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GENERAL INTRODUCTION 

Fracture property of elastomers plays an essential role in both production and processing 

and in its numerous applications. Elastomers have the unique properties that they can 

have a reasonably large and nearly reversible deformability and strength at the same time, 

thanks to the network structural nature. On the other hand, the fracture of elastomers is 

different from that of other “hard” materials (typically like metal or glassy polymer) that 

display localized energy dissipation, in the fact that energy dissipation upon fracture can 

happen at larger and multiple length scales.  

The primary objective of fracture research is to avoid or delay the structural failure. 

However, existing models of fracture of elastomers are mostly built based on the localized 

crack during propagation, at which stage macroscopic fracture is normally unstoppable. 

Studies have shown that microscopic change nucleates relative long time before 

macroscopically detectable propagation, but the systematic investigation has not been 

carried out due to the lack of dynamic characterization methods with sufficient resolution. 

In this thesis, we will focus on the characterization of the microscopic change related to 

the propagation nucleation and explore the possibility to predict or even prevent the 

macroscopic fracture by in-situ measurements.  

To achieve this goal, spatially resolved measurement of the crack tip and surrounding 

region is required with fast enough resolution to extract the transient behavior before 

catastrophic fracture. Preferably, different measurements need to be performed 

simultaneously to observable behaviors over different length/time scales. In the thesis, 

spatially resolved multiple speckle diffusing wave spectroscopy (MSDWS) is intensively 

used to map the deformation rate heterogeneity before fracture, and is related to the level 

of covalent bond scission around the crack, visualized by confocal microscopy, mapping 

the activation into a fluorescent fragment of a force sensitive molecule called 

mechanophore. 

The manuscript is organized into six chapters.  

The first chapter is dedicated to the physical background of fracture in elastomer and the 

methods for crack characterization. The purpose is to give a general introduction of 

previous work on fracture and distinguish the discoveries made in this work from existing 

studies. 
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Chapters 2 to 5 are organized in the form of scientific papers. 

In the second chapter, the application of MSDWS to the measurement of a spatially 

resolved deformation rate is introduced. We discuss the mathematical approach 

rationalizing the quantification of the deformation rate and the selection of the most 

relevant parameters in practical experimental measurements. As an example, the 

deformation rate on the interface during shear debonding of adhesive tapes is 

characterized and mapped with MSDWS. 

In the third chapter, MSDWS is applied to characterize the fracture precursor before crack 

propagation in commercial PDMS elastomers (Sylgard 184). A large-scale deformation 

rate heterogeneity (~ 1 cm2) is detected a long time (~10 min) before fracture, and 

attributed to the slow creation of a very localized (~0.01 mm2) damage around the crack. 

The discovery is applied to predict and prevent macroscopic fracture in practical 

condition. 

In the fourth chapter, we studied the fracture behavior in multiple network elastomers 

made from poly (ethyl acrylate). As multiple networks are well-known to be able to 

dissipate energy by breaking bonds in a sacrificial network, we visualized here the 3D 

structure of the damaged region ahead of an open crack and found that multiple network 

elastomer show a self-strengthening mechanism around the crack tip that delocalizes the 

singularity in deformation and prevents propagation.  

The fifth chapter is devoted to the characterization by MSDWS of the dynamics of surface 

creasing induced by constrained swelling in PVA hydrogel. The dynamics of 

heterogeneous swelling and creasing behavior is visualized by MSDWS with a high 

temporal resolution and results in observations that are different from existing classical 

models on gel swelling. 

Finally, we summarize the general conclusion and discussed about the perspective based 

on this work in chapter six. 
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1 Introduction and brief state of the Art: Energy dissipation 

mechanisms during fracture of soft polymer networks 

1.1 Introduction 

The purpose of this thesis is to study the fracture behavior of elastomers at the early 

stages of the failure process, i.e. before catastrophic propagation occurs. There have been 

many studies describing and discussing different energy dissipation mechanisms that 

dominate at different time or length scales,1-3 but the focus has been mostly on the 

propagation stage where the assumption is that the elastic energy flow toward the crack 

tip (represented by the energy release rate 𝒢 ) is dissipated locally into heat due to a 

combination of molecular friction and local damage (bond scission), which is qualitatively 

represented by 𝛤, the fracture energy.4  Much less has been done on the early stages of 

fracture, i.e. the criteria for crack nucleation or the existence of precursors to crack 

growth. It has been discovered that in delayed fracture,5-6 microscopic change can be 

detected before the onset of crack propagation.7-8 This implies that before commonly 

regarded “fracture”, the existence of fracture precursor already indicates the occurrence 

of macroscopic behavior. In this thesis, we focus on the in-situ characterization and 

detection of fracture precursor to explore the possibility to predict the macroscopic 

fracture behavior by optical methods. 

In this chapter, we firstly introduce the underlining physics in the deformation and 

fracture of soft polymer networks. Then we briefly describe some characterization 

methods for crack tip investigation, which is important for the detection of fracture 

precursor in dynamic condition. Finally, we introduce the motivations and objectives of 

this thesis. 
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1.2 Polymer network and deformation 

Polymers are macromolecules having the structure of long chains made of a large amount 

of repeating monomers. In the case of the crosslinked polymer network, chains are 

connected by crosslinkers and form a network structure, which largely changes the 

property of the material. In this part, we will firstly review the entropy elasticity and 

deformation of a single chain. After that, the deformation in network will be introduced. 

 

1.2.1 Deformation and elasticity of a single polymer chain 

Consider an ideal polymer chain made of N segments with length 𝑎 as seen in Fig. 1.1, so 

that the mean-square end-to-end distance can be expressed as9: 

 〈𝑅ଶ〉 = 𝑁𝑎ଶ  1.1 

 

 

Fig. 1.1 An ideal molecular chain with N segment of length 𝑎.  

Around the mean value, the end-to-end distance shows a Gaussian distribution. The 

probability that the distance locates between R and R+dR is: 

 𝑃(𝑁, 𝑅)𝑑𝑅 = ቀ
ଷ

ଶగே௔మቁ

య

మ
ቂ𝑒𝑥𝑝 ቀ−

ଷோమ

ଶே௔మቁቃ 𝑑𝑅  1.2 
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The entropy of the polymer chain is the product of Boltzmann constant k by the logarithm 

of the number of states Ω(𝑁, 𝑅): 

 𝑆(𝑁, 𝑅) = 𝑘𝑙𝑛𝛺(𝑁, 𝑅)  1.3 

𝑃(𝑁, 𝑅)𝑑𝑅 can also be given as the conformation concentration in the range of R to R+dR: 

 𝑃(𝑁, 𝑅)𝑑𝑅 =
ఆ(ே,ோ)

∫ ఆ(ே,ோ)
  1.4 

thus 𝑆(𝑁, 𝑅) can be expressed by: 

 𝑆(𝑁, 𝑅) = 𝑘𝑙𝑛 𝑃(𝑁, 𝑅) + 𝑘𝑙𝑛 ∫ 𝛺(𝑁, 𝑅) 𝑑𝑅  1.5 

and, 

 𝑆(𝑁, 𝑅) = 𝑘 ቀ−
ଷோమ

ଶே௔మቁ +
ଷ

ଶ
𝑘𝑙𝑛 ቀ

ଷ

ଶగே௔మቁ + 𝑘𝑙𝑛 ∫ 𝛺(𝑁, 𝑅) 𝑑𝑅 . 1.6 

Note that the term ቂ
ଷ

ଶ
kln ቀ

ଷ

ଶ஠୒ୟమቁ + kln ∫ Ω(N, R) dRቃ is independent of R, thus normally 

expressed as 𝑆(𝑁, 0). 

The Helmholtz free energy of the chain is: 

 𝐹(𝑁, 𝑅) = 𝑈(𝑁, 𝑅) − 𝑇𝑆(𝑁, 𝑅)  1.7 

and the required force for the extension in the distance in the 𝑥 direction 𝑅௫ is: 

 𝑓௫ =
డி(ே,ோ)

డோೣ
  1.8 

In ideal chain without interchain energy change, the energy term 𝑈(𝑁, 𝑅) is independent 

of R, so that: 

 𝑓௫ = 𝑇
డௌ(ே,ோ)

డோೣ
=  

ଷ௞்

ே௔మ
𝑅 , 1.9 

where 
ଷ௞்

ே௔మ is called entropy elasticity constant. 
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1.2.2 Deformation of an elastomer: network-affine network model 

Now we consider a polymer network made of n strands with N segments each. As seen in 

Fig. 1.2. one define the initial size of the sample as 𝐿௫଴, 𝐿௬଴ and 𝐿௭଴ and deformation in 

each direction as 𝜆௫  , 𝜆௬  and 𝜆௭ , respectively. For each strand, in the initial size, mean 

square end-to-end distance is isotropic: 

 〈𝑅௫଴
ଶ〉 = 〈𝑅௬଴

ଶ〉 = 〈𝑅௭଴
ଶ〉 =

ே௔మ

ଷ
  1.10 

 

 

 

Fig 1.2 Affine network model where the deformation of every strand is same as the 

macroscopic deformation.  

Eq. 1.6 is here expanded to 3D: 

 𝑆(𝑁, 𝑅) = −
ଷ௞൫ோೣ

మାோ೤
మାோ೥

మ൯

ଶே௔మ + 𝑆(𝑁, 0)  1.11 

The entropy change during deformation can be obtained: 
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 𝑆(𝑁, 𝑅) − 𝑆(𝑁, 𝑅଴) = −
ଷ௞

ଶே௔మ ൣ𝑅௫଴
ଶ൫𝜆௫

ଶ − 1൯ + 𝑅௬଴
ଶ൫𝜆௬

ଶ − 1൯ + 𝑅௭଴
ଶ൫𝜆௭

ଶ − 1൯൧   

  1.12 

Using Eq. 1.10, the total entropy change can be rewritten as: 

 𝛥𝑆 = −
௡௞

ଶ
ൣ𝜆௫

ଶ + 𝜆௬
ଶ + 𝜆௭

ଶ − 3൧  1.13 

which makes the free energy change: 

 𝛥𝐹 =
௡௞்

ଶ
ൣ𝜆௫

ଶ + 𝜆௬
ଶ + 𝜆௭

ଶ − 3൧ . 1.14 

If the network is incompressible, the volume is constant upon a uniaxial deformation λ୶ 

in x direction, we have: 

 𝜆௫𝜆௬𝜆௭ = 1  1.15 

 𝜆௬ = 𝜆௭ =
ଵ

ඥఒೣ
 . 1.16 

The free energy change becomes: 

 𝛥𝐹 =
௡௞்

ଶ
ቀ𝜆௫

ଶ +
ଶ

ఒೣ
− 3ቁ  1.17 

and the force along deformation direction is: 

 𝑓௫ =
డ௱ி

డ௅ೣ
=

డ௱ி

డఒೣ௅ೣబ
=

௡௞்

௅ೣబ
ቀ𝜆௫ −

ଵ

ఒೣ
మቁ  1.18 

The true stress and engineering stress are respectively: 

 𝜎௧௥௨௘ =
௙ೣ

௅೤௅೥
=

௡௞்

௏
ቀ𝜆௫

ଶ −
ଵ

ఒೣ
ቁ  1.19 

 𝜎௘௡௚ =
௙ೣ

௅೤బ௅೥బ
=

௡௞்

௏
ቀ𝜆௫ −

ଵ

ఒೣ
మቁ . 1.20 

This expression indicates that the stress is proportional to the strand density 𝑛/𝑉, thus 

we find the modulus of the network as:  

 𝐺 =
௡௞்

௏
 , 1.21 
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where the modulus for each strand is kT. 

When the number-average molecular weight of each strand is 𝑀௡ and the density is 𝜌, n 

= 1 would correspond to: 

 𝑣 =
ேಲఘ

ெ೙
 1.22 

where 𝑁஺ is Avogadro's number. Thus G can also be written as: 

 𝐺 =
ఘேಲ௞்

ெ೙
 1.23 

Classical models in fracture mechanics commonly focus on the linear elastic behavior 

which only considers small deformation. In reality, materials normally break at strain 

over 10% and with the existence of a crack, localized strain is even larger. In this region, 

non-linear behavior is dominating and rather complex.  

1.2.3 Strain hardening 

 

Fig. 1.3 A stress stretch-curve during the uniaxial extension of an elastomer presenting strain 

hardening. 

Due to the finite extensibility of polymer chains, materials can exhibit strain hardening, 

i.e., an increase of the modulus at large strain. As seen in the example shown in Fig. 1.3, 
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when the elastomer is under uniaxial extension, the slope of stress-strain curve increases 

from around 𝜆 = 1.8. For some materials, it is hard to observe strain hardening since the 

presence of flaws leads to fracture before reaching large strains. However, due to the 

stress concentration around the crack tip (crack is also a flaw), large strain is commonly 

reached near the crack tip within the framework of the study of fracture.10 Gent proposed 

a simple constitutive  model of strain hardening that defines the maximal value 𝐽௠ of the 

first strain invariant J. 11 In the model, the nominal stress in uniaxial extension σ୒  is 

expressed by:12 

 𝜎ே =
ீ(ఒି

భ

ഊమ)

(ଵି
಻

಻೘
)
 , 1.24 

where 

 𝐽(𝜆) = 𝜆ଶ +
ଶ

ఒ
− 3 . 1.25 

From Gent’s model, it can be deduced from eq. 1.24 that, when 𝜆  approaches 𝜆௠ , 
డఙಿ

డఒ
 

dramatically increases, corresponding to strain hardening. Other than the finite 

extensibility of the polymer strands, structural changes such as strain induced 

crystallization,13 or structure orientation14 can also lead to strain hardening. 

Crystallization due to localized high strain in front of a mode I crack, also results in strain 

hardening, which further complicates the description of the fracture process.15-16   

 

1.2.4 Special network design based on interpenetrating network polymers 

Conventional unfilled elastic soft materials typically are brittle and very sensitive to flaws 

– they can be broken more easily when there is stress localization. Many strategies have 

been developed to enhance the strength of polymer network materials without sacrificing 

elasticity and high modulus, such as making composites with fillers1 and customizing the 

network structure to introduce viscoelasticity.17 Among these strategies, double network 

(DN), a sub class of interpenetrated networks, is a popular approach to enhance the 

mechanical strength while retaining the extendibility and stiffness of polymer 

networks.18-19 These interpenetrated networks of polymers commonly contain a brittle 
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network with limited extensibility and a network with longer chains maintaining material 

integrity, as seen in Fig. 1.4.18, 20-21  

 

Fig. 1.4 Schematic drawing of the design of double network.18, 20 

Remarkably, the energy dissipation mechanism by scission of bonds in the brittle network 

(sacrificial network21-22) makes multiple network elastomers and hydrogels much more 

resistant to fracture. A fracture energy over 1000 J/mଶ can be achieved, much larger than 

the single network from same monomer (1~10 J/mଶ ). It has been reported that in 

Multiple network elastomers (MNE) the strain concentration around the crack induces a 

localized damage, but at a larger length scale (~ mm).21 Using mechanosensitive 

molecules emitting light when they break, Ducrot et al. observed the damage zone size 

during the propagation of a crack in SEN samples of SN (single network), DN (double 

network) and TN (triple network) of poly (ethyl acrylate) elastomers (Fig. 1.5). They 

found that the size of the damaged region increased dramatically with the introduction of 

matrix networks. The molecular fracture of the sacrificial network around the crack 

dissipates energy and delays the propagation of the crack. 
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Fig. 1.5 Images of the fluorescence intensity recorded during the fracture and propagation of 

single-edge notched poly (ethyl acrylate) elastomers. 

Based on the design of the double network structure, more advanced strategies have been 

developed to further enhance the mechanical performance or achieve specific material 

properties. Instead of permanent damage by covalent bonds scission, physically 

crosslinked networks or networks with reversible covalent bonds can play the role as 

sacrificial network and can reform after being damaged.23-24 The design of the hybrid 

physical- and chemical double networks can also provide self-healing properties within a 

certain time-scale.25-26 
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1.3 Overview of the fracture process of soft polymer networks 

The fracture process of soft materials shows unique behaviors due to the complex 

hierarchical structure. In polymer networks, one has to include different dimensional 

scales (i.e. mesh size and crack/flaw size, sample size) and time scales (considering 

viscoelasticity).27 More practically, abundant structural heterogeneities may play 

important roles, such as strain induced crystallization, chain breakage and orientation. It 

is common to define the characteristic length scale over which mechanisms dominate, so 

that different mechanisms can be separated and used to analyze the fracture behavior. 

One of the unique properties of soft polymer networks is the ability to significantly swell 

in a good solvent. A swollen polymer network is called a gel. Specifically, hydrogels are gel 

swollen in water, which can typically contain more than 90 % of water without breaking 

the network integrity. In Chapter 5, the swelling and creasing of hydrogel in a constrained 

geometry is studied to observe the heterogeneous behavior in the earlier stage of elastic 

instabilities. In the investigation of fracture behavior, which is the main topic of this thesis, 

we focus on elastomers, the polymer network material without solvent. 

 

1.3.1 Linear elastic fracture mechanics  

Linear elastic fracture mechanics (LEFM)28 was established by assuming linear elasticity 

in the bulk of the material while the very small region around the crack is described by a 

singular stress field. The strain energy release rate 𝒢 describes the energy flow around 

the crack due to the far field loading and is given by: 

 𝒢 =
𝜕𝑈𝑤

𝜕𝐴
−

𝜕𝑈𝑒𝑙

𝜕𝐴
 1.26 

where 𝑈௪ and 𝑈௘௟ are the external work and elastic stored energy, respectively. A is the 

crack surface area. 𝑈௪ − 𝑈௘௟ essentially describes how much elastic energy is available for 

crack propagation, i.e. for the creation of two crack surfaces. The exact expression of 𝒢 

depends on the testing geometry. The energy cost (dissipation) per unit of creation of new 

surface 𝛤, is the fracture energy. The equilibrium/propagation condition is expressed by: 
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 𝒢 ≥ 𝛤 1.27 

In a simple geometry, where a crack in an infinite plate is defined as seen in Fig. 1.6, the 

stress field around the crack is expressed as the function of distance 𝑟 from the crack tip: 

 𝜎(𝑟) =
௄

√௥
 1.28 

 

 

Fig. 1.6 A infinite plate with crack under uniaxial deformation. 

where 𝐾 is stress intensity factor29, which describes the stress distribution around the 

crack: 

 𝐾 = 𝑆𝜎ஶ√𝜋𝑟 1.29 

𝜎ஶ is remote stress, which is the stress far away from the tip. Since the bulk region is 

linearly elastic, we have: 

 𝜀(𝑟) =
ఙ(௥)

ா
=

௄

ா√௥
 1.30 

The displacement field can be described: 
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 𝑢(𝑟) = ∫ 𝜀(𝑟)𝑑𝑟 =
௄

ா
√𝑟 1.31 

The displacement field is a function of 𝑟, whose radius of curvature at the vertex is: 

 𝜌௩ =
డమ௨

డ௥మ
=

௄మ

ாమ
 1.32 

Irwin reported that 𝒢 is a function of 𝐾 as30: 

 𝒢=
௄మ

ா
 1.33 

Using Eq. 1.27 and 1.32: 

 𝜌௩ =
𝒢

ா
≥

௰

ா
= 𝜌∗ 1.34 

Eq 1.34 gives the critical radius ρ∗  of crack curvature at propagation which defines an 

important physical length, so-called elasto-adhesive length which defines the region near 

the crack tip below which deformation is in the large strain regime. For most stiff 

materials (for example, metals),  ρ∗ has a scale below molecular dimension, so that LEFM 

can be well applied. However, for soft polymer material with moduli at MPa or less, typical 

values of ρ  ranges from tens of microns to a few mm and calculations of 𝒢  with LEFM 

become approximate.  

1.3.2 Dissipation behavior in polymer network 

.1.3.2.1 Fracture energy threshold- Lake and Thomas model  

Essentially, fracture takes place by the breaking of covalent bonds in polymer chains. 

Thomas and Lake et al. proposed a model linking tear energy and bonds rupture in the 

polymer strands.3, 31 
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Fig. 1.7 Schematic diagram of the strand between two crosslinking points across the plane 

crack propagation. 

To actually break a single bond, the required energy is proposed to be the same as that 

needed to break all the bonds in the strands. 𝛤 can be obtained in this case by the bond 

energy 𝑈ୠ accumulated in the whole extended chain: 

 𝛤 = 𝑈௕𝑁𝑣𝐿௖   1.35 

where N is the covalent bonds and 𝐿ୡ is the distance between two crosslinks, as seen in 

Fig. 1.7.  

If we simply use an ideal chain model and assume that 𝐿 has the value of square root of 

〈𝑅ଶ〉: 

 𝐿 = 𝑁
భ

మ𝑎  1.36 

 𝛤 = 𝑈௕𝑁
య

మ𝑣𝑎  1.37 

Here the segment size a (as seen in Fig. 1.1) represents the monomer size. 𝑀୬ in this case 

can be simply expressed as the total molecular weight of the strand where 𝑚  is the 

monomer molar mass: 
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 𝑀௡ = 𝑁𝑚𝑁஺ and 𝑁 = 
ெ೙

௠ேಲ
 1.38 

Recall that modulus 𝐺 is related to molecule weight of the strand (Eq. 1.23). Using Eq. 1.22, 

1.23 and 1.29, we have: 

 𝛤 =
௎್௔ఘேಲ

ெ೙
ቀ

ெ೙

௠ேಲ
ቁ

య

మ
=

௎್௔ఘ

(௠)
య
మ

ቀ
ெ೙

ேಲ
ቁ

భ

మ
= 𝑈௕𝑎 ቀ

ఘ

௠
ቁ

య

మ
ቀ

௞்

ீ
ቁ

భ

మ  1.39 

Simply,  

 𝛤 ∝ 𝐺ି
భ

మ  1.40 

If only energy dissipation by bond scission over one mesh size in the fracture plane is 

considered, the fracture can be described as a threshold fracture. It is commonly to 

consider bond dissociation energy 𝑈୆ୈ୉ as 𝑈௕ to estimate the scale of threshold of 𝛤, in 

the order of 10~100 J/mଶ. Recent work has argued that 𝑈ୠ may not be directly related to 

𝑈஻஽ா , but depends on the force-extension relationship of the polymer chain.32 

In practice, energy dissipation can take place at different length scales and be much more 

complex. 

.1.3.2.2 Viscoelastic dissipation 

In the Lake and Thomas model, energy dissipation is limited to the length scale of the 

network mesh. However, when the crack propagation is not slow enough, the energy can 

be dissipated over a larger region in particular for viscoelastic materials. It has been 

known and reported for a long time that the fracture energy significantly increases with 

crack propagation velocity. Given that the probability of bond breaking for covalent bonds 

at room temperature is independent of rate, the viscoelastic nature of the polymer chain 

is coupled to the energy dissipation by bond scission. In principle, when the temperature 

approaches the glass transition temperature, the energy is increasingly dissipated into 

the bulk material over the time scale of the experiment.  Note that the bond scission in 

the bulk close to glass transition temperature Tg has been reported for simple crosslinked 

networks33 and for polymer melts close to Tg.34 

Consider the crack propagation velocity 𝑉௖ and a distance from the crack tip 𝑟 (using the 
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geometry shown in Fig. 1.6). An estimate of the characteristic dissipation frequency can 

be obtained by: 

 𝜔ௗ =
௏೎

௥
  1.41 

This characteristic frequency of the experiment should be compared to the chain 

relaxation time scales to assess the viscoelastic dissipation and such an approach has 

been used for the characterization of fracture in viscoelastic materials.35-38 Conversely if 

the characteristic frequency at which the material is dissipative is known (from linear 

rheology), the value of the distance from the crack tip r where dissipation is maximal, can 

be obtained approximately. However, the characteristic length obtained from this 

procedure for elastic networks of low Tg is below the length scale of 0.01 nm, even smaller 

than the molecule size.2, 27 This points out that a dissipation criterion depending only on 

frequency is not enough and other mechanisms close to the crack tip must be active. 

.1.3.2.3 Elastic blunting and local strain distribution 

From the Lake and Thomas model, a threshold value of applied G can be defined as the 

critical condition of crack propagation. In this case, an increase of nominal stress will 

always lead to crack propagation. However, this LEFM approach assumes that the crack 

remains sharp (large strain is not allowed). If one considers that the large strain 

deformation can occur around the crack, energy can be dissipated over a much larger 

region and the crack can open more. This subject was firstly investigated by Hui et al. 

where the concept of crack blunting was proposed.2 

Instead of a sharp tip, the deformable crack is described as a long, thin ellipse, with half-

length and half-height of 𝐴 and 𝐵, respectively, as seen in Fig. 1.8.  
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Fig. 1.8 An elliptical crack with half-length and half-height of 𝐴 and 𝐵, respectively. 

The radius of curvature is given by: 

 𝑅௖ =
஻మ

஺
  1.42 

In this geometry, the maximum stress close to the tip 𝜎௠௔௫ has been calculated:39 

 𝜎௠௔௫ =
ଶఙಮ஺

஻
=

ଶఙಮ√஺

ோ೎
 1.43 

Instead of propagating, the crack length, 𝐴 remains constant and the deformation around 

the crack may lead to an increase of 𝑅ୡ. So that, for a given applied remote stress 𝜎ஶ, 𝜎௠௔௫ 

is smaller than the value considering a sharp tip. Phenomenologically, the crack is 

“opening” with increasing 𝑅௖ , which is called elastic blunting. From simulation work or 

digital image correlation (DIC), the highly deformed region can be clearly visualized (Fig. 

1.9).40 

 

 

Fig. 1.9 Strain distribution around the crack after deformation, visualized with finite element 

method (FEM).40 

Note that the above discussion only considers the deformation itself. Practically, polymer 

chains cannot be extended indefinitely without inducing structural changes in the 

material because of the presence of the chemical crosslinks. The complexity of the stress 

and strain field at the crack tip raises questions about the description of fracture, whose 
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characterization requires detection methods with suitable temporal and spatial 

resolutions, since the mechanical and structural change occur locally around the crack 

and are highly time-dependent before and during the propagation of the crack. In the next 

section, we will introduce several methods that are commonly applied for crack tip 

characterization. 
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1.4 Crack tip characterization methods 

1.4.1 Digital image correlation (DIC) 

 

Fig. 1.10 (a) The images of a notched elastomer before (top) and after(bottom) stretching. 

(b) the reference subset and target subset for DIC.41 

Digital image correlation (DIC) is a powerful and common method to measure the 

spatially resolved displacement/deformation in solid mechanics. The principle of DIC is 

to track the displacement of the subset (a region of interests (ROI) in the images) in a 

matrix extracted from greyscale images. As seen in Fig. 1.10(a), the surface of the notched 

elastomer is prepared by spray painting, which provides the speckles for recognizing the 

patterns. In the region around a deformed crack, the displacement of a subset can be 

detected, as seen Fig. 1.10(b). The displacement of the single subset, (𝑢, 𝑣), is obtained 

from DIC by solving normalized least-square correlation functions. With the spatially 

resolved displacement field 𝑢(𝑥, 𝑦)  and 𝑣(𝑥, 𝑦) , the displacement gradient can be 

calculated by:41 

 𝑢(𝑥, 𝑦) = 𝑎଴ + 𝑎ଵ𝑥 + 𝑎ଶ𝑦 1.44a 

 𝑣(𝑥, 𝑦) = 𝑏଴ + 𝑏ଵ𝑥 + 𝑏ଶ𝑦 1.44b 

where 
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 𝑎ଵ = 𝜀௫௫,   𝑏ଶ = 𝜀௬௬   and   𝑎ଶ + 𝑏ଵ = 𝜀௫௬ + 𝜀௬௫ 1.45 

The 2D displacement gradient tensor 𝑭 is denoted by: 

 𝑭 = ቂ
𝜀௫௫ 𝜀௫௬

𝜀௬௫ 𝜀௬௬
ቃ 1.46 

Note that the resolution of DIC merely depends on the image resolution and field size. 

Full-field deformation can be calculated from imaging of the whole sample,40 while 

microscopic displacement can also be obtained from images by microscopy.42  

More detailed information about DIC and how it was used in this thesis is also provided 

in Chapter 3. 

1.4.2 Mechanochemical tools for fracture characterization 

 

Fig. 1.8 (a) Fluorescence intensity due to mechanophore activation from bonds breakage in 

poly (ethyl acrylates) networks labeled by mechanofluorescent polymer.43 (b) Stress map 

calculated from the chromatic change  in poly (ethyl acrylates) networks (with spiropyran 

force–activated mechanophore cross-linker.)44 

 

Mechanochemistry investigates molecules that undergo a chemical reaction under the 
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action of force.45 In materials science, mechanophore molecules have been developed 

where the force activated chemical reaction has an optically detectable response. Either 

the molecule becomes fluorescent or it emits light upon scission (luminescent34) or under 

stress/extension.46 With reasonable sensitivity to stress and damage during mechanical 

testing, mechanophore has been widely applied to quantitatively study mechanical 

response with optical observations, as seen in Fig. 1.8. As discussed in section 1.2.4,21 

during crack propagation of double networks, bond scission can be observed with 

activated mechanophores at a sub-macroscopic scale (~mm) around the crack tip, where 

energy is dissipated by massive breaking of sacrificial bonds in the localized region. 

Mechanophore mapping confirms that the breaking of molecular bonds takes place over 

a large length scale around the notch, providing important informations to understand 

the mechanism of toughening of double network materials. 

 Example Emission spectrum 

Mechanofluorescent polymer 

(Emission under excitation) 

 

Dimer of anthracene： 
red fluorescence 

 
π-extended 

anthracene： 
blue fluorescence 

Mechanoluminescent polymer 

(Emission without excitation) 

  

 
 

1,2-Dioxetane: bright 
blue light 

Mechanochromic polymer 

(Color in response of stress) 

 

Spiropyran: colorless 
to purple 

 
Rhodamine: dark red 

 

Table 1.1 Examples of mechanophores. 

Several different mechanophores are summarized in Table 1.1. Based on the activation 

mechanism, different strategies need to be applied during measurement. For example, 

with the bis(adamantyl)-1,2-dioxetane bisacrylate (BADOBA) crosslinker, transient 

luminescence is related to ongoing breaking of crosslinkers, which can be observed by a 

sensitive camera in a dark room.21, 47 it is not suitable for long experiments with low level 
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emission since once the bond is broken the emission stops. 

The Diels adder adduct of π-extended anthracene used as a diacrylate cross-linker on the 

other hand is fluorescent after breaking under UV illumination,33, 48 so that accumulated 

damage can be quantified, where some bleaching under long time exposure also needs to 

be considered.49  

In Chapter 3 and 4, we labeled Poly(dimethylsiloxane) and poly (ethyl acrylate) multiple 

network elastomers with -extended anthracene diacrylate mechanophore as 

crosslinkers to visualize the damage behavior before and during crack propagation. With 

confocal microscopy, we then mapped and measured the fluorescence intensity to 

quantify the damage kinetics in the 3D configuration around the crack tip with micron 

scale resolution. More experimental details are shown in Chapters 3 and 4. 

1.4.3 Dynamic light scattering 

Visible light can be scattered by structures having different refraction indexes, such as 

heterogeneous concentration50 and fillers51. For transparent (non-scattering) materials, 

one can add small amounts of probe particles with a significantly larger refraction index 

into the material, and light scattering will then measure the behavior of the probe motion 

to characterize the behavior of the material itself.  

By the time auto-correlation function of the dynamically scattered light intensity, the 

motion/dynamics of the probe particles can be measured. The probe particle can interact 

with the material itself which depends on the inherent mechanical properties of the 

material, or it can be displaced affinely with the material as the result of the deformation 

field in mechanical testing. 

In this thesis, we developed an advanced modification of dynamics light scattering (DLS), 

called multiple speckle diffusing wave spectroscopy (MSDWS), and intensively applied it 

to the characterization of fracture precursors. This advanced light scattering method is 

further discussed in detail in Chapter 2. 

1.4.4 Full scale measurement of the fracture behavior  

We summarize here the methods we showed in this section in Table 1.2. By the 

combination of different optical characterization methods during in-situ measurement, 
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different length/time scales can be covered, providing a full scale information of fracture 

behavior.  

 Detection Length (of the 

motion/structure) 

Field 

range 

Time 

Resolution 

DIC Sub-pixel displacement 

(~1 μm for full field mapping) 

Full 

field 

(~5 cm) 

Camera 

frequency (~100 

fps) 

Mechanophore 

by confocal 

microscopy 

Molecular response 

(~nm) 

1~5 

mm 

Scanning 

frequency 

(Up to 2 fps) 

Dynamic Light 

scattering 

Displacement of 1/𝑘 (𝑘 wave 

vector) 

(~50 nm) 

Full 

field 

(~5 cm) 

Camera 

frequency (~100 

fps) 

 

Table 1.2 Different optical characterization methods and corresponding time/space 

resolution.  

 

1.5 Motivations and objectives of this work  

We have introduced briefly different energy dissipation mechanisms during the fracture 

of elastomer materials. Due to the high level of deformation and rich structural 

heterogeneity of elastomers in service, energy dissipation mechanisms can occur over 

multiple time- and space- scales and are specific for each material. When the 

characteristic length of the different mechanisms overlaps with each other, existing 

models are not sufficient to describe and predict the fracture behavior. More importantly, 

most of the publications focus on the (steady) propagation stage where steady-state is 

already reached, but much less on how the propagation nucleates. A major challenge for 

the experimental investigation is that fracture is normally a catastrophic and dynamic 

process, where the macroscopic change (the propagation of a crack) occurs rapidly (~ 1 
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s). Fatigue testing of notched samples under a moderate but cyclic load is an alternative 

approach to study dynamic microscopic change by observing the accumulated change in 

structure over cyclic loading.52-53 Post-mortem measurements on broken samples to 

observe the structure and morphology on the crack surface can provide some 

informations on the criteria needed for crack growth33, 54 but the transient information 

may be lost after the release of the tension and deformation. 

Essentially, the objective of the study of fracture is to detect clues to avoid the fracture 

from happening. However, when a steady propagation is reached, full rupture of the 

material is unstoppable in most cases. Remarkably, it has been recently reported that 

before the onset of macroscopic fracture by crack propagation at fixed deformation, some 

microscopic changes can be detected in advance.7-8 The existence of these fracture 

precursors indicates the possibility to anticipate the macroscopic crack propagation by 

in-situ crack chacterization. However, so far the study of fracture precursors has remained 

at the stage of post-processing the data, when fracture already took place. The main 

objective of this thesis is to apply advanced methods to directly characterize the 

precursors and onset of fracture in dynamic conditions in real time. We aim to predict the 

fracture before macroscopic changes occur and extend the warning time for fracture 

prevention.  

Achieving this goal requires methods with sufficient time- and space- resolution and the 

test geometry should be suitable to be combined with fracture testing. Thanks to the 

development of optical technologies and digital image processing, a variety of in-situ 

measurement methods are able to provide the quantitative characterization of transient 

microscopic behaviors. As described in Section 1.5, different methods can be applied for 

in-situ crack characterization to investigate dynamic fracture precursors. For example, 

the combination of confocal microscopy and mechanochemistry can provide a time-

resolved 3D mapping of molecular bond scission that can be taken as a damage variable. 

The fraction of broken crosslinker in the polymer network can be obtained after a careful 

calibration.33 For the measurement of the spatially resolved deformation field, digital 

image correlation has been largely developed where displacement can be quantitatively 

measured with sub-pixel resolution in in the right conditions.40 In this thesis, we 

intensively used multiple speckle diffusing wave spectroscopy (MSDWS) to measure the 

subtle changes in strain rate to visualize transient responses before and during fracture. 
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MSDWS is an advanced modification of conventional dynamic light scattering (DLS) 

where the decorrelation of multiply scattered light intensity can be used to quantify 

nanometric displacement of the probe in the material. The method has been reported 

previously to detect microscopic behavior before macroscopic transition7-8 but here we 

further develop the applicability of this novel method to take the full use of its excellent 

resolution and apply it to more practical and complex conditions. 

By the combined application of MSDWS, confocal microscopy DIC, and finite element 

simulation, we make a first attempt to complete the full picture of transient behaviors 

before and during dynamic fracture for two sets of model materials: a commercially 

available nano-filled polydimethylsiloxane (Sylgard 184) and a series of model multiple 

network poly (ethyl acrylate) elastomers developed in our laboratory that display 

significant toughening and very different crack propagation patterns. These transient 

behaviors can be applied to predict and prevent crack propagation in practical conditions. 

As an experiment-focused study, we hope that our observations will also trigger 

theoretical study of fracture mechanics and provide some insight for the design of 

material with better fracture resistance. 

Finally, a remark to the reader. The manuscript has been organized as a set of papers and 

each chapter contains its own state of the art and bibliographic information. Furthermore, 

I participated in several scientific collaborations during my PhD and some of these 

collaborations led to publications where I am included as a coauthor. For the sake of 

coherence this work is not included in the main manuscript but can be found as published 

papers at the end. 
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24. Schäfer, S.; Kickelbick, G., Double Reversible Networks: Improvement of Self-
Healing in Hybrid Materials via Combination of Diels–Alder Cross-Linking and Hydrogen 
Bonds. Macromolecules 2018, 51 (15), 6099-6110. 
25. Long, R.; Mayumi, K.; Creton, C.; Narita, T.; Hui, C.-Y., Time dependent behavior of a 
dual cross-link self-healing gel: Theory and experiments. Macromolecules 2014, 47 (20), 
7243-7250. 
26. Long, R.; Mayumi, K.; Creton, C.; Narita, T.; Hui, C.-Y., Rheology of a dual crosslink 
self-healing gel: Theory and measurement using parallel-plate torsional rheometry. 
Journal of Rheology 2015, 59 (3), 643-665. 
27. Creton, C.; Ciccotti, M., Fracture and adhesion of soft materials: a review. Reports 
on Progress in Physics 2016, 79 (4), 046601. 
28. Griffith, A. A., VI. The phenomena of rupture and flow in solids. Philosophical 
transactions of the royal society of london. Series A, containing papers of a mathematical or 
physical character 1921, 221 (582-593), 163-198. 
29. Irwin, G.; de Wit, R., A summary of fracture mechanics concepts. Journal of Testing 
and Evaluation 1983, 11 (1), 56-65. 
30. Irwin, G., Linear fracture mechanics, fracture transition, and fracture control. 
Engineering fracture mechanics 1968, 1 (2), 241-257. 
31. Akagi, Y.; Sakurai, H.; Gong, J. P.; Chung, U.-i.; Sakai, T., Fracture energy of polymer 
gels with controlled network structures. The Journal of chemical physics 2013, 139 (14), 
144905. 
32. Wang, S.; Panyukov, S.; Rubinstein, M.; Craig, S. L., Quantitative Adjustment to the 
Molecular Energy Parameter in the Lake–Thomas Theory of Polymer Fracture Energy. 
Macromolecules 2019, 52 (7), 2772-2777. 
33. Slootman, J.; Waltz, V.; Yeh, C. J.; Baumann, C.; Göstl, R.; Comtet, J.; Creton, C., 
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Abstract 

Multiple speckle diffusing wave spectroscopy (MSDWS) can be applied to measure 

spatially heterogeneous mechanical behavior in soft solids, with high sensitivity to 

deformation and both spatial and temporal resolution. In this paper, we discuss the 

mathematical approach behind the quantification of the deformation rate from MSDWS 

data and provide guidelines for optimizing the selection of experimental parameters in 

measurements. After validating the method in extensional tests on an elastomer, we 

provide an example of the potentiality of MSDWS by measuring the spatial distribution of 

the deformation rate during shear debonding of adhesive tapes. We quantitatively 

characterize the deformation rate heterogeneity related to shearing and peeling under 

loading and show that an increase in deformation localization is detected hundreds of 

seconds before full debonding. This behavior, previously predicted by theory and 

simulation, is here demonstrated experimentally for the first time. 

2.1 Introduction 

The mechanical response of soft materials under external loading provides valuable 
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information about the structural composition and the application properties under 

dynamic conditions, especially for soft materials with high deformability and 

viscoelasticity. In common tests on soft solids, such as shear rheology and uniaxial 

stretching, one assumes that the material properties are spatially homogeneous, so that 

the remote stress under deformation (or macroscopic strain under creep stress) 

completely defines the mechanical response.1-2 However, it is commonly reported, 

especially at large deformations3-4 or with  the existence of flaws,5-7 that the material 

properties and in particular their mechanical response can be spatially heterogeneous 

and deviate from that inferred from simple models assuming homogeneity.  

Although measurement of macroscopic mechanical response can also unveil local failure8-

10 and structural transitions,11-12 the most direct and reliable way to investigate such 

phenomena is the full-field measurement on the whole sample, with both temporal and 

spatial resolution. Several imaging methods such as digital image correlation (DIC),13 

birefringence imaging,14-15 and mechanophore fluorescence mapping16-17 can provide 

spatially-resolved information on the mechanical response. Among these methods, DIC 

measures the spatially-resolved deformation field and is commonly used for mechanical 

measurement in soft materials, since it can be easily combined with ordinary testing 

systems.18-19 DIC quantifies the displacement of region of interests (ROIs) of the sample 

by comparing two images of the sample surface.  To optimize the DIC algorithm, the 

surface should be spray-painted with a highly contrasted, speckled pattern. However, the 

observations of spray-painted samples bring several limitations: (1) DIC is essentially a 

surface measurement, where the bulk deformation cannot be detected. In fact, any 

contribution due to the bulk needs to be minimized, to avoid interfering with the surface 

imaging. Furthermore, (2) spray painting may be difficult or even impossible for some 

materials, such as hydrogels with a high water content.5 Sprayed speckles can also lose 

their original shape at large strains and detach from the sample surface, making the 

correlation of images difficult.20 Finally, (3) although DIC provides in general excellent 

spatial resolution and high sensitivity to displacement, both spatial resolution and 

sensitivity are limited by the characteristic size of the speckled pattern, which can be 

difficult to reduce, e.g. as needed when working with small sample surfaces. 

Multiple speckle diffusing wave spectroscopy (MSDWS) uses a similar way to measure 

mesoscopic deformation. In contrast to usual DIC, however, no spray painting is needed: 
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speckles are generated from multiply scattered light upon illuminating a turbid sample 

with coherent laser light.20-22 The intensity correlation of speckled patterns is extremely 

sensitive to the displacement of the scatterers, down to the scale of nanometers.20 

Accordingly, MSDWS has been applied to dynamics characterization in soft,23-24, 

granular22 and polymeric20-21 25  materials taking advantage of its excellent time 

resolution and displacement sensitivity. In this work, we apply MSDWS to quantitatively 

measure the spatially heterogeneous deformation of soft solids.  The main purpose of this 

work is to explore under what conditions MSDWS may be applied and explain the 

requirements and limitations related to the method, making it more accessible to other 

users.  

The rest of the paper is organized as follows. In section 2.2, we introduce the general 

background of the optics, including dynamic light scattering (DLS), diffusing wave 

spectroscopy (DWS), multiple speckle diffusing wave spectroscopy (MSDWS) and its 

application to the measurement of heterogeneous deformation. Focusing on the case of 

soft solids, we show how to simplify the mathematical processing to directly obtain 

mechanical parameters from in-situ imaging, addressing practical issues commonly 

associated to this kind of measurements. In section 2.3, we introduce the set-up and the 

preparation of the material. In section 2.4, we first describe uniaxial extension tests on an 

elastomer that demonstrate and validate the method. Then in section 2.5 we apply the 

method described in this work to obtain spatial maps of the deformation rate during 

debonding of an adhesive double-sided tape, a quantity that was experimentally not 

accessible in previous works on adhesion.  
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2.2 Optical theory 

2.2.1 Dynamics Light scattering 

When light propagates through heterogeneous media, the propagation will deviate from 

the original direction due to fluctuations of the refractive index. Microscopically, we 

consider a particle illuminated by the incident coherent light with wavelength 𝜆. When 

the particle size is close to or smaller than 𝜆, the energy transfer during the scattering is 

small compared to incident energy. When the scattering particles are moving around an 

equilibrium location (e.g. Brownian motion), the motion of the particles will be reflected 

in the fluctuation of the scattered light intensity. In this way, the motion and the particle 

information can be obtained from dynamic light scattering (DLS). 

.2.2.1.1 Scattering of multiple particles 

The technique of dynamic light scattering is based on the electromagnetic nature of light. 

In the case of a collimated coherent beam of the same wavelength (laser), the phase 

difference in different scattering events can be extracted from intensity correlation.  

First, we consider two particles with coordinate vectors  rଵሬሬሬ⃗  and rଶሬሬሬ⃗ , as seen in Fig. 2.1(a). 

When parallel incident laser light propagates into the system, two beams of light with 

light vector Eሬሬ⃗ ଴ are scattered by the two particles respectively, and the light intensity: 

 𝐼଴ = ห𝐸ሬ⃗ ଴ห
ଶ

  2.1 

Experimentally, we observe the light intensity from a direction with a scattering angle of 

𝜃 from incident direction and from a distance r. Note that r is much larger than (𝑟ଵሬሬሬ⃗ − 𝑟ଶሬሬሬ⃗ ), 

since (𝑟ଵሬሬሬ⃗ − 𝑟ଶሬሬሬ⃗ ) typically has the length scale of the microscopic structure. The scattering 

vector 𝒒ሬሬ⃗   can be defined, with direction of the difference between the vectors of the 

incident and scattered light (as seen in Fig. 2.1(b)26) and having a length of: 

 |𝒒ሬሬ⃗ | =
ସగ

ఒ
𝑠𝑖𝑛 𝜃  2.2 

 



Chapter 2Multispeckle diffusing wave spectroscopy as a tool to study heterogeneous mechanical behavior in soft solids 

37 

 

 

Fig. 2.1 (a) Scattering of light by two particles. (b) Schematic drawing of scattering vector 𝑞⃗. 

The vectors of scattered lights are: 

 𝑬ሬሬ⃗ 𝟏 ∝
ଵ

௥
𝑬ሬሬ⃗ ଴𝑒௜𝒒ሬሬ⃗ 𝒓𝟏ሬሬሬሬ⃗    2.3 

 𝑬ሬሬ⃗ 𝟐 ∝
ଵ

௥
𝑬ሬሬ⃗ 𝟎𝑒௜𝒒ሬሬ⃗ 𝒓𝟐ሬሬሬሬ⃗   2.4 

In this case, the total intensity of scattered light in the direction is: 

  𝐼௦,௧௢௧௔௟ = ห𝑬ሬሬ⃗ ଵ + 𝑬ሬሬ⃗ 𝟐ห
ଶ

∝
ଶூబ

௥మ ൫1 + 𝑒௜𝒒ሬሬ⃗ (𝒓𝟏ሬሬሬሬ⃗ ି𝒓𝟐ሬሬሬሬ⃗ )൯ 2.5 

As a result, when the relative location of the two particles changes, the intensity will also 

change correspondingly. 

Now we consider that the laser beam is scattered by a system with multiple particles with 

coordinate 𝐫𝟏ሬሬሬ⃗  , 𝐫𝟐ሬሬሬ⃗  , 𝐫𝟑ሬሬሬ⃗  … . When the number of scattering particles, 𝑁 , is sufficiently low, 

most of the light will go through the system without getting scattered, while we can 

consider that the number of scattering events is proportional to 𝑁. Similarly, we will have 

the total intensity along the same observation direction: 

 𝐼௦,௧௢௧௔௟ = ห∑ 𝑬ሬሬ⃗ ௜
ே
௜ ห

ଶ
∝

ூబ

௥మ ൫𝑁 + ∑ 𝑒௜𝒒ሬሬ⃗ ൫𝒓ଙሬሬሬ⃗ ି𝒓ଚሬሬሬ⃗ ൯ே
௜ஷ௝ ൯  2.6 

The term 𝒓ଙሬሬሬ⃗ − 𝒓ଚሬሬሬ⃗  actually gives the phase difference after scattering by particles 𝑖 and 𝑗.  

.2.2.1.2 Autocorrelation functions of scattered light 

For a system in which particles are moving randomly (motion dynamics depending on the 

surrounding condition from the system), the measured scattered light intensity will 
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fluctuate over time. Scattered light intensity exhibiting fluctuations is schematically 

shown as a function of time in Fig. 2.2 (a).  

 

 

Fig. 2.2 (a) Scattered light intensity as a function of time. (b) Correlation between 𝐼(𝑡) and 

𝐼(𝑡 + 𝜏). 

The characteristic times of the fluctuations are directly related to those of the particle 

dynamics. In order to determine them, the time-averaged normalized intensity 

autocorrelation function 𝑔ଶ is calculated as a function of the correlation time τ:  

 𝑔ଶ(𝜏) =
〈ூ(௧)∙ூ(௧ାఛ)〉೟

〈ூ(௧)〉೟
మ   2.7 

Here 〈… 〉௧  indicates time averaging. From Fig. 2.2(b), when τ = 0 , the correlation 

between the original curve and itself will give the maximum correlation of 1. While with 

increasing  τ, correlation will be progressively lost, thus 𝑔ଶ(𝜏) is a decreasing function. To 

simplify modeling, the field autocorrelation function 𝑔ଵ  is commonly applied, which 

indicates the correlation of electric field strength (sometimes 𝑔ா): 

 𝑔ଵ(𝜏) =
⟨ா(௧)∗ா(௧ାఛ)⟩೟

⟨|ா(௧)|⟩೟
మ   2.8 

gଶ(τ) is converted into gଵ(τ) with the Siegert relation:  

 𝑔ଶ(𝜏) = 1 + 𝑔ଵ
ଶ(𝜏)  2.9 

The motion of the particles is normally described by the mean-square displacement 

(MSD): 
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 〈∆𝑟ଶ(𝜏)〉=〈|𝑟⃗(𝑡) −  𝑟(𝑡 + 𝜏)|ଶ〉௧ 2.10 

One has the relationship with gଵ(τ): 27 

 𝑔ଵ(𝜏) = 𝑔ଵ(0) ∙ 𝑒𝑥𝑝 ቂ
ି௤మ〈∆௥మ(ఛ)〉

଺
ቃ  2.11 

.2.2.1.3 Characterization of Brownian motion and particle size 

Brownian motion was first discovered by Robert Brown in 1827 when he observed pollen 

immersed in water with microscope. The behavior was later discussed by Albert Einstein 

who concluded that the fluctuation of a big particle is due the collision between the 

molecules in the liquid, as seen in Fig. 2.3.  

