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Titre : Matrices de covariance : di usions, probabilit@s libres, et apprentissage
profond

R@sum@ : Cette thtse est motivde par I'0tude des matrices de covariance, et s’articule na-
turellement en trois parties. Dans la premitre partie, nous gtudions des modtles dynamiques
ligs aux matrices de covariance. Nous @tudions plus pr@cis@ment les systtmes d’@dquations dif-
fdrentielles stochastiques h@ritds de la dynamique des valeurs propres de processus matriciels
appelds processus de Wishart et processus de Jacobi. Les solutions de ces systtmes sont re-
spectivement les processus de -Wishart et de -Jacobi. Nous @tendons les r@sultats connus
d’existence et d’unicitd de solutions ces @quations et caract@risons leur comportement en
temps long. Dans la seconde partie, nous gtudions la lumitre de r@sultats modernes de prob-
abilitds libres, en particulier sur la convolution libre rectangulaire additive, le comportement
limite en grande dimension de la mesure empirique des particules constituant le processus
de -Wishart, et @tablissons la commutativitd entre la limite en temps long et la limite en
grande dimension pour cette suite de processus Vvaleurs mesures. La troisitme partie porte
sur I'ftude de la stabilit? de la proc@dure de r@tro-propagation dans la phase d’apprentissage
d’un r@seau de neurones propagation avant dont les couches sont de largeur variable. Cette
@tude se concentre sur la matrice Jacobienne du r@seau, qui peut se ddcrire comme un long
de produit de matrices, et dont les propridtds spectrales sont ddterminantes pour la stabilitd
de la descente du gradient. Cela demande la d@ nition d’une op@ration de convolution libre
rectangulaire multiplicative. Nous proposons un algorithme e cace de calcul de la mesure
du carr@ des valeurs singulitres de cette matrice. Les conclusions de ce travail donnent des
indicateurs permettant d’@valuer la stabilitd d’un r@seau de neurones, vocation d’aide au
design du rf@fseau pour les praticiens.

Mots-clefs : Matrices al@atoires, Calcul stochastique, Di usions, Systtmes de particules,
Probabilit@s libres, Apprentissage profond, R@seaux de neurones



Title : Covariance matrices : di usions, free probability and deep learning

Abstract : This thesis is motivated by the study of covariance matrices, and is naturally
structured in three parts. In the rst part, we study dynamic models related to covariance
matrices. More precisely, we study the systems of stochastic di erential equations inherited
from the dynamics of the eigenvalues of matrix valued processes named the Wishart process
and the Jacobi process. The solutions to these systems are respectively the -Wishart pro-
cess and the -Jacobi process. We extend the known results on the existence and uniqueness
of solutions to these equations and we characterize their long term behaviour. In the second
part, in the light of modern results from the free probability theory, especially about the
rectangular additive free convolution, we study the behaviour of the empirical measure of the
particules of the -Wishart process in the large dimension limit, and establish the commu-
tativity between the long time and the high dimensional limits for this sequence of measure
valued process. The third part is related to the study of stability of the backpropagation
procedure in the learning phase of a feed-forward neural network with a variable width pro-

le. This work focuses on the Jacobian matrix of the network, which can be seen as a long
product of matrices, and whose spectral properties are crucial for the stability of the gradient
descent. This appeals for the de nition of a free rectangular multiplicative convolution. We
suggest an e cient algorithm to compute the empirical measure of the square of the singular
values of this matrix. The conclusion of this work give insights allowing to assess the stability
of a feed-forward neural network, aiming to assist practitioners in the choice of the features
in the design of neural networks.

Keywords : Random matrices, Stochastic calculus, Di usions, System of particles, Free
probability, Deep learning, Neural networks
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Chapter 1

Introduction (in French)

1.1 Th@dorie des matrices aldatoires

1.1.1 Histoire

Si la thdorie des matrices al@atoires apparat aujourd’hui dans de nombreux probltmes
thgoriques, ce sont bien les applications qui ont motiv@ sa gentse, et, comme on le mon-
trera dans cette thtse, nombre de ses d@veloppements actuels. Il est d’'usage de considdrer
son @mergence en 1928 avec le travail fondateur [\Wis28] du statisticien John Wishart, dont la
probl@matique @tait d’analyser une population de donn@es multivarides, et en particulier les
causes communes l’origine des variations de ces donnfes. Cela le conduisit naturellement
I’0tude du spectre de la matrice de variance covariance empirique des donn@es (voir Chapitre
3).

En 1951, le physicien laur@at du prix Nobel Eugkne Wigner, dans son travail de modg@lisa-
tion de noyaux lourds en m@canique quantique [Wig51, Wig55, Wig58], t un pas ddcisif dans
le ddveloppement de la thforie des matrices al@atoires.  I’'@poque, les modtles d@velopp@ds
partir de ceux fonctionnant sur des systtmes physiques plus simples @chouaient pr@dire cor-
rectement les niveaux d’@nergie des noyaux lourds observ@s exp@rimentalement. Ces niveaux
d’@nergie Ftaient donngs par les valeurs propres de I’hamiltonien du systtme. Le raisonnement
de Wigner fut le suivant : le systtme physique des noyaux lourds est trop compliqud pour
Etre approxim@ par les modtles ddcrivant les systtmes plus simples. En revanche, on peut
essayer de d@crire ce systtme complexe en introduisant de I’alda dans le modtle. Son id@de fut
donc de modgliser le systtme de noyaux lourds par le modtle le plus aldatoire possible tout
en tenant compte des contraintes connues du systtme, telles que le caracttre auto-adjoint de
I’hamiltonien le d@crivant. L’al@atoire fut donc utilisd comme souvent pour ddcrire ce que
I’on ne conna t pas. Ainsi, I'op@rateur hamiltonien du systtme, g@n@ralement d@ ni sur un
espace continu de dimension in nie, fut approxim@ par un op@rateur discret en dimension

nie : une grande matrice auto-ajointe. N’ayant pas plus d’informations sur les propridtds
de I’hamiltonien du systtme, Wigner choisit de consid@rer un modtle simple og les entr@es
de la matrice sont des Gaussiennes ind@pendantes. La distribution des valeurs propres de
ces matrices, en particulier la distance typique entre les valeurs propres, donna une descrip-
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tion concordante avec les mesures exp@rimentales des niveaux d’@nergie de certains systtmes
physiques. Le physicien Freeman Dyson proposa alors la r@ exion suivante : si un tel modtle
al@atoire ne d@crit pas correctement un systtme physique quantique, alors il y a probablement
une contrainte du systtme physique se r@percutant sur la structure de son hamiltonien, par
exemple une relation de d@pendance entre les entrfes de la matrice, qui fut ignor@e dans le
modtle et qui doit Etre retrouvde et intdgrfe a n que le modtle fonctionne.

Ces deux premitres motivations pour I'dtude des grandes matrices alfatoires conduirent
les chercheurs se poser une question embl@matique et structurante de la th@orie : comment
@tudier le spectre des grandes matrices al@atoires quand leur taille tend vers I'in ni ?

la suite de la d@dcouverte de Wigner, Dyson, Michel Gaudin et Madan Lal Mehta
gtuditrent rigoureusement plusieurs ensembles aujourd’hui classiques de th@orie des matri-
ces al@atoires : les Gaussian orthogonal ensembles (GOE), les Gaussian unitary ensembles
(GUE), auxquels vinrent s’ajouter les Gaussian symplectic ensembles (GSE) dont on donnera
une d@ nition Chapitre 1.1.3. Dyson et Mehta formultrent la conjecture connue aujourd’hui
sous le nom de conjecture d’universalitd de Wigner-Dyson-Mehta (WDM), que I'on peut
retrouver dans le livre [Lal67]. Elle a rme que la densitd de probabilit@ jointe de k valeurs
propres arbitraires de toute matrice sym@trique (respectivement hermitienne et quaternion-
ique auto-adjointe) entr@es i.i.d. converge en probabilitd quand la taille de la matrice tend
vers I'in ni vers la fonction de corr@lation k points du GOE (respectivement du GUE et du
GSE), et ne d@pend ainsi pas de la distribution des @ldments de la matrice.

Un des r@sultats les plus marquants de la th@orie concernant la limite en grande dimension
du spectre du sym@trisd (de I’hermitis@) d’'une matrice alfatoire rectangulaire entrfes i.i.d.
fut prouvde par Vladimir Marcenko et Leonid Pastur en 1967 [MP67] et ouvrit la voie de
nouvelles applications.

Dans les annfes 1990, Dan-Virgil Voiculescu d@veloppa dans un contexte de th@orie des
algtbres d’op@rateurs et d’analyse des algtbres de von Neumann la th@orie des probabilitds
libres, une th@orie des probabilitds pour des variables al@atoires non commutatives munies
d’une nouvelle notion d’ind@pendance nommg@e la libertd. Son observation fondamentale
r@sidait dans le constat qu’@quipper les algtbres de von Neumann d’une application de trace
avait une forte ressemblance avec la notion d’esp@rance en probabilitds, et que la nouvelle no-
tion de libertd construite partir de ces traces d@ nissait une notion similaire I’'ind@pendance
en thdorie des probabilitds classique. Cette th@orie s’applique naturellement aux matrices
algatoires, dont le produit est non-commutatif, munies de I’esp@rance de la trace normalisge.
On peut se rgfdrer  [Voi85, Voi86, Voi91, BVI3, Voi87, BVI2] et bien d’autres pour les
articles historiques et aux livres [NS06, HP0O, MS17] pour une introduction cette th@orie.

Le monde des matrices al@atoires est d’une grande richesse et de nombreux autres ddveloppe-
ments majeurs sont apparus, par exemple dans I'0tude du comportement des vecteurs propres
des grandes matrices al@atoires. Le lecteur de cette thtse pourra les retrouver dans de nom-
breux ouvrages tels que [TVV04, ABDF11], mais nous avons choisi de n’@voquer dans cette
introduction que les aspects historiques proches de nos pr@occupations lors de cette thtse.

Avant de pr@senter plus en ddtails les rdsultats fondateurs et les outils classiques de la
th@orie des matrices al@atoires, nous donnons quelques exemples des nombreuses applications
de ce champ de recherche qui le rendent si s@duisant.

10



1.1.2 Applications

Comme nous I’avons vu, les premiers pas du d@veloppement de la th@orie des matrices alga-
toires furent motiv@s par des applications en statistiques ainsi qu’en physique quantique. Les
matrices alfatoires sont par nature la combinaison de I'objet lindaire simple par excellence
que sont les matrices, utiles par exemple pour approcher des ph@nomtnes non linfaires plus
complexes (par exemple la d@riv@e ou la matrice jacobienne), et de la th@orie des probabil-
itds dont les domaines d’applications sont immenses, que I'on retrouve mEme pour mieux
comprendre des probltmes d@terministes (voir par exemple la m@thode probabiliste de Paul
Erd s [AS04]). On s’attend donc que les domaines d’applications de la th@orie des matrices
alfatoires soit riches et varigs, et c’est bien le cas, comme le suggtrent les quelques exemples
suivants.

Statistique en grande dimension et machine learning : Sur les traces des travaux de
Wishart en statistiques multivariges, le comportement du spectre des matrices al@atoires en
grande dimension montre que les estimateurs statistiques classiques des matrices de covari-
ance @chouent ddcrire pr@cisdment les relations de corr@lations entre les caractgristiques des
donnfes. Ce r@gime de la grande dimension est courant aujourd’hui og rtgnent les Big Data,
toujours plus nombreuses et surtout de grande dimension. Voir par exemple [BBP17, CL21].

Th@dorie des nombres :  Un des probltmes encore non r@solu des plus connus en math@ma-
tiques aujourd’hui est la fameuse hypothtse de Riemann, qui conjecture les z@ros non-triviaux
de la fonction zEta de Riemann sont tous de partie r@elle @gale % Hilbert et P lya ont for-
mul@ I'idde que ces z@ros non triviaux pourraient Etre les valeurs propres d’un op@rateur
auto-adjoint. Hugh Montgomery apporta une importante contribution cette observation
en 1972 en calculant la fonction de corr@lation entre deux z@ros non-triviaux et en montrant
gu’ils se repoussaient de la mtme fa on que se repoussent deux valeurs propres de grandes
matrices al@atoires unitaires. De nombreux d@veloppements suivirent sur cette connexion.
Voir par exemple [Mon73, BK13].

Th@orie des graphes et applications : Un des outils centraux de la th@orie des graphes
est la matrice d’adjacence, qui encode les arrEtes entre les sommets du graphe. L’@tude
de graphes complexes et de systtmes dynamiques sur ces graphes, provenant par exemple de
neurosciences pour modg@liser les connexions synaptiques, d’@pid@miologie, de r@seaux sociaux
et d’apparition de communautds, utilisent les matrices alfatoires dans leurs mod@lisations
pour ddcrire les propridtds statistiques des objets @tudi@s.

T@lIcommunications : Les matrices alfatoires sont trts utilispes dans les modtles de
communication sans | og elles caract@risent les canaux de communication. Par exemple, dans
les modtles multi-antennes comme le CDMA, la matrice canal mod@lise la propagation de
I'information entre chaque paire d’antennes @m@trice et r@ceptrice. La performance du canal
dfpend alors du spectre de la matrice al@atoire en question. Voir par exemple [TVV04, CD11].
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Th@orie de I'information quantique : En th@orie de I'information quantique, on s’intdresse

des ftats et canaux quantiques mod@lis@s par des matrices complexes. A n de comprendre
leur comportement typique, on en @tudie une version al@atoire. De plus, certains probltmes
tels que la minimisation de I’entropie de sortie additive d’un systtme n’ont pas de r@ponse
ddterministe @vidente aujourd’hui, alors que leur version alfatoire s’@tudie plus facilement.
Voir [Necl9, AS].

1.1.3 R@sultats principaux et outils d’analyse

Nous introduisons ici des r@sultats sur les modtles les plus classiques de matrices al@atoires
lids aux pr@occupations de cette thtse, savoir les matrices de Wigner ainsi que les matrices
de (variance) covariance. Nous utiliserons tout au long de cette introduction les abr@viations
i.i.d. pour "ind@pendantes identiquement distribufes”, p.s. pour "presque sBrement”, p.p .
pour "presque partout”, et la notation pour op@rateur adjoint.

D@ nition 1.1.1. Soitn 1. Une matrice de Wigner X = (X;;j)1 i;j n €st une matrice dont
les familles d’entr@es X;;j0:1 i<j n ainsi que X;ig; i » sont des variables aldatoires rdelles
(r@spectivement complexes, quaternioniques) centr@es, de seconds moments nis, i.i.d., et
respectant la contrainte d’hermiticitd X;; = Xj; pour tout 1 i ] n (de matrice
auto-adjointe dans le cas quaternionique).

Les matrices de Wigner coe cients gaussiens furent les premitres gtudiges. Elles sont
d’un intdrEt capital comme le suggtre la conjecture WDM qui pr@dit que la densitd jointe
de k valeurs propres arbitraires d’une matrice de Wigner converge en probabilitd quand la
taille de la matrice tend vers I'in ni vers la fonction de corrflation k points de I’ensemble
gaussien orthogonal (GOE) quand les coe cients de la matrice sont des variables alfatoires
valeurs r@elles, de I’ensemble gaussien unitaire (GUE) quand les coe cients de la matrice sont
des variables alfatoires valeurs complexes, et de I'ensemble gaussien symplectique (GSE)
quand les coe cients de la matrice sont des variables alfatoires valeurs quaternioniques.
Ces ensembles sont invariants par I'action des groupes respectivement orthogonal, unitaire
et symplectique. Les nombreux r@sultats et conjectures d’universalitd dans la thgorie des
matrices alfatoires motivent ainsi  s’intdresser des modtles pour lesquels on sait faire les
calculs, a n de se construire une intuition sur les cas plus gdnf@raux. On associe ces trois
ensembles le coe cient valant respectivement 1, 2 et 4 pour le GOE, le GUE et le GSE.
Ces ensembles se d@ nissent par les matrices de Wigner telles que X;.; suit la loi N(0;1)
et Xy suit la loi N 0;21 og | est la matrice identitd de taille . L’importance
de ces modktles r@side donc en partie dans le fait que I’on peut calculer explicitement la loi
jointe des valeurs propres, qui a une densitd par rapport la mesure de Lebesgue sur R"
proportionnelle

o 1
(ama T ] exp@ ZX( 1A
1 i<j n ji=1

Nous avons jusqu’ pr@sent introduit le concept de matrices al@atoires comme des matrices

dont les entrfes sont des variables aldatoires. videmment, I'objet matrices al@atoires est plus
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gdndral, et se con oit comme une variable alfatoire valeur matricielle, se d? nissant donc

I"aide d’une mesure de probabilitd sur un ensemble matriciel donn@. Des classes de matrices
al@atoires trks @tudides sont celles des ensembles invariants, qui g@n@ralisent les ensembles
GOE, GUE et GSE. Elles se d? nissent sur I’ensemble des matrices carr@es de taille n n
rdelles sym@triques, complexes Hermitiennes ou quaternioniques auto-adjointes (auxquelles
on associe nouveau le coe cient valant respectivement 1, 2 et 4) par une densitg d? nie

sur cet ensemble de matrices de la forme d’une distribution de Boltzmann :
1

P(M)IM = Z exp 7”TrV(M) dM:

og dM = Qi j dM;; est la mesure de Lebesgue plate (dM;; est la mesure de Lebesgue sur
R, et dM;;; pour i < j est la mesure de Lebesgue sur R, C ou H en fonction des ensembles
consid@drds), la fonction V : R @ R est appel@e potentiel de I’ensemble invariant et s’applique
aux valeurs propres de la matrice dans I’expression ci-dessus, et Z est une constante de
normalisation. Ces distributions sont invariantes par conjugaison orthogonale, unitaire ou
symplectique, mais les entrfes de ces matrices ne sont pas ind@pendantes, sauf dans le cas
gaussien (GOE, GUE et GSE). Dans ce contexte, une proprigtd est dite universelle si elle
ne dfpend pas de V. Contrairement aux matrices de Wigner, la densit@ jointe des valeurs
propres des ensembles invariants est explicite, ce qui rend leur @tude plus accessible. Cette
densitd par rapport la mesure de Lebesgue sur R" est proportionelle
(o) 1
n X . Yoo ..
(L, MAexp@ > V(HA it (1.1.1)

ji=1 1i<j n

Pour V (x) = § on retrouve en particulier la densitd des valeurs propres des GOE, GUE et
GSE.
Cette densitd peut se r@dcrire sous la forme d’un facteur de Boltzmann

P . S
e 7 i=mV(D¥ Inj i

1 i<j n
, 0@ la di Orence entre deux particules appara t comme un potentiel d’interaction, qui donne
un point de vue gaz de Coulomb ou log-gaz  cette distribution. Sous le point de vue
des gaz de particules, on pourrait mEme envisager de g@n@raliser le type de gaz considdrg
en rempla ant Inj ! Jj par un potentiel d’interaction g@ngrique W( '; 1). Ces gaz de
particules sont des objets d’dtude part entitre, en particulier I’'analyse "statique" de leur
position d’@quilibre. 1ls sont souvent appel@s -ensembles, et sont notamment documentds
dans [For10]. Dans ce cadre, la densit@ (1.1.1) s’@tudie pour tout paramttre > 0, les cas

= 1,;2;4 ¢tant donc rattach@s un modtle de matrices alfatoires. Le point de vue des
gaz de Coulomb fournit d’ailleurs des m@thodes d’analyse du spectre des modtles matriciels
sous-jacents. Deux -ensembles nous ont int@ressg particulitrement dans cette thtse, les

-Laguerre et les -Jacobi, qui s’obtiennent partir de (1.1.1) en prenant respectivement

Vix) =% ™ 1+l 2 p(x)avecm netV(x)= 2 1+1 2 In(x)

n
l+% in In(1 x) avec p n et q n, voir [Forl0, p. 111]. Les ensembles

Sle
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de Laguerre orthogonal, unitaire et symplectique (respectivement LOE, LUE et LSE pour
= 1;2;4) se retrouvent dans la loi jointe des valeurs propres des matrices de covariance
empiriqgue XX o0g X est de taille n mavec n m, les X;; ftant respectivement des
gaussiennes rfelles, complexes et quaternioniques i.i.d. De m&me, si X et Y sont deux
matrices de tailles respectives n petn g, les Xj; et Y;; Otant des gaussiennes relles,
complexes ou quaternioniques i.i.d., alors la loi jointe des valeurs propres de la matrice
(XX +YY ) XX (XX +YY ) ¥2 correspond respectivement la distribution des
ensembles de Jacobi orthogonal (JOE, =1), unitaire (JUE, = 2) et symplectique (JSE,
= 4).
La th@orie des matrices al@atoires contient de nombreux r@sultats macroscopiques comme
microscopiques sur le comportement des valeurs propres. On s’int@ressera ici plut t aux
comportements macroscopiques, et on donne ainsi la d@ nition suivante.

D@ nition 1.1.2. La mesure spectrale empirique d’'une matrice (algatoire) X de taillen n
est une mesure de probabilitds (algatoire) d@ nie par

n — 1 X .
- i(X)1
g
og (X);:::; ™(X) sont les valeurs propres de X.

Le thdortme de Wigner, ddmontr@ pour la premitre fois dans [Wig58] dans le cas du GOE
et consid@r@ par certains comme le point de d@part de la th@orie des matrices al@atoires, donne
le comportement asymptotique universel de la mesure spectrale empirique d’une matrice de
Wigner.

Th@ortme 1.1.3 (Wigner [AGZ10], Thdortme 2.1.21). Soit X = (Xj;j)1 ij n Une matrice
de Wigner telle que E[Xlz;z] = 1. Alors en convergence presque sf3re :

og *°¢ est la distribution semi-circulaire d@ nie par sa densitd par rapport la mesure de

Lebesgue sur R :
1P—— _
x) = 7 4 x21; 2.(X):

Dans la mEme optique de propri@tds macroscopiques du spectre, d’autres r@sultats de "loi
des grands nombres” sur les valeurs propres de matrices alfatoires furent dgmontr@s, dont le
cdltbre th@ortme de Marcenko-Pastur [MP67] que nous ddtaillerons plus loin. De nombreuses
techniques furent d@velopp@es pour d@montrer ce type de r@sultats, comme la combinatoire
avec la m@gthode des moments, la transform@e de Cauchy-Stieltjes, les probabilitds libres, les
polyn mes orthogonaux, la th@orie du potentiel, et bien d’autres. Nombre de ces techniques
furent hdritdes ou inspir@es de la physique, comme I'analogie des gaz de Coulomb ou les
diagrammes de Feynman, et le lecteur pourra les retrouver par exemple dans [ABDF11,
AGZ10, Taol2, BS10, CD11, BIPZ93, BGJJ04].
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Figure 1.1 Densitd de la loi semi-circulaire.

La version convergence en norme L du Thgortme 1.1.3 se montre commun@ment par la
m@thode dite m@thode des moments, m@thode qui fut utilisge par Wigner dans [Wig58]. Elle
permet de faire le lien entre les moments de §_r~, que I’on peut aussi voir comme les traces
normalis@es des puissances de la matrice X. En montrant que ces moments s’expriment
asymptotiquement en fonction des nombres de Catalan, on ddmontre la convergence des
moments de §_p vers les moments de la measure semi-circulaire.

Une m@thode alternative est d’@tudier la mesure spectrale empirique de X par sa trans-
form@e de Cauchy-Stieltjes, qui se d@ nit pour toute mesure de probabilitd sur I'axe rdel
par

z
G :z2c,a I®oc
RZ X
00 C =1fz2C: Im(z)>0g. Pour une matrice X de taille n n, on fcrira Gx =G .
Pour une mesure support compact, on rfalise rapidement par un d@veloppement en

s@rie entikre pour z su samment loin de I’axe r@el que G contient I'information de tous les
moments de . On a en fait le rgsultat suivant qui montre que la transform@e de Cauchy-
Stieltjes d’une mesure de probabilitd la caractfrise entitrement, et qui montre @galement
comment la retrouver partir de G .

Th@ortme 1.1.4 ([MS17]). (1) Soit une mesure de probabilitd sur R. Alors,
1. G est analytique sur C.,

2. 0na
i

3

iyG (iy) =1

=

|
y
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(2) Toute mesure de probabilitd sur R peut Etre retrouv@e partir de sa tranformf@e de
Cauchy-Stieltjes G via la formule d’inversion de Stieltjes : pour tout a;bh 2 R, a <,

140 1
Ijm— . Im(G (x+i")dx = ((a; b))+§ (fa; bg):

La transform@e de Cauchy-Stieltjes G caracterise donc la measure
(3)Soit G: C. ® C une fonction analytique telle que

lim supyjG(iy)j = 1:
yr 1

Alors il existe une unique mesure de probabilitd sur R telle que G =G .

Dans le cadre du Th@gortme 1.1.3, en utilisant le fait que Gx(z) = %ET rzln1 c» 0N peut

montrer que quand n tend vers I'in ni, les valeurs d’adh@rence de Gx v@ri ent une @quation
dont la seule solution correspondant la transform@e de Cauchy-Stieltjes d’une mesure de
probabilit@ est celle de la mesure semi-circulaire.

Le dernier outil que nous allons introduire ici, et qui constitue le | directeur de cette
thtse est la th@orie des probabilitds libres ddveloppde par Voiculescu dans les anndes 1990.
Cette th@orie donne des rtgles de calcul pour les op@rateurs nons commutatifs fond@es sur la
notion de libertd.

D@ nition 1.1.5 ([Voi85]).

Un espace de probabilitd non commutatif est un couple (A; ”) og A est une C-algtbre
associative et 7 : A A C est une forme linfaire telle que *(15) = 1.

Soit (A; ”) un espace de probabilitd non commutatif. Une famille TA;gi>; de sous-

algtbres de A est dite libre si pour tout n 2 N, pour tous iy;:::;in 2 | tels que
ix 6 ix+q pour tout k 2 £1;:::;n  1g et pour tout (az;:::;an) 2 Ay, Aj,, ona
@)= =7(a) =0 =) “(ar:::an)=0:

Des familles de variables non commutatives sont dites libres si les sous-algtbres qu’elles
engendrent sont libres.

Par exemple, I'algtbre A = Tp 1 LP( ;M (C)) des matrices alfatoires de taille n  n dont
les coe cients ont des moments de tout ordre, munie de ”(a) = %E[T r(a)] est un espace de
probabilitd non commutatif. Quelques annfes plus tard, Voiculescu [Voi91] comprit que
les matrices al@atoires invariantes par rotation satisfont un crittre de libertd asymptotique
(dans la limite en dimension in nie), ce qui eut de nombreuses cons@quences dans I’Gtude
des matrices alfatoires. Intuitivement, deux matrices sont asymptotiquement libres lorsque
la base de vecteurs propres de I'une est une rotation alfatoire de celle de I'autre.

Th@ortme 1.1.6. [V0i98] Soient A, et B, deux matrices de taille n dont les moments des
mesures spectrales empiriques convergent quand n ¥ +71.. Soit (U,), une suite de matrices
unitaires de taille n. Alors U,AnU,, et B, sont asymptotiquement libres pour n ¥ +1..
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On peut retrouver ce r@sultat sous di @rentes formes dont [NS06, Theortme 23.14].

Deux notions fondamentales de la th@orie des probabilitds libres sont la convolution libre
additive et la convolution libre multiplicative. Avant de les d@ nir, donnons tout d’abord
la d@ nition de trois fonctionnelles de mesures de probabilit@s, la fonction g@n@ratrice des
moments, la R-transform@e et la S-transformde.

D@ nition 1.1.7. Soit une mesure de probabilitds d?d nie sur R.

1. La fonction g@n@ratrice des moments de se d@ nit comme

M () =2G (z) 1;

2. la R-transformf@e de se d@ nit dans un voisinage de 0 comme
— 1 1.
R@=61'@2)

3. pour mesure de probabilitds d?@ nie sur R di Orente de o, la S-transform@e de se
d? nit sur un voisinage de 0 comme

1+
S (Z):ZNllEZ):

Comme la transform@e de Cauchy-Stieltjes, ces fonctionnelles caract@risent la mesure
On a alors le r@sultat/d@ nition suivant :

Th@ortme 1.1.8 ([Voi86, BV92]). Soient (An)n et (Bn)n deux suites de matrices de taille
n n asymptotiquement libres dont les suites de mesures spectrales empiriques ( a_)n €t
( B8,)n convergent presque sBrement quand n tend vers I'in ni vers les mesures dfterministes

respectives A et g. Alors

n '] .
An+Bn n17 A B

07 A g Se caractdrise par la relation

R, cs=R ,.+R.:

On appelle A g la convolution libre additive entre A et g. Side plus A et g sont
des mesures de probabilitd sur R4 di Orentes de o, on a

n | ] .

AnBn ni1 A B
09 A g Se caractdrise par la relation

S A B

On appelle A g la convolution libre multiplicative entre A et 3.
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Ce r@sultat donne un aper u de la puissance des probabilitds libres dans I'analyse du
spectre asymptotique de polyn mes de matrices alfatoires quand une relation de libertd
asymptotique existe entre les di @rentes matrices en jeu.

Les prdc@dents r@sultats et outils ddcrivent le spectre de grandes matrices carr@es. Dans
cette thtse nous nous sommes int@ressds au cas des matrices de variance covariance et aux
matrices de Wishart, ce qui nous mktne naturellement nous interroger sur I'importance de
ces matrices dans la th@orie ainsi que dans des applications plus sp@ci ques, et sur I’existence
de r@sultats analogues pour les matrices rectangulaires.

1.2 Matrices de Wishart et de Jacobi

I'tre des "Big Data", de grandes quantitds de donn@es sont enregistrfes quotidiennement
dans de nombreux domaines de recherche et d’application tels que la physique, I’'analyse
d’images, la gdnomie, I'@piddmiologie, I'ing@nieurie, I'dconomie et la nance. De nouvelles
m@thodes d’analyse de donnfes furent nfcessaires pour les analyser, en particulier quand ces
donnfes vivent dans des espaces de grande dimension, cas qui nous int@ressera ici. Il est trts
naturel de rechercher les causes communes I’origine des dynamiques de ces donndes. L’objet
le plus simple quanti ant la variation d’une donn@e par rapport une autre est la matrice
de covariance. Ses valeurs propres et vecteurs propres peuvent Etre utilisds pour caract@riser
les combinaisons de donndes les plus importantes et ddterminantes dans I’explication des
variations de leurs variables alatoires sous-jacentes. C’est ce que I’on appelle I'analyse en
composantes principales (ACP, ou PCA en anglais), et des livres entiers furent dgdids ce
sujet (voir par exemple [Jol86]).

Une autre m@thode statistique trts r@pandue est I'analyse canonique des corr@lations
(ACC ou CCA en anglais). Contrairement I’ACP dont le but est de trouver une projection
des donn@es qui contient le maximum de variance, I’ACC optre sur deux jeux de donnges et
a pour but de trouver des projections de ces deux jeux de donnf@es qui sont le plus corr@ldes
entre elles.

Il est bien compris aujourd’hui dans le domaine de I’analyse statistique multivaride que la
majoritd des techniques standards telles que I’ACP, I’ACC, I’'analyse de variance multivaride
(MANOVA en anglais) ou I'analyse discriminante lindaire reposent sur I’'analyse du spectre
de matrices de covariance (voir par exemple [MMS76, Joh01, Joh01]). L o@ I’ACP est lige

I’analyse des matrices de Wishart, voir [JohO1], ’ACC est intimement lige I’analyse des
matrices de Jacobi, voir [Joh08].

1.2.1 Matrices de covariance empiriques et matrices de Wishart

Alors que les matrices de Wigner ont un grand nombre d’applications notamment en physique
thgorique, c’est dans le contexte des statistiques puis des tdldcomunications qu’un int@rkt se
d@veloppa pour I'gtude des matrices de covariance empiriques.

Comme dit pr@cgdemment, le travail fondateur en thdorie des matrices al@atoires de
Wishart s’attelait comprendre la corr@lation entre les di @rentes caract@ristiques d’un jeu
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de donn@es multivari@es : donnons-nous un jeu de m vecteurs de donndes de C" i.i.d. :

et d? nissons la matrice de taillen m:Y = (Y% :::;Y™). La matrice de covariance C de
Y!sed@ nit par Ciy = E[Y;'Y{'].

Estimer la matrice C  partir de donn@es trouve son importance dans de nombreux
contextes. Par exemple, dans le cas de la r@gression lindaire multivaride, og I’on cherche
expliquer le vecteur Y!  partir d’une entrfle X de taille n p en utilisant le modtle lingaire

Yi=X +"

0@ repr@sente le coe cient de r@gression p facteurs et " repr@sente le r@sidu. En supposant
E["jX]=0et E[" jX] = C, I'estimateur des moindres carr@s de s'@crit

"=(XcX)'Xctvh

Obtenir un bon estimateur de C est donc un pr@alable I'utilisation de I’estimateur des
moindres carr@s.

De mEme, trouver un bon estimateur de C est primordial dans I'utilisation de la m@thode
des moindres carr@s g@ndralisde, ou encore en classi cation, pour classi er des donnfes entre
plusieurs classes d@ nies par des Gaussiennes, en utilisant la mgthode d’analyse discriminante
lindaire (ADL ou LDA en anglais, voir par exemple [HTF09]).

Classiqguement, I'estimateur de la matrice de covariance utilisfde est la matrice de (vari-
ance) covariance empirique, connue aussi sous le nom d’estimateur de Pearson, d? nie par

1
C=-VYY:
m

Ene et on a alors %
Cii = i‘ YV

k=1
qui, n x@, converge presque srement par la loi forte des grands nombres vers C;;; quand
m tend vers I'in ni. Cependant, quand n est grand et n’est plus nfgligeable devant la taille
m de I’Gchantillon de donn@es, I'estimation des @lIdments ou des valeurs propres de C devient
probldmatique. C’est par exemple le cas en g@nomique, og I'on peut avoir la donnfe de
milliers de gtnes pour un patient, avec une population de quelques centaines de patients.
Dans ce rdgime og n et m deviennent trks grand avec ~ . 51 > 0, la matrice de variance

covariance empirique d@ nie ci-dessus a un comportement trts di @rent de la matrice de
covariance th@orique C que I'on cherche estimer. Ce r@gime est appeld le "r@gime de
Kolmogorov".
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Comme pour les matrices de Wigner, des r@sultats d’universalitd furent prouvds pour les
matrices de covariance empiriques, et une importance particulitre est donnge au cas og les Y
sont des vecteurs gaussiens, dans lequel des calculs explicites sont possibles, et qui donne une
intuition du comportement des matrices de covariance empiriques dans des con gurations
plus gdndrales. On appelle ainsi matrice de Wishart la matrice de covariance empirique
d? nie positive € dans le cas oz les Y sont despvecteurﬁ, gaussiens. Dire que € est une
matrice de Wishart est gquivalent dire que € = CZZ = C og Z est une matrice de taille
n m dont les entr@es sont i.i.d. et suivent une loi normale centr@e r@duite et C est de taille
n n (voir par exemple [BBP17]). Dans le papier consid@r@ par beaucoup comme le point de
dfpart de la th@orie des matrices al@atoires [Wis28], John Wishart donne la densitd explicite
de € sachant C, qui s'@crit :

m n 1

mMm=2  det(C)" 2 mroc 1),
2nm=2 (m=2) det(C)™m=2 ’
0@ nest la fonction Gamma multivaride de paramttre n. On dit que € suit la loi de Wishart
W, (C=m; m). La loi des valeurs propres est @galement connue pour C = I, et a une densitd
par rapport la mesure de Lebesgue sur R"™ proportionelle

1..... n v iypm 1 i\/'i j;-
(5o DA () 2 j J:

i=1 i<j

Le premier r@sultat de description de la limite en grande dimension de la mesure spectrale
empirique de € fut prouv@ par Marcenko et Pastur en 1967 dans I’article [MP67]. La formule
de la mesure limite montre que les valeurs propres de € deviennent bruitfes en grande dimen-
sion, quand > 0, ce que I'on appelle en machine learning la mal@diction de la dimension.
Quand C = I, alors que I'on s’attend  trouver les valeurs propres de € proches de 1, la
mesure empirique des valeurs propres suit la loi de Marcenko-Pastur de paramttre , et ces
valeurs propres sont de plus en plus bruit@es quand grandit, comme on peut le voir Figure
1.2.

Th@orktme 1.2.1 (Marcenko-Pastur [MP67]). Soit M une matrice alfatoire de taille n m
avec (Mi;j)1 i na1 j m des variables aldatoires i.i.d.  valeurs relles, complexes ou quater-
nioniques. Supposons m = m, avec

Alors, presque sfirement,

1 — + *
AMM e max( ;1) 0

og MP: est la loi de Marcenko-Pastur de paramttre de forme et de paramttre d’@chelle

, et de densitd par rapport la mesure de Lebesgue sur R
a
a. X)(x a
MP :x @ ( 5 z(( - )1[a ag0ga = (1 p‘)zz
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Figure 1.2 Densitd de la loi de Marcenko-Pastur.

Dans leur r@sultat, Marcenko et Pastur obtinrent en fait une @quation pour la transformge
de Cauchy-Stieltjes de € dfpendant de celle de C. Par exemple, dans un modtle og les
donnges Y peuvent s’dcrire Y = CX avec X une matrice de taille n nib_entr@ _non
corrgldes vori ant E[X;;] = 0, E[X{;] = & et E[X{;] < +1, on a ¢ = CXX Cet

I’@quation quand n tend vers I'in ni avec n=m n'!l :

z z
G = G
2Ge(2) 1 + 2Ga(2) ] + 2Ga(2)

Ce rfsultat permit de nombreuses avanc@es en statistiques en grande dimension, et peut se
d?montrer de plusieurs fa ons, par exemple [I’aide des probabilitds libres et de la convolution

libre multiplicative introduite pr@c@demment.

