

✭✶✵✮ ω2 =
k6F ❘

11 (D1111D2121 −D2
1121) + k4D1111 (F

❘

11F
❘

22 − (F ❘

12)
2)

ρ̄
(

(F ❘

11 + k2D1111) (F ❘

22 + k2D2121)− (F ❘

12 + k2D2111)
2) .

❚❤❡ t❡♥s♦rs F ❘

αβ ❛♥❞ Dαβγδ✱ ❜❡✐♥❣ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ r❡s♣❡❝t✐✈❡❧② ✐♠♣❧② t❤❛t ✿

F ❘

11 > 0, F ❘

11F
❘

22 − (F ❘

12)
2 > 0

❛♥❞
D1111 > 0, D1111D2121 −D2

1121 > 0.

❋✉rt❤❡r♠♦r❡✱ t❤❡ ✇❛✈❡♥✉♠❜❡r k ❜❡✐♥❣ r❡❛❧ ✐♠♣❧✐❡s t❤❛t t❤❡ ♠❛tr✐①





F ❘

11 + k2D1111 F ❘

12 + k2D2111

F ❘

12 + k2D2111 F ❘

22 + k2D2121





✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ❚❤❡r❡❢♦r❡✱ ✐ts ❞❡t❡r♠✐♥❛♥t ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡✳ ◆❛♠❡❧②✱
(

F ❘

11 + k2D1111

) (

F ❘

22 + k2D2121

)

−
(

F ❘

12 + k2D2111

)2
> 0.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❡q✉❛t✐♦♥ ✭✶✵✮ ❛❞♠✐ts t✇♦ r❡❛❧ r♦♦ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❢♦r✇❛r❞ ❛♥❞
❜❛❝❦✇❛r❞ ✢❡①✉r❛❧ ✇❛✈❡s✳

✶✵✾



❆♥♥❡①❡ ❈

❈✳✶

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s P ❛♥❞ Q ✐♥tr♦❞✉❝❡❞
♣r❡✈✐♦✉s❧② ✐♥ ❙❡❝t✳ ✸✳✹✳

▲❡t f ❞❡♥♦t❡ ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [−1
2
, 1
2
] ❛♥❞ {xi}ni=0 ❛ s❡q✉❡♥❝❡ ♦❢ n + 1

✐♥❝r❡❛s✐♥❣ ♥✉♠❜❡rs ✐♥ [−1
2
, 1
2
] ✇✐t❤

✭✶✶✮ x0 = −1

2
, xn =

1

2
, xk+1 = xk +

1

n
.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ✐s ✉s❡❞ ❢♦r ❝❧❛r✐t② ♣✉r♣♦s❡s ✿

✭✶✷✮ fk = f(xk) = f(x0 +
k

n
).

▲❡t g = Q(f) =

∫ z

− 1
2

f(y)dy✳ ❚❤❡ ❞✐s❝r❡t✐③❡❞ ❢✉♥❝t✐♦♥ ♦❢ g ✐s ❡①♣r❡ss❡❞ ❛s ✿

✭✶✸✮ g0 = 0, gk+1 = gk +
1

n

fk+1 + fk
2

, k = 0, 1, ..., n− 1.

❚❤❡ ❞❡✜♥✐t❡ ✐♥t❡❣r❛❧ Ig ♦❢ g ♦♥ [−1
2
, 1
2
] ✇r✐t❡s ✿

✭✶✹✮ Ig =

∫ 1
2

− 1
2

g(t)dt =
n−1
∑

k=0

1

n

gk+1 + gk
2

.

❲❡ r❡❝❛❧❧ t❤❛t P(g) ❞❡s✐❣♥❛t❡s t❤❡ ✉♥✐q✉❡ ♣r✐♠✐t✐✈❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ g s✉❝❤ t❤❛t 〈P(g)〉 = 0✳
❲❡ ❤❛✈❡ t❤❛t ✿

✭✶✺✮ P(g) = g − Ig.

❚❤❡ ❞✐s❝r❡t✐③❡❞ ❢✉♥❝t✐♦♥ ♦❢ P(g) ✐s ❣✐✈❡♥ ❜② ✿

✭✶✻✮ gk − Ig, k = 0, 1, ..., n.

❈✳✷

▲❛❣r❛♥❣❡ ✭✶✼✼✵✮ ✐♥✈❡rs✐♦♥ t❤❡♦r❡♠ r❡❛❞s ❛s ❢♦❧❧♦✇s ✿
❙✉♣♣♦s❡ t❤❛t Y = f(X)✱ X ∈ R✱ ✐s ❛ r❡❛❧ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❛❞♠✐ts ❛ ♣♦✇❡r s❡r✐❡s
❡①♣❛♥s✐♦♥

✭✶✼✮ Y = a1X + a2X
2 + ...+ anX

n + ...

✶✶✵



✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts a1✱ a2✱ an✱ ✳✳✳ ❛r❡ ❦♥♦✇♥ r❡❛❧ ♥✉♠❜❡rs ❛♥❞ a1 6= 0✳ ❚❤❡♥✱ ✐t ✐s ♣♦ss✐❜❧❡
t♦ ❡①♣r❡ss X ✐♥ t❡r♠s ♦❢ ♣♦✇❡rs ♦❢ Y ❜② ✿

✭✶✽✮ X = b1Y + b2Y
2 + ...+ bnY

n + ...

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts bn ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ✿

✭✶✾✮ bn =
1

n!

[

dn−1

dxn−1

(

1

a1 + a2X + ...+ anXn−1

)n]

|X=0

.

❢♦r ❛♥② ♦r❞❡r n✳
▼♦r❡ ❞❡t❛✐❧s ♦♥ t❤❡ ▲❛❣r❛♥❣❡ ✐♥✈❡rs✐♦♥ t❤❡♦r❡♠ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ●✳ ❉❡ ❇r✉✐❥♥ ✭✶✾✺✽✮✳
❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ✢❡①✉r❛❧ ✇❛✈❡s (α0 = 0)✱ ✇❡ ❤❛✈❡ t❤❛t ✿

Y = c2, ❛♥❞ X = k∗2,

✇❤❡r❡❛s ❢♦r ✐♥✲♣❧❛♥❡ s❤❡❛r ✇❛✈❡s✱ α0 6= 0 ②✐❡❧❞s ✿

Y = c2 − α0, ❛♥❞ X = k∗2.

❈✳✸

■♥s♣✐r❡❞ ❜② ✐❞❡❛s ❢r♦♠ ❘❡✐ss♥❡r ✭✶✾✹✺✮✱ ▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✶✮ s✉❣❣❡st❡❞ ❛ ♥❡✇ ♣❧❛t❡ ♠♦✲
❞❡❧✱ ❦♥♦✇♥ ❛s t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✱ ❞❡❞✐❝❛t❡❞ t♦ t❤✐❝❦ ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❡s✳
❚❤✐s t❤❡♦r② r❡♣❧❛❝❡s t❤❡ ❝❧❛ss✐❝❛❧ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♦✉t✲♦❢✲♣❧❛♥❡ s❤❡❛r ❢♦r❝❡s ❜② t❤❡ ❣❡♥❡✲
r❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡ r❡❧❛t❡❞ t♦ t❤❡ ✜rst ❣r❛❞✐❡♥t ♦❢ t❤❡ ❜❡♥❞✐♥❣ ♠♦♠❡♥t✳ ❋✉rt❤❡r♠♦r❡✱ s✐①
r♦t❛t✐♦♥s ❛r❡ ✐♥tr♦❞✉❝❡❞ ✐♥st❡❛❞ ♦❢ ♦♥❧② t✇♦✳ ❚❤✐s ✐s ✇❤② t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② ✐s
❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ t❤❡♦r② t♦ ❧❛♠✐♥❛t❡❞ ♣❧❛t❡s✳ ■♥ ❣❡♥❡r❛❧✱
t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ♠♦❞❡❧ ❝❛♥♥♦t ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♠♦❞❡❧ ✉♥❧❡ss t❤❡
❝♦♥st✐t✉t✐✈❡ ♠❛t❡r✐❛❧ ♦❢ t❤❡ ♣❧❛t❡ ✐s ❤♦♠♦❣❡♥❡♦✉s✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ t✇♦ ♠♦❞❡❧s str✐❝t❧②
❝♦✐♥❝✐❞❡✳ ❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s ♦♥ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✱ t❤❡ r❡❛❞❡r ♠❛② r❡❢❡r t♦ ▲❡✲
❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✶✮✱ ▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✸✮✱ ▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✺✮✱ ▲❡❜é❡ ❛♥❞ ❙❛❜ ✭✷✵✶✺✮✱
❙❛❜ ❛♥❞ ▲❡❜é❡ ✭✷✵✶✺✮ ❛♥❞ ❇❡❥❥❛♥✐ ❡t ❛❧✳ ✭✷✵✶✽✮✳