 

Fig. 2.3 Brownian motion of a particles in the liquid. 

The Brownian motion can be described by the Einstein diffusion equation: 

 
డఘ

డ௧
= 𝐷

డమఘ

డ௫మ  2.12 

Where ρ is the transition probability of the particle, and 𝐷 is diffusion coefficient, given 

by: 

 𝐷 =
௞்

଺గఎோ೓
  2.13 

η  is the viscosity of the liquid and 𝑅௛  is the hydrodynamic radius. The relationship 
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between MSD and diffusion coefficient is: 

 〈∆𝑟ଶ(𝜏)〉 = 6𝐷𝜏  2.14 

From Eq. 2.11, 〈∆rଶ(τ)〉 can be obtained from the intensity autocorrelation function by 

DLS so that 𝐷 can be calculated. from Eq. 2.13, if the temperature and the viscosity, are 

known, the particle size can be determined, which is one of the most important standard 

applications of DLS. 

2.2.2 Diffusing wave spectroscopy 

For DLS, ideally the light only gets scattered once before being detected. The detectable 

〈∆rଶ(τ)〉 is of the order of 𝑞ିଶ, and the measured dynamics will strongly depend on the 

detection direction (𝒒ሬሬ⃗ ). The DLS analysis that we discussed in the previous section only 

considers single scattering. 

Diffusing wave spectroscopy (DWS) is a modification of DLS, where multiply scattered 

light is collected for the calculation of the autocorrelation function (Fig. 2.4).28-29 The 

autocorrelation function is obtained after time averaging, and the displacements of each 

particle are accumulated to the total displacement. In this case, the detectable 〈∆𝑟ଶ(τ)〉 

for DWS is much smaller than that of DLS, and the result is not 𝑞 dependent. For DLS, 

there have been strategies to remove the multiply scattered part. In contrast, for DWS, 

normally the polarized part is removed from the scattered light since multiple scattering 

will erase all the polarization. Experimentally, a polarizer is placed before detection and 

adjusted to reach the minimal scattered light intensity.  
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Fig. 2.4 Multiple scattering in DWS. 

If Eq. 2.11 is to be extended to multiple scattering, the phase difference between scattered 

light will be accumulated in each individual scattering event. First, we introduce the mean 

free path 𝑙 , which is the average distance between two scattering events. In dilute 

suspension, 𝑙 can be expressed as: 

 𝑙 =
ଵ

ఘ೛ఙ
  2.15 

ρ୮ is the number density of the particles and σ is scattering cross-section. 

The transport mean free path 𝑙∗ is defined as the minimal path length required for light 

propagation to achieve a random direction: 

 𝑙∗ =
௟

〈ଵି௖௢௦ 〉
  2.16 

𝜃 is the scattering angle of each scattering event. For small particles (𝑅௛ ≪ λ), scattering 

follows Rayleigh scattering, the light propagation after a single scattering event is already 

random, so we have 𝑙 = 𝑙∗ . For larger particles whose size is comparable to the 

wavelength, 𝑙∗ can be experimentally measured. 𝑙∗ gives actually the limit of the spatial 

resolution of DWS, typically of the order of 100 μm. For the autocorrelation function of 

DWS, we define φ as the phase shift from the incident light, so that the scattered light 

vector can be expressed as: 
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 𝑬ሬሬ⃗ ∝
ଵ

௥
ห𝑬ሬሬ⃗ 𝟎ห𝑒௜ఝ(௧)  2.17 

where Eሬሬ⃗ ଴ is the incident light vector. The phase shift  φ in a path of multiple scattering 

(scattering events: 1, 2, …, 𝑁) can be expressed as: 

 𝜑(𝑡) = ∑ 𝑘ሬ⃗ ௜(𝑡)[𝑟⃗௜ାଵ(𝑡) −  𝑟⃗௜(𝑡)]ே
௜ୀ଴   2.18 

Similarly to Eq. 2.8, the time averaged 𝑔ଵ(τ) in multiple scattering is given by:  

 𝑔ଵ(𝜏) =
⟨ா(௧)∗ா(௧ାఛ)⟩೟

⟨|ா(௧)|⟩೟
మ = ∑

〈ூ೛〉೟

〈ூ೟೚೟ೌ೗〉೟
〈𝑒௜(ఝ(௧)ିఝ(௧ାఛ)〉௧ = ∑

〈ூ೛〉೟

〈ூ೟೚೟ೌ೗〉೟
〈𝑒ି௜∆ఝ(ఛ)〉௧௣௣  2.19 

For the path with a big scattering number, ∆φ(t) should be a random Gaussian variable. 

Therefore, we have,  

 〈𝑒ି௜∆ఝ(ఛ)〉௧ = 𝑒
ష〈∆ക(ഓ)మ〉೟

మ   2.20 

Using Eq. 2.18: 

∆𝜑(𝑡) = 𝜑(𝑡) − 𝜑(𝑡 + 𝜏)                                                                                                       

                          = ∑ 𝑘ሬ⃗ ௜(𝑡)[𝑟௜ାଵ(𝑡) −  𝑟⃗௜(𝑡)] − ∑ 𝑘ሬ⃗ ௜(𝑡 + 𝜏)[𝑟⃗௜ାଵ(𝑡 + 𝜏) −  𝑟⃗௜(𝑡 + 𝜏)]ே
௜ୀ଴

ே
௜ୀ଴  

  2.21 

Recalling the scattering vector (Eq. 2.2), we define here: 

 𝑞⃗௜(𝑡) = 𝑘ሬ⃗ ௜(𝑡) − 𝑘ሬ⃗ ௜ିଵ(𝑡)  

 ∆𝑘ሬ⃗ ௜(𝜏) = 𝑘ሬ⃗ ௜(𝑡 + 𝜏) − 𝑘ሬ⃗ ௜(𝑡)  

 ∆𝑟௜(𝜏) = 𝑟⃗௜(𝑡 + 𝜏) − 𝑟⃗௜(𝑡) 2.22 

∆r⃗୧(τ) is displacement vector. Then ∆φ(t) becomes: 

 ∆𝜑(𝜏) = ∑ 𝑞⃗௜(𝑡)∆𝑟௜(𝜏)ே
௜ୀଵ + ∑ ∆𝑘ሬ⃗ ௜(𝜏)ே

௜ୀ଴ [𝑟௜ାଵ(𝑡) − 𝑟⃗௜(𝑡)]  2.23 

In this section, we consider that the change of position over time is random. The deviation 

of the particle is much smaller compared to the average distance between particles, so 

that ∆kన
ሬሬሬ⃗ (τ) can be regarded as orthogonal to the position difference vector r⃗୧ାଵ(t) − r⃗୧(t) 
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so thathe second term of Eq 2.23 can be neglected. Therefore: 

 ∆𝜑(𝜏) = ∑ 𝑞⃗௜(𝑡)∆𝑟௜(𝜏)ே
௜ୀଵ   2.24 

And, 

 ∆𝜑(𝜏)ଶ = ∑ 〈[𝑞పሬሬሬ⃗ (𝑡)∆𝑟௜(𝜏)]ଶ〉ே
௜ୀଵ        

= 𝑁〈𝑞⃗௜(𝑡)ଶ〉〈∆𝑟௜(𝜏)ଶ〉〈𝑐𝑜𝑠ଶ𝛾〉 

                                                             =
ே

ଷ
〈𝑞⃗(𝑡)ଶ〉〈∆𝑟(𝜏)ଶ〉  2.25 

Where γ is the angle between qሬ⃗ ୧(t) and ∆r⃗୧(τ). Using Eq. 2.2 and 2.16, we have 

 〈𝑞⃗(𝑡)ଶ〉 = 〈
ସగ

ఒ
𝑠𝑖𝑛 ቀ

థ

ଶ
ቁ〉 = 2𝑘ଶ〈1 − 𝑐𝑜𝑠𝜃〉=2𝑘ଶ ௟

௟∗
   2.26 

So that the first-order autocorrelation function can be expressed as: 

 𝑔ଵ(𝜏) = ∑
〈ூ೛〉೟

〈ூ೟೚೟ೌ೗〉೟
𝑒𝑥𝑝 (

ଶ௞మ

ଷ

ே௟

௟∗
〈∆𝑟(𝜏)ଶ〉)௣   2.27 

𝑁𝑙  gives the total path length of the propagation, here we define 𝑠 = 𝑁𝑙 . 
〈୍౦〉౪

〈୍౪౥౪౗ౢ〉౪
  can be 

regarded as the fractional intensity of each path, which is only dependent on s, so that it 

can be expressed by 𝑃(𝑠). Finally, gଵ(τ) is a function of s and 〈∆r⃗(τ)ଶ〉: 

 𝑔ଵ(𝜏) = ∑ 𝑃(𝑠)𝑒𝑥𝑝 (
ଶ௞మ

ଷ

௦

௟∗
〈∆𝑟⃗(𝜏)ଶ〉)௦   2.28 

The 𝑠 dependence of 𝑔ଵ(τ) differs with different experimental geometries and materials. 

 

2.2.3 Multispeckle diffusing wave spectroscopy  

.2.2.3.1 Multiple speckle imaging 

Speckle is generated when photons travel in random paths and the random dephasing 

produces a statistical distribution of light intensity.30 In conventional DLS and DWS, the 

intensity is collected by a single point detector as a function of time, which is a single 

speckle spot. The autocorrelation function is calculated after time averaging over a 

reasonable duration for an ergodic system at equilibrium with short characteristic 
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decorrelation times. The collection period can be divided into segments, so that a time 

resolved measurement can be achieved within the resolution of each segment time.31 

There are various situations where the time averaging does not provide accurate 

measurements. When the dynamics are very slow, the duration of a measurement 

becomes longer than the patience of the experimentalists. When the system is out of 

equilibrium, including under non-stationary mechanical/rheological solicitations, the 

dynamics continue to evolve during a measurement. It is still possible to perform time 

resolved measurements if the decorrelation times are sufficiently faster than their 

evolution. And more importantly, when the system is non-ergodic, dynamics depend on 

the position of the speckle, and the ensemble averaging is not equal to the time averaging. 

Gels are typical non-ergodic examples. Crosslinked polymer chains or probe particles 

embedded in the network do not explore all the possible configurations of the scattered 

light as their position is restricted.  

The ensemble averaged autocorrelation function can be obtained by using images 

containing multiple speckles,31-32 where a camera instead of a single point detector is 

used to measure the scattered intensity from different positions. By dividing 2D images 

into region of interests (ROI) and processing results in ROIs separately, spatially resolved 

autocorrelation functions can be calculated without time averaging. For relatively 

transparent media where single scattering dominates, multiple speckle dynamics light 

scattering is commonly called photon correlation imaging (PCI). For turbid media, the 

technique is called multispeckle diffusing wave spectroscopy (MSDWS), which is the main 

method of this thesis. 

.2.2.3.2 MSDWS and time/space resolution 

For DWS, since the results is 𝑞  independent, it is convenient to apply the CCD camera 

instead to acquire intensity scattered from different locations in the system. The acquired 

data in one image can be enormous with the high resolution of the camera (typically in 

the scale of 1000× 1000 pixels). In this case, the limitation of the spatial resolution is 

actually the speckle size. Speckles are the results of interferences of many waves with the 

same wavelength, which can be observed when a rough surface is illuminated by a laser.21 

For DWS applications, the speckle size is typically 10 μm, which is adjustable by optical 

parameters. With multi-speckle diffusing wave spectroscopy (MSDWS), it is possible to 
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achieve a high level of time and spatial resolution at the same time. Depending on the set-

up geometry, MSDWS can be divided into backscattered MSDWS and transmitted MSDWS, 

as seen in Fig. 2.5.  

 

 

 

Fig. 2.5 MSDWS set-up configuration. (a) Backscattering. (b) Transmission. 

In MSDWS, instead of a time average (widely applied for DLS measurement), an ensemble 

average in space is performed in a region of interest (ROI) containing multiple speckles 

(Fig. 2.6):21, 33 

 C(𝒓ሬ⃗ , 𝑡, 𝜏) =
〈ூ೛(௧)ூ೛(௧ାఛ)〉𝒓ሬ⃗

〈ூ೛(௧)〉𝒓ሬ⃗ 〈ூ೛(௧ାఛ)〉𝒓ሬ⃗
− 1 2.29 

In equation 2.29, 𝑡 is the experimental time and 𝜏 is the time interval for the correlation 

calculation. Images are divided into small regions of interest, so that spatially resolved 

dynamics can be obtained. 𝐼௣  is the intensity of the p-th pixel, and 〈… 〉𝒓ሬ⃗   provides the 

ensemble average over a small region with center position 𝒓ሬ⃗ . C(𝒓ሬ⃗ , 𝑡, 𝜏) at a fixed time 𝑡଴ 

and position 𝒓ሬ⃗ ଴ is the univariate function of 𝜏, C(𝜏)𝒓ሬ⃗ బ,௧బ
, whose decorrelation kinetics as 

the function of 𝜏 presents the 𝑡 dependent local behavior. 
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Fig. 2.6 Schematic diagram of spatial ensemble average in MSDWS to achieve time and space 

resolution simultaneously. Here ROIs are selected to be 9 pixels for simple demonstration. 

Actual pixels number required to have reliable space resolved results is much higher than 

that.  

For pixels inside one same speckle, the intensity is almost identical. For the choice of the 

size of the ROI, the trade-off between spatial resolution and noise level needs to be 

considered. Autocorrelation functions in ROI with different sizes during a static 

measurement on a PDMS elastomer are shown in Fig. 2.7. It can be seen that with an ROI 

of 20 pixel×20 pixel, the data quality is less noisy. With speckle size around a few pixels, 

ROI size with 10 to 20 pixels is normally used. 

 

Fig. 2.7 Autocorrelation function 𝐶ூ  (= 𝑔ଶ − 1) by ROI with different size. (a) 15 pixel×15 
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pixel (b) 20 pixel×20 pixel. 

.2.2.3.3 Testing geometry and autocorrelation function 

In this work, we focus on MSDWS in the backscattering geometry.33 The experimental set-

up is schematically shown in Fig. 2.8(a). An expanded laser beam homogeneously 

illuminates the surface of a sample which contains a sufficient amount of scatterers. The 

backscattered light is collected by a high-speed camera, which makes an image of the 

sample surface. Due to the coherence of the laser light, the images have a speckled 

appearance (inset of Fig. 2.8(a)). The speckles result from the interference between 

photons that have penetrated in the sample and have been scattered due to local 

fluctuations of the material refractive index. These fluctuations may arise from 

concentration or composition fluctuations of the raw material, or may be due to the 

addition of probe particles with a refractive index different from that of the material. For 

the turbid samples that we shall consider here, the majority of the backscattered light is 

due to multiple scattering. Multiple scattering is characterized by the transport mean free 

path 𝑙∗, the length scale over which a photon is scattered a sufficiently number of times 

for its propagation direction to be randomized.33 𝑙∗ typically ranges from a few µm up to 

hundreds of µm.  Although the camera images the sample surface, the speckle pattern 

depend on the path of the photons in the bulk of the sample, such that the method is 

sensitive to deformations occurring in a sample layer of thickness up to about 8𝑙∗.34-35 

This makes the method suitable for mapping the in-plane deformation. For a deformation 

field with a gradient along the depth direction, the measurement and quantification 

require careful discussion and approximation, and will not be discussed here.  
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Fig. 2.8(a) Schematic of MSDWS measurement in backscattering geometry. (b) 

Autocorrelation functions for system with different dynamics. 

When the scatterers are in motion due to thermal energy or owing to an external drive, 

the intensity of the scattered light fluctuates with time, at a rate related to the rate at 

which scatterers are displaced. At a fixed time 𝑡଴ and position 𝒓ሬ⃗ ଴, C(𝒓ሬ⃗ , 𝑡, 𝜏) is a function of 

the time delay  only, C(𝜏)𝒓ሬ⃗ బ,௧బ
 , whose decay time quantifies the  𝑡 -dependent local 

dynamics (denoted by C(𝜏) in the following text for simplicity). A convenient functional 

form that describes well C(𝜏) under many experimental conditions is:20, 36 

  C(𝜏)  = 𝐴𝑒𝑥𝑝 ቆ−2𝜖ටቀ
ఛ

ఛబ
ቁ

௣

+ 𝑎ቇ + 𝐵 2.30 

𝜖 depends on the polarization of the incident and detected light, a typical value being 𝜖 

=1.8 when no polarizer is used before detection.20 𝑎 = 3𝑙∗/𝑙௔ depends on the ratio of the 

transport mean free path 𝑙∗ and the absorption length 𝑙௔ (usually, 𝑎 ≪ 1), which needs to 

be experimentally determined. 𝜏଴  is the characteristic time of decorrelation, 

corresponding to the time scale over which C(𝜏)  decreases to around 𝑒𝑥𝑝 (−2𝜖)  after 

normalization, and the scatterers are displaced over a distance of the order of 1/k 

(typically, around 50 nm). 𝑘 is the wave vector of the laser light (𝑘 = 2𝑛𝜋/𝜆, with n the 

refraction index and λ the in-vacuo laser wavelength). B is the baseline of the correlation 

function: ideally, B=0, but measurement noise and other artifacts often result in a non-
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zero baseline37. In practice, B is determined from the long-time behavior of 𝐶(𝜏)  and 

subtracted off the experimental curve.  A is a normalization factor set by imposing C(𝜏) −

𝐵 → 1  for τ → 0 . Eq 2.30 generalizes the usual form of the correlation function in the 

backscattering geometry26, with ቀ
ఛ

ఛబ
ቁ

௣

=  𝑘ଶ〈∆𝑟ଶ(𝜏)〉 , with 〈∆𝑟ଶ(𝜏)〉  the mean square 

displacement of the scatterers. Note that by construction Eq 2.30 cannot capture complex 

dynamics, e.g. stemming from the coexistence of two distinct dynamical processes 

occurring on different time scales. Nonetheless, Eq. 2.30 is sufficiently flexible to 

reproduce a variety of microscopic motions of interest, from Brownian motion 

(corresponding to p = 1) to the ballistic motion resulting from an applied deformation at 

constant rate (p = 2). Given the functional form of C(𝜏), 𝜏଴ is also the time scale where the 

autocorrelation function is most sensitive to a change in the probed dynamics. 

Accordingly, 𝜏଴  is commonly used for quantifying and comparing different dynamical 

processes.4, 38-39 Examples of autocorrelation functions are shown in Fig. 2.8(b), which 

illustrates that slower dynamics corresponds to a slower decay rate of C and hence a 

larger 𝜏଴ value.  

.2.2.3.4 Dynamical processes probed by MSDWS 

Coexisting dynamic processes yielding multiple modes of decorrelation are commonly 

reported in DWS measurements40-42.  Understanding these dynamics is the key challenge 

posed by the method. The measured dynamics is often attributed to a single relaxation 

mechanism, since it is very difficult to reproduce and analyze the form of the 

autocorrelation function in the general case. However, this requires a careful examination 

and choice of the system and experimental parameters. Here we briefly review the most 

common contributions to the dynamics of soft solids and discuss the coupling between 

them. In particular, we show that in a wide range of practical mechanical testing 

conditions, MSDWS results can be safely analyzed by considering only the contribution 

due to the affine deformation field, which greatly simplifies the processing. 

One source of dynamics for scatterers in a soft solid is thermally activated motion. Let us 

first consider the case of a soft solid whose turbidity is high enough for MSDWS to be 

viable with no addition of probe particles. Thermal energy results in (overdamped) 

fluctuations of the structure around its equilibrium position (think, e.g., of the 

fluctuations of strands in a colloidal gel or of network vibrations in elastomers). The 



Chapter 2Multispeckle diffusing wave spectroscopy as a tool to study heterogeneous mechanical behavior in soft solids 

50 

 

amplitude of these fluctuations depends on the elastic modulus of the material, and is 

typically on the order of several nm for stiff materials up to tens of µm for very weak 

colloidal gels43-44. Since multiple scattering is sensitive to motion down to the nm scale26, 

these fluctuations are potentially captured by the correlation function. However, their 

typical time scale is quite fast, typically 0.001 s or less41, 44-45. On longer time scales, 

fluctuations are limited by the sample structure,46-47 so that this fast decorrelation mode 

normally does not lead to a full decorrelation. Because MSDWS uses a relatively slow 

detector (typically, a CMOS camera run at a frame rate of about 1 kHz at most), thermal 

fluctuations do not have a measurable impact on C, because they occur out of the 

experimentally accessible time window. More specifically, they result in overall lower 

levels of the correlation function measured by MSDWS, independently of , which is 

corrected for by the normalization factor A in Eq. 2.30. The situation is similar for samples 

to which particle probes have been added to enhance scattering, as long as the particles 

are large enough to be effectively trapped in the sample structure (e.g. if they are larger 

than the mesh size for gels and elastomers), as is the case for microrheology43. 

An additional source of dynamics in soft solids is the slow evolution of the sample, also 

referred to as aging38, 48-49. Aging is due to the fact that many soft solids are out-of-

equilibrium systems, slowly evolving towards (but often never reaching in accessible time 

scales) the most thermodynamically stable configuration. In the last two decades, 

ultraslow relaxations associated with aging have been uncovered in a wide range of 

systems, from gels to dense, repulsive systems.50-52 These relaxation modes often lead to 

ballistic dynamics, which have been ascribed to the progressive release of internal stress 

stored when forming the sample53-54. Even when measured with techniques such as 

MDWS that are extremely sensitive to motion on small length scales, the decay time of 

these modes may be as large as hundreds or thousands of seconds4 and it further 

increases with sample age. As we shall see, the decay time associated with an imposed 

mechanical deformation is typically smaller, on the order of a few seconds at most. Thus, 

aging dynamics usually do not interfere with the dynamics measured while mechanically 

driving a soft solid. However, one should always check this point, by running a preliminary 

measurement on the sample at rest. Should the spontaneous dynamics be fast enough to 

potentially interfere with those measured under a mechanical drive, it is preferable to let 

the sample age until the spontaneous dynamics become slow enough. 
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A third source of dynamics, specific to soft solids under mechanical loading, stems from 

the deformation field induced by loading. Indeed, light scattering is sensitive to the 

relative motion of the scatterers. Since the deformation field is not uniform, scatterers are 

displaced by a position-dependent amount, which results in the decorrelation of the 

scattered light. The scatterers displacement contains in general an affine contribution (i.e. 

the displacement field expected for an ideal, homogeneous elastic body under the same 

loading conditions) and, possibly, non-affine contributions.55 We first discuss the affine 

contribution, assuming that non-affine dynamics may be neglected. Under these 

conditions, the autocorrelation function can be related to the strain field by:20, 36 

 C(𝜏) = 𝐴𝑒𝑥𝑝 ቆ−2𝜖ට3𝑘ଶ𝑙∗ଶ𝑓[𝑼(𝜏)] + 𝑎ቇ + 𝐵 2.31 

𝑼(𝜏)  is a rank-two tensor describing the strain field over the time interval 𝜏 , and 

𝑓[𝑼(𝜏)] = [𝑇𝑟(𝑼)𝟐 + 𝟐𝑇𝑟(𝑼𝟐)]/15 .20, 56-57 Assuming that 𝜏  is short enough for the 

deformation to occur at constant rate, 𝑼(𝜏) may be expressed as the product of the rate 

of deformation tensor 𝒅58-59 times the time interval: 

 𝑈௜௝(𝜏, 𝑡)  = 𝑑௜௝(𝑡)𝜏 2.32 

By replacing Eq. 2.32 in Eq. 2.31 and comparing with the general form, Eq. 2.30, one finds 

that for a deformation at a constant rate  

 3𝑘ଶ𝑙∗ଶ𝜏ଶ𝑓[𝒅] = ቀ
ఛ

ఛబ
ቁ

௣

 2.33 

This implies p = 2 (ballistic dynamics) and 

 𝜏଴ =
ଵ

௞௟∗ඥଷ௙[𝒅]
 . 2.34 

As an example of simple test geometries, we shall consider uniaxial extension and simple 

shear and discuss typical time scales for 𝜏଴ due to affine deformation.  

For uniaxial extension along the 𝑥 axis in a incompressible solid with true strain rate 𝜆்̇ 

one has:20 
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 𝒅 =

⎣
⎢
⎢
⎢
⎡
𝜆்̇ 0 0

0 −
ఒ̇೅

ଶ
0

0 0 −
ఒ̇೅

ଶ ⎦
⎥
⎥
⎥
⎤

  2.35 

For simple shear along the x direction at shear rate 𝛾̇:60-62  

 𝒅 = ൦

0
ఊ̇

ଶ
0

ఊ̇

ଶ
0 0

0 0 0

൪ 2.36 

Eq. 2.36 results from decomposing the shear rate tensor in the sum of two terms, 

corresponding to pure shear 𝒅 and pure rotation 𝒘, respectively.62 Recalling that MSDWS 

is only sensitive to the relative motion of the scatterers, one recognizes that the only term 

that contributes to the decay of the correlation function is the pure shear term, which 

corresponds to Eq. 2.36. Then, for uniaxial extension: 

 𝜏଴,௨௘ = ට
ହ

ଷ

ଵ

௞௟∗ఒ̇೅
 2.37 

And for simple shear: 

 𝜏଴,௦௦ = √5
ଵ

௞௟∗ఊ̇
 2.38 

Above discussion shows that the MSDWS relaxation time in the backscattering geometry 

for a sample undergoing a macroscopic deformation depends on 𝑙∗, unlike the case of the 

spontaneous dynamics of a system at rest63. Indeed, in multiple scattering experiments 𝑙∗ 

sets the scale over which the deformation is measured.39 Note that even though the 

sample is moving as the measurement, the averaging window (ROI) is much larger than 

the displacement in the time scale of the full decorrelation of the autocorrelation function. 

The dynamics from the displacement itself will be discussed later. 

As mentioned above, the minimum time delay accessible to MSDWS is about 1 ms. This 

sets a limit on the highest measurable deformation rate, since the relaxation time of the 

correlation function must be at list a few times the smallest . Using typical parameter 

values 𝑙∗ = 100 µm, n=1.5, 𝜆 = 532 nm, 𝜏଴,୫୧୬ = 5 ms, one obtains the following estimates:  
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 𝜆்̇,௠௔௫ ≈
଻.ଷ×ଵ଴షర

ఛబ,ೠ೐ ೘೔೙
≈ 0.14 s-1 2.39a 

 𝛾̇௠௔௫ ≈
ଵ.ଶ଺×ଵ଴షయ

ఛబ,ೞೞ ೘೔೙
 ≈  0.25 s-1 2.39b 

To access higher deformation rates, one may reduce 𝑙∗  by adding or increasing the 

concentration of tracer particle, by choosing tracer particles with a higher refractive index 

contrast with the sample, or by optimizing the size of the tracer particles, since 𝑙∗ has a 

non-monotonic behavior with particle size63. Note that using a faster camera to decrease 

the minimum measurable relaxation time 𝜏଴,௠௜௡ may not be a useful strategy, because the 

relaxation dynamics due to thermal fluctuations discussed above would likely contribute 

to the decay of the correlation function, making data analysis difficult. The lower limit on 

the measurable deformation rate is of the order of a few 10-6 s-1, set by the longest 

relaxation time achievable by MSDWS, which is of the order of a few hundreds of seconds 

at least. Therefore, the accessible range of deformation rates covers most of the 

conventional measurement of mechanical behavior in soft solids. Within the accessible 

strain rate interval, spatially and temporally resolved local strain rates can be directly 

quantified by MSDWS, provided that 𝑙∗ is known, e.g. from an independent transmission 

measurement63. Alternatively, 𝑙∗ may be deduced from Eqs 2.37 or 2.38, by imposing a 

known deformation rate to the sample. Note that the components of the deformation 

tensor can be directly calculated by MSDWS for simple, ideal deformation geometries. In 

the more general case (e.g. near to a fracture tip or in more complex geometries) 𝜏଴ only 

provides the time scale over which ඥ𝑇𝑟(𝑫𝟐)  reaches 1/ 𝑘𝑙∗  (see Eq. (5)), with no 

information on the individual components. 

A fourth source of dynamics for soft solids loaded beyond their linear regime stems from 

rearrangements associated with plastic events23, which applies MSDWS to the detection 

of plastic events in a granular system. In general, we expect a plastic event occurring at a 

position 𝒓ሬ⃗ ଴ to have a two-fold impact on the dynamics measured by MSDWS.  On the one 

hand, the local configuration of the sample around 𝒓ሬ⃗ ଴  is modified, e.g. as in T1 or T2 

events in foams,64 or in shear transformation zones in dense suspensions,65 or in a bond 

breaking event in network-forming systems.24 The size of the region directly modified by 

the plastic event depends on the system, but it is typically smaller than or comparable to 

𝑙∗. On the other hand, a local plastic event modifies the internal stress state, which in turn 
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sets a strain field across the sample, including far from 𝒓ሬ⃗ ଴ . MSDWS is sensitive to 

displacements down to the nm scale, but the spatial mapping of the dynamics is coarse-

grained on a length scale ~𝑙∗ or larger (hundreds of µm). Consequently, it is likely that 

plastic events are not detected per se, but rather thanks to the strain field they set 

throughout the sample. 

A final issue to be considered in space-resolved MSDWS measurements coupled to 

mechanical tests is the rigid displacement of the sample, and hence of the speckle pattern. 

The rigid displacement causes a loss of the correlation in the autocorrelation function20, 

22, 66 As a limiting case, consider a sample undergoing a pure translation. Due to the 

imaging geometry, the (otherwise frozen) speckle pattern drifts with respect to the 

detector, such that the intensity of any given pixel fluctuates as bright and dark speckles 

scroll in front of it. For a sample undergoing tensile or shear strain, a similar effect occurs 

and the measured loss of correlation is in general due to both a drift of the speckle pattern 

and its evolution associated with the change of the relative position of the scatterers, 

stemming from the sample deformation.  Schemes have been proposed to disentangle the 

two contributions39, 67. Since these methods are computational demanding, it is 

interesting to discuss under what conditions the drift contribution may be safely 

neglected. 

The drift contribution is negligible when 𝜏௦௣௘௖௞௟௘, the time it takes a speckle to travel the 

pixel size due to drift, is much longer than 𝜏଴,ୢୣ୤, the relaxation time due to the relative 

motion of scatterers associated to the macroscopic deformation, see e.g. Eqs 2.37 and 2.38 

for the case of extensional and shear tests. For the former, one has 

 𝜏௦௣௘௖௞௟௘ =
௟ೞ೛೐೎ೖ೗೐

௩
= FOV/(𝑁𝑣), 2.40 

where 𝑙௦௣௘௖௞௟௘  is the speckle size, which can be measured by calculating the spatial 

autocorrelation function of the speckle image68, FOV is the size of the field of view and v 

is the speckle drift velocity. The last equality stems from the speckle size being a fraction 

1/N of the FOV. The cameras used in MSDWS produce images with a linear size of several 

hundreds to a few thousands of pixels, while the speckle size ranges from a fraction of a 

pixel to several pixels: thus, N ranges from a few hundreds to few thousands. 

We first consider an extensional test with only one clamp moving, and the other one fixed 

(commonly to a force sensor). The popular geometry consists in imaging the whole 
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sample, which allows to obtain full information on the sample response and to check for 

slippage at both clamps. Under these conditions, FOV = L, L being the sample length. The 

largest velocity occurs at the moving clamp: 𝑣 =  𝜆்̇𝐿. Inserting this expression in Eq. 2.40 

and using Eq. 2.37, we find the following lower bound 

 
ఛೞ೛೐೎ೖ೗೐

ఛబ,ೠ೐
≥ ට

ଷ

ହ

௞௟∗

ே
 2.41 

Using the same parameters as above ( 𝑙∗ =  100 µm, n = 1.5, 𝜆  = 532 nm), one finds 

𝜏௦௣௘௖௞௟௘/𝜏଴,௨௘ ≈ 1370/𝑁. Remarkably, the ratio of the two characteristic times does not 

depend on the strain rate and may be tuned to be either smaller or larger than unity by 

varying the speckle size, which in turn controls N. For example, we will show in section 

2.4 that in the experiments on a stretched PDMS elastomer presented here the speckle 

size was such that kl* = 6969, N = 682 and 𝜏௦௣௘௖௞௟௘ = 7.9𝜏଴,௨௘. Under these conditions, the 

speckle pattern fluctuates (due to the affine displacement field) much faster than it 

translates (due to the drift associated to elongation), such that no drift correction needs 

to be implemented. On the contrary in the paper of Nagazi et al.20, the speckle size was 

designed to be smaller than the pixel size, such that 𝜏௦௣௘௖௞௟௘ < 𝜏଴,௨௘ and the strain rate 

field was inferred from the displacement field, measured using a computationally 

demanding method 66. 

For a shear test, we consider a sample of thickness d undergoing simple shear. We recall 

that MSDWS in the backscattering geometry is not sensitive to displacements in the full 

depth of the sample, but rather in a layer of thickness ~10l* on the side of the illumination 

and collection optics.69  Assuming that the sample is sheared at a rate 𝛾̇ while keeping 

fixed one of its surfaces, one has to distinguish the two cases where the sample is 

illuminated on the fixed side or on the mobile side. For a sample illuminated on the fixed 

side and assuming d > 10l*, the drift velocity averaged over the thickness of the probed 

layer is 𝑣 = 5𝑙∗𝛾̇. Inserting this expression in Eq. 2.40 and using Eq. 2.38, one finds the 

lower bound 

 
ఛೞ೛೐೎ೖ೗೐

ఛబ,ೞೞ
≥

ிை௏ ௞

ଵ଴ ே
 . 2.42 

Note that the right-hand side of Eq. 2.42 is particularly simple, since it does not depend 

on strain rate nor on l*. With the typical values used above, k ~1.7×107 m-1, such that for 
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usual geometries (FOV ≥ 1 cm and N ~1000) 𝜏௦௣௘௖௞௟௘/𝜏଴,௨௘ ≥ 20. Thus, for simple shear 

while imaging on the fixed side of the sample the speckles fluctuate much faster that they 

drift and no drift correction is required. This will be the situation for the experiments on 

the adhesive debonding reported in section 2.5.  

If a sample of thickness d undergoing shear is imaged from the moving side, the drift 

velocity averaged over the layer probed by MSDWS is 𝑣 = 𝛾̇(𝑑 − 5𝑙∗)  (assuming again 

that d > 10l*) In this case, the lower bound for the ratio of the drift and fluctuation times 

becomes 

 
ఛೞ೛೐೎ೖ೗೐

ఛబ,ೞೞ
≥

ிை௏ ௞௟∗

√ହ (ௗିହ௟∗)ே
 , 2.43 

which does not depend on the strain rate, but does depend on 𝑙∗. Inserting in Eq. 2.43 

typical values for the various parameters (FOV = 1cm, l* = 100 µm, d = 1 mm), one finds  

𝜏௦௣௘௖௞௟௘/𝜏଴,௨௘ ≥ 16, showing that the drift correction may be safely neglected. 

To summarize this section, we have shown that in the typical range of time delays probed 

by MSDWS coupled to mechanical tests (1 ms < 𝜏଴  < 100 s), the relaxation time of the 

intensity correlation function is directly related to the (local) deformation rate. The latter 

may be extracted from the MSDWS data provided that l* is known and that the 

deformation geometry may be approximated by a simple geometry such as extension or 

shear. While in principle correcting the speckle images for drift may be necessary, we find 

that for typical experimental parameters this correction is not necessary, apart for tensile 

tests when the speckle size is small enough for thousands of speckles to fit in the (linear) 

size of the image. 

C. Comparison of MSDWS and DIC 

As MSDWS and DIC provides similar information on the deformation rate spatial 

distribution, it is worth to quantitatively compare the two methods. Considering 

correlation is sufficient informative when 𝜏 ≈ 0.02𝜏଴ and C(𝜏) ≈ 0.93, this gives a strain 

accuracy for MSDWS (≈ 𝑓[𝑼(0.02𝜏଴)]) of the order of 10-6. This is more accurate than the 

reported testing by DIC, where strain resolution is limited to the scale of 10-3 in practical 

experimental conditions.70-71 Another advantage of MSDWS is the fact that the method 

only requires the material to be turbid (which may also be achieved by adding a small 

amount of highly scattering particles), with no need of surface treatment. More 
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importantly, MSDWS directly provides the scale of deformation rate, which can be more 

useful for the examination of subtle dynamic changes, compared to conventional strain 

measurements.  
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2.3 Material and methods 

2.3.1 Materials 

For the tensile tests, a Sylgard 184 PDMS elastomer was prepared with ratio of PDMS base 

and curing agent of 10:1. TiO2 nanoparticles (diameter 250 nm, wt%=0.25%) were added 

before curing, to enhance the sample turbidity. TiO2 nanoparticles were first mixed with 

the PDMS base and manually stirred. The suspension was then sonicated for 10 min to 

thoroughly disperse the particles and put in vacuum to remove bubbles formed during 

stirring and sonication. The suspension and curing agent were mixed and poured into a 

mold, then cured at 90 ℃ for 12 h. A sheet of elastomer of 4 mm thickness was thus 

obtained. The transport mean free path 𝑙∗  of the PDMS elastomer was measured in a 

suspension containing TiO2 nanoparticles with the same volume concentration as in the 

elastomers. The autocorrelation function from the suspension can be calculated from the 

known viscosity of water and matched to the experimental one, using 𝑙∗ as the only fitting 

parameter63. For a PDMS wt% = 0.25 %, we find 𝑙∗ ≈ 430 μm. 

Commercially available Polyacrylate pressure sensitive adhesive tapes were used to 

investigate debonding. The tapes are made of a copolymer of 2-ethylhexyl acrylate (88 % 

by weight) and acrylic acid (12 % by weight), filled with hollow glass microspheres (12% 

by weight, Type: Q-Cel® 5020 from Potters, with mean size of 60 µm). The copolymer 

was synthesized by UV-polymerization using Irgacure 184 (0.4 % by weight) as 

photoinitiator and 1,6-Hexanediol diacrylate (0,15% by weight) as crosslinker. The 

thickness is 1 mm and the tapes are cut to different sizes for measurement. To determine 

the photon mean transport path l*, we used the method discussed at the end of Sec. 2.4 

(measurement of the decay time of 𝐶(𝜏)  while applying a tensile strain at a known 

deformation rate), finding kl* = 3323.4, corresponding to 𝑙∗ ≈ 190 µm assuming n= 1.47 

(the refractive index of 2-ethylhexyl acrylate). 
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2.3.2 Experimental set-up 

 

Fig. 2.9 (a) Experimental set-up for the uniaxial extension, combined with MSDWS 

measurement. (b) A typical speckle image and its displaced position. (c) Spatial 

autocorrelation function of image in (b), from which the size of the speckle is estimated at 

𝐶 = 1/𝑒, around 3 pixels. 

The uniaxial extension test of the elastomer was performed with a laboratory made set-

up, see Fig. 2.9(a). The sample was fixed by two clamps connected to a Newport 

translational stage with step precision of 500 nm and a force sensor (KD40s, with full 

scale of ±50 N and precision of 0.1%). The whole sample surface was illuminated by an 

expanded laser beam with wavelength of 532 nm, and images of the backscattered light 

were collected simultaneously to the mechanical response (force measured by the sensor 

and nominal displacement imposed by the motor), using a CMOS camera (BASLER 

acA2000-340km). Fig. 2.9(b) shows a typical speckle image where the presence of 

speckles can be detected. Spatial autocorrelation (using spatial displacement ∆𝑋 instead 

of time interval 𝜏 in Eq. 2.29 for the correlation, as seen in Fig. 2.9(b)) is calculated and 

shown in Fig. 2.9(c). The size of speckle is estimated by the full width at 𝐶 = 1/e, around 

3 pixels. Inserting image size 𝑁  = 2048 pixels in the horizontal direction (also the 

deformation direction), 𝑛  = 1.43 for PDMS72 and 𝑙∗  = 430 μ m into Eq. 2.41, one has 

𝜏௦௣௘௖௞௟௘ = 7.9𝜏଴,௨௘, so that there is no need for drift correction. 
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Fig. 2.10 Experimental set-up for the measurement of adhesive debonding under single-lap 

shear. 

The debonding process of a pressure sensitive adhesive tape under single-lap shear73-74 

(tape fixed between two rigid substrates and exposed to translational shear stress) was 

measured with the set-up shown in Fig. 2.10. First, the tape was glued to an aluminum 

plate using instant glue (Loctite 406) to ensure adhesion stronger than at the debonding 

interface. Then, a glass microscope slide with a thickness of 3 mm was pressed to the 

other side of the tape, using a weight of 0.3 N for 10 min. A shear stress was imposed to 

the tape by holding the glass slide fixed in a vertical plane, while hanging a weight to the 

aluminum plate. Rectangular samples were used, with different sizes as shown in Table 

2.1. The position of the loading axis was set to be around the midplane of the tape, to avoid 

torque on the tape, which may result in strong peel stresses and cleavage in the bulk 

region. A small angle around 2.5°  is introduced between the aluminum plate and the 

vertical axis, so that a small component of the load provides compression on the tape, to 

avoid possible normal tension that strongly changes the debonding conditions. In this 

geometry, the tape is under simple shear conditions and adhesive debonding is studied 

under creep deformation. The weight 𝑊  was adjustable from 1.5 N (the weight of the 
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aluminum plate alone) to 21.5 N. Macroscopic shear stress during creep, 𝜏௠௔௖௥௢ = 𝑊/𝐴, 

where 𝐴  is the area of the glass-tape interface. The laser illumination and the imaged 

surface is on the side of the glass-tape interface, which is static until debonding. To 

estimate whether any drift correction may be needed, we use a slightly modified version 

of Eq. 2.42, because here d/l* ~ 5 and MSDWS probes the dynamics across the full 

thickness of the sample. The average drift velocity of the measured layer is 𝑣 = 2.5𝑙∗𝛾̇ and 

𝜏௦௣௘௖௞௟௘/𝜏଴,௨௘ =  𝐹𝑂𝑉 𝑘/5𝑁 = 107, where we have used k = 1.67×107 m-1, N = 250, FOV 

≈ 0.8 cm for the biggest sample (8.4 mm × 7.6 mm, where N is maximal). Since 𝜏௦௣௘௖௞௟௘ ≫

𝜏଴,௦௦, no drift correction was necessary for shearing, either. 

𝜏௠௔௖௥௢(MPa) Tape size (length × width, mm) W (N) 

0.26 8.4 × 7.6 16.5 

0.49 5.2 × 5.5 13.5 

0.62 5.2 × 5.1 16.5 

0.72 4.5 × 3.5 11.5 

0.88 5.1 × 3.6 16.5 

Table 2.1 Parameters for debonding tests under shearing. 

The samples were illuminated by a diode green laser with  = 532 nm. Speckle images in 

the backscattering geometry were collected using a CMOS camera (BASLER acA2000-

340km). To optimize the time resolution and speckle quality, the exposure time was set 

to 0.03 s. The strong spatial fluctuations of intensity due to the speckled appearance of 

the images makes it difficult to obtain morphological information on the surface, such as 

evidence of cavitation75 and fibrillation76 that typically occur during debonding. The 

morphological information can be extracted by averaging several speckle images 

acquired over a time interval longer than 𝜏଴, such that intensity fluctuations average out. 

The displacement 𝐿  of the aluminum plate can be measured as a function of time by 

tracking the reference point on the aluminum substrate and the macroscopic shear strain 

can be defined as 𝛾௠௔௖௥௢ = 𝐿/𝑑 , where 𝑑  is the sample thickness, 1 mm for all 

measurements. 
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2.4 Method validation: uniaxial extension of PDMS 

 

Fig. 2.11 Measurement of the deformation rate in the central region of a dog-bone PDMS 

sample, schematically shown on the left. Relaxation time 𝜏଴  measured by MSDWS (black 

circles) and corresponding experimental (red) and nominal (blue) strain rate 𝜀̇ are shown as 

a function of 𝜀ே. Inset: 𝑝 as the function of 𝜀ே. 

We first validate MSDWS applied to mechanical tests in uniaxial extension of a dog-bone 

PDMS sample to which a nominal strain rate 𝜆̇ே = 1.25 × 10-4 s-1 is applied. The 

autocorrelation function is calculated for a ROI located in the center of the sample (with 

size of 1 cm × 2 cm, indicated by the dashed rectangle in Fig. 2.11).  The autocorrelation 

function is fitted to Eq. 2.30, using a, p and 𝜏଴  as fitting parameters. We find that a is 

around 0.015 from fittings at different 𝜆ே, so that the absorption is very low. Note that a 

should be essentially constant throughout the experiment but its fitted value strongly 

depends on data quality. In the following fittings, we used a constant value a = 0.015.  The 

relaxation time 𝜏଴ is plotted as a function of the nominal strain 𝜆ே in Fig. 2.11. We find 

that 𝜏଴ is slightly smaller than 1 s at the beginning of the test and increases up to about 

1.5 s with growing strain. Assuming that the observed dynamics are only due to the 

imposed strain, the strain rate 𝜆̇ெௌ஽ௐௌ is calculated from 𝜏଴ using Eq. 2.37 with 𝑙∗ = 430 

μm. A sharp decrease is detected in the initial stage of the test (𝜆ே < 1.1%), after which 
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𝜆்̇,ெௌ஽ௐௌ keeps decreasing, but more slowly. Due to the shrinkage of the cross-sectional 

area upon stretching, the true strain rate may be calculated from the macroscopic nominal 

strain and macroscopic nominal strain rate:  

 𝜆்̇,௠௔௖௥௢ =
ఒ̇ಿ

ఒಿ
 2.44 

We found that the macroscopic values obtained from Eq. 2.44 match well with 𝜆̇ெௌ஽ௐௌ for 

𝜆ே > 1.1, with around 15 % of deviation. Concomitantly, the exponent 𝑝 (inset of Fig. 2.11) 

increases from 1.8 and plateaus to p = 2 for 𝜆ே > 1.1. This suggests that there is an initial 

regime where other relaxation mechanisms, in addition to affine displacements, 

contribute to the decorrelation of the autocorrelation function. We speculate that these 

additional relaxation mechanisms may be due to heterogeneity of the local environment 

of the probe particles and from residual stresses generated when clamping the sample. 

Indeed, in preliminary tests on the same material with no extension, we observed 

enhanced dynamics upon clamping, which slowly relaxed over several hours77. The 

contribution of these additional mechanisms becomes negligible beyond 𝜆ே = 1.1, where 

the evolution of 𝜆்̇ as measured macroscopically and by MSDWS match very well. 

 

Fig. 2.12 (a) PDMS dog bone sample with varying width along the stretching direction. The 

green rectangles indicate the clamp positions. A tensile strain is imposed by moving the 

bottom clamp at a velocity of 0.005 mm/s. (b) 𝜈଴  and the corresponding local strain rate 

measured by MSDWS at different position. 

We argued in Sec. 2.3B that no correction for the sample drift was required in the 



Chapter 2Multispeckle diffusing wave spectroscopy as a tool to study heterogeneous mechanical behavior in soft solids 

64 

 

experiments on PDMS reported here. To validate experimentally this result, the 

contribution of the rigid displacement is investigated using a customized dog bone 

sample, whose width along the extension direction varies, as shown in Fig. 2.12(a). A 

tensile strain is imposed by moving one clamp at a velocity of 0.005 mm/s, such that the 

displacement velocity is proportional to the distance z from the fixed clamp. The sample 

length is 40 mm and the nominal strain rate is 𝜆̇ே =1.25×10-4 s-1. Leveraging on the space 

resolution afforded by MSDWS, we measure 𝜏଴ for several ROIs, at different positions as 

shown in Fig. 2.12(a). The corresponding 𝜆̇ெௌ஽ௐௌ values are calculated using Eq.2.37 and 

are shown in Fig. 2.12(b). Overall, 𝜆̇ெௌ஽ௐௌ is of the same order of magnitude but somehow 

higher than its macroscopic counterpart, 𝜆̇ே,reflecting enhanced deformation rates as 

expected due to strain concentration where the sample width is smaller. The same 

argument explains why 𝜆̇ெௌ஽ௐௌ peaks around z = 22 mm, close to the middle part of the 

sample, where the width is smallest. Crucially, 𝜆̇ே(𝑧)  is nearly symmetric around the 

middle of the sample, reflecting the symmetry of the sample shape. If sample drift would 

contribute significantly to the decay of 𝐶(𝜏) , this symmetry would be broken and the 

decay would be faster at larger z, where the drift velocity is higher. Thus, the test on the 

dog bone sample with variable width confirms that here the dynamics is dominated by 

the relative motion of the particles, so that only the strain rate is measured, regardless of 

the drift velocity.  

