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Abstract

This thesis is devoted to the study of some asymptotic properties of Bienaymé-Galton-Watson
(BGW) trees and Lévy trees. BGW trees encode the genealogical structure of BGW processes
which describe the evolution of a population whose individuals reproduce asexually and
independently of each other. Lévy trees are the continuous analogues of BGW trees: they
emerge as the scaling limits of the latter and encode the genealogical structure of continuous-
state branching processes.

First, we study very general additive functionals of size-conditioned BGW trees whose offspring
distribution is critical and lies in the domain of attraction of a stable law. We show that in the
so-called global regime, when properly rescaled, they converge to functionals of a normalized
stable Lévy tree. For functionals depending only on the size and height of the tree, we describe
a phase transition using an integral test.

Next, we study the shape of normalized stable Lévy trees near their root. We show that, when
zooming in at the root at the proper speed, we get the immortal tree which consists of an
infinite branch onto which trees are grafted according to a Poisson point measure which
does not depend on the initial normalization. We apply this result to study the asymptotic
behavior of the aforementioned functionals of a normalized stable Lévy tree and we identify
two regimes in which either the size or the height dominates the other.

Finally, we study the maximal degree of critical and subcritical Lévy trees. We establish a
Poissonian decomposition of the tree along its large nodes and we determine the genealogical
structure of those nodes. Furthermore, we make sense of the distribution of the Lévy tree
conditioned to have a fixed maximal degree. We apply this to study the local limit of the Lévy
tree conditioned on having large maximal degree. We show that a condensation phenomenon
occurs in the subcritical case, whereas there is local convergence to the immortal tree in the
critical case.

Keywords: Galton-Watson trees, Lévy trees, additive functionals, scaling limit, random mea-
sure, phase transition, immortal tree, maximal degree, local limit, condensation.
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Résumé

Les arbres aléatoires apparaissent dans des contextes variés : en informatique, en biologie ou
encore en chimie organique. Cette thése porte sur I'étude de quelques propriétés asympto-
tiques de deux modeles d’arbres aléatoires : les arbres de Bienaymé-Galton-Watson (BGW)
ainsi que leurs limites d’échelle continues qui sont les arbres de Lévy. Les arbres de BGW
encodent la structure généalogique des processus de BGW qui décrivent I'évolution de la taille
d’une population dont les individus se reproduisent asexuellement et indépendamment les
uns des autres. Plus précisement, on fixe une variable aléatoire ¢ a valeurs dans N appelée la
loi de reproduction. Larbre de BGW de loi de reproduction ¢ peut alors étre construit de facon
récursive comme suit. On commence avec un individu (la racine) qui donne naissance a un
nombre aléatoire d’enfants distribué selon ¢. Aux générations suivantes, on réitére ce procédé :
chaque individu donne naissance a un nombre aléatoire d’enfants de loi ¢ indépendamment
de tous les autres. Cela permet de définir un arbre aléatoire, 'arbre de BGW de loi de reproduc-
tion ¢, dont la taille (c’est-a-dire le nombre de noeuds) est aléatoire. On note alors 7" I'arbre
de BGW conditionné a avoir exactement #n nceuds. Si l’'on suppose que la loi de reproduction
¢ est critique (c’est-a-dire E[¢] = 1) et qu’elle appartient au domaine d’attraction d'une loi
stable d’indice y € (1,2] (c’est-a-dire qu’il existe une suite (b,, n = 1) de réels positifs tels que
b;l (Zzzl ¢ — n) converge en loi vers une variable aléatoire X; de transformée de Laplace
E[exp(—1X1)] = exp(AY), ol (£, n = 1) est une suite de variables aléatoires indépendantes de
loi &) , alors il est bien connu que I'arbre de BGW conditionné a avoir n nceuds, vu comme un
espace métrique mesuré aléatoire muni de la distance de graphe et de la mesure de probabilité
uniforme sur I'’ensemble des nceuds, converge en loi apres renormalisation vers I'arbre stable
g . Ce dernier est un espace métrique aléatoire (ou plus précisément un arbre réel aléatoire),
muni d'un point distingué @ appelé la racine et d'une mesure de probabilité u (la loi uniforme
sur 'ensemble des feuilles).

Dans le premier chapitre, on étudie le comportement asymptotique des fonctionnelles ad-
ditives sur les arbres de BGW conditionnés. Une fonctionnelle F définie sur 'ensemble des
arbres est dite additive si elle est de la forme :

F)=) f(tw),
wet
ou t,, estle sous-arbre de t au-dessus du nceud w et f est une certaine fonction de cott. Ces
fonctionnelles apparaissent naturellement en informatique pour représenter le cofit des algo-
rithmes de type “diviser pour régner”, en phylogénétique pour évaluer I'équilibre d'un arbre



Résumé

ou encore en chimie comme un outil de prédiction de certaines propriétés chimiques d'une
molécule. Des exemples de fonctionnelles additives incluent la longueur de cheminement
total :

PO)=)d@ v =) Itl-It,

Vet wet
ol |ty | estle nombre de nceuds de t,,, d est la distance de graphe et @ estlaracine de t, I'indice
de Wiener :

WO =Y duv)=2[tl) [t,|-2 |t,l%

u,vet wet wet

etl'indice B; de Shao et Sokal :

1
Bi(t) = ,
. hw
Ww#P

ol1 t° est 'ensemble des nceuds internes de t et f(t,,) est la hauteur du sous-arbre t,,. Lidée,
qui trouve son origine dans I'article [52], consiste a voir une fonctionnelle additive )¢, f (t,)
comme l'intégrale de la fonction f par rapport a une certaine mesure associée a I’arbre t. Plus
précisément, on associe a tout arbre réel 7', muni d'une distance d, d'une racine ¢ et d'une
mesure finie ¢, une mesure W définie par:

da(p,x)
<\PTrf> :«Lﬂ(dX)[) f(Tr,x) dr,

ou T x est le sous-arbre de T au-dessus du niveau r qui contient le nceud x. On montre alors
que (¥, f) est une approximation de la fonctionnelle additive associée a la fonction de cotit
f et quel'application T — ¥ r est continue. Ce résultat purement analytique permet alors de
déduire la convergence des fonctionnelles additives sur les arbres de BGW conditionnés vers
des fonctionnelles de I’arbre stable lorsque la fonction de cofit f est suffisamment réguliere.
Notons que cette méthode est robuste puisqu’elle s’applique a toute suite d’arbres aléatoires
qui possede une limite d’échelle continue. On cherche ensuite a améliorer ce résultat de
convergence dans le cas particulier des arbres de BGW conditionnés en prenant des fonctions
de conit singuliéres. On se concentre sur des fonctions de cofit de la forme £(t) = [t|*h () oi1 a
et b sont deux réels quelconques et on montre le résultat suivant.

Théoréme. Supposons que la loi de reproduction ¢ est critique et qu'elle appartient au domaine
d'attraction d’'une loi stable d’'indice y € (1,2], avec une suite renormalisante (b, n = 1) qui
satisfaitb<n~"Yb, < b oit b et b sont deux réels strictement positifs. Soit t"* 'arbre de BGW de
loi de reproduction ¢ conditionné a avoir n noeuds.

(i) Siya+(y—1)b>1, onala convergence en loi :
bl+b
n

n,a n\b _(d) Y
nlta+b w;ﬂ”wl h(TW) Nn—00 Za—l,b’
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Résumé

ot la variable aléatoire limite ZZ , admet la représentation suivante en terme de l'arbre
stable I :

y d(@,x) b
Zop= f p(dx) fo KT D (Tr )" dr,
’ T

ot I x est le sous-arbre de I au-dessus du niveau r qui contient la feuille x, u(J.x) est
sa masse et h(J,.x) sa hauteur.

(ii)) Siya+(y—1)b<1, ona la convergence en loi :

1+b

n Z |Tn|ah(_rn)b (d) o

nltatb «, W W’ p—oo
wetn

En particulier, ce théoréme met en évidence une transition de phaseen ya+ (y—1)b=1.Ce
résultat est complété par I'étude de la variable aléatoire limite Zz; , bour laquelle on observe la
méme transition de phase.

Proposition. Soity € (1,2] et soient a, b € R. On a l'alternative suivante :

ya+(y-1)b>1-y Z;b<ooa.s. = [E[Zz,b]<oo,

ya+(y-Dbsl-y < Z! =coas < [E[ZZ}A:OO.

De plus, I'espérance de ZZ’ , admet une expression explicite en fonction des moments de la
hauteur de I'arbre stable.

Dans le deuxieme chapitre, on étudie le comportement asymptotique de la fonctionnelle
ZZ, , sur l'arbre stable lorsque max(a, b) tend vers I'infini. Cela nécessite de comprendre la
géométrie locale de I'arbre stable au voisinage de sa racine. En effet, on montre qu’'en se
rapprochant de la racine a la bonne vitesse, on obtient un arbre de Kesten formé d’une
branche infinie sur laquelle sont greffés des arbres stables (non normalisés) selon une mesure
ponctuelle de Poisson. Plus précisément, on choisit une feuille U uniformément au hasard
dans I'arbre stable 9 et on considere la branche reliant la feuille U a la racine @. On note
9i, 1 € Iy les sous-arbres de 9~ greffés sur cette branche, chacun a une hauteur ;. On fixe une
fonction f: (0,00) — (0,00) qui représente la vitesse a laquelle on se rapproche de la racine et
on définit pour tout € > 0 une mesure ponctuelle sz (U) par:

MW= Y S r@e
hi=f@)d(o,U)

ou Ry (773, €~ 1) est une renormalisation de I’arbre ;. Ainsi, la mesure ponctuelle ./%,I (U) dé-
crit la lignée ancestrale de la feuille U a partir de la racine et jusqu’a une certaine hauteur
f(e)d (@, U). En d’autres termes, cela revient a faire un zoom sur la racine a la vitesse f(¢) tout
en renormalisant en méme temps.

Théoréme. SoitJ l'arbre stable d'indicey € (1,2].
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Résumé

(i) Silimg_qe™1?f(e) = 0 etlim._o e~ 'f(€) = oo, alors on a la convergence en loi :

@
MUY ==Y 551,

£=0 520
au sens de la convergence vague des mesures, olt }_ s> 0 (5,T,) est une mesure ponctuelle de
Poisson indépendante de (9 ,d (@, U)).

(ii) Sif(e) =€, alors on a la convergence en loi :

(d
M2 Y sy,
=0 s<do,

Ol Y ¢>00(s,T,) est une mesure ponctuelle de Poisson indépendante de (7, d (@, U)).

. . PR P . 4
En application de ce théoreme, on peut décrire le comportement asymptotique de Z,, lorsque

max(a, b) tend vers I'infini. On distingue deux régimes selon la vitesse de b/a'~!/7.

Théoréme. Soit I l'arbre stable d'indicey € (1,2].

(i) Supposons que a— oo, b=0etb/a'~"Y — ceR,. Alors, on a la convergence en loi :

hm al—l/)/h(g*)—bzy — ooe—S[—Ct/b(f)dt
a—oo a'b 0 !

ot (S, t = 0) est un subordinateur stable de transformée de Laplace E [exp(—AS;)] =
exp(—tyA="YY), indépendent de T .

(ii) Supposons que b — oo, a =0 et a'~''"Y /b — 0. Alors, on a la convergence en probabilité :

lim bh(T)"Z! | =H(T).

b—o0

Dans le régime b/a'~!"Y — c la masse prédomine, ce qui explique 'apparition du subordina-
teur a la limite. Au contraire, dans le régime b/a'~''Y — oo, la hauteur prédomine et il n'y a
plus de subordinateur a la limite.

Dans le troisiéme chapitre, on étudie le conditionnement d'un arbre de Lévy par son degré
maximal. Les arbres de Lévy forment une famille importante d’arbres réels aléatoires qui
contient les arbres stables. Dans un certain sens, ils codent la structure généalogique des
processus de branchement a espace d’état continu et constituent ainsi les limites d’échelle pos-
sibles des arbres de BGW. Tout comme les processus de branchement, la loi d'un arbre de Lévy
est entierement caractérisée par une fonction qui s’appelle le mécanisme de branchement et
qui admet la forme de Lévy-Khintchine suivante :

w(A) =a7t+ﬁ/12+[ € M-1+Arndr), VAeR,,
(0,00)

ouaeR, feR; et est une mesure o-finie sur (0,00) qui vérifie f(o,oo) (r Ar?)m(dr) < co. On
dit que I'arbre de Lévy est critique (resp. sous-critique) si a = 0 (resp. @ > 0). La fonction v est
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en particulier 'exposant de Laplace d'un certain processus de Lévy X sans sauts négatifs et
C’est grace a ce processus X que I'on peut construire I'arbre de Lévy. Il est bien connu qu'un
point de branchement x de I'arbre de Lévy est soit binaire (cela est dt1 a la partie brownienne
[MZ), soit de degré infini (cela est di a la mesure de Lévy 7). Dans ce dernier cas, le nceud
x correspond exactement a un saut du processus de Lévy sous-jacent X dont la taille A est
prise comme définition du degré généralisé du nceud x. De facon plus intrinseque a 'arbre,
on peut montrer que A, est la limite correctement renormalisée du nombre n(x, €) de sous-
arbres au-dessus du nceud x dont la hauteur est plus grande que €. Le degré maximal A de
I'arbre de Lévy est alors défini comme le supremum du degré généralisé A, lorsque x parcourt
I’ensemble des nceuds de I'arbre. Dans la littérature, plusieurs décompositions de I'arbre de
Lévy ont été obtenues : citons la décomposition de Bismut le long de la lignée ancestrale d'une
feuille choisie uniformément au hasard [58], la décomposition de Williams le long de la lignée
ancestrale de la feuille la plus haute [2] ou encore la décomposition le long du diametre de
I'arbre [60]. Ici, on établit une nouvelle décomposition de 'arbre de Lévy I le long de ses
gros nceuds. Plus précisément, on fixe un seuil 6 > 0 et on s’intéresse a I’arbre réduit selon les
nceuds de degré plus grand que §. On montre que I'arbre élagué I~ % obtenu a partir de 'arbre
9 en effacant ces nceuds est a nouveau un arbre de Lévy dont le mécanisme de branchement
est changé. De plus, on décrit comment obtenir ’arbre de départ J en greffant de facon
poissonnienne des arbres de loi connue sur I'arbre élagué 9. Ensuite, cette décomposition
sert a donner un sens a l'arbre de Lévy conditionné a un degré maximal fixé.

Théoréme. Supposons qued >0 nest pas un atome de la mesure de Lévy n. Alors, condition-
nellement a A = 8, l'arbre de Lévy peut étre construit de la facon suivante :

(i) prendre un arbre de Lévy biaisé I~ par la taille de degré maximal inférieur ad,
(ii) choisir une feuille x au hasard dans l'arbre T ,

(iii) a cette feuille x, greffer un arbre de Lévy de degré initial § conditionné a ne pas avoir
d'autres nceuds de degré supérieur a .

En application de ce théoréme, on peut obtenir le comportement asymptotique de 'arbre
de Lévy conditionné a avoir un degré maximal tendant vers I'infini. On voit apparaitre deux
comportements radicalement différents. Dans le cas sous-critique, on observe un phénomene
de condensation : un nceud de degré infini apparait a une hauteur finie. Cela constitue le
premier résultat de convergence vers un arbre de condensation continu. Dans le cas critique,
le nceud de degré infini part a I'infini et il y a alors convergence vers un arbre de Kesten formé
d’une branche infinie sur laquelle sont greffés des arbres de Lévy selon une mesure ponctuelle
de Poisson.
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Introduction

The goal of this thesis is to study some functionals on two related models of random trees:
Bienaymé-Galton-Watson (or BGW for short) trees and Lévy trees. It contains three papers.

* [7]: Global regime for general additive functionals of conditioned Bienaymé-Galton-
Watson trees, with R. Abraham and J.-E Delmas, Probab. Theory Related Fields 182
(2022), no. 1-2, 277-351.

* [128]: Zooming in at the root of the stable tree, Electron. J. Probab. 27: 1-38 (2022).

* [6]: Conditioning (sub)critical Lévy trees by their maximal degree: decomposition and
local limit, with R. Abraham and J.-E Delmas, to be submitted.

This introductory chapter is divided into three parts. In Section 0.1, we give a historical
overview (without any pretense of exhaustion) of BGW trees and Lévy trees to motivate our
work. We also point out some connections to other fields of probability. In Section 0.2, we
introduce the main mathematical objects we consider: in particular, we define the two models
of random trees that we will be studying. Finally, Section 0.3 presents the main contributions
of this thesis.

0.1 Historical context

0.1.1 The BGW process

In probability, a branching process is a stochastic process used to model a population which
evolves randomly in time. As its name suggests, a key feature of such process is the so-called
branching property, which roughly speaking means that two disjoint subpopulations evolve
independently of each other. The simplest example of a branching process is the BGW process,
which corresponds to the following population model: start with one individual; at generation
n, each individual has a random number of children distributed according to some probability
distribution (called the offspring distribution), independently of all others. The origin of this
model goes back to the 19th century where it was introduced by Galton and Watson [75] to
study the extinction of family names. While their method based on generating functions is
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correct, they concluded erroneously that the population will always go exctinct almost surely.
Much later, in 1972, Heyde and Senata [89] discovered a note written by Bienaymé in 1845
where he correctly states that the extinction probability is equal to 1 if and only if the mean
of the offspring distribution is at most 1. Bienaymé gave some explanations, but no proof
was ever found. We refer the reader to Kendall [102, 103] and [25] for a historical background.
Ever since, the long-time behavior of BGW processes has received a lot of attention, the
classical reference on the subject being the monograph of Athreya and Ney [23]. In particular,
a celebrated result by Lamperti [114] in 1967 identifies all possible scaling limits of BGW
processes. It turns out that these are exactly the continuous-state branching (CB for short)
processes introduced by Jifina [97] in 1958. CB processes are the continuous (in space and
time) analogues of BGW processes. Roughly speaking, they are R, -valued Markov processes
that describe the evolution of a continuous population and that enjoy the branching property.
Without too much foreshadowing, let us mention that Lamperti [113] provided a relationship
between CB processes and spectrally positive Lévy processes: more specifically, there is a
one-to-one correspondance via a random time change which is commonly referred to as the
Lamperti transformation. We shall revisit this relationship between the two families through a
different lens when we discuss Lévy trees.

0.1.2 Scaling limits of BGW trees

When dealing with population dynamics, it is natural to study the behavior of the whole
genealogy rather than just a single generation at a time. The genealogy of a BGW process can
be represented by a random plane (i.e. rooted and ordered) tree, called the BGW tree, which is
finite if and only if the population goes extinct. The size of the tree (which corresponds then to
the size of the population) is random. In applications, one usually possesses some information
concerning the size of the population; different notions of size can be interesting such as the
total number of individuals but also the number of “leaves”. Therefore, it is often more natural
to consider BGW trees conditioned by their size. This family of random trees is particularly
rich as one can recover the uniform distribution on different classes of “combinatorial trees”
simply by changing the offspring distribution. Of particular interest was the behavior of BGW
trees conditioned to be large in some sense (for example large size, large height, etc). Up to
the 1990’s, this was done through a case by case study where only certain statistics of the tree
were considered, see e.g. Takdcs [148]. It was Aldous [16, 17, 18] who first suggested to study
the scaling limits of large random trees as a whole. More specifically, he showed that when the
offspring distribution has mean 1 and finite variance, conditioned BGW trees, considered as
(random) compact subsets of the space ¢! of summable sequences, converge in distribution
after rescaling toward a (random) compact subset called the Brownian tree. One central idea
emerging from this work was the advantage of viewing random trees as random metric spaces
and to study their scaling limits with respect to some variant of the Hausdorff topology on
compact subsets of a metric space. Aldous also gave several constructions of the Brownian tree:
via the coding by a normalized Brownian excursion, through its finite-dimensional marginals,
or through a line-breaking construction. There was another major development in this field



0.1. Historical context

in 2003 when Evans, Pitman and Winter [70] suggested to use the formalism of real trees —
introduced earlier for geometric and algebraic purposes —together with the Gromov-Hausdorff
topology, see e.g. [133]. This point of view is inspired by Aldous’ idea of considering random
trees as random metric spaces; however, it is intrinsic as it does not require embedding the
tree into #1. As such, it is now widely used in the field of random combinatorial structures and
gives a powerful framework for studying scaling limits.

0.1.3 Universality of the Brownian tree

The importance of the Brownian tree stems from the fact that it is the scaling limit of a large
class of random trees such as unordered binary trees [123], uniform unordered trees [82, 131],
critical multitype BGW trees [126] and some random trees with a prescribed degree sequence
[43]. Tt is also the scaling limit of several models of large random graphs which are not trees
including random dissections [47], random quadrangulations with a large boundary [35],
random outerplanar maps [44, 145], random bipartite maps with one macroscopic face [96]
and subcritical random graphs [132]. In addition to combinatorial motivations, the Brownian
tree has applications in statistical physics for its connection with random surfaces. Indeed,
one important question to physicists is whether there is a “uniform” 2-dimensional surface;
see e.g. Ambjorn, Durhuus and Jonsson [22]. One way to answer this question is to consider a
discrete version of random surfaces, namely random planar maps, and to study their scaling
limits. In the seminal work [45], Chassaing and Schaeffer established a bijection between
random maps and labelled trees, the so-called Cori-Vauquelin-Schaeffer (CVS) bijection.
Then, it makes sense that the “uniform” 2-dimensional surface is coded by the “uniform”
labelled tree through the CVS bijection. This is the construction given in 2007 by Le Gall
[117] of the so-called Brownian map in terms of the Brownian tree with Brownian labels. The
Brownian map was then shown to be the scaling limit of a large class of random maps, see
e.g. (127,118, 36, 11, 12].

0.1.4 Superprocesses

A superprocess is a measure-valued Markov process which combines the branching structure
of a CB process with a spatial motion given by some Markov process, see e.g. Dawson [48],
Perkins [134] and references therein. In other words, individuals do not only reproduce
but they also move in space independently according the same law. The superprocess at a
given time ¢ is then a random measure describing the positions of individuals alive at time
t. It has been known for a long time that superprocesses are related to partial differential
equations, see Dynkin [64, 65], and stochastic nonlinear partial differential equations, see
the survey [49] by Dawson and Perkins. The super-Brownian motion is a special instance
of a superprocess where the spatial motion is given by a linear Brownian motion and the
genealogical structure is given by the Brownian tree. In [57], Duquesne and Le Gall make a
connection between the Brownian tree and superprocesses. More precisely, they explain how
to combine the genealogical structure of the Brownian tree with a Brownian motion to obtain
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a super-Brownian motion, see also Etheridge [67, Chapter 3].

0.1.5 Lévytrees

Lévy trees were introduced by Le Gall and Le Jan [119] and Duquesne and Le Gall [57] as a gen-
eralization of Aldous’ Brownian tree. They are coded by the so-called height process, which is a
local time functional of a spectrally positive Lévy process. Duquesne and Winkel [62] provided
an alternative construction which does not make use of the height process: they obtain Lévy
trees as the limit of a growing family of BGW trees with edge lengths which is consistent under
Bernoulli percolation on leaves. Lévy trees constitute the possible scaling limits of BGW trees
just like CB processes are the scaling limits of BGW processes. Furthermore, a generalization
of the celebrated second Ray-Knight theorem states that the process describing the size of
the population alive at a given “time” in a Lévy tree is in fact a CB process. This justifies that
Lévy trees encode the genealogy of CB processes. Since their introduction, Lévy trees have
received a lot of attention: Duquesne and Le Gall [58] studied their fractal properties and
proved that they enjoy a branching property similar to that of BGW trees which states that the
subtrees above a given level are independent and distributed as the original tree; they also
showed in [59] that Lévy trees are invariant under re-rooting. Their importance is also due to
the fact that they are the building blocks used to construct scaling limits of some models of
random graphs, see e.g. Broutin, Duquesne and Wang [41, 42]. The success of Lévy trees has
also led to a couple of interesting generalizations. We mention Duquesne’s continuum random
trees with immigration [56] which encode the genealogy of CB processes with immigration, as
well as the recent work of Berestycki, Fittipaldi and Fontbona [28] and also Li, Pardoux and
Wakolbinger [120] providing a description of the genealogy of a CB process with interaction
which is motivated by biological applications.

0.1.6 Stable trees and coalescent processes

Stable trees constitute a one-parameter subfamily of Lévy trees indexed by y € (1,2] that
includes Aldous’ Brownian tree (the latter corresponding to y = 2). Duquesne [54] showed that
a conditioned BGW tree whose offspring distribution belongs to the domain of attraction of a
stable law with index y converges to the y-stable tree when the size goes to infinity. Stable trees
enjoy some remarkable properties such as self-similarity. Curien and Haas [46] showed that
stable trees are nested in the sense that inside the y-stable tree one can find a rescaled version
of the y’-stable tree for every 1 <y <y’ <2. In [77], Goldschmidt and Haas gave a line-breaking
construction of the stable tree which generalizes Aldous’ construction of the Brownian tree.
Stable trees are also intimately related to coalescent and fragmentation processes, see Bertoin
[33] for a general introduction on the subject. Coalescent processes go back to 1982 when
Kingman [105, 106] introduced his coalescent; then Pitman [135] and Sagitov [142] generalized
this model to the so-called A-coalescent. They are now widely used in population genetics to
study the genealogy of branching processes backward in time: in other words, the idea is to
trace back the ancestral lines of individuals (or species to be more exact) to see where they

4
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diverged, see e.g. Tavaré [149]. Berestycki, Berestycki and Schweinsberg [27] proved that the
Beta-coalescent (which is a special case of the A-coalescent) can be embedded in the stable
tree. Similarly, Berestycki and Berestycki [26] gave a construction of Kingman’s coalescent
in terms of the Brownian tree. In both cases, those embeddings were applied to obtain new
results about the coalescents using fine properties of stable trees.

0.1.7 Fragmentation processes and trees

Time-reversing a coalescent process gives a fragmentation process: this is a Markov process
that describes how an object with given total mass evolves as it breaks into several fragments
randomly as time passes. Fragmentation processes were introduced by Bertoin [30, 31, 32].
The first connection between fragmentation processes and continuum random trees was
established implicitly by Aldous and Pitman [19] who showed that one can obtain the 1/2-
self-similar fragmentation process by splitting the Brownian tree in a Poissonian fashion
along its skeleton; see also Bertoin [30] for a somewhat simpler construction of the Aldous-
Pitman fragmentation process. Miermont [125] obtained a self-similar fragmentation process
in a similar way from the stable tree. In this case, some care needs to be taken as there is
a fundamental difference between the Brownian tree and the non-Brownian stable trees:
indeed, the latter contain nodes with infinite degree (these are absent from the Brownian tree)
that need to be removed. More generally, Abraham and Delmas [1] and Voisin [152] studied
fragmentation processes associated with the Lévy tree by placing marks both on the skeleton
and on infinite branching nodes.

Instead of splitting along certain nodes, one can also fragment the tree by simply discarding all
the nodes located under a certain height ¢. This was first studied in the case of the Brownian
tree by Bertoin [32] who obtained a striking connection with the Aldous-Pitman fragmentation:
the only difference between the two is the speed at which fragments decay. This “duality” was
later extended to the non-Brownian stable case by Miermont [124, 125]. Delmas [51] then
studied this fragmentation at height in the general Lévy case with no Brownian part.

Conversely, there is a natural genealogical structure associated with any fragmentation process:
the common ancestor of two fragments is simply the block that contained both of them for
the last time, before a dislocation event had separated them. Haas and Miermont [81] showed
that one can encode the genealogy of a self-similar fragmentation process with negative index
by a continuum random tree, such that one recovers the original fragmentation process by
splitting the tree at height. This provides another model of continuum random trees, called
fragmentation trees, different from Lévy trees, with the intersection of those two models being
exactly the stable trees. This competing model of continuum random trees has also received
a lot of attention: Haas [80] studied the asymptotic behavior of a fragmentation tree when
the distances between nodes converge to infinity (or, equivalently, a fragmentation process
with initial mass converging to infinity); Haas, Miermont, Pitman and Winkel [83] showed
that fragmentation trees arise as the scaling limits of discrete models of random trees which
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notably include Aldous’ beta-splitting model and Ford’s alpha model; Haas and Miermont
[82] also proved that Markov branching trees converge after suitable rescaling to self-similar
fragmentation trees.

0.2 BGW trees and Lévy trees

In this section, we shall introduce the main mathematical objects that we will handle, namely
BGW trees and Lévy trees, and see how they relate to each other.

0.2.1 Discrete trees

A discrete tree is a connected acyclic graph. The trees that we will consider will be finite,
rooted (i.e. they have a distinguished vertex called the root) and ordered (i.e. children of each
vertex are ordered from left to right). Such trees are also called plane trees in the litterature.
We shall use Neveu’s formalism for discrete trees, see [129]. Let % = U,=0(N*)" be the set of
labels, with the convention (N*)? = {¢}. In other words, an element of % is a (possibly empty)
finite sequence of positive integers. If v = (v, ..., v") € %, we denote by H(v) = n its “height”
or generation. By convention, we set H(@) = 0. If v = (v1,...,v"), w = (w',...,w™) in%, we
write vw = (v1,...,v", w',..., w™) for the concatenation of v and w. In particular, we have
vy = @v = v. We say that v is an ancestor of w and write v < w if there exists u € % such that
w = vu. Define a mapping pr: % \ {¢} — % by pr(v},...,v") = (v,...,v"}) (i.e. pr(v) is the
parent of v). Finally, a discrete tree is a finite subset of % satisfying the following conditions:

(i) pet,
(i) vet\{gd} = pr(v)et,

(iii) for every v € t, there exists a finite integer k, (t) = 0 such that, for every j e N*, vj € tif
andonlyif1 < j < k,(¢).

The number k, (t) should be interpreted as the number of children of the vertex v in t and
pr(v) is its parent. The vertex @ is called the root of t. The vertex v is called a leafif k, (t) =0
and an internal vertex otherwise. We denote the set of leaves by Lf(t) and the set of internal
vertices by t°. If v € t, we define the subtree t, of t above v (rooted at v) by:

t,={we: vwet}.

We denote by [t| = Card(t) the size of t and by h(t) = max,e¢ H(v) its height.

We now introduce a way of coding discrete trees. For a discrete tree t, denote by vy =
®,v1,..., V-1 the vertices of t listed in lexicographical order (which corresponds to the depth-

6
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first search of the tree). The height function Hy = (He(n): 0 < n < [t]) is defined by:
Hi(n)=H(v,), VY0=sn<]|t.

In words, the height function is simply the sequence of the generations of the individuals of t

U4 Us
Hi(n)
U2 U3
U1 Us
n
Vg = Q5
t

Figure 1 — Example of a discrete tree (left) and its associated height function (right).

listed in the lexicographical order, see Figure 1. It is easily checked that the height function H
characterizes the tree t.

0.2.2 BGW trees

A BGW tree is the genealogical tree of a BGW process. It corresponds to the evolution of a
population in which each individual has, independently of the others, a random number of
children distributed according to the same probability measure on N.

Definition 0.2.1. Let ¢ be a non-constant N-valued random variable with mean 1 (€ is said to
be critical). A random variable T with values in the set of discrete trees is said to be a BGW tree
with offspring distribution £ (or BGW() tree for short) if:

(i) P(kg(r)=k)=P(&=k) forkeN.

(i) Foreveryk =1 withP (¢ = k) > 0, conditionally on ks (t) = k, the subtrees above the root
T1,..., Tk are independent and distributed as .

We exclude the case ¢ = 1: this corresponds to a (deterministic) population in which each
individual has exactly one child. Equivalently, we always assume that P (¢ = 0) > 0. Property
(ii) is called the branching property of the BGW tree. One can show that this distribution exists

7
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and that it is uniquely determined by the offspring distribution. In fact, we have the following
characterization: the random tree 7 is a BGW(¢) tree if and only if

Pr=0=][]P¢=k(®), (0.2.1)

vet
for every discrete tree t.

Remark 0.2.2. The definition above still works when ¢ is subcritical (i.e. E[¢] < 1). However,
when ¢ is supercritical (i.e. E[{] > 1), some care needs to be taken as the BGW tree is infinite
with positive probability. Let us mention that it is still possible to define the supercritical BGW
tree in that case, but we do not enter such considerations as we will only deal with the critical
case.

We now turn to the coding of BGW trees. Consider the height function H; of the BGW tree 7.
In general, this random process is not Markovian, but Le Gall and Le Jan [119] noticed that it
can be written as a simple functional of a random walk.

Proposition 0.2.3. Let T be a BGW() tree and let (R, n € N) be a random walk on Z with
initial value Ry = 0 and jump distribution P (R = k) =P( =k+1) foreveryk=—1. Set T =
infin=1: R, =-1} and

Kn=Card{Osksn—1: Ri = inf Rj}. (0.2.2)

k<j<n

Then, we have the following identity:

(Hy(m): 0= n<|t) @ (K,: 0= n<T). 0.2.3)
This will serve as motivation for the coding of Lévy trees, see Section 0.2.6 below.

0.2.3 Size-conditioned BGW trees

The size of a BGW tree is random. More precisely, if we let (R,, n € N) be a random walk
starting from 0 with jump distribution P (R; = k) =P (¢ = k + 1), the well-known Otter-Dwass
formula (see Otter [130], Dwass [63] and Pitman [137, Chapter 6]) writes:

IP(ITI=n)=%lP(Rn=—1). (0.2.4)

Remark 0.2.4. In fact, the preceding identity can be recovered from (0.2.3), which implies
that |7| is distributed as the hitting time T of —1 by the random walk (R, n € N), together with
Kemperman'’s formula [100, 101], which identifies the distribution of T.

Recall that the span of the integer-valued random variable ¢ is the largest integer 1o such that
P (€ € a+ AyZ) =1 for some a € Z. Since we assume that P ({ = 0) > 0, the span Ay is also the

8
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greatest common divisor of {k = 1: P (£ = k) > 0}. In particular, using (0.2.4), one can show
thatP (|7| = n) =0if n # 1 (mod Ay) while P (|7| = n) > 0 for all large n with n =1 (mod Ay), see
Section 1.4 of Chapter 1.

For every n such that P (|t] = ) > 0, we denote by 7" a BGW(¢) tree conditioned to have size
n. In other words, the tree 7" is distributed as T conditionally on |7| = n. In what follows, we
implicitly assume that n is such that P (|7| = n) > 0.

Remark 0.2.5. For special choices of offspring distribution ¢, the size-conditioned BGW(¢)
tree is uniformly distributed on a class of “combinatorial trees” with 7 vertices, see Table 1. Let
us give some examples. We say that ¢ follows the geometric distribution with parameter 1/2
and write { ~4(1/2) ifP(E = k) = 2-k=1 for every k € N. In that case, the conditioned BGW(¢)
tree 7" is uniformly distributed over the set of all discrete (i.e. rooted ordered) trees with n
vertices. If ¢ ~ 22(1) has a Poisson distribution with parameter 1 (i.e. P (¢ = k) = e~ !/k!), then
7" is uniformly distributed over the set of all rooted Cayley (i.e. rooted unordered) trees with n
vertices. Finally, if P (£ =0) =P (£ =2) = 1/2, then 1" is uniformly distributed over the set of
complete binary trees with n vertices.

Class of trees H Rooted ordered trees ‘ Rooted Cayley trees ‘ Complete binary trees ‘

Offspring E~%(1/2) E~P(1) PE=0=P(=2)=1/2
distribution

Span 1 1 2

Variance 2 1 1

Table 1 — Uniform trees viewed as conditioned BGW trees

0.2.4 Real trees

Real trees (also known as R-trees) are abstract metric spaces that generalize discrete trees
in a continuous way. Take a discrete tree and embed it in the plane, allowing edges to have
different lengths. Now, instead of thinking of the tree as just its finite set of vertices with a
collection of distances between them, regard the edges as also part of the metric space. In
other words, elements of the tree are not only the “vertices” of the discrete tree but also all the
points lying in between. This space one obtains, formed by a union of line segments, should
be areal tree. In fact, the definition of a real tree will allow for more erratic behavior.

Definition 0.2.6. A quadruple (T, d, @, 1) is called a real tree (resp. a compact real tree) if (T, d)
is a metric space (resp. a compact metric space) equipped with a distinguished vertex @ € T
called the root and a nonnegative finite measure 1 on T and if the following two properties hold
foreveryx,yeT:

(i) (Unique geodesics). There exists a unique isometric map fx,y: [0,d(x,y)] — T such that
fry(0) =xand fyy(d(x, ) =y.
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(ii) (Loop-free). If ¢ is a continuous injective map from [0,1] into T such that ¢(0) = x and
¢Q) =y, then we have ¢((0,1]) = f, ([0,d(x, y)]).

Property (ii) says that there is a unique path joining any two nodes in a real tree and this is
what makes it “tree-like”. For example, the space R? — which is certainly not tree-like — satisfies
property (i) but not (ii) since there are infinitely many paths between any two points in the
plane.

Remark 0.2.7. In the litterature, a real tree is generally defined as a metric space (7, d) satis-
fying properties (i) and (ii) above without being equipped with a distinguished vertex @ or a
measure p. In this terminology, the quadruple (T, @, d, ) is usually called a rooted measured
real tree. However, we choose to include the root and the measure in the definition of a real
tree since the trees that we will consider (viz. BGW trees and Lévy trees) are naturally equipped
with this structure. In particular, the measure p gives an intrisic way of choosing a vertex of
T uniformly at random. In that sense, our definition is in the spirit of Aldous’ definition of a
continuum real tree; see [16].