1.2.2 Matrices de Wishart, ensembles de Jacobi et statistiques

Plusieurs m@thodes de statistiques multivarides sont lides, commme cas particulier ou cas
limite, I’'Gtude du probltme Wishart double, c’est dire I’ftude de la matrice A(A+B) !
0g A et B sont des matrices de Wishart, et ce lien est dftailld dans [Joh08]. La loi jointe
des valeurs propres de A(A + B) ! est donnge par la distribution des ensembles de Jacobi
orthogonaux.

Dans le cas de ’ACC, supposons que nous avons m observations de p + g variables avec
g. Les p premitres variables sont regroup@es dans la matrice de donndes de taille m p
o X = (Xq;::1;%Xp) et les g dernitres dans la matrice de taille m q: Y = (y1;::::Yq)-
La version centrfe de I’ACC cherche les combinaisons linfaires a x et b y qui sont le plus
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corr@ldes, i.e. qui maximisent
aXyYb .
aX Xa bY Yb

On obtient de cette d@marche une corr@lation r; et deux vecteurs a; et b;. On peut rditdrer
cette op@ration en se restreignant chaque pas aux vecteurs orthogonaux ceux d@j trouvds

r=Corr(a x;b x) =

r =maxfa X Yb:a X Xa=bY Yb=1aX Xa=bY Ybj=081 j <Ko
Les corrflations successives sont les racines de I’@quation
det(X Y(Y Y) ¥ X 12X X);

voir [KBM79, p. 284]. Ennotant A=X (I Y(Y Y) Y )XetB=XY(Y Y) Y X,
cette dquation se r@dcrit det(B  r?(A + B)) = 0. En supposant que les donnfes sont des

gaussiennes centr@es de matrice de covariance
|

— Ip XY .

Y X Iq ’
on a sous I’hypothtse nulle Hy :  xy = 0 que les matrices A et B sont ind@pendantes et
suivent les distributions de Wishart A W,(I;m qg)etB Wy(l;m p).

Ces matrices apparaissent @galement dans le probltme de I'@galitd entre des matrices de
covariance. Supposons que nous avons deux jeux de donnfes ind@pendants provenant de
deux distributions normales de matrices de covariance respectives C; et C, de taille p p.
On a vu pr@cgdemment que leurs estimateurs &, et &, suivent des distribution de Wishart.
Alors le test de I’hypothtse nulle Hy : C; = C, repose sur la plus grande valeur propre de
(Cy + Cy) C, (voir [Mui09]).

Les matrices de cette forme apparaissent @galement dans I’'analyse discriminante linfaire
multiple, le modtle de r@gression lingaire multivari@, et dans I'0tude des angles et distances en-
tre des sous-espaces vectoriels alfatoires, ces liens @tant @galement documentds dans [Joh08].
Les ensembles de Jacobi sont donc d’un grand intdrEt dans I'analyse statistique multivarige.

Les probabilit@s libres rectangulaires

Cette section montre I'importance, en statistiques notamment, de I'analyse spectrale des
matrices rectangulaires. Soit X une matrice coe cients r@els ou compleﬁesﬁtaille n m.
On appelle valeurs singulitres de X les valeurs propres de la matrice = XX ., De mEme,
on appelle mesure singulitre empirique de X la mesure spectrale empirique de = XX . Une
th@orie des probabilitds libres rectangulaire, ddvelopp@e par Florent Benaych-Georges [BG09]
permet de d@crire, comme en probabilit@s libres "classiques”, le comportement asymptotique
de la mesure singulitre empirique de la somme de deux matrices rectangulaires libres quand
le rapport des dimensions n=m tend, quand n tend vers I'in ni, vers un coe cient 0.
C’est I'@quivalent de la convolution libre additive dans ce contexte, appel@e convolution libre
rectangulaire de ratio . Elle est d@ nie dans les r@sultats suivants issus de [BG09].
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Th@ortme 1.2.2 (Convolution libre rectangulaire additive de ratio  pour les matrices
al@atoires). Pour tous n;m 2 N , soient M., et N,.,, deux matrices aldatoires coe cients
rels (complexes) inddpendantes de taille n m telles que

la distribution de My,., est invariante sous I’action du groupe orthogonal (unitaire) de
chaque c tg,

. iy v P i
les suites de mesures empiriques ( mmim) et ( mmTim) . convergent re-
spectivement en probabilitd, quand n et m tendent vers I'in ni avec n=m tendant vers
2 (0;1], vers les mesures de probabilitd dgterministes ¥ et 1.

Alors, au sens de la convergence faible en probabilit,

P
(Mn;m+Nn;m)(Mn:m+Nn;m) M Ny.
sym ame1 SYMC 1) sym( 1)

og I’op@ration sym est d@ nie Chapitre 4.

Cette opfration peut de manitre @quivalente Etre d@ nie pour des variables libres d’un
espace de probabilitd non commutatif rectangulaire.

Soit  une mesure de probabilitd sym@trique sur R. Sa transform@e de Cauchy rectangu-
laire de ratio se d@ nit comme

H :z2Cn[0;+1) A z( M 2(2) + 1)(M 2(z2) + 1);

(0]7] 1
Z 22 1 1

M2:22Cn[0;+1) A d(v)=1&zG 1&2 1

rR1 zv2

La R-transform@e rectangulaire de ratio de est dd nie sur un voisinage de z@ro par
|

1

z

C@=uU H Q)

0@ sur un voisinage de z@ro

8

= 1+[( +1)2+4 2] i &0
U@ = 2_f .

- zif =0

On a alors comme en Thdorie des Probabilitgs Libres classique le r@sultat suivant.

Th@ortme 1.2.3 ([BG09]). La R-transform@e rectangulaire de ratio lin@arise la convolution
libre rectangulaire de ratio : pour et des mesures de probabilitds sym@triques sur I’axe
rgel, et pour z dans un voisinage de z@ro,

C @=C@®»+C @)
et est I'unique mesure de probabilitd sym@trique v@ri ant cette relation.

Th@orktme 1.2.4 (Injectivitd de la R-transform@e rectangulaire, [BG09]). Si les R-transformg@es
rectangulaires de ratio de deux mesures de probabilitd sym@triques co ncident sur un voisi-
nage de 0 dans (0], alors les deux mesures sont identiques.
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1.3 Processus matriciels et gaz de particules

Nous cherchons ici, avant de pr@senter les rgsultats ddvelopp@s pendant cette thtse, montrer
di @rentes motivations de I'introduction de processus matriciels.

Dans [Dys62], Dyson a pour objectif de g@nf@raliser le principe de matrices alfatoires de
fa on donner aux modtles de gaz de Coulomb un "sens", par del celui de I'Gtude d’un modtle
statique d’@quilibre thermodynamique : un modtle qui pourrait ne pas Etre I’gquilibre, et
qui @voluerait avec le temps comme un systtme dynamique. Il propose donc d’@tudier des
processus stochastiques valeur matricielle. En e et, le calcul d’It permet, pour certains
processus matriciels, de montrer que les processus des valeurs propres du processus matriciel
suivent un systtme @quations di @rentielles stochastiques (EDS), et il en est parfois de mEme
pour les vecteurs propres. Plus pr@cisdment, on a le r@sultat suivant.

Thgortme 1.3.1 ([AGZ10]). Soient ((B¥); (B );1 j k n) une collection de mou-
vements Browniens rels ind@pendants. D@ nissons le processus matriciel (H¢); sym@trique
pour =1, hermitien pour =2 dont les coe cients sont pour toutt O0,j k:

8
Zpi_(BIF i DBIY ifj<k
Hg;k: s n

= ZnB{U' if j=k :

Supposons que les valeurs propres de la matrice sym@trique (hermitienne) M, appartiennent

la fermeture  du simplexe =f(x"); i n2R":x!<x’< < x"g. Supposons de plus
que pour tout t O les valeurs propres ( i;:::; ) de My = Mg + H; appartiennent presque
sBrement

Alors les processus ( §;:::; D) sont des semi-martingales satisfaisant le systtme d’@quations
di @rentielles stochastiques
P; 1
d;:i&ndB{ = —dt pour tout i 2 1;:::;ng;
j&i

og les (B!): sont des mouvements Browniens rels ind@pendants.

Le systtme de particules d@ ni dans le Th@ortme 1.3.1 est appeld le mouvement Brown-
ien de Dyson. La d@marche de rechercher une di usion de particules soumises un potentiel
donn@ peut Etre gdn@dralisde par le fait bien connu que pour toute fonction V : R" @ R satis-
faisant les bonnes propri@tds de rdgularit? et de croissance, I'dquation di @rentielle stochas-
tique gradient

dx! =dB! ;v (x};: o x?)dt pour tout i 2 F1;:::;ng; (1.3.1)

mouvements Browniens ind@pendants sur R, a une mesure stationnaire de densitd par rapport
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la mesure de Lebesgue sur R proportionnelle  (x%;:::;x") 2 R" @ e 2V&hux™  QOp
peut donc fabriquer des systtmes de particules dynamiques sous certaines hypothtses sur V
(voir par exemple le mouvement Brownien de Dyson g@n@ralis@ [LLX14, Th@ortme 1.1], pour
que 'EDS (1.3.1) admette une unique solution forte) partir de leur mesure stationnaire.
Sous certaines hypothtses sur V, la loi jointe des n particules convergera vers cette mesure
stationnaire en temps long. Les dynamiques des systtmes de particules de mesure stationnaire
proportionnelle  (1.1.1) peuvent ainsi s’dtudier dans le cas gdngral > 0 dans le cadre des
systtmes d’@quations di frentielles stochastiques, et il existe plusieurs r@sultats rattachant
ces dynamiques pour > 0 des modtles matriciels, notamment tridiagonaux (voir par
exemple [AGZ10, Section 4.5]).

En physique statistigue comme en matrices al@atoires, on s’int@resse aux limites en grandes
dimension. La question de la commutativitd des limites pour les systtmes de particules
dynamiques en grande dimension et en temps long se pose naturellement, et est adressfe
pour les ensembles -Laguerre dans le Chapitre 4.

Outre I'0tude dynamique de gaz de Coulomb, le calcul stochastique est @galement utilis?
comme outil d’analyse des grandes matrices al@atoires. Par exemple, dans le cas du mouve-
ment Brownien delpyson (Th@ortme 1.3.1) avec =1, si I’'on note pour toutt 0 la mesure
empirique = % L i et que I'on suppose que la mesure spectrale empirique ,, de Mo
converge presque sBrement vers une mesure de probabilitd § quand n tend vers I'in ni,
le calcul d’It montre que la transform@e de Cauchy-Stieltjes (z;t) @ G(z;t) de  vOri e
asymptotiquement (pour n ¥ +1) une @quation aux d@riv@es partielles complexe dite de
Burgers s’@crivant

0G
ot

qui se rdsoud par la m@thode des caract@ristiques et permet de d@crire le comportement de
¢+ en grande dimension pour toutt 0.

R@cemment, le calcul stochastique matriciel fut utilisd par le groupe de chercheurs LAszI
Erdfis, Benjamin Schlein et Horng-Tzer Yau (voir par exemple [ESY09, EPR™10, EY17])
pour d@montrer que la convergence de la mesure spectrale empirique des matrices de Wigner
vers la loi du semi-cercle a aussi lieu localement, plus prdcisgment peu de choses prts
n’importe quelle @chelle sup@rieure la distance typique entre les valeurs propres normalisges,
qui est de I'ordre de grandeur n ®. Ils parlent donc d’universalitg locale. La strat@gie de la
preuve est notamment introduite dans le livre [EY17].

Historiqguement, une autre motivation pour I'introduction du calcul stochastique dans le
monde des matrices alatoires est I'0tude de la stabilitd de la distributions des valeurs propres
de modtles matriciels par I'introduction d’un bruit, par exemple gaussien. Les distributions
qui r@sultent d’une telle perturbation sont compliqu@es et c’est notamment ce qui conduit
Marie-France Bru dans son article [Bru89] @tudier un modtle og le bruit ajout? est dy-
namique : une matrice dont les entr@es sont des mouvement Browniens ind@pendants. La
ddmarche math@matique est en fait la méme qu’au Th@ortme 1.3.1. Ces matrices ont 0td le
point de ddpart de cette thtse.

@H= @GO @Y 6@ =6 4 @)
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Les systtmes d’@quations di @rentielles stochastiques gtant ddj un sujet d’investigation
du domaine de recherche du calcul stochastique, les pr@occupations lides aux gaz de Coulomb
et aux matrices alfatoires sont apparues en plusieurs occasions dans cette littdrature, par
exemple avec I'0tude des processus de Dunkl (voir par exemple [Chy06, Dem09b, GY™06]).
Des outils ddvelopp@s dans le contexte des processus stochastiques tels que les @quations
di @rentielles multivoques introduites et gtudifes par Emmanuel C@pa ([COp94, CIp95]) sont
notamment utiles pour @tendre les r@sultats d’existence forte et d’unicit@ de solutions des
systtmes de particules h@ritds des -ensembles, en particulier dans ce travail de thtse.

1.3.1 Systtmes de particules en interaction

Une des contributions de cette thtse fut d’@tendre les r@sultats d’existence et d’unicitd de
solutions fortes des systtmes d’dquations di @rentielles stochastiques issus de probltmes de
matrices alfatoires et de -ensembles : le processus de -Wishart et le processus de -Jacobi,
lids respectivement aux ensembles de -Laguerre et aux ensembles de -Jacobi.

Processus de -Wishart

Ces rfsultats sont issus d’un travail en collaboration avec mon directeur de thtse Benjamin
Jourdain.

Soient 0, 2R, >0;n 1, et B = (Bi:::;B") un mouvement Brownien
en dimension n. Le processus de -Wishart (que I'on trouve parfois sous le nom de -
Laguerre dans la littdrature) est solution du systtme d’@dquations di @rentielles stochastiques
suivant, d@crivant des particules positives, @voluant comme des processus de Cox-Ingersoll-
Ross [CIR85], et se repoussant selon une interaction coulombienne.

o 1
. a— ) > P4 )
d{ = 2 WB{+@ 2 !+ —Adt pour tout i 2 f1;:::;ng (1.3.2)
j&i t

0 < < D ps. dt presque partout:

-+

-+

Ce processus est apparu dans les travaux de Marie-France Bru [Bru89] dont la motivation
premitre, comme expliqud plus t t, @tait I’'analyse de la stabilitd de I’algorithme d’analyse
en composantes principales par une perturbation gaussienne en ajoutant une matrice de
mouvements Browniens ind@pendants une matrice de donnfes. Dans [Bru91], elle constate
que cette di usion matricielle constitue une extension matricielle naturelle des carrfs de
Bessel.

En e et, un carrg de Bessel de dimension m 1 satisfaisant I'dquation di Orentielle
stochastique dx; = 2" XydB¢ + mdt og (B¢); est un mouvement Brownien a pour gdndrateur
m-Z +2xg—i. Bru constate qu’en consid@rant une matrice (My).de taillem navecn mdont
les entr@es mouvements Browniens ind@pendants , alors le processus (M, M) est solution de
I’EDS suivante sur I’ensemble des matrices r@elles sym@triques :

a_ a_
dSt = Stht + dNt St + mlndt, (133)
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02 (N¢); est une matrice n n de mouvements Browniens ind@dpendants. Le gdnfrateur de
Sestalors Tr m@@—x + 2xg—i . En plus de la g@n@ralisation du paramttre m  n entier un

paramttre n rdel, Bru introduit le processus suivant : (M) est un processus stochastique
prenant ses valeurs dans I’espace des matrices rdelles de taille m n v@ri ant 'EDS

th = th Mtdt, MO = Mg,

09 0, (W), est une matrice de taille m n dont les entrdes sont des mouvements
Browniens ind@pendants et mg est une matrice r@elle d@terministe de taille m n. Les entr@es
de M sont donc des processus d’Ornstein-Ulhenbeck ind@pendants. Un analogue complexe
de ce modtle a ¢tg gtudig dans [KOO1]. Bru d@montre dans [Bru91l] que le processus des

valeurs propres ( i;:::; M) de (M, My), est solution du systtme d’EDS
. a— . > 4 { .
di=2 dBf+mdt 2 m [dt+ f 7dt pour tout i 2 f1;:::ng
jEi t t

0 i< < Dps. dtp.p.

Le systtme (1.3.2) g@n@ralise ce dernier par I'introduction d’une intensitd > 0 donnde aux

termes d’interaction, et par le remplacement du paramttre entier m  n par un paramttre rfel

0. Ce remplacement de m par est I’'analogue de la g@n@ralisation de la dynamique de

la norme d’un mouvement Brownien rdel m-dimensionnel aux carr@s de Bessel de paramttre

(voir [RY99, chapitre XIJ).

On montre le r@sultat d’existence et d’unicit@ forte suivant (le cas 1 est dfj traitd

dans la littdrature dans [YCGO08, Dem09b, GM13, GM14], voir Chapitre 2 pour plus de
ddtails).

Th@ortme 1.3.2. Supposons < 1; (n 1) > 0. Consid@rons la condition initiale
o=1( &::1; §) ind@pendante du mouvement Brownien B, telle que 0 5 0 p.s.
et 2>0p.s.

Alors le systtme d’EDS (1.3.2) a une unique solution forte sur I’intervalle
[0; lim -);

0@, pour " >0,
~=infft 0: { "and Z | g
De plus,
(i) pour 2R; si (n 1) 1 alors ll'ilrr(lJ ~= 1 p.s.
(ii) pour 0; si n 1) <1 alors .|.i,”(‘] ~< 1 p.s.

(iii) 1l 'y a pas de collision multiple entre particules, i.e. pourtoutl i<j n 1;
P 9t2(0;lim -): b= e 1= I —q
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On montre @galement que pour <1, il y a collision entre particules voisines en temps
ni presque sl3rement.

Proposition 1.3.3. Soient 2 (0;1); > 0 et consid@rons la condition initiale o =
§iitny ) ind@pendante du mouvement Brownien B et telle que 0 5 0. Sup-
posons que > 0 et que le systtme (1.3.2) admette une solution d@ nie sur R4, ou 0,
(n 1) 1 et 3>0p.s. (de fa on que, par le Theorem 1.3.2, il existe fgalement
une solution d@ nie sur R+ au systtme (1.3.2)). Alors pour tout i 2 f2;:::;ng, le temps
d’arrtt
TO=infft>0: I= 11g
vari e n o
PTO<1 =1

Le lien avec les ensembles de -Laguerre se comprend par le r@sultat suivant.

Proposition 1.3.4. Supposons > 0 et (n 1) > 0. L’unique mesure de probabilitd
stationnaire du systtme d’EDS (1.3.2) est j,, admettant pour densit@ par rapport la mesure
de Lebesgue sur R" :

o 1
1 n T T
d inv( l;:::; n):* @( I) —5- le JJ IJ _ZAlfo 1 ngd t.o:d n.
Z i=1 j&i
0@ Z est une constante de normalisation. Plus précisgment, si une solution = ( L;:::; M)y

(1.3.2) est telle que la distribution de + ne d@pend pas de t, alors cette distribution est

inv- R@ciproquement, (1.3.2) admet une unique solution de condition initiale o distribuge
selon ., et independante du mouvement Brownien B. De plus, pour tout t 2 Ry,  est
distribuge selon .y .

On montre de plus que si > 0, si les coordonnges de la condition initiale sont int@grables,
i.e.
> .
E 0 <+1;
i=1
et si la solution  est globale, alors la distribution de ( {;:::; ) converge @troitement vers
inv quand t ¥ +1. La distribution ;,, donne une g@n@ralisation de la distribution de

I’ensemble de -Laguerre qui s’dcrit

o 1
1Y m_ (n Y S
ey L 2 jb o TAL, ngg M2 fn;n+1;:::g; >0
Z o j&i

en rempla ant m par dans I'exposant de ' et 5 par dans le terme exponentiel.

Une Jtape clg dans Iaqoleuve de ces r@sultats est d’@tudier le systtme d’EDS obtenu en
calculant formellement d | en appliquant la formule d’It
o)
) . <X (x1)2 + 2
dx; = dB'+@71£ Xp+ — MAdt pour tout i 2 f1;:::;ng (1.3;4)
2 X 2%t e (X2 (x1)?
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0 xf< <xP ps,dt pp;

qui peut s’@crire comme une di usion gradient

dxi =dB! @V (xi;:::;x{)dt pour tout i 2 1;:::;ng; (1.3.5)
de potentiel
8 9
X< . . > . - . .=
V(Xg;iiiXn) = ) (h 1) L In jx'j 1 (xH)? + — Injx'" Xj+Injx"+x}j _:
i=1 " 2 2 4 j&i i
(1.3.6)

Processus de -Jacobi

Soientp;q 0; >0,n 1,etB = (B{;:::;B): un mouvement Brownien n-dimensionnel.
Le processus de -Jacobi ddcrit I'@volution de particules sur le segment [0; 1] se repoussant
par une force coulombienne, et est solution du systtme d’EDS suivant :
a 2 _ ) 3
. _ . ] > 1 N+ 11 i )
di=2 {1 DHdBl+ 4p (p+q) i+ i t? JF( t)5dt pour tout i 2 f1;::::ng
t

j&i
J(p,a))

-

0 < < ! 1;ps dt presque partout:

Pour n = 1, le processus de Jacobi rfel fut dgj @tudi@ pour des modtles de g@ndtique
(voir par exemple [EK09]) ou nanciers (voir par exemple [DS02]). Plus g@ndralement, les
processus -Jacobi apparaissent dans I'0tude du processus de Jacobi matriciel introduit et
analys@ par Yan Doumerc dans [Dou05] : soient n; m; p trois entiers naturels non nuls, un
mouvement Brownien orthogonal de dimension m  m (voir [LOv17] pour une construction
du mouvement Brownien orthogonal), et soit X la matrice constitufe des n premitres lignes
et des p premitres colonnes de . Alors,sip n+1,q n+1etp+qg=m,leprocessus
J = XX , est une di usion et est solution de 'EDS

p. 99— a9 p_
dJ= JdN 1, J+ I, JdAN J+(pl (p+q)d)dt (1.3.7)

og N est une matrice de taille n n dont les entr@es sont des mouvements Browniens in-
d@pendants (voir [Dou05, Theorem 9.2.3]). Les valeurs propres de J v@ri ent alors le systtme
d’EDS (J(p,q)) avec = 1 (voir [Dou05, Theorem 9.3.1]). En prenant  un mouvement
Brownien unitaire plut t qu’orthogonal, les valeurs propres de J v@ri ent le systtme d’EDS
(J(p,q)) avec = 2 (voir [Dem09a]). Le systtme (J(p,q)) est donc une g@n@ralisation des
coe cients gdnfraux p;q 0et > 0 de ces systtmes issus de processus matriciels.

On montre le r@sultat d’existence et d’unicit@ suivant (le cas 1 est dgj traitd dans la
littdrature dans [Dem09a, GM13, GM14], et on @tend ici ces r@sultats, voir Chapitre 2 pour
plus de dgtails).
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Th@ortme 1.3.5. Supposons < 1letp”~q n+1>0. Considdrons la condition initiale
o=1{( &:::; 5) indgpendante du mouvement Brownien B et telle que 0 : 5
lps.et 3(1 §H>0ps.
Alors le systtme d’EDS (J(p,q)) admet une unique solution forte d@ nie sur I'intervalle
de temps
[0; lim -);

0g, pour tout " > 0,

~=infft 0: { "et ?

-

"g~Ninfft 0: 7 1 et ? DY g
De plus,

N 1 .
(i) sig n+1 = 1alors _I||_rr(1J «~= 1 p.s.

(i) 1l N’y a pas de collision multiple entre particules, i.e. pourtoutl i<j n 1;
P Ot2(0;lim-): = {"et = " —p

Le r@sultat @quivalent de la Proposition 1.3.3 pour les processus de -Jacobi s’@nonce de
la fa on suivante, et est ddmontrfe dans [Dem09a].

Proposition 1.3.6. Supposons (p~~q n+1) > 0. L’unique mesure de probabilitd station-
naire du systtme d’EDS (J(p,q)) st iny admettant pour densitd par rapport la mesure de
Lebesgue sur R" :

o 1
; V@( D T ¢ ) e 1Y

i=1 j&i
0@ Z est une constante de normalisation.

Plus précis@ment, si une solution = ( {;:::; M de (I(p,q)) est telle que la distribution
de ¢ ne d@pend pas de t, alors cette distribution est ;,,. R@ciproguement, (J(p,q)) admet une
unique solution  de condition initiale g distribu@e selon ., et independente du mouvement
Brownien B. De plus, pour tout t 2 R4, ¢ est distribufe selon i,y .

On reconnait ici en j,, la densitd de I'ensemble de -Jacobi. On montre de plus que si
la solution est globale, alors la distribution de ( {;:::; ') converge @troitement vers i,
quandt ¥ +1.

Comme pour les -Wishart, une gtape clg dans la preuveqde ces r@sultats est d’@tudier

le systtme d’EDS obtenu en calculant formellement d arcsin I en appliquant la formule

da’lt
8

= 9 >t By

d{:dBt+_Tcot{+((q n+1) 1)cot(2 {)+§ cot( 1+ Hy+cot( ! I
- jEi

(1.3.8)
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pour tout i 2 f1;:::;ng;
0 I< < ? E; p.s. dt p.p.;

qui peut s’@crire

d{=dB{ @V (¢:::; )dtpourtouti2fl;:::;ng; (1.3.9)
avec
8
X = . .
=t o (1.3.10)
X A ; A } =
+Z Injsin( '+ Y)j+Injsin( ' Ny .

j&i

Liens avec d’autres points de vue sur les systtmes de particules
Plus gf@n@ralement que le systtme (1.3.1), les systtmes de particules en interaction du type
dx! = bi(xDdt+ ;(xDdB! @V (x};:::; xMdt; (1.3.11)

ogV :R"A ( A;+21] ont @tg Ftudids par de nombreux auteurs. En ajoutant une moyen-
nisation % devant V, elles apparaissent dans le livre de Henry P. McKean [McKG69], et chez
Alain-Sol Sznitman dans le contexte de la propagation du chaos, qui reltve de nombreuses
autres r@fdrences dans ign cours [Szn91]. Dans Iﬁ)cas particulier I(x2) = >0b(Xx)=0
et V(XL xM = 5 L jeilnix! xdj+ 50 Li(x)? avec - et >0, Iexistence
et I'unicitd d une solution forte du systtme (1. 3 11) ont t@ prouvd dans [RS93].

Les systtmes du type (1.3.11) og b; et ; sont des fonctions Lipschitz, og V est une
fonction convexe semi-continue inf@rieurement telle que D = fx 2 R" : V (X) < +1.g est un
ensemble convexe non vide et V est continuement di @rentiable sur D, et og la condition
initiale (x3;:::;%8) 2 D ont ¢tg Gtudd en profondeur par Cépa et L@pingle par exemple dans
[CL97] et [CLO1] og ils appliquent la th@orie des @quations multivoques de C@pa ddveloppde
dans [COp94] et [COp95]. Cette th@orie traite les probltmes d’existence et d’unicitd de solution
d’EDS multivoques associfes une fonction convexe d@ nie sur un domaine D de R". Dans
[L10], L@pingle applique cette th@orie un mouvement Brownien contraint rester dans une
chambre de Weyl en rebondissant ou en @tant repouss@ par ses frontitres. Le comportement
du potentiel convexe aux frontitres de D impose le comportement du processus sur ces
mEmes frontitres (s’il atteint ou non la frontitre en temps ni, s’il est r@ @chi sur la frontitre,
etc.). Nos systtmes d’EDS de -Wishart et de -Jacobi r@dcrites sous la forme de di usion
gradient aprts changement de variables peuvent Etre vues sous cet angle, et cette connexion
est exploit@e dans la d@monstration des Th@ortmes 1.3.2 et 1.3.5.

Les processus de -Wishart et de -Jacobi furent @galement abord@s par une autre veine
de la litt@rature s’int@ressant aux processus de Dunkl radiaux (voir [Chy06, Dem09b, GY 06]
pour une introduction dgtaillde). On d@ nit un systtme de racines R par un ensemble ni
R"nf0g gdndrant I'espace vectoriel R" tel que

31



pour tout 2R, R\R =°f ; g,
pour tout 2R, (R)=R,

og  est la re ection par rapport [I’hyperplan orthogonal . Un systtme simple  est
une base de R" imposant un ordre total sur R de la manitre suivante : une racine 2 R est
positive si elle s’dcrit comme une combinaison linfaire coe cients positifs d’dlements de
Un systtme simple  ftant x@, on peut alors d? nir I’ensemble des racines positives de R
que I'on note R+. Quand ; =1etV prend la forme

=<
V. x™A k( )In(h ;xi); x2 D;

2R+

0@ D est la chambre de Weyl d@ nie par
D=fx2R"h ;xi>08 2R.g;

Demni ddmontre dans [Dem09b, Theorem 1] I'existence et I'unicitd d’une solution forte
(1.3.11) sur le domaine D quand k( ) > 0 pour tout 2 R.4. Pour ce faire, il applique
la th@orie des @quations multivoques d@veloppfe par Cfpa @voqude plus t t. Ce systtme
correspond  notre systtme -Wishart (1.3.2) pour un certain choix de Ry et des k. En
rempla ant la fonction convexe A In(h ; 1) par A In(sin(h ; 1)) dans V, et pour
un certain choix de R. et des k, ce systtme correspond @galement notre systtme -Jacobi
(I(p,a)).

On retrouve aussi les processus de -Wishartet -Jacobi dans les travaux de Piotr Graczyk
et de Jacek Malecki ([GM13], [GM14]) qui s’intdressent des systtmes d’EDS de la forme

O 1

JEiI t t
1 n. .
! S 0

og les fonctions ;b; et H;j; sont continues, et og H;; est positive et sym@trique au sens
02 Hi;j(x;y) = Hj.i(y;X) pour tout X;y 2 R. Les processus de -Wishart et -Jacobi sont
des cas particuliers de ces systtmes de particules pour les bons choix de ;;b; et H;;j. La
motivation premitre des auteurs est lide des pr@occupations matricielles @voqu@es par Bru
dans [Bru91] : d@montrer un th@ortme de Yamada-Watanabe multidimensionnel. C’est ainsi
gu’ils considtrent dans [GM13] ([GM14]) FEDS valeur matricielle sur S,, (Hn), I'espace des
matrices sym@triques (hermitiennes) de taille n n, de la forme

dXt = g(Xe)dWh(Xy) + h(X)d(Wy) g(Xe) +b(Xp)dt;  Xo 2 Hp; (1.3.12)

og les fonctions g;h;b : R ¥ R sont continues et s’appliquent sur le spectre de X, i.e.
si X 2 Hp,, U unitaire et D diagonale sont telles que X = UYDU, alors g agit comme
I'application H, 3 X @ UYDiag(9(D1;1); ;9(Dnn))U. lci, W = (Wy), est une matrice
de taille n n dont les entrfes sont des mouvements Browniens complexes (voir Chapitre 4
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pour plus de précisions). Cette formulation g@ndrale englobe les @quations pour les modtles
de -Wishart et de -Jacobi (en particulier (1.3.3) et (1.3.7)), comme c’est indiqud dans
[GM13]. Si (X¢): est solution de (1.3.12), il est prouv@ dans [GM14] que les processus valeurs

propres ( #;:::; M¢ de la solution (X), satisfont le systtme d’EDS suivant :
o) 1
d 1=2g( Hh( HdB! +2@p( !) + XCWAdt; forall i 2 f1;:::;ng
jei ot ot (1.3.13)
: 5ot oo

08 G(X;y) = g?(x)h*(y) + g*(y)h?*(X).

Aprts I'ftude de r@sultats d’existence et d’unicitd, de mesures stationnaires ainsi que
de comportement en temps long de ces processus de -Wishart et -Jacobi, une question
naturelle est de s’interroger sur leur comportement en grande dimension.

1.3.2 Systtmes de particules en grande dimension

De nombreux travaux ont pour objectif de ddcrire la mesure empirique asymptotique de sys-
ttmes de particules issus de matrices al@atoire, comme [DGO01, PPPA16, JPP™19]. Certains
des travaux citds prgcddemment dans le contexte des systtmes d’EDS ([RS93, CL97, CLO1])
se sont de mEme int@ress@s au comportement asymptotique en grande dimension de la mesure
empirique des particules. Les m@thodes pour prouver ce type de convergence reposent
gdndralement dans la litt@rature sur I'@tude de I’'@quation aux d@riv@des partielles (EDP) de
Burgers complexe que I'on trouve pour la transform@e de Cauchy-Stieltjes de la mesure em-
pirique asymptotique ([RS93], [CLOL]). L’EDP en question se r@soud quand c’est possible
par la m@thode des caract@ristiques ou par une une transformation de Hopf-Cole. Jos@ Luis
Pdrez et Malecki ont @tudi@ les solutions de (1.3.13) sous cet angle en @tudiant les moments
de la mesure empirique des particules dans [MP19] (voir aussi [SYY19, TT20b, ABMV13]).
Dans ces travaux, on trouve des r@sultats d’existence de la limite en grande dimension de la
mesure empirique des particules, ainsi qu’une forme explicite de cette limite quand la condi-
tion initiale est un dirac en z@ro. Nos r@sultats sur les -Wishart g@n@ralisent les pr@cddents
en partant de conditions initiales dont la seule contrainte est que le huititme moment est

ni. On couple pour cela I'tude d’'une EDP de Burgers complexe des outils issus des
probabilitds libres rectangulaires de [BGO09].

L’objet limite peut CGtre interpr@td comme la loi d’un processus de Wishart libre, dg ni
dans I'article [CDMO05]. On notera que le mEme type de travail fut r@alisd pour construire
le processus de Jabobi libre ([Dem08]), dont la recherche de la loi, de mEme que dans le
cas Wishart, est envisagfde comme une piste de recheche future. Le lecteur trouvera dans
[Bia97, BS98, BS01] une introduction la thdorie des processus stochastiques libres.

Mesure empirique des beta-Wishart en grande dimension

Nous introduisons ici une forme g@ndralisfe des processus de -Wishart englobant les dif-
fdrentes d@ nitions que I’on peut trouver dans la littgrature. Soient ; , >0, O0m n
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et consid@rons le processus de Wishart g@n@ralis@ d@ ni par le systtme d’EDS :

o)
2 A—- ) > MW o jimW )
d "W =p_ "WgBl 2 "Wqt+ , 201+ 2 S },n,WAdt pour tout i 2 f1;:::ng
m Miei ¢ t
(1.3.14)
0 "< < P"Wops dtp.p.
og B1;:::;B" sont des mouvements Browniens ind@dpendants.
D@ nissons pour toutt O
. 1 X _ a— 1 X
nw _ - W nw _ nw _ - P— &+ P——
t n - MW, t t n - ;,n,W ;,n,W

On a le r@sultat suivant, que I'on trouve dfj dans [MP19] mais que I'on rappelle dans le
cas du processus de Wishart gdndralis@, et qui exhibe les @tapes classiques de I'dtude en
grande dimension de la mesure spectrale empirique d’un systtme de particules. On exhibe
notamment I’@quation intdgro-di @rentielle v@ri ge par les valeurs d’adh@rence de la suite
(( ")0)n en (1.3.15), ainsi que 'EDP de Burgers complexe (1.3.16) v@ri 0e par les transfor-
mdes de Cauchy-Stieltjes des valeurs d’adh@rences de (( {V)o)n.

Th@ortme 1.3.7 (Burgers complexe et limite de champ moyen : formulation faible). Sup-
posons que la suite de mesures ( "), converge faiblement en probabilitd quand n ¥ +1
avec & ¥ 2 (0;1] vers une mesure de probabilitd limite notde ' et que
z
sup x® VW(dx) < 1:
n

Alors la famille f( {"¥); o;n 2 N g est tendue et tout ot de mesures limite quand n tend
vers I'in ni avec = ¥ 2 (0;1] satisfait pour toute fonction test f relle doublement con-
tinuement di @rentiable I’dquation :

s(dx) s(dy) ds

(1.3.15)
0g X M@ Xxetavec la convention fo(xiif(y) = fU(x) quand x =y. Si , admet une fonction
caractdristique, et si cette fonction est analytique dans un voisinage de I’origine, alors cette
@quation admet une unique solution.

De plus, si ( )t o est une solution de I'Gquation (1.3.15) et si pour tout t 0, G; est la
transform@e de Cauchy-Stieltjes de ¢, alors G est solution de 'EDP de Burgers complexe

Z, 22, 22 : 0
hgfi=hofit he(12 2 )fids+—L2 (x+y)f()2;(y)
0

tht(z)z( 122 [2%2+42 z)@@ZGt(z) 2 1 2zGt(z)@@ZGt(z) 1 2 2Gi(z2) +2 Gy(2);
Z ¥ (dv)

Go(z) =
(1.3.16)
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Le r@sultat suivant donne une rdponse compltte la limite de la suite (( V)¢)n et donc

(( £™)o)n pour toute condition initiale YV = ng:;vl de huititme moment ni.