The experiments on PDMS under uniaxial extension confirm that the spatially-revolved 

strain rate can be effectively measured by MSDWS. Furthermore, the combination of 

MSDWS and uniaxial extension provides a simple way to estimate 𝑙∗ for a (solid) sample 

with unknown scattering properties, by tuning 𝑙∗in order to match the MSDWS strain rate 

to the macroscopic one. This provides a simple alternative to optical methods to measure 

𝑙∗, which are often quite delicate to implement, especially for solid samples20, 22. We shall 

use this method to determine 𝑙∗ for the adhesive tapes discussed in the next section. 

2.5 Measurement of heterogeneous deformation during adhesive 

debonding 

MSDWS is applied here to measure the spatially resolved shear deformation rate at the 

interface between a soft adhesive film under fixed shear stress 𝜏௠௔௖௥௢  and a glass 
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substrate during adhesive debonding, with the set-up shown in Fig. 2.10. First, for 

different 𝜏௠௔௖௥௢, the nominal (macroscopic) shear strain 𝛾௠௔௖௥௢(𝑡) is measured from the 

macroscopic displacement in the vertical direction of the aluminum substrate and shown 

in Fig. 2.13(a). 𝛾௠௔௖௥௢(𝑡)  as a function of time exhibits a typical creep behavior for all 

𝜏௠௔௖௥௢. A rapid increase in  𝛾௠௔௖௥௢ right after loading is observed, followed by a steady 

growth of  𝛾௠௔௖௥௢ exhibiting a power law behavior with an exponent around 0.25. Finally, 

a sudden increase of  𝛾௠௔௖௥௢(𝑡) is detected at a critical value of 𝑡, corresponding to the full 

debonding. The shear strain where debonding occurs 𝛾௕~ 3 is practically independent of 

the value of 𝜏௠௔௖௥௢  , consistent with a strong strain hardening typical of crosslinked 

adhesives.78 The values of time when 𝛾௠௔௖௥௢ reaches 1, 𝑡ఊୀଵ, are plotted as a function of 

𝜏௠௔௖௥௢ in Fig. 2.13(b) to compare the debonding kinetics. The debonding time itself is not 

used to compare debonding kinetics as it can depend strongly on the edge effects at the 

interface. We found that 𝑡ఊୀଵ decreases exponentially with 𝜏௠௔௖௥௢, indicating the strong 

dependence on applied load of the creep failure kinetics. This type of experiment is 

classically carried out in industry and the only time measured is the failure time. Yet the 

debonding mechanisms are difficult to investigate and so are the heterogeneities in stress. 

A recent study on a similar shear failure geometry combining a fracture mechanics 

approach of shear failure and a finite strain modeling, showed clearly the heterogeneity 

of the load along the bonded surface.79-80 We now focus on the mapping of the 

deformation rates on the interfaces with the glass.  

Images of the interface at different times after loading are displayed in Fig. 2.13(c) for 

𝜏௠௔௖௥௢ = 0.26 MPa. These images are averaged over 25 images with interval larger than 

τ଴ (interval is adjusted at different periods over experiments to optimize time resolution 

and image quality), in order to smooth the spatial fluctuations of intensity due to the 

speckles and make various morphologies visible. As seen from the enlarged images 

inserted in Fig. 2.13(c) taken for the test at 𝜏௠௔௖௥௢ = 0.26 𝑀𝑃𝑎, signs of fibrillation are 

visible on the top edge of the sample, while they are not visible from the images on the 

bottom edge in a different optical condition. With increasing 𝛾௠௔௖௥௢ , fibrils develop 

further and can partially detach from the substrate. After 25 h of loading, 2 h before full 

debonding and with enhanced contrast, most of the top edge is still attached to the glass 

substrate with no substantial debonding. At the center of the sample, no particular 

morphological change is observed from these images. 
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Fig. 2.13 (a) 𝛾(𝑡) as a function of time under different 𝜏௥ . (b)The time where 𝛾௠௔௖௥௢ reaches 

1 𝑡ఊୀଵ, as a function of 𝜏௠௔௖௥௢ . (c) Interface images at different times for 𝜏௥=0.26 MPa. Inset: 

enlarged images from the region indicated by the red rectangle.  

In the previous study on deformation during adhesive debonding in peel or probe tack 

tests, it was not possible to measure the in-plane deformation distribution of the 

debonding interface since the interface is static and bulk deformation is hard to 

visualize.81-83 In experiments, debonding was studied by inspecting the sample from the 

side84-85, which does not allow for the full characterization of the large-shear edge region. 

In the bulk region, DIC can also be applied in this case to measure if there is a slippage at 

the interface between the substrate and the tape, but the measurement of the 

deformation field requires speckles that are normally prepared by spray painting, which 

will largely change the adhesive strength on the interface. By contrast, MSDWS allows for 

measuring the deformation rate over a layer of thickness several 𝑙∗ without changing its 

mechanical properties.69 For our sample, for which 𝑑 ≈ 5𝑙∗, this corresponds to the full 

thickness of the tape, for which we can thus visualize and quantify any heterogeneity in 
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the mechanical behavior. In the central region of the tape, where shear localization and 

peeling are not dominating, we expect the deformation measured by MSDWS to match the 

macroscopic strain inferred from the aluminum plate displacement, provided that the 

deformation is homogeneous through the thickness. We compare the MSDWS strain rate 

and the macroscopic one for a sample with 𝜏௥=0.62 MPa, from the beginning of loading 

up to 𝑡 = 1404 𝑠 , when debonding occurs. The MSDWS shear strain rate 𝛾̇ெௌ஽ௐௌ  is 

calculated from the fitted relaxation time 0,ss of C() using Eq. 2.38, with kl* = 3323.4 

independently measured in an uniaxial extension test on the bare tape (see Fig. 2.S1 in 

the supporting information). The MSDWS data are obtained by averaging 𝐶(𝜏) in a square 

region of size 1.5 mm × 1.5 mm² located in the center of the sample as, indicated in Fig. 

2.14. The macroscopic strain rate is obtained by numerically differentiating 𝛾௠௔௖௥௢ after 

smoothing the data with a sliding window of 60 s, to reduce noise. Fig. 2.14 shows that 

that 𝛾̇ெௌ஽ௐௌ matches well the overall trend of 𝛾̇௠௔௖௥௢ , although the MSDWS strain rate is 

systematically larger than the macroscopic one by around 20 %. Such a discrepancy may 

be due to uncertainties in the sample thickness d used to calculate the macroscopic strain 

rate or in the value of kl* obtained from the uniaxial extension test. Furthermore, we 

analyze the MSDWS data for both the uniaxial extension test and under shear with the 

formalism of Sec. 2.2B, which applies to semi-infinite samples, while for our tape samples 

the condition d >> l* is not met. Given that the ratio between the microscopic and 

macroscopic strain rates is close to unity and constant throughout the test, this difference 

has no impact on the discussion that will follow. We emphasize that the strain rate 

inferred from MSDWS has a much lower noise than the macroscopic data, because of the 

superior sensitivity to motion of MSDWS, as well as due the fact that macroscopic strain 

data need to be differentiated, which is a notorious source of experimental noise. 
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Fig. 2.14 Sketch on the left: side view of the sheared adhesive tape, the dashed rectangle 

indicates the location of the ROI for which the MSDWS data shown on the right are collected. 

Right:  𝛾̇ெௌ஽ௐௌ  and 𝛾̇௠௔௖௥௢   as a function of time for 𝜏௠௔௖௥௢   = 0.62 MPa. Inset: 𝛾௠௔௖௥௢   for 

𝜏௠௔௖௥௢  = 0.62 MPa.  

To further characterize the spatial distribution of the strain rate, 𝛾̇ெௌ஽ௐௌ  maps of the 

whole interface at different times are shown in Fig. 2.15 (a), for the case of τ୫ୟୡ୰୭ = 0.62 

MPa. The maps are obtained from spatially resolved autocorrelation functions by dividing 

the imaged interface in ROIs with size 0.3 × 0.3 mm². The area of the tape that initially 

adheres to the glass slide is indicated by the red rectangle. Higher 𝛾̇ெௌ஽ௐௌ  values are 

detected at the edges, around a central area that bears most of the applied stress. These 

areas with a higher deformation rate propagate towards the inner region as creep 

proceeds and debonding sets in. It has been reported that during shear of a single-lap 

joint, strain and stress at the interface are relatively uniform along the tape, but both 

shear and peel stress peak at the edge.86 Previously, this behavior could only be predicted 
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theoretically or investigated numerically. By contrast, MSDWS reveals the spatial 

distribution of the deformation rate distribution in the adhesion plane. Furthermore, the 

boundaries of the central area that bears most of the stress can be assessed more reliably 

than by looking at the emergence of morphological features, as in Fig. 2.13(c). Note that 

high values of 𝛾̇  originate here from both localized shear and peel at the edge, which 

cannot be distinguished from each other. From about 150 s before global debonding, the 

local strain rate at the top and bottom edges are significantly enhanced, up to about twice 

the macroscopic strain rate.  

We now turn to a more detailed analysis and quantify the observations in Fig. 2.15(a), we 

calculate the profile of the local strain as a function of the distance y from the top edge, by 

averaging 𝛾̇ெௌ஽ௐௌ over the width of the hatched region, shown in Fig. 2.15(a). We show in 

Fig. 2.15(b) profiles of the local shear rate, normalized by the macroscopic one, for various 

t after loading the sample. When approaching the debonding time, regions exhibiting high 

deformation rates further penetrate towards the central region of the sample and 

𝛾̇ெௌ஽ௐௌ/𝛾̇௠௔௖௥௢ can locally reach values as high as 2. Crucially, this marked growth of the 

local strain rate occurs at a time when 𝛾̇௠௔௖௥௢ has not shown obvious increase and the 

sample is far from full debonding (𝛾௠௔௖௥௢ around 1.7 while 𝛾௕ ≈ 3), which occurs at t = 

1404 s. These results demonstrate the superior sensitivity and richness of information of 

spatially-resolved MSDWS, which allow one to detect subtle changes in the deformation 

rate, hundreds of seconds before the emergence of any macroscopic precursor of 

debonding. 
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Fig. 2.15 (a) 𝛾̇ெௌ஽ௐௌ maps at different times t after loading and adhesive tape under shear 

with 𝜏௠௔௖௥௢   = 0.62 MPa (same test as in Fig. 2.14). The region that is initially bonded is 

indicated by the red rectangle. (b) Normalized shear rate 𝛾̇ெௌ஽ௐௌ/𝛾̇௠௔௖௥௢  calculated for the 

shaded region in (a), as a function of the distance y from the top edge. Curves are offset 
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vertically for clarity, where a vertical distance is indicated, corresponding to a change of 0.3 

in 𝛾̇ெௌ஽ௐௌ/𝛾̇௠௔௖௥௢ . Data are color-coded according to the color bar shown on the right.   

The results shown in Fig. 2.15 were obtained by calculating the local shear rate from the 

characteristic time 𝜏଴  determined by a fit of the full autocorrelation function. This 

procedure leads to excellent results, but is somehow time consuming. Indeed, for each t 

and each position 𝒓ሬ⃗  of interest one needs to first calculate 𝐶(𝑡, 𝜏, 𝒓ሬ⃗ ) for a sufficiently large 

sets of time delays, and then perform a non-linear fit on each 𝐶(𝜏) function. To speed up 

the processing, for each 𝑡 one may simply calculate a dynamic activity map (DAM), i.e. a 

spatial map of the degree of correlation at a fixed time delay .87 Assuming that the decay 

of the autocorrelation function may be attributed only to the affine deformation and 

taking for simplicity 𝑎 = 0, from Eqs. 2.31, 2.32 and 2.38 one has  

 ቆ−
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  C(∞) = B, C(0) − C(∞) = 𝐴, 2.45 

such that 
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√ଵ଴୪୬

ి(బ)షి(ಮ)

ి(ഓ)షి(ಮ)
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  . 2.46 

In Eq. 2.46, 𝐶(0)  and 𝐶(∞)  are the correlation value at zero delay and infinite delay, 

respectively, which can be approximately calculated as the correlation of one image with 

itself and with images at a large time delay 𝜏 . In writing Eq. 2.46, we have used the 

expression of d for simple shear; but of course, one can write similar equations of 

different deformation geometries, e.g. for uniaxial extension using Eq. 2.37. Using Eq. 2.46, 

the DAMs can thus be directly converted to maps of the local strain rate88-89. This 

procedure is much faster than the fitting scheme described above, essentially because the 

correlation coefficients C need to be calculated only for one lag value.   

Fig 2.16(a) shows DAMs calculated at 𝑡 = 1080 s for 𝜏 = 0.18 s and 0.6 s, also at 𝜏௠௔௖௥௢ = 

0.62 MPa. The two maps show qualitatively similar dynamics distributions: at the top-

right corner where the debonding starts, the value of 𝐶(𝜏)  is lower, implying that the 

dynamics is faster. Note that, by choosing different values of 𝜏, one can tune the sensitivity 
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of the DAM to deformations occurring on different time scales, striking the desired 

balance between measuring the “instantaneous” deformation (by keeping  as small as 

possible) and assessing the cumulated deformation (by increasing 𝜏 ). Fig 2.16(b), 

compares the maps of the local strain obtained either from the DAM shown on the in Fig 

2.16(a), or by fitting the full autocorrelation function. The spatial distributions obtained 

from the two methods are very similar, demonstrating the soundness of the approach 

based on the DAMs. For these data, the gain in time when using the DAMs is quite 

substantial, since the full fitting procedure was about 100 times slower than the DAM one.   

A few remarks on the limits of the DAM approach are of interest. First, we note that 

retrieving the deformation rate from a DAM is only valid when the autocorrelation 

functions have the same shape over the whole image. Furthermore, when the magnitude 

of the deformation rate varies too much over the imaged sample or with time, the DAM 

approach significantly loses accuracy, due to the exponential shape of the autocorrelation 

function, which makes the DAMs poorly sensitive to deformation for time delays too small 

or too large compared to the relaxation time of C. Finally, the amplitude of the 

autocorrelation function, 𝐴 in Eq. 2.31, depends on the coherence of the scattered light, 

which may vary over the imaging field. In practice, the most reliable and efficient 

approach would mix both fitting and using DAMs: (1) correlation functions calculated in 

real time on a subset of the acquired images should be monitored, in order to determine 

the optimal 𝜏 for DAMs. (2) Renormalization of the correlation value by spatially resolved 

𝐴 in the subset images. 
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Fig. 2.16 (a) DAMs for 𝜏 = 0.18 𝑠  (left) and 0.3 s (right). (b) 𝛾̇ெௌ஽ௐௌ  map calculated from 

DAM (left) and fitting of autocorrelation function. 
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2.6 Conclusions 

We have shown that MSDWS is a powerful tool for the measurement of spatially- and 

temporally-varying mechanical responses. Even though a complete modelling of the 

intensity autocorrelation function remains challenging, we have demonstrated that in a 

wide range of common testing situations it is possible to directly quantify the deformation 

rate distribution from the decay of space- and time-resolved correlation functions. 

MSDWS is relatively simple, requiring only illumination of the sample with coherent laser 

light and detection with a 2D sensor, typically a standard CMOS camera. Because MSDWS 

is not too sensitive to the exact illumination and detection parameters (angles of the 

incident and collected light with respect to the sample, acceptance angular range of the 

detector etc.), the requirements on optical alignment and the experimental environment 

are less strict than that in other optical methods. The tests on PDMS under elongation 

strain have allowed us to validate the theoretical analysis presented in Sec. 2.2. The 

method was then applied to the investigation of adhesive debonding, unveiling a 

heterogeneous deformation rate distribution and the emergence of microscopic 

precursors of failure hundreds of seconds before macroscopic debonding. 

This paper provides theoretical and practical guidelines for using MSDWS as a powerful 

tool for measuring the local mechanical response of a loaded soft solid. A successful and 

efficient implementation requires a suitable combination of sample opacity (𝑙∗), range of 

deformation rate, testing geometry and data processing strategy. We hope that our work 

will further spur interest in this powerful method. 
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Enhancing the Observation of Above and Below Ground Carbon Sequestration Processes 
under In Situ Pressure and Temperature Conditions, Proceedings of the 30th International 
Technical Conference on Coal Utilization & Fuel Systems, 2005. 
27. Koniakhin, S.; Eliseev, I.; Terterov, I.; Shvidchenko, A.; Eidelman, E.; Dubina, M., 
Molecular dynamics-based refinement of nanodiamond size measurements obtained 
with dynamic light scattering. Microfluidics and Nanofluidics 2015, 18 (5-6), 1189-1194. 
28. Furst, E. M.; Squires, T. M., Microrheology. Oxford University Press: 2017. 
29. Brown, W., Dynamic light scattering: the method and some applications. Clarendon 
Press Oxford: 1993; Vol. 313. 
30. Piederrière, Y.; Cariou, J.; Guern, Y.; Le Jeune, B.; Le Brun, G.; Lotrian, J., Scattering 
through fluids: speckle size measurement and Monte Carlo simulations close to and into 
the multiple scattering. Optics Express 2004, 12 (1), 176-188. 
31. Norisuye, T.; Morinaga, T.; Tran-Cong-Miyata, Q.; Goto, A.; Fukuda, T.; Shibayama, 
M., Comparison of the gelation dynamics for polystyrenes prepared by conventional and 
living radical polymerizations: a time-resolved dynamic light scattering study. Polymer 
2005, 46 (6), 1982-1994. 
32. Zakharov, P.; Bhat, S.; Schurtenberger, P.; Scheffold, F., Multiple-scattering 
suppression in dynamic light scattering based on a digital camera detection scheme. 
Applied optics 2006, 45 (8), 1756-1764. 
33. Pine, D. J.; Weitz, D. A.; Chaikin, P. M.; Herbolzheimer, E., Diffusing wave 
spectroscopy. Phys Rev Lett 1988, 60 (12), 1134-1137. 
34. Zakharov, P.; Völker, A.; Buck, A.; Weber, B.; Scheffold, F., Quantitative modeling of 
laser speckle imaging. Optics letters 2006, 31 (23), 3465-3467. 
35. Sessoms, D. A.; Bissig, H.; Duri, A.; Cipelletti, L.; Trappe, V., Unexpected spatial 
distribution of bubble rearrangements in coarsening foams. Soft Matter 2010, 6 (13), 
3030-3037. 
36. Cardinaux, F.; Cipelletti, L.; Scheffold, F.; Schurtenberger, P., Microrheology of giant-



Chapter 2Multispeckle diffusing wave spectroscopy as a tool to study heterogeneous mechanical behavior in soft solids 

77 

 

micelle solutions. EPL (Europhysics Letters) 2002, 57 (5), 738. 
37. Duri, A.; Ballesta, P.; Cipelletti, L.; Bissig, H.; Trappe, V., Fluctuations and noise in 
time-resolved light scattering experiments: measuring temporally heterogeneous 
dynamics. Fluctuation and noise Letters 2005, 5 (01), L1-L15. 
38. Viasnoff, V.; Lequeux, F.; Pine, D., Multispeckle diffusing-wave spectroscopy: A tool 
to study slow relaxation and time-dependent dynamics. Review of scientific instruments 
2002, 73 (6), 2336-2344. 
39. Wu, X.; Pine, D.; Chaikin, P.; Huang, J.; Weitz, D., Diffusing-wave spectroscopy in a 
shear flow. JOSA B 1990, 7 (1), 15-20. 
40. Narita, T.; Beauvais, C.; Hébraud, P.; Lequeux, F., Dynamics of concentrated colloidal 
suspensions during drying--aging, rejuvenation and overaging. The European Physical 
Journal E 2004, 14 (3), 287-292. 
41. Narita, T.; Mayumi, K.; Ducouret, G.; Hébraud, P., Viscoelastic Properties of 
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2.8 Supporting Information:  

fitting of 𝒍∗ in adhesive tapes 

 

 

Fig. 2.S1 1/𝜏଴,௨௘  as a function of 𝜆்̇,௠௔௖௥௢ , measured in tapes under uniaxial tension. 

τ଴,୳ୣ of the adhesive tape is measured under uniaxial tension with set-up shown in Fig. 

2.S1, with 𝜆̇ே = 0.001 𝑠ିଵ. To obtain 𝑙∗ from uniaxial tensile testing, 1/τ଴,୳ୣ is plotted as 

the function of 𝜆்̇,௠௔௖௥௢, calculated using eq. 2.43, where 1/τ଴,୳ୣ should be proportional 

to 𝜆்̇,௠௔௖௥௢, with slope scales with 𝑘𝑙∗ (see eq. 2.37). From 2.S1, a slop of 2574 is fitted 

from the scattered data points, corresponding to 𝑘𝑙∗ = 3323.4 
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Chapter 3. Fast detection of early-stage damage in 

soft elastomers  

The finite element simulation in this chapter is performed by professor Chung-Yuen Hui 

and Zezhou Liu in Connell University, who will be coauthors of the paper being prepared 

based on this chapter.  
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Abstract 

Subcritical fracture of material takes place by slow accumulation of internal damages 

below the critical failure condition. While subcritical fracture accounts for most of the 

structural failures in use, it is challenging to understand its microscopic origin or prevent 

it in time, due to the lack of current non-destructive detection methods with suitable 

resolution. With simultaneous measurement of multiple speckle diffusing wave 

spectroscopy (MSDWS) and mechanophore mapping during the fracture of PDMS 

elastomers, we identify a fracture precursor in the form of large-scale strain rate 

acceleration (~cm2) at long times (up to thousands of seconds) before macroscopic 

fracture and attribute it to local molecular damage (~ 0.01 mm2 in plane). While the 

change in local damage is so far only detectable by the tool of mechanochemistry, its sign 

of accelerated deformation rate is significantly more observable by MSDWS with ordinary 
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imaging and processing. As tested in different conditions and materials, our work shows 

that MSDWS is a powerful tool to characterize and prevent microscopic damage, well 

before it becomes critical. 
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3.1 Introduction 

Resistance to fracture of soft materials is typically characterized by a tensile test carried 

out until fracture, where parameters such as stretch and stress at break are commonly 

used. More recently, Suo et al. have argued that strain energy at break in unnotched 

samples defined as 𝑊 in J/mଷ can be a material parameter (at least at fixed geometry).1 

Alternatively, the fracture mechanics community has long used pre-notched samples and 

defined the fracture energy 𝛤  as a critical strain energy release rate 𝐺௖, where the crack 

begins to propagate from the notch.2 However, careful examination of the data shows that 

for soft materials, where dissipation takes place over several length/time scales, this 

critical transition is actually not very well defined. Due to viscoelasticity of the polymer 

networks, 𝐺 not only depends on external loading history or sample geometry, but also 

can evolve with time in particular in fixed load conditions.3 As a result, even below a 

critical stress/strain at break measured in continuous loading conditions, catastrophic 

fracture can take place under constant load after a long time, a phenomenon known as 

delayed fracture.3-5 Similarly to delayed fracture under fixed load, when a notched sample 

is stretched at a constant rate, it has been commonly observed that there exists a 

transition from almost undetectable propagation rate to a fast propagation mode,6,7 at 

which point a critical value of the energy release rate 𝐺௖   can be obtained. The two 

behaviors share the same implicit hypothesis that the almost unpredictable sudden 

macroscopic failure follows a constant/steady mechanical process of accumulated 

molecular damage.5 While slow propagation (including deformation and damage) of the 

crack can be observed after a long waiting time or a large number of loading cycles at low 

stretch (fatigue testing), this does not necessarily mean that the material will fail 

immediately but the eventual lifetime of the material depends on the accumulation of 
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localized damage. Localized accumulated damage accounts for most of the catastrophic 

fracture events in real life, so that the interesting and important question is how this 

transition to rapid propagation takes place and whether it is predictable. Unfortunately, 

this transition from slow/no propagation to rapid propagation of the crack is apparently 

a subcritical transition,3,8 which generally occurs suddenly. Prediction and early detection 

of signs of damage would be highly desirable and this is the focus of our study. We will 

explore a novel method of early detection of delayed failure with fast and sensitive 

resolution. 

Multispeckle diffusing wave spectroscopy (MSDWS) can detect nanometer scale motions 

of microscopic probes with a millisecond time resolution and its ultrasensitivity to affine 

deformation field in the soft material can be used as a tool to map spatially revolved strain 

rate.9,10 Therefore in principle such an excellent sensitivity to microscopic displacements, 

could detect changes in local microscopic dynamics before a macroscopic event occurs8,11-

13, such as the propagation of a crack. However, reported studies of early detection of 

dynamic precursors before sudden failure have remained at the stage of post processing 

of the data, and the existence of a precursor was only qualitatively discussed after 

catastrophic fracture, where structural characterization is no longer possible.8,14 The real 

potential of the method we propose is: 1. To prevent substantial damage to occur by real-

time detection; 2. To detect and analyze microscopic structural changes related to the 

growth of a precursor at an early stage (even hours) before failure. In this work, in order 

to maximize the insight, we combined fluorescence detection of bond scission with highly 

sensitive MSDWS detection of local dynamics and changes in local strain rates, as seen in 

Fig. 3.1(a).15  
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3.2 Results and Discussion 

3.2.1 Simultaneous mapping of strain rate and damage 

 

Fig. 3.1 (a) Simultaneous measurement set-up of MSDWS and confocal microscopy. (b) 3D 

image of bonds breaking around the crack tip during tensile testing of a notched sample. 

Sylgard 184 polydimethylsiloxane (PDMS) is used as a model soft material (see materials 

and methods 3.5.1), with mechanophore diacrylate cross-linker16 (0.1 wt%) and TiO2 

particles (diameter 250 nm, 0.25 wt%) embodied before curing. Single edge notch (SEN) 

samples (width × length: 9 mm × 15 mm, thickness 2 mm and notch length 1 mm, cut 

with a fresh razor blade) were tested in uniaxial tension at a constant stretch rate 𝜆̇ே = 

5×10-5 s-1 in a specially designed tensile rig fitted with the observation set-up shown in 

Fig. 3.1(a). As confocal microscopy only detects a small field around the crack tip, the two 

crossheads moves oppositely (375 μm/s) so that the tip position is fixed in the stretch 

direction and slightly moved in the perpendicular direction. A spatially resolved 
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characterization of the dynamics over the whole sample surface was carried out by 

MSDWS in backscattering from the bottom of the sample while simultaneously 

fluorescence from the broken mechanophores was detected from the top, around the 

crack tip. Under continuous stretching, macroscopic fracture is detected at a nominal 

strain  𝜀௙ = 15.6 % (typically 𝜀௙ ~ 15 % for SEN samples), as detectable from bright field 

imaging.  

Fig. 3.1(b) shows the 3D mapping by confocal microscopy of the fluorescence intensity 

due to mechanophore activation around the original open notch for different levels of 

crack opening. Briefly, as the sample is stretched, some of the crosslinker molecules break 

near the crack tip. When the mechanophore cross-linker is irreversibly broken, it 

becomes fluorescent under laser illumination, so that the accumulated bond scission can 

be measured by confocal microscopy.15,17 To build each 3D image, 4 image slices (1.4 mm 

× 1.4 mm in plane with detection thickness 150 μm) scanning a depth of 750 μm around 

the midplane of the sample are collected (see materials and methods 3.5.2.1 for detail). 

The dark strip patterns in 3D images correspond to the gaps between slices. While initial 

activation is due to the artificial cut of the notch, images show that the activation intensity 

due to bonds breaking increases already at strains much lower than 𝜀௙. At the onset of 

propagation, massive damage is detected around the crack in the 3rd slice, with length 

around 450 𝜇m (𝜀ே=15 % in Fig. 3.1(b)). (also see Movie S1, available upon request).  
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Fig. 3.2 (a) Averaged intensity (black) of mechanophore activation, renormalized by the bulk 

intensity and crack propagation length ∆c (blue). Insert: 2D mechanophore maps at 400 𝜇m 

deep. (b) The area in 𝜈଴ maps where 𝜈଴ > 2𝜈଴ே . Insert: 𝜈଴ maps at different strains. The onset 

of precursor and propagation are indicated by arrows. 

Area averaged fluorescence intensities 𝐼 were calculated from the integration along the 

path of open crack edge with a width of 130 𝜇m (inserted in Fig. 3.2(a)), in the 3rd slice 

(see supporting information 3.6.1 for detail). The intensity is renormalized by bulk 

intensity (𝐼௕௨௟௞) to remove the influence of absorption and laser bleaching, and 𝐼/𝐼௕௨௟௞ is 

shown in Fig. 3.2(a). The rate of increase of 𝐼/𝐼௕௨௟௞ remains almost constant for 𝜀ே < 14 %.  
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At 𝜀ே = 13.8 %, a larger increase in intensity occurs on the right side of the crack in 2D 

image, after which 𝐼/𝐼௕௨௟௞ increases faster. As also seen in Fig. 3.2(a), a slight change in 

crack length ∆c is detectable starting at 𝜀ே = 15 % (∆t = 100 s before fracture), with first 

an ultraslow increase ~ 1.5 μm/s and then 90 % of the propagation occurring in the last 

5 s. For 13.8 % < 𝜀ே < 15 %, there is only a rapid increase in fluorescence intensity without 

detectable crack propagation by bright field microscopy imaging with sub-micron 

resolution.  

As described in detail in the methods section, MSDWS was used in parallel on the bottom 

face of the sample to map spatially the microscopic dynamics. Briefly, a characteristic rate 

𝜈଴  was fitted from the temporally and spatially resolved autocorrelation function. (see 

materials and methods 3.5.2.2 and supporting information 3.6.2.1). Then maps of 𝜈଴ were 

built for different values of 𝜀ே  during the continuous stretching experiment and are 

shown in Fig. 3.2(b). For 𝜀ே < 13.5 %, the 𝜈଴ map remains almost identical with slightly 

higher values of 𝜈଴ around the crack tip, where the faster dynamics region points to the 

right, consistent with the damaged region detected by fluorescence confocal microscopy 

in Fig. 3.2(a). The blue spots are the preexisting bubbles and defects in the material. For 

𝜀ே > 13.5 %, a significant heterogeneity in dynamics occurs in front of the crack and grows 

rapidly.  

We can now relate the dynamic measurement obtained from the autocorrelation function 

to the strain rate. It can be shown (see Chapter 2 and supporting information 3.6.2) that 

𝜈଴  for these samples under strain is proportional to ඥTr(𝑫ଶ) , where 𝑫  is the rate of 

deformation tensor in the deformed configuration. In uniformly deformed (unnotched) 

samples in uniaxial stretching, 𝜈଴ scales with true strain rate along the stretch direction 

( 𝜆்̇ ). For example the nominal strain rate 𝜆̇ே  = 5 × 10-5 s-1 used in our experiments 
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corresponds to 𝜈଴ே = 0.23 s-1 and 𝜆்̇ corresponds to 𝜈଴் = 𝜈଴ே/(1 + 𝜀ே) (see Chapter 2, 

section 1.4). The region with 𝜈଴ > 2𝜈଴் (roughly the green region in Fig. 3.2(b)) rapidly 

grows from a size around 1 mm2 (𝜀ே = 13.7 %) and reaches a size of 10 mm2 (𝜀ே=14.75 %), 

much larger than the region of activation of the mechanophore. 

Both mechanophore mapping of molecular damage and MSDWS dynamics mapping show 

that from around 𝜀ே  ~ 13.5 % to just before rapid propagation, there exist detectable 

microscopic precursor events which grow in size as microscopic heterogeneities, while 

no macroscopic failure occurs. Remarkably, the time correspondence shows that the 

highly heterogeneous strain rate distribution over a large scale (1 cm2 scale) is due to 

bonds breaking very close to the tip of the crack (0.01 mm2 scale in plane). The size scale 

of the heterogeneous distribution of deformation rates is almost the same as the sample 

size, and observable around 7 min before macroscopic fracture, at our applied stretch rate. 

3.2.2 The contribution of slow crack propagation simulated by FEM  

Localized damage plays an important role in crack propagation while in existing models 

it is theoretically challenging to couple damage and deformation together.18 An important 

question here is whether the increase in dynamics far from the crack tip is simply due to 

crack growth (below our resolution) or is related to the molecular damage detected by 

fluorescence. In order to check this hypothesis, a full-field finite element method (FEM) 

simulation considering only the contribution of deformation (but not allowing for 

changes in material properties due to damage) was carried out for the same materials. A 

neo-Hookean solid material model,19 fitted to the uniaxial tension data is used to compute 

the simulation. We used FEM to calculate the full-field strain rate, with and without 

including slow propagation, respectively. Propagation is simulated here by simply 
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introducing an increasing crack length regardless of damage.  Since MSDWS gives a scalar 

function (𝜈଴ ) of the rate of deformation tensor 𝑫 , digital image correlation (DIC)20 is 

applied instead on a separate sample with a surface spray-painted with black ink to 

compare with a simulation. DIC measures spatially resolved deformations by comparing 

images containing speckles as references, which can directly provide components of the 

deformation rate tensor. 𝑫 and 𝜈଴ are calculated with images collected from time 𝑡 to 𝑡 +

𝑇  (see supporting information 3.6.2.2 for detail), where is 𝑇  is the time interval for 

correlation and averaging.  

 

Fig. 3.3 𝜈଴ maps calculated from MSDWS (a) and DIC (b) at different times before fracture. 

(c) 𝑫௫௫  as the function of distance y from crack tip with x = 0 (as indicated in (b)) from DIC 

and FEM, regardless of propagation (d) Comparison between 𝜀௫̇௫ from DIC and from FEM 

considering propagation. 

MSDWS and DIC are performed separately on different samples in the same conditions 

(sample size 2 cm × 4 cm × 4 mm, initial crack length 𝑐 = 2 mm and 𝜆̇ே = 1.25×10-4 s-1). 
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The sample tested with MSDWS failed at 𝜀௙ =15.9 % while the sample tested by DIC failed 

at 𝜀௙ = 15.7 %. With DIC results, 𝜈଴  can be calculated directly from 𝑫  (Fig. 3.3(a)) and 

compared with the direct result of MSDWS (Fig. 3.3(b). The similarity is obvious, 

validating the use of MSDWS to map strain rate in these complex 2D conditions.  

FEM and DIC results can now be compared in more detail by plotting strain rate along the 

stretching direction 𝑫୶୶,୊୉୑ and 𝑫୶୶,ୈ୍େ as a function of 𝑦 at  𝑥 = 0, as seen in Fig. 3.3(c) 

(FEM without crack propagation) and (d) (with propagation). In the absence of 

propagation, 𝑫୶୶,୊୉୑ far from the tip (𝑦 > 0.1 mm) remains almost constant with 𝜀ே up 

to ~20 %. However, while at low strain, 𝑫୶୶,ୈ୍େ matches well with 𝑫௫௫,ிாெ , starting from 

𝜀ே = 15 %, 𝑫௫௫,஽ூ஼  increases significantly more than 𝑫௫௫,ிாெ even millimeters from the 

tip, without detectable propagation of the crack by imaging, indicating the existence of 

fracture precursors. Even if 𝑐̇ = 0.01 mm/s is assumed (minimal optically detectable crack 

speed 𝑐̇  ~ 1 μ m/s), 𝑫୶୶,ୈ୍େ  is still well above 𝑫௫௫,ிாெ  at 𝜀ே  = 15 % (Fig. 3.3(d)). 

Furthermore, at a slightly larger strain of 𝜀ே = 15.3 % (24 s later), still without detectable 

propagation, a dramatic increase of  𝜀௫̇௫,஽ூ஼ is observed.  

In conclusion, at small values of applied 𝜀ே, the comparison between simulation (FEM) 

and experiments (MSDWS and DIC) shows a very good consistency. However for higher 

values of 𝜀ே approaching macroscopic fracture, experimental values deviate largely from 

simulation values. If we now compare the MSDWS results and the mechanophore 

mapping, the acceleration of the local strain rate over a large volume actually corresponds 

to detectable chemical bond scission very close to the crack tip. Yet, the effect of bond 

scission is absent from our FEM model, as well as from similar theoretical3 and 

experimental works4,8 addressing subcritical fracture. Our insight points out the 

important information that existing models lack, to predict and describe the transient 
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behavior before fracture, where localized damage is not only inegligible, but actually 

dominating. Localized damage can significantly affect the deformation at distances far 

from the crack tip, even in a model elastic solid like PDMS. Remarkably, while 𝜀ே itself 

only substantially influences 𝜀௫̇௫  in a region very close to the crack tip (as seen in 

simulation results in the supporting information 3.6.2.3) and does not contribute to 𝑫௫௫ 

far from the tip, the rapid growth in strain heterogeneity before fracture shows strong 

instability in response of dynamic damage accumulation. As seen in fluorescence 

intensity in Fig. 3.2(a), even at very low ε୒, damage is accumulating around the crack. 

However, only after ε୒>13.5 %, this accumulated damage leads to strain rate acceleration 

and fracture. This suggests a threshold level of damage above which propagation can be 

initiated. This threshold of damage level appears distinct from the Lake–Thomas model,21 

which considers bond scission only over one network mesh size (10 nm) ahead of crack 

as the threshold,22 since the damage zone size is here around 100 μm in our observation 

(Fig. 3.2(a)). This may be due to the well-known presence of silica nanoparticle in the 

Sylgard 184 that delocalize the damage.23  

A similar behavior is also observed in a different experiment where the sample is 

stretched to different strains in a step-by-step fashion and held there for measurement, 

with a waiting period of 1 h after each step. In this experiment, strain is carefully 

increased by ∆𝜀ே=0.25 %, and when approaching 𝜀ே = 15 ~ 16 %, smaller steps (∆𝜀ே = 

0.0625 %) are chosen to ensure that delayed fracture4,8 takes place in the waiting period, 

instead of during the stretching step. In this static measurement, since the decorrelation 

modes can be due to diffusive motions other than the affine deformation field,24,25 we 

implemented a modified processing of the raw data. Only correlation values at one fixed 

time interval 𝑇ெௌ஽ௐௌ were calculated to build the dynamic activity map (DAM).8,10 The 

reported correlation value decreases as decorrelation is faster, corresponding to a lower 
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intensity in the DAM. At 𝜀ே = 15 %, an ultraslow propagation (~20 nm/s) and a slight 

increase of fluorescence intensity due to mechanophore activation  is observed starting 

from a waiting time (𝑡௪) of 1700 s, as seen in Fig. 3.4(a). Using MSDWS with 𝑇ெௌ஽ௐௌ = 40 

s, a fast dynamics region representing heterogeneity of deformation rate (Fig. 3.4(b) can 

be clearly observed at 𝑡௪  = 800 s, 15 min before a slight propagation and damage is 

detected by confocal imaging (Fig 3.4(a) bottom) and 30 min before detectable by full-

field imaging.  

 

Fig. 3.4 (a) Renormalized Activation intensity (top) and propagation length (bottom) as the 

function of waiting time, detected by confocal microscopy. Inserted: 2D confocal images at 

1680 and 2820 s, respectively. (b) DAMs from MSDWS at different waiting time, with time 

interval of 40 s. 

3.2.3 Damage prediction by MSDWS  

The large-scale strain rate acceleration response to a damage close to the crack tip (in 

both continuous and fixed loading) also suggests that a collection and analysis of ordinary 

full-field images can be used to predict and prevent damage at a very early stage, before 

it shows any perceptible impact. Instead of a commonly investigated strain map, our 

mapping of the dynamics essentially provides directly a differential diagnosis in response 

to the coupled effect of external load and local damage, so that the sensitivity of detection 
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of the subtle change in strain distribution can be maximized. Note that even though full-

field DIC provides in principle similar informations in terms of strain rate distribution, 

the time resolution of DIC is limited by 𝑇௠௜௡ , the required time interval to detect a 

heterogeneous strain rate distribution from the strain field. Longer 𝑇௠௜௡ means slower 

response to an existing fracture precursor. For example in Fig. 3.3(b), for –70 s, –18 s and 

–11.5 s before fracture, 𝑇௠௜௡ are 20 s, 10 s and 4 s, respectively. In the case of delayed 

fracture, the delay in detection by DIC becomes critical, so that even during the entire 𝑡௪ 

around 30 min before delayed propagation, no acceleration of deformation rate is 

detected by DIC (𝑇௠௜௡ > 1800 s). On the other hand, the correlation time of MSDWS can 

be largely reduced by using DAM (typically required 𝑇ெௌ஽ௐௌ ~ 0.05 𝜏଴), where a 𝑇ெௌ஽ௐௌ 

of 40 s is enough to detect heterogeneity in delayed fracture.  

 

Fig. 3.5(a) Experimental procedure of the demonstration of fracture prediction/prevention. 

First loading (left): real-time dynamics activity map at 𝜀ே=22.6 %. Second loading (right): 

propagation can be observed from 𝜀ே =24.5 % (b) 3D image of the activation of 

mechanophore at each notch. Total size is 1.4 mm×1.4 mm, with thickness of 650 𝜇m. 
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Fig. 3.5 shows an example testing the predictive capability of MSDWS. 4 notches were 

placed on a PDMS sample previously labeled with mechanophores and the sample was 

stretched at 𝜆̇ே  = 5× 10-5 s-1. By real-time processing of speckle images, a DAM can be 

obtained simultaneously during the measurement and used to predict the damage, with 

𝑇ெௌ஽ௐௌ = -0.75 s (between the last collected image and the image 0.75 s before). Including 

the time for computing and image saving, an optimized time resolution of 1 s can be 

achieved. Similar to the results in Fig. 3.2(b), at 𝜀ே = 22.6 % (𝜀௙ is found larger for multiple 

notched samples, around 20~25 %), significant differences between the 4 notches can be 

detected and only one of the notches is accompanied by a fast dynamic region, reaching a 

size ~ 0.5 cm2 (Fig 3.5(a)). The sample is then removed from the tensile stage and the 4 

notches are compared under confocal microscopy, as shown in Fig. 3.5(b). Obvious 

activation can only be detected in front of the crack “LT” which displays the fast dynamics 

region, confirming the results from real-time DAM. The unloaded sample is then reloaded 

and the final fracture occurs at the location where the crack region had a faster dynamics, 

at 𝜀ே  = 24.5 %. Therefore, macroscopic failure has been successfully predicted, with a 

warning time of 300 s and warning macroscopic strain of 2 %, while there is only a very 

narrow region of molecular damage around the tip, within an area of 0.01 mm2 in plane. 

If a similar detection had been performed by DIC at that low level magnification, by 

calculating the transient deformation in a fixed period 𝑇, the trade-off between 𝑇௠௜௡ and 

the displacement resolution of the image would have decreased the warning time to at 

most 10 seconds. 
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Fig. 3.6 (a) The prediction of “sideway” propagation in natural rubber. (b) Raw images and 

DAMs during the propagation of a piece of notched Tagliatelle pasta. 

The detection of a large scale dynamic response is illustrated here with a PDMS elastomer, 

but commonly exists in different materials. MSDWS shows the advantages of ultrafast 

time resolution for microscopic damage, while the only requirements are the non-

transparency, which is a common feature of many soft materials due to the presence of 

fillers, as well as absence of strong absorption of light (at the wavelength of the laser used). 

The methods can be used for semi-crystalline polymers,25 filled soft materials26 or any 

transparent material to which a small amount of high refractive index particles can be 
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mixed before shaping. We show two more examples of testing the onset of fracture on 

several additional materials, without further investigating specific fracture mechanisms.  

Uniaxial test (𝜆̇ே = 2×10-4 s-1) was carried out on a SEN sample of natural rubber (Fig. 

3.6(a)) where impurities provide multiple scattering. A sideway propagation27 of the 

crack, classically observed in natural rubber due to strain-induced crystallization,28 is 

observed at 𝜀ே = 25 %, apparent pointing to the left in front of the crack. In DAMs, a high 

dynamics region with a length around 2 mm can be already detected on the left side of 

the crack at 𝜀ே = 17 %, 400 s before any propagation can be detected by direct imaging. 

We also analyzed the crack propagation in a piece of notched dry tagliatelle pasta with 𝜆̇ே 

= 10-4 s-1, where ductile fracture starts from a very small strain, as shown in Fig. 3.6(b). 

Interestingly, the propagation path can be predicted well by DAM at much lower applied 

strain (details in the supporting information 3.6.3). Note that in these materials, localized 

dynamics are not necessarily due to changes in strain rate only, since MSDWS detects 

multiple contributions to the dynamics.25  

3.3 Conclusions 

In summary, during the fracture of PDMS elastomers, MSDWS reveals an increase in local 

strain rate acceleration a long time before macroscopic fracture, in both continuous and 

fixed loading conditions. Verified by FEM simulations and mechanophore mapping, the 

large-scale strain rate heterogeneity (over ~ 1 cm2) is initiated by localized accumulated 

damage over a threshold (~ 0.01 mm2 around the crack tip), after which it dramatically 

grows and leads to macroscopic fracture. The large time/space scale of the dissipative 

behavior makes MSDWS a promising and convenient toolbox for early stage detection and 

prevention of microscopic damage in dynamic conditions even when observed with a 

standard camera over large scale samples. Additionally, the performance of the detection 
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of the heterogeneity by simple processing of ordinary low resolution imaging could be 

largely enhanced with machine learning methods,29 so that with a defined threshold for 

acceptable warning time, macroscopic fracture can be prevented without knowing the 

detail of the material. 
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3.4 Materials and methods 

3.4.1 Material preparation  

PDMS elastomers are prepared from PDMS Sylgard 184 (Dow Corning) with a 10:1 ratio 

of PDMS base and curing agent. 4 g of PDMS base is first mixed with titanium dioxide 

(TiO2) nanoparticles (diameter 250 nm, 10 mg) and sonicated for 10 minutes to avoid 

aggregation of the nanoparticles. Curing agent (0.4 g) and Diels-Alder adduct 

mechanophore (5 mg, dissolved in 1 g toluene) are then added and the mixture is 

vacuumed for 10 minutes. Then the mixture is poured in the mold to prepare a film and 

cured in vacuum under 90 ℃ for 8 hours, so that toluene can be during evaporated during 

curing. The synthesis of mechanophore is described in detail in our previous work.15  

3.4.2 Optical measurement 

.3.4.2.1 Confocal microscopy 

Confocal microscopy (Nikon AZ-100/C2+ confocal macroscope) is applied here to map 

3D fluorescence intensity due to damage. We used the objective AZ Plan Fluor 5×, with 

the focal length of 15 mm. The objective is zoomed by 3×, with the field of view 1.4 × 1.4 

mm and image resolution of 0.68 𝜇m/pixel (image size 2048 × 2048 pixel2) in the plane. 

Excitation and emission collection wavelength are 405 nm and 450 ~ 520 nm, respectively. 

In scanning confocal microscopy, a relatively long exposure time is required to acquire 

depth-resolved images with enough resolution and intensity, so that time resolution is 

poor. Furthermore, the fluorescence intensity of the activated mechanophore can be 

bleached after a long exposure under laser illumination. Considering the trade-off 

between image quality/time resolution and the need to avoid photobleaching, 4 slices 

(thickness 150 𝜇𝑚 with exposure time 8 s) are scanned for each 3D image, with a depth 

resolution 200 𝜇𝑚  and time resolution 2 min/scan, where images are collected at the 

beginning of each scan. The total scan thickness is 750 𝜇𝑚 , around the midplane in 

thickness direction of the sample. Quantification of the data is shown in supporting 

information 3.6.1. 
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.3.4.2.2 Multiple speckle diffusing wave spectroscopy 

Time resolved Imaging of the whole sample was simultaneously performed with MSDWS, 

with a better time resolution (100 ms) but a worse spatial resolution (size of the region 

of interest (ROI): 0.3 mm ×  0.3 mm and pixel size 0.01 mm/pixel) than confocal 

microscopy. The whole surface of the sample was illuminated homogeneously by an 

expanded green laser (wavelength 532 nm) and the speckles images were collected by a 

CMOS camera (BASLER acA2000-340km). The spatially resolved planar strain rate at the 

surface of the polymer network can be quantified from the autocorrelation function of the 

multiply scattered light intensity:  

 𝐶ூ(𝒓ሬ⃗ , 𝑡, 𝜏) =
〈ூ೛(௧)ூ೛(௧ାఛ)〉𝒓ሬ⃗

〈ூ೛(௧)〉𝒓ሬ⃗ 〈ூ೛(௧ାఛ)〉𝒓ሬ⃗
− 1 3.1 

𝑡 and 𝜏 are the experimental time and the time interval for correlation, respectively. 𝐼௣(𝑡) 

is the intensity at the p-th pixel and 〈… 〉𝒓ሬ⃗  provides the average over the ROI with a center 

position at 𝒓ሬ⃗  . The characteristic decorrelation time 𝜏଴  of the autocorrelation function 

corresponds to the time over which the probe is displaced by 1/𝑘 (𝑘 is the wave vector), 

~ 50 nm. At fixed 𝑡 and 𝒓ሬ⃗ ,𝜏଴ can be fitted by:30 

 𝐶ூ(𝜏) = 𝐴𝑒𝑥𝑝 ቆ−2𝛾ටቀ
ఛ

ఛబ
ቁ

௣

+ 𝑎 + 2𝛾√𝑎ቇ + 𝐵 3.2 

and the characteristic decorrelation rate is defined as24,25: 

 𝜈଴=1/𝜏଴ 3.3 

This decorrelation rate can then be related to the  

 𝜈଴ = √3𝑘𝑙∗ඥ𝑓[𝑫] 3.4 

is applied to visualize two-dimensional (2D) strain heterogeneity. 𝑫 is the symmetric part 

of velocity gradient tensor in the deformed state and 𝑓[𝑫] = 2𝑇𝑟(𝑫ଶ)/15 .8,25 𝑙∗  is the 

transport mean free path31. More details are shown in supporting information 3.6.2.1. 
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3.6.1 Quantification of fluorescence intensity by confocal microscopy 

An example of images in one scan at 𝜀ே =5% and 15% are shown in Fig. 3.S1(a), 

respectively. The intensity decreases with depth, due to absorption in the bulk material. 