■♥ ❛ r❡❝❡♥t ♣❛♣❡r ✭❇❡❥❥❛♥✐ ❡t ❛❧✳✱ ✷✵✶✾✮✱ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r② r❡❣❛r✲
❞✐♥❣ ♣❧❛♥❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s ✇❛s t❡st❡❞✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ✇❡r❡
❝❛rr✐❡❞ ♦✉t ♦♥ ❞✐✛❡r❡♥t ♣❧❛t❡ ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ ✐t ✇❛s s❤♦✇♥ t❤❛t t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡ ❛ss♦❝✐❛t❡❞ t♦ ✢❡①✉r❛❧ ✇❛✈❡s ✐s t❤❡ ♠♦st r♦❜✉st ♦♥❡
❛♥❞ t❤❡ ❧❡ss s❡♥s✐t✐✈❡ t♦ t❤❡ ♣❧② ❝♦♥✜❣✉r❛t✐♦♥✳

❲❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛♥ ✐♥✜♥✐t❡ ❝♦♠♣♦s✐t❡ ♣❧❛t❡ ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ❢✉❧❧ s❡t ♦❢ ❡q✉❛t✐♦♥s
♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t t❤❡♦r②✱ ✇❤✐❝❤ ✇r✐t❡ ✿



















R
⌢
− P

⌢⌢

S ... (M
∼

⊗∇ ) = 0, Q = i
≈

...R
⌢

❛♥❞ Q ·∇ = Ü3ρ̄,✭✷✵❛✮

χ
∼

= d
≈

: M
∼

❛♥❞ Γ
⌢
= h

⌢⌢
...R

⌢
,✭✷✵❜✮

χ
∼

= Φ
⌢
·∇ ❛♥❞ Γ

⌢
= Φ

⌢
+ i

≈

·∇U3.✭✷✵❝✮

✶✶✶



❊q✉❛t✐♦♥s ✭✷✵✮❛✱ ✭✷✵✮❜ ❛♥❞ ✭✷✵✮❝ r❡s♣❡❝t✐✈❡❧② ❞❡s✐❣♥❛t❡ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✱ t❤❡
❝♦♥st✐t✉t✐✈❡ ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✳
U3 ✐s t❤❡ ♦✉t✲♦❢✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥t ❛♥❞ Φ

⌢
✐s t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❣❡♥❡r❛❧✐③❡❞ t❤✐r❞✲♦r❞❡r

r♦t❛t✐♦♥ t❡♥s♦r✳
❚❤❡ s❡❝♦♥❞ ♦r❞❡r t❡♥s♦r χ

∼

✐s t❤❡ ❝✉r✈❛t✉r❡ t❡♥s♦r✱ ✇❤✐❧❡ t❤❡ t❤✐r❞✲♦r❞❡r t❡♥s♦r Γ ✐s t❤❡
❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r str❛✐♥✳
❚❤❡ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦rM

∼
❛♥❞ t❤❡ ✈❡❝t♦rQ ❞❡s✐❣♥❛t❡ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❜❡♥❞✐♥❣ ♠♦♠❡♥t

t❡♥s♦r ❛♥❞ s❤❡❛r ❢♦r❝❡ r❡s♣❡❝t✐✈❡❧②✱ r❡❧❛t❡❞ t♦ t❤❡ ✸❉ ❧♦❝❛❧ str❡ss (σij) ❜② ✿

✭✷✶✮ Mαβ = 〈x3σαβ〉 ❛♥❞ Qα = 〈σα3〉 .

❚❤❡ t❤✐r❞✲♦r❞❡r t❡♥s♦r R
⌢

r❡♣r❡s❡♥ts t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❢♦r❝❡✳
❍❡r❡✱ d

≈

✐s t❤❡ ❝❧❛ss✐❝❛❧ ❜❡♥❞✐♥❣ ❝♦♠♣❧✐❛♥❝❡ ❢♦✉rt❤✲♦r❞❡r t❡♥s♦r✱ ❛❧✇❛②s ♣♦s✐t✐✈❡ ❛♥❞ ❞❡✜✲

♥✐t❡✳ ❚❤❡ s✐①t❤✲♦r❞❡r t❡♥s♦r h
⌢⌢

✐s t❤❡ ❣❡♥❡r❛❧✐③❡❞ s❤❡❛r ❝♦♠♣❧✐❛♥❝❡ ✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ❜✉t
❞❡✜♥✐t❡ ♦♥❧② ♦♥ ✐ts ✐♠❛❣❡ Imh✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦♣❡r❛t♦r ♦♥t♦ Imh ✐s ❞❡♥♦t❡❞ ❜② P

⌢⌢

S✳
❋✐♥❛❧❧②✱ ρ̄ ✐s ❣✐✈❡♥ ❜② ✿

✭✷✷✮ ρ̄ =

∫ h
2

−h
2

ρ(x3)dx3.

❚❤❡ ❞❡r✐✈❛t✐♦♥ ❛♥❞ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✐s
✇❤♦❧❧② ❞❡s❝r✐❜❡❞ ✐♥ ❇❡❥❥❛♥✐ ❡t ❛❧✳ ✭✷✵✶✾✮✳

✶✶✷





❇✐❜❧✐♦❣r❛♣❤✐❡

❏✳ ❘❡♥♥♦✱ ❊✳ ▼❛♥❝♦♥✐✱ ❇✳ ▼❛❝❡✱ ❆ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞ ❢♦r ♠♦❞❡❧❧✐♥❣ ✇❛✈❡s ✐♥ ❧❛♠✐♥❛t❡❞
str✉❝t✉r❡s✱ ❆❞✈❛♥❝❡s ✐♥ ❙tr✉❝t✉r❛❧ ❊♥❣✐♥❡❡r✐♥❣ ✶✻ ✭✷✵✶✸✮ ✻✶✕✼✻✳

❩✳ ▲✐✉✱ ▼✳ ❋❛r❞✱ ❏✳ ❉❛✈②✱ Pr❡❞✐❝t✐♦♥ ♦❢ t❤❡ ❡✛❡❝t ♦❢ ♣♦r♦✉s s♦✉♥❞✲❛❜s♦r❜✐♥❣ ♠❛t❡r✐❛❧ ✐♥s✐❞❡
❛ ❝♦✉♣❧❡❞ ♣❧❛t❡ ❝❛✈✐t② s②st❡♠✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❱❡❤✐❝❧❡ ◆♦✐s❡ ❛♥❞ ❱✐❜r❛t✐♦♥ ✶✷
✭✷✵✶✻✮ ✸✶✹✳

❆✳ ▲❡❜é❡✱ ❑✳ ❙❛❜✱ ❖♥ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ r❡✐ss♥❡r ♣❧❛t❡ t❤❡♦r② t♦ ❧❛♠✐♥❛t❡❞ ♣❧❛t❡s✱ ♣❛rt
✐✐ ✿ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❜❡♥❞✐♥❣✲❣r❛❞✐❡♥t t❤❡♦r②✱ ❏♦✉r♥❛❧ ♦❢ ❊❧❛st✐❝✐t② ✶✷✻ ✭✷✵✶✺✮✳

