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Titre : Matrices de covariance : di�usions, probabilitØs libres, et apprentissage
profond

RØsumØ : Cette thŁse est motivØe par l’Øtude des matrices de covariance, et s’articule na-
turellement en trois parties. Dans la premiŁre partie, nous Øtudions des modŁles dynamiques
liØs aux matrices de covariance. Nous Øtudions plus prØcisØment les systŁmes d’Øquations dif-
fØrentielles stochastiques hØritØs de la dynamique des valeurs propres de processus matriciels
appelØs processus de Wishart et processus de Jacobi. Les solutions de ces systŁmes sont re-
spectivement les processus de �-Wishart et de �-Jacobi. Nous Øtendons les rØsultats connus
d’existence et d’unicitØ de solutions à ces Øquations et caractØrisons leur comportement en
temps long. Dans la seconde partie, nous Øtudions à la lumiŁre de rØsultats modernes de prob-
abilitØs libres, en particulier sur la convolution libre rectangulaire additive, le comportement
limite en grande dimension de la mesure empirique des particules constituant le processus
de �-Wishart, et Øtablissons la commutativitØ entre la limite en temps long et la limite en
grande dimension pour cette suite de processus à valeurs mesures. La troisiŁme partie porte
sur l’Øtude de la stabilitØ de la procØdure de rØtro-propagation dans la phase d’apprentissage
d’un rØseau de neurones à propagation avant dont les couches sont de largeur variable. Cette
Øtude se concentre sur la matrice Jacobienne du rØseau, qui peut se dØcrire comme un long
de produit de matrices, et dont les propriØtØs spectrales sont dØterminantes pour la stabilitØ
de la descente du gradient. Cela demande la dØ�nition d’une opØration de convolution libre
rectangulaire multiplicative. Nous proposons un algorithme e�cace de calcul de la mesure
du carrØ des valeurs singuliŁres de cette matrice. Les conclusions de ce travail donnent des
indicateurs permettant d’Øvaluer la stabilitØ d’un rØseau de neurones, à vocation d’aide au
design du rØseau pour les praticiens.

Mots-clefs : Matrices alØatoires, Calcul stochastique, Di�usions, SystŁmes de particules,
ProbabilitØs libres, Apprentissage profond, RØseaux de neurones
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Title : Covariance matrices : di�usions, free probability and deep learning

Abstract : This thesis is motivated by the study of covariance matrices, and is naturally
structured in three parts. In the �rst part, we study dynamic models related to covariance
matrices. More precisely, we study the systems of stochastic di�erential equations inherited
from the dynamics of the eigenvalues of matrix valued processes named the Wishart process
and the Jacobi process. The solutions to these systems are respectively the �-Wishart pro-
cess and the �-Jacobi process. We extend the known results on the existence and uniqueness
of solutions to these equations and we characterize their long term behaviour. In the second
part, in the light of modern results from the free probability theory, especially about the
rectangular additive free convolution, we study the behaviour of the empirical measure of the
particules of the �-Wishart process in the large dimension limit, and establish the commu-
tativity between the long time and the high dimensional limits for this sequence of measure
valued process. The third part is related to the study of stability of the backpropagation
procedure in the learning phase of a feed-forward neural network with a variable width pro-
�le. This work focuses on the Jacobian matrix of the network, which can be seen as a long
product of matrices, and whose spectral properties are crucial for the stability of the gradient
descent. This appeals for the de�nition of a free rectangular multiplicative convolution. We
suggest an e�cient algorithm to compute the empirical measure of the square of the singular
values of this matrix. The conclusion of this work give insights allowing to assess the stability
of a feed-forward neural network, aiming to assist practitioners in the choice of the features
in the design of neural networks.

Keywords : Random matrices, Stochastic calculus, Di�usions, System of particles, Free
probability, Deep learning, Neural networks
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Chapter 1

Introduction (in French)

1.1 ThØorie des matrices alØatoires

1.1.1 Histoire

Si la thØorie des matrices alØatoires apparaît aujourd’hui dans de nombreux problŁmes
thØoriques, ce sont bien les applications qui ont motivØ sa genŁse, et, comme on le mon-
trera dans cette thŁse, nombre de ses dØveloppements actuels. Il est d’usage de considØrer
son Ømergence en 1928 avec le travail fondateur [Wis28] du statisticien John Wishart, dont la
problØmatique Øtait d’analyser une population de donnØes multivariØes, et en particulier les
causes communes à l’origine des variations de ces donnØes. Cela le conduisit naturellement à
l’Øtude du spectre de la matrice de variance covariance empirique des donnØes (voir Chapitre
3).

En 1951, le physicien laurØat du prix Nobel EugŁne Wigner, dans son travail de modØlisa-
tion de noyaux lourds en mØcanique quantique [Wig51, Wig55, Wig58], �t un pas dØcisif dans
le dØveloppement de la thØorie des matrices alØatoires. À l’Øpoque, les modŁles dØveloppØs à
partir de ceux fonctionnant sur des systŁmes physiques plus simples Øchouaient à prØdire cor-
rectement les niveaux d’Ønergie des noyaux lourds observØs expØrimentalement. Ces niveaux
d’Ønergie Øtaient donnØs par les valeurs propres de l’hamiltonien du systŁme. Le raisonnement
de Wigner fut le suivant : le systŁme physique des noyaux lourds est trop compliquØ pour
Œtre approximØ par les modŁles dØcrivant les systŁmes plus simples. En revanche, on peut
essayer de dØcrire ce systŁme complexe en introduisant de l’alØa dans le modŁle. Son idØe fut
donc de modØliser le systŁme de noyaux lourds par le modŁle le plus alØatoire possible tout
en tenant compte des contraintes connues du systŁme, telles que le caractŁre auto-adjoint de
l’hamiltonien le dØcrivant. L’alØatoire fut donc utilisØ comme souvent pour dØcrire ce que
l’on ne connaît pas. Ainsi, l’opØrateur hamiltonien du systŁme, gØnØralement dØ�ni sur un
espace continu de dimension in�nie, fut approximØ par un opØrateur discret en dimension
�nie : une grande matrice auto-ajointe. N’ayant pas plus d’informations sur les propriØtØs
de l’hamiltonien du systŁme, Wigner choisit de considØrer un modŁle simple oø les entrØes
de la matrice sont des Gaussiennes indØpendantes. La distribution des valeurs propres de
ces matrices, en particulier la distance typique entre les valeurs propres, donna une descrip-
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tion concordante avec les mesures expØrimentales des niveaux d’Ønergie de certains systŁmes
physiques. Le physicien Freeman Dyson proposa alors la rØ�exion suivante : si un tel modŁle
alØatoire ne dØcrit pas correctement un systŁme physique quantique, alors il y a probablement
une contrainte du systŁme physique se rØpercutant sur la structure de son hamiltonien, par
exemple une relation de dØpendance entre les entrØes de la matrice, qui fut ignorØe dans le
modŁle et qui doit Œtre retrouvØe et intØgrØe a�n que le modŁle fonctionne.

Ces deux premiŁres motivations pour l’Øtude des grandes matrices alØatoires conduirent
les chercheurs à se poser une question emblØmatique et structurante de la thØorie : comment
Øtudier le spectre des grandes matrices alØatoires quand leur taille tend vers l’in�ni ?

À la suite de la dØcouverte de Wigner, Dyson, Michel Gaudin et Madan Lal Mehta
ØtudiŁrent rigoureusement plusieurs ensembles aujourd’hui classiques de thØorie des matri-
ces alØatoires : les Gaussian orthogonal ensembles (GOE), les Gaussian unitary ensembles
(GUE), auxquels vinrent s’ajouter les Gaussian symplectic ensembles (GSE) dont on donnera
une dØ�nition Chapitre 1.1.3. Dyson et Mehta formulŁrent la conjecture connue aujourd’hui
sous le nom de conjecture d’universalitØ de Wigner-Dyson-Mehta (WDM), que l’on peut
retrouver dans le livre [Lal67]. Elle a�rme que la densitØ de probabilitØ jointe de k valeurs
propres arbitraires de toute matrice symØtrique (respectivement hermitienne et quaternion-
ique auto-adjointe) à entrØes i.i.d. converge en probabilitØ quand la taille de la matrice tend
vers l’in�ni vers la fonction de corrØlation à k points du GOE (respectivement du GUE et du
GSE), et ne dØpend ainsi pas de la distribution des ØlØments de la matrice.

Un des rØsultats les plus marquants de la thØorie concernant la limite en grande dimension
du spectre du symØtrisØ (de l’hermitisØ) d’une matrice alØatoire rectangulaire à entrØes i.i.d.
fut prouvØe par Vladimir Marcenko et Leonid Pastur en 1967 [MP67] et ouvrit la voie à de
nouvelles applications.

Dans les annØes 1990, Dan-Virgil Voiculescu dØveloppa dans un contexte de thØorie des
algŁbres d’opØrateurs et d’analyse des algŁbres de von Neumann la thØorie des probabilitØs
libres, une thØorie des probabilitØs pour des variables alØatoires non commutatives munies
d’une nouvelle notion d’indØpendance nommØe la libertØ. Son observation fondamentale
rØsidait dans le constat qu’Øquipper les algŁbres de von Neumann d’une application de trace
avait une forte ressemblance avec la notion d’espØrance en probabilitØs, et que la nouvelle no-
tion de libertØ construite à partir de ces traces dØ�nissait une notion similaire à l’indØpendance
en thØorie des probabilitØs classique. Cette thØorie s’applique naturellement aux matrices
alØatoires, dont le produit est non-commutatif, munies de l’espØrance de la trace normalisØe.
On peut se rØfØrer à [Voi85, Voi86, Voi91, BV93, Voi87, BV92] et bien d’autres pour les
articles historiques et aux livres [NS06, HP00, MS17] pour une introduction à cette thØorie.

Le monde des matrices alØatoires est d’une grande richesse et de nombreux autres dØveloppe-
ments majeurs sont apparus, par exemple dans l’Øtude du comportement des vecteurs propres
des grandes matrices alØatoires. Le lecteur de cette thŁse pourra les retrouver dans de nom-
breux ouvrages tels que [TVV04, ABDF11], mais nous avons choisi de n’Øvoquer dans cette
introduction que les aspects historiques proches de nos prØoccupations lors de cette thŁse.

Avant de prØsenter plus en dØtails les rØsultats fondateurs et les outils classiques de la
thØorie des matrices alØatoires, nous donnons quelques exemples des nombreuses applications
de ce champ de recherche qui le rendent si sØduisant.
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1.1.2 Applications

Comme nous l’avons vu, les premiers pas du dØveloppement de la thØorie des matrices alØa-
toires furent motivØs par des applications en statistiques ainsi qu’en physique quantique. Les
matrices alØatoires sont par nature la combinaison de l’objet linØaire simple par excellence
que sont les matrices, utiles par exemple pour approcher des phØnomŁnes non linØaires plus
complexes (par exemple la dØrivØe ou la matrice jacobienne), et de la thØorie des probabil-
itØs dont les domaines d’applications sont immenses, que l’on retrouve mŒme pour mieux
comprendre des problŁmes dØterministes (voir par exemple la mØthode probabiliste de Paul
Erdös [AS04]). On s’attend donc à que les domaines d’applications de la thØorie des matrices
alØatoires soit riches et variØs, et c’est bien le cas, comme le suggŁrent les quelques exemples
suivants.

Statistique en grande dimension et machine learning : Sur les traces des travaux de
Wishart en statistiques multivariØes, le comportement du spectre des matrices alØatoires en
grande dimension montre que les estimateurs statistiques classiques des matrices de covari-
ance Øchouent à dØcrire prØcisØment les relations de corrØlations entre les caractØristiques des
donnØes. Ce rØgime de la grande dimension est courant aujourd’hui oø rŁgnent les Big Data,
toujours plus nombreuses et surtout de grande dimension. Voir par exemple [BBP17, CL21].

ThØorie des nombres : Un des problŁmes encore non rØsolu des plus connus en mathØma-
tiques aujourd’hui est la fameuse hypothŁse de Riemann, qui conjecture les zØros non-triviaux
de la fonction zŒta de Riemann sont tous de partie rØelle Øgale à 1

2 . Hilbert et Pólya ont for-
mulØ l’idØe que ces zØros non triviaux pourraient Œtre les valeurs propres d’un opØrateur
auto-adjoint. Hugh Montgomery apporta une importante contribution à cette observation
en 1972 en calculant la fonction de corrØlation entre deux zØros non-triviaux et en montrant
qu’ils se repoussaient de la mŒme façon que se repoussent deux valeurs propres de grandes
matrices alØatoires unitaires. De nombreux dØveloppements suivirent sur cette connexion.
Voir par exemple [Mon73, BK13].

ThØorie des graphes et applications : Un des outils centraux de la thØorie des graphes
est la matrice d’adjacence, qui encode les arrŒtes entre les sommets du graphe. L’Øtude
de graphes complexes et de systŁmes dynamiques sur ces graphes, provenant par exemple de
neurosciences pour modØliser les connexions synaptiques, d’ØpidØmiologie, de rØseaux sociaux
et d’apparition de communautØs, utilisent les matrices alØatoires dans leurs modØlisations
pour dØcrire les propriØtØs statistiques des objets ØtudiØs.

TØlØcommunications : Les matrices alØatoires sont trŁs utilisØes dans les modŁles de
communication sans �l oø elles caractØrisent les canaux de communication. Par exemple, dans
les modŁles multi-antennes comme le CDMA, la matrice canal modØlise la propagation de
l’information entre chaque paire d’antennes ØmØtrice et rØceptrice. La performance du canal
dØpend alors du spectre de la matrice alØatoire en question. Voir par exemple [TVV04, CD11].
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ThØorie de l’information quantique : En thØorie de l’information quantique, on s’intØresse
à des Øtats et canaux quantiques modØlisØs par des matrices complexes. A�n de comprendre
leur comportement typique, on en Øtudie une version alØatoire. De plus, certains problŁmes
tels que la minimisation de l’entropie de sortie additive d’un systŁme n’ont pas de rØponse
dØterministe Øvidente aujourd’hui, alors que leur version alØatoire s’Øtudie plus facilement.
Voir [Nec19, AS].

1.1.3 RØsultats principaux et outils d’analyse
Nous introduisons ici des rØsultats sur les modŁles les plus classiques de matrices alØatoires
liØs aux prØoccupations de cette thŁse, à savoir les matrices de Wigner ainsi que les matrices
de (variance) covariance. Nous utiliserons tout au long de cette introduction les abrØviations
i.i.d. pour "indØpendantes identiquement distribuØes", p.s. pour "presque sßrement", p.p .
pour "presque partout", et la notation � pour opØrateur adjoint.

DØ�nition 1.1.1. Soit n � 1. Unematrice de Wigner X = (Xi;j)1�i;j�n est une matrice dont
les familles d’entrØes fXi;jg1�i<j�n ainsi que fXi;ig1�i�n sont des variables alØatoires rØelles
(rØspectivement complexes, quaternioniques) centrØes, de seconds moments �nis, i.i.d., et
respectant la contrainte d’hermiticitØ Xi;j = �Xj;i pour tout 1 � i � j � n (de matrice
auto-adjointe dans le cas quaternionique).

Les matrices de Wigner à coe�cients gaussiens furent les premiŁres ØtudiØes. Elles sont
d’un intØrŒt capital comme le suggŁre la conjecture WDM qui prØdit que la densitØ jointe
de k valeurs propres arbitraires d’une matrice de Wigner converge en probabilitØ quand la
taille de la matrice tend vers l’in�ni vers la fonction de corrØlation à k points de l’ensemble
gaussien orthogonal (GOE) quand les coe�cients de la matrice sont des variables alØatoires à
valeurs rØelles, de l’ensemble gaussien unitaire (GUE) quand les coe�cients de la matrice sont
des variables alØatoires à valeurs complexes, et de l’ensemble gaussien symplectique (GSE)
quand les coe�cients de la matrice sont des variables alØatoires à valeurs quaternioniques.
Ces ensembles sont invariants par l’action des groupes respectivement orthogonal, unitaire
et symplectique. Les nombreux rØsultats et conjectures d’universalitØ dans la thØorie des
matrices alØatoires motivent ainsi à s’intØresser à des modŁles pour lesquels on sait faire les
calculs, a�n de se construire une intuition sur les cas plus gØnØraux. On associe à ces trois
ensembles le coe�cient � valant respectivement 1, 2 et 4 pour le GOE, le GUE et le GSE.
Ces ensembles se dØ�nissent par les matrices de Wigner telles que X1;1 suit la loi N (0; 1)
et X1;2 suit la loi N�

�
0; 1

2I�
�
oø I� est la matrice identitØ de taille � � �. L’importance

de ces modŁles rØside donc en partie dans le fait que l’on peut calculer explicitement la loi
jointe des valeurs propres, qui a une densitØ par rapport à la mesure de Lebesgue sur Rn

proportionnelle à

(�1; : : : ; �n) 7!
Y

1�i<j�n
j�i � �jj� exp

0

@�
�
2

nX

j=1
(�j)2

1

A :

Nous avons jusqu’à prØsent introduit le concept de matrices alØatoires comme des matrices
dont les entrØes sont des variables alØatoires. Évidemment, l’objet matrices alØatoires est plus
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gØnØral, et se conçoit comme une variable alØatoire à valeur matricielle, se dØ�nissant donc à
l’aide d’une mesure de probabilitØ sur un ensemble matriciel donnØ. Des classes de matrices
alØatoires trŁs ØtudiØes sont celles des ensembles invariants, qui gØnØralisent les ensembles
GOE, GUE et GSE. Elles se dØ�nissent sur l’ensemble des matrices carrØes de taille n � n
rØelles symØtriques, complexes Hermitiennes ou quaternioniques auto-adjointes (auxquelles
on associe à nouveau le coe�cient � valant respectivement 1, 2 et 4) par une densitØ dØ�nie
sur cet ensemble de matrices de la forme d’une distribution de Boltzmann :

P (M)dM = Z�1 exp
 

�
�n
2
TrV (M)

!

dM;

oø dM =
Q
i�j dMi;j est la mesure de Lebesgue plate (dMi;i est la mesure de Lebesgue sur

R, et dMi;j pour i < j est la mesure de Lebesgue sur R, C ou H en fonction des ensembles
considØrØs), la fonction V : R 7! R est appelØe potentiel de l’ensemble invariant et s’applique
aux valeurs propres de la matrice dans l’expression ci-dessus, et Z est une constante de
normalisation. Ces distributions sont invariantes par conjugaison orthogonale, unitaire ou
symplectique, mais les entrØes de ces matrices ne sont pas indØpendantes, sauf dans le cas
gaussien (GOE, GUE et GSE). Dans ce contexte, une propriØtØ est dite universelle si elle
ne dØpend pas de V . Contrairement aux matrices de Wigner, la densitØ jointe des valeurs
propres des ensembles invariants est explicite, ce qui rend leur Øtude plus accessible. Cette
densitØ par rapport à la mesure de Lebesgue sur Rn est proportionelle à

(�1; : : : ; �n) 7! exp

0

@�
�n
2

nX

j=1
V (�j)

1

A
Y

1�i<j�n
j�i � �jj�: (1.1.1)

Pour V (x) = x2

2n , on retrouve en particulier la densitØ des valeurs propres des GOE, GUE et
GSE.

Cette densitØ peut se rØØcrire sous la forme d’un facteur de Boltzmann

e�
�n
2

Pn
j=1 V (�j)+�

P
1�i<j�n ln j�i��j j

, oø la di�Ørence entre deux particules apparaît comme un potentiel d’interaction, qui donne
un point de vue gaz de Coulomb ou log-gaz à cette distribution. Sous le point de vue
des gaz de particules, on pourrait mŒme envisager de gØnØraliser le type de gaz considØrØ
en remplaçant ln j�i � �jj par un potentiel d’interaction gØnØrique W (�i; �j). Ces gaz de
particules sont des objets d’Øtude à part entiŁre, en particulier l’analyse "statique" de leur
position d’Øquilibre. Ils sont souvent appelØs �-ensembles, et sont notamment documentØs
dans [For10]. Dans ce cadre, la densitØ (1.1.1) s’Øtudie pour tout paramŁtre � > 0, les cas
� = 1; 2; 4 Øtant donc rattachØs à un modŁle de matrices alØatoires. Le point de vue des
gaz de Coulomb fournit d’ailleurs des mØthodes d’analyse du spectre des modŁles matriciels
sous-jacents. Deux �-ensembles nous ont intØressØ particuliŁrement dans cette thŁse, les
�-Laguerre et les �-Jacobi, qui s’obtiennent à partir de (1.1.1) en prenant respectivement
V (x) = x

n �
�
m
n � 1 + 1

n �
2
�n

�
ln(x) avec m � n et V (x) = �

�
p
n � 1 + 1

n �
2
�n

�
ln(x) �

�
q
n � 1 + 1

n �
2
�n

�
ln(1 � x) avec p � n et q � n, voir [For10, p. 111]. Les ensembles
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de Laguerre orthogonal, unitaire et symplectique (respectivement LOE, LUE et LSE pour
� = 1; 2; 4) se retrouvent dans la loi jointe des valeurs propres des matrices de covariance
empirique XX� oø X est de taille n � m avec n � m, les Xi;j Øtant respectivement des
gaussiennes rØelles, complexes et quaternioniques i.i.d. De mŒme, si X et Y sont deux
matrices de tailles respectives n � p et n � q, les Xi;j et Yi;j Øtant des gaussiennes rØelles,
complexes ou quaternioniques i.i.d., alors la loi jointe des valeurs propres de la matrice
(XX� + Y Y �)�1=2XX�(XX� + Y Y �)�1=2 correspond respectivement à la distribution des
ensembles de Jacobi orthogonal (JOE, �=1), unitaire (JUE, � = 2) et symplectique (JSE,
� = 4).

La thØorie des matrices alØatoires contient de nombreux rØsultats macroscopiques comme
microscopiques sur le comportement des valeurs propres. On s’intØressera ici plutôt aux
comportements macroscopiques, et on donne ainsi la dØ�nition suivante.

DØ�nition 1.1.2. La mesure spectrale empirique d’une matrice (alØatoire) X de taille n�n
est une mesure de probabilitØs (alØatoire) dØ�nie par

�nX =
1
n

nX

i=1
��i(X);

oø �1(X); : : : ; �n(X) sont les valeurs propres de X.

Le thØorŁme de Wigner, dØmontrØ pour la premiŁre fois dans [Wig58] dans le cas du GOE
et considØrØ par certains comme le point de dØpart de la thØorie des matrices alØatoires, donne
le comportement asymptotique universel de la mesure spectrale empirique d’une matrice de
Wigner.

ThØorŁme 1.1.3 (Wigner [AGZ10],ThØorŁme 2.1.21). Soit X = (Xi;j)1�i;j�n une matrice
de Wigner telle que E[X2

1;2] = 1. Alors en convergence presque sßre :

�nX=pn �!n!1 �sc;

oø �sc est la distribution semi-circulaire dØ�nie par sa densitØ par rapport à la mesure de
Lebesgue sur R :

�(x) =
1

2�
p

4� x21[�2;2](x):

Dans la mŒme optique de propriØtØs macroscopiques du spectre, d’autres rØsultats de "loi
des grands nombres" sur les valeurs propres de matrices alØatoires furent dØmontrØs, dont le
cØlŁbre thØorŁme de Marcenko-Pastur [MP67] que nous dØtaillerons plus loin. De nombreuses
techniques furent dØveloppØes pour dØmontrer ce type de rØsultats, comme la combinatoire
avec la mØthode des moments, la transformØe de Cauchy-Stieltjes, les probabilitØs libres, les
polynômes orthogonaux, la thØorie du potentiel, et bien d’autres. Nombre de ces techniques
furent hØritØes ou inspirØes de la physique, comme l’analogie des gaz de Coulomb ou les
diagrammes de Feynman, et le lecteur pourra les retrouver par exemple dans [ABDF11,
AGZ10, Tao12, BS10, CD11, BIPZ93, BGJJ04].
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Figure 1.1 � DensitØ de la loi semi-circulaire.

La version convergence en norme L1 du ThØorŁme 1.1.3 se montre communØment par la
mØthode dite mØthode des moments, mØthode qui fut utilisØe par Wigner dans [Wig58]. Elle
permet de faire le lien entre les moments de �nX=pn, que l’on peut aussi voir comme les traces
normalisØes des puissances de la matrice X. En montrant que ces moments s’expriment
asymptotiquement en fonction des nombres de Catalan, on dØmontre la convergence des
moments de �nX=pn vers les moments de la measure semi-circulaire.

Une mØthode alternative est d’Øtudier la mesure spectrale empirique de X par sa trans-
formØe de Cauchy-Stieltjes, qui se dØ�nit pour toute mesure de probabilitØ sur l’axe rØel �
par

G� : z 2 C+ 7!
Z

R

d�(x)
z � x

2 C�;

oø C� = fz 2 C : � Im(z) > 0g. Pour une matrice X de taille n� n, on Øcrira GX = G�nX .
Pour une mesure � à support compact, on rØalise rapidement par un dØveloppement en
sØrie entiŁre pour z su�samment loin de l’axe rØel que G� contient l’information de tous les
moments de �. On a en fait le rØsultat suivant qui montre que la transformØe de Cauchy-
Stieltjes d’une mesure de probabilitØ la caractØrise entiŁrement, et qui montre Øgalement
comment la retrouver à partir de G�.

ThØorŁme 1.1.4 ([MS17]). (1) Soit � une mesure de probabilitØ sur R. Alors,

1. G� est analytique sur C+,

2. on a
lim
y!1

iyG�(iy) = 1:
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(2) Toute mesure de probabilitØ sur R peut Œtre retrouvØe à partir de sa tranformØe de
Cauchy-Stieltjes G� via la formule d’inversion de Stieltjes : pour tout a; b 2 R, a < b,

�lim
"#0

1
�

Z b

a
Im(G�(x+ i"))dx = �((a; b)) +

1
2
�(fa; bg):

La transformØe de Cauchy-Stieltjes G� caracterise donc la measure �.
(3)Soit G : C+ 7! C� une fonction analytique telle que

lim sup
y!1

yjG(iy)j = 1:

Alors il existe une unique mesure de probabilitØ � sur R telle que G = G�.

Dans le cadre du ThØorŁme 1.1.3, en utilisant le fait que GX(z) = 1
nETr 1

zIn�X
, on peut

montrer que quand n tend vers l’in�ni, les valeurs d’adhØrence de GX vØri�ent une Øquation
dont la seule solution correspondant à la transformØe de Cauchy-Stieltjes d’une mesure de
probabilitØ est celle de la mesure semi-circulaire.

Le dernier outil que nous allons introduire ici, et qui constitue le �l directeur de cette
thŁse est la thØorie des probabilitØs libres dØveloppØe par Voiculescu dans les annØes 1990.
Cette thØorie donne des rŁgles de calcul pour les opØrateurs nons commutatifs fondØes sur la
notion de libertØ.

DØ�nition 1.1.5 ([Voi85]).

� Un espace de probabilitØ non commutatif est un couple (A; ’) oø A est une C-algŁbre
associative et ’ : A 7! C est une forme linØaire telle que ’(1A) = 1.

� Soit (A; ’) un espace de probabilitØ non commutatif. Une famille fAigi2I de sous-
algŁbres de A est dite libre si pour tout n 2 N�, pour tous i1; : : : ; in 2 I tels que
ik 6= ik+1 pour tout k 2 f1; : : : ; n� 1g et pour tout (a1; : : : ; an) 2 Ai1 � � � � �Ain , on a

’(a1) = � � � = ’(an) = 0 =) ’(a1 : : : an) = 0:

Des familles de variables non commutatives sont dites libres si les sous-algŁbres qu’elles
engendrent sont libres.

Par exemple, l’algŁbre A =
T
p�1 Lp(
;Mn(C)) des matrices alØatoires de taille n�n dont

les coe�cients ont des moments de tout ordre, munie de ’(a) = 1
nE[Tr(a)] est un espace de

probabilitØ non commutatif. Quelques annØes plus tard, Voiculescu [Voi91] comprit que
les matrices alØatoires invariantes par rotation satisfont un critŁre de libertØ asymptotique
(dans la limite en dimension in�nie), ce qui eut de nombreuses consØquences dans l’Øtude
des matrices alØatoires. Intuitivement, deux matrices sont asymptotiquement libres lorsque
la base de vecteurs propres de l’une est une rotation alØatoire de celle de l’autre.

ThØorŁme 1.1.6. [Voi98] Soient An et Bn deux matrices de taille n dont les moments des
mesures spectrales empiriques convergent quand n! +1. Soit (Un)n une suite de matrices
unitaires de taille n. Alors UnAnU�n et Bn sont asymptotiquement libres pour n! +1.
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On peut retrouver ce rØsultat sous di�Ørentes formes dont [NS06, TheorŁme 23.14].
Deux notions fondamentales de la thØorie des probabilitØs libres sont la convolution libre

additive et la convolution libre multiplicative. Avant de les dØ�nir, donnons tout d’abord
la dØ�nition de trois fonctionnelles de mesures de probabilitØs, la fonction gØnØratrice des
moments, la R-transformØe et la S-transformØe.

DØ�nition 1.1.7. Soit � une mesure de probabilitØs dØ�nie sur R.

1. La fonction gØnØratrice des moments de � se dØ�nit comme

M�(z) = zG�(z)� 1;

2. la R-transformØe de � se dØ�nit dans un voisinage de 0 comme

R�(z) = G�1
� (z)�

1
z
;

3. pour � mesure de probabilitØs dØ�nie sur R+ di�Ørente de �0, la S-transformØe de � se
dØ�nit sur un voisinage de 0 comme

S�(z) =
1 + z

zM�1
� (z)

:

Comme la transformØe de Cauchy-Stieltjes, ces fonctionnelles caractØrisent la mesure �.
On a alors le rØsultat/dØ�nition suivant :

ThØorŁme 1.1.8 ([Voi86, BV92]). Soient (An)n et (Bn)n deux suites de matrices de taille
n � n asymptotiquement libres dont les suites de mesures spectrales empiriques (�nAn)n et
(�nBn)n convergent presque sßrement quand n tend vers l’in�ni vers les mesures dØterministes
respectives �A et �B. Alors

�nAn+Bn �!n!1 �A � �B;

oø �A � �B se caractØrise par la relation

R�A��B = R�A +R�B :

On appelle �A � �B la convolution libre additive entre �A et �B. Si de plus �A et �B sont
des mesures de probabilitØ sur R+ di�Ørentes de �0, on a

�nAnBn �!n!1 �A � �B;

oø �A � �B se caractØrise par la relation

S�A��B = S�AS�B :

On appelle �A � �B la convolution libre multiplicative entre �A et �B.

17



Ce rØsultat donne un aperçu de la puissance des probabilitØs libres dans l’analyse du
spectre asymptotique de polynômes de matrices alØatoires quand une relation de libertØ
asymptotique existe entre les di�Ørentes matrices en jeu.

Les prØcØdents rØsultats et outils dØcrivent le spectre de grandes matrices carrØes. Dans
cette thŁse nous nous sommes intØressØs au cas des matrices de variance covariance et aux
matrices de Wishart, ce qui nous mŁne naturellement à nous interroger sur l’importance de
ces matrices dans la thØorie ainsi que dans des applications plus spØci�ques, et sur l’existence
de rØsultats analogues pour les matrices rectangulaires.

1.2 Matrices de Wishart et de Jacobi

À l’Łre des "Big Data", de grandes quantitØs de donnØes sont enregistrØes quotidiennement
dans de nombreux domaines de recherche et d’application tels que la physique, l’analyse
d’images, la gØnomie, l’ØpidØmiologie, l’ingØnieurie, l’Øconomie et la �nance. De nouvelles
mØthodes d’analyse de donnØes furent nØcessaires pour les analyser, en particulier quand ces
donnØes vivent dans des espaces de grande dimension, cas qui nous intØressera ici. Il est trŁs
naturel de rechercher les causes communes à l’origine des dynamiques de ces donnØes. L’objet
le plus simple quanti�ant la variation d’une donnØe par rapport à une autre est la matrice
de covariance. Ses valeurs propres et vecteurs propres peuvent Œtre utilisØs pour caractØriser
les combinaisons de donnØes les plus importantes et dØterminantes dans l’explication des
variations de leurs variables alØatoires sous-jacentes. C’est ce que l’on appelle l’analyse en
composantes principales (ACP, ou PCA en anglais), et des livres entiers furent dØdiØs à ce
sujet (voir par exemple [Jol86]).

Une autre mØthode statistique trŁs rØpandue est l’analyse canonique des corrØlations
(ACC ou CCA en anglais). Contrairement à l’ACP dont le but est de trouver une projection
des donnØes qui contient le maximum de variance, l’ACC opŁre sur deux jeux de donnØes et
a pour but de trouver des projections de ces deux jeux de donnØes qui sont le plus corrØlØes
entre elles.

Il est bien compris aujourd’hui dans le domaine de l’analyse statistique multivariØe que la
majoritØ des techniques standards telles que l’ACP, l’ACC, l’analyse de variance multivariØe
(MANOVA en anglais) ou l’analyse discriminante linØaire reposent sur l’analyse du spectre
de matrices de covariance (voir par exemple [MMS76, Joh01, Joh01]). Là oø l’ACP est liØe
à l’analyse des matrices de Wishart, voir [Joh01], l’ACC est intimement liØe à l’analyse des
matrices de Jacobi, voir [Joh08].

1.2.1 Matrices de covariance empiriques et matrices de Wishart
Alors que les matrices de Wigner ont un grand nombre d’applications notamment en physique
thØorique, c’est dans le contexte des statistiques puis des tØlØcomunications qu’un intØrŒt se
dØveloppa pour l’Øtude des matrices de covariance empiriques.

Comme dit prØcØdemment, le travail fondateur en thØorie des matrices alØatoires de
Wishart s’attelait à comprendre la corrØlation entre les di�Ørentes caractØristiques d’un jeu
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de donnØes multivariØes : donnons-nous un jeu de m vecteurs de donnØes de Cn i.i.d. :
8
>>>>>><

>>>>>>:

Y 1 = (Y 1
1 ; : : : ; Y

1
n )

Y 2 = (Y 2
1 ; : : : ; Y

2
n )

...
Y m = (Y m

1 ; : : : ; Y m
n );

et dØ�nissons la matrice de taille n�m : Y = (Y 1; : : : ; Y m). La matrice de covariance C de
Y 1 se dØ�nit par Ci;j = E[Y 1

i Y 1
j ].

Estimer la matrice C à partir de donnØes trouve son importance dans de nombreux
contextes. Par exemple, dans le cas de la rØgression linØaire multivariØe, oø l’on cherche à
expliquer le vecteur Y 1 à partir d’une entrØe X de taille n� p en utilisant le modŁle linØaire

Y 1 = X� + ";

oø � reprØsente le coe�cient de rØgression à p facteurs et " reprØsente le rØsidu. En supposant
E["jX] = 0 et E[""�jX] = C, l’estimateur des moindres carrØs de � s’Øcrit

�̂ = (X�CX)�1X�C�1Y 1:

Obtenir un bon estimateur de C est donc un prØalable à l’utilisation de l’estimateur des
moindres carrØs.

De mŒme, trouver un bon estimateur de C est primordial dans l’utilisation de la mØthode
des moindres carrØs gØnØralisØe, ou encore en classi�cation, pour classi�er des donnØes entre
plusieurs classes dØ�nies par des Gaussiennes, en utilisant la mØthode d’analyse discriminante
linØaire (ADL ou LDA en anglais, voir par exemple [HTF09]).

Classiquement, l’estimateur de la matrice de covariance utilisØe est la matrice de (vari-
ance) covariance empirique, connue aussi sous le nom d’estimateur de Pearson, dØ�nie par

Ĉ =
1
m
Y Y �:

En e�et on a alors
Ĉi;j =

1
m

mX

k=1
Y k
i Y

k
j ;

qui, à n �xØ, converge presque sßrement par la loi forte des grands nombres vers Ci;j quand
m tend vers l’in�ni. Cependant, quand n est grand et n’est plus nØgligeable devant la taille
m de l’Øchantillon de donnØes, l’estimation des ØlØments ou des valeurs propres de C devient
problØmatique. C’est par exemple le cas en gØnomique, oø l’on peut avoir la donnØe de
milliers de gŁnes pour un patient, avec une population de quelques centaines de patients.
Dans ce rØgime oø n et m deviennent trŁs grand avec n

m �!
m!+1

� > 0, la matrice de variance
covariance empirique dØ�nie ci-dessus a un comportement trŁs di�Ørent de la matrice de
covariance thØorique C que l’on cherche à estimer. Ce rØgime est appelØ le "rØgime de
Kolmogorov".
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Comme pour les matrices de Wigner, des rØsultats d’universalitØ furent prouvØs pour les
matrices de covariance empiriques, et une importance particuliŁre est donnØe au cas oø les Y i

sont des vecteurs gaussiens, dans lequel des calculs explicites sont possibles, et qui donne une
intuition du comportement des matrices de covariance empiriques dans des con�gurations
plus gØnØrales. On appelle ainsi matrice de Wishart la matrice de covariance empirique
dØ�nie positive Ĉ dans le cas oø les Y i sont des vecteurs gaussiens. Dire que Ĉ est une
matrice de Wishart est Øquivalent à dire que Ĉ =

p
CZZ�

p
C oø Z est une matrice de taille

n�m dont les entrØes sont i.i.d. et suivent une loi normale centrØe rØduite et C est de taille
n�n (voir par exemple [BBP17]). Dans le papier considØrØ par beaucoup comme le point de
dØpart de la thØorie des matrices alØatoires [Wis28], John Wishart donne la densitØ explicite
de Ĉ sachant C, qui s’Øcrit :

mnm=2

2nm=2�n(m=2)
det(Ĉ)

m�n�1
2

det(C)m=2
e
m
2 Tr(C

�1Ĉ);

oø �n est la fonction Gamma multivariØe de paramŁtre n. On dit que Ĉ suit la loi de Wishart
Wn(C=m;m). La loi des valeurs propres est Øgalement connue pour C = In et a une densitØ
par rapport à la mesure de Lebesgue sur Rn proportionelle à :

(�1; : : : ; �n) 7!
nY

i=1
(�i)

n�m�1
2 e��

i Y

i<j
j�i � �jj:

Le premier rØsultat de description de la limite en grande dimension de la mesure spectrale
empirique de Ĉ fut prouvØ par Marcenko et Pastur en 1967 dans l’article [MP67]. La formule
de la mesure limite montre que les valeurs propres de Ĉ deviennent bruitØes en grande dimen-
sion, quand � > 0, ce que l’on appelle en machine learning la malØdiction de la dimension.
Quand C = In, alors que l’on s’attend à trouver les valeurs propres de Ĉ proches de 1, la
mesure empirique des valeurs propres suit la loi de Marcenko-Pastur de paramŁtre �, et ces
valeurs propres sont de plus en plus bruitØes quand � grandit, comme on peut le voir Figure
1.2.

ThØorŁme 1.2.1 (Marcenko-Pastur [MP67]). Soit M une matrice alØatoire de taille n�m
avec (Mi;j)1�i�n;1�j�m des variables alØatoires i.i.d. à valeurs rØelles, complexes ou quater-
nioniques. Supposons m = mn avec

lim
n!1

n
mn

= � � 0:

Alors, presque sßrement,

�n1
mMM� �!n!1

 

1�
1

max(�; 1)

!

�0 + �MP�;1 ;

oø �MP�;� est la loi de Marcenko-Pastur de paramŁtre de forme � et de paramŁtre d’Øchelle
�, et de densitØ par rapport à la mesure de Lebesgue sur R

MP : x 7!

q
(a+ � x)(x� a�)

2��x�2 1[a�;a+] oø a� = �2(1�
p
�)2:
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Figure 1.2 � DensitØ de la loi de Marcenko-Pastur.

Dans leur rØsultat, Marcenko et Pastur obtinrent en fait une Øquation pour la transformØe
de Cauchy-Stieltjes de Ĉ dØpendant de celle de C. Par exemple, dans un modŁle oø les
donnØes Y peuvent s’Øcrire Y =

p
CX avec X une matrice de taille n � m à entrØes non

corrØlØes vØri�ant E[Xi;j] = 0, E[X2
i;j] = 1

m et E[X4
i;j] < +1, on a Ĉ =

p
CXX�

p
C et

l’Øquation quand n tend vers l’in�ni avec n=m �!
n!1

� :

zGĈ(z) =
z

1� �+ �zGĈ(z)
GC

 
z

1� �+ �zGĈ(z)

!

:

Ce rØsultat permit de nombreuses avancØes en statistiques en grande dimension, et peut se
dØmontrer de plusieurs façons, par exemple à l’aide des probabilitØs libres et de la convolution
libre multiplicative introduite prØcØdemment.

1.2.2 Matrices de Wishart, ensembles de Jacobi et statistiques
Plusieurs mØthodes de statistiques multivariØes sont liØes, commme cas particulier ou cas
limite, à l’Øtude du problŁme Wishart double, c’est à dire à l’Øtude de la matrice A(A+B)�1

oø A et B sont des matrices de Wishart, et ce lien est dØtaillØ dans [Joh08]. La loi jointe
des valeurs propres de A(A + B)�1 est donnØe par la distribution des ensembles de Jacobi
orthogonaux.

Dans le cas de l’ACC, supposons que nous avons m observations de p + q variables avec
p � q. Les p premiŁres variables sont regroupØes dans la matrice de donnØes de taille m� p
: X = (x1; : : : ; xp) et les q derniŁres dans la matrice de taille m � q: Y = (y1; : : : ; yq).
La version centrØe de l’ACC cherche les combinaisons linØaires a�x et b�y qui sont le plus
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corrØlØes, i.e. qui maximisent

r = Corr(a�x; b�x) =
a�X�Y bp

a�X�Xa
p
b�Y �Y b

:

On obtient de cette dØmarche une corrØlation r1 et deux vecteurs a1 et b1. On peut rØitØrer
cette opØration en se restreignant à chaque pas aux vecteurs orthogonaux à ceux dØjà trouvØs
:

rk = maxfa�X�Y b : a�X�Xa = b�Y �Y b = 1; a�X�Xaj = b�Y �Y bj = 0 81 � j < kg:

Les corrØlations successives sont les racines de l’Øquation

det(X�Y (Y �Y )�1Y �X � r2X�X);

voir [KBM79, p. 284]. En notant A = X�(I � Y (Y �Y )�1Y �)X et B = X�Y (Y �Y )�1Y �X,
cette Øquation se rØØcrit det(B � r2(A + B)) = 0. En supposant que les donnØes sont des
gaussiennes centrØes de matrice de covariance

� =
 
Ip �XY

�Y X Iq

!

;

on a sous l’hypothŁse nulle H0 : �XY = 0 que les matrices A et B sont indØpendantes et
suivent les distributions de Wishart A � Wp(I;m� q) et B � Wq(I;m� p).

Ces matrices apparaissent Øgalement dans le problŁme de l’ØgalitØ entre des matrices de
covariance. Supposons que nous avons deux jeux de donnØes indØpendants provenant de
deux distributions normales de matrices de covariance respectives C1 et C2 de taille p � p.
On a vu prØcØdemment que leurs estimateurs Ĉ1 et Ĉ2 suivent des distribution de Wishart.
Alors le test de l’hypothŁse nulle H0 : C1 = C2 repose sur la plus grande valeur propre de
(C1 + C2)�1C2 (voir [Mui09]).

Les matrices de cette forme apparaissent Øgalement dans l’analyse discriminante linØaire
multiple, le modŁle de rØgression linØaire multivariØ, et dans l’Øtude des angles et distances en-
tre des sous-espaces vectoriels alØatoires, ces liens Øtant Øgalement documentØs dans [Joh08].
Les ensembles de Jacobi sont donc d’un grand intØrŒt dans l’analyse statistique multivariØe.

Les probabilitØs libres rectangulaires

Cette section montre l’importance, en statistiques notamment, de l’analyse spectrale des
matrices rectangulaires. Soit X une matrice à coe�cients rØels ou complexes de taille n�m.
On appelle valeurs singuliŁres de X les valeurs propres de la matrice

p
XX�. De mŒme,

on appelle mesure singuliŁre empirique de X la mesure spectrale empirique de
p
XX�. Une

thØorie des probabilitØs libres rectangulaire, dØveloppØe par Florent Benaych-Georges [BG09]
permet de dØcrire, comme en probabilitØs libres "classiques", le comportement asymptotique
de la mesure singuliŁre empirique de la somme de deux matrices rectangulaires libres quand
le rapport des dimensions n=m tend, quand n tend vers l’in�ni, vers un coe�cient � � 0.
C’est l’Øquivalent de la convolution libre additive dans ce contexte, appelØe convolution libre
rectangulaire de ratio �. Elle est dØ�nie dans les rØsultats suivants issus de [BG09].
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ThØorŁme 1.2.2 (Convolution libre rectangulaire additive de ratio � pour les matrices
alØatoires). Pour tous n;m 2 N�, soient Mn;m et Nn;m deux matrices alØatoires à coe�cients
rØels (complexes) indØpendantes de taille n�m telles que

� la distribution de Mn;m est invariante sous l’action du groupe orthogonal (unitaire) de
chaque côtØ,

� les suites de mesures empiriques (�
p
Mn;mM�n;m)n;m et (�

p
Nn;mN�n;m)n;m convergent re-

spectivement en probabilitØ, quand n et m tendent vers l’in�ni avec n=m tendant vers
� 2 (0; 1], vers les mesures de probabilitØ dØterministes �M1 et �N1.

Alors, au sens de la convergence faible en probabilitØ,

sym
�
�
p

(Mn;m+Nn;m)(Mn;m+Nn;m)�
�
�!

n;m!1
n=m!�

sym(�M1) �� sym(�N1);

oø l’opØration sym est dØ�nie Chapitre 4.

Cette opØration peut de maniŁre Øquivalente Œtre dØ�nie pour des variables libres d’un
espace de probabilitØ non commutatif rectangulaire.

Soit � une mesure de probabilitØ symØtrique sur R. Sa transformØe de Cauchy rectangu-
laire de ratio � se dØ�nit comme

H� : z 2 Cn[0;+1) 7! z(�M�2(z) + 1)(M�2(z) + 1);

oø
M�2 : z 2 Cn[0;+1) 7!

Z

R

zv2

1� zv2d�(v) =
1
p
z
G�

 
1
p
z

!

� 1:

La R-transformØe rectangulaire de ratio � de � est dØ�nie sur un voisinage de zØro par

C�(z) = U
 

z
H�1
� (z)

� 1
!

;

oø sur un voisinage de zØro

U(z) =

8
><

>:

��� 1 + [(�+ 1)2 + 4�z]1=2

2�
if � 6= 0

z if � = 0:

On a alors comme en ThØorie des ProbabilitØs Libres classique le rØsultat suivant.

ThØorŁme 1.2.3 ([BG09]). La R-transformØe rectangulaire de ratio � linØarise la convolution
libre rectangulaire de ratio � : pour � et � des mesures de probabilitØs symØtriques sur l’axe
rØel, et pour z dans un voisinage de zØro,

C����(z) = C�(z) + C�(z);

et ��� � est l’unique mesure de probabilitØ symØtrique vØri�ant cette relation.