Slight activation around the crack is already observable at 𝜀ே =5%, due to the initial 

cutting of the crack by a razor blade. Intensity at all depths increases with 𝜀ே, while just 

before propagation (𝜀ே=15%), a strongly activated region is detected only at the 3rd layer. 

This indicates that damage at propagation is not homogeneous along the thickness. A 3D 

image of the fluorescence intensity can be visualized with the volume view of the software 

“NIV-elements viewer” provided by Nikon, as seen in Fig. 3.S1(b). Maximum intensity 

projection is applied here to enhance the 3D structure visualization. The streaks in the 3D 

figure is from the separated steps in a single scan, but not structure along the depth 

direction. 
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correspondence authors: costantino.creton@espci.fr  



Chapter 3. Fast detection of early-stage damage in soft elastomers 

105 

 

 

Fig. 3.S1 (a) Separate 2D images during scan at 𝜀ே = 5 and 15 %, respectively. (b) 3D mapping 

of fluorescence intensity at 𝜀ே=15 %. 

Fig. 3.S2(a) shows the images at the 3rd layer at different 𝜀ே. To quantify the activation 

due to damage and compare with strain rate mapping results, the averaged intensity 𝐼 in 

the region along the deformed crack profile (with width of 130 𝜇𝑚) is calculated in the 

3rd layer, as indicated in Fig. 3.S2(a). The intensity is renormalized by the averaged 

intensity in a region far away from the crack (𝐼௕௨௟௞ ), to remove the effect of bleaching 

during UV illumination and the absorption. 𝐼 and 𝐼௕௨௟௞ are calculated and shown in Fig. 

3.S2(b), respectively. A small amount of decrease of 𝐼௕௨௟௞  due to bleaching can be 

observed. 

 

Fig. 3.S2 (a) Images of 3rd layer at different strain. Region for the calculation of 𝐼 and 𝐼௕௨௟௞  

are indicated. (b) 𝐼 and 𝐼௕௨௟௞  of the 3rd layer, as functions of 𝜀ே. 
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3.6.2 Strain rate mapping  

To understand the dynamic fracture mechanism, spatially resolved strain is determined 

by three different methods in this work: multiple speckle diffusing wave spectroscopy 

(MSDWS), digital image correlation (DIC) and finite element method (FEM). The three 

methods are introduced here, respectively. The undeformed sample parameters are the 

same for simulation and experiments: width w =20 mm, length 𝑙଴ = 40 mm, and crack 

length 𝑐 = 2 mm, nominal stretch rate 𝜆̇ே = 1.25 × 10-4 s-1. as indicated in Fig. 3.S3. Vertical 

and horizontal coordinates in the deformed configuration are indicated as 𝑦  and 𝑥 , 

respectively, with the crack tip (opened) as the origin of the coordinate for each 𝜀ே . 

Correspondingly, the coordinates in the undeformed state is indicated by 𝑌  and 𝑋 , 

respectively. 

 

Fig. 3.S3 Sample parameter in the (a) undeformed and (b) deformed states. 

.3.6.2.1 MSDWS 

In a backscattering geometry, MSDWS extracts the quantified deformation rate from the 

intensity fluctuation rate of the back-scattered light. The spatially and temporally 
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resolved intensity autocorrelation function Cூ(𝒓ሬ⃗ , 𝑡, 𝜏) is 

 𝐶ூ(𝑟⃗, 𝑡, 𝜏) =
〈ூ೛(௧)ூ೛(௧ାఛ)〉ೝሬሬ⃗

〈ூ೛(௧)〉ೝሬሬ⃗ 〈ூ೛(௧ାఛ)〉ೝሬሬ⃗
− 1 (1) 

where 𝐼௣  is the intensity at p-th pixel, and 〈… 〉𝒓ሬ⃗   designates an average over a region of 

interest (ROI) with center around position 𝒓ሬ⃗ . 𝜏 is the time interval for correlation and t is 

the time after the onset of stretching. At fixed time t and position 𝒓ሬ⃗ , the profile of Cூ(𝜏) 

can be related to velocity gradient tensor.9,25 The autocorrelation function has the 

exponential form, as the function of 𝜏:30,32 

 𝐶ூ(𝜏) = 𝐴𝑒𝑥𝑝 ቆ−2𝛾ටቀ
ఛ

ఛబ
ቁ

௣

+ 𝑎 + 2𝛾√𝑎ቇ + 𝐵 (2) 

𝛾  is a coefficient decided by the polarization condition of the incident/detected light 

intensities. As a polarizer is applied in the set-up, 𝛾 = 2.7 is used.25,33 𝑎 depends on the 

ratio between the transport mean free path 𝑙∗ 34 and sample thickness, which is 

experimentally determined in a unnotched sample under continuous stretching, around 

0.02 .30,32 

𝜏଴(t) corresponds to the time scale where probe particles moves in the order of 50 nm 

(1/ 𝑘, where 𝑘 is wave vector), which can be applied to measure spatial resolved velocity 

gradient tensor in the deformed configuration.30 We recall here the correspondence 

between 𝜏଴  and velocity gradient tensor.9,35 At a material point  𝑋 , t  0F   denotes the 

deformation gradient at time t  , where   is a very small time.  We can always write: 

 𝑭଴→௧ାఛ = 𝑭௧→௧ାఛ𝑭଴→௧ ⇒ 𝑭௧→௧ାఛ = 𝑭଴→௧ାఛ(𝑭଴→௧)ିଵ (3) 

t t  F is the deformation gradient using the configuration at time t (deformed coordinates) 

as the reference configuration. For small 𝜏, 

 𝑭଴→௧ାఛ = 𝑭(𝑋, 𝑡 + 𝜏) ≈ 𝑭(𝑋, 𝑡) + 𝑭̇(𝑋, 𝑡)𝜏  (4) 

 ,X tF is the material velocity gradient. Substituting eq. 4 into eq. 3, we have 

 𝑭௧→௧ାఛ = (𝑭଴→௧ + 𝑭̇(𝑋, 𝑡)𝜏)(𝑭଴→௧)ିଵ = 𝑰 + 𝑭̇(𝑋, 𝑡)[𝐹(𝑋, 𝑡)]ିଵ (5) 
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It is well known that 

 𝑭̇(𝑋, 𝑡)[𝑭(𝑋, 𝑡)]ିଵ = 𝑳(𝑥(𝑋, 𝑡), 𝑡) (6) 

Which is the spatial velocity gradient tensor expressed in current coordinates 𝑥 . 

Therefore, eq. 5 implies that 

 𝑭௧→௧ାఛ = 𝑰 + 𝑳(𝑥, 𝑡)𝜏 (7) 

Since 

 𝑳 = 𝑫 + 𝑾 (8) 

where 𝑫 ⇔ 𝐷௜௝ =
ଵ

ଶ
(

డ௩೔

డ௫ೕ
+

డ௩ೕ

డ௫೔
) is the rate of deformation tensor and 𝑾 is the spin tensor, 

which has no effect on deformation. Tensor 𝑼 is defined by 

 𝑈௜௝ = 𝐷௜௝(𝑥, 𝑡)𝜏 (9) 

For a purely affine deformation with no additional dynamics, the autocorrelation function 

can be related to 𝑼 by30,32 

 𝐶ூ(𝜏) = 𝐴𝑒𝑥𝑝 ቆ−2𝛾ට3𝑘ଶ𝑙∗ଶ𝑓[𝑼(𝜏)] + 𝑎 + 2𝛾√𝑎ቇ + 𝐵 (10) 

where 𝑓[𝑼(𝜏)]  is a function of 𝑈 :𝑓[𝑼] = [𝑇𝑟ଶ(𝑼) + 2𝑇𝑟(𝑼ଶ)]/15 . For incompressible 

solid (such as elastomer), 𝑇𝑟(𝑈) = 0  so that 𝑓[𝑼] = 2𝑇𝑟(𝑼ଶ)/15 . Wave vector 𝑘 =

2𝜋𝑛/𝜆, 𝜆 = 532 nm, n = 1.4 is the index of refraction for PDMS36,37 This also implies that 𝑝 

in eq. 2 should be 2, which provides a criterion to characterize the contributions to 

decorrelation mode of autocorrelation function. Inserting 𝜏 = 𝜏଴, the simple expression 

can be found: 

 ඥ𝑓[𝑫(𝑡)]𝜏଴
ଶ =

ଵ

√ଷ௞௟∗ (11) 

And characteristic rate 𝜈଴ (𝜈଴ = 1/𝜏଴) is defined by 

 𝜈଴ = √3𝑘𝑙∗ඥ𝑓[𝑫(𝑡)] (12) 

𝜈଴  can be simply obtained from the fitting of autocorrelation function by eq. 2 and 
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increases with strain rate, so that it is applied here to map the strain rate distribution. 

 

Fig. 3.S4 (a) 𝜈଴ and (b) 𝑝 map at 𝜀ே=15% and 15.6%. 

Fig. 3.S4 shows 𝜈଴ (a) and  𝑝 (b) distribution at 𝜀ே=15 and 15.6 %. High heterogeneity can 

be observed in 𝜈଴ map, while in 𝑝 map, 𝑝 is around 2 everywhere over the sample. This 

indicates that the dynamics we observed here is dominated by affine deformation field 

during stretch. At 𝜀ே = 15.6 %, sharp transition to small 𝑝 around 1 can be detected at 

close to the tip (around 1 mm), but it should not be due to different contribution to the 

autocorrelation function. At close to the crack tip, where dynamics decorrelation is very 

fast before fracture, fitting of exponent 𝑝 is not very precise with limited data points at 

small 𝜏. 

.3.6.2.2 Digital image correlation 

The quantitatively measurement of strain rate by MSDWS is an advanced but relatively 

new method. The application in the complex 2D condition can be validated by the 

comparison with digital image correlation (DIC).20,38 On the other hand, FEM simulation 

results can be easily compared with DIC results, which measures velocity gradient tensor, 

instead of 𝜈଴ in MSDWS. 
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Fig. 3.S5 (a)PDMS sample prepared by spray painting for the measurement by DIC, at 25 s 

before fracture (𝜀ே=15.4 %). DIC results are shown as (b) 𝑈௫௫ , (c) 𝑈௬௬ and (d) 𝑈௫௬. 

Strain rate is measured by DIC on a single-edge notched (SEN) sample with a surface 

spray-painted with black ink, as seen in Fig. 3.S5(a). Each spot has diameter around 0.1 

mm, providing enough resolution for full-field mapping. The processing is done with the 

open resource program pyDIC, developed by Damien André. Corresponds to results by 

MSDWS, 𝑼  is first measured by DIC, where displacement is calculated with successive 

images and accumulated from 𝑡 to 𝑡 + 𝑇. Ideally, the averaging interval 𝑇 should be small 

enough so that the change in strain rate can be negligible. An example is shown in Fig. 

3.S5: (b) 𝑈௫௫, (c) 𝑈௬௬ and (d) 𝑈௫௬ at 25 s before fracture (ε୒=15.4 %), with 𝑇 = 4 s. 

DIC can only measure deformation in the surface plane. As the thickness is small 

compared to the surface size of the sample, the shearing in the thickness direction is 

considered negligible (𝑈௫௭ = 𝑈௬௭ = 𝑈௭௫ = 𝑈௭௬ =0) and we consider 𝑈௫௬ = 𝑈௬௫ for small  𝑻. 

At each 𝑡, 𝑈 is 

 𝑼(𝑟⃗, 𝑡, 𝑇) = ቎

𝑈௫௫(𝑟⃗, 𝑡, 𝑇) 𝑈௫௬(𝑟⃗, 𝑡, 𝑇) 0

𝑈௫௬(𝑟⃗, 𝑡, 𝑇) 𝑈௬௬(𝑟⃗, 𝑡, 𝑇) 0

0 0 −𝑈௫௫(𝑟⃗, 𝑡, 𝑇) − 𝑈௬௬(𝑟, 𝑡, 𝑇)

቏, (13) 

and we have 

 𝑫(𝑟⃗, 𝑡) = 𝑼(𝑟⃗, 𝑡, 𝑇)/𝑇 (14) 

In this way, equivalent values of 𝜈଴ can be calculated from DIC to compare with MSDWS 
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and 𝑫(𝑟⃗, 𝑡) with FEM. Note that to grab the deformation rate of the whole surface, the 

displacement resolution of DIC is highly limited by the image resolution. Here the 

required minimal 𝑇  to detect the heterogeneity in 𝑫(𝑟⃗, 𝑡)  is denoted by 𝑇௠௜௡ . For a 

dynamic measurement, 𝑇௠௜௡ eventually limits the time response to a rapid change. On the 

other hand for MSDWS, fast detection can be largely accelerated by DAM, where time 

interval 𝑇ெௌ஽ௐௌ typically needs to be over 0.05𝜏଴ to visualize enough heterogeneity. The 

relative time resolution of MSDWS and DIC can be compared by comparing 𝑇௠௜௡  with 

0.05𝜏଴ in MSDWS. Of course a higher magnification could be sued in DIC to focus on the 

crack tip region but this requires in practice to know where the crack tip is, while the wide 

field image of MSDWS can detect heterogeneities over the whole sample. 

.3.6.2.3 Finite element method (FEM) 

To compare with experimental results measuring Eulerian strain rate distribution, we are 

interested in the velocity gradient tensor and its symmetric part, which is the rate of 

deformation tensor. The finite element model is identical to the one we used in an earlier 

work19,39 and is implemented in the commercial FEM software, Abaqus.  Due to symmetry, 

only a half sample is modeled. On the bottom edge and directly ahead of the crack tip, 

1X c , the vertical displacement and the shear stress are zero. On the top edge, a uniform 

vertical displacement   is imposed while the horizontal displacement is constrained to 

be zero.  Plane stress elements CPS4 are used. The smallest element size near the crack 

tip is 55 10 w  .   More details of finite element implementation can be found in our 

previous work.39    

Calculation of spatial velocity gradient tensor 

We assume plane stress deformation. In the simulation, the position of a material point 

X  in the reference undeformed configuration (at time t = 0) is given X X = E  with the 

origin  0X   at the undeformed crack tip. Here bold letters denote vector or tensor 

quantities and summation convention where sum over repeated index is used unless 

otherwise specified. The E  are unit orthonormal basis vectors in the reference 

configuration. Since plane stress deformation is 2D, ,  1 2  . The undeformed crack 

occupies  ,X c 1 0 . Let  y X  denote the position of the deformed material point X . 
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Note that the notation in this section differs from the notation in the manuscript.  

Specifically, in this section, the crack lies along the 1 direction instead of the 2 direction.  

Thus, y x1  and y y2 .   

The spatial velocity gradient tensor 𝑳 is the gradient of the velocity field 𝒗 in the current 

or deformed configuration, i.e., 

 𝑳 = 𝛻௬𝒗 (15) 

It is well known that the spatial velocity gradient tensor 𝑳 is related to the deformation 

gradient tensor F  by 

 𝑳 = 𝑭̇𝑭ି𝟏 (16) 

, where F  is the material velocity gradient (see Nonlinear solid mechanics, page 96, by G. 

A. Holzapfel, Wiley).   

To compute 𝑳 near the crack tip, we use eq. 16.  The matrix representing the deformation 

gradient tensor F is 

 𝑭 = ൥

𝑦ଵ,ଵ 𝑦ଵ,ଶ 0
𝑦ଶ,ଵ 𝑦ଶ,ଶ 0

0 0 𝜆ଷ

൩ ⇒ 𝑭̇ = ቎

𝑦̇ଵ,ଵ 𝑦̇ଵ,ଶ 0
𝑦̇ଶ,ଵ 𝑦̇ଶ,ଶ 0

0 0 𝜆ଷ̇

቏ 

 𝑦ఈ,ఉ =
డ௬ഀ

డ௑ഁ
, 𝑦̇ఈ,ఉ =

డ

డ௧
(

డ௬ഀ

డ௑ഁ
) (17) 

, where 3  is the stretch ratio in the out of plane direction. Incompressibility implies that 

 𝐷 = 𝑦ଵ,ଵ 𝑦ଶ,ଶ− 𝑦ଵ,ଶ 𝑦ଶ,ଵ = 1/𝜆ଷ (18) 

Simple calculation shows that 

 𝑭ି𝟏 = ൦

௬మ,మ

஽
−

௬భ,మ

஽
0

−
௬మ,భ

஽

௬భ,భ

஽
0

0 0 1 𝜆ଷ⁄

൪ (19) 

Eq. 16, 18 and 19 imply that the matrix representing the spatial velocity gradient tensor 

𝑳 is 
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 𝑳 = 𝑭̇𝑭ିଵ = ቎

𝐿ଵଵ 𝐿ଵଶ 0
𝐿ଶଵ 𝐿ଶଶ 0

0 0 𝜆̇ଷ 𝜆ଷ⁄
቏, (20) 

where 

 𝐿ଵଵ =
௬̇భ,భ௬మ,మି௬̇భ,మ௬మ,భ

஽
 

 𝐿ଵଶ =
ି௬̇భ,భ௬భ,మା௬̇భ,మ௬భ,భ

஽
 

 𝐿ଶଵ =
௬̇మ,భ௬మ,మି௬̇మ,మ௬మ,భ

஽ 
 

 𝐿ଶଶ = (−𝑦̇ଶ,ଵ 𝑦ଵ,ଶ+ 𝑦̇ଶ,ଶ 𝑦ଵ,ଵ )/𝐷 

 𝐿ଷଷ = 𝜆̇ଷ/𝜆ଷ (21) 

Note that since the trace of 𝑳 is zero, due to incompressibility, we have: 

 𝐿ଵଵ + 𝐿ଶଶ + 𝐿ଷଷ = 0 (22) 

The nominal stress tensor or 1st Piola stress tensor 𝑺 is (the out of plane stresses are all 

zero), 𝛼, 𝛽 = 1,2  

 𝑆ఈఉ = 𝜇(𝐹ఈఉ − 𝜆ଷ
ଶ𝐹ఉఈ

ିଵ) (23) 

The true stress tensor 𝝉 is 

 𝜏ఈఎ = 𝑆ఈఉ𝐹ఎఉ = 𝜇(𝐹ఈఉ𝐹ఎఉ − 𝜆ଷ
ଶ𝛿ఈఎ) (24) 

Directly ahead of the crack tip, the shear stresses are zero, so that 

 𝜏ଵଶ = 0 ⇒ (𝐹ଵଵ𝐹ଶଵ + 𝐹ଵଶ𝐹ଶଶ) = 0 (25) 

However, directly in front of the crack tip:  

 𝑢ଶ = 0 ⇒ 𝐹ଶଵ = 𝑦ଶ,ଵ = 0, 𝐹ଶଶ ≠ 0 (26) 

Combining eq. 25 with eq. 26, we have 
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 𝐹ଵଶ = 𝑦ଵ,ଶ = 0 (27) 

From eq. 21 and eq. 26-27, the deformation gradient tensor and the velocity gradient 

tensor are diagonal directly ahead of the crack tip. A result in mechanics tells us that the 

material time derivative of the left Cauchy-Green tensor 𝒃 = 𝑭𝑭் is (see Nonlinear solid 

mechanics, page 102, G. A. Holzapfel, John Wiley and Sons LTD) : 

 𝒃̇ = 𝑳𝒃𝑻 + 𝒃𝑳𝑻 (28) 

where a dot denotes material derivative.  Since both b and 𝑳 are diagonal directly ahead 

of crack, we must have 

 𝑳𝒃𝑻 = 𝒃𝑳𝑻 = 𝑳𝒃 ⇒ 𝒃̇ = 𝟐𝑳𝒃 (29) 

Since  Lb  is also diagonal, so 

 𝑳𝒃 = ቎

𝐿ଵଵ𝑏ଵଵ

𝐿ଶଶ𝑏ଶଶ

⊗

቏ ⇒ 𝑏̇ଵଵ = 2𝐿ଵଵ𝑏ଵଵ, 𝑏̇ଶଶ = 2𝐿ଶଶ𝑏ଶଶ (30) 

Thus, directly ahead of the crack tip, the spatial velocity gradient tensor is also the rate of 

deformation tensor or strain rate tensor since it is diagonal) is given by the logarithmic 

derivative of the components of the left Cauchy-Green tensor: 

 𝐿ଵଵ =
ଵ

ଶ

௕̇భభ

௕భభ
=

ଵ

ଶ
(𝑙𝑛𝑏ଵଵ)·  

 𝐿ଶଶ =
ଵ

ଶ

௕̇మమ

௕మమ
=

ଵ

ଶ
(𝑙𝑛𝑏ଶଶ)·  (31) 

Eq. 31 is used to extract the velocity gradient component 𝐿ଶଶ from FEM simulations.   

Asymptotic analysis of spatial velocity gradient near the crack tip 

Far away from the crack tip, the rate of deformation should be approximately given by the 

logarithmic strain rate 𝑙(̇𝑡)/𝑙(𝑡) =
ఒ̇ಿ

(ଵାఌಿ)௟బ
. On the other hand, very close to the crack tip 

(𝑅 → 0), the upper bound of 𝑳 can be decided by the asymptotic solution of a plane stress 

crack in an incompressible neo-Hookean solid. For a Mode I crack, the in-plane near tip 

deformed coordinates 𝑦ఈ  are given by:39,40   
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 𝑦ଵ = 𝐶𝑅𝑐𝑜𝑠𝜑 

 𝑦ଶ = 𝑎√𝑅𝑠𝑖𝑛(𝜑 2⁄ ) (32) 

where (𝑅, 𝜑) are material polar coordinates in the reference configuration. Note that R = 

0 is the position of the undeformed crack tip. According to eq. 32, the asymptotic behavior 

of the in-plane deformation gradient are: 

𝐹ଵଵ = 𝐶, 𝐹ଵଶ = 0 

𝐹ଶଵ =
𝜕𝑦ଶ

𝜕𝑋ଵ
= cos𝜃

𝜕𝑦ଶ

𝜕𝑅
−

sin𝜑

𝑅

𝜕𝑦ଶ

𝜕𝜑
= 𝑎[cos𝜑sin(𝜑 2⁄ )

1

2√𝑅
−

sin𝜑

2√𝑅
cos(𝜑 2⁄ )

=
𝑎

2√𝑅
[cos𝜑sin(𝜑 2⁄ ) − sin𝜑cos(𝜑 2⁄ )] = −

𝑎

2√𝑅
sin(𝜑 2⁄ ) 

𝐹ଶଶ =
𝜕𝑦ଶ

𝜕𝑋ଶ
= 𝑠𝑖𝑛𝜑

𝜕𝑦ଶ

𝜕𝑅
+

𝑐𝑜𝑠𝜑

𝑅

𝜕𝑦ଶ

𝜕𝜑
= 𝑎 ൤𝑠𝑖𝑛𝜑 𝑠𝑖𝑛(𝜑 2⁄ )

1

2√𝑅
+

𝑐𝑜𝑠𝜑

2√𝑅
𝑐𝑜𝑠(𝜑 2⁄ )൨ 

 =
௔

ଶ√ோ
[𝑠𝑖𝑛𝜑𝑠𝑖𝑛(𝜑 2⁄ ) + 𝑐𝑜𝑠𝜑𝑐𝑜𝑠(𝜑 2⁄ )] =

௔

ଶ√ோ
𝑐𝑜𝑠(𝜑 2⁄ ) (33) 

Hence, 

 𝑭 ∼
︸

ோ→଴

[

𝐶 0 0

−
௔௦௜௡(ఝ ଶ⁄ )

ଶ√ோ

௔௖௢௦(ఝ ଶ⁄ )

ଶ√ோ
0

0 0 𝜆ଷ

] (34) 

Next, we compute the near tip spatial velocity gradient tensor 𝑳. 

 𝑭̇ ≈ ൦

𝐶̇ 0 0

−
௔̇ ௦௜௡(ఝ ଶ⁄ )

ଶ√ோ

௔̇ ௖௢௦(ఝ ଶ⁄ )

ଶ√ோ
0

0 0 𝜆̇ଷ

൪                                                            

(35) 

 𝑭 ≈ ቎

𝐶 0 0

−
௔௦௜௡(ఝ ଶ⁄ )

ଶ√ோ

௔௖௢௦(ఝ ଶ⁄ )

ଶ√ோ
0

0 0 𝜆ଷ

቏ ⇔ 𝑭ି𝟏 ≈

⎣
⎢
⎢
⎡

௔௖௢௦(ఝ ଶ⁄ )

ଶ஽√ோ
0 0

௔௦௜௡(ఝ ଶ⁄ )

ଶ஽√ோ

஼

஽
0

0 0 1 𝜆ଷ⁄ ⎦
⎥
⎥
⎤

 (36) 

where 
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 𝐷 =
஼௔௖௢௦(ఝ ଶ⁄ )

ଶ√ோ
 (37) 

Combining eq. 36 and 37 gives the result, 

 𝑭ି𝟏 ≈ ൦

1 𝐶⁄ 0 0
௧௔௡(ఝ ଶ⁄ )

஼

ଶ√ோ

௔௖௢௦(ఝ ଶ⁄ )
0

0 0 1 𝜆ଷ⁄

൪ (38) 

Using eq. 16, 37 and 38:  

 𝑳 ≈ ൦

𝐶̇ 𝐶⁄ 0 0

0
௔̇

௔
0

0 0 𝜆̇ଷ 𝜆ଷ⁄

൪ (39) 

Eq. 39 states that the in-plane components of the spatial velocity gradient tensor are 

bounded and independent of spatial coordinates or 𝑦  (as long as 𝑦  is small compared 

with crack length).  This is an interesting result, since the stress and deformation gradient 

tensor are singular at the crack tip.  Note that 𝑳 is symmetric near the crack tip, so it is 

also the rate of deformation tensor 𝐃 (or strain rate tensor) near the crack tip.   It should 

be noted that the velocity gradient tensor given by Eq. 39 is only valid at distances very 

close to the crack tip, around 1/100 of crack length, which is 0.02 mm. However, the 

deformation field in this region cannot be accurately probed by our experimental 

techniques.   

Determination of crack tip parameters in SEN sample 

The crack tip parameters  𝑎  and 𝐶  can be obtained from FEM For our case we have a 

single-edge crack specimen loaded by applied displacement  t  at the grips.  From eq. 

97b in ref 9,39 the energy release rate or 𝐽 integral is related to the crack tip parameter a 

by 

 𝐽 =
ఓగ

ସ
𝑎ଶ (40) 

Dimensional analysis implies that 

 𝐽 = 𝜇(
௱

௟బ
)ଶ𝑐𝐽(̅

௱

௟బ
,

௖

௪బ
,

௪బ

௟బ
) (41) 
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where J is a dimensionless function, c is the crack length and w0 is the initial width of the 

sample.  Note 
௱

௟బ
= 𝜀ே is the nominal strain in the sample. From (34) and (35), we have 

 𝑎 =
ଶ√௃

√ఓగ
=

ଶ

√గ

௱

௟బ
√𝑐ට𝐽 ̅ቀ

௱

௟బ
,

௖

௪బ
,

௪బ

௟బ
ቁ (42) 

A reasonable approximation for short cracks is 

 𝑎 =
ଶ√௃

√ఓగ
≈

ଶ

√గ

௱

௟బ
√𝑐ට𝐽(̅

௱

௟బ
,

௪బ

௟బ
) (43) 

If both the nominal strain εே = 𝛥/𝑙଴  and the crack length c increases with time, the 

change in the crack tip parameter a  with time is 

 𝑎̇ ≈
ଶ√௖

√గ
ට𝐽(̅

௱

௟బ
,

௪

௟బ
)[(

௱̇

௟బ
) +

ଵ

ଶ
(

௱

௟బ
)

௖̇

௖
] (44) 

Note that the 2nd term due to crack motion may not be small, since typically  

 ቀ
௱̇

௟బ
ቁ = 𝜆̇ே ≪

ଵ

ଶ

௱

௟బ
=

ఌಿ

ଶ
 (45) 

The other crack tip parameter C is related to the deformed crack profile, which can be 

evaluated using  (27) and taking   , i.e.,  

 𝑦ଵ = −𝐶𝑅 

 𝑦ଶ = ±𝑎√𝑅 ⇒ 𝑦ଶ = ±𝑎ඥ−𝑦ଵ/𝐶 (46) 

The crack opening is parabolic and once a is determined by the J integral, C can be 

determined by fitting the crack opening profile. Dimensional analysis implies that 

 𝐶 = 𝑔 ቀ
௱

௟బ
,

௖

௪
,

௪

௟బ
ቁ (47) 

The method is applied to obtain the crack parameter C. Fig. 3.S6 (a) (black line shows the 

initial undeformed configuration and the deformed shape of the specimen after straining 

to 0 and 0.15 (nominal strain, 𝜀ே). The deformed shape of the crack is shown in Fig. 3.S6 

(b).  In these figures  1 2x y ,y y   are the deformed coordinates.  
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Fig. 3.S6 (a) Undeformed shape of specimen before loading (black line).  Deformed shape of 

specimen after straining to 0 and 0.15 (nominal strain). (b) close up view of deformed crack 

shape.    1 2x y ,y y   are the deformed coordinates. 

Fig. 3.S7 shows the FEM energy release rate 𝐽 versus the nominal strain and compare with 

our previous results,41 which is given by 

 𝐽 = 𝜇(𝜆ଶ +
ଶ

ఒ
− 3)𝑐

ଵ.ସ଻଺ఒା .ଶଵଵଵ

ఒି଴.ହ଼଴ସ
, 𝑐/𝑤 << 1 (48) 

In Fig. 3.S7(a), J is normalized by 𝜇 (the small strain shear modulus) and 𝐻 = 𝑙଴/2 is half 

of the sample height before deformation. 

Recall that 𝑎 is the crack tip parameter (see eq. 32). It is related to the energy release rate 

J by eq. 40.  It also determines the strength of the dominant component of the true stress 

field 𝜎௬௬. This parameter is plotted against the nominal strain in Fig. 3.S7(b).   We evaluate 

a / a  directly ahead of the crack numerically and this is shown in Figure 3.S7(c).   Recall 

a / a = L22  of the asymptotic velocity gradient tensor (see eq. 39).  
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Fig. 3.S7 (a) Normalized energy release rate versus nominal strain (b) crack tip parameter a 

versus nominal strain, (c) asymptotic value of 22L  (see eq.42)) versus nominal strain. 

Calculation of velocity gradient tensor with small amount of crack growth 
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To distinguish the contribution of molecular damage from undetectable slow crack 

propagation, we introduce a small change in crack length in our simulation.  Since 

material is rate independent, we carry out a simulation with a slightly longer crack 𝛥𝑐. 

The contribution of crack motion to the total 𝑳  is 
ఋ௅

ఋ௖
𝑐̇ , where c   is an experimentally 

determined quantity.   

Dimensional analysis tells us that 

 𝐹 = 𝐹(𝑋ത, 𝜀ே(𝑡), 𝑐̅(𝑡),
௪బ

௟బ
) 

 𝑋ത = 𝑋/𝑤଴ 

 𝑐̅(𝑡) =
௖(௧)

௪బ
 (49) 

Therefore, 

 𝑭̇ =
డ𝑭

డఌಿ
𝜆̇ே(𝑡) +

డ𝑭

డ௖̅
𝑐̅̇(𝑡)(𝑋ത, 𝜀ே(𝑡), 𝑐̅(𝑡),

௪బ

௟బ
) (50) 

Hence  

 𝑳 = 𝑭̇𝑭ି𝟏 = [
డ𝑭

డఌಿ
𝜆̇ே ൬(𝑡) +

డ𝑭

డ௖̅
𝑐̅̇(𝑡)൨ 𝑭ି𝟏 ቀ𝑋ത, 𝜀ே(𝑡), 𝑐̅(𝑡),

௪బ

௟బ
ቁ = 𝑳𝒏𝒄𝒈 + 𝑳𝒄  (51) 

Thus, the spatial velocity gradient tensor due to crack growth and increase in nominal 

strain can be decomposed into two contributions, the first is due to the change in nominal 

strain, i.e., 

 𝑳௡௖௚ = [
డ𝑭

డఌಿ
𝜆̇ே(𝑡)]𝑭ିଵ(𝑋ത, 𝜀ே(𝑡), 𝑐̅(𝑡),

௪బ

௟బ
)  (52) 

without crack growth (ncg = no crack growth). The second contribution is due to crack 

growth, i.e., 

 𝑳𝒄 = [
డ𝑭

డ௖̅
𝑐̅̇(𝑡)]𝑭ିଵ(𝑋ത, 𝜀ே(𝑡), 𝑐̅(𝑡),

௪బ

௟బ
) (53) 

Summary 

Finite element method is performed:  

(a) We use FEM to compute 𝑎 and 𝐶 in the specimen, and estimate an upper bound for 
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the rate of deformation  

(b) The velocity gradient tensor near the crack tip is bounded and is independent of 

spatial position. It is also the rate of deformation tensor 𝑫 since 𝐿ଵଶ = 𝐿ଶଵ ∼ 0.     

(c) The change in velocity gradient tensor due to small change of crack tip position is 

computed using FEM.    

3.6.3  Additional testing on natural rubber and pasta 

Vulcanized natural rubber films with a thickness of 0.38 mm was cut into width of 15 mm 

and initial length of 25 mm with notch length of 1.5 mm. Tensile test on SEN sample was 

performed with 𝜆̇ே =  2 × 10-4 s-1, and stress-strain curve is shown in Fig. 3.S8(a). As seen 

in Fig. 3.S8(b), slight propagation can be detected from 𝜀ே = 25 %, pointing to the left. The 

side-way propagation continues until around 30% and further stretching leads to massive 

propagation perpendicular to stretching direction (see 𝜀ே = 31 %).  

 

Fig. 3.S8 (a) Stress-strain curve for SEN natural rubber. (b) Propagation of the crack at 

different 𝜀ே. 

Dry pasta purchased from supermarket has thickness around 0.9 mm and width of 11 

mm, which was cut into initial length of 30 mm with notch of 1.5 mm for experiments 

(stretching rate 𝜆̇ே  =  10-4 s-1). Stress-strain curve is shown in Fig. 3.S9(a). With the 

propagation of the crack, cross-section of the sample decreases and drop of stress can be 

observed from 𝜀ே  = 1.9 %. Crack tip remains sharp over increasing 𝜀ே  and the 

propagation follows a zig-zag path, as seen in Fig. 3.S9(b). 
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Fig. 3.S9(a) Stress-strain curve for SEN pasta. (b) Images showing the propagation of the 

crack at 𝜀ே = 1.4 and 4.5 %, respectively. 
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4.1 Abstract 

Multiple network elastomers (MNEs) are a class of soft elastic materials with both high 

stiffness and high toughness. While the enhancement in fracture toughness of MNEs has 

been widely reported, understanding the origin of the toughening mechanism is challenging, 

due to the complex structure and lack of characterization methods. Here we map the 3D 

damage distribution during the opening of a crack by fluorescence measurement of 

mechanophore-labeled MNE. Together with deformation mapping by digital image 

correlation (DIC), we discover that the strain hardening of MNE provides a self-

strengthening mechanism that limits strain localization and delays crack propagation, 

contributing to enhanced resistance to both fast and delayed fracture. The unprecedented 

visualization of 3D damage in MNE with micron resolution shows material response at the 

molecular scale, and the understanding on the toughening mechanism will push the 

development of advanced MNE materials. 
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4.2 Introduction 

Multiple network elastomers (MNE) are a class of recently developed soft materials with 

a novel combination of high stiffness, good reversible extensibility and high toughness.1-3 

Their excellent mechanical performance stems from the presence of energy dissipation 

mechanisms by the bond scission in an embedded sacrificial network, so that the material 

can be highly deformed after being damaged but while avoiding crack propagation.1,4 

When describing mechanical properties, the fracture resistance differs from the 

extensibility of the material, due to the sensitivity to flaws, which commonly exist in 

practical materials. When the flaw size exceeds a critical length (flaw sensitivity length),5,6 

the fracture stress becomes very sensitive to the flaw size. It has been reported that an 

ultrahigh fracture energy (over 103 J/𝑚ଶ ) can be obtained by the design of multiple 

network polymer, so that flaw tolerance is also improved.2,7 Although engineering of 

tough hydrogels by network design is becoming a new hot topic of polymer science,3,8,9  

applications of elastomers are more common while understanding better the molecular 

origin of the  enhancement of the fracture toughness in MNE may be as essential.  

As MNE potentially expand the space of applications of unfilled elastomers, the multiple 

interpenetrated network structure complexifies the possible energy dissipation 

mechanisms during fracture. Classically, the energy dissipation by bond scission can be 

described by the Lake-Thomas model,10 which assumes that the minimum energy 

necessary to break a simple elastomer network is the simple product of the areal density 

of strands crossing the fracture plane by the average number of bonds per strand and by 

the energy per chemical bond. Such a dissipative mechanism would be restricted to the 

dimensions of a network mesh size (~10 nm). However for MNE, molecular bonds break 

over a large scale that can extend easily over 1 mm,1,11 without necessarily leading to 

crack propagation. It is also well-known that at large deformations, strain localization 

may blunt the crack tip and reduce the stress concentration, delaying the growth of the 

crack. The size scale of the strain concentration, typically 100 μm around the crack tip,12,13 

implies that in MNE, the damaged region is also non-negligibly deformed. For the study 

of MNEs, the spontaneous structural heterogeneity at the macroscopic scale is the key 

feature of their fracture behavior, but has been so far only phenomenologically 

discussed.1,14 Furthermore, how the damage is coupled into changes in localized 
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strain/stress governs the onset of catastrophic (fast) crack propagation. The investigation 

on the dynamic behavior of fracture in MNE requires in-situ characterization on both 

molecular and mechanical behavior, and advanced measurement methods need to be 

developed. 

Mechanophore-based visualization techniques11,15,16 provide a powerful tool to optically 

and quantitatively investigate the scission of molecular bonds, which is especially 

valuable for the study of MNE where bond scission takes place at a sub-macroscopic scale 

(> 0.1 mm). Mechanophore crosslinkers are activated upon breaking, and the 

fluorescence intensity can be detected by confocal microscopy to achieve a depth-

resolved mapping.11,17,18 In this work, we propose the simultaneous observation, using in-

situ confocal microscopy, of 3D molecular damage during the fracture of MNE, and 

combine it with the full-field measurement of the deformation heterogeneity by digital 

image correlation (DIC). With the method, we aim to bridge the molecular mechanism of 

damage with the changes in mechanical properties to better understand and design MNEs. 
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4.3 Results and Discussion 

Following our previous work on poly (ethyl acrylate) (EA) multiple networks 1,19, double 

networks (DN) and triple networks (TN) were prepared by UV-polymerization of the 

swollen single network (SN), as previously described19 and as seen in Materials and 

methods. SN is synthesized first and 5 mol% of the crosslinker is labeled with the 

mechanophore (non-fluorescent in the intact state). Then swelling in an EA monomer 

solution provides an isotropic pre-stretching of the first network (also called filler 

network), so that the difference in extensibility between filler network and second/third 

network (matrix network) results in the breaking of pre-stretched filler network as a 

sacrificial network.19 From the isotropic swelling ratio measured by weight ratio α (α =

m/m଴), the pre-stretch 𝜆଴ of the first network is defined as 𝜆଴ = √𝛼
య ,19 and given in Table 

4.1 for the different materials. The initial thickness of SN is 0.8 mm and the thickness of 

DN and TN increase due to swelling, as seen in Table 4.1. Single edge notched (SEN) 

samples of SN, DN and TN are cut into samples of the same size: 15 mm (between clamps) 

×  6 mm for fracture testing. To avoid different initial damage along the thickness, the 

notch is prepared by pushing the razor blade into the lateral face of the sample, with an 

initial length around 1.5 mm (Materials and methods). 

4.3.1 Fast fracture 

 SN DN TN 

Pre-stretch 𝜆଴ 1 1.59 2.34 

Thickness 0.8 mm 1.27 mm 1.83 mm 

Young modulus 𝐸 0.47 MPa 0.96 MPa 1.36 MPa 

Stretch ratio at break 𝜆௕ 1.19 1.5 2.31 

Crack velocity 0.013 mm/s 0.05 mm/s* 200 mm/s 

 

Table 4.1 Sample specifications and mechanical properties of SN, DN and TN. * The 

reproducibility of propagation in DN is poor, I found it is very sensitive to the initial cut. 

Fast fracture,20 where a notched sample is continuously stretched until fracture, is studied 
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by uniaxial stretching of SEN samples at a stretch rate 𝜆̇ = 10-4 s-1. Mechanical and optical 

tests are carried out in the set-up schematically described in Fig. 4.1(a), with 

simultaneous data acquisition by confocal microscopy (for damage visualization around 

the crack) and a CMOS camera (for full-field strain mapping by DIC). Details are provided 

in Materials and methods. Stress-strain curves until fracture are shown in Fig. 4.1(b) for 

SN, DN and TN, respectively. As previously reported,1,19,21 a significant increase in 

modulus and strain at break is observed in multiple networks (see also Table 4.1). 

 

Fig. 4.1 (a) Simultaneous measurement set-up of DIC and mechanophore mapping. (b) Stress-

strain curve during uniaxial extension of notched SN, DN and TN respectively, with stretch 

rate 𝜆̇ = 10-4 s-1 (c) Images during propagation with complete fracture as reference time. 

Three materials made from the same monomer (EA) but with different network 

architectures, have distinct propagation modes. Fracture of the SN occurs by slow 

propagation of the crack that gradually takes place with increasing far-field strain over a 

long time (~1000 s, 𝜆 ~ 0.1). In the example of DN the crack does not propagate straight 
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and major propagation (moving through ~80% of propagation length) lasts ~ 5 s. Finally, 

propagation of the crack in TN is much faster and occurs over ~ 0.1 s with a sharp crack 

tip. The propagation kinetics can also be detected by the drop in stress in Fig. 4.1(b), and 

the averaged propagation speed (from the time when crack reaches the midpoint of the 

sample along the propagation direction, to full fracture) is shown in Table 4.1. 

 

Fig. 4.2 (a) Fluorescence images of the dogbone TN sample (without a notch) undergoing 

uniaxial extension, at 𝜆 = 1 and 𝜆 = 3.5. White square defined the region for the calculation 

of the average intensity. (b) Stress and change of fluorescence intensity ( 𝐼 − 𝐼଴ ) as the 

functions of 𝜆. Inserted: stress-stretch curve of DN and SN. (c) 3D damage map of fluorescence 

intensity by confocal microscopy, in SN, DN and TN at different 𝜀ே.  

Beyond the macroscopic mechanical measurement and observation of the macroscopic 

propagation of the crack, we can gain some more local insight. Near the crack tip, the 

molecular scale bond scission (actually the scission of crosslinkers in the filler network) 

can be detected by confocal microscopy and the strain field of the material can be 

measured by DIC, respectively. Fig. 4.2(a) shows the response of bonds scission to uniaxial 

elongation, with a dogbone TN sample (without a notch, initial length between 
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crossheads: 5.5 mm) stretched at 𝜆̇  = 10-4 s-1, observed under confocal microscopy. To 

characterize the accumulated damage during the elongation, the averaged fluorescence 

intensity (subtracted of the initial value 𝐼଴ in the same region) is plotted as a function of 

λ in Fig. 4.2(b). To avoid the influence of the high intensity at the sample edge (due to the 

cutting from the punch for a dogbone shaped sample), a region of interest to define the 

averaged intensity is placed at the center of the sample as indicated in Fig. 4.2(a). As seen 

in the figure, the value of the normalized intensity is about 0 at low stretch, while it 

sharply increases from around λ = 1.8, following the trend of the curve of the stress in the 

same figure, exhibiting a strain hardening. This result indicates that the random scission 

of molecular bonds,19,21 can be detected roughly at the onset of strain hardening 

emphasizing the much greater sensitivity of the fluorescent probe relative to the 

mechanoluminescent probe previously used.1 Note that a slight strain hardening is also 

observed in the DN at  λ ~ 2.4, without detectable fluorescence intensity change (inserted 

in Fig. 4.2(b)), more consistent with results obtained with luminescence on similar 

materials.1 For SN, before reaching strain hardening, samples were already broken at the 

clamp at λ = 1.2. 

Fig. 4.2 (c) shows the fluorescent images of the 3D damage mapping around the open 

crack. As damage occurs at different scales for different materials, resolutions and field 

sizes are chosen accordingly in Fig. 4.2 (c) but the center of the image is around the initial 

crack tip (see Materials and methods 1.5.2). In this acquisition method, 3D damage 

maps can be acquired with a time resolution of 1 min. The crack is gradually opened by 

increasing λ, which also results in changes in fluorescence intensity due to the activation 

of mechanophores upon molecular scission. Before propagation, SN and DN did not show 

any obvious activation due to damage apart from the initially present activation due to 

the cutting of the notch with the razor blade. However, during propagation (see Fig. 4.2 

(c), at λ = 1.49 for DN and  λ = 1.16 for SN) a stronger intensity can be observed at the tip 

of the crack in DN than in SN, qualitatively consistent with the observations previously 

made with mechanoluminescent molecules in a time resolved way during propagation.1 

For the experiment done on the TN, even though crack propagation occurs at λ  = 2.3, 

massive damage far from the crack tip (~1 mm) can already be observed at λ = 1.7. The 

spatial distribution of damage at large strain (λ = 1.8 and λ = 2.05 in Fig. 4.2(b)) in TN 

shows a similar pattern as the region of high strain around the crack, previously observed 



Chapter 4. In-situ 3D damage visualization at the crack tip in multiple network elastomers 

134 

 

on similar soft elastic materials by DIC and in simulations.22,23 Compared to the SN, the 

damage in the filler network occurs over a much larger scale (~ 0.05 mm2 in DN and 1 

mm2 in TN, at λ = 2.05). While similar indirect evidence of damage at the crack tip has 

been reported with other methods1,11, this is the first high resolution (2 μm/pixel in plane 

with depth resolution 154 μm/slice in depth for TN) 3D damage mapping of the extent of 

sacrificial network bond scission in an open crack before propagation.  

 

Fig. 4.3  𝜀௫௫ map for SN, DN and TN at different 𝜆.  

We can now turn to DIC to characterize the strain field. Fig. 4.3 shows the spatial 

distribution of strain in the stretching direction 𝜀௫௫  in the deformed configuration. 

Comparing the three materials, we find that the MNEs appear to be much less sensitive to 

the presence of a flaw (crack), so that for the same λ , the strain distribution is more 

homogeneous for DN and TN than for SN. Fig. 4.4 (a) shows 𝜀௫௫ (𝑦 ) as a function of 

distance from the crack tip (𝑦) along the symmetric line (x = 0) for λ = 1.1 and λ = 1.4. The 

value of renormalized 𝜀௫௫/ λ at 𝑦 = 0.3 mm is extracted from the data to compare strain 

localization in different materials and is shown in Fig. 4.4(b) as a function of λ. For λ < 

1.05, 𝜀௫௫/ λ (y = 0.3 mm) overlaps for all three materials, while an obvious deviation is 

detected at λ = 1.05 for SN and at λ = 1.15 for DN. Part of the results are measured at large 

λ where a slight propagation is already observed during stretching, but the extent of crack 

propagation (in results shown here) is less than the grid size (15 pixels) used in DIC. 

Before crack propagation occurs for each of the different materials, 𝜀௫௫  (y = 0.3 mm) 

grows faster with 𝜀ே , showing a fracture precursor, a similar behavior as what was 

reported in PDMS elastomers in Chapter 3.  
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Fig. 4.4 (a) 𝜀௫௫ as the function of y at 𝜀ே = 0.1 and 0.4, respectively. (b) 𝜀௫௫ at y = 0.3 mm from 

the crack tip as function of 𝜀ே. Results before propagation are indicated by “●”, and those 

after are indicated by “+”.   

Simultaneous damage mapping and deformation mapping, together with the clear 

enhancement of the fracture resistance, show that for the DN and TN the deformation is 

delocalized around the crack. Since the filler network is prestretched in the MNE during 

preparation, the value of λ at which the strands of the filler network reach their maximum 

extensibility and where the MNE shows a strain hardening is much lower than what is 

expected in the SN made from the  same monomer.19,21 As seen in Fig. 4.2(a), in uniaxial 

tension the TN exhibits a strong strain hardening at a relative small λ௦௛,்ே ~ 1.8, much 

smaller than local deformation of TN around the crack tip (compared to ε୶୶+1 measured 

from DIC). The material ahead of the crack is in its strain hardening region, so that the 

singularity results in a stiffer region around the crack tip which limits the strain 

localization in the surrounding region. Even at λ ≪ λ௦௛,்ே , locally strain hardening is 

induced in MNE (as long as ε୶୶ +1 > λ௦௛.்ே ), so that a smaller local  ε୶୶  is observed 

compared to SN. In other words, the stiffening accompanied by extensive damage of the 

MNE is due to a locally heterogeneous structure to obtain a deformation (but not stress) 

homogeneity. For SN, the crack may already propagate long before local strain hardening 

kicks in, so that the effect of delocalization is not observable. This behavior is similar to 

what was recently observed in thermoplastic polyurethanes under cyclic loading24 and 

shows in more detail what flaw insensitivity may mean at the material scale, with the 

example of MNE. The key difference between MNE and materials such as glassy 

polymers25 showing elastic-plastic behavior above a well-defined yield stress, is that the 
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damage is here progressive and its main role is a reduction of the local stress 

concentration, which certainly remains heterogeneous in the damage region. The 

question of the actual criterion for crack propagation in this damaged region remains 

however open and will be addressed next.  

4.3.2 Delayed fracture 

 

Fig. 4.5 Crack propagation length ∆𝑐 at fixed displacement for (a) SN at 𝜆 = 1.15 and (b) DN 

at 𝜆 = 1.5. 