Remark 0.2.8. We will need to view discrete trees as real trees. Let a > 0. We simply embed
the discrete tree t in the plane, connect every vertex to its children in such a way that the
distance between any two adjacent vertices (of the discrete tree) is a and equip this resulting
metric space with the uniform probability measure on the set of vertices of the discrete tree.
We denote this real tree by at.

If (T, d, @, p) is a real tree, we define its set of leaves by:
LI(T) ={xe T\ {@}: T\{x}is connected},

with the convention that Lf(T) = {@} if T = {@} is the trivial tree. The height of the tree T is
defined by H(T) = sup . H(x), where H(x) = d(@, x) denotes the height of x. Note that if
(T,d, ®, ) is a compact real tree, then h(T) < co. The range of the mapping f,, described in (i)
above is denoted by [x, y] (this is the line segment between x and y in the tree). In particular,
[®, x] is the path going from the root to x, which we will interpret as the ancestral line of the
node x. We define a partial order on the tree by setting x < y (x is an ancestor of y) if and
onlyif x € [@, yl. If x, y € T, there is a unique z € T such that [@, x| N [®, y] = [@, z]. We write
z = x A y and call it the most recent common ancestor of x and y. Let x € T be a node. Let
r € [0, H(x)]. We denote by x, € T the unique ancestor of x with height H(x,) = r. As in the
discrete case, we also define the subtree T of T above x by:

Ty={yeT: x<y},
and the subtree T} of T above level r containing x by:
Trx={yeT: Hxny) zr}=Ty,.

10



0.2. BGW trees and Lévy trees

Then Ty (resp. T;,x) can be naturally viewed as a real tree, rooted at x (resp. at x,) and endowed
with the distance d and the measure w7, = u(- N Ty) (resp. the measure yr,,). Note that
T()’x = T and. TH(x)'x = Tx.

Similarly to the discrete case, there is a way to code a real tree via excursion-type functions
which we now present, see e.g. [69, Chapter 3, Example 3.14]. Let e be a positive excursion,
that is e: R, — R, is a continuous function such that e(0) = 0, e(s) > 0 for 0 < s < ¢ and
e(s) =0 for s = g, where 0 = inf{s > 0: e(s) = 0} € (0,00) is the lifetime of the excursion. Set
de(t,s) =e(t) + e(s) —2inf|;as rv s € for every £, s € [0,0] and define an equivalence relation on
[0,0] by letting t ~, s if and only if d.(t, s) = 0. Then the real tree T, coded by the excursion e
is defined as the quotient space [0, 0]/ ~,, rooted at p.(0) where p.: [0,0] — T, is the quotient
map and equipped with the distance d, and the pushforward measure p, = Ao p,! where A is
the Lebesgue measure [0,0]. Informally, this passage to the quotient corresponds to putting

e(r)

Figure 2 — Example of an excursion (left) and the real tree that it codes (right).

some glue on the bottom of the graph of e then folding it horizontally; see Figure 2. It can
be checked that this defines a compact real tree. Notice that the total mass of T, is given by
1(Te) = 0 and its height by h(T,) = sup,.ge(s).

Remark 0.2.9. Conversely, every compact real tree (7,9, d) (notice that we do not assume
that T is equipped with a measure) can be coded by a continuous excursion. Furthermore,
every compact (measured) real tree (7, @, d, 1) equipped with a linear order < that satisfies
some natural compatibility assumptions can be coded by a caglad excursion. We refer the
reader to Duquesne [55] for these results and for futher details on the coding of real trees.

0.2.5 Convergence of real trees

One of our goals is to study the convergence of (rescaled) discrete trees to continuous ones. To
this end, it is necessary to have a notion of convergence for real trees. We shall use a variant of
the Gromov-Hausdorff distance between compact metric spaces (which was introduced by
Gromov [79] for geometric applications) which takes into account that the metric spaces we
consider are marked and measured.

11



Introduction

Let(T,®,d,u) and (T',@’,d’, u') be two compact real trees. We say that a mapping ¢: (T, @, d, ()
— (T',¢',d’, /') is a root-preserving and measure-preserving isometry if ¢: (T,d) — (T',d")
is an isometry such that ¢(@) = @’ and o' = y'. Denote by T the set of root-preserving
and measure-preserving isometry classes of compact real trees. We will often identify a class
with an element of this class, writing (T, @, d, 1) (or simply T when there is no ambiguity) for
the class of (T, @, d, 1) in T. We start by recalling the definition of the Hausdorff distance. Let
(E,d) be a metric space. Given a non-empty subset A c E and ¢ > 0, the e-neighborhood of
Ais defined by A® = {x € E: §(x, A) < €}. The Hausdorff distance d1; between two non-empty
subsets A, B ¢ E is defined by:

6u(A,B) =inf{e >0: Ac B and B c A®}.

Next, we give the definition of the Lévy-Prokhorov distance which metrizes the topology of
weak convergence of finite (nonnegative) measures. The Lévy-Prokhorov distance between
two finite measures p, v on E is defined by:

Sp(p,v) =inf{e>0: u(A) <v(A®) + € and v(A) < u(A®) +¢, VAc E measurable} .

We can now give the standard definition of the Gromov-Hausdorff-Prokhorov (or GHP for
short) topology. Given two compact real trees (T, @, d, u), (T', @', d’,u’) € T, we set:

diyp(T, T = inf{8(p(2),¢' (@) v Su(@ (1), ' (TN v Sp(pop™ o' D},

where the infimum is taken over all isometries ¢: T — E and ¢’: T' — E into a common metric
space (E,6). It can be checked that the space (T, dg;;;) is a Polish metric space, see e.g. [5].

Remark 0.2.10. Other topologies on the set of compact real trees (and more generally, com-
pact metric measure spaces) have appeared in the litterature. As mentioned by Villani [151],
there are essentially two approaches. The first one — which we follow — consists in combining
the Hausdorff metric with the Prokhorov metric to compare both geometric and measure-
related properties of the spaces. The second approach is to emphasize the role of the measures.
This idea originates from the work of Gromov [79] where it is induced by the so-called box-
metrics. Greven, Pfaffelhuber and Winter [78] introduced the so-called Gromov-weak topology
which can be defined by the Gromov-Prokhorov distance. Later, it was shown by Lohr [121]
that Gromov’s box metric and the Gromov-Prokhorov metric are bi-Lipschitz equivalent. In
a sense, this topology is weaker than the GHP topology since we do not take into account
the Hausdorff distance between the two spaces. When working with this metric, the features
outside the support of the measure in the underlying space are discarded which leads to
different isometry classes. Building on the Gromov-weak topology, Athreya, Lohr and Winter
introduced the stronger Gromov-Hausdorff-weak topology which additionally compares the
Hausdorff distance of the supports of the respective measures. This is more closely related
to the GHP topology; we refer the reader to [5, 24, 104] for further discussion of the two
topologies.

12



0.2. BGW trees and Lévy trees

0.2.6 Lévytrees

Following Duquesne and Le Gall [57, 58], we will define Lévy trees as the compact real trees
coded by the so-called height process that we now introduce. Just like CB processes, the distri-
bution of the height process is characterized by a function y: R. — R, called the branching
mechanism and having the Lévy-Khintchine form:

w(A) = ad+ pA? +f e M -1+Ar)ndr), VAeR,, (0.2.5)
(0,00)

where a € R, f € R, and r is a o-finite measure on (0, 00) satisfying the integrability condition

f(o,oo) (r Ar?)(dr) < co. We say that the branching mechanism v is critical (resp. subcritical,

resp. supercritical) if @ = 0 (resp. a > 0, resp. @ < 0). We will restrict ourselves to the critical

and subcritical cases. We also assume that the Grey condition holds:

f > A < (0.2.6)
w(A)

Our starting point is a spectrally positive (i.e. without negative jumps) Lévy process X =
(Xy, t = 0) with Laplace exponent v starting from 0. Namely, we have:

E[exp(-AX,)]| =exp(tw(1), VAR,

Note that (0.2.5) entails that X does not drift to oo, see e.g. Bertoin [29, Chapter VII]. Further-
more, the Grey condition (0.2.6) implies that

>0 or f rz(dr) = oo, (0.2.7)
0,1)

which is equivalent to the paths of X being a.s. of infinite variation, see Bertoin [29]. In analogy
with (0.2.2), the idea is to define the height process as the “measure” of the set

{ss tr: Xs= ian}
[s,2]

in alocal time sense. Notice that here the Lévy process X plays the role of the random walk
R. In this direction, one can show that there exists a process H = (H;, t = 0) with continuous
paths such that the following convergence holds in probability for every ¢ = 0:

L Lt
H[ =lim - 1{I§<X5<I‘;+E} dS, (028)
0

e—=0¢
where I} = inf( 4 X is the past infimum of X. The process H is called the y-height process. In
the Brownian case y(1) = A2, it can be checked that H is distributed as a reflected Brownian
motion. Heuristically, the height process codes a Lévy forest. In order to construct the Lévy
tree, we first need to introduce the excursion measure of the height process.

13
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To that end, denote by I = (I;, t = 0) the infimum process of X defined by I, = infjy ; X. Basic
results on Lévy processes, see e.g. [29, Chapter VII], ensure that X — I is a strong Markov
process with values in R, and that the point 0 is regular. Furthermore, the process —I is a local
time at 0 for X — I. Denote by N¥ the associated excursion measure of the process X — I away
from 0. In the Brownian case, NY is the It0 positive excursion measure up to a scaling factor.
Now it is not difficult to derive from (0.2.8) that the value H; of the height process at time ¢
only depends on the excursion of X — I away from 0 which straddles time ¢. Furthermore, the
excursion intervals of H away from 0 coincide with those of X — I away from 0. It follows that
the excursion measure of H away from 0 is the “distribution” of H under N¥. We still denote it
by N¥ and we let

o=inf{t>0: H; =0} (0.2.9)

be the lifetime of H under N¥ (which coincides with the lifetime of X — I). We also let

h= sup H;. (0.2.10)

0<t<o

Definition 0.2.11. The v-Lévy tree 9 = Ty is the compact real tree coded by the v -height
process H under NV .

With a slight abuse of notation, we denote by N¥ (d9") the “distribution” of the y-Lévy tree
under N¥ (dH). Observe that under N¥, the Lévy tree I has total mass o and height b.

Remark 0.2.12. The notation H; for the height process is consistent with the height (i.e. dis-
tance to the root) in the Lévy tree 9. Indeed, recall from Section 0.2.4 that pg: [0,0] — T is
the canonical projection. Then, if we denote by x = py(t) the node of 9~ associated with ¢, it
is easy to see that the height of x satisfies H(x) = H;.

Remark 0.2.13. There are some other ways to define Lévy trees. Most notably, Duquesne and
Le Gall [57, Chapter 2] showed that Lévy trees arise as scaling limits of BGW trees. Alternatively,
Duquesne and Winkel [62] constructed Lévy trees as limits of growing families of BGW trees
with exponential edge lengths, consistent under Bernoulli percolation on leaves.

We gather some properties of the Lévy tree under its excursion measure N¥.

(i) Height. For N¥-almost every J, there is a unique leaf x* € J realizing the height,
i.e. such that H(x*) = h. Furthermore, the height ) of I satisfies:

NY (6> al =v(a), (0.2.11)

where the function v: (0,00) — (0,00) is the unique nonnegative solution of the equation:

/‘00 ﬂ =a 0.2.12)
v(a) 1//(/1) ’ o
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0.2. BGW trees and Lévy trees

(i)

(iii)

(iv)

)

Mass measure. For N¥ -almost every 9, the mass measure p is supported on the set of
leaves Lf(97). Furthermore, the total mass o = u(J") satisfies:

NY [1 - e‘“] =y ', (0.2.13)

where ! is the right-continuous inverse of .

Local times. For N¥-almost every 7, there exists a process (L%, a = 0) with values in
the space of finite measures on 9~ which is cadlag for the topology of weak convergence
and such that o

w(dx) = fo daL%(dx). 0.2.14)

For every a = 0, the measure L“ is supported on 9 (a) := {x € J : H(x) = a} the set of
nodes at height a. Furthermore, the real-valued process (L% := (L%, 1), a=0) is a CB
process with branching mechanism v under its canonical measure.

Branching property. For every a =0, let (77, i € I,) be the subtrees of I~ originating
from level a and let x; be their respective roots. Then, under N¥ and conditionally on
r.(9):={x€eJ : H(x) < a}, the measure Z,-du 6(xi’g'i) is a Poisson point measure on
T (a) x T with intensity L*(dx)NY (dg ).

Branching points. For N¥-almost every J, the branching points of I are either binary
or of infinite degree. The set of binary branching points is empty if § = 0 and is a
countable dense subset of 9~ if § > 0. The set

Broo(9) :={x €9 : 9 \{x} has infinitely many connected components}

of infinite branching points is nonempty with N¥ -positive measure if and only if 77 # 0.
If (m,1) = oo, the set Bro(J7) is countable and dense in I for N¥-almost every J .
Furthermore, the set {H(x), x € Bro(97)} coincides with the set of discontinuity times
of the mapping a — L%. For every such discontinuity time a, there is a unique x, €
Broo(9) NI (a) and A, > 0 such that

LY=L + A0,

For convenience, we define A, for every a = 0 by setting A, = 0if L% = L%". In particular,
we have L§ = LY + A, that is A, is exactly the size of the jump of the associated CB
process at time a. We will call A, the degree (or the mass) of the node x,. This is an
abuse of language since a node x, € Bro,(9") has infinite degree by definition.

We end this section with a useful decomposition of the Lévy tree. Bismut [39] gave a description

of the It6 positive excursion measure at a time chosen uniformly at random. The next theorem

extends this result to the excursion measure N¥. First, let us introduce some notations. If
T € T is a compact real tree and x € T, we denote by (T?, i € I,;) the subtrees originating from
the branch [@, x] and let &; be the height at which T is grafted. Define a point measure on
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R; x T by:
./%g: Z 6(hi,Ti)'

iel,

We will also need the probability measure PY (d9") defined on T which is the distribution of a
“Lévy forest” with initial degree r, see e.g. Abraham and Delmas [3] for a precise definition.

Definition 0.2.14. LetY ;c;0g; be a Poisson point measure on T with intensity rNY. Then Py
is defined as the distribution of the random tree I~ obtained by gluing together the trees ; at
their root.

Finally, define:
Nj (d9) =2BNY (dT) + f ru(dr) Py (d9). (0.2.15)

(0,00)

The following theorem gives a decomposition of the Lévy tree along the ancestral line of a leaf
chosen uniformly at random; see Duquesne and Le Gall [58, Theorem 4.5] or Abraham and
Delmas [3, Theorem 2.1].

Theorem 0.2.15. For every measurable function ®: R, x T — R, and for every A = 0, we have:

a
NY [ L9(dx) e MW7) | - e‘“exp(— / g(u)du), (0.2.16)
g 0
where we set:
g =a+Nj [1-e @], 0.2.17)
In particular, we have:
o~ 00 a
NY f pu(dx) e A=A @ | f dae_Mexp(— f g(u)du). (0.2.18)
g 0 0

In other words, under N¥ [0 dJ7], if we choose a leaf U uniformly at random (i.e. according to
the normalized mass measure g~} ), its height H(U) has distribution e~ %% da and, condition-
ally on H(U) = a, the point measure J%{f is a Poisson point measure on [0, a] with intensity
Nlé'. Let us mention that there are other known decompositions for the Lévy tree: a Williams’
decomposition along the ancestral line of the heighest leaf (see Abraham and Delmas [2]) and
a decomposition along the diameter of the Lévy tree (see Duquesne and Wang [60]).

0.2.7 Stable trees

Stable trees are special instances of Lévy trees that enjoy remarkable scaling properties. We say
that v is a stable branching mechanism if it is of the form (up to a multiplicative constant):

wA) =AY, VAeR,, (0.2.19)
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where y € (1,2]. We will write N” for the excursion measure of the stable tree instead of NY'.
Observe that the Brownian case (1) = A? corresponds to @ = 0, = 1 and 7 = 0 while the
non-Brownian stable case /(1) = 1Y with y € (1,2) corresponds to @ = f = 0 and

_yiy-1 dr

74D = 1oy

(0.2.20)

where I' is Euler’s gamma function.

When the branching mechanism is stable, the Lévy process X is self-similar. More precisely,
the process (a~''7 X, t = 0) is distributed as X for every a > 0. This implies the following
identity in distribution for the stable tree:

R,(J,a) under N’ D g under a'’0-UNY, (0.2.21)

where the rescaling map Ry : T x (0,00) — T is defined by:
Ry ((T,,d,),a) = (T, @,ad,a"’' " Pp). (0.2.22)

In words, Ry (7, a) is the compact real tree obtained from T by multiplying the distance by a
and the measure by a”/~1. Using the scaling property 0.2.21, one can make sense of the
stable tree conditioned by its total mass. More precisely, there exists a regular conditional
probability NZ o =N'[|lo = a] such that N’ -a.s. o = aand the following disintegration formula

(a)
holds:
© da y

1
N
YF(I—I/Y)j(; altly (@

In particular, the distribution of the lifetime o under NY is given by:

N'[dT] = [d97]. (0.2.23)

1 da
yr(-1/y) al*1r

NY[o eda] = (0.2.24)
Informally, the probability measure N(Ya) can be seen as the distribution of the stable tree
g with total mass a. Moreover, we have the following scaling property for the stable tree
conditioned by its total mass:

@

J underNj, = Ry(J,a'"""") under N}),. (0.2.25)

Definition 0.2.16. We call the stable tree with branching mechanism v (1) = AY under N(Yl) the
normalized y-stable tree.

We end this section by stating the convergence of size-conditioned BGW trees towards nor-
malized stable trees. Let { be a N-valued random variable which is critical (i.e. E[{] = 1) and
satisfies the following condition
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(H,) &Dbelongs to the domain of attraction of a stable law with index y € (1,2], i.e. E [{?Liz<py ] =
n®YL(n), where L: R, — R, isa slowly varying function.

By [72, Theorem XVII.5.2], assumption (Hy) is equivalent to the existence of a positive se-
quence (by, n = 1) such that R,/ b;, 2, X1 where R is the random walk defined in Proposition
0.2.3 and X is the stable Lévy process with Laplace exponent ¥ (1) = AY. The following result
is due to Aldous [16] in the Brownian case y = 2 and to Duquesne [54] in the non-Brownian
stable case y € (1, 2), see also Kortchemski [110].

Theorem 0.2.17. Assume that the offspring distribution ¢ is critical and satisfies (Hy). Let T"* be
a BGW() tree conditioned to have n vertices. The following convergence in distribution holds

in thespaceT:
ﬁ_[n (d)

n n—oo

T, (0.2.26)

with respect to the GHP topology, where 9 is the normalized y-stable tree.

Remark 0.2.18. Another natural notion of size for discrete trees is the number of leaves.
Kortchemski [109] showed that a BGW tree with critical offspring distribution belonging to the
domain of attraction of a stable law conditioned to have n leaves converges in distribution to
the normalized stable tree after rescaling.

Remark 0.2.19. More generally, a stable branching mechanism is of the form (1) = xAY
with ¥ > 0, and the associated tree enjoys the same self-similarity properties as above. We
choose the normalization x = 1: notice that one can always modify the sequence b, so that
the convergence (0.2.26) holds with 9 being the normalized y-stable tree with branching
mechanism (1) = A7.

0.3 Main contributions

0.3.1 Additive functionals on BGW trees
In this section, we present the main results of [7] which corresponds to Chapter 1.

Knowing that conditioned BGW trees converge in distribution to stable trees after rescaling
(see Theorem 0.2.17), one can wonder if certain functionals of those trees converge. Obviously,
the answer is positive for any functional which is continuous with respect to the GHP topology,
for example the height of the tree. However, the GHP topology is not strong enough to deal
with all interesting functionals. A typical example is the height profile of the tree, that is the
number of vertices at any given level. As Theorem 0.2.17 suggests, this turns out to converge
towards the local time process of the Brownian tree in the finite variance case; see [53, 136].
Here, we will be be interested in a class of functionals called additive.
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Definition 0.3.1. A functional F defined on the set of discrete trees is said to be additive if it

satisfies the recursion:
0
F(ty= ) F(t)+f(v), (0.3.1)
i=1
wherety, ..., t, ) are the subtrees rooted at the children of the root of the treet, and f is a given
toll function.

Notice that an additive functional F can also be written as:

Fi)=) f(ty), 0.3.2)
wet
where t,, is the subtree of t above vertex w. Such functionals are naturally encountered in
computer science where they represent the cost of divide-and-conquer type algorithms, in
phylogenetics where they are used as a rough measure of the imbalance of trees or in chemical
graph theory where they are employed as a predictive tool for some chemical properties.
Among these, we mention the total path length defined by:

P®)=) H) =) Ityl-It, 0.3.3)

Vet wet

the Wiener index [147] defined by:

W =) duv)=2t|) lty|-2) It/ (0.3.4)
u,vet wet wet
the shape functional, the Sackin index, the Colless index and the cophenetic index, see [144]
for their definitions and also [52] for their representation using additive functionals, and
references therein. We also mention the Shao and Sokal B; index [15, 144] defined by:

1
Bi(t) = .
! th b(t,)
W#D

(0.3.5)

It is used for assessing the balance of phylogenetic trees, see e.g. [71, 91, 107, 138, 143].

We shall consider size-conditioned BGW trees whose offspring distribution is critical and lies
in the domain of attraction of a stable law. Roughly speaking, one can distinguish between
two regimes: the local and the global regime. In the local regime, the toll function is small
when the subtree is large so that the main contribution to the additive functional comes
from small subtrees. These are almost independent which intuitively explains the asymptotic
normality; see [95, 139, 153]. In the global regime, the toll function is large when the subtree
is large and the main contribution comes from large subtrees which are strongly dependent.
Thus the global shape of the BGW tree comes into play, which is why we expect the limit to
be non-Gaussian but to depend on the normalized stable tree. We shall focus on the global
regime for toll functions depending both on the size and height. Let us briefly review known
results in the litterature. Fill and Kapur [74] studied the case of additive functionals associated
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with the toll function f(t) = |t|* for uniform binary trees (which is a special case of conditioned
BGW trees, see Table 1); they observed a phase transition at a = 1/2 between the local and the
global regime. In the global regime, corresponding to a > 1/2, they proved convergence in
distribution after rescaling to a random variable characterized by its moments. This was very
recently generalized by Fill and Janson [73] to BGW trees with critical offspring distribution
with finite variance (this implies that ¥ = 2 in our notations below). When the offspring
distribution has infinite variance but lies in the domain of attraction of a stable distribution
with index y € (1,2], Delmas, Dhersin and Sciauveau [52] proved convergence in distribution
for a = 1 and conjectured a phase transition at a = 1/y. We shall prove this conjecture as a
particular case of our main result.

Let us compare the results of Fill and Janson [73] to ours which were obtained at the same
time and independently. In that paper, the authors only consider offspring distributions with
finite variance and toll functions of the form f(t) = [t|%. They view the additive functional as a
function of a; thus, on conditioned BGW trees it becomes a random analytic function. Using
powerful techniques from complex analysis, they are able to show convergence for ®a > 1/2
but also to extend their results to the so-called the intermediate regime which corresponds to
0 <Ra < 1/2. They also obtain interesting results on the line a = 1/2 under an additional
moment assumption on the offspring distribution. We use a very different approach which
is intrinsic to trees, treating additive functionals on BGW trees as random measures. The
problem is then reduced to the study of random measures, with the goal of showing their
convergence in some appropriate space of measures which integrate functions with possible
blow-up. This approach allows us to drop the finite variance assumption and also to consider
more general toll functions, in particular of the form f(t) = [t|*h(t)?. One advantage of our
approach is that it applies (at least partially) to other families of random trees that have scaling
limits, for example random Pélya trees.

By letting f vary in (0.3.2), we obtain a measure associated with every tree. More precisely, for
every discrete tree t and every a > 0, we define a (finite) measure </, on the space T x R, by:

a

(oY== Itwlf (aty,aH(w)), (0.3.6)

|t| wet°

where at,, is the compact real tree obtained from t,, by multiplying all distances by a, equipped
with |t|~! times the counting measure. The measure dgu was already considered in [52] in
a less general form. In Chapter 1, we show that dtfa is a discretization of another (finite)
measure ¥ 4, where for every compact real tree (7T, @, d, 1), we set:

H(x)
¥, )= fTu(dx)fO f(Trx,r)dr. (0.3.7)
Then, we prove that the mapping T — W is continuous for the GHP topology on T and the

topology of weak convergence on the space of measures on R, x T. In conjunction with the
scaling limit of conditioned BGW trees (see Theorem 0.2.17), this immediately yields the
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following result.

Proposition 0.3.2. Let " be a BGW() tree conditioned to have n vertices, with a critical
offspring distribution ¢ satisfying (Hy) for somey € (1,2]. We have the following convergence in
distribution and of all positive moments:

by, n (bn n by ) (d)
— T — T, —HW)|—— ¥, ), 0.3.8
s T e e ) 4 o 039
for every continuous and bounded function f: T x Ry — R, where I is the normalized y-stable
tree.

Clearly, the above reasoning is not specific to BGW trees but is very general: for any sequence
of random discrete tree (7", n € N) such that a, " converges in distribution to some random
compact real tree I for the GHP topology where (a,, n € N) is a sequence of positive numbers
converging to 0 and such that (a, E[h(™)], n € N) is bounded, one has the convergence in
distribution of the random measure ,sz¢T°,,y a
Pélya trees which are known to converge to the Brownian tree; see [82, 131].

 to W . As an example, this applies to random

As a consequence of Proposition 0.3.2, the random variable

PO AR TCEA (0.3.9)
wetn°
converges after rescaling for a = 1 and b = 0. Observe that when b = 0, this is not sufficient to
get the phase transition conjectured in [52] at a = 1/y < 1. In the specific case of conditioned
BGW trees, we can improve this result as follows. We make the stronger assumption on the
offspring distribution ¢:

(ny) E [E 2 | 9 n}] =n?YL(n)where L: R, — R, isa slowly varying function which is bounded
away from zero and infinity.

This is equivalent to the existence of a positive sequence (b,,, n = 1) such that b, /n''? is
bounded away from zero and infinity and R, /b, ‘% X, where R is the random walk defined in
Proposition 0.2.3 and X is the stable Lévy process with Laplace exponent ¥ (1) = A7.

Theorem 0.3.3. Let 1" be a BGW(() tree conditioned to have n vertices, with a critical offspring
distribution ¢ satisfying (HJ’,) forsomey € (1,2].

(@) Ifya+ (y—1)b > 1, we have the convergence in distribution and of the first moment:

b}l+b

(d)
GZ Tl )’ ——2] . (0.3.10)
Tme

n1+a+b w
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(ii) Ifya+ (y—1)b <1, we have the convergence in distribution and of the first moment:

1+b
bn
1+a+b
nttatb

d
Y % En)? ;(:); oo, 0.3.11)
et

The limiting random variable ZZ , has the following representation in terms of the normalized
y-stable random tree J:

H(x)
z),= f f(dx) fo (T, (T, ) dr, 0.3.12)
! T

where 97,  is the subtree of 9~ above level r containing x.

Thus, we obtain a phase change for functionals of the size and height at ya+ (y —1)b = 1.
Heuristically, the condition on a and b is due to the fact that the height of a (unnormalized)
stable tree scales as its total mass to the power (y —1)/y. In particular, we recover the result
of Fill and Janson [73] by taking b = 0 in the finite variance case (so that y = 2 and Zfl’ b is
a functional of the Brownian tree); in that case one can take b,, = Voenl2 where 0'? is the
variance of ¢. Taking b = 0 also confirms the conjecture of Delmas, Dhersin and Sciauveau [52]
as we observe a phase transition at a = 1/y. If we fix a = 0 and let b vary, the phase transition
occurs at b=1/(y —1) = 1. In particular, Shao and Sokal’s B; index is not covered by our result.
Let us mention that in (0.3.10) and (0.3.11), we only sum over the set of internal vertices 7"*°
instead of the whole tree 7" to avoid problems with dividing by 0 (indeed, if w is a leaf then
h(r) = 0) but one can add the leaves as long as b = 0. More generally, instead of the toll
function f(t) = [t|*h(t)?, our result applies to toll functions of the form f(t) = [t|*g(h(t)) or
f(® = h(|t)h(®)#, with the condition on a, b being replaced by an integral test; see Chapter 1
for further details.

Remark 0.3.4. Theorem 0.3.3-(ii) means that when ya + (y —1)b < 1, the normalization
bL+*P/n'*4+b is not the correct one to get a nontrivial convergence result. Let us restrict
ourselves to the finite variance case so that y = 2. Then the main result of Janson [95] implies
that under the condition 2a + b < 0, the random variable in (0.3.9) converges in distribution
after recentering and rescaling by /7 to a normal distribution, see Remark 1.1.2. This leaves a
gapfor0<2a+b<1. When b=0and 0 < a < 1/2, the situation is pretty well understood. Fill
and Janson [73] proved that there is convergence in distribution after recentering at the same
speed as our global regime, namely n%*!/2, However, they do not have an explicit expression of
the limit in terms of the Brownian tree, see Remark 1.27 therein in this direction. The nontrivial
asymptotic behavior of (0.3.9) in the regime ya + (y — 1) b < 1 in the non-Brownian stable case
v € (1,2) remains an open problem.

Problem 0.3.5. In the finite variance case, find an expression of the limit of (0.3.9) in terms
of the Brownian tree for 0 < a < 1+2 and b = 0. More generally, determine the asymptotic
behavior of (0.3.9) for b # 0 and express the limit in terms of the Brownian tree.

Problem 0.3.6. In the non-Brownian stable case y € (1,2), find the asymptotic behavior of
(0.3.9) in theregime ya+ (y —1)b < 1.
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Next, we move on to the study of the limiting random variable ZZ ,- We give a complete
description of its finiteness with the same phase transition at ya+ (y —1)b = 1 —y (notice
that the random variable considered in Theorem 0.3.3 is ZZ_I ,) and we also compute its first
moment.

Proposition 0.3.7. Fixy € (1,2] and let a, b € R. We have:

ya+(y-Db>1-y < Z <ooas < E|Z] |<co, 0.3.13)

ya+(y-Dbsl-y < Z =coas < E|Z] |=co. 0.3.14)

Furthermore, for every a,b € R such thatya+ (y —1)b > 1 -, we have:

y 1o 1 B ~ b
[E[Zu,b]—|r(_1,y)|B(a+(b+1)(1 U 1-1)E[b@"], (0.3.15)

where I is the normalized y-stable tree, I is the gamma function and B is the beta function.
Thanks to Duquesne and Wang [60], the height of the normalized y-stable tree has finite

moments of any order. In the Brownian case y = 2, the moments of the height of the normalized
Brownian tree are known explicitly:

E [Zi,b] =n"V2Eb)B(a+ (b+1)/2,1/2), (0.3.16)

where = is the Riemann xi function defined by Z(s) = %s(s — 1)~ %"2T(s/2){ (s) for every s € C
and { is the Riemann zeta function.

More generally, we can compute the intensity measure of the random measure ¥ g~ where I
is the normalized y-stable tree. The next result is taken from [128].

Proposition 0.3.8. Let 9 be the normalized y-stable tree withy € (1,2]. Let f and g be non-
negative measurable functions defined on T and R respectively. We have:

H(x)
[EU ,u(dx)f [ Tr0grdr| =N [0 -0)" Y"1 5<1y f(T)GA - 0)], (0.3.17)
g 0
where we set:

G(a)=L , Ya>0. (0.3.18)

f udx) g (a' """ H(x))
T

In particular, we have:

H(x)
E f w(dx) f(Try) dr] =N"[o(1-0)" "1 per, f(I)]. (0.3.19)
g 0

This is a key result in the proof of Proposition 0.3.7 and can be interpreted as giving the
distribution of the subtree 97  of the normalized stable tree, when x is a leaf chosen uniformly
atrandom and r is chosen “uniformly” in [0, H(x)].
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Recall that Proposition 0.3.2 applies to other families of random trees having a scaling limit
such as random Pélya trees. In particular, this implies the convergence of

PO ICIALS
wet™°
for a=1 and b = 0, where 1" is a uniform Pdlya tree with n vertices. In [131], Panagiotou and
Stufler showed that the shape of a uniform Pélya tree is essentially given by a large BGW tree
(with finite variance) that it contains. This begs the question of whether additive functionals
on uniform Pélya trees exhibit the same phase transition as conditioned BGW trees with finite
variance.

Problem 0.3.9. Determine the phase transition for functionals of the size and height on
random Pélya trees.

0.3.2 Zooming in at the root of the stable tree
In this section, we present the main results of [128] which corresponds to Chapter 2.

We study the shape of the normalized stable tree 9~ near its root. More precisely, we show
that, when zooming in at the root and rescaling, one gets the immortal tree, that is an infinite
branch on which subtrees are grafted according to a Poisson point process. In particular, the
rescaled subtrees near the root of - are independent and distributed as the unnormalized
stable tree. In other words, we forget the conditioning for the total mass to be equal to 1 when
zooming in. This idea to zoom in at the root of the stable tree is closely related to the small
time asymptotics of the self-similar fragmentation process obtained from the stable tree by
removing vertices located under height ¢, see Miermont [124] and Haas [80]. On the other
end, Goldschmidt and Haas [76] studied the behavior of the aforementioned fragmentation
process near its extinction time, which amounts to zooming in at the heighest leaf of 7.

Before stating our results, we first introduce some notations. Let 9~ be the normalized y-stable
tree and, conditionally on 97, let U be a uniformly chosen leaf, thatis U is a 9 -valued random
variable with distribution y. Denote by 97, i € Iy the trees grafted on the branch [@, U] joining
the root @ to the leaf U, each one at height h; and with total mass o; = u(97;), see Figure 3. Fix
f: (0,00) — (0,00) (this represents the speed at which we zoom in) and define for every e >0 a
point measure on R, x T by:

MDY= Y S nr ) (0.3.20)
hi=f(e) HU)

Observe that Jﬂgf (U) describes the (rescaled) ancestral line of the leaf U starting from the root
and up to a certain height given by f(¢) H(U). In words, this amounts to zooming in at the
root and rescaling everything at the same time. Finally, for any metric space E, we denote by
M, (E) the space of point measures on E equipped with the topology of vague convergence.
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0
T
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Figure 3 — The subtrees J; grafted on the branch [@, U] at height h;.

Our first main result states that the measure J%gf (U) converges to a Poisson point measure
which is independent of the underlying tree 3~ and of H(U). Recall from (0.2.22) the definition
of the rescaling map Ry and from (0.2.15) the definition of the measure N}é’ onT. Fory e (1,2],
denote by Ng the measure Ng associated with a stable branching mechanism (1) = A7.

Theorem 0.3.10. Let I be the normalized y-stable tree withy € (1,2]. Conditionally on I, let
U be a I -valued random variable with distribution u. Let (T, s = 0) be a T-valued Poisson
point process with intensity NE, independent of (9, H(U)).

(i) Iflimg_qe~V?f(e) = 0 andlim,_o e~ §(€) = oo, then we have the following convergence
in distribution in the space T x Ry x MRy x T):

(7 HW),.l W) ﬂo» (3—, HD), Y. 5@;:)) . (0.3.21)
&= 520

(ii) Iff(e) = €, then we have the following convergence in distribution in the space T x Ry x

MpRy xT):
(9,H(U),ﬂj(U))ﬂ»(9,H(U), Y 5(33)). (0.3.22)
£=0 s<H(U)

In other words, zooming in at the speed f(¢) = € gives a finite branch on which subtrees are
grafted in a Poissonian manner, whereas zooming in at a slower speed gives an infinite branch
at the limit.

As an application of this result, we study the asymptotic behavior as max(a, b) — oo of additive

functionals Z’; on the normalized stable tree. Fill and Janson [73] considered the case

b
Y =2 and b =0 (i.e. functionals of the mass on the Brownian tree) and proved that there is
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convergence in distribution as a — oo of ZZ; o properly normalized to

o0
f e Sudr,
0

where (S;, t = 0) is a 1/2-stable subordinator. Their proof relies on the connection between the
normalized Brownian excursion which codes the Brownian tree and the three-dimensional
Bessel bridge. Our aim is twofold: we extend their result to the non-Brownian stable case
v € (1,2) while also considering polynomial functionals depending on both the mass and
the height. We use a different approach - intrinsic to trees — which relies on the Bismut
decomposition of the stable tree.

We distinguish two regimes according to the behavior of b/a'~!'Y. The regime b/a'~'"Y — ce
R, is related to Theorem 0.3.10 and can be stated as follows.

Theorem 0.3.11. Assume thata — oo, b=>0and bl/a*™'"Y — ce Ry. Fixye(1,2] and let I be
the normalized y-stable tree. Then we have the following convergence in distribution:

o0
lim a'V7h(g) b2’ = | e ST gy, (0.3.23)
a—oo a’b 0

where (Sy, t = 0) is a stable subordinator with Laplace exponent (1) = y/ll_” Y, independent of
T.

Let us briefly explain why we get a subordinator S at the limit. It is well known that y is
supported on the set of leaves of 9. Let x €  be a leaf and recall that 97 x is the subtree
above level r containing x. Since the total mass of the stable tree is 1, the main contribution
to ZZ, , S @ — oo comes from large subtrees 9. with r close to 0. The height (57, ) of such
subtrees is approximately fh — r. On the other hand, their mass is equal to 1 minus the mass we
discarded from the subtrees grafted on the branch [@, x] at height less than r. By Theorem
0.3.10, subtrees are grafted on [@, x] according to a point process which is approximately
Poissonian, at least close to the root. Thus the mass p(J7;.x) is approximately 1 - S;.

Notice that as long as the exponent b of the height does not grow too quickly, viz. b/a'~'/7 — 0,
the additional dependence on the height makes no contribution at the limit. On the other
hand, in the regime b/ a~vr = oo, the height h(T, x)b dominates the mass u(J;,x)* so we
get the convergence in probability of ZZ, , with a different scaling and there is no longer a
subordinator at the limit.