◆✳ P❛❣❛♥♦✱ ❊①❛❝t s♦❧✉t✐♦♥s ❢♦r ❝♦♠♣♦s✐t❡ ❧❛♠✐♥❛t❡s ✐♥ ❝②❧✐♥❞r✐❝❛❧ ❜❡♥❞✐♥❣✱ ❏♦✉r♥❛❧ ♦❢
❈♦♠♣♦s✐t❡ ▼❛t❡r✐❛❧s ✸ ✭✶✾✻✾✮ ✸✾✽✕✹✶✶✳

❆✳ ▲❡❜é❡✱ ❑✳ ❙❛❜✱ ❏✉st✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ❚❤❡♦r② ❚❤r♦✉❣❤ ❆s②♠♣t♦t✐❝
❊①♣❛♥s✐♦♥s✱ ❙♣r✐♥❣❡r ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ❇❡r❧✐♥✱ ❍❡✐❞❡❧❜❡r❣✱ ♣♣✳ ✷✶✼✕✷✸✻✳

◆✳ ❇❡❥❥❛♥✐✱ ❑✳ ❙❛❜✱ ❏✳ ❇♦❞❣✐✱ ❆✳ ▲❡❜é❡✱ ❚❤❡ ❜❡♥❞✐♥❣✲❣r❛❞✐❡♥t t❤❡♦r② ❢♦r t❤✐❝❦ ♣❧❛t❡s ✿
❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧ts✱ ❏♦✉r♥❛❧ ♦❢ ❊❧❛st✐❝✐t② ✶✸✸ ✭✷✵✶✽✮ ✸✼✕✼✷✳

❉✳ ▼♦r❣❡♥st❡r♥✱ ❍❡r❧❡✐t✉♥❣ ❞❡r ♣❧❛tt❡♥t❤❡♦r✐❡ ❛✉s ❞❡r ❞r❡✐❞✐♠❡♥s✐♦♥❛❧❡♥ ❡❧❛st✐③✐tätst❤❡♦✲
r✐❡✱ ❆r❝❤✐✈❡ ❢♦r ❘❛t✐♦♥❛❧ ▼❡❝❤❛♥✐❝s ❛♥❞ ❆♥❛❧②s✐s ✹ ✭✶✾✺✾✮ ✶✹✺✕✶✺✷✳

❲✳ Pr❛❣❡r✱ ❏✳ ❙②♥❣❡✱ ❆♣♣r♦①✐♠❛t✐♦♥s ✐♥ ❡❧❛st✐❝✐t② ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥❝❡♣t ♦❢ ❢✉♥❝t✐♦♥ s♣❛❝❡✱
◗✉❛rt❡r❧② ♦❢ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ❱ ✭✶✾✹✼✮✳

P✳ ❈✐❛r❧❡t✱ P✳ ❉❡st✉②♥❞❡r✱ ❏✉st✐✜❝❛t✐♦♥ ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r ♣❧❛t❡ ♠♦❞❡❧✳✱ ❏♦✉r♥❛❧
❞❡ ♠❡❝❛♥✐q✉❡ ✶✽ ✭✶✾✼✾✮ ✸✶✺✕✸✹✹✳

P✳ ●✳ ❈✐❛r❧❡t✱ P❧❛t❡s ❛♥❞ ❥✉♥❝t✐♦♥s ✐♥ ❡❧❛st✐❝ ♠✉❧t✐✲str✉❝t✉r❡s ✿ ❆♥ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s
✭✶✾✾✵✮✳

P✳ ●✳ ❈✐❛r❧❡t✱ ▼❛t❤❡♠❛t✐❝❛❧ ❊❧❛st✐❝✐t② ✲ ❱♦❧✉♠❡ ■■ ✿ ❚❤❡♦r② ♦❢ P❧❛t❡s✱ ❊❧s❡✈✐❡r ❙❝✐❡♥❝❡
❇✈✱ ✶✾✾✼✳

❊✳ ❘❡✐ss♥❡r✱ ❖♥ t❤❡ t❤❡♦r② ♦❢ ❜❡♥❞✐♥❣ ♦❢ ❡❧❛st✐❝ ♣❧❛t❡s✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❙♦❧✐❞s
❛♥❞ ❙tr✉❝t✉r❡s ✶✷ ✭✶✾✼✻✮ ✺✹✺✕✺✺✹✳

✶✶✸



❍✳ ❍❡♥❝❦②✱ Ü❜❡r ❞✐❡ ❜❡rü❝❦s✐❝❤t✐❣✉♥❣ ❞❡r s❝❤✉❜✈❡r③❡rr✉♥❣ ✐♥ ❡❜❡♥❡♥ ♣❧❛tt❡♥✱ ■♥❣❡♥✐❡✉r✲
❆r❝❤✐✈ ✶ ✭✶✾✹✼✮ ✼✷✕✼✻✳

▲✳ ❇♦❧❧é✱ ❈♦♥tr✐❜✉t✐♦♥ ❛✉ ♣r♦❜❧è♠❡ ❧✐♥é❛✐r❡ ❞❡ ✢❡①✐♦♥ ❞✬✉♥❡ ♣❧❛q✉❡ é❧❛st✐q✉❡✱ ❇✉❧❧❡t✐♥
t❡❝❤♥✐q✉❡ ❞❡ ❧❛ ❙✉✐ss❡ ❘♦♠❛♥❞❡ ✼✸ ✭✶✾✹✼✮ ✷✽✶✕✷✽✺✳

❊✳ ❘❡✐ss♥❡r✱ ❘❡✢❡❝t✐♦♥s ♦♥ t❤❡ t❤❡♦r② ♦❢ ❡❧❛st✐❝ ♣❧❛t❡s✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ❘❡✈✐❡✇s ✲
❆PP▲ ▼❊❈❍ ❘❊❱ ✸✽ ✭✶✾✽✺✮✳

❚✳ ❍✉❣❤❡s✱ ❚❤❡ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✿ ▲✐♥❡❛r ❙t❛t✐❝ ❛♥❞ ❉②♥❛♠✐❝ ❋✐♥✐t❡ ❊❧❡♠❡♥t
❆♥❛❧②s✐s✱ ✈♦❧✉♠❡ ✼✽✱ ✷✵✵✵✳

❉✳ ❆r♥♦❧❞✱ ❘✳ ❋❛❧❦✱ ❆s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❢♦r t❤❡ ♣❧❛t❡ ♠♦❞❡❧✱ ❙■❆▼
❏♦✉r♥❛❧ ♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s ✷✼ ✭✶✾✾✻✮ ✹✽✻✕✺✶✹✳

❙✳ ❆❧❡ss❛♥❞r✐♥✐✱ ❉✳ ❆r♥♦❧❞✱ ❘✳ ❋❛❧❦✱ ❆✳ ▼❛❞✉r❡✐r❛✱ ❉❡r✐✈❛t✐♦♥ ❛♥❞ ❥✉st✐✜❝❛t✐♦♥ ♦❢ ♣❧❛t❡
♠♦❞❡❧s ❜② ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s✱ P❧❛t❡s ❛♥❞ ❙❤❡❧❧s ✷✶ ✭✶✾✾✾✮✳

❉✳ ❆r♥♦❧❞✱ ❆✳ ▼❛❞✉r❡✐r❛✱ ❙✳ ❩❤❛♥❣✱ ❖♥ t❤❡ r❛♥❣❡ ♦❢ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ r❡✐ss♥❡r✕♠✐♥❞❧✐♥
❛♥❞ ❦✐r❝❤❤♦✛✕❧♦✈❡ ♣❧❛t❡ ❜❡♥❞✐♥❣ ♠♦❞❡❧s✱ ❏♦✉r♥❛❧ ♦❢ ❊❧❛st✐❝✐t② ✻✼ ✭✷✵✵✷✮ ✶✼✶✕✶✽✺✳