As multiple networks can survive significant internal molecular damage before breaking, 

the large scale structural and mechanical heterogeneity will probably also affect time-

dependent response under deformation. The fracture propagation (or lack of) over a long 

time under fixed macroscopic strain (delayed fracture) can differ from that in fast 

fracture.20,26 The occurrence of delayed fracture behavior was investigated in SN, DN, and 

TN at fixed strain, by increasing λ step-by-step with intervals of ∆λ = 0.05. At the onset of 

propagation, the propagation length ∆c can be even smaller than the variation in depth-

dependent crack length due to the initial cutting, the value of ∆c  was measured by 

tracking the damaged region at a fixed depth from the surface by confocal microscopy, as 

shown in Fig. 4.5 (a) for SN. Propagation is first observed in SN at λ = 1.15 where ∆c is 

plotted as function of waiting time 𝑡୵, in Fig. 4.5(a). The crack initially grows at a speed ċ 
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around 40 nm/s, and gradually accelerates to ċ ~ 300 nm/s after 𝑡w > 1300 s, showing 

self-acceleration. Even though the crack propagation is still slow, this acceleration of the 

propagation at fixed λ will lead to final breaking of the material. For DN, the propagation 

first takes place at λ = 1.5, as shown in Fig. 4.5(b). Very differently from the case of the 

conventional network SN, the crack propagates first rather fast at ċ ~ 400 nm/s and then 

slows down to 30 nm/s after 1 h, showing self-stabilization. The crack barely advances 

after 3 hours at λ = 1.5, showing self-stabilization. At λ = 1.55, the nucleation of a new 

crack (at the crack tip) occurs and propagation leads to fracture after around 500 s, 

similar to fast fracture in Fig. 4.1(c). 

 

Fig. 4.6 (a) Stress-strain results as the function of time. (b)2D damage map of TN at different 

𝜀ே, right after stretching and after 4000 s of waiting.   

It has been argued that delayed fracture occurs in elastomers via the progressive 

accumulation of undetectable damage.20,27 As breakage of the sacrificial network takes 

place over a large scale in TN, the time dependent response of molecular damage can be 

quantified in our mechanophore labeled materials. A step-by-step stretching was 
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performed on a notched TN, by using a long waiting time (over an hour) after each 

stretching step to measure the response under fixed displacement. 4 steps of stretching 

to λ = 1.78, 1.92, 2.02 and 2.09 were applied, as shown in Fig. 4.6(a). Crack growth only 

occurs at λ  = 2.17 during the last loading step from λ  = 2.09. Fig. 4.6(b) shows the 2D 

damage map right after stretching (𝑡୵  = 0 s) and at 𝑡୵  = 4000 s, for different value of 

applied stretch λ. The increase of the size and intensity of the damage region with λ can 

be clearly observed, similar to the case of continuous stretching in Fig. 4.2. At all λ, damage 

maps at  𝑡୵  = 4000 s are also slightly brighter than at 𝑡୵  = 0 s, showing the damage 

accumulation at fixed displacement. However, in hours of waiting at different λ , 

propagation is never observed. It is also confirmed by multiple experiments that in TN, 

even though a slight propagation can be observed during stretching at smaller λ , 

macroscopic propagation and fracture can only happen during continuous stretching (no 

delayed fracture at fixed stretch). 

 

Fig. 4.7 (a) Stress and averaged fluorescence intensity calculated from the region indicated 

in Fig. 4.7(b), as the function of 𝜆 during stretching. (b) Stress reduction and (c) increase of 

fluorescence intensity (∆I) as the function of waiting time (𝑡௪) after each stretching step.  
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The fluorescence intensity 𝐼 averaged over an arbitrarily chosen region of interest around 

the crack (indicated in Fig. 4.6(b)) is characterized as a function of stretch and waiting 

time.  Note that we use the same position of the ROI for different λ, as the position of the 

crack tip did not change much during deformation. Fig. 4.7(a) shows 𝐼 during stretching 

(regardless of intensity change at fixed displacement) as a function of λ. Compared to bulk 

damage in unnotched samples (Fig. 4.2(a)), a detectable increase of fluorescence intensity 

around the crack starts at λ =1.5, slightly earlier than the onset of strain hardening. At the 

beginning of each loading step to a higher value of λ, there is a plateau in fluorescence 

where crack is further opened without inducing more damage. This could be due to the 

relaxation occurring during the long waiting time, as seen with the slight decrease in 

stress of Fig. 4.7(b), where stress relaxation ∆σ is the difference between measured σ and 

the stress right after loading at each step. In this way, the material has to be stretched a 

little more to further break bonds around the crack. The behavior is similar to what was 

observed in cyclic loading, where further breaking of molecular bonds can only be 

observed at a deformation higher than that of the previous cycle,1,28 i.e. the so-called 

Mullins effect.29,30 Between successive steps, there exists a gap of intensity, corresponding 

to the increase during the waiting time under fixed λ, as observed in Fig. 4.6(b). Damage 

accumulation kinetics during waiting time is indicated by an increase in intensity from 

initial value after stretching (∆I) as a function of 𝑡w at each λ, shown in Fig. 4.7(c). It is 

found that damage accumulates faster at larger λ , where at λ  = 2.09, growth in 1000 s 

(~200 a.u.) is comparable to the absolute value (~1000 a.u.) in Fig. 4.7(a). For each step, 

damage rapidly increases in the first 500 s of wait and stabilizes later. After 1500 s. 

intensity remains almost constant.  
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Fig. 4.8 𝐿௫௫  at different 𝑡௪ for TN held at 𝜆 = 1.93.Black line indicates 𝐿௫௫= 0.  

The deformation map is also measured by DIC during 𝑡୵ for TN (in a separate sample) at 

𝜆  = 1.93. To highlight the subtle change, the velocity gradient tensor 𝑳  (see Chapter 3, 

supporting information) is calculated instead of εxx , and 𝐿𝑥𝑥  (component along the 

stretching direction, see Materials and methods) is mapped in Fig. 4.8. At 𝑡୵ =25 s, the 

region around the crack is further stretched (𝐿xx > 0) without increasing 𝜆, while far away 

from the crack, relaxation is dominating (𝐿xx < 0) with only scattered stretched region, 

presumably due to the random molecular breakage in the bulk at large strain.19  Similar 

to the damage kinetics from fluorescence intensity in Fig. 4.7 (c), 𝐿௫௫ is relatively fast at 

the beginning (reaching 𝐿௫௫ = 0.002 s-1 around the crack tip at 𝑡୵ =25 s) and slows down 

with time. For 𝑡୵ > 1000 s, where damage barely increases, it is impossible to identify 

anymore the existence of a crack by monitoring the local values of 𝐿xx. This indicates that 

the self-stabilization mechanism results in a homogeneous strain rate distribution in 

around 1000 s. Remarkably, the high level of 𝐿୶୶ concentration and slow down kinetics 

without crack propagation is only observable in TN, but not in SN and DN.  

In addition to the DIC measurement provided in this section, MSDWS also provides a 

sensitive detection of microscopic motions (Chapter 3). We applied MSDWS to the 

delayed fracture of MNE, where motion below the time resolution of DIC and confocal 

microscopy can be detected, confirming our observation, as seen in the supporting 
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information.   

Using damage/deformation maps at fixed displacement, we found from the combined 

damage accumulation kinetics (Fig. 4.7(c)) and strain rate evolution (Fig. 4.8) that the 

evolution of the existing damage at a fixed deformation has a self-stabilizing kinetics. 

Right after the cessation of the displacement step, the strain hardening of the materials 

as discussed in the fast fracture section (section 1.2), leads probably to a strong stress 

localization around the crack which naturally leads to a further stretching around the 

crack, with initially large values of 𝐿௫௫ in Fig. 4.8 and significant additional damage in Fig. 

4.7. The interesting thing is that this additional damage (Figure 4.7c) and creep at the 

crack tip (Figure 4.8) is accompanied by an overall decrease of the stress (Figure 4.7b). 

On the other hand, it has been long known that the kinetics of creep increase with stress 

level.31-33 Over long times, different creep kinetics homogenize the stress distribution and 

slow down both strain localization and damage accumulation, protecting TN from delayed 

fracture. 

4.4 Conclusion 

Fracture resistance to both fast fracture and delayed fracture is tested in simple 

elastomers (SN) and MNE (DN and TN), respectively. With observation by confocal 

microscopy on mechanophore-labeled material, 3D damage maps before and during 

crack propagation are built in the open crack with micron resolution. Together with 

deformation mapping with DIC, we discovered that strain hardening in MNE provides a 

self-stabilizing mechanism and delocalizes the strain concentration over the surrounding 

region. As a result, the MNE shows an excellent resistance to crack growth, benefiting 

from a self-stabilization mechanism by stress rearrangement analogous to yielding. 

In summary, the full scale observation of molecular damage and deformation distribution 

reveals the molecular level mechanism of fracture toughness enhancement in MNEs, 

where the contributions of molecular damage, strain concentration and stress 

concentration can be distinguished from each other. We push the understanding of flaw 

insensitivity beyond only a macroscopic mechanical description, showing that the 

inherent growth tendency of the flaw is mitigated by the strong non-linearity of the 

material. The discovery should be universal in different materials, but such a mechanism 

can only dominate in MNE, since the breakage of the sacrificial network in MNE reduces 
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the stress concentration at the crack tip and delays the propagation of the crack at large 

deformations. Yet the molecular criterion triggering propagation in the damaged zone 

remains elusive with the spatial and temporal resolution of our experiments. 
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4.5 Materials and methods 

4.5.1 Synthesis of Poly (ethyl acrylate) multiple network elastomers 

Single networks are synthesized by photo induced free radical polymerization. Ethyl 

acrylate monomer (purchased from TCI Chemicals, VWR or Sigma-Aldrich) is mixed with 

crosslinker 1,4-butanediol diacrylate (BDA, 0.5 mol%) and UV initiator 2-Hydroxy-2-

methylpropiophenone (1.16 mol%). For sample labeled with mechanophores, the 

DielsAlder adduct mechanophore diacrylate cross-linker (DACL) synthesized in-house by 

a previously described method18 is introduced (0.02 mol%). A customized mold is 

prepared with rectangular silicone frame (thickness 1 mm, length 8 cm and width 5 cm, 

with injection inlet), constrained between glass plates with PET films between silicone 

and glass. The mixture is injected into the mold and polymerized under UV (10 m/cm2) 

for 2 hours. After preparation, the elastomer is dried under vacuum and heated under 50 

℃ overnight. Initial thickness of SN is around 0.8 mm. 

Double network is prepared by firstly swelling a single network in 40 g  ethyl acrylate 

solvent, with crosslinker BDA (0.01 mol%), and initiator HMP (0.01 mol%), for 2 hours. 

Then the solvent in the swollen elastomer is polymerized under UV (10 m/cm2) for 2 

hours. Triple network is made in a same way based on double network.  

Elastomers are cut into rectangular samples with length (between the clamps) 15 mm 

and width 6 mm. Notches are made with razor blades with thickness of 0.1 mm. The 

ordinary manual cutting (pressing the blades on the surface of the sample) unavoidably 

creates initial massive activation of mechanophore and the crack profile is different along 

the thickness direction, as the elastomer is deformed upon cutting, especially for DN and 

TN. For an ordinary mechanical testing this effect can be ignored, while it interferes with 

the 3D damage visualization with micron resolution. To avoid the thickness dependent 

damage and crack profile, notches in DN and TN are made by approaching the sample 

perpendicularly onto a fixed razor with a speed of 0.05 mm/s and hold at cutting depth 

of 3 mm, to wait for the razor blade to break through the lateral surface. Even after 

breaking the surface, due to the friction and deformation, the notch length is not precisely 

controlled, but with an error within 0.5 mm. In this way, the notch length is around 1.5 

mm, with less initial activation of mechanophore and relatively clear cut.  
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4.5.2 Confocal microscopy 

A Nikon AZ-100/C2+ confocal macroscope was used for the measurement, with the 

objective AZ Plan Fluor 5× (focal length of 15 mm). In confocal microcopy, depth-resolved 

images were collected with 14 slices (exposure time 4 s for each slice, depth-step: SN: 117 

μ m, DN: 130 μ m and TN: 154 μ m) for each scan, covering the total thickness of the 

material and one scan cycle is 60 s. The field size is 1.4 × 1.4 mm (objective: 3×) for SN, 

2.8 × 2.8 mm (objective: 1.5×) for DN and 4.2 × 4.2 mm (objective: 1×)  for TN, with total 

image size of 2048 × 2048 pixels. The wavelength of excitation and emission detection 

are 405 nm and 450 ~ 520 nm, respectively. With slices in one scan, 3D images can be 

generated and visualized here with maximum intensity projection to optimize the 3D 

feature in the image.34 

4.5.3 Digital image correlation 

Sample surface is prepared by spray painting. The surface is first brushed with white 

paint and sprayed with black ink. Images are collected by a CMOS camera (BASLER 

acA2000-340km). The bottom face of the sample is illuminated with an expanded green 

laser with wavelength of 532 nm. To avoid the interference of intensity fluctuation from 

excitation in confocal microscopy, a polarizer and a filter (only letting in green light) were 

applied before the camera to block the confocal laser. DIC is processed by the open 

resource program pyDIC, developed by Damien André.35 Displacement and strain fields 

can be calculated from the analysis of successive images and added to obtain results in 

large strain. Results in this work are shown in the deformed configuration. 

ε௫௫ can be directly calculated from DIC processing, with grid size 15 × 15 pixels (0.15 mm 

×  0.15 mm). 𝐿𝑥𝑥  at certain waiting time t୵଴  is calculated by ε௫௫   from images 𝑡௪଴ − T  to 

𝑡௪଴ + 𝑇 (using image at 𝑡௪଴ − T as reference state, 𝑇 = 25 s in Fig. 4.8): 

 𝐿௫௫ =
கೣೣ
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34 Mroz, L., Hauser, H. & Gröller, E. in Computer Graphics Forum.  341-350 (Wiley 
Online Library). 
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4.7 Supporting Information 

Dynamics measurement by multiple speckle diffusing wave spectroscopy 

(MSDWS) 

MSDWS is also applied to poly(ethyl acrylate) elastomers to study the temporally and 

spatially resolved dynamics, at fixed displacement, similar to section 4.3. We do not fully 

understand the results but provide the information for the future work. 

4.7.1 Material preparation and measurement methods 

Before polymerization of SN, titanium dioxide (TiO2) nanoparticles (diameter 250 nm, 1 

wt%) was mixed with ethyl acrylate monomer inside the glovebox under controlled 

atmosphere. The mixture was sealed and sonicated for 10 min to avoid aggregation. After 

mixing with nanoparticles, we performed the polymerization and swelling in the same 

method as described in the main text. The obtained SN containing nanoparticles were 

used to synthesize DN and TN, without further addition of nanoparticles.  

MSDWS measurement is performed simultaneously with confocal testing, with the same 

protocol as section 3.3.1.  

4.7.2 Difficulties in dynamics measurement  

Let us comment on experimental difficulties during sample preparation with the 

nanoparticles and measurements. During preparation and the early stage of UV 

polymerization, dramatic sedimentation of the inorganic nanoparticles is observed.  This 

is due to the high density of TiO2 nanoparticles and the low viscosity of the ethyl acrylate 

monomer.  We had much less pronounced sedimentation for PDMS elastomer in Chapter 

3, as the PDMS base is more viscous.  Also, the change in the number density 𝑁 of the 

particles in DN and TN elastomers is significant as the volume is increasing during 

swelling. The ratio of sample thickness 𝐿 and 𝑙∗ (transport mean free path)36 is commonly 

applied to examine the scattering condition (L/𝑙∗ ≫ 1 for ideal multiple scattering). In 

single network, 𝑙∗
ୗ୒ has the relationship with 𝑁, which only depends on the preparation 

of SN:37 
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where 𝜎 is the scatter cross-section, considered constant. As the elastomer goes through 

isotropic swelling with swelling ratio is 𝜆଴
ଷ (1D pre-stretch ratio 𝜆଴), we have: 

 
୐

௟∗
=

ேఙఒబ௅ 

ఒబ
య =

ଵ

ఒబ
మ

௅

௟∗
ೄಿ

 2 

It can be found that in the multiple network, scattering is approaching to single scattering 

condition (smaller L/𝑙∗) as increasing 𝜆଴. As a result, the samples of DN and TN exhibit 

less opacity visible in naked eyes. The combined effect of sedimentation and pre-stretch 

in MNE largely reduced the volume concentration of nanoparticle, so that the light 

scattering is not ideal multiple scattering. In a continuous stretching condition, measured 

dynamics is not only contributed by strain rate (see chapter 2).  

The swollen network with embodied particles with fixed size may also generate external 

void around the particles, which may lead to additional dynamics measured from DWS. 

At fixed displacement, relaxation, propagation and the unknown interaction with the 

swollen may all be detectable by MSDWS during measurement. 

4.7.3 Dynamic behavior before delayed fracture  

In the simultaneous measurement of confocal microscopy and MSDWS, we mainly studied 

delayed fracture behavior, since it provides an ideal condition for damage visualization. 

Sample is loaded to different strains and held for a long time for observation. 

 

Fig. 4.S1 Imaging of a SEN SN sample under tension.  (a) Crack propagation and damage 

around the tip, measured by confocal microscopy.  (b) Dynamic activity map (DAM) during 

the crack propagation. 
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Fig. 4.S1 (a) shows the activation intensity measured by confocal microscopy, in SN held 

at λ = 1.15. Slow propagation is observed, with a slightly increasing intensity. For MSDWS, 

the spatially resolved dynamics can be quantified from the autocorrelation function of the 

multiply scattered light intensity (see details in section 3.3.2):  

 𝐶ூ(𝒓ሬ⃗ , 𝑡, 𝜏) =
〈ூ೛(௧)ூ೛(௧ାఛ)〉𝒓ሬ⃗

〈ூ೛(௧)〉𝒓ሬ⃗ 〈ூ೛(௧ାఛ)〉𝒓ሬ⃗
− 1 3 

where 𝐼௣ is the intensity in the image at p-th pixel. 𝑡 and τ are experimental time and time 

interval for correlation, respectively. 〈… 〉𝒓ሬ⃗  indicates the ensemble average in the region 

with center position 𝒓ሬ⃗ . Characteristic time 𝜏଴ can be fitted from autocorrelation function 

at fixed time and position from: 

 𝐶ூ(𝜏) = 𝐴𝑒𝑥𝑝 ቆ−2𝛾ටቀ
ఛ

ఛబ
ቁ

௣

+ 𝑎 + 2𝛾√𝑎ቇ + 𝐵 4 

A smaller 𝜏଴ corresponds to faster decorrelation, so faster dynamics. Before discussing 

the dynamics around the crack, it is necessary to characterize the dynamics of the bulk of 

the material (far from the crack) which exhibit relaxation and influences the dynamics 

around the crack. In Fig.4.S2, the fitted characteristic time 𝜏଴  in the bulk (the 

corresponding ROI is shown as the red rectangle) is plotted as a function of the waiting 

time tw. 𝜏଴ increases with tw almost linearly, and no stabilization is observed at the studied 

tw, corresponding to the continuous slowing down of the bulk dynamics.  
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Fig. 4.S2 𝜏଴ fitted from reference region in the bulk. 

Dynamic activity maps (DAMs) are built by converting the correlation value at fixed 𝜏 

(𝑇𝑀𝑆𝐷𝑊𝑆) into greyscale and the lower intensity in DAM corresponds to faster dynamics. 

In the DAM of the SEN SN sample (Fig. 4.S1(b)), to separate the dynamics change due to 

the crack tip behavior from bulk dynamics, we used the fitted characteristic time 𝜏଴ in the 

bulk (Fig. 4.S2) as 𝑇𝑀𝑆𝐷𝑊𝑆  in Fig.4.S1(b). In this way, we used the bulk dynamics as a 

reference and estimated the area having faster dynamics than the bulk (thus activated by 

local damage). Note that the slowing down dynamics in Fig. 4.S2 is not due to the change 

of strain rate as discussed in Chapter 2, but unknown effect of relaxation. Fast dynamics 

(lower intensity) in DAMs can be detected with initial size around 1 mm2 (t = 300 s) and 

grows to around 8 mm2 at t = 900 s. By comparing this result to those of the PDMS 

elastomer (Chapter 3), we conclude that the propagation and fracture in SN is similar to 

that in simple elastomers. 
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Fig. 4.S3 Imaging of a SEN DN sample under tension.  (a) Fluorescence image around the 

crack tip at different stretch ratio, measured by confocal microscopy.  (b) Dynamic activity 

map (DAP) at different stretch ratio, with 𝑇ெௌ஽ௐௌ  = 15 s (see section 3.3.2). 

Fig. 4.S3 (a) shows the activation intensity measured by confocal microscopy in the DN, 

right after stretching for different λ (𝑡௪ = 0). A stronger activation can be detected with 

increasing λ and a slow propagation as in Fig. 4.5 is detected at λ = 1.55. More damage in 

the sacrificial network results in a permanent faster dynamics around the crack, as seen 

in DAMs right after stretching in Fig. 4.S3(b). The faster dynamics does not evolve with 

time but the size increases with applied strain, corresponding to the increasing activation 

due to damage in Fig. 4.S3(a). Strangely, this effect is not observable in TN, where more 

damage is induced in the material. As propagation at fixed displacement starts from a 

relative fast speed (Fig. 4.5), MSDWS does not provide important information on delayed 

fracture behavior. 

 

Fig. 4.S4 Transient dynamics in DN, takes place in 40 s, at 𝜆 = 1.4, with 𝑇ெௌ஽ௐௌ  = 0.4 s. 
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As seen in Fig. 4.5, crack propagates step-by-step at λ = 1.55 for DN. Interestingly, a similar 

behavior can be observed at much lower λ, but in terms of a change in transient dynamics 

instead of a detectable propagation. As seen in Fig. 4.S4, transient and fast dynamics are 

observed over a period around 40 s at λ  = 1.4 in DN. At 0.4 s (relative time), the high 

dynamics area peaks at around 30 mm2 and slows down rapidly. At t = 40 s, DAM is almost 

the same as t = 0 s, with only slight activation due to permanent damage. During the whole 

observation period of 40 s, there is no propagation and change in fluorescence intensity 

detectable in confocal microscopy. Relating to the propagation behavior at larger strain, 

we can attribute these transient dynamics to undetectable damage/propagation below 

our resolution.  

For TN, because of the self-stabilization mechanism at fixed displacement, MSDWS does 

not provide more information than DIC shown in Fig. 4.8. No transient dynamics change 

is detected during the whole experiment, confirming our conclusion that the tendency of 

further damage or propagation is constrained in TN, with a more sensitive detection by 

MSDWS. 
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Abstract 

Surface creasing is a common occurrence in gels under strong enough compression. The 

transition from smooth to creased surface has been well-studied in equilibrium condition 

and applied to achieve stimuli-responsive properties. Classical predictions of the creased 

state, assuming the gel is at equilibrium and homogeneous, are generally satisfactory, 

while the transient behavior in swelling gel is often far from equilibrium and is commonly 

heterogeneous. Short time response is essential for the materials in dynamic 

environments, but so far unreported and largely unknown due to limited resolution. Here, 

spatially resolved multi-speckle diffusing wave spectroscopy (MSDWS) with sub-

microsecond time resolution is used to measure the spatially dependent swelling and 

creasing of a constrained poly(vinyl alcohol) (PVA) chemical gel in salt solutions of 

varying concentrations. Our high speed imaging by MSDWS shows that the swelling 
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behavior and mechanical response can be highly heterogeneous in time and space, 

detectable at thousands of seconds before corresponding creasing transition. This 

unprecedented visualization of the heterogeneous and time-dependent behavior beyond 

equilibrium morphological changes unveils the full complexity of the transient material 

responses after exposure to external stimuli and could provide keys to understand the 

formation mechanism of metastable states in dynamic processes. 
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5.1 Introduction 

When a gel is under strong enough compression, periodical surface creasing (singular 

regions formed in a sharp folding) is commonly generated as the result of buckling 

instabilities, as schematically shown in Fig. 5.1(a).1,2 Similar phenomenon can be 

observed in lots of natural living creatures with very different scales, as seen in Fig. 5.2 

(b).3 The mathematical significance of the mechanical instability induced pattern has 

attracted many theoretical and experimental investigations aiming at understanding its 

topological nature3,4 and mechanical origins.2,5-7 Recently, the stimuli-responsive nature 

of surface buckling has been used advantageously to design tunable surface morphology 

and property.8-10 As creasing can be well controlled by different stimuli such as 

temperature8,11, external deformation6,12 and pH13, the practical performance of the 

functionalized surface pattern is essentially limited by the time scale of the dynamic 

response when exposed to external stimuli.14,15. While for the creasing behavior in a static 

condition equilibrium models have successfully described the critical nucleation 

condition16,17 and growth kinetics of creasing18,19, there are many open questions 

concerning the transient behavior during the creasing transition; in particular, the 

possible existence and life time of metastable states may be important for the design of 

properties and practical application of the materials. 

 

Fig. 5.1 (a) Schematic of surface creasing in a compressed gel. (b) Surface buckling instability 

in living creatures. 
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In a well-defined condition where the swollen gel film adheres to a rigid substrate, lateral 

deformation is limited by the substrate so that swelling leads to an equibiaxial 

compression, which commonly causes surface creasing.2,17 Equilibrium models typically 

assume that the gel remains homogeneous and at mechanical equilibrium without stress 

gradients (∂𝜎/𝜕𝑥 = 0).20,21 With measurements of the crease morphology at the swelling 

equilibrium, the critical creasing condition can be related to the equilibrium swelling ratio 

𝛼ஶ (ratio of final and initial weight of the gel).5,17,22 For creases generated during transient 

swelling, i.e. well before reaching 𝛼ஶ , 2,18,23-25 the nucleation and growth of creases is 

considered to depend on swelling kinetics, which is only governed by cooperative 

diffusion of water.18,19,26  

While at equilibrium, experiments are in agreement with both theoretical analysis11,18,22 

and simulations1,5, the transient state before reaching equilibrium is rarely discussed. 

Remarkably, it has been reported that surface creasing is a subcritical process where the 

critical condition can deviate dramatically from the equilibrium condition due to energy 

barriers,27,28 such as surface energy5,11, inelasticity27,29 and interactions with the 

substrate30. At the onset of creasing, the selective folding of the surface indicates the 

existence of the structural frustration and heterogeneity before macroscopic creasing sets 

in, where local stability is sacrificed to benefit global stability. During the transient 

metastable state, the nucleation of creasing and swelling kinetics cannot be simply 

predicted by the quasi-static models.23,31,32 The swelling and creasing kinetics are 

controlled by the equilibrium final state (𝛼ஶ ), which itself changes with compression 

level.21,33 To describe the creasing transition in a modified model that includes 

heterogeneity and transient kinetics during creasing, a method with both spatial and 

temporal resolution is required.  

As an extended method of dynamic light scattering, multi-speckle diffusing wave 

spectroscopy (MSDWS)34,35 detects the decorrelation of light multiply scattered by a small 

amount of probe particles embedded in the sample, providing a good tool to observe 

spatially and temporally resolved microscopic response during dynamic transitions.36,37 

As a first step, a relative simple condition is studied, where creasing is induced during the 

one-dimensional (1D) swelling of a constrained hydrogel before reaching swelling 

equilibrium. A common strategy to tune the swelling ratio and kinetics is to adjust the 

cross-linker concentration, while it inevitably also changes significantly the initial elastic 
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modulus,17,22 modifying an important system parameter.22,38 In this work, swelling is 

induced and tuned by the introduction of charges in a neutral chemical gel by 

complexation. In-situ measurement with MSDWS shows that creasing process in dynamic 

swelling contains a subcritical nucleation period where swelling and creasing is spatially 

heterogeneous and deviates from kinetics described by diffusion equation, showing the 

existence of long-lived metastable states. Contrary to common knowledge, rich 

heterogeneous behaviors happen at different temporal/spatial scales, both before and 

during creasing, which cannot be detected with ordinary method. Fast dynamics 

measurement by MSDWS supplements the transient behavior during the generation of 

responsive surface pattern, which also provides a tool for the investigation of general 

dynamic process. 
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5.2 Material and methods 

5.2.1 Gel preparation and swelling 

We use a well-known system comprising poly(vinyl alcohol) (PVA) and borate ions 

(generated by dissolution of sodium tetraborate, borax), and different borax 

concentrations ( 𝐶௕ ) are applied to tune the swelling kinetics and to induce a large 

increase in the equilibrium swelling ratio.39,40 PVA with weight-averaged molecular 

weight of 89 000–98 000 g/mol and glutaraldehyde (GA) cross-linker were purchased 

from Aldrich. PVA powder was dissolved in deionized water at 90 ℃ and stirred over 10 

hours at a concentration of 8.8 wt%, as a stock solution. A chemically cross-linked PVA 

hydrogel was prepared in an aqueous mixture with PVA (4.4 %), GA (5 mM), and 

hydrochloric acid (HCl, 0.05 mM).  Prior to the gelation, polystyrene nanoparticles (from 

Micromod, diameter: 500 nm, concentration: 1 %) were added as probe for MSDWS 

measurements.  

 

Fig. 5.2 Sample preparation and in-situ measurement of constrained swelling.  
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The preparation and measurement process are shown in Fig. 5.2. 4 ml of solution before 

chemical cross-linking was poured into a round plastic petri dish with a radius of 55 mm, 

giving a solution thickness of 1.68 mm. The solution was then sealed for 10 h for the PVA 

chemical cross-linking to occur. Then the chemical gel was washed in pure water for 24 h 

to remove the HCl. HCl acts as a catalyst for chemical cross-linking but cannot coexist with 

B(OH)ସ
ି.41 During the washing step, the PVA gel slightly swells (to α = 1.1 and 𝐻 = 1.85 

mm) while no surface morphology change was observed.  In order to further swell the gel 

and induce the surface morphology change, the gel was immersed in a solution of borax 

(sodium tetraborate, from Aldrich) with different concentrations (0.2 ~ 10 mM). Borate 

ions diffuse into the gel and make a didiol complex with the hydroxyl groups on the PVA 

chains. The same molarity of sodium ions as counterions also diffuses into the gel for 

electroneutrality, inducing the gel swelling due to the osmotic pressure. The thickness of 

the gel (𝐻=1.85 mm) is much smaller than its radius (55 mm) and the gel adheres to the 

surface of the plastic petri dish, thus the gel swelling is one dimensional, along the 

thickness direction. Swelling ratios 𝛼 can be measured from the ratio of measured weight 

𝑚 and initial weight 𝑚଴, which is also the thickness ratio (𝛼 =
௠

௠బ
=

ு

ுబ
).  

5.2.2 Data collection and processing 

.5.2.2.1 Image collection 

MSDWS was performed during the complexation and swelling of the chemical gel. The 

whole gel surface was illuminated homogenously with a divergent laser beam with a 

wavelength of 532 nm, as shown in Fig. 5.2. Speckle images were collected by a CMOS 

camera (BASLER acA2000-340km) equipped with a polarizer. The polarizer axis was 

oriented so as to reject the singly scattered light. Time resolution was set in different 

scales from 5 to 300 ms and the pixel size corresponded to 32 µm/pixel in the sample, 

with image size of 2048x1088 pixels. The exposure time of a raw image was 3 ms to 

optimize the time resolution and speckle appearance. For the observation of the fast 

dynamics at the scale of around 0.1 ms, a fast camera (Photron FASTCAM SA3) was used 

with a frame rate of 6000 frames per second and a pixel size of 125 μm/pixel in the sample, 

with image size of 512 × 512 pixels.  
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.5.2.2.2 Fitting of the autocorrelation function  

In the backscattering geometry, MSDWS analyzes the temporal fluctuations of the back-

scattered light. To extract the spatial and temporal dynamics information during the 

swelling, a spatially and temporally resolved intensity autocorrelation function C(𝒓ሬ⃗ , 𝑡, 𝜏) 

is calculated:  

 C(𝒓ሬ⃗ , 𝑡, 𝜏) =
〈ூ೛(௧)ூ೛(௧ାఛ)〉𝒓ሬ⃗

〈ூ೛(௧)〉𝒓ሬ⃗ 〈ூ೛(௧ାఛ)〉𝒓ሬ⃗
− 1 5.1 

where 𝐼௣  is the intensity of the p-th pixel, and 〈… 〉𝒓ሬ⃗   designates an average over pixels 

belonging to a small region centered around position 𝒓ሬ⃗ . t is the time after swelling and 𝜏 

is the time delay. At fixed t and 𝒓ሬ⃗ , the autocorrelation function can be expressed in an 

exponential form as a function of 𝜏:42,43 

 C(𝜏) = 𝐴𝑒𝑥𝑝 ቆ−2𝛾ටቀ
ఛ

ఛబ
ቁ

ଶ

+ 𝑎ቇ + 𝐵 5.2 

𝛾 is a coefficient depending on the polarization condition of the incident/detected light  

In our experiments, a polarizer is applied to remove the singly scattered light so that we 

used 𝛾 = 2.7.44,45 𝑎 is determined by the ratio between the transport mean free path 𝑙∗34 

and gel thickness.42,43. By using the measurement of a slower swelling as a reference, 𝑎 is 

set to 0.015. 𝜏଴(t) corresponds to the time over which the probe particles are displaced 

by a distance of the order of 50 nm (1/ 𝑘). 𝑘 is the wave vector of the incident light (𝑘 =

2𝜋𝑛/𝜆, 𝜆 = 532 nm, n = 1.4 is the index of refraction).46 

The measured dynamics probed by the decorrelation of the backscattered light can be 

due to a number of different mechanisms.47,48 The affine deformation field during 

swelling is expected to result in microscopic ballistic motion45,49 while the disturbance 

due to compression and local heterogeneity may lead to an additional non-affine 

contribution to the displacement of the particles47,48,50,51. In the case where the time 

scales of different contributions overlap with each other, the analysis becomes rather 

complex.47,48 Fortunately, although the time scale of additional non-affine contributions 

is unknown, the relationship between the time scale of the ballistic dynamics and the 

affine deformation rate is well studied.45,48 For a purely affine deformation with no 

additional dynamics, the autocorrelation function can be related to the strain field by:42,43 
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 C(𝜏) = 𝐴𝑒𝑥𝑝 ቆ−2𝛾ට3𝑘ଶ𝑙∗ଶ𝑓[𝑈(𝜏)] + 𝑎ቇ + 𝐵 5.3 

where 𝑓[𝑈(𝜏)] is a function of the deformation tensor 𝑈:𝑓[𝑈] = [𝑇𝑟ଶ(𝑈) + 2𝑇𝑟(𝑈ଶ)]/15. 

For 1D swelling under lateral confinement one has: 

 𝑈(𝜏) = ൥
0 0 0
0 0 0
0 0 𝛼̇஽ௐௌ𝜏

൩ 5.4 

with 𝛼̇஽ௐௌ is the swelling rate (
డఈ

డ௧
) measured by MSDWS. Hence, 𝑓[𝑈] = (𝛼̇஽ௐௌ𝜏)ଶ/5;45 

inserting 𝜏 = 𝜏଴ = 1/𝜈଴ in the above equations, the relationship between 𝛼̇஽ௐௌ and  𝜈଴ is 

found to be: 

 𝛼̇஽ௐௌ(𝑡) = ට
ହ

ଷ

ఔబ

௞௟∗(௧)
 5.5 

The corresponding scale of 𝜈଴  associated with swelling then can be estimated from 

theoretical swelling kinetics by diffusion equation, using 𝛼ஶ  from mass measurement 

(Fig. 5.1(c)). The swelling rate  𝛼̇  is proportional to 𝜈଴/𝑙∗ , where 𝑙∗  has initial value 𝑙଴
∗  

around 0.2 mm at the studied condition.52 During swelling, 𝑙∗  increases because the 

volume fraction of the tracer particles decreases.  For 1D swelling, the volume fraction is 

inversely proportional to  𝛼 , such that 𝑙∗(𝑡) ≈ 𝛼𝑙଴
∗  . MSDWS provides the averaged 

dynamics in the detection thickness 𝐿  (a few 𝑙∗ ), which needs to be experimentally 

determined. To calculate the approximate range of 𝜈଴ and distinguish the time scales of 

different contributions to observed dynamics, 𝐿 is set to be 1 mm. In the time scale fn the 

experiments (10000 s), the cooperative diffusion length (ඥ2𝐷௖௢𝑡, cooperative diffusion 

coefficient 𝐷௖௢   around 2.2× 10-7 cm2/s52) is smaller than 𝐿 , so that the increase of the 

swelling ratio (𝛼 − 1) is proportional to 𝑡଴.ହ:20,25 

 
ఈିଵ

ఈಮିଵ
=

ଶඥ஽೎೚௧

௅√గ
 5.6 

One thus has: 

 𝛼̇ =
(ఈಮିଵ)ඥ஽೎೚

௅√గ௧
 5.7 
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In the experimental scale from 100 s (after initial spreading and wetting on the surface) 

to 10000 s, 𝛼̇ varies from 3 × 10-4 s-1 to 3 × 10-5 s-1. The order of magnitude of 𝜈଴ can thus 

be applied as an indicator to distinguish different contributions to dynamics. Considering 

the change of 𝛼  from 1 to 2.2, 𝜈଴  range due to  the affine deformation is found to vary 

approximately from 0.01 to 10 𝑠-1. 

.5.2.2.3 Time-averaged correlation maps 

For the visualization of the spatial heterogeneity of the dynamics during swelling, 

spatially-resolved correlation functions C(𝒓ሬ⃗ , 𝑡)ఛ  were calculated as the function of 

position 𝒓ሬ⃗  and time, with a fixed time interval 𝜏. Here, 𝒓ሬ⃗  is the center of a region of interest 

(ROI) size of 6x6 pixels. C(𝒓ሬ⃗ , 𝑡)ఛ   is converted to a grey scale intensity and shown as a 

dynamic activity map.35,37,49 The faster the local dynamics, the lower the correlation 

function at a fixed 𝜏. Hence, darker shades in the activity maps correspond to regions with 

faster dynamics. 

To separate the fast dynamics from the characterization of longer time scales, time-

averaging is applied using the following equations: 

 𝐶(𝒓ሬ⃗ , 𝑡, 𝜏)തതതതതതതതതതത =
⟨ூ೟ഥூ೟శഓതതതതതത⟩𝒓ሬ⃗

⟨ூ೟ഥ⟩𝒓ሬ⃗ ⟨ூ೟శഓതതതതതത⟩𝒓ሬ⃗
− 1 5.8 

where: 

 𝐼௧
ഥ = ∑ 𝐼௧ା௡்

௡ୀே
௡ୀିே  (T >2τ) 5.9 

The time-averaged autocorrelation function C(𝒓ሬ⃗ , 𝑡)ఛ
തതതതതതതതതത  is calculated with time averaged 

intensity with interval T  longer than the fast dynamics time scale ( 𝜏଴  < 20 ms). The 

ensemble averaging correlation is made between time-averaged intensity instead of 

ensemble time- and space- averaging, which would be too costly computationally. Here 𝜏, 

T and N are chosen 0.1 s, 0.4 s and 25, for Fig. 5.4 and 6, and 1 s, 4 s, and 10 for Fig. 5.5, 

respectively.  
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5.3 Morphological observation  

 

Fig. 5.3 Equilibrium swelling ratio 𝛼ஶ  in constrained and free swelling conditions, 

respectively. Creasing occurs for 𝐶௕ ≥1.5 mM. Inserted: Magnified view of the sample with 

𝐶௕ = 6 mM, before and after 2 days of swelling, respectively.  

The equilibrium swelling ratios 𝛼ஶ of the constrained (1D swelling) and free (3D swelling) 

gels are compared in Fig. 5.3. 𝛼ஶ increases with 𝐶௕ and reaches a plateau for 𝐶௕ > 2 mM, 

whose value for the constrained gels (𝛼ஶ ≈ 2.2) is lower than that of the free-swelling 

gels (𝛼ஶ ≈  3). In constrained gels, periodically distributed streak-like creases can be 

observed all over the sample surface for 𝐶௕ ≥1.5 mM (see enlarged image with 𝐶௕ = 6 

mM in Fig. 5.3, after 2 days). During the swelling process, sample is illuminated by non-

polarized white light and surface images are collected with a CMOS camera. Images are 

subtracted by the initial image right after swelling to visualize better the creases. Creased 

region with the gel folding downwards reflects more light, so that the creases are given 

by the bright part, as shown in Fig. 5.4(a). Detectable creases appear between 600 and 

800 s for 𝐶௕ = 4 mM, and between 90 and 300 s for 𝐶௕ = 10 mM. The crease distribution 
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is not homogeneous at the beginning, after which heterogeneous pattern gradually 

disappears after nucleation and the increase of crease size over time can be observed. The 

growth of the surface patterns can be characterized by the characteristic length 𝑑 ,18,22 

defined as the average distance between creases. d is estimated by 2D FFT processing of 

the images (details are provided in supporting information 5.7.2) and plotted in Fig. 

5.4(b). Different growth kinetics with different 𝐶௕ is observed, while the final length is 

similar, around 2 mm. d is in the same order of sample thickness and matches well with 

the results that similar 𝛼ஶ  value is measured at different 𝐶௕  (Fig. 5.3). This is in 

agreement with previously reported observations.18,22  

 

Fig. 5.4 (a) Images of gel surface taken at different swelling times (top row: 𝐶௕   = 4 mM; 

bottom row: 𝐶௕ = 10 mM). (b) Crease wavelength 𝑑 for different 𝐶௕  as a function of time. 

Remarkably, creasing can here only be observable after a period of the order of 1000 s, 

even the surface of the gel immediately reaches the maximal value 𝛼ஶ after being exposed 

to the borax solutions20,25. As creasing is eventually observed with homogeneous 𝛼ஶ, so 

that we have critical swelling ratio 𝛼௖  < 𝛼ஶ .11,17 For the surface layer, following the 

equilibrium analysis, creasing should be observable immediately after immersing in the 

solvent. The existence of this 𝐶௕ -dependent induction period shows the transient 𝛼௖  

differs from the equilibrium value and gel is in subcritical condition before creasing.5 
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5.4 MSDWS unveils multi-scale dynamics 

The results in section 5.3 confirm that our experiments can characterize morphologically 

the nucleation and growth of creases during the swelling of a PVA chemical gel, finding 

features consistent with previous works.5,17,18 Next, we show that high-resolution MSDWS 

allows also for the spatial mapping of the microscopic fast dynamics, where transient 

dynamic behavior in short time scale is highly heterogeneous and deviate from existing 

models for swelling and creasing. 

After illuminated by expanded laser, dynamic intensity of the light backscattered by a 

small amount of probe particles dispersed in the gel provides the information of network 

dynamics. By fitting the ensemble-averaged autocorrelation function, we obtained the 

characteristic time 𝜏଴(𝑡) of the decay of the scattered intensity autocorrelation function. 

The characteristic decorrelation rate 𝜈଴=1/𝜏଴ is used here to quantify the time scale of 

the dynamics and a larger value of 𝜈଴  corresponds to faster dynamics. Using classical 

macroscopic analysis methods where swelling is assumed to be governed by cooperative 

diffusion, the corresponding value of 𝜈଴  contributed by affined deformation can be 

estimated to be in the range 0.01 to 10 𝑠-1 in the experimental condition.  

5.4.1 Fast dynamics beyond swelling kinetics  

 

Fig. 5.5 (a) Autocorrelation function averaged over the whole surface with and without spiral 

events, respectively. The two curves were taken at 496 s (with spiral) and 520 s (without 
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spiral), respectively. (b) Dynamic activity map (𝐶(𝒓ሬ⃗ , 496 𝑠)ଶ଴ ௠௦) and (𝐶(𝒓ሬ⃗ , 520 𝑠)ଶ଴ ௠௦). 

The time scale of the global dynamics are described by 𝜈଴ averaged over the whole gel 

surface. From these global dynamics measurements, the fitted 𝜈଴ values range from 0.01 

to 2 𝑠-1, corresponding to dynamics dominated by the affine deformation associated with 

swelling. However, at time scales much faster than that of swelling, a different dynamics 

response is observed. Dynamic activity maps are calculated to visualize the spatial 

distribution of the dynamics and a dark intensity indicates faster dynamics. In the 

dynamic activity map (C(𝒓ሬ⃗ , 𝑡)ଶ଴ ௠௦), a spiral shaped pattern is randomly observed, causing 

a drop in the correlation value averaged over the whole surface (Fig. 5.5 (a) and (b)). Once 

the spiral disappears, the decorrelation recovers a value consistent with that seen when 

no spirals are present. This transient spiral pattern can be observed either before or after 

the optical observation of creasing, starting from the first immersion in the swelling fluid. 

Locally, a full decorrelation can be observed at the fastest time interval 𝜏 =5 ms (black 

region in the maps) indicating that 𝜈଴ ≫200 𝑠ିଵ, which cannot be attributed to the affine 

deformation associated with swelling. The change in the fast dynamics distribution is 

visualized by a high-speed camera with a frame frequency of 6000 frame/s for the case of 

swelling in the round container and results are shown in supporting information 5.7.3 

(Fig. 5.S3). We discovered that the high dynamics region in the spiral was rotating with a 

speed of around 25 cycle/s without radial propagation. The pattern motion and change 

in intensity can be observed clearly in movie S1 (Movie S1 available upon request). 

Interestingly, when the same constrained swelling experiments are performed in 

containers with different geometries, a clear dependence of the fast transient pattern on 

the boundary condition was observed (Fig. 5.6). For hexagon and triangle containers (Fig. 

5.6(b) and (c)), isolated spots are generated with a distance around 10 mm from each 

other. For an elliptical container (Fig. 5.6(d)), the pattern loses its symmetry compared to 

the round container in (Fig. 5.6(a))) and shows multiple targets. Comparing square (Fig. 

5.6(e)) and rectangular (Fig. 5.6(f)) containers, it can be observed that the streaks can 

only be generated parallel to the length direction in the rectangular container. 
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Fig. 5.6 Dynamic activity map for containers with different geometries are shown in: round 

(a), hexagon (b), equilateral triangle (c), ellipse (d), square (e) and rectangle (f). Thicknesses 

of gels are around 2 mm for all the containers. Correlation values are normalized by the 

fitting parameter 𝐴, as indicated in the greyscale bar. 

The reversibility and geometry dependence of the patterns strongly suggests an elastic 

instability. In the constrained swelling geometry, compression and energy release may 

produce a self-oscillation state, which is similar to what was observed in Faraday 

experiments where capillary spiral waves can be induced by an oscillating gravity field.53 

The appearance of these patterns before creasing clearly indicates that significant 

compressive stresses are generated even before macroscopic creasing occurs. The 

observed dynamics are the result of the overlapping between the fast heterogeneous 

dynamics and the dynamics due to swelling occurring at longer time scales. Transient 

decorrelation is much faster than the time scale of the decorrelation due to swelling and 

only observable in a small part of our collected data: it contributes strong high-frequency 

fluctuations but does not influence the fitting of 𝜈଴ and the dynamics visualization at a 

longer time scale. 

5.4.2 Spatially and temporally heterogeneous swelling kinetics 
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Fig. 5.7 (a) Global 𝛼̇஽ௐௌ  as a function of time measured during swelling in solutions with 

different 𝐶௕  . Peak time/creasing time 𝑡௖  are indicated by arrows. (b) Increase of swelling 

ratio (𝜀) of the whole gel measured by mass (𝛼ெ) and calculated from DWS (𝛼௧௢௧௔௟,஽ௐௌ), at 

𝐶௕  = 2 and 4 mM. (c) 𝜀஽ௐௌ as a function of time for creased gels.  

In addition to mass measurement of swelling ratio (Fig. 5.3), temporally and spatially 

resolved swelling kinetics can be achieved by MSDWS, with excellent resolution. Based on 

previous work,5,20,25,54 after macroscopic creasing occurs, the gel reaches a quasi-static 

state and the average swelling ratio can be described by classical 1D swelling models 

based on the diffusion equation:  

 𝜀 =
ଶඥ஽೎೚௧

்√గ
𝜀ஶ 5.10 

where 𝑇  is the initial thickness of the reference layer, which is detection length 𝐿  for 

MSDWS experiments and is 𝐻଴  (initial gel thickness, 1.85 mm) for the mass 

measurements. Swelling ratio from DWS 𝜀஽ௐௌ  is proportional to that from mass 
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measurement 𝜀ெ  and 𝐿  is in the scale of hundreds of microns, which needs to be 

experimentally determined. 𝐷௖௢  is the cooperative diffusion coefficient, around 2.2×10-7 

cm2/s in the studied condition.52 𝑡 is the time after the onset of swelling. Note that here 

we use the increase of swelling ratio 𝜀 = 𝛼 − 1 , for simplicity. 𝜀(t)  is proportional to 

equilibrium swelling 𝜀ஶ  (𝜀ஶ = 𝛼ஶ − 1 ), the final state of the swelling. 𝜀ஶ  indicates the 

scale of swelling kinetics, is applied as a characteristic rate for comparison swelling 

kinetics at different stage.  