Theorem 0.3.12. Assume thatb — oo, a=0anda*~'"/b—0 and fixy € (1,2]. Then we have
the following convergence in probability:

Jim bh(f/—)*bzz;b =h(T). (0.3.24)
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Recall from Proposition 0.3.7 that the random variable ZZ , 18 finite if and only if ya + (y -
1)b > 1-1, see Figure 4. Observe that we have only investigated the asymptotic behavior of
ZZ p i the first quadrant a, b € R;..

ya+(y-1)b=1-vy

Figure 4 — Phase transition for ZZ »: the random variable is finite in the shaded area and infinite
otherwise.

Problem 0.3.13. Find the asymptotic behavior of ZZ’ , in the rest of the region ya+ (y —1)b >
1 -7y as max(a, b) — co.

As mentioned above, the behavior of Zz; , depends on which of the mass or height dominates
the other. One can then ask for a finer comparison between the two quantities near the root.
Problem 0.3.14. Determine the behavior of

wIry)
b0 0D

as r — 0, where J is the normalized y-stable tree, U € J is a uniform leaf and 9.y is the
subtree of 9~ above level r containing U.

We believe the exponent y/(y — 1) is the correct one due to the scaling properties of the stable
tree under its excursion measure.

0.3.3 Maximal degree of Lévy trees
In this section, we present the main results of [6] which corresponds to Chapter 3.

We study the maximal degree of critical and subcritical Lévy trees. We establish a Poissonian
decomposition of the tree along its large nodes and we determine the genealogical structure
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of those nodes. Furthermore, we make sense of the distribution of the Lévy tree conditioned
to have a fixed maximal degree. Finally, we study the local limit of the Lévy tree conditioned
on having large maximal degree. We show that a condensation phenomenon occurs in the
subcritical case, whereas there is local convergence to the immortal tree in the critical case.

Questions regarding the maximal degree in the context of random graphs have been thor-
oughly investigated in the case of BGW trees. The first results in this direction were obtained
by Jonsson and Stefansson [98] who showed that a condensation phenomenon appears for a
certain class of subcritical BGW trees conditioned to have a large size, in the sense that with
high probability there exists a unique node with degree proportional to the size. Furthermore,
the tree converges locally to a condensation tree consisting of a finite spine with random
geometric length onto which independent and identically distributed BGW trees are grafted.
This was later generalized by Janson [94], with further results in Kortchemski [111], Abraham
and Delmas [4], Stufler [146]. On the other hand, He [85] shows that BGW trees conditioned
on having large maximal degree converge locally to Kesten’s tree (which consists of an infinite
spine onto which independent and identically distributed BGW trees are grafted) in the critical
case and to a condensation tree in the subcritical case.

In the continuum setting, Bertoin [34] determined the distribution of the maximal degree of a
stable Lévy tree (his result is formulated in terms of Lévy processes). Using the formalism of
CB processes, He and Li [88] treated the case of a general branching mechanism (in fact their
result is more general as they considered CB processes with immigration). In [87], they also
studied the local limit of a CB process conditioned to have large maximal degree (i.e. large
maximal jump). In the critical case, they showed that it converges locally to a CB process with
immigration. Later , He [86] extended the local convergence result to the whole genealogy:
more precisely, he showed that a critical Lévy tree conditioned on having large maximal
degree converges locally to an immortal tree (which is the continuous counterpart of Kesten’s
tree, consisting of an infinite spine onto which trees are grafted according to a Poisson point
process). We improve these results by considering the density version of the conditioning
instead of the tail version: more explicitly, we study the asymptotic behavior of critical Lévy
trees conditioned to have maximal degree equal to (and not larger than) a given value. Density
versions are finer than their tail counterparts and are usually more difficult to prove.

The existing litterature in the subcritical case is less developped. He and Li [87] showed
that a subcritical CB process conditioned to have large maximal degree converges locally
to a CB process with immigration which is killed (i.e. sent to infinity) at an independent
exponential time, thus underlining a condensation phenomenon. We improve this result in
several directions. Again we consider the density version of the conditioning instead of the tail
version. We also extend the convergence result to the whole genealogical structure instead of
the population size at a given time: this gives more information and, as an example, allows us
to see that only one large node emerges. Finally, we are also able to describe precisely what
happens above the condensation node.
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Before stating these results, we need to introduce some notations. We consider a general
branching mechanism 1 of the form (0.2.5) satisfying the Grey condition (0.2.6). We assume
that 7 # 0 as otherwise the Lévy tree has no infinite branching points. Finally, for the sake of
simplicity, we will assume that the Lévy measure r is diffuse. We refer the reader to Chapter 3
for results when this condition is not fulfilled.

Denote by 7 the tail of the Lévy measure 7 defined by:
A(0)=m((6,00)), VOeR,. (0.3.25)

Furthermore, for every 6 > 0, define the Laplace exponent v by:

ws(A) = (a+[ rn(dr)))l,+m2+f
fe'9) (

(e =1+Ar)ndr), VAeR,,  (0.3.26)
(5,00) 0,0]

which, in terms of the associated Lévy process, amounts to removing all the jumps with size
(strictly) larger than 6. If the Lévy measure 7 is finite, we also define:

wo() = (a+[ rn(dr))/l+,67tz, VAER,. (0.3.27)
(0,00)

Recall from Section 0.2.6 that every infinite branching point x, (at height a) of the Lévy tree
has a “degree” A, > 0. We denote by A the maximal degree of the Lévy tree defined by:

A =supA,. (0.3.28)
a=0
The distribution of the maximal degree A under the excursion measure N¥ has already been
determined by He and Li [88] in the context of CB processes. However, the next result giving
the joint distribution of the maximal degree A and the lifetime o is new.

Proposition 0.3.15. Foreveryd >0 and A = 0, we have:
N4 [1 —e_]wl{ASg}] = ;' @O) + A). (0.3.29)
Furthermore, if the Lévy measure n is finite, we have:

NY [1-e M 1pmg] =95 (1) + D), (0.3.30)

Next, we give a decomposition of the Lévy tree along its large nodes, see Figure 5. More
precisely, we show that the pruned Lévy tree (i.e. the subtree obtained by removing all nodes
with large degree and the subtrees above them) is again a Lévy tree. Furthermore, one can
recover the original tree from the pruned one (in distribution) by simply grafting Lévy forests
at uniformly chosen leaves in a Poissonian manner. Before stating the result, we first need
some notations. Recall from Definition 0.2.14 that P}’ denotes the distribution of the Lévy
forest with initial degree r. For every § > 0 such that 7(6) > 0, we let @Z be the distribution of
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a Lévy forest with random initial degree with distribution 7 conditioned on being larger than
0. More formally, we set:

1
V1o — Vg
@5 da) = 70) /(‘6100)7'[((17”) P (d9). (0.3.31)

We also need to define the grafting procedure. Given a real tree T € T and a finite or countable
family ((x;, T;), i € I) of elements of T x T, we denote by

T ®ier (x3, T7)

the real tree obtained by grafting 7; on T at the node x;. For a precise definition, we refer the
reader to [3, Section 2.4].

Theorem 0.3.16. Let§ = 0 such that 1 (5) < co. Under NY¢ and conditionally on (3,9, d, W),
let (x;,97), i € I) be the atoms of a Poisson point measure with intensity () p(dx) @g da.
Then, under N¥s, the random tree I ®;c1 (x;,9;) has distribution NV .

Figure 5 — Decomposition of the Lévy tree 9 along the nodes with degree larger than 6
(left) and the associated discrete forest (right). In blue: the pruned subtree 979, in red: the
first-generation nodes with degree larger than .

Theorem 0.3.16 is a special case of the main result of Abraham, Delmas and Voisin [8]. In that
paper, the authors study a pruning procedure where they cut the tree according to some marks
on the skeleton and on the infinite branching points. However, our proof is much simpler
than theirs in this special case as the number of marks is finite.

As an application of Theorem 0.3.16, we determine the genealogical structure of the large
nodes. More precisely, under N, let ts be the (random) discrete forest consisting of nodes with
degree larger than 6 and respecting the tree structure of J; see Figure 5. Unsurprisingly, due
to the branching property of the Lévy tree, the random forest t5 is a BGW forest. Given two N-
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valued random variables Z; and ¢, we call a (7, {)-BGW forest a collection of Zy independent
BGW(¢) trees. We call Zj the initial distribution and ¢ the offspring distribution.

Proposition 0.3.17. Under NY, the random forest ts is a BGW forest, with initial distribution
Zg given by:
5
N [1-e% | =y5! (1-eh7©), ¥A>0, 0.3.32)

and offspring distribution & given by:

N [e‘“g] - e~ "V5' (1=eN7®) 1 dr), WA >O0. (0.3.33)
7(6) J6,00)

One of our main results is the following theorem in which we make sense of the distribution of
the Lévy tree conditioned to have a fixed maximal degree.

Theorem 0.3.18. There exists a regular conditional probability N¥ [-|A = §] for § > 0 such that
7[6,00) > 0, which is given by, for every measurable and bounded F: T — R:

NY[F(9)A=6] = L [f,u(dx) Ps(dT IA<OF(T ® (x,T)1jacq) |- (0.3.34)
N¥[01ia<s]

Furthermore, if (71,1) = co, then N¥ -a.e. A > 0. If (w,1) < co then we have:

NY[F(T)1ja=0)] = NV [E(T)e” ™17, (0.3.35)

In particular, the Lévy tree conditioned to have maximal degree & can be constructed as follows:
take I with size-biased (and degree-restricted) distribution N¥[01ir<4] “INV olipa<sy],
choose a leaf uniformly at random in J~ and on this leaf graft an independent Lévy for-
est with initial degree 6 conditioned to have maximal degree A < §. In fact, this conditioned
random forest will have no nodes with degree 6 other than the root, which entails that there is
aunique node X, with degree A. We show that the height of X, is exponentially distributed
and give a decomposition of the Lévy tree conditioned on A and on the height of its largest
node Xx.

Finally, we turn to the behavior of the Lévy tree conditioned to have a large maximal degree.
Similarly to the case of conditioned BGW trees, two drastically different types of limiting
behavior appear. In the subcritical case, there is a condensation phenomenon where a node
with infinite degree emerges at a finite exponentially distributed height. Denote by 7, the
pruned Lévy tree, that is the subtree obtained from 9~ by removing the largest node X, (and
the subtree above it). We let &# g be the forest above X4, seen as a point measure on R, x T (we
refer to Chapter 3 for the precise definition); this artefact is introduced to deal with the fact
that the limiting object, which we now introduce, is not a locally compact real tree. Denote by
PY (d%) the distribution of a Poisson point measure on R, x T with intensity d¢/NY [d9]: this
should be seen as the distribution of a Lévy forest with infinite initial degree.
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Let T* be the set of (isometry classes of) compact real trees that are marked, i.e. equipped with
a distinguished vertex in addition to the root @. The set T* can be made into a Polish space
when equipped with a variant of the GHP topology which takes into account the additional
mark.

Theorem 0.3.19. Assume that v is subcritical and that the Lévy measure it is unbounded. Let
F:T* ->Rand G: My[R, x T) — R be continuous and bounded and let As be equal to any one
of the following events: {A = 6}, {A > 0}, {T has exactly one node with degree larger than 8} or
{T~ has exactly one first-generation node with degree larger than 6}. We have:

Jim NY [F(Ty , Xa)G(FS)|As] = aNY PY(G(F)). (0.3.36)

f F(T,x)u(dx)
T

In particular, conditionally on Ags, the height H(Xa) of Xa converges to an exponential distribu-
tion with mean 1/ «.

In the critical case, He [86] showed that conditionally on A > §, Lévy tree converges locally to
the immortal tree. It should be no surprise then that the density version A = § gives rise to the
same limiting behavior. We need to define the notion of local convergence for locally compact
real trees. For every h > 0, define the restriction mapping on the set of (isometry classes of)
real trees by:

(T, d, @, 1) = (T",d\pnyn, @, 1y ) where T" = {xe T: H(x) < h}.

In other words, r;,(T) is the real tree obtained from T by removing all nodes whose height is
larger than £, equipped with the same metric and measure restricted to 7". Recall that the
Hopf-Rinow theorem implies that if T is a locally compact real tree, the closed ball 1, (T) is
compact. In particular, r;,(T) € T and we can use the GHP topology. We say that a sequence
T, of locally compact trees converges locally to a locally compact tree T if for every h > 0, the
sequence 1y (T},;) converges for the GHP topology to r;(T) in the space T.

Before stating our result, we need to define the immortal tree. Let }_;c;6(s,,5;) be a Poisson
point measure on R, x T with intensity ds N;;/(dg~ ), where the measure Ng isdefined in (0.2.15).
The immortal Lévy tree 9, with branching mechanism v is the real tree obtained by grafting
the point measure ) ;c; 6 (s, 7;) on an infinite branch. More formally, we set:

T =Ry ®ics (55,97), (0.3.37)

where R; is considered as a real tree rooted at 0 and equipped with the Euclidean distance
and the zero measure.

Theorem 0.3.20. Assume that v is critical and that n is unbounded. Let As be equal to any of
the following events: {A = 8}, {A > 6}, {F has exactly one node with degree larger than 0} or {9~
has exactly one first-generation node with degree larger than 6}. Then, conditionally on As, the
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Lévy tree I~ converges in distribution locally to the immortal Lévy tree I, i.e. we have:
Jim NY [F(r,(9))|As] = E [F(rh(ﬂ;f ))] . (0.3.38)
—00

Remark 0.3.21. Let us briefly highlight the changes when the Lévy measure 7 has atoms;
we refer to Chapter 3 for further details. The joint distribution of A and o (Proposition
0.3.15), the decomposition of the Lévy tree along its large nodes (Theorem 0.3.16) and the
branching structure of large nodes (Proposition 0.3.17) all remain unchanged. We can still
make sense of the conditional distribution N¥[-|A = §] (Theorem 0.3.18) when 7 ({6}) > 0:
instead of the conditioned Lévy tree having exactly one node with degree §, the number of
first-generation nodes with degree 6 has a Poisson distribution conditioned on being at least 1.
In the subcritical case, when letting 6 — oo, there is exactly one node with degree § with high
probability. As a result, we observe the same condensation as in Theorem 0.3.19, that is only
one condensation node emerges. In the critical case, we show that there is local convergence
to the immortal tree (as in Theorem 0.3.20) provided some condition on the size of the atoms
is satisfied. However, we do not know whether this additional assumption is necessary.

We conclude with some open problems. In [60], Duquesne and Wang investigate a similar
question on Lévy trees: conditioning by the diameter. They apply their results to study the
asymptotic behavior of the cdf of the diameter of the normalized stable tree at zero and infinity.

Problem 0.3.22. Find the asymptotic behavior of the cdf of the maximal degree of the nor-
malized stable tree at zero and infinity.

Finally, conditioning Lévy trees by their width could be another interesting line of research.
Some results are already obtained in this area: He [86] showed that a critical Lévy tree condi-
tioned to have large width converges locally to the immortal tree; Abraham, Delmas and He
[9] studied the asymptotic behavior of the Brownian tree conditioned to have local time at
level ¢ equal to some determinstic function a; and identified four regimes (one of them being
conjectured) depending on the growth rate of a;.

Problem 0.3.23. Determine the local limit of a (sub)critical Lévy tree conditioned by its width
or its local time at a given level.
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1] Global regime for general additive
functionals of conditioned BGW trees

This chapter is based on the paper [7], published in Probability Theory and Related Fields.

We give an invariance principle for very general additive functionals of conditioned Bienaymé-
Galton-Watson trees in the global regime when the offspring distribution lies in the domain of
attraction of a stable distribution, the limit being an additive functional of a stable Lévy tree.
This includes the case when the offspring distribution has finite variance (the Lévy tree being
then the Brownian tree). We also describe, using an integral test, a phase transition for toll
functions depending on the size and height.

1.1 Introduction

In view of the many applications of trees (in computer science, biology, physics, ...), the study
of additive functionals on large random trees has seen a lot of development in recent years,
see references below. In this paper, we consider asymptotics for general additive functionals
on conditioned Bienaymé-Galton-Watson (BGW for short) trees in the so-called global regime.

Recall that a functional F defined on finite rooted ordered discrete trees is said to be additive
if it satisfies the recursion 4
Fi)=) Ft)+ f(v), (1.1.1)
i=1
where ty,...,t; are the subtrees rooted at the d children of the root of the tree t and f is a given
toll function. Notice that this can also be written as

F)=)_ f(tw), (1.1.2)

wet
where t,, is the subtree of t above the vertex w and rooted at w. Such functionals are encoun-
tered in computer science where they represent the cost of divide-and-conquer algorithms, in
phylogenetics where they are used as a rough measure of tree shape to detect imbalance or in
chemical graph theory where they appear as a predictive tool for some chemical properties.
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Among these, we mention the total path length defined as the sum of the distances to the root
of all vertices, the Wiener index [147] defined as the sum of the distances between all pairs of
vertices, the shape functional, the Sackin index, the Colless index and the cophenetic index,
see [144] for their definitions and also [52] for their representation using additive function-
als, and the references therein. See also [139] for other functionals such that the number of
matchings, dominating sets, independent sets for trees. We also mention the Shao and Sokal
B; index [15, 144] defined by

1
Biv= ) (1.1.3)

wet® h (tw) ’
w#p

where for every finite rooted ordered tree t, h(t) is its height and t° is the set of internal vertices.
It is used for assessing the balance of phylogenetic trees, see e.g. [71, 91, 107, 138, 143].

We shall consider in this paper random discrete trees 7" which are BGW trees conditioned to
have n vertices, and then study the limit of rescaled additive functionals as n goes to infinity.
One can distinguish between local and global regime. In the local regime, the toll function
is small or even vanishes when the subtree is large; so the main contribution to the additive
functional comes from the small subtrees. These being almost independent, we understand
intuitively why the limit distribution is Gaussian. See [95, 139, 153] for asymptotic results in
the local regime. In the global regime, the toll function is large when the subtree is large; so the
main contribution comes from large subtrees which are strongly dependent. This intuitively
explains why we expect the limit to be non-Gaussian. As far as we know, asymptotic results in
the global regime deal with toll functions depending only on the size. In this paper, we shall
focus on the global regime for general toll functions. In particular, our results apply to toll
functions depending on the size and height. When the toll function is monomial in the size of
the tree f(t) = |t|%, with |t| the cardinal of t, Fill and Kapur [74] observed a phase transition at
a’ = 1/2 for binary trees under the Catalan model (which is a special case of conditioned BGW
trees): the global regime corresponds to a’ > 1/2. This was later generalized by Fill and Janson
[73] to BGW trees with critical offspring distribution with finite variance using techniques
from complex analysis; they identified a local regime for a’ < 0 and an intermediate regime for
0 < @’ < 1/2. When the offspring distribution has infinite variance but lies in the domain of
attraction of a stable distribution with index y € (1, 2], Delmas, Dhersin and Sciauveau [52]
proved convergence in distribution for @’ > 1 using stable Lévy trees and conjectured a phase
transition at @’ = 1/y. We shall prove this conjecture, as a particular case of our main result,
see Theorem 1.1.1.

Let ¢ be an N-valued random variable. We write BGW(¢) tree for a BGW tree with offspring
distribution (the law of) £. We denote by 7" a BGW(¢) tree conditioned to have n vertices and
we assume that ¢ is critical, i.e. E[{] = 1, and that it belongs to the domain of attraction of a
stable distribution with index y € (1,2], i.e. there exists a positive sequence (b, n = 1) such
that if ({,;, n = 1) is a sequence of independent random variables with the same distribution
as ¢ then b;l (Z Z:l i — n) converges in distribution towards a stable random variable whose
Laplace transform is given by exp (kA7) for A = 0, with index y € (1,2] and normalizing constant
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x > 0 (the constant k¥ depends on the choice of the sequence (b,, n = 1)). Notice that ¢ is
necessarily nondegenerate, i.e. ¢ is not constant, since x > 0. Under these assumptions, it is
also well known that, as n goes to infinity, 7" properly rescaled converges in distribution with
respect to the Gromov-Hausdorff-Prokhorov topology to the stable Lévy tree 9 with index y
(and branching mechanism (1) = kA7, see Section 1.4.2 for a precise definition), see Aldous
[16] for the finite variance case and Duquesne [54] for the general case. The stable Lévy tree is
a generalization of Aldous’ Brownian continuum random tree which corresponds to y = 2. We
refer the reader to Le Gall and Le Jan [119], Duquesne and Le Gall [57, 58] for the definition
of Lévy trees, see also Section 1.4.2 for a brief summary in the stable case. We recall that any
real tree T is endowed with the length measure ¢(dy) (which roughly speaking is the Lebesgue
measure on the branches of the tree) and that the Lévy tree is naturally endowed with a mass
measure (which roughly speaking is the uniform probability measure on the infinite set of
leaves). One of our main results can be stated as follows. We refer the reader to Proposition
1.7.1 and Theorem 1.7.3 for more general statements. Recall that t° denotes the set of internal
vertices of the discrete tree t.

Theorem 1.1.1. Lett" be a BGW(¢) tree conditioned to have n vertices, with & being critical and
in the domain of attraction of a stable distribution with indexy € (1,2]. We suppose moreover
that the sequence (b, n = 1) defined as above is such that (b, /n'Y, n = 1) is bounded away
from zero and infinity. Let I be the stable Lévy tree with branching mechanism y (1) = xA7.
Leta',BeR.

(i) Ifya’+(y—1)B > 1, we have the convergence in distribution and of the first moment

b1+ﬁ

P Rl )ﬁ“’”ﬂ»f m(T)Y HT;)P e(dy), (1.1.4)

nlta’+p

where the right-hand side of (1.1.4) has finite mean and, for y € I, J, is the subtree of
T above y, m(J) is its mass, and H(J) its height.

(ii) Ifya' + (y —1)B <1, we have the convergence in distribution and of the first moment

b1+ﬁ @
ﬁ +mean 1 1 5
pl+a'+p weXr:’“’ Ty) SRR (1.1.5)

We complete the previous result with some comments.

Remark1.1.2. (i) From Theorem 1.1.1, we obtain a phase change for functionals of the
mass and height at ya' + (y — 1) f = 1. Heuristically, the condition on &’ and g is due
to the fact that the height of a (unnormalized) stable Lévy tree scales as its mass to the
power (y —1)/y. Let us mention that this phase change is specific to BGW trees, see
Remark 1.4.14 in this direction.

(ii) See conditions (1) and (£2) in Section 1.4 for a more detailed discussion of the as-
sumptions on the offspring distribution. The additional boundedness assumption on
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(iii)

(iv)

W)

(vi)

(vii)
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(bn/nY7, n= 1) is also equivalent to (£2)'. The latter can be dropped in (i) of Theorem
1.1.1 when a’ = 1 and = 0 according to Proposition 1.4.11.

We also have the convergence (and finiteness) of the moments of all order p > 1in (1.1.4)
assoon as p(ya+ (y—1)p) >1-v, with @ = a’ — 1, see Proposition 1.7.1. In particular for
B =0, we have the convergence of all nonnegative moments for @’ > 1. However, in the
finite variance case, for a’ € (1/2,1) (and f = 0), our result is not optimal, see (vi) below.

Theorem 1.1.1 generalizes a result by Delmas, Dhersin and Sciauveau where only func-
tionals of the mass are considered (i.e. § = 0), see [52, Lemma 4.6]. In particular, we
prove the conjecture stated therein: when f = 0, there is a phase transition at a’ = 1/y
(the parameter a therein corresponds to a’ — 1 here). If we fix @’ = 0 and let § vary, the
phase transition occurs at § = 1/(y —1) = 1. In particular, Shao and Sokal’s B; index,
which corresponds to a’ =0 and 8 = —1, lies in the local regime, regardless the value of
the index y and is therefore not covered by our results. See also (vi) below.

If the offspring distribution has finite variance 0? € (0,00), one can take b, = b\/n in
which case 9 is distributed as the Brownian continuum random tree with branching
mechanism y(4) = 054?/(2b%). For b = oy, the contour process of I is a standard
Brownian motion under its normalized excursion measure.

Assume that the offspring distribution has finite variance a? € (0,00), which implies
that y = 2. We consider the asymptotics in the local regime of }_ ,,c;ne |T’u’)|“’ h(r?)P, that
is when o', § € R such that 2a’ + f < 0. Denote by F, g the additive functional (1.1.2)
associated with the toll function fy g(t) = |t|“'h(t)ﬁ1{|t|>1}. By [95, Theorem 1.5] and

Lemma 1.4.5, we have
Fa’,ﬁ(Tn) —npg (@

Vn n—o0
where i, 6% are finite and given by p = E [ o, 3(7)| and by ¢* = 2E [ f (1) (F,p(1) — |7I1) |
—Var(fu (1)) - u?/ U?, and 7 is the corresponding unconditioned BGW tree. In partic-
ular, this covers Shao and Sokal’s By index (where a’ = 0 and 8 = —1). Notice that this
leaves a gap for 0 <2a’ + § < 1. At least when f = 0, the situation is well understood. Fill

N (0,67,

and Janson [73] identify three different regimes: the global regime for a’ > 1/2, the local
regime for @’ < 0 and an intermediate regime for 0 < a’ < 1/2. The nontrivial asymptotic
behavior of Far,ﬁ(T") fory e (1,2) and ya' + (y — 1) < 1 (that is the non global regime in
the non quadratic case) is an open question.

When 1” is uniformly distributed among the set of full binary ordered trees with n
vertices (which corresponds to a conditioned BGW(¢) tree with P (¢ =0) =P (¢ =2) =1/2),
Fill and Kapur [74] studied the local and global regime when the toll function is a power
of the size of the tree. Concerning the global regime, they showed the convergence in
distribution, using the convergence of all positive moments in (1.1.4) for a’ > 1/2 and
B =0, see Eq. (3.14) and Proposition 3.5 therein. In that case, one can take b, = v/n and
9 is the Brownian tree with branching mechanism (1) = 12/2. See also Fill and Janson
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[73] for general critical offspring distribution with finite variance. The explicit formula
for the first moment of the right-hand side of (1.1.4) are given by the right-hand side of
(1.1.12) withxk =1/2and @ = a’ - 1.

(viii) As an application, using (1.1.4), we obtain, when a’ > 1/y, in Example 1.7.5 (with a’ =
7| log|7l|.

a + 1) an asymptotic expansion in distribution for b, n-+a) Y werne

(ix) Panagiotou and Stufler [131] showed that the shape of a uniform Pélya tree is essentially
given by a large BGW tree (with finite variance) that it contains. Using this decomposi-
tion, they proved the convergence of uniform Pélya trees after rescaling to the Brownian
tree. One may then conjecture that additive functionals on uniform Pélya trees exhibit a
phase change at 2a’ + § = 1, similarly to the finite variance BGW trees. In this paper, we
only prove that the convergence (1.1.4) holds for uniform Pélya trees when a’ = 1 and
B = 0 as an easy consequence of our approach, see Remark 1.4.13. We do not investigate
this further and we leave the phase transition as an open question. However, let us
mention that, as shown in Remark 1.4.14, slightly modifying BGW trees may resultin a
different phase change.

More generally, if one views a discrete tree as a real tree, then the left-hand side in (1.1.4) is
related to the discrete length measure £,,(dy) =3, c;n 0 (dy) of T (after rescaling by b,/ n).
One way to interpret the result would be to say that the sequence of measures [, § 7 n(dy)
converges in distribution to [ & 7, ¢(dy) in some sense. One might then hope to prove that
the mapping T — [0 1, ¢(dy) is continuous on the space of compact real trees. This is not
true however, see Remark 1.4.14, one problem being that the length measure is not finite in
general. To overcome this difficulty, our approach, inspired by [52], consists in considering
the length measure biased by the size of the subtree above y, thus penalizing small subtrees.

More precisely let T be the space of (equivalent classes of) weighted rooted compact real trees
(i.e. the set of quadruplets (T, @, d, u) where (T, d) is a real tree, @ is a distinguished vertex of T
called the root, and the mass measure p is a finite measure on 7). We recall that the length
measure ¢ on a real tree (T, d) has an intrinsic definition. For every (T, @, d, 1) € T, we define a
measure Y7 on T x R, as follows: for every nonnegative measurable function f defined on
T xRy,

Yr(f) =fo(Ty,H(y))u(Ty)€(dy), (1.1.6)

where H(y) = d(®,y) denotes the height of y (i.e. the distance to the root) in T. We also
consider the measure ‘I’?h on R? defined similarly to ¥ 1 for functions depending only on the
mass and height of the tree, see (1.3.2).

If t is a finite rooted ordered tree and a > 0, we denote by at the real tree associated with t,
rescaled so that all edges have length a and equipped with the uniform probability measure
on the set of vertices whose heights are integer multiples of a, see Section 1.2.4 for a precise
definition. Furthermore, for w € t, we write aw for the corresponding vertex in at and at,, for
the subtree of at above aw. The height of w in tis denoted by H(w); thus the height of aw in
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atis aH(w). In the spirit of [52], we consider the measure </, on T x R, defined as follows:
for every nonnegative measurable function f defined on T x R,

a

A () =— ) Itwlf (aty, aH(w)). (1.1.7)

|t| wet®

In (1.1.7), instead of summing over all the internal vertices (w € t°) one could also sum over
all vertices including the leaves (w € t); in this case the measure is denoted by < ,. The two
measures are close in total variation as dw(&ft,a,&fga) < a; see (1.4.18). We mention that the
measure < , was already considered in [52] for functions f depending only on the size.

For every finite rooted ordered tree t and a > 0, we show (see Lemma 1.4.9) that the measures
oy, and o 4 can be approximated by W 4¢. In Proposition 1.3.4, we give another expression
for ¥r:

H(x)
‘I’T(f)=fTu(dx)f0 f(Tyxr)dr, (1.1.8)

for every nonnegative measurable function f defined on T x R... Here T} , is the subtree of T
above level r containing x. This latter expression of ¥ is used to prove it is continuous as a
function of T, see Proposition 1.3.3.

Theorem 1.1.3. The mapping T — ¥ r, from T endowed with the Gromov-Hausdorff-Prokhorov
topology to 4 (T x R.), the space of nonnegative finite measures on T x R, endowed with the
topology of weak convergence, is well defined and continuous.

This allows us to derive a general invariance principle: for any sequence of random discrete
trees (7", n € N) such that a, 7" converges in distribution to some random real tree 9~ in the
Gromov-Hausdorff-Prokhorov topology where (a,, n € N) is a sequence of positive numbers
converging to 0 and such that (a,E[h(z™)], n € N) is bounded, one has the convergence in
distribution of the measures .Qf:n’ ay and «#;n 4, to W g (this is a consequence of Lemma 1.4.9
and Theorem 1.1.3). For example, this applies to Pdlya trees, see Remark 1.4.13, which were
shown to converge to the Brownian tree, see [82] and [131]. For BGW trees, we have the
following result which is a direct consequence of the convergence of conditioned BGW trees
to stable Lévy tree, see [54], and Theorem 1.1.3 and Lemma 1.4.9.

Corollary 1.1.4. Lett" be a BGW(¢) tree conditioned to have n vertices, with & satisfying (£ 1)
and (&2), and (b, n = 1) be defined as in Theorem 1.1.1. Let 9 be the stable Lévy tree with
branching mechanismw (1) = x AY. We have the following convergence in distribution and of
all positive moments

b bu_, b
= 2 |r’;|f(7”r’;,7”H(w))%%(f),

wet°

where f is a bounded continuous real-valued function defined on T x R,.

We improve this result by allowing the function f to blow up as either the mass or the height
goes to zero under the stronger assumption (£2)": see Proposition 1.7.1, and more precisely
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Theorem 1.7.3 when f is a product of a function of the mass and a function of the height, one
of them being a power function. As a particular case, property (i) of Theorem 1.1.1 gives a
precise result when f is a power function of the mass and the height. Related to the latter
result, we give a complete description of the finiteness of \I’;h (f) for power functions f where
9 is the stable Lévy tree and we also compute its first moment. We refer to Corollaries
1.6.4 and 1.6.7, and Proposition 1.6.9 for a more general statement. By convention, we write
‘Pg_h (g(x)h(w)) for ‘Pg_h (f) where f(x,u) = g(x)h(u) and we see g as a function of the mass
and h as a function of the height. In particular, thanks to (1.1.6), we have for «, § € R that
W x@ub) = [ (T3 H(T)P €(dy) with @’ = a+1.

Proposition 1.1.5. Let I be the stable Lévy tree with branching mechanism (1) = xAY and
leta, peR. We have

ya+y-D(B+)>0 < \I’T;_h(x“uﬁ)<ooa.s. = [E[‘Ifg_h(x“uﬁ)]<oo, (1.1.9)

ya+ -1+ =<0 ‘P';ih(x“uﬁ)zooa.s. — [E[‘Pg_h(x“uﬁ)]zoo. (1.1.10)
For every a, B € R such thatya + (y —1)(f+1) > 0, we have

[E[\Pg_"(x“uﬁ)] - B(a+(ﬁ+1)(1—1/y),1—1/y)[E[f;(ff)/5], (1.1.11)

kY0 (=1/7)|

whereT is the gamma function andB is the beta function. Furthermore, we havelt [‘P;_b (x%ub) p]
< oo for every p = 1 such that p(ya + (y — 1)) > 1 —y. In the Brownian case (y = 2), for every
a, B e R such that2a + f+1 >0, we have
mh o b)) - L T\ pr1l
E[vR (cu )]_\/n_K(K) ¢PBla+—=2], (1.1.12)
where ¢ is the Riemann xi function defined by £(s) = %s(s —1)~%'2I(s/2){ (s) for every s € C and
( is the Riemann zeta function.

Thanks to Duquesne and Wang [60], E [h(fT )ﬁ] is finite for all § € R, so that the right-hand side
of (1.1.11) is finite.

We conclude the introduction by giving a formula for the distribution of 97, the subtree above
¥, when y is chosen according to the length measure ¢(dy) on the stable Lévy tree 9, see
Proposition 1.6.3. This is a key result for the proof of Proposition 1.1.5 and it is also interesting
by itself (it is in particular related to the additive coalescent and the uniform pruning on
the skeleton of the Lévy tree, see Remark 1.6.2 in this direction). Let N denote the excursion
measure of height process H which codes the (unnormalized) stable Lévy tree 9. (Notice
that 9 under P is distributed as 9y conditionally on {m(9y) = 1} under N.)
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Proposition 1.1.6. Let I~ be the stable Lévy tree with branching mechanism ¥ (1) = x AY where
k>0 andy € (1,2]. Let f be a nonnegative measurable function defined on T. We have:

=N[1-mT) " mgp<ny fTw)].

E[f £y €dy)
T

The paper is organized as follows. Section 1.2 establishes notation and defines the main objects
used in this paper (discrete trees using Neveu'’s formalism, real trees, Gromov-Hausdorff-
Prokhorov topology). In Section 1.3, we give properties of the measure ¥ and prove its
continuity with respect to T. Section 1.4 introduces the setting of BGW trees and stable
Lévy trees and contains a first convergence result for continuous functions. We gather some
technical results in Section 1.5. Section 1.6 is devoted to the study of functionals of the mass
and height on the stable Lévy tree and Section 1.7 presents the general convergence result
for functions that may blow up and describes the phase change. Appendix 1.A introduces a
space of measures and studies random elements thereof; its results are used in the proofs of
Proposition 1.7.1 and Theorem 1.7.3.

1.2 Definitions and notations

1.2.1 Basic notation

Throughout the sequel, N = {0, 1,...} will denote the set of integers, N* = {1,2,...} the set of
positive integers, R the set of real numbers, R, = [0, 4+00) the set of nonnegative real numbers
and R} = (0, +o0) the set of positive real numbers.

1.2.2 Weak convergence in a Polish space

Let (S, p) be a Polish metric space. We denote by 98(S) (resp. %+(S), resp. %B,(S)) the set of
measurable functions defined on S and taking values in [—oco, +o0] (resp. in [0, +o0], resp. in
R and bounded) and by €(S) (resp. €+(S), resp. €,(S)) the set of continuous real-valued
functions defined on S (resp. nonnegative, resp. bounded). For f € 28(S), we set H f H o =
sup sl f(x)|. For f € 63(S), we define its Lipschitz and bounded Lipschitz norm:

|f(x) = F)I

oy 2 1705 = 1 flloo + 1 £

|7l = sup

XAy

We denote by .# (S) the set of nonnegative finite measures on S. For every y € .#(S) and

f € B.(S), we write u(f) = [ f(x) u(dx). We also write fu for the measure f(x)u(dx). The

set ./ (S) is endowed with the topology of weak convergence which can be metrized (see

[40, Section 8.3 and Theorem 8.3.2]) by the bounded Lipschitz distance (also known as the
Kantorovich-Rubinstein distance): if u,v € #(S), set

dpL (i, v) = sup {lu(f) = v(), f € €,(S) such that ||f||BL <1}.
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Moreover, the space (. (S),dgy) is Polish by [40, Theorem 8.9.4]. We also recall the total
variation distance given by

drv(y,v) = sup{\u(A) —v(A) | , A< S measurable}

1 1
= Esup{lu(f) —v(f)l, f € B(S) such that | f|| =<1} + 5 lu@ =v()].