❉✳ ❇r❛❡ss✱ ❙✳ ❙❛✉t❡r✱ ❈✳ ❙❝❤✇❛❜✱ ❖♥ t❤❡ ❥✉st✐✜❝❛t✐♦♥ ♦❢ ♣❧❛t❡ ♠♦❞❡❧s✱ ❏♦✉r♥❛❧ ♦❢ ❊❧❛st✐❝✐t②
✶✵✸ ✭✷✵✵✾✮ ✺✸✕✼✶✳

❘✳ P❛r♦♥✐✱ P✳ P♦❞✐♦✲●✉✐❞✉❣❧✐✱ ●✳ ❚♦♠❛ss❡tt✐✱ ❆ ❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤❡ r❡✐ss♥❡r✲♠✐♥❞❧✐♥
♣❧❛t❡ t❤❡♦r② t❤r♦✉❣❤ ✈❛r✐❛t✐♦♥❛❧ ❝♦♥✈❡r❣❡♥❝❡✱ ❆♥❛❧②s✐s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✭❙✐♥❣❛♣♦r❡✮ ✺
✭✷✵✵✼✮✳

P✳ ◆❡✛✱ ❑✳ ❍♦♥❣✱ ❚❤❡ ❘❡✐ss♥❡r✲▼✐♥❞❧✐♥ ♣❧❛t❡ ✐s t❤❡ ●❛♠♠❛✲❧✐♠✐t ♦❢ ❧✐♥❡❛r ❈♦ss❡r❛t ❡❧❛s✲
t✐❝✐t②✱ ♣♣✳ ✾✶✕✾✹✳

❏✳ ▼✳ ❲❤✐t♥❡②✱ ❙tr❡ss ❛♥❛❧②s✐s ♦❢ t❤✐❝❦ ❧❛♠✐♥❛t❡❞ ❝♦♠♣♦s✐t❡ ❛♥❞ s❛♥❞✇✐❝❤ ♣❧❛t❡s✱ ❏♦✉r♥❛❧
♦❢ ❈♦♠♣♦s✐t❡ ▼❛t❡r✐❛❧s ✻ ✭✶✾✼✷✮ ✹✷✻✕✹✹✵✳

❏✳ ◆✳ ❘❡❞❞②✱ ❖♥ r❡✜♥❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠♦❞❡❧s ♦❢ ❝♦♠♣♦s✐t❡ ❧❛♠✐♥❛t❡s✱ ■♥t❡r♥❛t✐♦♥❛❧
❏♦✉r♥❛❧ ❢♦r ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❊♥❣✐♥❡❡r✐♥❣ ✷✼ ✭✶✾✽✾✮ ✸✻✶✕✸✽✷✳

❆✳ ❑✳ ◆♦♦r✱ ▼✳ ▼❛❧✐❦✱ ❆♥ ❛ss❡ss♠❡♥t ♦❢ ✜✈❡ ♠♦❞❡❧✐♥❣ ❛♣♣r♦❛❝❤❡s ❢♦r t❤❡r♠♦✲♠❡❝❤❛♥✐❝❛❧
str❡ss ❛♥❛❧②s✐s ♦❢ ❧❛♠✐♥❛t❡❞ ❝♦♠♣♦s✐t❡ ♣❛♥❡❧s✱ ❈♦♠♣✉t❛t✐♦♥❛❧ ▼❡❝❤❛♥✐❝s ✷✺ ✭✷✵✵✵✮
✹✸✕✺✽✳

❆✳ ❉✳ ❉✐❛③✱ ❏✳✲❋✳ ❈❛r♦♥✱ ❘✳ P✳ ❈❛rr❡✐r❛✱ ❯♥ ♠♦❞è❧❡ ❞❡ str❛t✐✜és✱ ❈♦♠♣t❡s ❘❡♥❞✉s ❞❡
❧✬❆❝❛❞é♠✐❡ ❞❡s ❙❝✐❡♥❝❡s ✲ ❙❡r✐❡s ■■❇ ✲ ▼❡❝❤❛♥✐❝s ✸✷✾ ✭✷✵✵✶✮ ✽✼✸ ✕ ✽✼✾✳

❊✳ ❈❛rr❡r❛✱ ❚❤❡♦r✐❡s ❛♥❞ ✜♥✐t❡ ❡❧❡♠❡♥ts ❢♦r ♠✉❧t✐❧❛②❡r❡❞✱ ❛♥✐s♦tr♦♣✐❝✱ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s
❛♥❞ s❤❡❧❧s✱ ❆r❝❤✐✈❡s ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ▼❡t❤♦❞s ✐♥ ❊♥❣✐♥❡❡r✐♥❣ ✾ ✭✷✵✵✷✮ ✽✼✕✶✹✵✳
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❊✳ ❘❡✐ss♥❡r✱ ❚❤❡ ❡✛❡❝t ♦❢ tr❛♥s✈❡rs❡ s❤❡❛r ❞❡❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❜❡♥❞✐♥❣ ♦❢ ❡❧❛st✐❝ ♣❧❛t❡s✱
❏✳ ❆♣♣❧✳ ▼❡❝❤✳ ❊♥❣✳ ❆❙▼❊ ✶✷ ✭✶✾✹✺✮ ❆✻✾✕❆✼✼✳

❆✳ ▲❡❜é❡✱ ❑✳ ❙❛❜✱ ❆ ❜❡♥❞✐♥❣✲❣r❛❞✐❡♥t ♠♦❞❡❧ ❢♦r t❤✐❝❦ ♣❧❛t❡s✳ ♣❛rt ✐ ✿ ❚❤❡♦r②✱ ■♥t❡r♥❛t✐♦♥❛❧
❏♦✉r♥❛❧ ♦❢ ❙♦❧✐❞s ❛♥❞ ❙tr✉❝t✉r❡s ✹✽ ✭✷✵✶✶✮ ✷✽✼✽✕✷✽✽✽✳

◆✳ P❛❣❛♥♦✱ ■♥✢✉❡♥❝❡ ♦❢ s❤❡❛r ❝♦✉♣❧✐♥❣ ✐♥ ❝②❧✐♥❞r✐❝❛❧✳ ❜❡♥❞✐♥❣ ♦❢ ❛♥✐s♦tr♦♣✐❝ ❧❛♠✐♥❛t❡s✱
❏♦✉r♥❛❧ ♦❢ ❈♦♠♣♦s✐t❡ ▼❛t❡r✐❛❧s ✹ ✭✶✾✼✵✮ ✸✸✵✕✸✹✸✳

❆✳ ▲❡❜é❡✱ ❑✳ ❙❛❜✱ ❆ ❜❡♥❞✐♥❣✲❣r❛❞✐❡♥t ♠♦❞❡❧ ❢♦r t❤✐❝❦ ♣❧❛t❡s✱ ♣❛rt ✐✐ ✿ ❈❧♦s❡❞✲❢♦r♠ s♦❧✉t✐♦♥s
❢♦r ❝②❧✐♥❞r✐❝❛❧ ❜❡♥❞✐♥❣ ♦❢ ❧❛♠✐♥❛t❡s✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❙♦❧✐❞s ❛♥❞ ❙tr✉❝t✉r❡s ✹✽
✭✷✵✶✶✮ ✷✽✽✾✕✷✾✵✶✳

❆✳ ▲❡❜é❡✱ ❑✳ ❙❛❜✱ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ t❤✐❝❦ ♣❡r✐♦❞✐❝ ♣❧❛t❡s ✿ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❜❡♥❞✐♥❣✲
❣r❛❞✐❡♥t ♣❧❛t❡ t❤❡♦r② t♦ ❛ ❢♦❧❞❡❞ ❝♦r❡ s❛♥❞✇✐❝❤ ♣❛♥❡❧✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❙♦❧✐❞s
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❆✳ ▲❡❜é❡✱ ❑✳ ❙❛❜✱ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ❛ s♣❛❝❡ ❢r❛♠❡ ❛s ❛ t❤✐❝❦ ♣❧❛t❡ ✿ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡
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❑✳ ❙❛❜✱ ❆✳ ▲❡❜é❡✱ ❍♦♠♦❣❡♥✐③❛t✐♦♥ ♦❢ ❍❡t❡r♦❣❡♥❡♦✉s ❚❤✐♥ ❛♥❞ ❚❤✐❝❦ P❧❛t❡s✱ ✷✵✶✺✳
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♦❢ s♦❧✉t✐♦♥✱ ❏♦✉r♥❛❧ ♦❢ ❊❧❛st✐❝✐t② ✶✷✸ ✭✷✵✶✺✮✳