ThØorŁme 1.2.4 (InjectivitØ de la R-transformØe rectangulaire, [BG09]). Si les R-transformØes
rectangulaires de ratio � de deux mesures de probabilitØ symØtriques coïncident sur un voisi-
nage de 0 dans (�1; 0], alors les deux mesures sont identiques.
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1.3 Processus matriciels et gaz de particules

Nous cherchons ici, avant de prØsenter les rØsultats dØveloppØs pendant cette thŁse, à montrer
di�Ørentes motivations de l’introduction de processus matriciels.

Dans [Dys62], Dyson a pour objectif de gØnØraliser le principe de matrices alØatoires de
façon à donner aux modŁles de gaz de Coulomb un "sens", par delà celui de l’Øtude d’un modŁle
statique d’Øquilibre thermodynamique : un modŁle qui pourrait ne pas Œtre à l’Øquilibre, et
qui Øvoluerait avec le temps comme un systŁme dynamique. Il propose donc d’Øtudier des
processus stochastiques à valeur matricielle. En e�et, le calcul d’Itô permet, pour certains
processus matriciels, de montrer que les processus des valeurs propres du processus matriciel
suivent un systŁme Øquations di�Ørentielles stochastiques (EDS), et il en est parfois de mŒme
pour les vecteurs propres. Plus prØcisØment, on a le rØsultat suivant.

ThØorŁme 1.3.1 ([AGZ10]). Soient ((Bj;k
t )t; ( ~Bj;k

t )t; 1 � j � k � n) une collection de mou-
vements Browniens rØels indØpendants. DØ�nissons le processus matriciel (Ht)t symØtrique
pour � = 1, hermitien pour � = 2 dont les coe�cients sont pour tout t � 0, j � k :

Hj;k
t =

8
>>>><

>>>>:

1p
�n

(Bj;k
t + i(� � 1) ~Bj;k

t ) if j<k,
s

2
�n

Bj;j
t if j=k :

Supposons que les valeurs propres de la matrice symØtrique (hermitienne) M0 appartiennent
à la fermeture �� du simplexe � = f(xi)1�i�n 2 Rn : x1 < x2 < � � � < xng. Supposons de plus
que pour tout t � 0 les valeurs propres (�1

t ; : : : ; �nt ) de Mt = M0 +Ht appartiennent presque
sßrement à ��.

Alors les processus (�1
t ; : : : ; �nt )t sont des semi-martingales satisfaisant le systŁme d’Øquations

di�Ørentielles stochastiques

d�it =
p

2p
�n

dBi
t +

1
n
X

j 6=i

1
�i � �j

dt pour tout i 2 f1; : : : ; ng;

oø les (Bi
t)t sont des mouvements Browniens rØels indØpendants.

Le systŁme de particules dØ�ni dans le ThØorŁme 1.3.1 est appelØ le mouvement Brown-
ien de Dyson. La dØmarche de rechercher une di�usion de particules soumises à un potentiel
donnØ peut Œtre gØnØralisØe par le fait bien connu que pour toute fonction V : Rn 7! R satis-
faisant les bonnes propriØtØs de rØgularitØ et de croissance, l’Øquation di�Ørentielle stochas-
tique gradient

dxit = dBi
t �riV (x1

t ; : : : ; x
n
t )dt pour tout i 2 f1; : : : ; ng; (1.3.1)

oø (x1
t ; : : : ; xnt )t est un vecteur de procesus stochastiques de taille n et les (Bi

t)t sont des
mouvements Browniens indØpendants sur R, a une mesure stationnaire de densitØ par rapport
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à la mesure de Lebesgue sur Rn proportionnelle à (x1; : : : ; xn) 2 Rn 7! e�2V (x1;:::;xn). On
peut donc fabriquer des systŁmes de particules dynamiques sous certaines hypothŁses sur V
(voir par exemple le mouvement Brownien de Dyson gØnØralisØ [LLX14, ThØorŁme 1.1], pour
que l’EDS (1.3.1) admette une unique solution forte) à partir de leur mesure stationnaire.
Sous certaines hypothŁses sur V , la loi jointe des n particules convergera vers cette mesure
stationnaire en temps long. Les dynamiques des systŁmes de particules de mesure stationnaire
proportionnelle à (1.1.1) peuvent ainsi s’Øtudier dans le cas gØnØral � > 0 dans le cadre des
systŁmes d’Øquations di�Ørentielles stochastiques, et il existe plusieurs rØsultats rattachant
ces dynamiques pour � > 0 à des modŁles matriciels, notamment tridiagonaux (voir par
exemple [AGZ10, Section 4.5]).

En physique statistique comme en matrices alØatoires, on s’intØresse aux limites en grandes
dimension. La question de la commutativitØ des limites pour les systŁmes de particules
dynamiques en grande dimension et en temps long se pose naturellement, et est adressØe
pour les ensembles �-Laguerre dans le Chapitre 4.

Outre l’Øtude dynamique de gaz de Coulomb, le calcul stochastique est Øgalement utilisØ
comme outil d’analyse des grandes matrices alØatoires. Par exemple, dans le cas du mouve-
ment Brownien de Dyson (ThØorŁme 1.3.1) avec � = 1, si l’on note pour tout t � 0 la mesure
empirique �t = 1

n
Pn
i=1 ��it et que l’on suppose que la mesure spectrale empirique �nM0

de M0
converge presque sßrement vers une mesure de probabilitØ �1M0

quand n tend vers l’in�ni,
le calcul d’Itô montre que la transformØe de Cauchy-Stieltjes (z; t) 7! G(z; t) de �t vØri�e
asymptotiquement (pour n ! +1) une Øquation aux dØrivØes partielles complexe dite de
Burgers s’Øcrivant

@G
@t

(z; t) = �G(z; t)
@G
@z

(z; t); G(z; 0) = G�1M0
(z);

qui se rØsoud par la mØthode des caractØristiques et permet de dØcrire le comportement de
�t en grande dimension pour tout t � 0.

RØcemment, le calcul stochastique matriciel fut utilisØ par le groupe de chercheurs LÆszló
Erdfis, Benjamin Schlein et Horng-Tzer Yau (voir par exemple [ESY09, EPR+10, EY17])
pour dØmontrer que la convergence de la mesure spectrale empirique des matrices de Wigner
vers la loi du semi-cercle a aussi lieu localement, plus prØcisØment à peu de choses prŁs à
n’importe quelle Øchelle supØrieure à la distance typique entre les valeurs propres normalisØes,
qui est de l’ordre de grandeur n�1. Ils parlent donc d’universalitØ locale. La stratØgie de la
preuve est notamment introduite dans le livre [EY17].

Historiquement, une autre motivation pour l’introduction du calcul stochastique dans le
monde des matrices alØatoires est l’Øtude de la stabilitØ de la distributions des valeurs propres
de modŁles matriciels par l’introduction d’un bruit, par exemple gaussien. Les distributions
qui rØsultent d’une telle perturbation sont compliquØes et c’est notamment ce qui conduit
Marie-France Bru dans son article [Bru89] à Øtudier un modŁle oø le bruit ajoutØ est dy-
namique : une matrice dont les entrØes sont des mouvement Browniens indØpendants. La
dØmarche mathØmatique est en fait la mŒme qu’au ThØorŁme 1.3.1. Ces matrices ont ØtØ le
point de dØpart de cette thŁse.

25



Les systŁmes d’Øquations di�Ørentielles stochastiques Øtant dØjà un sujet d’investigation
du domaine de recherche du calcul stochastique, les prØoccupations liØes aux gaz de Coulomb
et aux matrices alØatoires sont apparues en plusieurs occasions dans cette littØrature, par
exemple avec l’Øtude des processus de Dunkl (voir par exemple [Chy06, Dem09b, GY+06]).
Des outils dØveloppØs dans le contexte des processus stochastiques tels que les Øquations
di�Ørentielles multivoques introduites et ØtudiØes par Emmanuel CØpa ([CØp94, CØp95]) sont
notamment utiles pour Øtendre les rØsultats d’existence forte et d’unicitØ de solutions à des
systŁmes de particules hØritØs des �-ensembles, en particulier dans ce travail de thŁse.

1.3.1 SystŁmes de particules en interaction
Une des contributions de cette thŁse fut d’Øtendre les rØsultats d’existence et d’unicitØ de
solutions fortes à des systŁmes d’Øquations di�Ørentielles stochastiques issus de problŁmes de
matrices alØatoires et de �-ensembles : le processus de �-Wishart et le processus de �-Jacobi,
liØs respectivement aux ensembles de �-Laguerre et aux ensembles de �-Jacobi.

Processus de �-Wishart

Ces rØsultats sont issus d’un travail en collaboration avec mon directeur de thŁse Benjamin
Jourdain.

Soient � � 0; 
 2 R, � > 0; n � 1, et B = (B1
t ; : : : ; Bn

t )t un mouvement Brownien
en dimension n. Le processus de �-Wishart (que l’on trouve parfois sous le nom de �-
Laguerre dans la littØrature) est solution du systŁme d’Øquations di�Ørentielles stochastiques
suivant, dØcrivant des particules positives, Øvoluant comme des processus de Cox-Ingersoll-
Ross [CIR85], et se repoussant selon une interaction coulombienne.

d�it = 2
q
�itdBi

t +

0

@�� 2
�it + �
X

j 6=i

�it + �jt
�it � �

j
t

1

A dt pour tout i 2 f1; : : : ; ng (1.3.2)

0 � �1
t < � � � < �nt ; p.s. dt� presque partout:

Ce processus est apparu dans les travaux de Marie-France Bru [Bru89] dont la motivation
premiŁre, comme expliquØ plus tôt, Øtait l’analyse de la stabilitØ de l’algorithme d’analyse
en composantes principales par une perturbation gaussienne en ajoutant une matrice de
mouvements Browniens indØpendants à une matrice de donnØes. Dans [Bru91], elle constate
que cette di�usion matricielle constitue une extension matricielle naturelle des carrØs de
Bessel.

En e�et, un carrØ de Bessel de dimension m � 1 satisfaisant l’Øquation di�Ørentielle
stochastique dxt = 2pxtdBt +mdt oø (Bt)t est un mouvement Brownien a pour gØnØrateur
m @

@x+2x @2

@x . Bru constate qu’en considØrant une matrice (Mt)tde taillem�n avec n � m dont
les entrØes mouvements Browniens indØpendants , alors le processus (M�

tMt)t est solution de
l’EDS suivante sur l’ensemble des matrices rØelles symØtriques :

dSt =
q
StdNt + dN�t

q
St +mIndt; (1.3.3)
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oø (Nt)t est une matrice n � n de mouvements Browniens indØpendants. Le gØnØrateur de
S est alors Tr

�
m @

@x + 2x @2

@x

�
. En plus de la gØnØralisation du paramŁtre m � n entier à un

paramŁtre � � n rØel, Bru introduit le processus suivant : (Mt)t est un processus stochastique
prenant ses valeurs dans l’espace des matrices rØelles de taille m� n vØri�ant l’EDS

dMt = dWt � 
Mtdt; M0 = m0;

oø 
 � 0, (Wt)t est une matrice de taille m � n dont les entrØes sont des mouvements
Browniens indØpendants et m0 est une matrice rØelle dØterministe de taille m�n. Les entrØes
de M sont donc des processus d’Ornstein-Ulhenbeck indØpendants. Un analogue complexe
de ce modŁle a ØtØ ØtudiØ dans [KO01]. Bru dØmontre dans [Bru91] que le processus des
valeurs propres (�1

t ; : : : ; �nt )t de (M�
tMt)t est solution du systŁme d’EDS

d�it = 2
q
�itdBi

t +mdt� 2
m�itdt+
X

j 6=i

�it + �jt
�it � �

j
t
dt pour tout i 2 f1; : : : ng

0 � �1
t < � � � < �nt p.s. dt-p.p.

Le systŁme (1.3.2) gØnØralise ce dernier par l’introduction d’une intensitØ � > 0 donnØe aux
termes d’interaction, et par le remplacement du paramŁtre entierm � n par un paramŁtre rØel
� � 0. Ce remplacement de m par � est l’analogue de la gØnØralisation de la dynamique de
la norme d’un mouvement Brownien rØel m-dimensionnel aux carrØs de Bessel de paramŁtre
� (voir [RY99, chapitre XI]).

On montre le rØsultat d’existence et d’unicitØ forte suivant (le cas � � 1 est dØjà traitØ
dans la littØrature dans [YCG08, Dem09b, GM13, GM14], voir Chapitre 2 pour plus de
dØtails).

ThØorŁme 1.3.2. Supposons � < 1; � � (n � 1)� > 0. ConsidØrons la condition initiale
�0 = (�1

0; : : : ; �n0 ) indØpendante du mouvement Brownien B, telle que 0 � �1
0 � � � � � �n0 p.s.

et �2
0 > 0 p.s.
Alors le systŁme d’EDS (1.3.2) a une unique solution forte sur l’intervalle

[0; lim
"!0

�");

oø, pour " > 0,
�" = infft � 0 : �1

t � " and �2
t � �

1
t � "g:

De plus,

(i) pour 
 2 R; si �� (n� 1)� � 1� � alors lim
"!0

�" =1 p.s.

(ii) pour 
 � 0; si �� (n� 1)� < 1� � alors lim
"!0

�" <1 p.s.

(iii) Il n’y a pas de collision multiple entre particules, i.e. pour tout 1 � i < j � n� 1;

P
�
9t 2 (0; lim

"!0
�") : �it = �i+1

t et �jt = �j+1
t

�
= 0:
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On montre Øgalement que pour � < 1, il y a collision entre particules voisines en temps
�ni presque sßrement.

Proposition 1.3.3. Soient � 2 (0; 1); � > 0 et considØrons la condition initiale �0 =
(�1

0; : : : ; �n0 ) indØpendante du mouvement Brownien B et telle que 0 � �1
0 � � � � � �n0 . Sup-

posons que 
 > 0 et que le systŁme (1.3.2) admette une solution dØ�nie sur R+, ou 
 � 0,
�� (n� 1)� � 1� � et �2

0 > 0 p.s. (de façon que, par le Theorem 1.3.2, il existe Øgalement
une solution dØ�nie sur R+ au systŁme (1.3.2)). Alors pour tout i 2 f2; : : : ; ng, le temps
d’arrŒt

T (i) = infft > 0 : �it = �i�1
t g

vØri�e
P
n
T (i) <1

o
= 1:

Le lien avec les ensembles de �-Laguerre se comprend par le rØsultat suivant.

Proposition 1.3.4. Supposons 
 > 0 et � � (n � 1)� > 0. L’unique mesure de probabilitØ
stationnaire du systŁme d’EDS (1.3.2) est �inv admettant pour densitØ par rapport à la mesure
de Lebesgue sur Rn :

d�inv(�1; : : : ; �n) =
1
Z
�

nY

i=1

0

@(�i)
��(n�1)�

2 �1e�
�
i Y

j 6=i
j�j � �ij�=2

1

A1f0��1������ngd�1 : : : d�n;

oø Z est une constante de normalisation. Plus prØcisØment, si une solution � = (�1
t ; : : : ; �nt )t

à (1.3.2) est telle que la distribution de �t ne dØpend pas de t, alors cette distribution est
�inv. RØciproquement, (1.3.2) admet une unique solution � de condition initiale �0 distribuØe
selon �inv et independante du mouvement Brownien B. De plus, pour tout t 2 R+, �t est
distribuØe selon �inv.

On montre de plus que si 
 > 0, si les coordonnØes de la condition initiale sont intØgrables,
i.e.

E
nX

i=1
�i0 < +1;

et si la solution � est globale, alors la distribution de (�1
t ; : : : ; �nt ) converge Øtroitement vers

�inv quand t ! +1. La distribution �inv donne une gØnØralisation de la distribution de
l’ensemble de �-Laguerre qui s’Øcrit

1
Z

nY

i=1

0

@(�i)
m��(n�1)�

2 �1e�
�
2 �

i Y

j 6=i
j�j � �ij�=2

1

A1f0��1������ng; m 2 fn; n+ 1; : : :g; � > 0;

en remplaçant m� par � dans l’exposant de �i et �
2 par 
 dans le terme exponentiel.

Une Øtape clØ dans la preuve de ces rØsultats est d’Øtudier le systŁme d’EDS obtenu en
calculant formellement d

q
�it en appliquant la formule d’Itô :

dxit = dBi
t +

0

@�� 1
2

1
xit
� 
xit +

�
2xit

X

j 6=i

(xit)2 + (xjt)2

(xit)2 � (xjt)2

1

A dt pour tout i 2 f1; : : : ; ng ;(1.3.4)
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0 � x1
t < � � � < xnt ; p.s., dt� p:p:;

qui peut s’Øcrire comme une di�usion gradient

dxit = dBi
t � @iV (x1

t ; : : : ; x
n
t )dt pour tout i 2 f1; : : : ; ng; (1.3.5)

de potentiel

V (x1; : : : ; xn) = �
nX

i=1

8
<

:
�� (n� 1)� � 1

2
ln jxij �

1
2

(xi)2 +

�
4
X

j 6=i

�
ln jxi � xjj+ ln jxi + xjj

�
9
=

; :

(1.3.6)

Processus de �-Jacobi

Soient p; q � 0; � > 0, n � 1, et B = (B1
t ; : : : ; Bn

t )t un mouvement Brownien n-dimensionnel.
Le processus de �-Jacobi dØcrit l’Øvolution de particules sur le segment [0; 1] se repoussant
par une force coulombienne, et est solution du systŁme d’EDS suivant :

d�it = 2
q
�it(1� �it)dBi

t + �

2

4p� (p+ q)�it +
X

j 6=i

�it(1� �
j
t) + �jt(1� �it)
�it � �

j
t

3

5 dt pour tout i 2 f1; : : : ; ng

(J(p,q))
0 � �1

t < � � � < �nt � 1; p.s. dt� presque partout:

Pour n = 1, le processus de Jacobi rØel fut dØjà ØtudiØ pour des modŁles de gØnØtique
(voir par exemple [EK09]) ou �nanciers (voir par exemple [DS02]). Plus gØnØralement, les
processus �-Jacobi apparaissent dans l’Øtude du processus de Jacobi matriciel introduit et
analysØ par Yan Doumerc dans [Dou05] : soient n;m; p trois entiers naturels non nuls, � un
mouvement Brownien orthogonal de dimension m �m (voir [LØv17] pour une construction
du mouvement Brownien orthogonal), et soit X la matrice constituØe des n premiŁres lignes
et des p premiŁres colonnes de �. Alors, si p � n + 1, q � n + 1 et p + q = m, le processus
J = XX�, est une di�usion et est solution de l’EDS

dJ =
p
JdN

q
In � J +

q
In � JdN�

p
J + (pI � (p+ q)J)dt; (1.3.7)

oø N est une matrice de taille n � n dont les entrØes sont des mouvements Browniens in-
dØpendants (voir [Dou05, Theorem 9.2.3]). Les valeurs propres de J vØri�ent alors le systŁme
d’EDS (J(p,q)) avec � = 1 (voir [Dou05, Theorem 9.3.1]). En prenant � un mouvement
Brownien unitaire plutôt qu’orthogonal, les valeurs propres de J vØri�ent le systŁme d’EDS
(J(p,q)) avec � = 2 (voir [Dem09a]). Le systŁme (J(p,q)) est donc une gØnØralisation à des
coe�cients gØnØraux p; q � 0 et � > 0 de ces systŁmes issus de processus matriciels.

On montre le rØsultat d’existence et d’unicitØ suivant (le cas � � 1 est dØjà traitØ dans la
littØrature dans [Dem09a, GM13, GM14], et on Øtend ici ces rØsultats, voir Chapitre 2 pour
plus de dØtails).
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ThØorŁme 1.3.5. Supposons � < 1 et p ^ q � n + 1 > 0. ConsidØrons la condition initiale
�0 = (�1

0; : : : ; �n0 ) indØpendante du mouvement Brownien B et telle que 0 � �1
0 � � � � � �n0 �

1 p.s. et �2
0(1� �n�1

0 ) > 0 p.s.
Alors le systŁme d’EDS (J(p,q)) admet une unique solution forte dØ�nie sur l’intervalle

de temps
[0; lim

"!0
�");

oø, pour tout " > 0,

�" = infft � 0 : �1
t � " et �2

t � �
1
t � "g ^ infft � 0 : �nt � 1� " et �nt � �

n�1
t � "g:

De plus,

(i) si q � n+ 1 �
1
�
� 1 alors lim

"!0
�" =1 p.s.

(ii) Il n’y a pas de collision multiple entre particules, i.e. pour tout 1 � i < j � n� 1;

P
�
9t 2 (0; lim

"!0
�") : �it = �i+1

t et �jt = �j+1
t

�
= 0:

Le rØsultat Øquivalent de la Proposition 1.3.3 pour les processus de �-Jacobi s’Ønonce de
la façon suivante, et est dØmontrØe dans [Dem09a].

Proposition 1.3.6. Supposons �(p^ q�n+ 1) > 0. L’unique mesure de probabilitØ station-
naire du systŁme d’EDS (J(p,q)) st �inv admettant pour densitØ par rapport à la mesure de
Lebesgue sur Rn :

d�inv(�1; : : : ; �n) =
1
Z
�

nY

i=1

0

@(�i)�
p�n+1

2 �1(1� �i)�
q�n+1

2 �1 Y

j 6=i
j�j � �ij�=2

1

A1f0��1������n�1gd�1 : : : d�n;

oø Z est une constante de normalisation.
Plus prØcisØment, si une solution � = (�1

t ; : : : ; �nt )t de (J(p,q)) est telle que la distribution
de �t ne dØpend pas de t, alors cette distribution est �inv. RØciproquement, (J(p,q)) admet une
unique solution � de condition initiale �0 distribuØe selon �inv et independente du mouvement
Brownien B. De plus, pour tout t 2 R+, �t est distribuØe selon �inv.

On reconnait ici en �inv la densitØ de l’ensemble de �-Jacobi. On montre de plus que si
la solution � est globale, alors la distribution de (�1

t ; : : : ; �nt ) converge Øtroitement vers �inv
quand t! +1.

Comme pour les �-Wishart, une Øtape clØ dans la preuve de ces rØsultats est d’Øtudier
le systŁme d’EDS obtenu en calculant formellement d arcsin

�q
�it
�
en appliquant la formule

d’Itô :

d�it = dBi
t +

8
<

:
�(p� q)

2
cot�it + (�(q � n+ 1)� 1)cot(2�it) +

�
2
X

j 6=i

h
cot(�it + �jt) + cot(�it � �

j
t)
i
9
=

; dt

(1.3.8)
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pour tout i 2 f1; : : : ; ng;

0 � �1
t < � � � < �nt �

�
2
; p.s. dt� p.p.;

qui peut s’Øcrire

d�it = dBi
t � @iV (�1

t ; : : : ; �
n
t )dt pour tout i 2 f1; : : : ; ng; (1.3.9)

avec

V (�1; : : : ; �n) =�
nX

i=1

8
<

:
�(p� q)

2
ln j sin�ij+

�(q � n+ 1)� 1
2

ln j sin(2�it)j

+
�
4
X

j 6=i

�
ln j sin(�i + �j)j+ ln j sin(�i � �j)j

�
9
=

;:

(1.3.10)

Liens avec d’autres points de vue sur les systŁmes de particules

Plus gØnØralement que le systŁme (1.3.1), les systŁmes de particules en interaction du type

dxit = bi(xit)dt+ �i(xit)dB
i
t � @iV (x1

t ; : : : ; x
n
t )dt; (1.3.11)

oø V : Rn 7! (�1;+1] ont ØtØ ØtudiØs par de nombreux auteurs. En ajoutant une moyen-
nisation 1

n devant V , elles apparaissent dans le livre de Henry P. McKean [McK69], et chez
Alain-Sol Sznitman dans le contexte de la propagation du chaos, qui relŁve de nombreuses
autres rØfØrences dans son cours [Szn91]. Dans le cas particulier �i(xi) = � > 0, bi(xi) = 0
et V (x1; : : : ; xn) = ��

2
Pn
i=1

P
j 6=i ln jxi � xjj + �

2
Pn
i=1(xi)2 avec � � �2

2 et � > 0, l’existence
et l’unicitØ d’une solution forte du systŁme (1.3.11) ont ØtØ prouvØ dans [RS93].

Les systŁmes du type (1.3.11) oø bi et �i sont des fonctions Lipschitz, oø V est une
fonction convexe semi-continue infØrieurement telle que D = fx 2 Rn : V (x) < +1g est un
ensemble convexe non vide et V est continuement di�Ørentiable sur D, et oø la condition
initiale (x1

0; : : : ; xn0 ) 2 �D ont ØtØ ØtudØ en profondeur par CØpa et LØpingle par exemple dans
[CL97] et [CL01] oø ils appliquent la thØorie des Øquations multivoques de CØpa dØveloppØe
dans [CØp94] et [CØp95]. Cette thØorie traite les problŁmes d’existence et d’unicitØ de solution
d’EDS multivoques associØes à une fonction convexe dØ�nie sur un domaine D de Rn. Dans
[LØ10], LØpingle applique cette thØorie à un mouvement Brownien contraint à rester dans une
chambre de Weyl en rebondissant ou en Øtant repoussØ par ses frontiŁres. Le comportement
du potentiel convexe aux frontiŁres de D impose le comportement du processus sur ces
mŒmes frontiŁres (s’il atteint ou non la frontiŁre en temps �ni, s’il est rØ�Øchi sur la frontiŁre,
etc.). Nos systŁmes d’EDS de �-Wishart et de �-Jacobi rØØcrites sous la forme de di�usion
gradient aprŁs changement de variables peuvent Œtre vues sous cet angle, et cette connexion
est exploitØe dans la dØmonstration des ThØorŁmes 1.3.2 et 1.3.5.

Les processus de �-Wishart et de �-Jacobi furent Øgalement abordØs par une autre veine
de la littØrature s’intØressant aux processus de Dunkl radiaux (voir [Chy06, Dem09b, GY+06]
pour une introduction dØtaillØe). On dØ�nit un systŁme de racines R par un ensemble �ni
Rnnf0g gØnØrant l’espace vectoriel Rn tel que
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� pour tout � 2 R, R \ R� = f�;��g,

� pour tout � 2 R, ��(R) = R,

oø �� est la re�ection par rapport à l’hyperplan orthogonal à �. Un systŁme simple � est
une base de Rn imposant un ordre total sur R de la maniŁre suivante : une racine � 2 R est
positive si elle s’Øcrit comme une combinaison linØaire à coe�cients positifs d’Ølements de �.
Un systŁme simple � Øtant �xØ, on peut alors dØ�nir l’ensemble des racines positives de R
que l’on note R+. Quand �i = 1 et V prend la forme

V : x 7! �
X

�2R+

k(�) ln(h�; xi); x 2 D;

oø D est la chambre de Weyl dØ�nie par

D = fx 2 Rn; h�; xi > 0 8� 2 R+g;

Demni dØmontre dans [Dem09b, Theorem 1] l’existence et l’unicitØ d’une solution forte à
(1.3.11) sur le domaine �D quand k(�) > 0 pour tout � 2 R+. Pour ce faire, il applique
la thØorie des Øquations multivoques dØveloppØe par CØpa ØvoquØe plus tôt. Ce systŁme
correspond à notre systŁme �-Wishart (1.3.2) pour un certain choix de R+ et des k. En
remplaçant la fonction convexe � 7! � ln(h�; �i) par � 7! � ln(sin(h�; �i)) dans V , et pour
un certain choix de R+ et des k, ce systŁme correspond Øgalement à notre systŁme �-Jacobi
(J(p,q)).

On retrouve aussi les processus de �-Wishart et �-Jacobi dans les travaux de Piotr Graczyk
et de Jacek Malecki ([GM13], [GM14]) qui s’intØressent à des systŁmes d’EDS de la forme

d�it = �i(�it)dB
i
t +

0

@bi(�it) +
X

j 6=i

Hi;j(�it; �
j
t)

�it � �
j
t

1

A dt; for all i 2 f1; : : : ; ng

�1
t � � � � � �nt ; t � 0:

oø les fonctions �i; bi et Hi;j sont continues, et oø Hi;j est positive et symØtrique au sens
oø Hi;j(x; y) = Hj;i(y; x) pour tout x; y 2 R. Les processus de �-Wishart et �-Jacobi sont
des cas particuliers de ces systŁmes de particules pour les bons choix de �i; bi et Hi;j. La
motivation premiŁre des auteurs est liØe à des prØoccupations matricielles ØvoquØes par Bru
dans [Bru91] : dØmontrer un thØorŁme de Yamada-Watanabe multidimensionnel. C’est ainsi
qu’ils considŁrent dans [GM13] ([GM14]) l’EDS à valeur matricielle sur Sn (Hn), l’espace des
matrices symØtriques (hermitiennes) de taille n� n , de la forme

dXt = g(Xt)dWth(Xt) + h(Xt)d(Wt)�g(Xt) + b(Xt)dt; X0 2 Hn; (1.3.12)

oø les fonctions g; h; b : R ! R sont continues et s’appliquent sur le spectre de Xt, i.e.
si X 2 Hn, U unitaire et D diagonale sont telles que X = U yDU , alors g agit comme
l’application Hn 3 X 7! U yDiag(g(D1;1); � � � ; g(Dn;n))U . Ici, W = (Wt)t est une matrice
de taille n� n dont les entrØes sont des mouvements Browniens complexes (voir Chapitre 4
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pour plus de prØcisions). Cette formulation gØnØrale englobe les Øquations pour les modŁles
de �-Wishart et de �-Jacobi (en particulier (1.3.3) et (1.3.7)), comme c’est indiquØ dans
[GM13]. Si (Xt)t est solution de (1.3.12), il est prouvØ dans [GM14] que les processus valeurs
propres (�1

t ; : : : ; �nt )t de la solution (Xt)t satisfont le systŁme d’EDS suivant :

d�it = 2g(�it)h(�it)dB
i
t + 2

0

@b(�it) +
X

j 6=i

G(�it; �
j
t)

�it � �
j
t

1

A dt; for all i 2 f1; : : : ; ng

�1
t � � � � � �nt ; t � 0:

(1.3.13)

oø G(x; y) = g2(x)h2(y) + g2(y)h2(x).
AprŁs l’Øtude de rØsultats d’existence et d’unicitØ, de mesures stationnaires ainsi que

de comportement en temps long de ces processus de �-Wishart et �-Jacobi, une question
naturelle est de s’interroger sur leur comportement en grande dimension.

1.3.2 SystŁmes de particules en grande dimension
De nombreux travaux ont pour objectif de dØcrire la mesure empirique asymptotique de sys-
tŁmes de particules issus de matrices alØatoire, comme [DG01, PPPA16, JPP+19]. Certains
des travaux citØs prØcØdemment dans le contexte des systŁmes d’EDS ([RS93, CL97, CL01])
se sont de mŒme intØressØs au comportement asymptotique en grande dimension de la mesure
empirique des particules. Les mØthodes pour prouver ce type de convergence reposent
gØnØralement dans la littØrature sur l’Øtude de l’Øquation aux dØrivØes partielles (EDP) de
Burgers complexe que l’on trouve pour la transformØe de Cauchy-Stieltjes de la mesure em-
pirique asymptotique ([RS93], [CL01]). L’EDP en question se rØsoud quand c’est possible
par la mØthode des caractØristiques ou par une une transformation de Hopf-Cole. JosØ Luis
PØrez et Malecki ont ØtudiØ les solutions de (1.3.13) sous cet angle en Øtudiant les moments
de la mesure empirique des particules dans [MP19] (voir aussi [SYY19, TT20b, ABMV13]).
Dans ces travaux, on trouve des rØsultats d’existence de la limite en grande dimension de la
mesure empirique des particules, ainsi qu’une forme explicite de cette limite quand la condi-
tion initiale est un dirac en zØro. Nos rØsultats sur les �-Wishart gØnØralisent les prØcØdents
en partant de conditions initiales dont la seule contrainte est que le huitiŁme moment est
�ni. On couple pour cela l’Øtude d’une EDP de Burgers complexe à des outils issus des
probabilitØs libres rectangulaires de [BG09].

L’objet limite peut Œtre interprØtØ comme la loi d’un processus de Wishart libre, dØ�ni
dans l’article [CDM05]. On notera que le mŒme type de travail fut rØalisØ pour construire
le processus de Jabobi libre ([Dem08]), dont la recherche de la loi, de mŒme que dans le
cas Wishart, est envisagØe comme une piste de recheche future. Le lecteur trouvera dans
[Bia97, BS98, BS01] une introduction à la thØorie des processus stochastiques libres.

Mesure empirique des beta-Wishart en grande dimension

Nous introduisons ici une forme gØnØralisØe des processus de �-Wishart englobant les dif-
fØrentes dØ�nitions que l’on peut trouver dans la littØrature. Soient �1; �2 > 0, � � 0, m � n
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et considØrons le processus de Wishart gØnØralisØ dØ�ni par le systŁme d’EDS :

d�i;n;Wt =
2�
p
m

q
�i;n;Wt dBi

t�2
�i;n;Wt dt+�1�2

0

@1 +
�2

m
X

j 6=i

�i;n;Wt + �j;n;Wt

�i;n;Wt � �j;n;Wt

1

A dt pour tout i 2 f1; : : : ng

(1.3.14)
0 � �1;n;W

t < � � � < �n;n;Wt p.s. dt-p.p.

oø B1; : : : ; Bn sont des mouvements Browniens indØpendants.
DØ�nissons pour tout t � 0 :

�n;Wt =
1
n

nX

i=1
��i;n;Wt

; �n;Wt =
q
�n;Wt =

1
2n

nX

i=1

�
�p

�i;n;Wt
+ �

�
p
�i;n;Wt

�
:

On a le rØsultat suivant, que l’on trouve dØjà dans [MP19] mais que l’on rappelle dans le
cas du processus de Wishart gØnØralisØ, et qui exhibe les Øtapes classiques de l’Øtude en
grande dimension de la mesure spectrale empirique d’un systŁme de particules. On exhibe
notamment l’Øquation intØgro-di�Ørentielle vØri�Øe par les valeurs d’adhØrence de la suite
((�n;Wt )t)n en (1.3.15), ainsi que l’EDP de Burgers complexe (1.3.16) vØri�Øe par les transfor-
mØes de Cauchy-Stieltjes des valeurs d’adhØrences de ((�n;Wt )t)n.

ThØorŁme 1.3.7 (Burgers complexe et limite de champ moyen : formulation faible). Sup-
posons que la suite de mesures (�n;W0 )n converge faiblement en probabilitØ quand n ! +1
avec n

m ! � 2 (0; 1] vers une mesure de probabilitØ limite notØe �W0 et que

sup
n

Z
x8�n;W0 (dx) <1:

Alors la famille f(�n;Wt )t�0; n 2 N�g est tendue et tout �ot de mesures limite quand n tend
vers l’in�ni avec n

m ! � 2 (0; 1] satisfait pour toute fonction test f rØelle doublement con-
tinuement di�Ørentiable l’Øquation :

h�t; fi = h�0; fi+
Z t

0
h�s; (�1�2�2
�)f 0ids+

��1�2�2

2

Z t

0

 ZZ
(x+ y)

f 0(x)� f 0(y)
x� y

�s(dx)�s(dy)
!

ds

(1.3.15)
oø � : x 7! x et avec la convention f 0(x)�f 0(y)

x�y = f 00(x) quand x = y. Si �0 admet une fonction
caractØristique, et si cette fonction est analytique dans un voisinage de l’origine, alors cette
Øquation admet une unique solution.

De plus, si (�t)t�0 est une solution de l’Øquation (1.3.15) et si pour tout t � 0, Gt est la
transformØe de Cauchy-Stieltjes de �t, alors G est solution de l’EDP de Burgers complexe

@
@t
Gt(z) = (��1�2�2 � �1�2 + 2
z)

@
@z
Gt(z)� 2��1�2�2zGt(z)

@
@z
Gt(z)� ��1�2�2G2

t (z) + 2
Gt(z);

G0(z) =
Z �W0 (dv)

z � v
= �(z):

(1.3.16)
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Le rØsultat suivant donne une rØponse complŁte à la limite de la suite ((�n;Wt )t)n et donc
((�n;Wt )t)n pour toute condition initiale �W0 = �n;W0

n!1
de huitiŁme moment �ni.

ThØorŁme 1.3.8 (Limite de champ moyen pour le processus de Wishart gØnØralisØ). Sous les
hypothŁses du ThØorŁme 1.3.7, supposons de plus �2� � 1, que (�1;n;W

t ; : : : ; �n;n;Wt )t est dØ�nie
sur R+ et que �W0 =

q
�W0 . Supposons de plus que �W0 admet une fonction caractØristique

analytique dans un voisinage de zØro. Alors pour tout t � 0, (�n;Wt )n�0 converge faiblement
en probabilitØ et

�Wt := lim
n!1

�n;Wt = (e�
t�W0 ) ��2�

q
�MP�2�;�t

oø ��2� est la convolution libre rectangulaire de paramŁtre �2�, oø e�
t�W0 est la mesure
image de �W0 par l’application v 7! e�
tv, et oø pour tout t � 0 :

�2
t =

8
>><

>>:

�1�2

2

(1� e�2
t) if 
 6= 0

�1�2t if 
 = 0:

De plus, si 
 6= 0 et avec �1 =
q

�1�2

2
 ,

lim
t!+1

�Wt =
q
�MP�2�;�1 :

On conclut de plus sur la commutativitØ des limites en temps long et en grande dimension.

ThØorŁme 1.3.9 (CommutativitØ des limites). Sous les hypothŁses du ThØorŁme 1.3.8, sup-
posons de plus 
 6= 0; �2 = 1 et que pour tout n 2 N�:

Pn
i=1 E[�i;n;W0 ] < +1. Notons

�1 =
q

�1�2

2
 . Alors on a au sens de la convergence faible

lim
n!1
n=m!�

lim
t!1

�n;Wt = lim
t!1

lim
n!1
n=m!�

�n;Wt = �MP�;�1 :

1.4 Matrices alØatoires et rØseaux de neurones

Les algorithmes de rØseaux de neurones profonds, ou d’apprentissage profond, sont à l’origine
d’avancØes majeures en intelligence arti�cielle. Leur popularisation rØcente est due à deux
principaux facteurs matØriels : l’augmentation de la capacitØ de stockage des donnØes, dont le
grand nombre est nØcessaire au bon fonctionnement de ces algorithmes, et l’augmentation de
la capacitØ de calcul des ordinateurs. À la suite des travaux fondateurs [RHW85], [LBD+89]
et [LBBH98], l’introduction des rØseaux convolutifs dans [KSH12] eut un impact considØrable
pour ce domaine de recherche en dominant la compØtition de reconnaissance d’images Im-
ageNet (voir [DDS+09]). Depuis, les rØseaux de neurones profonds furent d’une e�cacitØ
redoutable en surpassant les mØthodes prØ-existantes dans de nombreux domaines, tels que
le traitement automatique du langage (voir par exemple [WCA14, Rud18]), la reconnaissance
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vocale (voir par exemple [HDY+12]), dans l’amØlioration de l’Imagerie par RØsonance Mag-
nØtique (voir [ZKS+19]) ou plus rØcemment dans la rØsolution du problŁme du repliement des
protØines avec le travail [SEJ+20]. L’apprentissage profond a en parallŁle ouvert de nouvelles
perspectives dans des domaines plus thØoriques, comme en mØcanique quantique (voir par
exemple [SAC+17]), ou mŒme dans la rØsolution de certains problŁmes de mathØmatiques
symboliques (voir par exemple [LC19]).

Si l’e�cacitØ des rØseaux de neurones profonds dans la rØsolution de nombreuses tâches est
considØrable, la comprØhension de leur fonctionnement est encore aujourd’hui une question
largement ouverte. En e�et, non seulement ces rØseaux ont de trŁs nombreux paramŁtres, ce
qui pour des modŁles statistiques classiques mŁnerait à du surapprentissage, mais la phase
d’apprentissage de ces paramŁtres se fait en apprentissage supervisØ par une procØdure de
minimisation d’une fonction de coßt hautement non convexe, dont, dans la pratique, on ne
retrouve jamais le minimum global. Cette procØdure de recherche de minimum se fait en
utilisant des algorithmes de descente de gradient stochastique (voir [Bot98]), oø le gradient
est ØvaluØ par une mØthode de rØtro-propagation (voir [LBOM12]). Comme soulignØ dans
[CHM+15], la forme gØnØrale de la fonction de coßt est encore mal comprise. Cette fonction
possŁde de nombreux minima locaux, et des expØrimentations multiples ont montrØ que
la performance du rØseau de neurones semble peu dØpendre du minimum local vers lequel
converge la descente de gradient. En revanche, la convergence vers le minimum global, rare
dans des rØseaux de neurones profonds, mŁne souvent à une situation de surapprentissage.

Pour mieux comprendre le paysage des points critiques de la fonction de coßt, le travail
[CHM+15] tire parti de la similaritØ de cette fonction, sous certaines hypothŁses sur le rØseau,
avec l’hamiltonien des verres de spin ØtudiØ dans [AA+13, AA�13]. Dans ces travaux, les
auteurs dØcrivent la rØpartition des points critiques de l’hamiltonien à l’aide de la formule de
Kac-Rice (voir [AT09]) qui lie le dØcompte des points critiques à l’intØgrale du dØterminant
de la hessienne de l’hamiltonien ØtudiØ selon les lignes de niveau de ce dernier. Cette intØgrale
est reliØe au comportement des valeurs propres du GOE.

De nombreux travaux ont pour objectif de comprendre la forme de la sortie d’un rØseau de
neurones en fonction de son entrØe, de ses non-linØaritØs et de ses matrices de poids qui seront
dØ�nies dans le prochain paragraphe, et les phØnomŁnes de concentration au sein du rØseau.
Ils Øtudient pour cela à l’aide de la thØorie des matrices alØatoires des rØseaux de neurones à
entrØes alØatoires et matrices de poids alØatoires (voir [PW17, LLC+18, BP19, FW20, CL20]).

L’Øtude des rØseaux de neurones alØatoires trouve de plus son intØrŒt dans l’Øtude de
l’initialisation de la phase d’apprentissage. Des travaux comme [GB10] montrent l’intØrŒt
d’une initialisation alØatoire des poids et des biais du rØseau. Cette initialisation est trŁs util-
isØe en pratique et implØmentØe dans diverses bibliothŁques de rØfØrence pour les praticiciens
telle que PyTorch. En partant du constat que la concentration du spectre du Jacobien d’un
rØseau de neurones autour de 1 à l’initialisation du rØseau est dØterminante dans la rapiditØ de
la phase d’apprentissage des paramŁtres, Je�rey Pennington, Samuel S. Schoenholz et Surya
Ganguli Øtudient dans [PSG18] l’impact des choix de profondeur du rØseau, de non-linØaritØ,
et de variance à l’initialisation sur les phØnomŁnes d’explosion ou de disparition du gradient
lors de la procØdure rØtropropagation en utilisant des outils de probabilitØ libre. Les couches
du modŁle de rØseau qu’ils Øtudient sont de largeur constante. En collaboration avec Reda
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Chhaibi et Tariq Daouda, et à la lumiŁre du papier [PS20], nous cherchons à gØnØraliser cette
approche à des rØseaux dont les couches sont de largeur variable, et dont le choix des non-
linØaritØs est libre pour chaque couche. Cette nouvelle approche fait intervenir des matrices
rectangulaires plutôt que carrØes, et demande la dØ�nition d’une convolution libre multiplica-
tive rectangulaire, plus simple à dØ�nir que la convolution libre additive rectangulaire dØ�nie
dans [BG09].

D’autres travaux exploitent cette connexion entre rØseaux de neurones et matrices alØa-
toires a�n de mieux comprendre le comportement des algorithmes d’apprentissage profond
tels que [Yan19, Yan20a, Yan20b].

1.4.1 Description du modŁle
ConsidØrons un rØseau de neurones à propagation avant de profondeur L 2 N, c’est à dire à
L couches. À la profondeur ‘ = 1; 2; : : : ; L, chaque couche a pour activation x‘ 2 RN‘ , oø
N‘ est la largeur ou la taille de la couche ‘. Le vecteur x0 2 RN0 est l’entrØe du rØseau de
neurones qui renvoie la sortie xL 2 RNL . Le vecteur de la taille des couches s’Øcrit :

N := (N0; N1; : : : ; NL) :

On a la relation de rØcurrence suivante entre les couches :

x‘ = �‘
�
W (N)
‘ x‘�1 + b(N)

‘

�
;

oø �‘ est une non-linØaritØ qui s’applique par entrØes, W (N)
‘ 2 MN‘;N‘�1 (R) est une matrice

de poids et b(N)
‘ 2 RN‘ est le vecteur des biais. On Øcrit h‘ := W (N)

‘ x‘�1 + b(N)
‘ pour les

prØ-activations.
La matrice Jacobienne calculØe pendant la rØtro-propagation peut s’Øcrire explicitement

en utilisant la rŁgle de dØrivation des fonctions composØes. On a alors :

J (N) :=
@xL
@x0

(1.4.1)

=
@xL
@xL�1

@xL�1

@xL�2
: : :

@x1

@x0

= D(N)
L W (N)

L D(N)
L�1W

(N)
L�1 : : : D

(N)
1 W (N)

1 ;

oø les matrices D‘ sont les matrices diagonales telles que :
h
D(N)
‘

i

i;i
= �0‘ ([h‘]i) :

L’importance de la matrice Jacobienne pendant la phase d’apprentissage peut se com-
prendre de la façon suivante. Une Øtape de descente de gradient modi�e les poids et les biais
selon :

�
W (N)
‘ ; b(N)

‘

�
 
�
W (N)
‘ ; b(N)

‘

�
� �

@L
@(W (N)

‘ ; b(N)
‘ )

; (1.4.2)
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pour tout ‘ = 1; : : : ; L. Le coe�cient � > 0 est le taux d’apprentissage et L la fonction de
coßt sur un mini-lot (minibatch en anglais). Si le mini-lot est de taille B 2 N, et correspond
à un petit Øchantillon ((Xi; Yi) ; i = 1; : : : ; B) des donnØes d’entraînement, on a :

L =
1
B

BX

i=1
d(xL(Xi); Yi) :

Ici d est une distance, les Xi sont pris en entrØe du rØseau de neurones et les Yi sont les sorties,
c’est à dire les labels dans le cas d’un classi�eur, Yi = Xi dans le cas d’un auto-encodeur etc.
En dØrivant les fonctions composØes on obtient :

@L
@(W (N)

‘ ; b(N)
‘ )

=
@L
@xL

@xL
@xL�1

@xL�1

@xL�2
: : :

@x‘+1

@x‘
@x‘

@(W (N)
‘ ; b(N)

‘ )
(1.4.3)

=
@L
@xL

J (N)
‘

@h‘
@(W (N)

‘ ; b(N)
‘ )

;

oø

@L
@xL

=
1
B

BX

i=1
@1d(xL(Xi); Yi) 2M1;NL(R) ; (1.4.4)

J (N)
‘ = D(N)

L W (N)
L : : : D(N)

‘+1W
(N)
‘+1D

(N)
‘ 2MNL;N‘(R) : (1.4.5)

Le problŁme auquel nous nous sommes intØressØs est le suivant : un grand produit de grandes
matrices peut facilement devenir instable au sens oø

� si un grand nombre de valeurs singuliŁres de J (N)
‘ sont � 1, on est confrontØ à un

problŁme de disparition du gradient.