1.2.3 Discrete trees

We recall Neveu'’s formalism for rooted ordered discrete trees. Let % = U,=0(N*)" be the
set of labels with the convention (N*)° = {@}. If v = (v1,..., v™) € %, we denote by H(v) = n.
By convention, we set H(@) = 0. If v = wh,..., v, w = (wh,...,w™) € U, we write vw =

1

(',...,v", w',...,w™) for the concatenation of v and w. In particular, v® = gv = v. We

say that v is an ancestor of w and write v < w if there exists u € % such that w = vu. If
v < w and v # w then we shall write v < w. The mapping pr: % \ {¢} — % is defined by
pr(vl,...,v"H) = (v',...,v™ 1) (i.e. pr(v) is the parent of v). A finite rooted ordered tree t is a
finite subset of % such that

(i) pet,
(i) vet\{p}=pr(v)et,
(iii) for every v € t, there exists a finite integer k, (t) = 0 such that, for every j e N*, vj € tif

and only if 1 = j < k,(t).

The number k, (t) is interpreted as the number of children of the vertex v in t, H(v) is its
generation, pr(v) is its parent and more generally, the vertices v, pr(v),prz(v), .. .er Wy=¢
are its ancestors. The vertex v is called a leaf (resp. internal vertex) if k, (t) = 0 (resp. k,(t) > 0).
The vertex @ is called the root of t. We denote the set of leaves by Lf(t) and the set of internal
vertices by t°. If v € t, we define the subtree t, of t above v as

ty,={we: vwet}.
Moreover, for every 0 < k < H(v), we define the subtree t; , of t above level k containing v as
tk, v= ter(V)—k(v)
where pr’ =¥ (p) is the unique ancestor of v with height k, with the convention that pr°(v) = v.

We denote by [t| = Card(t) the number of vertices of t and by §(t) = sup ., H(v) the height of t.

1.2.4 Real trees

We recall the formalism of real trees, see [69]. A metric space (T, d) is areal tree if the following
two properties hold for every x, y € T.
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(i) (Unique geodesics). There exists a unique isometric map fy y: [0,d(x, y)] — T such that
fx,y(0)=xand fy ,(d(x,y) =y.

(ii) (Loop-free). If ¢ is a continuous injective map from [0, 1] into T such that ¢(0) = x and
¢(1) = y, then we have ¢([0,1]) = fy,, (10, d(x, y)]).

For arooted real tree (T, @, d), that is a real tree with a distinguished vertex @ € T called the
root, we define the set of leaves by

Lf(T) ={xe T\{@}: T\{x}is connected},

with the convention that Lf(T) = {¢} if T = {@#}. A weighted rooted real tree (T, ®,d, ) is a
rooted real tree (T, @, d) equipped with a nonnegative finite measure p. In what follows, real
trees will always be weighted and rooted and we will simply call them real trees.

Let us consider a real tree (T, @, d, ). The total mass of the tree T is defined by m(T) = u(T)
and its height by h(T) = sup,r H(x) € [0,00], with H(x) = d(®, x) denoting the height of x.
Note that if (T, d) is compact, then h(T) < co. The range of the mapping fy,, described in
(i) above is denoted by [x, y] (this is the line segment between x and y in the tree). We also
write [x, y[= [x, yl \ {y}. In particular, [®, x] is the path going from the root to x, which we
will interpret as the ancestral line of vertex x. We define a partial order on the tree by setting
x < ¥ (x is an ancestor of y) if and only if x € [@, y]. If x, y € T, there is a unique z € T such
that [@, x] N [®, y] = [®, z]. We write z = x A y and call it the most recent common ancestor of
xand y. Let x € T be avertex. Let r € [0, H(x)]. We denote by x, € T the unique ancestor of x
with height H(x,) = r. As in the discrete case, we also define the subtree T of T above x as

Ty={yeT: x<y},
and the subtree T,y = Ty, of T above level r containing x as
Trx={yeT: HxAny)=r}=Ty,.

Then T (resp. T, x) can be naturally viewed as a real tree, rooted at x (resp. at x;) and
endowed with the distance d and the measure 1, = u(- N Ty) (resp. the measure 7, ). Note
that To,x=T and Ty, x = Tx-

Remark 1.2.1. We recall the construction of a real tree from an excursion path, see e.g. [69,
Example 3.14] or [58, Section 2.1]. Let e be a positive excursion path, thatis e € €, (R;) such
that e(0) =0, e(s) >0 for 0 < s <o and e(s) =0 for s = 0 where o :=inf{s > 0: e(s) =0} € (0,00)
is the duration of the excursion. Set d, (¢, s) = e(t) + e(s) —2infj;as,rv s € for every ¢, s € [0,0] and
define an equivalence relation on [0, ] by letting ¢ ~, s if and only if d. (¢, s) = 0. The real tree
T, coded by e is defined as the quotient space [0,0]/ ~, rooted at p(0) where p: [0,0] — T, is
the quotient map and equipped with the distance d, and the pushforward measure Ao p~!
where 1 is the Lebesgue measure on [0, 0]. This defines a compact weighted rooted real tree.
Notice that the mass and height of T, are given by m(7,) = 0 and h(T,) = |l ell -
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We will need to view discrete trees as real trees. Let t be a finite rooted ordered tree and let a > 0.
Suppose that t is embedded into the plane such that the edges are straight lines with length
a that only intersect at their incident vertices. Denote by 7¢ ,: t — R? the embedding and by
at =1 ,(t) R? the embedded set. Moreover, for a vertex v € t, we denote by av = w4 (V)
the corresponding vertex in at. Then at can be considered as a compact real tree (at, dy, 1it):
the distance d;(x, y) between two points x, y € at is defined as the shortest length of a curve
that connects x and y, and the measure y; is the pushforward of the uniform probability
measure on the vertex set of t by the embedding 7 ,. In other words, at is obtained from t
by connecting every vertex to its children in such a way that all edges have length a and is
equipped with the measure y¢ supported on the set {av: v € t} and satisfying y¢({av}) = 1/|t|
for every v € t. The tree at is naturally rooted at a® (also denoted @). Notice that vertices of
the form av with v € t are precisely those vertices in at whose heights are integer multiples
of a. Finally, to simplify notation, for every v € t, we will write at, instead of (at),, for the
subtree of at above av. We stress that, unless v = @, the measure of the compact real tree at,
has mass less than one, whereas the measure of the compact real tree a(t,) is by definition a
probability measure.

1.2.5 Gromov-Hausdorff-Prokhorov topology

Denote by T the set of measure-preserving and root-preserving isometry classes of compact
real trees. We will often identify a class with an element of this class. So we shall write that
(T,9,d,u) e Tif (T,9,d) is arooted compact real tree and yu is a nonnegative finite measure
on T. When there is no ambiguity, we may write T for (T, @, d, t).

We start by giving the standard definition of the Gromov-Hausdorff-Prokhorov distance. Let
(E,6) be a metric space. Given a non-empty subset A c E and € > 0, the e-neighborhood of
Ais A* ={x € E: d(x, A) < €}. The Hausdorff distance §; between two non-empty subsets
A, B c E is defined by

6u(A,B) =inf{e >0: Ac B and B c A%}.

Next, denoting by 98(E) the Borel o-field on (E, §), the Lévy-Prokhorov distance between two
finite nonnegative measures y,v on (E, 8(E)) is

Sp(u, v) =inf{e > 0: p(A) < v(A®) +eand v(A) < u(A%) +¢, YA€ B(E)}.

We can now give the standard distance used to define the Gromov-Hausdorff-Prokhorov
topology. For two compact real trees (T, @,d, u), (T', @', d’, /') € T, set

deyp(T, T') = inf{8(p(2),¢' (@) V Sua((T), @ (TN v Sp(pogp™ o™}, (12,1

where the infimum is taken over all isometries ¢: T — E and ¢’: T' — E into a common metric
space (E, 6). This defines a metric which induces the Gromov-Hausdorff-Prokhorov topology
onT.
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

It will be convenient for our purposes to define another metric which induces the same
topology on T. Let (T, @,d, w), (T',@',d’, u’) € T. Recall that a correspondence between T and
T’ is a subset Z < T x T’ such that for every x € T, there exists x' € T” such that (x, x) € %,
and conversely, for every x’ € T, there exists x € T such that (x,x') € Z. In other words, if
we denote by p: T x T' — T (resp. p': T x T' — T’) the canonical projection on T (resp. on
T'), a correspondence is a subset Z < T x T’ such that p(®) = T and p'(®) = T'. f Z is a
correspondence between T and T’, its distortion is defined by

dis(®) = sup{|d(x,y)-d'(x',y")|: (x, x"),(y,y) € &}.

Next, for any nonnegative finite measure m on T x T', we define its discrepancy with respect
to u and p’ by
D(m; , 1) = drv(mo p™, ) + dry(mo p' ™" ).

Then the Gromov-Hausdorff-Prokhorov distance between T and T’ is defined as

deup(T, T = inf{ % dis(%) v D(m; p, ') v m(%°) }, (1.2.2)

where the infimum is taken over all correspondences % between T and T’ such that (@, @) € Z
and all nonnegative finite measures m on T x T'. It can be verified that dgpyp is indeed a
distance on T which is equivalent to d¢;,, and that the space (T, dgup) is a Polish metric space,
see [13].

We gather some facts about the Gromov-Hausdorff-Prokhorov distance that will be useful
later. We refer the reader to [13] or [141]. We have that

% |6(T) = H(TH| v [m(T) —mu(T")| < deup(T, T) < (H(T) + H(TH) v (m(T) +m(T)).  (1.2.3)
When T’ = {@} is the trivial tree consisting only of the root with mass 0, we have
1
50D vm(T) < denp(T, {8} < b(T) vm(T). (1.2.4)
We consider the subset of T of trees with either height or mass equal to 0:
To={TeT: m(T)=0orh(T)=0}. (1.2.5)

Note that Tg < T is a closed subset since the mappings m: T — Rand §: T — R are continuous
with respect to the Gromov-Hausdorff-Prokhorov topology, thanks to (1.2.3). We now give
bounds for the distance of a tree T to Ty which are similar to (1.2.4).

Lemmal.2.2. Let T € T. Then we have
1
Eh(T)/\m(T)sdGHp(T,TO)sh(T)/\m(T). (1.2.6)
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Proof. Let(T,d,®,u) € Tand§ > dgup(T, To). Then there exists T’ € T such that dgyp(T, T') <
6. By (1.2.3), we get

1
> |H(D) = H(TH| v [m(T) —m(T")| < 6.

But since T’ € Ty, either h(T') = 0 or m(T”) = 0. Therefore, either h(T) <26 or m(T) < §. Since
6 > dgup (T, Ty) is arbitrary, this yields the lower bound.

To prove the upper bound, let T’ be the same real tree as T but endowed with the zero measure
¢ =0, and take Z = {(x,x): x € T} and m the zero measure on T x T'. Then dis(%) = 0,
m(%°) = 0and D(m; u, u') = w(T) = m(7T). It follows that dgup(T, T') < m(T). Note that T’ € Ty,
therefore

deup(T, To) < deup(T, T') < m(T).

Next, let T" = {@} be the trivial tree consisting only of the root with mass m(T), i.e. endowed
with the measure y’ =m(T)64. Take Z = T x {@} and m(A x B) = u(A)64(B). Then, we have
R =@, s0o m(Z°) =0. Moreover, we have

dis(%) =sup{ld(x, y)|: x,y € T} <2h(T).

Since mop~! = pand mop” ' =m(T)84 = ', we get D(m, i, ") = 0. It follows that dgp(T, T")
<h(T). Since T" € Ty, we deduce that

dgup(T, To) < deup(T, T") < H(D).

This finishes the proof of the upper bound. O

1.3 A finite measure indexed by a tree

Let (T, ®,d, u) be a compact real tree. Let x € T and r € [0, H(x)], where H(x) = d(®, x). Recall
that T, ={y € T: H(x A y) = r} is the subtree containing x and starting at height r, endowed
with the distance d and the measure 7, .. It is straightforward to check that T . is a compact
real tree and thus belongs to T. Define a nonnegative measure W on T x R, as follows: for
every f € B, (T xRy),

H(x)
Yr(f) =fT;u(dx)f0 f(Tyxr)dr. (1.3.1)

As we will consider functions depending only on the mass and height of the subtrees, we

introduce the measure ‘PnTﬂ] on [RZ%r defined as follows: for every f € 2. ([R&),

H(x)
v (f) = fT p(dx) fo £ (m(T;,),6(T;, ) dr. (1.3.2)

Lemma 1.3.1. Let T be a compact real tree. The mapping (r,x) — Ty x from{(r,x) eRy xT: r <
H(x)} to T is measurable with respect to the Borel o -fields. Furthermore, the measure Wr is
finite and does not depend on the choice of representative in the equivalence class in T of T.
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Proof. Let (T, ®,d, 1) be a compact real tree and set A:={(r,x) e Ry x T': r < H(x)}. For every
(r,x) € A, recall that x, € T is the unique ancestor of x with height H(x,) = r. We start by
showing that the mapping (r, x) — x, is continuous from A to T. Let (r, x), (s, y) € A. Without
loss of generality, we can assume that r = s. If H(x A y) = s, then we have y; < x and thus
¥s < Xr. This implies that d(x, ys) = r —s. If H(x A y) < s, then we have x; € [x A y, x] and
¥s € [x A y,¥]. This implies that x, and y; belong to [x, yl, and thus d(x;, ys) < d(x, y). In all
cases, we have
d(xr,ys) =d(x,y)+|r—sl.

This proves that (r, x) — x; is continuous.

The mapping y — T), from T to T is continuous from below, in the sense that for y e T
%1_1}1} dGHp(Tz, Ty) =0. (1.3.3)

=<y

To see this, let § >0, y € T and (y,,, n € N) be a sequence in T converging to y such that y, < y
for every n € N. Notice that since T is compact, it holds that there is a finite number of subtrees
with height larger than § attached to the branch [@, y]. Thus, there are no subtrees with height
larger than 6 attached to [y, y[ for n larger than some ry. Moreover, since Ty = \pen Ty, We
get that limy, ., u(Ty,) = u(T)) implying that the mass of the subtrees attached to [y, y[ goes
to 0 as n goes to infinity.

Define a correspondence between T), and T by
R={(z,2): ze Ty}|J{(z,y): z€ T, \ T}.

It is straightforward to check that dis(%) < 2(6 + d(y,,y)) for n = ny. Consider the mea-
sure on Ty, x T}, defined by m(dx, dz) = i, (dz)d,(dx) = i, (dx)6,(dz). Then we have
D(m; wt,,, yt,) < p(Ty,) — u(Ty) and m(%°) = 0. It follows from (1.2.2) that

limsup dgup(Ty,, Ty) <limsup (6 + d(yn, y) + u(Ty,) — u(Ty)) = 6.

n—oo n—oo

Since 6 > 0 is arbitrary, (1.3.3) readily follows.

Now it is not difficult to see that the continuity from below (1.3.3) of the mapping y — T
implies its measurability. By composition, it follows that the mapping (r, x) — T}, x = T, from
Ato T is measurable.

Next, notice that ¥ r is finite since

Yr(l) =fTH(x)u(dx) < h(Tm(T) < oo.

Finally, let f € B, (T xR,) and (T, ¢,d, ), (T',@',d’, u’) be two compact real trees such that
there is a measure-preserving and root-preserving isometry ¢: T — T'. This means that
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¢ is an isometry satisfying u’ = po¢~! and ¢(@) = @'. Moreover, for every x,y € T, since
H(xAy)=2"1(d(®,x)+d(®,y) - d(x,y)), we deduce that

H(xAy)=H(px)Ap().

Using this and the definitions of T}, , and T; o)’ it is easy to see that, for every x € T and

r € [0, H(x)], ¢ induces a measure-preserving and root-preserving isometry from T}, ; to T, e
and therefore f(T,x, 1) = f(T, o)’ r). Since H(x) = H(¢p(x)), it follows that

H(x)
‘PT(f)sz;u(dx)fo [Ty, x,r)dr
H(p(x)) ,
:fTu(dx)fO f(Tr_(p(x),r)dr
1 H(y)
:f o~ (dy)f f(Tr’,y,r)dr
T 0
=¥ (f).

This proves that ¥ r does not depend on the choice of representative in the equivalence class
of T which completes the proof. O

Recall that Lf(T) is the set of leaves of T. It is well known that there exists a unique o-finite
measure ¢ on (T,98(T)), called the length measure, such that Z(Lf(T)) = 0 and ¢([x, y]) =
d(x,y), see e.g. [69, Chapter 4, §4.3.5]. The next result gives an alternative expression for W r
in terms of the length measure.

Proposition 1.3.2. Let (T, ®,d, u) be a compact real tree. For every f € 3.(T xR.), we have

Yr(f) = fTﬂ(Ty)f(Ty,H(y))f(dy)- (1.3.4)

Proof. Let (T,9,d, 1) be a compact real tree and f € 98, (T xR,). Notice that {(x, y) € T?: y=
xt={(xy € T?: d(g,x)=d(®, y)+d(x,y)}is closed in T? and thus measurable. Moreover, the
mapping y — T), is measurable from T to T by the proof of Lemma 1.3.1. Thus the mapping
(x,y) = Lyy<x f (Ty, H(y)) is measurable. By Fubini’s theorem, it follows that

fT w(T) f (T, Hy) £(dy) = fT pu(dx) fT Ly<u f (Ty, H) £(dy)

= f p(dx) f £ (T, Hy) edy).
T [®,x]

Let x € T and let fz x: [0, H(x)] — [®, x] be the unique isometry such that fz »(0) = @ and
fo.x(H(x)) = x. Using that ¢,jg,xj = Ao fg’}c where A is the Lebesgue measure on [0, H(x)], we

get that
H(x)

f[[ﬁb ]]f(Ty;H(.V)) f(dJ’) :f() f(Tf¢,x(r)»H(f¢,x(l’))) dr.
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Since fy x is an isometry, for every r € [0, H(x)], fp,(r) is the unique ancestor of x at height r,
thatis x,, and H(fg «(r)) =r.As Tf, () = Tx, = Tr,x for every r € [0, H(x)], it follows that

H(x)
fT,u(Ty)f(Ty,H(y)) Z(dy):fTu(dx)fo f(Tyxr)dr.

This concludes the proof. O

The main result of this section concerns the continuity of the mapping ¥: T'— ¥ r.

Proposition 1.3.3. The mappingV¥V: T — VY7, from T endowed with the Gromov-Hausdorff-
Prokhorov topology to 4 (T x R,) endowed with the topology of weak convergence, is well
defined and continuous.

The end of this section is devoted to the proof of Proposition 1.3.3. For T a compact real tree,
xeT,se[0,+o0], r €[0,s A H(x)], we define the following set of elements of T such that their
common ancestor with x has height in [r, s]:

Tirs,x={yeT: Hynx)elrnsl.

Recall that x; is the ancestor of x at height r in T, and is also seen as the root of the tree T/, .. We
shall see Tj,s), x as a compact real tree rooted at x, with measure w7, , . = u(-NTjy,5, x) and thus
Tir,s),x € T. Recall that m(T{,, g, x) = p(T},5),x) denotes its mass and h(1{. g, x) =sup{H(y): y€
Tir,s,x © T} = r its height. Notice in particular that T}, +o0), x = 11, x for r € [0, H(x)].

We first establish an estimate for the Gromov-Hausdorff-Prokhorov distance between subtrees
of two real trees in terms of the distance between the trees themselves.

Lemma 1.3.4. Let T, T' be compact real trees and let 5 > dgup(T, T'). Let ® be a correspondence
between T and T' such that (¢,9') € # and let m be a measureon T x T' such that

1
> dis(%) v D(m; u, ') v m(%°) < 6.
Then for every (x, x") in ® and every r = 0 such that 65 < r < H(x) A H(x), we have

deup(Tr,x, T}, ) < 85 +2m (T—65,r+65),x) + 20 (Tir—35,r+651, 2)- (1.3.5)
Proof. We shall bound dgup (T x, T; ,») from above by
1. =~ ~ o~ ~ ~ pC
3 dis(%Z) vD(m; i, q) v m(%°)
where Z is a well chosen correspondence between T, r,xand T; ., and 7 (resp. fi, [I') is the
restriction of the measure m (resp. p, ') to Ty x x T] , (resp. Ty, T} ). Notice that, for every
(t,t),(s,s") € #, we have

|d(z,9)—d'(f',s")| = dis(®) < 26. (1.3.6)
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In particular, taking (s, s') = (8, 8") € % yields | H(#) — H(¢)| < 26. Using this, we get that for
(t,theR
H(tAx)-36<H(' Ax")< H(tAx)+36. 1.3.7)

Let (t,t') € Z. Assume that H(f A x) = r +36. Then, we get that ¢ € T, , and that H(t' Ax') = r
by (1.3.7), thatis t' € T, ,. This gives that (¢,#') € Ty, x x T, . Similarly, if H(#' A x') = 7 + 35, we
get (t,t') € Ty, x x T, ,. Therefore, the following set

R ={(t,t") € Z: max(H(t Ax), H{t' Ax)) = 1+ 38 (Tir,r+301,x * (1) U ({xr} x T[’,’,+35],x,)

is a correspondence between T; . and T, ,. Using (1.3.6) and (1.3.7) and distinguishing
according to whether an element (¢, t') € Z lies or not in Z, it is not difficult to establish the
following bound for its distortion:

dis(%) =108 +2H(Tiy 438, x) + 2b(T] (1.3.8)

r,r+36],x’)'

Denote by i the restriction of the measure m to T, x T’

. - Routine arguments yield the

following bound for its distortion:

D(7; i, 1) < m(Tir—35,r4361,x) M T[,_35 1 136],x') + 60. (1.3.9)

Furthermore, we have
(%) <m(Tiy,r+38),x) + 26. (1.3.10)

Combining (1.3.8), (1.3.9) and (1.3.10) and using the definition of the Gromov-Hausdorft-
Prokhorov distance, we get

dcup(Tr,x, Tr,,x’) <66 +m(Tjr-35,r+35),x) + m(T[’r—sé,Hsa],x') +b(Tirr+381,x) + h(T[,r,r+35],x’)'

(1.3.11)
Thanks to (1.3.7), it is straightforward to prove that
m(T[,r—35,r+36],x’) = m(T[r—Gc‘i,r+65],x) +36, (1.3.12)
h(T[,r,r+36],x’) = b(T[r—Sé,HG(S],x) - 6. (1.3.13)
Using (1.3.12) and (1.3.13) in conjunction with (1.3.11) yields the result. 0O

Proof of Proposition 1.3.3. Fixa compactrealtree T = (T,d, ¢, u). We will show that ¥ — ¥ 1
weakly as T’ — T for dgpp. Let e >0andlet T = (T',d’, @', ') be a compact real tree such that
dcup (T, T') < €. Then there exist a correspondence % between T and T’ and a measure m
on T x T' such that (@, @) € Z, m(%°) < ¢, dis(%) < 2¢ and D(m; u, i) < €. In particular, we
will make constant use of the inequalities |m(T x T') —m(T)| < € and |H(x) — H(x')| < 2¢ for
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

(x,x") € Z. Let f € 6, (T x R;) be Lipschitz. Write

\PT(f) — “PT'(f) = A1 + A2 + A3 + A4,

where
H(x) H(x)
av=[wan [ ptnar [ mep o [ fernar
0 0
H(x) H(x")
Ay :f m(dx, dx') (f f(Tr,x; T)di‘—f f(Tr, x”r)dr)
R 0 0 ’
H(x) H(x")
Az = m(dx,dx") (f f (T, r)dr—f f(Tr, x r)dr)
pC 0 0 ’
-1 H(x") Hx")
A4=[ mop/ (dx/)f f(Tr/ x”r)dr_f M(dx,)f f(TI{x”r)dr'
T/ 0 ’ T/ 0 ’
Notice that
H(x)
| A1l <2dry(mop™wsup [ f(Tyx,ndr <26(T) | f]| . & (1.3.14)
xeT JO
Similarly, we have
|Agl <26(T) || f]| o € = 206(D) +28) | f| . & (1.3.15)

where in the second inequality we used that h(T") < h(T) + 2dup (T, T') < h(T) + 2¢ by (1.2.3).
Next, we have
| A3l = m(Z) (D) + (T || fllo =20(D) +6) | ] - (1.3.16)

We now provide a bound for A,. We have

H(x) H(x")
Az = L I{H(X)EH(X,)}m(dx,dx’) (ﬁ f(Tr,x» r)dr —f f(TI/‘,x" r)dr)
0

/

H(x) H)
+[%1{H(x)<H(x’)}m(dx;dx,) (fo f(Tr,x,T)dr—fO f(T;’x,,r)dr). (1.3.17)

We only treat the first term, the second one being similar. We have

H(x)

H(x")
[QI{H(x)zH(x’)}m(dx,dx,)( A f(Tr,x,r)dr—f0 f(T;,x/,r)dr)

H(x) H(x)
=_[%1{H(x)zH(x')}m(dx,dx') (/ (f(Tr,xyr)_f(T;’xur))dr‘i‘f : f(Ty x,r)dr|.
0

H(x'

On the one hand, we get

= f% | £l 1 H () = H(x")|m(dx, dx)

H(x)
U l{H(x)zH(x')}m(dX,dx')f f(Ty, x,r)dr
R H(x')

< |||l m(T x T') dis(%)

52



1.3. A finite measure indexed by a tree

<2|f|l o m(T) +e)e. (1.3.18)
On the other hand, we have
H(x)
U@ l{H(x)zH(x')}m(dx»dX')fO (f(Trx, 1) = f(T}, 1)) dr
H(x"
= |7l [% Lir00=Hxnym(dx, dx’) fo daup (Tr,x, Ty, ) Lir=6e1dr
, 6¢e
+ | m(dx,dx f 2 dr

f«%‘ ( : 0 11 (1.3.19)

H(x)
<2 ”f”Lfm(dx’ dx,)ﬁ (m(T[r—Gs,r+6£],x) + h(T[r—3E,r+6£],x)) l{rzﬁs}dr

+8| fLb(Mm(T) +e)e+12| f |, (m(T) +e)e.

where we used (1.3.5) for the last inequality. Using Fubini’s theorem, we get

H(x)
fm(dx; dx,)ﬁ m(T[r—GE,r+6£],x)1{r26£}dr
H(x)
=fm(dx,dx’)f u(t: HitAnx)e[r—6¢,r+6e))ls6adr
0

H(x)
:fm(dxydx,)fTﬂ(dt)fO 1{H(tAx)e[r—65,r+6£]}1{r26£}dr

= 12m(T)(m(T) + e)e. (1.3.20)

Moreover, since T is compact, it holds that for every x € T and every 6 > 0, there is a finite
number of subtrees with height larger than 6 attached to the branch [@, x]. Let r € (0, H(x)).
Recall that x; is the unique ancestor of x with height H(x,) = r. Assume that x, is not a
branching point. Then, for every § > 0 and for € > 0 small enough (depending on §), there
are no subtrees with height larger than § attached to [x;_3¢, xr16:]. (To be precise, if y €
[x,—3¢, Xr+6¢] is @ branching point, the tree attached at y is Tis 5}, x with s = H(y)). Therefore,
we have h(T{ -3¢ r+6¢),x) < 0 +9¢. This proves that, for every r € (0, H(x)) such that x, isnota
branching point,

l@%h(ﬂr—%,r-%—ﬁe],x) =0. (1.3.21)

But since T is compact, there are (at most) countably many r € (0, H(x)) such that x;, is a
branching point. It follows that (1.3.21) holds for every x € T and dr-a.e. r € [0, H(x)]. Notice
that H(T;—3¢,r+66,x) < h(T) and the measure 1<, <p(x); #(dx)dr is finite as its total mass is less
than h(T)m(T) which is finite. We get by the dominated convergence theorem that

H(x)
limf ,U(dx)f H(Tir—3¢,r+6¢1,x)Lir=6edr = 0.
e—=0JT 0
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

Since

H(x)
‘ fT (mop~(dx) - u(dx) fo B(Tir_3e.r+6¢), x) Lir=6ey A7 | < 25(T) dry(mo p~t, ) < 25(T)%e,

it follows that Ho
X
llg(l)f m(dx, dx,)f() O(Tr-3¢,r+6¢],x) Lir=6e; dr = 0. (1.3.22)

Thus, by (1.3.14)-(1.3.16), (1.3.18)—(1.3.20) and (1.3.22), we deduce that

lim sup Yr(H)=¥7r(f)
€0 Gop (T, T <e

for every Lipschitz function f € 6} (T x R,). This proves that ¥: T — .4 (T x R) is continuous
which concludes the proof. O

1.4 Bienaymé-Galton-Watson trees and stable Lévy trees

Throughout this work, we fix a random variable ¢ whose distribution is critical and belongs
to the domain of attraction of a stable distribution with index y € (1,2]. More precisely, we
assume that ¢ takes values in N ={0,1,2,...} and that it satisfies the following conditions:

(é1) ¢iscritical,i.e. E[E] =1,

(¢2) ¢ belongs to the domain of attraction of a stable distribution with index y € (1,2], i.e.
E[é*1ie<py] = n*7YL(n), where L: R, — Ry is a slowly varying function.

By [72, Theorem XVII.5.2] or [93, Theorem 5.2], assumption (¢2) is equivalent to the existence
of a positive sequence (b, n = 1) such that, if ({;, n = 1) is a sequence of independent random
variables with the same distribution as &, then

n
LIS gomn| 2 x,, (1.4.1)
bn \i5

n—o0

where (X;, t = 0) is a strictly stable spectrally positive Lévy process with Laplace transform
E[exp(—1X)] = exp(tkAY) where y € (1,2] and k > 0. Note that we have automatically b,/n —
0 as n — oo. In most of our results, we make the following stronger assumption on ¢:

(€2)" E[E?1ie<p] = n® Y L(n) where L: R, — R is a slowly varying function which is bounded
away from zero and infinity.

Assumption (£2) is equivalent to the normalizing sequence (by,, n > 1) which appears in (1.4.1)
satistying
bn'' <b,<bn'"", vn=1, (1.4.2)
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1.4. Bienaymé-Galton-Watson trees and stable Lévy trees

for some constants 0 < b < b < co. Indeed, if y = 2, we have the convergence of nb,>L(b,) to
some positive constant by [93, Theorem 5.2 and Eq. (5.44)]. Similarly, if y € (1,2), using [93,
Theorem 5.3 and Eq. (5.7)], we have as n — oo that

2-y _
nP (&> by) ~ TynbnYL(bn).

On the other hand, [93, Eq. (5.10)] entails the convergence of nlP (£ > b,;) to some positive
constant. Therefore, for y € (1,2], the sequence n'/Y b, ' L(b,)'/Y converges to some positive
constant. Thus, if L is bounded away from 0 and infinity, then (1.4.2) follows. The proof of the
converse (which we shall not use) is left for the reader.

1.4.1 Results on conditioned Bienaymé-Galton-Watson trees

Recall that the span of the integer-valued random variable ¢ is the largest integer A such that
a.s. £ € a+ ApZ for some a € Z. As we only consider ¢ with P (¢( = 0) > 0, the span is the largest
integer Ay such that a.s. { € 1¢Z, i.e. the greatest common divisor of {k=1: P (¢ = k) > 0}.

Assume that ¢ satisfies ({1) and (¢2) and denote by g the density of the random variable X;
appearing in (1.4.1). Then the function g is continuous on R (in fact infinitely differentiable)
and satisfies

g(0) = (1.4.3)

1
KUY |C(-1/p)|
where I is Euler’s gamma function, see [72, Lemma XVII.6.1] or [93, Example 3.15 and Eq.
(4.6)]. In particular, when y = 2, g is the density of a centered Gaussian distribution with
variance 2x and we have

g(0) = (1.4.4)

1
2\V/KT '
Recall that (¢, n = 1) is a sequence of independent random variables with the same distri-
bution as ¢ and define S,, = Z:I k. The following result is a direct consequence of the local

limit theorem, see e.g. [90, Chapter 4, Theorem 4.2.1].

Lemma 1.4.1 (Local limit theorem). Assume that¢ satisfies (€ 1) and (£2) and denote its span
by Ay. We have

b Aok —
lim sup A—"P(Sn:/lok)—g( Ob n) =

=00 k>0 [ A0 n

’

where g is the density of the random variable X, defined in (1.4.1). In particular, for any fixed
k =0, we have as n — oo with n = k (mod Ayp),

_Aog(0)

PS,=n-k) b,

(1.4.5)
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

Let T be a BGW(¢) tree, see e.g. Athreya and Ney [23]. By the well-known Otter-Dwass formula,
we have, foreveryn=1,

P(Irlzn)ziﬂj’(Snzn—l). (1.4.6)

In particular, we get P (7| = n) = 0if n # 1 (mod Ay) while P (|| = n) > 0 for all large n with
n=1 (mod Ay) by Lemma 1.4.1. We denote by A the support of the random variable |7| when
7 is not reduced to the root, that is

A={n=2: P(t|=n)>0;}. (1.4.7)

In particular, the previous discussion implies that A = 1+ A¢N and conversely, 1+ Agn € A for
all large n. In what follows, we only consider n € A and convergences should be understood
along the set A.

We will also need the following sub-exponential tail bounds for the height of conditioned
BGW trees, see [112, Theorem 2] and the discussion thereafter. For every n € A, " will denote
a BGW(¢) tree conditioned to have n vertices, that is 7" is distributed as T conditionally on
{lr] = n}.

Lemma 1.4.2. Assume that ¢ satisfies (£1) and (£2). For every a € (0,y/(y — 1)) and every
B € (0,7), there exist two finite constants Cy, cy > 0 such that for everyy =0 and n € A, we have

b i
P(;h(r )sy)sCoexP(—c()y ) (1.4.8)
b,
P(;h(r )zy) sCoexp(—COyﬁ). (1.4.9)

Remark 1.4.3.
(i) If moreover ¢ satisfies (£2)’, then we can take a = y/(y — 1) in (1.4.8), see Appendix 1.B.

(i) If ¢ has finite variance 0? € (0,00) (in which case (£2)' is satisfied), we have y = 2 and we
can take b,, = 05\/5 in (1.4.1) with x = 1/2 (this is just the central limit theorem). Then
both (1.4.8) and (1.4.9) hold with @ = § = 2, see [14, Theorem 1.1 and Theorem 1.2].

An immediate consequence of Lemma 1.4.2 is the following estimate for the moments of h(z")
which extends [14, Corollary 1.3].

Lemma 1.4.4. Assume that¢ satisfies (( 1) and (£2). For every p € R, we have

bn n p
supkE (7[](7 )) < oo.

neA

Proof. Let p>0. Fix € (0,7). By Lemma 1.4.2, we have for every n € A

p
E (ﬁh(rn))
n

* -1 bn n e -1 _—cyyP
=pf ¥’ P(—h(r )>y)dySC0Pf yP e Y dy < co.
0 n 0
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1.4. Bienaymé-Galton-Watson trees and stable Lévy trees

Similarly, fix a € (0,y/(y —1)) and apply Lemma 1.4.2 to get
b -p
(—”h(r"))
n

This proves the result. O

(o.0]
E dysCopf yPlem %" dy < oo.
0

= pf y”‘lﬂ”(@h(r") <2
0 n y

We end this section with the following lemma used in the proof of Remark 1.1.2-(vi).

Lemma 1.4.5. Assume that ¢ has finite variance 0'? € (0,00). Let a’, B € R such that2a’ + <0
and set for g(t) = |t|”" [)(t)‘6 1y¢/>1;. Then we have

[E[fa’,ﬁ(rn)z]
E[fwp®] <oco, lim E[fu,pc"?]=0 and 3}, <.
* neA

Proof. Recall from (1.4.7) the definition of A. We have

hz™P

[E[fa’,ﬁ(T)] = Z n®E P(zl=n).

neA
Using (1.4.6) and (1.4.5), (1.4.4) with b, = 0;v/n and x = 1/2, we have as n — oo that

A
P(1] = n) ~ —2—pn3/2,

\ /2710?

Since E [f)(r")ﬁ] = 0(nP'?) as n — oo by Lemma 1.4.4, we get that

E[fup@]<CY n3200+P2 o0,

neA

Applying Lemma 1.4.4 again gives E [ f s(t™)?] = n?¥ E[H(7™)?] 1{>1) = Mn?¥ *P for some
finite constant M > 0, and the last term converges to 0 as n — oo. Finally, we have

E . (Tn)z ,
5 VEUe sG] ]smz I o

neA neA

1.4.2 Stable Lévy trees

Let us briefly recall the definition of the height process and the associated Lévy tree, see e.g.
[119, 57, 54, 110]. Recall that (X;, t = 0) is a strictly stable Lévy process with Laplace exponent
w(A) =xAY where y € (1,2] and x > 0. For y € (1,2), denote by n the associated Lévy measure

ky(y—1) dx
re-y xt+v

n(dx) = (1.4.10)
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

Le Gall and Le Jan [119] proved that there exists a continuous process (H(?), t = 0) called the
w-height process such that for every ¢ = 0, we have the following convergence in probability

1t
H(t) = lim — l{XX<[§+g} dS,
e—=0¢ Jo

where I} = infjs ;) X. In the Brownian case, H is a (scaled) reflected Brownian motion. Let N be
the excursion measure of H above 0 and set

o=inf{s>0: H(s)=0} and bh=supH(s) (1.4.11)
§=0
for the duration of the excursion and its maximum. We choose to normalize the excursion
measure N such that the distribution of o under N is 7, given by

7.(dx) = Nlo € dx] = g(0)—_ (1.4.12)

xl+ly’
with g(0) given in (1.4.3). Furthermore, by [58, Eq. (14)], the distribution of f under N is given
by
Nh>xl = (k(y—1x) 07, (1.4.13)

We have the following equality in “distribution” for the height process, see e.g. [60, Eq. (40)],

@

(H(xt), t=0) under x''VN ' “YYH under N.

Using this, one can make sense of the conditional probability measure N®[e] = N[e|o = x]
such that N®-as., o = x and

N[e] =f N (o] 7, (dx).
0

Informally, N* can be seen as the distribution of the excursion of H with duration x. Moreover,
the height process H has the following scaling property

@

(H(s), s € [0,x]) under N¥ (x! VY H(s/x), s € [0,x]) under NI, (1.4.14)

See also Lemma 1.6.11 for the scaling property of H and related processes.