❆✳ ▲❡❜é❡✱ ❑✳ ❙❛❜✱ ❖♥ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ r❡✐ss♥❡r ♣❧❛t❡ t❤❡♦r② t♦ ❧❛♠✐♥❛t❡❞ ♣❧❛t❡s✱ ♣❛rt
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◆✳ ❇❡❥❥❛♥✐✱ P✳ ▼❛r❣❡r✐t✱ ❑✳ ❙❛❜✱ ❏✳ ❇♦❞❣✐✱ ❆✳ ▲❡❜é❡✱ ❚❤❡ ❜❡♥❞✐♥❣✲❣r❛❞✐❡♥t t❤❡♦r② ❢♦r
✢❡①✉r❛❧ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❙♦❧✐❞s ❛♥❞
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●✳ ❑✐r❝❤❤♦✛✱ Ü❜❡r ❞❛s ❣❧❡✐❝❤❣❡✇✐❝❤t ✉♥❞ ❞✐❡ ❜❡✇❡❣✉♥❣ ❡✐♥❡r ❡❧❛st✐s❝❤❡♥ s❝❤❡✐❜❡✳✱ ❏♦✉r♥❛❧
❢ür ❞✐❡ r❡✐♥❡ ✉♥❞ ❛♥❣❡✇❛♥❞t❡ ▼❛t❤❡♠❛t✐❦ ✹✵ ✭✶✽✺✵❛✮ ✺✶✕✽✽✳

●✳ ❑✐r❝❤❤♦✛✱ ❯❡❜❡r ❞✐❡ s❝❤✇✐♥❣✉♥❣❡♥ ❡✐♥❡r ❦r❡✐s❢ör♠✐❣❡♥ ❡❧❛st✐s❝❤❡♥ s❝❤❡✐❜❡✱ ❆♥♥❛❧❡♥
❞❡r P❤②s✐❦ ✶✺✼ ✭✶✽✺✵❜✮ ✷✺✽✕✷✻✹✳

❆✳ ❊✳ ❍✳ ▲♦✈❡✱ ■✳ t❤❡ s♠❛❧❧ ❢r❡❡ ✈✐❜r❛t✐♦♥s ❛♥❞ ❞❡❢♦r♠❛t✐♦♥ ♦❢ ❛ t❤✐♥ ❡❧❛st✐❝ s❤❡❧❧✱ Pr♦✲
❝❡❡❞✐♥❣s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ▲♦♥❞♦♥ ✹✸ ✭✶✽✽✽✮ ✸✺✷✕✸✺✸✳

❘✳ ❉✳ ▼✐♥❞❧✐♥✱ ■♥✢✉❡♥❝❡ ♦❢ r♦t❛t♦r② ✐♥❡rt✐❛ ❛♥❞ s❤❡❛r ✢❡①✉r❛❧ ♠♦t✐♦♥s ♦❢ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝
♣❧❛t❡s✱ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ✶✽ ✭✶✾✺✶✮ ✸✶ ✕ ✸✽✳
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P✳ ❈✳ ❨❛♥❣✱ ❈✳ ❍✳ ◆♦rr✐s✱ ❨✳ ❙t❛✈s❦②✱ ❊❧❛st✐❝ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣❧❛t❡s✱
■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❙♦❧✐❞s ❛♥❞ ❙tr✉❝t✉r❡s ✷ ✭✶✾✻✻✮ ✻✻✺ ✕ ✻✽✹✳

❏✳ ▼✳ ❲❤✐t♥❡②✱ ◆✳ ❏✳ P❛❣❛♥♦✱ ❙❤❡❛r ❞❡❢♦r♠❛t✐♦♥ ✐♥ ❤❡t❡r♦❣❡♥❡♦✉s ❛♥✐s♦tr♦♣✐❝ ♣❧❛t❡s✱
❏♦✉r♥❛❧ ♦❢ ❈♦♠♣♦s✐t❡ ▼❛t❡r✐❛❧s ✻ ✭✶✾✼✵✮ ✸✵✳

❖✳ P❡rr❡t✱ ❆✳ ▲❡❜é❡✱ ❈✳ ❉♦✉t❤❡✱ ❑✳ ❙❛❜✱ ❚❤❡ ❜❡♥❞✐♥❣✲❣r❛❞✐❡♥t t❤❡♦r② ❢♦r t❤❡ ❧✐♥❡❛r
❜✉❝❦❧✐♥❣ ♦❢ t❤✐❝❦ ♣❧❛t❡s ✿ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❝r♦ss ❧❛♠✐♥❛t❡❞ t✐♠❜❡r ♣❛♥❡❧s✱ ■♥t❡r♥❛t✐♦♥❛❧
❏♦✉r♥❛❧ ♦❢ ❙♦❧✐❞s ❛♥❞ ❙tr✉❝t✉r❡s ✽✼ ✭✷✵✶✻✮ ✶✸✾ ✕ ✶✺✷✳

❊✳ ❑❛✉s❡❧✱ ❲❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛♥✐s♦tr♦♣✐❝ ❧❛②❡r❡❞ ♠❡❞✐❛✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ❢♦r
◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❊♥❣✐♥❡❡r✐♥❣ ✷✸ ✭✶✾✽✻✮ ✶✺✻✼✕✶✺✼✽✳

❙✳ ❑✳ ❉❛tt❛✱ ❆✳ ❍✳ ❙❤❛❤✱ ❘✳ ▲✳ ❇r❛tt♦♥✱ ❚✳ ❈❤❛❦r❛❜♦rt②✱ ❲❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❧❛♠✐♥❛t❡❞
❝♦♠♣♦s✐t❡ ♣❧❛t❡s✱ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆❝♦✉st✐❝❛❧ ❙♦❝✐❡t② ♦❢ ❆♠❡r✐❝❛ ✽✸ ✭✶✾✽✽✮ ✷✵✷✵✕
✷✵✷✻✳

❍✳ ●r❛✈❡♥❦❛♠♣✱ ❈✳ ❙♦♥❣✱ ❏✳ Pr❛❣❡r✱ ❆ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❞✐s✲
♣❡rs✐♦♥ r❡❧❛t✐♦♥s ❢♦r ♣❧❛t❡ str✉❝t✉r❡s ✉s✐♥❣ t❤❡ s❝❛❧❡❞ ❜♦✉♥❞❛r② ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✱
❏♦✉r♥❛❧ ♦❢ ❙♦✉♥❞ ❛♥❞ ❱✐❜r❛t✐♦♥ ✸✸✶ ✭✷✵✶✷✮ ✷✺✹✸ ✕ ✷✺✺✼✳

P✳ ▼❛r❣❡r✐t✱ ❈❛r❛❝tér✐s❛t✐♦♥ ❧❛r❣❡ ❜❛♥❞❡ ❞✉ ❝♦♠♣♦rt❡♠❡♥t ❞②♥❛♠✐q✉❡ ❧✐♥é❛✐r❡ ❞❡s str✉❝✲
t✉r❡s ❤étér♦❣è♥❡s ✈✐s❝♦é❧❛st✐q✉❡s ❛♥✐s♦tr♦♣❡s✳ ❆♣♣❧✐❝❛t✐♦♥ à ❧❛ t❛❜❧❡ ❞✬❤❛r♠♦♥✐❡ ❞✉
♣✐❛♥♦✱ P❤✳❉✳ t❤❡s✐s✱ ❯♥✐✈❡rs✐té P❛r✐s✲❊st✱ ✷✵✶✽✳