Th@ortme 1.3.8 (Limite de champ moyen pour le processus de Wishart g@n@ralis@). Sous les

hypothtses du Thortmg 1.3.7, supposons de plus > 1, que ( FnWe e WY est d@ nie
sur Ry et que ¥ = . Supposons de plus que ¥ admet une fonction caract@ristique

analytique dans un voisinage de z@ro. Alors pour toutt 0, ( V), , converge faiblement

en probabilitd et

a
W | nw _ t w MP _ .
t _“_mlt =(e 0) 2t

og , estla convolution libre rectangulaire de paramttre , , og e t ¥V est la mesure
image de ¢’ par I'application v @ e ‘'v, et og pour toutt O:

8 2
2170 e?2Y if &0
=

2 —
i=_2
1t if =0
. qad—;
De plus, si &0etavec 1 = —5—,
q

lim V= MP>:a

ty+1

On conclut de plus sur la commutativitd des limites en temps long et en grande dimension.

Th@gortme 1.3.9 (Commutatmt@ des limites). Sous les hyp?_J,thes du Th@ortme 1.3.8, sup-

osons_de p Ius 6 0, , =1 et que pour tout n 2 N : E '”W < +1. Notons
i=1
1 = -1—. Alors on a au sens de la convergence faible
lim lim &Y = lim lim M= MP:a
n¥1 ¢ty t?T1 N1
n=m ¥ n=m ¥

1.4 Matrices al@atoires et r@seaux de neurones

Les algorithmes de r@seaux de neurones profonds, ou d’apprentissage profond, sont I’origine
d’avancfes majeures en intelligence arti cielle. Leur popularisation r@cente est due deux
principaux facteurs mat@riels : I’'augmentation de la capacit? de stockage des donn@es, dont le
grand nombre est nfcessaire au bon fonctionnement de ces algorithmes, et I’'augmentation de
la capacit@ de calcul des ordinateurs. la suite des travaux fondateurs [RHW85], [LBD™89]
et [LBBH98], I'introduction des r@seaux convolutifs dans [KSH12] eut un impact consid@rable
pour ce domaine de recherche en dominant la comp@tition de reconnaissance d’images Im-
ageNet (voir [DDS™09]). Depuis, les r@seaux de neurones profonds furent d’'une e cacitd
redoutable en surpassant les m@thodes prf-existantes dans de nombreux domaines, tels que
le traitement automatique du langage (voir par exemple [WCA14, Rud18]), la reconnaissance
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vocale (voir par exemple [HDY "12]), dans I'am@lioration de I’lmagerie par R@sonance Mag-
n@tique (voir [ZKS™19]) ou plus rdcemment dans la r@solution du probltme du repliement des
protfines avec le travail [SEJ"20]. L’apprentissage profond a en paralltle ouvert de nouvelles
perspectives dans des domaines plus th@oriques, comme en m@canique quantique (voir par
exemple [SAC™17]), ou mEme dans la r@solution de certains probltmes de math@matiques
symboliques (voir par exemple [LC19]).

Sil’e cacitd des r@seaux de neurones profonds dans la r@solution de nombreuses t ches est
consid@rable, la compr@hension de leur fonctionnement est encore aujourd’hui une question
largement ouverte. En e et, non seulement ces r@seaux ont de trts nombreux paramttres, ce
qui pour des modktles statistiques classiques mtnerait du surapprentissage, mais la phase
d’apprentissage de ces paramttres se fait en apprentissage supervisg par une procgdure de
minimisation d’une fonction de col3t hautement non convexe, dont, dans la pratique, on ne
retrouve jamais le minimum global. Cette proc@dure de recherche de minimum se fait en
utilisant des algorithmes de descente de gradient stochastique (voir [Bot98]), og le gradient
est gvalu@ par une m@thode de r@tro-propagation (voir [LBOM12]). Comme soulign@ dans
[CHM™15], la forme g@n@rale de la fonction de cof3t est encore mal comprise. Cette fonction
posstde de nombreux minima locaux, et des exp@rimentations multiples ont montrd que
la performance du r@seau de neurones semble peu d@pendre du minimum local vers lequel
converge la descente de gradient. En revanche, la convergence vers le minimum global, rare
dans des r@seaux de neurones profonds, mtne souvent une situation de surapprentissage.

Pour mieux comprendre le paysage des points critiques de la fonction de col3t, le travail
[CHM™15] tire parti de la similaritd de cette fonction, sous certaines hypothtses sur le r@seau,
avec I’hamiltonien des verres de spin gtudi@ dans [AA*13, AA 13]. Dans ces travaux, les
auteurs d@crivent la r@partition des points critiques de I’hamiltonien I’aide de la formule de
Kac-Rice (voir [AT09]) qui lie le ddcompte des points critiques I'intdgrale du d@terminant
de la hessienne de I’lhamiltonien @tudi@ selon les lignes de niveau de ce dernier. Cette int@grale
est relide au comportement des valeurs propres du GOE.

De nombreux travaux ont pour objectif de comprendre la forme de la sortie d’un r@seau de
neurones en fonction de son entrfe, de ses non-lindarit@s et de ses matrices de poids qui seront
d? nies dans le prochain paragraphe, et les ph@dnomtnes de concentration au sein du rfseau.
Ils gtudient pour cela I'aide de la thdorie des matrices alfatoires des r@seaux de neurones
entrfes alfatoires et matrices de poids alatoires (voir [PW17, LLC*18, BP19, FW20, CL20]).

L’ftude des r@seaux de neurones alfatoires trouve de plus son intgrEt dans I'Gtude de
Iinitialisation de la phase d’apprentissage. Des travaux comme [GB10] montrent I'int@rEt
d’une initialisation al@atoire des poids et des biais du r@seau. Cette initialisation est trts util-
isde en pratique et impldmentde dans diverses bibliothtques de r@fdrence pour les praticiciens
telle que PyTorch. En partant du constat que la concentration du spectre du Jacobien d’un
rdseau de neurones autour de 1 I'initialisation du rfseau est ddterminante dans la rapiditd de
la phase d’apprentissage des paramttres, Je rey Pennington, Samuel S. Schoenholz et Surya
Ganguli @tudient dans [PSG18] I'impact des choix de profondeur du r@seau, de non-lingaritd,
et de variance I’initialisation sur les ph@nomtnes d’explosion ou de disparition du gradient
lors de la proc@dure r@tropropagation en utilisant des outils de probabilit? libre. Les couches
du modtle de r@seau qu’ils gtudient sont de largeur constante. En collaboration avec Reda
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Chhaibi et Tariq Daouda, et la lumitre du papier [PS20], nous cherchons g@n@raliser cette
approche des r@seaux dont les couches sont de largeur variable, et dont le choix des non-
linfaritds est libre pour chaque couche. Cette nouvelle approche fait intervenir des matrices
rectangulaires plut t que carr@es, et demande la d@ nition d’une convolution libre multiplica-
tive rectangulaire, plus simple d@ nir que la convolution libre additive rectangulaire d@ nie
dans [BGO09].

Drautres travaux exploitent cette connexion entre r@seaux de neurones et matrices ala-
toires a n de mieux comprendre le comportement des algorithmes d’apprentissage profond
tels que [Yanl9, Yan20a, Yan20b].

1.4.1 Description du modtle

Consid@rons un r@seau de neurones propagation avant de profondeur L 2 N, c’est dire
L couches. la profondeur © = 1;2;:::;L, chaque couche a pour activation x- 2 RN*, og
N- est la largeur ou la taille de la couche ‘. Le vecteur xq 2 RNo est I'entr@e du r@fseau de
neurones qui renvoie la sortie x, 2 RN, Le vecteur de la taille des couches s'@crit :

On a la relation de r@currence suivante entre les couches :

X = . W‘(N)X. 1+bSN) X

0g - est une non-lingaritd qui s’applique par entrges, w2 Mn..n. , (R) est une matrice

de poids et b™ 2 RN est le vecteur des biais. On gerit he == W% ; + p™) pour les
prd-activations.

La matrice Jacobienne calcul@e pendant la r@tro-propagation peut s’@crire explicitement
en utilisant la rtgle de d@rivation des fonctions composfes. On a alors :

OxL
(N) .— Z7L 141
J X (1.4.1)

_ OxL OX_ 1. @x

@xL 10X 2 @%o
— NN A (NN A (N) L (N A (N)
=D "W, VD IWE T Dy YW

0@ les matrices D- sont les matrices diagonales telles que :
h i
N — .
DY = ()

L’importance de la matrice Jacobienne pendant la phase d’apprentissage peut se com-
prendre de la fa on suivante. Une @tape de descente de gradient modi e les poids et les biais
selon :

WM e BL (1.4.2)
’ ’ awW™;pMNy o
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X
— dx CXi);Yi)

-
Il

Ici d est une distance, les X sont pris en entr@e du r@seau de neurones et les Y; sont les sorties,
c’est dire les labels dans le cas d’un classi eur, Y; = X; dans le cas d’un auto-encodeur etc.
En d@rivant les fonctions compos@es on obtient :

oL _ OL Ox. Ox_ 1., @0Xe4y @x- (1.4.3)
AWM by XL @ 1 0% 2 @x @(w ;b)) o
_ 0Ly 0N .
exc @wN;p™MDy
09
oL 1 X
— == 0d(x.(Xj);Yi) 2 My (R) (1.4.4)
@x. By
JMN = pMW ™ pMIWNDPM™N 2 My n(R) (1.4.5)

Le probltme auquel nous nous sommes int@ressds est le suivant : un grand produit de grandes
matrices peut facilement devenir instable au sens og

si un grand nombre de valeurs singulitres de J™ sont 1, on est confrontd  un
probltme de disparition du gradient.

Si un grand nombre de valeurs singulitres de 3™ sont 1, on est confrontd un
probltme d’explosion du gradient.

Intuition. Cette instabilitd peut se comprendre aisgment en consid@rant le cas plus simple
de la dimension un, pour lequel une suite gdom@trique g" quand n ¥ 1 est I'arch@type d’un
long produit. Cette suite converge extrEmement vite, vers 0 si jgj < 1 ou vers I'in ni si
joj > 1.

Une fa on moins na ve de se forger une intuition du probltme est d’observer que I'dchantillonnage
des mini-lots (1.4.4) est trks bruitd. Sans davantage d’informations sur les donnfes et sur
la m@thode d’@chantillonnage, on peut faire I’hypothtse que @@TLL se comporte comme un
vecteur gaussien de matrice de covariance proportionnelle Iy, . Ainsi, chaque pas de gra-

dient W dans (1.4.2) est approximativement un vecteur gaussien de matrice de

covariance proportionnelle
|

, _ 6h T 3™ Ty @he
ew™;p™Ny T ewWMN;pMNy
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T . .
Le comportement du spectre de J™ 3™ est donc dgterminant pour la stabilitd de la

descente de gradient, et les vecteurs propres de J™N ! J™ sont les directions selon lesquelles
I’intuition en dimension un s’applique.
Dans un but de simpli cation, nous nous concentrons sur la matrice Jacobienne JM)
donn@e par (1.4.1) qui est proche de la matrice JéN) donnfe par (1.4.5) multiplication prts
droite par DSV.

Alga. Dans le travail pionier de Xavier Glorot et Yoshua Bengio [GB10] sur les ini-
tialisations al@atoires, il fut suggdrd que les proprigtds spectrales de J™) sont un trts bon
indicateur de stabilitd et de performance d’apprentissage. Depuis, di @rentes intialisations
al@atoires furent propos@es et sont aujourd’hui impl@mentdes dans les bibliothtques modernes
d’apprentissage automatique [PGC*17, AAB™15].

Nous avons donc pris dans ce travail des choix classiques d’initialisation alatoire. Les
biais b™ sont des vecteurs dont les entres sont des variables alfatoires normales centrges
i.i.d. de variance 2. Concernant les matrices de poids, nous considgrons les entrges [W‘(N)]i;j
comme des variables al@atoires centr@es i.i.d. de variance §,.=N- et de quatritme moment

ni comme dans [PS20], dont le travail th@orique permet de justi er la libertd requise dans
notre travail. En e et, sur les traces de [PSG18], nous utilisons des outils issus des probabil-
itds libres pour analyser les valeurs singulitres de la matrice J™) quand la largeur du rgseau
tend vers I'in ni. Cette limite en grande dimension, i.e. en largeur in nie des couches est
particulitrement int@ressante dans I’'dtude de grands r@seaux de neurones profonds, notam-
ment parce que le r@gime d@dcrit par les probabilitds libres appara t dgj pour des r@seaux de
largeur relativement petite par des propridt@s de concentration, voir [LLC™18].

1.4.2 Contributions

L’analyse des propridtds spectrales de J ndcessite de donner le r@sultat suivant sur les produits
de matrices rectangulaires.

Th@ortme 1.4.1. Considdrons trois suites d’entiers (pn)n 1; (On)N 15 (Fn)N 15 telles que

PnsOnsIN B ™y c>0:

NT1 n N7

Consid@rons pour tout N 1 les matrices algatoires AN BM) de tailles respectives py O
et gy rn dont les mesures empiriques des carr@s des valeurs singulitres convergent faible-

. T T .
ment. Supposons de plus que les matrices BN BM) ~ et AMN) ~ AMN) sont asymptotique-
ment libres. Alorsonaquand N ¥ 1 :

S(ag)Tag(M) = Sara (€M) Sgrg(M) ;

og ici et dans la suite, on omet I’exposant (N) pour indiquer I’opdrateur asymptotique associ@
la limite de la mesure spectrale empirique de la suite de matrices en question.
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Dans ce r@sultat, la fonctionnelle S est celle donn@e dans la d@ nition 1.1.7.

Ce rgsultat d@ nit implicitement une convolution libre rectangulaire multiplicative, dans
le mEme esprit que la convolution libre rectangulaire d@velopp@e dans [BG09]. Cependant,
associer un coe cient ¢ cette convolution en la notant . semble maladroit puisqu’elle ne
serait alors pas associative. Une solution plus raisonnable est d’associer un ratio ¢ chaque
mesure, comme chaque matrice laquelle on associe un rapport de dimensions. On a alors
la d@ nition suivante :

D@ nition 1.4.2. On d@ nit I'op@ration  sur I’ensemble des paires ( ;c) des mesures de
probabilitds sur R, di @rentes o et des rfels strictement positifs par :

(15c1) ( 2:¢):=(;c1C2) ;

og est I'unique mesure de probabilitd sur R, telle que S =S ,(c,; )S ,. Cette d? nition
gtend la d? nition de la convolution libre multiplicative usuelle qui se retrouve de la fa on
suivante :

(1) (z)=(1 21):

Cette opdration est bien associative et permet une formulation commode de la mesure qui
nous intdresse dans ce travail, la mesure empirique du carr@ des valeurs singulitres de JM.
On choisira ici les notation suivante : soit une suite de matrices AM) de taille N-  N- ;
telle que quand N- ; et N- tendent vers I'in ni, le ratio N,;l L converge vers . Alors si la

mesure empirique des carr@s des valeurs singulitres de AMN) converge faiblement, on notera
a cette limite. On notera de plus Mt a et Sat 4 respectivement la fonction g@n@ratrice des
moments et la S-transform@e de A.

Sous les bonnes hypothtses motivles par les travaux [PLR*16, SGGSD16, PSG18] et

carrgs des valeurs singulitres de W™ et D™ convergent respectivement vers . et p., et
on a les proprigtds de libertd asymptotique ndcessaires pour ddmontrer le r@sultat suivant.

Th@ortme 1.4.3. Supposons qu’en rdgime de largeur in nie du rdseau, c’est dire N- ¥ 1,
ona“=0;1;2:::;L:

N- ¢
| | > .
N: N¥1 0
et notons )
lim No = ¥
_N!1N7_k=1 K

Alors en termes de convolution libre rectangulaire multiplicative, la mesure empirique du
carrg des valeurs singulitres de J™) converge faiblement vers

3=(ouD) (w0 (pl) (we o1) (1.4.6)
De plus, la S-transform@e de JTJ dans le rdgime de largeur in nie v@ri e

N h i
Syry(m) = Spz (M) Sywrw. ( < 1mM) : (1.4.7)

=1
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En particulier, sous I’hypothtse que les entrfes de W- sont i.i.d. :
1

Syry(m = Spr( m) L
T —_— 2 € —_—
JrJ - Ds \2/\/. 1+ ‘m

m+1¥ 2.1+ -m)

M.t (m) =
M= e (Cm)

‘=1

Le but de ce travail est de donner un algorithme e cace de calcul de ;. Cela permet
de d@gager des indications sur la stabilitd de la r@tro-propagation, et participe I’objectif
d’une plus grande automatisation du design des r@seaux de neurones. Les contributions de
ce travail sont la fois th@oriques, num@riques et exp@rimentales, et peuvent se rdsumer de
la fa on suivante :

La contribution th@orique est incrdmentale : dans [PSG18], la largeur du r@seau est
supposPe constante. Nous g@ndralisons le modtle avec un pro | de largeur des couches
variable, ce qui re tte la fa on dont les r@seaux de neurones sont utilisfs en pratique.
Cela nf@cessite de d@velopper une convolution libre rectangulaire multiplicative, dont
les rkgles de calcul, si nous ne les avons pas trouvdes dans la littdrature des probabil-
itds libres, sont probablement d@j connues des experts de la communautd. Nous ne
supposons pas non plus que la non lindaritd - est la mEme dans toutes les couches du
rdseau.

Notre principale contribution est num@rique. Nous proposons et impl@mentons un al-
gorithme e cace de calcul des densit@s spectrales partir de leurs tranform@es com-
plexes. Cette m@thode repose sur I'inversion de S-transform@es en utilisant I’algorithme
de Newton-Raphson. Alors que cet algorithme de Newton-Raphson fonctionne locale-
ment, nous parvenons une r@solution globale en cha nant les bassins d’attraction de
I’algorithme.

Cette contribution est d’autant plus int@ressante que, mtme dans la communaut? des
probabilit@s libres, I'inversion de telles fonctions est consid@rfe comme g@nfralement
impossible  r@aliser en pratique (voir [BGDO08]). Cette communaut? s’est plut t in-
t0ress@e jusqu’ aujourd’hui  des m@thodes combinatoires utilisant les moments, et
des algorithmes de point xe (voir [Tar20]). Notre algorithme est trts performant, ce
qui laisse place des travaux en cours et futurs sur des probltmes plus gdndraux de
probabilitgs libres comme la d@convolution.

Notre code est disponible sur Github [I’adresse https://github.com/redachhaibi/
FreeNN. 1.

Nous comparons les courbes d’apprentissage pour di @rents choix de design des r@seaux
de neurones, @clairds ou non par les conclusions de nos r@sultats th@oriques. Nous
nous concentrons notamment sur l'utilisation des non-linfaritds ReLU, Hard Tanh et

1Au moment de I'dcriture de ces lignes, le r@pertoire "FreeNN" est privd. Il sera rendu public lors de la
soumission ou de la publication de ce travail de recherche, sous une license standard Apache 2.0.
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Hard Sin. Les indications donn@es par nos r@sultats th@oriques pourront permettre la
d? nition d’un indicateur de stabilitd des r@seaux se calculant rapidement, pouvant
servir de support des meilleurs choix de design.

Nous soulignons de plus deux m@thodes utilisges commun@ment pour palier les ph@nomtnes
de disparition ou d’explosion du gradient : I'dcrEtage de gradient (gradient clipping en anglais)
et la connection saute-couche (skip-connexion en anglais). La premitre pourrait aisgment Etre
ajout@e au modtle proposd, et la seconde est une direction de recherche future trts motivante
I Nous pr@cisons que le Chapitre 5 constitue une version encore pr@liminaire d’un article de
recherche.

1.5 Publications

Les Chapitres 2, 3, 4 font I’'objet d’une pr@-publication que I’on peut retrouver par les liens
suivants.

Strong solutions to a beta-Wishart particle system avec Benjamin Jourdain, soumis
Journal of Theoretical Probability

Strong solutions to a beta-Jacobi particle system, soumis S@minaire de Probabilitds

Wishart processes : mean- eld limit, long time behavior, and free probability,
soumis Random Matrices : Theory and Applications

Le Chapitre 5 est un travail pr@liminaire ayant vocation CEtre publi@ dans les prochains
mois.
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Chapter 2

Strong solutions to a beta-Wishart
particle system

This Section is a joint work with Benjamin Jourdain submitted to Journal of Theoretical
Probability that one can nd at the address https://arxiv.org/abs/2003.08699.

Abstract

The purpose of this paper is to study the existence and uniqueness of solutions to
a Stochastic Di erential Equation (SDE) coming from the eigenvalues of Wishart pro-
cesses. The coordinates are non-negative, evolve as Cox-Ingersoll-Ross (CIR) processes
and repulse each other according to a Coulombian like interaction force. We show the
existence of strong and pathwise unique solutions to the system until the rst multiple
collision, and give a necessary and su cient condition on the parameters of the SDEs
for this multiple collision not to occur in nite time.

Keywords: stochastic di erential equations, di usions with gradient drift, singular in-
teraction, random matrices.
AMS Subject Classi cation (2020): 60H10, 60J60, 60B20, 60G17, 60J70.

2.1 Introduction

Let 0; 2R, >0;n 1 and B = (B};:::;B) be a n-dimensional Brownian
motion. Our SDEs system of interest is the following : for all i 2 1;:::;ng,
o) 1
_ q-— : X< iy
di = 2 dB{+@ 2 + f J.Adt (2.1.2)
o jE&EI t t 1
aq— . XX 1
= 2 ldB{+@ (n 1) 2 +2 ¢ i jAdt (2.1.2)
jei ot ot
0 < < M as. dt almost everywhere: (2.1.3)
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The strict inequalities (2.1.3) allow the interaction terms in the system (2.1.1) to make sense.
We will look for continuous solutions to the SDEs (2.1.1). Thus, by continuity, we have for
alt 0,0 : q I a.s. While, for n = 1, the system reduces to the Cox-Ingersoll-

Ross SDEd { =2 (dBl+ dt 2 ldt, the coordinates are repulsed by a Coulombian
interaction when n 2.
Our goal is to study the existence and uniqueness of strong solutions to this system of
SDEs in a general setting for the parameters , and , especially in the case < 1 and
(n 1) 2 (0;1) which is not covered to our knowledge by the literature. The reader
will nd a summary of the conditions on the parameters for which the system (2.1.1) admits
a unique strong solution in Table 1 below.

The di culty in proving the existence of solutions to (2.1.1) comes from the fact that
there are singularities both when a particle touches zero, where the derivative of the square
root di usion coe cient explodes, and when two particles touch each other. If we de ne
D=f0< < 2< < g, a collision occurs when the process = ( {;:::; My hits
the boundary @D made of the union of f ' = "!gfori2 f1;:::;n 1gand f 1 =0g. A
multiple collision occurs when two of these sets are reached at the same time and we will
speak about "collision between particles” when two particles touch each other. Because of
the singularity at the origin, it is not enough to show that there is no collision between the
particles to prove the existence of a solution, as it is for instance the case for the Dyson
Brownian motions which satisfy up to a change of time

N S > dt i
dx; = 2dB{ + i T foralli2f1;:::;ng: (2.1.9)
jei Xt %Xt
When 1, there is no collision between these particles in nite time and (2.1.4) admits a

unique strong solution (see [RS93]).

Our results about the SDEs (2.1.1) are the following. In Proposition 2.2.4, we state that
k( (n k) ) <2isanecessary and su cient condition for multiple collisions between k
particles to occur at position zero in nite time. Our main result Theorem 2.2.2 gives the
existence and uniqueness of solutions to the SDEs (2.1.1) when 2 (0;1) and (n 2) 1
(so that there is no multiple collision at the origin). In Proposition 2.2.6 we state that when

< 1, then every pair of neighbour particles collides in nite time, and we explicit in
Proposition 2.2.7 the unique stationary probability measure of the SDEs (2.1.1).

The paper is organized as follows. The remaining of the introduction is devoted to the
bibliographical background of this work. In Section 2, we state our main results. We prove
in Section 3 some useful properties of the solutions to the system (2.1.1), before checking
Proposition 2.2.4 and Theorem 2.2.2 in Section 4. We prove the rest of the results in Section
5. Section 6 is an Appendix stating some well-known results that we use in our proofs.

The system (2.1.1) originally comes from the following matrix valued SDE : let m n
and (My); be a stochastic process taking its values in the space of m n matrices with real
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entries verifying the following stochastic di erential equation
th = th Mtdt, MO = My,

where W is a m n matrix lled with independent Brownian motions, mg isa m n
deterministic matrix. The entries of the matrix M are independent Ornstein-Ulhenbeck
processes just as the one considered in [Bru91]. The process MYM (where y is the transpose
operator) is called a Wishart process, and it was shown in [Bru89] and [Bru91] that the
eigenvalues of MYM satisfy the system of SDEs

. q— ) X iy ] )
di{=2 ldB{+mdt 2 idt+ —dtforall i 2 f1;:::ng;
jEi t t
where B;:::;B" are independent Brownian motions. The reader will nd in [KOO01] an

analysis of the complex analog of Bru’s model. The system (2.1.1) generalizes the matrix
inherited system by the introduction of an intensity of the interaction factor > 0 before the
sum and by the replacement of the integer parameter m 2 N = f1;2;:::g by > 0. This
replacement is analogous to the generalisation of the dynamics of the square of the norm of
a m-dimensional real Brownian motion to the square -dimensional Bessel dynamics (see for
instance [RY99, chapter XI]).

Like in the correspondence between square Besgprrocesses and Bessel processes, let us

consider the square root change of variables x! = ! and set X = (x};:::;xM").. We apply
It ’s formula, formally after the stopping time inffs 0: ! =0g since the square root is
not twice continuously di erentiable at 0, and obtain for all i 2 1;:::;ng
© )2 J 21
: : 11 : X (xp)© +
dxl = dBl+@—— > x4+ __ O+ (0”5 (2.1.5)
2 X 2%t jei (X2 (X1)?
(o) 1
- 1 11 - DS 1
= ggi+o (D 11 = __Adt  (216)
2 Xt jei (X (%)

0 xt< <xas,dt ae:
necessarily true the other way around.
The system (2.1.6) can be rewritten as a gradient di usion
dxt =dB! @V (x};: o xPdtforall i 2 F1;:::;ng; (2.1.7)

with potential

o)
II©

1 - i. 1 i2 X - i i- - | i-
Injix'j = (X'")" + - Injx' xj+Injx'+xdj
i=1 " 2 4 jei

(2.1.8)
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Systems of interacting particles following equations of the type
dx! = bi(xhdt + ;(x)dB! @V (x}; 1 xMdt; (2.1.9)

where V : R" & ( A;+1]is a lower semi continuous convex function such that D = fx 2
R" :V(xX) < +21gis a non-empty convex set and V is continuously di erentiable in D have
been studied by many auli_t]ors I:For instance, in thelgecullar case (x)= =>0,bi(x")=0
and V(xXinx™) = 50 L eilnix xdj+ 50 Li(xP)? with Zand > 0, the
existence and uniqueness of a strong solution to (2 1.9) were derived in [RS93]

Link with the multivalued stochastic di erential equations theory. The systems of
type (2.1.9) with b; and ; Lipschitz and (x3;:::;x§) 2 D were deeply studied by C@pa and
L@pingle for instance in [CL97] and [CLO1] where they apply C@pa’s multivalued stochastic
di erential equations theory developed in [C0p95]. This theory treats the existence and
uniqueness of solutions to multivalued SDEs associated with a convex function de ned on
a domain of R". In [L010], L@pingle applied this theory to a constrained Brownian motion
between re ecting or repellent walls of Weyl chambers. The boundary behavior of the convex
function dictates the behavior of the process on these same boundaries (hitting or not the
boundary in nite time, re ection on the boundary, etc.). Our SDEs of interest rewritten in
the form (2.1.7) thanks to the square root change of variables can be seen this way, and we
will exploit this connection in the paper.

Link with radial Dunkl processes (see [Dem09b] for a more complete description of the
theory)
Let us de ne a reduced root system R by a nite set in R"nf0g spanning R" such that

forall 2R, R\R =f; g,
forall 2R, (R)=

where  is the re ection with respect to the hyperplane orthogonal to . A simple system
is a basis of R" which induces a total ordering in R the following way : a root 2 R
is positive if it is a positive linear combination of elements of . A simple system  being
xed, we can thus de ne R. as the set of positive roots of R. When ; =1 and V takes the
form >
V. x™# k( )In(h ;xi); x2 D;
2R+

where D is the positive Weyl chamber de ned by
D=fx2R"h ;xi>08 2R.gq;

Demni proved in [Dem09b, Theorem 1] the existence and uniqueness of a solution to (2.1.9)
on the domain D when k( ) > 0 for all 2 R.. To do so, he applied C@pa’s multivalued
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stochastic di erential equations theory. This system corresponds to (2.1.1) for some choice
of R+ and k. Indeed, when the root system is of so-called B,-type, it is de ned by

R=F e; & &¢€;1 i<j ng;
=Tfej+1 el 1 n o 1eq0;
Re=Tei;l 1 njegg el 1<) ng;

D=fx2R"0<x'< <x"g;

which, with the right choice of k gives equation (2.1.5) with = 0 (see (2.1.8)). The condition
k( )>0forall 2R, implies (n 1) > 1. We seek here to obtain the existence of a
solution to (2.1.1) while relaxing the last inequality.

Link with other works. The reader will nd in Graczyk and Malecki [GM13] and [GM14]

a treatment of equations of the form
o) 1

di= i( hdB!+@h( )+ MAdt foralli 2 f1;:::;ng
j&i t t
¢ oot

where the functions ;;b; and H;; are assumed continuous, with H;;; non-negative and sym-
metric in the sense that H; j(x;y) = H;.i(y; x) forall x;y 2 R. Bwe system (2.1.1) is recovered
in the particular case when Hi;j( ; 1) = ( '+ J), (D=2 Tandbi( ') = 2 ' Ac-
cording to [GM14, Section 6.4], (2.1.1) admits a strong solution on the time interval [O; +1)
when 1. In this regime, the authors proved that there is no collision between the par-
ticles. They also demonstrated the pathwise uniqueness of the solutions for every > 0, as
recalled in Lemma 2.3.1 below.

The same authors studied in [GM19] the system of SDEs de ned for all i 2 f1;:::;ng by

o] 1
di= qu jgBl+ @ + ind L thlf g 1,7t
jei ot ot vt (2.1.10)
: noo8t O
They prove existence of a unique strong solution for all 2 R and 1. The main di erence

EFE Witgy problem (2.1.1) is the relaxation of the hard edge at zero by the replacement of

by j ijinthe di usion coe cient. This enables the authors to establish the existence
and uniqueness of a strong solution for all 2 R whereas in our framework, as we will see in
Remark 2.2.1, we necessarily need (n 1) for a solution to exist on the whole interval
R.. The introduction of the absolute value in the di usion coe cient was presented earlier
in [GJYO03] in the case of squared Bessel processes. Moreover, our work di ers from [GM19]
by the fact that our main objective is to tackle the 0 < <1 regime.

In all these references, is identi ed as a fundamental parameter, its position relative to
1 governing the possibility of collisions between the particles.
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2.2 Main results

The form (2.1.2) of the SDEs hints that (n 1) isafundamental parameter impacting
the existence of solutions. Consequently, we will study the range of values of this coe cient
for which the system has a solution. For instance, if we assume (n 1) <0, we have:

O 1
a— b G |
dl =2 WB!'+@ ( 1) 2 l+2 1! Adt (2.2.1)

. J
jE1L t t

(o S
2 HB! 2 {dt

Then, according to the pathwise comparison theorem of Ikeda and Watanabe (that we recall
in Theorem 2.6.2 below) :
! oreas forallt 0

where 7

1 Z t p_ t

re= 5+2 . radBl 2 . rds forallt O;

which is a CIR process (see for instance [LL08, Theorem 6.2.2]). By standard results on CIR
processes recalled in Lemma 2.6.1 we can conclude that the stopping time T = infft 0:
re = 0g veri es P(T < 1) =1 for 0,and 0<P(T<1)<lfor <0.OnfT < g,
after T, r stays at zero inde nitely. As the drift in (2.2.1) is strictly negative when { =0
and therefore when r = 0, it will stay strictly negative on a time interval of positive measure.
Consequently, the system of SDEs has no global solution.

We thus proved the following result:

Remark 2.2.1. A necessary condition for the existence of a global solution to (2.1.1) is
(n 1 0.

We will thus assume this condition in the remaining of the paper. This condition is of
course not necessary in the framework of (2.1.10) (see [GM19]).

It is proved in [GM13, Corollary 8] with condition 0 §< < { that for 1,
the SDEs (2.1.1) has a unique global strong solution and that there actually is no collision
between particles.

Demni proved in [Dem09b, subsection 5.1] by applying C@pa’s multivalued equations
theory [C0p95] that under the conditions (n 1) >1, >0, =0and0< }<

< §, the system of SDEs (2.1.5) admits a unique strong solution and that for0 < <1
and (n 1) > 1, there is collision between any neighbour particles ' and '** for
i2fl;:::;n 1gin nite time almost surely. The condition (n 1) > 1 ensures the
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convexity of the potential V de ned in (2.1.8) which is needed in C@pa’s multivalued equations
theory. In Theorem 2.2.2 and Proposition 2.2.6, we tackle respectively the existence problem
and the collision problem on wider ranges for the parameters (n 1) and

Our following result applies in the case (n 1) 1:

Theorem 2.2.2. Let us assume < 1; (n 1) > 0. Let the initial condition
300 0) be independent from the Brownian motion B and such that 0 :
a.s. and 23>0 a.s.

Then, the system of SDEs (2.1.1) has a unique strong solution de ned on the time interval

os |l

[0; lim -);
where, for " >0,
~=infft 0: { "and 2 ! "g

Moreover,

(i) for 2R; if (n 1) 1 then 'I,i'rr(l) ~=71 a.s.
(it) for 0; if n 1) <1 then ,I,im) -< 1 as.

(iif) There is no double collision between particles, i.e.
P 9t2(0;lim -): i= land 1= *forsomel i<j n 1 =0

Theorem 2.2.2 is proved in Section 4.

to (2.1.1) de ned on the time-interval R, for (n 1 1 and on [0;'I,i!rr(1) ) if
0< n 1) <1 . When ,I,i!ng -~ < +1, then, according to the rst step in the
proof of assertion (ii) of Proposition 2.2.4 below, the solution can be continuously extended
to the closed time-interval [0;|I,i!rr(1) +]. From the de nition of -, then .. .= f., .=0.

The next step would be to nd how to start back from ( fi.,, ;117 fmee, -) T0 de nea
solution on the whole interval R..

The disjunction (i)  (ii) comes from the application with k = 2 of the following propo-
sition, which gives a condition for k particles to collide at the position zero.

o={( &:::; 5) be independent from the Brownian motion B and such that 0 5

o a.s. Then,
(i) if 0, if (2.1.1) has a global solution = ( %;:::; Meandifk( (0 k) ) <2
then
POt 0: i+ {+ + {=0)=1
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@) if 2R, §>0as., if (2.1.1) has a local solution = ( };:::; M¢de ned up to a
stopping time T and if k( (n k) ) 2, then there is no collision of k particles at zero
almost surely. More precisely,

P(T=+1i9t 0: 1+ f+ + {=0+PT <+1;dnf (+ {+ + (=0)=0

Remark 2.2.5. Under the assumptions made in the rst assertion of Proposition 2.2.4 but
with < 0, we can in fact prove that

POt 0: [+ 2+ + ¥X=0)2(0;1);

using Lemma 2.6.1 point 3. As a consequence, under the assumptions made in (ii) of Theorem
2.2.2 but with <0,
P(.I.i'rr(l) ~<1)2(0;1):

This proposition is proved in the beginning of Section 4.

Demni proved in [Dem09b] that for < 1 and (n 1) > 1, a collision between
the particles ' and '*! occurs in nite time almost surely for all i 2 f1;:::;n  1g. We
strengthen here this result by showing that for < 1 and (n 1) >0, every particle

touches its neighbour particles in nite time almost surely.

Proposition 2.2.6. Let 2 (0;1); > 0 and the initial condition o = ( 3;:::; §) be
independent from the Brownian motion B and such that 0 : o. Let us assume
that either > 0 and there is a global solution to (2.1.1) or 0, (n 1) 1 and

2> 0 a.s. (so that, by Theorem 2.2.2, there also exists a global solution to (2.1.1)). Then

TO=infft>0: I= 11g
Is such that n o
PTW<1 =1
To check this result, we prove that

Z ,q

. lds=+1 as. (2.2.2)

using the next result.

Proposition 2.2.7. Let us assume > 0 and (n 1) > 0. The unique stationary
probability measure of the system of SDEs (2.1.1) is i, With density with respect to the
Lebesgue measure
(o) 1
(5 M= @) TE e I ALy L d tid

i=1 j&i

where Z is a normalizing constant. More precisely, if a solution to (2.1.1) is such that the
distribution of  does not depend on t, then this distribution is j,,. Conversely, (2.1.1)
admits a unique solution  starting from o distributed according to j,, and independent
from the Brownian motion B. Moreover, for all t 2 R4, . is distributed according to jny.
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Remark 2.2.8. To prove (2.2.2), one could consider applying the ergodic theorem, but
we were not able to prove that the process de ned by the system of SDEs (2.1.1) is a
Markov process. The di culty came from the choice of the state space: when 3 = 0,
we do not know how to prove the existence of a solution to (2.1.1). If the state space is
f0 ! ;2> 0g we do not know how to prove that for allt >0, P( 2>0) =1
when n 1) <1

Remark 2.2.9. The density of ., generalizes the one of the beta-Laguerre ensemble which
writes

1Y L m_(n T —

eyt T T RAL, . agym2fnn+1g >0
Zi j&i

1

by replacement of m by in the exponent of ' and of 5 by in the exponential factor.
The reader will nd in [Forl0] a documentation on beta-Laguerre ensembles. This ensemble
is related to a random matrix model. The parameters m and n are then respectively the
number of lines and columns of the underneath random matrix model, and = 1;2 or 4
depending on the dimension of the underlying algebra (R, C or H).