The global swelling rate 𝛼̇஽ௐௌ  for different 𝐶௕  is directly calculated from MSDWS and 

shown in Fig. 5.7(a), as a function of 𝑡. For 𝐶௕ < 1.5 mM, 𝛼̇஽ௐௌ has a very low value around 

10-5 𝑠-1 and slowly decreases with time. In this regime, no significant 𝐶௕ dependence was 

observed. At 𝐶௕ = 1.5 mM where creasing is induced, we found a different behavior. 𝛼̇஽ௐௌ 

increases with 𝑡 after an initial plateau around 500 s, and starts to drop again for 𝑡 > 2000 

s.  The same behaviors were observed for all the higher 𝐶௕, and the increase rate 𝛼̈ before 

dropping increased with 𝐶௕ . Images are averaged over a time interval longer than the 

decorrelation time of the speckle intensity (as seen in supporting information 5.7.1) to 

distinguish the surface morphology from speckled appearance, and compared with 

transition of 𝛼̇஽ௐௌ. Interestingly, we find that for all 𝐶௕ above 1.5 mM in the time range 

where 𝛼̇஽ௐௌ  peaks and decreases later, creasing becomes homogeneously distributed. 

The transition time 𝑡௛ ranges from around 360 s (𝐶௕=10 mM) to 2000 s (𝐶௕=1.5 mM), as 

indicated in Fig. 5.7 (a).  

Swelling ratio can be obtained by the time integration of 𝛼̇஽ௐௌ: 

 𝜀஽ௐௌ(𝒓ሬ⃗ , 𝑡) = ∫ 𝛼̇஽ௐௌ(𝒓ሬ⃗ , 𝑇)𝑑𝑇
௧

଴
 5.11 

By imposing that the spatially averaged 𝜀஽ௐௌ superimpose to the 𝜀ெ obtained from mass 

measurement, we find an estimated value of 𝐿 ≈ 0.4 mm. With this value of 𝐿, we find an 

excellent agreement between the increase of swelling ratio of the whole gel 𝜀௧௢௧௔௟,஽ௐௌ 

calculated from MSDWS ( 𝜀௧௢௧௔௟,஽ௐௌ =
௅

ு
𝜀஽ௐௌ ) and 𝜀ெ  throughout the whole swelling 

processes (Fig. 5.7 (b)), confirming that MSDWS measurements allow us to precisely 

quantify swelling.  Importantly, MSDWS has an obvious advantage over macroscopic mass 

measurements, in that it allows for determining the spatially resolved swelling evolution 

without perturbing the sample.  
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When the global swelling ratios 𝜀஽ௐௌ for all 𝐶௕ are logarithmically plotted (Fig. 5.7 (c)), it 

is clear that the swelling kinetics cannot be simply described by the diffusion model. The 

initial growth of 𝜀஽ௐௌ approximately follows 𝜀஽ௐௌ ∝ 𝑡଴.ହ for all 𝐶௕. However, when we try 

to describe the swelling kinetics with the diffusion equation, the 𝜀ஶ  value fitted from 

these early stages is found to range from around 0.006 (1.5 mM) to 0.05 (7.5 mM), much 

smaller than the actual equilibrium value (≈ 1.2) after creasing (Fig. 5.3).  For 𝐶௕<1.5 mM, 

the swelling rate follows the same time dependence until the end of the measurement 

period. For higher 𝐶௕  where creasing is observed, 𝜀஽ௐௌ  accelerates with respect to its 

initial behavior (𝜀஽ௐௌ ∝ 𝑡ఉ  , 𝛽 > 0.5), corresponding to the observed increase in 𝛼̇஽ௐௌ in 

Fig. 5.7 (a). During homogeneous creasing (after 𝑡௛ ), the swelling ratios approach the 

same asymptote again, where 𝜀஽ௐௌ is proportional to 𝑡଴.ହ and the values of fitted 𝜀ஶ after 

creasing increase to around 1.2 for all 𝐶௕, equal to the equilibrium value. It can be inferred 

that the initial swelling is highly suppressed by compression with a smaller 𝜀ஶ than the 

eventual creased state, which is at equilibrium. In both flat state and homogeneously 

creased state after 𝑡௛ , 𝜀஽ௐௌ ∝ 𝑡଴.ହ  can be described by the diffusion model, but with 

different values of 𝜀ஶ (<0.05 and 1.2, respectively). The deviation from diffusion model 

before creasing indicates that swelling kinetics is also coupled to creasing transition. 

From the comparison of free and constrained swelling (Fig. 5.3 and previously reported 

results21,33), 𝜀ஶ depends strongly on the confinement condition. It is reasonable to believe 

that 𝜀ஶ increases after creasing where the compressive stresses can be released by the 

creasing motion. However, the increase of 𝜀ஶ shows the self-acceleration of the swelling 

kinetics and a spontaneous breaking of metastable equilibrium is expected during the 

transition period (ranging from 150 to 1000 s at different 𝐶௕ ), whose sign should be 

detectable by MSDWS.  
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Fig. 5.8 Time-averaged correlation maps before creasing, with 𝜏 = 0.1 s at (a) 𝐶௕ = 2 and (b) 6 mM. 

 

Time-averaged correlation maps C(𝒓ሬ⃗ , 𝑡)ఛ
തതതതതതതതതത  are calculated to characterize the spatial 
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heterogeneity of swelling, where only the differences in the dynamics occurring over the 

time scale of the relaxation of correlation functions due to affine deformation are shown. 

As seen in the C(𝒓ሬ⃗ , 𝑡)଴.ଵ ௦
തതതതതതതതതതതതത maps of Fig. 5.8, initial dynamics is homogeneous over the whole 

sample. During the time interval where the global 𝛼̇஽ௐௌ increases (before 1100 s for 2mM 

(Fig. 5.8(a)) and before 500 s for 6mM (Fig. 5.8(b))), there are some signs of nucleation 

of regions with swelling faster than the global 𝛼̇஽ௐௌ . The onset of the heterogeneous 

swelling results in the accelerated swelling in Fig. 5.7(c). Measurements with smaller field 

and better resolution (20 μm/pixel) are performed to visualize the detailed information 

in C(𝒓ሬ⃗ , 𝑡)ఛ
തതതതതതതതതത for 𝐶௕=6 mM, in a separate experiment. Image acquisition is switched between 

white light illumination (for crease visualization) and laser illumination (for dynamics 

measurement) to relate swelling rate and creasing morphology with small initial size 

upon nucleation. In Fig. 5.9(a), at 360 s, the heterogeneous nucleation of creasing can be 

observed, while the branches of growth matches well with pattern of C(𝒓ሬ⃗ , 𝑡)ଵ ௦
തതതതതതതതതതത  in Fig. 

5.9(b). The growth of region with fast dynamics can be observed, similar to Fig. 5.6. It can 

be noticed that the diffusive patterns are actually formed by the scattered spots (diameter 

around 0.2 mm) and their surrounding regions, with faster swelling rate. This indicates 

that the growing region in Fig. 5.8 corresponds to the onset of creases with small initial 

size. The folding motion during creasing results in a local fluctuation of swelling rate, in 

the form of spot pattern in C(𝒓ሬ⃗ , 𝑡)ఛ
തതതതതതതതതത.  

Based on results in Fig. 5.8 and 9, we discover that the unusual jump of the extrapolated 

final state (fitted 𝜀ஶ from below 0.05 to 1.2 in Fig. 5.7 (c)) is achieved via an intermediate 

heterogeneous creasing and swelling stage. In this transition period, the overall swelling 

rate is even faster than that close to the equilibrium state after creasing. This can be 

caused by two effects: (a) the process of breaking the confinement and releasing the 

accumulated elastic energy in compressed flat state can contribute to this faster swelling 

rate. (b) Heterogeneous swelling indicates a locally less-constrained swelling mode, 

whose final 𝛼ஶ can be much larger than that in constrained state.  
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Fig. 5.9 (a) Crease images (with white light illumination) at different time after swelling. (b) 

Time-averaged correlation maps 𝐶(𝒓ሬ⃗ , 𝑡)ଵ ௦
തതതതതതതതതതത for 𝐶௕=6 mM. in the same region of  (a).  

After the onset of creasing, the growth of the surface patterns can be observed with 

increasing distance between creases, as a results of further swelling. During 

homogeneous creasing, spots are distributed homogeneously, too, as seen in Fig. 5.10. 

Interestingly, each spot exhibits a flickering (around 100 s) of the transient activity (Fig. 

5.11), as shown for one representative high dynamics spot. The active phase of each spot 

occurs at different times and the whole dynamic map exhibits flickering high dynamics 

spots at different locations (movie S2, 25 ×).  
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Fig. 5.10 Time-averaged correlation maps after creasing for 𝐶௕=6 mM. 

 

 

Fig. 5.11 Spot patterns and local changes of one spot (𝐶௕  = 6 mM, 𝜏 = 0.1 s) in time-averaged 

correlation maps around t = 1800 s.  
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Dynamic spots are accumulated and compared with crease patterns in Fig. 5.12. The high 

dynamics spots and the creases are spatially related and that the high dynamics spots 

correspond to the gap between the creases. Spot pattern shows the similar length scale 

as creases, confirmed by 2D-FFT processing (Fig. 5. S2). This further confirms the results 

in Fig. 5.9, and the folding and rearrangement of creases both lead to local fluctuation of 

swelling rate. More importantly, the fluctuation of spot pattern, corresponding to local 

adjustment of crease distribution, indicates that the growing creases are still spatially 

heterogeneous, even when their distribution is already homogeneous. 

 

Fig. 5.12 Surface image (top, left) and corresponding cumulated dynamics map (top, right) 

at t = 5600 s. 2D-FFT results are inserted in the images. The locations of the creases and spot 

pattern are indicated in the same image (bottom).  
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5.5 Conclusions 

This work applies MSDWS to the measurements of spatio-temporal transitions in 

dynamics in a complex system, where we almost push the application to its limit, with 

time resolution around 0.1 ms and spatial resolution around 100 μm. Due to the lack of 

characterization methods, such transient behavior has not been reported so far and point 

to the existence of metastable states. We discovered that the initial behavior is rather 

complex that deviates from existing models considering only diffusion kinetics. In 

addition to the well-known result that creasing nucleation and growth is governed by the 

swelling,5,17 we discovered that the swelling kinetics is conversely influenced by the 

creasing transition. The interaction between compression and surface instability results 

in an unusual heterogeneous swelling and creasing (Fig. 5.7), even though gel is initially 

homogeneous in plane. In fact, considering limited diffusion kinetics, the effect of 

heterogeneous swelling should commonly exist in transient swelling, but observed here 

for the first time. Our work shows a convenient tool to visualize and quantify the dynamic 

behaviors in poroelastic materials. Even after creasing becomes visible, where global 

swelling kinetics coincides with equilibrium models by diffusion equation, the 

adjustment events during growth of the crease structure also results in a spatially and 

temporally heterogeneous swelling events between the creases. In the practical 

application of surface patterns generated in a similar dynamic condition, the time scale 

for the delayed nucleation and post-stabilization of the pattern can be evaluated with the 

tool provided in this work. 

In summary, in-situ measurements of surface creasing during swelling provides the 

dynamic response and detects rich heterogeneous behaviors in well-controlled 

conditions. With these high temporal resolution methods, transient behaviors and the 

existence of metastable states can be experimentally characterized and unveils how such 

large instabilities that in principle may have large activation energies can occur kinetically 

by a sum of smaller steps with a much lower activation barrier. Such a stepwise process 

of the onset of instabilities may be more widespread than gel swelling and the knowledge 

of the intermediate steps may lead to more realistic modeling and prediction of the 

kinetics of the transition and help the design of a new generation of knowledge based 

responsive materials.  
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5.7 Supporting information 

5.7.1 Processing of raw speckle images 

Examples of raw speckle images are shown in Fig. 5.S1 (a), the first one of which is 

collected at 3000 s for a borax concentration (𝐶௕) of 6 mM. Even though creases have 

already been generated, the morphology feature is barely observable in the speckle 

images. The intensity difference due to a height difference due to surface features is 

hidden by the fluctuating intensity of speckles generated by the laser illumination. It has 

been checked that up to 2 h the creases do not contribute to the autocorrelation function. 

MSDWS characterization is still valid since the height difference due to creasing and 

swelling is negligible (~1 mm), compared to the distance from the camera to the sample 

surface (~20 cm). To detect the change in surface morphology, a series of raw images are 

averaged with a time interval ∆𝑡(𝑡) larger than 𝜏଴(𝑡) so that the speckles are smeared out 

by the averaging of uncorrelated images. The raw image right after adding the borax 

solution is used as a background to highlight the crease structure, as seen in Fig. 5.S1 (b). 

With this method, both space resolved dynamics and surface morphology can be 

observed simultaneously with no need of a separate imaging of the gel surface. However, 

at the early stage of creasing, the initial size and depth is too small to be measured this 

way, so that white illumination is still applied (Fig. 5.9(a)), with exposure time of 1 ms. 

 

 

Fig. 5.S1 Series of raw images where surface feature is hidden by speckle fluctuation. (b) 

Surface images from averaging with time interval over 𝜏଴(𝑡). 
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5.7.2 2D Fourier Transform processing of the images 

 

Fig. 5.S2 Images (surface images and accumulated map) and corresponding 2D-FFT results 

at t=5600. (b) 1D intensity results of 𝐹(1/𝑑). 

The characteristic length of the image features (spots in accumulated maps and creases 

in surface images) can be obtained by Two-Dimensional Discrete Fourier Transform (2D-

DFT):55 

 𝐹(𝑢, 𝑣) = ∑ ∑ 𝐼ேିଵ
଴

ெିଵ
଴ (𝑥, 𝑦)𝑒ି௝ଶగ(

ೠೣ

ಾ
ା

ೠ೤

ಿ
) 1 

𝐼(𝑥, 𝑦) is the corresponding intensity value for each pixel in the time-averaged correlation 

maps and surface images. The fast algorithm for computing 2D-DFT, Two-Dimensional 

Fast Fourier Transform (2D-FFT) is carried out with the optimized library NumPy in 

Python. After shifting the zeroth frequency to the center, a halo can be observed in 𝐹(𝑢, 𝑣) 

(as seen in Fig. 5.S2(a)), which corresponds to the mean period in the original images, i.e. 

a characteristic length. Considering the results to be isotropic, 𝐹(𝑢, 𝑣)  is azimuthally 

integrated to obtain a one-dimensional 𝐹(1/𝑑) so that the characteristic length can be 

visualized and compared as seen in Fig. 5.S2(b). A peak was observed at the same value 

around 0.35 mm-1 for both images in 1D intensity results, which corresponds to an 

average size of the crease as well as to the dynamic spot,  𝑑௦௣௢௧ ≈ 𝑑 =2.8 mm. By checking 

𝑑 and 𝑑௦௣௢௧ values at different times, it has been confirmed that they have a similar value 

so that the characteristic length scale of the creases and that of the high dynamics spots 

are spatially related.  
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5.7.3 Rotation of spiral pattern in round container 

 

Fig. 5.S3 Fast patterns 𝐶(𝒓ሬ⃗ , 𝑡)ଶ଴ ௠௦  with a high time resolution (1/6000 s). The rotation 

direction is indicated by a red arrow in the direction of the axis of the “S” shape pattern in 

the center.  

The evolution of the patterns of C(𝒓ሬ⃗ , 𝑡)ଶ଴ ௠௦ within 20 ms are shown in Fig. 5.S3.  Using 

the fast camera, we discovered that the high dynamics region in the spiral was rotating 

with a speed of around 25 cycle/s without radial propagation, showing the motion as a 

standing spiral-shaped wave. The pattern motion and change in intensity can be observed 

clearly in movie S1. The spiral patterns have a lifetime around 50 ms and a period 

(average time between two consecutive spirals) around 300 ms, so that spirals are seen 

over around 1/6 of the observation time window.  

5.7.4 Supporting videos (available upon request) 

Movie S1: Spiral pattern. Playback speed 1/200×. 

Movie S2: Spot pattern. Playback speed 25×. 
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6 Conclusion and perspective 

6.1 General conclusion 

Fracture of material is a macroscopic behavior, which typically takes place by nucleation 

and growth of localized cracks and results in the decrease of remote stress in the 

mechanical response. A critical condition argument is widely applied in fracture 

mechanics, that the fracture energy 𝛤 is defined as equal to the critical value of the strain 

energy release rate 𝐺௖ , where the crack begins to propagate from a preexisting notch. 

Theoretical analysis and experimental observations based on these models treat fracture 

as a sudden event, simply considering fracture as a change of macroscopic geometry. 

However, with the development of detection methods, abundant structural and 

mechanical changes before a macroscopic transition occurs have been discovered and 

invalidate the existing simple models, such as strain localization,1 large-scale molecular 

bonds breaking2,3 and strain induced crystallization4,5 around a localized geometry.  

These “subtle” changes are directly related to fracture, and the investigation of these local 

events can help us to understand fracture mechanisms and to optimize fracture resistance. 

Furthermore, the in-situ observation of these events can be designed to be used in real 

time in a non-destructive way to estimate the life time or prevent failure of the materials. 

We focus in this thesis on characterization of microscopic and mesoscopic behavior 

before fracture, namely “fracture precursors”, which can take place a long time (even 

hours) before the ordinary detection of crack propagation. 

6.1.1 Optical methods for fracture characterization 

To quantitatively measure the time-dependent behavior, we developed different optical 

techniques and combined them with mechanical testing set-ups designed to study the 

fracture of elastomers. Several methods are applied in this thesis: 

1. Multiple speckle diffusing wave spectroscopy (MSDWS). By measuring the 

decorrelation profile of multiply scattered light intensity from the probes in the 

materials, deformation rate can be measured with excellent time and strain rate 

resolution. We applied MSDWS to measure the transient change in deformation 

rate heterogeneity before crack propagation and other macroscopic transitions. 
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2. Confocal microscopy. We used confocal microscopy to visualize the 3D damage 

distributed around the opened crack induced during the crack opening and to 

understand material behaviors at the molecular level. Mechanophore molecules 

are used as labels and incorporated as crosslinkers in the elastomer network 

(PDMS and acrylates elastomers), and fluorescence emission upon their rupture 

was measured with micron resolution.  

3. Digital image correlation (DIC). DIC is a well-established method to measure fields 

of small displacements with sub-pixel resolution. With the displacement of the 

regions containing speckles (prepared by spray painting) from the reference 

image, the deformation tensor can be calculated. We found that MSDWS has 

superior time and displacement (of the tracer/probe) resolution over DIC, while 

DIC gives directly deformation tensor and is more universal for measurements in 

different geometry and conditions. DIC was mainly used as a supplementary 

method to provide spatially resolved mechanical response. 

4. Direct imaging and digital image processing. With ordinary imaging, 

morphological differences and changes can be directly visualized. Grey scale 

values of digital images can be further processed to optimize and quantify the 

relevant parameters.  

6.1.2 Deformation heterogeneity as a sign of microscopic damage before 

fracture 

We characterized the fracture behavior in a model commercial elastomer: PDMS. The 

PDMS (Sylgard 184) we chose is brittle for an elastomer (with a nominal fracture strain 

𝜀ே  < 0.25) where a crack propagates rapidly at the critical fracture strain. With the 

combination of MSDWS and confocal microscopy, we detected subtle changes beyond 

force measurement and crack observation. At relatively long time scales ( ∆𝑡 ~ 10 

min/∆𝜀ே~0.02 for continuous stretching and 1 h for fixed strain) before the onset of a 

detectable propagation, the acceleration of damage accumulation around the crack tip 

was already observed. Simultaneously with the damage acceleration, an increase in 

heterogeneity of strain rate was observed by MSDWS far away from the tip (~cm).  

Although the mechanophore-based mapping of damage distribution is powerful, 
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visualizing bond scission directly requires both labeling the sample with a mechanophore, 

which is an additional chemical modification, and high resolution confocal optics. Our 

discovery that this time dependent molecular damage under load also causes a large scale 

(~cm2) gradient in deformation rate significantly before fracture is important, since such 

an observation only requires a relatively common laser and acquisition camera and no 

chemical labeling. Based on the results, the measurement of changes in heterogeneous 

deformation rate provides a sensitive detection of fracture precursors, long before 

microscopic events become critical. 

6.1.3 Enhancement mechanism of fracture toughness in multiple network 

elastomers 

Multiple network elastomer refers to a series of soft materials that are not only highly 

stretchable, but also have an excellent fracture toughness. As their mechanical strength 

and fracture resistance is largely improved, the enhancement mechanism of mechanical 

property is less understood. To better understand the energy dissipation mechanism due 

to the breaking of the sacrificial network and how it works around the crack, we 

developed a 3D visualization method of the damage occurring in multiple networks 

having their sacrificial network labeled with mechanophores. Damage mapping, together 

with deformation rate mapping of the whole sample by DIC, shows that multiple network 

elastomers have a responsive protection against flaws, that deformation localization can 

be suppressed by a self-strengthening mechanism, benefiting from the strain hardening 

of filler network. Multiple network elastomers also show an increased resistance to 

delayed fracture at fixed strain, and the kinetics of the damage accumulation and crack 

deformation indicate that a self-stabilization mechanism exists in the damaged region 

under load, which avoids macroscopic fracture over long waiting time. 

6.1.4 Application of MSDWS to heterogeneous systems 

Besides the study of crack propagation, we also developed the application of MSDWS and 

used it for other systems in this thesis. Taking advantages of its excellent time- and strain 

rate- sensitivity, we successfully investigated the subtle heterogeneities and time 

dependent response in several systems. 
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For example, in Chapter 2, the debonding interface of commercial pressure sensitive 

adhesive tapes under constant applied shear was observed with MSDWS. Although the 

strain/stress concentration at the interface has been theoretically predicted, it is directly 

visualized for the first time with experimental methods. Furthermore, we detected the 

increase in strain rate heterogeneity a long time before debonding occurs, and we explore 

the possibility to optically predict adhesive debonding. In Chapter 5, we applied MSDWS 

to the dynamics of swelling of a constrained hydrogel. Coupling with surface creasing due 

to elastics instability, the swelling kinetics deviates from the behavior predicted by 

classical models focusing on thermodynamics, and is spatially heterogeneous.  

Based on our progress in the thesis, we show that MSDWS is a powerful tool to study the 

transient and heterogeneous behavior in polymer network systems. 

6.2 Perspective  

Combining optical characterization, simulation and theoretical analysis, we improved our 

understanding on the subtle behavior occurring before fracture in soft polymer networks. 

This work can be further expanded in several aspects: 

6.2.1 Synchronized and responsive controlling 

Synchronized control: Different measurements, even though they were performed 

simultaneously, are controlled separately in this thesis. For the time scale (1 ~ 10000 s) 

relevant in our study, the time delay due to the separate controlling is not critical, while it 

can be important for applications in real-time detection of fast failure behavior. 

Synchronized control (e.g. by LabVIEW programing) can improve the performance of the 

methods shown in this thesis.  

Responsive control: As we focus on dynamic characterizations, material parameters are 

changing over time, and the measurement conditions also vary at different stages during 

the experiments. In forthcoming work, this could be optimized by adjusting experimental 

parameters in-situ from a feed-back loop. For example, the thickness change during 

uniaxial extension is around 0.1 mm and the absorption is renormalized by using a bulk 

region as a reference. The surface displacement can be measured easily with laser 

detection and the drifts can be sent to confocal microscopy software to adjust the 
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detection depth for the next scan. 

6.2.2 Better understanding and application of MSDWS 

In this thesis, we intensively used MSDWS but mainly focused on its use to measure strain 

rate. As it gives a sensitive motion measurement, MSDWS has been reported to be able to 

measure an abundant variety of dynamics behaviors, such as molecular mobility6 and 

cluster rearrangement.7 It was also pointed out that by careful examination of the 

autocorrelation function, different contributions of dynamics can be distinguished and 

characterized.7-9 

For the investigation of the fracture behavior, we chose parameters in a range where the 

contribution of strain rate to the autocorrelation function is dominating. Future work can 

further analyze the profile of the autocorrelation function to extract more information on 

the actual fluctuations of the molecules reflected by the motions of probe particles. 

6.2.3 Improving failure prediction with machine learning 

We have explored the microscopic changes long before macroscopic fracture in different 

materials. Qualitative models have been proposed and discussed in this thesis, but the full 

understanding of the relationship between the dynamic precursors and the macroscopic 

transition requires further investigation and development of multi-scale models. On the 

other hand, even though not theoretically understood, the response of a specific material 

can be analyzed, which is important for the practical application of the techniques. 

Since the details of the fracture mechanism can be different among different materials, it 

is almost impossible to theoretically predict a macroscopic failure. However, taking 

advantages of the development of machine learning methods, the quantitative 

measurement by the methods in our work can be better analyzed. In the future work, a 

strategy can be applied that after enough samples are tested until broken under 

interested loading geometry, the relationship between precursor (size and time scale of 

the dynamics heterogeneity, pattern growth kinetics, etc.), loading information and 

propagation behavior can be obtained. After building the empirical relationship between 

precursor and fracture by machine learning, the macroscopic transition can be predicted 

and prevented without knowing the material itself. 
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Appendix 

During my PhD, I collaborated with other colleagues, where I collected and analyzed x-ray 

scattering data during the deformation and fracture of thermoplastic elastomers (TPE). 

TPE are advanced material that combine high elasticity and processability at high 

temperature. Crosslinking relies on physical associations and microphase separation only, 

so that mechanical properties of these elastomers depend strongly on temperature and 

show a unique behavior compared to ordinary elastomers. As the mechanical properties 

of TPE are related to their structural transitions during deformation, it is important to 

understand the coupling between change in structure and changes in properties. 

The combination of X-ray scattering and mechanical testing is applied to characterize the 

structural transition, related to the macroscopic deformation. Since this part of my work 

is not related to the main content of the thesis and yet I am the co-author in the published 

papers based on it, I attach the published papers here as appendix. 
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ABSTRACT: Despite their technological relevance, the resistance of soft thermoplastic polyurethanes (TPU) to crack propagation
in cyclic fatigue has never been investigated in detail. In particular, a clear shortcoming in the literature for this class of materials is
the lack of connection between the cyclic fatigue resistance and the large strain behavior that has a fundamental role in defining the
material’s resistance to crack propagation. We demonstrate here for the first time that when the strain-induced stiffening mechanism
of TPU (already observed for large deformation) is combined with the presence of the nonhomogeneous strain, as in the case of
cyclic fatigue, it produces a selective reinforcement in the crack tip area, which is the key to explain the remarkable cyclic fatigue
resistance of TPU. Using commercial TPU with similar modulus (∼8 MPa) but different large strain behavior, we show that the
described mechanism stems from the multiphase nature of TPU and it is not necessarily linked to a specific large strain property as
the case of TPU, which undergoes strain-induced crystallization.

■ INTRODUCTION

Thermoplastic polyurethanes (TPU) are segmented multi-
block copolymers characterized by alternating blocks of soft
segments (SS) and hard segments (HS). The former are
composed of long and flexible polyester or polyether chains
that ensure high deformability, while the latter consist of
urethane-rich hard segments. The TPU typically self-organize
in hard domains (HD), which are generated from the lateral
stacking of HS through physical interactions and hydrogen
bonding. They generally have dimensions of tens of nanome-
ters,1,2 comparable to that of common reinforcing fillers used
in rubbers. TPU can be produced in different grades with
Young’s moduli E ranging from a few MPa to 1.000 MPa.
Among those, soft TPU (E < 10 MPa), where the flexible
chains represent the majority of the material and are physically
cross-linked by the HD, generally show high elasticity and
excellent abrasion resistance at ambient temperatures. Despite
their high price, soft TPU have already found many
applications in fields as sportswear and footwear and are
gaining increasing industrial attention as recyclable alternative
to replace classical filled and vulcanized rubber in structural
applications such as cables, dampers, and belts. One of the
most desirable properties in this kind of structural applications

is the ability to sustain a large number of cyclic loadings at low
stress levels without hazardous rupture of the material. In other
words, they must have an appreciable cyclic fatigue resistance.
In a previous paper,3 we proposed a method to probe the

cyclic fatigue resistance of soft TPU based on the classic
fracture mechanics approach, originally developed for chemi-
cally cross-linked rubbers. We highlighted that during cyclic
deformation, TPU experience a shake down4 and stabilization
of the stress−stretch curve. Provided that the loading and
unloading cycles are conveniently adapted to tackle the effects
of plastic creep, the crack propagation process in standard
notched pure-shear samples can be robustly expressed as crack
propagation per cycle dc/dn as a function of applied energy
release rate G. These preliminary results confirmed the very
high resistance of soft TPU to crack propagation under cyclic
fatigue conditions even for large applied strains. To date, a
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clear shortcoming in the literature for this class of materials
comes from the lack of connection between the cyclic fatigue
resistance and the large strain behavior that has a fundamental
role in defining the material’s resistance to crack propagation.
Although the typical range of bulk strain used in fatigue
experiments is generally considerably lower than the strain at
break in uniaxial tests, the presence of the crack induces
significantly larger local strains at the crack tip.5,6 This strain
concentration is particularly important for TPU since their
structure, and hence the mechanical response, evolves with
applied strain.1,7−11 However, previous studies on the
structural evolution of hard domains with applied strain only
focused on uniaxial tension samples and did not include the
effect of local singularities generated by defects or notches as is
the case for fatigue fracture. Indeed, as proved by Mzabi et al.5

in filled and cross-linked styrene-butadiene rubber (SBR), the
presence of a loaded crack generates a local strain gradient at
the crack tip, the amplitude of which depends on external
loading and on material’s characteristics. To the best of our
knowledge, a comprehensive characterization of the local
morphology induced at the crack tip during a cyclic fatigue
experiment, and the discussion of its effects on the crack
propagation rate for soft TPU has never been carried out.
To understand the effect of a loaded crack on local structural

modifications, it is useful to briefly recall some key results
obtained in the uniaxial extension of TPU.7,9−16 Bonart1 was
among the first authors to investigate the deformation behavior
of TPU using small- and wide-angle X-ray scattering, SAXS,
and WAXS, respectively. He proposed that, for moderate levels
of stretch (λ < 3), the progressive alignment of the SS along
the tensile direction exerts a torque on the HD. As a result, the
HD tend to orient in a transversal direction relative to the
applied load. In a TPU with a low percentage of HS, further
elongation generally corresponds to a reorganization of HD
and alignment along the loading direction. This process,
defined as “restructuring of the cross-linking” by Ishihara,12

consists of breaking and re-forming hydrogen bonds to realign
the hard segments. An excellent summary on X-ray
investigations in deformed TPU with low HS content (weight
percentage about 12%) was provided by Yeh and co-workers.7

In this work, we tested the cyclic fatigue resistance of two
TPU which share very similar small strain properties but
present completely different large strain behavior in uniaxial
tension at ambient temperature: TPU_XTAL which displays a
marked strain-hardening partially due to strain-induced
crystallization (SIC) and TPU_SOFT, which has higher
extensibility and barely visible strain-hardening before rupture.
In addition to the fatigue experiments, expressed by dc/dn vs G
and uniaxial step-cycle tests, we used two additional techniques
to characterize the differences between the bulk and at the
crack tip as the sample is experiencing loading cycles in fatigue:
digital image correlation (DIC) to characterize the strain field
near the crack tip and spatially resolved in situ X-ray wide- and
small-angle scattering analysis (WAXS, SAXS) to detect
structural changes with the number of cycles both in the
bulk and near the tip.

■ MATERIALS AND METHODS
Materials. The used TPU are commercial polyester-based

polyurethane multiblock copolymers produced by BASF, Elastollan
series, with the trade names: 565A 12P and LP9277 10, respectively,
denoted as TPU_XTAL and TPU_SOFT based on their large strain

behavior under uniaxial conditions. The materials were kindly
provided by BASF.

Dog-bone samples had a cross section of 2 mm × 4 mm and were
cut along the injection direction from a 2 mm thick square-plate
injection molded by the Laboratoire de Recherche et Contrôle des
Caoutchoucs et Plastiques (LRCCP). The injection conditions are
reported in Figure S1 and Table S1. The pure-shear geometry is
generally used in cyclic fatigue experiments because the energy release
rate G can be easily calculated and is independent of crack length.17

All pure-shear samples were pre-notched using a fresh razor blade
with a 20 mm cut. The chemical composition of both TPU is not
available since they are commercial products. The number-average
molecular weight Mn and weight-average molecular weight Mw of
TPU_XTAL after injection are 47 and 61 kg/mol, respectively, and
were obtained by gel permeation chromatography (GPC). The values
of absolute molecular weights were extracted from refractive index
and light scattering signals, using a measured dn/dc value of 0.11 mL·
g−1 for the TPU. Fourier transform infrared (FTIR) spectroscopy was
used for structural analysis of the polymers. Only in the case of
TPU_SOFT, it revealed an absorbance peak around 1640 cm−1,
which may be consistent with the presence of bidentate urea. The
latter is generally associated with stronger interactions than simple
hydrogen bonding in HD18 and may explain the poor solubility of
TPU_SOFT suggesting a stronger interdomain stability.

Step-Strain Cyclic Tests. The dog-bone-shaped samples were
strongly fixed between mechanical clamps since TPU are very tough.
An optical detection system was used to measure the local stretch in
the gauge area of the sample and to check the absence of slippage
from the clamps during the test. The samples were loaded under
uniaxial conditions at the stretch rate of λ̇ = 4 s−1. The loading was
performed in a stepwise mode: 10 cycles were performed for each
increasing value of maximum applied stretch λk for both TPU. The
stress was reduced to σ = 0 between two successive steps to prevent
buckling. The mechanical quantities strain ε, stretch λ, Hencky strain
h, nominal stress σ, and true stress T are defined as below.
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=
−

= = = = =

= · +

Here, l0 and l indicate the initial length and instantaneous length,
respectively; A0 is the initial cross-sectional area; and F is the
measured force.

WAXS and SAXS Characterization. In situ WAXS and SAXS
experiments were carried out under two conditions: on relaxed
samples (λ = 1) and on strained samples (λ = 2.5). The first set of
experiments (λ = 1) was carried out on a GANESHA 300XL+ system
from JJ X-ray 1 in the X-ray lab at DSM Materials Science Center in
the Netherlands. The in situ experiments on strained samples (λ =
2.5) were carried out at the PETRA III beamline P03 at Deutsches
Elektronen-Synchrotron (DESY) in Hamburg. The technical details
of the scattering experiments are summarized in Table 1.

The two-dimensional (2D) scattering data were integrated using
the software tool FIT-2D.19 All data were corrected by subtracting
background scattering. In situ WAXS and SAXS experiments were

Table 1. Parameters of X-ray Experiments

facility DESY, Petra III DSM resolve

energy 13 keV 8.4 keV
wavelength (ν) 0.096 nm 0.15 nm
beam size 22 × 16 μm2 300 × 300 μm2 (SAXS)

700 × 700 μm2 (WAXD)
step width 100 μm
distance from detector

SAXS 4050 mm 1465 mm
WAXS 171 mm 120 mm

image resolution 172 × 172 pixel 172 × 172 pixel
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carried out for two sets of samples: samples that were pre-fatigued and
pristine samples. All of them contained a notch. For in situ
experiments, the notched pure-shear specimens were stretched in a
displacement-controlled mode up to λ = 2.25, then 2D WAXS and
SAXS scans were performed along the entire sample’s length parallel
to the crack and in front of it. The position of the first point (the
actual crack tip) has an uncertainty of ±100 μm, i.e., the step width
between each successive scan. Figure 1a reports a schematic of the in
situ scattering experimental setup. Figure 1b is an example of the
crack profile of the loaded sample and shows the deformed mesh used
to evaluate the local strain at the crack tip. The axes X1 and X2
correspond to the direction parallel (meridional) and perpendicular
(equatorial) to the applied load.
WAXS Analysis. The 2D WAXS pattern was circularly integrated.

Peaks in the 2θ range between 12 and 20° were deconvoluted using
Gaussian/Lorentzian peak fitting routines. The crystalline fraction χc
was evaluated classically as the ratio between the total area of
crystalline peaks Icr and the total area (crystalline and amorphous: Icr
+ Iam) underneath the diffraction profile as

I
I Ic 2

cr

cr am
∫χ =

+θ

Azimuthal integration was performed on the most prominent peak
as indicated in Figure 2a. The obtained peak was then fitted with a
Gaussian function to calculate the full width at half-maximum
(FWHM) as in Figure 2b. The value of FWHM is indicative of the
variability of the lattice parameter around its average value and it is an
indication of the level of disorder of the structure. A high value of
FWHM indicates less order in the crystal phase.
SAXS Analysis. SAXS data are expressed in terms of intensity as a

function of wave vector q 4 sin= π θ
ν , where 2θ is the scattering angle

and ν is the wavelength. The long period L represents the recurrent
spacing periodicity between hard domains,1 and it was calculated as

L
q
2= π

* , where q* represents the center of the Gaussian fitting of the

peak in the 1D SAXS profile.
Cyclic Fatigue Experiments. Fatigue results are generally

expressed in terms of crack propagation per cycle dc/dn vs G. All
of the experiments were carried out on pure-shear samples following
the procedure developed for TPU by Scetta et al. in a previous paper.3

The curve G(λmax) was evaluated on un-notched pure-shear samples
by applying sinusoidal cycles between σmin = 0 and an increasing value
of the maximum stretch λmax at the frequency of 10 Hz. Under cyclic
conditions, the stress−stretch curve of TPU shows a very marked
stress softening and some residual strain that eventually stabilizes
between 5000 and 10 000 cycles. This effect is known as shake down.4

We used the stress−stretch curve at 10 000 cycles to evaluate G(λmax)
as G = HWPS(λmax), where H is the unstrained height of the pure-
shear sample and WPS is the strain energy density as a function of the
maximum applied stretch λmax in the pure-shear geometry.17 To
evaluate the crack propagation per cycle, a single long notch of 22 mm
was cut on pristine samples. Each notched sample was strained
between σmin = 0 and λmax for a minimum of 36 000 cycles. During the
test, the extension of the crack was monitored using a digital camera
(BAUMER VCXU-32M) with a resolution of 3.1 Megapixel equipped
with a macro-objective resulting in a pixel size of 38 μm. The crack
propagation rate stabilizes after 5000−10 000 cycles and then we
evaluated dc/dn.

Digital Image Correlation (DIC). DIC is a technique that allows
measuring displacement fields by matching a reference with a
deformed image. Here, the Correli-LMT software,20 which represents
the displacement field by the same kind of mesh as in finite element
methods, was used. The final displacement is evaluated using an

Figure 1. Sketch of the experimental setup for WAXD and SAXS in situ experiments (a). Example of open crack profile and deformed mesh
obtained from DIC analysis (b). X1 and X2 indicate the directions parallel (meridional) and perpendicular (equatorial) to the applied load,
respectively.

Figure 2. Example of azimuthal integration to evaluate the orientation factor (a). Example of Gaussian fitting of azimuthal one-dimensional (1D)
profile to evaluate the FWHM (b).
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algorithm that minimizes the difference in the gray levels between the
matched images, while imposing some level of regularity to the
solutions.
The objective adopted for this analysis corresponds to a pixel size

of 7 μm and the mesh size was x chosen as 16 pixels. Under this
condition, the spatial resolution of the DIC analysis (minimum
distance between two adjacent estimates of displacement) was 112
μm. Since the datapoint associated by convention with a distance of 0
mm from the crack tip is indeed the closest available point, this spatial
resolution should also be considered as an uncertainty on the distance
of such point from the crack tip. The samples were uniformly backlit.
A random speckle texture was obtained by black ink spraying, a
method which provides a good contrast with the sample surface
(either white or transparent). For each DIC characterization, a set of
40−60 images was acquired between σmin = 0 and λmax. To minimize
the alteration of the gray levels by the large applied strains during
DIC, the correlation procedure was first performed between each
couple of subsequent images starting from the unloaded condition up
to the maximum strain. Then, the total displacement for each λ was
evaluated by progressively adding the differential displacement fields
of each step. The total displacement field was then used to evaluate
the local strain field following the same procedure as in Mzabi et al.21

■ RESULTS

Tensile Tests. Figure 3a reports the stress−stretch curve in
uniaxial tension at 23 °C and highlights the main differences in
large strain behavior between TPU_XTAL and TPU_SOFT.
Both TPU are characterized by a high extensibility at failure
(more than 1000%) and, after an initial linear elastic regime
that only lasts a few percent strain, they soften as displayed in
Figure 3b. In the case of TPU_XTAL, this is rapidly followed
by a marked strain hardening, which is much less pronounced
in TPU_SOFT. Table 2 reports the elastic moduli as well as
the stress and stretch at break for both TPU.
Cyclic Fatigue. Figure 4a shows the values of dc/dn in the

steady-state regime as a function of G for both TPU. The
threshold values, Gt, indicated in the picture, are convention-
ally evaluated using the same procedure adopted in our
previous paper3 and correspond to the minimum value of G

below which during a single fatigue experiment lasting 36 000
cycles and with the resolution of our optical system (38 μm),
we could not detect any crack propagation. Under this
condition, the minimum detectable crack growth per cycle was

equal to: 1 nm/cyclem38
36 000 cycles

∼ . Using this definition, the

values of Gt were found to be ∼3 and ∼5 kJ/m2 for
TPU_SOFT and TPU_XTAL, respectively. We underline that
this is not a physical value of Gt, but it depends on the
experimental system, and we cannot exclude that higher
resolution and/or longer testing may lead to a lower value of
Gt. Nevertheless, in classical rubbers, the average threshold Gt
is typically found between 40 and 100 J/m,2,22,23 well below
those obtained for TPU, which present a fatigue threshold
(and the corresponding stretch λ) more than 1 order of
magnitude larger. Above the threshold, dc/dn of TPU_XTAL
increases as a power law ≈ G2.7. This behavior is similar to that
found in several elastomeric systems, where the exponent n
varies between 1 and 4.24 On the other hand, TPU_SOFT has
a rapid transition between a very slow- or almost not
propagating regime to a fast-propagating regime, where the
values of dc/dn are only weakly dependent on G and are higher
than that for TPU_XTAL at comparable G. The toughness,
generally defined as a critical value Gc or Γ above which the
crack propagates so fast that the sample breaks in a few
cycles,25 must be above 20 kJ/m2 in both TPU since this
unstable regime was not observed. For comparison, for a
typical filled natural rubber with similar linear modulus, the
average value of toughness is generally below 10 kJ/m2.25

Overall, both TPU have a higher fatigue resistance than
classical filled elastomers at the same applied G and require a
much higher strain to propagate the crack during cyclic fatigue.
Figure 4b reports an equivalent representation in terms of dc/
dn vs the maximum stretch λmax, which demonstrates the
extremely large strain required to propagate a crack in cyclic
fatigue for TPU. Interestingly, comparable values of dc/dn for a
similarly high value of λmax were reported by Li et al.26 in a
hydrogel material, which, similarly to TPU, presents a
multiphase morphology. They showed that highly fatigue
resistance hydrogels containing a reinforcing hard phase at the
100 nm scale, much larger than the characteristic size of the
polymer network defined as the characteristic distance between
cross-links (10 nm), can be deformed at λmax > 1 for thousands
of cycles without initiating a catastrophic propagation of the
crack. In those systems, the maximum stretch is a critical
parameter in determining the resistance of the material against
fatigue.

Figure 3. Uniaxial nominal stress−stretch curve of TPU_XTAL and TPU_SOFT at 23 °C (a). Zoom on the small stretch region (b).

Table 2. Tangent Modulus (E), Maximum Stretch (λb), and
Maximum Nominal Stress (σb) at Break for TPU_XTAL and
TPU_SOFT at 23 °C

name E[MPa] λ σb[MPa]

TPU_XTAL 8.7 15.4 25.1
±0.1 ±1.2 ±1.3

TPU_SOFT 7.8 19.1 11.5
±0.1 ±2.8 ±0.8
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Stiffening Effect in Cycles of Uniaxial Deformation.
Characterizing the large strain cyclic behavior is fundamental
to better understand the fatigue resistance of TPU. In cyclic
fatigue, the crack propagates at levels of bulk applied stretch
considerably lower than the strain at break in quasi-static
extension. Despite that, close to the crack tip, the local strain is
higher than in the bulk because of the stress and strain
concentration induced by the crack. The history of a material
point being approached by the propagating crack during cyclic
fatigue can be simplistically represented by step-strain cyclic
experiments up to rupture. In a previous paper,27 we
performed cyclic uniaxial loading at increasing values of
maximum stretch for the same TPU used in this work. We
demonstrated that the dissipative behavior in the uniaxial
extension of TPU_SOFT and TPU_XTAL is qualitatively very
similar and cannot thus explain in any obvious way the
considerably higher fatigue resistance of TPU_XTAL. As
explained in our previous work,27 during the cyclic experi-
ments, the stress−strain response of the material is
permanently affected by the maximum applied strain and it
does not follow the classical trend observed in cross-linked
elastomers. We confirmed this result with two different
indicators both at large and small strain, and in Figure 5, we

report the evolution of the tangent modulus E (calculated at
low strain) with λc as often done to estimate damage in
elastomers. For both TPU, E first decreases, as commonly
observed in filled elastomers,28 and above a critical strain, it
increases again achieving the same or higher value than the
pristine sample. Overall, these results indicate a permanent
stiffening effect, which combined with a residual deformation
strongly suggests a strain-induced modification in the TPU

microstructure. Figure 5 also shows that the stiffening effect in
TPU_XTAL, which can crystallize under strain, is considerably
more pronounced than in TPU_SOFT for all values of applied
maximum stretch. To understand the role of the increase of the
elastic modulus with applied strain in TPU under cyclic fatigue,
we carried out a complete evaluation of the strain field and of
the reorganization of the microstructure at the crack tip before
and after fatigue cycling in TPU_XTAL and TPU_SOFT.

Local Strain Gradient in TPU before and after
Fatigue. Figure 6 reports the value of the local stretch λ1 in
the loading direction calculated at different distances from the
crack tip for both TPU by DIC. Two sets of samples were
used: pristine and fatigued. Pristine samples were directly
strained at λmax = 2.25, while fatigued samples were previously
cycled for 36 000 cycles and then monotonically strained at the
same value of λmax.
For comparable distances from the crack tip, the value of

vertical strain λ1 of the fatigued sample is lower than that of its
pristine counterpart in both TPU. However, in the case of
TPU_XTAL, the strain localization is much less pronounced
after fatigue and only involves a smaller area around the crack
(≈1000 μm), compared to TPU_SOFT (>2000 μm). This
result is consistent with the more pronounced cyclic strain-
stiffening effect of TPU_XTAL reported in Figure 5. At the
beginning of the test, the action of repeated cycles at the same
value of λmax gradually modifies the local response of the
material, which eventually becomes stiffer and less stretchable
at the crack tip explaining the lower values of λ1 in fatigued
samples. This effect is also accompanied by an overall induced
uniformization of the strain gradient after fatigue as shown in
Figure 7, which reports the strain distribution of λ1 along the
direction X1, parallel to the applied load, in the close vicinity of
the crack tip. An additional remark must be made concerning
the value of λmax in fatigued samples. As shown in our previous
work,3,27 TPU generally present some residual strain when
cyclically loaded in uniaxial tension. The latter implies that the
actual length l0

fatigued of unloaded samples after fatigue is longer
than the original in pristine sample l0, which we used to
evaluate λmax. Therefore, the real stretch experienced by the
material is lower than λmax. This effect is visible in Figure 6 for
both TPU, where, for large distances from the crack tip, the
value of λ1 at the plateau (which corresponds to the
macroscopic applied λmax) is slightly higher in pristine than
in fatigued sample. This effect is however barely distinguish-
able and cannot explain the remarkable reduction of the strain
singularity after fatigue.

Figure 4. Crack growth rate per cycle as a function of the applied release rate G (a) and applied stretch λmax (b) for TPU_XTAL and TPU_SOFT
at 23 °C.

Figure 5. Tangent modulus E vs maximum Hencky strain for both
TPU at 23 °C.
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Effect of the Strain Gradient on the Microstructure in
Pristine and Fatigued TPU. As previously explained, the
mechanical properties of TPU are intrinsically related to the
hard−soft domains organization. The natural physical
explanation for the overall reduction in the intensity of the
strain singularity in the crack tip zone in fatigued TPU must be
found in the peculiar microstructural rearrangements induced
by cyclic loading.
In situ WAXS and SAXS experiments were carried out at

different distances from the crack tip on notched pure-shear
samples of TPU_XTAL and TPU_SOFT loaded at λmax = 2.25
as detailed in the Materials and Methods section. Also, in this
structural analysis, two sets of samples were used: pristine and
fatigued as already described for the analysis by DIC. We first
discuss notched pristine samples loaded to λmax = 2.25. Figure
8a shows representative WAXS and SAXS 2D patterns at two
different sample locations, far away (bulk) and very close to
the crack tip, obtained for pristine TPU_XTAL (the
corresponding images for TPU_SOFT are reported in Figure
S2). A first qualitative analysis of the 2D patterns reveals two
important phenomena: (i) the development of a strain-induced
anisotropy both in the bulk and in the crack tip zone and (ii)
the change in the structure of the material as the local strain
gradient develops. More specifically:

(i) The anisotropic character of strained TPU_XTAL is
visible in all diffraction patterns. The darker area along
the meridional direction in the circular 2D WAXS

images indicates that the amorphous SS gradually orient
toward the loading direction.7 Additionally, the presence
of two meridional sharp reflections (or lobes) in the
SAXS images indicates the preferential tilting of the HD
along the meridional (loading direction) axis.7,9,10,29

(ii) The dissimilar morphology developed as the strain
gradient increases is demonstrated by the different
patterns observed in the bulk and in the crack tip region.
In the 2D SAXS patterns corresponding to the crack tip
area, the two meridional lobes are clearly less intense,
while a new equatorial sharp streak appears. The
appearance of the streak can be associated with either
the presence of voids30,31 or a fibrillar morphology32 and
is frequently found in TPU deformed in large
strains.7−10,14,29 This feature stems from the destruction
of HD in favor of rod-like soft domains composed of
both elongated SS and HS in the most strained region at
the crack tip. A similar behavior was also observed in
TPU_SOFT (Figure S2). The 1D WAXS integrated
profiles for TPU_XTAL and TPU_SOFT are reported
in Figure 8b,c. In the case of TPU_XTAL (Figure 8b),
the 1D WAXS profile close to the crack tip shows the
presence of two main crystalline peaks, absent in the
bulk, indicating the presence of well-oriented strain-
induced crystallization (SIC)29,33 in the higher stretched
area (see DIC data in Figure 6). On the other hand,
crystalline peaks are clearly detected in the bulk and still

Figure 6. Maximum stretch in the loading direction λ1 as a function of the distance from the open crack tip evaluated for TPU_XTAL (a) and
TPU_SOFT (b), both pristine and after being fatigued for 36 000 cycles at λmax = 2.25.