� Si un grand nombre de valeurs singuliŁres de J (N)
‘ sont � 1, on est confrontØ à un

problŁme d’explosion du gradient.

Intuition. Cette instabilitØ peut se comprendre aisØment en considØrant le cas plus simple
de la dimension un, pour lequel une suite gØomØtrique qn quand n!1 est l’archØtype d’un
long produit. Cette suite converge extrŒmement vite, vers 0 si jqj < 1 ou vers l’in�ni si
jqj > 1.

Une façon moins naïve de se forger une intuition du problŁme est d’observer que l’Øchantillonnage
des mini-lots (1.4.4) est trŁs bruitØ. Sans davantage d’informations sur les donnØes et sur
la mØthode d’Øchantillonnage, on peut faire l’hypothŁse que @L

@xL
se comporte comme un

vecteur gaussien de matrice de covariance proportionnelle à INL . Ainsi, chaque pas de gra-
dient � @L

@(W (N)
‘ ;b(N)

‘ )
dans (1.4.2) est approximativement un vecteur gaussien de matrice de

covariance proportionnelle à :

�2
 

@h‘
@(W (N)

‘ ; b(N)
‘ )

!T �
J (N)
‘

�T
J (N)
‘

@h‘
@(W (N)

‘ ; b(N)
‘ )

:
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Le comportement du spectre de
�
J (N)
‘

�T
J (N)
‘ est donc dØterminant pour la stabilitØ de la

descente de gradient, et les vecteurs propres de
�
J (N)
‘

�T
J (N)
‘ sont les directions selon lesquelles

l’intuition en dimension un s’applique.
Dans un but de simpli�cation, nous nous concentrons sur la matrice Jacobienne J (N)

donnØe par (1.4.1) qui est proche de la matrice J (N)
0 donnØe par (1.4.5) à multiplication prŁs

à droite par D(N)
0 .

AlØa. Dans le travail pionier de Xavier Glorot et Yoshua Bengio [GB10] sur les ini-
tialisations alØatoires, il fut suggØrØ que les propriØtØs spectrales de J (N) sont un trŁs bon
indicateur de stabilitØ et de performance d’apprentissage. Depuis, di�Ørentes intialisations
alØatoires furent proposØes et sont aujourd’hui implØmentØes dans les bibliothŁques modernes
d’apprentissage automatique [PGC+17, AAB+15].

Nous avons donc pris dans ce travail des choix classiques d’initialisation alØatoire. Les
biais b(N)

‘ sont des vecteurs dont les entrØes sont des variables alØatoires normales centrØes
i.i.d. de variance �2

b‘ . Concernant les matrices de poids, nous considØrons les entrØes [W (N)
‘ ]i;j

comme des variables alØatoires centrØes i.i.d. de variance �2
W‘
=N‘ et de quatriŁme moment

�ni comme dans [PS20], dont le travail thØorique permet de justi�er la libertØ requise dans
notre travail. En e�et, sur les traces de [PSG18], nous utilisons des outils issus des probabil-
itØs libres pour analyser les valeurs singuliŁres de la matrice J (N) quand la largeur du rØseau
tend vers l’in�ni. Cette limite en grande dimension, i.e. en largeur in�nie des couches est
particuliŁrement intØressante dans l’Øtude de grands rØseaux de neurones profonds, notam-
ment parce que le rØgime dØcrit par les probabilitØs libres apparaît dØjà pour des rØseaux de
largeur relativement petite par des propriØtØs de concentration, voir [LLC+18].

1.4.2 Contributions

L’analyse des propriØtØs spectrales de J nØcessite de donner le rØsultat suivant sur les produits
de matrices rectangulaires.

ThØorŁme 1.4.1. ConsidØrons trois suites d’entiers (pN)N�1; (qN)N�1; (rN)N�1; telles que

pN ; qN ; rN �!
N!1

1;
rN
qN
�!
N!1

c > 0 :

ConsidØrons pour tout N � 1 les matrices alØatoires A(N), B(N) de tailles respectives pN �qN
et qN � rN dont les mesures empiriques des carrØs des valeurs singuliŁres convergent faible-
ment. Supposons de plus que les matrices B(N)

�
B(N)

�T
et
�
A(N)

�T
A(N) sont asymptotique-

ment libres. Alors on a quand N !1 :

S(AB)TAB(m) = SATA (cm)SBTB(m) ;

oø ici et dans la suite, on omet l’exposant (N) pour indiquer l’opØrateur asymptotique associØ
à la limite de la mesure spectrale empirique de la suite de matrices en question.
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Dans ce rØsultat, la fonctionnelle S est celle donnØe dans la dØ�nition 1.1.7.
Ce rØsultat dØ�nit implicitement une convolution libre rectangulaire multiplicative, dans

le mŒme esprit que la convolution libre rectangulaire dØveloppØe dans [BG09]. Cependant,
associer un coe�cient c à cette convolution en la notant �c semble maladroit puisqu’elle ne
serait alors pas associative. Une solution plus raisonnable est d’associer un ratio c à chaque
mesure, comme chaque matrice à laquelle on associe un rapport de dimensions. On a alors
la dØ�nition suivante :

DØ�nition 1.4.2. On dØ�nit l’opØration � sur l’ensemble des paires (�; c) des mesures de
probabilitØs sur R+ di�Ørentes �0 et des rØels strictement positifs par :

(�1; c1) � (�2; c2) := (�; c1c2) ;

oø � est l’unique mesure de probabilitØ sur R+ telle que S� = S�1(c2 �)S�2 . Cette dØ�nition
Øtend la dØ�nition de la convolution libre multiplicative usuelle qui se retrouve de la façon
suivante :

(�1; 1) � (�2; 1) := (�1 � �2; 1) :

Cette opØration est bien associative et permet une formulation commode de la mesure qui
nous intØresse dans ce travail, la mesure empirique du carrØ des valeurs singuliŁres de J (N).

On choisira ici les notation suivante : soit une suite de matrices A(N) de taille N‘ �N‘�1
telle que quand N‘�1 et N‘ tendent vers l’in�ni, le ratio N‘�1

N‘
converge vers �l. Alors si la

mesure empirique des carrØs des valeurs singuliŁres de A(N) converge faiblement, on notera
�A cette limite. On notera de plus MATA et SATA respectivement la fonction gØnØratrice des
moments et la S-transformØe de �A.

Sous les bonnes hypothŁses motivØes par les travaux [PLR+16, SGGSD16, PSG18] et
justi�Øes plus rigoureusement dans [Pas20, PS20], pour tout ‘ = 1; : : : ; L, les mesures des
carrØs des valeurs singuliŁres de W (N)

‘ et D(N)
‘ convergent respectivement vers �W‘ et �D‘ , et

on a les propriØtØs de libertØ asymptotique nØcessaires pour dØmontrer le rØsultat suivant.

ThØorŁme 1.4.3. Supposons qu’en rØgime de largeur in�nie du rØseau, c’est à dire N‘ !1,
on a ‘ = 0; 1; 2 : : : ; L:

N‘�1

N‘
�!
N!1

�‘ > 0 ;

et notons

�‘ := lim
N!1

N0

N‘
=

‘Y

k=1
�k :

Alors en termes de convolution libre rectangulaire multiplicative, la mesure empirique du
carrØ des valeurs singuliŁres de J (N) converge faiblement vers

�J = (�DL ; 1) � (�WL ; �L) � � � �� (�D1 ; 1) � (�W1 ; �1) : (1.4.6)

De plus, la S-transformØe de JTJ dans le rØgime de largeur in�nie vØri�e

SJT J(m) =
LY

‘=1

h
SD2

‘
(�‘m)SWT

‘ W‘
(�‘�1m)

i
: (1.4.7)
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En particulier, sous l’hypothŁse que les entrØes de W‘ sont i.i.d. :

SJT J(m) =
LY

‘=1

 

SD2
‘

(�‘m)
1
�2
W‘

1
1 + �‘m

!

;

M�1
JT J(m) =

m+ 1
m

LY

‘=1

�2
W‘

(1 + �‘m)
SD2

‘
(�‘m)

:

Le but de ce travail est de donner un algorithme e�cace de calcul de �J . Cela permet
de dØgager des indications sur la stabilitØ de la rØtro-propagation, et participe à l’objectif
d’une plus grande automatisation du design des rØseaux de neurones. Les contributions de
ce travail sont à la fois thØoriques, numØriques et expØrimentales, et peuvent se rØsumer de
la façon suivante :

� La contribution thØorique est incrØmentale : dans [PSG18], la largeur du rØseau est
supposØe constante. Nous gØnØralisons le modŁle avec un pro�l de largeur des couches
variable, ce qui re�Łte la façon dont les rØseaux de neurones sont utilisØs en pratique.
Cela nØcessite de dØvelopper une convolution libre rectangulaire multiplicative, dont
les rŁgles de calcul, si nous ne les avons pas trouvØes dans la littØrature des probabil-
itØs libres, sont probablement dØjà connues des experts de la communautØ. Nous ne
supposons pas non plus que la non linØaritØ �‘ est la mŒme dans toutes les couches du
rØseau.

� Notre principale contribution est numØrique. Nous proposons et implØmentons un al-
gorithme e�cace de calcul des densitØs spectrales à partir de leurs tranformØes com-
plexes. Cette mØthode repose sur l’inversion de S-transformØes en utilisant l’algorithme
de Newton-Raphson. Alors que cet algorithme de Newton-Raphson fonctionne locale-
ment, nous parvenons à une rØsolution globale en chaînant les bassins d’attraction de
l’algorithme.

Cette contribution est d’autant plus intØressante que, mŒme dans la communautØ des
probabilitØs libres, l’inversion de telles fonctions est considØrØe comme gØnØralement
impossible à rØaliser en pratique (voir [BGD08]). Cette communautØ s’est plutôt in-
tØressØe jusqu’à aujourd’hui à des mØthodes combinatoires utilisant les moments, et
des algorithmes de point �xe (voir [Tar20]). Notre algorithme est trŁs performant, ce
qui laisse place à des travaux en cours et futurs sur des problŁmes plus gØnØraux de
probabilitØs libres comme la dØconvolution.

Notre code est disponible sur Github à l’adresse https://github.com/redachhaibi/
FreeNN. 1.

� Nous comparons les courbes d’apprentissage pour di�Ørents choix de design des rØseaux
de neurones, ØclairØs ou non par les conclusions de nos rØsultats thØoriques. Nous
nous concentrons notamment sur l’utilisation des non-linØaritØs ReLU, Hard Tanh et

1Au moment de l’Øcriture de ces lignes, le rØpertoire "FreeNN" est privØ. Il sera rendu public lors de la
soumission ou de la publication de ce travail de recherche, sous une license standard Apache 2.0.
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Hard Sin. Les indications donnØes par nos rØsultats thØoriques pourront permettre la
dØ�nition d’un indicateur de stabilitØ des rØseaux se calculant rapidement, pouvant
servir de support à des meilleurs choix de design.

Nous soulignons de plus deux mØthodes utilisØes communØment pour palier les phØnomŁnes
de disparition ou d’explosion du gradient : l’ØcrŒtage de gradient (gradient clipping en anglais)
et la connection saute-couche (skip-connexion en anglais). La premiŁre pourrait aisØment Œtre
ajoutØe au modŁle proposØ, et la seconde est une direction de recherche future trŁs motivante
! Nous prØcisons que le Chapitre 5 constitue une version encore prØliminaire d’un article de
recherche.

1.5 Publications

Les Chapitres 2, 3, 4 font l’objet d’une prØ-publication que l’on peut retrouver par les liens
suivants.

Strong solutions to a beta-Wishart particle system avec Benjamin Jourdain, soumis
à Journal of Theoretical Probability

Strong solutions to a beta-Jacobi particle system, soumis à SØminaire de ProbabilitØs

Wishart processes : mean-�eld limit, long time behavior, and free probability,
soumis à Random Matrices : Theory and Applications

Le Chapitre 5 est un travail prØliminaire ayant vocation à Œtre publiØ dans les prochains
mois.
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Chapter 2

Strong solutions to a beta-Wishart
particle system

This Section is a joint work with Benjamin Jourdain submitted to Journal of Theoretical
Probability that one can �nd at the address https://arxiv.org/abs/2003.08699.

Abstract

The purpose of this paper is to study the existence and uniqueness of solutions to
a Stochastic Di�erential Equation (SDE) coming from the eigenvalues of Wishart pro-
cesses. The coordinates are non-negative, evolve as Cox-Ingersoll-Ross (CIR) processes
and repulse each other according to a Coulombian like interaction force. We show the
existence of strong and pathwise unique solutions to the system until the �rst multiple
collision, and give a necessary and su�cient condition on the parameters of the SDEs
for this multiple collision not to occur in �nite time.

Keywords: stochastic di�erential equations, di�usions with gradient drift, singular in-
teraction, random matrices.

AMS Subject Classi�cation (2020): 60H10, 60J60, 60B20, 60G17, 60J70.

2.1 Introduction

Let � � 0; 
 2 R, � > 0; n � 1, and B = (B1
t ; : : : ; Bn

t )t be a n-dimensional Brownian
motion. Our SDEs system of interest is the following : for all i 2 f1; : : : ; ng,

d�it = 2
q
�itdBi

t +

0

@�� 2
�it + �
X

j 6=i

�it + �jt
�it � �

j
t

1

A dt (2.1.1)

= 2
q
�itdBi

t +

0

@�� (n� 1)� � 2
�it + 2��it
X

j 6=i

1
�it � �

j
t

1

A dt (2.1.2)

0 � �1
t < � � � < �nt ; a.s. dt� almost everywhere: (2.1.3)
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The strict inequalities (2.1.3) allow the interaction terms in the system (2.1.1) to make sense.
We will look for continuous solutions to the SDEs (2.1.1). Thus, by continuity, we have for
all t � 0, 0 � �1

t � � � � � �nt a.s. While, for n = 1, the system reduces to the Cox-Ingersoll-
Ross SDE d�1

t = 2
q
�1
tdB1

t + �dt � 2
�1
tdt, the coordinates are repulsed by a Coulombian

interaction when n � 2.
Our goal is to study the existence and uniqueness of strong solutions to this system of

SDEs in a general setting for the parameters �, � and 
, especially in the case � < 1 and
� � (n � 1)� 2 (0; 1) which is not covered to our knowledge by the literature. The reader
will �nd a summary of the conditions on the parameters for which the system (2.1.1) admits
a unique strong solution in Table 1 below.

The di�culty in proving the existence of solutions to (2.1.1) comes from the fact that
there are singularities both when a particle touches zero, where the derivative of the square
root di�usion coe�cient explodes, and when two particles touch each other. If we de�ne
D = f0 < �1 < �2 < � � � < �ng, a collision occurs when the process � = (�1

t ; : : : ; �nt )t hits
the boundary @D made of the union of f�i = �i+1g for i 2 f1; : : : ; n � 1g and f�1 = 0g. A
multiple collision occurs when two of these sets are reached at the same time and we will
speak about "collision between particles" when two particles touch each other. Because of
the singularity at the origin, it is not enough to show that there is no collision between the
particles to prove the existence of a solution, as it is for instance the case for the Dyson
Brownian motions which satisfy up to a change of time

dxit =
p

2dBi
t + �

X

j 6=i

dt
xit � x

j
t
; for all i 2 f1; : : : ; ng: (2.1.4)

When � � 1, there is no collision between these particles in �nite time and (2.1.4) admits a
unique strong solution (see [RS93]).

Our results about the SDEs (2.1.1) are the following. In Proposition 2.2.4, we state that
k(�� (n� k)�) < 2 is a necessary and su�cient condition for multiple collisions between k
particles to occur at position zero in �nite time. Our main result Theorem 2.2.2 gives the
existence and uniqueness of solutions to the SDEs (2.1.1) when � 2 (0; 1) and ��(n�2)� � 1
(so that there is no multiple collision at the origin). In Proposition 2.2.6 we state that when
� < 1, then every pair of neighbour particles collides in �nite time, and we explicit in
Proposition 2.2.7 the unique stationary probability measure of the SDEs (2.1.1).

The paper is organized as follows. The remaining of the introduction is devoted to the
bibliographical background of this work. In Section 2, we state our main results. We prove
in Section 3 some useful properties of the solutions to the system (2.1.1), before checking
Proposition 2.2.4 and Theorem 2.2.2 in Section 4. We prove the rest of the results in Section
5. Section 6 is an Appendix stating some well-known results that we use in our proofs.

The system (2.1.1) originally comes from the following matrix valued SDE : let m � n
and (Mt)t be a stochastic process taking its values in the space of m� n matrices with real
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entries verifying the following stochastic di�erential equation

dMt = dWt � 
Mtdt; M0 = m0;

where W is a m � n matrix �lled with independent Brownian motions, m0 is a m � n
deterministic matrix. The entries of the matrix M are independent Ornstein-Ulhenbeck
processes just as the one considered in [Bru91]. The process M yM (where y is the transpose
operator) is called a Wishart process, and it was shown in [Bru89] and [Bru91] that the
eigenvalues of M yM satisfy the system of SDEs

d�it = 2
q
�itdBi

t +mdt� 2
�itdt+
X

j 6=i

�it + �jt
�it � �

j
t
dt for all i 2 f1; : : : ng;

where B1; : : : ; Bn are independent Brownian motions. The reader will �nd in [KO01] an
analysis of the complex analog of Bru’s model. The system (2.1.1) generalizes the matrix
inherited system by the introduction of an intensity of the interaction factor � > 0 before the
sum and by the replacement of the integer parameter m 2 N� = f1; 2; : : :g by � > 0. This
replacement is analogous to the generalisation of the dynamics of the square of the norm of
a m-dimensional real Brownian motion to the square �-dimensional Bessel dynamics (see for
instance [RY99, chapter XI]).

Like in the correspondence between square Bessel processes and Bessel processes, let us
consider the square root change of variables xit =

q
�it and set X = (x1

t ; : : : ; xnt )t. We apply
Itô’s formula, formally after the stopping time inf fs � 0 : �1

s = 0g since the square root is
not twice continuously di�erentiable at 0, and obtain for all i 2 f1; : : : ; ng :

dxit = dBi
t +

0

@�� 1
2

1
xit
� 
xit +

�
2xit

X

j 6=i

(xit)2 + (xjt)2

(xit)2 � (xjt)2

1

A dt (2.1.5)

= dBi
t +

0

@�� (n� 1)� � 1
2

1
xit
� 
xit + �xit

X

j 6=i

1
(xit)2 � (xjt)2

1

A dt (2.1.6)

0 � x1
t < � � � < xnt ; a.s., dt� a:e:

When X is a solution to (2.1.5), then ((x1
t )2; : : : ; (xnt )2)t is a solution to (2.1.1), but it is not

necessarily true the other way around.
The system (2.1.6) can be rewritten as a gradient di�usion

dxit = dBi
t � @iV (x1

t ; : : : ; x
n
t )dt for all i 2 f1; : : : ; ng; (2.1.7)

with potential

V (x1; : : : ; xn) = �
nX

i=1

8
<

:
�� (n� 1)� � 1

2
ln jxij �

1
2

(xi)2 +

�
4
X

j 6=i

�
ln jxi � xjj+ ln jxi + xjj

�
9
=

; :

(2.1.8)
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Systems of interacting particles following equations of the type

dxit = bi(xit)dt+ �i(xit)dB
i
t � @iV (x1

t ; : : : ; x
n
t )dt; (2.1.9)

where V : Rn 7! (�1;+1] is a lower semi continuous convex function such that D = fx 2
Rn : V (x) < +1g is a non-empty convex set and V is continuously di�erentiable in D have
been studied by many authors. For instance, in the peculiar case �i(xi) = � > 0, bi(xi) = 0
and V (x1; : : : ; xn) = ��

2
Pn
i=1

P
j 6=i ln jxi � xjj + �

2
Pn
i=1(xi)2 with � � �2

2 and � > 0, the
existence and uniqueness of a strong solution to (2.1.9) were derived in [RS93].

Link with the multivalued stochastic di�erential equations theory. The systems of
type (2.1.9) with bi and �i Lipschitz and (x1

0; : : : ; xn0 ) 2 �D were deeply studied by CØpa and
LØpingle for instance in [CL97] and [CL01] where they apply CØpa’s multivalued stochastic
di�erential equations theory developed in [CØp95]. This theory treats the existence and
uniqueness of solutions to multivalued SDEs associated with a convex function de�ned on
a domain of Rn. In [LØ10], LØpingle applied this theory to a constrained Brownian motion
between re�ecting or repellent walls of Weyl chambers. The boundary behavior of the convex
function dictates the behavior of the process on these same boundaries (hitting or not the
boundary in �nite time, re�ection on the boundary, etc.). Our SDEs of interest rewritten in
the form (2.1.7) thanks to the square root change of variables can be seen this way, and we
will exploit this connection in the paper.

Link with radial Dunkl processes (see [Dem09b] for a more complete description of the
theory)

Let us de�ne a reduced root system R by a �nite set in Rnnf0g spanning Rn such that

� for all � 2 R, R \ R� = f�;��g,

� for all � 2 R, ��(R) = R,

where �� is the re�ection with respect to the hyperplane orthogonal to �. A simple system
� is a basis of Rn which induces a total ordering in R the following way : a root � 2 R
is positive if it is a positive linear combination of elements of �. A simple system � being
�xed, we can thus de�ne R+ as the set of positive roots of R. When �i = 1 and V takes the
form

V : x 7! �
X

�2R+

k(�) ln(h�; xi); x 2 D;

where D is the positive Weyl chamber de�ned by

D = fx 2 Rn; h�; xi > 0 8� 2 R+g;

Demni proved in [Dem09b, Theorem 1] the existence and uniqueness of a solution to (2.1.9)
on the domain �D when k(�) > 0 for all � 2 R+. To do so, he applied CØpa’s multivalued
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stochastic di�erential equations theory. This system corresponds to (2.1.1) for some choice
of R+ and k. Indeed, when the root system is of so-called Bn-type, it is de�ned by

R = f�ei;�ei � ej; 1 � i < j � ng;
� = fei+1 � ei; 1 � i � n� 1; e1g;
R+ = fei; 1 � i � n; ej � ei; 1 � i < j � ng;
D = fx 2 Rn; 0 < x1 < � � � < xng;

which, with the right choice of k gives equation (2.1.5) with 
 = 0 (see (2.1.8)). The condition
k(�) > 0 for all � 2 R+ implies �� (n� 1)� > 1. We seek here to obtain the existence of a
solution to (2.1.1) while relaxing the last inequality.

Link with other works. The reader will �nd in Graczyk and Malecki [GM13] and [GM14]
a treatment of equations of the form

d�it = �i(�it)dB
i
t +

0

@bi(�it) +
X

j 6=i

Hi;j(�it; �
j
t)

�it � �
j
t

1

A dt; for all i 2 f1; : : : ; ng

�1
t � � � � � �nt ; t � 0;

where the functions �i; bi and Hi;j are assumed continuous, with Hi;j non-negative and sym-
metric in the sense that Hi;j(x; y) = Hj;i(y; x) for all x; y 2 R. The system (2.1.1) is recovered
in the particular case when Hi;j(�i; �j) = �(�i+�j), �i(�i) = 2

p
�i and bi(�i) = ��2
�i. Ac-

cording to [GM14, Section 6.4], (2.1.1) admits a strong solution on the time interval [0;+1)
when � � 1. In this regime, the authors proved that there is no collision between the par-
ticles. They also demonstrated the pathwise uniqueness of the solutions for every � > 0, as
recalled in Lemma 2.3.1 below.

The same authors studied in [GM19] the system of SDEs de�ned for all i 2 f1; : : : ; ng by

d�it = 2
q
j�itjdBi

t + ��

0

@�� +
X

j 6=i

j�itj+ j�
j
t j

�it � �
j
t

1f�it 6=�jtg

1

A dt

�1
t � � � � � �nt ; 8t � 0:

(2.1.10)

They prove existence of a unique strong solution for all �� 2 R and �� � 1. The main di�erence
here with our problem (2.1.1) is the relaxation of the hard edge at zero by the replacement ofq
�it by

q
j�itj in the di�usion coe�cient. This enables the authors to establish the existence

and uniqueness of a strong solution for all �� 2 R whereas in our framework, as we will see in
Remark 2.2.1, we necessarily need � � (n� 1)� for a solution to exist on the whole interval
R+. The introduction of the absolute value in the di�usion coe�cient was presented earlier
in [GJY03] in the case of squared Bessel processes. Moreover, our work di�ers from [GM19]
by the fact that our main objective is to tackle the 0 < � < 1 regime.

In all these references, � is identi�ed as a fundamental parameter, its position relative to
1 governing the possibility of collisions between the particles.
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2.2 Main results

The form (2.1.2) of the SDEs hints that ��(n�1)� is a fundamental parameter impacting
the existence of solutions. Consequently, we will study the range of values of this coe�cient
for which the system has a solution. For instance, if we assume �� (n� 1)� < 0, we have:

d�1
t = 2

q
�1
tdB1

t +

0

@�� (n� 1)� � 2
�1
t + 2��1

t

X

j 6=1

1
�1
t � �

j
t

1

A dt (2.2.1)

� 2
q
�1
tdB1

t � 2
�1
tdt:

Then, according to the pathwise comparison theorem of Ikeda and Watanabe (that we recall
in Theorem 2.6.2 below) :

�1
t � rt a.s. for all t � 0;

where
rt = �1

0 + 2
Z t

0

p
rsdB1

s � 2
Z t

0

rsds for all t � 0;

which is a CIR process (see for instance [LL08, Theorem 6.2.2]). By standard results on CIR
processes recalled in Lemma 2.6.1 we can conclude that the stopping time T = infft � 0 :
rt = 0g veri�es P(T < 1) = 1 for 
 � 0, and 0 < P(T < 1) < 1 for 
 < 0. On fT < 1g,
after T , r stays at zero inde�nitely. As the drift in (2.2.1) is strictly negative when �1

t = 0
and therefore when rt = 0, it will stay strictly negative on a time interval of positive measure.
Consequently, the system of SDEs has no global solution.

We thus proved the following result:

Remark 2.2.1. A necessary condition for the existence of a global solution to (2.1.1) is
�� (n� 1)� � 0.

We will thus assume this condition in the remaining of the paper. This condition is of
course not necessary in the framework of (2.1.10) (see [GM19]).

It is proved in [GM13, Corollary 8] with condition 0 � �1
0 < � � � < �n0 that for � � 1,

the SDEs (2.1.1) has a unique global strong solution and that there actually is no collision
between particles.

Demni proved in [Dem09b, subsection 5.1] by applying CØpa’s multivalued equations
theory [CØp95] that under the conditions � � (n � 1)� > 1 , � > 0, 
 = 0 and 0 < �1

0 <
� � � < �n0 , the system of SDEs (2.1.5) admits a unique strong solution and that for 0 < � < 1
and � � (n � 1)� > 1, there is collision between any neighbour particles �i and �i+1 for
i 2 f1; : : : ; n � 1g in �nite time almost surely. The condition � � (n � 1)� > 1 ensures the
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convexity of the potential V de�ned in (2.1.8) which is needed in CØpa’s multivalued equations
theory. In Theorem 2.2.2 and Proposition 2.2.6, we tackle respectively the existence problem
and the collision problem on wider ranges for the parameters �� (n� 1)� and 
.

Our following result applies in the case �� (n� 1)� � 1 :

Theorem 2.2.2. Let us assume � < 1; � � (n � 1)� > 0. Let the initial condition �0 =
(�1

0; : : : ; �n0 ) be independent from the Brownian motion B and such that 0 � �1
0 � � � � � �n0

a.s. and �2
0 > 0 a.s.

Then, the system of SDEs (2.1.1) has a unique strong solution de�ned on the time interval

[0; lim
"!0

�");

where, for " > 0,
�" = infft � 0 : �1

t � " and �2
t � �

1
t � "g:

Moreover,

(i) for 
 2 R; if �� (n� 1)� � 1� � then lim
"!0

�" =1 a.s.

(ii) for 
 � 0; if �� (n� 1)� < 1� � then lim
"!0

�" <1 a.s.

(iii) There is no double collision between particles, i.e.

P
�
9t 2 (0; lim

"!0
�") : �it = �i+1

t and �jt = �j+1
t for some 1 � i < j � n� 1

�
= 0:

Theorem 2.2.2 is proved in Section 4.

Remark 2.2.3. This result states the existence of a unique strong solution (�1
t ; : : : ; �nt )t

to (2.1.1) de�ned on the time-interval R+ for � � (n � 1)� � 1 � � and on [0; lim
"!0

�") if
0 < � � (n � 1)� < 1 � �. When lim

"!0
�" < +1, then, according to the �rst step in the

proof of assertion (ii) of Proposition 2.2.4 below, the solution can be continuously extended
to the closed time-interval [0; lim

"!0
�"]. From the de�nition of �", then �1

lim"!0 �" = �2
lim"!0 �" = 0.

The next step would be to �nd how to start back from (�1
lim"!0 �" ; : : : ; �

n
lim"!0 �") to de�ne a

solution on the whole interval R+.

The disjunction (i)� (ii) comes from the application with k = 2 of the following propo-
sition, which gives a condition for k particles to collide at the position zero.

Proposition 2.2.4 (Multiple collision at zero). Let k 2 f1; : : : ; ng. Let the initial condition
�0 = (�1

0; : : : ; �n0 ) be independent from the Brownian motion B and such that 0 � �1
0 � � � � �

�n0 a.s. Then,
(i) if 
 � 0, if (2.1.1) has a global solution � = (�1

t ; : : : ; �nt )t and if k(�� (n� k)�) < 2;
then

P(9t � 0 : �1
t + �2

t + � � �+ �kt = 0) = 1;
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(ii) if 
 2 R, �k0 > 0 a.s., if (2.1.1) has a local solution � = (�1
t ; : : : ; �nt )t de�ned up to a

stopping time T and if k(�� (n� k)�) � 2, then there is no collision of k particles at zero
almost surely. More precisely,

P(T = +1;9t � 0 : �1
t + �2

t + � � �+ �kt = 0) + P(T < +1; inf
t2[0;T )

�1
t + �2

t + � � �+ �kt = 0) = 0:

Remark 2.2.5. Under the assumptions made in the �rst assertion of Proposition 2.2.4 but
with 
 < 0, we can in fact prove that

P(9t � 0 : �1
t + �2

t + � � �+ �kt = 0) 2 (0; 1);

using Lemma 2.6.1 point 3. As a consequence, under the assumptions made in (ii) of Theorem
2.2.2 but with 
 < 0,

P(lim
"!0

�" <1) 2 (0; 1):

This proposition is proved in the beginning of Section 4.
Demni proved in [Dem09b] that for � < 1 and � � (n � 1)� > 1, a collision between

the particles �i and �i+1 occurs in �nite time almost surely for all i 2 f1; : : : ; n � 1g. We
strengthen here this result by showing that for � < 1 and � � (n � 1)� > 0, every particle
touches its neighbour particles in �nite time almost surely.

Proposition 2.2.6. Let � 2 (0; 1); � > 0 and the initial condition �0 = (�1
0; : : : ; �n0 ) be

independent from the Brownian motion B and such that 0 � �1
0 � � � � � �n0 . Let us assume

that either 
 > 0 and there is a global solution to (2.1.1) or 
 � 0, �� (n� 1)� � 1� � and
�2

0 > 0 a.s. (so that, by Theorem 2.2.2, there also exists a global solution to (2.1.1)). Then
for all i 2 f2; : : : ; ng, the stopping time

T (i) = infft > 0 : �it = �i�1
t g

is such that
P
n
T (i) <1

o
= 1:

To check this result, we prove that
Z +1

0
�1
sds = +1 a.s. (2.2.2)

using the next result.

Proposition 2.2.7. Let us assume 
 > 0 and � � (n � 1)� > 0. The unique stationary
probability measure of the system of SDEs (2.1.1) is �inv with density with respect to the
Lebesgue measure

d�inv(�1; : : : ; �n) =
1
Z
�

nY

i=1

0

@(�i)
��(n�1)�

2 �1e�
�
i Y

j 6=i
j�j � �ij�=2

1

A1f0��1������ngd�1 : : : d�n;

where Z is a normalizing constant. More precisely, if a solution to (2.1.1) is such that the
distribution of �t does not depend on t, then this distribution is �inv. Conversely, (2.1.1)
admits a unique solution � starting from �0 distributed according to �inv and independent
from the Brownian motion B. Moreover, for all t 2 R+, �t is distributed according to �inv.
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Remark 2.2.8. To prove (2.2.2), one could consider applying the ergodic theorem, but
we were not able to prove that the process de�ned by the system of SDEs (2.1.1) is a
Markov process. The di�culty came from the choice of the state space: when �2

0 = 0,
we do not know how to prove the existence of a solution to (2.1.1). If the state space is
f0 � �1 � � � � � �n; �2 > 0g we do not know how to prove that for all t > 0, P(�2

t > 0) = 1
when �� (n� 1)� < 1� �.

Remark 2.2.9. The density of �inv generalizes the one of the beta-Laguerre ensemble which
writes

1
Z

nY

i=1

0

@(�i)
m��(n�1)�

2 �1e�
�
2 �

i Y

j 6=i
j�j � �ij�=2

1

A1f0��1������ng; m 2 fn; n+ 1; : : :g; � > 0;

by replacement of m� by � in the exponent of �i and of �
2 by 
 in the exponential factor.

The reader will �nd in [For10] a documentation on beta-Laguerre ensembles. This ensemble
is related to a random matrix model. The parameters m and n are then respectively the
number of lines and columns of the underneath random matrix model, and � = 1; 2 or 4
depending on the dimension of the underlying algebra (R, C or H).

Table 2.1 shows, for 
 � 0, the conditions on the coe�cients of the SDEs (2.1.1) for the
existence of strong solutions.

2.3 Properties of the solutions

One can �rst remark, and it will be useful in several proofs, that the sum of the n coordinates
of a solution (�1

t ; : : : ; �nt )t to SDEs (2.1.1) follows a CIR dynamics. Indeed,

d
 nX

i=1
�it

!

= 2
nX

i=1

q
�itdBi

t � 2

nX

i=1
�itdt+ n�dt

= 2

vuut
nX

i=1
�itdWt � 2


nX

i=1
�itdt+ n�dt; (2.3.1)

whereW de�ned byW0 = 0 and dWt =
Pn
i=1

0

@1nPn
j=1 �

j
t 6=0
o
p
�itqPn
j=1 �

j
t

+ 1nPn
j=1 �

j
t=0
o 1p

n

1

A dBi
t

is a Brownian motion according to LØvy’s characterization.

The pathwise uniqueness part of the next Lemma is proved in [GM14, Theorem 5.3], but
we reproduce the proof for the sake of completeness.

Lemma 2.3.1. Let 
 2 R. The solutions to (2.1.1) are pathwise unique.
Moreover, if Z = (z1

t ; : : : ; znt )t and ~Z = (~z1
t ; : : : ; ~znt )t are two global solutions to (2.1.1)

with the same driving Brownian motion and verifying

E
nX

i=1

h
zi0 + ~zi0

i
< +1;
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��(n�1)� � � 1 � < 1
< 0 De�ned on [0; lim

"!0
infft � 0 : �1

t � "g),
no collision, Proposition 2.5.3

De�ned on [0; lim
"!0

infft � 0 : �1
t � "g)

which is �nite a.s., Proposition 2.5.3
2 (0; 1��) empty interval De�ned on [0; lim

"!0
infft � 0 : �1

t �
" and �2

t � �1
t < "g) , which is �nite

a.s., Theorem 2.2.2
� 1� � De�ned on R+, no collision between

particles, proved in [GM13] with
separate initial condition

De�ned on R+, collision in �nite time
but no multiple collision at zero,

Theorem 2.2.2
> 1 De�ned on R+, no collision between

particles, proved in [GM13] with
separate initial condition or in

[Dem09b] with 
 = 0

De�ned on R+, collision between
particles in �nite time, [Dem09b],

Proposition 2.2.6

� 2 De�ned on R+, no collision, proved in
[GM13] with separate initial condition

or in [Dem09b] with 
 = 0

De�ned on R+, collision between
particles in �nite time,

infft > 0 : �1 = 0g = +1 a.s.,
Proposition 2.2.4

Table 2.1 � Conditions on the coe�cients of SDEs (2.1.1) for the existence of strong solutions
when 
 � 0.

then for all t � 0,

nX

i=1
Ejzit � ~zitj �

 nX

i=1
Ejzi0 � ~zi0j

!

exp(�2
t): (2.3.2)

Proof. Let Z and ~Z be two solutions to (2.1.1). Because of the square root di�usion coe�-
cient, the local time of zi � ~zi at 0 is zero ([RY99, Lemma 3.3 p.389]). Applying the Tanaka
formula then the integration by parts formula to compute de2
sjzis � ~zisj we get

de2
s
nX

i=1
jzis � ~zisj =2

nX

i=1
e2
sj

q
zis �

q
~zisjdB

i
s + �e2
s

nX

i=1
sgn(zis � ~zis)

X

j 6=i

 
zis + zjs
zis � z

j
s
�

~zis + ~zjs
~zis � ~zjs

!

ds

�2
nX

i=1
e2
sj

q
zis �

q
~zisjdB

i
s; (2.3.3)

where sgn(x) = 1 if x > 0 and sgn(x) = �1 if x � 0. The inequality (2.3.3) comes from the
fact that we have for all i < j :
"
zis + zjs
zis � z

j
s
�

~zis + ~zjs
~zis � ~zjs

#

(sgn(zis � ~zis)� sgn(zjs � ~zjs)) (2.3.4)

= 2
zjs~zis � zis~zjs

(zis � z
j
s)(~zis � ~zjs)

(sgn(zis � ~zis)� sgn(zjs � ~zjs))
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= 2
zjs(~zis � zis) + zis(zjs � ~zjs)

(zis � z
j
s)(~zis � ~zjs)

(sgn(zis � ~zis)� sgn(zjs � ~zjs))

= �2
zjs j~zis � zisj+ zisjzjs � ~zjs j

(zis � z
j
s)(~zis � ~zjs)

jsgn(zis � ~zis)� sgn(zjs � ~zjs)j � 0;

(2.3.5)

as the denominator is non-negative. Let the two solutions Z and ~Z be respectively de�ned
on [0; T ] and [0; ~T ], where T and ~T are stopping times for a �ltration (Ft)t�0 with respect to
which B is a Brownian motion and Z0 and ~Z0 are F0-measurable.

Let M > 0 and
�M = infft 2 [0; T ^ ~T ] : ~znt + znt �Mg;

with the convention inf ; = T ^ ~T . As Z and ~Z are continuous and assumed well de�ned on
respectively [0; T ] and [0; ~T ], �M " T ^ ~T when M " 1.

As for all i 2 f1; : : : ; ng:

E
Z t^�M

0
e4
sj

q
zis �

q
~zisj

2ds <1;

the stochastic integrals
R t^�M

0 e2
sj
q
zis �

q
~zisjdBi

s have zero expectation so that integrating
(2.3.3) on [0; t ^ �M ] and taking expectations, we obtain that

Ee2
(t^�M )
nX

i=1
jzit^�M � ~zit^�M j � E

nX

i=1
jzi0 � ~zi0j:

When Z0 = ~Z0 we deduce that for all t � 0 and M > 0
nX

i=1
Ejzit^�M � ~zit^�M j = 0;

and conclude using Fatou’s Lemma to take the limit M !1, that for all t � 0
nX

i=1
Ejzit^T^ ~T � ~zit^T^ ~T j = 0;

which concludes the proof of pathwise uniqueness.

Let us now prove (2.3.2) by assuming that Z and ~Z are de�ned globally, with integrable
initial conditions, i.e.

E
nX

i=1

h
zi0 + ~zi0

i
< +1:

As the equation (2.3.1) shows that the sum of the coordinates of Z and ~Z are both CIR
processes, we deduce from Lemma 2.6.1 point 4: that

E
"Z t

0
e4
s

 nX

i=1
zis +

nX

i=1
~zis

!

ds
#

<1;
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so that E
Pn
i=1

R t
0 e2
sj

q
zis �

q
~zisjdBi

s = 0. Integrating (2.3.3) between 0 and t and taking
expectations, we conclude that

nX

i=1
Ejzit � ~zitj �

 nX

i=1
Ejzi0 � ~zi0j

!

exp(�2
t):

Proof of Proposition 2.2.7. We start by proving the uniqueness of the invariant distribution.
Let us �rst show that an invariant distribution �inv has a �nite �rst order moment. To do
so, one can remark (see (2.3.1)) that the image of �inv by the sum of the n coordinates is
invariant for the CIR process

drt = 2
p
rtdWt + (n�� 2
rt)dt:

It is known (see for instance [CIR85]) that the invariant distribution of such a process is a
gamma law of positive parameters, whose density is

r 7!


n�
2

�(n�2 )
r
n�
2 �1e�
r;

which has a �nite �rst order moment. We can thus �rst apply the second part of Lemma
2.3.1 for two solutions to (2.1.1) starting respectively according to two invariant distributions
to deduce that these two invariant distributions are equal.

The candidate density, obtained by the square of each coordinate change of variables from
the density proportional to e�2V (x1;:::;xn) with potential V de�ned in (2.1.8) candidate to be
stationary for the gradient di�usion (2.1.5), writes

finv(�1; : : : ; �n) =
e�2V (

p
�1;:::;

p
�n)

Z
p
�1 : : : �n

=
1
Z
�

nY

i=1

0

@(�i)
��2�(n�1)�

2 e�
�
i Y

j 6=i
j�j � �ij�=2

1

A1f0��1������ng;

(2.3.6)

with Z a normalizing constant. The second factor is indeed integrable since for 0 � �1 �
� � � � �n,

nY

i=1

0

@(�i)
��2�(n�1)�

2 e�
�
i Y

j 6=i
j�j � �ij�=2

1

A � (�n)
(n�1)2�+��2

2 e�
�
n
n�1Y

i=1

�
(�i)

��2�(n�1)�
2 e�
�

i
�
;

and �� (n� 1)� > 0 =) ��2�(n�1)�
2 > �1. Let us check that the probability measure �inv

with density finv with respect to the Lebesgue measure solves the Fokker-Planck equation in
the sense of distributions

A��inv = 0;

where A is the in�nitesimal generator associated with the dynamics (2.1.1) :

A =
nX

i=1

0

@�� 2
�i + �
X

j 6=i

�i + �j

�i � �j

1

A @
@�i

+ 2
nX

i=1
�i

@2

@(�i)2 :
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For a test function � : Rn 7! R, compactly supported and twice continuously di�eren-
tiable, since finv vanishes for �1 = 0, �i = �i+1 when i 2 f1; : : : ; n� 1g, and for �n ! +1,
we obtain by integration by parts that for i 2 f1; : : : ; ng
Z

0��1������n
�i

@2�
@(�i)2 (�1; : : : ; �n)finv(�1; : : : ; �n)d�1 : : : d�n

= �
Z

0��1������n

@�
@�i

(�1; : : : ; �n)
 

finv(�1; : : : ; �n) + �i
@finv
@�i

(�1; : : : ; �n)
!

d�1 : : : d�n:

Since
0

@�� 2
�i + �
X

j 6=i

�i + �j

�i � �j
� 2

1

A finv(�1; : : : ; �n)� 2�i
@finv
@�i

(�1; : : : ; �n)

= finv(�1; : : : ; �n)

2

4�� 2
�i + �
X

j 6=i

�i + �j

�i � �j
� 2 + 2�i

 
1

2�i
+

2
2
p
�i
@V
@xi

(
p
�1; : : : ;

p
�n)

!3

5

= finv(�1; : : : ; �n)

2

4�� 2
�i + �
X

j 6=i

�i + �j

�i � �j
� 2 + 1

+ 2
p
�i
0

@�
�� 1

2
1p
�i

+ 

p
�i �

�
2
p
�i
X

j 6=i

�i + �j

�i � �j

1

A

3

5;

where the last factor vanishes, we conclude that
R

0��1������n A�(�1; : : : ; �n)finv(�1; : : : ; �n)d�1 : : : d�n =
0. To deduce the existence of a weak solution to (2.1.1) whose marginals follow the law �inv,
we may apply [Tre16, Theorem 2.5], as soon as

Z

0��1������n

nX

i=1

8
<

:2�i +

������
�� 2
�i + �

X

j 6=i

�i + �j

�i � �j

������

9
=

; d�inv(�
1; : : : ; �n) < +1:

This property can be proved by remarking that in the de�nition (2.3.6) of finv, the exponential
factors ensure integrability at in�nity while the factor j�j��ij�=2 makes the singularity of the
denominator of the interaction term �i+�j

�i��j integrable. The exponential factors in finv crush
every other term at +1. If � � 1, the boundary �i = �j is not singular. Let us discuss
further this boundary when � < 1 by looking at the term below for 1 � j < i � n :
Z

0��1������n

�i + �j

�i � �j
finv(�1; : : : ; �n)d�1 : : : d�n

�
2
Z

Z

0��1������n
(�i � �j)�1�n

nY

k=1

0

@(�k)
��2�(n�1)�

2 e�
�
k Y

l 6=k
j�l � �kj�=2

1

A d�1 : : : d�n

(2.3.7)

�
2
Z

Z

0��1������n
(�i � �j)�1+�(�n)1+��2�(n�1)�

2 n+�
2 (n(n�1)�2)e�
�

n
d�1 : : : d�n

(2.3.8)
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�
2
Z

Z

0��1������n
(�i � �j)�1+�(�n)1��+n(��2)

2 e�
�
n
d�1 : : : d�n (2.3.9)

�
2
Z

Z

(R+)n�1

 Z

R+

1f0��1��2gd�1
!

(�i � �j)�1+�(�n)1��+n(��2)
2 e�
�

n
1f0��2������ngd�2 : : : d�n

�
2
Z

Z

(R+)n�1
(�i � �j)�1+�(�n)2��+n(��2)

2 e�
�
n
1f0��2������ngd�2 : : : d�n

...

�
2
Z

Z

(R+)n�j+1
(�i � �j)�1+�(�n)j��+n(��2)

2 e�
�
n
1f0��j������ngd�j : : : d�n

�
2
Z

Z

(R+)n�j

 Z

R+

(�i � �j)�1+�1f0��j��j+1gd�j
!

(�n)j��+n(��2)
2 e�
�

n
1f0��j+1������ng

d�j+1 : : : d�n

�
1

2n�1(1� �)
�

1
Z

Z

(R+)n�j
(�i � �j)�(�n)j��+n(��2)

2 e�
�
n
10��j+1������nd�j+1 : : : d�n

(2.3.10)

�
1

1� �
�

2
Z

Z

(R+)n�j
(�n)j+

n(��2)
2 e�
�

n
1f0��j+1������ngd�j+1 : : : d�n < +1

...