Table 2.1 shows, for 0, the conditions on the coe cients of the SDEs (2.1.1) for the
existence of strong solutions.

2.3 Properties of the solutions

One can rst remark, and it will be useful in several proofs, that the sum of the n coordinates

of a solution ( {;:::; ) to SDEs (2.1.1) follows a CIR dynamics. Indeed,
1
X *xqaq— X
d t =2 By 2 dt+n dt
AV 4
iéx _ X
=2 W, 2 idt+n dt; (2.3.1)
i=1 i=1
o) D 1
where W de ned by W, = 0 and dW, = P{‘zl einp, , C9p—=+1"P ©p-AdB{

is a Brownian motion according to L@vy’s characterization.

The pathwise uniqueness part of the next Lemma is proved in [GM14, Theorem 5.3], but
we reproduce the proof for the sake of completeness.

Lemma 2.3.1. Let 2 R. The solutions to (2.1.1) are pathwise unique.

with the same driving Brownian motion and verifying
>xh N
E  zy+z <+1;
i=1
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(n 1) 1 <1

<0 De ned on [0; liminfft  0: t "0), | De ned on [0; liminfft 0 : ")
no collision, Proposition 2.5.3 which is nite a.s., Proposition 2.5.3
201 ) empty interval De ned on [0; _ijg infft 0:

"and 2 l<"g),whichis nite
a.s., Theorem 2.2.2

1 De ned on R4, no collision between De ned on R4, collision in nite time
particles, proved in [GM13] with but no multiple collision at zero,
separate initial condition Theorem 2.2.2
>1 De ned on R., no collision between De ned on R, collision between
particles, proved in [GM13] with particles in nite time, [Dem09b],
separate initial condition or in Proposition 2.2.6
[Dem09b] with =10
2 De ned on R4, no collision, proved in De ned on R., collision between
[GM13] with separate initial condition particles in nite time,
or in [Dem09b] with =0 infft>=0: 1=0g=+1 as,,

Proposition 2.2.4

Table 2.1 Conditions on the coe cients of SDEs (2.1.1) for the existence of strong solutions
when 0.

then forallt O,
XL x_ .
Ejzi #j Ejzy 2z exp( 2 t): (2.3.2)
Proof. Let Z and Z be two solutions to (2.1.1). Because of the square root di usion coe -

cient, the local time of z'  z' at 0 is zero ([RY99, Lemma 3.3 p.389]). Applying the Tanaka
formula then the integration by parts formula to compute de? Sjz!  zlj we get

1
X zl+zd z+Z#H

de? SXJ'Z; 2 =2 ¢ 5 zi q;;de; + ¢ S>‘(sgn(z; z)) s 5 I TE g
i=1 i=1 i=1 j&i Z; Zé Z'; ZJS
X q- q9g—
2 e?% zi  ZjdBl; (2.3.3)

i=1

where sgn(x) =1 if x >0 and sgn(x) = 1if x 0. The inequality (2.3.3) comes from the
fact that we have for all i <] :
2o+ z+z

T g g Gon@ z) san@l #) (2.3.4)

j =i i
2325 Zi%

G e @ ) snGl )
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_AGE a2
(2 Z)E )
gl zlj+zljz 2]

@ Z)E #H)

(sgn(zi Z) san(z )

jsgn(zd  2) sgn(zl 2)j O
(2.3.5)

as the denominator is non-negative. Let the two solutions Z and Z be respectively de ned
on [0; T] and [0; T], where T and T are stopping times for a Itration (F¢); o with respect to
which B is a Brownian motion and Z, and Z, are Fo-measurable.
Let M > 0 and
m=Infft2[0;T~T]: 2" +2z0) Mg;

with the convention inf ; =T ~T. As Z and Z are continuous and assumed well de ned on
respectively [0;T]and [0;T], m " T~T when M " 1.

Z t/\ M 4 _qi_ qi‘-Z
E e* ) zl zlj°ds < 1;
0
. Ria 9—- 99— . . . .
the stochastic integrals , ™e? 5j zi z1jdB! have zero expectation so that integrating
(2.3.3) on [0;t ™ ] and taking expectations, we obtain that

Ee? ™M jzl. o #Ha ] E jzy 2
i=1 i=1
When Zy = Z, we deduce that forallt Oand M >0
Eizin, 2 ,,i=0;
i=1
and conclude using Fatou’s Lemma to take the limit M ¥ 1, thatforallt 0

Z_i

EJZ tATATj = 01

i=1

i
NTAT
which concludes the proof of pathwise uniqueness.

Let us now prove (2.3.2) by assuming that Z and Z are de ned globally, with integrable
initial conditions, i.e.
> h i
E z)+z <+1:
i=1
As the equation (2.3.1) shows that the sum of the coordinates of Z and Z are both CIR
processes, we deduce from Lemma 2.6.1 point 4: that

T #
Z ¢ X . X

E e  zZl+ 7 ds <1;

0 i=1 i=1

53



P, R a9—- qa- . .
sothat E" ., ;€25 zi zljdB! = 0. Integrating (2.3.3) between 0 and t and taking
expectations, we conclude that

Ejz{ 2] Ejzy 2z exp( 2 t):
i=1 i=1

]

Proof of Proposition 2.2.7. We start by proving the uniqueness of the invariant distribution.
Let us rst show that an invariant distribution ;,, has a nite rst order moment. To do
so, one can remark (see (2.3.1)) that the image of i, by the sum of the n coordinates is
invariant for the CIR process

dro=2Prdw, +(n 2 rodt:

It is known (see for instance [CIR85]) that the invariant distribution of such a process is a
gamma law of positive parameters, whose density is

n_
2 n

ra —rz 'e T
)
which has a nite rst order moment. We can thus rst apply the second part of Lemma
2.3.1 for two solutions to (2.1.1) starting respectively according to two invariant distributions
to deduce that these two invariant distributions are equal.
The candidate density, obtained by the square of each coordinate change of variables from

v (PP 1 ¥ ° Y o
e “'r i 2 n 1 i - -
fil’]V( l; S n) = Zpﬁ = z @( I) 2 € J . IJ 2A 1f0 1 ”g;
e i=1

(2.3.6)

with Z a normalizing constant. The second factor is indeed integrable since for 0 !
n

o) 1
' ; n Y S n 12 + . . n i
() F e | ji A (M e ()=
i=1 i
and (n 1) >0=) 28D > 1 Letuscheck that the probability measure iny
with density fi,, with respect to the Lebesgue measure solves the Fokker-Planck equation in
the sense of distributions

A inw=0;
where A is the in nitesimal generator associated with the dynamics (2.1.1) :
(o) 1
X ) > i i X . 2
A= @ 2 '+ i+ 'Agi-k2 I @iz:
PO L )
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For a test function : R"™ @ R, compactly supported and twice continuously di eren-

tiable, since fi,, vanishes for *=0, "= "lwheni2fl;:::;n 1g,andfor " ¥ +1,
we obtain by integration by parts that for i 2 f1;:::;ng
z i @2 1 1 1
'— coiny Mfie( iy ™MD id ?
N L L ) '
Z -
— 0 1o.... 1ouen. i@finv 1o, 1
= ., nW( i ™M i i M+ @i( o M) d d"
Since
o) 1
X i 0f
@ 2 i + 2Afinv( l;...; n) 2 |@fln_v( 1;...; n)
JEI ! @ I
2 13
X i
:fmv( l” n)4 2 i + 2+2| i 2_@7Vp1,,p n)5
. b J 21 2 i@XI
JEi
2 - -
X i
=fin( L A 2 T 5 21
¥ o 13
_ X 4]
+2" 70 S - P P= T _ns;
2 i 2 Ij&i 1 J
R
where the last factor vanishes, we conclude that , A (L MYFfi( Y Md tiid =

0. To deduce the existence of a weak solution to (2.1.1) whose marginals follow the law .,

we may apply [Trel6, Theorem 2.5], as soon as
8 °)
Z X< i X iy 1=
2 '+ 2 '+ i _
o ! "i=1 " j&i s

This property can be proved by remarking that in the de nition (2.3.6) of f;,,, the exponential
factors ensure integrability at in nity while the factor j I Tj =2 makes the singularity of the
denominator of the interaction term Lj integrable. The exponential factors in fj,, crush
every other term at +1. If 1, the boundary ' = 1 is not singular. Let us discuss
further this boundary when <1 by looking at the term below for1 j<i n:

z

i
. 5 Finv( Leveoo™d tioid O
0 . o 1
2 n A o
AN G B e+ e “ T j! jTAd Lid "
k=1 16k
] (2.3.7)
; ( i J) 1+ ( n)l+%n+5(n(n 1) Z)e nd 1:: dn
0o 1
(2.3.8)
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+nC_ 2 n

(P Tmemt e d tind 1 (2.3.9)

+hC 2 n

2

z

2

Z RO"! R
2 Z

z

(R+) 1(i Ny Teny? e "l 2 ngdziiidn
RN
22 i iy 1+ nyj +C2 n j N
Z Ro" o ) 7 (D) z7e  lp ngd 1::id
2 z Z ) ) _! _ " )
Z (R)"I R ( I J) o lro j+1gd ! ( n)J TTzoe leg i+ ng
d ™t
y
1 1 i j j n n B
210 ) Z @l )Y 2% "1 ga od Mg
z (2.3.10)
1 2 nyi+252 n j+1...4 n
1 Z Ry i YTz oe lsp in ngd Ied "<+
RN I
z
11 ; (n) 1+nTe nd n<+1,
R.
as >(n 1) >0. To go from (2.3.7) to (2.3.9), we bound from above ( )5 hy
( n)%1 J I kj =2 for fl,kg & fl,jg by ( n)f and e K for K & n by 1. We can

thus apply [Trel6, Theorem 2.5] to deduce that we can de ne a process solving (2.1.1) whose
marginals follow the law ;,, so that ;,, is invariant. By pathwise uniqueness proved in
Lemma 2.3.1, this weak solution to (2.1.1) is a strong solution.

]

2.4 Proof of Theorem 2.2.2

We start this section by the proof of Proposition 2.2.4 since this result is crucial in the proof
of Theorem 2.2.2.

Proof of Proposition 2.2.4

that, as its interaction terms with the particles ¥*1;:::; ™ are non-positive, it is smaller
than a CIR process hitting zero in nite time.
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Let us de yie W by W§ = 0 and 1
p_

dw = P'i‘:l @1"p, Oqﬁ% +1"P, jzoo%AdBti-

T&0 i
=1t j=1 t =1t
According to L@vy’s characterization, WX is a Brownian motion. For t 0,
q____
d( i+ + D=2 b+ AW 2 (F+ o+ Ddtrk( (0 K) dt
X X 1
+ 2 H ——dt

i i J

qa i=1  j=k+1 t t

2 F+ 4+ kwk 2 (I+ o+ Ndt+k( (n k) )dt

(2.4.2)

By the pathwise comparison theorem of lIkeda and Watanabe (that we recall in Theorem
2.6.2 below),

v+ + ¥ rforallt Oas;

where
z t p z t
rsdWX 2 rads+k(  (n k) )t (2.4.2)
0

is a CIR process. Applying Lemma 2.6.1 with a = k( (n K) ),b=2 and =2,
which satisfy a < 72 and b 0, we can conclude.

(i) Before proving the assertion by backward induction on Kk, let us rst check that, what-
ever 0, >0and 2R, alocal solution to (2.1.1) de ned up to a stopping time T is
actually continuous and solves (2.1.1) on the closed time interval [0; T ] on fT < 1.g. For all

o q— 1
k x n o t n o 1 i 1 X i
th = 1ft2[o;'|')g @1 P, igo QFI( 5 +1"pP, i pEAdBt + 1g Tgpi dBt:
i=1 =1t fo1 1 =1t i=1

For k = n the inequality (2.4.1) is an equality for t < T, and according to Lemma 2.6.1, the
CIR process r satisfying (2.4.2) is de ned globally and for t 2 [0; T) we have {+ + D =r.

Xi Xi *xZtq : ZtXi ZtXiX 1
S 0+2 ldB. 2 . tds+k( (n k) )t 2 . idS:

I}
i=1 i=1 i=1 0 i=1 0 j=1 j=k+1 S s

R P : R . :
OnfT <19, , N, ids= | rsds < +1 so that the second and third terms in the
right-hand side are continuous functions of t on the time-interval [0; T]. Since the fourth
term in the right-hand side is also obviously continuous, the integrand in the last term in

the right-hand side is non-negative and the left-hand side is also non-negative, we deduce
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that ROT P'i;l ;P};kﬂ ——0s < +1 so that the last term in the right-hand side is also
;o+ M)admitsalimitast ¥ T andsodoes ( §; 2:::; M. De ning (35 2;:::; 1)as
this limit, we conclude that (2.1.1) is satis ed on the closed time interval [0; T Jon fT < Ag.

Let us now prove the assertion by backward induction on k noticing that ming - , “(

(n ) )=k( (n k) ). Theidea is to show that the process *+ + Kisnot smaller
than a CIR process which never hits zero. For k = n, if n 2, then Lemma 2.6.1 applied
witha=n ,b=2 and = 2 which satisfy a 72 implies that the CIR process r de ned
by (2.4.2) and which coincides with '+ + "on [0;T) does not hit 0.

Let us now assume that for some k 2 f1;:::;n  1g, k( (n k) ) 2and that the
desired property holds for the sum of the k+1 rst coordinates. Since (k+1)( (n k 1) )>
k( (n k) ) 2, the probability for the k + 1 smallest particles to collide at zero is null.
Consequently, the probability for the k smallest particles to collide at zero is the probability
for exactly the k smallest particles to collide at zero and not the (k + 1)th which stays away
from zero. We thus have :

PT=a;9t 0: !+ 2+ + k=0

(@] 1
=limP@T =1;9t 0: ;+ {+ + {=0and {™* [ "A
"#0
(@] 1
:Iij@T =1;9t 0: ¢+ {+ + {+liwcan kg =04
and
O 1
<1 i v+ + =0 =IlimP@T < 1; i o S S wy) = OA:
PT 1,t2|[51;fT)( i $)=20 I%IP T 1,t2|[51;fT)( ) I g) =0

For " > 0, starting with
O = infft2[0;T): Kt Kk g
let us de ne inductively for j 2 N
I = infft2(4;7): K1
I = infft2 (4;T): K1

-~ X
N

with the convention inf; = T. As the functiont ¥ ¥*! K'is continuous on [0; T) and
evenon [0;T]when T < +1,

I .J:jH!lT and maxfj2N: I <Tg<+1 as. on fT < 1g:

As &1 kK<mon[0; 9 and[ 4; d*Y) for j 2 N, we deduce that
s 9
<

< C e s O P w) =
T3 tzl[g;fl')(t t Lt kag) =0
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8 9
< =
= _T<21;9i2N; inf ({+ + 9=0_;
- 2[4 ) >
8 9
= 1 2 k -
and:T=1 ;9 0 ¢+ f+ + ft+lkn ¥<..g=0;
8 9
<< B A =
= T=2;92N0t2[4 H: ¢+ i+ + {=0_
Therefore it is enough to check that
C D!
P T<+1;92N; inf ({+ + =0
2[4 h
08 o1
< =
+ P@ T =+21;9j2N;9t2[4; ): I+ 2+ + k=0 _A=0:
We have for all t2[ 4; 1), ¥** ¥> 2 and
q
d( ¢+ + D=2 t+ o+ kWS ({+  + Hdt+k( (0 k) dt
X X 1
+2 ' ——dt
i=1  j=k+1 t t
= k 1 k 4 X
2 {4+ o+ AW (p+ + Odt+k( (0 k) )dt o (0 k)
i=1
q 4 I
2+ o+ Fdwf +o (0 K (¢+  + Hdt+k( (0 k) )Hdt
(2.4.3)
We canthende neonf d < dgtheprocessribyrf = Y+ + X 1., . +1; ;.
and forallt O:
drl = 2 rldwf ; + +-(n k) B+k( (n Kk)) dt
= 2 r{d(Wt"”- WK +wk) + +-(n k) f+k( (n k)) dt
a— )
= 2 rldwf+ +f1—, (n k) rf+k( (n k)) dt
where conditionally on f 1 < 1.g, by the strong Markov property, (W< =W ;  W¥): o
is a Brownian motion independent from F ;. Conditionally on f ! < 1.g, the process r} is a
CIR process de ned globally according to Lemma 2.6.1 witha=k( (n k) )and =2

which satisfy a 72 and it stays positive on R..

We can conclude since by (2.4.3) and Theorem 2.6.2, forall t 2 [ 1; 1),

1 K .
e S T
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Proof of Theorem 2.2.2 As explained in the introduction, the main di culty in proving
this result comes from the fact that we have to deal with both singularities when a particle
hits zero and when two particles collide at the same time. For " > 0, our method precisely
consists in separating these di culties by de ning two new SDEs (A-) and (B-) which each
remove one type of smgularlty and coincide with (2.1.1) on domains that cover ft 0:0

fand {_( 2 1) “g. Thisallows us to build a solution to (2.1.1) by piecing
together solutions to (A and (B).

Let us consider in this proof the Brownian motion B = (B{;:::; BM), Ft = S 1 (Be)s o

forallt 0, and the SDEs de ned by (2.1.1). Let us de ne for all " > 0 the following SDESs

2
nie o 2p§ e Py * ! N
dy =2 "7dB{+4 (n 1) +1 0_p+ v 24% N2 Y
. 3 (A
+2 " A apeodt
jEi ot t
0 "<  <"Mias,dt ae:
8
(I]ﬁ > ~L" AN
df =2 FdBl+( (n 1) )dt 2 ~¢fdt 2 St
j6=1( t t ) _
a > ~i"
8i2f2:::;ng, d~f =2 ~FdBi+( (n 1) +1)dt 2 ~Fdt+2 gt
i zjei t t
o, a_ Pt # ~i
_ 7 — Al dt+2 —— LS t
- P-Pr g AR ey
(B+)

0 “Fand0o ~F'< <M as,dt ae:

These systems are built such as :

(A-) coincides with (2.1.1) on ;"¢ -0

(B-) coincides with (2.1.1) on ft;~¢ "and ~¥ ! "g

Lemmas 2.4.1 and 2.4.2 give existence of global pathwise unique strong solutions to (A-)
and (B-) for any random initial condition with ordered non-negative coordinates and inde-
pendent from the driving Brownian motion.

For 2 R deterministic with ordered coordinates, let ~™T denotes the process solution
to (A) on [T;+1) starting from at time T and equal to 0 on ( 1;T). Likewise, ~"T:
denotes the process solution to (B-) on [T;+1) starting from at time T and equal to 0 on
( A;T). We de ne by induction :
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o = O

letusnote © = ( O ©Oiny - A%0 o,
— - O
1 lf % ..g |nf t 0 . t 2 y
. . . v ©
letusnote @ = (Dt Oy =~ g
n _ o
, = inft [ @Ot
| @) — ( @dl..... @yny _ AN B
et us note = (¢70n = 2i
S N COY! .
yier = inf t 5o 5
) . N TN C))
Iet us note (2i+1) — ( §2r|]+1),1; o §2|+1),n)t — ~ 2i+1 2iv1
" = inf " (2i+1);1 "
2ivy = INT T 500 ¢ ;

and as for all i 2 N, the ; de ned before are stopping times for the Itration (Fy); o, the

random vectors 1¢ "<+14 ('_--) are F --measurable, the construction makes sense.

We nally de ne for all ">0andt O:

Z{ = loe g 00+ Lij< fy0 0
i=1
For all i 2 N and for t 2 [ .4; ,is»), the equation for the smallest coordinate in (B-)
and the non-negativity of & gives

N qQ———
d §2|+1),1 2 §2'+1)’1dBtl+( (n 1) )dt: (2.4.4)

Then, according to the pathwise comparison theorem of Ikeda and Watanabe (that we
recall in Theorem 2.6.2 below), for all i 2 N and for all t 2 [ ;.15 2i40)

§2|+1);1 r2i+g

T o’

where forallt 0

z 5i+1+t p_

Rt=s2 RAB;+( (0 D)

2i+1

which is a CIR process.
_Foreachi2 N, thedelay 5., .4 islarger than the time needed by the CIR process
r?*2 to go from 5 to ". Moreover, the times for the processes r2*2 to go from 3 to ™ are iid
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positive random variables. Consequently, there is no accumulation of the stopping times
which goto in nityasj ¥ 1.

The stochastic process Z" is thus de ned globally.

We recall that (A-) and (B-) respectively coincide with (2:1:1) when "t 7, and when
& "and ~¥ ~F" ™. On the other hand, on [ ,;; 4i.4], Z" evolves according to (A-)
and Z%"  J while on [ 5i,1; 2i42], Z evolves according to (B-) and Z+"  *. By induction
on i we deduce that Z" is a solution to (2.1.1) until

8 o
< =
inf _t2 [[gm; sl ZE zZE . infft 0:zF "andZF ZE tg=: -

i2N
From Lemmas 2.4.1 and 2.4.2, we have :
PFOI 2 N; Ot 2 ( i} sinql 1 Z¥ =23 and ZE" =z forsome 0 j<k n 1g=0;
where by convention Z%" 0, and
PFOI 2 N; 9t 2 ( 5ivq; sino] 1 Z¥ =Z3" and ZE =z forsome2 j<k n 1g=
On the time intervals [ 5., ™ i 20 ™ -], we have ZZ"  Z}" . Consequently,

Pot2(; -]:Z¥ =z and ZF" =z forsomel i<j n 1 =0 (2.4.5)

As the solutions to equation (2.1.1),are pathwisg unique (see Lemma 2.4.2), forn 2 N ,
the processes Z % and Z 1 coincide on 0; +™ 1 .Thus, :™ 1 = 1 and thesequence

n n+1 n n+1

( 2)n2n IS NoONn-decreasing. Moreover, for alln 2 N, Zn veri es (2.4.5). Consequently, we
can de ne for all t 2 [0; |I,i'rr(1) ")

1 X -
t=Zileo t gt Z/an <t ©: (2.4.6)
n 1 & AET

which is a solution to the SDEs (2.1.1) on [0; .Ij.rr(lJ ~) verifying (iii) of Theorem 2.2.2.

Finally, as the solutions to (2.1.1) are pathwise unique (Lemma 2.3.1), we can apply
the Yamada-Watanabe theorem (see for instance [RY99, Theorem 1.7 p.368]) to deduce the
existence of strong solutions to the equation.

Sincconf.<+1g, L+ 2 =21+ 2 1 3" o0n flim - < +1.g we have

t2[OirI]f ) I+ 2 =10 We then use Proposition 2.2.4 (ii) with k = 2 to conclude that
;lim -
"%10

llli'rrg) ~=+71 when (n 1) 1 which is (i) from Theorem 2.2.2.
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For n 1) <1 and 0, let us prove assertion (ii) of Theorem 2.2.2.
Following the steps of the proof of Proposition 2.2.4 with k = 2 until (2.4.1), we have for all
0 t<lim.

"0

q
d( ¢+ 2) 2 P+ 2WZ 2 (¢+ Ddt+2(  (n 2) )dt;

where by L@vy s chchterlz%lon W2 de ned by W2 =0 and

ZdBZ 2 . .
dw? = " S T 1N Odigdi is a Brownian motion.

By the pathWise comparison theorem of ikeda and Watanabe (that we recall in Theorem
2.6.2 below),

t+ 2 rforall0 t<lim - as.
"10

where forallt 0

Z
t
+2  Praw? 2

— 1

t
(2) rsds + 2( (n 2) )t
0

isa CIR process. Applying Lemma 2.6.1 with a = 2( n 2))b=2 and =2
which satisfy a < - and b 0, we conclude that the hitting time of 0 by r is nite almost

surely. Consequently, P |I,|'rr(|) «~=+1 =0 which concludes the proof of Theorem 2.2.2 (ii).

Lemma 2.4.1. Let us assume (n 1) >0. The system

Ai qﬁ i 22 qﬁ ’ A INERaS
dy =2 "tdBi+4  (n 1) +1 0_ P+ ¢ Pp= N1 2Ty +2 7Y T
2" 2 j&i t
. . (A
0 "< <" as.,dt ae:
has a global pathwise unique strong solution ("+";:::; "), starting from any random
initial condition o= ( 3;:::; ) independent from B such that 0 ] g a.s.
Moreover,
PFOt>0: "V =" and N =M for some 0 i<j n  1g=0; (2.4.7)

where by convention "% 0.

Proof. Let us consider F = ( §;:::; n) (Bs);  and the system of SDEs de ned by
P; . Pa
_ (n 1) 0_%2 xy P N XX dt
dx; = dB{+ - dt  x¢ dt+ x¢ e IR
2X¢ jei (¢ )2 ()

0 xi' < <x;as;dt ae:

A g dt



AP 9 P
with random initial condition (  3;:::;" §) such that 0 0 0-

We are going to apply Cepa’s multivalued equations theory ([C0p95]) to conclude that
there exists a unique strong solution to (A-).
To do so, we de ne

D = fo<x!<x*< <x"g;
8 2 3
§ X (n ) - i. i 2 X - i j. - | j. 5
5 Injx'j E(x) +Z Injx'  Xj+Injx' +xj
(Xl;...;xn)ZRn 1 i=1 jEi
= if x2D
- +1 ifx2D;
o) P .. Pa P; . Pa 1
1..... n 2Rn ] @ O—gp% Xiﬂ 24% /\1 ..... O—gp% X?Y 2495 AlA
g (x5 x™) | X X :
to rewrite the system of SDEs on D with X = (x¢' ;:::;x{" ); the following way

Since g is globally Lipschitz and is convex, C@pa’s multivalued equations theory and in
particular [CLO1, Theorem 2.2] combined with the remark following [C0p95, Theorem 3.1]
show the existence of a unique strong solution to equation

dX;=dB;+g(X)dt r (X)dt (X)dL forallt 0 (A)
8t 0;X:2D a.s.
(o I a
Xo = )

where X is a continuous adapted to (F¢): o process, L is a continuous non-decreasing adapted
to (Fy)t o process with Ly = 0 verifying
Z
Le = o Lx,26p9dLs:

and (X) 2 (X) ( (x) is the set of unitary outward normals to @D at x 2 @D). The solution
to equation (A-) follows the conditions : for all t >0
Z t
E 1fX32@ngs = 0
0
Z t
E jr (Xyjds < 1.
0

Let us now prove that the boundary process L is equal to zero.

For all m 2 f1;:::;ng, for all t 0, we have with C = —©- 2
Zv C WX 1
E —+ x g g ds < 1 (2.4.8)
0 Xs jem (X )% (Xs')
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Let us prove by backward induction on m that

Ze g > X"
foralll1<m nandforallt 0,E —5 + |-
0 X" jem (%7)? (%)

ds<1: (Hp)

m=n

As all the terms in the absolute value of (2.4.8) have the same sign for m = n, we deduce
the individual integrability.

Let1<m nand let us assume (H;) forall j 2 fm+1;:::;ng.

We have :

C 4 =< 1 _C e > 1 < X _
e T D SR LN S ¢ N € E ey 3 R G B

Let us remark that foralls 0

C e < 1 C me < 1 < XL .
XS m;™y2 RV mr X" m™y2 i, RV m™y2’
Xs j<m (X7 ) (xs)* Xs jem (Xs7)? (xs7) jom (X7) (Xs7)

(2.4.9)
by the triangle inequality and since xI"  x™" for j > m.

side of (2.4.9) is integrable, which ends the induction argument.
Consequently, forall1 I<m nandforallt 0 we have

Z 1 Z m;" I m;*
XM 4 xb X
-ds =E S S_—ds

YA t )
T m” I 2E YRS
0 X" X¢ 0 (Xs' )% (xs)? 0 (Xs')? (Xs)?

ds< 1: (2.4.10)

As in the second part of the proof of [CLO1, Theorem 2.2] (equation (2.40)), using the
occupation times formula and (2.4.10), we have for1 I<m n;t 0

Zoea apxm” xh Ztghxm™” xh Z
LI X gz (I X0 5" 1 gs<w1; (2411
0 a 0 ern’ Xs 0 X;n’ Xs
and
Z iq [agyl” I T
+1 Lyl t dhxt i t 1
t( )da: - S — Tds<+1,
0 a 0 Xs' 0 Xs’

where L3(X) is the local time at time t and on level a for a real continuous semimartingale
X. Since the function a @ 1 is not integrable at 0 and (L#(X)) is cadlag at a by [RY99,

a

Theorem 1.7 p.225], one deduces that LI(x™"  x"") = LY(x*") = 0.
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From there, the reasoning made in the proof of [CLO1, Theorem 2] allows to conclude

that the boundary process L is equal to zero.

Following the approach used in the proof of Lemma 2.4.2 below to demonstrate pathwise
uniqueness for the slightly more complicated system (B-), we obtain that the solutions to
(A.) are pathwise unique. The Yamada-Watanabe Theorem (see for instance [RY99, Theorem

1.7 p.368]), allows to conclude that (A-) has a pathwise unique global strong solution.

Let us now prove (2:4:7). a_

Let us consider the system de ned by (A-) with initial condition 0 5
Let usde neforall">0;M >0

v =infft 0:9i 2 fl;:::;ng;x¥"  Mg;

p* L T
_ 0_%2 x¢ 45 ™1 -
8i2fl;:::;ng, i(t) = PV + X{;
t

and forallt O

— i P2
Z(t) =exp  dB, 5 I (Wirdu
We have for all i 2 f1;:::;ng,
(@] P Px 1
0_%2 x¢ 45 ™1 L
|2(t) = @ P + X A
2X¢
00 P in P ’\112
20 = L 22 A 42 XY
2X¢
%+2 M2
We thus have
Z in
E oxp "ii ifdu < A forallt O
0

p

o3

Then, according to Novikov’s criterion (see for instance [KS91, Proposi(’glion 5.12p.198]), Z isa
P-martingale, and E[Z (t)] = 1. Consequently, recallingthat Fe = ( §;:::; Io_5‘); (Bs)s ¢

and de ning Q such that
dQ __ ...
e, ~ 2

and
. i'M : z "™ ™
foralli2 fl;:::;ng; B{Y = B{+ i(s)ds
0
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P, .. P
C Zem0_®E X ey M
= Bj = + xids; t O
0 2Xs

= (BfM::::;Bf"), is a Q- Brownian motion according to the Girsanov theorem (see
for instance [KS91, Proposition 5.4 p.194]).
Thus, (A-) can be rewritten in terms of BM as

N (n 1) : dt

dxt = dBiM dt  x{'1 dt+ x} _— fori2fl;:::;ng:
' ' ZX{ Lo e ' j&i (Xt )2 (' )? ]
(A";M)
By the same arguments as in the beginning of the proof, the normaly re ected SDE
dX; = dBM r o(XQdt (X)dL forallt O (2.4.12)
8t 0; X¢{2D as.
a— a—
Xo=( &t 8)

admits a global solution and the term (X)dL; is zero. We can apply [L010, Theorem 3.1]
to the SDE (2.4.12) to conclude that its solutions cannot have multiple collisions. This last
SDE can be rewritten

X<
+Mdt+ Xy at —— fori2fl1;:::;ng

2X¢ j&i (Xt )2 ()3
Lo

0 x' < <x{;as,dt ae:

dx¢ = dB{M

By pathwise uniqueness deduced from the application of Lemma 2.3.1 after the square of
each coordinate change of variable, the solutions to this last system of SDEs coincide with
the solutions to (A-n) on [0; M), which implies that there is no collision of (xt Xy )t
on [0; m) under the probability Q. There is thus no multiple collision of (x; ::::;X{" )t
under the probability P on [0; ) :

PFOt 2[0; m) Xt =x"" and X" = xd*Y forsome 0 i<j n 1g=0:

Since it is true for all M > 0, and since as the system of SDEs (A-) admits a continuous

global solution, v .51 +1 P as:, we have the result for (A-), and thus for (A.), which

concludes the proof.

O
Lemma 2.4.2. Let us assume (n 1) > 0. The system of SDEs (B-) with ran-
dom initial condition (7§ ;:::;70 ) such that 0  ~g" ~0"a.s. and independent
from the Brownian motion B = (Bl; 11, B{")t has a global pathwise unique strong solution
T e
Moreover,
PFOt>0:~' =~ and 4" =~1"""for2 i<j n 1g=0: (2.4.13)

67



A5 = 2 ~FdBl+(  (n 1) )t 2 ~Fdt (2.4.14)
a ' a_ P! #
- s A 2 i
8i2f2::5;ng,d7y = 2 TtdBi+( (n 1) +1dt 0_pz ¥ g "l
> 4
2 Ty dt+2 < gt
i ozjei t t

autonomous system of SDEs for n 1 particles similar to equation (A-). The only di erences
are the coe cient (n 1) in (A.) which remains (n 1) here and is thus una ected

p Tr W
by the change in the number of particles, and the terms 0 %2 ¢ P5 N1 in

HAT] pﬁ
(A.) which becomes 0 8. 7} — 1 here. We can still consider the root process

S q

( ~Z": M), and apply the same method as in the proof of Lemma 2.4.1 to prove the
existence of a strong solution to this subsystem. Equation (2.4.14) also has a strong solution
(Lemma 2.6.1), and consequently the whole n-particles system considered here admits a
global strong solution.

Letusde neforall">0andfort 0: (t)=( 1(t);:::; n(t)) with
> =LA
1(t) = %.. ~J" ~1;" " ||;
~L je1 ( v A
~1I;
8i2f12::1;ng, () = &= = B T
~y @ t ) _
and forallt 0 Z, 1Z¢. .
Z(t) =exp . (u) dB, 2 o (Wjjdu
We have
(o) . 1,
, 2 > ~L A
l(t) - T @ ~i" =L A --A
t j>l( t t ) _
2(~L" A2 12
I g7 L,
~t’ j>1
2 2
(n 17~ (2.4.15)
Foralll1<i n,
2 ~{;")2

2t =

ET F Ay
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~-;" ~l;" " ~l;" "
(i ¢ M)+

e Ty
2
2, (2.4.16)

We thus have
1%t
E exp 5 ji (Wjkdu < A forallt O:
0

Then, according to Novikov’s criterion (see for instance [KS91, Proposition 5.12 p.198)), Z
is a P-martingale, and E[Z(t)] = 1 for all t 0. Consequently, de ning for all t O,

Fe=  (Bos (o :::::70) and Q such that
dQ
— = Z(t);
dP jr, ®
and
z t
Bi = B 1(s)ds
0
L Z t X ~]_;" AN
= B+ g— S - ds;
t 0 ~I"jer (¢ s ) B
. . Z t
foralli2f2;:::;ng; Bf = B; i(s)ds
0
Ly ~i;"
= B g— 5 ds; 0 t;
t 0 ‘“is;" (~|s, ~%, /\ II) . [1]
B = (B} :::;BM): is a Q- Brownian motion according to the Girsanov theorem (see for

instance [KS91, Proposition 5.4 p.194]).
Consequently, (B~) has a global weak solution.
We now have to prove the pathwise uniqueness of the solutions to (B-~). The di erences
with Lemma 2.3.1 are the term
) 2 99— Pyt #
0_P; ¥ o AL

and the interaction terms between the rst particle and the others.

Let M >0 and
m=infft 0:z +z/ +2'+2z0 Mg

As Z and Z are continuous and assumed well de nedon Ry, m " 1L when M ™ .
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The local time of z' _ 2 at 0 is zero ([RY99, Lemma 3.3 p.389]). Applying the Tanaka
formula to the process z' 2z' stopped at \, and summing over i,

X X Xy, o
Zin g Ba 0= JZ0 Zi* sgn(zg  z)d(zg %)
i=1 i=1 i=1 0
XZtAM_q*_ q* - ZtAMX_ - -
=2 izl zljdB! 2 jzt  2ljds
i=1 O 0 i=1 '
2~ X X z1 2
+2 sgn(zy %) — S ds (2.4.17)
0 =2 g j zjei Zs L5 %3 Zs
]
+2 z v XK= ( i i) Z; Z; )
sgn(zi = : .
o i B@ @A @ AN
!
sgn(z: #) LN ZN" :ds (2.4.18)
O N IS N -
sgn(zt #). 0_p; 1z 5 ~N1 0 _p; = -
i=2 -
(2.4.19)

As the processes are stopped at \;, the expectation of the stochastic integrals is zero. As in
the proof of Lemma 2.3.1, the terms (2.4.17) are not positive. To deal with the expectation
of (2.4.18), one remarks that the function

(x;y) A .

x YA

is Lipschitz on [0; M]2. ;

h P
As for the term (2.4.19), the function f : z @ 0_ 8 Py — ™1 de ned on Ry is

constant on 0;2 and on [";+1) and is di erentiable on Z " with
l 2 n
'(2) = Pe 5 for all z 2 il

Consequently, f is Lipschitz with constant 2. Then for all M > 0 there exists a constant
Km0 depending on M such that forallt 0

i i Zrm X i i :
Bizen ,  Zn ] KmE jzi  Zjds
i=1 0 i=1
Zex o
Km . Ejzin ,, Zn,,J0s:
i=1

The Gr nwall Lemma allows to conclude that forall M >0andt 0

Eizin , Za,,i=0
i=1
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Using Fatou’s Lemma to take the limit M going to in nity we deduce that forallt 0

>x
Ejz; 2j=0;
i=1
which concludes the proof on the existence and pathwise uniqueness.