❍✳ ▲❛♠❜✱ ❖♥ ✇❛✈❡s ✐♥ ❛♥ ❡❧❛st✐❝ ♣❧❛t❡✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ▲♦♥❞♦♥✳ ❙❡r✐❡s
❆✱ ❈♦♥t❛✐♥✐♥❣ P❛♣❡rs ♦❢ ❛ ▼❛t❤❡♠❛t✐❝❛❧ ❛♥❞ P❤②s✐❝❛❧ ❈❤❛r❛❝t❡r ✾✸ ✭✶✾✶✼✮ ✶✶✹✕✶✷✽✳

❲✳ ❚✳ ❚❤♦♠s♦♥✱ ❚r❛♥s♠✐ss✐♦♥ ♦❢ ❡❧❛st✐❝ ✇❛✈❡s t❤r♦✉❣❤ ❛ str❛t✐✜❡❞ s♦❧✐❞ ♠❡❞✐✉♠✱ ❏♦✉r♥❛❧
♦❢ ❆♣♣❧✐❡❞ P❤②s✐❝s ✷✶ ✭✶✾✺✵✮ ✽✾ ✕ ✾✸✳

◆✳ ❍❛s❦❡❧❧✱ ❚❤❡ ❉✐s♣❡rs✐♦♥ ♦❢ ❙✉r❢❛❝❡ ❲❛✈❡s ♦♥ ▼✉❧t✐❧❛②❡r❡❞ ▼❡❞✐❛✱ ❆♠❡r✐❝❛♥ ●❡♦♣❤②✲
s✐❝❛❧ ❯♥✐♦♥ ✭❆●❯✮✱ ♣♣✳ ✽✻✕✶✵✸✳

❍✳ ❙❝❤♠✐❞t✱ ●✳ ❚❛♥❣♦✱ ❊✣❝✐❡♥t ❣❧♦❜❛❧ ♠❛tr✐① ❛♣♣r♦❛❝❤ t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ s②♥t❤❡t✐❝
s❡✐s♠♦❣r❛♠s✱ ●❡♦♣❤②s✐❝❛❧ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❘♦②❛❧ ❆str♦♥♦♠✐❝❛❧ ❙♦❝✐❡t② ✽✹ ✭✷✵✵✼✮ ✸✸✶ ✕
✸✺✾✳

❆✳ ❍✳ ◆❛②❢❡❤✱ ❚❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ♦❢ ❡❧❛st✐❝ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ♠✉❧t✐❧❛②❡r❡❞ ❛♥✐s♦tr♦♣✐❝
♠❡❞✐❛✱ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆❝♦✉st✐❝❛❧ ❙♦❝✐❡t② ♦❢ ❆♠❡r✐❝❛ ✽✾ ✭✶✾✾✶✮ ✶✺✷✶✕✶✺✸✶✳

❙✳ ❘♦❦❤❧✐♥✱ ▲✳ ❲❛♥❣✱ ❙t❛❜❧❡ r❡❝✉rs✐✈❡ ❛❧❣♦r✐t❤♠ ❢♦r ❡❧❛st✐❝ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❧❛②❡r❡❞
❛♥✐s♦tr♦♣✐❝ ♠❡❞✐❛ ✿ ❙t✐✛♥❡ss ♠❛tr✐① ♠❡t❤♦❞✱ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆❝♦✉st✐❝❛❧ ❙♦❝✐❡t② ♦❢
❆♠❡r✐❝❛ ✶✶✷ ✭✷✵✵✷✮ ✽✷✷✕✸✹✳

❙✳ ❉♦♥❣✱ ❘✳ ❇✳ ◆❡❧s♦♥✱ ❖♥ ♥❛t✉r❛❧ ✈✐❜r❛t✐♦♥s ❛♥❞ ✇❛✈❡s ✐♥ ❧❛♠✐♥❛t❡❞ ♦rt❤♦tr♦♣✐❝ ♣❧❛t❡s✱
❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ✸✾ ✭✶✾✼✷✮✳

✶✶✻



❩✳ ❈✳ ❳✐✱ ●✳ ❘✳ ▲✐✉✱ ❑✳ ❨✳ ▲❛♠✱ ❍✳ ▼✳ ❙❤❛♥❣✱ ❉✐s♣❡rs✐♦♥ ❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝ s✉r❢❛❝❡s ♦❢
✇❛✈❡s ✐♥ ❧❛♠✐♥❛t❡❞ ❝♦♠♣♦s✐t❡ ❝✐r❝✉❧❛r ❝②❧✐♥❞r✐❝❛❧ s❤❡❧❧s✱ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆❝♦✉st✐❝❛❧
❙♦❝✐❡t② ♦❢ ❆♠❡r✐❝❛ ✶✵✽ ✭✷✵✵✵✮ ✷✶✼✾✕✷✶✽✻✳

P✳ ❏✳ ❙❤♦rt❡r✱ ❲❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ❛♥❞ ❞❛♠♣✐♥❣ ✐♥ ❧✐♥❡❛r ✈✐s❝♦❡❧❛st✐❝ ❧❛♠✐♥❛t❡s✱ ❏♦✉r♥❛❧ ♦❢
❚❤❡ ❆❝♦✉st✐❝❛❧ ❙♦❝✐❡t② ♦❢ ❆♠❡r✐❝❛ ✲ ❏ ❆❈❖❯❙❚ ❙❖❈ ❆▼❊❘ ✶✶✺ ✭✷✵✵✹✮✳

❊✳ ❇❛r❜✐❡r✐✱ ❆✳ ❈❛♠♠❛r❛♥♦✱ ❙✳ ❉✳ ❘♦s❛✱ ❋✳ ❋r❛♥❝♦✱ ❲❛✈❡❣✉✐❞❡s ♦❢ ❛ ❝♦♠♣♦s✐t❡ ♣❧❛t❡ ❜②
✉s✐♥❣ t❤❡ s♣❡❝tr❛❧ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦❛❝❤✱ ❏♦✉r♥❛❧ ♦❢ ❱✐❜r❛t✐♦♥ ❛♥❞ ❈♦♥tr♦❧ ✶✺ ✭✷✵✵✾✮
✸✹✼✕✸✻✼✳

■✳ ❇❛rt♦❧✐✱ ❆✳ ▼❛r③❛♥✐✱ ❋✳ ▲✳ ❞✐ ❙❝❛❧❡❛✱ ❊✳ ❱✐♦❧❛✱ ▼♦❞❡❧✐♥❣ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❞❛♠♣❡❞
✇❛✈❡❣✉✐❞❡s ♦❢ ❛r❜✐tr❛r② ❝r♦ss✲s❡❝t✐♦♥✱ ❏♦✉r♥❛❧ ♦❢ ❙♦✉♥❞ ❛♥❞ ❱✐❜r❛t✐♦♥ ✷✾✺ ✭✷✵✵✻✮ ✻✽✺✕
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◆✳ ❇❡❥❥❛♥✐✱ ❚❤❡ ❇❡♥❞✐♥❣✲●r❛❞✐❡♥t ✢❡①✉r❛❧ ❞✐s♣❡rs✐♦♥ ❝✉r✈❡s✱ ✷✵✶✾✳
❍tt♣s ✿✴✴❣✐t❤✉❜✳❝♦♠✴◆❛❞✐♥❡❜❡❥❥❛♥✐✴❇❡♥❞✐♥❣✲●r❛❞✐❡♥t✳❣✐t✳

●✳ ●r❡❡♥✱ ❖♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ❧✐❣❤t ✐♥ ❝r②st❛❧❧✐③❡❞ ♠❡❞✐❛✱ ❚r❛♥s❛❝t✐♦♥s ♦❢ t❤❡ ❈❛♠✲
❜r✐❞❣❡ P❤✐❧♦s♦♣❤✐❝❛❧ ❙♦❝✐❡t② ✼ ✭✶✽✸✾✮ ✶✷✶✕✶✹✵✳