�
1

1� �
�

2
Z

Z

R+

(�n)�1+n�
2 e�
�

n
d�n < +1;

as � > (n � 1)� > 0. To go from (2.3.7) to (2.3.9), we bound from above (�k)
��2�(n�1)�

2 by
(�n)

��2�(n�1)�
2 , j�l � �kj�=2 for fl; kg 6= fi; jg by (�n)

�
2 and e�
�k for k 6= n by 1. We can

thus apply [Tre16, Theorem 2.5] to deduce that we can de�ne a process solving (2.1.1) whose
marginals follow the law �inv so that �inv is invariant. By pathwise uniqueness proved in
Lemma 2.3.1, this weak solution to (2.1.1) is a strong solution.

2.4 Proof of Theorem 2.2.2

We start this section by the proof of Proposition 2.2.4 since this result is crucial in the proof
of Theorem 2.2.2.

Proof of Proposition 2.2.4

(i) To prove this assertion, we study for all k 2 f1; : : : ; ng the process �1+� � �+�k and show
that, as its interaction terms with the particles �k+1; : : : ; �n are non-positive, it is smaller
than a CIR process hitting zero in �nite time.
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Let us de�ne W k by W k
0 = 0 and

dW k
t =

Pk
i=1

0

@1nPk
j=1 �

j
t 6=0
o
p
�itqPk
j=1 �

j
t

+ 1nPk
j=1 �

j
t=0
o 1p

k

1

A dBi
t.

According to LØvy’s characterization, W k is a Brownian motion. For t � 0,

d(�1
t + � � �+ �kt ) = 2

q
�1
t + � � �+ �kt dW k

t � 2
(�1
t + � � �+ �kt )dt+ k(�� (n� k)�)dt

+ 2�
kX

i=1
�it

nX

j=k+1

1
�it � �

j
t
dt

� 2
q
�1
t + � � �+ �kt dW k

t � 2
(�1
t + � � �+ �kt )dt+ k(�� (n� k)�)dt:

(2.4.1)

By the pathwise comparison theorem of Ikeda and Watanabe (that we recall in Theorem
2.6.2 below),

�1
t + � � �+ �kt � rt for all t � 0 a.s.;

where

rt = �1
0 + � � �+ �k0 + 2

Z t

0

p
rsdW k

s � 2

Z t

0
rsds+ k(�� (n� k)�)t (2.4.2)

is a CIR process. Applying Lemma 2.6.1 with a = k(� � (n � k)�), b = 2
 and � = 2,
which satisfy a < �2

2 and b � 0, we can conclude.

(ii) Before proving the assertion by backward induction on k, let us �rst check that, what-
ever � � 0, � > 0 and 
 2 R, a local solution to (2.1.1) de�ned up to a stopping time T is
actually continuous and solves (2.1.1) on the closed time interval [0; T ] on fT <1g. For all
k 2 f1; : : : ; ng, we de�ne the Brownian motion W k the following way :

dW k
t = 1ft2[0;T )g

kX

i=1

0

@1nPk
j=1 �

j
t 6=0
o

q
�itqPk
j=1 �

j
t

+ 1nPk
j=1 �

j
t=0
o 1p

k

1

A dBi
t + 1ft�T g

1p
k

kX

i=1
dBi

t:

For k = n the inequality (2.4.1) is an equality for t < T , and according to Lemma 2.6.1, the
CIR process r satisfying (2.4.2) is de�ned globally and for t 2 [0; T ) we have �1

t +� � �+�nt = rt.
Moreover, for k 2 f1; : : : ; ng and t 2 [0; T ),

kX

i=1
�it =

kX

i=1
�i0+2

kX

i=1

Z t

0

q
�isdB

i
s�2


Z t

0

kX

i=1
�isds+k(��(n�k)�)t�2�

Z t

0

kX

i=1
�is

nX

j=k+1

1
�js � �is

ds:

On fT < 1g,
R T

0
Pn
i=1 �isds =

R T
0 rsds < +1 so that the second and third terms in the

right-hand side are continuous functions of t on the time-interval [0; T ]. Since the fourth
term in the right-hand side is also obviously continuous, the integrand in the last term in
the right-hand side is non-negative and the left-hand side is also non-negative, we deduce
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that
R T

0
Pk
i=1 �is

Pn
j=k+1

1
�js��is

ds < +1 so that the last term in the right-hand side is also
continuous on the time interval [0; T ]. Therefore, still on fT < 1g, (�1

t ; �1
t + �2

t ; : : : ; �1
1 +

: : :+�nt ) admits a limit as t! T � and so does (�1
t ; �2

t ; : : : ; �nt ). De�ning (�1
T ; �2

T ; : : : ; �nT ) as
this limit, we conclude that (2.1.1) is satis�ed on the closed time interval [0; T ] on fT <1g.

Let us now prove the assertion by backward induction on k noticing that mink�‘�n ‘(��
(n� ‘)�) = k(�� (n�k)�). The idea is to show that the process �1 + � � �+�k is not smaller
than a CIR process which never hits zero. For k = n, if n� � 2, then Lemma 2.6.1 applied
with a = n�, b = 2
 and � = 2 which satisfy a � �2

2 , implies that the CIR process r de�ned
by (2.4.2) and which coincides with �1 + � � �+ �n on [0; T ) does not hit 0.

Let us now assume that for some k 2 f1; : : : ; n � 1g, k(� � (n � k)�) � 2 and that the
desired property holds for the sum of the k+1 �rst coordinates. Since (k+1)(��(n�k�1)�) >
k(�� (n� k)�) � 2, the probability for the k+ 1 smallest particles to collide at zero is null.
Consequently, the probability for the k smallest particles to collide at zero is the probability
for exactly the k smallest particles to collide at zero and not the (k + 1)th which stays away
from zero. We thus have :

P
�
T =1;9t � 0 : �1

t + �2
t + � � �+ �kt = 0

�

= lim
"#0

P

0

@T =1;9t � 0 : �1
t + �2

t + � � �+ �kt = 0 and �k+1
t � �kt � "

1

A
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"#0

P

0

@T =1;9t � 0 : �1
t + �2

t + � � �+ �kt + 1f�k+1
t ��kt<"g

= 0

1

A;
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P
�
T <1; inf

t2[0;T )
(�1

t + � � �+ �kt ) = 0
�

= lim
"#0

P

0

@T <1; inf
t2[0;T )

(�1
t + � � �+ �kt + 1f�k+1

t ��kt<"g
) = 0

1

A:

For " > 0, starting with

� 0
" = infft 2 [0; T ) : �k+1

t � �kt � "g;

let us de�ne inductively for j 2 N

�j" = infft 2 (� j" ; T ) : �k+1
t � �kt �

"
2
g;

� j+1
" = infft 2 (�j"; T ) : �k+1

t � �kt � "g;

with the convention inf ; = T . As the function t ! �k+1
t � �kt is continuous on [0; T ) and

even on [0; T ] when T < +1,

�j"; �
j
" �!j!+1

T and maxfj 2 N : � j" < T g < +1 a.s. on fT <1g:

As �k+1
t � �kt < " on [0; � 0

" ) and [�j"; � j+1
" ) for j 2 N, we deduce that

8
<

:T <1 ; inf
t2[0;T )

(�1
t + � � �+ �kt + 1f�k+1

t ��kt<"g
) = 0

9
=

;
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=

8
<

:T <1;9j 2 N�; inf
t2[� j" ;�

j
")

(�1
t + � � �+ �kt ) = 0

9
=

;;

and

8
<

:T =1 ; 9t � 0 : �1
t + �2

t + � � �+ �kt + 1f�k+1
t ��kt<"g

= 0

9
=

;

=

8
<

:T =1;9j 2 N�;9t 2 [� j" ; �
j
") : �1

t + �2
t + � � �+ �kt = 0

9
=

;:

Therefore it is enough to check that

P
 (

T < +1;9j 2 N�; inf
t2[� j" ;�

j
")

(�1
t + � � �+ �kt ) = 0

)!

+ P

0

@

8
<

:T = +1;9j 2 N�; 9t 2 [� j" ; �
j
") : �1

t + �2
t + � � �+ �kt = 0

9
=

;

1

A = 0:

We have for all t 2 [� j" ; �j"), �
k+1
t � �kt > "

2 and

d(�1
t + � � �+ �kt ) = 2

q
�1
t + � � �+ �kt dW k

t � 
(�1
t + � � �+ �kt )dt+ k(�� (n� k)�)dt

+ 2�
kX

i=1
�it

nX

j=k+1

1
�it � �

j
t
dt

� 2
q
�1
t + � � �+ �kt dW k

t � 
(�1
t + � � �+ �kt )dt+ k(�� (n� k)�)dt�

4
"
�(n� k)

kX

i=1
�itdt

� 2
q
�1
t + � � �+ �kt dW k

t �
�

 +

4
"
�(n� k)

�
(�1

t + � � �+ �kt )dt+ k(�� (n� k)�)dt:

(2.4.3)

We can then de�ne on f� j" <1g the process rj by r
j
0 =

�
�1
� j"

+ � � �+ �k
� j"

�
1f� j"<T g+1f� j"=T g

and for all t � 0 :

drjt = 2
q
rjtdW k

t+� j"
+
�
�
�

 +

4
"
�(n� k)

�
rjt + k(�� (n� k)�)

�
dt

= 2
q
rjtd(W k

t+� j"
�W k

� j"
+W k

� j"
) +

�
�
�

 +

4
"
�(n� k)

�
rjt + k(�� (n� k)�)

�
dt

= 2
q
rjtd ~W k

t +
�
�
�

 +

4
"
�(n� k)

�
rjt + k(�� (n� k)�)

�
dt;

where conditionally on f� j" < 1g, by the strong Markov property, ( ~W k
t = W k

t+� j"
�W k

� j"
)t�0

is a Brownian motion independent from F� j" . Conditionally on f� j" <1g, the process rj is a
CIR process de�ned globally according to Lemma 2.6.1 with a = k(�� (n� k)�) and � = 2
which satisfy a � �2

2 , and it stays positive on R+.
We can conclude since by (2.4.3) and Theorem 2.6.2, for all t 2 [� j" ; �j"),

�1
t + � � �+ �kt � rj

t�� j"
:
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Proof of Theorem 2.2.2 As explained in the introduction, the main di�culty in proving
this result comes from the fact that we have to deal with both singularities when a particle
hits zero and when two particles collide at the same time. For " > 0, our method precisely
consists in separating these di�culties by de�ning two new SDEs (Â") and (B") which each
remove one type of singularity and coincide with (2.1.1) on domains that cover ft � 0 : 0 �
�1
t � � � � � �nt and �1

t _(�2
t ��1

t ) � "g. This allows us to build a solution to (2.1.1) by piecing
together solutions to (Â") and (B").

Let us consider in this proof the Brownian motion B = (B1
t ; : : : ; Bn

t )t, Ft = �
�
(�1

0; : : : ; �n0 ); (Bs)s�t
�

for all t � 0, and the SDEs de�ned by (2.1.1). Let us de�ne for all " > 0 the following SDEs
:

d�̂i;"t = 2
q
�̂i;"t dBi

t +

2

4�� (n� 1)� + 1�
 

0 _
2
p

2
p
"

 q
�̂i;"t �

p
"

2
p

2

!

^ 1
!

� 2
�̂i;"t

+ 2��̂i;"t
X

j 6=i

1
�̂i;"t � �̂

j;"
t

3

5dt

(Â")

0 � �̂1;"
t < � � � < �̂n;"t ; a.s., dt� a:e:

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

d~�1;"
t = 2

q
~�1;"
t dB1

t + (�� (n� 1)�)dt� 2
~�1;"
t dt� 2�

X

j 6=1

~�1;"
t ^ "

(~�j;"t � ~�1;"
t ^ ") _ "

dt

8i 2 f2; : : : ; ng, d~�i;"t = 2
q

~�i;"t dBi
t + (�� (n� 1)� + 1)dt� 2
~�i;"t dt+ 2�

X

j�2;j 6=i

~�i;"t
~�i;"t � ~�j;"t

dt

�
"

0 _
2
p
"

 q
~�i;"t �

p
"

2

!

^ 1
#

dt+ 2�
~�i;"t

(~�i;"t � ~�1;"
t ^ ") _ "

dt

(B")
0 � ~�1;"

t and 0 � ~�2;"
t < � � � < ~�n;"t ; a.s., dt� a:e:

These systems are built such as :

(Â") coincides with (2.1.1) on ft; �̂1;"
t �

"
2
g;

(B") coincides with (2.1.1) on ft; ~�1;"
t � " and ~�2;"

t � ~�1
t � "g:

Lemmas 2.4.1 and 2.4.2 give existence of global pathwise unique strong solutions to (Â")
and (B") for any random initial condition with ordered non-negative coordinates and inde-
pendent from the driving Brownian motion.

For � 2 Rn
+ deterministic with ordered coordinates, let �̂";T;� denotes the process solution

to (Â") on [T;+1) starting from � at time T and equal to 0 on (�1; T ). Likewise, ~�";T;�

denotes the process solution to (B") on [T;+1) starting from � at time T and equal to 0 on
(�1; T ). We de�ne by induction :
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� "0 = 0;
let us note �(0) = (�(0);1

t ; : : : ; �(0);n
t )t = �̂";0;�0 ;

� "1 = 1f�1
0�"g inf

�
t � 0 : �(0);1

t �
"
2

�
;

let us note �(1) = (�(1);1
t ; : : : ; �(1);n

t )t = ~�
";�"1 ;�

(0)
�"1 ;

� "2 = inf
n
t � � "1 : �(1);1

t � "
o

;
...

let us note �(2i) = (�(2i);1
t ; : : : ; �(2i);n

t )t = �̂
";�"2i;�

(2i�1)
�"2i ;

� "2i+1 = inf
�
t � � "2i : �(2i);1

t �
"
2

�
;

let us note �(2i+1) = (�(2i+1);1
t ; : : : ; �(2i+1);n

t )t = ~�
";�"2i+1;�

(2i)
�"2i+1 ;

� "2i+2 = inf
n
t � � "2i+1 : �(2i+1);1

t � "
o

;
...

and as for all i 2 N, the � "i de�ned before are stopping times for the �ltration (Ft)t�0, the
random vectors 1f�"i <+1g�

(i)
�"i

are F�"i -measurable, the construction makes sense.
We �nally de�ne for all " > 0 and t � 0 :

Z"t = 1f0�t��"1 g�
(0)
t +

+1X

i=1
1f�"i <t��"i+1g�

(i)
t :

For all i 2 N and for t 2 [� "2i+1; � "2i+2), the equation for the smallest coordinate in (B")
and the non-negativity of �(2i+1);1

t gives

d�(2i+1);1
t � 2

q
�(2i+1);1
t dB1

t + (�� (n� 1)�)dt: (2.4.4)

Then, according to the pathwise comparison theorem of Ikeda and Watanabe (that we
recall in Theorem 2.6.2 below), for all i 2 N� and for all t 2 [� "2i+1; � "2i+2)

�(2i+1);1
t � r2i+2

t��"2i+1
;

where for all t � 0

r2i+2
t =

"
2

+ 2
Z �"2i+1+t

�"2i+1

p
rsdB1

s + (�� (n� 1)�)t;

which is a CIR process.
For each i 2 N�, the delay � "2i+2� � "2i+1 is larger than the time needed by the CIR process

r2i+2 to go from "
2 to ". Moreover, the times for the processes r2i+2 to go from "

2 to " are iid
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positive random variables. Consequently, there is no accumulation of the stopping times � j"
which go to in�nity as j !1.

The stochastic process Z" is thus de�ned globally.
We recall that (Â") and (B") respectively coincide with (2:1:1) when �̂1;"

t � "
2 , and when

~�1;"
t � " and ~�2;"

t � ~�1;"
t � ". On the other hand, on [� "2i; � "2i+1], Z" evolves according to (Â")

and Z1;" � "
2 while on [� "2i+1; � "2i+2], Z" evolves according to (B") and Z1;" � ". By induction

on i we deduce that Z" is a solution to (2.1.1) until

inf

8
<

:t 2
[

i2N
[� "2i+1; �

"
2i+2];Z2;"

t �Z
1;"
t � "

9
=

; � infft � 0 : Z1;"
t � " and Z2;"

t �Z
1;"
t � "g =: �":

From Lemmas 2.4.1 and 2.4.2, we have :

Pf9i 2 N;9t 2 (� "2i; �
"
2i+1] : Zj;"t = Zj+1;"

t and Zk;"t = Zk+1;"
t for some 0 � j < k � n�1g = 0;

where by convention Z0;" � 0, and

Pf9i 2 N;9t 2 (� "2i+1; �
"
2i+2] : Zj;"t = Zj+1;"

t and Zk;"t = Zk+1;"
t for some 2 � j < k � n� 1g = 0:

On the time intervals [� "2i+1 ^ �"; � "2i+2 ^ �"], we have Z2;"
t �Z

1;"
t � ". Consequently,

P
�
9t 2 (0; �"] : Z i;"t = Z i+1;"

t and Zj;"t = Zj+1;"
t for some 1 � i < j � n� 1

�
= 0: (2.4.5)

As the solutions to equation (2.1.1) are pathwise unique (see Lemma 2.4.2), for n 2 N�,
the processes Z

1
n and Z

1
n+1 coincide on

h
0; � 1

n
^ � 1

n+1

i
. Thus, � 1

n
^� 1

n+1
= � 1

n
and the sequence

(� 1
n
)n2N� is non-decreasing. Moreover, for all n 2 N�, Z

1
n veri�es (2.4.5). Consequently, we

can de�ne for all t 2 [0; lim
"!0

�")

�t = Z1
t 1f0�t��1g +

X

n�1
Z

1
n+1
t 1n

� 1
n
<t�� 1

n+1

o: (2.4.6)

which is a solution to the SDEs (2.1.1) on [0; lim
"!0

�") verifying (iii) of Theorem 2.2.2.
Finally, as the solutions to (2.1.1) are pathwise unique (Lemma 2.3.1), we can apply

the Yamada-Watanabe theorem (see for instance [RY99, Theorem 1.7 p.368]) to deduce the
existence of strong solutions to the equation.

Since on f�" < +1g, �1
�" + �2

�" = 2�1
�" + �2

�" � �1
�" � 3", on flim

"!0
�" < +1g we have

inf
t2[0; lim

"!0
�")
�1
t + �2

t = 0. We then use Proposition 2.2.4 (ii) with k = 2 to conclude that

lim
"!0

�" = +1 when �� (n� 1)� � 1� � which is (i) from Theorem 2.2.2.
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For � � (n � 1)� < 1 � � and 
 � 0, let us prove assertion (ii) of Theorem 2.2.2.
Following the steps of the proof of Proposition 2.2.4 with k = 2 until (2.4.1), we have for all
0 � t < lim

"!0
�" :

d(�1
t + �2

t ) � 2
q
�1
t + �2

tdW 2
t � 2
(�1

t + �2
t )dt+ 2(�� (n� 2)�)dt;

where by LØvy’s characterization, W 2 de�ned by W 2
0 = 0 and

dW 2
t = 1n

0�t< lim
"!0

�"
o
p
�1
tdB

1
t+
p
�2
tdB

2
tp

�1
t+�

2
t

+ 1n
t� lim
"!0

�"
o dB1

t+dB2
tp

2 is a Brownian motion.

By the pathwise comparison theorem of Ikeda and Watanabe (that we recall in Theorem
2.6.2 below),

�1
t + �2

t � rt for all 0 � t < lim
"!0

�" a.s.

where for all t � 0

rt = �1
0 + �2

0 + 2
Z t

0

p
rsdW 2

s � 2

Z t

0
rsds+ 2(�� (n� 2)�)t

is a CIR process. Applying Lemma 2.6.1 with a = 2(� � (n � 2)�), b = 2
 and � = 2
which satisfy a < �2

2 and b � 0, we conclude that the hitting time of 0 by r is �nite almost

surely. Consequently, P
�

lim
"!0

�" = +1
�

= 0 which concludes the proof of Theorem 2.2.2 (ii).

Lemma 2.4.1. Let us assume �� (n� 1)� > 0. The system

d�̂i;"t = 2
q
�̂i;"t dBi

t+

2

4�� (n� 1)� + 1� 0 _
2
p

2
p
"

 q
�̂i;"t �

p
"

2
p

2

!

^ 1� 2
�̂i;"t + 2��̂i;"t
X

j 6=i

1
�̂i;"t � �̂

j;"
t

3

5 dt

(Â")
0 � �̂1;"

t < � � � < �̂n;"t ; a.s., dt� a:e:

has a global pathwise unique strong solution (�̂1;"
t ; : : : ; �̂1;"

t )t starting from any random
initial condition �0 = (�1

0; : : : ; �n0 ) independent from B such that 0 � �1
0 � � � � � �n0 a.s.

Moreover,

Pf9t > 0 : �̂i;"t = �̂i+1;"
t and �̂j;"t = �̂j+1;"

t for some 0 � i < j � n� 1g = 0; (2.4.7)

where by convention �̂0;" � 0.

Proof. Let us consider Ft = �
�

(
q
�1

0; : : : ;
p
�n0 ); (Bs)s�t

�
and the system of SDEs de�ned by

dxi;"t = dBi
t+
�� (n� 1)� � 0 _ 2

p
2p
"

�
xi;"t �

p
"

2
p

2

�
^ 1

2xi;"t
dt�
xi;"t dt+�x

i;"
t
X

j 6=i

dt
(xi;"t )2 � (xj;"t )2

for i 2 f1; : : : ; ng

(A")
0 � x1;"

t < � � � < xn;"t ; a:s:; dt� a:e:
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with random initial condition (
q
�1

0; : : : ;
p
�n0 ) such that 0 �

q
�1

0 � � � � �
p
�n0 .

We are going to apply Cepa’s multivalued equations theory ([CØp95]) to conclude that
there exists a unique strong solution to (A").

To do so, we de�ne

D = f0 < x1 < x2 < � � � < xng;

�
 : (x1; : : : ; xn) 2 Rn !

8
>>>><

>>>>:

�
nX

i=1

2

4�� (n� 1)�
2

ln jxij �


2

(xi)2 +
�
4
X

j 6=i

�
ln jxi � xjj+ ln jxi + xjj

�
3

5

if x 2 D
+1 if x =2 D;

g : (x1; : : : ; xn) 2 Rn !

0

@�
0 _ 2

p
2p
"

�
x1;"
t �

p
"

2
p

2

�
^ 1

2x1;"
t

; : : : ;�
0 _ 2

p
2p
"

�
xn;"t �

p
"

2
p

2

�
^ 1

2xn;"t

1

A ;

to rewrite the system of SDEs on D with X = (x1;"
t ; : : : ; xn;"t )t the following way

dXt = dBt + g(Xt)dt�r�
(Xt)dt: (A")

Since g is globally Lipschitz and �
 is convex, CØpa’s multivalued equations theory and in
particular [CL01, Theorem 2.2] combined with the remark following [CØp95, Theorem 3.1]
show the existence of a unique strong solution to equation

d ~Xt = dBt + g( ~Xt)dt�r�
( ~Xt)dt� �( ~Xt)dLt for all t � 0 ( ~A")
8t � 0; ~Xt 2 �D a.s.
~X0 = (

q
�1

0; : : : ;
q
�n0 );

where ~X is a continuous adapted to (Ft)t�0 process, L is a continuous non-decreasing adapted
to (Ft)t�0 process with L0 = 0 verifying

Lt =
Z t

0
1f ~Xs2@DgdLs;

and �(x) 2 �(x) (�(x) is the set of unitary outward normals to @D at x 2 @D). The solution
to equation ( ~A") follows the conditions : for all t > 0

E
�Z t

0
1f ~Xs2@Dgds

�
= 0;

E
�Z t

0
jr�
( ~Xs)jds

�
< 1:

Let us now prove that the boundary process L is equal to zero.
For all m 2 f1; : : : ; ng, for all t � 0, we have with C = ��(n�1)�

2 :

E
Z t

0

������

C
xm;"s

+ �xm;"s

X

j 6=m

1
(xm;"s )2 � (xj;"s )2

������
ds <1: (2.4.8)
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Let us prove by backward induction on m that

for all 1 < m � n and for all t � 0, E
Z t

0

����
1
xm;"s

����+
X

l<m

�����
xm;"s

(xm;"s )2 � (xl;"s )2

����� ds <1: (Hm)

� m = n

As all the terms in the absolute value of (2.4.8) have the same sign for m = n, we deduce
the individual integrability.

� Let 1 < m � n and let us assume (Hj) for all j 2 fm+ 1; : : : ; ng.

We have :

C
xm;"s

+ �xm;"s

X

j 6=m

1
(xm;"s )2 � (xj;"s )2

=
C
xm;"s

+ �xm;"s

X

j<m

1
(xm;"s )2 � (xj;"s )2

� �
X

j>m

xm;"s

(xj;"s )2 � (xm;"s )2
:

Let us remark that for all s � 0

C
xm;"s

+ �xm;"s

X

j<m

1
(xm;"s )2 � (xj;"s )2

�

������

C
xm;"s

+ �xm;"s

X

j 6=m

1
(xm;"s )2 � (xj;"s )2

������
+ �

X

j>m

xj;"s
(xj;"s )2 � (xm;"s )2

;

(2.4.9)

by the triangle inequality and since xj;"s � xm;"s for j > m.
By (2.4.8) and the induction hypothesis for j 2 fm+1; : : : ; ng, each term in the right-hand

side of (2.4.9) is integrable, which ends the induction argument.
Consequently, for all 1 � l < m � n and for all t � 0 we have

E
Z t

0

1
xm;"s � xl;"s

ds = E
Z t

0

xm;"s + xl;"s
(xm;"s )2 � (xl;"s )2

ds � 2E
Z t

0

xm;"s

(xm;"s )2 � (xl;"s )2
ds <1: (2.4.10)

As in the second part of the proof of [CL01, Theorem 2.2] (equation (2.40)), using the
occupation times formula and (2.4.10), we have for 1 � l < m � n; t � 0

Z +1

0

Lat (xm;" � xl;")
a

da =
Z t

0

dhxm;" � xl;"is
xm;"s � xl;"s

= 2
Z t

0

1
xm;"s � xl;"s

ds < +1; (2.4.11)

and Z +1

0

Lat (x1;")
a

da =
Z t

0

dhx1;"is
x1;"
s

=
Z t

0

1
x1;"
s
ds < +1;

where Lat (X ) is the local time at time t and on level a for a real continuous semimartingale
X . Since the function a 7! 1

a is not integrable at 0 and (Lat (X)) is cadlag at a by [RY99,
Theorem 1.7 p.225], one deduces that L0

t (xm;" � xl;") = L0
t (x1;") = 0.
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From there, the reasoning made in the proof of [CL01, Theorem 2] allows to conclude
that the boundary process L is equal to zero.

Then, setting �̂i;" = (xi;")2 for all i 2 f1; : : : ; ng we obtain a global solution to (Â").
Following the approach used in the proof of Lemma 2.4.2 below to demonstrate pathwise
uniqueness for the slightly more complicated system (B"), we obtain that the solutions to
(Â") are pathwise unique. The Yamada-Watanabe Theorem (see for instance [RY99, Theorem
1.7 p.368]), allows to conclude that (Â") has a pathwise unique global strong solution.

Let us now prove (2:4:7).
Let us consider the system de�ned by (A") with initial condition 0 �

q
�1

0 � � � � �
p
�n0 .

Let us de�ne for all " > 0;M > 0

�M = infft � 0 : 9i 2 f1; : : : ; ng; xi;"t �Mg;

and for t 2 [0; �M) : �(t) = (�1(t); : : : ; �n(t)) with

8i 2 f1; : : : ; ng, �i(t) = �
0 _ 2

p
2p
"

�
xi;"t �

p
"

2
p

2

�
^ 1

2xi;"t
+ 
xi;"t ;

and for all t � 0

Z(t) = exp
�
�
Z t^�M

0
�(u) � dBu �

1
2

Z t^�M

0
jj�(u)jj2du

�
:

We have for all i 2 f1; : : : ; ng,

�2
i (t) =

0

@�
0 _ 2

p
2p
"

�
xi;"t �

p
"

2
p

2

�
^ 1

2xi;"t
+ 
xi;"t

1

A

2

� 2

0

@
0 _ 2

p
2p
"

�
xi;"t �

p
"

2
p

2

�
^ 1

2xi;"t

1

A

2

+ 2(
xi;"t )2

�
1
"

+ 2
2M2:

We thus have

E
�
exp

�1
2

Z t^�M

0
jj�(u)jj2du

��
< 1 for all t � 0:

Then, according to Novikov’s criterion (see for instance [KS91, Proposition 5.12 p.198]), Z is a
P-martingale, and E[Z(t)] = 1. Consequently, recalling that Ft = �

�
(
q
�1

0; : : : ;
p
�n0 ); (Bs)s�t

�

and de�ning Q such that
dQ
dP jFt

= Z(t);

and

for all i 2 f1; : : : ; ng; �Bi;M
t = Bi

t +
Z t^�M

0
�i(s)ds
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= Bi
t �

Z t^�M

0

0 _ 2
p

2p
"

�
xi;"s �

p
"

2
p

2

�
^ 1

2xi;"s
+ 
xi;"s ds; t � 0;

�B
M

= ( �B1;M
t ; : : : ; �Bn;M

t )t is a Q- Brownian motion according to the Girsanov theorem (see
for instance [KS91, Proposition 5.4 p.194]).

Thus, (A") can be rewritten in terms of �BM as

dxi;"t = d �Bi;M
t +

�� (n� 1)�
2xi;"t

dt�
xi;"t 1ft��Mgdt+�xi;"t
X

j 6=i

dt
(xi;"t )2 � (xj;"t )2

for i 2 f1; : : : ; ng:

( �A";M)
By the same arguments as in the beginning of the proof, the normaly re�ected SDE

d �Xt = d �BM
t �r�0( �Xt)dt� �( �Xt)d�Lt for all t � 0 (2.4.12)

8t � 0; �Xt 2 �D a.s.
�X0 = (

q
�1

0; : : : ;
q
�n0 )

admits a global solution and the term �( �Xt)d�Lt is zero. We can apply [LØ10, Theorem 3.1]
to the SDE (2.4.12) to conclude that its solutions cannot have multiple collisions. This last
SDE can be rewritten

d�xi;"t = d �Bi;M
t +

�� (n� 1)�
2�xi;"t

dt+ ��xi;"t
X

j 6=i

dt
(�xi;"t )2 � (�xj;"t )2

for i 2 f1; : : : ; ng

0 � �x1;"
t < � � � < �xn;"t ; a.s., dt� a:e:

By pathwise uniqueness deduced from the application of Lemma 2.3.1 after the square of
each coordinate change of variable, the solutions to this last system of SDEs coincide with
the solutions to ( �A";M) on [0; �M), which implies that there is no collision of (x1;"

t ; : : : ; xn;"t )t
on [0; �M) under the probability Q. There is thus no multiple collision of (x1;"

t ; : : : ; xn;"t )t
under the probability P on [0; �M) :

Pf9t 2 [0; �M) : xi;"t = xi+1;"
t and xj;"t = xj+1;"

t for some 0 � i < j � n� 1g = 0:

Since it is true for all M > 0, and since as the system of SDEs (A") admits a continuous
global solution, �M �!

M!+1
+1 P�a:s:, we have the result for (A"), and thus for (Â"), which

concludes the proof.

Lemma 2.4.2. Let us assume � � (n � 1)� > 0. The system of SDEs (B") with ran-
dom initial condition (~�1;"

0 ; : : : ; ~�n;"0 ) such that 0 � ~�1;"
0 � � � � � ~�n;"0 a.s. and independent

from the Brownian motion B = (B1
t ; : : : ; Bn

t )t has a global pathwise unique strong solution
(~�1;"

t ; : : : ; ~�1;"
t )t.

Moreover,

Pf9t > 0 : ~�i;"t = ~�i+1;"
t and ~�j;"t = ~�j+1;"

t for 2 � i < j � n� 1g = 0: (2.4.13)
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Proof. Let us consider a Brownian motion ~B = ( ~B1
t ; : : : ; ~Bn

t )t and the system

d~�1;"
t = 2

q
~�1;"
t d ~B1

t + (�� (n� 1)�)dt� 2
~�1;"
t dt (2.4.14)

8i 2 f2; : : : ; ng , d~�i;"t = 2
q

~�i;"t d ~Bi
t + (�� (n� 1)� + 1)dt�

"

0 _
2
p
"

 q
~�i;"t �

p
"

2

!

^ 1
#

dt

�2
~�i;"t dt+ 2�
X

j�2;j 6=i

~�i;"t
~�i;"t � ~�j;"t

dt:

Let us remark that ~�1 is a CIR process, and that the coordinates i 2 f2; : : : ; ng satisfy an
autonomous system of SDEs for n�1 particles similar to equation (Â"). The only di�erences
are the coe�cient (n � 1)� in (Â") which remains (n � 1)� here and is thus una�ected
by the change in the number of particles, and the terms

�
0 _ 2

p
2p
"

�q
~�i;"t �

p
"

2
p

2

�
^ 1

�
in

(Â") which becomes
�
0 _ 2p

"

�q
~�i;"t �

p
"

2

�
^ 1

�
here. We can still consider the root process

(
q

~�2;"
t ; : : : ;

q
~�n;"t )t, and apply the same method as in the proof of Lemma 2.4.1 to prove the

existence of a strong solution to this subsystem. Equation (2.4.14) also has a strong solution
(Lemma 2.6.1), and consequently the whole n-particles system considered here admits a
global strong solution.

Let us de�ne for all " > 0 and for t � 0 : �(t) = (�1(t); : : : ; �n(t)) with

�1(t) = �
�

q
~�1;"
t

X

j 6=1

~�1;"
t ^ "

(~�j;"t � ~�1;"
t ^ ") _ "

;

8i 2 f2; : : : ; ng, �i(t) =
�

q
~�i;"t

~�i;"t
(~�i;"t � ~�1;"

t ^ ") _ "
;

and for all t � 0
Z(t) = exp

�Z t

0
�(u) � d ~Bu �

1
2

Z t

0
jj�(u)jj2du

�
:

We have

�2
1(t) =

�2

~�1;"
t

0

@
X

j>1

~�1;"
t ^ "

(~�j;"t � ~�1;"
t ^ ") _ "

1

A
2

�
�2(~�1;"

t ^ ")2

~�1;"
t

0

@
X

j>1

1
"

1

A
2

�
(n� 1)2�2

"
: (2.4.15)

For all 1 < i � n,

�2
i (t) =

�2

~�i;"t

(~�i;"t )2

((~�i;"t � ~�1;"
t ^ ") _ ")2
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� �2 (~�i;"t � ~�1;"
t ^ ")+ + ~�1;"

t ^ "
((~�i;"t � ~�1;"

t ^ ") _ ")2

�
2�2

"
: (2.4.16)

We thus have

E
�
exp

�1
2

Z t

0
jj�(u)jj2du

��
< 1 for all t � 0:

Then, according to Novikov’s criterion (see for instance [KS91, Proposition 5.12 p.198]), Z
is a P-martingale, and E[Z(t)] = 1 for all t � 0. Consequently, de�ning for all t � 0,
~Ft = �

�
( ~Bt)s�t; (~�1;"

0 ; : : : ; ~�n;"0 )
�
and Q such that

dQ
dP j ~Ft

= Z(t);

and

~~B1
t = ~B1

t �
Z t

0
�1(s)ds

= ~B1
t +

Z t

0

�
q

~�1;"
s

X

j 6=1

~�1;"
s ^ "

(~�j;"s � ~�1;"
s ^ ") _ "

ds;

for all i 2 f2; : : : ; ng; ~~Bi
t = ~Bi

t �
Z t

0
�i(s)ds

= ~Bi
t �

Z t

0

�
q

~�i;"s

~�i;"s
(~�i;"s � ~�1;"

s ^ ") _ "
ds; 0 � t;

~~B = ( ~~B1
t ; : : : ;

~~Bn
t )t is a Q- Brownian motion according to the Girsanov theorem (see for

instance [KS91, Proposition 5.4 p.194]).
Consequently, (B") has a global weak solution.
We now have to prove the pathwise uniqueness of the solutions to (B"). The di�erences

with Lemma 2.3.1 are the term
"

0 _
2
p
"

 q
~�i;"t �

p
"

2

!

^ 1
#

;

and the interaction terms between the �rst particle and the others.
Let Z = (z1

t ; : : : ; znt )t and ~Z = (~z1
t ; : : : ; ~znt )t be two global solutions to (B") with Z0 = ~Z0

independent from the same driving Brownian motion B = (B1
t ; : : : ; Bn

t )t.
Let M > 0 and

�M = infft � 0 : ~z1
t + z1

t + ~znt + znt �Mg:

As Z and ~Z are continuous and assumed well de�ned on R+, �M " 1 when M " 1.
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The local time of zi � ~zi at 0 is zero ([RY99, Lemma 3.3 p.389]). Applying the Tanaka
formula to the process zi � ~zi stopped at �M and summing over i,
nX

i=1
jzit^�M � ~zit^�M j =

nX

i=1
jzi0 � ~zi0j+

nX

i=1

Z t^�M

0
sgn(zis � ~zis)d(zis � ~zis)

= 2
nX

i=1

Z t^�M

0
j
q
zis �

q
~zisjdB

i
s � 2


Z t^�M

0

nX

i=1
jzis � ~zisjds

+ 2�
Z t^�M

0

nX

i=2
sgn(zis � ~zis)

X

j�2;j 6=i

 
zis

zis � z
j
s
�

~zis
~zis � ~zjs

!

ds (2.4.17)

+ 2�
Z t^�M

0

nX

i=2

8
<

:sgn(zis � ~zis)
 

zis
(zis � z1

s ^ ") _ "
�

~zis
(~zis � ~z1

s ^ ") _ "

!

� sgn(z1
s � ~z1

s)
 

z1
s ^ "

(zis � z1
s ^ ") _ "

�
~z1
s ^ "

(~zis � ~z1
s ^ ") _ "

!9=

;ds (2.4.18)

�
Z t^�M

0

nX

i=2
sgn(zis � ~zis)

8
<

:

"

0 _
2
p
"

 q
zit �

p
"

2

!

^ 1
#

�
"

0 _
2
p
"

 q
~zit �

p
"

2

!

^ 1
#9=

;ds:

(2.4.19)

As the processes are stopped at �M , the expectation of the stochastic integrals is zero. As in
the proof of Lemma 2.3.1, the terms (2.4.17) are not positive. To deal with the expectation
of (2.4.18), one remarks that the function

(x; y) 7!
x

(x� y ^ ") _ "

is Lipschitz on [0;M ]2.
As for the term (2.4.19), the function f : z 7!

h
0 _ 2p

"

�p
z �

p
"

2

�
^ 1

i
de�ned on R+ is

constant on
h
0; "4

�
and on [";+1) and is di�erentiable on

�
"
4 ; "

�
with

f 0(z) =
1
p
"z
�

2
"

for all z 2
�"

4
; "
�
:

Consequently, f is Lipschitz with constant 2
" . Then for all M > 0 there exists a constant

KM � 0 depending on M such that for all t � 0

nX

i=1
Ejzit^�M � ~zit^�M j � KME

"Z t^�M

0

nX

i=1
jzis � ~zisjds

#

� KM

Z t

0

nX

i=1
Ejzis^�M � ~zis^�M jds:

The Grönwall Lemma allows to conclude that for all M > 0 and t � 0
nX

i=1
Ejzit^�M � ~zit^�M j = 0:
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Using Fatou’s Lemma to take the limit M going to in�nity we deduce that for all t � 0

nX

i=1
Ejzit � ~zitj = 0;

which concludes the proof on the existence and pathwise uniqueness.
Let us now prove (2.4.13). To do so, we can use the same method used to prove (2.4.7) on

the square root of the coordinates (~�2;"
t ; : : : ; ~�n;"t )t, which solve, as explained in the beginning

of the proof, a system of SDEs similar to (A") for n� 1 particles.

2.5 Proof of the other results

Let us now prove the result on the collision time between particles. To do so, we study the
di�erence between two neighbour coordinates and bound it from above by a time changed
Bessel process hitting zero in �nite time.

Proof of Proposition 2.2.6. For i 2 f2; : : : ; ng;

d(�it � �
i�1
t ) = 2

q
�itdBi

t � 2
q
�i�1
t dBi�1

t + 2
(�i�1
t � �it)dt+ 2�

�it + �i�1
t

�it � �i�1
t

dt

+2�
X

j =2fi;i�1g
�jt

�i�1
t � �it

(�it � �
j
t)(�i�1

t � �jt)
dt

� 2
q
�itdBi

t � 2
q
�i�1
t dBi�1

t + 2�
�it + �i�1

t

�it � �i�1
t

dt; (2.5.1)

because
2
(�i�1

t � �it) � 0;

and the contribution of the greater and smaller coordinates is non-positive (in the sum,
the numerator of the ratio factor is always non-positive and the denominator always non-
negative). Let us �x i 2 f2; : : : ; ng and let us de�ne the continuous local martingale

M i
t = 2

Z t

0

q
�isdB

i
s �

q
�i�1
s dBi�1

s for t � 0;

and
hM iit = 4

Z t

0
(�is + �i�1

s )ds for t � 0;

with generalized inverse
Ci
t = inffs � 0 : hM iis > tg:

The process (hM iit)t is continuous, and according to Lemma 2.5.2 below, lim
t!1
hM iit = +1

a.s., which implies that for all t � 0, Ci
t < 1. We can apply the Dambins Dubins-Schwarz
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Theorem (see for instance [RY99, Theorem 1.6 p.181]) to conclude that the process de�ned
by

(B(i)
t )t =

 

2
Z Cit

0

q
�isdB

i
s �

q
�i�1
s dBi�1

s

!

t

is a
�
FCit

�

t
-Brownian motion.

We de�ne for all t 2 R+ : Di
t = �iCit � �

i�1
Cit

. By (2.5.1) and the de�nition of B(i), we have
:

dDi
t = d(�iCit � �

i�1
Cit

)

� dB(i)
t +

�
2(�iCit � �

i�1
Cit

)
dt = dB(i)

t +
�

2Di
t
dt:

Let us de�ne the Bessel process

rit = �i0 � �
i�1
0 +B(i)

t +
�
2

Z t

0

1
ris
ds:

Then,

d(rit �D
i
t) �

�
2
Di
t � rit
ritDi

t
dt;

and as long as neither ri nor Di touches 0

d
 

e
�
2

R t
0

ds
risD

i
s (rit �D

i
t)
!

� 0;

and rit � Di
t thanks to the equality ri0 = Di

0. As the trajectories are continuous, as soon as ri
reaches 0, which is the case in �nite time almost surely when � � 1 (see for instance [RY99,
Chapter XI, (ii) p.442]), so does Di, which concludes the proof.

Remark 2.5.1. It turns out that whatever 
 2 R and �; � > 0, we can conclude thatR+1
0 (�ns+�n�1

s )ds = +1 a.s. as soon as (2.1.1) admits a global solution. Since the coordinates
are ordered, for all t � 0

Z t

0
(�ns + �n�1

s )ds �
2
n

Z t

0

 nX

i=1
�is

!

ds:

Let us de�neW byW0 = 0 and dWt =
Pn
i=1

0

@1nPn
j=1 �

j
t 6=0
o
p
�itqPn
j=1 �

j
t

+ 1nPn
j=1 �

j
t=0
o 1p

n

1

A dBi
t.

According to LØvy’s characterization, W is a Brownian motion. Then, using the equality
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(2.3.1) in the introduction, (
Pn
i=1 �is)s�0 is a CIR process. Proposition 6.2.4 in [LL08] gives

an expression of the Laplace transform of integrated CIR processes : for any � > 0,

E
�
e��

R t
0

Pn
i=1 �

i
sds
�

= exp(�2���(t)) exp
 

�
 nX

i=1
�i0

!

 �(t)
!

;

where

��(t) = �
1
2

ln

0

BB@
2
p

2 + 2�e

�

�
p

2+2�

�
t

�p

2 + 2�� 


�
e�2t
p

2+2� +

p

2 + 2�+ 


1

CCA �!t!+1
+1;

and  �(t) =
�
�
e2t
p

2+2� � 1

�

p

2 + 2�� 
 + e2t

p

2+2�(

p

2 + 2�+ 
)

�!
t!+1

�p

2 + 2�+ 


:

Thus,
E
�
e��

R +1
0

Pn
i=1 �

i
sds
�

= lim
t!+1

E
�
e��

R t
0

Pn
i=1 �

i
sds
�

= 0;

so that Z +1

0

nX

i=1
�isds = +1 a.s.

and we can conclude.

Lemma 2.5.2. Let us assume that �; � > 0 with �� (n�1)� � 0 and that � = (�1
t ; : : : ; �nt )t

is a global solution to (2.1.1). If either 
 > 0 or 
 � 0, � � (n � 1)� � 1 � � and �2
0 > 0

a.s., then, Z +1

0
�1
sds = +1 a.s.

Proof. The pathwise uniqueness result in Lemma 2.3.1 ensures that the solution is strong.
Therefore it is enough to deal with the case of a deterministic initial condition �0 = (�1

0; : : : ; �n0 ).
We thus suppose without loss of generality that E

Pn
i=1 �i0 <1 still with �2

0 > 0 a.s. in the
second setting.

Let us �rst deal with the case 
 > 0. To do so, let ~�0 be distributed according to �inv
and independent from the Brownian motion B and let ~� = (~�1

t ; : : : ; ~�nt )t be the solution to
(2.1.1) starting from ~�0 given by Proposition 2.2.7. For all t � 0, ~�t is distributed according
to �inv. Let us show that

P
�Z +1

0
~�1
sds = +1

�
= 1:

Since (~�t+1)t�0 is a solution to (2.1.1) starting from ~�1 distributed according to �inv for the
Brownian motion (Bt+1�B1)t�0 and pathwise uniqueness implies weak uniqueness, (~�t+1)t�0
has the same distribution as (~�t)t�0. Thus,

R+1
0

~�1
sds has the same distribution as

R+1
1

~�1
sds.

Consequently, since
e�
R +1

0
~�1
sds � e�

R +1
1

~�1
sds a.s.;
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e�
R +1

0
~�1
sds = e�

R +1
1

~�1
sds a.s.,

which also writes �
1� e

R 1
0

~�1
sds
�
e�
R +1

0
~�1
sds = 0 a.s.

As
�inv(fx 2 Rn; x1 > 0g) = 1;

we have
~�1

0 > 0 a.s.

and
e
R 1

0
~�1
sds > 1 a.s.;

and one can deduce that
e�
R +1

0
~�1
sds = 0 a.s.

so that Z +1

0
~�1
sds = +1 a.s.