Let us now prove (2.4.13). To do so, we can use the same method used to prove (2.4.7) on
the square root of the coordinates (7% ;:::; %), which solve, as explained in the beginning
of the proof, a system of SDEs similar to (A-) for n 1 particles.

O

2.5 Proof of the other results

Let us now prove the result on the collision time between particles. To do so, we study the
di erence between two neighbour coordinates and bound it from above by a time changed
Bessel process hitting zero in  nite time.

a a

-+

d(: ") =2 B 2 B '+2 (¢! pdt+2 St
t t
> A il i
+2 { i tJ i1 J dt
j2fi;i 19 ( t t)( t t)
aq— | a— . iy i1
2 ldB{ 2 {'dB{'+2 1—1dt (2.5.1)
t t

because _ _
2 (¢t DO

and the contribution of the greater and smaller coordinates is non-positive (in the sum,
the numerator of the ratio factor is always non-positive and the denominator always non-

negative). Letus x i 2 2;:::;ng and let us de ne the continuous local martingale
. Zy - = 9g—
M} =2 idB! L 1dB! tfort O
0
and z

_ t
Mlig=4 (Ll+ lNHdsfort O;
0

with generalized inverse _ _
C{=inffs 0:hM'is > tg:
The process ("M 'iy); is continuous, and according to Lemma 2.5.2 below, tIi'nth p=+1
a.s., which implies that for all t 0, C! < 1. We can apply the Dambins Dubins-Schwarz
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Theorem (see for instance [RY99, Theorem 1.6 p.181]) to conclude that the process de ned
by

. '
0 fetQ— . G .

(Bt )t: 2 0 Isst Is st

t

isa Fc; t-Brownian motion.
We de neforallt2 R, : DI = iCt‘ Li'. By (2.5.1) and the de nition of B®, we have
t

dD} = d( L L}

ct

B+ dt=dB{" + - dt:

2( ii Ci 27Dtl

Let us de ne the Bessel process

W,
o :
Then,
. . Di ri
d I,.I DI . t_ _ t :

( t t) 2 F{D{

and as long as neither r' nor D' touches 0
R 1

t ds

d e? orol(r; Dy 0

and r! DI thanks to the equality r) = D). As the trajectories are continuous, as soon as r'

reaches 0, which is the case in nite time almost surely when 1 (see for instance [RY99,
Chapter XI, (ii) p.442]), so does D', which concludes the proof. ]
emark 2.5.1. It turns out that whatever 2 R and ; > 0, we can conclude that

o D+ D Yds =+ as. assoon as (2.1.1) admits a global solution. Since the coordinates

are ordered, forallt O

Zt(n_l_ nl)ds gzt )(i!ds.
o' S s n o - s :
o D_ 1
Let usde ne W by Wy = 0and dW; = Pinzl @1nP}Ll {&Ooqﬁ’n{:j + 1npjnfl {zoop}ﬁAdBti-
= A -

According to L@vy’s characterization, W is a Brownian motion. Then, using the equality
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. : . P : : . . :
(2.3.1) in the introduction, (" {L; &)s , is a CIR process. Proposition 6.2.4 in [LLO8] gives
an expression of the Laplace transform of integrated CIR processes : for any >0,

R P, = _! !
Ee o =% =exp( 2 (t)exp o M ;
i=1
where
o) 1
P 242t
1 2 2+2 e
®= smBp P D 1o+
2 Zxo e 2t 242 4 Fops g te+1
eth 242 1
= P T p——
and (t) p_2—+ 2 + eZtV 249 (p_2—+ 2 + ) tT+1 _2?+
Thus, Roa Py ReP, |
Ee o =t = |mEe o i= % =0
ti+1
so that 2
+1 3K .
Wds=+1 as.
0 =1
and we can conclude.
Lemma 2.5.2. Let us assume that ; > 0 with (n 1) Oandthat =( {;::0 M
is a global solution to (2.1.1). If either >0 or 0, (n 1) 1 and 2>0
a.s., then, 7
+1

lds=+1 as.
0

Proof. The pathwise uniqueness result in Lemma 2.3.1 ensures that the solution is strong.
Therefore it is enough to deal with the case of a deter'gpinistic initial condition o= ( §;:::; §).
We thus suppose without loss of generality that E~ [, | < A still with 2 >0 a.s. in the
second setting.

Let us rst deal with the case > 0. To do so, let 7o be distributed according to .,
and independent from the Brownian motion B and let ~ = (7§;:::; M) be the solution to
(2.1.1) starting from ~( given by Proposition 2.2.7. Forallt 0, ~¢ is distributed according

to jnv. Let us show that 7
+1

P “lds=+1 =1
0

Since (T¢+1)t o IS a solution to (2.1.1) starting from ~; distributed according to ., for the

Brownian motion (Bi+1  B1)t o and pathwi&e uniqueness implies weak uniqueness,R(*Hl)t 0
has the same distribution as (7¢); o. Thus, , * ~ds has the same distribution as ,"* ~lds.

Consequently, since Rua . Roa .
e o sds e 1 sds a.s.:
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R+1 R+:I_

e o =g ; TSUgq
which also writes R
Lo1gs 1 ~1q4g
1 eos® e o s>”=0a.s.

As
in(FX 2 R™: x! > 0g) = 1;
we have
~5>0as.
and Ry _,
eo sds > 1as.;
and one can deduce that Roa
~Llds
e o s”=0as.
so that

~lds =+1 as.
0

By (2.3.2), foralls 0

X

Ei : i Eji o ~4i exp( 2 s);
i=1
and then
Z +1 1 Z +1 1 z +1 1 1
E ds ~.ds E o ds
0 S 0 S 0 S S

Ej § “liexp( 2 s)ds:

As >0, the right-hand side is nite. Since

Z .4
~lds=+1 as;
0
we can deduce that 7
+1
ds=+1 as.
0

Let us now suppose that 0 and (in 1 1 . Let ~ >0 and " denote
the global solution to (2.1.1) with  replaced by ” starting from “o= o given by Theorem
2.2.2. By the previous reasoning,

N
lds=+1 as.
0

For M >0 let
An

m=infft 0: ?+"7 Mg;
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with the convention inf: = +1.. As and " are continuous global solutions, \ "™ +1
when M " .. Reasoning like in the proof of Lemma 2.3.1, we obtain

# 2 o] o _ _ 11 3
X i e _pa UWX Mivg iy Neath i* s
i=1 i=1 j&i s s s S
o ) _ 1° 3
S rmX AT T L P
E 0 ) 1f/\is> isg ) @Ai /\j i J dS (252)
i=1 j&i s S s s
0:
The last inequality comes from the fact that, as in (2.3.5), we have for all i < :
2/\- Ni i H 3 i\ P Ni
i j 1 + ] JJ 1 |j + |j J Jj A R
S S S S —_ S S S. SJ) s S. .
4’\i Aj i 15(1f > 19 leis i) = N A oy s s i) 0;
s S s S ( s S)( s 5)

as the denominator is non-negative.
Using Fatou’s Lemma to take the limit M going to in nity, we deduce that forallt 0
" 4

and thus, for all i 2 1;:::;ng,

R,
Since o1 "lds = +1 a.s., we conclude that

Z 1
lds=+1 as:
0

]

Proposition 2.5.3. Let us assume (n 1) <0, =>0and0 : 5.
The system (2.1.1) has a unique strong solution de ned on the time interval [0; I|mS )
where for all " > 0,

=infft 0: { "g
Proof. Let " > 0 and let us consider the system

(n 1 1 1 oo i < dt .
—dt Xy dt+ Xx¢ —— fori2fl;:::;n
2 L o N S 2 ’

dx¢ = dBi+

0 Xy < <x{ as. dt ae:
1
0

with initial condition 0 P

As the function x A % is globally Lipschitz, we can apply Cepa’s multivalued equa-

tions theory ([C0p95]) to conclude that there exists a unique strong solution to (C-) de ned

n
0-
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globally. Moreoverpone can remark that the solution to (C-) is a solution to (2.1.5) on
[0;infft 0:x! "g] for all " > 0. By taking the square of each coordinate, we obtain a
solution to (2.1.1) up to S- for all " > 0 . By pathwise uniqueness for (2.1.1) (see Lemma
2.3.1), these solutions are consistent and we can conclude.

O

2.6 Appendix

The next lemma deals with the existence and uniqueness to the CIR SDE and with the
probability for the solution to hit zero. It is proved for instance in [LLO08, Theorem 6.2.2 and
Proposition 6.2.3]. The point 4: comes directly from [CIR85].

Lemma 2.6.1. Leta 0;b; 2 R. Suppose that W is a standard Brownian motion de ned
on R.. For any real number x 0, there is a unique continuous, adapted process X, taking
values in R., satisfying X, = x and

a__
dXt = (a bXt)dt + Xtth on [0, 1)

Moreover, if we denote by X* the solution to this SDE starting at x and by (= infft O0:
X = 0g,

1. Ifa  2=2, we have P( &= 1) =1, for all x>0.

2.1f0 a< 2=2andb 0, we have P( ¥ < 1) =1, for all x> 0.

3. 1f0 a< 2=2andb<0,wehave 0 <P( < 1)<, forall x>0.
4. For all s>t,

: a
E[rsjrd = ree °¢ 9+ pd e b 0y;

The following result is the Ikeda-Watanabe Theorem, which allows to compare two It
processes if their starting points and their drift coe cients are comparable, and if their
di usion coe cients are regular enough. It is proved for instance in [RW00, Theorem V.43.1
p.269].

Theorem 2.6.2. (lkeda-Watanabe) Suppose that, for i =1, 2,

_ Ly ) Zi
X{ =Xy + (Xd)dBs + <ds; (2.6.1)
0 0
and that there exist b: R ® R, such that
s b(Xd),b(XZ) Z

Suppose also that
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1. is measurable and there exists an increasing function :R. A R, such that
z

(u) du=1;
0+

and for all x;y 2 R;
() ) Gx i

2. Xt X¢as,;
3. b is Lipschitz.
Then X} XZ for all t a.s.
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Chapter 3

Strong solutions to a beta-Jacobi
particle system

This Section an article submitted to S@minaire de Probabilitds that one can nd at the address
https://arxiv.org/abs/2104.10142.

Abstract

The purpose of this paper is to study the existence and uniqueness of solutions to

a system of Stochastic Di erential Equations (SDEs). The coordinates are bounded by

zero and one, and repulse each other according to a Coulombian like interaction force.

We show the existence of strong and pathwise unique solutions to the system until the

rst multiple collision at zero or one, and give a su cient condition on the parameters
of the SDEs for this multiple collision not to occur in nite time.

Keywords: stochastic di erential equations, di usions with gradient drift, singular in-
teraction, random matrices.
AMS Subject Classi cation (2020): 60H10, 60J60, 60B20, 60G17, 60J70.

3.1 Introduction

Letp;g 0; >0,n 1,and B =(B;:::;B/) be a n-dimensional Brownian motion. Our
SDEs system of interest is the following :
a ° i iy ~
. S EE— . . X 1 + 1 1
di=2 i@ poBi+ 4 @+ i+ A O dsg o)
j&i t t
2 3
qa_— . XX 1 .
=2 (1 HdB{+ “4p n+1 (p+q) +2; j5dtfor alli2fl;:::;ng
jEei t t
(3.1.1)
0 < < ! 1; as. dt almost everywhere: (3.1.2)
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The form (3.1.1) can be found thanks to the manipulation

< i@ hH+da h_>x2ia hHei i

j&i t { j&i { {
J
= (n 1)+2ixl L. (3.1.3)
tj&i t T .

The strict inequalities (3.1.2) allow the interaction terms in the system (J(p,q)) to make
sense. We will look for continuous solutions to the SDEs (J(p,q)). Thus, by continuity, we
have forallt 0, 0 : a ¢ 1, a.s. While, for n = 1, the system reduces to

the real Jacobi SDEd { =2 (1 HdBI+ [p (p+q) }dt studied in [Dou05] (see
Lemma 3.5.1 in the Appendix), the coordinates are repulsed by a Coulombian like interaction
whenn 2.

Our goal is to study the existence and uniqueness of strong solutions to this system of
SDEs in a general setting for the parameters p, gq,and , especially in the case < 1 and
p~g n+1<1= which is not covered to our knowledge by the literature. This system is
related to the famous Dyson Brownian motions which satisfy

d i="2Bi+

i j;foralli2f1;:::;ng;

jei t t
where the only type of singularity is when two particles collide. This system admits a unique
strong solution (see [RS93]) when 1.

The di culty in proving the existence of solutions to (J(p,q)) comes from the fact that
there are singularities both when a particle touches zero or one, where the derivative of
the square root di usion coe cient explodes, and when two particles touch each other. If
wedeneD=f0< !< ?2< < " < 1g, a collision occurs when the process

=( i My hits the boundary @D made of the unionof f ' = lgfori2 f1;:::;n 1g
and f 1 =0gand f " = 1g. A multiple collision occurs when two of these sets are reached
at the same time and we will speak about "collision between particles" when two particles
touch each other.

The same kind of di culties emerge in the study of the beta-Wishart system of SDEs
(see [JK20]) which writes

o 1

. aq—- . > 4 i
d{ = 2 WB{+@ 2 1+ —Adtfor all i 2 F1;:::;ng;
jei t

0 i< < Das dt ae;

+ -

-+ —

where 0, 2Rand > 0. Indeed, we can nd in this system the same kind of
singularities both when a particle touches zero and when two particles collide. The methods
developped in [JK20] to overcome the two types of singularities and to prove the existence
and uniqueness of a strong solution to the system of SDEs are adapted to the beta-Jacobi
system here.
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Our results about the SDEs (J(p,q)) are the following. In Proposition 3.2.5, we state that
k (p™~q n+Kk) 2isasu cientcondition for multiple collisions between k particles not to
occur at position zero or one in nite time. Our main result Theorem 3.2.3 gives the existence
and uniqueness of solutions to the SDEs (J(p,q)) when 2 (0;1)andp”~g n+1 L 1(so
that there is no multiple collision at the origin or at position one). We explicit in Proposition
3.2.6 the unique stationary probability measure of the SDEs (J(p,q)).

The paper is organized as follows. The remaining of the introduction is devoted to the
bibliographical background of this work. In Section 2, we state our main results. We prove
in Section 3 some useful properties of the solutions to the system (J(p,q)), before checking
Proposition 3.2.5 and Theorem 3.2.3 in Section 4. Section 5 is an Appendix stating some
well-known results that we use in our proofs.

The beta-Jacobi process emerges from the matrix Jacobi process introduced and studied
in [Dou05] : let n;m;p > 0 be three integers, a m m orthogonal Brownian motion (see
[LOv17] for a construction of the orthogonal Brownian motion), and let X be the matrix made
of the n rst lines and the p rstcolumnsof . Then,ifp n+1,qg n+landp+g=m,
the process J = XX , where is the adjoint operator, is a di usion and a solution to the
SDE

p_ d q p_
dJ= JdB I, J+ I, JdB J+(l (p+q)d)dt;

where B isan n matrix lled with Brownian motions (see [Dou05, Theorem 9.2.3]). The
eigenvalues of J then verify the system of SDEs (J(p,q)) with =1 (see [Dou05, Theorem
9.3.1]). When the orthogonal Brownian motion is replaced by a unitary Brownian motion,
the eigenvalues of J then verify the system of SDEs (J(p,q)) with = 2 (see [Dem09a]).
The system (J(p,q)) is thereby a generalization of this matrix inherited system of SDEs for
general p;qg Oand =>0.

Let us consider the change of variable ! = arcsin(oI Dandset = (0 D) We
apply It ’s formula, formally after the stopping time inffs 0 : (1 J) = 0g since
the square root function is not twice di erentiable at zero, and obtain, after trigonometric
computations that the reader can nd in [Dem09a] :

8
i S () JU i >h L i
d {=dB{+ _ 5 cot 1+( (@ n+1) I)cot(2 {)+§ cot( {+ {)+cot({ 1
- JEi
(3.1.4)
0 < <7 55 as. dt ae;
which can be rewritten
di=dB! @V(&:::; MDdtforalli2fl;:::;ng; (3.1.5)
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with

8
X< . _
V(L M= _Mmjsin 'f+ (@ n2+ ) 1Injsin(2 Di
i=1 o (3.1.6)
X i } A ) =
+— Injsin( "+ Dj+Injsin( ' D)
4 . . >
jEi
Systems of interacting particles following equations of the type
d t=bi( pdt+ i( PdB{ GV ( ;::x; Pdtforalli 21 ng; 3.1.7)

where V : R" & ( A;+1]is a lower semi continuous convex function such that D = fx 2
R":V(X) < +21gis a non-empty convex set and V is continuously di erentiable in D have
been studied by many auiil_:lors |Jzor instance, in thelgecullar case ()= =>0,b("H=0
and V(Lo M= 5 L geilni t dj+ 50 (1) with Zand >0, the
existence and unlqueness of a strong solution to (3 1.7) were derived in [RS93]

Link with the multivalued stochastic di erential equations theory. The systems of
type (3.1.7) with b; and ; Lipschitz and ( 3;:::; §) 2 D were deeply studied by C@pa and
L@pingle for instance in [CL97] and [CLO1] where they apply C@pa’s multivalued stochastic
di erential equations theory developed in [COp95]. This theory treats the existence and
uniqueness of solutions to multivalued SDEs associated with a convex function de ned on
a domain of R". In [L010], L@pingle applied this theory to a constrained Brownian motion
between re ecting or repellent walls of Weyl chambers. The boundary behavior of the convex
function dictates the behavior of the process on these same boundaries (hitting or not the
boundary in nite time, re ection on the boundary, etc.). Our SDEs of interest rewritten in
the form (3.1.5) thanks to the square root change of variables can be seen this way, and we
will exploit this connection in the paper.

Link with radial Dunkl processes (see [Dem09b] for a more complete description of the
theory)
Let us de ne a reduced root system R by a nite set in R"nf0g spanning R" such that

forall 2R, R\R =f ; g,
forall 2R, (R)=

where s the re ection with respect to the hyperplane orthogonal to . A simple system
is a basis of R" which induces a total ordering in R the following way : a root 2 R

is positive if it is a positive linear combination of elements of . A simple system  being
xed, we can thus de ne R. as the set of positive roots of R. When ; =1 and V takes the
form >
v: A k( )Inth ; 1); x2D;

2R+
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where D is the positive Weyl chamber de ned by
D=f 2R"h; i>08 2R.g;

Demni proved in [Dem09b, Theorem 1] and [Dem09a] the existence and uniqueness of a
solution to (3.1.7) on the domain D when k( ) >0forall 2 R.. Todo so, he applied Cgpa’s
multivalued stochastic di erential equations theory. This system corresponds to (J(p,q))
when we make the following modi cation in V : the convex function A In(h ; 1) should
be substitued by A& In(sin(h ; 1)), and for some choice of R+ and k. Indeed, when the
root system is of so-called BC,-type, it is de ned by

R=T e; 2, & ¢€;1 i1<j ng;

=feirr €1 1 N Leg;
Ry ="Tei;2e;1 1 njey ei;l 1<) ng;
n
D: 2 . . < 1< < n<7 .
01 2 10 2 )

which, with the right choice of k gives equation (3.1.5) (see (3.1.6)). The condition k( ) >0
forall 2R, impliessp>qgandgq n+1>21 Asa corollary, Demni deduces the existence
and uniqueness of a strong solution to (J(p,q)) under the condition p~q n+1> 1, We seek
here to obtain the existence of a solution to (J(p,q)) while relaxing this inequality. Demni
moreover proved in [Dem09a] that for < 1, there is collision between any two neighbour
particles in nite time almost surely.

Link with other works. The reader will nd in Graczyk and Malecki [GM13] and [GM14]
a treatment of equations of the form
o 1

JjE&I t t
1 n. .
t t' t Ol

where the functions j;b; and H;;; are assumed continuous, with H;;j non-negative and sym-
metric in the sense that H;;;(x;y) = H;.i(y; x) for all x;y 2 R. The system (J(p,(a) IS recov-
ered in the particular case when Hi;j( '; 1) = ( '(1+ H+ Ia+ 1), ( H=2 i@ 0©
andbi( D= (p (p+0q ". According to [GM14, Section 6.5], (J(p,q)) admits a strong
solution on the time interval [0; +1.) when 1. In this regime, the authors proved that
there is no collision between the particles. They also demonstrated the pathwise uniqueness
of the solutions for every >0, as recalled in Lemma 3.3.1 below.

In all these references, is identi ed as a fundamental parameter, its position relative to
1 governing the possibility of collisions between the particles.

Acknowledgement : | thank Benjamin Jourdain and Djalil Chafa for numerous fruitful
discussions.
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3.2 Results

Let us begin by the fundamental following remark.

Remark 3.2.1. If ( §;:::; ) is solution to (J(p,q)), then (1 M:::51 Dy is solution
to J(q; p) for the Brownian motion B.

The form (3.1.1) of the SDEs combined with Remark 3.2.1 hint that (p”~q n+1)is
a fundamental parameter impacting the existence of solutions. Consequently, we will study
the range of values of this coe cient for which the system has a solution. For instance, if we
assumep n+1<0, we have:

2 3

1 ql 1 1 4 1 1Xl {5
di=2 (1 dBi+ 4p n+1 (p+q) (+2; —odt (3.2.1)
t 1

i>1
g
2 @ HdBl
Then, according to the pathwise comparison theorem of Ikeda and Watanabe (that we recall

in Theorem 3.5.3 below) :
! oreas forallt O

where Z.q
= g+2 rs(1 rg)dBlforallt O
0

which is a real Jacobi process. By Lemma 3.5.1, the stopping time T = infft 0:r. = 0g
veri es P(T < 1) =1. On fT < g, after T, r stays at zero inde nitely. As the drift in
(3.2.1) is negative when ! =0 and therefore when r, = 0, it will stay strictly negative on a
time interval of positive measure. Consequently, the system of SDEs has no global solution.
If we assumeq n+1<O0instead of p n+ 1 < 0, the same reasoning can be applied
replacing ( §;:::; Mby (I P:::;1 1) and interverting p and g in (3.2.1).

We thus proved the following result :

Remark 3.2.2. A necessary condition for the existence of a global solution to (J(p,q)) is
p~rqg n+1>0.

We will thus assume this condition in the remaining of the paper.
It is proved in [GM13, Corollary 9] with condition 0 5< < § 1las. that for
1, the SDEs (J(p,g))has a unique global strong solution and that there is no collision
between the particles.
Before relaxing the condition p > ¢, Demni proved in [Dem09a] by applying Cf@pa’s
multivalued equations theory (see [CZp95]) that under the conditionsp > q, p~g n+1>1= |
> 0and 0 5 ¢ 1, the system of SDEs (J(p,q)) admits a unique strong
solution. The conditionsp>gand p~q n+1> 1= ensure the convexity of the potential
V de ned in (3.1.6) which is needed in C@pa’s multivalued equations theory. In Theorem
3.2.3, we tackle the existence and uniqueness problem on wider ranges for the parameter
p~rqg n+1.
Our following result applies in thecase p”™~q n+1 1= .
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Theorem 3.2.3. Let us assume <1, p”~q n-+1>0. Letthe initial condition o =
S0 0 be independent from the Brownian motion B and such that0  § b 1
as.and 21 § YH>0as.
Then, the system of SDEs (J(p,q)) has a unique strong solution de ned on the time
interval

[0:1im -);
where, for " >0,
~=infft 0: ! "and 2 ! "g~infft 0: D 1 "and ! D' g

Moreover,

- 1 .
(i ifp~rqg n+1 = 1then .I_|.rr(1) ~=71 a.s.
(ii) There is no double collision between the particles, i.e. (3.2.2)

P 9t 2 (0:lim ) : b= Mand 1= " forsomel i<j n 1 =0

Theorem 3.2.3 is proved in Section 3.4.

(J(p,q)) de ned on the time-interval R, forp~q n+1 1 1and until .ijg ~ which might
be niteifp~rqg n+1<?l 1. When |I,i'n(1) ~ < +1, then, according to the rst step of the

proof of assertion (i) of Proposition 3.2.5 below, the solution can be continuously extended
to the closed-time-interval [0; 'I,i'rr(l) «]. The next step would be to nd how to start back from

Tm it M) to de ne a solution on the whole interval R..

10 "10

The assertion (i) of Theorem 3.2.3 comes from the application of the following proposition
for k = 2.

o=C(g:::; §) be independent from the Brownian motion B and such that 0 :
¢ la.s. Then,
@) if § > 0 as., if (J(p,q)) has a local solution = ( };:::; P); de ned up to a

stopping time T and if k (p n+Kk) 2, then there is no collision of k particles at zero.
More precisely,

P(T =+2;9t 0: '+ 2+ + X=0)+P(T <+1; Zi[ng)tl"' i+ + (=0)=0
t ;

(i) if § ! <1as., if (J(p,9)) has a local solution = ( %;:::; M) de ned up to a
stopping time T and if Kk (g n+Kk) 2, then there is no collision of k particles at 1. More
precisely,

P(T =+2;9t 0: 7" 2 K24 4+ D=)+P(T <+1; sup { '+ P *2+ 4+ D=K)=0:
t2[0;T)
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This proposition is proved in the beginning of Section 3.4. On top of the existence and
uniqueness result, we exhibit in the next proposition the stationary probability measure of
the system of SDEs (J(p,q)).

Proposition 3.2.6. Let us assume (p~q n+1)>0. The unique stationary probability
measure of the system of SDEs (J(p,q)) is inv With density with respect to the Lebesgue

measure

o 1
v - n+ - n+ Y

dn( B =2 @CH TR e ) T
i=1 jEiI

where Z is a normalizing constant.

More precisely, if a solution to (J(p,q)) is such that the distribution of  does not depend
on t, then this distribution is j,,. When ¢ is distributed according to ., and is independent
from the Brownian motion B, the unique solution to (J(p,q)) is such that for all t 2 Ry,

is distributed according to .y, and it is a strong solution.

Remark 3.2.7. The density of ;. is the density of the beta-Jacobi ensembles, about which
the reader will nd in [Forl0] a documentation. These ensembles are related to the distri-
bution of the eigenvalues of a random matrix model involvingap n matrixandagq n
matrix with the constraints n  p+q, and = 1;2 or 4 depending on the dimension of the
underlying algebra (R, C or H).

3.3 Properties of the solutions

The pathwise uniqueness part of the next Lemma is proved in [GM14, Theorem 5.3] but we
reproduce the proof for the sake of completeness.

Lemma 3.3.1. The solutions to (J(p,q)) are pathwise unique.

(J(p,q))with the same driving Brownian motion, then for all t 0,
|

i it X i i
Ejz; zj Ejzo 2z exp( (p+q)t): (3.3.1)

X

Proof of Lemma 3.3.1.

. . a— - a— — 2

fr o dhd i, Lt z ) nd =)
. Lro<zi 2 9T 7i # S
S S S S

ds =4 0 1f0<z; 72 "g

q

q— . ] — — 2 g— . qg— -
Zt zZi(l zi) oz Z) zi(l zi)+ z(1 z) |

il AL 1 ggd B

=4 1f0<z; zZ g - . = : L i
0 (z¢ z) zi(1 zH)+ =2 z)
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. . . . q q
Z (1 z) z(l =) (1 z) #HO Z)
=4 1f0<z; 7z "g - — = - = -
0 (z2 z) z(Q zH+ =1 z)
. g q
Z 1 zg z) @ z) #2HQA zZ) ]

=4 1f0<z; zZi g 9= - 1— -
0 (1 z)+ =zl z)
s

4 j1 z! Ejds<a;
0

the local time of z' 2" at 0 is zero ([RY99, Lemma 3.3 p.389]). _
~ Applying the Tanaka formula then the integration by parts formula to compute de (P+a)tjzi
z{] we get

(p+o)t X THPEe (p+o)t i i q i i . i i i
de Jzz =2 e son(zy z) z(1 zp) z(l z) dB;
i=1 i=1

)

v e ot ggnzi gy S Al z%3+zj{(1 zl)  #( z{?+4(1
i=1 j&i Zt %4t I
27 e P*Vson(zi ) Zi(1 z) @ z) dBi  (3.32)

i=1

where sgn(x) = 1if x >0and sgn(x) = 1if x 0. The inequality (3.3.2) comes from the
fact that we have forall i < :
2 3
i i i i i i j i _ _ ) )
ol 2)r2al z) B0 BTARC Begngl w) @ #)
zi Z

iz iz isizl 4 7igdzl 4 7igigl  7izizi
izl 77 . 22207 + 21707 + 717272 717z

= T G T G =) sonted 2D)
A z)+z2(d #H) 2z 2d)+dH(z Z) P P

A dE B @ D@ g e w e )

A #@)@E )+l 2H)E #H) P P

=2 o D@ @) (sgn(zg z) sgn(zd 2{))

A0 i Zj+2Q ) ]

@ Z#)@E )
as the denominator is non-negative. Let the two solutions Z and Z be respectively de ned
on[0;T]IFT <+ and[0;T)iIfT =+1,and[0;T]if T <+ and [0;T)if T =+1, where

T and T are stopping times for a Itration (F¢); o with respect to which B is a Brownian
motion and Z, is Fo-measurable.

jsgn(zi ) sgn@ ) 0 (3.3.3)

Z q q 2

E e ®rs i1 zi) @ #) ds<1;
0
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.. R - . ad— . a— - .
the stochastic integrals 5e ®*®ssgn(z! z) zi(1 zi) zl(1 z) dB! have zero ex-

pectation so that integrating (3.3.2) on [0;t T ™ T] and taking expectations, we obtain
that

X

X N
Ee P+t T T JZtI/\T/\T Z":’\T’\TJ E JZ(I] Z(I)J: (3.3.4)

When Z, = Z, we deduce that forallt 0
i

i C— 0
EiZingar  Zingar) =0
i=1

which concludes the proof of pathwise uniqueness.

Taking T =T = +21 in (3.3.4), we have (3.3.1).
O

Proof of Proposition 3.2.6. We start by proving the uniqueness of the invariant distribution.
As the process ( )¢ lives in [0;1]", i, has a nite rst order moment. We can thus apply
the second part of Lemma 3.3.1 for two solutions to (J(p,q)) starting respectively according
to two invariant distributions to deduce that these two invariant distributions are equal.
The candidate density, obtained by a t A sin? (t) change of variables from the density

proportional to e 2V( " ™ with potential V de ned in (3.1.6) which is candidate to be
stationary for the gradient di usion (3.1.5), writes

1
\q’ A n+ - n+ Y - -
@2l Yl AL,
i=1 j&i

on( (@ n+1) 2)
finv( 40 V=

(3.3.5)

where Z' = R e VChm Mg 1:::d " The second factor is indeed integrable since the expo-
nents of 'and 1 ' are bigger than 1.

Let us check that the probability measure j,, with density f;,, with respect to the
Lebesgue measure solves the Fokker-Plack equation in the sense of distributions

+2X T 0 .
i=1 0" o eC H?

Q
>
o
=
2
D
=
@D
=
~
T
o}
~
Il

i@ bh+la b
5 .
t

P
p P+ t+ jei
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For a test function twice continuously di erentiable, since f;,, vanishes for ' = *1

fori 2 f1;:::;n 1g and since the exponents of 'and 1 "fori 2 f1;:::;ng in fi,, are
bigger than 1 we obtain by integration by parts that for i 2 f1;:::;ng
z
_ @2
Il nflv ..... nd 1:::dn
0 1 no1 ( )@( |)2( ’ ) n ( ) .
z 0 n i 1 n i i @Finv 1 n . 1
= (B @2 D i )+ DT ) d
0 1 n 1 @ @

A (Yo M S ™
o 1 n 1
Z 2 £
X :
— 4(b|( 1’, n) 2(1 I))flnv( 1 ..... n) I(l I)@ "TV( l’,
i=1 o 1 n @ 1
g i( 1,’ n)d 1 d n
Asfor0< 1< < "<1:
2 3
@Finv , 2 p n+1 1 ¢ n+1 1 1 1
ML n)_4 1 1 4+ 5fiv(
@ 2 i 2 1 i i | :
a calculus gives us
O D 2 2 Wi 2R D D
3
oo J j i )
=fin( 55 ™4 4p (prq) '+ u ?+ j(l )s 21 29
jEi 3
i i < 1 N
(P n+1) 251 H+((@ n+1) 2)" 2 i7j5
jEi
:0,
where we used the manipulation (3.1.3) and * isi (,17,’) = 1) '+ PJ&, a0,
We conclude that , . n A (L Nfiw( 4o Md t:::d " =0. To deduce

the existence of a weak solution to (J(p, q)) Whose marglnals follow the law iny, We may
apply [Trel6, Theorem 2.5], as soon as

z =n | .
0 1 n 1 I(l I)+ bl( 11, n) d inv( 1,1 n)<+1
i=1

This property can be proved by remarking that in the de nition of (3.3.5) of f;,,, the factor
j i 1j =2 makes the singularity of the denominator of the interaction term —¢ 2+ (¢ 5

J

integrable. By pathwise uniqueness proved in Lemma 3.3.1, this weak solution to (J(p,q)) is
a strong solution.

]
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3.4 Proof of Theorem 3.2.3

We start this section by the proof of Proposition 3.2.5 since this result is crucial in the proof
of Theorem 3.2.3.

Proof of Proposition 3.2.5. Before proving the assertion, let us rst check by backwards
induction that, whatever p;q 0 and > 0, a solution to (J(p,q)) de ned up to a stopping
time T is actually continuous and solves (J(p,q)) on the closed time interval [0;T] on fT <
1g. Fork=nand for0 t<T, integrating the SDE veri ed by the largest particle on
[0; t], we have :

v q— Z ><Zt n1  iy+ i(1 n
¢= ot 2 3 ABJ+ pt (p+q) - Jds+ (L o) j( ) gs:
0 0 j&n 0 2 S

As ! 2[0;1]forall0 t T, the right-hand side of this last equality is bounded too, and
the second and the fourth terms of the right-hand side are continuous in t and bounded, and

. e . P R n j j n .
thus admit a limit in T . Consequently, the term ¢, & =G 2+ (s js hounded,

and as all its integrands are non-negative, all the integrals in this sum are bounded and
non-decreasing, and thus admits a nite limitin T

Letk 2 f1;:::;n 1g and let us assume that for all 1 2 fk + 1;:::; ng,
Z - -
xX4cT1 | ] ] I
s(1 S|)+ ;.(1 s) ds< 1:
jelI O s s
For0 t<T, we have:
k — k Zt A k Z K
t=o+ 2 @ 9OdBg+ pt o (p+a) - gds
Z i i Z i i
RS S VEIR (R TORE S ¢ N VI (B DO
0 k i 0 i k '
<k s s j>k s s

By induction hypothesis, each integral in the last sum of the right-hand side of this equality
is bounded, and consequently as each integrand is non-negative, each integral of this term
admits a limit in T . Taking this into account and by the same arguments as for ( )¢, the
second and the fourth terms of the right-hand side are continuous in t and bounded, and thus

e P iyy J .
admita limitin T . Consequently the term <k 0 =a JS.2+ J,-S(l Dds is bounded. As all

its integrands are non-negative, all the integrals in this sum are bounded and non-decreasing,
and thus admits a nite limitin T

P R iy, _ . .
We moreover proved that = ;e ¢ —¢—2%20 9 ds < 1; which ends the induction

S

argument. Therefore, still on fT < 1.9, ( :::; D) admits a limitast ¥ T . De ning
1, 2.:::; M) as this limit, we conclude that (J(p,q)) is satis ed on the closed time interval
[0;T]on fT < Ag.
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Now, the idea of this proof is to show that the process '+  + X hits zero only when
another process de ned below hits zero. We then show that this last process is not smaller
than a Cox-Ingersoll-Ross (CIR) process which never hits zero.