Figure 7. Distribution of the maximum λ1 at the crack tip along the loading direction X1 for pristine and fatigued TPU_XTAL (a) and TPU_SOFT
(b).
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visible close to the crack tip for TPU_SOFT in the 1D
WAXS profile of Figure 8c. The position of these peaks
corresponds to those of the crystallized butadiene
terephthalate29 (PBT) sequence probably present as a
comonomer in TPU_SOFT. This is however a hard
segment (crystalline in the absence of strain) becoming
less crystalline with strain.

To evaluate how the effect of several cycles affects the local
structure evolution in TPU, we now compare the X-ray
scattering results obtained at a similar distance from the crack
tip for pristine and fatigued samples of TPU strained at λmax ≈
2.25. Consistent with the DIC results of Figure 6, we find that
the level of orientation and crystallinity is lower for fatigued
samples than for pristine ones. Figure 9a shows in particular
the ratio between peak widths FWHMp′ and FWHMf′, where
FWHM′ indicates the averaged FWHM values of the peak

integrated along the azimuthal direction (as indicated in the
Materials and Methods section) in the region within 500 μm of
the crack tip and the subscripts p and f stand for the pristine
and fatigued sample, respectively. Values lower than unity
indicate that the quality of the crystal orientation in the pristine
sample is higher than that for the fatigued sample, at a
comparable distance from the crack tip. This implies that the
crystallites that were either produced during strain (TPU_X-
TAL) or originally present in the hard domains (TPU_SOFT)
become fragmented and less oriented during fatigue. In the
case of TPU_XTAL, we can also extract the crystalline fraction
χ, at different distances from the crack tip for both pristine and
fatigued samples (Figure 9b). It is striking to see that while
strain-induced crystallization is very active in pristine samples
(χ gradually increases when approaching the crack tip), the
degree of crystallinity at the crack tip almost completely

Figure 8. Representative in situ WAXD and SAXS 2D pattern for TPU_XTAL close and far from the open crack for pristine sample monotonically
strained at λmax = 2.25 (a). Integrated 1D profile of WAXS crystalline peak in TPU_XTAL (b) and TPU_SOFT (c) obtained for the crack tip and
the bulk area at λmax = 2.25.

Figure 9. Values of averaged FWHM ratio between pristine and fatigued sample (a) and crystalline fraction in TPU_XTAL at increasing distance
from the crack for pristine and fatigued sample (b) monotonically strained at λmax = 2.25.
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disappears in fatigued samples (Figure 9b). After being
fatigued, both TPU_SOFT and TPU_XTAL are less oriented
and, in the case of TPU_XTAL, show less strain-induced
crystallinity when stretched again. This reduced ability of the
cycled sample to orient and crystallize under stretch is
somewhat counterintuitive, considering the remarkable fatigue
resistance showed by both TPU, and especially by
TPU_XTAL. Since the fraction of strain-induced crystallites
increases with the applied strain,34 we believe that the lower
crystalline fraction found in fatigued sample is a direct
consequence of the reduced strain concentration (and
therefore a lower value of maximum strain) generated at the
crack tip during cyclic fatigue.
Permanent Modification of the Microstructure

Induced by Strain History. In the previous section, we
showed that loading cycles induce some reorganization of the
original two-phase structure of TPU when stretched at the
same value of λmax = 2.25. We now investigate whether the
original morphology is completely recovered when the sample
is unloaded. To understand which changes are permanent after
the removal of the external load, we compare the scattering
patterns of TPU in its relaxed state (λ = 1) for pristine and
fatigued sample with those obtained at λmax = 2.25. Figure 10
shows 2D SAXS images and the corresponding 1D scattering
profiles for TPU_XTAL (a) and TPU_SOFT (b). In both
cases, the 1D scattering profile is shifted at higher q for the
unloaded fatigued sample; therefore, the interdomain distance
L related to the periodicity of the hard and soft phases reduces
slightly for unloaded fatigued sample. The decrease of L can be
interpreted as permanent fragmentation of HD in smaller units
during the fatigue experiment10 as shown in Figure 10a,b for
TPU_XTAL and TPU_SOFT, respectively. It is worthy to
remark that the SAXS analysis for the unloaded sample was
performed around 30 days after the sample was fatigued. This
led us to believe that such fragmentation is not easy to recover
at ambient temperature even for materials that present some
relaxation effects as physical cross-linked TPU.
The fragmentation of HD is not the only permanent effect

induced by cyclic loading on TPU. In the case of TPU_XTAL,
the new crystalline phase formed near the crack tip during
cycling is partially retained after fatigue as shown by the
differential scanning calorimetry (DSC) thermograms compar-
ing pristine TPU_XTAL and a pure-shear sample that was
previously fatigued (Figure 11). As also reported by other
authors,35 the endothermic peak (Tm_SIC) absent in the
pristine sample is associated with a new crystalline phase

generated during loading, which persists after the removal of
the load (red bars in the schematic of Figure 11).

■ DISCUSSION
Model To Explain the Strain-Induced Reinforcement

in TPU. In strained TPU containing an initial crack, the strain
singularity along the crack direction X2, expressed as the
stretch field λ1(X2) evaluated at different distances X2 ahead of
the crack tip, is accompanied by a progressive change in the
microstructure as proved by X-ray analysis. The changes in
local microstructure with applied uniaxial strain in TPU have
been investigated in-depth in the past for homogeneously
strained samples.7,10,11,13,14,29,33,36 Different authors showed
that some of those changes are permanent and that the
unloaded material does not completely recover its original
state,10,16,29 but, depending on the maximum experienced
strain, the polymer retains a certain degree of anisotropy or
strain-induced crystallites as shown by the DSC analysis in
Figure 11. In particular, for TPU made from SS able to
crystallize under strain, the formation of new crystalline
domains, which are persistent after unloading, may be
responsible for the strengthening of the material with
increasing strain. In our case, the modulus of both TPU
increases with applied strain, but X-ray analysis shows that only
TPU_XTAL crystallizes under strain. This indicates that the
strengthening effect induced by the strain is not uniquely
related to the formation of a crystalline phase, but is a general
property due to the self-organized structure of TPU in soft and
hard domains. We believe that the permanent reorganization of
the two-phase microstructure in TPU induces stiffening of the

Figure 10. Two-dimensional SAXS images and the corresponding 1D profile for pristine and unloaded fatigued (after 36 000 cycles) TPU_XTAL
(a) and TPU_SOFT (b). The schematics show the decrease of L and the fragmentation of the HD structure before and after fatigue testing (not all
soft segments are represented for clarity). The X-ray patterns were collected at DSM, the Netherlands.

Figure 11. DSC thermogram for TPU_XTAL: pristine and fatigued
sample. The inset is a magnification of the endothermic peak in the
fatigued sample corresponding to the melt of crystallites schematically
represented as red bars.
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material through two main possible mechanisms, which in
some cases can act simultaneously:

(1) Above a certain value of λmax, the original HD are
fragmented into smaller units and this new structure
partially persists after the removal of the strain (as
suggested by the decrease of the long period for strained
TPU (Figure 10)). The fragmentation of HD may
contribute to the increase in stiffness in two different and
complementary ways:

(A) Filler-like effect of HD. In a homogeneously stretched
sample at the same “filler volume fraction”, these smaller
and probably well-dispersed HD contribute more to the
modulus in analogy with a nanoparticle effect.

(B) Physical cross-linking effect of HD. In classical cross-
linked elastomers, the elastic modulus is defined by the
number of elastically active chains per unit volume. In
pristine TPU, we can consider that not all of the
polymer chains are elastically active and some of them
are coiled in closed loops. When HD are fragmented in
smaller units, some elastic chains can be released from
their original conformation as schematically shown in
Figure 12. In this case, although the density of elastic
soft segment chains remains unchanged, the number of
elastically active ones can increase causing an increase of
the modulus. The reloaded sample thus shows both an
increase in tangent modulus and a decrease in the
stretch at break with applied strain as shown in our
previous paper.27

(2) In this new reconfiguration of HD, some soft chains,
which were highly elongated during the deformation of
the sample, may be prevented from recovering their
original configuration, thus remaining partially elongated
in the unloaded sample explaining the presence of
residual crystallinity in TPU_XTAL. This residual
crystalline phase acts as additional hard domains as
suggested by the larger increase of E (and reduction of
λ1) in TPU_XTAL. This leads to a further increase of
the fatigue resistance compared to noncrystallizing TPU,

but it is not a necessary condition for strain-induced
reinforcement of TPU.

Effects Related to the Presence of a Crack in Cyclic
Deformation. Previous investigations on the structural
evolution of soft TPU with applied strain mainly focused on
homogeneously strained materials and sometimes discussed a
remarkable strain-stiffening after elongation.10 To the best of
our knowledge, the effect of the presence of a crack and its
associated strain localization has never been investigated in this
context. In Figure 6, we have shown that the presence of a
strain gradient at the crack tip causes a corresponding spatial
gradient in the structural reorganization within the TPU, thus
affecting the local mechanical response to the applied strain.
Intriguingly, we also observed that the repetition of several
loading cycles (at the same bulk λmax) leads to a decrease of the
strain-induced anisotropy and crystallinity fraction (in
TPU_XTAL) in the crack tip region and, in general, to a
decrease in the sharpness of the structural gradient. We infer
that the less oriented structure created by cyclic fatigue at the
crack tip, compared to their pristine counterpart, is associated
with a reduction of the severity of the strain concentration at
the crack tip with number of cycles. Obviously, in cyclic
fatigue, the strain experienced in the bulk is lower than that
close to the crack tip, which in turn controls the crack
propagation rate. This difference in strain generates a spatially
heterogeneous structure consisting of the region far from the
crack, which is deformed at below λc (and similarly to classical
elastomers has tangent modulus E lower than the pristine
material, see Figure 5) and a stiffer core in the crack tip region,
where the strain eventually may become large enough to
overcome the critical λc generating an increase in E, which
locally becomes equal to (TPU_SOFT) or higher (TPU_X-
TAL) than the pristine one. This difference in stiffness
produced by the spatial-dependent restructuration of hard
domains can be consequently interpreted as a sort of
protecting mechanism, which, after a short transitory, shields
the crack tip from achieving a very large strain, which may
produce the rupture of material and therefore is correlated to
crack propagation. Because of the stiffened core, the material

Figure 12. Sketch of the effect of elongation on HD restructuration.

Figure 13. Sketch of the spatial evolution of the tangent modulus E and strain λ1 for pristine and fatigued TPU. In a notched and loaded pristine
TPU, E is constant and a strain gradient is induced by the presence of the crack in the neighboring area (a). After thousands of cycles, the
reorganization at the crack tip generates a hard core with a higher local modulus than the bulk, which strengthens the crack tip reducing the strain
field compared to the loaded pristine sample (b).
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far from the crack in the fatigued TPU must deform more to
reach the same local strain around the crack tip compared to
the pristine sample and results in a decrease in the severity of
the strain concentration at the crack tip as visible in Figures 6
and 7. The proposed scenario is schematically shown in Figure
13 and is consistent with the lower crystallinity observed in
TPU_XTAL after fatigue.
Noteworthy, the equatorial streak that we observed in the

SAXS 2D pattern for the area close to the crack tip (Figure 8)
above a characteristic stretch (λmax > 2.25) is characteristically
seen by X-ray scattering in several TPU1,7,8,10 and was
associated with the presence of either fibrillar structures or
voids, which could be seen as a signature of certain damage
produced in the system. For moderate applied macroscopic
strains, this streak is only visible in the crack tip regime.
However, when the whole sample is strained above this stretch
threshold, some structural damage can take place in the bulk
causing a ruin of the sample.
Effect of Crack Tip Stiffening on the Energy Available

for Crack Propagation in Fatigue. We should finally
discuss how the local spatial reorganization is related to the
energy available for crack advance in cyclic fatigue. Mzabi et
al.5 proposed the concept of local energy release rate glocal,
indicating the locally stored elastic energy available for crack
propagation in different SBR. They considered the highly
strained zone at the crack tip as homogeneously strained at
εmax11 (corresponding to the maximum strain detected by
DIC). glocal was estimated as follows

g W h( )local max 0ε=

where εmax is the maximum strain calculated with DIC at the
crack tip, W(εmax) indicates the elastic strain energy

W( ) dmax 0
max∫ε α ε=

ε
obtained from the uniaxial tension

curve, and h0 is the size of the strain concentration region in
the loading direction. In that paper, they show that different
SBR, differing by almost 2 orders of magnitude in terms of dc/
dn vs G, fall on a master curve when dc/dn is plotted against
glocal. In particular, the highest fatigue-resistant SBR presents
both a lower level of local strain at the crack tip and less elastic
energy available at the crack tip (glocal) for the same value of
applied G. We decided to apply the proposed method3 to
calculate the local energy available at the crack tip glocal in the
pristine and fatigued TPU loaded at λmax = 2.25. According to
Mzabi et al.,5 ho corresponds to the portion of the material in
the loading direction where εmax > 0.95ε11 and was calculated
from the data of Figure 7. We used the 1st and 10th cycles to
evaluate W(εmax) (and therefore glocal) in pristine and fatigued
samples, respectively. The choice of using the 10th cycle of the
sample under uniaxial loading to evaluate glocal for the fatigued
sample is justified by the fact that the major changes in the
cyclic stress−strain curve of the TPU take place at the
beginning of the test. All of the values are reported in Table 3.
Noteworthy, in the case of the fatigued sample, glocal provides
only an upper bound value of the strain energy density
experienced by the material at the crack tip. Indeed, as
discussed in our previous paper, during cyclic loading, the
strain energy G reduces with number of cycles. The most
dramatic drop in G vs cycle occurs within the first cycles and
then gradually achieves a steady state after some thousands of
cycles. For the same maximum applied strain, pristine
TPU_SOFT, which has a lower fatigue resistance than
TPU_XTAL, has higher values of glocal. Moreover, the

measured glocal in fatigued samples is always lower than that
measured in the pristine counterpart, and the drop is
considerably more pronounced in TPU_XTAL (which
presented the lowest values of λ1 (X2) measured in DIC
after fatigue in all of the area around the crack tip (Figure 6)).
This result is in agreement with the suggestion of Mzabi et al.
that the crack propagation resistance does depend on the strain
energy available within the highly strained region at the crack
tip. In the case of TPU_XTAL, the ability of crystallization
under strain and the corresponding remarkable increase in the
modulus with applied stretch not only reduces the local strain
but also the elastic energy available to propagate the crack
compared to TPU_SOFT (where SIC is absent and the only
strengthening mechanism at the crack tip is the fragmentation
of HD). Differently from SBR and other typical vulcanized
elastomers, the peculiar feature of the TPU is their ability to
maintain an excellent reversible elasticity in the bulk (necessary
for applications), while retaining the ability to plastically
deform at high strain to reduce the severity of the strain
concentration at the crack tip. A similar mechanism has been
recently shown for polyampholyte hydrogels, where a strain-
dependent structural change is also active.26

■ CONCLUSIONS
The cyclic fatigue behavior and structural evolution of notched
samples of two commercial soft TPU with nearly identical
small strain moduli but different large strain behavior have
been investigated at room temperature in the pure-shear
geometry3 and reported as dc/dn vs G. For both TPU, the
presence of a strain gradient in an area close to the loaded
crack was shown to generate a self-strengthening nonuniform
spatial organization of the TPU microstructure above a
threshold value of strain. The more highly strained region at
the crack tip becomes stiffer than the bulk, reducing the
intensity of the strain concentration and the elastic energy
available at the crack tip. As a result of this weak strain
concentration, the crack propagation resistance in TPU is
markedly increased compared to classical vulcanized elasto-
mers. Furthermore, the presence of strain-induced crystal-
lization in one of the TPU improves the cyclic fatigue
resistance by reinforcing the crack tip in a similar way to that in
stretched natural rubbers with the main difference that the
phenomenon in TPU is not completely reversible and some
residual crystals are still visible in unloaded TPU. Defining a
local elastic strain energy glocal based on the methodology of
Mzabi et al., we further show that a lower glocal leads to a lower
value of dc/dn at the same applied λ.
However, when λmax exceeds a critical value of stretch, the

HD restructuration and some damage (suggested by the
equatorial streak) start to occur within the whole sample and
no longer selectively at the crack tip. Under those loading

Table 3. εmax11, ho, W(εmax), and glocal for TPU_SOFT and
TPU_XTAL for Pristine (P) and Fatigued (F) Sample
Strained at λmax = 2.25 Corresponding to Steady State G of
5600 and 7800 [J/m2], Respectively

G
[J/m2] εmax11

ho
[mm]

W(εmax)
[MJ/m3]

glocal
[J/m2]

TPU_SOFT_P 2.8 0.58 3.69 2143
TPU_SOFT_F 5600 2.13 0.78 1.68 1316
TPU_XTAL_P 2.53 0.56 3.62 2028
TPU_XTAL_F 7800 1.7 0.28 2.39 671
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conditions, the entire material would experience a strain-
induced stiffening effect without the formation of a hard core
protecting the crack tip leading to a higher crack propagation
rate.
Our study clearly shows that this self-strengthening

mechanism due to localized crack tip plasticity is active in
commercial TPU and is responsible for their remarkable
enhanced fatigue resistance at high strains. Interestingly, the
value of such a localized stiffening mechanism may be more
general and a similar localized strengthening has been observed
for microphase-separated polyampholyte hydrogels.26
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Abstract

Thermoplastic elastomers (TPEs) combine high elasticity with melt process-

ability due to their structural features being based on physical associations

rather than chemical crosslinking. Their mechanical properties are governed

by the interplay of the different dynamics present in the system (i.e., hard

block associations and soft block mobility) combined with their morphology.

Irrespective of their exact chemical structure or type of association (crystals,

hydrogen bonds, or glassy domains), many soft TPEs show a reduction in

toughness at elevated temperatures. In this study, we investigate the high-

temperature mechanical properties of a model series of industrially relevant

TPEs via systematically varying composition and molecular weight. The results

show an increase in temperature resistance and in large-strain stress response

as chain length increases. We underline the key parameters that influence the

mechanical behavior and explain the observed effect of molecular weight on

both the temperature- and rate-dependent large-strain response. A physical

network-based model is presented that can explain the experimental findings

assuming an improved network connectivity and extended lifetime of the

entangled segments with increasing molecular weight.

KEYWORD S

morphology, network connectivity, strain recovery, thermomechanical property, thermoplastic

elastomer

1 | INTRODUCTION

Balancing high performance and recyclability with poly-
meric materials is a challenge. Rubbers with permanent
chemical crosslinks are widely used because of their high
flexibility, creep and chemical resistance as well as broad
temperature range of use. However, they cannot be
reshaped and reused. Replacing chemical crosslinks with
non-permanent, physical associations enables both melt
processing and recycling. Thermoplastic elastomers

(TPEs) offer an alternative to rubbers as they are
crosslinked via physical associations and trapped entan-
glements that lead to high elasticity coupled with melt
processability.1 They are widely used in applications such
as automotive ducts, shoes, and medical devices. How-
ever, TPEs are not yet able to replace cross-linked rubbers
in all applications, as they generally have lower creep
resistance and do not reach the same low-end values for
the modulus.1 Some common examples of TPEs are seg-
mented copolymers with associating blocks of
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polyesters,1–6 polyamides,1,7,8 and polyurethanes.9–11

They all share the feature of having a low glass transition
(Tg) of the soft blocks (SBs) combined with physically
associating hard blocks (HBs). Their mechanical proper-
ties are governed by the interplay of the different dynam-
ics present in the system (e.g., hard block associations
and soft block mobility) as well as by their morphology,
that is, the physical arrangement of the polymer
chains.1–7,9,10,12–18

For TPEs where the elasticity stems from crystallizing
HBs, the initial morphology develops upon cooling from
the melt during which crystallization and phase separa-
tion occur. Typically, the assumption of only two domi-
nant phases (soft amorphous and hard crystalline) is
taken to simplify the interpretation of the mechanical
results.4 Depending on the specific TPE, the fraction of
associated HB can range from 20 to 80%.19 Additionally
the low Tg SB-rich phase may also be partially crystal-
lized at lower temperatures. For many TPEs the morphol-
ogy and, in consequence, mechanical properties evolve
with deformation. Upon deformation, the initial crystal
network breaks up into smaller domains that act as phys-
ical crosslinks. The microstructure evolution upon defor-
mation at room temperature has been extensively studied
for TPEs based on urethanes and esters (TPUs and TPE-
Es respectively).2,7,8,18,20–24 Complicating our further
understanding is that their dynamics are strongly
influenced by temperature, deformation and, for some
chemistries, by strain induced crystallization of the ini-
tially mobile soft blocks.4,8,13,24

Previous studies mainly focused on the linear proper-
ties of TPE-Es with HB contents >40 wt%.4,5,13,14 The
effects of the composition (SB/HB ratio) on the initial
morphology and of the length of the individual blocks
have been explored, showing increasing elastic modulus
and melting temperature with increasing HB content.
Systems with lower modulus and less temperature depen-
dent rubber plateaus have been enabled by synthetic
advances allowing mono-disperse hard blocks.10,18,25

However, most commercial TPU or TPE-E systems are
based on polydisperse hard blocks.

Compared to rubber with permanent crosslinks, a
major drawback of many TPEs based on multiblock
copolymers with <50 wt% HB is a large reduction in
toughness at higher temperatures, independent of their
exact chemical structure, type of association, or block
polydispersity.18,26,27 This is a significant limitation in
reaching low modulus, melt processible rubber alterna-
tives with sufficiently broad temperature use range.

A few studies on TPE-Es and TPUs report mechanical
data in the non-linear, large-strain regime.13,25–28 Cur-
rently lacking in the literature is a systematic study on
the effects of the molecular weight (Mw) on the

mechanical properties as a function of temperature and
strain-rate. To our knowledge, there are no studies com-
bining both composition and temperature effects of TPE-
Es. While there are a few observations,25,27 there is no
systematic description of the influence of the Mw on the
mechanical properties.

To gain insight into the key parameters that influence
the mechanical behavior at different stages of deforma-
tion, we use combination of mechanical testing and mor-
phology characterization to study the influence of
composition (SB/HB ratio), temperature, and Mw for a
series of model polyether-ester block copolymers. We
emphasize here that despite the relatively small range in
Mw among the studied samples, the effects on the high-
strain mechanics are surprisingly large. Building upon
the work of Aime et al.27 that explored the temperature
dependent ultimate failure of soft-TPEs, we focus on
what controls the level of stress at different temperatures
and strain-rates. The aim is to present a qualitative physi-
cal model that is able to explain the observations col-
lected experimentally, taking into account the presence
of both crystalline HBs and entanglements as stress bear-
ing units as well as their time–temperature dependent
kinetics.

This paper begins with a description of the model
TPE-E systems' chemistry and composition. We then pre-
sent the morphology of the system and how it evolves
upon deformation, describing the linear and nonlinear
mechanical properties focusing on the effects of composi-
tion, temperature, Mw and morphology evolution. Next,
we present a first order physical picture that allows us to
interpret the experimental results in light of local mor-
phology and network connectivity and that is consistent
with previous observations of similar materials. This pic-
ture is finally supported and enriched by a simple model
that focuses on the Mw and rate effects and illustrates
how dangling end disentanglement time influences the
stress level. We end by drawing generic conclusions on
the deformation mechanism of these model TPE-E that
can be applied to a broad range of soft, segmented copol-
ymer systems.

2 | EXPERIMENTAL

2.1 | Materials

We use as a model system a poly(ether-ester) block-
copolymer based on polybutylene terephthalate (PBT) as
HB, and poly(tetramethylene oxide) (PTMO) as SB
obtained via transesterification followed by polyconden-
sation of dimethyl terephthalate (DMT), 1,4-butanediol
(BDO) and PTMO diol. Details on the synthesis
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procedure have been previously described.4 After poly-
merization, the material is extruded and pelletized into
granules.

The three different compositions studied here are
reported in Table 1. The soft blocks used had either a
number average molecular weight, Mn,SB, of 2 or 3 kg/mol
and they have a polydispersity index (PDI) of ~2. Mate-
rials are denoted by the wt% and length of PTMO used
followed by the total Mn of the block-copolymer, for
example, 60_PTMO2k_25 is a polymer with total Mn of
25 kg/mol made with 60 wt% of PTMO with Mn,SB of
2 kg/mol. Different Mw are obtained via solid state post
condensation (SSPC) for different times (0,4,6,9,12 h)
under dry nitrogen atmosphere at 180�C. For simplicity
we refer to the amount of soft block in the system as the
wt% of PTMO (SBwt) used in the polymerization and the
amount of hardblock as the wt fraction of PBT in the sys-
tem (HBwt). It should be noted that the PTMO diols can
be connected by a single DMT or by short DMT-BDO
repeats that may not crystallize and thus act as chain
extenders for the PTMO segments. It also follows that not
all the DMT ends up in the HBs and HBwt ≠ 1 -
SBwt/100. We will simply refer to the segments compris-
ing SBs and non-crystallized HBs as soft segments. By
assuming random copolymerization of the components
and calculating the molar fraction of PBT after polymeri-
zation, xPBT, we can determine the average length of a

HB, < Ln >, expressed in terms of PBT repeat units, as
follow:15

< Ln > =
1

1−xPBT
, ð1Þ

Equation 1 can be easily obtained from the definition of
degree of polymerization, noting that for this system xPBT
can be approximated to the propagation probability. This
allows us to estimate the average number of HB per chain,

<N > =
MnHBwt

< Ln >M0,PBT
ð2Þ

where M0,PBT = 0.22 kg/mol is the weight of a single PBT
unit. Since not all the HBs in the chain crystallize upon
cooling from the melt, we estimate the number of the
ones that crystallize as follow:

<Ncrys > = <N >XPBT=100 ð3Þ

where ΧPBT is the percentage of PBT that crystallizes. For
clarity, we report the structural parameters in Table 1.
From the values of Χ and the densities of the various
phases, 0.98, 1.28, and 1.40 g/cm3,29,30 respectively, for
amorphous PTHF, amorphous PBT, and crystalline PBT

TABLE 1 Structural parameters

Sample
SBwt

(%)
Mn,SB

(kg/mol)a
Tm peak
(�C)b

Χ(ΧPBT)
(%)c

< Ln >
(#)d

< N >
(#)e

< Ncrys >
(#)f

Mn

(kg/mol)g
Mw

(kg/mol)h

60_PTMO2k 60 2 200 17 (47) 6.5 6.2 2.9 24.6 49.0

7.5 3.5 29.4 59.1

8.1 3.8 31.9 62.1

8.7 4.1 34.2 67.0

11.1 5.2 43.9 88.0

12.7 6.0 50.2 100.0

70_PTMO2k 70 2 175 9 (35) 4.5 7.3 2.6 27.2 52.9

8.9 3.2 33.1 66.3

10.1 3.6 37.6 73.0

10.3 3.7 38.5 76.0

13.6 4.8 50.6 100.0

18.0 6.4 67.0 124.0

75_PTMO3k 75 3 180 8.5 (29) 5 8.6 2.5 32.3 65.6

aMn of the PTMO diol.
bPBT melting peak maximum extracted from DSC.
cDegree of crystallinity per total sample weight calculated from DSC for the non-SSPCed samples. In brackets, the percentage of crystalline PBT.
dAverage sequence length of the PBT segments.
eAverage number of HBs per chain.
fAverage number of crystallized HBs per chain.
gPDI = Mw/Mn ~ 2 for all the samples.
hMw weight average molecular weight.
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it is possible to estimate the volume percentage of crystal-
lites: 13.7%, 7.0%, and 6.5% respectively for 60_PTMO2k,
70_PTMO2k and 75_PTMO3k.

As not all the HB crystallize, the possibility of glassy
HB domains arises; indeed, this is argued in similar sys-
tems.19 However, previous studies show that for system
similar to ours, i.e. with a limited amount of PBT HB, no
glassy HB domains are detected.4,5,13

2.2 | Sample preparation

Granulates are compression molded into either 200 μm or
1 mm thick sheets under vacuum at 230�C and allowed to
equilibrate for a few minutes at this temperature before
being rapidly cooled to room temperature by cooling the
press by an internal water circulation system. To define the
thickness, Teflon sheets are used as molds, sandwiched
between two more Teflon sheets to prevent sticking to the
metal plates. The cooling rate was approximately 40�C/min,
though not constant during the entire cooling time. Due to
practical equipment issues, some samples are cooled down
from themelt at a constant rate of 20�C/min. To differentiate
these samples from the one cooled down with a faster rate, a
“*” is placed at the end of their denomination. However, pre-
viously collected data (not shown) suggested no appreciable
effects of cooling rate on the mechanics at temperatures
ranging from room temperature (RT) to 100�C for these sam-
ples. Example cooling curves are shown in Appendix S1.

2.3 | Methods

Tensile bars of ISO 527/5A standard shape are punched
out from the 200 μm films and tested on a standard Zwick
Roell (Germany) 1474–2 Universal tensile testing machine
equipped with an air circulation oven for samples at tem-
peratures higher than room temperature and on a Zwick
Roell 1455 for the tests at room temperature. Engineering
strain is determined using an optical extensometer for
increased accuracy, especially in the high strain regime,
where strain-hardening and some slippage from the grips
are likely to occur. Furthermore, for the tests at room tem-
perature, pneumatic grips are used to further decrease slip-
page. For all the tests at high temperatures, the samples
are equilibrated at target temperature for 10 min before
the test starts. Temperatures are indicated where appropri-
ate in the respective figures and/or captions.

2.3.1 | Tensile tests

During the tensile tests, samples are subsequently
stretched at a constant cross-head speed until failure. A

preload of 0.05 N (ca. 0.06 MPa) is applied before
starting. The elastic modulus is calculated at a strain rate
of 1 mm/min between 0.05 and 1% of strain. The cross-
head speed outside the modulus determination strain is
increased to between 5 and 500 mm/min, corresponding
to strain rates, ε, ranging from 0.0017 to 0.17 s−1. The
engineering stress and strain curves are plotted to allow
for a direct comparison with previous studies on similar
materials. Additionally, particularly in the conditions
where strain induced crystallization occurs, the assump-
tion of constant volume during deformation might not be
correct, which makes it not possible to estimate the true
stress.

2.3.2 | Cyclic tensile tests

The cross-head speed for the cyclic tests is set to 50 mm/
min (0.017 s−1). Deformation steps are indicated in the
figures. As in the tensile test, a preload of 0.05 N is
applied before starting. There is no holding time between
cycles. Residual strains of each cycle i (εresidual(i)) are col-
lected corresponding to the values of strains where the
force reached the preload value during unloading. Recov-
ered strain is then calculated by subtracting the applied
pre-strain (εapplied(i)) and the residual strain of the respec-
tive i-th cycle. The tensile set (TS) is also calculated, and
is defined as

TS=
Δεresidual
Δεcycle

, ð4Þ

where

Δεresidual = εresidual ið Þ−εresidual i−1ð Þ ð5Þ

and

Δεcycle = εapplied ið Þ−εresidual i−1ð Þ ð6Þ

2.3.3 | Differential scanning calorimetry

Differential scanning calorimetry (DSC) experiments are
performed on a TA Instruments (USA) Q2000 instru-
ment. Scans are performed at heating rates of 10�C/min.
Standard 40 μl aluminum pans are used and samples
weighed ~3 mg. Tests are done in air and each pan is
punctured prior the test to avoid any pressure build
up. Samples are taken from the same films as for the
mechanical tests. Additionally, samples are taken near
the failure point from RT tensile tested samples to deter-
mine if permanent strain induced crystallization (SIC) of
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the soft blocks occurred. The percentage of crystallized
PBT, is calculated from the theoretical enthalpy of fully
crystallized PBT ΔH0 = 145.5 J/g,4 as
ΧPBT = ΔH

ΔH0�HBwt
× 100%, while for the degree of crystallin-

ity per total sample weight, Χ, we simply used
Χ = ΔH

ΔH0
× 100%.

2.3.4 | Dynamic mechanical analysis

Dynamic mechanical analysis (DMA) tests are performed
on an RSA-3 TA Instrument (USA). Rectangular shaped
samples (40 mm long, 2 mm wide) punched out from the
200 μm hot-pressed films are tested in tension at heating
rates of 5�C/min and at a constant frequency of 1 Hz in
the temperature range from −120�C to ~Tm in a nitrogen
atmosphere. Tg are collected from the peaks of the tanδ
curves.

2.3.5 | Size exclusion chromatography

To determine the Mw, size exclusion chromatography
(SEC) measurements are performed on a Viscotek
(UK) GPCMax VE2001 solvent/sample module system,
equipped with a TDA302 triple detector array. For chro-
matographic separation, 3 PFG linear XL columns from
PSS Polymer Standards Service GmbH are used. Detec-
tors and columns are operated at 35�C. Prior to SEC, the
polymer is dissolved at concentrations ranging from 1.0
to 1.5 mg/ml in hexafluoroisopropanol containing 0.1 wt
% potassiumtriflouroacetate (to suppress polyelectrolyte
effect since polycondensation can have some localized
charge due to tautomeric forms). The molar mass and
molar mass distribution is determined with triple detec-
tion method, using the refractive index, differential vis-
cosity and right-angle light scattering signals. For
calculation of Mw averages and molar mass distribution,
refractive index indices (dn/dc0s) in a range of
0.20–0.24 ml/g are used.31

2.3.6 | Atomic force microscopy

Atomic force microscopy (AFM) topology micrographs
are obtained using the Peak-Force QNM method on a
MM8 from Bruker. Co (USA). Experiments are per-
formed in air, at room temperature, with a frequency
around 75 kHz, a tip radius of 7 nm with a nominal
spring constant of 7 N/m. Either the as pressed top sur-
face or cross-section of a 1 mm sample were imaged. For
cross-sections, samples were microtomed at −120�C
(below the PTMO glass transition).

2.3.7 | X-ray analysis (SAXS/WAXS)

The experiments are carried out on a GANESHA 300XL
(SAXSLAB, USA) + system from JJ X-ray (Denmark).
The instrument is equipped with a Pilatus 300 K
(DECTRIS, Switzerland) detector, with a pixel size of
172 μm × 172 μm. The X-ray source is a Genix 3D
(Xenoxs, France) Microfocus Sealed Tube X-Ray Cu-
source with integrated Monochromator (multilayeroptic
“3D version” optimized for SAXS) (30 W). Calibration of
scattering angle is done using silver behenate
(d_001 = 58.380 Å). Samples are fixed in two oppositely
moving clamps, so that the acquisition point stays con-
stant for measurement. Step-loading is applied here to
provide sufficient time for the X-ray data collection
period. The cross-head speed is 20 μm/s (0.002 s−1) and
measurements were performed at engineering strains
(determined from crosshead displacement) of 0%, 100%,
300%, 500% and 700%. Measurement begins 5 min after
reaching the target strain to avoid a strong influence from
relaxation directly after loading. The measurement period
is 15 min for WAXS and 30 min for SAXS. The X-ray
wavelength is 0.124 nm and the switch between WAXS
and SAXS at each strain is achieved by the translation of
the detector. The distance from the sample to the detector
for SAXS and WAXS is 415 and 120 mm, respectively. A
picture of the experimental set-up is shown in Appendix
S1. Analyzing the curves by means of fitting to obtain
details on the morphology is beyond the scope of this
study. Additionally, the weakness of the X-ray signal
coming from the low crystallinity and thickness of the
samples, as well as the broadness of the peaks coming
from the polydispersity of the HB, make the identifica-
tion of the peaks difficult and the uniqueness of the fit
problematic.

3 | RESULTS

3.1 | Morphology

Modulus mapping via the AFM QNM method of the sur-
face (Figure 1) and cross-section (Appendix S1) of hot-
pressed samples at ambient conditions are consistent in
showing the presence of ribbon-like crystals with high
aspect ratio in a softer matrix. In both the figures no
spherulites are detected at the investigated length scales.
The crystals are stacked PBT segments while the softer
matrix is a mixture of PTMO + un-crystallized PBT. For
soft systems (HBwt% < 50), crystals do not form spheru-
lites as in harder systems.14 Furthermore, the low HBwt%
content results in shorter HBs on average (lower < Ln >)
which makes chain folding during crystallization of the
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PBT unlikely to occur. The crystals are connected via soft
segments (amorphous SB and un-crystallized HB) that
can bridge crystallized segments in the same or different
crystals and can form trapped entanglements.

The molecular weight between entanglements (Me) of
PTMO is ~1.4 kg/mol32 which makes the amorphous
chain segments between crystals well entangled. Despite
the absence of a co-continuous hard phase, the high
aspect ratio of the ribbon-like crystals shown in the AFM
micrographs introduces the possibility of a mechanically-
interlocked network of crystals contributing to the initial
stiffness of the material, which will be discussed later on
in the paper. In Figure S4 we provide SAXS signals for
the sample in the undeformed state.

3.2 | Thermal transitions

The tensile storage moduli (E0) in the linear range versus
temperature for different SB/HB ratios and Mw are
shown in Figure 2. The general trends are similar for all
the materials. DSC traces are shown in Figure 3 (cooling
curves in Figure S6). The PBT crystal Tm is determined
by the crystal size and perfection and increases with the
average block length (< Ln >).4 Thermal transitions
observed via DSC and DMTA yield a consistent picture
(note that the measurements are performed as slightly
different heating rates). We will next describe briefly the
major transitions observed with increasing temperature
based on these results as well as on the extensive previ-
ous literature.1,3,4,13

At around ~−60�C the Tg of the PTMO-rich phase is
observed which for high amounts of high-Mw SBs is rela-
tively independent of the soft block content.13

Next the melting of PTMO is observed around
~0–10�C, the melting point increases with the PTMO
length and the level of crystallinity increases with the
amount of PTMO.12 At higher temperatures, the system
consists of crystallized PBT segments in a mobile
(T > > Tg) amorphous matrix, and a rubbery plateau is
observed. In this region, the elastic modulus mainly
scales with crystallinity,19 which increases with the

FIGURE 1 Atomic force microscopy (AFM) micrograph

(QNM) showing the top surface of a hot-pressed 70_PTMO2k_33

sample at ambient conditions. Brighter regions correspond to a

higher elastic modulus (polybutylene terephthalate [PBT] crystals)

while darker regions correspond to the poly(tetramethylene oxide)

(PTMO)-rich soft phase [Color figure can be viewed at

wileyonlinelibrary.com]

FIGURE 2 Storage modulus for the series of different Mn of

samples 60_PTMO2k, 70_PTMO2k and 75_PTMO3k. Mn increases

from light to dark. The arrows indicate the Tg and the end of

melting for the poly(tetramethylene oxide) (PTMO), the vertical

lines indicate the start and end off the temperature range where

nonlinear properties were studied. Loss modulus and tanδ related

to the same set of samples are shown in Appendix S1 [Color figure

can be viewed at wileyonlinelibrary.com]

FIGURE 3 Differential scanning caloriemtry (DSC)

thermographs from 10 to 250�C for three samples. The continuous

lines correspond to the first heating, the dashed ones to the second

heating. Symbols indicate the respective peak maxima. Data are

vertically shifted [Color figure can be viewed at

wileyonlinelibrary.com]
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amount of HBs in the system.2 The end of the rubbery
plateau is dictated by the melting of the PBT crystals.
Unlike a traditional cross-linked rubber, the modulus
decreases in the plateau region with increasing tempera-
ture. This is attributed to the increased mobility in the
amorphous phase surrounding the PBT crystals. Indeed,
due to the polydispersity of the HB length, the interface
between the crystalline and amorphous phases is not
expected to be well defined. A PBT-rich mixed phase is
likely to be at this interface, whose increased mobility
with increasing temperature can contribute to the E0

decrease.
Note that as the material nears the melting point of

the PBT, the decrease is more rapid. This is likely due to
the melting of the less perfect crystals or of the crystals
formed by shorter HBs, rather than to the increased
mobility of the phase surrounding the crystals. For an
extended discussion on this topic see De Almeida et al.6

Figure 2 shows also that the Mw of the chains does not
affect the linear modulus in the plateau region, as would
be expected if the amount of crystallinity and the initial
crystal morphology were not affected by Mw.

3.3 | Influence of deformation on
morphology and modulus

To further understand how deformation influences the
morphology and mechanical properties of these materials
cyclic loading experiments were performed. As an exam-
ple, a cyclic test where the material is loaded and
unloaded three times up to the same target strain is
shown in Figure 4 (top-right) illustrating the different
mechanical response between the first and second cycles.
Actual cyclic tests are shown in Figure S7. Several key
features should be noted: after initial deformation, the
material shows a large amount of elastic recovery and, on
reloading, the modulus of the deformed material is signif-
icantly lower than for the undeformed material. As
shown in Figure 5, the elastic modulus of the reloaded
sample initially decreases with applied pre-strain. Due to
strain the material acts as if it was transitioning from a
response dominated by an original, mechanically inter-
locking and stress-bearing PBT-crystal network to a more
elastomeric one where the crystals act as isolated cross-
linking points. This rapid drop in modulus with strain

FIGURE 4 Top-left, example of an engineering tensile curve, letters in the plot indicate roughly the points on the curve where the

morphology is expected to be different, referring to the ones in the bottom picture. Top-right, plot showing the response of cyclically loading

the material several times to the same strain resulting in the decrease in modulus and hysteresis between the first and following cycles.

Arrow indicate loading and unloading. Bottom, schematic cartoon representing the evolution of the morphology upon stretching:

Deformation causes the crystalline stress-bearing structure (A) to break and the material to progressively transit to an elastomeric-like

structure (B),(C), where the broken crystal domains progressively reorient towards stress direction and act as physical crosslinking points.

Further stretching leads to chain alignment and pull-out of some of the crystallized PBT segments from the crosslinks. The competition

between the latter and the stretching of the chain segments is responsible for the stress upturn. Eventually, stretching leads to a very aligned

morphology (D) where, if temperature allows strain induced crystallization (SIC) of the poly(tetramethylene oxide) (PTMO) segments

dominates the mechanical behavior [Color figure can be viewed at wileyonlinelibrary.com]
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has been shown for other multi-block copolymers with a
similar strain-evolving structure.33–35 Finally, after
experiencing very high strains, a highly oriented system
with both small PBT crystals and with amorphous seg-
ments aligned along the stretching direction (and possi-
bly crystallized) is obtained. The morphology evolution
with applied strain is illustrated schematically in
Figure 4. There is not yet consensus on what determines
the initial modulus for soft TPEs, how it increases with
HB content, and why it is strongly reduced after strain.
Based on data from several chemically different TPEs
with crystal volume fraction <40%, Nebouy et al.19 argue
the crystallites structure, in particular the volume frac-
tion and the width of the crystals, determines the linear
modulus.

Their theoretical arguments takes into account the
covalent bonds between the soft and hard segments and
local topological arguments by treating the crystals as
local densifications of the polymer network.36 In such a
model, the reduction in modulus with strain requires a
significant reduction in associated HBs or in crystal
width. An alternate approach is to treat the HB domains
as rigid, dispersed fillers in analogy with standard com-
posite theory.10 We interpret the as molded sample's stiff-
ness as dominated by the rigid crystal phase which
carries the load, in analogy with a foam type structure.
As such, the modulus would be expected to scale with
the volume fraction of crystallinity as well as the bending
stiffness of the crystals.37 The rigidity of this stiff network
greatly exceeds that of the entangled amorphous phase
connecting the crystals and dominates the initial

response. During strain, the crystals undergo yielding to
break into smaller segments ultimately resulting in dis-
persed crystals and in the stiffness being dominated by
the amorphous phase. This transition from stiffness being
dominated by a mechanically interlocking crystal net-
work to that of the entanglement amorphous phase
explains the large drop in modulus and hysteresis at
modest strains (<200%) without involving a large drop in
associated hard blocks. At the extreme where the HB
fraction is sufficiently low, a rigid network should not be
able to form and the initial modulus and hysteresis
should be low. What is surprising is that even for these
systems with relatively low amounts of crystallinity the
same phenomenological response is observed. Studies
that monitor the change in associated HB with deforma-
tion would be extremely useful in further elucidating
which conceptual model for understanding the modulus
in soft TPEs is correct.

After large deformation we see an increase in modu-
lus. We believe this can be attributed to the high level of
alignment of the chains and also a contribution coming
from SIC of the PTMO. DSC performed on broken speci-
mens after tensile tests show a new endo-thermic peak
between 40 and 50�C, corresponding to SIC of the PTMO
(Appendix S1).8 This is also supported by the in situ X-
ray tests (Appendix S1) which show the PTMO crystals
are present both during applied strain and after
unloading, that is the so formed crystals are stable even
after unloading and disappear only after the temperature
is raised. Figure S9(a) shows that PTMO crystallinity pro-
gressively increases with applied strain and already starts
forming before the strain hardening onset.

3.4 | Nonlinear properties

Now that we have established a morphological picture
for these systems and how it changes upon loading, we
switch to investigating how composition, Mw and tem-
perature affect the mechanical performance.

Figure 6 shows engineering stress–strain curves at
RT, 100, and 150�C for difference HB/SB ratios (A)-
(C) and total chain Mn (D)-(F).

3.4.1 | Varying SB/HB ratio–Fixed mw

We will begin by examining the influence of SB/HB ratio
at similar total Mw (Mn ~ 30 kg/mol, PDI ~2) as depicted
in Figure 6(a)-(c). The general features are similar for all
curves: the stress increases roughly linearly to ~10%
strain. Then, the slope begins to decrease which we attri-
bute to plastic deformation (yielding) of the crystalline

FIGURE 5 Young's modulus (E) versus applied pre-strain.

Data calculated from cyclic experiments (supplemental information

S7 and S8) performed at room temperature. Duplicates are shown.

Values are corrected for the change in cross-section during

stretching, assuming constant volume [Color figure can be viewed

at wileyonlinelibrary.com]
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domains of PBT. Next, the stress mildly increases to
~300% strain when the material starts to harden. Finally,
high stresses and strains are reached resulting in
breakage.

All samples show a decrease in failure stress and
strain with increasing temperature, but the magnitude of
the temperature effect depends on the amount of soft
block in the system. It is observed that increasing SBwt

leads to a reduction in temperature resistance. The mate-
rials are compared at very similar Mw but have different
relative distances of the testing temperature from the Tm.
Figure 7 better summarizes the effects of the temperature
on the failure strains as the SB/HB ratio changes, by
showing the failure strains collected from tensile tests
versus the distance from the melting peak temperature
(Tm – T).

Note that 75_PTMO3k has a higher melting tempera-
ture compared with 70_PTMO2k (due to the longer
PTMO diols resulting in longer PBT segments) but shows
less temperature resistance.

This implies that the relative distance from Tm is not
enough to explain the temperature resistance of these
systems. If the temperature resistance is related to con-
nectivity then it would be expected to increase with the
crystallinity and the number of crystallized HB per chain,
< Ncrys >. This is consistent with the behavior observed
for these systems at high temperature (see Table 1).

At RT the strain-hardening is much stronger than at
higher temperatures for all materials, and it is worth not-
ing that the ultimate failure stress at room temperature
does not scale with the linear modulus. If PTMO blocks

are sufficiently long, they can crystallize under strain
resulting in a shift in melting temperature from ~0 to
~50�C.8,38 Previous studies13,38 showed that the amount
of SIC increases with the amount and length of soft
blocks. Furthermore, the PTMO length also influences
the value of strain at which we start to see SIC,13 the lon-
ger the SB length, the earlier the onset of SIC. This is in
line with our observation from the tensile tests at RT
where the 75_PTMO3k shows the highest strain-
hardening among the tested grades.

FIGURE 6 Representative

engineering stress–strain curves

for (a)-(c) 60_PTMO2k_29,

70_PTMO2k_33 and

75_PTMO_32 and for (d)-(f) the

mw series of the samples

60_PTMO2k and 70_PTMO2k, at

RT (for (a) and (d)), 100�C (for

(b) and (e)) or 150�C (for (c) and

(f)). All the tests are conducted at

fixed strain-rate ε = 0.17 s−1. The

mw is approximatively the same

(Mn ~ 30 kg/mol) for all the

materials in (a)-(c). In (d)-(f) Mn

increases from light to dark.

Open symbols indicate the

failure stress and strain of each

sample [Color figure can be

viewed at

wileyonlinelibrary.com]

FIGURE 7 Failure strain versus the difference between the

melting peak temperature and the testing temperature (Tm – T).

Failure strains are taken from tests shown in Figure 6 as well as

from additional tests. Tm are determined by DSC and given in

Table 1 and Figure 3. Data <75�C are excluded to avoid influence

of SIC [Color figure can be viewed at wileyonlinelibrary.com]
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At T > 50�C the strain-hardening of the 75_PTMO3k
is comparable to the other grades. This underscores the
importance for morphology evolution including contribu-
tion of SIC on the non-linear mechanical response.