❊✳ ❇✳ ❈❤r✐st♦✛❡❧✱ Ü❜❡r ❞✐❡ ❢♦rt♣✢❛♥③✉♥❣ ✈♦♥ stä❜❡♥ ❞✉r❝❤ ❡❧❛st✐s❝❤❡ ❢❡st❡ ❦ör♣❡r✱ ❆♥♥❛❧✐
▼❛t✳ ♣✉r❛ ❛♣♣❧ ✽ ✭✶✾✼✵✮ ✶✾✸✕✷✹✸✳

▲✳ ❘❛②❧❡✐❣❤✱ ❖♥ t❤❡ ❢r❡❡ ✈✐❜r❛t✐♦♥s ♦❢ ❛♥ ✐♥✜♥✐t❡ ♣❧❛t❡ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ✐s♦tr♦♣✐❝ ❡❧❛st✐❝
♠❛tt❡r✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ▲♦♥❞♦♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② s✶✲✷✵ ✭✶✽✽✽✮ ✷✷✺✕✷✸✼✳

▼✳ ❏✳ ❙✳ ▲♦✇❡✱ P❧❛t❡ ✇❛✈❡s ❢♦r t❤❡ ◆❉❚ ♦❢ ❞✐✛✉s✐♦♥ ❜♦♥❞❡❞ t✐t❛♥✐✉♠✱ P❤✳❉✳ t❤❡s✐s✱
■♠♣❡r✐❛❧ ❈♦❧❧❡❣❡ ▲♦♥❞♦♥ ✭❯♥✐✈❡rs✐t② ♦❢ ▲♦♥❞♦♥✮✱ ✶✾✾✸✳

❑✳ ❋✳ ●r❛✛✱ ❲❛✈❡ ♠♦t✐♦♥ ✐♥ ❡❧❛st✐❝ s♦❧✐❞s✱ ◆❡✇ ❨♦r❦ ✿ ❉♦✈❡r P✉❜❧✐❝❛t✐♦♥s✱ ✶✾✾✶✳

❏✳ ▼✐❦❧♦✇✐t③✱ ❚❤❡♦r② ♦❢ ❊❧❛st✐❝ ❲❛✈❡s ❛♥❞ ❲❛✈❡❣✉✐❞❡s✱ ◆♦rt❤✲❍♦❧❧❛♥❞✱ ❆♠st❡r❞❛♠✱ ✶✾✼✽✳

❉✳ ❈❤✐♠❡♥t✐✱ ●✉✐❞❡❞ ✇❛✈❡s ✐♥ ♣❧❛t❡s ❛♥❞ t❤❡✐r ✉s❡ ✐♥ ♠❛t❡r✐❛❧s ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ ❆♣♣❧✐❡❞
▼❡❝❤❛♥✐❝s ❘❡✈✐❡✇s ✺✵ ✭✶✾✾✼✮✳

❏✳ ❉✳ ❉✳ ❆❝❤❡♥❜❛❝❤✱ ❲❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❡❧❛st✐❝ s♦❧✐❞s✱ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ✶✻
✭✶✾✼✹✮✳

❘✳ ❉✳ ▼✐♥❞❧✐♥✱ ❲❛✈❡s ❛♥❞ ✈✐❜r❛t✐♦♥s ✐♥ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ♣❧❛t❡s✱ ❙tr✉❝t✉r❛❧ ♠❡❝❤❛♥✐❝s✱
P❡r❣❛♠♦♥ Pr❡ss✱ ◆❡✇ ❨♦r❦ ✭✶✾✻✵✮✳

❏✳ ◆✳ ❘❡❞❞②✱ ❆ s✐♠♣❧❡ ❤✐❣❤❡r✲♦r❞❡r t❤❡♦r② ❢♦r ❧❛♠✐♥❛t❡❞ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s✱ ❏♦✉r♥❛❧ ♦❢
❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s✱ ❚r❛♥s❛❝t✐♦♥s ❆❙▼❊ ✺✶ ✭✶✾✽✹✮ ✶✸✕✶✾✳

●✳ ❚✉r✈❡②✱ ▼✳ ❖s♠❛♥✱ ▲❛r❣❡ ❞❡✢❡❝t✐♦♥ ❛♥❛❧②s✐s ♦❢ ♦rt❤♦tr♦♣✐❝ ♠✐♥❞❧✐♥ ♣❧❛t❡s✱ ♣r♦❝❡❡✲
❞✐♥❣s ♦❢ t❤❡ ✶✷t❤ ❊♥❡r❣② r❡s♦✉r❝❡ t❡❝❤♥♦❧♦❣② ❝♦♥❢❡r❡♥❝❡ ❛♥❞ ❡①❤✐❜✐t✐♦♥✱ ❍♦✉st♦♥✱ ❚❡①❛s
✭✶✾✽✾✮ ✶✻✸✕✶✼✷✳

✶✶✼



●✳ ❚✉r✈❡②✱ ▼✳ ❖s♠❛♥✱ ❊❧❛st✐❝ ❧❛r❣❡ ❞❡✢❡❝t✐♦♥ ❛♥❛❧②s✐s ♦❢ ✐s♦tr♦♣✐❝ r❡❝t❛♥❣✉❧❛r ♠✐♥❞❧✐♥
♣❧❛t❡s✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ▼❡❝❤❛♥✐❝❛❧ ❙❝✐❡♥❝❡s ✸✷ ✭✶✾✾✵✮ ✸✶✺ ✕ ✸✷✽✳

●✳ ❏✳ ❚✉r✈❡②✱ ▼✳ ❨✳ ❖s♠❛♥✱ ▲❛r❣❡ ❉❡✢❡❝t✐♦♥ ❊✛❡❝ts ✐♥ ❆♥t✐s②♠♠❡tr✐❝ ❈r♦ss✲P❧② ▲❛♠✐✲
♥❛t❡❞ ❙tr✐♣s ❛♥❞ P❧❛t❡s✱ ❙♣r✐♥❣❡r ◆❡t❤❡r❧❛♥❞s✱ ❉♦r❞r❡❝❤t✱ ♣♣✳ ✸✾✼✕✹✶✸✳

❏✳ ❲❤✐t♥❡②✱ ❙❤❡❛r ❝♦rr❡❝t✐♦♥ ❢❛❝t♦r ❢♦r ♦rt❤♦tr♦♣✐❝ ❧❛♠✐♥❛t❡s ✉♥❞❡r st❛t✐❝ ❧♦❛❞s✱ ❏♦✉r♥❛❧
♦❢ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ✹✵ ✭✶✾✾✶✮ ✸✵✷✕✸✵✹✳

❏✳ ❲❤✐t♥❡②✱ ❈✳ ❙✉♥✱ ❆ ❤✐❣❤❡r ♦r❞❡r t❤❡♦r② ❢♦r ❡①t❡♥s✐♦♥❛❧ ♠♦t✐♦♥ ♦❢ ❧❛♠✐♥❛t❡❞ ❝♦♠♣♦s✐t❡s✱
❏♦✉r♥❛❧ ♦❢ ❙♦✉♥❞ ❛♥❞ ❱✐❜r❛t✐♦♥ ✸✵ ✭✶✾✼✸✮ ✽✺ ✕ ✾✼✳

❏✳ ❲❤✐t♥❡②✱ ❈✳ ❙✉♥✱ ❆ r❡✜♥❡❞ t❤❡♦r② ❢♦r ❧❛♠✐♥❛t❡❞ ❛♥✐s♦tr♦♣✐❝✱ ❝②❧✐♥❞r✐❝❛❧ s❤❡❧❧s✱ ❏♦✉r♥❛❧
♦❢ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ✹✶ ✭✶✾✼✹✮ ✹✼✶✕✹✼✻✳

❇✳ ●❛✉t❤❛♠✱ ◆✳ ●❛♥❡s❛♥✱ ❋r❡❡ ✈✐❜r❛t✐♦♥ ❛♥❛❧②s✐s ♦❢ t❤✐❝❦ s♣❤❡r✐❝❛❧ s❤❡❧❧s✱ ❈♦♠♣✉t❡rs
❛♥❞ ❙tr✉❝t✉r❡s ✹✺ ✭✶✾✾✷✮ ✸✵✼ ✕ ✸✶✸✳