Lets =1, "s =2, and let us de ne the following functions on R :

EC) = e *1o+1)(X)

F(x) = E(xR S)E(s+"s X)
._ *1 F(2)dz |

Ix) =1 +11 F@)dz

By construction, E, F and | are non-negative smooth functions, F has as support [s;s + "]
and | is non-increasing, equal to 1 on ( 1;s] and to 0 on [s + "5;+1). Let us moreover
remark that

2
e

. . F(X) e
° = R R
ey IE(2)dz IE(2)dz

1 1 )]
(s x2 (x s ") *IF@)dz ’

in'edi =

as the last function is continuous and compactly supported on R. We then de ne

f=x2[0;1] ® 1(X) arcsinz(pi) +(1 1X) 110x + 190 2 [0;1]:
The function f thus coincides with arcsinz(pi) on [0;s] and with s5x + = on [s + "; 1], is
increasing and is twice continuously di erentiable on the whole interval [0; 1].
Let usde neforalli2 fl;:::;ng: '=F("). Applying It ’s formula (formally after
the stopping time infft 0: }(1 ) = 0g), we get

(RO (2P ) (@ Dt

<4a—- = < a— qa— a— a—
=_2 {dB{+ 1+ (p q) (cot {+2( (@ n+1) 1) fcot 2 |
9 9
a—x a— 99— a— d—- = =
+ I cot '+ 1 +cot ! T _dt_1f | fe)g

j&i
o

+ I Dd j+2f% P (1 Pt l¢ i>f(s)g’

. q -
where we denote ~} = arcsin?( f 1( 1)) which is always de ned as f : [0;1] A [0;1] is
increasing and thus injective. Let us note that ~{ coincides with { when { f(s).
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kil — . .k .
= inf t2[0;T): ¢ f 5 1f & g’
let us de ne inductively for j 2 N
. . i S
KA*L = jnf t2( KTy K OfF 5
. n - o
K2+2 = jnf t2( I TY: K f(s) ;
with the convention inf ; = T. We can then rewrite :
g q 2 q q q q
< J— < N N N N
d{=_2 {dBi+ 1+ (p q) f{cot {+2( (@ n+1) 1) {cot 2 |
9 9
ad—x a— qu aq— qu = =
+ i cot i+ 1 +cot { 1 _dt_ 1ft28 [ B21+1; i21+2)g
. j&l o > > 12N
+ F(0d {+2f9CD 1A DAt LS ey (3.4.1)
We moreover de ne for all i 2 f1;:::;ngand k i,
8 o] q 1 o a 1
<1 — 1 — 1
‘(W= _5 (@ 9@ot | e=A+((@ n+1) 1OGcot 2 | fEA
2 ' 3o
> a— 9 1 a— 97 1 =
+ “4eot t+ i e——=¢q— +cot t t g=—a=>_
j&i i+ I

and

i
t

%ot(x) % is decreasing on [0; ). Thus, as 0

on BAFL 522y e have for all t 2

2 2 a___
i P Yoot He)
2 XX
4+ —
4 J&I
<+1:

The function cot is continuous on (0; ), cot(x)

1ftZS|2N[ k;2|+1; k;2|+2)g ’

g, and the function x A

0

x 1
2 S ) .
5 f(S) < T on I2N[ k,2|+1; k,2|+2)

I2N[ k;2|+1; k;2l+2):

a___
(@ n+1) 1)%cot®> 2 F(s)

2 A~ 2 A
cot- 2 f(s) +cot T(s)
(3.4.2)

Let us now prove the assertion by rst remarking that by construction

POt 0: ¢+ {+

92

+ ¥=0)=P(ot

L1 2 K — )



We proceed by backward induction on k noticing that ming |_,1 (p n+l)=k (p n+Kk).
The idea is to show that the process *+ + Xisont2 ~on[ 2% K2%2) not smaller
than a CIR process which never hits zero.
For k = n let us consider forallt 0 :
Z, 12+

Z'=exp  "(WdBy i "(wii*du

2 0
We have thanks to the inequality (3.4.2) :
1%t
E exp 5 iji "(wjjldu <A forallt O:
0

Then, according to Novikov’s criterion (see for instance [KS91, Proposition 5.12 p.198]),
Z" is a P-martingale, and E[Z"(t)] = 1. Consequently, recallingthat Fy = (( &;:::5 8);(Bs)s v)
and de ning Q" such that
dQ"
dP jr.

= Z(t)

. . z t
B; = B; 1(s)ds;
0

instance [KS91, Proposition 5.4 p.194]).

Thus, (3.4.1) can be rewritten in terms of B as
8 2 3 9
d t = - 2 {dBt + 4 (P n+l)+2 . { i dt; 1ft2 o[ 2L mi2l+2)g
(o]

n_ o _
+ I Dd T+2f% H i@ Dt 1ftZSI2N[ nizi; nizivayg forall i 2 f1;:::;ng:

~+

We then have for all t 2 S,ZN[ N2+l m2A+2y\[0;T) :

xdq—
d !+ + D =2 idB] +n pdt

=2 {+ + W] +n pdt;

where W" is the Brownian motion de ned by :
o) a— 1

= i 1 .
0 S n fo) t n (o) 1
th _1ft2[0;T)\( |2N[ n;2|+1; n;2|+2))g @1 Pn j&O q:FJ + 1 Pn J-=0 pﬁAdBt
i=1 = N
=1t

j=1 t n j=1 t
1

X .
=+ 1ft Tg + 1ft2[O;T )\(SIZN[ n;2l. n;2|+1))g pﬁ - dBtl
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According tg Lemma 3.5.2, the process ( { + + ), coincides with CIR processes on each
interval of ~ o[ ™21 ™21+2) and each of those CIRs are de ned globally, are positive on
R4+ and especially at T a.s. when T < . Ifn p 2, we can thus conclude for k = n.

Let us now assume that forsome k 2 f1;:::;n 1g,k (p n+Kk) 2and that the desired
property holds for the sum of the k + 1 smallest particles. Since (k+1) (p n+k+1)>
k (p n+Kk) 2, the probability of the k + 1 smallest particles to collide at zero is null.
Consequently, the probability for k smallest particles to collide at zero is the probability for
exactly the k smallest particles to collide at zero and not the k + 1th which stays away from
zero. We thus have :

<1 i 1, 2, 4 ktly—( 4+ —q- o1y 2, —
P T 1,'[2|[51;1‘T)(t i &) O'PT 1;9t 0: ; h :

=P T<d;inf (¢+ {+ + fH=0+P T =259t 0: {+ [+ + =0 =0

t2[0:T) t

Then,

PT=2;9t 0: !+ 2+ + k=0
@] 1
=limP@T =12;9t 0: ¢+ ¢+ + {=0and ™ ¢ "A
@] 1

=limP@T =19t O0: e i+ Ll ke =04

and
o 1
C o 1 Ky — 0 — [ i 1 k . — NA-
PT <1,t2|[r01;fT)( i+ + =0 |‘!LB]P@T < 1,t2|[g;fT)( e S P
For " > 0, starting with
0 = infft2[0;T): &t Kk vg;
let us de ne inductively for j 2 N
A= infR2 (ATt g
A*2 = jnfft2 (A*LT): K1 kg

with the convention inf; = T. As the functiont ¥ X*! K is continuous on [0; T ] when
T<Xlandon[0;T)whenT =1,

J_'!lT and maxfj 2N: ! <Tg<+1 as. on fT < 1g:
jI+
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k¥1  k<ron0; 9) and [ d*1; 2+2)forj 2 N,

As |
8 o
= : 1 k — -
TS e ) =0,
C D
— - O; . : 1 ky —
= T<1;9 2N,t2[ '?ljnfgjﬂ)( i+ + H=0
8 ’ O
= 1 2 k -
and:T:1;9t 0: {+ 7+ + t+1f5+1 tk<..g=0;
8 o
<< B A =
= T =2;92N;9t2[A; A*): 1+ 2+ + £=0_;
it is enough to check that
C D!
P T<+1;9i2N; inf (I+ + 5H=o
t2f 8 AT
08 91
<< A B =
+ P@ T =+1;9j2N;0t2[ 3, 3™ 1+ I+ + =0 A=0

s . . L
Moreover, these events can only happen on t 2 ~ o[ K2'*1; k21+2) 50 it is in fact enough to

check that
C !
P T<+1;9jI2N; . 2j1inf I+ + ©H=o0
2. ar K;21+1- k;21+2
08 ta A ATH\[ k2t kzl) o1
< =
+P@ T =+1;95;12N;0t 2 [ H; A\ W& K22y b4 2e 4 tk:o;A:o
(3.4.3)

Let us consider forallt O
z t yA t

ZX(t) = exp i “(uii*du

N~

K(u)dB,
0

We have thanks to the inequality (3.4.2) :
Z t

E exp ; i ®(wjj’du <A forallt O
0

Then, according to Novikov’s criterion (see for instance [KS91, Proposition 5.12 p.198]),
ZKk is a P-martingale, and E[ZX(t)] = 1. Consequently, recallingthat Fe = (( &;:::; §);:(Bs)s v)

and de ning QX such that
dQX

a2
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BW = (B;:::;BK; BE™; 1 BN, is a QX-Brownian motion according to the Girsanov The-
orem (see for instance [KS91, Proposition 5.4 p.194]). The equality (3.4.3) is still true under
the probability QX.

We de ne the Brownian motion WK the following way :

o aq— 1
kK — S j(@ n o t n o 1 AdRi
th _1ft2[O;T )\( IZN[ ki2l+1. k;2|+2))g - 1 P;(:1 {-&0 Qﬁ +1 P;(=1 {-:0 pE dBt
- <
s 1 X
T In 10 * Mo, £ wa)g PR 0B
- _ S . ) N
We have for all t 2 [ &; A1)\ T, [ K2+, k2iv2zy el ks 2 gng
1 K 9 K X X i
d( ¢+ + O=2 {+ + dW+k (p n+k)dt+2 _t gt

1
i=1j=k+1 t

-

1 k k 4 X i .
2 1+ + KWf+k (p n+kydt ~(n k) ot

i=1

(3.4.4)
We can then de neon f 2 K2+l < 7 g, for each interval [ 2; A+1)\[ k2l+l, k2l+2)
i il —
the process ri! by I’é - 1,?1' K:21+1 + + k,?j K:21+1 1f A k2l+lcTg + 1f A ka2+i=Tg and
forallt O:

) - 4 i
drf' = 2 W s a5 (0 AT K (k) dt

a— 4 i
= 2 WS 5 o WS o WY )+ 5 (0 Kk (0 n+k) dt

a— _
= 2 rfldw)k + ?, (n KrA'+k (p n+k) dt

where conditionally on £ #_ k2*1 < 1 g, by strong Markov property, (W =W 4 ke
W'f;,- worea )t 0 IS @ Brownian motion independent from F 2i ... Conditionally on £ 2 _

ki2l+1 < 17 g, the process ri"! is a CIR process de ned globally in time according to Lemma
35.2witha=k (p n+k)and =2 which satisfy a 72 and it stays positive on R..
This together with (3.4.4) and Theorem 3.5.3 give that forall t 2 [ 2; A*)\[ k2l+1. k2l+2y

1 k Jil .
t+ + t rt 2i kp21+1°

We can thus conclude the proof of (i).
To prove (ii), we just need to apply (i) to the process (1  P;:::;1 1) which satis es
(J(q; p)) according to Remark 3.2.1. m
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Proof of Theorem 3.2.3. By Remark 3.2.1, it is enough to prove Theorem 3.2.3 with the
additionnal assumption p  g. Indeed, if the theorem is true under this additionnal assump-
tion, then, if g > p, we apply the theorem to the system of SDEs (J(qg,p)) instead of (J(p,q)),
which allows to build a solution to (J(p,q)) using Remark 3.2.1, and this solution still veri es
the assertion (ii) of the theorem. By Lemma 3.3.1, we can then conclude of the existence
and uniqueness of a strong solution to (J(p,q)), and this solution veri es (ii). We thus make
the assumption p g in the rest of the proof.

As explained in the introduction, the main di culty in proving this result comes from
the fact that we have to deal with both the singularity related to the interaction between
particles and the singularity related to the edges (zero and one) when two particles hit zero
(or one) at the same time. For ™ > 0, our method precisely consists in separating these
di culties by de ning four new systems of SDEs (J*), (J-), (J) and (J-) which each remove

three types of singularity and coincide with (J(p,q)) on domains that cover ft 0:0 L

nofand (¢ "or 2 ! Mand(P 1 "or P Y ™g. This allows
us to build a solution to (J(p,q)) by piecing together solutions to (J-), (J+), (J-) and (J-).
Let us consider in this proof the Brownian motion B = (B;:::; BM)y, Fy = L D) (Bs)

for all t 0, and the system of SDEs de ned by (J(p,q)). Let us de ne for all ™" > 0 the
following SDEs :

qf

8|2f1;:::;ng;d’\%= 2 V'@ "FHdBi
< N 2p§ q N pﬁ! 2p§ C]ﬁ pﬁ!
+_ (1 2°¢)2 0_ps 1 7y P 1 0P ¢ P> N
2 ) > /\i;"(l /\j;") + /\j;"(l /\i,") 32
+ 4p (p+gt + 25 _dt
j&i t t iy
0 "< <™ 1;as,dt ae
o)
8 a—;
d~p =2 ~£ (1 ~¢)dB{ 3
1 -~ YA S ~1" 1 ~j"
roap n+1 agr 2 H)7s i Q) g
2 jer (v A B
AR qf R
8i 2f2;:::éng, =2 ¢ (@ T¢)dB;
g _ o I
< P2 A Pr 2 95 Pr
+_(1 )2 0_Py 1 7¢ P 1 0Py ¢ 5 7l
2 Ll " HL Al g j.ll 39
. ~Hh YN ~h ~4 > ~b ~J; =
+ 4 n+1 (p+q)y +2(1 )75 Nit...(1~ - )"+2 M?dt
2 ¢ t)_ ioziei ot t >
- 0 ~F land0 ¥ < <~ 1;as,dt ae:
(J)
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8 q
dPM=2 Ma M)dB"
5 ! t 3
L, NI e )
+ 4 n+l (p+q) ¢ +2— R
q 2 j&n ( t t )_
8i2fl;:::;n 1g,d =2 '@ {)dBI
P g 5 i ( ¢ )dBy ot b o1 3
< . 2 q — w o 2 ? qi" W
+.@ 2 o_ps 1 T 5 AL 0_Br P5 18
2 i.ll " i.ll n.ll i.ll j.ll 39
PN (R R T ¢ B < Va .=
+ 4 n+1 (p+q) ¥ 2( )75 rf( = )"+2 ti_(..—jﬁ.)5_dt
2 (¢ t)_ jion Ljei t t ?
- 0 M 1and0 ' < < Y1 as,dt ae
J-)
8 (o _
diy =2 ¢@ ¢)dB; 5
1 IyAlx L' i
v oap ne1 eg i 20020l ) sy
a 2 j&l( t t ) _
d =2 M@ Mygen
5 ! t 3
o, AN Fa F)
+ 4p n+1 (p+q) ¢ +2 n;” BN Lot
q 2 Jj&N ( t t )_
8i2f2::::n 1g, dS{?" =2 @ {Hdel
< . " 2 q — pﬁ! 2 qin pﬁ! #
+@2{2 0_p 1 5 M 0lh T 5 0
X e D Fa By e !
+ p n+1 (p+q) tv +2 " " 1" " n;" i "
:gg ( t t )_ ( t t )_
> i iy =
+2 M?dt
2 n Ljei ot t -
- o ¥ 1,0 P t1and0o F< < Y1 as,dt ae

These systems are built such that :

(F) coincides with (3(p,q)) on ft;"F"  —and " 1 _g;
2 2
(J+) coincides with (J(p,q)) on ft;~f "and %" ~! "and ] 1 _g;
! 2
(J-) coincides with J(p,q))on ft; ¥ —and " 1 "and ¥ Y "g



/\
\/

Figure 3.1 Graphical representation of ( ;d).

(J-) coincides with (J(p,g)) on ft; ¢ "and ¥ !} "and " 1 "and

Lemmas 3.4.1, 3.4.2, 3.4.3 and 3.4.4 give the existence of global pathwise unique strong
solutions to (J%), (J+), (3-) and (J-) with any random initial condition with ordered non-
negative coordinates and independent from the driving Brownian motion.

For 2 [0;1]" deterministic with ordered coordinates, let "™ = ("F"T o0 AE0Ty

ST = (PR STy T o 1T 1Ty g T = (BT 1Ty

denotes the process solution to respectively (J+), (J) (J)and (J-)on[T;+1) startlng from
attime T and equal toOon ( A;T).
Let us note d the distance on the set =12, ; ; g de ned by

d( ; ) =d™; )=2
d; ) =dN ) =d( ; )=d( ;D) =1

which kind be more easily visualised in Figure 3.1.

Let us moreover de ne the application de ned on a subset of [0;+1) [0;1]"
by
8 8 1. 9
<< symb - 1; ;t;X n=
inf _t' t: 5. f (symb;symb’) 2 F(~; ), (L )gi
8 1 9O
< symb n;";tx n=
inf_ t' t: 1. f (symb; symb’) 2 F(™; )i ( ;
. 0 g vy — ,
T(symb; symb’; t; x) = 8 I, P 2
gnf ot 1" if (symb;symb’) 2 £(_: ) (
8 1 2]
< symb =1 =
inf € t: " if (symb;symb) 2 F( ;) ( ;)g:
We de ne by induction
0o =0

)9;

)9;



8 N f 1 " n "
§ onf g and g 1 "g;
. onfgy<"and § 1 "g;
symb, =
ymMBo g_onfé "and §>1 "g;
- onf\(1,<"and n>1 g
L= T(symby; symb; 0; o);

symb2 ;d(symb;symbg)=1
if Jfsymb 2 nfsymb,g such that , =T(symbg; symb;0; ,)g =1 then symby; is the only element of
that set. Otherwise, symb; is the only element of  such that d(symb,; symb;) = 2;

T
symbg ~ 0; o

@ — .
X = 1fo ¢ g forallt 2 R;
, = A T symb;;symb; ;;X® ;
2 11 1 1 1 H
symb2 ;d(symb;symb;)=1
S s @
@_ Y™ T
i = T symb;; symb; i";X(i-i-) ;

symb2 ;d(symb;symb;)=1
if Jfsymb 2 nfsymb;g such that .., =T(symb;;symb; ;; X(i-i-))g = 1 then symb;, , is the only
element of that set. Otherwise, symb;,, is the only element of  such that d(symb;; symb;,,) = 2;

Wl e ®
symb; ~ - i X ;

XD = P g forall t 2 R;

and as for all i 2 N, the i"_de ned before are stopping times for the Itration (F¢): o, the
random vectors 1 i--<+1gX(i-") are F --measurable, the construction makes sense.
We nallyde neforall®™>0andt O:

Z, = > X
i=1

Let us verify that the process (Z,); is de ned globally. To do so, we show that there is
no accumulation of the stopping times ;" by rst separating them between the ones copping
with the singularity at 0 and the ones copping with the singularity at 1.

On symb, 2 f_;~g, letus de ne ( )i o as the subsequence of ( ;)i o corresponding to
the stopping times involving the position of the smallest particle of the considered system
regarding " and 5 and the stopping times that can be attributed both to a change of position
of the smallest particle and of the biggest particle. This means that on symb, 2 f_; /g,
we can write ( ?;")i o = ( ','(i))i o Where ” is the only bijective increasing map from N
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to Fj 2 N i (symby jisymby) 2 F(N )i i 0 )G e
where N = 10;1;2;:::g and N = Nnf0g.

Onsymb, 2 f ; g, letusde ne §" = 0and ({); 1 as the subsequence of ( ;)i o
corresponding to the stopping times involving the position of the smallest particle of the
considered system regarding " and 5 and the stopping times that be attributed both to a
change of position of the smallest particle and of the biggest particle. This means that on
symb, 2 f ; g, we can write ( Ui 1= ( l'(i))i o Where ” is the only bijective increasing
map from N to fj 2 N ;(symb; ;;symb;) 2 £~ )i )i 5700y )i 7)i(
()9 .

On symby 2 £ ;7g, let us de ne the sequence ( ;)i o as the subsequence of ( ;)i o
corresponding to the stopping times involving the position of the biggest particle of the
considered system regarding 1 " and 1 5 This means that on symb, 2 f ;"g, we
can write ( ;)i o = ( “)i o Where ” is the only bijective increasing map from N to fj 2
N ; (symb; p;symby) 2 £ ) 5 1™ )g

On symb; 2 f_; g, let us de ne the sequence ( ;" )i 0 as 5 = 0and ( ;)i 1 as
the subsequence of ( ;)i o corresponding to the stopping times involving the position of the
biggest particle of the considered system regarding 1 ™ and 1 5 This means that on
symby 2 f_; g, we can write ( ;)i 1 = ( -;)i o Where ~ is the only bijective increasing
map from N to fj 2 N ;(symb; 1;symb;) 2 (™) ( 5 (™) (s )g.

We have fori 1:

forall t2 ( .. %]

" qf h " i
dz,* 2z zZMABI+ p n+1 (p+q)zZ*t dt

and thus, according to the pathwise comparison theorem of Ikeda and Watanabe (that
we recall in Theorem 3.5.3 below)

where forallt 0

oi Z tqio__ 5 Z .
re' = - +2 re'(l rg)dBl o + (p N+t (p+q) rdids;
2 0 St 2iv1 0

which is a real Jacobi process. The times o, 9., foralli 1 are larger than the
time interval for the Jacobi processes r%' to go from 5 to ". Moreover, the times for the
r% processes to go from 5 to " are iid positive random variables. Consequently, there
is no accumulation of the stopping times * which go to in nityasi ¥ 1.
forall t2 ( ivyi 2isal

q

dzy" 2z zMdBY+ [p n+1 (p+q)ZMdt

101



and thus

where forallt 0

Li P Ty o
re' =1 5+ 2 rs'(1 rsHdBY, i + (p N+t (p+q) r'ds;
0 2i 0

i+1

which is a real Jacobi process. The times 3., 2., foralli 1 are larger than

the time interval for the Jacobi processes r*' to go from 1 5 tol . Moreover, the
times for the r'' processes to go from 1 5 tol " areiid positive random variables.
Consequently, there is no accumulation of the stopping times * which go to in nity
asi ¥ 1.

The stochastic process Z" is thus de ned globally.
We recall that the SDEs (J%), (J+), (3-), (J-) respectively coincide with the system of

SDEs (J(p,g)) on ft;"t" Sand "7 1 g, ft7¢  “and7f TP tand T
1 29, ft ¢ Sand {7 1 "and ¥ Y t"gandft; " "and ¢}
"and P 1 "and {7 Y "g. On the other hand, (Z;); evolves according to those

four SDEs, and verify Z;* > on[{; ., for i such that symb; 2 ~;,_gand Z" 1
on[;; i.]forisuch that symb; 2 f~; g. By induction on i, (Z,); is a solution to (J(p,q))

until

8 9 8
inf _t2 N 72 PN L sz oz v
- i i+11 &t t - - i i+1h <t t
B i2N;symb;2f ; g 7 - i2N;symb;2f_; ¢
n " B Bl W Bl W 0
inf t 0: zF "andz® Zz¥ " or zZM 1 "andz® zM Y v o=

From Lemmas 3.4.1, 3.4.2, 3.4.3 and 3.4.4 we have :

PFOi 2 fj 2 N;symb] = ~g;9t 2 (| 4yl Z¢ =2Z¢" and Z" = Z{™" for some 0 k <1

(3.4.5)
PFOi 2 fj 2 N;symbj = ¢;9t2 ([} {q]:Z¢ =2 and Zy" =2 forsome 2 k <|I
(3.4.6)
PFOi 2 fj 2 N;symb = _g;9t 2 ({; ;\q]: Z¢ =2 and Z¢" = 2™
forsome0 k<l n 29=0 (3.4.7)
PfOi 2 fj 2 N;symb; = g;9t2({; ;\y]:Z¢ =2 and Z{" =z
forsome2 k<l n 29=0 (3.4.8)

where by convention Z%" 0 and Z"*%" 1

On the time intervals [ { ~ -« ;™ «] for i 2 fj 2 N;symb; 2 f ; gg , we have
zF"  z¢"  ™andon the time intervals [ [~ ;[\ <] for i 2 Fj 2 N;symb; 2 F_; gg
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,we have "z %" " This together with (3.4.5,3.4.6,3.4.7,3.4.8) allows to conclude :
Pot2(; -]: 28" =z and ZF" =Z""" forsome1 i<j n 1 =0: (3.4.9)

As the solutions to equation (J(p,q)) are pathwige unique (see Lemma 3.3.1), forn 2 N ,
the processes Z % and Z#1 coincide on 0; +™ 1 .Thus, +™ 1+ = 1 and the sequence

n n+1 n n+1

i is non-decreasing. Moreover, for alln 2 N , Zn veri es (3.4.9). Consequently, we
can de ne for all t 2 [0; 'I,i'rr(l) ")

< 1
t=Zileo ¢ o+ Z7TAN o; (3.4.10)
n 1 R
which is a solution to the system of SDEs (J(p,q)) on [0;|I,i'rr(1) ~) verifying (iii) of Theorem
3.2.3. i
Finally, as the solutions to (J(p,q)) are pathwise unique (Lemma 3.3.1), we can apply
the Yamada-Watanabe theorem (see for instance [RY99, Theorem 1.7 p.368]) to deduce the
existence of strong solutions to the equation.

Sincconf -<+1gwehave L+ 2 =21+ 2 1 3" or1 " +1 "! =

21 " +1 "t 1 " 3,wehaveon lim.<+1 : inf !+ 2=0
"10 t2[0; lim -)
8 (] "510
< =
or sup M+ P1=2.0n lim-<+1 \_ inf !+ 2=0_ we use Proposition
t2[0; lim ) LY - t2[0;fim ) :
"10 L}

3.2.5 (i) with k = 2 to conclude that

n (o) 1
liminf t 0: zH "andzZ zY " =+1whenp n+1 = 1
8 o
= =
Likewise, on [|im - <+1 \ sup P+ P '=2_ we use Proposition 3.2.5 (ii)
10 T t200;lim ) ,
with k = 2 to conclude that
... n e . o L 0 1
'|'Ip‘(])|nf t 0:Z 1 and Z;" Z; ~ =+1 wheng n+1 — 1L

Consequently, whenp”~q n+1 1 1,

lim.=+1;
"10

which is (i) from Theorem 3.2.3. m
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Lemma 3.4.1. Letusassumep gqandq n+1>0. The system of SDEs

d =2 T Ty)dB
< i B zpz q ~ pﬁ ! 2p§ qﬁ pﬁ #
+_ (1 2%)2 O0_Ppx 1 ¥ P ML 0 ¢ P "1
2 . > /\i;"(l /\j;") + /\j;"(l /\i;")3§
+ 4 (p+q) i+ A 5 gt
jEi t t i
0 ™M< <™ 1;as.,dt ae
J)
has a global pathwise unique strong solution (" ;:::;" "), starting from any random
initial condition o= ( 3;:::; ) independent from B such that 0 ] ¢ la.s.
Moreover,
Pfot>0: "V = """ and M =M*Y for some 0 i<j ng=0; (3.4.11)
where by convention “%" 0 and "+ 1.
Q— _
Proof. Let us consider F; = arcsin § ;:ir;arcsin P 0 (Bs)s ¢ and the system
of SDEs de ned by
8
- - < TR
/\:[';l = dBI + : (p2 q)COtAt’I
o} g p_ p, ! P p, ! #t
2 2 N 2 2 PVANH A
+@ (g n+1)+ 1 0_ - cos ' ﬁ N1 0P sin'y 24&2 ~N1 Acot(2
A 9
+o cot("¢' + ) +cot(YT W) _dt
2 .. ;
JjEi
0 Wl< <" 5+ as. dt  ae.,
&)
: I . 9= P 9=
with random initial condition arcsin § oio;arcsin 0 suchthatO arcsin 5
N o
arcsin 0 5

We are going to apply Cepa’s multivoque equations theory ([COp95]) to conclude that
there exists a unique strong solution to (J.).
To do so, we de ne

D=f0< < ?< < n<§g
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8 8
X < . _
§ "D pnisin i+ "M nising B
i=1 " 2 2 o
\V; (1’1 n)2Rn! > ) ) ) ) =
% +— Injsin( "+ Hj+Injsin( ' 1)j _ifx2D
jEi ”
B +1 ifx2D
O 2p§ Px ! Zpi Px ! #
g:( Yy M2R"1 @1 0_ P cos !t P5 N1 0_ps sin? P> ~1 ocot(2 1,
"3 P ! 2P3 Pet 7 .
;1 0_ P+ cos " 24&? N1 0_ P sin " 24% N1 cot(2 MA,;
to rewrite the system of SDEs on D with "~ = ("F";:::; "), the following way
d" =dB;+g(")dt rv(*)dt: J)

Since g is globally Lipschitz and V is convex, C@pa’s multivoque equations theory shows the
existence and uniqueness of a strong solution to equation

d?A=dB¢+g(™)dt rvV(*)dt (*)dL forallt 0 (J)
8t 0;™2D a.s.
a_ a_
A, = arcsin § ;:ir;arcsin B

where ™ is a continuous adapted to (F¢)¢ o process, L is a continuous non-decreasing adapted
to (Fy)t o process with Ly = 0 verifying
Z t
Le = 0 1f"52@ng|—s;

and (x) 2 (x) ( (x) is the set of unitary outward normals to @D at x 2 @D). The solution
to equation (J-") follows the conditions : for all t > 0

Z t

E 1f?\52@ngS = 0;
0

Z t

E jrv(®)jds < 1.
0

We apply [CLO1, Theorem 2.2] which is an application of C@pa’s multivoque equations
theory to this kind of SDE and the remark following [C0p95, Theorem 3.1] to deduce that
(3) has a unique strong solution. To prove that the boundary process L is equal to zero,
we just follow the steps of the proof of [Dem09a, Lemma 2.2], itself coming from the proof
of [Dem09b, Lemma 1] which is an adaptation of the proof [CL01, Theorem 2.2, Step 1] and
[CLO1, Lemma 3.8].
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Following the approach used in the proof of Lemma 3.4.3 below to demonstrate the pathwise
uniqueness of a slightly more complicated system (J-), we obtain that the solutions to (J+)
are pathwise unique. The Yamada-Watanabe Theorem (see for instance [RY99, Theorem 1.7
p.368]) allows to conclude that (J+) has a pathwise unique global strong solution.

Let us now prove (3:4:11). q

Let us consider the system of SDEs de ned by (J- ) with initial condition0  arcsin 5

arcsin p_g 5
Letusde neforall">0andfort 0: (t)=( 1(t);:::; n(t)) with
) "3 , Pt 23 , Pet 7 :
8i2fl:i;;ng, () = 1 0_9p—~ cos’ Ps "1 0_Pr SIS Ps "1 cot(2"");
and forallt O z, 12 .
Zm=exp (U dBy 5 i (WiPdu
We have for all i 2 1;:::;ng,
" 2P3 , Pt 23 , Pet 7 2
2) = 1 0_Pp~ cos’y Ps N 0P sin "} P "1 cot(2”y"
o] 1,

where we used the fact that the support of the map
p_ prr ! p_ prr ! #

2 2 S 2 2 _
x2[0;1]® 1 0_ P+ pl X 24&5 Nl 0 P Iox 24&5 N1 2][0;1];
hu ni in2
is ;;1 5 andthatthemap 7 cot(2 )= P00 is monotonous on the interval
2 sin2( )(1 sinZ( )
0;5 .

We thus have
1%t
E exp 5 ji (Wjkdu < A forallt O:
0

Then, according to Novikov’s criterion (see for instance [KS91, Proposition 5.12 p.198]), Z
is a P-martingale, and E[Z(t)] = 1. a

Consequently, recalling that F; = arcsin § ;:ir;arcsin p_{;
de ning Q such that

;(Bs), ¢ and

daQ _ .
dPjr. Z(0;
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B

[l
w
-~

»
N
o

»

o P P! P> Cop.t #
= B+ 1 0_%p~+ cos’y! Ps N 0P sin " P "1 cot(2

B = (BL;:::;BM), is a Q- Brownian motion according to the Girsanov theorem (see for
instance [KS91 Proposition 5.4 p.194]).
Thus, (J-) can be rewritten in terms of B as
8
/\ I_dgl = (p2 q)

JEi

A A
0 l< <" _—;as dt ae.

2
(3.4.12)

By the same arguments as in the beginning of the proof, the normaly re ected SDE

dA =dB; rv(Rpdt (Rodliforallt 0 (3.4.13)
8t 0% 2D as.
o oa— a
R, = arcsin § iio;arcsin AR

admits a global solution and the term (At)dﬁt is zero, so that * solves (3.4.12). We can
apply [L210, Theorem 3.1], the proof of which can be applied to our case of SDE (3.4.13)
to conclude that its solutions cannot have multiple collisions, which implies that there is

no multiple collision of (’\t piin t ¢+ under the probability Q. There is thus no multiple
collision of (’\t ST ™)t o under the probability P :
Pfot 0: " = """ and ¥ =" forsome 0 i<j ng=0:

O
Lemma 3.4.2. Let us assumep gandq n+1>0. The system of SDEs (J~) with random
initial condition ( ':::'~” ) such that 0 ~(1, =0 1 a.s. and independent
from the Brownian motion B = (Bl;:::;B["); has a global pathwise unique strong solution
T o

Moreover,

PFOt>0: "~V =~1""and 4" =~I""" forsome2 i<j ng=0: (3.4.14)

107

"hds; t

9

cot ;' + (@ n+1cot2"y) + 5 cot("y + Y +cot(y ) _dt

0;



h

" q% .--i
=2 F@ )Bi+ p on+l proT

s qﬁ .
8i2f2;:::;ng,d¢y =2 ~¢r (1 ~¢)dB{

g 2p§ a P ! 2 9—
.0 22 o_Pr 1 T e AL o0_p;

2 P i 39
¢ (1 —EI) + ~};"(1 t)g dt

i 2j&i t t
0 ¥ 1and0 < <~ 1;as,dt ae

+ 4 1 (p+o) 7y +

Let us remark that ~! is a one dimensional Jacobi process and admits a strong solution

tonomous system of SDEs for 1 particles similar to equation (J*). The only di er-
d'

P NED Px
ences are the terms 0_ 2 A{' P N1 and pin (8) which become respectively

—  P.
0_8 ¢ 5 "1 and (p 1) here.
A= A

We can still consider the process arcsin ¢ ;iionyarcsin t , and apply the

same method as in the proof of Lemma 3.4.1 (indeed, ifqg n+1 >0, thenq (tn 1)+1>0)to
prove the existence of a pathwise unique strong solution to this subsystem. As the equation
for ~1" also has a strong solution, the whole n-particles system considered here admits a
global strong solution.

Letusde neforall">0andfort 0: (t)=( 1(t);:::; n(t)) with
1 -~ YA X ~1" 1 ~§"
1(t) = qﬁ ( 't' ) 2 ~j;"t (~1;" /\tn) n’
@ Ty) 2 jer (Tt t ) _
1 ~Fyar ~i ~W
8i2f12::1;ng, i(t) = G———— ( -t-) 2 ~it'"( e )..i
@ TY) 2 (¢ t)_
and forallt 0 Z . 12 g
Z=exp (u) dBs 5 ) (Wydu
We have
2 © L'y A iy 2
~L3yNn DX ~1 ~1;
0 = et N A )
¢ T) 2 jer (v A I
o 1,
(L TE )N 5 @X 1 7 A
t - =2 ~i" =L A "
T jer (Tt t ) _
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o 1,

2
2 07 la
j>1
2(n 1) 2
Forall2<i n,
~iyAr 2 ~i" ~1y 2
oo 2 @ ~Hn; Fa
i (t) - ~I;" ~1;" "2 o . 2
I B (G
2z W1
" "
2 2
n3 "
We thus have
i
E exp > ji (WjPfdu < A foralt O
0

Then, according to Novikov’s criterion (see for instance [KS91, Proposition 5.12 p.198]), Z
is a P-martingale, and E[Z(t)] = 1 for all t 0. Consequently, de ning for all t 0,

Fi=  (Bos (g :::::70") and Q such that
dQ
— = Z(1);
dP jr, ®
and
z t
Bl = B} 1(s)ds
0
Z¢ 1 ~Lynlx ~L"1 B
= Btl + qf ( f ) 2 ~j'"s (~l'" /\SII) ||ds
o A e 3 jer (8 T A
. . Z t
foralli2f2;:::;ng; B{ = B; i(s)ds
0
Ly 1 ~imyal ~it1 o~
= B; Q— ( s ) 2 ~|S( ~1;"S )udS; 0 t;
0 g (1 sy ) 2 ( S S )_
B = (B :::;BM) is a Q- Brownian motion according to the Girsanov theorem (see for

instance [KS91, Proposition 5.4 p.194]).

Consequently, (J+) has a global weak solution.

We now have to prove the pathwise uniqueness of the solutions to (J+). The di erences
with Lemma 3.3.} are the terms

P a P! , a__ P.t #
@ 27)2 0P 1 7 ops ML 0P U 5 L
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and the interaction terms between the rst particle and the others.
Let Z = (z};:::;2"), and Z= G2 20 be two global solutlons to (J+) with Zo = Z,

The local time of z'  2' at 0 is zero ([RY99, Lemma 3.3 p.389]). Applying the Tanaka
formula to the process z'  #' and summing over i,

x i i- XZ t i i q9— 94— i
2 zj=2" son@l #) A z) #@ z) dBl
=1 i=1
Zixx ) X i i i iy
+2 sgn(@. ) 2:(1 st) (1 2) 4 (3.4.15)
0 i=2 i ziei L5 TS zl 2
Zex o
(p+q) jzi  2ljds (3.4.16)
80 i=1
t)‘(< ] 1 iyn " i 1 1 AWAN i 1
0 i=2 2 (Zs Zs)_ 2 (Z's Z's)_g
. : . . 1 9
oy @z 71 z) A zH)"; ozl z2) T
s B TG Ay @ asy
o (3.4.17)
Zex o< - P a Pu! ) a_
sgn(ze z)_.(1 2z) 2 0_p+ 1 1z ?95 Nl O0_p;
i=2 -
_ ' 1 49
i P3 a P 2 a— P«7 7=
Q1 22) 2 0_p;s+ 1 # 2495 Nl 0_ps 2 - N1 _ds:
(3.4.18)

As in the proof of Lemma 3.3.1, the expectation of the stochastic integrals is zero and
the terms (3.4.15) are not positive (see inequality (3.3.3)). To deal with the expectation of
(3.4.17), one remarks that the function

@ 75 x0 )

(X7 y) z " . "
5 x y)_
is Lipschitz on [0; 1]2.
As for the term (3. 4 18), the functlon )
b B . i
f:z7a (1 22)20# s N O_épZT’\ldenedon
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[0; 1] is continuous and can be rewritten

8 n mn
1 2zifz2 0;- 1 =1
zifz 2 '[ 3
Pz S .
Q1 22) p- 1 ifz2 Z;";
= o g 1
f@) 2 21 2) _ noo
1 2200 —p_—- 1Aifz2 1 E;1 g
~0ifz2 ™1 —- ;
if z ; 5
and is thus Lipschitz on [0;1].
Then there exists a constant K 0 such that forallt 0
x "Zt)(__ . #
Ejzy 2z KE jz&  2ljds
i=1 0 j=1
X i
K Ejz!. 2zljds:
0 =1
The Gr nwall Lemma allows to conclude that for allt 0
Ejzi Zj=0;
i=1
which concludes the proof on the existence and pathwise uniqueness. a__ q
Let us now prove (3.4.14). To do so, we apply to the process arcsin ~ ~#" :::::arcsin ~I

the method used to prove (3.4.11). Indeed, this process solves, as explained in the beginning
of the proof, a system of SDEs similar to (J*) for n 1 particles.