By (2.3.2), for all s � 0

Ej�1
s � ~�1

sj �
 nX

i=1
Ej�i0 � ~�i0j

!

exp(�2
s);

and then

E
����

Z +1

0
�1
sds�

Z +1

0
~�1
sds

���� �
Z +1

0
E
����1
s � ~�1

s

��� ds

�
Z +1

0

nX

i=1
Ej�i0 � ~�i0j exp(�2
s)ds:

As 
 > 0, the right-hand side is �nite. Since
Z +1

0
~�1
sds = +1 a.s.;

we can deduce that Z +1

0
�1
sds = +1 a.s.

Let us now suppose that 
 � 0 and � � (n � 1)� � 1 � �. Let 
̂ > 0 and �̂ denote
the global solution to (2.1.1) with 
 replaced by 
̂ starting from �̂0 = �0 given by Theorem
2.2.2. By the previous reasoning,

Z +1

0
�̂1
sds = +1 a.s.

For M > 0 let
�M = infft � 0 : �nt + �̂nt �Mg;
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with the convention inf ; = +1. As � and �̂ are continuous global solutions, �M " +1
when M " 1. Reasoning like in the proof of Lemma 2.3.1, we obtain

E
" nX

i=1
(�̂it^�M � �

i
t^�M )+

#

= E

2

4
Z t^�M

0

nX

i=1
1f�̂is>�isg

0

@�2
̂�̂is + 2
�is + �
X

j 6=i

0

@ �̂
i
s + �̂js
�̂is � �̂

j
s
�
�is + �js
�is � �

j
s

1

A

1

A ds

3

5

� �E

2

4
Z t^�M

0

nX

i=1
1f�̂is>�isg

X

j 6=i

0

@ �̂
i
s + �̂js
�̂is � �̂

j
s
�
�is + �js
�is � �

j
s

1

A ds

3

5 (2.5.2)

� 0:

The last inequality comes from the fact that, as in (2.3.5), we have for all i < j :
2

4 �̂
i
s + �̂js
�̂is � �̂

j
s
�
�is + �js
�is � �

j
s

3

5 (1f�̂is>�isg � 1f�̂js>�jsg) = �2
�jsj�̂is � �isj+ �isj�js � �̂jsj

(�̂is � �̂
j
s)(�is � �

j
s)

j1f�̂is>�isg � 1f�̂js>�jsgj � 0;

as the denominator is non-negative.
Using Fatou’s Lemma to take the limit M going to in�nity, we deduce that for all t � 0

E
" nX

i=1
(�̂it � �

i
t)

+
#

= 0;

and thus, for all i 2 f1; : : : ; ng,
�̂it < �it a.s.

Since
R+1

0 �̂1
sds = +1 a.s., we conclude that

Z +1

0
�1
sds = +1 a:s:

Proposition 2.5.3. Let us assume �� (n� 1)� < 0, � > 0 and 0 � �1
0 � � � � � �n0 .

The system (2.1.1) has a unique strong solution de�ned on the time interval [0; lim
"!0

S")
where for all " > 0,

S" = infft � 0 : �1
t � "g:

Proof. Let " > 0 and let us consider the system

dxi;"t = dBi
t+
�� (n� 1)� � 1

2
1

xi;"t _
p
"
dt�
xi;"t dt+�x

i;"
t
X

j 6=i

dt
(xi;"t )2 � (xj;"t )2

for i 2 f1; : : : ; ng

(C")
0 � x1;"

t < � � � < xn;"t a.s. dt� a:e:

with initial condition 0 �
q
�1

0 � � � � �
p
�n0 .

As the function x 7! 1
x_" is globally Lipschitz, we can apply Cepa’s multivalued equa-

tions theory ([CØp95]) to conclude that there exists a unique strong solution to (C") de�ned
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globally. Moreover, one can remark that the solution to (C") is a solution to (2.1.5) on
[0; infft � 0 : x1

t �
p
"g] for all " > 0. By taking the square of each coordinate, we obtain a

solution to (2.1.1) up to S" for all " > 0 . By pathwise uniqueness for (2.1.1) (see Lemma
2.3.1), these solutions are consistent and we can conclude.

2.6 Appendix

The next lemma deals with the existence and uniqueness to the CIR SDE and with the
probability for the solution to hit zero. It is proved for instance in [LL08, Theorem 6.2.2 and
Proposition 6.2.3]. The point 4: comes directly from [CIR85].

Lemma 2.6.1. Let a � 0; b; � 2 R. Suppose that W is a standard Brownian motion de�ned
on R+. For any real number x � 0, there is a unique continuous, adapted process X, taking
values in R+, satisfying X0 = x and

dXt = (a� bXt)dt+ �
q
XtdWt on [0;1):

Moreover, if we denote by Xx the solution to this SDE starting at x and by �x0 = infft � 0 :
Xx
t = 0g,

1. If a � �2=2, we have P(�x0 =1) = 1, for all x > 0.

2. If 0 � a < �2=2 and b � 0, we have P(�x0 <1) = 1, for all x > 0.

3. If 0 � a < �2=2 and b < 0, we have 0 < P(�x0 <1) < 1, for all x > 0.

4. For all s > t,
E[rsjrt] = rte�b(s�t) +

a
b

(1� e�b(s�t)):

The following result is the Ikeda-Watanabe Theorem, which allows to compare two Itô
processes if their starting points and their drift coe�cients are comparable, and if their
di�usion coe�cients are regular enough. It is proved for instance in [RW00, Theorem V.43.1
p.269].

Theorem 2.6.2. (Ikeda-Watanabe) Suppose that, for i = 1; 2,

X i
t = X i

0 +
Z t

0
�(X i

s)dBs +
Z t

0
�isds; (2.6.1)

and that there exist b : R 7! R, such that

�1
s � b(X1

s ), b(X2
s ) � �2

s :

Suppose also that
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1. � is measurable and there exists an increasing function � : R+ 7! R+ such that
Z

0+
�(u)�1du =1;

and for all x; y 2 R;
(�(x)� �(y))2 � �(jx� yj);

2. X1
0 � X2

0 a.s.;

3. b is Lipschitz.

Then X1
t � X2

t for all t a.s.
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Chapter 3

Strong solutions to a beta-Jacobi
particle system

This Section an article submitted to SØminaire de ProbabilitØs that one can �nd at the address
https://arxiv.org/abs/2104.10142.

Abstract

The purpose of this paper is to study the existence and uniqueness of solutions to
a system of Stochastic Di�erential Equations (SDEs). The coordinates are bounded by
zero and one, and repulse each other according to a Coulombian like interaction force.
We show the existence of strong and pathwise unique solutions to the system until the
�rst multiple collision at zero or one, and give a su�cient condition on the parameters
of the SDEs for this multiple collision not to occur in �nite time.

Keywords: stochastic di�erential equations, di�usions with gradient drift, singular in-
teraction, random matrices.

AMS Subject Classi�cation (2020): 60H10, 60J60, 60B20, 60G17, 60J70.

3.1 Introduction

Let p; q � 0; � > 0, n � 1, and B = (B1
t ; : : : ; Bn

t )t be a n-dimensional Brownian motion. Our
SDEs system of interest is the following :

d�it = 2
q
�it(1� �it)dBi

t + �

2

4p� (p+ q)�it +
X

j 6=i

�it(1� �
j
t) + �jt(1� �it)
�it � �

j
t

3

5 dt (J(p,q))

= 2
q
�it(1� �it)dBi

t + �

2

4p� n+ 1� (p+ q)�it + 2�it
X

j 6=i

1� �jt
�it � �

j
t

3

5 dt for all i 2 f1; : : : ; ng

(3.1.1)
0 � �1

t < � � � < �nt � 1; a.s. dt� almost everywhere: (3.1.2)
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The form (3.1.1) can be found thanks to the manipulation

X

j 6=i

�it(1� �
j
t) + �jt(1� �it)
�it � �

j
t

=
X

j 6=i

2�it(1� �
j
t) + �jt � �it

�it � �
j
t

= �(n� 1) + 2�it
X

j 6=i

1� �jt
�it � �

j
t
: (3.1.3)

The strict inequalities (3.1.2) allow the interaction terms in the system (J(p,q)) to make
sense. We will look for continuous solutions to the SDEs (J(p,q)). Thus, by continuity, we
have for all t � 0, 0 � �1

t � � � � � �nt � 1; a.s. While, for n = 1, the system reduces to
the real Jacobi SDE d�1

t = 2
q
�1
t (1� �1

t )dB1
t + � [p� (p+ q)�1

t ] dt studied in [Dou05] (see
Lemma 3.5.1 in the Appendix), the coordinates are repulsed by a Coulombian like interaction
when n � 2.

Our goal is to study the existence and uniqueness of strong solutions to this system of
SDEs in a general setting for the parameters p, q,and �, especially in the case � < 1 and
p ^ q � n+ 1 < 1=� which is not covered to our knowledge by the literature. This system is
related to the famous Dyson Brownian motions which satisfy

d�it =
p

2dBi
t + �

X

j 6=i

dt
�it � �

j
t
; for all i 2 f1; : : : ; ng;

where the only type of singularity is when two particles collide. This system admits a unique
strong solution (see [RS93]) when � � 1.

The di�culty in proving the existence of solutions to (J(p,q)) comes from the fact that
there are singularities both when a particle touches zero or one, where the derivative of
the square root di�usion coe�cient explodes, and when two particles touch each other. If
we de�ne D = f0 < �1 < �2 < � � � < �n < 1g, a collision occurs when the process
� = (�1

t ; : : : ; �nt )t hits the boundary @D made of the union of f�i = �i+1g for i 2 f1; : : : ; n�1g
and f�1 = 0g and f�n = 1g. A multiple collision occurs when two of these sets are reached
at the same time and we will speak about "collision between particles" when two particles
touch each other.

The same kind of di�culties emerge in the study of the beta-Wishart system of SDEs
(see [JK20]) which writes

d�it = 2
q
�itdBi

t +

0

@�� 2
�it + �
X

j 6=i

�it + �jt
�it � �

j
t

1

A dt for all i 2 f1; : : : ; ng;

0 � �1
t < � � � < �nt ; a.s. dt� a.e:;

where � � 0 ,
 2 R and � > 0. Indeed, we can �nd in this system the same kind of
singularities both when a particle touches zero and when two particles collide. The methods
developped in [JK20] to overcome the two types of singularities and to prove the existence
and uniqueness of a strong solution to the system of SDEs are adapted to the beta-Jacobi
system here.
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Our results about the SDEs (J(p,q)) are the following. In Proposition 3.2.5, we state that
k�(p^q�n+k) � 2 is a su�cient condition for multiple collisions between k particles not to
occur at position zero or one in �nite time. Our main result Theorem 3.2.3 gives the existence
and uniqueness of solutions to the SDEs (J(p,q)) when � 2 (0; 1) and p^q�n+1 � 1

� �1 (so
that there is no multiple collision at the origin or at position one). We explicit in Proposition
3.2.6 the unique stationary probability measure of the SDEs (J(p,q)).

The paper is organized as follows. The remaining of the introduction is devoted to the
bibliographical background of this work. In Section 2, we state our main results. We prove
in Section 3 some useful properties of the solutions to the system (J(p,q)), before checking
Proposition 3.2.5 and Theorem 3.2.3 in Section 4. Section 5 is an Appendix stating some
well-known results that we use in our proofs.

The beta-Jacobi process emerges from the matrix Jacobi process introduced and studied
in [Dou05] : let n;m; p > 0 be three integers, � a m �m orthogonal Brownian motion (see
[LØv17] for a construction of the orthogonal Brownian motion), and let X be the matrix made
of the n �rst lines and the p �rst columns of �. Then, if p � n+ 1, q � n+ 1 and p+ q = m,
the process J = XX�, where � is the adjoint operator, is a di�usion and a solution to the
SDE

dJ =
p
JdB

q
In � J +

q
In � JdB�

p
J + (pI � (p+ q)J)dt;

where B is a n� n matrix �lled with Brownian motions (see [Dou05, Theorem 9.2.3]). The
eigenvalues of J then verify the system of SDEs (J(p,q)) with � = 1 (see [Dou05, Theorem
9.3.1]). When the orthogonal Brownian motion � is replaced by a unitary Brownian motion,
the eigenvalues of J then verify the system of SDEs (J(p,q)) with � = 2 (see [Dem09a]).
The system (J(p,q)) is thereby a generalization of this matrix inherited system of SDEs for
general p; q � 0 and � > 0.

Let us consider the change of variable �it = arcsin(
q
�it) and set � = (�1

t ; : : : ; �nt )t. We
apply Itô’s formula, formally after the stopping time inffs � 0 : �1

s(1 � �ns ) = 0g since
the square root function is not twice di�erentiable at zero, and obtain, after trigonometric
computations that the reader can �nd in [Dem09a] :

d�it = dBi
t +

8
<

:
�(p� q)

2
cot�it + (�(q � n+ 1)� 1)cot(2�it) +

�
2
X

j 6=i

h
cot(�it + �jt) + cot(�it � �

j
t)
i
9
=

; dt

(3.1.4)

0 � �1
t < � � � < �nt �

�
2
; a.s. dt� a.e.;

which can be rewritten

d�it = dBi
t � @iV (�1

t ; : : : ; �
n
t )dt for all i 2 f1; : : : ; ng; (3.1.5)
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with

V (�1; : : : ; �n) =�
nX

i=1

8
<

:
�(p� q)

2
ln j sin�ij+

�(q � n+ 1)� 1
2

ln j sin(2�it)j

+
�
4
X

j 6=i

�
ln j sin(�i + �j)j+ ln j sin(�i � �j)j

�
9
=

;:

(3.1.6)

Systems of interacting particles following equations of the type

d�it = bi(�it)dt+ �i(�it)dB
i
t � @iV (�1

t ; : : : ; �
n
t )dt for all i 2 f1; : : : ; ng; (3.1.7)

where V : Rn 7! (�1;+1] is a lower semi continuous convex function such that D = fx 2
Rn : V (x) < +1g is a non-empty convex set and V is continuously di�erentiable in D have
been studied by many authors. For instance, in the peculiar case �i(�i) = � > 0, bi(�i) = 0
and V (�1; : : : ; �n) = ��

2
Pn
i=1

P
j 6=i ln j�i � �jj + �

2
Pn
i=1(�i)2 with � � �2

2 and � > 0, the
existence and uniqueness of a strong solution to (3.1.7) were derived in [RS93].

Link with the multivalued stochastic di�erential equations theory. The systems of
type (3.1.7) with bi and �i Lipschitz and (�1

0; : : : ; �n0 ) 2 �D were deeply studied by CØpa and
LØpingle for instance in [CL97] and [CL01] where they apply CØpa’s multivalued stochastic
di�erential equations theory developed in [CØp95]. This theory treats the existence and
uniqueness of solutions to multivalued SDEs associated with a convex function de�ned on
a domain of Rn. In [LØ10], LØpingle applied this theory to a constrained Brownian motion
between re�ecting or repellent walls of Weyl chambers. The boundary behavior of the convex
function dictates the behavior of the process on these same boundaries (hitting or not the
boundary in �nite time, re�ection on the boundary, etc.). Our SDEs of interest rewritten in
the form (3.1.5) thanks to the square root change of variables can be seen this way, and we
will exploit this connection in the paper.

Link with radial Dunkl processes (see [Dem09b] for a more complete description of the
theory)

Let us de�ne a reduced root system R by a �nite set in Rnnf0g spanning Rn such that

� for all � 2 R, R \ R� = f�;��g,

� for all � 2 R, ��(R) = R,

where �� is the re�ection with respect to the hyperplane orthogonal to �. A simple system
� is a basis of Rn which induces a total ordering in R the following way : a root � 2 R
is positive if it is a positive linear combination of elements of �. A simple system � being
�xed, we can thus de�ne R+ as the set of positive roots of R. When �i = 1 and V takes the
form

V : � 7! �
X

�2R+

k(�) ln(h�; �i); x 2 D;
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where D is the positive Weyl chamber de�ned by

D = f� 2 Rn; h�; �i > 0 8� 2 R+g;

Demni proved in [Dem09b, Theorem 1] and [Dem09a] the existence and uniqueness of a
solution to (3.1.7) on the domain �D when k(�) > 0 for all � 2 R+. To do so, he applied CØpa’s
multivalued stochastic di�erential equations theory. This system corresponds to (J(p,q))
when we make the following modi�cation in V : the convex function � 7! � ln(h�; �i) should
be substitued by � 7! � ln(sin(h�; �i)), and for some choice of R+ and k. Indeed, when the
root system is of so-called BCn-type, it is de�ned by

R = f�ei;�2ei;�ei � ej; 1 � i < j � ng;
� = fei+1 � ei; 1 � i � n� 1; e1g;
R+ = fei; 2ei; 1 � i � n; ej � ei; 1 � i < j � ng;

D =
�
� 2

�
0;
�
2

�n
; 0 < �1 < � � � < �n <

�
2

�
;

which, with the right choice of k gives equation (3.1.5) (see (3.1.6)). The condition k(�) > 0
for all � 2 R+ implies p > q and q� n+ 1 > 1

� . As a corollary, Demni deduces the existence
and uniqueness of a strong solution to (J(p,q)) under the condition p^q�n+1 > 1

� . We seek
here to obtain the existence of a solution to (J(p,q)) while relaxing this inequality. Demni
moreover proved in [Dem09a] that for � < 1, there is collision between any two neighbour
particles in �nite time almost surely.

Link with other works. The reader will �nd in Graczyk and Malecki [GM13] and [GM14]
a treatment of equations of the form

d�it = �i(�it)dB
i
t +

0

@bi(�it) +
X

j 6=i

Hi;j(�it; �
j
t)

�it � �
j
t

1

A dt; for all i 2 f1; : : : ; ng

�1
t � � � � � �nt ; t � 0;

where the functions �i; bi and Hi;j are assumed continuous, with Hi;j non-negative and sym-
metric in the sense that Hi;j(x; y) = Hj;i(y; x) for all x; y 2 R. The system (J(p,q)) is recov-
ered in the particular case whenHi;j(�i; �j) = �(�i(1+�j)+�j(1+�i)), �i(�i) = 2

q
�i(1� �i)

and bi(�i) = �(p � (p + q)�i). According to [GM14, Section 6.5], (J(p,q)) admits a strong
solution on the time interval [0;+1) when � � 1. In this regime, the authors proved that
there is no collision between the particles. They also demonstrated the pathwise uniqueness
of the solutions for every � > 0, as recalled in Lemma 3.3.1 below.

In all these references, � is identi�ed as a fundamental parameter, its position relative to
1 governing the possibility of collisions between the particles.

Acknowledgement : I thank Benjamin Jourdain and Djalil Chafaï for numerous fruitful
discussions.
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3.2 Results

Let us begin by the fundamental following remark.

Remark 3.2.1. If (�1
t ; : : : ; �nt )t is solution to (J(p,q)), then (1� �nt ; : : : ; 1� �1

t )t is solution
to J(q; p) for the Brownian motion �B.

The form (3.1.1) of the SDEs combined with Remark 3.2.1 hint that �(p ^ q � n + 1) is
a fundamental parameter impacting the existence of solutions. Consequently, we will study
the range of values of this coe�cient for which the system has a solution. For instance, if we
assume p� n+ 1 < 0, we have:

d�1
t = 2

q
�1
t (1� �1

t )dB1
t + �

2

4p� n+ 1� (p+ q)�1
t + 2�1

t

X

j>1

1� �jt
�1
t � �

j
t

3

5 dt (3.2.1)

� 2
q
�1
t (1� �1

t )dB1
t :

Then, according to the pathwise comparison theorem of Ikeda and Watanabe (that we recall
in Theorem 3.5.3 below) :

�1
t � rt a.s. for all t � 0;

where
rt = �1

0 + 2
Z t

0

q
rs(1� rs)dB1

s for all t � 0;

which is a real Jacobi process. By Lemma 3.5.1, the stopping time T = infft � 0 : rt = 0g
veri�es P(T < 1) = 1. On fT < 1g, after T , r stays at zero inde�nitely. As the drift in
(3.2.1) is negative when �1

t = 0 and therefore when rt = 0, it will stay strictly negative on a
time interval of positive measure. Consequently, the system of SDEs has no global solution.
If we assume q � n + 1 < 0 instead of p � n + 1 < 0, the same reasoning can be applied
replacing (�1

t ; : : : ; �nt ) by (1� �nt ; : : : ; 1� �1
t ) and interverting p and q in (3.2.1).

We thus proved the following result :

Remark 3.2.2. A necessary condition for the existence of a global solution to (J(p,q)) is
p ^ q � n+ 1 > 0.

We will thus assume this condition in the remaining of the paper.
It is proved in [GM13, Corollary 9] with condition 0 � �1

0 < � � � < �n0 � 1 a.s. that for
� � 1, the SDEs (J(p,q))has a unique global strong solution and that there is no collision
between the particles.

Before relaxing the condition p > q, Demni proved in [Dem09a] by applying CØpa’s
multivalued equations theory (see [CØp95]) that under the conditions p > q, p^q�n+1 > 1=�,
� > 0 and 0 � �1

0 � � � � � �n0 � 1, the system of SDEs (J(p,q)) admits a unique strong
solution. The conditions p > q and p^ q� n+ 1 > 1=� ensure the convexity of the potential
V de�ned in (3.1.6) which is needed in CØpa’s multivalued equations theory. In Theorem
3.2.3, we tackle the existence and uniqueness problem on wider ranges for the parameter
p ^ q � n+ 1.

Our following result applies in the case p ^ q � n+ 1 � 1=�.
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Theorem 3.2.3. Let us assume � < 1, p ^ q � n + 1 > 0. Let the initial condition �0 =
(�1

0; : : : ; �n0 ) be independent from the Brownian motion B and such that 0 � �1
0 � � � � � �n0 � 1

a.s. and �2
0(1� �n�1

0 ) > 0 a.s.
Then, the system of SDEs (J(p,q)) has a unique strong solution de�ned on the time

interval
[0; lim

"!0
�");

where, for " > 0,

�" = infft � 0 : �1
t � " and �2

t � �
1
t � "g ^ infft � 0 : �nt � 1� " and �nt � �

n�1
t � "g:

Moreover,

(i) if p ^ q � n+ 1 �
1
�
� 1 then lim

"!0
�" =1 a.s.

(ii) There is no double collision between the particles, i.e. (3.2.2)

P
�
9t 2 (0;lim

"!0
�") : �it = �i+1

t and �jt = �j+1
t for some 1 � i < j � n� 1

�
= 0:

Theorem 3.2.3 is proved in Section 3.4.

Remark 3.2.4. This result states the existence of a unique strong solution (�1
t ; : : : ; �nt )t to

(J(p,q)) de�ned on the time-interval R+ for p^ q�n+1 � 1
� �1 and until lim

"!0
�" which might

be �nite if p^ q� n+ 1 < 1
� � 1. When lim

"!0
�" < +1, then, according to the �rst step of the

proof of assertion (i) of Proposition 3.2.5 below, the solution can be continuously extended
to the closed-time-interval [0; lim

"!0
�"]. The next step would be to �nd how to start back from

(�1
lim
"!0

�" ; : : : ; �
n
lim
"!0

�") to de�ne a solution on the whole interval R+.

The assertion (i) of Theorem 3.2.3 comes from the application of the following proposition
for k = 2.

Proposition 3.2.5 (Multiple collision at zero). Let k 2 f1; : : : ; ng. Let the initial condition
�0 = (�1

0; : : : ; �n0 ) be independent from the Brownian motion B and such that 0 � �1
0 � � � � �

�n0 � 1 a.s. Then,
(i) if �k0 > 0 a.s., if (J(p,q)) has a local solution � = (�1

t ; : : : ; �nt )t de�ned up to a
stopping time T and if k�(p � n + k) � 2, then there is no collision of k particles at zero.
More precisely,

P(T = +1;9t � 0 : �1
t + �2

t + � � �+ �kt = 0) + P(T < +1; inf
t2[0;T )

�1
t + �2

t + � � �+ �kt = 0) = 0:

(ii) if �n�k+1
0 < 1 a.s., if (J(p,q)) has a local solution � = (�1

t ; : : : ; �nt )t de�ned up to a
stopping time T and if k�(q�n+ k) � 2, then there is no collision of k particles at 1. More
precisely,

P(T = +1;9t � 0 : �n�k+1
t +�n�k+2

t +� � �+�nt = k)+P(T < +1; sup
t2[0;T )

�n�k+1
t +�n�k+2

t +� � �+�nt = k) = 0:
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This proposition is proved in the beginning of Section 3.4. On top of the existence and
uniqueness result, we exhibit in the next proposition the stationary probability measure of
the system of SDEs (J(p,q)).

Proposition 3.2.6. Let us assume �(p ^ q � n + 1) > 0. The unique stationary probability
measure of the system of SDEs (J(p,q)) is �inv with density with respect to the Lebesgue
measure

d�inv(�1; : : : ; �n) =
1
Z
�

nY

i=1

0

@(�i)�
p�n+1

2 �1(1� �i)�
q�n+1

2 �1 Y

j 6=i
j�j � �ij�=2

1

A1f0��1������n�1gd�1 : : : d�n;

where Z is a normalizing constant.
More precisely, if a solution to (J(p,q)) is such that the distribution of �t does not depend

on t, then this distribution is �inv. When �0 is distributed according to �inv and is independent
from the Brownian motion B, the unique solution to (J(p,q)) is such that for all t 2 R+, �t
is distributed according to �inv, and it is a strong solution.

Remark 3.2.7. The density of �inv is the density of the beta-Jacobi ensembles, about which
the reader will �nd in [For10] a documentation. These ensembles are related to the distri-
bution of the eigenvalues of a random matrix model involving a p � n matrix and a q � n
matrix with the constraints n � p+ q, and � = 1; 2 or 4 depending on the dimension of the
underlying algebra (R, C or H).

3.3 Properties of the solutions

The pathwise uniqueness part of the next Lemma is proved in [GM14, Theorem 5.3] but we
reproduce the proof for the sake of completeness.

Lemma 3.3.1. The solutions to (J(p,q)) are pathwise unique.
Moreover, if Z = (z1

t ; : : : ; znt )t and ~Z = (~z1
t ; : : : ; ~znt )t are two global in time solutions to

(J(p,q))with the same driving Brownian motion, then for all t � 0,

nX

i=1
Ejzit � ~zitj �

 nX

i=1
Ejzi0 � ~zi0j

!

exp(��(p+ q)t): (3.3.1)

Proof of Lemma 3.3.1.
Let Z = (z1

t ; : : : ; znt )t and ~Z = (~z1
t ; : : : ; ~znt )t be two solutions to (J(p,q)) with the same

driving Brownian motion. As for all i 2 f1; : : : ; ng, 0 < " < 1 and t � 0 :

Z t

0
1f0<zis�~zis�"g

dhzi � ~ziis
zis � ~zis

ds = 4
Z t

0
1f0<zis�~zis�"g

�q
zis(1� zis)�

q
~zis(1� ~zis)

�2

zis � ~zis
ds

= 4
Z t

0
1f0<zis�~zis�"g

�q
zis(1� zis)�

q
~zis(1� ~zis)

�2 �q
zis(1� zis) +

q
~zis(1� ~zis)

�

(zis � ~zis)
�q

zis(1� zis) +
q

~zis(1� ~zis)
� ds
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= 4
Z t

0
1f0<zis�~zis�"g

�������

(zis(1� zis)� ~zis(1� ~zis))
�q

zis(1� zis)�
q

~zis(1� ~zis)
�

(zis � ~zis)
�q

zis(1� zis) +
q

~zis(1� ~zis)
�

�������
ds

= 4
Z t

0
1f0<zis�~zis�"g

�������

(1� zis � ~zis)
�q

zis(1� zis)�
q

~zis(1� ~zis)
�

�q
zis(1� zis) +

q
~zis(1� ~zis)

�

�������
ds

� 4
Z t

0
j1� zis � ~zisjds <1;

the local time of zi � ~zi at 0 is zero ([RY99, Lemma 3.3 p.389]).
Applying the Tanaka formula then the integration by parts formula to compute de�(p+q)tjzit�

~zitj we get

de�(p+q)t
nX

i=1
jzit � ~zitj = 2

nX

i=1
e�(p+q)tsgn(zit � ~zit)

�q
zit(1� zit)�

q
~zit(1� ~zit)

�
dBi

t

+ �e�(p+q)t
nX

i=1
sgn(zit � ~zit)

X

j 6=i

 
zit(1� z

j
t ) + zjt (1� zit)
zit � z

j
t

�
~zit(1� ~zjt ) + ~zjt (1� ~zit)

~zit � ~zjt

!

ds

� 2
nX

i=1
e�(p+q)tsgn(zit � ~zit)

�q
zit(1� zit)�

q
~zit(1� ~zit)

�
dBi

t; (3.3.2)

where sgn(x) = 1 if x > 0 and sgn(x) = �1 if x � 0. The inequality (3.3.2) comes from the
fact that we have for all i < j :
2

4z
i
s(1� zjs) + zjs(1� zis)

zis � z
j
s

�
~zis(1� ~zjs) + ~zjs(1� ~zis)

~zis � ~zjs

3

5(sgn(zis � ~zis)� sgn(zjs � ~zjs))

= 2
"

zjs~zis � zis~zjs
(zis � z

j
s)(~zis � ~zjs)

+
�ziszjs~zis + ziszjs~zjs + zis~zjs~zis � zjs~zjs~zis

(zis � z
j
s)(~zis � ~zjs)

#

(sgn(zis � ~zis)� sgn(zjs � ~zjs))

= 2
"
zjs(~zis � zis) + zis(zjs � ~zjs)

(zis � z
j
s)(~zis � ~zjs)

+
zis~zis(~zjs � zjs) + zjs~zjs(zis � ~zis)

(zis � z
j
s)(~zis � ~zjs)

#

(sgn(zis � ~zis)� sgn(zjs � ~zjs))

= 2
zjs(1� ~zjs)(~zis � zis) + zis(1� ~zis)(zjs � ~zjs)

(zis � z
j
s)(~zis � ~zjs)

(sgn(zis � ~zis)� sgn(zjs � ~zjs))

= �2
zjs(1� ~zjs)j~zis � zisj+ zis(1� ~zis)jzjs � ~zjs j

(zis � z
j
s)(~zis � ~zjs)

jsgn(zis � ~zis)� sgn(zjs � ~zjs)j � 0; (3.3.3)

as the denominator is non-negative. Let the two solutions Z and ~Z be respectively de�ned
on [0; T ] if T < +1 and [0; T ) if T = +1, and [0; ~T ] if ~T < +1 and [0; ~T ) if ~T = +1, where
T and ~T are stopping times for a �ltration (Ft)t�0 with respect to which B is a Brownian
motion and Z0 is F0-measurable.

As for all i 2 f1; : : : ; ng:

E
Z t

0
e2�(p+q)s

����
q
zis(1� zis)�

q
~zis(1� ~zis)

����
2
ds <1;
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the stochastic integrals
R t

0 e�(p+q)ssgn(zis � ~zis)
�q

zis(1� zis)�
q

~zis(1� ~zis)
�
dBi

s have zero ex-
pectation so that integrating (3.3.2) on [0; t ^ T ^ ~T ] and taking expectations, we obtain
that

Ee�(p+q)t^T^ ~T
nX

i=1
jzit^T^ ~T � ~zit^T^ ~T j � E

nX

i=1
jzi0 � ~zi0j: (3.3.4)

When Z0 = ~Z0 we deduce that for all t � 0

nX

i=1
Ejzit^T^ ~T � ~zit^T^ ~T j = 0;

which concludes the proof of pathwise uniqueness.
Taking T = ~T = +1 in (3.3.4), we have (3.3.1).

Proof of Proposition 3.2.6. We start by proving the uniqueness of the invariant distribution.
As the process (�t)t lives in [0; 1]n, �inv has a �nite �rst order moment. We can thus apply
the second part of Lemma 3.3.1 for two solutions to (J(p,q)) starting respectively according
to two invariant distributions to deduce that these two invariant distributions are equal.

The candidate density, obtained by a t 7! sin2 (t) change of variables from the density
proportional to e�2V (�1;:::;�n) with potential V de�ned in (3.1.6) which is candidate to be
stationary for the gradient di�usion (3.1.5), writes

finv(�1; : : : ; �n) =
2n(�(q�n+1)�2)

Z 0
�

nY

i=1

0

@(�i)�
p�n+1

2 �1(1� �i)�
q�n+1

2 �1 Y

j 6=i
j�j � �ij�=2

1

A1f0��1������n�1g;

(3.3.5)

where Z 0 =
R
e�2V (�1;:::;�n)d�1 : : : d�n. The second factor is indeed integrable since the expo-

nents of �i and 1� �i are bigger than �1.
Let us check that the probability measure �inv with density finv with respect to the

Lebesgue measure solves the Fokker-Plack equation in the sense of distributions

A��inv = 0;

where A is the in�nitesimal generator associated with the dynamics (J(p,q)):

A =
nX

i=1
bi(�1; : : : ; �n)

@
@�i

+ 2
nX

i=1
�i(1� �i)

@2

@(�i)2 ;

and where bi(�1; : : : ; �n) = �
�
p� (p+ q)�it +

P
j 6=i

�it(1��
j
t )+�

j
t (1��

i
t)

�it��
j
t

�
.
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For a test function � twice continuously di�erentiable, since finv vanishes for �i = �i+1

for i 2 f1; : : : ; n� 1g and since the exponents of �i and 1� �i for i 2 f1; : : : ; ng in finv are
bigger than �1 , we obtain by integration by parts that for i 2 f1; : : : ; ng
Z

0��1������n�1
�i(1� �i)

@2�
@(�i)2 (�1; : : : ; �n)finv(�1; : : : ; �n)d�1 : : : d�n

= �
Z

0��1������n�1

@�
@�i

(�1; : : : ; �n)
 

(1� 2�i)finv(�1; : : : ; �n) + �i(1� �i)
@finv
@�i

(�1; : : : ; �n)
!

d�1 : : : d�n:

Then we haveZ

0��1������n�1
A�(�1; : : : ; �n)d�inv(�1; : : : ; �n)

=
nX

i=1

Z

0��1������n�1

2

4(bi(�1; : : : ; �n)� 2(1� 2�i))finv(�1; : : : ; �n)� 2�i(1� �i)
@finv
@�i

(�1; : : : ; �n)

3

5

�
@�
@�i

(�1; : : : ; �n)d�1 : : : d�n:

As for 0 < �1 < � � � < �n < 1 :

@finv
@�i

(�1; : : : ; �n) =

2

4
�
�
p� n+ 1

2
� 1

� 1
�i
�
�
�
q � n+ 1

2
� 1

� 1
1� �i

+ �
X

j 6=i

1
�i � �j

3

5 finv(�1; : : : ; �n);

a calculus gives us

(bi(�1; : : : ; �n)� 2(1� 2�i))finv(�1; : : : ; �n)� 2�i(1� �i)
@finv
@�i

(�1; : : : ; �n)

=finv(�1; : : : ; �n)

2

4�

2

4p� (p+ q)�i +
X

j 6=i

�i(1� �j) + �j(1� �i)
�i � �j

3

5� 2(1� 2�i)

� (�(p� n+ 1)� 2)(1� �i) + (�(q � n+ 1)� 2)�i � 2�
X

j 6=i

�i(1� �i)
�i � �j

3

5

= 0;

where we used the manipulation (3.1.3) and
P
j 6=i

�i(1��j)
�i��j = (n� 1)�i +

P
j 6=i

�i(1��i)
�i��j .

We conclude that
R

0��1������n�1A�(�1; : : : ; �n)finv(�1; : : : ; �n)d�1 : : : d�n = 0. To deduce
the existence of a weak solution to (J(p,q)) whose marginals follow the law �inv, we may
apply [Tre16, Theorem 2.5], as soon as

Z

0��1������n�1

nX

i=1

n
�i(1� �i) +

���bi(�1; : : : ; �n)
���
o
d�inv(�1; : : : ; �n) < +1:

This property can be proved by remarking that in the de�nition of (3.3.5) of finv, the factor
j�j � �ij�=2 makes the singularity of the denominator of the interaction term �i(1��j)+�j(1��i)

�i��j
integrable. By pathwise uniqueness proved in Lemma 3.3.1, this weak solution to (J(p,q)) is
a strong solution.
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3.4 Proof of Theorem 3.2.3

We start this section by the proof of Proposition 3.2.5 since this result is crucial in the proof
of Theorem 3.2.3.

Proof of Proposition 3.2.5. Before proving the assertion, let us �rst check by backwards
induction that, whatever p; q � 0 and � > 0, a solution to (J(p,q)) de�ned up to a stopping
time T is actually continuous and solves (J(p,q)) on the closed time interval [0; T ] on fT <
1g. For k = n and for 0 � t < T , integrating the SDE veri�ed by the largest particle on
[0; t], we have :

�nt = �n0 +
Z t

0
2
q
�ns (1� �ns )dBn

s +�pt��(p+q)
Z t

0
�nsds+�

X

j 6=n

Z t

0

�ns (1� �js) + �js(1� �ns )
�ns � �

j
s

ds:

As �nt 2 [0; 1] for all 0 � t � T , the right-hand side of this last equality is bounded too, and
the second and the fourth terms of the right-hand side are continuous in t and bounded, and
thus admit a limit in T �. Consequently, the term �

P
j 6=n

R t
0
�ns (1��js)+�

j
s(1��ns )

�ns��
j
s

ds is bounded,
and as all its integrands are non-negative, all the integrals in this sum are bounded and
non-decreasing, and thus admits a �nite limit in T �.

Let k 2 f1; : : : ; n� 1g and let us assume that for all l 2 fk + 1; : : : ; ng,

X

j 6=l

Z T

0

�����
�ls(1� �js) + �js(1� �ls)

�ls � �
j
s

����� ds <1:

For 0 � t < T , we have :

�kt =�k0 +
Z t

0
2
q
�ks(1� �ks)dB

k
s + �pt� �(p+ q)

Z t

0
�ksds

+ �
X

j<k

Z t

0

�ks(1� �js) + �js(1� �ks)
�ks � �

j
s

ds� �
X

j>k

Z t

0

�ks(1� �js)� �js(1� �ks)
�js � �ks

ds:

By induction hypothesis, each integral in the last sum of the right-hand side of this equality
is bounded, and consequently as each integrand is non-negative, each integral of this term
admits a limit in T �. Taking this into account and by the same arguments as for (�nt )t, the
second and the fourth terms of the right-hand side are continuous in t and bounded, and thus
admit a limit in T �. Consequently the term �

P
j<k

R t
0
�ks (1��js)+�

j
s(1��ks )

�ks��
j
s

ds is bounded. As all
its integrands are non-negative, all the integrals in this sum are bounded and non-decreasing,
and thus admits a �nite limit in T �.

We moreover proved that
P
j 6=k

R T
0

����
�ks (1��js)+�

j
s(1��ks )

�ks��
j
s

���� ds < 1; which ends the induction

argument. Therefore, still on fT < 1g, (�1
t ; : : : ; �nt ) admits a limit as t ! T �. De�ning

(�1
T ; �2

T ; : : : ; �nT ) as this limit, we conclude that (J(p,q)) is satis�ed on the closed time interval
[0; T ] on fT <1g.
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Now, the idea of this proof is to show that the process �1 + � � �+ �k hits zero only when
another process de�ned below hits zero. We then show that this last process is not smaller
than a Cox-Ingersoll-Ross (CIR) process which never hits zero.

Let s = 1
2 , "s = 1

16 , and let us de�ne the following functions on R :

E(x) := e�
1
x1(0;+1)(x)

F (x) := E(x� s)E(s+ "s � x)

I(x) := 1�
R x
�1 F (z)dz
R+1
�1 F (z)dz

:

By construction, E, F and I are non-negative smooth functions, F has as support [s; s+ "s]
and I is non-increasing, equal to 1 on (�1; s] and to 0 on [s + "s;+1). Let us moreover
remark that

jI 0(x)j =
F (x)

R+1
�1 F (z)dz

�
e�

2
"s

R+1
�1 F (z)dz

jI 00(x)j =
�����

1
(s� x)2 �

1
(x� s� "s)2

�����
jI 0(x)j

R+1
�1 F (z)dz

< +1;

as the last function is continuous and compactly supported on R. We then de�ne

f := x 2 [0; 1] 7! I(x) arcsin2(
p
x) + (1� I(x))

� 1
10
x+

9
10

�
2 [0; 1]:

The function f thus coincides with arcsin2(
p
x) on [0; s] and with 1

10x + 9
10 on [s + "s; 1], is

increasing and is twice continuously di�erentiable on the whole interval [0; 1].
Let us de�ne for all i 2 f1; : : : ; ng :  i = f(�i). Applying Itô’s formula (formally after

the stopping time infft � 0 : �1
t (1� �nt ) = 0g), we get

d it =f 0(�it)d�
i
t + 2f 00(�it)�

i
t(1� �

i
t)dt

=

8
<

:2
q
 itdBi

t +

8
<

:1 + �(p� q)
q
 itcot

q
 it + 2(�(q � n+ 1)� 1)

q
 itcot

�
2
q
 it
�

+ �
q
 it
X

j 6=i

�
cot

�q
 it +

q
~ jt
�

+ cot
�q

 it �
q

~ jt
��9=

;dt

9
=

;1f it�f(s)g

+
n
f 0(�it)d�

i
t + 2f 00(�it)�

i
t(1� �

i
t)dt

o
1f it>f(s)g;

where we denote ~ jt = arcsin2(
q
f�1( jt )) which is always de�ned as f : [0; 1] 7! [0; 1] is

increasing and thus injective. Let us note that ~ jt coincides with  jt when  jt � f(s).
For all k 2 f1; : : : ; ng, starting with

�k;0 = 0;
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�k;1 = inf
�
t 2 [0; T ) :  kt � f

�s
2

��
1f k0�f(s)g;

let us de�ne inductively for j 2 N

�k;2j+1 = inf
�
t 2 (�k;2j; T ) :  kt � f

�s
2

��
;

�k;2j+2 = inf
n
t 2 (�k;2j+1; T ) :  kt � f(s)

o
;

with the convention inf ; = T . We can then rewrite :

d it =

8
<

:2
q
 itdBi

t +

8
<

:1 + �(p� q)
q
 itcot

q
 it + 2(�(q � n+ 1)� 1)

q
 itcot

�
2
q
 it
�

+ �
q
 it
X

j 6=i

�
cot

�q
 it +

q
~ jt
�

+ cot
�q

 it �
q

~ jt
��9=

;dt

9
=

;1ft2
S
l2N[�i;2l+1;�i;2l+2)g

+
n
f 0(�it)d�

i
t + 2f 00(�it)�

i
t(1� �

i
t)dt

o
1ft2

S
l2N[�i;2l;�i;2l+1)g: (3.4.1)

We moreover de�ne for all i 2 f1; : : : ; ng and k � i,

�ki (t) = �

8
<

:
1
2
�(p� q)

0

@cot
q
 it �

1
q
 it

1

A+ (�(q � n+ 1)� 1)

0

@cot
�

2
q
 it
�
�

1

2
q
 it

1

A

+
�
2
X

j 6=i

2

4cot
�q

 it +
q

~ jt
�
�

1
q
 it +

q
~ jt

+ cot
�q

 it �
q

~ jt
�
�

1
q
 it �

q
~ jt

3

5

9
=

;

� 1ft2
S
l2N[�k;2l+1;�k;2l+2)g;

and �k(t) = (�k1(t); : : : ; �kk(t); 0; : : : ; 0) for k 2 f1; : : : ; ng.
The function cot is continuous on (0; �), cot(x) � 1

x �x!0
�x

3 , and the function x 7!

cot(x)� 1
x is decreasing on [0; �). Thus, as 0 �  it �  kt � f(s) < �2

4 on
S
l2N[�k;2l+1; �k;2l+2) �

S
l2N[�i;2l+1; �i;2l+2), we have for all t 2

S
l2N[�k;2l+1; �k;2l+2) :

j�ki (t)
2j �

�2(p� q)2

4
cot2

�q
f(s)

�
+ (�(q � n+ 1)� 1)2cot2

�
2
q
f(s)

�

+
�2

4
X

j 6=i

�
cot2

�
2
q
f(s)

�
+ cot2

�q
f(s)

��

< +1: (3.4.2)

Let us now prove the assertion by �rst remarking that by construction

P(9t � 0 : �1
t + �2

t + � � �+ �kt = 0) = P(9t � 0 :  1
t +  2

t + � � �+  kt = 0):
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We proceed by backward induction on k noticing that mink�l�n l�(p�n+ l) = k�(p�n+k).
The idea is to show that the process  1 + � � �+  k is on t 2

S
l2N[�k;2l+1; �k;2l+2) not smaller

than a CIR process which never hits zero.
For k = n let us consider for all t � 0 :

Zn(t) = exp
�Z t

0
�n(u)dBu �

1
2

Z t

0
jj�n(u)jj2du

�
:

We have thanks to the inequality (3.4.2) :

E
�
exp

�1
2

Z t

0
jj�n(u)jj2du

��
<1 for all t � 0:

Then, according to Novikov’s criterion (see for instance [KS91, Proposition 5.12 p.198]),
Zn is a P-martingale, and E[Zn(t)] = 1. Consequently, recalling that Ft = � ((�1

0; : : : ; �n0 ); (Bs)s�t)
and de�ning Qn such that

dQn

dP jFt
= Z(t)

and for all i 2 f1; : : : ; ng,
~Bi
t = Bi

t �
Z t

0
�ni (s)ds;

~B = ( ~B1
t ; : : : ; ~Bn

t )t is a Qn-Brownian motion according to the Girsanov Theorem (see for
instance [KS91, Proposition 5.4 p.194]).

Thus, (3.4.1) can be rewritten in terms of ~B as

d it =

8
<

:2
q
 itd ~Bi

t +

2

4�(p� n+ 1) + 2�
X

j 6=i

 it
 it �  

j
t

3

5dt

9
=

;1ft2
S
l2N[�n;2l+1;�n;2l+2)g

+
n
f 0(�it)d�

i
t + 2f 00(�it)�

i
t(1� �

i
t)dt

o
1ft2

S
l2N[�n;2l;�n;2l+1)g for all i 2 f1; : : : ; ng:

We then have for all t 2
S
l2N[�n;2l+1; �n;2l+2) \ [0; T ) :

d
�
 1
t + � � �+  nt

�
= 2

nX

i=1

q
 itd ~Bi

t + n�pdt

= 2
q
 1
t + � � �+  nt dW n

t + n�pdt;

where W n is the Brownian motion de�ned by :

dW n
t =1ft2[0;T )\(

S
l2N[�n;2l+1;�n;2l+2))g

nX

i=1

0

@1nPn
j=1  

j
t 6=0
o

q
 itqPn
j=1  

j
t

+ 1nPn
j=1  

j
t=0
o 1
p
n

1

A d ~Bi
t

+
�

1ft�T g + 1ft2[0;T )\(
S
l2N[�n;2l;�n;2l+1))g

� 1
p
n

nX

i=1
d ~Bi

t:

93



According to Lemma 3.5.2, the process ( 1
t + � � �+  nt )t coincides with CIR processes on each

interval of
S
l2N[�n;2l+1; �n;2l+2) and each of those CIRs are de�ned globally, are positive on

R+ and especially at T a.s. when T <1. If n�p � 2, we can thus conclude for k = n.
Let us now assume that for some k 2 f1; : : : ; n�1g, k�(p�n+k) � 2 and that the desired

property holds for the sum of the k + 1 smallest particles. Since (k + 1)�(p � n + k + 1) >
k�(p � n + k) � 2, the probability of the k + 1 smallest particles to collide at zero is null.
Consequently, the probability for k smallest particles to collide at zero is the probability for
exactly the k smallest particles to collide at zero and not the k+ 1th which stays away from
zero. We thus have :

P
 

T <1; inf
t2[0;T )

(�1
t + �2

t + � � �+ �k+1
t ) = 0

!