We call the stable Lévy tree with branching mechanism (1) = k1Y, the compact real tree
coded by the w-height process H under NV, See Remark 1.2.1 for the coding of real trees by
excursion paths. Thanks to the Ray-Knight theorem, see [57, Theorem 1.4.1], the stable Lévy
tree codes the genealogy of the stable continuous-state branching process.

Remark 1.4.6. Notice that 0 = m(J9y) and h = h(Jg) are the mass and the height of the tree
I coded by the height process H under N. Furthermore, for s € [0,0], the notation H(s) is
consistent with the one introduced in Section 1.2.4 since H(s) is the height of s in the tree
coded by H under N.
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1.4. Bienaymé-Galton-Watson trees and stable Lévy trees

Remark 1.4.7. In the Brownian case /(1) = xA?, the y-height process H is distributed un-
der NV as v2/xe where e is the normalized Brownian excursion. In particular, k¥ = 1/2
corresponds to Aldous’ normalization of the Brownian tree [18, Corollary 22], while x = 2
corresponds to Le Gall’s [116, Definition 2.2].

1.4.3 Convergence of continuous functionals

For every n € A, we let 7" be a BGW({) tree conditioned to have n vertices, and let " =
(b,,/n)T" be the associated real tree rescaled so that all edges have length b,,/n and equipped
with the uniform probability measure on the set of vertices whose heights are integer multiples
of b,,/n. Duquesne [54] (see also [110]) showed that the convergence in distribution

TN ——T (1.4.15)

holds in the space T where J is the stable Lévy tree with branching mechanism /(1) = xAY.

The following result is an immediate consequence of Proposition 1.3.3. Recall from (1.3.1) and
(1.3.2) the definitions of the measures ¥ r and ‘I"}‘h.

Corollary 1.4.8. Assume that¢ satisfies (¢ 1) and &2). Let " be a BGW(E) tree conditioned to
have n vertices and let T " = (b, / n)t" be the associated real tree rescaled so that all edges have
length b,/ n (where b,, is the normalizing sequence in (1.4.1)). Then we have the convergence
in distribution ¥ g-n “, Vg in 4 (T xRy), where I is the stable Lévy tree with branching
mechanismw (1) = xAY. In particular, we have \I’;hn LR ‘Pg_h in 4 (Ri).

The convergence in distribution obtained in Corollary 1.4.8 is unsatisfactory to study the
asymptotics of additive functionals of large BGW trees as it involves the real tree I " instead
of the (discrete) BGW tree 7”. To remedy this, we shall introduce a discrete version of the
measure ¥ when T is associated with a discrete tree. Let t be a discrete tree and a > 0. Recall
that at denotes the real tree associated to t where the branches have length a4, and thatfor v € t,
av denotes the corresponding vertex in at, see Section 1.2.4 for the definitions. We define two
nonnegative measures dfu and o, on T x R, as follows: for every f € . (T xR,),

A== [tylf (aty, aHw) | and | sha(f) = — 3 Itulf (aty, aHw)) |, (1.4.16)

|t| WEtL°® |t| wet

where at,, is the subtree of at above aw. Note that the sum is over all internal vertices of t
for of°

ta
the measure «/’, ignores the subtrees rooted at a leaf of t (which are trivial trees consisting

while for « , the sum extends over all vertices including the leaves. In other words,

only of a root equipped with a scaled Dirac measure). Let us take a moment to explain why
we introduce the measure /,. While </ , seems more natural, the measure </, has the
advantage of putting no mass on the set

ToxRy ={Te€T: m(T) =0or h(T) =0} xR,.
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

This will be useful as we are interested in sums of the form (1.4.16) where the function f may
blow up on Ty x R... We now give estimates for the distances between the three measures </,
g and ¥4, on T x R, which are associated with the discrete tree t and a > 0.

Lemma 1.4.9. Lett be a discrete tree and let a > 0. We have

3
dpr (Yo, a) < a (Zdt,a(l) + 1), (1.4.17)

drv(ste,a, AC,) < a. (1.4.18)

Proof. Let f € 6,(T x R;) be Lipschitz. Recall that T = at is the real tree associated with t,
rescaled so that all edges have length a and equipped with the uniform probability measure
on the set of vertices whose height is an integer multiple of a. Recall also that for v € t, av
denotes the corresponding vertex in T = at. In particular, H(av) = aH(v), where H(av) is the
height of av in the real tree at and H(v) is the height of v in the discrete tree t. Thus, we have

av) aH(v)

Z f(Travrr)dr—I_Z [Ty, qp,r)dr

It] vt vetJ0
H(v)

Z > f(Tar,av,ar) dr.

|t|v<—:tk 1Jk-1

Yr(f)=

On the other hand, note that for every 1 < k < H(v), we have T, 4, = Ty Where w € tis the
unique ancestor of v with height k. Thus, we have

W g

YN f(Takavrak)=>. Y. f(Taw,aHw) = Y. Itwlf (Taw, aH(w)) = —ha(f)-IUf (1,0).

Vet k=1 Vet wjg W#p
w

Therefore, we deduce that

H)

r N | | (Tarav, ar) = f (Tak, v ak)| dr +a] fo

|Wr(f) = half)| <
|t| VEt k=1

|t| Z& kz"l ”f”L(dGHP(Tar,av» Tak,av) +a(k—r))dr+a“f||oo
ve

(1.4.19)

Since for k—1 < r < k, the tree Ty, 4, is obtained by grafting T, 4, on top of a branch of height
a(k - r) and no mass, it is straightforward to check that deup (Tar, av» Tak,av) < alk—1)/2. It
follows that

3
(-t = L3 Y I+ al floo= 17l tha + al £,

Itl vt k=1
By definition of the distance dpr, we deduce that

3
dBL (\PTrdt,a) <a (Z.th,a(l) + 1) .
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Next, let f € 2B, (T xR,). We have

|toa()) =, (H=—=| Y Itwlf (Taw, aHw)) <—|Lf(t)I||f|| <a|fl

|t| welLf(®) It]

Taking the supremum over all f € %, (T xR, ) such that || f || < 1yields dry (s#,q,,) < a. O

We now restate the convergence of Corollary 1.4.8 in terms of the discrete trees 7”. To avoid
cumbersome notations, we write

dg:d;”,bn/n and |ty =slnp in |

Recall that for a discrete tree t, w € t and a > 0, we have that h(at,,) = ah(t,) and m(at,,) =
[t,y|/]t]. We shall also consider the following variant of the measure </, for functions depending
only on the mass and height: for every measurable function f belonging to 28, ([0,1] x R.),

o by, Tl bn
A N=—3 Yot "If(' w! —h ”)). (1.4.20)

wet™°

We have the following upper bound of their total mass.
Lemma 1.4.10. We have:

d,cl’(l)sb—r:lb(r”) and dn(l)sb—:(b(rn)+1). (1.4.21)

Proof. The proofis elementary as

n n bn n
Aph=—3 ¥ Irpl=—; Z Y1 —’;Zh(r)s—h(r ),
WeT® w<v

wer” vet”

()= 3 Z lTh | = <y, (1)+—|Lf(t)|<—(h(r”)+1)

wet"

We have the following convergence of </, as n goes to infinity.

Corollary 1.4.11. Assume that ¢ satisfies (£ 1) and (£2) and let " be a BGW(() tree conditioned
to have n vertices. Then for every f € 6,(T x R,), we have the convergence in distribution and
of all positive moments

defl=— Y It ”If( —H( ))%\Pg‘(f), (1.4.22)

wt—:r"
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

where I is the stable Lévy tree with branching mechanism w(A) = xAY. In particular, for every
fe6,(10,1] x R,), we have
n
b
( Tul O v (). (1.4.23)

AN WLATI LR IO

) (d)+moments
—_—
wet° -

Remark 1.4.12. By (1.4.18), we have that a.s. and in L'

n—oo

In particular, the convergences of Corollary 1.4.11 still hold if we sum over t” instead of 7">°

Remark 1.4.13. Another model of random trees is the uniform Pélya trees which are rooted,
unlabelled and unordered trees. In [131], Panagiotou and Stufler show that the scaling limit of
uniform Pélya trees is the Brownian tree and that the sub-exponential tail bounds of Lemma
1.4.2 hold in this case with @ = f = 2. Let Q < N be such that Q n {0, 1} # Q and let T” denote
the uniform random unordered tree with n vertices and vertex outdegree in Q. Then there
exists a finite constant cq > 0 such that (cq/+/n) T" converges in distribution to the Brownian
tree 9 with branching mechanism (1) = 2A2. Thus, the result of Corollary 1.4.11 holds for
T" and the proof is exactly the same as in the BGW case: for every f € €,(T x R;),

Yo (f).

cQ Z n (d)+moments
—7 [Twlf ) —H( ) ———
n3dl2 i \/— W \/— -

Proof of Corollary 1.4.11. Denote by 9 " = (b, /n)t" the real tree associated with 7" rescaled
so that all edges have length b;,/n and equipped with the uniform probability measure on the
set of vertices whose heights are integer multiples of b,/ n. By Lemma 1.4.9, we have

dpr, (Y, y) < dp, (Y g, o) + 2dry(stn, fy) < %( Ay (1)+2)

Thanks to (1.4.21) and Lemma 1.4.4, we have that M = sup,,c E[«#,(1)] is finite. It follows that

by, (3M
li EldpL (Y, ))| < lim —[—+2|=0.
imsup (1. (¥om,ofy)] < lim — ( 2 )
Thus, using that ¥ g LW in (T xR,) by Corollary 1.4.8, Slutsky’s lemma yields the
convergence in distribution <7, D W in (T x R,) which proves (1.4.22).

Let f € €, (T xR, ). Using Skorokhod’s representation theorem, we may assume that the conver-
gence (1.4.22) holds almost surely. To prove the convergence of positive moments, it suffices
to show that the family (<7, (f), n € A) is bounded in L? for every p € [1,00). This is the case
as by (1.4.21), we have 72 (f) < || f]| . /5 (1) < || ]|, 22h(z"™), and the family (2h(z"), n € A)
is bounded in L” for every p € [1,00) by Lemma 1.4.4. This completes the proof. O
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1.4. Bienaymé-Galton-Watson trees and stable Lévy trees

The Gromov-Hausdorff-Prokhorov convergence (1.4.15) allowed us to derive an invariance
principle (1.4.22) for a certain class of additive functionals on BGW trees, namely those associ-
ated with real-valued continuous bounded functions f defined on T x R,. In the sequel, we
will be looking at a similar invariance principle when f blows up on Ty xR... It is not surprising
that the Gromov-Hausdorff-Prokhorov convergence alone does not allow us to say anything
about the convergence of ¥ 5 (f) in this case as the next remark illustrates.

Remark 1.4.14. Let 7" be a Catalan tree with n vertices, where n € A = 2N + 1. In other
words, T” is uniformly distributed among the set of full binary ordered trees with n vertices,
which corresponds to a BGW(¢) tree with P (¢ = 0) =[P (¢ = 2) = 1/2 conditioned to have size n.
Notice that ¢ has finite variance a? = 1. Take b, = v/n/2 so that by (1.4.15), " = (1/2y/n)t"
converges in distribution in T to the Brownian continuum random tree 9 with branching
mechanism (1) = 2A2. In fact, it is well known, see e.g. [137, Theorem 7.9], that there is a
representation of " such that the almost sure convergence holds. Denote by " the real
tree obtained from 9" by stretching the leaves by a distance of € = 0 and equip it with the
uniform probability measure on the set of branching points and leaves. Fix 0 < @ < 1/2 and set

en =n~ % Itis clear from this construction that 7" is a T-valued random variable and that a.s.
doup (721, ") < €n.

So it follows that 7, converges to I a.s. in the sense of the Gromov-Hausdorff-Prokhorov
distance. We consider f(7,r) =m(T)"% and if v e 4 (T x R,) we write v(x~%) for v(f). Accord-
- Yo (x™%. In

—00

conjunction with the identity ¥ g (x~%) = o, (x~%*) —1/(21/n), this proves the a.s. convergence

ing to [52, Theorem 3.1], we have the following a.s. convergence <, (x~%)

Wan(x™%) Yo (x™9).

n—oo

On the other hand, we have

%4

(Zﬁ)ilH(w)"'fn ‘[n n+ 1
f (I w|) dro L e,

N n
@vn)1H(w) 2

1
Wan () =Wan(x™ ) = —

|Tn| welfT™) |Tn|

since |7"| = nand |Lf(r™)| = (n + 1)/2. Thus, we get

1
Won (7% = W (x™%) -
n n—oo 2

In conclusion, even though we have the a.s. convergence J,” towards I in T, Wgn (x™%) does
not converge to ¥4 (x~%) for a € (0,1/2). This proves that the continuity of ¥ 7(f) in T when
f blows up on Ty, which has been observed in [52], is indeed specific to BGW trees.
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

1.5 Technical lemmas

In this section, we gather some technical results that will be used later. The next lemma, which
gives sufficient conditions for boundedness in L! of functionals of the mass and height on
BGW trees, will be a key ingredient in proving our convergence results. Recall that 7 isa BGW(¢)
tree and 1" is a BGW(¢) conditioned to have n vertices. Recall from (1.4.20) the definition of
the measure d,‘l“h’o and notice that tszf,‘fh'c’([o, 1] x R4\ (0,1] x R}) = 0. For this reason, we also
see d’;nh,o as ameasure on (0, 1] x R}. By convention, we write d,';‘h’O(g(x)h(u)) for .Q{,Th’o(f)
where f(x,u) = g(x)h(u), and we see g as a function of the mass and h as a function of the
height.

Lemma 1.5.1. Assume that ¢ satisfies (1) and (£2)'. Suppose that f € $.((0,1] x RY) satisfies
one of the following assumptions:

(i) f isofthe form f(x,u) = g(x) ub or f(x,u) = x*h(u) wherea, p € R and g, h are nonin-
creasing and
ff(xV“Y‘”,x) dx < oco. (1.5.1)
0

(i) f(x,u) = g(x)e"" 111,00) (1) wheren € (0,y) and g € %.((0,1]) is nonincreasing and satisfies
Jo g(x)e ™ " dx < oo for some g € (0,7 - 1).

Then, we have
supl

neA

A f)] < 0.

Proof of Lemma 1.5.1. Here c, C and M denote positive finite constants that may vary from
expression to expression (but are independent of n and x). Let n € A so that P(S, =n—-1) > 0.
Observe that w € % if and only if |77, | > 1 and that the root ¢ is the only vertex in 7" such
that |7} | = n. Thus, for every f € %.([0,1] x R;), we have the decomposition

(f)]——’; 3 Ihf ('T wl Dn )
[w;nlmmn 7" |f(| Tul 2 ))] [f( L ))]

By [95, Lemma 5.1], we have

bn ol bn,
n_[E > Lacini<nlTy |f( 75(%,))]

wet”"
_bu N PSk=k=DPSu=n-k) [ (5 ba )
n ,§1 PSp=n-1) ! b

lgck<ny (1.5.2)
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1.5. Technical lemmas

where by convention the summand is zero for k ¢ A. Using Lemma 1.4.1 and (1.4.2), we get for
everyne Aandeveryl <k<n,

— 1 o 2 2 1y
nIP(Sk—k DP(S,—x=n k)SC by, SC( n )
P(Sp,=n-1) biby,_ k(n-k)
We deduce that
T2 b CZ b b
Y o |f( 2 Z,)) << Zgn(k>+—"rﬁ[f(1,—”h(r”))
wetn°
—Cf gn([nx])dx+—[E[f(1 —ZhE" ) ,  (1.5.3)
where we set
2 1y
k b
gn(k) = ( " ) E f(—,—nb(rk)) lg<k<m forallkeA, (1.5.4)
k(n—k) nn
and g, (k) =0 for k ¢ A. We will constantly make use of the following inequality
1-1/y 1-1/y
C(E) SEESC(E) foralll<k<n, (1.5.5)
n nb

which follows easily from (1.4.2).

First case. Assume (i). First, we consider the case f(x, u) = g(x) uP. Since b,/ n— 0, we deduce

(%b(r”))ﬁ

Forevery1/n< x < (n-1)/n,itholds that x < [nx]/n < 2x and n - [nx] = n(1 - x)/2. Thus,
for every x € (0,1), using Lemma 1.4.4 for the last inequality, we have

from Lemma 1.4.4 that

b
lim —2E
n—oo n

(1,@5(1”)) =g lim E[E =0. (1.5.6)
n n—oo n

gn([nx]) < Mx_“Y(l _ x)—llyg( [I’lnx] ) L

b B
(th(‘[mx])) ] 1{1<nx5n—1}

B
nb k(—:A

[nx]

( [)(Tk)) ] 1{1<nxsn—l}

It follows that

1 1
fgn(rnxbdstf g0 xPHOU-IM=1(q _ 5)=1r gy, (1.5.7)
0 0
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

where the right-hand side is finite by (1.5.1) as y > 1. Combining (1.5.6) and (1.5.7), it follows
from (1.5.3) that

sup[E[dmh (f)]—supb—[E Yot

neA wetn°

21 Py <o

Next, we consider the case f(x, u) = x*h(u). By Lemma 1.4.2 and (i) from Remark 1.4.3, we
have, for every k € A,

P (b_kkb(rk) < J’) <1A(Coexp (—Coy_w(y_l))) . (1.5.8)

Denoting by Y a random variable whose cdf is given by the right-hand side of (1.5.8) and using
(1.5.5), we get, forevery2 < k < n,

b b, k k\\-Vr
—”h(rk)zst—”—y_c( ) Y, (1.5.9)
n nb n

where =4 denotes the usual stochastic order. In particular, since Y has density
y— Cy BV Vexp (—COJ’_W(Y_D) Li0,a1(¥)

for some a > 0, the first inequality in (1.5.9) applied with k = n gives, for every n € A,

by, n *° —coy Y1 dy
E [l’l(;h(l’ ))] <E[h(Y)] = Cj(; h(y)e Y W (1.5.10)

Note that the last integral is finite: indeed, since # is nonincreasing, we have

(o0}
—coy =D L —y
/1 h(y)e™™ y@r-D7-D —h(l) y@r=DI=D <0

and by (1.5.1)

dy ey

1
—coy V07D ay/(y-1)
fo h(y)e DTG SOS<131/15)1 e A h(y)y dy <oco. (1.5.11)

Then, applying (1.5.9) with k = [nx] and using the fact that % is nonincreasing, we get for every
x€(0,1):

{1<nx<n-1}

gn(Tnxl) < Mx™ "7 (1~ )_I/Y([nnx}) [h(b_:h(ﬂ"ﬂ)) 1

<Mx®* 1 -0 Y E[R(cx!VTY))

<M a—l/y(l )—l/y ah 1-1/y —coy VD dy
< Mx X A (cx y)e ST
acx'Vr d
1+a-1/y -1/y —rxu Y- u
< _
<Mx 1-x [0 h(u)e u2r-n/or-1’
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1.5. Technical lemmas

for some positive constant r > 0, where in the last inequality we made the change of variable
u=cx'~17y. Therefore we have

' Y lva-u 1 acx 11 ~yltr-n du
a—1/y _ =1y =rxu -
j(; gn([nx]) dx < Mfo X 1-x dxj(; h(ue o DIGD
(1.5.12)
It remains to check that the last integral is finite. But, arguing as in (1.5.11) with r instead of ¢y,
we have
1 acx' 71 o du

f x1+a—1/y(1 _x)—llydxf h(u)e~ "4 yIy=1) o
1/2 0 u@y-D/(y-1)

du

M ! 1 —1/Yd ach —ru’W(Y’“/Z
< - -
= (1= "Tdx | = h(u)e LCr—DIg-D <

1/2

Q.

Let § = y/(y — 1). Making the change of variable y = xu~® with u fixed, we have, thanks to
(1.5.1),

1-1/y

1/2 acx 5 du
f xl+(x—1/)/(1_x)—1/)/dxf h(u)e—rxu J
0 0

ul+o

o0 oo
< max (1-x _1/7’f ra-1lye=ryq f R U1y <12 du
Ostl/z( ) (M)%y y 0 (w) {yu°<1/2}

[e 0] ac
s2”7f y”“‘””e_rydyf h(w) u® du < co.
(ac)-9 0

The right-hand side of (1.5.10) and (1.5.12) being finite and (b, /n, n = 1) being bounded, we
deduce from (1.5.3) that

suplE [ﬂ,?h'o(f)

neA

< 00.

(|Trul;| by,

,—
n n

f)(rﬁ,))

b
:supn—Z[E[ Z Tl f

neA weTmne

Second case. Assume (ii). Fix 7 € (0,7) and set h(u) = €' 1{,>1;. Choose f € (1,7) such that
B(1—1/y) > ry. By (1.4.9) and (1.5.5), we have, for every k€ Asuch that2 <k <n,

n

bn k k 1-1/y
( ) z, (1.5.13)

b

—hrh =g ——Z=C

n n by
where Z has density z — MzPle=%?"1 la,00) (2) for some a > 0. So, we get for x € (0,1)

gn([nxl) < Mx™ T (1-27"7g (@) . [h (b_:h(ﬂnx]))

<Mx 1 -x""gE[R(Cx'TVY Z)]

sMx""a-x"rg (x)f h(Cx' "V Z) 2P e 0% dz
a

[e.0]
— _ — —cnzZP
< Mx I/Y(l_x) I/Yg(x)f Zﬂ lecle CpZ I{Cxlfllezl}dzl
a
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

where we used (1.5.5) for the first and second inequalities, the monotonicity of g and £ for the
second and the fact that (Cxl‘” Vz)n < ¢; 2" for some finite constant c¢; > 0 for the last. Notice
that if < co, then the function z — e“#"~©="%" js hounded on R as 8 > 1. It follows that

1 1 0o
fogn([nx])dstfo x’””(l—x)’””g(x)dxf0 zﬁ’le’rzﬁl{c,ﬂ-uyzzl}dz

1 BB
SM] x—l/Y(l_x)—l/Ye—rC Bx-pa I/Y)g(x) dx
0

1 — 7
st 1-x"""e™* " g(x)dx < oo, (1.5.14)
0
where in the last inequality we used that the function x — x~1/Ye* ¢ """ i hounded
on (0,1] as (1 —1/y) > rp. On the other hand, we have
b b b b, [
7"[E [f(l, 7”[;(7")) < fg(l)[E[h(Z)] < M;"fl Pl qz < M, (1.5.15)

where we used the first inequality from (1.5.13) with k = n and the fact that % is nondecreasing
for the first inequality and that b,/ n converges to 0 as n — oo for the last. Combining (1.5.14)
and (1.5.15), we deduce from (1.5.3) that

|Tﬁ,| by,

Y el

,— < oo.
werne non

mb,o _ ﬁ
sup[E[.szfn (f)] = Snlelg 2 E

neA

h(TZ,))

As a consequence of the following lemma, we get that (<) he(xa uP), ne A) is bounded in L?
for some p > 1.

Lemma 1.5.2. Leta, € R such thatya+ (y—1)(B+1) > 0. For every p = 1 such that p(ya +
(y—1p)>1-vy andéd € R, we have:

suplk < o0. (1.5.16)

neA

b 6

Proof. Set M, = %h(r”) for n € A. Let pg, qo € (1,00) such that 1/pg +1/qgy = 1. By Holder’s
inequality, we have

AP (KT UPYPO < g (1)P0/ o0 g0 (Po 0By < PO g0 (poa oy (1.5.17)

where for the last inequality we used the fact that M,T h’°(1) =/, (1) and <, (1) < M,, which
holds thanks to (1.4.21). Assume that pg > p satisfies po(ya+ (y—1)8) >1—7y. Setr = po/p
and ssuch that1/r+1/s=1. We deduce that

E | M0 ot (x® uﬁ)l’] —F [M,‘i*”’ o pp Pl gg™be (@, PP
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1.6. Functionals of the mass and height on the stable Lévy tree

<E [M;((HP/%)] I/SIE [M;Po/qo&f;tnh,o(xa uﬁ)Po] 1r

<E [M;((SHU/L]O)] 1/SE [d;lnh,o(xpoaupoﬁ)] r ,

where we used Hoélder’s inequality for the first inequality and (1.5.17) for the second. Since
po(ya+(y—1)p) > 1—v, the function f(x, u) = x"°¢ uPoP satisfies assumption (i) of Lemma 1.5.1.
We deduce that sup .5 E [rsz{,‘?h'o (xPoc upoﬁ)] < 0co. Then use Lemma 1.4.4 to get (1.5.16). O

1.6 Functionals of the mass and height on the stable Lévy tree

In this section, our goal is to study the finiteness and compute the first moment of the random
variable ‘Pg_h (f) where J is the stable Lévy tree and f is a measurable function. Recall from
Section 1.4.2 that H denotes the w-height process under its excursion measure N, o is the
duration of an excursion and § is its height. Notice that o and b are the mass and the height
of the tree 9 coded by H. Furthermore, the stable Lévy tree 9~ (under P) is the real tree I
coded by H, see Remark 1.2.1, under NW[e] =N[e|o =1].

1.6.1 On the fragmentation (on the skeleton) of Lévy trees

In this section only we consider a general continuous height process H under its excursion
measure N associated with a branching mechanism ¢ (A) = al+ ﬁ(/lzl 2)+ f adr)e M -1+Ar)
with a, = 0, 7 a o-finite measure on (0,00) such that f a(dr) (r A r?) < oo and such that
f dAa/ (A1) < oo. We refer to [57, Section 1] for a complete presentation of the subject.

We will present a decomposition of a general Lévy tree using Bismut’s decomposition. Define
the length and height of the excursion of H above level r that straddles s:

g
Ur,s:f Lim,n=ndt=T;;—T,¢ and b,s= sup H(H)-r, (1.6.1)
0 te[T7 T}

where m(s, t) = infisas,sv H is the minimum of H between times s, ¢ and T, = sup{t <
s: H(t) =r}and T; ; = inf{t > s: H(t) = r} are the beginning and the end of the excursion of
H above level r that straddles time s, see Figure 1.1. Then, we consider H;' = (H; (1), =0)
the excursion of H above level r that straddles s defined by:

Hi()=H((t+T, ) AT} )T,

and H; ¢ = (H, (1), t = 0) the excursion of H below defined as H, ((¢) = H(¢) for £ € [0, T, (] and
H, (t+0y) for t > T} (. Notice that the duration and height of the excursion H, ; are given by
0; s = 0rs and b, s; that the duration of the excursion H, ¢ is given by o, =0 — 0 5; and that

o=0)+0, (1.6.2)
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

H(1)

hr,s

Ors

- Y t
Trs s Trs g

Figure 1.1 — The duration o, and the height b, ; of the excursion of H above level r that
straddles time s.

Recall notations from Remark 1.2.1. For s € [0,0] and r € [0, H(s)], the function H;; codes the
subtree 97, s := (T 1), p(s) and H ¢ codes the subtree .7 := (T \ J;,5) U {x; 5}, where x; s is
the ancestor of p(s), the image of s in Iy, at distance r from the root of 7. The next lemma
says that when s and r are chosen “uniformly” under N, then the random trees 7 s and I, ¢
are independent and distributed as 9 under N[oe]. This result is a consequence of Bismut’s
decomposition of the excursion of the height process.

Lemma 1.6.1. Let H be a continuous height process associated with a general branching
mechanism under its excursion measure N. Then for every nonnegative measurable functions
f+ and f_ defined on 6. (R,), we have:

o H(s)
N fo ds | fe(H) f-(H,)dr | =N[of(H)|N[of-(H)].

Remark 1.6.2. Lemma 1.6.1 allows to recover directly the distribution of the size of the two
fragments given by the fragmentation measure g**¢(ds,dr) = 2/30;}1[0, H(s) (r)dsdr on the
skeleton in [152, Lemma 5.1]. The Brownian case (7 = 0 and 8 > 0) appears already in [20] and
then in [10].

Proof. We follow the proof of [58, Lemma 3.4] and use notations from [57] on the cad-lag
Markov process process (ps,1s; § € [0,0]) under N, which is an .# (R,)?-valued process. The
process (p,n) is a Markov process which allows to recover the (a priori non-Markovian) height
process as a.s. [0, H()] = Supp (ps) = Supp (n:). (The process p is called the exploration
process associated with H and is strong Markov.) Thanks to [57, Proposition 3.1.3], we have
that:

N

f dsF(ps,n) | = f M(d,dv) F(g, v), (1.6.3)
0
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1.6. Functionals of the mass and height on the stable Lévy tree

where M = f(;’o dte "My, and, for any interval I, My is the law on A (R,)? of the pair (¢, vy)
defined by:

wr(f) :fﬂ(dr,dé,dx)ll(r)xf(r)+ﬁf1drf(r),

vi(f) :fﬂ(dr,dé,dx)11(r)(€—x)f(r)+ﬁ[1drf(r),

with A4 (dr,d¢,dx) a Poisson point measure on (R,)3 with intensity dr zw(dé) 1g,¢ (x) dx. We
write p = (p,n) and 7 = (n, p). We recall that the process (p s; SEIO0, U]) is strong Markov under
N, see [57, Proposition 1.2.3], and the time reversal property of (p,n), see [57, Corollary 3.1.6],
thatis (fs; s €10,01) and (fg—s-; $ € [0,0]) have the same distribution under N.

For a measure y on R, and u > 0 we define the measure u!“, the measure p erased up to level
u and shifted by u, by u!“ (f) = [ f(r—w) 1>y p(dr) for f € B, (R,). We write 5% = (ol nlul)
and similarly for 7. Let F}, for € € {+,—} and i € {g, d}, be measurable nonnegative functionals
defined on the set of cad-lag .# (R.)?-valued functions. We shall compute:

o H(s)
A:N[fo dsfo drFy (pYlste 0,15 = o) By (all ) sre10,5- ;)

Fy (pm”; te(0,0 —T;S]) Fy (s, -n-3 1 €10, Ty ]

We write 1(0,,10 = (1j0,r10, 110,17). Using the Markov property of p at time s, the time reversal
property, again the Markov property of p at time s, (1.6.3) and the transition kernel of p given
in [57, Proposition 3.1.2], we get that:

A=N

)

o H(s)
fo dsfo drG* (pY7) G~ (110,1P5)

for some measurable nonnegative functions G~ and G* such that for € € {+, -}

M[GE] =N . (1.6.4)

g
fo dsFE(Bs1, L € 10,0 = S)FE (B(s—p- L € [0,5])

Then using (1.6.3) and the definition of M, we get, with i = (u, v):

(o] t
A:f dte_‘”[ dr My, (d@) G* (™) G~ (110,11 /2)
0 0

00 t
Z‘/(; dte_‘”fo dr M[O,t_r][G+]M[0_r][G_]

:(fo dre“”l\/ﬂ[o,r][GJ'])(f0 dre Mo, [G]

=MIGTIMIGT],

where we used the independence property, that is My * M; = M;,; when I and J are disjoint,
for the second equality. We deduce from (1.6.4) and the monotone class theorem that for any

71



Chapter 1. Global regime for general additive functionals of conditioned BGW trees

measurable nonnegative functionals F* and F~ defined on the set of cad-lag .# (R, )?-valued
functions, we have:

o H(s)
N [j(; dsﬁ) drF+(ﬁt+TrTs; re [0!UF,S])F_(ﬁt+0’rlsl(,>’[‘;s}; re [O)U_UF,S])]
=N [f dsF+(ﬁt;t€ [O,a])]N [[ dsF™ (pste [0,0])] .
0 0
=N[oF*(p;t€(0,0))|N[0F (pste(0,0])].

Then use that H is a measurable functional of the exploration process p to conclude. O

1.6.2 First moment of ¥ 5

We start with the main result of this section which gives the first moment of functionals of the
stable Lévy tree. Recall that 97 is the real tree coded by H, see Remark 1.2.1.

Proposition 1.6.3. Let I be the stable Lévy tree with branching mechanism (1) = x AY where
k>0andye (1,2]. Let f € B, (T), and set f(T,r) = f(T) for T€ T and r € R,. We have:

E[Wq ()] =N[o(-0) Y f(Ti)1ip<n]. (1.6.5)

Proof. Let f € B, (T)and set f(T,r) = f(T) for T € T and r € R,. Using notations from Section
1.6.1, we have Yo, (f) = /7 ds [/ [Ty )dr. Thus, on the one hand, we get for 1 >0

B H(s)
N[exp{-Ao} ¥, (f)] =N

o
ds
0 0

exp{-Ao;} f(Ty) expi{-Ao; s} dr]

=N[oexp{-Ac}|N|[oexp{-Aa} f(Tn)]
_ 2 (u) o
—g(O)fO exp{-Au}N [f(JH)]—ul/ny exp{- /ly} w

o0 r du
= ozf —Arid fN(”) Th)| ———m—, 1.6.6
007 | - exp{-Aridr | [f(Tm)] =T (1.6.6)

where we used (1.6.2) for the first equality, Lemma 1.6.1 for the second, (1.4.12) for the third
and the change of variable r = u + y for the last. On the other hand, we consider the ran-
dom variable H" = (r'=YYH(s/r),s € [0, r]) for r > 0. According to (1.4.14), H" under NV is
distributed as H under N, Then, we have for A >0

N [exp{-Ac} ¥, (f)] = (O)f exp{-ArE[¥Yg, ()] =—— (1.6.7)

1+1/y

Comparing (1.6.6) and (1.6.7), we deduce that dr-a.e., for r >0

[E[\PJHr (f)

rirthy (O)f /Tin] du = YN[o(r—o) VT f( T ig<n]. (1.6.8)

u)l/y ully

72



1.6. Functionals of the mass and height on the stable Lévy tree

From now on, we assume that f € 6, (T) is bounded and that there exists € > 0 such that
(1) =0ifm(T) > 1-¢. Asm(Jg) = 0, themap r — N[o(r — )7 f(Ty) 1<y ] is continuous
at r = 1 by dominated convergence. By definition of H” and the continuity of the height
function, we get that a.s. lim,_; || H — H! ||oo = 0. Following [5, Proposition 2.10], we get that
the T-valued function r — 9 is then a.s. continuous at r = 1. We deduce from Proposition
1.3.3thatr— Wq,, ( f) is continuous at r = 1. We also have

Yo, () <mTu)h(Tur)

Flloo= V0D [ ]l o-

Since h(H!) is integrable, we deduce by dominated convergence that the map r — E ¥, ( D]
is continuous at r = 1. We deduce from (1.6.8) that for all f € 6., (T) bounded and such that
there exists € > 0 for which f(T) =0ifm(T) > 1 —¢, we have:

E[¥s, (/] =N[o-0)"" f(Tm1gey].
By monotone convergence, this equality holds if f € €, (T) is bounded. Then use that I is

distributed as 9 to get (1.6.5). O

The next result is a direct consequence of Proposition 1.6.3, combined with the fact that .,
defined in (1.4.12), is the distribution of o under N. Recall the notation \I’;}h (g(x)h(u)) which
means that g is a function of the mass and # a function of the height.

Corollary 1.6.4. LetJ be the stable Lévy tree with branching mechanism ¢ (A) = xAY where
k >0 andy € (1,2]. Then we have for every f € %.,([0,1] x Ry)

1
E [‘I’f‘;" (f)] = g(O)[0 A=) VE[f (xxYTHED)] di, (1.6.9)

where g(0) is given in (1.4.3). In particular, we have for every g € 9., ((0,1])

1
E [\Pg_b(g(x))] =g(0)f0 A -0 W g dx.
Remark 1.6.5. An equivalent way to state (1.6.9) is the following equality of measures
E[W5 (D] = ConoE[f (v, T@)] with  Cly,x) =B(-1/y,1-1/1)g(0),

where V is a random variable with distribution Beta(1—1/y,1—1/y), independent of §H(9") and
B is the beta function. Using (1.3.4), this can be interpreted in the following way where we recall
that ¢ denotes the length measure on a real tree: taking a stable Lévy tree 5 under P° and simul-
taneously choosing a vertex y € 9~ uniformly according to the measure C(y, x) 7L w(Gy)edy),
then the mass and height of the subtree 97, are jointly distributed as V and vI=Urp(an).

While the measure E [‘I’g.h (-)] is not known explicitly, its moments can be expressed in terms
of the moments of H(J").
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

Corollary 1.6.6. Let I be the stable Lévy tree with branching mechanism w(A) = xAY. For
everya, B € C such thatR(ya + (y—1)(8+1)) > 0, we have

E [\P;l" (x“uﬁ)] =g(OB(a+(B+1)1-1/7),1-1/7)E [b(ﬂ‘)ﬁ] : (1.6.10)

whereB is the beta function.

Observe that h(9") has finite moments of all order. This can be seen as a consequence of
the convergence in distribution %h(r") N h(J) together with the fact that (b—n”b(rn), ne N)
is bounded in L” for every p € R by Lemma 1.4.4. The first moment of h(9") is given in [60,

Proposition 3.4]. We shall discuss the other moments in a future work.

Note that by taking § = 0, we recover [52, Lemma 4.6]. Heuristically, the condition R(ya +
(y—=1(B+1)) > 0is due to the fact that under the excursion measure N, the height § scales as
o717 (see also Lemma 1.6.11 below), implying that for a, § € R:

H(x) H(x)
E f ,u(dx)f m(J;, )Ty, JPdr|<co=TE f y(dx)f m(ﬂ‘r,x)“ﬁ(l_l/y) dr| <oo.
T 0 g 0

Thus, the condition on «, f corresponds to the phase transition observed in [52, Lemma 4.6
and Remark 4.8] for functionals depending only on the mass (thatis = 0).