O
Lemma 3.4.3. Letusassumep qandq n+1>0. The system of SDEs (J-) with random
initial condition ( g ;:::; § ) such that 0 3~ 0" 1 as. and independent
from the Brownian motion B = (Bl;:::;B); has a global pathwise unique strong solution
P My 0.
Moreover,
PFot>0: ' = " and "= " forsome0 i<j n 29=0:

Proof. The proof of this Lemma follows the same steps as the proof of Lemma 3.4.2 inter-
changing the role of the particles indexed by 1 and n. m
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Lemma 3.4.4. Letusassumep gandg n+1 > 0. The system of SDEs (J-) with random

initial condition ( g ;:::; o ) such that 0 g 0" 1 as. and independent
from the Brownian motion B = (B;:::;BM): has a global pathwise unique strong solution
P M o
Moreover,
PFOt>0: "= " and "= " forsome2 i<j n 29=0:

Proof. The proof of this Lemma follows the same steps as in Lemma 3.4.2, but with both
L"and ™" playing a peculiar role like ~%" in (J*) and ™" in (J-). O

3.5 Appendix
This Lemma deals with the existence and uniqueness to the real Jacobi process and was
proved in [Dou05].

Lemma 3.5.1 (Real Jacobi Processes). The real Jacobi process of parameters d;d’ 0 is
the unique strong solution to

q___
dJy=2 J(1 J)dB;+(d (d+d")Jy)dt

where B is a real Brownian motion. The process J remains in (0;1) a.s. when d~d’ 2,
hits0 a.s. if 0 d<2andhitslas. if0 d'<2.

The next lemma deals with the existence and uniqueness to the CIR SDE and with the
probability for the solution to hit zero. It is proved for instance in [LLO8, Theorem 6.2.2 and
Proposition 6.2.3].

Lemma 3.5.2. Leta 0;b; 2 R. Suppose that W is a standard Brownian motion de ned
on R.. For any real number x 0, there is a unique continuous, adapted process X, taking
values in R., satisfying X, = x and

q__
dXi=(@a bXypdt+  XdW, on [0; 1):

Moreover, if we denote by X* the solution to this SDE starting at x and by (' =infft O0:
X = 0g,

1. Ifa 2=2, we have P( } = 1) =1, for all x> 0.
2.1f0 a< 2=2andb 0, we have P( ¥ < 1) =1, for all x> 0.
3.1f0 a< 2=2andb<0,wehave 0 <P( < 1)<, forall x>0.

The following result is the Ikeda-Watanabe Theorem, which allows to compare two It
processes if their starting points and their drift coe cients are comparable, and if their
di usion coe cients are regular enough. It is proved for instance in [RW00, Theorem V.43.1
p.269].
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Theorem 3.5.3. (lkeda-Watanabe) Suppose that, for i =1, 2,
_ 2y _ Zy¢
X{=Xy+ (XHdBs + <ds; (3.5.1)
0 0

and that there exist b: R ® R, such that
¢ b(X),b(XxdH &
Suppose also that

1. is measurable and there exists an increasing function :R. A R, such that
z

(u) du=1;:
0+

and for all x;y 2 R;
(0 o Gx i)

2. X} XZas,;
3. b is Lipschitz.
Then X! X2 for all t a.s.
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Chapter 4

Wishart processes : mean- eld limit,
long time behavior, and free
probability

This Section an article submitted to Random Matrices : Theory and Applications that one
can nd at the address https://arxiv.org/abs/2009.09874.

Abstract

This paper is devoted to the study of the eigenvalues of the Wishart process which
are the analog of the Dyson Brownian Motion for covariance matrices. Such processes
were in particular studied by Bru. The mean eld convergence of the empirical mea-
sure of these eigenvalues was proved Malecki and Perez. In this paper, we provide a
new approach to the mean eld convergence problem using tools from the free rect-
angular convolution theory developed by Benaych-Georges, which in particular allows
to compute explicitly the limit measure valued ow. We highlight the link with the
integro-di erential equation related to the mean eld limit and its translation into a
complex Burgers partial di erential equation.

Keywords: stochastic di erential equations, random matrices, free probability theory.

AMS Subject Classi cation (2020): 60B20, 60G07, 46L54, 60F05, 60H15.

4.1 Introduction

We will denote by N = £0; 1; 2; . : :g the set of non-negative integers, and by N = f1;2;3;:::0
the set of positive integers. Let n;m 2 N such that n  m and let (My); be a stochastic
process taking its values in the space of N m matrices with real entries verifying the following
stochastic di erential equation (SDE)
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where W is a n  m matrix lled with independent Brownian motions, 0 and 0.
M is thus a matrix whose entries are independent Ornstein-Uhlenbeck processes just as the
one considered in [Bru91] by Bru. The reader will nd in [KOO01] an analysis of the complex
analog of Bru’s model.

Forallt O let (x%g; cooxP™y and (P M) be respectively the eigenvalues of the
n nsguare matrices %I\/ItMt and %MtMt where is the transposition operator.

It is proved in [Brug9] and [Bru91] that the eigenvalues ( t™::::; ") satisfy the system
of SDEs

q— 2 i;n jin
d in= Ekm PdBl+ 2t 2 {dt+— XE;_F};ndt foralli2 f1;:::ng  (4.1.2)

n
j&i t

0 "< < Mas. dt-ae;

that the SDE (4.1.2) admits a strong pathwise unique solution.

Ln..... n;n

p_lf( JMonn ™M)y is solution to the SDE (4.1.2), then a formal calculus gives for x'" =
i;n-

O N N 1
22 XA dny2

ZXi;n ' 2mx¥n j&i (Xi;n)2 (X{;n)z

i; i 1
dx¢" = 1%de3t +@ 1 =

0 xi"< <x"as. dtae.

We respectively de ne the empirical measure of the eigenvalues of %MtMt and the sym-
metrized empirical measure of the eigenvalues of %MtMt by

n_lx ) and n_qin_lx R .
t T - o t " on - X" xg "o
where_here and in the rest of the paper, for any probability measure on [0; + P-—
sym(pT] ) denotes the symmetrization of the push-forward of by the mapv @ " v. The
application sym is fully de ned in Section 4.4. These measure sequences are random variables
sequences in the space of probability measures on respectively Ry and R. We will thus speak
about weak convergence in probability or almost surely throughout the paper in the sense that
the sequence converges in probability or almost surely in the space of probability measures on
R4+ (or R) with the distance of Prokhorov (see for instance [Bil13]). Let us note that by non
negativenﬁs ofthe ( +";:::; Pt o, symmetry of P and continuity of the functionsv @ v2
and v @ " v, there is equivalence between the convergence of ( "), and the convergence of
( "n.

In this note, we are interested in the convergence and limit of these measure processes
when n and m go to in nity ataraten=m ¥ 2 (0;1].

Our main result gives a complete answer to the limit of ( "), problem, using free proba-
bility tools (in particular the rectangular free convolution of index denoted by de ned

116



in Section 4.4). Let us rst denote by ™MP: the Marcenko-Pastur distribution with shape
parameter and scale parameter which admits the density with respect to the Lebesgue
measure :

@ X a) )

XA > % 2 lia 2, Wherea = °(1
Theorem 4.1.1 (Mean- eld limit). Let us assume n  m, and that when n grows to in nity,
m grows to in nity too, with = ¥ 2 (0;1]. Let us also assume that ( 3)n converges weakly
in probability towards a non random probability measure o. Then for allt 0, ( ), ,
converges weakly in probability and

p—)Z:

q

lim ¥=€ "o MP oy

where is the rectangular free convolution of parameter ,e ' , denotes the push-forward
of obythemapv® e t'v, and where forallt O0:

8 2
2=52(1 e29 if &0
t s
=%t if =0
. ) qa—
Moreover, if & 0 and with 3 = 5, we have
) q
lim t— MP
tT+1
For =0and =1, this measure valued ow ( {); can be seen as the law of the free

Wishart process introduced in [CDMO05]. The reader will nd in [Bia97, BS98, BS01] an
introduction to the free stochastic calculus theory.

This last result is in fact true in a complex framework (with complex Brownian motions of
the form (B! +iB2), o where (B}): o and (B?): o are independent real Brownian motions),
as the reader will see in Section 4.2. This result might also be extended to a quaternionic
framework but the rectangular free convolution theory is not developed yet in this case. We
moreover proved the following result.

Theorem 4.1.2 (Commutativity of the limits). Under tilg assumptlon of Theorem 4.1.1,

let us awreover suppose 6 0 and that for alln 2 N: = L, E[ §"] < +1. Let us note
1= . Then we have in the sense of weak convergence
lim lim "= lim lim ?P= MP:a
nfdery tfintd

The SDE (4.1.2) is related to the -Wishart (or -Laguerre) process, the system of particles
de ned by the SDE

- . . 'n+ n
d{"=2 {"dB{ 2 {"dt+ dt+

If
—7——mdt for all i 2 f1;:::ng
t

n n

= -

j&i
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0 "< < PMas. dtae.

with ; ; > 0and which, for =1, = m =2, = m, and after the change of time
te mzt, corresponds to the dynamics of the process followed by the eigenvalues of %MtMt :
Sometimes in the literature, the -Wishart process is considered with = 0 (see for instance
[Dem09b]) or with = 1=2 (see for instance [T T20b]). Sometimes, the -Wishart process is
also found in the literature as the system of particles given by the SDE

o) 1
N q_il ) N > i;n+ jn
din=2 IndBl 2 idt+ @ + ﬁAdt forall i 2 f1;:::ng
jei t t

0 "< < MMas. dtae,

as for instance in [ABMV13].
The reader will nd in Section 4.3 an extension of Theorems 4.1.1 and 4.1.2 to the -
Wishart case.

Similar problems were tackled before, often by the direct study of the limit of empirical
measure processes of a system of interacting di usive particles. In [RS93], the authors studied
the empirical measure of di using particles with electrostatic repulsion and a negative linear
elastic force. They proved that the accumulation points of the sequence of empirical measures
of the particles sequence (the sequence being indexed by the number of particles) satisfy an
integro-di erential equation. The method of their proof was used in other papers and is
reproduced here in our context. They proved the uniqueness of the limit by translating
the integro-di erential equation problem into a complex partial di erential equation (PDE)
problem, a Burgers equation, which they could solve using the method of characteristics.

In [CL97] was studied a more general system of di using particles with electrostatic repul-
sion, a linear elastic force, and an additional constant drift. In this case, an integro-di erential
equation for the limit of the empirical measure of the particles was found and translated into
a Burgers-like complex PDE using the methods developed in [RS93]. However, the existence
and uniqueness of the solution to the PDE were proved using Fourier transforms methods.
A second article from the same authors [CLO1] followed, studying Brownian particles with
electrostatic repulsion on the circle. There, the same procedure allowed the authors to get
another Burgers-like PDE of order two, the existence and uniqueness of a solution to which
were this time proved using the Hopf-Cole transformation. This allowed the authors to nd
an explicit expression of the limit measure ow when each particle starts from the position
0, i.e. when the initial condition of the empirical measure is .

More recently, these questions regained in interest and two articles, [SYY19] and [MP19]
tackled more general problems. They got interested into the empirical (spectral) measure of
the rst introduced in [GM13] general matrix valued stochastic di erential equations on Hy,
the space of Hermitian n  n matrices, of the form

1
dX¢ = g(X)dWh(X¢) + h(X)d(We)?g(X¢) + ﬁbn(Xt)dt; Xo 2 Hp;
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where y is the conjugate transpose operator, and where the continuous functions g; h; by :
R ¥ R act spectrally on X, i.e. if X 2 Hp, U unitary and D diagonal are such that
X = UYDU, then g is identi ed with the map H, 3 X @ UYDiag(g(D1.1); ;9(Dn:n))U.
Here W = (Wy) stands for an n complex-valued Brownian motion, i.e. the matrix valued
process with entries being independent one-dimensional complex-valued Brownian motions.
This general formulation encompasses the -Wishart (or -Laguerre) model and the -Jacobi
model, as it is stated in [GM13]. After proving the tightness of the family of measure valued
processes, these two papers use a [RS93]-like method to get the integro-di erential equation
that is satis ed by the accumulation points of the measure valued processes family. In
[MP19], the more general of the two articles, the authors derive existence and uniqueness of
the solution to the integro-di erential equation, and thus the convergence of the empirical
measure valued process when n ¥ 1 using the fact that the moments of the limit measure
valued ow are uniquely determined by the integro-di erential equation. Moreover, in some
peculiar cases, they give an explicit expression of the limit, but only for the initial condition
Xo = 0. In [SYY19], rather than using a moment approach, they translate as in [RS93]
the integro-di erential equation problem into a Burgers equation, which they do not solve in
general, but only for the initial condition X, = 0, using scaling properties of the initial SDE
problem. For this initial condition, the Marcenko-Pastur distribution appears naturally in
the expression of the measure valued ow limit.

The -Wishart (or -Laguerre) problem was also tackled in [ABMV13]. They compute
there in the high temperature regime (when n . '!1 2c 2 (0; 1)) the limit integro-di erential
equation, parametrized by c, the stationary probability measure of this equation, and remark
that this limit distribution interpolates the Marcenko-Pastur distribution on the ¢ ¥ +1
limit and the Gamma distribution on the ¢ ¥ 0 limit.

In [TT20b] and [TT20a] were studied the same questions in the peculiar cases of respec-
tively -Wishart (or -Laguerre) and -Jacobi processes using a moment based method as in
[MP19] to prove the uniqueness the limit measure process. The authors moreover compute,
in the high temperature regime (when n LG22 (0; 1)), the long-time behaviour of the

limit measure ow for both process families.

The interest of this ngte is to understand the limit behaviour of the empirical spectral
measure of %Mtl\/lt and %Mtl\/lt both in a real and a complex framework, using rectangular
free probability tools. This point of view, more random matrix theory and free probability
oriented, sheds a new light on the problem of the limit behaviour of the empirical measure
process of -Wishart particles for all > 0, and allows to compute the limit measure valued

ow for any initial condition, and to recover the long-time behaviour of the limit measure
valued ow. For the sake of completeness, we also derive the integro-di erential equation
and the complex PDE approach of the problem.

The note is organized the following way. After the Introduction where the main results
are given, the complex version of these results are given in Section 2. The reader will nd in
Section 3 an application of Theorem 4.1.1 to the general -Wishart processes. Preliminary
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results about the Cauchy-Stieltjes transform and about the free and the rectangular free
convolution are given in Section 4, and the results are proven in Section 5.

Acknowledgement : | thank Djalil Chafai and Benjamin Jourdain for numerous fruitful
discussions.

4.2 The complex framework

Theorem 4.1.1 in fact true in a complex framework, i.e. for (M¢); o being a complex valued
matrix process, following the SDE

th = th Mtdt:

with W an m matrix lled with independent complex Brownian motions (of the form

(BL + iB2); o where (B}); o and (B2); o are independent real Brownian motions), M, a
Ln,..... n;n

complex valued random matrix. In this Section, we keep the de nitiora ofthe ( ¢";::i; ¢ )
and (x¢™; 1 X", as the eigenvalues of respectively MM, and LMM, but with the

symbol denoting the conjugate transpose rather than the transpose operator.

Theorem 4.2.1 (Complex case). Theorem 4.1.1 applies in this framework with for allt 0

2
, 20 e?Yy if &0
2=
%22 it =0
. qa—
and with 1 = =,
Let us note that in this context, the eigenvalues ( {™;:::; ™) follow the SDE (see
[KOO01]) :
- 2 qi . . 2 23X iin_l_ Jn )
d "= P YhdB!+2 2dt 2 {Mdt+ - ———jmdtforall i 2 f1;:::ng
jei ot t
0 "< < MMas. dt-ae;
where B;:::; B" are independent Brownian motions. It corresponds to a -Wishart process
with =2, or to a W(2;1) process, which is de ned in the next Section.
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4.3 Application to more general Wishart processes

For 1; », >0, let us consider the changed of time general Wishart process de ned by the
SDE :

o) 1
. 2 q — ) . > i;n;W+ JnW
d "W =p_— "WdB! 2 "Wdt+ , 201+ 27 L an Adt for all i 2 1
m Miei ¢
(4.3.1)
0 %;n:w < < n;n;W a.s. dt-a.e.:
where BY;:::;B" are independent real Brownian motions. We will refer to this SDE by

W( 1; 2). As stated in the introduction, the classical -Wishart processes found in the
literature are of the form W (1; ) or W( ;1) (after the change of variables t @ 5t). We
also remark that the SDE (4.1.2) corresponds to W (1;1). Results from [GM14] and [JK20]
together show (after applying the change of variables t @ St to the SDE (4.3.1)) that this
SDE admits a strong pathwise unique solution de ned on Ry assoonasm (n 1) , >0
and

12 1,
orif0< ; ,<lwhenm ;+(@2 n) ., 1.

Let us note that the long time behaviour of such a process was studied before : the
change of variables t @ Tt in the SDE (4.3.1) coupled with the results [JK20, Lemma 3.1

. o L Lo Py
and Proposition 2.8] prove that, given integrable initial conditions, i.e. = " E[ ¢""V] < +1,

the distribution of ( #™W;:::: P™W) converges weakly whent ¥ +1 to a unique stationary
probability measure Wlth density with respect to the Lebesgue measure
o 1
( l” n)w l @( |)% 1 mZ IYj j Ij 12:2A10 1 n; (432)

where Z is a normalizing constant. For , = 1, this Gibbs measure is the -Laguerre
ensemble, on real symmetric matrices for ; = 1, on complex hermitian matrices for ; =2
and on quaternion self-dual matrices for ; = 4, see for instance [For10]. This distribution
is moreover related to the distribution of the singular values of n  m random matrix with
independent identically distributed real (for ; = 1) or complex (for , = 2) Gaussian entries.

It is a well known fact that, for , = 1, if ( %;:::; ") is a random vector distributed
according to (4.3.2), then

MP . (4.3.3)

q___

with 5 = é—z see for instance [HP0O, Theorem 5.5.7].
Letusde neforallt O:

nw _ 1 X ; d

t - i;n;W; t
Nz

i;n;W + p ;W

::ng



The next result tackles the limit of the sequence ( {)n. Aswritten in the introduction, it
is a peculiar case of the results of [MP19] reproduced here partly for the sake of completeness.
The limit of the empirical measure problem is transformed into a complex PDE problem, a
complex Burgers equation, to which the Cauchy-Stieltjes transform of the limit measure
process, if it exists, must be solution.

De nitions and properties about the Cauchy-Stieltjes transform are given in Section 3.

Theorem 4.3.1 (Complex Burgers and mean eld limit : weak formulation). Let us assume
that the measure valued sequence ( S;W)n converges weakly in probability when n ¥ +1 with
o ¥ 2(0;1] to a limit probability measure denoted by ¢§' and that
z
sup x® VW(dx) < A:
n

Then the family f( ") o;n 2 N g is tight and any limiting measure valued ow when n
goes to in nity with = ¥ 2 (0; 1] satis es for all twice continuously di erentiable real test
function T the equation :

Z L g 2% 22 f(x)  F(y)

hofi=hofit hg(q? 2 )fids+ X+y)— y s(dx) s(dy) ds
0

(4.3.9)
where : x @ x and with the convention fo(xii)f,o(y) = fO%x) when x =y. If  admits a
characteristic function, and if this function is analytic on a neighborhood of the origin, then
this equation admits a unique solution.
Moreover, if ( )¢ o is a solution to equation (4.3.4) and if for all t 0, G; is the Cauchy-
Stieltjes transform of ¢, then G satis es the complex Burgers PDE

@Gt(z)z( , 2 1 %+2 z)@@ZGt(z) 2 15 2zGt(z)@@ZGt(z) 1 2 2G2(2) + 2 Gy(2);

ot ;o
o= M= ()

(4.3.5)

Remark 4.3.2 (Moments dynamics). Let = ( ). be a real measure valued ow verifying
equation (4.3.4), and let us denote forallk 2N ;t 0: mf=E[ X]. Thenforallt O:

. 2 2
(ymi=4>+mp 3> e?t

(M mi=z5% (§*+(C 122 4mg) 1 2+42mf 4 1, 2 mye **

2 2
+412(2 _|_1) m(l) 12 e2t_|_1

(i) 8k 3 Imf=k ; 2mf * 2k mf+R 22T R mTimE 2 e mimg Tt



These equations are used in [MP19, TT20Db] to prove existence and uniqueness of the solution
to the integro-di erential equation (4.3.4).

Remark 4.3.3. The PDE (4.3.5) satis es the assumptions of the Cauchy-Kowalevski Theo-
rem, see for instance [Fol95, Theorem 1.25]. However, this theorem only gives local existence
and uniqueness of an analytic solution (both in space and time) to the PDE. We did not
manage to expand this approach to conclude to global existence and uniqueness of a solution.

The next Proposition gives results on the PDE (4.3.5) using a di erent method than the
ones used in [MP19].

Proposition 4.3.4 (Marcenko Pastur stability along the Burgers PDE and stationarity).

(i) Let o, o 2 R:+. Letus assume & 0 and that ' = I|m i "W follows a Marcenko-
Pastur distribution of shape parameter o and of scale parameter 0-

Then, the PDE (4.3.5) admits a solution which is the Cauchy-Stieltjes transform of
a Marcenko-Pastur distribution for all t > 0 if and only if o = , . In this case,
this solution can be written as the Cauchy-Stieltjes transform of the Marcenko-Pastur
distribution MP 2 : ® with

8V 1
= L 2 E
5 e 2t+ if 60
t2R,. A 2 2
=q_
B g + 4 2t if =0
p_
(i) Let us assume 6 0 and let o = +»=. Then G me, ., is the unique stationary

solution to the equation (4.3.5) corresponding to the Cauchy-Stieltjes transform of a
probability measure on R. Moreover, under the assumptions of Theorem 4.3.1 and if
o= MP2:o thenforallt O, 2"’=nli.m1 MW = MP,

To our knowledge, the assertion (i) was not remarked yet in the past literature, and (ii)
can be seen as in the continuity of the results of [ABMV13]. Indeed, their computations
are in the high temperature regime (when n 'l 2c 2 (0; 1)) so that the limit of their

integro-di erential equation and its stationary probablllty measure are parametrized by c,
and they remark that this limit stationary probability measure converges to the Marcenko-
Pastur distribution in the limitc ¥ +1..

The next result gives a complete answer to the limit of ( ™W),, problem, using free
probability tools (in particular the rectangular free convolution de ned in Section 3). It is
the analog of Theorem 4.1.1 in this context.

Theorem 4.3.5 (Mean- eld limit for the general Wishart process). Under the assumptions

of Theorem 4.3.1, le,us moreover assume > 1, that ( FnW e WY s de ned on
R, and that § = . Let us moreover assume that ' has a characteristic function
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which is analytic on a neighborhood of the origin. Then for all t 0, ( V), , converges
weakly in probability and

W .— [im DWW — tw MP .
t-—“!n?l_t =€ o) 20t

where , is the rectangular free convolution of parameter , , where e ' ¥V denotes the
push-forward of ¥’ by the map v @ e ‘v, and where forallt 0:

2
2170 e?2Y if &0
=

q
Moreover, if &0 and with ; = -

Theorem 4.3.5 coupled with the limit (4.3.3) allows to show the following result.

Theorem 4.3.6 (Commutativity of the limits). Under the asil;mptlons of Theorem 4.3.5,
let us moregxer suppose 60, ,=landthatforalln2N: D E[ {"™W]<+1. Letus

note 4, = in the sense of weak convergence
lim lim &Y =lim lim M = MP:a
rl!il.t!l t!ln_rail.

4.4 Useful tools

4.4.1 The Cauchy-Stieltjes transform

Let us denote
C =1z2C; Im(z)>0g:

Let be a probability measure on R. Its Cauchy-Stieltjes transform is de ned by

Z
272C,A G (2) = Z(dv\zzc
R

The next result shows that this transformation characterizes the probability measure on R.
Theorem 4.4.1 ([SM17]). (1)Let be a probability measure on R. Then,

(i) G is analytic on C.,

(if) we have

'rrilyG (iy) =1
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(2) Any probability measure on R can be recovered from its Cauchy-Stieltjes transform G
via the Stieltjes inversion formula : for all a;b 2 R with a<b,

140 1
Ijm— . ImM(G (x+i")dx = ((a; b))+5 (fa; bg):

It follows that the Cauchy-Stieltjes transform G characterises the measure
(3)Let G: C. A C be an analytic function which satis es

limsupyjG(iy)j = 1:
yral
Then, there exists a unique probability measure on R such that G =G .

4.4.2 Free convolution and rectangular free convolution from a
random matrix point of view

Let M be an n real symmetric matrix. We will denote its eigenvalues by
Y(M) "(M);

and its empirical (spectral) measure by

M = 1 x i(M)-

n_, '™
Let N bean m real valued matrix. Its empirical singular measure is the empirical measure
of the positive semi-de nite symmetric matrix NN .

Free convolutions are operations on probability measures on the real line which allow to
compute the empirical spectral or singular measures of large random matrices (i.e. matrices
whose size goes to in nity) which are expressed as sums or products of independent large
random matrices whose spectral measures are already known. The free additive convolution
is denoted by

Theorem 4.4.2 (Additive Free Convolution for random matrices [VDN92]). For all n 2 N
let us de ne M,, and N, two independent n  n random symmetric (hermitian) matrices,
such that

the distribution of M, is invariant under the action of the orthogonal (unitary) group
by conjugation,

the empirical measures sequences ( Mn), and ( N), converge weakly almost surely
when n goes to in nity to non-random probability measures, respectively ¥ and Y.

Then, in the sense of weakly almost sure convergence,

Mn+Nn g M
> 1

N .
Ny 1
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This operation can be equivalently de ned in reference to free elements of a non commu-
tative probability space. Let be a probability measure on R. Its R-transform is de ned on

a neighbourhood of zero by

R (2)=G 2) i:

Theorem 4.4.3. The R-tranform linearizes the free convolution : for and probability
measures on the real line, and for z in a neighbourhood of zero,

R @=R@+R (),
and is the unique probability measure verifying this relation.

Let us denote by B(R) the Borel sets of R. Let us de ne the application from M;(R..), the
set of probability measures on R+, to M$(R) =f 2 My(R);8A 2 B(R); (A) = ( A)g,
the set of symmetric probability measures on R:

(A\R.)+ ( A\R.)

sym: 2Mi(R:)® sym( ):A2B(R) ™A 5 2 M3 (R):
This application is bijective from My (R.) to M?(R) and admits the inverse:
sym *( ):A2B(R+) A 14(0) (f0g) +2 (Anf0g): (4.4.1)

Forany 2 [0;1], the rectangular free convolution denoted can be de ned the follow-
ing way.

Theorem 4.4.4 (Additive free rectangular convolution of ratio  for random matrices
[BGO9]). For all n;m 2 N let us de ne Mp., and N,., two independent N m random
matrices with real (complex)-valued entries, such that

the distribution of M., is invariant under the action of the orthogonal (unitary) group
by conjugation on any side,

the empirical measures sequences ( MmmMmim) . and (- NmmNeim) L respectively
converge in probability, when n and m go to in nity with n=m tending to 2 (0; 1], to
non-random probability measures % and .

Then in the sense of weak convergence in probability,

P

(Mn;m+Nn;m)(Mn:m+Nn:m) M N \.
sym CLsym(Y) sym( Y

This operation can also be equivalently de ned in reference to free elements of a rectan-
gular non commutative probability space.

Let be a symmetric probability measure on R. Its rectangular Cauchy transform with
ratio is de ned by

H :z2Cn[0;+1) A z( M 2(2) + 1)(M 2(2) + 1);
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where 1

M '22Cn[0'+1)7IZ Y i w=pGc B 1
° ’ " rR1 zv2 =Py B2 '

This equality can be derived the following way in a neighbourhood of zero :

1 L7
G Pp= =22 —d (V)
z R]Z Z2V
1x k k
=2z2 zz2ved (v)
R
6° 1
. > Z
=72 @1 + zv? zvd (V)A;
k o R

where we use in the last equality the fact that is symmetric.
The rectangular R-transform with ratio of is de ned on a neighbourhood of zero by
1

z

C(@=U Hio 1 ;
where on a neighbourhood of zero
8
2 1+[( +1%+4 z]¥2 .
U@ =_ 5 if &0
- zif =0

Theorem 4.4.5 ([BG09]). The rectangular R-transform with ratio  linearizes the rectan-
gular free convolution with ratio : for and symmetric probability measures on the real
line, and for z in a neighbourhood of zero,

C @=C@®+C(®);
and IS the unique symmetric probability measure verifying this relation.

Theorem 4.4.6 (Injectivity of the rectangular R-transform, [BG09]). If the rectangular R-
transforms with ratio  of two symmetric probability measures coincide on a neighbourhood
of 0 in ( A;0], then the measures are equal.

4.5 Proofs

Proof of Theorem 4.1.1. The entries of the matrix M are independent Ornstein-Uhlenbeck
processes just as the one considered in [Bru91]. We thus can write forallt 0

z

t
M; = Mpe '+ e & Ddwg:
0
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The idea is to use a suitable rectaEguIar free convolution, see [BG09]. More precisely, the
matrices Ant = Moe 'and Bt = (}e & Ydw;, are independent and we may use a version
of Voiculescu asymptotic freeness theorem, see [HP00]. The precise result to use is Theorem
4.4.4 (see [BGO9, Theorem 3.13]). Indeed, B¢ is @ matrix lled with i.i.d Gaussian random
variables of variance

8 2 2
Z, M3 2 teZ(St)dszfl e 2YH if 60
t2:E e (s t)dWs :B 0 2( )

0 =2t if =0

by Ito’s isometry, and is thus bi-unitary invariant under the action of the orthogonal group.

The Marcenko-Pastur theorem (see for instance [BS10, Theorem 3.10]) tells us that in the
sense of convergence in probability,

1 X

1
1B,.B = = . ] MP . ..
" " N =1 (4BnitBn) ny o
weakly, and thus we have :
p%Bn;tBn;t — EX P X pT] MP . ..
n ( mBn;tBn;t) nt® 1 !

i=1
which is a non random measure.
An application of Theorem 4.4.4 to An.t and By for all t > 0 ends the rst part of the
proof.
Let us assume & 0. According to [BG09, Theorem 2.12], the binary operation
is continuous (with respect to the weak convergence) on the set of symmetric probability
measures on the real line, and so does the the rectangular R-transform C. Thus, as

; t A MP . MP
= ; = e By
. |!I mlsym(e 0)= o and . |!I m t ;
we have q
i = MP ;4 -
Jim sym( ) = o ;

Moreover, the formula in Subsection 4.4.2 allows to compute for all z 2 C :
M( 0)2(2) =0;
H.@) =1z
C,(2)=U(@) =ao:
Consequently, applying Theorem 4.4.5,
C DW:CO+CpMP;1=CpMP

0

;o

which allows to conclude, applying Theorem 4.4.6, that

a a
0 MP ;1 = MP ;4 -

which ends the proof. m
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Proof of Theorem 4.1.2. Let us rst show that if ( 3";:::; ™") is a random vector dis-

tributed according to the distribution with density with respect to the Lebesgue measure:
o 1

g m N+ m i Y . -

(Lo MA@ e 2 jI 0 pRAL L (4.5.1)
i=1 j&i

where Z is a normalizing constant, and if we de ne the empirical measure

n

n .
isn,

i=1

q4— .
and note 4 = 2—2 then, in the sense of weak convergence,

which is a particular case of (4.3.3).

Let us consider the n m random matrix My whose coordinates are independent identi-
cally distributed centered real Gaussian random variables of variance 3 = 2—2 An applica-
tion of [PS11, Proposition 7.4.1] shows that of the matrix %MOMO follow the density (4.5.1).

Thus, we have
LMoM, — n.
in the sense of equality in law.
Moreover, an application of the Marcenko-Pastur theorem (see for instance [BS10, The-
orem 3.10]) shows that in the sense of convergence in probability

1
mMoMq

nt
n=m¥

] MP . 4.
+1 !

weakly which allows to conclude.
For all n 2 N , an application of [JK20, Lemma 3.1 and Proposition 2.8] shows that in

the sense of weak convergence,
n '] n.
t + '

tr+1

We proved earlier that we have in the sense of weak convergence

n

nt
n=m¥

MP . 4.

+1m

a1

Theorem 4.1.1 gives the two other limits and concludes the proof. O
Proof of Theorem 4.2.1. The proof of this Theorem mimics the proof of Theorem 4.1.1. [
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Proof of Theorem 4.3.1. For T a twice continuously di erentiable real test function, we have
thanks to the SDE (4.3.1) :

: . 2 X T )
dh PV Fi = P FI( FnWy - ImWgpl
J=1O 2 N
2 23X L o 1 X -~ -~
+@m {'n'WfOO( {.n,W)+7 (1 2 9 {,n,W)fo( Jt,n,W)Adt
o =1 ji=1
2 X . > Inmw o kinw
+@ 2 £ I t_ t Adt:
M = t k&j R
We have :

L o imwy < e e 1R} imw 0 KW FniW g omW
I f( t ) Jnw kKnw T 2 (f( t ) f( t )) W KW
nm;_, Kej t t nmizl K&j t t

= >m ey y Xy t t y
n 00 FY) nw g

= + I S A ;
m Oy @0 @)

1 ) ;W :
- xFP(X) ¢ (dx):

Finally we have

| x a—
dh PV i = B P Vg
o ’221 1
+@irn Jt’n’WfOO( {nW)+£ ( 1 2 2 {nW)fO( {nW)Adt
j=1 j=1
2 N = f'(x)  f'(y) nw n;w 17 0 n;w !
+ 12 m (X+y)x—y ¢ (@dx) ¢ (dy) m xfo(x) ¢ (dx) dt
X o A i . 2
= B Top iy Il g pw, @ 12 guy o2 5 gy
nm,_, m -
YA =
n fi(x) *f : .
R e R CORGICV

(n;f) n;wW 2(2 1 2) 0 2 0s
= dMD 4 W, — 4+, 2 2 )fidt

7z
n f'ix) f! o "
et o (X+y)(iy(y) Y (dx) Y (dy) dt; (4.5.2)

with  :x ¥ x de ned on R and M ™" a continuous martingale satisfying
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2 -
dhM 0 = :Zm _ iR MY)? gt

The reader will nd in [MP19] a proof of the tightness of the family f( "V); o;n  1g,
which allows to conclude by the virtue of the previous computations that any accumulation
point of this family satis es the evolution equation (4.3.4). The reader will also nd in [MP19]
the proof of the uniqueness of the solution to the equation (4.3.4) in the case where o admits
a characteristic function and this function is analytic on a neighbourhood of the origin, this
proof being based on the considerations made in Remark 4.3.2.

Let us now prove the second part of the Theorem. Applying (4.3.4) with

—_— 1 .
fv)=_~;
we get that G¢(z) obeys
Z 1 X 222 f'ix) f
Gi@) = Gad)+ | 1 Py 2 e @08 )0 (@0 (@)
We have
“ fi(x)  f(y)
5 (X"'Y)X— t(dx) ¢(dy)
1% 1 1 x4y
> @ @ yE Xy @@
_ 1% 2z x y)x+y)
s @0 vy (@ @)
77

2zx Xy x2+1z? 7?2
= dx) «(dy)
z X)Xz 2 i
- ( )@z )

= 1 Xy 22
- (z y)?2 (z X%z y)? * z X2z y)? t(dx) «(dy)
— 2 1 z?2 z LY
(Z y)2 + (Z X)Z(Z y)2 t(dX) t(dy) (Z X)2 t(dX)
_ 2z 1 72 Z 1 ; LY
(z y)? + z x)2(z y) t(dx) «(dy) < 7 + @ %7 «(dx)
z 1 z 1 L 7 ,
= W t(dX) +7° W t(dX) ~ t(dX)
Z z 1 ! z 1 LIPS
+ 2z ” t(dx) @ X7 f(dx)  Z° @ 7 t(dx)

so that G¢(z) obeys
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Gi(2) = Go(2) + a1 ; 1 4z (dx)ds
e o o '@z xp x z (z x2 °
z z X z z
1 1 1
2
12 @ %2 t(dx) + 7 x t(dx) 2z > x @ x7?

The conclusion is given replacing the previous terms by the corresponding derivatives of
G. O

Proof of Proposition 4.3.4. (i) We rst recall the Cauchy-Stieltjes transform of a Marcenko-
Pastur law (see for instance [BS10, Lemma 3.11] :

q

Z Mp;(dv)_ 2(1 )+Z (Z 2 2)2 4 4
z v 27 2

G wmp . (Z):

forallz 2 C,.