+P
�
T =1;9t � 0 : �1

t + �2
t + � � �+ �k+1

t = 0
�

= P
 

T <1; inf
t2[0;T )

( 1
t +  2

t + � � �+  k+1
t ) = 0

!

+P
�
T =1;9t � 0 :  1

t +  2
t + � � �+  k+1

t = 0
�

= 0:

Then,

P
�
T =1;9t � 0 :  1

t +  2
t + � � �+  kt = 0

�

= lim
"#0

P

0

@T =1;9t � 0 :  1
t +  2

t + � � �+  kt = 0 and  k+1
t �  kt � "

1

A

= lim
"#0

P

0

@T =1;9t � 0 :  1
t +  2

t + � � �+  kt + 1f k+1
t � kt <"g

= 0

1

A;

and

P
�
T <1; inf

t2[0;T )
( 1

t + � � �+  kt ) = 0
�

= lim
"#0

P

0

@T <1; inf
t2[0;T )

( 1
t + � � �+  kt + 1f k+1

t � kt <"g
) = 0

1

A:

For " > 0, starting with

� 0
" = infft 2 [0; T ) :  k+1

t �  kt � "g;

let us de�ne inductively for j 2 N

� 2j+1
" = infft 2 (� 2j

" ; T ) :  k+1
t �  kt �

"
2
g;

� 2j+2
" = infft 2 (� 2j+1

" ; T ) :  k+1
t �  kt � "g;

with the convention inf ; = T . As the function t!  k+1
t �  kt is continuous on [0; T ] when

T <1 and on [0; T ) when T =1 ,

� j" �!j!+1
T and maxfj 2 N : � j" < T g < +1 a.s. on fT <1g:
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As  k+1
t �  kt < " on [0; � 0

" ) and [� 2j+1
" ; � 2j+2

" ) for j 2 N,
8
<

:T <1; inf
t2[0;T )

( 1
t + � � �+  kt + 1f k+1

t � kt <"g
) = 0

9
=

;

=
(

T <1;9j 2 N; inf
t2[�2j

" ;�2j+1
" )

( 1
t + � � �+  kt ) = 0

)

and

8
<

:T =1;9t � 0 :  1
t +  2

t + � � �+  kt + 1f k+1
t � kt <"g

= 0

9
=

;

=

8
<

:T =1;9j 2 N;9t 2 [� 2j
" ; �

2j+1
" ) :  1

t +  2
t + � � �+  kt = 0

9
=

;;

it is enough to check that

P
 (

T < +1;9j 2 N; inf
t2[�2j

" ;�2j+1
" )

( 1
t + � � �+  kt ) = 0

)!

+ P

0

@

8
<

:T = +1;9j 2 N; 9t 2 [� 2j
" ; �

2j+1
" ) :  1

t +  2
t + � � �+  kt = 0

9
=

;

1

A = 0:

Moreover, these events can only happen on t 2
S
l2N[�k;2l+1; �k;2l+2) so it is in fact enough to

check that

P
 (

T < +1;9j; l 2 N; inf
t2[�2j

" ;�2j+1
" )\[�k;2l+1;�k;2l+2)

( 1
t + � � �+  kt ) = 0

)!

+ P

0

@

8
<

:T = +1;9j; l 2 N;9t 2 [� 2j
" ; �

2j+1
" ) \ [�k;2l+1; �k;2l+2) :  1

t +  2
t + � � �+  kt = 0

9
=

;

1

A = 0:

(3.4.3)

Let us consider for all t � 0

Zk(t) = exp
�Z t

0
�k(u)dBu �

1
2

Z t

0
jj�k(u)jj2du

�
:

We have thanks to the inequality (3.4.2) :

E
�
exp

�1
2

Z t

0
jj�k(u)jj2du

��
<1 for all t � 0:

Then, according to Novikov’s criterion (see for instance [KS91, Proposition 5.12 p.198]),
Zk is a P-martingale, and E[Zk(t)] = 1. Consequently, recalling that Ft = � ((�1

0; : : : ; �n0 ); (Bs)s�t)
and de�ning Qk such that

dQk

dP jFt
= Z(t)
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and for all i 2 f1; : : : ; kg,
~Bi
t = Bi

t �
Z t

0
�ki (s)ds;

~B(k) = ( ~B1
t ; : : : ; ~Bk

t ; B
k+1
t ; : : : ; Bn

t )t is a Qk-Brownian motion according to the Girsanov The-
orem (see for instance [KS91, Proposition 5.4 p.194]). The equality (3.4.3) is still true under
the probability Qk.

We de�ne the Brownian motion W k the following way :

dW k
t =1ft2[0;T )\(

S
l2N[�k;2l+1;�k;2l+2))g

kX

i=1

0

@1nPk
j=1  

j
t 6=0
o

q
 itqPk
j=1  

j
t

+ 1nPk
j=1  

j
t=0
o 1p

k

1

A d ~Bi
t

+
�

1ft�T g + 1ft2[0;T )\(
S
l2N[�k;2ls ;�k;2l+1))g

� 1p
k

kX

i=1
d ~Bi

t:

We have for all t 2 [� 2j
" ; � 2j+1

" ) \
�S

l2N[�k;2l+1; �k;2l+2)
�
,  k+1

t �  kt > "
2 and

d( 1
t + � � �+  kt ) = 2

q
 1
t + � � �+  kt dW k

t + k�(p� n+ k)dt+ 2�
kX

i=1

nX

j=k+1

 it
 it �  

j
t
dt

� 2
q
 1
t + � � �+  kt dW k

t + k�(p� n+ k)dt�
4
"

(n� k)�
 kX

i=1
 it

!

dt:

(3.4.4)

We can then de�ne on f� 2j
" _ �k;2l+1 <1g, for each interval [� 2j

" ; � 2j+1
" )\ [�k;2l+1; �k;2l+2)

the process rj;l by rj;l0 =
�
�1
�2j
" _�k;2l+1 + � � �+ �k

�2j
" _�k;2l+1

�
1f�2j

" _�k;2l+1<T g+ 1f�2j
" _�k;2l+1=T g and

for all t � 0 :

drj;lt = 2
q
rj;lt dW k

t+�2j
" _�k;2l+1 +

�
�

4
"
�(n� k)rj;lt + k�(p� n+ k)

�
dt

= 2
q
rj;lt d(W k

t+�2j
" _�k;2l+1 �W k

�2j
" _�k;2l+1 +W k

�2j
" _�k;2l+1) +

�
�

4
"
�(n� k)rj;lt + k�(p� n+ k)

�
dt

= 2
q
rj;lt d ~W k

t +
�
�

4
"
�(n� k)rj;lt + k�(p� n+ k)

�
dt

where conditionally on f� 2j
" _�k;2l+1 <1g, by strong Markov property, ( ~W k

t = W k
t+�2j

" _�k;2l+1�
W k
�2j
" _�k;2l+1)t�0 is a Brownian motion independent from F�2j

" _�k;2l+1 . Conditionally on f� 2j
" _

�k;2l+1 <1g, the process rj;l is a CIR process de�ned globally in time according to Lemma
3.5.2 with a = k�(p� n+ k) and � = 2 which satisfy a � �2

2 , and it stays positive on R+.
This together with (3.4.4) and Theorem 3.5.3 give that for all t 2 [� 2j

" ; � 2j+1
" )\[�k;2l+1; �k;2l+2),

 1
t + � � �+  kt � rj;l

t��2j
" _�k;2l+1 :

We can thus conclude the proof of (i).
To prove (ii), we just need to apply (i) to the process (1��nt ; : : : ; 1��1

t )t which satis�es
(J(q; p)) according to Remark 3.2.1.
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Proof of Theorem 3.2.3. By Remark 3.2.1, it is enough to prove Theorem 3.2.3 with the
additionnal assumption p � q. Indeed, if the theorem is true under this additionnal assump-
tion, then, if q > p, we apply the theorem to the system of SDEs (J(q,p)) instead of (J(p,q)),
which allows to build a solution to (J(p,q)) using Remark 3.2.1, and this solution still veri�es
the assertion (ii) of the theorem. By Lemma 3.3.1, we can then conclude of the existence
and uniqueness of a strong solution to (J(p,q)), and this solution veri�es (ii). We thus make
the assumption p � q in the rest of the proof.

As explained in the introduction, the main di�culty in proving this result comes from
the fact that we have to deal with both the singularity related to the interaction between
particles and the singularity related to the edges (zero and one) when two particles hit zero
(or one) at the same time. For " > 0, our method precisely consists in separating these
di�culties by de�ning four new systems of SDEs (Ĵ"), ( ~J"), ( �J") and ( �J") which each remove
three types of singularity and coincide with (J(p,q)) on domains that cover ft � 0 : 0 � �1

t �
� � � � �nt � 1 and (�1

t � " or �2
t � �1

t � ") and (�nt � 1 � " or �nt � �
n�1
t � ")g. This allows

us to build a solution to (J(p,q)) by piecing together solutions to (Ĵ"), ( ~J"), ( �J") and ( �J").
Let us consider in this proof the Brownian motion B = (B1

t ; : : : ; Bn
t )t, Ft = �

�
(�1

0; : : : ; �n0 ); (Bs)s�t
�

for all t � 0, and the system of SDEs de�ned by (J(p,q)). Let us de�ne for all " > 0 the
following SDEs :

8i 2 f1; : : : ; ng;d�̂i;"t = 2
q
�̂i;"t (1� �̂i;"t )dBi

t

+

8
<

:(1� 2�̂i;"t )
"

2� 0 _
2
p

2
p
"

 q
1� �̂i;"t �

p
"

2
p

2

!

^ 1� 0 _
2
p

2
p
"

 q
�̂i;"t �

p
"

2
p

2

!

^ 1
#

+ �

2

4p� (p+ q)�̂i;"t +
X

j 6=i

�̂i;"t (1� �̂j;"t ) + �̂j;"t (1� �̂i;"t )
�̂i;"t � �̂

j;"
t

3

5

9
=

;dt

0 � �̂1;"
t < � � � < �̂n;"t � 1; a.s., dt� a:e:

(Ĵ")
8
>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>:

d~�1;"
t = 2

q
~�1;"
t (1� ~�1;"

t )dB1
t

+ �

2

4p� n+ 1� (p+ q)~�1;"
t � 2

(1� ~�1;"
t ) ^ "

2
"
2

X

j 6=1

~�1;"
t (1� ~�j;"t )

(~�j;"t � ~�1;"
t ^ ") _ "

3

5dt

8i 2 f2; : : : ; ng, d~�i;"t = 2
q

~�i;"t (1� ~�i;"t )dBi
t

+

8
<

:(1� 2~�i;"t )
"

2� 0 _
2
p

2
p
"

 q
1� ~�i;"t �

p
"

2
p

2

!

^ 1� 0 _
2
p
"

 q
~�i;"t �

p
"

2

!

^ 1
#

+�

2

4p� n+ 1� (p+ q)~�i;"t + 2
(1� ~�i;"t ) ^ "

2
"
2

~�i;"t (1� ~�1;"
t )

(~�i;"t � ~�1;"
t ) _ "

+ 2
X

j�2;j 6=i

~�i;"t (1� ~�j;"t )
~�i;"t � ~�j;"t

3

5

9
=

;dt

0 � ~�1;"
t � 1 and 0 � ~�2;"

t < � � � < ~�n;"t � 1; a.s., dt� a:e:
( ~J")
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8
>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>:

d��n;"t = 2
q

��n;"t (1� ��n;"t )dBn
t

+ �

2

4p� n+ 1� (p+ q)��n;"t + 2
��n;"t ^ "

2
"
2

X

j 6=n

��n;"t (1� ��j;"t )
(��n;"t � ��j;"t ^ ") _ "

3

5 dt

8i 2 f1; : : : ; n� 1g, d��i;"t = 2
q

��i;"t (1� ��i;"t )dBi
t

+

8
<

:(1� 2��i;"t )

2

42�0 _
2
p
"

 q
1� ��i;"t �

p
"

2

!

^ 1� 0 _
2
p

2
p
"

 q
��i;"t �

p
"

2
p

2

!

^ 1

3

5

+�

2

4p� n+ 1� (p+ q)��i;"t � 2
(1� ��i;"t ) ^ "

2
"
2

��i;"t (1� ��n;"t )
(��n;"t � ��i;"t ) _ "

+ 2
X

j�n�1;j 6=i

��i;"t (1� ��j;"t )
��i;"t � ��j;"t

3

5

9
=

;dt

0 � ��n;"t � 1 and 0 � ��1;"
t < � � � < ��n�1;"

t � 1; a.s., dt� a:e:
( �J")

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

d��1;"
t = 2

q
��1;"
t (1� ��1;"

t )dB1
t

+ �

2

4p� n+ 1� (p+ q)��1;"
t � 2

(1� ��1;"
t ) ^ "

2
"
2

X

j 6=1

��1;"
t (1� ��j;"t )

(��j;"t � ��1;"
t ^ ") _ "

3

5 dt

d��n;"t = 2
q

��n;"t (1� ��n;"t )dBn
t

+ �

2

4p� n+ 1� (p+ q)��n;"t + 2
��n;"t ^ "

2
"
2

X

j 6=n

��n;"t (1� ��j;"t )
(��n;"t � ��j;"t ^ ") _ "

3

5 dt

8i 2 f2; : : : ; n� 1g, d��i;"t = 2
q

��i;"t (1� ��i;"t )dBi
t

+

8
<

:(1�2��i;"t )
"

2� 0 _
2
p
"

 q
1� ��i;"t �

p
"

2

!

^ 1� 0 _
2
p
"

 q
��i;"t �

p
"

2

!

^ 1
#

+�

2

4p�n+ 1� (p+ q)��i;"t + 2
(1� ��i;"t ) ^ "

2
"
2

 ��i;"t (1� ��1;"
t )

(��i;"t � ��1;"
t ) _ "

�
��i;"t (1� ��n;"t )

(��n;"t � ��i;"t ) _ "

!

+ 2
X

2�j�n�1;j 6=i

��i;"t (1� ��j;"t )
��i;"t � ��j;"t

3

5

9
=

;dt

0 � ��1;"
t � 1; 0 � ��n;"t � 1 and 0 � ��2;"

t < � � � < ��n�1;"
t � 1; a.s., dt� a:e:

( �J")
These systems are built such that :

(Ĵ") coincides with (J(p,q)) on ft; �̂1;"
t �

"
2
and �̂n;"t � 1�

"
2
g;

( ~J") coincides with (J(p,q)) on ft; ~�1;"
t � " and ~�2;"

t � ~�1
t � " and ~�n;"t � 1�

"
2
g;

( �J") coincides with (J(p,q)) on ft; ��1;"
t �

"
2
and ��n;"t � 1� " and ��n;"t � ��n�1;"

t � "g;
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Figure 3.1 � Graphical representation of (�; d).

( �J") coincides with (J(p,q)) on ft; ��1;"
t � " and ��2;"

t � ��1
t � " and ��n;"t � 1� " and ��n;"t � ��n�1;"

t � "g:

Lemmas 3.4.1, 3.4.2, 3.4.3 and 3.4.4 give the existence of global pathwise unique strong
solutions to (Ĵ"), ( ~J"), ( �J") and ( �J") with any random initial condition with ordered non-
negative coordinates and independent from the driving Brownian motion.

For � 2 [0; 1]n deterministic with ordered coordinates, let �̂";T;� = (�̂1;";T;�
t ; : : : ; �̂1;";T;�

t )t,
~�";T;� = (~�1;";T;�

t ; : : : ; ~�1;";T;�
t )t, ��";T;� = (��1;";T;�

t ; : : : ; ��1;";T;�
t )t and ��";T;� = (��1;";T;�

t ; : : : ; ��1;";T;�
t )t

denotes the process solution to respectively (Ĵ"), ( ~J"), ( �J") and ( �J") on [T;+1) starting from
� at time T and equal to 0 on (�1; T ).

Let us note d the distance on the set � = f^;�;_;�g de�ned by

d(�;_) = d(^;�) = 2;
d(^;�) = d(^;_) = d(�;�) = d(�;_) = 1;

which kind be more easily visualised in Figure 3.1.
Let us moreover de�ne the application de�ned on a subset of � �� � [0;+1) � [0; 1]n

by

T(symb; symb0; t; x) =

8
>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>:

inf

8
<

:t
0 � t :

 
symb
�
!1;";t;x

�
"
2

9
=

; if (symb; symb0) 2 f(^;�); (_;�)g;

inf

8
<

:t
0 � t :

 
symb
�
!n;";t;x

� 1�
"
2

9
=

; if (symb; symb0) 2 f(^;_); (�;�)g;

inf

8
<

:t
0 � t :

 
symb
�
!n;";t;x

� 1� "

9
=

; if (symb; symb0) 2 f(_;^); (�;�)g;

inf

8
<

:t
0 � t :

 
symb
�
!1;";t;x

� "

9
=

; if (symb; symb0) 2 f(�;^); (�;_)g:

We de�ne by induction

� "0 = 0;
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symb"0 =

8
>>>>><

>>>>>:

^ on f�1
0 � " and �n0 � 1� "g;

� on f�1
0 < " and �n0 � 1� "g;

_ on f�1
0 � " and �n0 > 1� "g;

� on f�1
0 < " and �n0 > 1� "g;

� "1 =
^

symb2�;d(symb;symb"0)=1
T(symb"0; symb; 0;�0);

if ]fsymb 2 �nfsymb"0g such that � "1 =T(symb"0; symb; 0;�0)g = 1 then symb"1 is the only element of
that set. Otherwise, symb"1 is the only element of � such that d(symb"0; symb

"
1) = 2;

X (1)
t =

 
symb"0

�
!";0;�0

1f0�t��"1g for all t 2 R;

� "2 =
^

symb2�;d(symb;symb"1)=1
T
�
symb"1; symb; �

"
1 ;X

(1)
�"1

�
;

X (2)
t =

 
symb"1

�
!";�"1 ;X

(1)
�"1

1f�"1<t��"2g for all t 2 R;

...

� "i+1 =
^

symb2�;d(symb;symb"i )=1
T
�
symb"i ; symb; �

"
i ;X

(i)
�"i

�
;

if ]fsymb 2 �nfsymb"ig such that � "i+1 =T(symb"i ; symb; �
"
i ;X

(i)
�"i

)g = 1 then symb"i+1 is the only

element of that set. Otherwise, symb"i+1 is the only element of � such that d(symb"i ; symb
"
i+1) = 2;

X (i+1)
t =

 
symb"i

�
!";�"i ;X

(i)
�"i

1f�"i <t��"i+1g for all t 2 R;

...

and as for all i 2 N, the � "i de�ned before are stopping times for the �ltration (Ft)t�0, the
random vectors 1f�"i <+1gX

(i)
�"i

are F�"i -measurable, the construction makes sense.
We �nally de�ne for all " > 0 and t � 0 :

Z"t =
+1X

i=1
X (i)
t :

Let us verify that the process (Z"t )t is de�ned globally. To do so, we show that there is
no accumulation of the stopping times � "i by �rst separating them between the ones copping
with the singularity at 0 and the ones copping with the singularity at 1.

On symb"0 2 f_;^g, let us de�ne (�0;"
i )i�0 as the subsequence of (� "i )i�0 corresponding to

the stopping times involving the position of the smallest particle of the considered system
regarding " and "

2 and the stopping times that can be attributed both to a change of position
of the smallest particle and of the biggest particle. This means that on symb"0 2 f_;^g,
we can write (�0;"

i )i�0 = (� "’(i))i�0 where ’ is the only bijective increasing map from N
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to fj 2 N�; (symb"j�1; symb"j) 2 f(^;�); (_;�); (�;^); (�;_); (^;�); (�;^); (�;_); (_;�)g,
where N = f0; 1; 2; : : :g and N� = Nnf0g.

On symb"0 2 f�;�g, let us de�ne �0;"
0 = 0 and (�0;"

i )i�1 as the subsequence of (� "i )i�0
corresponding to the stopping times involving the position of the smallest particle of the
considered system regarding " and "

2 and the stopping times that be attributed both to a
change of position of the smallest particle and of the biggest particle. This means that on
symb"0 2 f�;�g, we can write (�0;"

i )i�1 = (� "’(i))i�0 where ’ is the only bijective increasing
map from N� to fj 2 N�; (symb"j�1; symb"j) 2 f(^;�); (_;�); (�;^); (�;_); (^;�); (�;^); (�
;_); (_;�)g.

On symb"0 2 f�;^g, let us de�ne the sequence (�1;"
i )i�0 as the subsequence of (� "i )i�0

corresponding to the stopping times involving the position of the biggest particle of the
considered system regarding 1 � " and 1 � "

2 . This means that on symb"0 2 f�;^g, we
can write (�1;"

i )i�0 = (� "’(i))i�0 where ’ is the only bijective increasing map from N to fj 2
N�; (symb"j�1; symb"j) 2 f(^;_); (�;�); (_;^); (�;�)g.

On symb"0 2 f_;�g, let us de�ne the sequence (�1;"
i )i�0 as �1;"

0 = 0 and (�1;"
i )i�1 as

the subsequence of (� "i )i�0 corresponding to the stopping times involving the position of the
biggest particle of the considered system regarding 1 � " and 1 � "

2 . This means that on
symb"0 2 f_;�g, we can write (�1;"

i )i�1 = (� "’(i))i�0 where ’ is the only bijective increasing
map from N� to fj 2 N�; (symb"j�1; symb"j) 2 f(^;_); (�;�); (_;^); (�;�)g.

We have for i � 1 :

� for all t 2 (�0;"
2i+1; �

0;"
2i+2],

dZ";1t � 2
q
Z";1t (1�Z";1t )dB1

t + �
h
p� n+ 1� (p+ q)Z";1t

i
dt;

and thus, according to the pathwise comparison theorem of Ikeda and Watanabe (that
we recall in Theorem 3.5.3 below)

Z";1t � r0;i
t��0;"

2i+1
;

where for all t � 0

r0;i
t =

"
2

+ 2
Z t

0

q
r0;i
s (1� r0;i

s )dB1
s+�0;"

2i+1
+ �(p� n+ 1)t� �(p+ q)

Z t

0
r0;i
s ds;

which is a real Jacobi process. The times �0;"
2i+2 � �

0;"
2i+1 for all i � 1 are larger than the

time interval for the Jacobi processes r0;i to go from "
2 to ". Moreover, the times for the

r0;i processes to go from "
2 to " are iid positive random variables. Consequently, there

is no accumulation of the stopping times �0;"
i which go to in�nity as i!1.

� for all t 2 (�1;"
2i+1; �

1;"
2i+2],

dZ";nt � 2
q
Z";nt (1�Z";nt )dBn

t + � [p� n+ 1� (p+ q)Z";nt ] dt;
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and thus
Z";nt � r1;i

t��1;"
2i+1

;

where for all t � 0

r1;i
t = 1�

"
2

+ 2
Z t

0

q
r1;i
s (1� r1;i

s )dBn
s+�1;"

2i+1
+ �(p� n+ 1)t� �(p+ q)

Z t

0
r1;i
s ds;

which is a real Jacobi process. The times �1;"
2i+2 � �1;"

2i+1 for all i � 1 are larger than
the time interval for the Jacobi processes r1;i to go from 1� "

2 to 1� ". Moreover, the
times for the r1;i processes to go from 1� "

2 to 1� " are iid positive random variables.
Consequently, there is no accumulation of the stopping times �1;"

i which go to in�nity
as i!1.

The stochastic process Z" is thus de�ned globally.
We recall that the SDEs (Ĵ"), ( ~J"), ( �J"), ( �J") respectively coincide with the system of

SDEs (J(p,q)) on ft; �̂1;"
t � "

2 and �̂n;"t � 1 � "
2g, ft; ~�

1;"
t � " and ~�2;"

t � ~�1
t � " and ~�n;"t �

1 � "
2g, ft; ��

1;"
t � "

2 and ��n;"t � 1 � " and ��n;"t � ��n�1;"
t � "g and ft; ��1;"

t � " and ��2;"
t � ��1

t �
" and ��n;"t � 1�" and ��n;"t ���n�1;"

t � "g. On the other hand, (Z"t )t evolves according to those
four SDEs, and verify Z";1t � "

2 on [� "i ; � "i+1] for i such that symb"i 2 f^;_g and Z
";n
t � 1� "

2
on [� "i ; � "i+1] for i such that symb"i 2 f^;�g. By induction on i, (Z"t )t is a solution to (J(p,q))
until

inf

8
<

:t 2
[

i2N;symb"i2f�;�g
[� "i ; �

"
i+1];Z2;"

t �Z
1;"
t � "

9
=

; ^ inf

8
<

:t 2
[

i2N;symb"i2f_;�g
[� "i ; �

"
i+1];Zn;"t �Z

n�1;"
t � "

9
=

;

� inf
n
t � 0 :

�
Z1;"
t � " and Z2;"

t �Z
1;"
t � "

�
or

�
Zn;"t � 1� " and Zn;"t �Z

n�1;"
t � "

�o
=: �":

From Lemmas 3.4.1, 3.4.2, 3.4.3 and 3.4.4 we have :

Pf9i 2 fj 2 N; symb"j = ^g;9t 2 (� "i ; �
"
i+1] : Zk;"t = Zk+1;"

t and Z l;"t = Z l+1;"
t for some 0 � k < l � ng = 0

(3.4.5)

Pf9i 2 fj 2 N; symb"j = �g;9t 2 (� "i ; �
"
i+1] : Zk;"t = Zk+1;"

t and Z l;"t = Z l+1;"
t for some 2 � k < l � ng = 0

(3.4.6)

Pf9i 2 fj 2 N; symb"j = _g;9t 2 (� "i ; �
"
i+1] : Zk;"t = Zk+1;"

t and Z l;"t = Z l+1;"
t

for some 0 � k < l � n� 2g = 0 (3.4.7)

Pf9i 2 fj 2 N; symb"j = �g;9t 2 (� "i ; �
"
i+1] : Zk;"t = Zk+1;"

t and Z l;"t = Z l+1;"
t

for some 2 � k < l � n� 2g = 0 (3.4.8)

where by convention Z0;" � 0 and Zn+1;" � 1.
On the time intervals [� "i ^ �"; � "i+1 ^ �"] for i 2 fj 2 N; symb"j 2 f�;�gg , we have

Z2;"
t � Z

1;"
t � " and on the time intervals [� "i ^ �"; � "i+1 ^ �"] for i 2 fj 2 N; symb"j 2 f_;�gg
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, we have Zn;"t �Z
n�1;"
t � ". This together with (3.4.5,3.4.6,3.4.7,3.4.8) allows to conclude :

P
�
9t 2 (0; �"] : Z i;"t = Z i+1;"

t and Zj;"t = Zj+1;"
t for some 1 � i < j � n� 1

�
= 0: (3.4.9)

As the solutions to equation (J(p,q)) are pathwise unique (see Lemma 3.3.1), for n 2 N�,
the processes Z

1
n and Z

1
n+1 coincide on

h
0; � 1

n
^ � 1

n+1

i
. Thus, � 1

n
^� 1

n+1
= � 1

n
and the sequence

�
� 1
n

�

n2N�
is non-decreasing. Moreover, for all n 2 N�, Z

1
n veri�es (3.4.9). Consequently, we

can de�ne for all t 2 [0; lim
"!0

�")

�t = Z1
t 1f0�t��1g +

X

n�1
Z

1
n+1
t 1n

� 1
n
<t�� 1

n+1

o; (3.4.10)

which is a solution to the system of SDEs (J(p,q)) on [0; lim
"!0

�") verifying (iii) of Theorem
3.2.3.

Finally, as the solutions to (J(p,q)) are pathwise unique (Lemma 3.3.1), we can apply
the Yamada-Watanabe theorem (see for instance [RY99, Theorem 1.7 p.368]) to deduce the
existence of strong solutions to the equation.

Since on f�" < +1g we have �1
�" +�2

�" = 2�1
�" +�2

�"��
1
�" � 3", or

�
1� �n�"

�
+
�
1� �n�1

�"

�
=

2
�
1� �n�"

�
+
�
1� �n�1

�"

�
�
�
1� �n�"

�
� 3", we have on

�
lim
"!0

�" < +1
�
: inf
t2[0; lim

"!0
�")
�1
t + �2

t = 0

or sup
t2[0; lim

"!0
�")
�nt + �n�1

t = 2. On
�

lim
"!0

�" < +1
�
\

8
<

: inf
t2[0; lim

"!0
�")
�1
t + �2

t = 0

9
=

; we use Proposition

3.2.5 (i) with k = 2 to conclude that

lim
"!0

inf
n
t � 0 : Z1;"

t � " and Z2;"
t �Z

1;"
t � "

o
= +1 when p� n+ 1 �

1
�
� 1:

Likewise, on
�

lim
"!0

�" < +1
�
\

8
><

>:
sup

t2[0; lim
"!0

�")
�nt + �n�1

t = 2

9
>=

>;
we use Proposition 3.2.5 (ii)

with k = 2 to conclude that

lim
"!0

inf
n
t � 0 : Zn;"t � 1� " and Zn;"t �Z

n�1;"
t � "

o
= +1 when q � n+ 1 �

1
�
� 1:

Consequently, when p ^ q � n+ 1 � 1
� � 1,

lim
"!0

�" = +1;

which is (i) from Theorem 3.2.3.
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Lemma 3.4.1. Let us assume p � q and q � n+ 1 > 0. The system of SDEs

d�̂i;"t = 2
q
�̂i;"t (1� �̂i;"t )dBi

t

+

8
<

:(1� 2�̂i;"t )
"

2� 0 _
2
p

2
p
"

 q
1� �̂i;"t �

p
"

2
p

2

!

^ 1� 0 _
2
p

2
p
"

 q
�̂i;"t �

p
"

2
p

2

!

^ 1
#

+ �

2

4p� (p+ q)�̂i;"t +
X

j 6=i

�̂i;"t (1� �̂j;"t ) + �̂j;"t (1� �̂i;"t )
�̂i;"t � �̂

j;"
t

3

5

9
=

;dt

0 � �̂1;"
t < � � � < �̂n;"t � 1; a.s., dt� a:e:

(Ĵ")

has a global pathwise unique strong solution (�̂1;"
t ; : : : ; �̂1;"

t )t starting from any random
initial condition �0 = (�1

0; : : : ; �n0 ) independent from B such that 0 � �1
0 � � � � � �n0 � 1 a.s.

Moreover,

Pf9t > 0 : �̂i;"t = �̂i+1;"
t and �̂j;"t = �̂j+1;"

t for some 0 � i < j � ng = 0; (3.4.11)

where by convention �̂0;" � 0 and �̂n+1;" � 1.

Proof. Let us consider Ft = �
��

arcsin
�q

�1
0

�
; : : : ; arcsin

�p
�n0
��

; (Bs)s�t
�
and the system

of SDEs de�ned by

d�̂";it = dBi
t +

8
<

:
�(p� q)

2
cot�̂";it

+

0

@�(q � n+ 1) +
"

1� 0 _
2
p

2
p
"

 

cos �̂";it �
p
"

2
p

2

!

^ 1� 0 _
2
p

2
p
"

 

sin �̂";it �
p
"

2
p

2

!

^ 1
#1

Acot(2�̂";it )

+
�
2
X

j 6=i

h
cot(�̂";it + �̂";jt ) + cot(�̂";it � �̂

";j
t )
i
9
=

;dt

0 � �̂";1t < � � � < �̂";nt �
�
2
; a.s. dt� a.e.,

(Ĵ�" )

with random initial condition
�

arcsin
�q

�1
0

�
; : : : ; arcsin

�p
�n0
��

such that 0 � arcsin
�q

�1
0

�
�

� � � � arcsin
�p

�n0
�
� �

2 .
We are going to apply Cepa’s multivoque equations theory ([CØp95]) to conclude that

there exists a unique strong solution to (Ĵ�" ).
To do so, we de�ne

D = f0 < �1 < �2 < � � � < �n <
�
2
g

104



V : (�1; : : : ; �n) 2 Rn !

8
>>>>>>>><

>>>>>>>>:

�
nX

i=1

8
<

:
�(p� q)

2
ln j sin�ij+ �

q � n+ 1
2

ln j sin(2�i)j

+
�
4
X

j 6=i

�
ln j sin(�i + �j)j+ ln j sin(�i � �j)j

�
9
=

; if x 2 D

+1 if x =2 D

g : (�1; : : : ; �n) 2 Rn !

0

@
"

1� 0 _
2
p

2
p
"

 

cos�1 �
p
"

2
p

2

!

^ 1� 0 _
2
p

2
p
"

 

sin�1 �
p
"

2
p

2

!

^ 1
#

cot(2�1);

: : : ;
"

1� 0 _
2
p

2
p
"

 

cos�n �
p
"

2
p

2

!

^ 1� 0 _
2
p

2
p
"

 

sin�n �
p
"

2
p

2

!

^ 1
#

cot(2�n)

1

A;

to rewrite the system of SDEs on D with �̂ = (�̂1;"
t ; : : : ; �̂n;"t )t the following way

d�̂t = dBt + g(�̂t)dt�rV(�̂t)dt: (Ĵ�" )

Since g is globally Lipschitz and V is convex, CØpa’s multivoque equations theory shows the
existence and uniqueness of a strong solution to equation

d’̂t = dBt + g(’̂t)dt�rV(’̂t)dt� �(’̂t)dLt for all t � 0 (Ĵ ’
" )

8t � 0; ’̂t 2 �D a.s.

’̂0 =
�

arcsin
�q

�1
0

�
; : : : ; arcsin

�q
�n0
��

;

where ’̂ is a continuous adapted to (Ft)t�0 process, L is a continuous non-decreasing adapted
to (Ft)t�0 process with L0 = 0 verifying

Lt =
Z t

0
1f’̂s2@DgdLs;

and �(x) 2 �(x) (�(x) is the set of unitary outward normals to @D at x 2 @D). The solution
to equation (Ĵ ’

" ) follows the conditions : for all t > 0

E
�Z t

0
1f’̂s2@Dgds

�
= 0;

E
�Z t

0
jrV(’̂s)jds

�
< 1:

We apply [CL01, Theorem 2.2] which is an application of CØpa’s multivoque equations
theory to this kind of SDE and the remark following [CØp95, Theorem 3.1] to deduce that
(Ĵ ’

" ) has a unique strong solution. To prove that the boundary process L is equal to zero,
we just follow the steps of the proof of [Dem09a, Lemma 2.2], itself coming from the proof
of [Dem09b, Lemma 1] which is an adaptation of the proof [CL01, Theorem 2.2, Step 1] and
[CL01, Lemma 3.8].
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Then, setting with �̂i;" = sin2(’i;") for all i 2 f1; : : : ; ng we obtain a global solution to (Ĵ").
Following the approach used in the proof of Lemma 3.4.3 below to demonstrate the pathwise
uniqueness of a slightly more complicated system ( ~J"), we obtain that the solutions to (Ĵ")
are pathwise unique. The Yamada-Watanabe Theorem (see for instance [RY99, Theorem 1.7
p.368]) allows to conclude that (Ĵ") has a pathwise unique global strong solution.

Let us now prove (3:4:11).
Let us consider the system of SDEs de�ned by (Ĵ�" ) with initial condition 0 � arcsin

�q
�1

0

�
�

� � � � arcsin
�p

�n0
�
� �

2 .
Let us de�ne for all " > 0 and for t � 0 : �(t) = (�1(t); : : : ; �n(t)) with

8i 2 f1; : : : ; ng, �i(t) =
"

1� 0 _
2
p

2
p
"

 

cos �̂";it �
p
"

2
p

2

!

^ 1� 0 _
2
p

2
p
"

 

sin �̂";it �
p
"

2
p

2

!

^ 1
#

cot(2�̂";it );

and for all t � 0
Z(t) = exp

�
�
Z t

0
�(u) � dBu �

1
2

Z t

0
jj�(u)jj2du

�
:

We have for all i 2 f1; : : : ; ng,

�2
i (t) =

 "

1� 0 _
2
p

2
p
"

 

cos �̂";it �
p
"

2
p

2

!

^ 1� 0 _
2
p

2
p
"

 

sin �̂";it �
p
"

2
p

2

!

^ 1
#

cot(2�̂";it )
!2

�

0

BB@
1� "

4

2
r

"
8

�
1� "

8

�

1

CCA

2

;

where we used the fact that the support of the map

x 2 [0; 1] 7!
"

1� 0 _
2
p

2
p
"

 
p

1� x�
p
"

2
p

2

!

^ 1� 0 _
2
p

2
p
"

 
p
x�

p
"

2
p

2

!

^ 1
#

2 [0; 1];

is
h
"
8 ; 1�

"
8

i
and that the map � 7! cot(2�) = 1�sin2(�)

2
p

sin2(�)(1�sin2(�))
is monotonous on the interval

�
0; �2

�
.

We thus have

E
�
exp

�1
2

Z t

0
jj�(u)jj2du

��
< 1 for all t � 0:

Then, according to Novikov’s criterion (see for instance [KS91, Proposition 5.12 p.198]), Z
is a P-martingale, and E[Z(t)] = 1.

Consequently, recalling that Ft = �
��

arcsin
�q

�1
0

�
; : : : ; arcsin

�p
�n0
��

; (Bs)s�t
�

and
de�ning Q such that

dQ
dP jFt

= Z(t);
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and for all i 2 f1; : : : ; ng,

B̂i
t = Bi

t +
Z t

0
�i(s)ds

= Bi
t +

Z t

0

"

1� 0 _
2
p

2
p
"

 

cos �̂";is �
p
"

2
p

2

!

^ 1� 0 _
2
p

2
p
"

 

sin �̂";is �
p
"

2
p

2

!

^ 1
#

cot(2�̂";is )ds; t � 0;

B̂ = (B̂1
t ; : : : ; B̂n

t )t is a Q- Brownian motion according to the Girsanov theorem (see for
instance [KS91, Proposition 5.4 p.194]).

Thus, (Ĵ�" ) can be rewritten in terms of B̂ as

d�̂";it =dB̂i
t +

8
<

:
�(p� q)

2
cot�̂";it + �(q � n+ 1)cot(2�̂";it ) +

�
2
X

j 6=i

h
cot(�̂";it + �̂";jt ) + cot(�̂";it � �̂

";j
t )
i
9
=

;dt

0 � �̂";1t < � � � < �̂";nt �
�
2
; a.s. dt� a.e.

(3.4.12)

By the same arguments as in the beginning of the proof, the normaly re�ected SDE

d ^̂’t = dB̂t �rV( ^̂’t)dt� �( ^̂’t)dL̂t for all t � 0 (3.4.13)

8t � 0; ^̂’t 2 �D a.s.

^̂’0 =
�

arcsin
�q

�1
0

�
; : : : ; arcsin

�q
�n0
��

;

admits a global solution and the term �( ^̂’t)dL̂t is zero, so that ^̂’ solves (3.4.12). We can
apply [LØ10, Theorem 3.1], the proof of which can be applied to our case of SDE (3.4.13)
to conclude that its solutions cannot have multiple collisions, which implies that there is
no multiple collision of (�̂1;"

t ; : : : ; �̂n;"t )t under the probability Q. There is thus no multiple
collision of (�̂1;"

t ; : : : ; �̂n;"t )t�0 under the probability P :

Pf9t � 0 : �̂i;"t = �̂i+1;"
t and �̂j;"t = �̂j+1;"

t for some 0 � i < j � ng = 0:

Lemma 3.4.2. Let us assume p � q and q�n+1 > 0. The system of SDEs ( ~J") with random
initial condition (~�1;"

0 ; : : : ; ~�n;"0 ) such that 0 � ~�1;"
0 � � � � � ~�n;"0 � 1 a.s. and independent

from the Brownian motion B = (B1
t ; : : : ; Bn

t )t has a global pathwise unique strong solution
(~�1;"

t ; : : : ; ~�1;"
t )t�0.

Moreover,

Pf9t > 0 : ~�i;"t = ~�i+1;"
t and ~�j;"t = ~�j+1;"

t for some 2 � i < j � ng = 0: (3.4.14)
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Proof. Let us consider a Brownian motion ~B = ( ~B1
t ; : : : ; ~Bn

t )t, and the system of SDEs

d~�1;"
t = 2

q
~�1;"
t (1� ~�1;"

t )d ~B1
t + �

h
p� n+ 1� (p+ q)~�1;"

t

i
dt

8i 2 f2; : : : ; ng, d~�i;"t = 2
q

~�i;"t (1� ~�i;"t )d ~Bi
t

+

8
<

:(1� 2~�i;"t )
"

2� 0 _
2
p

2
p
"

 q
1� ~�i;"t �

p
"

2
p

2

!

^ 1� 0 _
2
p
"

 q
~�i;"t �

p
"

2

!

^ 1
#

+ �

2

4p� 1� (p+ q)~�i;"t +
X

j�2;j 6=i

~�i;"t (1� ~�j;"t ) + ~�j;"t (1� ~�i;"t )
~�i;"t � ~�j;"t

3

5

9
=

;dt

0 � ~�1;"
t � 1 and 0 � ~�2;"

t < � � � < ~�n;"t � 1; a.s., dt� a:e:

Let us remark that ~�1 is a one dimensional Jacobi process and admits a strong solution
de�ned on R+ (see Lemma 3.5.1), and that the coordinates i 2 f2; : : : ; ng satisfy an au-
tonomous system of SDEs for n � 1 particles similar to equation (Ĵ"). The only di�er-
ences are the terms

�
0 _ 2

p
2p
"

�q
�̂i;"t �

p
"

2
p

2

�
^ 1

�
and �p in (Ĵ") which become respectively

�
0 _ 2p

"

�q
~�i;"t �

p
"

2

�
^ 1

�
and �(p� 1) here.

We can still consider the process
�

arcsin
�q

~�2;"
t

�
; : : : ; arcsin

�q
~�n;"t

��

t
, and apply the

same method as in the proof of Lemma 3.4.1 (indeed, if q�n+1 > 0, then q�(n�1)+1 > 0) to
prove the existence of a pathwise unique strong solution to this subsystem. As the equation
for ~�1;" also has a strong solution, the whole n-particles system considered here admits a
global strong solution.

Let us de�ne for all " > 0 and for t � 0 : �(t) = (�1(t); : : : ; �n(t)) with

�1(t) = �
�

q
~�1;"
t (1� ~�1;"

t )
�

(1� ~�1;"
t ) ^ "

2
"
2

X

j 6=1

~�1;"
t (1� ~�j;"t )

(~�j;"t � ~�1;"
t ^ ") _ "

;

8i 2 f2; : : : ; ng, �i(t) =
�

q
~�i;"t (1� ~�i;"t )

�
(1� ~�i;"t ) ^ "

2
"
2

�
~�i;"t (1� ~�1;"

t )
(~�i;"t � ~�1;"

t ) _ "
;

and for all t � 0
Z(t) = exp

�Z t

0
�(u) � d ~Bu �

1
2

Z t

0
jj�(u)jj2du

�
:

We have

�2
1(t) =

�2

~�1;"
t (1� ~�1;"

t )

0

@(1� ~�1;"
t ) ^ "

2
"
2

X

j 6=1

~�1;"
t (1� ~�j;"t )

(~�j;"t � ~�1;"
t ^ ") _ "

1

A
2

� �2~�1;"
t

(1� ~�1;"
t ) ^ "

2
"2

4

0

@
X

j 6=1

1� ~�j;"t
(~�j;"t � ~�1;"

t ^ ") _ "

1

A
2
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�
2�2

"

0

@
X

j>1

1
"

1

A
2

�
2(n� 1)2�2

"3 :

For all 2 < i � n,

�2
i (t) =

�2

~�i;"t (1� ~�i;"t )
�

�
(1� ~�i;"t ) ^ "

2

�2

"2

4

�

�
~�i;"t (1� ~�1;"

t )
�2

�
(~�i;"t � ~�1;"

t ) _ "
�2

�
2�2

"
�

~�i;"t
�
1� ~�1;"

t

�2

"2

�
2�2

"3 :

We thus have

E
�
exp

�1
2

Z t

0
jj�(u)jj2du

��
< 1 for all t � 0:

Then, according to Novikov’s criterion (see for instance [KS91, Proposition 5.12 p.198]), Z
is a P-martingale, and E[Z(t)] = 1 for all t � 0. Consequently, de�ning for all t � 0,
~Ft = �

�
( ~Bt)s�t; (~�1;"

0 ; : : : ; ~�n;"0 )
�
and Q such that

dQ
dP j ~Ft

= Z(t);

and

~~B1
t = ~B1

t �
Z t

0
�1(s)ds

= ~B1
t +

Z t

0

�
q

~�1;"
s (1� ~�1;"

s )
�

(1� ~�1;"
s ) ^ "

2
"
2

X

j 6=1

~�1;"
s (1� ~�j;"s )

(~�j;"s � ~�1;"
s ^ ") _ "

ds

for all i 2 f2; : : : ; ng; ~~Bi
t = ~Bi

t �
Z t

0
�i(s)ds

= ~Bi
t �

Z t

0

�
q

~�i;"s (1� ~�i;"s )
�

(1� ~�i;"s ) ^ "
2

"
2

�
~�i;"s (1� ~�1;"

s )
(~�i;"s � ~�1;"

s ) _ "
ds; 0 � t;

~~B = ( ~~B1
t ; : : : ;

~~Bn
t )t is a Q- Brownian motion according to the Girsanov theorem (see for

instance [KS91, Proposition 5.4 p.194]).
Consequently, ( ~J") has a global weak solution.
We now have to prove the pathwise uniqueness of the solutions to ( ~J"). The di�erences

with Lemma 3.3.1 are the terms

(1� 2~�i;"t )
"

2� 0 _
2
p

2
p
"

 q
1� ~�i;"t �

p
"

2
p

2

!

^ 1� 0 _
2
p
"

 q
~�i;"t �

p
"

2

!