❙✳ ❆♠❜❛rts✉♠②❛♥✱ ❚❤❡♦r② ♦❢ ❛♥✐s♦tr♦♣✐❝ ♣❧❛t❡s ✿ ❙tr❡♥❣t❤✱ ❙t❛❜✐❧✐t② ❛♥❞ ❱✐❜r❛t✐♦♥✱ ❚❡❝❤✲
♥♦♠✐❝ P✉❜❧✐s❤✐♥❣ ❈♦✳✱ ✶✾✼✵✳

❘✳ ◆❡❧s♦♥✱ ❉✳ ▲♦r❝❤ ✹✶ ✭✶✾✼✹✮✳

❑✳ ▲♦✱ ❘✳ ❈❤r✐st❡♥s♥❡✱ ❊✳ ❲✉✱ ❆ ❤✐❣❤ ♦r❞❡r t❤❡♦r② ♦❢ ♣❧❛t❡ ❞❡❢♦r♠❛t✐♦♥✳ ♣❛rt ✐ ✿ ❤♦♠♦✲
❣❡♥❡♦✉s ♣❧❛t❡s✱ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s ✹✹ ✭✶✾✼✼❛✮ ✻✻✸✕✻✻✽✳

❑✳ ▲♦✱ ❘✳ ❈❤r✐st❡♥s♥❡✱ ❊✳ ❲✉✱ ❆ ❤✐❣❤✲♦r❞❡r t❤❡♦r② ♦❢ ♣❧❛t❡ ❞❡❢♦r♠❛t✐♦♥✲♣❛rt ✐✐ ✿ ▲❛♠✐♥❛t❡❞
♣❧❛t❡s ✹✹ ✭✶✾✼✼❜✮ ✻✻✾✕✻✼✻✳

❏✳ ◆✳ ❘❡❞❞②✱ ❆ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ t❤❡♦r✐❡s ♦❢ ❧❛♠✐♥❛t❡❞ ♣❧❛t❡s✱ ❈♦♠♠✉✲
♥✐❝❛t✐♦♥s ✐♥ ❆♣♣❧✐❡❞ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✸ ✭✶✾✽✼✮ ✶✼✸ ✕ ✶✽✵✳

❏✳ ◆✳ ❘❡❞❞②✱ ▼❡❝❤❛♥✐❝s ♦❢ ❧❛♠✐♥❛t❡❞ ❝♦♠♣♦s✐t❡ ♣❧❛t❡s ✿ t❤❡♦r② ❛♥❞ ❛♥❛❧②s✐s✱ ❈❘❈ Pr❡ss✱
❇♦❝❛ ❘❛t♦♥ ✭✶✾✾✼✮✳

●✳ ▲✐✉✱ ❏✳ ❚❛♥✐✱ ❑✳ ❲❛t❛♥❛❜❡✱ ❚✳ ❖❤②♦s❤✐✱ ▲❛♠❜ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ❛♥✐s♦tr♦♣✐❝ ❧❛✲
♠✐♥❛t❡s✱ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s✲tr❛♥s❛❝t✐♦♥s ♦❢ ❚❤❡ ❆s♠❡ ✲ ❏ ❆♣♣❧ ▼❡❝❤ ✺✼
✭✶✾✾✵✮ ✾✷✸✕✾✷✾✳

●✳ ▲✐✉✱ ❩✳ ❳✐✱ ❨✳ ❍♦r✐❡✱ ❊❧❛st✐❝ ✇❛✈❡s ✐♥ ❛♥✐s♦tr♦♣✐❝ ❧❛♠✐♥❛t❡s✱ ❆♣♣❧✐❡❞ ▼❡❝❤❛♥✐❝s
❘❡✈✐❡✇s ✲ ❆♣♣❧ ▼❡❝❤ ❘❡✈ ✺✻ ✭✷✵✵✷✮✳

❍✳ P♦✐♥❝❛ré✱ ❙✉r ❧❡s ✐♥té❣r❛❧❡s ✐rré❣✉❧✐èr❡s ✿ ❉❡s éq✉❛t✐♦♥s ❧✐♥é❛✐r❡s✱ ❆❝t❛ ▼❛t❤✳ ✽ ✭✶✽✽✻✮
✷✾✺✕✸✹✹✳

❑✳ ❖✳ ❋r✐❡❞r✐❝❤s✱ ❘✳ ❋✳ ❉r❡ss❧❡r✱ ❆ ❜♦✉♥❞❛r②✲❧❛②❡r t❤❡♦r② ❢♦r ❡❧❛st✐❝ ♣❧❛t❡s✱ ❈♦♠♠✉♥✐❝❛✲
t✐♦♥s ♦♥ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ✶✹ ✭✶✾✻✶✮ ✶✕✸✸✳

✶✶✽



❆✳ ●♦❧❞❡♥✈❡✐③❡r✱ ❉❡r✐✈❛t✐♦♥ ♦❢ ❛♥ ❛♣♣r♦①✐♠❛t❡ t❤❡♦r② ♦❢ ❜❡♥❞✐♥❣ ♦❢ ❛ ♣❧❛t❡ ❜② t❤❡ ♠❡t❤♦❞
♦❢ ❛s②♠♣t♦t✐❝ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ t❤❡♦r② ♦❢ ❡❧❛st✐❝✐t②✱ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞
▼❛t❤❡♠❛t✐❝s ❛♥❞ ▼❡❝❤❛♥✐❝s ✷✻ ✭✶✾✻✷✮ ✶✵✵✵ ✕ ✶✵✷✺✳

❆✳ ●♦❧❞❡♥✈❡✐③❡r✱ ❚❤❡ ♣r✐♥❝✐♣❧❡s ♦❢ r❡❞✉❝✐♥❣ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s ♦❢ ❡❧❛st✐❝✐t② t♦
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s ♦❢ t❤❡ t❤❡♦r② ♦❢ ♣❧❛t❡s ❛♥❞ s❤❡❧❧s ✭✶✾✻✻✮✳

❊✳ ❘❡✐ss♥❡r✱ ❏✳ ▲✳ ❙②♥❣❡✱ ❖♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ♣❧❛t❡ t❤❡♦r②✱ Pr♦✲
❝❡❡❞✐♥❣s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ▲♦♥❞♦♥✳ ❙❡r✐❡s ❆✳ ▼❛t❤❡♠❛t✐❝❛❧ ❛♥❞ P❤②s✐❝❛❧ ❙❝✐❡♥❝❡s
✷✼✻ ✭✶✾✻✸✮ ✶✼✽✕✶✽✻✳

❍✳ ▲❡ ❉r❡t✱ Pr♦❜❧è♠❡s ❱❛r✐❛t✐♦♥♥❡❧s ❞❛♥s ❧❡s ▼✉❧t✐✲❉♦♠❛✐♥❡s ✿ ▼♦❞é❧✐s❛t✐♦♥ ❞❡s ❏♦♥❝t✐♦♥s
❡t ❆♣♣❧✐❝❛t✐♦♥s✱ ▼❛ss♦♥✱ ✶✾✾✶✳

▼✳ ❉❛✉❣❡✱ ❊✳ ❋❛♦✉✱ ❩✳ ❨♦s✐❜❛s❤✱ P❧❛t❡s ❛♥❞ ❙❤❡❧❧s ✿ ❆s②♠♣t♦t✐❝ ❊①♣❛♥s✐♦♥s ❛♥❞ ❍✐❡r❛r✲
❝❤✐❝❛❧ ▼♦❞❡❧s✱ ❆♠❡r✐❝❛♥ ❈❛♥❝❡r ❙♦❝✐❡t②✱ ♣♣✳ ✶✕✸✾✳

❊✳ ❙❛♥❝❤❡③✲P❛❧❡♥❝✐❛✱ ◆♦♥✲❍♦♠♦❣❡♥♦✉s ▼❡❞✐❛ ❛♥❞ ❱✐❜r❛t✐♦♥ ❚❤❡♦r②✱ ✈♦❧✉♠❡ ✶✷✼✱ ✶✾✽✵✳
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