3.4.2 | Varying mw – Fixed SB/HB ratio

Turning now to systems of fixed SB/HB ratio but varied
Mw, in Figure 6(d)-(f) we see first that the Mw has little
influence on the behavior up to the strain at which
strain-hardening starts (~300%). Again, this is consistent
with the first effect of strain being to break-up the crystal
network, whose structure and properties are insensitive
to total chain length. At higher strains increased Mw
leads to increased strain hardening and, at high tempera-
tures, also to an increased extensibility. As mentioned
previously, at RT the strain-hardening is mainly deter-
mined by PTMO SIC. Despite having the same amount of
SB and same SB length, the high-Mw samples show a
considerably higher strain-hardening, which suggests
that higher Mw leads to a more effective SIC.

This is supported by the in-situ X-ray, where the
high-Mw sample orients sooner and to a higher extent
than the low-Mw one (Appendix S1).

At temperatures higher than the melting of the PTMO
SIC (~50�C), increasing the Mw still leads to a consider-
able increase of the strain-hardening. Therefore, there
must be an additional mechanism in addition to SIC that
is responsible for the change in high strain behavior.

Additional insights into the influence of composition
and Mw on the morphology and the mechanics can be
gained from cyclic tests (cyclic curves in Appendix S1).
Figure 8(a),(b) shows the recovered elastic strain at each
step of deformation for the 70_PTMO2k samples with
two different Mw at RT and 100�C. (Data relative to the
samples 60_PTMO2k_29* and 60_PTMO2k_50* are

shown in Appendix S1). At each step strain, the high-Mw
sample recovers more strain, that is, the residual strain at
zero force is lower compared to the low-Mw counterpart.
The Mw dependence of the recovered strain is stronger at
higher temperatures, probably due to the increased chain
mobility and lack of PTMO SIC.

The SIC increases the plastic contribution upon
stretching as illustrated by the large deviation from the
purely elastic response at higher strains. The applied pre-
strains are the same at each cycle for the two materials,
but the recovered strains are different, i.e. the high-Mw
sample recovers more strain. As a consequence, at each
cycle the high-Mw sample is stretched more than the
low-Mw one. This effect is taken into account in Figure 8
(c) by plotting the tensile set (TS) for the same materials
against the applied pre-strain. From the definition of ten-
sile set in the Method section, the higher TS, the higher
the plasticity in the material. The data show dramatically
different behavior at RT and at 100�C. Indeed, the TS
increases with deformation at RT, while it decreases at
100�C. Additionally, the differences in TS between the
two Mw samples are higher at 100�C, where SIC does not
overshadow the elastic contribution coming from the net-
work connectivity. This confirms the stronger network
elasticity present in the high-Mw sample, that we attri-
bute to an increased network connectivity with Mw,
attributed to the lower amount of dangling-ends and
increased amount of HB per chains, as described quanti-
tatively and more in detail in the last section of this
paper. This supports the idea that upon stretching the
morphology gradually evolves towards an elastomeric-
like one (in the case of no SIC).

Interestingly, the tensile set analysis reveals differ-
ences with Mw already at low strains, which is different
from the identical behavior in the continuous loading
tensile tests in Figure 6. In fact, during loading, the plas-
tic contribution coming from the yielding of the crystals

FIGURE 8 Plots showing recovered strain obtained from cyclic tests performed, respectively, at (a) RT and (b) 100�C. the dashed line

indicates the purely elastic behavior. (c) Tensile set (TS) versus the applied pre-strain at both RT (continuous lines) and 100�C (dashed

lines). Duplicates are shown [Color figure can be viewed at wileyonlinelibrary.com]
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is what contributes most to the stress response and over-
shadows the contribution coming from the network con-
nectivity. Unloading is largely an elastic response and,
hence, more sensitive to the influence of pre-strain on
the network connectivity. Figures 2 and 6(d)-(f) show
that there are no differences with Mw on the loading cur-
ves before the strain-hardening onset, suggesting that the
initial crystalline network is the same for samples with
different Mw.

In contrast, the unloading analysis in Figure 8(c)
clearly shows increased elasticity with Mw (e.g. lower TS
at 100�C for the higher Mw). It is also worth noting that
while the modulus drops strongly at strains <200%, the
TS and the recovered strains are less influenced at this
low to moderate strain level.

3.4.3 | Strain-rate effects

Finally, we show how the strain-rate dependence
changes with Mw. Figure 9 shows the engineering stress–
strain curves at RT 100�C for 60_PTMO2k and
70_PTMO2k, at two different strain rates and Mw.

At RT, decreasing the strain-rate leads to a decrease
in strain hardening and to an increase in final extensibil-
ity. This is possibly due to a lower amount of PTMO SIC

at low loading rates. At 100�C, decreasing the strain-rate
leads to a decrease in the extensibility as was observed by
Aime et al.27 for very similar systems. This is attributed
to a stress-accelerated dissociation of HBs, that is, Eyring-
like kinetics resulting in a creep-like failure mechanism.
Similar to what is theorized for many other thermal acti-
vated processes over an energy barrier that decreases
with applied.39–41

This behavior does not seem to be Mw or composition
dependent. More interestingly, we observe a different
behavior with Mw concerning the strain-hardening
dependence with the strain-rate: the strain-hardening
generally decreases as the strain-rate decreases. The effect
on stress is much less pronounced for the high-Mw sam-
ples although rate still affects failure strain. To the best of
our knowledge, this difference strain rate response for
different Mw has not been reported before. The lower
strain-rate dependence at high T for the high-Mw sam-
ples in combination with the increased elasticity and
strain-hardening with Mw supports the idea of a relaxa-
tion mechanism for the stress bearing units in the system
that is temperature- and Mw-dependent. The hypothesis
of temperature and strain-rate dependent kinetics of dis-
entanglement has been carried out for linear monodis-
perse PE both in experiments42 and simulations.43 The
observations have been attributed to entanglements being

FIGURE 9 Engineering stress–strain
curves at RT and at 100�C at strain-rates

of 0.17 s−1 (continuous lines) and

0.0017 s−1 (dashed lines). Duplicates are

shown [Color figure can be viewed at

wileyonlinelibrary.com]
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the fundamental stress bearing units in the system at
large deformation. In our case, the presence and associa-
tions of the HBs must be taken into account as they have
their own stress-, temperature- and time-dependent
kinetics.27 This will presumably also affect the entangle-
ments dynamics since they prevent chain diffusion and
disentanglement.

In the following section we start from the experimen-
tal observation to build a physical picture for the evolu-
tion of the microstructure upon deformation,
highlighting the different dynamics responsible for the
mechanical behavior and providing a qualitative physical
model that reasonably explains the results obtained from
the tensile and cyclic tests.

4 | DISCUSSION

4.1 | Morphology evolution

Our physical picture for the morphology evolution is
largely based on analyses in previous studies on similar
materials.1,13,25 The microstructural evolution with
strain is depicted in Figure 4. The mechanical properties
in the linear regime and up to the yield region are
mainly governed by the crystallinity of the system. The
linear modulus is dominated by the volume fraction of
ribbon-like PBT crystals with little influence of total
chain length. With increasing deformation, the mor-
phology evolves via crystal breaking and orientation, as
indicated by the decrease in the crystal size with defor-
mation and by the long period which increases at small
deformation and decreases at strains > ~100% as a result
of the breaking mechanism.1,20,21 Our results from SAXS
(Appendix S1) also confirm the decrease in long period
with deformation. The broken crystalline domains re-
orient such that the PBT and the PTMO segments are
aligned along the stress direction. Up to ~300% strain,
the Mw of the total chain does not affect the response in
a continuous loading experiment since it does not signif-
icantly influence the crystallinity or initial morphology.
However, unloading analysis reveals differences with
increasing Mw increasing the elastic recovery. By ~300%
strain the break-up and re-orientation process of the
PBT crystals is mostly complete, but the crystal disrup-
tion and fragmentation will continue with increased
strain due to the pull-out of the PBT segments from the
crystals.27 At higher strains, a strong Mw-dependence
on strain-hardening is observed. Thus, starting from a
rigid mechanically interlocking network of crystal rib-
bons, the morphology evolves with strain into a network
with fragmented PBT crystals acting as isolated physical
crosslinks. Eventually to a highly oriented structure

where, if temperature allows, SIC of the SBs can addi-
tionally contribute to the stress response.

4.2 | Strain-hardening and network
elasticity

The nature of strain-hardening is still a topic of debate
for semi-crystalline polymers and only a few observations
where molecular parameters are varied in a systematic
fashion are present in literature, with especially limited
observations at high temperatures.

Kennedy et al.44 hypothesized that the strain-
hardening increase with Mw in semi-crystalline random
copolymers of ethylene, which behave very similarly to
these TPE-Es,45 can be explained either by SIC of
the stretched co-polymer and increased elasticity in the
amorphous disordered inter-crystalline region due to the
orientation and stretching of the entangled segments.

In our case, the first mechanism is dominant at
T < ~50�C due to PTMO SIC. Increasing the Mw leads to
an increased connectivity which results in a better, more
efficient orientation and more persistent network during
stretching. This amplifies the effect of the PTMO SIC on
the mechanics (Appendix S1). However, at higher tem-
peratures, the hardening response should come entirely
from the increased elasticity in the amorphous inter-
crystalline region, which is consistent with the results
obtained from the cyclic tests (Figure 8).

For semi-crystalline homopolymers it has been
observed46 that an increase in Mw strongly increases the
strain-hardening while decreasing the drawability and
the stresses at failure. This effect has been correlated with
the amount of tie molecules and especially entangle-
ments in the amorphous region between crystals.47 A
review on the argument has been published by
Bartczak.48 Kennedy et al. presented results for semi-
crystalline polymers showing that increasing Mw leads to
an increase of the entanglement density in the amor-
phous region46 due to the expulsion of entanglements
from the crystalline phase during cooling from the melt.
This results in an earlier onset and stronger strain-
hardening response. Since the crystals in our system are
obtained via PBT-segments stacking and not via folding
(the PBT segments are too short to allow even for a single
fold), we assume that the entanglement density does not
significantly change from that of the melt when the Mw
is varied. Furthermore, we do not observe a significant
shift in the on-set of strain-hardening. In summary, the
previous findings on the nature of strain-hardening based
on the study of semi-crystalline homopolymers do not
fully explain the results our TPE-Es.
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In the following section we propose a phenomenolog-
ical model for the increased strain-hardening, elasticity
and ductility observed at high temperature (T > ~50�C)
for the high-Mw samples, based on the connectivity of
both PBT crystals and the entangled network.

4.3 | Residual connectivity and stress
bearing units

The model aims to count the number of stress bearing
units (SBUs) in the system at each stage of deformation,
meaning that the non-relaxed segments between two
entanglements and between entanglements and
PBT-crystals are both counted. The goal is to propose a
qualitative mechanism for the stress response which is
time- and temperature- dependent, with this dependency
decreasing as Mw increases. During deformation, due to
the pull-out of the crystalline PBT segments from the
respective crystals, the number of crosslink points and
therefore, the overall connectivity of the system
decreases.27

We assume that the pulled out PBT segments do not
associate again. In this framework, the crystallized HB
contribute to the stress response by keeping segments of
chains trapped and ensuring connectivity. For simplicity,
all the chains are treated as monodisperse in total chain
length (M) and block lengths and the focus is on the
microstructure where the initial crystal network has bro-
ken up (Figure 4(c)) and the temperatures are above the
melting of the SIC. Since the emphasis is mainly on the
effect that the Mw has on the SBUs at different strain
rates, the figures below focus on the analysis done on a
single system, that is, the 70_PTMO2k series, with fixed
amount of SB (SBwt = 70%), SB length (Mn,SB = 2 kg/mol)
and crystallinity (ΧPBT = 35%).

Since the testing temperatures are much higher than the
Tg of the soft PTMO-rich phase (Tg = ~ − 70 �C), chain seg-
ments are highly mobile and likely to disentangle as soon as
they are not trapped between two crystals. Thus, only disen-
tanglement of dangling chain-ends is possible. When a pull-
out event occurs for a HB in which the dangling-end is
anchored, the latter grow. The chain segment previously
trapped nowhas the possibility to disentangle.

This concept is illustrated in Figure 10. As the strain
increase, more pull-out events occur, which translates
into a progressive decrease of the number of crystallized
HB per chain. As a consequence, the length of the
dangling-ends increases as follows:

Mdang =
M− <Ncrys > 1− fð Þ < Ln >M0,PBTð Þ

1+ <Ncrys > 1− fð Þ ð7Þ

where f is an independent parameter representing the
fraction of HBs pulled out from the crystal domains dur-
ing deformation with f given by the number of HB pulled
out divided by the number of HB per chain initially crys-
tallized < Ncrys >. The weight fraction of a chain being
part of a dangling-end (2 × Mdang/M) contributes less to
the stress response because it is able to disentangle. For a
given f, this is higher for the low-Mw samples (Figure 11
(a)). As the Mw increases, the number of dangling ends
decreases as /1/M, while their length increases as
~M/(1 + M).

Thus, as shown in Figure 11(b) the dangling end
length initially increases with total Mw before plateauing.
Also when no pull-out has occurred (f = 0), the dangling-
end mass does not strongly depend on Mw but the depen-
dency grows with increasing f, i.e. as the pull-out events
occur during deformation.

The dangling-end length becomes crucial when the
dynamics of disentanglements are important for the
determination of the stress response in the system.
Indeed, these chain segments cannot simply disentangle
by reptation due to the constrains imposed by the PBT
crystals. By modeling a dangling-end anchored to a PBT
crystal as a branch of a star polymer, the longest time for
the branch to relax from its original constraints

FIGURE 10 Cartoon representing the idea of the

disentanglement allowed (dashed to solid lines) only for the

segments of chains not trapped between two crystallized hard

blocks (HB). Dangling ends can slip-out from entanglements. As

pull-out events occur, segments of chain are not trapped anymore

and can now escape the entanglements. At the same time, the

length of the dangling-ends increases, increasing the time needed

to escape [Color figure can be viewed at wileyonlinelibrary.com]
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(retraction time) grows exponentially with its mass.49 It is
calculated by:

τretraction = τe Tð Þexp 15
8
Mdang

Me

� �
ð8Þ

τe(T) is calculated from τe(240 �C) = 2.4 × 10−8 s
obtained from a theoretical fit to experimental data
from melt rheology50 Arrhenius-scaled with an activa-
tion energy of Ea = 5.24 × 104 J/mol. The estimated
retraction times at the testing temperatures are of the
same order of the time scales of our experiments, 1/ε
(Figure 12(a)). Note also that as the Mw increases the
relative increase in retraction time decreases, e.g. the
increase in retraction time from 25 to 50 kg/mol is
much larger than between 100 and 150 kg/mol at a
given f.

To calculate the number of SBU, we exclude the
entanglements present in the dangling chain-segments
with a retraction time shorter than 1/ε since they are able
to disentangle and relax during deformation. Conse-
quently, they do not contribute to the stress response.
The SBUs molar density is then calculated by

SBU fð Þ= 1− f dang fð Þ
h i ρ

Me

� �
+ 1− fð Þ<Ncrys >

ρ

M

� �

ð9Þ

where fdang (f ) = 2 × (Mdang(f ))/M is the weight fraction
of dangling-ends in a chain and polymer density,
ρ = 1.1 g/cm3.

If f0 is the fraction of pulled out HBs at which the
dangling-ends are not able to relax anymore,
i.e. τretraction > 1/ε, at f ≥ f0 the first term of Equation 8
becomes [1-fdang(f0)] (ρ/Me). This is equivalent to saying
that the fraction of dangling-end that at f < f0 was able to
relax is still able to do so.

Figure 12(b) shows the molar density of SBUs for dif-
ferent M, plotted against the fraction of pulled out HBs
during deformation. In line with our experimental results
(Figure 9), this model predicts that for low-Mw chains,
lowering the strain-rates leads to fewer SBUs compared
to high strain-rates and the effect of rate is less as
M increases. Note that for short chains, almost no strain-
rate effect is predicted in this strain-rate range as
dangling-ends are always short enough to disentangle.
For intermediate length, we observe the largest influence
of strain-rate. At high Mw, the rate effect is decreased.
This is because high-Mw samples show more SBUs at
each stage of deformation which results in a higher stress
response (strain-hardening), network elasticity and con-
nectivity in agreement with the experimental observa-
tions from the tensile and cyclic tests. In summary,
increasing Mw decreases the number of dangling-ends
and chain weight fraction belonging to a dangling-end.
However, the absolute length of the dangling-ends
increases slowing down the disentanglement kinetics.

Consequently, at each stage of deformation high-Mw
samples have more SBUs and a less time-dependent
stress response than low-Mw samples. This approach is a
simplification that does not take into account the poly-
dispersity of the chain-length or single blocks. The model
treats f as an independent parameter while in reality it
should depend on the applied strain. However, it is rea-
sonable to believe that the strain dependency of f should
not be Mw independent as Mw should influence the pull-
out rate of the HBs. It is not trivial to assess whether the
increase in Mw leads to a faster or slower pull-out rate.
Longer chains are better connected with the network,
which also means that they have more sites susceptible
to the pull-out mechanism and which are under stress for
longer time during deformation. This would lead to the
pull-out rate increasing with Mw. On the other hand, the
pull-out event has a higher chance to cause a low-Mw
chain to become disconnected from the network.27 This
would generates higher stresses locally facilitating the
pull-out of the neighboring HBs and generating a knock-

FIGURE 11 (a) Weight fraction of dangling-end in a chain,

i.e. not trapped between two crystalline HBs, and (b) dangling-ends

length as a function of the total chain mass, M. both the plots show

how these vary with increasing the fraction of HBs pulled-out

during deformation (f ) [Color figure can be viewed at

wileyonlinelibrary.com]
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on effect that would accelerate the pull-out rate of the
HB for low-Mw systems. Despite the simplifying assump-
tions and unanswered questions about the link between
strain, f, and Mw, this model qualitatively identifies a
plausible physical mechanism able to explain the
observed effects of Mw and strain-rate.

5 | CONCLUSIONS

The presented series of systematic experimental observa-
tions combined with a simple mechanistic model bring
new insights furthering the understanding of the effect of
temperature, Mw and composition on the mechanical
properties of soft-TPEs. The simple model provides a
plausible mechanism driving the Mw and strain-rate
effects on the mechanical response that is consistent
with, and builds upon, previous studies.8,19,25,27 Key
insights are summarized below:

• The initial modulus is determined by the ribbon-like
PBT crystal structure and volume fraction and
increases with the wt% of PBT as a result of increased
PBT crystallinity. Upon reloading after moderate defor-
mation (< 200% strain), the modulus and hysteresis
decrease while the tensile set remains relatively con-
stant. This suggests that the initial loading response is
dominated by a rigid, loading bearing crystal structure
that breaks up with deformation and whose unloading
behavior is dominated by the amorphous regions.

• Whether or not PTMO SIC occurs has a large influence
on the high strain mechanical response and depends

on the testing temperature. Failure strain and stress do
not necessarily scale with the wt% of PBT if PTMO SIC
occurs. SIC strongly increases the strain hardening
response and decreases the elastic recovery at high
strains. The amount of SIC increases with increasing
amount and length of PTMO soft block while increas-
ing Mw decreases the onset strain for SIC.

• Temperature resistance is not governed by the distance
of the testing temperature from the peak melting tem-
perature. Network connectivity contributes strongly,
and temperature resistance increases with increas-
ing Mw.

• While Mw has little influence during continuous loading
up to ~300% strain, increasing Mw increases the strain-
hardening response at higher strains as well as the elastic
recovery at low and high strains. At higher temperatures,
where no SIC occurs, increasing the strain rate increases
the strain hardening of low-Mw more than high-Mw
samples, while increasing the failure strain of both.

• A model based on the network connectivity as gener-
ated by both the crystalline PBT segments and the
entangled chains is proposed to explain the observed
effects of Mw on the rate and temperature dependent
characteristic of the strain-hardening response. This
model shows how the weight fraction and length of
the dangling-ends vary as a function of chain length
and number of HB pull-out events. The number of
SBUs evolves with pull-out events as well as with the
time-scale of dangling-end relaxation. For long
dangling-ends, disentanglement time is longer than
the experimental time scale and entanglements in the
dangling-ends contribute to the stress response.

FIGURE 12 (A) Retraction time at 100�C of a dangling-end modeled as a branch of a star polymer versus the fraction of pulled-out HBs

(f ). The curves end when < Ncrys > (1-f ) < 1 and the retraction time cannot be defined, that is, when, on average, the chains no longer have

at least one HB in a crystal and are thus free to relax via reptation. (B) Molar density of the SBUs in the system as a function of f. solid and

dashed lines correspond to the experimental time scales for the low and high strain-rates used, ε1 = 0.17 s−1 and ε2 = 0.0017 s−1. Different

colors and symbols correspond to the different chain lengths, M, given in the legend [Color figure can be viewed at wileyonlinelibrary.com]
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Abstract

We investigate the cyclic mechanical behavior in uniaxial tension of three dif-

ferent commercial thermoplastic polyurethane elastomers (TPU) often consid-

ered as a sustainable replacement for common filled elastomers. All TPU have

similar hard segment contents and linear moduli but sensibly different large

strain properties as shown by X-ray analysis. Despite these differences, we

found a stiffening effect after conditioning in step cyclic loading which greatly

differs from the common softening (also referred as Mullins effect) observed in

chemically crosslinked filled rubbers. We propose that this self-reinforcement

is related to the fragmentation of hard domains, naturally present in TPU, in

smaller but more numerous sub-units that may act as new physical

crosslinking points. The proposed stiffening mechanism is not dissimilar to the

strain-induced crystallization observed in stretched natural rubber, but it pre-

sents a persistent nature. In particular, it may cause a local reinforcement

where an inhomogeneous strain field is present, as is the case of a crack propa-

gating in cyclic fatigue, providing a potential explanation for the well-known

toughness and wear resistance of TPU.

KEYWORD S

cyclic behavior, damage, stiffening, thermoplastic elastomers, Young modulus

1 | INTRODUCTION

Soft thermoplastic polyurethane elastomers (TPU) are
well known for their outstanding combination of revers-
ible elasticity, abrasion resistance, and easy processabil-
ity. They are multiblock copolymers characterized by
alternating soft segments (SS) and hard segments
(HS) forming a two-phase microstructure where the soft
phase is the majority. The microphase separation is
driven by the ability of the HS to form inter and intra-
chain hydrogen bonds between carbonyl and amine
groups developing therefore small and stiff lamellae
domains surrounded by the soft phase. These hard
domains (HD) have a typical size of 5–30 nm and are

stiffer than soft segment domains (SD) acting both as
nanoscale fillers and physical crosslinks.1,2 The versatile
processing, recyclability and comparable reversible elas-
ticity make TPU a serious competitor to replace elasto-
mers in a number of technical applications despite the
higher material cost.

Unsurprisingly, several studies on TPU focused on
the correlation between their composition and mechani-
cal properties at small and large strain1,3–5 with the target
to further explore the field of applications of this class of
materials. In particular, the presence of a mechanical
behavior with the same characteristics as those of the
Mullins effect classically observed in filled rubbers6

(higher energy losses and stress softening during the first
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loading-unloading cycle), was reported in several TPU
with different composition of HS and SS.3,7,8

The Mullins effect was originally detected in filled
(or crystallizing) chemically crosslinked rubbers9 and
despite its relevance for final rubber properties, its origin
is still debated and may depend on the detailed structure
of the material. Nevertheless, it is generally accepted, that
the first cycle hysteresis comes in particular from struc-
tural rearrangements of filler aggregates.6 In the case of
unfilled TPU, the change in mechanical behavior after
the application of strain is due to structural
rearrangements of the multiphase structure. This
mechanical effect has been often qualitatively investi-
gated and compared to that observed in filled
rubbers,2,3,8,10 but to the best of our knowledge, it has not
yet been discussed quantitatively and in detail with a
consistent methodology. Given the relevance of cyclic
loading for the durability of materials and the renewed
push to replace permanently crosslinked elastomers with
thermoplastic reprocessable alternatives, we felt that the
question of the evolution of the structure and mechanical
properties of TPU with cyclic loading should be revisited.

Recently, Merckel and co-workers11 proposed an easy
methodology to quantify and compare the contribution
of the structural changes to mechanical damage in filled
elastomers after the application of a given strain. They
proposed to use two damage parameters: one to account
for the reduction in linear modulus and the other to
account for the change in the onset of strain hardening
in large strain. As they point out, these two parameters
overlap for filled elastomers, and suggest that the same
type of structural modification affects small strain stiff-
ness and strain hardening.11 However, mechanical dam-
age is inherently related to the structural modifications
induced by deformation, which is a material-specific
property and may be fundamentally different between
TPU and filled crosslinked rubbers.

Using the aforementioned methodology, we carried
out here a quantitative evaluation of the structural
changes occurring under cyclic loading in TPU and more
importantly of the changes in mechanical properties
induced by this cyclic loading. In order to be representa-
tive, we carried out all experiments with three commer-
cially available TPU of the Elastollan series kindly
provided by BASF AG.

Finally, within the framework of the possible substi-
tution of conventional filled rubbers with TPU we also
compared the mechanical behavior of our soft TPU with
that of a typical crosslinked elastomer made from a ran-
dom copolymer of styrene-butadiene (SBR) filled with
reinforcing carbon black (CB), emphasizing similarities
between these two classes of materials in terms of small

strain elasticity, and differences in structural evolution
and large strain behavior.

2 | EXPERIMENTAL RESULTS

2.1 | Uniaxial tensile test

The different large strain behavior for all three TPU:
TPU_XTAL, TPU_HARD, and TPU_SOFT, can be appre-
ciated in Figure 1(A), reporting the engineering stress-
stretch curves in uniaxial tension at different tempera-
tures. All TPU are characterized by a high extensibility at
failure. The linear regime is only observed for a few per-
cent of deformation (λ < 1.2) where we calculated the
Young modulus E Table 1 for 23 and 60�C). Above this
limit, all three materials initially show a strain softening
regime. Then TPU_XTAL and TPU_HARD present a
marked strain hardening that is less intense in
TPU_SOFT. Only in case of TPU_XTAL, as we reported
in another work,12 the strain hardening is accompanied
by the formation of a new crystalline phase (strain-
induced crystallization), which is partially retained in
unloaded samples. The effect of increasing the tempera-
ture is mainly that of reducing the stress at break σb for
all materials, and in the case of TPU_SOFT also to reduce
its maximum extensibility. Interestingly this reduction of
strain at break with temperature was already observed
for multiblock thermoplastic elastomers (TPE) based on
poly-butadiene terephthalate (PBT) as HS as reported by
Aime.13

The stress-stretch curves of uniaxial step-strain cyclic
test for all TPU at 23�C are reported in Figure 1(B). All
curves show similar characteristics:

• Large hysteresis between the first load–unload cycle.
• Very pronounced softening after the first loading, and

recovery of the monotonic test behavior envelope only
when the material is stretched to higher values than
those previously applied (Mullins effect).

• Marked residual deformation λres after unloading.

This large residual deformation λres is consistent with lit-
erature data on TPU3,4 and can be attributed to the absence
of chemical crosslinks as well as to the plastic deformation
of the HD following the application of large strains. Interest-
ingly, we found that for the same value of maximum applied
stretch λmax, all TPUs present a similar fraction of residual
stretch λres(Figure 1(C)). In contrast, in SBR the fraction of
residual stretch is considerably lower for all values of tested
maximum stretch compared to TPU because the chemical
crosslinking prevents plastic deformation.
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2.2 | Structural investigations

WAXS 1D intensity profile is shown in Figure 2(A) for all
three soft TPU. The absence of any crystalline reflection
in TPU_XTAL and TPU_HARD indicates a completely
amorphous hard phase in the pristine material. The crys-
talline peaks (indicated by the arrows) in TPU_SOFT are
compatible with the crystalline structure of PBT as
reported in literature.14,15

2D SAXS images and the corresponding integrated
profiles for pristine and unloaded samples (previously

FIGURE 1 Uniaxial stress-stretch curves at different temperatures (A) and cyclic stretch-stress curve at 23�C (B) for three TPU.

(C) Residual vs. maximum applied deformation during the last cycle for: TPU_XTAL , TPU_SOFT , TPU_HARD , SBR . TPU,

thermoplastic polyurethane elastomers [Color figure can be viewed at wileyonlinelibrary.com]

TABLE 1 Young modulus for all TPU at 23 and 60�C

Name E @ 23�C (MPa) E @ 60�C (MPa)

TPU_XTAL 8.7 ± 0.1 5.0 ± 0.7

TPU_SOFT 7.8 ± 0.1 5.8 ± 0.1

TPU_HARD 7.3 ± 0.1 5.7 ± 0.1

Abbreviation: TPU, thermoplastic polyurethane elastomers.
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strained for several cycles at λmax= 2.25) are shown in
Figure 2(B),(C),(D) for TPU_XTAL, TPU_HARD, and
TPU_SOFT respectively. All curves are characterized by a

maximum in the intensity, due to microphase separation
in TPU, which can be associated to the average distance
between hard domains (or long period L).16 The data of

FIGURE 2 (A) WAXS pattern for pristine TPU_XTAL, TPU_SOFT, and TPU_HARD (data were vertically shifted for the sake of

readability). (B) 2D SAXS pattern and 1D integrated profile for pristine and unloaded TPU_XTAL, (C) TPU_HARD, and (D) TPU_SOFT.

(E) Schematic illustrating the aggregation of HS in HD and definition of L (long period between HD) before and after loading. HD, hard

domains; HS, hard segments; TPU, thermoplastic polyurethane elastomers [Color figure can be viewed at wileyonlinelibrary.com]

TABLE 2 Long period L between

HD for pristine and unloaded samples

(according to Bragg's law). Domains

thickness and hard segments volume

fraction (ϕ) for pristine TPU_XTAL and

TPU_HARD calculate using the

lamellar model

Name L (pristine) (nm) L (unloaded) (nm) C (nm) ϕ

TPU_XTAL 13 10 2.9 0.24

TPU_SOFT 30 26 – –

TPU_HARD 16 12 2.9 0.24

Abbreviation: TPU, thermoplastic polyurethane elastomers.

688 SCETTA ET AL.

http://wileyonlinelibrary.com


the long period L calculated from Bragg's law in both
pristine and unloaded samples are reported in Table 2.
The lower value of L for strained samples was already
observed in similar multiphase systems17–20 and was gen-
erally associated to a fragmentation of HD into smaller
units as sketched in Figure 2(E).

In addition, TPU_SOFT has an elliptical SAXS pat-
tern indicating the presence of a preferential orientation
in the HD (probably induced by injection molding) that
contrasts with the random orientation of HD in the other
two TPU (circular pattern).

We adopted the lamellar model proposed by Strobl
and Schneider,21 which requires random orientation of
HD, in order to evaluate some structural parameters in
TPU_XTAL and TPU_HARD. Both materials present the
same calculated values of thickness of HD (C) and HS

volume fraction ϕ as reported in Table 2, suggesting a
very similar microstructure between TPU_XTAL and
TPU_HARD. On the other hand, the higher value of L
and the semi-crystalline character of HD in TPU_SOFT,
indicates the presence of some major structural difference
compared to TPU_XTAL and TPU_HARD.

2.3 | Damage analysis in cyclic loading

We used the approach proposed by Merckel et al.11 to
estimate the damage in both unfilled TPU and filled SBR
in terms of large strain damage (Dls) and small strain
damage (Dss) as detailed in the following. First, we
expressed the data of cyclic loading experiments in terms
of true stress vs. Hencky strain as reported in Figure 3(A)

FIGURE 3 True stress-Hencky strain representation of cyclic experiment for (A) TPU_HARD and (B) filled SBR. (C) Example of linear

fitting for the calculation of E for TPU_HARD. (D) E vs. Hencky strain for all TPU and for SBR. SBR, styrene-butadiene; TPU, thermoplastic

polyurethane elastomers [Color figure can be viewed at wileyonlinelibrary.com]
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for TPU_HARD and SBR Figure 3(B). We would like to
stress that in cyclic deformation of TPU, the engineering
stress–strain representation (Figure 1(B)), that seems to
suggest a cyclic softening, is misleading. The engineering
representation of strain only compares the final state
with the initial state and, in the case of materials with
high residual strain, it introduces a non-negligible bias
on the measurement. Contrarily, the Hencky strain
accounts for all the incremental steps of deformation
(considering the value of the sample length just before
each strain increment).

The value of Dss for each increasing step of maximum
strain hk, is obtained from the ratio between the linear
modulus Ek for the cycles of step k and that of the pris-
tine material (E0) as follows:

Dss =1−
Ek

E0
: ð1Þ

Figure 3(C) shows an example of linear fitting used to
calculate E, and the values of the fitted modulus for all
TPU and SBR are shown in Figure 3(D). The larger

values of maximum Hencky strain at which the modulus
was evaluated for TPU are justified by their higher maxi-
mum extensibility compared to SBR. While in the case of
SBR E always decreases with maximum applied strain, in
all TPU E initially decreases and, for Hencky strains
larger than 1.5 (λ�4), E increases again reaching the pris-
tine value or even larger values in the case of
TPU_XTAL. A similar result was also found by
Koerner.20

The large strain damage, or Dls, is associated to the
onset of strain hardening in cyclic loading at different
maximum strain and is defined as:

Dls =1−α, ð2Þ

where α is a rescaling factor on the Hencky strain and it
is obtained as follows:

1. Each unloading curve is shifted to the origin to com-
pensate for the residual strain (Figure 4(A),(C)).

2. A master-curve is built by performing a superposition
fit using a least square minimization of each

FIGURE 4 Example of true

stress vs. Hencky shifted (A–C) and
true stress vs. Hencky virgin (B–D)
respectively for TPU_HARD and

SBR. The dotted lines represent an

estimation of the onset of strain

hardening and are used as a guide

for the eyes. SBR, styrene-butadiene;

TPU, thermoplastic polyurethane

elastomers [Color figure can be

viewed at wileyonlinelibrary.com]
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unloading curve using the first unloading curve as a
reference (Figure 4(B),(D)). This is mathematically
equivalent to write: hvirgin = α*hshifted.

The first step is very important especially for mate-
rials such as TPU, which present a significant residual
strain when unloaded. Shifting the stress–strain curve at
the origin in fact, we obtain the same curve, which a user
unaware of the previous strain history, would measure
experimentally. Moreover, the shifted curves reported for
TPU_HARD and SBR in Figure 4(A),(C) demonstrate the
different effect of maximum applied strain on the onset
of strain hardening (approximatively indicated as λhard)
between TPU_HARD and SBR. Unlike SBR, in
TPU_HARD the onset of strain hardening in each
unloading curve for the step k + 1 appears at comparable
or lower strain than step k. This has a strong influence
on the previously described rescaling procedure as shown
by the different values of the damage parameter Dls

obtained for SBR and for all TPU.
Figure 5 reports the calculated values of Dss and Dls

for SBR at 23�C (A) and for all three TPU at 23 and 60�C
(B and C). The trend is substantially different between
SBR (where both Dss and Dls similarly increase with
strain) and TPU. In all TPU, Dss and Dls have a

dependence on the maximum Hencky strain that is quali-
tatively similar to the one we just discussed for the linear
modulus. Both damage parameters first increase (soften-
ing) and then decrease (stiffening), eventually becoming
negative in case of TPU_XTAL. At 60�C this trend is even
more evident and all damage values are negative. More-
over, the damage in small and large strain is decoupled.

3 | DISCUSSION

3.1 | Differences between TPU and SBR

In the case of SBR, the analysis of damage shows that
both damage parameters (Dls and Dss) nearly overlap and
have a monotonically increasing dependence on the
applied strain, meaning that the damage in the material
increases with deformation. Merckel and coworkers11

interpreted this as an indication that, in filled SBR, the
application of a cyclic strain generates some kind of phys-
ical damage on the filled rubber that affects in a similar
way both the small and large strain properties of the
polymer itself. In other words, they argued that in SBR
the change in the small and large strain mechanical
response with applied strain have the same origin. On

FIGURE 5 Damage vs. Hencky

strain calculated for SBR (A) and

TPU at 23�C (B) and 60�C (C). The

symbols indicate Dss for: SBR: ,

TPU_HARD: , TPU_SOFT: ,

TPU_XTAL: and Dls for SBR: ,

TPU_HARD: , TPU_SOFT: ,

TPU_XTAL: . SBR, styrene-

butadiene; TPU, thermoplastic

polyurethane elastomers [Color

figure can be viewed at

wileyonlinelibrary.com]
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the other hand, although in all three TPU Dls and Dss

have similar trends, they do not superimpose well and,
above a threshold value of strain, they decrease with
increasing maximum strain. In certain cases, Dls and Dss

may assume even a negative value, especially at 60�C.
Finally, it is important to underline that, the main differ-
ence between TPU and SBR, which leads to a different
trend in the calculated damage, is the amount of residual
deformation λres. In the case of SBR, λres is mostly negligi-
ble while, in the case of TPU, λres accounts for almost
one third of λmax and has a great effect on the rescaling
procedure.

3.2 | Interpretation of the estimated
damage in TPU

The decrease of Dss in TPU at large applied strains is associ-
ated with a permanent increase in the initial modulus
E with applied deformation for all samples (Figure 3(D)).
In particular, TPU_XTAL, which can crystallize under
strain at 23�C, shows the highest values of E that eventu-
ally becomes even higher than in the pristine material, for
large values of maximum applied strain, which results in a
“negative damage.” This inversion of trend is not typical of
classical damage theories, where the damage parameter
increases monotonically up to failure, as observed for SBR.
The inversion of trend observed for TPU suggests that both
estimators Dls and Dss reveal the competing effect of a
strain induced damage mechanism with a strong strain-
induced stiffening mechanism that permanently affects
both the initial modulus and the strain hardening proper-
ties of TPU. This unusual increase in the initial modulus
with applied strain must depend on the specific multiphase
structure of each TPU that gets rearranged with applied
strain.16 The reduction of the long period L in highly
strained TPU was reported by several authors17–19 and
interpreted as a fragmentation of the original HD into

smaller units. We believe that the breakdown of the origi-
nal bigger HD into smaller, but probably more homoge-
neously dispersed and more numerous domains, has the
same effect of increasing the density of physical
crosslinking points, as schematically showed in Figure 6,
thus causing an increase of the stiffness. In the case of
TPU_XTAL, which crystallizes under strain, the increase
in physical crosslinking (attributed to the fragmentation of
HD) is enhanced by the intrinsic stiffness of the crystallites
(that act as additional HD and crosslinking points),
explaining the enhanced trend in E(h) for TPU_XTAL.

4 | CONCLUSIONS

We analyzed the cyclic mechanical behavior at small and
large strain of three TPU which share a similar linear
modulus (�7–8 MPa at 23�C), but have different large
strain properties, related to subtle differences in composi-
tion and microstructure. As common to most TPU, all of
these multiblock copolymers self-organize into a
microphase separated structure of HD that act as physical
crosslinks into a softer matrix. This conveys to TPU their
remarkable mechanical behavior, combining the classical
elastomeric reversible elasticity with high extensibility,
considerable strain hardening, damage softening limited
to the first loading cycle (Mullins like), and contained
plastic creep under large strain. We developed here a con-
sistent methodology to assess these different components
of the complex behavior of TPU, inspired from the work
of Merckel and co-workers11 on filled rubbers. This
allowed us to identify the occurrence of a strain induced
permanent stiffening in TPU, which is shown to increase
progressively with applied strain in uniaxial cyclic load-
ing, overcoming the damage softening effect that is com-
mon with filled rubbers.

A major focus of our work is the quantitative compar-
ison of the different components of the mechanical

FIGURE 6 Schematic illustration of HD

restructuration with strain. The fragmentation

of original HD in smaller but more numerous

units provides additional physical crosslinking

to the network. HD, hard domain [Color figure

can be viewed at wileyonlinelibrary.com]
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behavior between three different commercially available
TPU that were chosen to discriminate between role of
macroscopic large strain behavior and the microscopic
mechanisms involved in the structural modifications
induced by cyclic loadings at large strain. While
TPU_XTAL and TPU_HARD have similar fractions of
HD and a remarkable strain hardening, TPU_SOFT con-
tains evidence of the presence of crystallized PBT and has
a considerably less intense strain hardening before frac-
ture. While the macroscopic large strain behavior of
TPU_XTAL and TPU_HARD is quite similar, its micro-
scopic origin for TPU_XTAL can be partly attributed to
strain induced crystallization that only occurs in this
material. Despite their differences, we showed a surpris-
ing linear relationship between residual and maximum
strain during cycles at different temperatures and in all
three TPU resulted in a pronounced change in mechani-
cal properties after cyclic loading. However, the most
remarkable and potentially impactful result of the pre-
sent work lies in the discovery of strain induced stiffen-
ing in TPU with applied strain in cyclic loading. While
the molecular origin of this peculiar behavior in TPU
has not been clarified unambiguously yet, we propose
that it originates from the fragmentation of original HD
into smaller, but more numerous sub-units that may
themselves act as additional physical crosslinking
points.22 This strain-dependent stiffening, can be com-
pared to the strain-induced crystallization observed in
stretched natural rubber. However, while crystals in nat-
ural rubber melt when the strain is released, the SIC
stiffening of TPU has a persistent nature and adds to the
effect of HD fragmentation, which we propose as a more
general mechanism of permanent strain stiffening in
TPU. We believe that this peculiar strain induced per-
manent strain stiffening plays a major role in determin-
ing the remarkable resistance of TPU to cyclic fatigue
that we investigated in a companion paper,23 due to the
enhanced local stiffening of the crack tip region where
the strains are locally concentrated by the presence of a
notch.

5 | MATERIALS AND METHODS

5.1 | Materials

The three TPU used in this work are polyester based
polyurethanes of the Elastollan series with commercial
names EC 60 A 10P, LP9 277 10, and 565 A 12P and
were kindly provided by BASF. We labeled them
TPU_HARD, TPU_SOFT, and TPU_XTAL respectively,
to underline the difference in their large strain behavior
as will be discussed in the experimental part.

TPU_SOFT also differs from the others because it con-
tains a small percentage of crystallized poly-butadiene
terephthalate (PBT), while the other two are completely
amorphous. Their glass transition temperature Tg mea-
sured by differential scanning calorimetry (DSC at 10�/
min) is reported in Table 3.

TPU specimens were injected by the Laboratoire de
Recherche et Contrôle des Caoutchoucs et Plastiques
(LRCCP) into 2 mm thick large square-plate, from which
tensile dog-bone samples (cross section of 2 x 4 mm2)
were cut. The temperatures used in the injection molding
procedure are summarized in the Appendix A for all
samples.

The SBR rubber is filled with CB and all data con-
cerning that rubber comes from the work of Mzabi
et al.24,25 The unvulcanised SBR has a mass Mw of
120 kg/mol and a polydispersity of 1.94 and was provided
by Michelin. Its styrene content is 15 wt% and the glass
transition temperature Tg measured by differential scan-
ning calorimetry (DSC at 10�C/ min) is −48�C. The
detailed composition is reported in Table 4 as provided
by Michelin. All samples were prepared, molded, and
cured by Michelin. For tensile tests, samples were cut in
a dog-bone shape and cross section of 2 x 4 mm2 and
loaded with a strain rate of 4 s−1.

5.2 | Step-cycle tests

The dog-bone shaped samples were strongly fixed
between mechanical clamps since TPU are very tough.
An optical system was used to measure the local stretch
in the gage area of the sample and to check the absence
of slippage from the clamps during the test. The samples
were strained in uniaxial conditions at the stretch rate of
_λ = 4 s−1. The elongation was performed in a stepwise
mode: 5 or 10 cycles were performed for each increasing
value of maximum applied stretch λk for SBR and TPU
respectively. The stress was reduced to σ = 0 between
two successive steps in order to prevent buckling. Strain
ε, stretch λ, Hencky strain h, stress σ, and true stress
T are defined as below.

ε=
l− l0
l0

λ=
l
l0
σ=

F
A0

T = σ 1+ εð Þh=
ðl
l0

dε= ln λð Þ,

TABLE 3 Glass transition temperature for all TPU measured

by DSC

Sample TPU_HARD TPU_SOFT TPU_XTAL

Tg at 10�C/min −50�C −48�C −34�C

Abbreviation: TPU, thermoplastic polyurethane elastomers.
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l0 and l indicate the initial length and instantaneous
length respectively, A0 the initial cross section area and
F the measured force.

5.3 | Structural study

Information on the physical structure of nanodomains
was obtained by X-ray analysis using the facilities of the
materials science center of DSM, Netherlands. The beam
wavelength was 0.154 nm. The 2D data were integrated
using “FIT-2D” software.26 All data were corrected by
subtracting background scattering and circularly inte-
grated to obtain 1D profile. SAXS data was expressed in
terms of wave vector q= 4πsinθ

ν where 2θ is the scattering
angle and ν is the wavelength. 1D SAXS profile were
fitted with Gaussian curves to determine the central posi-
tion q* of the peak. According to Bragg's law the long
period L or inter-hard domain distance was evaluated as
L= 2π

q� . The 2D SAXS profiles were obtained for all three
TPU in relaxed conditions for two sets of samples: pris-
tine and previously strained for several times at
λmax = 2.25.

An approach based on two-phase, lamellar morphol-
ogy21 and correlation function analysis was used to iden-
tify the crystalline layer thickness (C) and bulk volume
crystallinity (ϕ) (graphically indicated in Figure 7) for
those TPU presenting random orientation of HD.

The correlation function has the form:

K xð Þ=
ð∞
0
4πq2I qð Þcos 2πqxð Þdq: ð3Þ

This approach requires the extrapolation of the
data at q ! ∞ and !0. The data were extrapolated
using Porod's law I ≈ q4 and Guinier's law: I ≈ A + Bq
respectively.
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APPENDIX A

The temperature used in the injection procedure is sum-
marized in Table A1 and schematically showed in
Figure A2.

TABLE A1 barrel temperature

profile for injection procedure. Zone

1–4 goes from the rear to the front of

the barrel

Barrel/name Zone 1 (�C) Zone 2 (�C) Zone 4(�C) Nozzle (�C) Mold (�C)

TPU_XTAL 170 180 190 185 30

TPU_SOFT 190 200 205 200 30

TPU_HARD 165 170 175 170 30

FIGURE A2 Schematic of injection process with the different

zones of the barrel [Color figure can be viewed at

wileyonlinelibrary.com]
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ABSTRACT 

 

To assess correctly limitations in use, it is important to better understand how elastomers break by the 
propagation of an existing flaw and in particular whether such propagation can be predicted. To address 
this experimentally challenging problem, we propose in this thesis to characterize in-situ the microscopic 
behavior of soft elastomers at early stages of crack propagation with a variety of advanced optical methods. 
We first introduced spatially resolved multiple speckle diffusing wave spectroscopy (MSDWS) to map 
deformation rates in elastomers and applied it to investigate the strain rate field in front of a crack before 
propagation with an excellent time resolution. In a common and simple elastomer, PDMS, we observed by 
MSDWS the existence of a large-scale (~1 cm2) strain rate heterogeneity at long times (~500 s) before 
propagation, related to the accumulation of a highly localized bond scission (~0.01 mm2) around the crack 
tip, as detected by fluorescent mechanophores. We then used a combination of mechanophore mapping, 
digital image correlation and mechanical testing to investigate the origin of the increased fracture 
toughness of a more complex multiple network elastomer, and showed that the toughening comes from a 
local blunting mechanism involving bond scission in a sacrificial network to homogenize the strain around a 
deformed crack by localized creep. By combining original DWS measurements and mechanochemistry, we 
revealed optically the rich transient behaviors of soft materials before the macroscopic propagation of a 
crack. These new insights and methodological advances will provide useful information for the design and 
practical application of fracture resistant elastomers. 

MOTS CLÉS 

 
Fracture, Adhésion, Élastomère, Hydrogel, Optique 

RÉSUMÉ 

 
Pour évaluer correctement leurs limites d'utilisation, il est important de mieux comprendre comment les 
élastomères se cassent par la propagation d'un défaut existant et en particulier si cette propagation peut 
être prédite. Pour répondre à ce problème expérimental difficile, nous proposons dans cette thèse de 
caractériser in-situ le comportement microscopique des élastomères mous aux premiers stades de la 
propagation d'une fissure avec une variété de méthodes optiques avancées. Nous introduisons d'abord la 
diffusion multiple de la lumière (MSDWS) résolue spatialement pour cartographier les vitesses de 
déformation dans les élastomères et l'appliquons, avec une excellente résolution temporelle, à la zone en 
front d’une fissure avant sa propagation. D’abord dans un élastomère commun, le PDMS, nous avons 
observé par MSDWS l'existence d'une hétérogénéité de vitesse de déformation à grande échelle (~1 cm2) à 
des temps longs (~500 s) avant la propagation, liée à l'accumulation de ruptures moléculaires hautement 
localisées (~0,01 mm2) autour de la pointe de la fissure, détecté avec des mécanophores fluorescents. Nous 
avons ensuite utilisé une combinaison de cartographie par mécanophores, corrélation d'images numérique 
et essais mécaniques pour étudier l'origine de l'augmentation de la ténacité d'un élastomère à réseaux 
multiples plus complexe, et nous avons montré que la ténacité provient d'un mécanisme d'émoussement 
local impliquant la scission des liaisons dans un réseau sacrificiel pour homogénéiser la déformation autour 
d'une fissure déformée par fluage local. Grâce à nos mesures optiques originales combinant MSDWS, 
mécanochimie et DIC, nous avons révélé de riches comportements transitoires de matériaux mous avant 
rupture. Ces nouvelles connaissances et avancées méthodologiques fourniront des informations utiles pour 
la conception de nouveaux élastomères résistants à la rupture. 
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