In the Brownian case, h(9") is the maximum of the (scaled) Brownian excursion whose mo-
ments are known explicitly. Therefore we get an explicit formula for the moments of the
measure E [\Ifg_h (-)].

Corollary 1.6.7. LetJ be the Brownian tree with branching mechanism w(A) = xkA?. For every
a,B e C such thatRQ2a + f+1) >0, we have

/2
[E[\Pg_"(x“uﬁ)] - E)ﬁ 5(ﬁ)B(a+E,l), 1.6.11)

1
\/HK(K 2 2

where ¢ is the Riemann xi function defined by £(s) = %s(s — 1)~ %2 (s/2){ (s) for every s € C and
( is the Riemann zeta function.

Proof. The normalized excursion of the height process H is distributed as v2/x Bexy where
Bey is the normalized Brownian excursion, see e.g. [57]. Therefore we get the identity (") @
Vv 2/x max Bex. By [37, Proposition 2.1 and Eq. (4.10)], we have

Bl = o (E\"?
E|maxBeo?| =2(3)" " ¢h), vpeC.
The result follows then from Corollary 1.6.6 and the value of g(0) given in (1.4.4) . O
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1.6. Functionals of the mass and height on the stable Lévy tree

. e mb
1.6.3 Finiteness of ¥ ' (f)

This section is devoted to the study of the finiteness of functionals of the mass and height on
the stable Lévy tree. Arguing as in the proof of Lemma 1.5.2 and using Corollary 1.6.6 and the
fact that h(97) has finite moments of all orders, we get the following result.

Lemma 1.6.8. Let I be the stable Lévy tree with branching mechanism (1) = x AV where
Kk >0andye(1,2]. Leta, B € R such thatya + (y —1)(f+ 1) > 0. For every p = 1 such that
plya+(y—-1p)>1-vandéb €R, we have:

E[HT)° VY (x*uP)P | <co. (1.6.12)

We now state the main result of this section which gives an integral test for the finiteness of
functionals of the mass and height on the stable Lévy tree.

Proposition 1.6.9. Let " be the stable Lévy tree with branching mechanism y (1) = x AY where
k>0andye (1,2]. Let f € B, ([0,1] xR,) be of the form f (x,u) = g(x)uP or f(x,u) = x*h(u)
where a, B € R, and g, h nonincreasing. Then we have

mb <oo a.s.,
h g N (1.6.13)
=00 a.s.,
according as
<00,
ff(xy”y‘”,x) dx{ * (1.6.14)
0 = 00.

Furthermore, if‘I/;_h (f) is a.s. finite then we haveE [‘Pg_f’ (f)] < oo.

Proof. We first prove that if [, f(x?’7"Y, x)dx is finite then E [‘Pg_b ( f)] is finite and thus
‘I’glh (f) is a.s. finite.

Let B e Rand g € 9. ([0,1]) be such that fo g(xy/(y_l))xﬁ dx < co. Recall that h(9") has finite
moments of all orders. Thus, by (1.6.9), we have

1
E \P;l”(g(x)uﬁ)] :g(O)[E[h(g‘)ﬁ]fo g xPVA=IM=1(q _5)=17 4y < o,

Next, let @ € R and h € %, (R.) be nonincreasing such that f; h(x)x®"'7~V dx < co. Again by
(1.6.9), we have

1
E ‘P;lh(x“h(u))] :g(O)j(; XM A -0 E[R(x Y H(9D)] dx.
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Now, letting k go to infinity in (1.5.8) and using the continuity of the cdf of h(9") (see [60]), we
get that
P(hT)<y)<1A(Coexp(~coy "'TV)) forall y=o.

We deduce that h(J) =4 Y where the cdf of the random variable Y is given by the right-
hand side of the inequality above. Using that & is nonincreasing and repeating the same
computations as in the proof of Lemma 1.5.1 (cf. (1.5.12)), we deduce that

1
E wg_"(x“h(u))] sg(O)[o XA -0 VY E[R(x7Y)] dx < co.

This finishes the proof of the finite case. The infinite case is more delicate and its proof is
postponed to Section 1.6.4. O

We end this section with a complete description of the behavior of polynomial functionals
of the mass and height on the stable Lévy tree, which is a particular case of Proposition 1.6.9
(and Lemma 1.6.8 for @ > 0 and 8 > 0).

Corollary 1.6.10. Let 9 be the stable Lévy tree with branching mechanism w(A) = xAY with
Kk >0andy € (1,2], and let a, € R. Then we have

ya+y-DpB+1)>0 < ‘I’;h(x“uﬁ)<ooa.s. — [E[‘I’Zolh(x“uﬁ)]<oo, (1.6.15)

ya+-DE+D=0 = ¥ =coas = E[¥P "] =c0. (1616)

1.6.4 Proof of the infinite case in Proposition 1.6.9

Recall that H denotes the height process under the excursion measure N. Recall that o, s and
b, s are the length and height of the excursion of H above level r that straddles s, see Section
1.6.1. Let f € $8,([0,1] x R,). Set

g H(s)
Zr= ds flors,brs)dr. 1.6.17)
0 0

Notice that under NV, the random variable Z; is distributed as ‘I’;lb (f) under P. Using the
scaling property (1.4.14) of the height process, we have the following more general result
which is partially given in [52] (notice that there is a misprint in the first line of p.34 therein).

Lemma 1.6.11. Lety(A) =xAY withx >0 andy € (1,2] and let H be the v -height process. For
every x >0, the random variable

((H(s), s€10,X1), (0,5, 01,55 7 € [0, H(s5)], s € [0, x]))
under NW is distributed as the following random variable under N
((xl_”YH(s/x), s€00,x1), (X0 c141rp g0 X" T vy g T €10, X VY H(s/ )], s € [0, x])).
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In particular, the random variable ((H(s), s € [0, x]), Zy) under N® is distributed as the ran-
dom variable ( (x'"YYH(s/x), s€ [O,x]),xz‘“?’fo) underNW, where fy is defined by fy(y, u) =
flxy, x"YYu) for x> 0.

Conditionally on H, let U be uniformly distributed on [0, 0] under N[oe]. Using Bismut’s
decomposition, see e.g. [58, Theorem 4.5] or [3, Theorem 2.1], we get that under N|[o¢], the
random variable H(U) has Lebesgue distribution on (0,00) and, conditionally on {H(U) = t},
the process (0 ¢—r,u,hi—rvu), 0 < r < 1) is distributed as ((S;,H,), 0 < r < 1) where

S, = Z m(%;) and H,= 1}1<afx(h(55) +r—-s), V0o=sr<t, (1.6.18)
S<r -

where m(T;) (resp. h(%,)) stands for the mass (resp. the height) of the real tree T, and
T = (%5, s = 0) is a T-valued Poisson point process on [0, ] whose intensity is given below.
If y = 2, the Poisson point process ¥ has intensity 2k N. To describe the intensity of ¥ for
Y € (1,2), we introduce the probability distribution P, on T which is the law of a random
tree obtained by gluing a family of trees (T}, i € I) at their root, with };¢;67,(dT) a T-valued
Poisson point measure with intensity aN[dT], see also [3, Section 2.6] for more details on P,,.
If y € (1,2), the Poisson point process ¥ has intensity fé’o an(da)P,(dT) where r is the Lévy
measure associated with v given by (1.4.10). In particular, we get the equality in law

HU) @ t
f floru,bry)drunder N[oe|HU)=t] = f f(S,Hydr (1.6.19)
0 0

In the proof of [52, Lemma 4.6], see Section 8.6 and more precisely (8.20) therein, it is proven
that S is a stable subordinator with Laplace transform [E [exp(—)LSl)] = exp(—yK” YAL-UY) we
shall determine the intensity of the Poisson point process h(T) = (h(%,),0<s< ). Ify =2, (%)
has intensity 2k N[h € dx]. But, by [58, Eq. (14)], we have N[h > x] = 1/(xx). Differentiating
with respect to x, we get N[h € dx] = k"1 x721{,>0; dx, so that h(T) has intensity 2x 21~ dxx.
If1 <y <2, h(%) has intensity

f an(da)P,(h € dx).
0

1/(y-1

Using (1.4.13) and the definition of P,, we have P, (h < x) = e @NII>x] = ¢=Cax™""" yyhere

C=(x(y- 1)~ Vo-b, Differentiating with respect to x, we obtain

Cax7 V0=V 4
P,(hedx) = ?e Cax™7 1ix>0; dx.

Since w(da) = C'a~!"" da where C' = xy(y—1)/T(2—7) (see (1.4.10)), we deduce that, for x > 0,

!

foo an(da)P,(hedx) = cc
0 v—1

Cr-ic'r@e-y) dx
T {x>0} F

® -y —yly-1) ;~Cax V0D
a Tx VY Ve da|1lse dx
0
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dx
R

In all cases, for y € (1,2], we get that (%) is a Poisson point process with intensity (y/(y —
1))x 21> dx. Intuitively, this implies that S, is of order r?/~1 while H, is of order r as
r — 0 which, together with (1.6.19), explains the form of the integral test (1.6.14).

Our goal now is to show that
ff(xw(y_l),x)dxzoo = ff(St,Ht)dt:oo a.s.
0 0

under the assumptions of Proposition 1.6.9. To do this, we adapt the proof of Theorem 1 in
[66] which gives a necessary and sufficient condition for the divergence of integrals of Lévy
processes. We first consider the case f(x, u) = x*h(u).

Lemma1.6.12. Leta > —1+1/y and h € 8. (R,) be nonincreasing such that [, h(x)x*"' V=1 dx
=o0o. We have that a.s.
0

Proof. Define the first passage time for a > 0
T(a) =inf{t>0: H;=a}. (1.6.20)
Since t — H; is right-continuous, we have
{T(a)>t}={H;< a}. (1.6.21)

Furthermore, since Hy = 0, it holds that a.s. T(a) > 0 for every a > 0.

Set F(t) = fotS?ds. Clearly F(t) <ocoa.s.ifa=0.If -1+ 1/y < @ <0, we have

t t
EiFo) = [ E[st]ds=E[sg] [ /0 Vs
0 0

where we used that S is stable with index 1 — 1/y. Now the last integral is finite because of the
condition on a and

« 1 o0 251 1—1-a 1 o0 Ly ) g
E[SY] = EleS] A" da= e A1 A < oo
C(lab Jo C(lab Jo

Thus, we get F(f) < oo a.s. for « > —1+1/y. Furthermore, F is nondecreasing and we have

1 1
f S?h(Ht)dt:/ h(H;) dF(x). (1.6.22)
0 0
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We shall need the first and second moment of F(T(a)) for a > 0. Using (1.6.21), we have that

[E[F(T(a))]:f0 E[S?I{T(a)>t}]dt:[) E[S§1H,<q] dt.

On the other hand, notice that for every s € [0,0], it holds that o s = ¢ is the total mass and
Hy s = b is the total height. Thus, using Bismut’s decomposition, we have

fo'0) o0
N[0 pea] = [ N[oofylumpca| HO = 1] de= [ TE[SiLp<aldr, (629

where we recall that conditionally on H, under N[oe], U is uniformly distributed on [0, o] and
(00,u, Ho,y) conditionally on {H(U) = t} is then distributed as (S¢, H;). We deduce that

E[F(T(@)] = N[0 1 5<y]

o0

= g(O)f0 x YN [0 1y ] da
o

:g(o)f K VYND [17) < o] dx
0

(@+1)y-1 ’

where we disintegrated with respect to o for the second equality and used the scaling property
(1.4.14) of the height process for the third. Recall that  has finite moments of all orders under
N so that E[F(T(a))] is finite for all a > 0. Next, set

o H(s)
zy :f dsf oy dr.
0 0

It follows from Lemma 1.6.11 that under N, (h, Z™) is distributed as (x!~1/7f, x*+2-1/v zm)
under NV, Recall that @ > —1 + 1/y. Thus, using Bismut’s decomposition as in (1.6.23), we
have

[e] t
E[F(T(a)?] =2E UO S?l{Hm}dtfo S‘;ds]
_2N a+11 H©) a d
N9 Rbsa o Orudl

=2N[0 V<0 Zq |

[e.0]
=2g(0) f xTTUIND [0 e 23] dx
0
o0
— 29(0)\/(; x—l—l/YN(l) [xﬂi1{x171/Yh<a}xa+2_l/YZ;1] dx

__ 90 N© [h—2(1+w}//(y—1))Z2‘t] @20+ ay/ (=1 (1.6.25)
a+1-1/y

where the last term is finite by (1.6.12). Combining (1.6.24) and (1.6.25) and using Cauchy-
Schwartz inequality, we deduce that there exists some finite constant C > 0 such that for all
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a,b>0

2)1/2 < CE[F(T(a)]E[F(T(B)].  (1.6.26)

E[F(T(a)F(T(b))] < E[F(T(a)) E[F(T(b))

ForieN,putT; = T™Y, h; = h(27%) and Ah; = hjyq — h;. Notice that the sequence (T;, i e N)
isnonincreasingand Ah; = 0. Set V;, = ;’:1 F(T;)Ah;_;. Notice that E[V,,] is finite as E[F (T (a))]
is finite for all a > 0. By (1.6.26), we have

E(V2] = Y E[FT? Ahi?+2 Y E[FTOFT)] Ahiyahj
i=1 1<i<j<n
n
Z [F(T))? (ARi-)?+2C Y, E[F(THIE[F(T))]Ahi1Ahj-

i=1 l<i<j<n

N

2
=C|[)_E[F(T))] Ahi_l) = CE[Vy)?.

Therefore, we get that limsup,, E[V,,]? / E [V?2] > 0. By [108], it follows that

P (lim sup = 1) > 0. (1.6.27)
n

n

Using (1.6.24), notice that for some finite constant C > 0, we have

—i+1

1 o) .
‘/(; xl-ny/()’—l) |dh(x)| < 2(2—1+1)1+a}’/()’—1) L_i |dh(x)]

i=1
o0
=C Z E(F(T)IAh;_1 = Cnli_ILlo[E (Vi]. (1.6.28)
i=1
Since 1ler"“Y/(V_l)ldh(x)l2—h(1)+ l1+ay/(y-1) 1h(x)x"”’/(y_”dx:oob assumption,
0 Yty 0 Yy

it follows from (1.6.28) that lim;_.oE[V}] = co. Thus, using (1.6.27) and the fact that V, is
nondecreasing, we deduce that lim,_., V;; = co with positive probability, that is

P|Y F(T)Ahi =oo) >0. (1.6.29)

i=1

Since h is nonincreasing, we have

To [e.°]
h(HYdF(®) 2 ) hiy (F(T;-1) = F(T))). (1.6.30)
i=0

A summation by parts gives

n n
> hio1 (F(Ti—1) = F(T) = F(To)ho = F(Tp)hy + Y F(T)AR . (1.6.31)
i=1 i=1
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But, notice that

T, To
F(T)h, = F(Tn)h(Z‘”) S[ h(H)dF () < h(Hp) dF(1).
0 0

Together with (1.6.30) and (1.6.31), this yields

[e.°] TO
F(To)ho+ Y F(T))Ahi—y szf h(H,) dF(1).
i=1 0

It follows from (1.6.29) that To Sh(Hy)dt = To h(H,) dF (1) diverges with positive probability.
0 >t 0 g p p y.

Finally, since the event { fo S¢h(Hy)dt = oo} is %y -measurable where (%;) ;¢ is the filtration
generated by the Poisson point process ¥, Blumenthal’s zero-one law entails that fol S¥h(H,)de
diverges with probability 1. O

Lemma 1.6.13. Let > —1 and g € 9.((0,1]) be nonincreasing such that fo g(x“Y/(”_l))x‘6 dx=
oo. We have that a.s.

Proof. The proofis similar to that of Lemma 1.6.12 and we only highlight the major differences.
Define the first passage time T(a) = inf{t>0: S; > a} for every a > 0. Since S is a stable
subordinator, we have a.s. T(a) > 0 for every a > 0. Set F(t) = [ HE ds. Notice that F(f) < oo
a.s.if = 0.If -1 < B <0, then using that Hg = s, we have a.s. F(f) < fot sPds < oo. To compute
the first moment of F(T(a)), use Bismut’s decomposition as in (1.6.23) to get

E[F(T(a)] = E UO Hfl{sm}dt]
=N [01{0<a}hﬁ

:g(o)fax(ﬁ+1)(1—1/y)—1N(l) [hﬁ] dx
0

_$ 1) B (B+1A-1/y)
_(ﬁ+1)(1—1/y)N [h ]“ : (1.6.32)

o H(s)
ZV=| ds Hrﬁsdr
B Jo 0 ’

and using Bismut’s decomposition as in (1.6.23) and the fact that under N™, (b, Zg) is dis-

tributed as (x' /71, x(ﬁ“)(l_”w“Zg) under NV by Lemma 1.6.11, we have

Setting

0 t
E[F(T(a)?] =2[EU H’fl{sm}dtf Hfds]
0 0

H(U) 5
:2N[01{0<a}bﬁf0 Hy\,dr
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=2N[1{g<a}hﬁzg]

a
= 2g(0) f VNG [P 28] dx

0

g(0) W [up ] 208+DA-1/7)
- Y7 N Z n, 1.6.33
B+1(A-1/y) [h ﬁ]a ( )

where NO [hﬁZg] < oo by (1.6.12). Combining (1.6.32) and (1.6.33), we see that the estimate
(1.6.26) holds. The rest of the proof is similar to that of Lemma 1.6.12 (with #k; replaced by
gi=gR™). -

We can now finish the proof of Proposition 1.6.9. Let f € %, ([0, 1] xR ) be of the form f(x, u) =
g(x)uP or f(x,u) = x*h(u) with g, h nonincreasing and such that f, f(x"/7~V, x) dx = co. By
Lemmas 1.6.12 and 1.6.13, we have that, in the cases @ > -1+ 1/y and > —1, a.s.

ff(St,Ht)dt=oo. (1.6.34)
0

Now suppose that & < —1+ 1/y. Since h is nonincreasing and satisfies fo h(x)x®"0r-D dx = oo,
there exists a constant C > 0 such that & = C on some interval (0, ). Thus, we have

fS?h(Ht)dtszS‘fdt,
0 0

where the last integral diverges a.s. by Lemma 1.6.13 as [y x*"'~Y dx = co. Similarly, if < -1,
there exists a constant C’' > 0 such that g > C’ on (0, ¢). Thus, we have

fg(St)H’fdtzC’fodt,
0 0

and the last integral diverges by Lemma 1.6.12 since [ xP dx = co. This proves that (1.6.34)
holds for all a, 8 € R.

Combining (1.6.19) and (1.6.34), we deduce that

HU)
N|o; Zf < 0] ZN[U;Uf flory, Hyy)dr <oo
0

oo HU)

=f N [a; O'f floru, Hyy)dr <oo’H(U) = t] dr
0 0
[ele} t

:f P(Stf f(S,,H,)dr<oo)dt=0.
0 0

It follows that N-a.e. Z¢ = co. Disintegrating with respect to ¢ and using the scaling property
from Lemma 1.6.11, we get

[e.0] (o0}
0=N[Zf <] =f0 NW[Z; < oo n*(dx):fo N [x*7 1Y Zp, < oo] 7, (dx).
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1.7. Phase transition for functionals of the mass and height

Consequently, dx-a.e. on (0,00), we have NV [ Z/, <oo] = 0. Suppose that f(y, u) = g(y)uP

with g nonincreasing. Then, under NV, Z;, is equal to x#0-1V (1 ds [ g(xo, ) HP  dr and

we get that

1 H(s) 5
x—NU fo dsf0 g(xors)Hy¢dr <oo

vanishes dx-a.e. on (0,00). Moreover, this function is nonincreasing in x as g is nonincreasing.
Hence it is identically zero. In particular, taking x = 1 yields NV [Z < oo] =0, and thus
‘Pg‘_h (f) =+ooa.s. as Z¢ under N is distributed as ‘Pg_h (f). The same argument applies if we
suppose that f(y, u) = y*h(u) instead. This completes the proof.

1.7 Phase transition for functionals of the mass and height

Recall that 7" is a BGW(¢) conditioned to have n vertices (with n € A) and ¢ satisfies (¢1) and
(£2)!, with the sequence (b, n € N*) in (1.4.1), and that I is a stable Lévy tree with branching
mechanism ¥ (1) = xA?. In this section, we study the limit of

b b
(—”rﬁ,, — H(w)

n n

R b
dy(f)=— Y lthlf
n® ywerne
for functions f € A(T x R;) continuous on (T \ Ty) x R, but that may blow up as either the
mass or the height goes to 0.

1.7.1 A general convergence result

We now give a first convergence result for general functionals that may blow up. Recall from
(1.2.5) the definition of Ty. Notice that «/; (To x Ry) =0and ¥4 (To x R,) =0.

Proposition 1.7.1. Assume that ¢ satisfies (1) and (£2)'. Let f € B(T x Ry) be continuous on
(T\To) xRy and a, Be R withya + (y —1)(B+1) >0 be such that

|F(T, )] < Co(D)*B(T)P, forall TET\Tyandr =0, (1.7.1)

or some finite constant C > 0. Then ¥ g (IfD is a.s. finite and we have the convergence in
8
distribution

by . (bn_, bn
AN =—3 > |Tw|f(7Tw,7H(w))(—d)>‘Pg‘(f). (1.7.2)

wetmn°

We also have the convergence of all moments of order p = 1 such that p(ya+(y—-1)p) >1-vy.

Proof. By Corollary 1.4.11, we know that <7, Y ¥4 in the space . (T xR,). In particular, the
sequence (7, n € A) is tight (in distribution) in .# (T x R,), and applying [99, Theorem 4.10],
we have

. o C _

1£1Jf(sup[E[1A5z¢n(K )] =0, (1.7.3)

neA
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

where £ is the set of all compact subsets of T x R,. We start by showing that

Jnf supE [, (K9] =0. (1.7.4)
€

neA

Let K € % . Using the inequality x < 1 A x + xv'1 A x with x = &/, (K°) = 0 and the Cauchy-
Schwartz inequality, we get that

E[<£2(KO)] <E[1A£5(KO)] + \/[E [o25(1)2] E[1 A 5 (KO)]. (1.7.5)

Since «/, (1) < %h(r”) by (1.4.21), Lemma 1.4.4 implies that

(b—:h(r”))z

This, in conjunction with (1.7.3) and (1.7.5), proves (1.7.4).

1/2

sup[E[.d,‘;(l)z]UZSSup[E < oo.

neA neA

Let a, f € Rsuch that ya + (y —1)(8+1) > 0. We consider the space S = T x R; with the metric
o (T, ), (T",r") = dgup(T, T') + |r — r'| and Sg = Ty x Ry, so that (S, p) is a Polish metric space
and Sy is a closed subset of S. We shall consider 05 = ({¢},0) € Sy as a distinguished point. We
shall construct a family of functions § on S satisfying assumptions (H1)-(H4) of Appendix 1.A
in order to apply Proposition 1.A.10. Let (6, k € N) be a positive increasing sequence such
that 2y — 1) < (y = 1) + (ya + (y = 1) ) A0 for all k € N. Define for every k € N

felT,r) = (m(DP v () %) (512 v (1) F) and  gi(T,r) = m(T)*H(DP filT, ),

forall Te T\ Tyand r =0 and f; = gx = +oo on T x R;. The functions f; and g are positive
and continuous on (T \ Ty) x R;. We define § = {1} U{fi, gkx: k € N}. Therefore assumptions
(H1) and (H2) are satisfied. Notice that p((7, 1), So) = dgup(T, Tp). Let ¢ >0 and M > 0. By
(1.2.4), dgup(T,{2}) = M implies that h(T) < 2M and m(7) = M. Similarly, by Lemma 1.2.2,
dcup(T, Ty) = € implies that h(T) = € and m(T) = €. Therefore, we have the inclusion

{(T,r €S: p((T,1),S0) 2 €, p((T,1),05) < M} c{T € T: h(T) € [&,2M], m(T) € [e, M]} x R,.

Since fi and g are clearly bounded away from zero and infinity on the latter set, assumption
(H3) is satisfied. Moreover, fi/ fr+1 and gi/gk+1 are continuous and bounded on S = (T \
To) x Ry for every k € N. Recall that p((T,r),So) = dgup (7, To). Therefore, as p((T,1),Sp) —
0, we have H(T) Am(T) — 0 by Lemma 1.2.2. It follows that fi(T,7)/ fx+1(T,r) — 0 and
gk(T, 1) gxs1(T, 1) — 0 as p((T,r),So) — 0+. Recall the notation §*(f) from (H4). We de-
duce that fi,1 € *(fx) and gr41 € F*(gx) for k € N*. We also have that 1/ f; is continuous
and bounded on Sg and that 1/ f;(T,r) — 0 as p((T,r),Sp) — 0+. This implies that f; € F*(1).
Therefore, assumption (H4) is satisfied.

In order to apply Proposition 1.A.10 to the sequence of measures («/,;, n € A) and the family
§, we shall check that the sequence («/,,, n € A) is tight (in distribution) in the space ./ (see
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1.7. Phase transition for functionals of the mass and height

Appendix 1.A for the definition of ./3). Thanks to Proposition 1.A.4, the sequence (<, n € A)
is tight in the space /3 if and only if (7, n € A) is tight in .#/(S) for all € § (recall that
the notation <, stands for the measure {((7, r))<Z; (dT,dr)). Let f € §. Notice that for every
TeT\Tyand r =0, we have

f(r,ry < Y mM%H(1)Pi
1<i,j<2
for ay, a2, B1, B2 € Rsuch that ya; + (y — 1)(f; + 1) > 0 holds for every i, j € {1,2}. Therefore, by
Lemma 1.5.2, we have for some p > 1 small enough

supE [/ (HP] <oo and supE [« (§P)] <oo. (1.7.6)
neA

neA

The first bound gives that (1.A.3) holds for all f € § by the Markov inequality. Recall that 2
denotes the set of compact subsets of T x R... Moreover, with g such that1/p+1/g=1and
K € %, using Holder’s inequality, we get

E [/ (f1co)] <E [ty (1) TE [, GP)] 17
Using the second bound in (1.7.6) and (1.7.4), we deduce that
inf El« (f1ge)| =0.
(nf SUpE [/ (1c)] =0

Thus (1.A.4) holds for all f € §. According to Proposition 1.A.4-(i), we get that the sequence
(,,, n€A) is tight (in distribution) in /(T x R). Now apply Proposition 1.A.10 and Proposi-
tion 1.A.9 to get that
o (ad)
oy (Fh) —— Vg (fh)

for every h € 6, (T xR,) and every f € §. Let f € B(T x R,) satisfying the assumptions of
Proposition 1.7.1. Consider f = g; and & = f/g;. Notice that (1.7.1) implies that % is continuous
on T xR,. Since fh = g1 h = f except possibly on Sy = Tg x R} and 7, (Sp) = ¥ (Sp) =0, we
deduce that the convergence in distribution (1.7.2) holds.

Let p > 1 such that p(ya + (y —1) ) > 1 —y. There exists g > p satisfying the same inequality.
Since | (T, )| < Cm(T)*H(T)P, we get that

b1+ﬁ q
( L Y ITﬁ,IH“h(TZ,)ﬁ) ] (1.7.7)
erme

supk [|<£2(F)|9] < C7supE
neIA) [| w0 ] nEIA) n2tath

where the right-hand side is finite by Lemma 1.5.2. Thus, the sequence (|, (f)|”, n € A) is
uniformly integrable and the convergence of the moment of order p of &/, (f) towards the
moment of order p of ¥ 4 (f) readily follows from (1.7.2). O
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

1.7.2 Phase transition for functionals of the mass and height

We refine the convergence result given in Proposition 1.7.1 for functionals depending only on
the mass and height and describe a phase transition in that case.

We start with a technical lemma which is a consequence of the well-known de La Vallée
Poussin criterion for uniform integrability.

Lemma 1.7.2. Let v be a nonnegative finite measure on (0,1] and f € 6.((0,1]) be nonin-
creasing, belonging to L' (v) and such that lim,_q, f(x) = +oco. Then there exists a positive
function f¥ € 6,((0,1]) which belongs to L'(v), such that f/f" is bounded on (0,1] and
limy o4 f(x)/f¥(x) =0.

Proof. We may assume without loss of generality that f does not vanish anywhere in (0, 1]
and that v is a probability measure. By the de La Vallée Poussin criterion (see [50, §22]),
there exists a convex nondecreasing function F: R; — R, such that lim;_, F(#)/f = co and
Fo f e L'(v). In fact, up to considering F + 1 instead, we can and will assume that F does not
vanish anywhere. Since F is convex on R, it is continuous on (0,00) and it follows that Fo f is
continuous on (0, 1]. Moreover, F o f is clearly nonincreasing by composition. Further, since
limy_g f(x) =ocoand lim;_.o, t/F(f) =0, we get lim,_.o f(x)/F o f(x) = 0. The function f/Fo f
being continuous on (0, 1] with a finite limit at 0, it is bounded on (0, 1]. Setting f¥ = Fo f, the
conclusion readily follows. O

We now give the main result of this section. Recall that the notation ‘Pg_h (g(x)h(uw)) stands for
\I’Ej’ (f) where f(x,u) = g(x)h(u). For g € B(R,), define

g"(x):= sup |g(y)| forall xe (0,1]. (1.7.8)

x<y=<1

Theorem 1.7.3. Assume that ¢ satisfies 1) and (£2)'.

(i) Let BeR and g € 28([0,1]) be such that g is continuous on (0, 1] and satisfies
fg* (YD) xP dx < 0. (1.7.9)
0

Then we have the convergence in distribution and of the first moment

b’11+ﬁ n n\p |TZ/| (d)+mean . mh B
ex; IR AALICHN g(T)w‘Pg_ (g(x)uP) (1.7.10)
wet'°

where ‘P;lb (Ig(x)|uP) is a.s. finite and integrable.
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1.7. Phase transition for functionals of the mass and height

(i) Leta € R and h e BR.) be such that h is continuous on (0,00) and satisfies h(u) = o)
as u — oo for somen € (0,y) and

fx“”/(y’”h*(x) dx < oo. (1.7.11)
0

Then we have the convergence in distribution and of the first moment

b
e 2 ITw ““h( by, )M w0 (% h(w)) (1.7.12)
n wetn° n—oo

where ‘Pr}h (x% h(w))) is a.s. finite and integrable.
(iii) Let f € 8.([0,1] x Ry) be such that
ff(xY”Y‘”,x) dx = oco. (1.7.13)
0

Suppose that f is of the form f(x,u) = g(x)uP or f(x,u) = x*h(u) wherea, B€R and g, h
are nonincreasing and continuous on (0, 1] and on (0,00) respectively. Then we have

b" |T | b n (d)+mean
;wgn |f( N (Tw)) e O (1.7.14)

Proof. Notice that (1.7.9) implies that § > —1 as soon as g is not identically zero. To prove (i),
we proceed in three steps.

Step 1 in the proof of (i). We first suppose that g € €, ([0, 1]) is nonincreasing and nonzero.
Let (B, k € N) be a decreasing sequence of nonpositive real numbers such that §y = 0 and
limg_ o, B = —1. We define a set of functions § = {h: k € N} where hi(u) = uPe v uk for u>0
and k € N, and /((0) = 1 and h(0) = +oo for k € N. We shall prove that § satisfies assumptions
(H1)—(H5) of Appendix 1.A with S = R, equipped with the Euclidean distance and Sy = {0}.
Notice that hg = 1 and h is continuous on S§ for every k € N, so (H1) and (H2) are satisfied.
Moreover, for every k € N, the function A/ hy4 is continuous on (0,00) and we have

hi (1) 1

h
im () = lim uf* P11 =0 and lim = lim —=0,
u—0+ hpq ()  u—0+ u—+oo fip 1 (u) u—+ooy

so that (H4) and (H5) are satisfied. Finally, since the set {x € S: p(x,Sp) = ¢, p(x,0) =< M} =
[e, M] is compact and hy is continuous, it is bounded there and (H3) is satisfied. Define a
(random) measure on R, by setting

by, T\, (bn, . n
Calh) =3 EZ ( - ) (7h(rw)) (1.7.15)

for every h € %, (R;). By (1.4.23), {, converges to { in distribution in .4 (R.) and E[{,(e)]
converges to E[{ ()] in .4 (R.) where ( is defined by {(h) = ‘I’;lb (g(x)h(u)). But, since we have
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Jo 8(0)xPr+DI=1M=1qx < oo for every k € N, Lemma 1.5.1-(i) gives

supk [{,(hy)] <supkE

neA neA

Cn(uﬁ’“)] +sup[E[(n(u )] <oo forall keN.

neA

Thus, Corollary 1.A.11 yields the convergence in distribution {; Y ¢in Mz as well as the
convergence of the first moment E[{,(¢)] — E[{(¢)] in .47. By Proposition 1.A.9, this implies
that for every g € 6, ([0, 1]) nonincreasing and every > —1, we have

bHﬁ Yt lhal, Wg T |)M ™ (o(x)uf) (1.7.16)
n2h " P T (8 . .

Step 2 in the proof of (i). Now fix f > —1 and define the (random) measure ¢, on [0, 1] by

b1+,3 T n|
(&) =55 >, Tl )ﬁg( ) (1.7.17)

wet™°
for every g € 98..([0,1]). Notice that (1.7.16) can be rewritten as

(d)+mean
_—

$n(g) (g (1.7.18)
for every g € 6, ([0, 1]) nonincreasing, where the measure ¢ is defined by ¢(g) = ‘Pg_h (g(x) ub)y.
Moreover, Lemma 1.5.1-(i) applied with g =1 gives sup,,co E[{;(1)] <oo. As a consequence,
by the Markov inequality, we have lim,_.oosup,cA P (£, (1) > r) = 0. Since [0, 1] is compact, this
means that the sequence of random measures (¢, n € A) is tight in distribution in .4 ([0, 1]),
see [99, Theorem 4.10]. Hence, it is relatively compact by Prokhorov’s theorem as the space
(([0,1]) is Polish for the weak topology. Let & be a limit pomt Then we have &(g) £ é(g) for
every g € 6. ([0, 1]) nonincreasing. Therefore, we get that cf = cf and the sequence (¢, n € A)
has only one limit point ¢. Since it is relatively compact, we deduce that ¢, converges to ¢ in
distribution in .# ([0, 1]). A similar deterministic argument shows that E [{,(e)] converges to
E[$(e)] in ([0, 1]).

Step 3 in the proof of (i). Let 8 > —1 and g € 28([0,1]) be continuous on (0,1], nonzero
and such that fo g*(x)x(ﬁ“)(l’””)’1 dx <oo. Set gg = 1. Iflimy_og*(x) =00, set g, = g* +
1. If g* has a finite limit at 0 (which is then positive), then there exists € > 0 such that
Jox €g* (x)xPDA=IM=1dx < 0. We also have limy_o+ x¢g* (x) = 0o and the function x —
x~¢g*(x) is continuous on (0, 1] and nonincreasing. In that case, we set g;(x) = x ¢g* (x) + 1
for x € (0,1].

Define a set of functions § = {gx: k € N} as follows: for every k > 1, set gx+1 = g; which is given
by Lemma 1.7.2 applied with the finite measure v(dx) = x#*V0-1/"~-1qx. By construction,
the sequence § satisfies assumptions (H1)—(H4) of Appendix 1.A with S = [0, 1], So = {0} and
S (gu) =1g j: J >k} (notice (H3) is automatically satisfied as [0, 1] is compact). Notice that, by
Lemma 1.7.2, for every k € N, the function gy is continuous and nonincreasing on (0, 1] and
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1.7. Phase transition for functionals of the mass and height

satisfies [, g (x)xP*DI=1/M=1dx < co. So, by Lemma 1.5.1, we get that

supE[&,(gk)] <oo forall keN.

nea
Now, Corollary 1.A.11 applies and yields, in conjunction with Proposition 1.A.9, the conver-
gence in distribution and of the first moment

(d)+mean

$n(grf) (g

for every ke Nand ¢ € €([0,1]). Now apply this with k=1and ¢ = g/g;. Noticethat g,/ =g
except possibly on Sy = {0}. Since &,(Sg) = ¢£(Sp) = 0, we deduce that

(d)+mean
—
—00

This, together with Proposition 1.6.9, proves (i).

The proof of (ii) is quite similar so we only indicate the changes compared with (i). Again
notice that (1.7.11) implies that « > -1+ 1/y as soon as & is not identically zero.
Step 1 in the proof of (ii). Let / € € (R*) be nonincreasing and nonzero.

Taking a decreasing sequence (a, k € N) of nonpositive real numbers such that @y = 0 and
limy_ . ax = —1+ 1/y and defining a set of functions § = {gx: k € N} by gi(x) = x%*, we can
show that for every h € €, (R,) nonincreasing and every a > -1+ 1/y, we have

1 (d)+mean mb
nm WZ 73] *“h( h( ”))—oo» W (x® h(w). (1.7.19)

Step 2 in the proof of (ii). Fix a > —1 + 1/y and define the (random) measure ¢, on R by

$n(h) =

2+a Y e “"‘h(:b(rﬁ,)), (1.7.20)

wetn°
for every h € 9. (R.). Notice that (1.7.19) can be rewritten as

(d)+mean

$n(h) $(h) (1.7.21)
for every h € €+ (R;) nonincreasing, where the measure ¢ is defined by ¢(h) = \I’glh (xh(w)).
Moreover, Lemma 1.5.1-(ii) applied with % = 1 gives sup,,c.o E[{,(1)] < co. As a consequence,
by the Markov inequality, we have lim,_..,sup,caP(£,(1) >r) = 0. Fix § > 0 and let r > 0.
Then, using the inequality 1{, ) (1) < (u/1)P for every u = 0, we get

supkE [, ([r,00))] <—ﬁsup[E mho(x uﬁ)

neA " neA

89



Chapter 1. Global regime for general additive functionals of conditioned BGW trees

Notice that the right-hand side is finite by Lemma 1.5.2 since ya + (y —1)(8+1) > 0. We deduce
that
inf supE [¢,(K9)] =

KRy pea
where the infimum is taken over all compact subsets K c R,. By [99, Theorem 4.10], this
means that the sequence of random measures (¢, n € A) is tight in distribution in . (R.).
Following the end of step 2 for property (i), we are then able to show that ¢,, converges to ¢ in
distribution in .4 ([0,00)) and E [¢ ;(¢)] converges to E[£(e)] in 4 ([0,00)).