^ 1
#

;

109



and the interaction terms between the �rst particle and the others.
Let Z = (z1

t ; : : : ; znt )t and ~Z = (~z1
t ; : : : ; ~znt )t be two global solutions to ( ~J") with Z0 = ~Z0

independent from the same driving Brownian motion B = (B1
t ; : : : ; Bn

t )t.
The local time of zi � ~zi at 0 is zero ([RY99, Lemma 3.3 p.389]). Applying the Tanaka

formula to the process zi � ~zi and summing over i,

nX

i=1
jzit � ~zitj = 2

nX

i=1

Z t

0
sgn(zis � ~zis)

�q
zis(1� zis)�

q
~zis(1� ~zis)

�
dBi

s

+2�
Z t

0

nX

i=2
sgn(zis � ~zis)

X

j�2;j 6=i

 
zis(1� zjs)
zis � z

j
s
�

~zis(1� ~zis)
~zis � ~zjs

!

ds (3.4.15)

��(p+ q)
Z t

0

nX

i=1
jzis � ~zisjds (3.4.16)

+2�
Z t

0

nX

i=2

8
<

:sgn(zis � ~zis)
 

(1� zis) ^ "
2

"
2

:
zis(1� z1

s)
(zis � z1

s) _ "
�

(1� ~zis) ^ "
2

"
2

:
~zis(1� ~z1

s)
(~zis � ~z1

s) _ "

!

�sgn(z1
s � ~z1

s)
 

(1� z1
s) ^ "

2
"
2

z1
s(1� zis)

(zis � z1
s ^ ") _ "

�
(1� ~z1

s) ^ "
2

"
2

~z1
s(1� ~zis)

(~zis � ~z1
s ^ ") _ "

!9=

;ds

(3.4.17)

�
Z t

0

nX

i=2
sgn(zis � ~zis)

8
<

:(1� 2zis)
"

2� 0 _
2
p

2
p
"

 q
1� zis �

p
"

2
p

2

!

^ 1� 0 _
2
p
"

 q
zis �

p
"

2

!

^ 1
#

�(1� 2~zis)
"

2� 0 _
2
p

2
p
"

 q
1� ~zis �

p
"

2
p

2

!

^ 1� 0 _
2
p
"

 q
~zis �

p
"

2

!

^ 1
#9=

;ds:

(3.4.18)

As in the proof of Lemma 3.3.1, the expectation of the stochastic integrals is zero and
the terms (3.4.15) are not positive (see inequality (3.3.3)). To deal with the expectation of
(3.4.17), one remarks that the function

(x; y) 7!
(1� x) ^ "

2
"
2

:
x(1� y)

(x� y) _ "

is Lipschitz on [0; 1]2.
As for the term (3.4.18), the function

f : z 7! (1 � 2z)
h
2� 0 _ 2

p
2p
"

�p
1� z �

p
"

2
p

2

�
^ 1� 0 _ 2p

"

�p
z �

p
"

2

�
^ 1

i
de�ned on
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[0; 1] is continuous and can be rewritten

f(z) =

8
>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>:

1� 2z if z 2
�
0;
"
4

�
[
�

1�
"
8
; 1
�
;

(1� 2z)
 

2
p
z

p
"
� 1

!

if z 2
�"
4
; "
�
;

(1� 2z)

0

@
2
q

2(1� z)
p
"

� 1

1

A if z 2
�
1�

"
2
; 1�

"
8

�
;

0 if z 2
�
"; 1�

"
2

�
;

and is thus Lipschitz on [0; 1].
Then there exists a constant K � 0 such that for all t � 0

nX

i=1
Ejzit � ~zitj � KE

"Z t

0

nX

i=1
jzis � ~zisjds

#

� K
Z t

0

nX

i=1
Ejzis � ~zisjds:

The Grönwall Lemma allows to conclude that for all t � 0

nX

i=1
Ejzit � ~zitj = 0;

which concludes the proof on the existence and pathwise uniqueness.
Let us now prove (3.4.14). To do so, we apply to the process

�
arcsin

�q
~�2;"
t

�
; : : : ; arcsin

�q
~�n;"t

��

t
the method used to prove (3.4.11). Indeed, this process solves, as explained in the beginning
of the proof, a system of SDEs similar to (Ĵ") for n� 1 particles.

Lemma 3.4.3. Let us assume p � q and q�n+1 > 0. The system of SDEs ( �J") with random
initial condition (��1;"

0 ; : : : ; ��n;"0 ) such that 0 � ��1;"
0 � � � � � ��n;"0 � 1 a.s. and independent

from the Brownian motion B = (B1
t ; : : : ; Bn

t )t has a global pathwise unique strong solution
(��1;"

t ; : : : ; ��n;"t )t�0.
Moreover,

Pf9t > 0 : ��i;"t = ��i+1;"
t and ��j;"t = ��j+1;"

t for some 0 � i < j � n� 2g = 0:

Proof. The proof of this Lemma follows the same steps as the proof of Lemma 3.4.2 inter-
changing the role of the particles indexed by 1 and n.
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Lemma 3.4.4. Let us assume p � q and q�n+1 > 0. The system of SDEs ( �J") with random
initial condition (��1;"

0 ; : : : ; ��n;"0 ) such that 0 � ��1;"
0 � � � � � ��n;"0 � 1 a.s. and independent

from the Brownian motion B = (B1
t ; : : : ; Bn

t )t has a global pathwise unique strong solution
(��1;"

t ; : : : ; ��n;"t )t�0.
Moreover,

Pf9t > 0 : ��i;"t = ��i+1;"
t and ��j;"t = ��j+1;"

t for some 2 � i < j � n� 2g = 0:

Proof. The proof of this Lemma follows the same steps as in Lemma 3.4.2, but with both
��1;" and ��n;" playing a peculiar role like ~�1;" in ( ~J") and ��n;" in ( �J").

3.5 Appendix

This Lemma deals with the existence and uniqueness to the real Jacobi process and was
proved in [Dou05].

Lemma 3.5.1 (Real Jacobi Processes). The real Jacobi process of parameters d; d0 � 0 is
the unique strong solution to

dJt = 2
q
Jt(1� Jt)dBt + (d� (d+ d0)Jt)dt

where B is a real Brownian motion. The process J remains in (0; 1) a.s. when d ^ d0 � 2,
hits 0 a.s. if 0 � d < 2 and hits 1 a.s. if 0 � d0 < 2.

The next lemma deals with the existence and uniqueness to the CIR SDE and with the
probability for the solution to hit zero. It is proved for instance in [LL08, Theorem 6.2.2 and
Proposition 6.2.3].

Lemma 3.5.2. Let a � 0; b; � 2 R. Suppose that W is a standard Brownian motion de�ned
on R+. For any real number x � 0, there is a unique continuous, adapted process X, taking
values in R+, satisfying X0 = x and

dXt = (a� bXt)dt+ �
q
XtdWt on [0;1):

Moreover, if we denote by Xx the solution to this SDE starting at x and by �x0 = infft � 0 :
Xx
t = 0g,

1. If a � �2=2, we have P(�x0 =1) = 1, for all x > 0.

2. If 0 � a < �2=2 and b � 0, we have P(�x0 <1) = 1, for all x > 0.

3. If 0 � a < �2=2 and b < 0, we have 0 < P(�x0 <1) < 1, for all x > 0.

The following result is the Ikeda-Watanabe Theorem, which allows to compare two Itô
processes if their starting points and their drift coe�cients are comparable, and if their
di�usion coe�cients are regular enough. It is proved for instance in [RW00, Theorem V.43.1
p.269].
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Theorem 3.5.3. (Ikeda-Watanabe) Suppose that, for i = 1; 2,

X i
t = X i

0 +
Z t

0
�(X i

s)dBs +
Z t

0
�isds; (3.5.1)

and that there exist b : R 7! R, such that

�1
s � b(X1

s ), b(X2
s ) � �2

s :

Suppose also that

1. � is measurable and there exists an increasing function � : R+ 7! R+ such that
Z

0+
�(u)�1du =1;

and for all x; y 2 R;
(�(x)� �(y))2 � �(jx� yj);

2. X1
0 � X2

0 a.s.;

3. b is Lipschitz.

Then X1
t � X2

t for all t a.s.
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Chapter 4

Wishart processes : mean-�eld limit,
long time behavior, and free
probability

This Section an article submitted to Random Matrices : Theory and Applications that one
can �nd at the address https://arxiv.org/abs/2009.09874.

Abstract

This paper is devoted to the study of the eigenvalues of the Wishart process which
are the analog of the Dyson Brownian Motion for covariance matrices. Such processes
were in particular studied by Bru. The mean �eld convergence of the empirical mea-
sure of these eigenvalues was proved Malecki and Perez. In this paper, we provide a
new approach to the mean �eld convergence problem using tools from the free rect-
angular convolution theory developed by Benaych-Georges, which in particular allows
to compute explicitly the limit measure valued �ow. We highlight the link with the
integro-di�erential equation related to the mean �eld limit and its translation into a
complex Burgers partial di�erential equation.

Keywords: stochastic di�erential equations, random matrices, free probability theory.
AMS Subject Classi�cation (2020): 60B20, 60G07, 46L54, 60F05, 60H15.

4.1 Introduction

We will denote by N = f0; 1; 2; : : :g the set of non-negative integers, and by N� = f1; 2; 3; : : :g
the set of positive integers. Let n;m 2 N� such that n � m and let (Mt)t be a stochastic
process taking its values in the space of n�mmatrices with real entries verifying the following
stochastic di�erential equation (SDE)

dMt = �dWt � 
Mtdt; (4.1.1)
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where W is a n � m matrix �lled with independent Brownian motions, 
 � 0 and � � 0.
M is thus a matrix whose entries are independent Ornstein-Uhlenbeck processes just as the
one considered in [Bru91] by Bru. The reader will �nd in [KO01] an analysis of the complex
analog of Bru’s model.

For all t � 0 let (x1;n
t ; : : : ; xn;nt ) and (�1;n

t ; : : : ; �n;nt ) be respectively the eigenvalues of the
n� n square matrices

q
1
mMtM�

t and 1
mMtM�

t where � is the transposition operator.
It is proved in [Bru89] and [Bru91] that the eigenvalues (�1;n

t ; : : : ; �n;nt ) satisfy the system
of SDEs

d�i;nt =
2�
p
m

q
�i;nt dBi

t + �2dt� 2
�i;nt dt+
�2

m
X

j 6=i

�i;nt + �j;nt
�i;nt � �

j;n
t
dt for all i 2 f1; : : : ng (4.1.2)

0 � �1;n
t < � � � < �n;nt a.s. dt-a.e.;

where B1; : : : ; Bn are independent Brownian motions. It is proved for instance in [GM14]
that the SDE (4.1.2) admits a strong pathwise unique solution.

If (�1;n
t ; : : : ; �n;nt )t is solution to the SDE (4.1.2), then a formal calculus gives for xi;n =p

�i;n:

dxi;nt =
�
p
m
dBi

t +

0

@
�

1�
1
m

� �2

2xi;nt
� 
xi;nt +

�2

2mxi;nt

X

j 6=i

(xi;nt )2 + (xj;nt )2

(xi;nt )2 � (xj;nt )2

1

A dt

0 � x1;n
t < � � � < xn;nt a.s. dt-a.e.

We respectively de�ne the empirical measure of the eigenvalues of 1
mMtM�

t and the sym-
metrized empirical measure of the eigenvalues of

q
1
mMtM�

t by

�nt =
1
n

nX

i=1
��i;nt and �nt =

q
�nt =

1
2n

nX

i=1

�
�xi;nt + ��xi;nt

�
;

where here and in the rest of the paper, for any probability measure � on [0;+1), p� =
sym(p:]�) denotes the symmetrization of the push-forward of � by the map v 7!

p
v. The

application sym is fully de�ned in Section 4.4. These measure sequences are random variables
sequences in the space of probability measures on respectively R+ and R. We will thus speak
about weak convergence in probability or almost surely throughout the paper in the sense that
the sequence converges in probability or almost surely in the space of probability measures on
R+ (or R) with the distance of Prokhorov (see for instance [Bil13]). Let us note that by non
negativeness of the (�1;n

t ; : : : ; �n;nt )t�0, symmetry of �nt and continuity of the functions v 7! v2

and v 7!
p
v, there is equivalence between the convergence of (�n)n and the convergence of

(�n)n.
In this note, we are interested in the convergence and limit of these measure processes

when n and m go to in�nity at a rate n=m! � 2 (0; 1].
Our main result gives a complete answer to the limit of (�n)n problem, using free proba-

bility tools (in particular the rectangular free convolution of index � denoted by �� de�ned
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in Section 4.4). Let us �rst denote by �MP�;� the Marcenko-Pastur distribution with shape
parameter � and scale parameter � which admits the density with respect to the Lebesgue
measure :

x 7!

q
(a+ � x)(x� a�)

2��x�2 1[a�;a+] where a� = �2(1�
p
�)2:

Theorem 4.1.1 (Mean-�eld limit). Let us assume n � m, and that when n grows to in�nity,
m grows to in�nity too, with n

m ! � 2 (0; 1]. Let us also assume that (�n0 )n converges weakly
in probability towards a non random probability measure �0. Then for all t � 0, (�nt )n�0
converges weakly in probability and

�t := lim
n!1

�nt = (e�
t�0) ��

q
�MP�;�t ;

where �� is the rectangular free convolution of parameter �, e�
t�0 denotes the push-forward
of �0 by the map v 7! e�
tv, and where for all t � 0 :

�2
t =

8
>><

>>:

�2

2

(1� e�2
t) if 
 6= 0

�2t if 
 = 0:

Moreover, if 
 6= 0 and with �1 =
q

�2

2
 , we have :

lim
t!+1

�t =
q
�MP�;�1 :

For 
 = 0 and � = 1, this measure valued �ow (�t)t can be seen as the law of the free
Wishart process introduced in [CDM05]. The reader will �nd in [Bia97, BS98, BS01] an
introduction to the free stochastic calculus theory.

This last result is in fact true in a complex framework (with complex Brownian motions of
the form (B1

t + iB2
t )t�0 where (B1

t )t�0 and (B2
t )t�0 are independent real Brownian motions),

as the reader will see in Section 4.2. This result might also be extended to a quaternionic
framework but the rectangular free convolution theory is not developed yet in this case. We
moreover proved the following result.

Theorem 4.1.2 (Commutativity of the limits). Under the assumption of Theorem 4.1.1,
let us moreover suppose 
 6= 0 and that for all n 2 N�:

Pn
i=1 E[�i;n0 ] < +1. Let us note

�1 =
q

�2

2
 . Then we have in the sense of weak convergence

lim
n!1
n=m!�

lim
t!1

�nt = lim
t!1

lim
n!1
n=m!�

�nt = �MP�;�1 :

The SDE (4.1.2) is related to the �-Wishart (or �-Laguerre) process, the system of particles
de�ned by the SDE

d�i;nt = 2
q
�i;nt dBi

t � 2��i;nt dt+ �dt+ �
X

j 6=i

�i;nt + �j;nt
�i;nt � �

j;n
t
dt for all i 2 f1; : : : ng
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0 � �1;n
t < � � � < �n;nt a.s. dt-a.e.

with �; �; � > 0 and which, for � = 1, � = m
=�2, � = m, and after the change of time
t! �2

m t, corresponds to the dynamics of the process followed by the eigenvalues of 1
mMtM�

t .
Sometimes in the literature, the �-Wishart process is considered with � = 0 (see for instance
[Dem09b]) or with � = 1=2 (see for instance [TT20b]). Sometimes, the �-Wishart process is
also found in the literature as the system of particles given by the SDE

d�i;nt = 2
q
�i;nt dBi

t � 2��i;nt dt+ �

0

@� +
X

j 6=i

�i;nt + �j;nt
�i;nt � �

j;n
t

1

A dt for all i 2 f1; : : : ng

0 � �1;n
t < � � � < �n;nt a.s. dt-a.e.,

as for instance in [ABMV13].
The reader will �nd in Section 4.3 an extension of Theorems 4.1.1 and 4.1.2 to the �-

Wishart case.

Similar problems were tackled before, often by the direct study of the limit of empirical
measure processes of a system of interacting di�usive particles. In [RS93], the authors studied
the empirical measure of di�using particles with electrostatic repulsion and a negative linear
elastic force. They proved that the accumulation points of the sequence of empirical measures
of the particles sequence (the sequence being indexed by the number of particles) satisfy an
integro-di�erential equation. The method of their proof was used in other papers and is
reproduced here in our context. They proved the uniqueness of the limit by translating
the integro-di�erential equation problem into a complex partial di�erential equation (PDE)
problem, a Burgers equation, which they could solve using the method of characteristics.

In [CL97] was studied a more general system of di�using particles with electrostatic repul-
sion, a linear elastic force, and an additional constant drift. In this case, an integro-di�erential
equation for the limit of the empirical measure of the particles was found and translated into
a Burgers-like complex PDE using the methods developed in [RS93]. However, the existence
and uniqueness of the solution to the PDE were proved using Fourier transforms methods.
A second article from the same authors [CL01] followed, studying Brownian particles with
electrostatic repulsion on the circle. There, the same procedure allowed the authors to get
another Burgers-like PDE of order two, the existence and uniqueness of a solution to which
were this time proved using the Hopf-Cole transformation. This allowed the authors to �nd
an explicit expression of the limit measure �ow when each particle starts from the position
0, i.e. when the initial condition of the empirical measure is �0.

More recently, these questions regained in interest and two articles, [SYY19] and [MP19]
tackled more general problems. They got interested into the empirical (spectral) measure of
the �rst introduced in [GM13] general matrix valued stochastic di�erential equations on Hn,
the space of Hermitian n� n matrices, of the form

dXt = g(Xt)dWth(Xt) + h(Xt)d(Wt)yg(Xt) +
1
n
bn(Xt)dt; X0 2 Hn;
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where y is the conjugate transpose operator, and where the continuous functions g; h; bn :
R ! R act spectrally on Xt, i.e. if X 2 Hn, U unitary and D diagonal are such that
X = U yDU , then g is identi�ed with the map Hn 3 X 7! U yDiag(g(D1;1); � � � ; g(Dn;n))U .
Here W = (Wt)t stands for a n� n complex-valued Brownian motion, i.e. the matrix valued
process with entries being independent one-dimensional complex-valued Brownian motions.
This general formulation encompasses the �-Wishart (or �-Laguerre) model and the �-Jacobi
model, as it is stated in [GM13]. After proving the tightness of the family of measure valued
processes, these two papers use a [RS93]-like method to get the integro-di�erential equation
that is satis�ed by the accumulation points of the measure valued processes family. In
[MP19], the more general of the two articles, the authors derive existence and uniqueness of
the solution to the integro-di�erential equation, and thus the convergence of the empirical
measure valued process when n ! 1 using the fact that the moments of the limit measure
valued �ow are uniquely determined by the integro-di�erential equation. Moreover, in some
peculiar cases, they give an explicit expression of the limit, but only for the initial condition
X0 = 0. In [SYY19], rather than using a moment approach, they translate as in [RS93]
the integro-di�erential equation problem into a Burgers equation, which they do not solve in
general, but only for the initial condition X0 = 0, using scaling properties of the initial SDE
problem. For this initial condition, the Marcenko-Pastur distribution appears naturally in
the expression of the measure valued �ow limit.

The �-Wishart (or �-Laguerre) problem was also tackled in [ABMV13]. They compute
there in the high temperature regime (when �n �!

n!1
2c 2 (0;1)) the limit integro-di�erential

equation, parametrized by c, the stationary probability measure of this equation, and remark
that this limit distribution interpolates the Marcenko-Pastur distribution on the c ! +1
limit and the Gamma distribution on the c! 0 limit.

In [TT20b] and [TT20a] were studied the same questions in the peculiar cases of respec-
tively �-Wishart (or �-Laguerre) and �-Jacobi processes using a moment based method as in
[MP19] to prove the uniqueness the limit measure process. The authors moreover compute,
in the high temperature regime (when �n �!

n!1
2c 2 (0;1)), the long-time behaviour of the

limit measure �ow for both process families.

The interest of this note is to understand the limit behaviour of the empirical spectral
measure of 1

mMtM�
t and

q
1
mMtM�

t both in a real and a complex framework, using rectangular
free probability tools. This point of view, more random matrix theory and free probability
oriented, sheds a new light on the problem of the limit behaviour of the empirical measure
process of �-Wishart particles for all � > 0, and allows to compute the limit measure valued
�ow for any initial condition, and to recover the long-time behaviour of the limit measure
valued �ow. For the sake of completeness, we also derive the integro-di�erential equation
and the complex PDE approach of the problem.

The note is organized the following way. After the Introduction where the main results
are given, the complex version of these results are given in Section 2. The reader will �nd in
Section 3 an application of Theorem 4.1.1 to the general �-Wishart processes. Preliminary
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results about the Cauchy-Stieltjes transform and about the free and the rectangular free
convolution are given in Section 4, and the results are proven in Section 5.

Acknowledgement : I thank Djalil Chafai and Benjamin Jourdain for numerous fruitful
discussions.

4.2 The complex framework

Theorem 4.1.1 in fact true in a complex framework, i.e. for (Mt)t�0 being a complex valued
matrix process, following the SDE

dMt = �dWt � 
Mtdt;

with W a n � m matrix �lled with independent complex Brownian motions (of the form
(B1

t + iB2
t )t�0 where (B1

t )t�0 and (B2
t )t�0 are independent real Brownian motions), M0 a

complex valued random matrix. In this Section, we keep the de�nitions of the (�1;n
t ; : : : ; �n;nt )t

and (x1;n
t ; : : : ; xn;nt )t as the eigenvalues of respectively 1

mMtM�
t and

q
1
mMtM�

t but with the
symbol � denoting the conjugate transpose rather than the transpose operator.

Theorem 4.2.1 (Complex case). Theorem 4.1.1 applies in this framework with for all t � 0
:

�2
t =

8
>><

>>:

�2



(1� e�2
t) if 
 6= 0

2�2t if 
 = 0:

and with �1 =
q

�2


 .

Let us note that in this context, the eigenvalues (�1;n
t ; : : : ; �n;nt )t follow the SDE (see

[KO01]) :

d�i;nt =
2�
p
m

q
�i;nt dBi

t + 2�2dt� 2
�i;nt dt+
2�2

m
X

j 6=i

�i;nt + �j;nt
�i;nt � �

j;n
t
dt for all i 2 f1; : : : ng

0 � �1;n
t < � � � < �n;nt a.s. dt-a.e.;

where B1; : : : ; Bn are independent Brownian motions. It corresponds to a �-Wishart process
with � = 2, or to a W (2; 1) process, which is de�ned in the next Section.
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4.3 Application to more general Wishart processes

For �1; �2 > 0, let us consider the changed of time general Wishart process de�ned by the
SDE :

d�i;n;Wt =
2�
p
m

q
�i;n;Wt dBi

t�2
�i;n;Wt dt+�1�2

0

@1 +
�2

m
X

j 6=i

�i;n;Wt + �j;n;Wt

�i;n;Wt � �j;n;Wt

1

A dt for all i 2 f1; : : : ng

(4.3.1)
0 � �1;n;W

t < � � � < �n;n;Wt a.s. dt-a.e.;

where B1; : : : ; Bn are independent real Brownian motions. We will refer to this SDE by
W (�1; �2). As stated in the introduction, the classical �-Wishart processes found in the
literature are of the form W (1; �) or W (�; 1) (after the change of variables t 7! m

�2 t). We
also remark that the SDE (4.1.2) corresponds to W (1; 1). Results from [GM14] and [JK20]
together show (after applying the change of variables t 7! m

�2 t to the SDE (4.3.1)) that this
SDE admits a strong pathwise unique solution de�ned on R+ as soon as m� (n� 1)�2 > 0
and

� �1�2 � 1 ;

� or if 0 < �1�2 < 1 when m�1 + (2� n)�1�2 � 1.

Let us note that the long time behaviour of such a process was studied before : the
change of variables t 7! m

�2 t in the SDE (4.3.1) coupled with the results [JK20, Lemma 3.1
and Proposition 2.8] prove that, given integrable initial conditions, i.e.

Pn
i=1 E[�i;n;W0 ] < +1,

the distribution of (�1;n;W
t ; : : : ; �n;n;Wt ) converges weakly when t! +1 to a unique stationary

probability measure with density with respect to the Lebesgue measure

(�1; : : : ; �n) 7!
1
Z

nY

i=1

0

@(�i)
�1m�(n�1)�1�2

2 �1e�
m

�2 �

i Y

j 6=i
j�j � �ij�1�2=2

1

A10��1������n ; (4.3.2)

where Z is a normalizing constant. For �2 = 1, this Gibbs measure is the �-Laguerre
ensemble, on real symmetric matrices for �1 = 1, on complex hermitian matrices for �1 = 2
and on quaternion self-dual matrices for �1 = 4, see for instance [For10]. This distribution
is moreover related to the distribution of the singular values of n �m random matrix with
independent identically distributed real (for �1 = 1) or complex (for �2 = 2) Gaussian entries.

It is a well known fact that, for �2 = 1, if (�1; : : : ; �n) is a random vector distributed
according to (4.3.2), then

�n;W =
1
n

nX

i=1
��i �!n!1

n=m!�

�MP�;�1 ; (4.3.3)

with �1 =
q

�1�2

2
 , see for instance [HP00, Theorem 5.5.7].
Let us de�ne for all t � 0 :

�n;Wt =
1
n

nX

i=1
��i;n;Wt

; �n;Wt =
q
�n;Wt =

1
2n

nX

i=1

�
�p

�i;n;Wt
+ �

�
p
�i;n;Wt

�
:
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The next result tackles the limit of the sequence (�n;Wt )n. As written in the introduction, it
is a peculiar case of the results of [MP19] reproduced here partly for the sake of completeness.
The limit of the empirical measure problem is transformed into a complex PDE problem, a
complex Burgers equation, to which the Cauchy-Stieltjes transform of the limit measure
process, if it exists, must be solution.

De�nitions and properties about the Cauchy-Stieltjes transform are given in Section 3.

Theorem 4.3.1 (Complex Burgers and mean �eld limit : weak formulation). Let us assume
that the measure valued sequence (�n;W0 )n converges weakly in probability when n! +1 with
n
m ! � 2 (0; 1] to a limit probability measure denoted by �W0 and that

sup
n

Z
x8�n;W0 (dx) <1:

Then the family f(�n;Wt )t�0; n 2 N�g is tight and any limiting measure valued �ow when n
goes to in�nity with n

m ! � 2 (0; 1] satis�es for all twice continuously di�erentiable real test
function f the equation :

h�t; fi = h�0; fi+
Z t

0
h�s; (�1�2�2
�)f 0ids+

��1�2�2

2

Z t

0

 ZZ
(x+ y)

f 0(x)� f 0(y)
x� y

�s(dx)�s(dy)
!

ds

(4.3.4)
where � : x 7! x and with the convention f 0(x)�f 0(y)

x�y = f 00(x) when x = y. If �0 admits a
characteristic function, and if this function is analytic on a neighborhood of the origin, then
this equation admits a unique solution.

Moreover, if (�t)t�0 is a solution to equation (4.3.4) and if for all t � 0, Gt is the Cauchy-
Stieltjes transform of �t, then G satis�es the complex Burgers PDE

@
@t
Gt(z) = (��1�2�2 � �1�2 + 2
z)

@
@z
Gt(z)� 2��1�2�2zGt(z)

@
@z
Gt(z)� ��1�2�2G2

t (z) + 2
Gt(z);

G0(z) =
Z �W0 (dv)

z � v
= �(z):

(4.3.5)

Remark 4.3.2 (Moments dynamics). Let � = (�t)t be a real measure valued �ow verifying
equation (4.3.4), and let us denote for all k 2 N�; t � 0 : mk

t = E[�kt ]. Then for all t � 0:

(i) m1
t = �1�2

2
 +
�
m1

0 �
�1�2

2


�
e�2
t;

(ii) m2
t = 1

4
2

�
(�2

1�4 + (��1�2�2 � 4
m1
0)�1�2 + 4
2m2

0 � 4��1�2�2
m1
0)e�4
t

+4�1�2(�2� + 1)
��

m1

0 �
�1�2

2

�
e�2
t + �1�2

4

� �
;

(iii) 8k � 3; d
dtm

k
t = k�1�2mk�1

t � 2k
mk
t + k��1�2�2

2
Pk�2
j=0

�
mj+1
t mk�2�j

t +mj
tm

k�j�1
t

�
:
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These equations are used in [MP19, TT20b] to prove existence and uniqueness of the solution
to the integro-di�erential equation (4.3.4).

Remark 4.3.3. The PDE (4.3.5) satis�es the assumptions of the Cauchy-Kowalevski Theo-
rem, see for instance [Fol95, Theorem 1.25]. However, this theorem only gives local existence
and uniqueness of an analytic solution (both in space and time) to the PDE. We did not
manage to expand this approach to conclude to global existence and uniqueness of a solution.

The next Proposition gives results on the PDE (4.3.5) using a di�erent method than the
ones used in [MP19].

Proposition 4.3.4 (Marcenko Pastur stability along the Burgers PDE and stationarity).

(i) Let �0; �0 2 R+. Let us assume � 6= 0 and that �W0 = lim
n!1

�n;W0 follows a Marcenko-
Pastur distribution of shape parameter �0 and of scale parameter �0.

Then, the PDE (4.3.5) admits a solution which is the Cauchy-Stieltjes transform of
a Marcenko-Pastur distribution for all t > 0 if and only if �0 = �2�. In this case,
this solution can be written as the Cauchy-Stieltjes transform of the Marcenko-Pastur
distribution �MP�2�;�(t) with

� : t 2 R+ 7!

8
>>><

>>>:

vuut
 

�2
0 �

�1�2

2


!

e�2
t +
�1�2

2

if 
 6= 0

q
�2

0 + �1�2t if 
 = 0

(ii) Let us assume 
 6= 0 and let �0 =
p
�1�p
2
 . Then G�MP�2�;�0

is the unique stationary
solution to the equation (4.3.5) corresponding to the Cauchy-Stieltjes transform of a
probability measure on R. Moreover, under the assumptions of Theorem 4.3.1 and if
�0 = �MP�2�;�0 , then for all t � 0, �Wt = lim

n!1
�n;Wt = �MP�2�;�0 .

To our knowledge, the assertion (i) was not remarked yet in the past literature, and (ii)
can be seen as in the continuity of the results of [ABMV13]. Indeed, their computations
are in the high temperature regime (when �n �!

n!1
2c 2 (0;1)) so that the limit of their

integro-di�erential equation and its stationary probability measure are parametrized by c,
and they remark that this limit stationary probability measure converges to the Marcenko-
Pastur distribution in the limit c! +1.

The next result gives a complete answer to the limit of (�n;W )n problem, using free
probability tools (in particular the rectangular free convolution de�ned in Section 3). It is
the analog of Theorem 4.1.1 in this context.

Theorem 4.3.5 (Mean-�eld limit for the general Wishart process). Under the assumptions
of Theorem 4.3.1, let us moreover assume �2� � 1, that (�1;n;W

t ; : : : ; �n;n;Wt )t is de�ned on
R+ and that �W0 =

q
�W0 . Let us moreover assume that �W0 has a characteristic function
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which is analytic on a neighborhood of the origin. Then for all t � 0, (�n;Wt )n�0 converges
weakly in probability and

�Wt := lim
n!1

�n;Wt = (e�
t�W0 ) ��2�

q
�MP�2�;�t

where ��2� is the rectangular free convolution of parameter �2�, where e�
t�W0 denotes the
push-forward of �W0 by the map v 7! e�
tv, and where for all t � 0 :

�2
t =

8
>><

>>:

�1�2

2

(1� e�2
t) if 
 6= 0

�1�2t if 
 = 0:

Moreover, if 
 6= 0 and with �1 =
q

�1�2

2
 ,

lim
t!+1

�Wt =
q
�MP�2�;�1 :

Theorem 4.3.5 coupled with the limit (4.3.3) allows to show the following result.

Theorem 4.3.6 (Commutativity of the limits). Under the assumptions of Theorem 4.3.5,
let us moreover suppose 
 6= 0; �2 = 1 and that for all n 2 N�:

Pn
i=1 E[�i;n;W0 ] < +1. Let us

note �1 =
q

�1�2

2
 . Then we have in the sense of weak convergence

lim
n!1
n=m!�

lim
t!1

�n;Wt = lim
t!1

lim
n!1
n=m!�

�n;Wt = �MP�;�1 :

4.4 Useful tools

4.4.1 The Cauchy-Stieltjes transform
Let us denote

C� = fz 2 C;� Im(z) > 0g:

Let � be a probability measure on R. Its Cauchy-Stieltjes transform is de�ned by

z 2 C+ 7! G�(z) =
Z

R

�(dv)
z � v

2 C�:

The next result shows that this transformation characterizes the probability measure on R.

Theorem 4.4.1 ([SM17]). (1)Let � be a probability measure on R. Then,

(i) G� is analytic on C+,

(ii) we have
lim
y!1

iyG�(iy) = 1:
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(2) Any probability measure on R can be recovered from its Cauchy-Stieltjes transform G�
via the Stieltjes inversion formula : for all a; b 2 R with a<b,

�lim
"#0

1
�

Z b

a
Im(G�(x+ i"))dx = �((a; b)) +

1
2
�(fa; bg):

It follows that the Cauchy-Stieltjes transform G� characterises the measure �.
(3)Let G : C+ 7! C� be an analytic function which satis�es

lim sup
y!1

yjG(iy)j = 1:

Then, there exists a unique probability measure � on R such that G = G�.

4.4.2 Free convolution and rectangular free convolution from a
random matrix point of view

Let M be a n� n real symmetric matrix. We will denote its eigenvalues by

�1(M) � � � � � �n(M);

and its empirical (spectral) measure by

�M =
1
n

nX

i=1
��i(M):

Let N be a n�m real valued matrix. Its empirical singular measure is the empirical measure
of the positive semi-de�nite symmetric matrix NN�.

Free convolutions are operations on probability measures on the real line which allow to
compute the empirical spectral or singular measures of large random matrices (i.e. matrices
whose size goes to in�nity) which are expressed as sums or products of independent large
random matrices whose spectral measures are already known. The free additive convolution
is denoted by �.

Theorem 4.4.2 (Additive Free Convolution for random matrices [VDN92]). For all n 2 N�
let us de�ne Mn and Nn two independent n � n random symmetric (hermitian) matrices,
such that

� the distribution of Mn is invariant under the action of the orthogonal (unitary) group
by conjugation,

� the empirical measures sequences (�Mn)n and (�Nn)n converge weakly almost surely
when n goes to in�nity to non-random probability measures, respectively �M1 and �N1.

Then, in the sense of weakly almost sure convergence,

�Mn+Nn �!
n!1

�M1 � �N1:
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This operation can be equivalently de�ned in reference to free elements of a non commu-
tative probability space. Let � be a probability measure on R. Its R-transform is de�ned on
a neighbourhood of zero by

R�(z) = G�1
� (z)�

1
z
:

Theorem 4.4.3. The R-tranform linearizes the free convolution : for � and � probability
measures on the real line, and for z in a neighbourhood of zero,

R���(z) = R�(z) +R�(z);

and �� � is the unique probability measure verifying this relation.

Let us denote by B(R) the Borel sets of R. Let us de�ne the application fromM1(R+), the
set of probability measures on R+, toMS

1 (R) = f� 2 M1(R);8A 2 B(R); �(A) = �(�A)g,
the set of symmetric probability measures on R:

sym : � 2M1(R+) 7!
 

sym(�) : A 2 B(R) 7!
�(A \ R+) + �(�A \ R+)

2

!

2MS
1 (R):

This application is bijective fromM1(R+) toMS
1 (R) and admits the inverse:

sym�1(�) : A 2 B(R+) 7! 1A(0)�(f0g) + 2�(Anf0g): (4.4.1)

For any � 2 [0; 1], the rectangular free convolution denoted �� can be de�ned the follow-
ing way.

Theorem 4.4.4 (Additive free rectangular convolution of ratio � for random matrices
[BG09]). For all n;m 2 N� let us de�ne Mn;m and Nn;m two independent n � m random
matrices with real (complex)-valued entries, such that

� the distribution of Mn;m is invariant under the action of the orthogonal (unitary) group
by conjugation on any side,

� the empirical measures sequences (�
p
Mn;mM�n;m)n;m and (�

p
Nn;mN�n;m)n;m respectively

converge in probability, when n and m go to in�nity with n=m tending to � 2 (0; 1], to
non-random probability measures �M1 and �N1.

Then in the sense of weak convergence in probability,

sym
�
�
p

(Mn;m+Nn;m)(Mn;m+Nn;m)�
�
�!

n;m!1
n=m!�

sym(�M1) �� sym(�N1):

This operation can also be equivalently de�ned in reference to free elements of a rectan-
gular non commutative probability space.

Let � be a symmetric probability measure on R. Its rectangular Cauchy transform with
ratio � is de�ned by

H� : z 2 Cn[0;+1) 7! z(�M�2(z) + 1)(M�2(z) + 1);
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where

M�2 : z 2 Cn[0;+1) 7!
Z

R

zv2

1� zv2d�(v) =
1
p
z
G�

 
1
p
z

!

� 1:

This equality can be derived the following way in a neighbourhood of zero :

G�

 
1
p
z

!

= z
1
2

Z

R

1
1� z

1
2v
d�(v)

= z
1
2
X

k�0

Z

R
z
k
2 vkd�(v)

= z
1
2

0

@1 + zv2 X

k�0

Z

R
zkv2kd�(v)

1

A ;

where we use in the last equality the fact that � is symmetric.
The rectangular R-transform with ratio � of � is de�ned on a neighbourhood of zero by

C�(z) = U
 

z
H�1
� (z)

� 1
!

;

where on a neighbourhood of zero

U(z) =

8
><

>:

��� 1 + [(� + 1)2 + 4�z]1=2

2�
if � 6= 0

z if � = 0:

Theorem 4.4.5 ([BG09]). The rectangular R-transform with ratio � linearizes the rectan-
gular free convolution with ratio � : for � and � symmetric probability measures on the real
line, and for z in a neighbourhood of zero,

C����(z) = C�(z) + C�(z);

and ��� � is the unique symmetric probability measure verifying this relation.

Theorem 4.4.6 (Injectivity of the rectangular R-transform, [BG09]). If the rectangular R-
transforms with ratio � of two symmetric probability measures coincide on a neighbourhood
of 0 in (�1; 0], then the measures are equal.

4.5 Proofs

Proof of Theorem 4.1.1. The entries of the matrix M are independent Ornstein-Uhlenbeck
processes just as the one considered in [Bru91]. We thus can write for all t � 0

Mt = M0e�
t + �
Z t

0
e
(s�t)dWs:
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The idea is to use a suitable rectangular free convolution, see [BG09]. More precisely, the
matrices An;t = M0e�
t and Bn;t = �

R t
0 e
(s�t)dWs are independent and we may use a version

of Voiculescu asymptotic freeness theorem, see [HP00]. The precise result to use is Theorem
4.4.4 (see [BG09, Theorem 3.13]). Indeed, Bn;t is a matrix �lled with i.i.d Gaussian random
variables of variance

�2
t = E

"�����
Z t

0
e�
(s�t)dWs

����
2#

=

8
>><

>>:

�2
Z t

0
e2
(s�t)ds =

�2

2

(1� e�2
t) if 
 6= 0

�2t if 
 = 0

by Ito’s isometry, and is thus bi-unitary invariant under the action of the orthogonal group.
The Marcenko-Pastur theorem (see for instance [BS10, Theorem 3.10]) tells us that in the
sense of convergence in probability,

�
1
mBn;tB

�
n;t =

1
n

nX

i=1
��i( 1

mBn;tB
�
n;t)
�!
n!1

�MP�;�t ;

weakly, and thus we have :

�
p

1
mBn;tB

�
n;t =

1
n

nX

i=1
��i(
p

1
mBn;tB

�
n;t)
�!
n!1

p:]�MP�;�t ;

which is a non random measure.
An application of Theorem 4.4.4 to An;t and Bn;t for all t > 0 ends the �rst part of the

proof.
Let us assume 
 6= 0. According to [BG09, Theorem 2.12], the binary operation ��

is continuous (with respect to the weak convergence) on the set of symmetric probability
measures on the real line, and so does the the rectangular R-transform C. Thus, as

lim
t!+1

sym(e�
t�0) = �0 and lim
t!+1

q
�MP�;�t =

q
�MP�;�1 ;

we have
lim
t!+1

sym(�t) = �0 ��

q
�MP�;�1 :

Moreover, the formula in Subsection 4.4.2 allows to compute for all z 2 C :

M(�0)2(z) = 0;
H�0(z) = z;
C�0(z) = U(0) = 0:

Consequently, applying Theorem 4.4.5,

C
�0��
p
�MP�;�1

= C�0 + Cp
�MP�;�1

= Cp
�MP�;�1

;

which allows to conclude, applying Theorem 4.4.6, that

�0 ��

q
�MP�;�1 =

q
�MP�;�1 ;

which ends the proof.
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Proof of Theorem 4.1.2. Let us �rst show that if (�1;n; : : : ; �n;n) is a random vector dis-
tributed according to the distribution with density with respect to the Lebesgue measure:

(�1; : : : ; �n) 7!
1
Z

nY

i=1

0

@(�i)
m�n+1

2 �1e�
m

�2 �

i Y

j 6=i
j�j � �ij1=2

1

A10��1������n ; (4.5.1)

where Z is a normalizing constant, and if we de�ne the empirical measure

�n =
1
n

nX

i=1
��i;n ;

and note �1 =
q

�2

2
 , then, in the sense of weak convergence,

�n �!
n!+1
n=m!�

�MP�;�1 ;

which is a particular case of (4.3.3).
Let us consider the n�m random matrix M0 whose coordinates are independent identi-

cally distributed centered real Gaussian random variables of variance �2
1 = �2

2
 . An applica-
tion of [PS11, Proposition 7.4.1] shows that of the matrix 1

mM0M�
0 follow the density (4.5.1).

Thus, we have
�

1
mM0M�0 = �n;

in the sense of equality in law.
Moreover, an application of the Marcenko-Pastur theorem (see for instance [BS10, The-

orem 3.10]) shows that in the sense of convergence in probability

�
1
mM0M�0 �!

n!+1
n=m!�

�MP�;�1 ;

weakly which allows to conclude.
For all n 2 N�, an application of [JK20, Lemma 3.1 and Proposition 2.8] shows that in

the sense of weak convergence,
�nt �!t!+1

�n:

We proved earlier that we have in the sense of weak convergence

�n �!
n!+1
n=m!�

�MP�;�1 :

Theorem 4.1.1 gives the two other limits and concludes the proof.

Proof of Theorem 4.2.1. The proof of this Theorem mimics the proof of Theorem 4.1.1.
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Proof of Theorem 4.3.1. For f a twice continuously di�erentiable real test function, we have
thanks to the SDE (4.3.1) :

dh�n;Wt ; fi =
2�
n
p
m

nX

j=1
f 0(�j;n;Wt )

q
�j;n;Wt dBj

t

+

0

@2�2

nm

nX

j=1
�j;n;Wt f 00(�j;n;Wt ) +

1
n

nX

j=1
(�1�2 � 2
�j;n;Wt )f 0(�j;n;Wt )

1

A dt

+

0

@�1�2�2

nm

nX

j=1
f 0(�j;n;Wt )

X

k 6=j

�j;n;Wt + �k;n;Wt

�j;n;Wt � �k;n;Wt

1

A dt:

We have :

1
nm

nX

j=1
f 0(�j;n;Wt )

X

k 6=j

�j;n;Wt + �k;n;Wt

�j;n;Wt � �k;n;Wt
=

1
2nm

nX

j=1

X

k 6=j
(f 0(�j;n;Wt )� f 0(�k;n;Wt ))

�j;n;Wt + �k;n;Wt

�j;n;Wt � �k;n;Wt

=
n

2m

ZZ

fx 6=yg
(f 0(x)� f 0(y))

x+ y
x� y

�n;Wt (dx)�n;Wt (dy)

=
n

2m

ZZ
(x+ y)

f 0(x)� f 0(y)
x� y

�n;Wt (dx)�n;Wt (dy)

�
1
m

Z
xf 00(x)�n;Wt (dx):

Finally we have

dh�n;Wt ; fi =
2�
n
p
m

nX

j=1
f 0(�j;n;Wt )

q
�j;n;Wt dBj

t

+

0

@2�2

nm

nX

j=1
�j;n;Wt f 00(�j;n;Wt ) +

1
n

nX

j=1
(�1�2 � 2
�j;n;Wt )f 0(�j;n;Wt )

1

A dt

+ �1�2�2
 
n

2m

ZZ
(x+ y)

f 0(x)� f 0(y)
x� y

�n;Wt (dx)�n;Wt (dy)�
1
m

Z
xf 00(x)�n;Wt (dx)

!

dt

=
2�
n
p
m

nX

j=1
f 0(�j;n;Wt )

q
�j;n;Wt dBj

t + h�n;Wt ;
�2(2� �1�2)�

m
f 00 + (�1�2 � 2
�)f 0idt

+ �1�2�2
 
n

2m

ZZ
(x+ y)

f 0(x)� f 0(y)
x� y

�n;Wt (dx)�n;Wt (dy)
!

dt

= dM (n;f)
t + h�n;Wt ;

�2(2� �1�2)�
m

f 00 + (�1�2 � 2
�)f 0idt

+ �1�2�2
 
n

2m

ZZ
(x+ y)

f 0(x)� f 0(y)
x� y

�n;Wt (dx)�n;Wt (dy)
!

dt; (4.5.2)

with � : x! x de�ned on R and M (n;f) a continuous martingale satisfying
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dhM (n;f)it =
4�2

n2m

nX

i=1
j �i;n;Wt f 0(�i;n;Wt )2 j dt:

The reader will �nd in [MP19] a proof of the tightness of the family f(�n;Wt )t�0;n � 1g,
which allows to conclude by the virtue of the previous computations that any accumulation
point of this family satis�es the evolution equation (4.3.4). The reader will also �nd in [MP19]
the proof of the uniqueness of the solution to the equation (4.3.4) in the case where �0 admits
a characteristic function and this function is analytic on a neighbourhood of the origin, this
proof being based on the considerations made in Remark 4.3.2.

Let us now prove the second part of the Theorem. Applying (4.3.4) with

f(v) =
1

z � v
;

we get that Gt(z) obeys

Gt(z) = G0(z)+
Z t

0
�1�2 1

(z � x)2�2

x

(z � x)2�s(dx)ds+
��1�2�2

2

ZZ
(x+y)

f 0(x)� f 0(y)
x� y

�t(dx)�t(dy):

We have

1
2

ZZ
(x+ y)

f 0(x)� f 0(y)
x� y

�t(dx)�t(dy)

=
1
2

ZZ  
1

(z � x)2 �
1

(z � y)2

!
x+ y
x� y

�t(dx)�t(dy)

=
1
2

ZZ (2z � x� y)(x+ y)
(z � x)2(z � y)2 �t(dx)�t(dy)

=
ZZ 2zx� xy � x2 + z2 � z2

(z � x)2(z � y)2 �t(dx)�t(dy)

=
ZZ
�

1
(z � y)2 �

xy
(z � x)2(z � y)2 +

z2

(z � x)2(z � y)2�t(dx)�t(dy)

=
ZZ
�

1
(z � y)2 +

z2

(z � x)2(z � y)2�t(dx)�t(dy)�
 Z x

(z � x)2�t(dx)
!2

=
ZZ
�

1
(z � y)2 +

z2

(z � x)2(z � y)2�t(dx)�t(dy)�
 Z 1

x� z
+

z
(z � x)2�t(dx)

!2

= �
Z 1

(z � x)2�t(dx) + z2
 Z 1

(z � x)2�t(dx)
!2

�
�Z 1

z � x
�t(dx)

�2

+ 2z
�Z 1

z � x
�t(dx)

� Z 1
(z � x)2�t(dx)

!