We now want to nd conditions on the functionst ¥ () 2 Ry andt ¥ (t) 2 R+
with (0) = oand (0) = gsuchthat (t;z) ¥ G we . «(2) is solution to the PDE

t(dx) s t(dx)

T#

(4.3.5):
@ G _ 2 2 @ 2 @ 22 .
at @)= 1> 1 “+2 z)@—ZGt(z) 2 12 zGt(z)@—ZGt(z) 1 2 “Gi(z) +2 Gi(2);
P Wy
Go@)= 20 = (2)
We have
0 2 _+2
@G MP ;@ (2) = ¢ 2 2)2_ 3 :
(@ ) z( +2) ?+7°) +2z 1+ ))z.
2 22 3‘1(2 2 2)2 4 4
g _1 z1+ ) (1 Y
@76 MP (b (t)(z) o 2 5 22“1(2 > 52 4 @

W@ 2+l ) @ 2

4

4

(G MP ©; ® (Z))2 =

2 272 4
The equation solved by G can be written forz 2 C,;t O:
H(z;t) =0 (4.5.3)
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with

2 2y 49 24 . 2(1 4492 52 22
z((1 ) * z(+2) *+7%) % +22%z (1+ )% _+ 1 1P(» )
2 2 422u'(z 2 22 4 4
z2(RQ z+ 1 ?) 12 A+ +2(Q2z+ 12 )+ 12 )PF a1
2 2 422“'(Z 2 22 4 4

Using the fact that

2 2
2 2y2 o 21 1+ ) g "4 +1 .
((z ) 4 )2—2"' 52 + 53 + Ojzjn+a T
we have forz2C,,t O0:
L P +2 g %242 2 1
H(z Y = 72 =5
1 2C D2 ) 4 P+ (1% 4 )+ 21+ 5) 1221+__
22 72 Ojzjw+1
which gives in particular by identity (4.5.3) :
2_+2 _ 1 2 2+2 2:0,
_=0;
120 D( 2 ) 4 F +(1% 4 )P+ A+ ,) 12 =0

We thus have

and

onN
N
N

’(t) =

for all t 2 R...

Reciprocally, we verify with this de nition of that G" 2 © is a solution to the PDE
(4.3.5).

(i) Let us consider the stationary version of the PDE (4.3.5) :
(127 17+2206@) 2., Z6OIGE 1. C()+2 6@)=0
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We can integrate it
1 2 2ZGZ(Z) + (2 Z+ ( 2 1) 1 2)C;(Z) = C,

where C 2 C is an integration constant. It gives
(@]

2z+(, 112 (2z+(, 1) 12?2 4C ., 2z
21 27 '

G(z) =

For this function to be the Cauchy-Stieltjes transform of a probability measure on R,
we need it to verify the condition given in assertion (3) of Theorem 4.4.1 :

lim supyjG(iy)j = 1;
yrl

necessarily, the sign  must be replaced by a minus sign and C =2 . Thus, the only
stationary solution to the PDE (4.3.5) corresponding to the Cauchy-Stieltjes transform
of a probability measure on R is

q
2z+(, 1).° Qz+(2 1)1 8 1., Z
G(z) = 5 2
a 1 2
_ @ )z @t o4t
a 2272 ’
with = , and ? = > . We recognize the Cauchy-Stieltjes transform of the

Marcenko-Pastur distribution with parameters and , and verify that G is solution
to the stationary version of the PDE (4.3.5). Under the assumptions of Theorem 4.3.1,
and applying Theorem 4.3.1 with o= MP2:0, then ™MP:2:o s the unique solution
to the equation (4:3:4).

0

Proof of Theorem 4.3.5. By Theorem 4.3.1, the integro-di erential equation (4.3.4) is veri ed
by any accumulation point of the family f( {"V); o;n  1g.
Letn mwith & . El » . Let us de ne the stochastic process (M) taking its values

in the space of N m matrices with real entries verifying the following SDE
q_
th = 1 th Mtdt:

The eigenvalues of %MtMt verify the SDE (4.1.2) with  replaced by p_l . By Theorem
4.3.1 (see more precisely the computation (4.5.2) in the proof), the integro-di erential equa-
tion (4.3.4) is also veri ed by any accumulation point of the family of the empirical spectral

1 - -
measures of MM, L with 2 . 51 > , which ends the proof.

By Theorem 4.3.1, we have uniquenéss of the solution to the integro-di erer&ial equation
(4.3.4), and by Theorem 4.1.1 we have the expression of the limit of Y = ™ for all
t O O

134



Proof of Theorem 4.3.6. For all n 2 N , an application of [JK20, Lemma 3.1 and Proposition
2.8] shows that in convergence in law

n;wW
t

n;Ww.
)

1
tr+1

where "W is de ned such as in equation (4.3.3). By equation (4.3.3), we have

n;wW ] MP . 4.

ne +1 )
Theorem 4.3.5 gives the two other limits and concludes the proof. ]
Acknowledgement : | thank Benjamin Jourdain and Djalil Chafa for numerous fruitful

discussions.
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Chapter 5

Newton lilypads and Jacobians of
neural networks

This Section is the preliminary version of a joint work with Reda Chhaibi and Tarig Daouda.

Abstract

Gradient descent during the learning process of a neural network can be subject
to many instabilities. The spectral density of the Jacobian is a key component for
analyzing robustness. Following the works of Pennington et al., such Jacobians are
modelled using free multiplicative convolutions from Free Probability Theory.

We present a reliable and very fast method for computing the associated spectral
densities, which is certainly of independent interest. Our technique is based on an
adaptative Newton-Raphson scheme, by nding and chaining basins of attraction: the
Newton algorithm nds contiguous lilypad-like basins and steps from one to the next,
heading towards the objective.

This allows to investigate how the learning process is in uenced by design choices
such as width ratios, depth, non-linearities and the variances at initialization.

Keywords : Machine learning, Robustness and design of neural networks, Back-propagation,
Free probability, Free convolution
AMS Subject Classi cation (2010) : Primary 60F99; Secondary 60G60, 81P15

5.1 Introduction

Consider a feed-forward network of depth L 2 N, that is to say that there are L layers. At
depth ¢ =1;2;:::;L, each layer has activation x- 2 RN, where N- is the current width. The
vector Xo 2 RNo takes in the neural network’s input, while x, 2 RNt gives the output. The
vector of widths is written:

and will often appear in superscript to indicate the dependence in any of the N:’s. The
following recurrence relation holds between layers:

x-= « W% +p™
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where - is a choice of non-linearity applied entry-wise, w2 Mn.n- , (R) is a weight
matrix and b 2 RN‘ is the vector of biases. We write h- := W™x. ; + b™ for the
pre-activations.

The Jacobian computed during back-propagation can be written explicitly by using the
chain rule. Indeed, we have:

@x,
JN) .= 270 5.1.1
0 (5.1.1)

_ OXL Ox. 1. @Xx

@xL 1@xL 2 @%o
(N N) ~ (N N)...~(N N) .
= DMWMNDM WM DMWY

where D-’s are the diagonal matrices given by

h i
D™ = () (5.1.2)
Technically, a step of gradient descent updates weights and biases following
wN: p™N WM, pN) @(vv“(?'l;t#'“)) ; (5.1.3)
for each * = 1;:::;L. Here > 0 is the learning rate and L is the loss on a minibatch. If
the minibatch has size B 2 N, and corresponds a small sample ((X;;Yi); i=1;:::;B) of
the dataset, we have:
1 X
L= B d(xc CXi); Yi) -

i=1
Here d is a real-valued distance or similarity function, the X;’s are the neural net’s inputs
while the Y;i’s are the outputs: labels in the case of classi er, Yj = X in the case of an
autoencoder etc...

The chain rule dictates:

@I— — @I— @XL @XL 1... @X‘+l @X‘ (5 1 4)
AWM by XL @ 1 0% 2 @X g(wN;pN) .
_ @I—J(N) eh. ,
exc @w N pMDy
where
oL _ 1 X
— == 0d(x_(Xj);Yi) 2 Myn (R) (5.1.5)
Ox. B
JN =pMw™ - DBWEIDM™ 2 My n.(R) : (5.1.6)

Therefore, for the sake of simplicity, we shall focus on the Jacobian J™) given in Eq. (5.1.1)

since it has exactly the same form as the JMN given in Eqg. (5.1.6). The issue is that a large
product of (even larger) matrices can easily become unstable:
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If many singular values are 1, we have gradient vanishing.

If many singular values are 1, we have gradient explosion.

Intuition. This instability is easily understood thanks to the naive analogy with the
one-dimensional case. Indeed, the geometric progression q" with n ¥ 71 is the archetype of
a long product and it converges extremely fast, to either 0 if jgj < 0 or to A if jgj > 1.

A less naive intuition consists in observing that mini-batch sampling in Eg. (5.1.5) is
very noisy. Without further information on the dataset and sampling procedure, it is fair to
assume that @@X—'-L has a Gaussian behavior with covariance proportional to Iy, . Therefore, each

gradient step W in Eg. (5.1.3) is approximately a Gaussian vector with covariance

proportional to: .

, _ 6h T 3™ Ty @he
ew™;p™y o awW;pMNy

T
Simplifying further, we see the importance of the spectrum of JMN T 3™ for stability.

. . T
Basically, eigenvectors of JM ~ g™

intuition applies.

are the directions along which the one-dimensional

Randomness. Starting from the pioneering works of Glorot and Bengio [GB10] on ran-
dom initializations, it was suggested that the spectral properties of J™) are an excellent indi-
cator for stability and learning performance. In particular, an appropriate random initializa-
tion was suggested and since implemented in all modern ML frameworks [PGC™17, AAB™15].

Here are classical choices of random initializations. The biases b™ are taken as random
vectors which entries are centered i.i.d. Gaussian random variables with standard deviation

b.. For the weights, we will consider the following matrix ensembles: the [W‘(N)]i;j are drawn
from i.i.d. centered random variables with variance 3, =N- and nite fourth moment as in
[PS20].

Modeling spectrum thanks to Free Probability Theory. Now, following the works
of Pennington et al. [PSG18], the tools of Free Probability Theory (FPT) can be used
to quantitatively analyze the singular values of J™) in the large width limit. The large
width limit is particularly attractive when studying large deep networks, especially because
free probability appears at relatively small sizes because of strong concentration properties
[LLC™18].

For the purposes of this paragraph, we restrict ourselves to square matrices and assume
N- =N forall * =1;:::;L. Infact, FPT is concerned with the behavior of spectral measures
as N ¥ 1. For any diagonalizable Ay 2 My (R), the associated spectral measure on the
real line is:

1 X
Ao (dX) 1= N 2 (AX)
i=1
with the afN)’s being the eigenvalues of Ay. For ease of notation, the spectrum of (squared)

singular values is written v 1= (AM)T A" A fundamental assumption for invoking tools
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from Free Probability Theory, is the assumption of asymptotic freeness. Without de ning the
notion, which can be found in [MS17], let us describe the important computation it allows,
discovered in the seminal work of Voiculescu [Voi87]. Given two sequences of square matrices
AN BMN) in My (R), with converging spectral measures:

lim = a; lim = B;
NET A A NE B B
we have that, under the assumption of asymptotic freeness:
lim = X
am A A B

where is a deterministic operation between measures called multiplicative free convolution.
The letter A (as well as B) does not correspond to a limiting matrix but to an abstract
operator, with associated spectral measure  and measure of squared singular values A.
For such limiting operators, we drop the superscript (N).

Under suitable assumptions which are motivated and detailed later following the works
of [PSG18, HN19, Pas20, PS20, CH21], for all * = 1;:::; L, the measures W and N
will respectively converge to . and p.. In the limit, asymptotic freeness will also hold.
Therefore, we will see that the measure of interest is:

Nll;nl Ny = 3= pL Wi D; Wy - (517)

The goal of this paper is to give a very fast and stable computation of this measure, in the
more general setup of rectangular matrices. This allows for a number of insights on the
stability of back-propagation and paves the road towards more automatic tuning of neural
networks.

5.1.1 Contributions

More precisely, we aim at streamlining the approach of Pennington et al. by providing the
tools for a systematic use of FPT. The contributions of this paper can be categorized as:

Theoretical: At this level, the contribution is incremental. In Pennington et al., a
constant width is assumed. We generalize the model to allow for a width pro le, which
re ects how neural networks are designed in practice. This requires us to develop a
rectangular multiplicative free convolution.

We also do not assume that the non-linearity - is the same throughout the neural
network.

Numerical: This is our main contribution. We propose and implement an e cient
computational scheme for computing spectral densities. The method relies on adapta-
tive inversions of S-transforms using the Newton-Raphson algorithm. If the Newton-
Raphson is only local, we achieve a global resolution by chaining basins of attractions,
thanks to a doubling strategy.
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Interestingly, even in the FPT community, inverting S-transforms has been considered
impossible to realize in practice [BGDO08]. Instead, the focus was on combinatorial
methods that use moments, or xed-point algorithms [ATV"20, MNN™20, Tar20]. Our
algorithm has a high performance, which allows for a large body of experiments.

A complete implementation is provided in the Github repository
https://github.com/redachhaibi/FreeNN 1.

Experiments: We compare the learning curves for various design choices in neural
networks. We focus speci cally on the comparison of Relu vs Hard tanh vs Hard Sine.

5.1.2 Structure of the paper

We start in Section 5.2 by stating facts from Free Probability Theory. Most of it is available
in the literature, except the de nition of the product of rectangular free matrices. There, we
establish in the rectangular setting an analogue of Eq. (5.1.7) in Theorem 5.2.3. Although
it is probably known to specialists, the speci cs were never made explicit.

In Section 5.3, we explain in detail the FPT model for random neural networks. Then
thanks to the results of [Pas20, PS20] and our rectangular setting, we show that the spectral
measure of the Jacobian J™) converges to ; and we encode the limit in explicit generating
series in Theorem 5.3.1. This gives how ; can theoretically be recovered.

Section 5.4 presents the numerical resolution which inverts the generating series. There,
we start by a quick primer on the classical Newton-Raphson scheme, give Kantorovich’s
criterion for detecting (local) basins of attraction and then give our algorithm. By chaining
di erent basins of attractions, we obtain a global resolution method.

Finally Section 5.5 gives benchmarks. We benchmark the numerical method, then present
experiments using real neural networks.

5.2 Free Probability

5.2.1 De nitions and notations

Free Probability Theory provides a framework to analyze eigenvalues and singular values
of large random matrices. Let us now introduce various complex-analytic generating series
which encode the measures and the basic operations on them. First, the Cauchy-Stieltjes
transform of , a probability measure on R, is:

G : C,
z

C
R @v) .

Ry z v !

|

where
C =1z2Cj 1Imz>0g:

LAt the moment of writing these lines, the github repository "FreeNN" is private. It will be made public
upon arxiving or submitting the paper, with a standard Apache 2.0 license.
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The transform G encodes the measure and reciprocally, the measure can be recovered
thanks to:

Lemma 5.2.1 (Cauchy-Stieltjes inversion formula Theorem 6 in [MS17]). We have the
weak convergence of probability measures:

. 1 .
!/lm) —ImG (x+iy)dx = (dx):
The moment generating function is

M@=26 @ 1= MO,
k=1 <

R

where for all k 2 N, m( ) ;= gx¥ (dx) is the k-th moment of . For & o, M s
invertible in the neighborhood of A and the inverse is denoted by M" ', The S-transform
of isde ned as

1+m
mM" 1i(m)'
and is analytic in a neighborhood of m = 0. Furthermore, the variable z will always denote
an element of C.., while the variables g and m will denote elements in the image of G and
M .

For a diagonalizable matrix A™ 2 My (R), we write Sae :=S ), Gaew = G
MA(N) =M AN

A landmark result in the eld introduces free multiplicative convolution in a natural way,
and shows that this operation is linearized by the S-transform:

S (m)=

AN)!

Theorem 5.2.2 (Voiculescu, [Voi87]). Consider two sequences of positive matrices, each
element in My (R)

AN 1 BN 1
such that:
’\,il’nl AN) — A, l\!llml BN) = B :

Under the assumption of asymptotic freeness for AN and BM), there exists a deterministic
probability measure A g such that:

N”!m1 AMNIBMN) = A B -
The operation is the multiplicative free convolution. Moreover
Sag(M) = Sa(M)Sg(mM) : (5.2.1)

This convergence akin to a law of large numbers is the key ingredient which allows to
build the deterministic model for the back-propagation of gradients in Eq. (5.1.7).
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5.2.2 Product of rectangular free matrices

As a generalization of Eqg. (5.2.1) to rectangular matrices, we state:

Theorem 5.2.3. Let (pn)n 1 (On)N 15 (Pn)N 15 be three sequences of integers satisfying

[SINTH [N £ N T ™y c>0:

NT1 gu NT1

Consider for all N 1 let AN BMN) pe random matrices of respective sizes py  gn and
gn Iy such that the (squared) singular laws of AMN); B(N) converge weakly. Assuming that

T T . . ..
BN BMN ~and AN ~ AN are asymptotically free, we have that in the limit N ¥ 1:

Sagyrag(M) = Sara (€M) Sgrg(M) :
Proof. See supplementary material, Subsection 5.8.3. ]

Implicitly this de nes a rectangular multiplicative free convolution, which could be de-
noted . in the spirit of the rectangular free additive convolution [BG09]. But, in the
current setting, this is not a good idea. Indeed, if one de nes ; . , as the measure whose
S-transform is S ,(c )S ,, then a quick computation shows that . is not associative i.e. for
a triplet ( 1; »; 3) of probability measures and a pair (c1;c;) 2 R, R,, we generically
have:

1 (2 ¢ 3)6(1 ¢ 2) e 3:

A better idea is to treat the dimension ratio ¢ as part the data:

De nition 5.2.4. On the set of pairs ( ;c) such that is a probability measure on R, and
c 2 R,, de ne the operation as:

(1:c1) (26 :=(;¢10C2) ;

where is the unique probability measure such that S =S [(c; )S ,. This extends the
classical de nition as the usual free convolution is recovered with:

(1) (20)=(1 21):

Such an operation is associative and will allow a neat formulation of the measure of
interest in the upcoming Theorem 5.3.1, entirely analogous to Eq. (5.1.7).

5.3 Theoretical resolution of the model

Let us start by describing the model and the underlying assumptions.
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5.3.1 The model

Width pro le: Pennington et al. [PSG18] consider N- = N for * = 1;2;:::; N. Here,
we consider that the width of layers is not uniform in the depth *, which is mostly the case
in practice. Indeed, many classical architectures have a speci ed topology. For example,
classi ers start very wide with a narrow end. Auto-encoders start wide and get narrower
and narrower in the encoding phase, then reach a bottle-neck which is interpreted as a latent
space, and then start widening again until the initial dimension is reached.

Let us assume that we are in the in nite width regime in the sense that N- ¥ 1, for all
“=0;1,2:::; L

N- 4
I .
N: NvL 0
and let us denote
= Iim&—Y :
"_N!an_kzl ko

with the convention ¢ =1.

FPT limits: Throughout the paper, we write N for a standard Gaussian random variable

on the real line R:

%2

P(N 2 dx) = %Z:de:

An important subtlety is that D™ is diagonal with entries ‘([h-];) (see Eq. (5.1.2)),
and the pre-activations

h. = W% +b™ =w™ (h. 1)+ ™

clearly depend on the previous layers. Because of this lack of independence, the standard
results of FPT cannot be applied directly i.e. asymptotic freeness does not obviously hold.
Based on an information propagation argument, the papers [PLR™16, SGGSD16] argue that
the entries of h- behave as the i.i.d. samples of a Gaussian distribution with zero mean and
variance q . A basic law of large numbers applied to Eq. (5.1.2) gives a limit for the empirical
measure: a_

¢=Ffqg!=3%3E - qgIN + 2 (5.3.1)

2 -
with initial condition g = = TNs, (xd)2 + 2.
Recently in Pastur et al. completed this heuristic thanks to a swapping trick see [Pas20,
Lemma 3.3] and [PS20, Remark 3.4]. They basically proved that, regarding the asymptotical
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spectral propertieé'gf JM) one can replace each DM by a diagonal matrix with independent

Gaussian entries q'N independent from the rest. In that setting, one can apply the results
on products of asymptotically free matrices which were given in Section 5.2.

5.3.2 Resolution and formulas

We then have the following result in the in nite width limit.

Theorem 5.3.1. In terms of the rectangular multiplicative free convolution, the measure of
(squared) singular values of J®™) converges to

3=(oD) (w L) (o) (wys 1) (5.3.2)
Moreover, the S-transform of J7J in the in nite width regime veri es

Y h i
Syri(m) = Spz (M) Syrw. (< 1M) (5.3.3)

‘=1

In particular, under the assumption that the entries of W- are i.i.d. :
!

Y 1
Syra(m) = - Spz (M) —— ﬂ ;
: +1Y¥ 21+ m
Mj iy = ML
=1 D2 ( m)
Proof. See supplementary material, Subsection 5.8.3. ]

Let us now collect the various required formulas, and specialize them to a selection of non-
linearities: RelLu, Hard Tanh and Hard Sine. As discussed in the introduction, the empirical

distribution of D™ converges to the law of | q q'N . From this observation was deduced
in [PSG18] the following formula :

2 a-
ka(D?):E4 -( gN)

Mp2(z) = = 5.3.4

De (Z) - Zk , q( q‘N)Z ( )
— 1 + m .

SD?(m) - mMIhDle(m) ) (535)

The reader will nd in Table 5.1 the computations of Mp2, Sp2 and the recurrence relation
given by f. where

h

i
f.oq = 200 Y+ 2;withg@ =€ PNy ;
and o 1
C.=P@ N GJE‘A;
q
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Linear | ReLu Hard Tanh Hard sine / Triangle

() h [hl+ | [h+1+ [h 1]+ 1 Zarcsin sin(h)
Mp:(@) | 77 | 3731 o 1
mi(D?) 1 ! C. 1
Spz(m) || 1 | 17 o 1
Ay 1 L, 4>y
g-(a) q g 20C. e = it ( n) n

1

Table 5.1 Table of formulas for moment generating functions and S-transforms.

5.3.3 Master equation

In the end, we only need to x widths and non-linearities in order to form Mg 1i(m). This

is the master equation which we solve numerically thanks to an adaptive Newton-Raphson
scheme.

The non-linearities ReLu, Hard Tanh and Hard Sine yield similar formulas. If W- has
i.i.d. entries,

m+1Y¥

Mjry'(m) = =

&+ m) (5.3.6)

oy
where c- = 2 when -isReLu,cc=C-=P 0 N P= if -isHard Tanhandc- =1 if

q
- is Hard Sine.

5.3.4 Moments of J

We can reach an early understanding of the behavior of J’s singular values by computing
mean and variance. For ease of notation, we write:

mS(A) = m(ATA)

for any operator A, which admits a measure of singular values. We have:

“’(J)— mP (D )mPW.) = Y(c‘ 2 (5.3.7)
=1 ‘=1
mP@) mfQ) iy i § » L, 639
S S 2 S S 2
= m®J)? @X @M (D) m°(D:) + M2 (W) (W)* A

- mi”(D-)? Mg (W- )2
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The proofs of these formulas are given in Supplementary material, Subsection 5.8.1. These
formulas need to be interpreted:

Variance grows with L, showing increased instability with depth.

Larger layers, relative to N, give larger -’s and thus the same e ect.

5.4 Numerical resolution
In this section, we completely describe the numerical scheme aimed at computing the spectral
density of JTJ in Eqg. (5.1.1).

Here are the steps:

Because of the Cauchy-Stieltjes inversion formula given in Lemma 5.2.1, pick a small
y > 0 in order to compute:

1 i
—ImGyr;(z=x+1y):

The smaller the better, and in practice our method works for up toy = 10 1,

Because
M) =2G(@z) 1;

we need to compute M (2).

M" *(m) is available thanks to the master equation in Theorem (5.3.1). Therefore, we
need to invert m @ M" i(m).

Clearly, this last step is the crucial one. And this strategy has been deemed hopeless by
many mathematicians working in Free Probability Theory, see [BGD08, p.218].

5.4.1 On the classical Newton-Raphson scheme

First, let us start by recalling the classical Newton-Raphson scheme in order to invert the
equation z = f(m) where z 2 C, is xed and T is rational. A neat trick which leverages the
fact that T is rational and that z 2 C. is to de ne:

7,(m):=P(m)=z Q(2): (5.4.1)
As such, we have:
_ _ P(m) . .
z—f(m)—m ,(m)=0:

There are several advantages of doing that:
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Inversion is recast into nding the zero of a polynomial function.

Since we have lim,s 7 M(z) = 0, if z is large in modulus, m = 0 is a natural starting
point for the algorithm when z is large.

In the end, the pseudo-code is given in Algorithm 5.4.1.

Algorithm 5.4.1 Newton-Raphson scheme for a rational function f

Name: newton__raphson
Input:
Numerical precision: " > 0 (Default: 10 1?),
Image value: z 2 C.,
Polynomials: P, Q such that f = g,
(Optional) Guess: mg 2 C, (Default: mg = 0).
Code:
m My
while True do

value  ”,(m) # See Eq. (5.4.1)

if jvaluej <™ then

return m

end if

grad  *%(m)

m m value=grad
end while

It is well-known that the Newton-Raphson scheme fails unless the initial guess my 2 C
belongs to a basin of attraction for the method. And, provided such a garantee, the Newton-
Raphson scheme is exceptionnally fast with a quadratic convergence speed (the convergence
of a sequence (Un)n towards a limit | is said to be quadratic if the sequence Usrsl s
bounded from above). Kantorovich’s seminal work in 1948 provides such a garantee locally.

5.4.2 Kantorovich’s criterion

Here we give the optimal criterion from [GT74] adapted to this paper. Fix z 2 C. and recall
that ”, in Eq. (5.4.1) is the map whose zero we want to nd.

Theorem 5.4.1 (Kantorovich’s criterion, [Kan48]). Consider a starting point my 2 C, and
de ne:

201 I |
’z(mO) ’ . ,z(mO)
If the starting point satis es h := < 1, where

— Sup jsOO(m)j . t = pz <2
. jm mgj t z ’ . 1+ 1 h
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Then, the Newton-Raphson scheme, starting from mg converges to m such that ”,(m ) = 0.
Furthermore, the convergence at each step is at least quadratic.

Therefore, we assume that we have at our disposal a function
Is_in__basin(z; m)

which indicates if the Kantorovich criterion is satis ed for ”, at any m 2 C. It is particularly
easy to program with *, polynomial.

5.4.3 Doubling strategies and chaining

Now we have all the (local) ingredients in order to describe a global strategy which solves in
m 2 C the equation:

"2(m)=0:

First, one has to notice that this problem is part of a family parametrized by z 2 C..
And the solution is m 0 for z large. Therefore, one can nd a proxy solution for z 2 C.
high enough. This is done thanks to a doubling strategy until a basin of attraction is reached.

Second, if a proxy (z;m) is available, we can use the Newton-Raphson algorithm to nd
a solution (z+ z;m+ m) starting from m. To do so, we need z small enough. This on
the other hand is done by dichotomy.

Tying the pieces together allows to chain the di erent basins of attraction and leads to
Algorithm 5.4.2. Notice that in the description of the algorithm, we chose to make implicit
the dependence in the function f, since it is only passed along as a parameter. Technically,
T is a parameter for all three functions

newton__raphson,

is_in__basin,

newton__lilypads.
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Algorithm 5.4.2 Newton lilypads, chaining basins of attraction

Name: newton__lilypads
Input:
Image value: Zgpjective 2 C+,
(Optional) Proxy: (zo;mp) 2 C+ C.
Code:
# Find a proxy (zo; mg = 0) using a doubling strategy, if None given
It (zo; Mg) is None then
m 0

z Zobjective
while not is__in__basin(z, m) do
z z+ilm(2)
end while
m  newton__raphson(z; Guess = m)
else
(z;m)  (2o; Mo)
end if
# Starts heading towards Zgpjective USINg dichotomy
while jzobjective Zj >0do
z Zobjective z
while not is__in__basin(z+ 1z, m) do
z 05 z
end while
z z+ z
m  newton__raphson(z; Guess = m)
end while
return m

5.5 Benchmarks

5.5.1 Computational speed

A table of the computational time required for computing N density points is given in Table
5.2. Notice that the recorded time scales sublinearly with the number of required points.
This is easily understood by the fact that smaller N requires the computation of more basins
of attraction per point.

150



N 100 | 200 | 400 | 1000
Time (ms) || 38.1 | 57.4 | 95.4 | 220.7

Table 5.2  Table of computational time, on a laptop with an Intel Core i7-9850H CPU,

for computing N density points. Nearest points are used as proxy for the Newton-Raphson
scheme.

5.5.2 Plots

Now we give multiple plots of the technique’s results.

A rst plot in Figure 5.1 shows the same target distribution but convolved with various
Cauchy distributions yC where y 2 f1;10 *;10 #g. This corresponds to computing the
density -1 ImG ( +iy) for di erenty’s.

Densi
05 Y

\ -== y=1.00000
". y=0.10000
y=0.00010

04 -

03 4

Value

0324

r
01 7

\\
s
.

on

Plotof 1 ImG ( +iy)fory 2 f1;10 ;10 “g. Here is the multiplicative free convolution
of three Marchenko-Pastur distributions, with di erent parameters.

A second plot in Figure 5.2 which compares the output of our method versus a Monte-
Carlo sampling with matrices of size N = 3000. Not only Monte-Carlo is imprecise because
of the noise, but its performance scales very poorly with N since one needs to diagonalize
ever larger matrices. Of course, Monte-Carlo remains the easiest method to implement.
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Histngram of singular values for N=3000
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Plot of density of singular values for the Jacobian matrix J. The network has constant
width and Relu non-linearities. Monte-Carlo sampling uses matrices of size N- = N = 3000.
Computation time is 22467:3 ms with the same laptop as the one used for Table 5.2.
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5.5.3 Description of the experiments

At this stage, we are still in the process of designing experiments with real neural networks,
together with the deterministic model given by FPT. The idea is to consider various network
architectures and compare the stability of the learning process thanks to learning curves. In
particular, it is desirable to have a comparable format to [GB10, PSG18].

To do so, we also need to stabilize our current code base.

5.6 Conclusion

In this paper, we gave an e cient numerical method in FPT geared towards the application
in machine learning. The computation method itself is fast and reliable, which can be used
to automatically tune some design choices in neural networks such as the width pro le, and
initialization variances.

We nish by pointing out two methods commonly used for mitigating gradient explosion
and gradient vanishing. The former is very easily included in the current setup. The latter
is an interesting direction for future investigations.

Gradient clipping: This is the most natural heuristic method to alleviate gradient
explosion. At the theoretical level, this only amounts to modify the non-linearity "program”
”. The automatically computed gradient ”°, say via autograd if one uses Pytorch [PGC™*17],
is replaced by a surrogate gradient:

0 — =20 .
é —_ 1fj’0j Cg >

where C is a clipping threshold.

Skip-connections: When putting in place skip-connections, the goal is to alleviate the
problem of gradient vanishing. In terms of equations, the recurrence changes via:

1
<t i
X =7 W‘(;'i\')x‘ i +b™
i=1

where K is the maximum lag and W.(;'i\') 2 Mn..N. , IS @ weight matrix.

Compared to the framework of this paper, the chain rule used for back-propagation
changes in a very fundamental way. The Jacobian cannot be approximated by a simple
product of free matrices: the same free variable will appear at multiple locations.
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5.8 Supplementary material

5.8.1 Computations of moments
The following remark is useful in the computation of moments.

Remark 5.8.1 (Moments). At the neighborhood of z  1.:
mi() , ma()
z

72

M (z) =

By inversion, at the neighborhood of m  0:

Mty = T -0
Mty = T DRSO @)
Hence:
S“man)+;££+om% '
- mll( yrm mrr:lz(())f+o "
- mll( )" m?(1 ) ”le(( ))2 o

Thanks to this, we can prove Eg. (5.3.7) and (5.3.8). By Remark 5.8.1 and Theorem
5.3.1, we have asm ¥ Q:

¢ h i
Syry(m) = Spz (M) Syyrw. ( -mM)
=l o o e 1 1
1 (5)(D ) (S)(D ) (S)(D )2 )
(S)
1 +m ’ wA +0 m? A
(5) (W ) (S) (W ) (S) (W )2
' #
(S) (S)
- ® 1(s) N l+m .@2 (s)(D) (s)(W)A+O m*
=1 M7 (D)M(We) o=y m;~(D-)? (W-)2

Identifying the rst order term, one nds indeed Eq. (5.3.7). Continuing the previous
computation:

o
1 m@X

Syra(m) = +
mPQ) mPQ) o

11

(S) (S)
(@) MW an, o

&WD¥ m{ (W. )2



Applying Remark 5.8.1 again for S+, we get :

< (S)(J)

mP(3)?2

(S)(D )
m;”(D-)?

MO A
‘S’ (W-)2

=1

which is equivalent to Eqg. (5.3.8).

5.8.2 Specializing to classical weight distributions

Under the asumption that the entries of W- are i.i.d. we have m{®(W.) = 2, and m®(W-.) =

w.(L+ ) which gives
0]

o

111

* me 4
m®J) = @1 @ .01 CORNVVVY m®(D.)? &,
e (S)(D )2 1
3 2 e
O
mPQ) (mP)?=""0 <s> S AA T mPD)
‘=1 (D ) ‘=1
5.8.3 Proofs
Proof of Theorem 5.2.3
For k 2 N, we have :
" k# k#
Tr AMBMN TaAMNBN) ~ — 1 BN T AN T AMNBN)
(N) RN T AMN) T AN
=Tr BN B AN T AN
As ANMBMN T AMBM 2 M, (C) and BNV BN T AN T AN 2 M, (C), this shows
that
M @)= Nm @) ;
AMNBMN)T AMN)BMN) - BMNY(BMWY (AMN)T AN) 1
( ) 'n (BMW) " (atW)
and then 1
h 1i __aah 1i 'n
(A(N)B(N))TA(N)B(N)(m) o B(N)(B(N))T(A<N))TA(N) q—Nm
Consequently,
1+m
S AMN)IBN) TA(N)B(N)(m) = h 1i
( ) (m)
(A<N)B(N))TA(N)B(N)
_ 1+m 1+3Mm
T mmt M r—Nm 1+ m
an aN aN

B(N)(B<N))T (A(N))TA<N) an
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_I'n 1+ m rn

Tgn 1+ em TBO(BOW)T (AM)TAM g (5.8.1)
aN

As AN T AN and BN BM T are asymptotically free, taking the limit N ¥ +1 and

applying Voiculescu’s Theorem 5.2.2, we get

1+m
1+ m

Sy aAg(M) = Seg ( M)Sa a( M):

Moreover, the above equality is true replacing A with the identity I. S;(m) = 1 yields:

1+m
1+ m

Sg 8(M) = Sge ( M) :

Finally we have
Sae) ae(M) =Sa a( M)Sg g(M) :

This concludes the proof.

Proof of Theorem 5.3.1

Thanks to a swapping trick justi ed in [PS20], we can assume that the matrices D- have i.i.d.
entries independent from the rest of the network, distributed as ‘1(p¢N ). Notice that we can
also replace the D-’s by deterministic matrices that use the quantiles of the same distribution.
This together with standard results from FPT such as [MS17] gives asymptotic freeness
see [BC17] for a more general result re ecting the current state of the art. Therefore, we can
apply Theorem 5.2.3. Starting from Eqg. (5.1.1), we get in the in nite width regime and by
induction:

S o0y 00 (M) =S

(N (ND 5 (N) (2 (ND L 5 (NDy (ND (N) 5 (N) ...\ (N) 5 (N (ND) 5 (N)
Dy YWDy WDy YWy Wy Dy W D WD
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Dy YWDy WDy YW, Dy Dy "W, Dy W Dy WDy

m
w Twl('\') (m)
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S DiN) 2( 1m)S Wl(N) TWl(N)(m)

N
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2 3
¥ 4 5
= S ) 2 ( ‘m) S W TW‘(N) ( ‘ 1m) X

with the convention o = Qﬁzl k=1,
Under the asumption that the entries of W- are i.i.d., the Marcenko-Pastur Theorem gives

1 1

wew Tyeo M = 2

which leads to

o 1
1
B Yt A
S(J(N))TJ(N)(m) - .:1@8 D™ 2(-m) .1+ m
We thus have
h 1i m+1
(m) =
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m= %S Lo 2( -m)

Proof of formulas in Table 5.1

Hard SRine: This is the most tricky formula to establish. If (x) = =arcsin sin ;x and
£( ) = dx f(X)e' * is the Fourier transform on f, then the application of the Plancherel
formula yields:
h i
e (Pan)y?
Z1 =
= dxp— 2(x)
1 2 q
1 2
=— d <()e 97 :
1
But in term of Fourier series:

> .
Z(X) — C ] e| nx
n2Z

157



as 2(x) =x?on[ 1;1] and extended in order to become 2-periodic. In terms of Schwartz

distributions:
< >

()=~ @ xETwM=""2 2 d):

n2zZ n2zZ

Hence:

h i X
E PNz =" @ e
n2Z

We conclude by computing the Fourier coe cients of 2.
121

1
Q == 2~
0= 2 1dxx 3
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n 2 1
Z
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= dx x% cos( nx)
0
Z,

= — dx 2x sin( nx)
n o

2 2 %1
1
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2

e ( n)z( 1)”:

In the end:
h p L0 1 42X 1" 2p
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