Step 3 in the proof of (ii). Let i1 € 8(R.,) be continuous on (0,00) such that #* is non-zero,
Joh* @u®'""Vdu < 0o and h(u) = O(e*") as u — oo for some 1 € (0,y). Set hy = 1 and
define a positive function h; € %8, ((0,00)) in the following way. If lim,_.oh*(u) = oo, set
hy = h*+1on (0,1]. If h* has a finite limit at 0 (which is positive as 2* is non-zero), then
a > -1+ 1/y, and thus there exists € > 0 such that [y u™¢h* (w)u®"'7"Y du < co. Moreover,
we have lim,_.o u™¢h* (1) = oo and the function u — u~¢h*(u) is continuous and nonincreas-
ing. In that case, we set k(1) = u=*h*(u) + 1 for u € (0,1]. Now extend h; to a continuous
function on (0,00) such that k) (u) = exp(u™) for u = 2 for some 1, € (1,7). Define a set of
functions § = {hy: k € N} as follows. Let (ng, k = 2) be an increasing sequence in (11,7).
Recall that @ > —1 + 1/y so that the measure v(du) = 19,17 () u®’0r=Ddy is finite. For every
k = 1, define hj;1 € %8.([0,00)) continuous and positive on (0,00) and such that hy; = h%
on (0,1], with h‘]é defined in Lemma 1.7.2, and hy.41 (1) = exp(u"**!) for u = 2. In particular,
we have limy_.g4 hg(x)/ gs1(x) = limy_ o0 Bg(X)/ his1 (x) = 0. Then, it is easy to check that
the sequence § satisfies assumptions (H1)—(H5) of Appendix 1.A with S = R, Sp = {0} and
§*(hi) = {hj: j >k} for k € N. Notice that, by Lemma 1.7.2, for every k € N, the function £ is
continuous and nonincreasing on (0, 1] and satisfies fj h (1) u®"'7~Y du < co. So, by Lemma
1.5.1 (i) and (ii), we get that for all k € N, there exists a finite constant Cj. > 0 such that

SupkE[¢p(hE)] < SUP[E [En(hiLo1)] + Cr SUP[E [€n(exp(u™)1(y21))] < co.

neA
Now, Corollary 1.A.11 applies and yields, in conjunction with Proposition 1.A.9, the conver-
gence in distribution and of the first moment

(d)+mean

Sn(hif) ———— S(hef)

for every k € N and every f € € (R.). Taking k = 1 and f = h/h; proves (1.7.12) as &, (Sp) =
&(Sp) = 0. This, together with Proposition 1.6.9, proves (ii).

mh°ﬂ\l’r§h in

To prove (iii), notice that by (1.4.23) we have the convergence in distribution «,
the space ([0, 1] x R,). Thanks to Skorokhod’s representation theorem, we may assume that
we have a.s. convergence. Thus, we get that a.s. for every k€ N,

. bp |7 | bn
lim s Y IT,'j,I(f( -

wet°

"yt | a k| =W AL,
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Therefore, we have for ke N

llmlnf— Z IT7,

wetn°

(lT |b—h( )>\Pgl"(f/\k). (1.7.22)

But by the monotone convergence theorem and Proposition 1.6.9, we have thata.s. limy_ \I’g_h (fA
k) = ‘P;h (f) = oco. Thus, (1.7.14) follows from (1.7.22) by letting k go to infinity. O

Recall from (1.4.16) that we excluded the leaves to be able to consider functions taking infinite
values on trees whose height vanishes. In the particular case where the function only blows up
as the mass goes to zero, one can get rid of this restriction.

Remark 1.7.4. Recall the definition of the random measure gf,‘,n he e A([0,1] x R,):

o bn
Ay )= Y I |f(

wet™°

ITIbn )

Similarly to the measure <7,," h‘°, we define the measure o7, beu ([0,1] x R;), where the sum
is over all the vertices (the internal vertices and the leaves): for f € 98, ([0,1] x R;)

|T|bn

AM(f) == Z 7 "|f(

WET”

i ))
Let B =0and g € 98([0, 1]) such that g is continuous on (0, 1] and fo g" (" 0r-1D)xP dx < co. By

Theorem 1.7.3-(i), we have

A" (g(x)uP) v (g0 ub). (1.7.23)

(d)+mean
—00

Now note that

b1+ﬁ T n |

Ay (g uf) = i 2 ITwlb(y )ﬁg( )
wetn

makes sense when the function g blows up at 0. If § > 0, we have <, h(g(x) uPy = mh °(gx)uP)

since h(77]) = 0 for every leaf w € Lf(z"). Thus we only need to consider the case [3 =0. Then,

using (1.4.2) and the fact that | Lf(z"")| < n and that |7} | = 1 for every w € Lf(z"), we have

<Bn g (l) ‘
n

y |rg|g('T3')

welf(z™)

Ay (g0 — sty ()| = —’;

Since g* is nonincreasing and satisfies [, g* (x”'""V) dx < oo, it is straightforward to check that
g*(x) = o(x}7"1) as x — 0. Thus, we deduce that lim,_co /™" (g(x)uP) — /™ (g(x)uP) =

0 a.s. and in L'(P). As a consequence, the convergence (1.7.23) still holds if we replace
A" (g(x)uP) by sy (g(x)uP).

Similarly, let @ > —1 +1/y and h € € (R,) such that k() = O(e"") as u — oo for some 17 € (0,7).
Then h* is bounded near 0 and necessarily [, x*"/7~Y1*(x) dx < co. Thus, by Theorem 1.7.3,
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

we have
A (% R(u)) LR, G (). (1.7.24)
n—oo
Furthermore, using (1.4.2) we have
by,

M (x h(w) —d,‘;‘”’°(x“h(u))| = |LE@™) | 1RO < B~ Y R(0)].

n2+a

Thus, we deduce that lim,,_ o d,;“h (x%h(w) — vaf,‘?h’o(x“h(u)) =0a.s. and in L' (P) and the
convergence (1.7.24) holds for <7)" b (x*h(w)).

Example 1.7.5. Fixa > —1+1/y and set g(x) = |log(x)|x®. It is clear that f, g(x"'""V)dx < oo,
so by Theorem 1.7.3 we have the convergence in distribution

A" (g(x) — T W (g(x).

n

But notice that

o byl b
,szf;;nh' (g(x)) = %gin) Z T;L1U|1+a . nzza Z |T',L|1+a10g|‘rﬁ,|
wetm° wetn°

:log(n)dfh’o(x“)— bn Z |Tfu|l+alog|TZ,|.

24+a
n wet'™

Again Theorem 1.7.3 gives the convergence in distribution d,‘? bro (x% @, ‘Pg_h (x%). Therefore,
we get the following asymptotic expansion in distribution

by,
n2+a

Y [ 1og|tl| D logn) W (x%) — ¥ (log(x)1x®) + 0(1).

wet°

Furthermore, since

Tim E /777 (g(0)| =E[ W57 (g(x)| and  lim E [/ (%)

=E[¥5 (),
we get the corresponding asymptotic expansion for the first moment

b
i E| X [l log|rl]
wetn°

= log(ME | W5 (x| ~E |5 (log(n)]x™) | + o(1).

1.A A space of measures

Let (S, p) be a Polish metric space, Sy < S be a closed set in S and 0 € Sy be a distinguished
point. Denote by £ the class of compact sets K c S. For any x € S and A c §, the distance
from x to A is defined by p(x, A) =inf{p(x, y): y € A}. Let § be a countable set of measurable
[0, +o0]-valued functions on S satisfying the following assumptions:

(H1) The constant function 1 belongs to §.
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1.A. A space of measures

(H2) All f € § are continuous on Sg.

(H3) All f € § are bounded away from zero and infinity on {x € S: p(x,Sp) = ¢, p(x,0) < M}
forevery0 < e < M < +o0.

(H4) Forall f €F, theset §*(f) c § of functions f* € § such that f/f* is bounded on S§ and
limy(x,s,)—0+ f(x)/ f*(x) = 0 is non-empty.

Note that assumption (H3) is automatically satisfied when S is compact and every f € § is
positive on S§. Notice that (H4) implies that §*(f) is countably infinite for any f € §. We shall
write f* for any element of §*(f). By (H1) and (H4), we have limy,s,)—0+ 1*(x) = +00. By
convention, we take 1* = +oo on Sy and f/f* =0 on S for every f € §. We will occasionally
need the following additional assumption:

(H5) Sis compact or infge 7 sup g f(x)/ f*(x) =0 for every f € § (and some f* € F*(f)).

Denote by .4 = .4 (S) the space of nonnegative finite measures on S endowed with the weak
topology. Recall that (., dgy), with dgy, the bounded Lipschitz distance is a Polish metric
space. Recall that, for u € .4 and f € %, (S), the notation fu stands for the measure f(x)u(dx).
Set

Mz = Mz(S) ={peM: u(f) <oo forall feF}. (1.A.1)

For u € 5, we have u(Sp) =0 (as 1* = +ooon Sy) and fu € 4 for every f € §. In particular,
since (f/f*)f* = f on S¢S, we have (f/f*)f*u = fufor every f € § (and f* € F*(f)). We
say a sequence (i, n € N) of elements of .43 converges to u € /5 if and only if (fu,, n € N)
converges to fu in ./ for every f € §. We consider the following distance dz on ./ which
defines the same topology:

1
dgz(p,v) = k;N oF (LA dpr (fip fiv)) for p,ve s, (1.A.2)
where {fi: k €N} is an enumeration of §. (The choice of the enumeration is unimportant, as
the corresponding distances all define the same topology on .#3.) Notice that the mapping
W — fpis continuous from ./ to .4 . In particular, taking f = 1 gives that every sequence
which converges in ./ also converges in ./ to the same limit.

We shall see that the space (.3, dg) is complete and separable (Proposition 1.A.1) and give a
complete description of its compact subsets (Proposition 1.A.2). The main goal of this section
is to give conditions which allow to strengthen a convergence in ./ to a convergence in ./ for
deterministic measures (Corollary 1.A.3) and then to extend this result to random measures
(Proposition 1.A.10 and Corollary 1.A.11).

Proposition 1.A.1. The space (3, d3) is complete and separable.

Proof. Let (1, n € N) be a Cauchy sequence in .#z. Then, by definition of dg, the sequence
(fn, n € N) is Cauchy in . for every f € §. By completeness of .#, for every f € §, there
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

exists a measure vy € A such that lim,_.o fn = vyin 4. We claim that Vi(So) =0 for every
f €3. Indeed, fix f € § and f* € F*(f). As f* € §, we have lim;, . f*pp = vy~ in 4. By
(H4), the function f/f* is continuous and bounded on S, so that the mapping 7 — (f/f*)x is
continuous on .. In particular, we have lim,,_., fu, = (f/ f*)v £+ in . On the other hand,
we have lim,,_. flun = vyin .. We deduce that vE= (f/f*)vf*. It follows that v(S0) =0
since f/f* =0o0n Sy.

We set p = vy so that lim, . tip = pin 4. Let f € §. We shall prove that fu = v¢. Consider
the closed set Fy = {f = 1/k} for k € N*. Notice that Fy < int(F1). Therefore, by Urysohn’s
lemma, there exists, for k € N*, a continuous function y: S — [0,1] such that y; =1 on F
and supp(y ) < int(Fy1). Notice that (y f/ f)pn = Y kin since (f/f) =1 on S and p,(Se) = 0.
Since yi and y/ f are continuous and bounded, the mappings v — yv and v — (yi/f)v
are continuous from .# to itself. We deduce that yp =lim,—co Ykt = limuy—co (X k/ ) fltn =
(xx/f)vyin . Letting k go to infinity, as yx 1 1 on S since f is positive on S{, and p(S) =
v£(So) =0, we deduce (using the monotone convergence theorem) that u = (1/ f)v f and thus
fu=vy¢. Since this holds for all f € §, this proves that u € .4 and that lim,,—. fu, = f in
A for every f € §. Thus ./ is complete.

Next, define F), = {x € S: p(x,Sp) = 1/n, p(x,0) < n}. We will identify the space .# (F),) with
the subset of .# consisting of the measures whose support lies in F;,. Notice that F), is
a Polish space (when endowed with the topology induced by p) as a closed subset of the
Polish space S. In particular, the set .# (F),) endowed with the bounded Lipschitz distance
is a Polish space. Let f € §. By (H3), the functions f and 1/f are both continuous and
bounded on F}, so it is easy to check that the topology induced by dgz on .4 (F},) coincides
with the topology of weak convergence, i.e. the one induced by dp;. Therefore, the space
(/4 (F,’l), d3) is separable. To prove that ./ is separable, it suffices to show that ./ is equal
to the completion of U1 4 (F,’l) with respect to dpr. Notice that F;l c int(F,’l +1)- Therefore,
by Urysohn’s lemma, there exists a continuous function X,n: S — [0, 1] such that X’n =1on F,’1
and supp(y},) cint(F, ). Let p € ./ and set i, = x},it. Then it is clear that u,, has support in
F, ., and thus p, € /4 (F)_ ). Moreover, for every f € § and every nonnegative 1 € 6(S), we

n
have

pn(hf) = pthfxn) s = Hhf)

by the monotone convergence theorem, since y), 1 1 s¢ and p(So) = 0. This proves that (fun, n e
N) converges to f in ./ for every f € §, thus dgz (1, ) — 0. This concludes the proof. O

A set of measures A c ./ is said to be bounded if sup ¢ 4 (1) < co. We now give a characteri-
zation of compactness in /3.

Proposition 1.A.2. Let Ac /3.

(i) A is relatively compact if and only if for every f € §, the family {fu: u € A} of finite
measures is bounded and tight.
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1.A. A space of measures

(ii) If (H5) holds, then A is relatively compact if and only if for every f € §, the family
{fu: pe A} is bounded.

Proof. To prove (i), start by assuming that A is relatively compact. For every u € /3 and every
f €35, set Fr(u) = fu. This defines a continuous mapping Fy: .4z — 4. It follows that the set

FrA)={fp:peAl
is relatively compact in ., i.e. it is bounded and tight by Prokhorov’s theorem.

Conversely, let us assume that {fu: p € A} is bounded and tight in .4 for all f € §. Let
(1n, n € N) be a sequence in A. Since the sequence of measures (f 1, n € N) is bounded and
tight, it is relatively compact in ./ for every f € §. Therefore, by diagonal extraction, there
exists a subsequence still denoted by (f 1, n € N) which converges in . for every f € §. By
the same argument as in the proof of Proposition 1.A.1, it follows that (u;, n € N) converges in
3. This proves that A is relatively compact.

To prove (ii), assume that (H5) holds. The statement for a compact S follows immediately
since a family of finite measures on a compact space is always tight. Now assume that S is not
compact and let A c /3 such that the family {fu: p € A} is bounded for every f € §. To prove
that A c /5 is relatively compact, it is enough to show that {fu: p € A} is tight and to apply
the first point. Let f* € F*(f) be the one appearing in (H5) and K < S be a compact subset.
For every p € A, since u(Sp) =0, we have

ff(x)/u(dx)=f F (0 1se(x) p(dx)
KL‘ KL‘

[ S
= Jee f*(x)lso(x)f (x) p(dx)

f
< * -
u(f )s;gcp I

It follows that

sup f(x) p(dx) < sup p(f*) sup L*,
peAJKe peA ke [

and taking the infimum over all compact subsets K € £ yields, thanks to (H5)

inf su (x) p(dx) =0,
Kex ,ueg K”f K

i.e. the family {fu: p € A} is tight. This completes the proof. O

The next result gives sufficient conditions allowing to strengthen convergence in .# to conver-
gence in /3.

Corollary 1.A.3. Let (i, n € N) be a sequence of elements of M5 converging in M to some
WE M. Then pe€ Mz andlimy, .o iy = W in Mz under either of the following conditions:
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(i) (fun, neN) is bounded and tight for every f € §.

(ii) (H5) holds and (f 5, n € N) is bounded for every f € §.

Proof. Either condition guarantees that the sequence (u,, n € N) is relatively compact in
M by Proposition 1.A.2. Let fi € /3 be a limit point of (u,, n € N). Then there exists a
subsequence, still denoted by (i, n € N) such that lim;, . g, = fI in /3. In particular, we
have lim,,_.o i = L in 4. Since lim;,_., 5, = 1t in 4 by assumption, it follows that {1 = p.
This proves that y € /3 and that lim,, .., 1, = p in /5 since the sequence (u,, n € N) is
relatively compact in .4z and has only one limit point p. O

The compactness criterion of Proposition 1.A.2 yields a tightness criterion for random mea-
sures in /.
Proposition 1.A.4. Let = be a family of Mz-valued random variables.

(i) The family Z is tight (in distribution) in (g if and only if for every f € §, the family
{f&: ¢ € E} is tight (in distribution) in 4, i.e. if and only if

lim supP (E(f)>71)=0 (1.A3)
=00 gex
and
Klél}?:g[ lAchf(x)f(dx) =0. (1.A.4)

(i) If (H5) holds, then = is tight (in distribution) in (3 if and only if (1.A.3) holds for every
fes.

Proof. To prove (i), assume that = is tight in .#. Since the mapping Fy: u— fu is continuous
from /3 to ./ for every f € §§ and since tightness is preserved by continuous mappings, it
follows that the family F¢(Z) = {f¢: ¢ € Z} is tight in ./ for every f € §. The result now follows
from Theorem 4.10 in [99].

Conversely, assume that (1.A.3) and (1.A.4) hold for all f € § andlete >0. Let {f;.: keN*} be
an enumeration of §. We set for k € N*:

Cr=k

v sup ||f,~/fk||oo),

j=k, freS*(f7)

with the convention that sup @ = 0. For every k € N*, there exists rx > 0 and a compact set
K € & such that

supP (E(fi) > 1) < £ and supE

.
eE 2k {e= Cka

1/\f fr(x)€(dx)
Ky
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Set

1
A=) {ﬂeﬂsi p(fi) < g andf Se(X)p(dx) < —}.
keN* K¢ Ck

Then for every ¢ € £, we have

IP(fe Ag) :P(Bkel\]*, Efr) > e orf fe(x)&(dx) > Ci
K¢ k

<Y PESO>re)+ ) P(Lﬁfk(x)é(dx)>cik)52€,

keN* keN*

where in the last inequality we used that

<CE

1 /\f fre(x)&(dx)
K

&
< —.
=5k

1 1
P(f Fédx) > —) =P (1 /\f fre(x)Edx) > —
K¢ Ck K Ck

Thus, to prove that = is tight in .4, it remains to show that A, c ./ is relatively compact.
We have sup,c o f1(fx) < r¢ <oo so that the family {fyp: p € A} is bounded for every k € N*.
Moreover, for every i = k such that f; € §* (fx), we have

1
sup fr()p(dx) < ”fk/fi”oo supf fip(dx) < -
e Ae JKF peA JKE l

i

This implies that infxe# Sup e 4, [ge fe(X)p(dx) < 1/i for i = k such that f; € F*(fi). Since
there are infinitely many such i, we deduce that

inf su (x)u(dx) =0,
KEZNEILI‘)E K¢ fk H

i.e. the family {fiu: p € Ag} is tight. As this holds for all k € N*, we get by Proposition 1.A.2
that A, is relatively compact in ./ (in fact, A, is compact as it is closed). This proves (i). The
proof of (ii) is similar. O

We now give a sufficient condition for tightness in the space /5.

Corollary 1.A.5. Assume that (H5) holds. Let = be a family of M(z-valued random variables
such that for every f € §,
supE [¢£(f)] < oo. (1.A.5)

eE

Then Z is tight (in distribution) in M.

Proof. By the Markov inequality, we have for every f € §,

1
supP (E(f) >7) < ;iuP[E["t(f)] —0.

fe=
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This proves that = is tight in .4 by Proposition 1.A.4-(ii). O

We denote by 98 (resp. %83) the Borel o-field on (., dg1) (resp. on (43, d53)). We also denote
by By = {ANnMy: A€ P} the trace o-field of %8 on 5.

Lemma 1.A.6. We have By = PB;.

Proof. Step 1. We first prove that ./ is a Borel subset in ./ . For g € 9. (S), we consider the
function ©; defined on .4 by ©g4(u) = gu. Denote %y, = 9%, (S) N A..(S) the set of bounded
nonnegative measurable functions defined on S. We follow the proof of [21, Theorem 15.13]
to prove that, for every g € %, O is a measurable function from .# to .4. Denote by
& = {g € Byp+: Og is measurable}. The function Oy is continuous for g belonging to €, =
6p(S) N €+(S). Furthermore, the set & is closed under bounded pointwise convergence:
if g, — g pointwise, with g € 98, and (g,, n € N) a bounded sequence of elements of &
(i.e. sup,,en || gn ||Oo < 00), then Og(u) =lim;, ., O, (1) by dominated convergence and thus g
belongs to %. An immediate extension of [21, Theorem 4.33] gives that %;,, c &.

We then deduce that the function 64 : .4 — [0, +oo] defined by Og(u) = gu(1) = u(g) is mea-
surable for every g € %;,,, and as g € 9., (S) is the limit of g A n € %8, as n goes to infinity,
we deduce by monotone convergence that g = lim;—.o, 0g», and thus 0, is measurable for
every g € 9. (S). By definition of ./, we have that /5 = Nfeg 0]?1 (R4), and thus ./ is a Borel
subset in ..

Step 2. We prove that for every u € /3, the mapping v — dz(u,v) defined on /5 is %B-
measurable. Let g € % . Since the function O is measurable from ./ to itself by step 1, it is
981%-measurable. By definition of the trace o-field, it follows that the mapping © from ./ to
M is By FB-measurable. Let f € §. By monotone convergence we get that © ¢ = 1lim;—.c0 © fap,
and thus O is %/ %B-measurable.

Since u € 3, we have fu € 4 and the mapping 7 — dg.(f i, 7) from .4 to R is continuous
hence %-measurable. Thus, by composition we get that the mapping v — dpL.(fu, fv) from
M to Ris PBy-measurable. Finally, the mapping v — dz(u, v) from .4 to R is %8-measurable
as a sum of %-measurable mappings.

Step 3. We conclude the proof of the lemma. For every u € .43 and every € > 0, we have
B(u, &) ={ve My: dz(u,v) <€l € By

by Step 2. Since ./ is a Polish space, every open set is the countable union of open balls and
it follows that every open set lies in %;. Hence we get %z < %;;.

Conversely, notice that the identity mapping from (.43, d3) to (3, dgy) is continuous. There-
fore, if V c ./ is an open set, V N ./ is open in (3, dgr) hence also in (.3, dg). In par-
ticular, we have V n .3 € %5. Since this is true for every open set V < ./, we deduce that
B < @g. O
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The following two results are a direct consequence of Lemma 1.A.6.

Corollary 1.A.7. Let¢ be a 4 -valued random variable such that a.s. {(f) < oo for every f € §.
Then ¢ is a Mz -valued random variable. Conversely, if { is a A3 -valued random variable then
¢ is also a M -valued random variable.

Corollary 1.A.8. Let¢ and { be M5 -valued random variables. Then the following conditions
are equivalent:
@ & @ { when viewed as /(5 -valued random variables.

(ii) & @ { when viewed as 4 -valued random variables.

(i) E(h) 2 () for every h € €,(S).

@iv) E(fh) (g((fh) forevery he €,(S) and f € 5.
We now characterize convergence in distribution of random measures in .#5. Recall that
(H1)-(H4) are in force.
Proposition 1.A.9. Let ¢, and ¢ be Mg-valued random variables. Then ¢,, converges in distri-

bution to ¢ in M5 if and only if ¢, (f h) @ E(f h) forevery h € 6;,(S) and every f € 5.

n—oo

Proof. Assume that ¢,, converges in distribution to ¢ in /3. Let f € §. Since F: u— fuis
continuous from .#3 to .4 and v — v(h) is continuous from ./ to R for every h € €,(S), it
follows that the mapping p — u(fh) is continuous from .4 to R. By the continuous mapping
theorem, we get &, (fh) 2, ¢(fh).

Conversely, for every f € §, fé, and f¢ are .4 -valued random variables, and we have
En(fh) 2 E(fh) for every h € €,,(S). By [99, Theorem 4.11], this implies that f&, @, féin
the space .. In particular, (f¢,, n € N) is tight (in distribution) in .4 for every f € gﬁg?Propo-
sition 1.A.4, it follows that (¢, n € N) is tight in .43. Since ./ is Polish, Prokhorov’s theorem
ensures that (¢, n € N) is relatively compact (in distribution) in /3. Let é be a limit point (in
distribution) of (¢, n € N). There exists a subsequence, still denoted by ¢, such that ¢, “@, f

in M. Let h € 6,(S). Applying the first part of the proof, we get that {,,(f'h) n(d) E(fh) for
—00
every f € §. Therefore, we have (f (fh) @ E(f h) for every h € € (S). It follows from Corollary

1.A.8 that 2 ¢ in M. Thus the sequence (¢, n € N) is relatively compact and has only one
limit point ¢ in .#3. This proves the result. O

We state now the main result of this section. Recall that (H1)-(H4) are in force.

Proposition 1.A.10. Let (¢, n €N) be a sequence of Mz -valued random variables and ¢ be a
M -valued random variable such that &, 9, & in M and (&, n eN) is tight (in distribution)
in Mz. Then ¢ is a M3 -valued random variable and we have the convergence in distribution
En D& in M.
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Proof. By assumption, the sequence (¢, n € N) is relatively compact (in distribution) in the
space /. Let ¢ € .z be a limit point in distribution and let & € 6,(S). On the one hand,
Proposition 1.A.9 applied with f =1 yields the convergence ¢, (h) 2. &(h). On the other hand,

(d)

since &, 9, ¢ in A it follows that ¢, (h) — ¢(h). Therefore é(h) @ &(h) for every h € 6;(9), i.e.
f @ ¢ in . Since the distribution of f is concentrated on ./, the same is true for ¢. In other
words ¢ € /3 a.s., and so ¢ is a #3-valued random variable by Corollary 1.A.7. Now, applying
Corollary 1.A.8 we get & € ¢ in the space /3. Thus the sequence ({,, n € N) is relatively

compact in ./ and has only one limit point ¢, so ¢, 2, ¢ in M5 O

The following special case is particularly useful. Recall that (H1)-(H4) are in force.

Corollary 1.A.11. Assume that (H5) holds. Let (¢, n € N) and & be 4 -valued random variables
such that &, 2 & in M and for every f €5,

supE [é,(f)] < oo. (1.A.6)

Then (&n, n € N) and ¢ are M-valued random variables and we have the convergence in
distribution &, 9, ¢ in M. Moreover, for every f € §, we have

E[E(N] slirglggf[E[fn(f)] < oo0.

Furthermore, if (E[¢,(e)], n € N) converges toE[¢(e)] in 4 then the convergence actually holds
in ./%g.

Proof. The random variable ¢, is .4 -valued and satisfies ¢, (f) < oo a.s. since E [5 n(f )] <00
for every f € §, so by Corollary 1.A.7, ,, is a ./z-valued random variable. By Corollary 1.A.5,
the assumption (1.A.6) implies that ({,, n € N) is tight (in distribution) in .#. Therefore
Proposition 1.A.10 applies and gives the convergence in distribution ¢, Y ¢in 3. Moreover,
Skorokhod’s representation theorem in conjunction with Fatou’s lemma implies that for every
fes,

E[¢(f)] slirgrl%ng[g‘n(f)] < oo.

Now set y, = E[¢,(e)] and g = E[E(e)] and assume that y, — p in 4. Notice that the
assumption (1.A.6) implies that u, € .45 for every n € N and that the sequence of mea-
sures (f iy, n € N) is bounded for every f € §. Thus Corollary 1.A.3 gives the convergence
limy, oo ptn = pin M. O

1.B Sub-exponential tail bounds for the height of conditioned BGW
trees

Assume that ¢ satisfies ({1) and (£2) and denote by " a BGW({) tree conditioned to have
n vertices. Then by [112, Theorem 1] which is stated for the aperiodic case but is trivially
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extended to the general case, for every a € (0,y/(y — 1)), there exist two constants Cy, ¢y > 0
such that for every y = 0 and every n € A

P (%h(r”) < y) <Coexp(—coy™®). (1.B.1)

We will show that under the stronger assumption (¢2)’, the previous inequality holds with
a =y/(y —1). Since the finite variance case has already been treated in [14], we assume
henceforth that ¢ has infinite variance.

Recall that L is a slowly varying function such that E [6 2 1{,55,1}] = n®~YL(n). On the other hand,
the slowly varying function appearing in the appendix of [112], which we denote by K, satisfies
Var (€1ig<py) = n?~ YK (n). Since Var(¢) = +oo, we have as n goes to infinity that

E[%1g<p] ~n* YK +1~n*"K(n),
see the appendix in [112]. Therefore, we get K(n) ~ L(n) and K is bounded above.

Following the proof of [112, Theorem 1] to get (1.B.1) holds for a = y/(y — 1), it is enough to
prove the analogue of Proposition 8 therein with a = y/(y — 1), that is Proposition 1.B.1 below.
Let (W, n € N) be a random walk with starting point Wy = 0 and jump distribution ¢ — 1.

Proposition 1.B.1. Assume that ¢ satisfies (€ 1) and (€2) . There exist two constants Cy, cy > 0
such that for every u =0 and everyn =1,

IP(lm.in W; < —ubn) < Copexp (—cou' V). (1.B.2)
<i<n

Proof. Note that P (min;<j<, W; < —uby,) =0if ub, > n, so that it is enough to prove (1.B.2)
for1 < u < n/b,. Write, for h >0

P| min W; < —ubn) =P ( max e "Wi > eh”b") <e hubn [e_hw’l] = e Mubn [e_hW‘]n,
1=<i=n 1<i=n
(1.B.3)

where the inequality follows from Doob’s maximal inequality applied to the submartingale
(e, n € N). We shall apply (1.B.3) with h = eu"/b,, where n = 1/(y—1) and € > 0 is a
constant to be chosen later. Note that y/(y — 1) =y = 1 +1. Observe that eu"/b,, is bounded
uniformly in 1 < u < n/b, and n = 1. Indeed, since b, = I_an””, we have

u” ( n )'7 1 1

JEN— S —_— —_—<—_—

by \by) by b
Therefore, using [112, Eq. (42)] together with the inequality 1 + x < e*, we have for every n = 1
andeveryl<u<n/b,

ull n m\Y b
[E[e_EHW‘] swcp{Cn(gZ—) K(j)} <exp(C'e"u™),
n
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Chapter 1. Global regime for general additive functionals of conditioned BGW trees

as K is bounded from above and b,, = Qn””. Thus, we deduce from (1.B.3) thatfor1 < u < n/b,

Pl min W; < —ub,| < exp (- (e—C'e")u'M).
<I<n

The conclusion readily follows by choosing € > 0 small enough such that e — C'e? > 0. O

Remark 1.B.2. In fact, this proof is valid if we only assume that the slowly varying function L
of (£2)" is bounded from above, in which case n=1Y b, is bounded below.

102



¥4 Zooming in at the root of the stable
tree

This chapter is based on the paper [128], published in Electronic Journal of Probability.

We study the shape of the normalized stable Lévy tree 9 near its root. We show that, when
zooming in at the root at the proper speed with a scaling depending on the index of stability,
we get the unnormalized Kesten tree. In particular the limit is described by a tree-valued
Poisson point process which does not depend on the initial normalization. We apply this to
study the asymptotic behavior of additive functionals of the form

H(x) B
Z“’ﬁ:fg—ﬂ(dx)fo or b dr

as max(a, f) — oo, where p is the mass measure on 9, H(x) is the height of x and o, (resp.
brx) is the mass (resp. height) of the subtree of 9~ above level r containing x. Such functionals
arise as scaling limits of additive functionals of the size and height on conditioned Bienaymé-
Galton-Watson trees.

2.1 Introduction

Stable trees are special instances of Lévy trees which were introduced by Le Gall and Le Jan
[119] in order to generalize Aldous’ Brownian tree [16]. More precisely, stable trees are compact
weighted rooted real trees depending on a parameter y € (1,2], with y = 2 corresponding to
the Brownian tree, which encode the genealogical structure of continuous-state branching
processes with branching mechanism (1) = A7. As such, they are the possible scaling limits
of Bienaymé-Galton-Watson trees with critical offspring distribution belonging to the domain
of attraction of a stable distribution with index y € (1,2], see Duquesne [54] and Kortchemski
[110]. They also appear as scaling limits of various models of trees and graphs, see e.g. Haas
and Miermont [82], and are intimately related to fragmentation and coalescence processes,
see Miermont [124, 125] and Berestycki, Berestycki and Schweinsberg [27]. Stable trees can
be defined via the normalized excursion of the so-called height process which is a local time
functional of a spectrally positive Lévy process. We refer to Duquesne and Le Gall [57] for a
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Chapter 2. Zooming in at the root of the stable tree

detailed account. See also Duquesne and Winkel [62], Goldschmidt and Haas [77], Marchal
[122] for alternative constructions.

In the present paper, we study the shape of the normalized stable tree I (i.e. the stable tree
conditioned to have total mass 1) near its root. More precisely we show that, after zooming in
at the root of 9~ and rescaling, one gets the continuous analogue of the Kesten tree, that is a
random real tree consisting of an infinite branch on which subtrees are grafted according to a
Poisson point process. In particular, the (rescaled) subtrees near the root of 9~ are independent
and the conditioning for the total mass to be equal to 1 disappears when zooming in. This idea
to zoom in at the root of the stable tree is closely related to the small time asymptotics — present
in the works of Miermont [124] and Haas [80] — of the self-similar fragmentation process F~ ()
obtained from the stable tree by removing vertices located under height ¢. See Remark 2.4.5 in
this direction. As a consequence, we obtain the asymptotic behavior of additive functionals
on J of the form

H(x)
za'ﬁsz/_za,ﬁ(x)p(dx) with Vxed, Zaﬁ(x)zfo o b dr, 2.1.1)

where p is the mass measure on .9~ which is a uniform measure supported by the set of leaves,
H(x) is the height of x € 97, that is its distance to the root, and o, (resp. b x) is the mass (resp.
height) of the subtree of 5~ above level r containing x.

Before stating our results, we first introduce some notations. Let T be the space of weighted
rooted compact real trees, that is the set of compact real trees (T, d) endowed with a distin-
guished vertex @ called the root and with a nonnegative finite measure p. We equip the set T
with the Gromov-Hausdorff-Prokhorov topology, see Section 2.2 for a precise definition.

Define a rescaling map Ry: T x (0,00) — T by
R, ((T,®,d,p),a) = (T,0,ad,a”’ " Vy). 2.1.2)

In words, Ry (T, %, d, ), a) is the tree obtained from (7, @, d, 1) by multiplying all distances by
a and all masses by a¥’"~Y_ Moreover, define for every (T, @,d, ) € T

normy(T) = Ry (T, u(T)1*1'M), (2.1.3)

which is the tree T normalized to have total mass 1 and where distances are rescaled accord-
ingly. Denote by NV the distribution of the normalized stable tree with total mass 1, see
Section 2.3 for a precise definition. Under N, let U be a uniformly chosen leaf, that is U is
a J -valued random variable with distribution p. Denote by 97, i € Iy the trees grafted on
the branch [@, U] joining the root @ to the leaf U, each one at height /; and with total mass
o; = u(J;), see Figure 2.1. Fix f: (0,00) — (0,00) (this represents the speed at which we zoom
in) and define for every & > 0 a point measure on [0,00)? x T by

MW= Y Srner0-vg,mom, @) (2.1.4)
hi<f(e) H(U)
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2.1. Introduction

Finally, for any metric space X, we denote by ./, (X) the space of point measures on X
equipped with the topology of vague convergence.

oU

7\
N
\/
/

 J0)

Figure 2.1 — The subtrees J; grafted on the branch [@, U] at height h;.

Our first main result states that the measure JVJ(U) converges to a Poisson point process
which is independent of the underlying tree 9~ and of H(U).

Theorem 2.1.1. Let 9 be the normalized stable tree with branching mechanism y (1) =
wherey € (1,2]. Conditionally on 5, let U be a 9 -valued random variable with distribution
w under N, Let (T%, s = 0) be a Poisson point process with intensity Ny given by (2.4.1),
independent of (I, H(U)). Let ®: [0,00) x T — [0,00) be a measurable function such that there
exists C > 0 such that for everyh=0 and T € T, we have

|D(h,b, T)—®(h,a,T)|<Clb-al.

(i) Iflim._g 5‘”2f(£) =0 andlim._g E‘lf(s) = 0o, then we have the following convergence
in distribution

(7, 7, (AW, o) = @, (J HW), Y. © (s, u(T%), norm,, (T' ))) (2.1.5)

$=0

in the space T x [0,00) x [0,00]. In particular, we have the following convergence in
distribution in T x [0,00) x .4,([0,00) x T)

(3‘,H(U), Y O R T 1))) @, (J HU), Y 851 ) (2.1.6)
hi=f(e) H(U) s20

(ii) Iff(e) = ¢, then we have the following convergence in distribution

(7, v, A W), ) = (J HW), ¥ @(s,u(T's),normy(T's))) 2.1.7)
S<H(U)

105



Chapter 2. Zooming in at the root of the stable tree

in the space T x [0,00) x [0,00].