� z2
 Z 1

(z � x)2�t(dx)
!2

;

so that Gt(z) obeys
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Gt(z) = G0(z) +
Z t

0
�1�2 1

(z � x)2 � 2

 

1
x� z

+
z

(z � x)2

!

�s(dx)ds

� ��1�2�2
"Z 1

(z � x)2�t(dx) +
�Z 1

z � x
�t(dx)

�2
� 2z

�Z 1
z � x

�t(dx)
� Z 1

(z � x)2�t(dx)
!#

:

The conclusion is given replacing the previous terms by the corresponding derivatives of
G.

Proof of Proposition 4.3.4. (i) We �rst recall the Cauchy-Stieltjes transform of a Marcenko-
Pastur law (see for instance [BS10, Lemma 3.11] :

G�MP�;� (z) =
Z �MP�;�(dv)

z � v
=
��2(1� �) + z �

q
(z � �2 � ��2)2 � 4��4

2�z�2 ;

for all z 2 C+.

We now want to �nd conditions on the functions t ! �(t) 2 R+ and t ! �(t) 2 R+
with �(0) = �0 and �(0) = �0 such that (t; z) �! G�MP�(t);�(t) (z) is solution to the PDE
(4.3.5):

@
@t
Gt(z) = (��1�2�2 � �1�2 + 2
z)

@
@z
Gt(z)� 2��1�2�2zGt(z)

@
@z
Gt(z)� ��1�2�2G2

t (z) + 2
Gt(z);

G0(z) =
Z �W0 (dv)

z � v
= �(z):

We have

@
@t
G�MP�(t);�(t) (z) = �

�(z � �2) _�+ 2 _��z
2�2z�3

�
�((1� �)�4 � z(�+ 2)�2 + z2) _�+ 2(z � �2(1 + �))z _��

2�2z�3
q

(z � �2 � ��2)2 � 4��4

@
@z
G�MP�(t);�(t) (z) =

1� �
2�z2 �

z(1 + �)� �2(1� �)2

2�z2
q

(z � �2 � ��2)2 � 4��4

(G�MP�(t);�(t) (z))2 =
�4(1� �)2 � 2z�2 + z2 + [z � �2(1� �)]

q
(z � �2 � ��2)2 � 4��4

2�2z2�4

G�MP�(t);�(t) (z)
@
@z
G�MP�(t);�(t) (z) =

�(1� �)2�2 + z
2�2z3�2 +

z2 + z�2[�2�� 2] + �4(1� �)3

2�2z3�2
q

(z � �2 � ��2)2 � 4��4
:

The equation solved by G can be written for z 2 C+; t � 0:

H(z; t) = 0 (4.5.3)
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with

H(z; t) =
z�2(z � �2) _�+ 2�� _�z2 + �1�2(1� �)(�2�� �)�4 + 2�2�
z2 � �1�2��2z2

2�2�4z2

�
z((1� �)�4 � z(�+ 2)�2 + z2)�2 _�+ 2z2(z � (1 + �)�2)�� _� + �1�2(�� 1)2(�2�� �)�6

2�2�4z2
q

(z � �2 � ��2)2 � 4��4

+
�z((2
z + �1�2)�� �1�2��2)(�+ 1)�4 + z2((2
z + �1�2��2)�+ �1�2��2)�2 � �1�2��2z3

2�2�4z2
q

(z � �2 � ��2)2 � 4��4
:

Using the fact that

((z � �2 � ��2)2 � 4��4)�
1
2 =

1
z

+
�2(1 + �)

z2 + �4�2 + 4�+ 1
z3 + ojzj!+1

 
1
jzj3

!

;

we have for z 2 C+, t � 0 :

H(z; t) =
�2 _�+ 2�� _� � �1�2��2 + 2
��2

�4�2 �
_�
�2

1
z

�
�1�2(�� 1)(�2�� �)� 4��2 _� + (�1�2 � 4
�2)�2 + �1�2(1 + �2�)�� �1�2��2

2�2

1
z2 + ojzj!+1

 
1
jzj2

!

;

which gives in particular by identity (4.5.3) :

�2 _�+ 2�� _� � �1�2��2 + 2
��2 = 0;
_� = 0;

�1�2(�� 1)(�2�� �)� 4��2 _� + (�1�2 � 4
�2)�2 + �1�2(1 + �2�)�� �1�2��2 = 0:

We thus have
�(t) = �2�;

_�2 = �1�2 � 2
�2;

and

�2(t) =

8
>><

>>:

 

�2
0 �

�1�2

2


!

e�2
t +
�1�2

2

if 
 6= 0

�2
0 + �1�2t if 
 = 0;

for all t 2 R+.

Reciprocally, we verify with this de�nition of � that GMP�2�;�(t)
� is a solution to the PDE

(4.3.5).

(ii) Let us consider the stationary version of the PDE (4.3.5) :

(�1�2��2 � �1�2 + 2
z)
d
dz
G(z)� 2�1�2��2zG(z)

d
dz
G(z)� �1�2��2G2(z) + 2
G(z) = 0:
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We can integrate it

��1�2��2zG2(z) + (2
z + (�2�� 1)�1�2)G(z) = C;

where C 2 C is an integration constant. It gives

G(z) =
2
z + (�2�� 1)�1�2 �

q
(2
z + (�2�� 1)�1�2)2 � 4C�1�2��2z

2�1�2��2z
:

For this function to be the Cauchy-Stieltjes transform of a probability measure on R,
we need it to verify the condition given in assertion (3) of Theorem 4.4.1 :

lim sup
y!1

yjG(iy)j = 1;

necessarily, the sign � must be replaced by a minus sign and C = 2
. Thus, the only
stationary solution to the PDE (4.3.5) corresponding to the Cauchy-Stieltjes transform
of a probability measure on R is

G(z) =
2
z + (�2�� 1)�1�2 �

q
(2
z + (�2�� 1)�1�2)2 � 8
�1�2��2z
2�1�2��2z

=
��2(1� �) + z �

q
(z � �2 � ��2)2 � 4��4

2�z�2 ;

with � = �2� and �2 = �1�2

2
 . We recognize the Cauchy-Stieltjes transform of the
Marcenko-Pastur distribution with parameters � and �, and verify that G is solution
to the stationary version of the PDE (4.3.5). Under the assumptions of Theorem 4.3.1,
and applying Theorem 4.3.1 with �0 = �MP�2�;�0 , then �MP�2�;�0 is the unique solution
to the equation (4:3:4).

Proof of Theorem 4.3.5. By Theorem 4.3.1, the integro-di�erential equation (4.3.4) is veri�ed
by any accumulation point of the family f(�n;Wt )t�0; n � 1g.

Let n � m with n
m �!

n!+1
�2�. Let us de�ne the stochastic process (Mt)t taking its values

in the space of n�m matrices with real entries verifying the following SDE

dMt =
q
�1�dWt � 
Mtdt:

The eigenvalues of 1
mMtM�

t verify the SDE (4.1.2) with � replaced by
p
�1�. By Theorem

4.3.1 (see more precisely the computation (4.5.2) in the proof), the integro-di�erential equa-
tion (4.3.4) is also veri�ed by any accumulation point of the family of the empirical spectral
measures of

�
1
mMtM�

t

�

1�n�m
with n

m �!
n!+1

�2�, which ends the proof.
By Theorem 4.3.1, we have uniqueness of the solution to the integro-di�erential equation

(4.3.4), and by Theorem 4.1.1 we have the expression of the limit of �n;Wt =
q
�n;Wt for all

t � 0.
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Proof of Theorem 4.3.6. For all n 2 N�, an application of [JK20, Lemma 3.1 and Proposition
2.8] shows that in convergence in law

�n;Wt �!
t!+1

�n;W ;

where �n;W is de�ned such as in equation (4.3.3). By equation (4.3.3), we have

�n;W �!
n!+1
n=m!�

�MP�;�1 :

Theorem 4.3.5 gives the two other limits and concludes the proof.
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Chapter 5

Newton lilypads and Jacobians of
neural networks

This Section is the preliminary version of a joint work with Reda Chhaibi and Tariq Daouda.
Abstract

Gradient descent during the learning process of a neural network can be subject
to many instabilities. The spectral density of the Jacobian is a key component for
analyzing robustness. Following the works of Pennington et al., such Jacobians are
modelled using free multiplicative convolutions from Free Probability Theory.

We present a reliable and very fast method for computing the associated spectral
densities, which is certainly of independent interest. Our technique is based on an
adaptative Newton-Raphson scheme, by �nding and chaining basins of attraction: the
Newton algorithm �nds contiguous lilypad-like basins and steps from one to the next,
heading towards the objective.

This allows to investigate how the learning process is in�uenced by design choices
such as width ratios, depth, non-linearities and the variances at initialization.

Keywords : Machine learning, Robustness and design of neural networks, Back-propagation,
Free probability, Free convolution

AMS Subject Classi�cation (2010) : Primary 60F99; Secondary 60G60, 81P15

5.1 Introduction

Consider a feed-forward network of depth L 2 N, that is to say that there are L layers. At
depth ‘ = 1; 2; : : : ; L, each layer has activation x‘ 2 RN‘ , where N‘ is the current width. The
vector x0 2 RN0 takes in the neural network’s input, while xL 2 RNL gives the output. The
vector of widths is written:

N := (N0; N1; : : : ; NL) ;
and will often appear in superscript to indicate the dependence in any of the N‘’s. The
following recurrence relation holds between layers:

x‘ = �‘
�
W (N)
‘ x‘�1 + b(N)

‘

�
;
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where �‘ is a choice of non-linearity applied entry-wise, W (N)
‘ 2 MN‘;N‘�1 (R) is a weight

matrix and b(N)
‘ 2 RN‘ is the vector of biases. We write h‘ := W (N)

‘ x‘�1 + b(N)
‘ for the

pre-activations.
The Jacobian computed during back-propagation can be written explicitly by using the

chain rule. Indeed, we have:

J (N) :=
@xL
@x0

(5.1.1)

=
@xL
@xL�1

@xL�1

@xL�2
: : :

@x1

@x0

= D(N)
L W (N)

L D(N)
L�1W

(N)
L�1 : : : D

(N)
1 W (N)

1 ;

where D‘’s are the diagonal matrices given by
h
D(N)
‘

i

i;i
= �0‘ ([h‘]i) : (5.1.2)

Technically, a step of gradient descent updates weights and biases following
�
W (N)
‘ ; b(N)

‘

�
 
�
W (N)
‘ ; b(N)

‘

�
� �

@L
@(W (N)

‘ ; b(N)
‘ )

; (5.1.3)

for each ‘ = 1; : : : ; L. Here � > 0 is the learning rate and L is the loss on a minibatch. If
the minibatch has size B 2 N, and corresponds a small sample ((Xi; Yi) ; i = 1; : : : ; B) of
the dataset, we have:

L =
1
B

BX

i=1
d(xL(Xi); Yi) :

Here d is a real-valued distance or similarity function, the Xi’s are the neural net’s inputs
while the Yi’s are the outputs: labels in the case of classi�er, Yi = Xi in the case of an
autoencoder etc...

The chain rule dictates:
@L

@(W (N)
‘ ; b(N)

‘ )
=

@L
@xL

@xL
@xL�1

@xL�1

@xL�2
: : :

@x‘+1

@x‘
@x‘

@(W (N)
‘ ; b(N)

‘ )
(5.1.4)

=
@L
@xL

J (N)
‘

@h‘
@(W (N)

‘ ; b(N)
‘ )

;

where

@L
@xL

=
1
B

BX

i=1
@1d(xL(Xi); Yi) 2M1;NL(R) ; (5.1.5)

J (N)
‘ = D(N)

L W (N)
L : : : D(N)

‘+1W
(N)
‘+1D

(N)
‘ 2MNL;N‘(R) : (5.1.6)

Therefore, for the sake of simplicity, we shall focus on the Jacobian J (N) given in Eq. (5.1.1)
since it has exactly the same form as the J (N)

‘ given in Eq. (5.1.6). The issue is that a large
product of (even larger) matrices can easily become unstable:
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� If many singular values are � 1, we have gradient vanishing.

� If many singular values are � 1, we have gradient explosion.

Intuition. This instability is easily understood thanks to the naive analogy with the
one-dimensional case. Indeed, the geometric progression qn with n!1 is the archetype of
a long product and it converges extremely fast, to either 0 if jqj < 0 or to 1 if jqj > 1.

A less naive intuition consists in observing that mini-batch sampling in Eq. (5.1.5) is
very noisy. Without further information on the dataset and sampling procedure, it is fair to
assume that @L

@xL
has a Gaussian behavior with covariance proportional to INL . Therefore, each

gradient step � @L
@(W (N)

‘ ;b(N)
‘ )

in Eq. (5.1.3) is approximately a Gaussian vector with covariance
proportional to:

�2
 

@h‘
@(W (N)

‘ ; b(N)
‘ )

!T �
J (N)
‘

�T
J (N)
‘

@h‘
@(W (N)

‘ ; b(N)
‘ )

:

Simplifying further, we see the importance of the spectrum of
�
J (N)
‘

�T
J (N)
‘ for stability.

Basically, eigenvectors of
�
J (N)
‘

�T
J (N)
‘ are the directions along which the one-dimensional

intuition applies.

Randomness. Starting from the pioneering works of Glorot and Bengio [GB10] on ran-
dom initializations, it was suggested that the spectral properties of J (N) are an excellent indi-
cator for stability and learning performance. In particular, an appropriate random initializa-
tion was suggested and since implemented in all modern ML frameworks [PGC+17, AAB+15].

Here are classical choices of random initializations. The biases b(N)
‘ are taken as random

vectors which entries are centered i.i.d. Gaussian random variables with standard deviation
�b‘ . For the weights, we will consider the following matrix ensembles: the [W (N)

‘ ]i;j are drawn
from i.i.d. centered random variables with variance �2

W‘
=N‘ and �nite fourth moment as in

[PS20].

Modeling spectrum thanks to Free Probability Theory. Now, following the works
of Pennington et al. [PSG18], the tools of Free Probability Theory (FPT) can be used
to quantitatively analyze the singular values of J (N) in the large width limit. The large
width limit is particularly attractive when studying large deep networks, especially because
free probability appears at relatively small sizes because of strong concentration properties
[LLC+18].

For the purposes of this paragraph, we restrict ourselves to square matrices and assume
N‘ = N for all ‘ = 1; : : : ; L. In fact, FPT is concerned with the behavior of spectral measures
as N ! 1. For any diagonalizable AN 2 MN(R), the associated spectral measure on the
real line is:

�A(N)(dx) :=
1
N

NX

i=1
�a(N)
i

(dx)

with the a(N)
i ’s being the eigenvalues of AN . For ease of notation, the spectrum of (squared)

singular values is written �A(N) := �(A(N))TA(N) . A fundamental assumption for invoking tools
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from Free Probability Theory, is the assumption of asymptotic freeness. Without de�ning the
notion, which can be found in [MS17], let us describe the important computation it allows,
discovered in the seminal work of Voiculescu [Voi87]. Given two sequences of square matrices
A(N), B(N) in MN(R), with converging spectral measures:

lim
N!1

�A(N) = �A ; lim
N!1

�B(N) = �B ;

we have that, under the assumption of asymptotic freeness:

lim
N!1

�A(N)B(N) = �A � �B ;

where � is a deterministic operation between measures called multiplicative free convolution.
The letter A (as well as B) does not correspond to a limiting matrix but to an abstract
operator, with associated spectral measure �A and measure of squared singular values �A.
For such limiting operators, we drop the superscript (N).

Under suitable assumptions which are motivated and detailed later following the works
of [PSG18, HN19, Pas20, PS20, CH21], for all ‘ = 1; : : : ; L, the measures �W (N)

‘
and �D(N)

‘
will respectively converge to �W‘ and �D‘ . In the limit, asymptotic freeness will also hold.
Therefore, we will see that the measure of interest is:

lim
N!1

�J(N) = �J := �DL � �WL � � � �� �D1 � �W1 : (5.1.7)

The goal of this paper is to give a very fast and stable computation of this measure, in the
more general setup of rectangular matrices. This allows for a number of insights on the
stability of back-propagation and paves the road towards more automatic tuning of neural
networks.

5.1.1 Contributions
More precisely, we aim at streamlining the approach of Pennington et al. by providing the
tools for a systematic use of FPT. The contributions of this paper can be categorized as:

� Theoretical: At this level, the contribution is incremental. In Pennington et al., a
constant width is assumed. We generalize the model to allow for a width pro�le, which
re�ects how neural networks are designed in practice. This requires us to develop a
rectangular multiplicative free convolution.

We also do not assume that the non-linearity �‘ is the same throughout the neural
network.

� Numerical: This is our main contribution. We propose and implement an e�cient
computational scheme for computing spectral densities. The method relies on adapta-
tive inversions of S-transforms using the Newton-Raphson algorithm. If the Newton-
Raphson is only local, we achieve a global resolution by chaining basins of attractions,
thanks to a doubling strategy.
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Interestingly, even in the FPT community, inverting S-transforms has been considered
impossible to realize in practice [BGD08]. Instead, the focus was on combinatorial
methods that use moments, or �xed-point algorithms [ATV+20, MNN+20, Tar20]. Our
algorithm has a high performance, which allows for a large body of experiments.
A complete implementation is provided in the Github repository
https://github.com/redachhaibi/FreeNN 1.

� Experiments: We compare the learning curves for various design choices in neural
networks. We focus speci�cally on the comparison of Relu vs Hard tanh vs Hard Sine.

5.1.2 Structure of the paper
We start in Section 5.2 by stating facts from Free Probability Theory. Most of it is available
in the literature, except the de�nition of the product of rectangular free matrices. There, we
establish in the rectangular setting an analogue of Eq. (5.1.7) in Theorem 5.2.3. Although
it is probably known to specialists, the speci�cs were never made explicit.

In Section 5.3, we explain in detail the FPT model for random neural networks. Then
thanks to the results of [Pas20, PS20] and our rectangular setting, we show that the spectral
measure of the Jacobian J (N) converges to �J and we encode the limit in explicit generating
series in Theorem 5.3.1. This gives how �J can theoretically be recovered.

Section 5.4 presents the numerical resolution which inverts the generating series. There,
we start by a quick primer on the classical Newton-Raphson scheme, give Kantorovich’s
criterion for detecting (local) basins of attraction and then give our algorithm. By chaining
di�erent basins of attractions, we obtain a global resolution method.

Finally Section 5.5 gives benchmarks. We benchmark the numerical method, then present
experiments using real neural networks.

5.2 Free Probability

5.2.1 De�nitions and notations
Free Probability Theory provides a framework to analyze eigenvalues and singular values
of large random matrices. Let us now introduce various complex-analytic generating series
which encode the measures and the basic operations on them. First, the Cauchy-Stieltjes
transform of �, a probability measure on R+ is:

G� : C+ ! C�
z 7!

R
R+

�(dv)
z�v ;

where
C� := fz 2 C j � Im z > 0g :

1At the moment of writing these lines, the github repository "FreeNN" is private. It will be made public
upon arxiving or submitting the paper, with a standard Apache 2.0 license.
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The transform G� encodes the measure � and reciprocally, the measure can be recovered
thanks to:

Lemma 5.2.1 (Cauchy-Stieltjes inversion formula � Theorem 6 in [MS17]). We have the
weak convergence of probability measures:

lim
y!0
�

1
�

ImG�(x+ iy)dx = �(dx) :

The moment generating function is

M�(z) = zG�(z)� 1 =
+1X

k=1

mk(�)
zk

;

where for all k 2 N, mk(�) :=
R

R xk�(dx) is the k-th moment of �. For � 6= �0, M� is
invertible in the neighborhood of 1 and the inverse is denoted by M h�1i

� . The S-transform
of � is de�ned as

S�(m) =
1 +m

mM h�1i
� (m)

;

and is analytic in a neighborhood of m = 0. Furthermore, the variable z will always denote
an element of C+, while the variables g and m will denote elements in the image of G� and
M�.

For a diagonalizable matrix A(N) 2 MN(R), we write SA(N) := S�
A(N) , GA(N) := G�

A(N) ,
MA(N) := M�

A(N) .
A landmark result in the �eld introduces free multiplicative convolution in a natural way,

and shows that this operation is linearized by the S-transform:

Theorem 5.2.2 (Voiculescu, [Voi87]). Consider two sequences of positive matrices, each
element in MN(R) �

A(N) ; N � 1
�
;

�
B(N) ; N � 1

�
;

such that:
lim
N!1

�A(N) = �A ; lim
N!1

�B(N) = �B :

Under the assumption of asymptotic freeness for A(N) and B(N), there exists a deterministic
probability measure �A � �B such that:

lim
N!1

�A(N)B(N) = �A � �B :

The operation � is the multiplicative free convolution. Moreover

SAB(m) = SA(m)SB(m) : (5.2.1)

This convergence akin to a law of large numbers is the key ingredient which allows to
build the deterministic model for the back-propagation of gradients in Eq. (5.1.7).
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5.2.2 Product of rectangular free matrices

As a generalization of Eq. (5.2.1) to rectangular matrices, we state:

Theorem 5.2.3. Let (pN)N�1; (qN)N�1; (rN)N�1; be three sequences of integers satisfying

pN ; qN ; rN �!
N!1

1;
rN
qN
�!
N!1

c > 0 :

Consider for all N � 1 let A(N), B(N) be random matrices of respective sizes pN � qN and
qN � rN such that the (squared) singular laws of A(N); B(N) converge weakly. Assuming that
B(N)

�
B(N)

�T
and

�
A(N)

�T
A(N) are asymptotically free, we have that in the limit N !1:

S(AB)TAB(m) = SATA (cm)SBTB(m) :

Proof. See supplementary material, Subsection 5.8.3.

Implicitly this de�nes a rectangular multiplicative free convolution, which could be de-
noted �c in the spirit of the rectangular free additive convolution [BG09]. But, in the
current setting, this is not a good idea. Indeed, if one de�nes �1 �c �2 as the measure whose
S-transform is S�1(c �)S�2 , then a quick computation shows that �c is not associative i.e. for
a triplet (�1; �2; �3) of probability measures and a pair (c1; c2) 2 R�+ � R�+, we generically
have:

�1 �c1 (�2 �c2 �3) 6= (�1 �c1 �2) �c2 �3 :

A better idea is to treat the dimension ratio c as part the data:

De�nition 5.2.4. On the set of pairs (�; c) such that � is a probability measure on R+ and
c 2 R�+, de�ne the operation � as:

(�1; c1) � (�2; c2) := (�; c1c2) ;

where � is the unique probability measure such that S� = S�1(c2 �)S�2 . This extends the
classical de�nition as the usual free convolution is recovered with:

(�1; 1) � (�2; 1) := (�1 � �2; 1) :

Such an operation is associative and will allow a neat formulation of the measure of
interest in the upcoming Theorem 5.3.1, entirely analogous to Eq. (5.1.7).

5.3 Theoretical resolution of the model

Let us start by describing the model and the underlying assumptions.
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5.3.1 The model

Width pro�le: Pennington et al. [PSG18] consider N‘ = N for ‘ = 1; 2; : : : ; N . Here,
we consider that the width of layers is not uniform in the depth ‘, which is mostly the case
in practice. Indeed, many classical architectures have a speci�ed topology. For example,
classi�ers start very wide with a narrow end. Auto-encoders start wide and get narrower
and narrower in the encoding phase, then reach a bottle-neck which is interpreted as a latent
space, and then start widening again until the initial dimension is reached.

Let us assume that we are in the in�nite width regime in the sense that N‘ !1, for all
‘ = 0; 1; 2 : : : ; L:

N‘�1

N‘
�!
N!1

�‘ � 0 ;

and let us denote

�‘ := lim
N!1

N0

N‘
=

‘Y

k=1
�k ;

with the convention �0 = 1.

FPT limits: Throughout the paper, we writeN for a standard Gaussian random variable
on the real line R:

P (N 2 dx) =
e�

x2
2

p
2�
dx :

An important subtlety is that D(N)
‘ is diagonal with entries �0‘([h‘]i) (see Eq. (5.1.2)),

and the pre-activations

h‘ = W (N)
‘ x‘�1 + b(N)

‘ = W (N)
‘ �‘(h‘�1) + b(N)

‘

clearly depend on the previous layers. Because of this lack of independence, the standard
results of FPT cannot be applied directly i.e. asymptotic freeness does not obviously hold.
Based on an information propagation argument, the papers [PLR+16, SGGSD16] argue that
the entries of h‘ behave as the i.i.d. samples of a Gaussian distribution with zero mean and
variance q‘. A basic law of large numbers applied to Eq. (5.1.2) gives a limit for the empirical
measure:

�D‘ = lim
N‘!1

�D(N)
‘

= �0‘
�q

q‘N
�
:

Also the recurrence for the variance is:

q‘ = f‘
�
q‘�1

�
= �2

W‘
E
"

�‘
�q

q‘�1N
�2
#

+ �2
b‘ ; (5.3.1)

with initial condition q1 =
�2
W1
N1

PN1
i=1(xi0)2 + �2

b1
.

Recently in Pastur et al. completed this heuristic thanks to a swapping trick � see [Pas20,
Lemma 3.3] and [PS20, Remark 3.4]. They basically proved that, regarding the asymptotical
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spectral properties of J (N), one can replace each D(N)
‘ by a diagonal matrix with independent

Gaussian entries
q
q‘N independent from the rest. In that setting, one can apply the results

on products of asymptotically free matrices which were given in Section 5.2.

5.3.2 Resolution and formulas
We then have the following result in the in�nite width limit.

Theorem 5.3.1. In terms of the rectangular multiplicative free convolution, the measure of
(squared) singular values of J (N) converges to

�J = (�DL ; 1) � (�WL ; �L) � � � �� (�D1 ; 1) � (�W1 ; �1) : (5.3.2)

Moreover, the S-transform of JTJ in the in�nite width regime veri�es

SJT J(m) =
LY

‘=1

h
SD2

‘
(�‘m)SWT

‘ W‘
(�‘�1m)

i
: (5.3.3)

In particular, under the assumption that the entries of W‘ are i.i.d. :

SJT J(m) =
LY

‘=1

 

SD2
‘

(�‘m)
1
�2
W‘

1
1 + �‘m

!

;

M h�1i
JT J (m) =

m+ 1
m

LY

‘=1

�2
W‘

(1 + �‘m)
SD2

‘
(�‘m)

:

Proof. See supplementary material, Subsection 5.8.3.

Let us now collect the various required formulas, and specialize them to a selection of non-
linearities: ReLu, Hard Tanh and Hard Sine. As discussed in the introduction, the empirical
distribution of D(N)

‘ converges to the law of �0l
�q

q‘N
�
. From this observation was deduced

in [PSG18] the following formula :

MD2
‘
(z) =

X

k�1

mk(D2
‘ )

zk
= E

2

4
�0‘(
q
q‘N )2

z � �0‘(
q
q‘N )2

3

5 ; (5.3.4)

SD2
‘
(m) =

1 +m
mM h�1i

D2
‘

(m)
; (5.3.5)

The reader will �nd in Table 5.1 the computations ofMD2
‘
, SD2

‘
and the recurrence relation

given by f‘ where

f‘
�
q‘�1

�
= �2

W‘
g‘(q‘�1) + �2

b‘ ; with g‘(q) := E
h
�‘ (
p
qN )2

i
;

and

C‘ = P

0

@0 � N �
1
q
q‘

1

A :
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Linear ReLu Hard Tanh Hard sine / Triangle

�‘(h) h [h]+ [h+ 1]+ � [h� 1]+ � 1 2
� arcsin � sin(�2h)

MD2
‘
(z) 1

z�1
1
2

1
z�1 C‘ 1

z�1
1
z�1

mk(D2
‘ ) 1 1

2 C‘ 1
SD2

‘
(m) 1 1+m

1
2 +m

1+m
C‘+m

1

g‘(q) q q
2 2qC‘ �

q
2q
� e
� 1

2q
1
3

+
4
�2

X

n�1

(�1)n

n2 e�q
�2n2

2

Table 5.1 � Table of formulas for moment generating functions and S-transforms.

5.3.3 Master equation

In the end, we only need to �x widths and non-linearities in order to form M h�1i
J (m). This

is the master equation which we solve numerically thanks to an adaptive Newton-Raphson
scheme.

The non-linearities ReLu, Hard Tanh and Hard Sine yield similar formulas. If W‘ has
i.i.d. entries,

M h�1i
JT J (m) =

m+ 1
m

LY

‘=1
�2
W‘

(c‘ + �‘m) ; (5.3.6)

where c‘ = 1
2 when �‘ is ReLu, c‘ = C‘ = P

�
0 � N � 1p

q‘

�
if �‘ is Hard Tanh and c‘ = 1 if

�‘ is Hard Sine.

5.3.4 Moments of J
We can reach an early understanding of the behavior of J ’s singular values by computing
mean and variance. For ease of notation, we write:

m(s)
k (A) = mk(ATA)

for any operator A, which admits a measure of singular values. We have:

m(s)
1 (J) =

LY

‘=1

�
m(s)

1 (D‘)m
(s)
1 (W‘)

�
=

LY

‘=1
(c‘�2

W‘
) ; (5.3.7)

m(s)
2 (J)�m(s)

1 (J) (5.3.8)

= m(s)
1 (J)2

0

@
LX

‘=1
�‘

0

@m
(s)
2 (D‘)�m

(s)
1 (D‘)2

m(s)
1 (D‘)2

+
m(s)

2 (W‘)�m
(s)
1 (W‘)2

m(s)
1 (W‘)2

1

A

1

A
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=
 LY

‘=1
c2
‘�

4
W‘

! LX

‘=1
�‘

�1� c‘
c‘

+ �‘
�!

:

The proofs of these formulas are given in Supplementary material, Subsection 5.8.1. These
formulas need to be interpreted:

� Variance grows with L, showing increased instability with depth.

� Larger layers, relative to N0, give larger �‘’s and thus the same e�ect.

5.4 Numerical resolution

In this section, we completely describe the numerical scheme aimed at computing the spectral
density of JTJ in Eq. (5.1.1).

Here are the steps:

� Because of the Cauchy-Stieltjes inversion formula given in Lemma 5.2.1, pick a small
y > 0 in order to compute:

�
1
�

ImGJT J(z = x+ iy) :

The smaller the better, and in practice our method works for up to y = 10�10.

� Because
M(z) = zG(z)� 1 ;

we need to compute M(z).

� M h�1i(m) is available thanks to the master equation in Theorem (5.3.1). Therefore, we
need to invert m 7!M h�1i(m).

Clearly, this last step is the crucial one. And this strategy has been deemed hopeless by
many mathematicians working in Free Probability Theory, see [BGD08, p.218].

5.4.1 On the classical Newton-Raphson scheme
First, let us start by recalling the classical Newton-Raphson scheme in order to invert the
equation z = f(m) where z 2 C+ is �xed and f is rational. A neat trick which leverages the
fact that f is rational and that z 2 C+ is to de�ne:

’z(m) := P (m)=z �Q(z) : (5.4.1)

As such, we have:

z = f(m) =
P (m)
Q(m)

() ’z(m) = 0 :

There are several advantages of doing that:
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� Inversion is recast into �nding the zero of a polynomial function.

� Since we have limz!1M(z) = 0, if z is large in modulus, m = 0 is a natural starting
point for the algorithm when z is large.

In the end, the pseudo-code is given in Algorithm 5.4.1.

Algorithm 5.4.1 Newton-Raphson scheme for a rational function f
Name: newton_raphson
Input:
Numerical precision: " > 0 (Default: 10�12),
Image value: z 2 C+,
Polynomials: P , Q such that f = P

Q ,
(Optional) Guess: m0 2 C, (Default: m0 = 0).
Code:
m m0
while True do
value  ’z(m) # See Eq. (5.4.1)
if jvaluej < " then
return m

end if
grad  ’0z(m)
m m� value=grad

end while

It is well-known that the Newton-Raphson scheme fails unless the initial guess m0 2 C
belongs to a basin of attraction for the method. And, provided such a garantee, the Newton-
Raphson scheme is exceptionnally fast with a quadratic convergence speed (the convergence
of a sequence (un)n towards a limit l is said to be quadratic if the sequence

�
jjun+1�ljj
jjun�ljj2

�

n
is

bounded from above). Kantorovich’s seminal work in 1948 provides such a garantee locally.

5.4.2 Kantorovich’s criterion
Here we give the optimal criterion from [GT74] adapted to this paper. Fix z 2 C+ and recall
that ’z in Eq. (5.4.1) is the map whose zero we want to �nd.

Theorem 5.4.1 (Kantorovich’s criterion, [Kan48]). Consider a starting point m0 2 C, and
de�ne:

� :=
�����
’z(m0)
’0z(m0)

����� ; � :=
�����

1
’0z(m0)

����� :

If the starting point satis�es h := ��� < 1
2 , where

� := sup
jm�m0j�t�

j’00z(m)j ; t� :=
2�

1 +
p

1� h
< 2� :
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Then, the Newton-Raphson scheme, starting from m0 converges to m� such that ’z(m�) = 0.
Furthermore, the convergence at each step is at least quadratic.

Therefore, we assume that we have at our disposal a function

is_in_basin(z;m)

which indicates if the Kantorovich criterion is satis�ed for ’z at any m 2 C. It is particularly
easy to program with ’z polynomial.

5.4.3 Doubling strategies and chaining

Now we have all the (local) ingredients in order to describe a global strategy which solves in
m 2 C the equation:

’z(m) = 0 :

First, one has to notice that this problem is part of a family parametrized by z 2 C+.
And the solution is m � 0 for z large. Therefore, one can �nd a proxy solution for z 2 C+
high enough. This is done thanks to a doubling strategy until a basin of attraction is reached.

Second, if a proxy (z;m) is available, we can use the Newton-Raphson algorithm to �nd
a solution (z + �z;m+ �m) starting from m. To do so, we need �z small enough. This on
the other hand is done by dichotomy.

Tying the pieces together allows to chain the di�erent basins of attraction and leads to
Algorithm 5.4.2. Notice that in the description of the algorithm, we chose to make implicit
the dependence in the function f , since it is only passed along as a parameter. Technically,
f is a parameter for all three functions

� newton_raphson,

� is_in_basin,

� newton_lilypads.
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Algorithm 5.4.2 Newton lilypads, chaining basins of attraction
Name: newton_lilypads
Input:
Image value: zobjective 2 C+,
(Optional) Proxy: (z0;m0) 2 C+ � C.
Code:
# Find a proxy (z0;m0 = 0) using a doubling strategy, if None given
if (z0;m0) is None then
m 0
z  zobjective
while not is_in_basin(z, m) do
z  z + i Im(z)

end while
m newton_raphson(z;Guess = m)

else
(z;m) (z0;m0)

end if
# Starts heading towards zobjective using dichotomy
while jzobjective � zj > 0 do

�z  zobjective � z
while not is_in_basin(z + �z, m) do

�z  0:5 ��z
end while
z  z + �z
m newton_raphson(z;Guess = m)

end while
return m

5.5 Benchmarks

5.5.1 Computational speed

A table of the computational time required for computing N density points is given in Table
5.2. Notice that the recorded time scales sublinearly with the number of required points.
This is easily understood by the fact that smaller N requires the computation of more basins
of attraction per point.
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N 100 200 400 1000
Time (ms) 38.1 57.4 95.4 220.7

Table 5.2 � Table of computational time, on a laptop with an Intel Core i7-9850H CPU,
for computing N density points. Nearest points are used as proxy for the Newton-Raphson
scheme.

5.5.2 Plots

Now we give multiple plots of the technique’s results.
A �rst plot in Figure 5.1 shows the same target distribution but convolved with various

Cauchy distributions yC where y 2 f1; 10�1; 10�4g. This corresponds to computing the
density �1

� ImG� (�+ iy) for di�erent y’s.

Plot of �1
� ImG� (�+ iy) for y 2 f1; 10�1; 10�4g. Here � is the multiplicative free convolution

of three Marchenko-Pastur distributions, with di�erent parameters.

A second plot in Figure 5.2 which compares the output of our method versus a Monte-
Carlo sampling with matrices of size N = 3000. Not only Monte-Carlo is imprecise because
of the noise, but its performance scales very poorly with N since one needs to diagonalize
ever larger matrices. Of course, Monte-Carlo remains the easiest method to implement.
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Plot of density of singular values for the Jacobian matrix J . The network has constant
width and Relu non-linearities. Monte-Carlo sampling uses matrices of size N‘ = N = 3000.
Computation time is 22467:3 ms with the same laptop as the one used for Table 5.2.
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5.5.3 Description of the experiments
At this stage, we are still in the process of designing experiments with real neural networks,
together with the deterministic model given by FPT. The idea is to consider various network
architectures and compare the stability of the learning process thanks to learning curves. In
particular, it is desirable to have a comparable format to [GB10, PSG18].

To do so, we also need to stabilize our current code base.

5.6 Conclusion

In this paper, we gave an e�cient numerical method in FPT geared towards the application
in machine learning. The computation method itself is fast and reliable, which can be used
to automatically tune some design choices in neural networks such as the width pro�le, and
initialization variances.

We �nish by pointing out two methods commonly used for mitigating gradient explosion
and gradient vanishing. The former is very easily included in the current setup. The latter
is an interesting direction for future investigations.

Gradient clipping: This is the most natural heuristic method to alleviate gradient
explosion. At the theoretical level, this only amounts to modify the non-linearity "program"
’. The automatically computed gradient ’0, say via autograd if one uses Pytorch [PGC+17],
is replaced by a surrogate gradient:

e’0 = ’0 1fj’0j�Cg ;

where C is a clipping threshold.

Skip-connections: When putting in place skip-connections, the goal is to alleviate the
problem of gradient vanishing. In terms of equations, the recurrence changes via:

x‘ = ’
 K�1X

i=1
W (N)
‘;i x‘�i + b(N)

‘

!

;

where K is the maximum lag and W (N)
‘;i 2MN‘;N‘�i is a weight matrix.

Compared to the framework of this paper, the chain rule used for back-propagation
changes in a very fundamental way. The Jacobian cannot be approximated by a simple
product of free matrices: the same free variable will appear at multiple locations.
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5.8 Supplementary material

5.8.1 Computations of moments
The following remark is useful in the computation of moments.

Remark 5.8.1 (Moments). At the neighborhood of z � 1:

M�(z) =
m1(�)
z

+
m2(�)
z2 +O

�
z�3

�
:

By inversion, at the neighborhood of m � 0:

M h�1i
� (m) =

m1(�)
m

+O (1) :

M h�1i
� (m) =

m1(�)
m

+
m2(�)
m1(�)

+O (m) :

Hence:

S�(m) =
1 +m

m1(�) +mm2(�)
m1(�) +O (m2)

=
1

m1(�)
(1 +m)

 

1�m
m2(�)
m1(�)2 +O

�
m2
�!

=
1

m1(�)
+

m
m1(�)

 

1�
m2(�)
m1(�)2

!

+O
�
m2
�
:

Thanks to this, we can prove Eq. (5.3.7) and (5.3.8). By Remark 5.8.1 and Theorem
5.3.1, we have as m! 0:

SJT J(m) =
LY

‘=1

h
SD2

‘
(�‘m)SWT

‘ W‘
(�‘m)

i

=
LY

‘=1

�0

@ 1
m(s)

1 (D‘)
+m

�‘

m(s)
1 (D‘)

0

@1�
m(s)

2 (D‘)
m(s)

1 (D‘)2

1

A+O
�
m2
�
1

A

0

@ 1
m(s)

1 (W‘)
+m

�‘

m(s)
1 (W‘)

0

@1�
m(s)

2 (W‘)
m(s)

1 (W‘)2

1

A+O
�
m2
�
1

A
�

=
" LY

‘=1

1
m(s)

1 (D‘)m
(s)
1 (W‘)

# LY

‘=1

�
1 +m�‘

0

@2�
m(s)

2 (D‘)
m(s)

1 (D‘)2
�

m(s)
2 (W‘)

m(s)
1 (W‘)2

1

A+O
�
m2
� �

:

Identifying the �rst order term, one �nds indeed Eq. (5.3.7). Continuing the previous
computation:

SJT J(m) =
1

m(s)
1 (J)

+
m

m(s)
1 (J)

0

@
LX

‘=1
�‘

0

@2�
m(s)

2 (D‘)
m(s)

1 (D‘)2
�

m(s)
2 (W‘)

m(s)
1 (W‘)2

1

A

1

A+O
�
m2
�
:
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Applying Remark 5.8.1 again for SJT J , we get :

LX

‘=1
�‘

0

@2�
m(s)

2 (D‘)
m(s)

1 (D‘)2
�

m(s)
2 (W‘)

m(s)
1 (W‘)2

1

A = 1�
m(s)

2 (J)
m(s)

1 (J)2

which is equivalent to Eq. (5.3.8).

5.8.2 Specializing to classical weight distributions

Under the asumption that the entries ofW‘ are i.i.d. we havem
(s)
1 (W‘) = �2

W‘
andm(s)

2 (W‘) =
�4
W‘

(1 + �‘) which gives

m(s)
2 (J) =

0

@1�
LX

‘=1

0

@�‘

0

@1�
m(s)

2 (D‘)
m(s)

1 (D‘)2
� �‘

1

A

1

A

1

A
LY

‘=1

�
m(s)

1 (D‘)2�4
W‘

�

m(s)
2 (J)� (m(s)

1 (J))2 =
LX

‘=1

0

@�‘

0

@ m(s)
2 (D‘)

m(s)
1 (D‘)2

+ �‘ � 1

1

A

1

A
LY

‘=1

�
m(s)

1 (D‘)2�4
W‘

�
:

5.8.3 Proofs

Proof of Theorem 5.2.3

For k 2 N, we have :

Tr
"��

A(N)B(N)
�T
A(N)B(N)

�k#

= Tr
"��

B(N)
�T �

A(N)
�T
A(N)B(N)

�k#

= Tr
�
(B(N)

�
B(N)

�T �
A(N)

�T
A(N))k

�
:

As
�
A(N)B(N)

�T
A(N)B(N) 2 MrN (C) and B(N)

�
B(N)

�T �
A(N)

�T
A(N) 2 MqN (C), this shows

that
M(A(N)B(N))TA(N)B(N)(z) =

qN
rN
M

B(N)(B(N))T (A(N))TA(N)(z) ;

and then
M h�1i

(A(N)B(N))TA(N)B(N)
(m) = M h�1i

B(N)(B(N))T (A(N))TA(N)

 
rN
qN
m
!

:

Consequently,

S(A(N)B(N))TA(N)B(N)(m) =
1 +m

mM h�1i

(A(N)B(N))TA(N)B(N)
(m)

=
1 +m

mM h�1i

B(N)(B(N))T (A(N))TA(N)

�
rN
qN
m
� �

1 + rN
qN
m

rN
qN
m

�
rN
qN
m

1 + rN
qN
m
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=
rN
qN

1 +m
1 + rN

qN
m
S
B(N)(B(N))T (A(N))TA(N)

 
rN
qN
m
!

: (5.8.1)

As
�
A(N)

�T
A(N) and B(N)

�
B(N)

�T
are asymptotically free, taking the limit N ! +1 and

applying Voiculescu’s Theorem 5.2.2, we get

S(AB)�AB(m) = �
1 +m

1 + �m
SBB� (�m)SA�A (�m) :

Moreover, the above equality is true replacing A with the identity I. SI(m) = 1 yields:

SB�B(m) = �
1 +m

1 + �m
SBB� (�m) :

Finally we have
S(AB)�AB(m) = SA�A (�m)SB�B(m) :

This concludes the proof.

Proof of Theorem 5.3.1

Thanks to a swapping trick justi�ed in [PS20], we can assume that the matrices D‘ have i.i.d.
entries independent from the rest of the network, distributed as �0‘(

pq‘N ). Notice that we can
also replace the D‘’s by deterministic matrices that use the quantiles of the same distribution.
This together with standard results from FPT such as [MS17] gives asymptotic freeness �
see [BC17] for a more general result re�ecting the current state of the art. Therefore, we can
apply Theorem 5.2.3. Starting from Eq. (5.1.1), we get in the in�nite width regime and by
induction:

S(J(N))T J(N)(m) = S�
D(N)
L W (N)

L D(N)
L�1W

(N)
L�1:::D

(N)
1 W (N)
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L
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2 D(N)

2 :::W (N)
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(N)
L�1W
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L
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� S�
W (N)

1

�T
W (N)

1

(m)

= S�
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L W (N)
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2 W (N)

2
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W (N)

2 D(N)
2 :::W (N)

L�1D
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W (N)

1

�T
W (N)

1

(m)

...

=
LY

‘=1

2

4S�
D(N)
‘

�2

 lY

k=1
�km

!

S�
W (N)
‘

�T
W (N)
‘

 l�1Y

k=1
�km
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=
LY

‘=1

2

4S�
D(N)
‘

�2 (�‘m)S�
W (N)
‘

�T
W (N)
‘

(�‘�1m)

3

5 ;

with the convention �0 =
Q0
k=1 �k = 1.

Under the asumption that the entries ofW‘ are i.i.d., the Marcenko-Pastur Theorem gives

S�
W (N)
‘

�T
W (N)
‘

(m) =
1
�2
W‘

1
1 + �‘m

;

which leads to

S(J(N))T J(N)(m) =
LY

‘=1

0

@S�
D(N)
‘

�2 (�‘m)
1
�2
W‘

1
1 + �‘m

1

A :

We thus have

M h�1i

(J(N))T J(N)
(m) =

m+ 1
mS(J(N))T J(N)(m)
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m+ 1

m
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@S�
D(N)
‘

�2 (�‘m) 1
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�2 (�‘m)
:

Proof of formulas in Table 5.1

Hard Sine: This is the most tricky formula to establish. If �(x) = 2
� arcsin � sin

�
�
2x
�
and

bf(�) =
R
dx f(x)ei�x is the Fourier transform on f , then the application of the Plancherel

formula yields:

E
h
� (
p
qN )2

i

=
Z 1

�1
dx

e�
x2
2q

p
2�q

�2(x)

=
1

2�

Z 1

�1
d� c�2(�)e�q

�2
2 :

But in term of Fourier series:
�2(x) =

X

n2Z

�
c�2
�

n
ei�nx
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as �2(x) = x2 on [�1; 1] and extended in order to become 2-periodic. In terms of Schwartz
distributions:

c�2(�) =
X

n2Z

�
c�2
�

n
\(x 7! ei�nx) =

X

n2Z

�
c�2
�

n
2����n(d�) :

Hence:

E
h
� (
p
qN )2

i
=
X

n2Z

�
c�2
�

n
e�q

�2n2
2 :

We conclude by computing the Fourier coe�cients of �2.

�
c�2
�

0
=

1
2

Z 1

�1
dx x2 =

1
3
:

�
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�

n
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1
2
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In the end:
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