In other words, zooming in at the speed f(¢) = € gives a finite branch on which subtrees are
grafted in a Poissonian manner, whereas zooming in at a slower speed gives an infinite branch
at the limit. Notice that the convergence (2.1.5) is stronger than convergence in distribution
for the vague topology (2.1.6) as it holds for functions ® with very few regularity assumptions:
®(h, a, T) is only Lipschitz-continuous with respect to a instead of (Lipschitz-)continuous
with respect to (h, a, T) with bounded support. In particular, this could allow to consider local
time functionals of the tree.

As an application of this result, we study the asymptotic behavior as max(a, ) — oo of additive
functionals Z, g on the stable tree °. Such functionals arise as scaling limits of additive
functionals of the size and height on conditioned Bienaymé-Galton-Watson trees, see Delmas,
Dhersin and Sciauveau [52] or Abraham, Delmas and Nassif [7] where it is shown thatZ,, p <00
a.s. if (and only if) ya + (y — 1)(8+ 1) > 0, see Corollary 6.10 therein. In the present paper, we
only consider «, f = 0 which guarantees in particular the finiteness of Z, g. For example, let
us mention the total path length and the Wiener index which when properly scaled converge
respectively to Zy o and Z; . Fill and Janson [73] considered the case y =2 and =0 (i.e. func-
tionals of the mass on the Brownian tree) and proved that there is convergence in distribution
as a — oo of Zy o properly normalized to

[0}
f e Sudr,
0

where (S;, t = 0) is a 1/2-stable subordinator. Their proof relies on the connection between the
normalized Brownian excursion which codes the Brownian tree and the three-dimensional
Bessel bridge. Our aim is twofold: we extend their result to the non-Brownian stable case
v € (1,2) while also considering polynomial functionals depending on both the mass and the
height. We use a different approach relying on the Bismut decomposition of the stable tree.

Going back to the connection with the fragmentation process F~ (1) = (F; (#), F, (1),...), itis
not hard to see that the additive functional Z, ¢ can be expressed in terms of F~ as

Zao=). ooF;(t)““dt.
i=170
Once this is established, one can argue that only the largest fragment F; contributes to
the limit, the others being negligible, then use [80, Corollary 17] which implies that 1 — F;°
properly normalized converges in distribution to a (1 — 1/y)-stable subordinator S, to get the
convergence of Zy o to [g° e~ dt. In the present paper, we do not adopt this approach as it
does not allow to consider functionals of the height (that is 8 # 0).

We distinguish two regimes according to the behavior of /a'~'/Y. The regime g/a'~'/7 —
c € [0,00) is related to Theorem 2.1.1 and the result in that case can be stated as follows, see
Theorem 2.5.4 for a more general statement.
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2.1. Introduction

Theorem 2.1.2. Assume thata — oo, =0 and f/a'™"'7 — c € [0,00). Let T~ be the normalized
stable tree with branching mechanism y (1) = AY wherey € (1,2] and denote by Yy its height.
Then we have the following convergence in distribution under N
(0]
@ VP, s D [ eSimetlh gy, 2.1.8)
a—0o0 0

where (S;, t = 0) is a stable subordinator with Laplace exponent (1) = y/ll_l/ Y, independent of
T.

Let us briefly explain why we get a subordinator S at the limit. It is well known that p is
supported on the set of leaves of 3. Let x €  be a leaf and recall that o, is the mass of
the subtree above level r containing x. Since the total mass of the stable tree is 1, the main
contribution to Z, g(x) as @ — oo comes from large subtrees 7 ; with r close to 0. The height
br.x of such subtrees is approximately h — r. On the other hand, their mass is equal to 1 minus
the mass we discarded from the subtrees grafted on the branch [@, x] at height less than
r. By Theorem 2.1.1, subtrees are grafted on [@, x] according to a point process which is
approximately Poissonian, at least close to the root ¢. Thus the mass o, x is approximately
1-S,.

Theorem 2.5.4 is slightly more general: we prove joint convergence in distribution of a!~1/Yp=P
Zypand a'"V'7h7PZ, 5(U), where U € I is aleaf chosen uniformly at random (i.e. according
to the measure ), to the same random variable. In other words, taking the average of Z, g(x)
over all leaves yields the same asymptotic behavior as taking a leaf uniformly at random. This
is due to the following observations: a) a uniform leaf U is not too close to the root with high
probability in the sense that its most recent common ancestor with x* has height greater
than €, where x* is the heighest leaf of 7, b) when taking the average over all leaves, the
contribution of those leaves whose most recent common ancestor with x* has height less
than ¢ is negligible, and c) for those x € 9~ whose most recent common ancestor with x* has
height greater than ¢, the main contribution to Z,, p(x) comes from large subrees 7,y with
r < ¢, these subtrees are common to all such leaves as 9,y = 9 x+. This is made rigorous in

)

Lemma 2.5.3.

Let us make a connection with Theorem 1.18 of Fill and Janson [73]. Recall that the normal-
ized Brownian tree with branching mechanism /(1) = A? is coded by v2B®* where B is
the normalized Brownian excursion, see [57]. Thanks to the representation formula of [52,
Lemma 8.6], we see that Fill and Janson’s Y (@) = \/QZa_Lo. Thus, we recover their result in the
Brownian case y = 2 when 8 = 0 (in which case ¢ = 0).

Notice that as long as the exponent f of the height does not grow too quickly, viz. f/a'~'/7 — 0,
the additional dependence on the height makes no contribution at the limit. On the other
hand, in the regime f/a'~''7 — oo, the height hﬁ « dominates the mass o}, so we get the
convergence in probability of Z, g with a different scaling and there is no longer a subordinator
at the limit. See Theorem 2.6.1 for a more general statement.

107



Chapter 2. Zooming in at the root of the stable tree

Theorem 2.1.3. Assume that f — oo, @ =0 and a'"YY/p — 0. Let I be the normalized
stable tree with branching mechanism w (1) = AV wherey € (1,2]. Then we have the following
convergence in NV -probability
lim BhPZ,p=. 2.1.9)
p—o0

Remark 2.1.4. Assume that a, f — oo and ,B/al_”Y — c € (0,00) so that Theorem 2.1.2 applies.
Then we have the convergence in distribution under NV

B2 5= B - Tz, 4 @ [ g=Simctib q; hfoo o~Shrie—t 4.
1 1/)/ ﬁ 0o 0 0
Now letting ¢ — oo, the right-hand side converges to h ;" e~"ds = h. Thus, one may view
Theorem 2.1.3 as a special case of Theorem 2.1.2 by saying that, if 8 — co and /a' 'Y — ce
(0,00], then we have the convergence in distribution under N
(d

) o0
ph~ 'Bzaﬁ‘_“’ﬁ Cf e St gy,
0

where the measure ce /" dr on [0,00) should be understood as hd if ¢ = co.

We conclude the introduction by giving a decomposition of a general (compact) Lévy tree used
in the proof of Theorem 2.1.2 which is of independent interest. Consider a Lévy tree 9 under
its excursion measure N associated with a branching mechanism (1) = al + bA% + fé’o (e A —
1+Ar) n(dr) where a, b = 0 and 7 is a o -finite measure on (0, co) satisfying fooo(r/\ r2) (dr) < oco.
We further assume that the Grey condition holds [*°dA/1(A) < co which is equivalent to the
compactness of the Lévy tree. We refer to [57, Section 1] for a complete presentation of the
subject. For every x €  and every 0 < r < r' < H(x), we let T[;,;) x = (Trx \ Ty ) U {xp}
where x,+ is the unique ancestor of x at height H(x,/) = r’ and 9 is the subtree of ~ above
level r containing x. The following result states that, when x€ J and0=1rp<r; <...<r, <
'ns1 := H(x) are chosen “uniformly” at random under N, then the random trees I, , r,x,
1<i<n+1 areindependent and distributed as 9~ under N[o ], see Figure 2.2. In particular,
this generalizes [7, Lemma 6.1] which corresponds to n = 1.

Theorem 2.1.5. LetJ be the Lévy tree with a general branching mechanism v satisfying the
Grey condition [ dA/y(A) < co under its excursion measure N. Then for every n =1 and all
nonnegative measurable functions f;, 1 <i < n+1 defined on [0,00) x T, we have withry =0
and .1 = H(x)

n+l1

u(dx) H.fl(r ri— 1’J[r1 L), )Hdrl]
g

0<n<..<rp,<H(x) j=1

_TN f p(dx) fi (H(x), )| .
- g
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T lr3, H(x),x

LO]-[”L”Z),X

3~[0,r1),x

T

Figure 2.2 — The decomposition of 9 under N into n+ 1 (with n = 3) subtrees along the
ancestral line of a uniformly chosen leaf x.

In particular, for every nonnegative measurable functions g;, 1 < i < n+1 defined on T, we have

n+l1

n
f p(dx) [1 i (Firrrox) [1dri| = [[N[ogi(@))].
T 0<r;<..<rp,<H(x) i=1

i=1 i=1

N

A consequence of this decomposition is the following result giving the joint distribution of
Iy, the subtree of 9~ above vertex y € 7, and H(y) when y is chosen according to the length
measure ¢(dy) on the stable tree 9~ (which roughly speaking is the Lebesgue measure on the
branches of 7). In particular, this generalizes [7, Proposition 1.6].

Corollary 2.1.6. Let I be the normalized stable tree with branching mechanism (1) = AV
wherey € (1,2]. Let f and g be nonnegative measurable functions defined on T and [0,00)
respectively. We have

N

[ fT)gHW)) é(dy)] =N[lip<y1-0) Y76 - 0) ()] (2.1.10)
g

where
G(a) =NW

fu(dx)g(al‘“YH(x)), Va>o0.
g
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The paper is organized as follows. In Section 2.2 we define the space of real trees and the
Gromov-Hausdorff-Prokhorov topology. In Section 2.3, we introduce the stable tree, recall
some of its properties and prove Theorem 2.1.5 as well as some other useful results. In Section
2.4, we prove Theorem 2.1.1. Sections 2.5 and 2.6 deal with the asymptotic behavior of Z, g
when B/a!'™1Y — c € [0,00) and B/a' 1Y — oo respectively. Finally, we gather some technical
proofs in Section 2.7.

2.2 Real trees and the Gromov-Hausdorff-Prokhorov topology

2.2.1 Real trees

We recall the formalism of real trees, see [69]. A metric space (T, d) is a real tree if the following
two properties hold for every x, y € T.

(i) (Unique geodesics). There exists a unique isometric map fx,y: [0,d(x, y)] — T such that
fr,y(0) =xand fyy(d(x,y) =y.

(ii) (Loop-free). If ¢ is a continuous injective map from [0, 1] into T such that ¢(0) = x and
¢(1) = y, then we have
@((0,1]) = fy,y (10,d(x, )]).

A weighted rooted real tree (T, @, d, ) is a real tree (T, d) with a distinguished vertex @ € T
called the root and equipped with a nonnegative finite measure u. Let us consider a weighted
rooted real tree (T, @, d, p). The range of the mapping fy,, described above is denoted by [x, y]
(this is the line segment between x and y in the tree). In particular, [@, x] is the path going
from the root to x which we will interpret as the ancestral line of vertex x. We define a partial
order on the tree by setting x < y (x is an ancestor of y) ifand onlyif x € [@, y]. If x, y € T, there
isaunique z € T such that [@, x]I N [®, y] = [®, z]. We write z = x A y and call it the most recent
common ancestor to x and y. For every vertex x € T, we define its height by H(x) = d(®, x).
The height of the tree is defined by h(T) = sup .y H(x). Note that if (T, d) is compact, then
h(T) < oo.

Let x € T be a vertex. For every r € [0, H(x)], we denote by x, € T the unique ancestor of x at
height r. Furthermore, we define the subtree T, of T above level r containing x as

T,x={yeT: HxAy) =r}. (2.2.1)

Equivalently, T, . ={y € T: x, < y} is the subtree of T above x,. Then T, can be naturally
viewed as a weighted rooted real tree, rooted at x, and endowed with the distance d and the
measure yr,, (the restriction of y to T; x). Note that T , = T. We also define the subtree of T
above x by Ty := Ty, x- Denote by

0 x(T) =p(Trx) and hr,x(T) = h(Tr,x) (2.2.2)
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the total mass and the height of T .. For every a, f = 0, we define

H(x)
Z] 500 = fo Orx(D%r(TPdr, VxeT. 2.2.3)

We shall omit the dependence on T when there is no ambiguity, simply writing o x, b, » and
Zq,p(x). Forevery 0 <r < r’' < H(x), we also introduce the notation

Tirnx = (Trx\ T x) Ulxp} ={ye T: r< H(xAy) <r'tufxy}, (2.2.4)

which defines a weighted rooted real tree, equipped with the distance and the measure it
inherits from T and naturally rooted at x,.

The next lemma, whose proof is elementary, relates b, (T), the height of the subtree of T
above level r containing x, to the total height H(T).

Lemma2.2.1. Let T be a compact real tree. For every x € T and r € [0, H(x)], we have
B(T) = hyx(T)+7. (2.2.5)
Furthermore, if x* € T is such that H(x*) = \(T), then for every r € [0, H(x A x*)], we have

Hh(T)=bh,x(T)+r. (2.2.6)

2.2.2 The Gromov-Hausdorff-Prokhorov topology

We denote by T the set of (measure-preserving, root-preserving isometry classes of) compact
real trees. We will often identify a class with an element of this class. So we shall write
(T,9,d,u) €T for a weighted rooted compact real tree.

Let us define the Gromov-Hausdorff-Prokhorov (GHP) topology on T. Take two compact
real trees (T,@,d, ), (T',@',d', /') € T. Recall that a correspondence between T and T’ is a
subset Z < T x T' such that for every x € T, there exists x' € T’ such that (x,x') € %, and
conversely, for every x’ € T', there exists x € T such that (x,x') € Z. In other words, if we
denote by p: Tx T' — T (resp. p': T x T' — T') the canonical projection on T (resp. on
T'), a correspondence is a subset Z < T x T' such that p(®) =T and p'(®) = T'. f Z is a
correspondence between T and T’, its distortion is defined by

dis(®) = sup{|d(x,y) - d'(x',y)|: (x,x),(3,)) € &}.

Next, for any nonnegative finite measure m on T x T’, we define its discrepancy with respect
to u and ' by
D(m; p, ) = dry(mo p™", ) + dry(mo p' ™' i),
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where dtv denotes the total variation distance. Then the GHP distance between T and T’ is
defined as

deup(T, T = inf{ % dis(%) v D(m; p, ') v m(%°) } , (2.2.7)

where the infimum is taken over all correspondences # between T and T’ such that (@, ') € Z
and all nonnegative finite measures m on T x T'. It can be verified that dgyp is indeed a
distance on T and that the space (T, dgyp) is complete and separable, see e.g. [13].

The next lemma gives an upper bound for the GHP distance between a tree (T, @,d, 1) € T and
the tree (T, @, ad, bu) obtained from T by multiplying all distances by a > 0 and the measure p
by b > 0. The proofis elementary and is left to the reader.

Lemma2.2.2. ForeveryT €T anda,b >0, we have

deup (T, @, d, ), (T, 8, ad, b)) < 2|la—116(T) + b — 1| u(T). (2.2.8)

2.3 Preleminary results on general compact Lévy trees and stable
trees

2.3.1 Two decompositions of the general Lévy tree

Although in this paper we are only interested in the stable case /(1) = A7, we state the results
of this section in the general Lévy case. Let 9~ denote a Lévy tree under its excursion measure
N associated with a branching mechanism

w(A) = ad + bA? +f e -1+ Ar) ndr) 2.3.1)
0

where a, b = 0 and 7 is a o-finite measure on (0, co) satisfying [3°(r A r?) w(dr) < co. We further
assume that [*°dA/1(A) < oo so that the Lévy tree is compact.

Remark 2.3.1. The Brownian case ¥ (1) = A? corresponds to @ =0, b = 1 and 7 = 0 while the
non-Brownian stable case (1) = AY with y € (1,2) corresponds to a = b =0 and

_yly=1) dr

n(dr) = =Y T

(2.3.2)

We shall need Bismut’s decomposition of the stable tree on several occasions. This is a
decomposition of the tree along the ancestral line of a uniformly chosen leaf. We refer the
reader to [58, Theorem 4.5] and [3, Theorem 2.1] for more details. We will also need the
probability measure P, on T which is the distribution of the Lévy tree starting from an initial
mass r > 0. More precisely, take }_;c; 6 ; a Poisson point measure on T with intensity r N and
define P, as the distribution of the random tree ~ obtained by gluing together the trees J; at
their root. See [3, Section 2.6] for further details.
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Before stating the result, we first introduce some notations. Let (T, @, d, 1) be a (class repre-
sentative of a)compact real tree and let x € T. Denote by (x;, i € I,) the branching points of T
which lie on the branch [@, x], that is those points y € [@, x] such that T\ {y} has at least three
connected components. For every i € I, define the tree grafted on the branch [, x] at x; by
T;={yeT: xAy=x;}. We consider T; as an element of T in the obvious way. Let h; = H(x;)
and define a point measure on [0,00) x T by

'/%JZ = Z 6(hi;Ti)'

i€l
We can now state Bismut’s decomposition, see [58, thm 4.5] or [3, Theorem 2.1].
Theorem 2.3.2. Let I be the Lévy tree with a general branching mechanism (2.3.1) satisfying

the Grey condition [ dA/y(A) < co under its excursion measureN. For every A = 0 and every
nonnegative measurable function ® on [0,00) x T, we have

N

f u(dx)e—AH(x)—<ﬂf,q>>
T

(o9}
= f dre"MATE e‘Zosssrq’“’U], (2.3.3)
0

where (T, 0 < s < t) is a Poisson point process with intensityNg[d9 ] =2bN[dT ] + f(;’o ra(dr)
P.(d9).

Remark 2.3.3. Bismut’s decomposition states the following: let ~ be the Lévy tree under its
excursion measure N and, conditionally on 97, let U be a leaf chosen uniformly at random,
i.e. according to the distribution O'_I/J. Then, under N[oe], the random variable H(U) has
“distribution” e~ **dt on (0,00) and, conditionally on H(U) = t, the point measure /%57 is
distributed as Y ;<;0(;T,). One can make this claim rigorous by introducing the space of
compact weighted rooted real trees with an additional marked vertex and considering the
semidirect product measure N xo~! u on it which corresponds to the distribution of the pair
(7, U). Under this measure, the distribution of the random pair (H(U), # 3— ) does not depend
on the particular choice of representative in the class of .

As a first application of Bismut’s decomposition, we give a decomposition of the Lévy tree into
n+ 1 subtrees which generalizes [7, Lemma 6.1].

Theorem 2.3.4. Let I be the Lévy tree with a general branching mechanism (2.3.1) under
its excursion measure N. Then for every n = 1 and all nonnegative measurable functions
fi» 1<i<n+1definedon|0,00) x T, we have with ro =0 and r+, = H(x)

n+l

n
N f p(dx) l_[ fi (ri - ri—l’Loj-[ri—l;ri))x) H dri]
g 0<r <..<rp<H(x) j=1

i=1
n+l1

= HN
i=1

f w(dx) f;(Hx),T)|. (2.3.4)
g
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Proof. Recall from (2.3.7) the definition of T!. By Theorem 2.3.2, we have

n+l1

n
f p(dx) H.fl.(rl._rl.—l’Lq-[ri—lyri):x) Hdri
g 0<n<..<rp,<H(x) j=1 i=1

N

(o]
0

n+1 n
j(; Hﬁ(ri—ri_l’T[ri—lyri)) dri|,
1

<IN <.<rp<rp+1 j=1 i=

where we set T, = (Tlt_r \Ti_r,) uf{r—r'tforevery0<r<r'<t. Since (T;,0<s<t)isa
Poisson point process, we get that the T,,_, ;) are independent and distributed as Tig ,—r, ).
We deduce that

n+l1

n
N f p(dx) [1fi(ri=rie1, ) T1 dfi]
T 0<r<.<rp<H(x) j=1

i=1

n+1
:](; l_[ e i) E [fz (ri - ri—l’T[O.ri_ri—l))] dr;

<N<..<rp<rp+1 j=1

n+l1

:f[ [Te “E[fi(siTos)] dsi

0,00)'”1 i=1

n+l

= HN
i=1

f M(dx)ﬁ(H(X),g)],
T

where we made the change of variables (s1, $2, ..., Sp+1) = (11, 12—11, ..., 'pe1— 1) for the second
equality and used Bismut’s decomposition (2.3.12) together with the fact that T 5 = T{‘ P-a.s.
for the last. O

2.3.2 The stable tree and its scaling property

Here, we define the stable tree and recall some of its properties. We refer to [58] for background.
We shall work with the stable tree 9~ with branching mechanism (1) = AY where y € (1,2]
under its excursion measure N: more explicitly, using the coding of compact real trees by
height functions, one can define a o-finite measure N on T with the following properties.

(i) Mass measure. N-a.e. the mass measure p is supported by the set of leaves Lf(97) :=
{xe€ 9 : 9 \{x}is connected} and the distribution on (0,c0) of the total mass o := p(9")

is given by
1 da

N[0 € da] = :
[0 € da] A1/ ao iy

(ii) Height. N-a.e. there exists a unique leaf x* € 9 realizing the height, that is H(x*) =
h(9), and the distribution on (0,00) of the height h := §(9") is given by

da
ar’o-0’

Nlhedal = (y-1)7V0D
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We will make extensive use of the scaling property of the stable tree under N. Recall from
(2.1.2) the definition of R, and note that if T has total mass o and height h then Ry (T, a) has
total mass a”’ "~V g and height ab. Furthermore, it is straightforward to show that for all x € T,
re[0,H(x)] and a > 0:

OarxRy(T,@) = a" " Vo, (1),
Barx(Ry(T,a)) = ab; x(T),

R, (T,a) -
Za,% a (x) = a®r’'r D+ﬁ+lZaT,ﬁ(x)' (2.3.5)

The scaling property of the stable tree can be written as follows:

Ry(7,a) under N D g under a'/0" VN, (2.3.6)

see e.g. [60, Eq. (40)]. Using this, one can define a regular conditional probability measure
N@ =NJe|o = a] such that N-a.s. o0 = a and

1 ® @ da
N[e] = —f N o] ———-
YL -1/y) Jo al+y

Informally, N(¥ can be seen as the distribution of the stable tree I~ with total mass a.

The next result is a restatement of [76, Proposition 5.7] in terms of trees which gives a version
of the scaling property for the stable tree conditioned on its total mass. Recall from (2.1.3) the
definition of norm,.

Lemma 2.3.5. LetJ be the stable tree with branching mechanismw (1) = AY wherey € (1,2].

(i) For every measurable function F: T — [0,00], we have

NY[F@)] =T - 1/7)N[Lgs1yF(normy ()] .
(ii) UnderN9 | the random tree I is distributed as Ry (T, a7y underNW for every a> 0.

2.3.3 Preliminary results on the stable tree

Let (T, 0 < s < t) be a Poisson point process on T with intensity Np given by

2N[dT] ify=2,
Ng[dT] =
Sl rednPd9) ifye(1,2),
and denote by
T == ®reses (Ts,s), VOSr=<t (2.3.7)
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Chapter 2. Zooming in at the root of the stable tree

the random real tree obtained by grafting T on a branch [¢ — 7, ¢] at height s forevery t —r <
s < t and rooted at ¢ —r, see Figure 2.3. We refer the reader to [3, Section 2.4] for a precise
definition of the grafting procedure. Let

=M= Y wTy) and n,::r)(Tb=t_nrn£asxst(h(T5)+s—(r—r)) (2.3.8)

t—r<s<t

denote its mass and height. Finally, let

Sri= ) u(Ty). (2.3.9)

S<r

It is shown in the proof of [52, Lemma 4.6], see Section 8.6 and more precisely (8.20) therein,
that in the stable case /(1) = A7, both T and S are subordinators defined on [0, t] with Laplace
exponent

PA) =AY, (2.3.10)

In particular, thanks to [154, Section 4] or [155, Eq. (2.1.8)], we have for every p € (—oco,1-1/7),

E[t?] < oo. (2.3.11)

~
-
z
/
/
Ty

|
\
\
\

1
r
=]

Figure 2.3 — The real tree T i obtained by grafting the atoms T of a Poisson point process on a
branch [¢ -7, t] at height s.

We now give the following form of Bismut’s decomposition which we will use throughout
the paper. Denote by D[0,00) the space of cadlag functions on [0,00) endowed with the
Skorokhod J1 topology. By Theorem 2.3.2 we have, for every measurable function F: [0,00)3 x
T x D[0,00)* — [0,00],
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N

f pd0F (Hx),0,b,T,(0g0)-1x, 0= 7 < HX)), (hHG)-1,0 0 < 7 < H(X)))
g

(e o]
[Fare
0

Notice that by definition 7; = S; and S,_ = 7; — 7,— for every r € [0, f]. This will be used

F(r,rt,nt,Tﬁ,(rr, 0<r<0,(n,0=r< t))] . (2312

implicitly in the sequel. In particular, the following computation will be useful

1

oo
f E
0 S

< lis>
t

1

— (2.3.13)
r(1-1/y)

oo 1
dt:f [E[—l{-[t>1}] dt=N[o>1]=
0 Tt

where in the last equality we used Lemma 2.3.5-(i) with F = 1.

Next, as an application of Theorem 2.3.4, we give the decomposition of the normalized sta-
ble tree into n + 1 subtrees. For functions f, g defined on (0,00), we denote by f * g their
convolution defined by

t
f*g(l‘)=f f(s)gt—s)ds, Vt>O0.
0

Proposition 2.3.6. Let I be the stable tree with branching mechanism w (1) = AY wherey €
(1,2]. For every n = 1 and all nonnegative measurable functions f;, 1 <i < n+1 defined on
[0,00) x T, we have withry =0 and ry,+1 = H(x)

n+1

n
1
N f p(dx) [1fi(ri=ri-1, Tt r0.x) Hdri]
g 0<r<.<rp<H(x) j=1 i=1
1

= mlﬁ #ok Fry (1), (2.3.14)

where Ry is defined in (2.1.2) and

Fi(a) = a VTNW Ya>0.

fg_,u(dx)fi(al_”YH(x),Ry(ﬂ“,al_l”’)) ,

In particular, for every n = 1 and all nonnegative measurable functions g;, 1 <i < n+1 defined
on [0,00) x [0, 1], we have

n+l n
N(l) f H(dx) H 8i (ri_ri—l;o'ri,l,x_o-riyx) Hdril
g 0<r<..<rp<H(x) j=1 i=1
1
= mcﬁ ook Gpep (1), (2.3.15)
where

Gi(a)=a YTNW , Ya>0.

f pdx)gi (a' V" Hx), a)
g

Proof. Let f;: [0,00) x T — R be continuous and bounded for 1 < i < n+ 1. By Theorem 2.3.4,
we have for A >0
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n+1
[IN [e_’w f p(dx) f,-(H(x),a‘)]
i=1 T

n+1
_/1 T T
=N f u(dx) 1_[ ﬂ [l LT ﬁ( i —Ti- I’J[rl lrl)x)Hdrl]
g 0<r<.<rp,<H(x) j=1 i=1
Py n+l n
=Nl|e” "f w(dx) [17i(ri=rice, Tiryrox) [1dri] - (2.3.16)
g 0<r<..<rp,<H(x) j=1 i=1

Disintegrating with respect to o and using the scaling property from Lemma 2.3.5-(ii), we have

o f p(dx) ﬁ-(H(x)m]
g

_ 1 o0 -2 (@) da
_—}/F(l—lly)fg e TN [L_u(dx)ﬁ(H(x),fT) Ty
1

where £ denotes the Laplace transform on [0, 00).

On the other hand, again disintegrating with respect to o, we have

yIra-1/y)N

n+l
e_’wfg_,u(dx) Hfz( = TieL, Ty, x) Hdrl]

0<r<..<r,<H(x) i=1
o0 da n+1
:f e—/’laN(a)
0

n
f /.t(dX) Hfz( j —Ti— I’J[rz 1rz)x)Hdri]
T 0<r<..<rp<H(x =1

(0]
= f daa"tVa-1m-le-dap g (2.3.18)
0

al+lly

where we set

F(a)=NW
n+1 1-1/ -1/ n
f Hﬁ(a B Y(ri_ri—l)yRY(Loj—[ri_l,ri),X!a a Y)) l_[dri .
0<n<..<rp<H(Xx) j=1 i=1

Putting together (2.3.16)—(2.3.18) yields

1 n+l

1
mg(lﬂ **Fn+1)(/1) = W HG%F,(/U

oo
:f daa(n+1)(1—1/y)—le—AaF(a).
0
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Since this holds for every A > 0, we deduce that da-a.e. on (0,00),

1

STt Fan(@ = @O ), (2:3.19)
Y -y

Thanks to Lemma 2.2.2, the mapping a — Ry (T, a'~!"7) is continuous on (0,00) for every T € T.
We deduce from the dominated convergence theorem that the F; are continuous on (0, 00)
and thus Fj *...* Fp4) too. Similarly, the right-hand side of (2.3.19) is continuous with respect
to a. Therefore the equality holds for every a € (0,00). In particular, taking a = 1 proves
(2.3.14) for continuous bounded functions f;: [0,00) x T — R. This extends to measurable
functions f;: [0,00) x T — R thanks to the monotone class theorem. Finally, (2.3.15) is a direct
consequence of (2.3.14). O

In particular, the following corollary will be useful.

Corollary 2.3.7. We have

2

sup a2 2y N
a=0

< o0o0. (2.3.20)

H(x)
fg,u(dx) ([o U‘r’fxdr)

Proof. Applying (2.3.15) with n =2, g1(r,a) = g(1—a), g2(r,a) =1 and g3(r, a) = g(a) yields,
for every measurable function g: [0,1] — [0,00],

H(x) 2
f p(dx) U 8(0rx) dr) ]
T 0

B 2
YT -1/y)2

N

1 y
fg(y)(l—y)‘”ydyf g2z " (y-27"Y"dz. (2.3.21)
0 0

Taking g(a) = a%, we get

H(x) 2
fp(dx) (f Uﬁxdr) ]
T 0

2a2—2/)/
CY2r(-1/y)2
2a2—2/)/
= 2—B(
Y2 (1-1/y)?

a2~ 2YNW

1 y
f ya(l_y)—l/Ydyf Zﬂi—l/}/(y_z)—l/}/dz
0 0
2a+2-2/y,1-1/y)B(a+1-1/y,1-1/y),

where B is the Beta function. Using that B(x,1—1/y) ~T'(1-1/y)x 17 as x — 0o, (2.3.20)
readily follows. O

As a consequence of Proposition 2.3.6, we are able to compute the intensity measure of the
random measure ¥ g~ appearing in [7], see Proposition 6.3 therein.

119



Chapter 2. Zooming in at the root of the stable tree

Corollary 2.3.8. Let I be the normalized stable tree with branching mechanism (A1) = 1Y
wherey € (1,2]. Let f and g be nonnegative measurable functions defined on T and [0,00)
respectively. We have

H(x)
yI'(1-1/y)NY U w(dx) A f(ﬂ‘r,x)g(r)dr]
g

1 da _
:fo al’y(1-a)l’r N® [fORY (g*,al lly)]N(l)

fu(dx)g((l—a)l‘”YH(x)) . (23.22)
g

Another application of Theorem 2.3.2 is the following result giving the moments of the height
H(U) of a uniformly distributed leaf U € 9~ (i.e. according to y) under ND. In particular, this
allows to give a nontrivial upper bound for the size of the ball with radius € > 0 centered around
the root of the normalized stable tree. Let us mention that this result is not new since the
distribution of H(U) under NV is known: in the Brownian case Y =2, H is distributed as V2e
where e is the Brownian excursion so v2 H(U) has Rayleigh distribution; in the case y € (1,2),
H(U) is distributed as a multiple of the local time at 0 of the Bessel bridge of dimension 2/,
see [84, Corollary 10].

Lemma2.3.9. LetJ be the normalized stable tree with branching mechanismy (1) = AY where
Y € (1,2]. For every p € (—o0,2), we have
_(y-LyP'TA-1/yIR2-p)

= < 0o. (2.3.23)
Irai-(p-1Q10-1/y)

N

f H(x)™P p(dx)
g

Proof. Using Bismut’s decomposition (2.3.12), we have for every 1 > 0

N

ae_’l"f H(x)™P u(dx)
T

:[ t_p[E[Tte_M’] dtz(p'()t)f fPe W gy,
0 0

On the other hand, disintegrating with respect to o and using Lemma 2.3.5-(ii), we have

N -da N(d)

ae_’wf H(x)™? u(dx)
T

1 0o

= Ta—1n -p
Yr(l—lly)fo ae L_H(x) w(dx)
da

1 o0
— e—/la
YT - 1/)/)/0 alp-Ha-1/y)

_ I'aA-(p-DA-1/y) (1)/ L
_YF(I—l/y))Ll—(p—l)u—uy)N gH(x) w(dx)

al+t1lly

N(l)

f H(x)™P p(dx)
T

Using (2.3.10), it follows that

T -1/pA-P=DA=1M gl q) poo
~ T-(p-D1A-1/y) 0
_(y-LyP'Ta-1/nre-p)
T Tra-(p-na-1/y)

N(l) tl—Pe—t(ﬂ(ﬂ) dr

f H(x)™? p(dx)
T
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O

Remark 2.3.10. Conditionally on 9, let U € 9 be a uniformly distributed leaf. Then we can
rewrite (2.3.23) as follows:

1w| 2 »] . Tp+1

&N [ Ho O = i

vp>-1, (2.3.24)

where ¢, = (y=1)I'(1-1/y). This implies that, under the probability measure ¢, ' NV [H(U) "],
the random variable yH(U) has Mittag-Leffler distribution with index 1 —-1/y, see [137,
Eq. (0.42)].

2.4 Zooming in at the root of the stable tree

In this section, we study the shape of the stable tree in a small neighborhood of its root. The
main result, Theorem 2.4.2, states that after zooming in and rescaling, one sees a branch on
which trees are grafted according to a Poisson point process on T with intensity N given by

2N[dT] ify=2,
NgldT ] = (2.4.1)
Sl rednPd9) ifye(1,2),

where we recall from Section 2.3 that x is given by (2.3.2) and P, is the distribution of the
random tree 9~ obtained by gluing together at their roots a family of trees distributed according
to a Poisson point measure with intensity r N.

We start with the following result giving the scaling property of the stable tree under Ng.

Lemma 2.4.1. The following identity holds for every a >0

Ry(J ,a) under N @ I underaNg. (2.4.2)

Proof. The case y = 2 reduces to the scaling property (2.3.6) so we only need to prove the case
y € (1,2). Thanks to (2.3.6), we deduce that Ry (9, a) under P, has distribution P,i/q-v,. It
follows from (2.3.2) that under Ng, Ry (J, a) has distribution

f ra(dr)Pyug-n,(d9) = af sn(ds)Pg(d9g) = aNg[dT ).
0 0

Let (T,®,d, u) be a compact real tree and let x € T. Recall from Section 2.3 that Tj, i € I are
the trees grafted on the branch [®, x|, each one at height k;. Fix f: (0,00) — (0,00) and define
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for every € > 0 a point measure on [0,00)% x T by

M@= Y Srmero-vgmom (1)) (2.4.3)
hi=f(e)H(x)

We are now in a position to give the main result of this section.

Theorem 2.4.2. Let J be the normalized stable tree with branching mechanism y (1) = 1Y
wherey € (1,2]. Conditionally on I, let U be a I -valued random variable with distribution
u under NV, Let (T, s = 0) be a Poisson point process with intensity Ny, independent of
(T, HU)). Let®: [0,00)> x T — [0,00) be a measurable function such that there exists C > 0
such that for everyh =0 and T € T, we have

|®(h,b, T)—-®(h,a,T)|<Clb—al. (2.4.4)

(@) Iflim,_ eV 2f(.g) =0 andlim._ E_lf(é‘) = oo, then we have the following convergence
in distribution

(7, O, (M W), ) = (9*, H), Y. ® (s, u(T}), normy (T’S))) (2.4.5)
&= $=0

in the space T x [0,00) x [0,00].

(ii) Ifj(e) = €, then we have the following convergence in distribution

(77, O, (A ), 2)) L2 (3*, HW), Y @(suTh,norm, (Tg))) (2.4.6)
&= s<H(U)

in the space T x [0,00) x [0,00].

Proof. We only prove (i), the proof of (ii) being similar. Let f: T — R and g: [0,00) — R be
Lipschitz-continuous and bounded and assume that ®: [0,00)? x T — [0,00) is measurable
and satisfies (2.4.4). We shall consider the following modification of the measure JV;(U ):

% —
‘/VE U) = Z 6(5*1h,-/H(U),S*Y’(Y*UUi,normy(Ti))-
h;<f(e) H(U)

Step 1. Set

Fie)=N" [ f@)gHW) exp{- (A W), )}]

N

f p(dx) f(I)g(H(x)
T

xexp{— > <I)(s_lhi/H(x),s_Y/(y_Uai,normy(f/‘,-))H )
hi<f(e)H(x)
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Using Lemma 2.3.5-(i) and Theorem 2.3.2, we have

F(e)

- 1, .= l o o7 —1+1/Y
Ta-1/y) N[Gl{wl}ﬁj_u(dx)f normy () g (o H(x))

xexp{— Y dD(8‘1hi/H(x),e_Y/(Y_l)a_lai,normy(g}))H
h;i<f(e)H(x)
o0 1
_ - ! -1+1/y
_fo dt[E[Ttl{rpl}fonormy(Tt)g(rt t) 2.4.7)

xexp{— > @(6ls/t,eY/(Yl)rtlu(Ts),normy(Ts))H.

s<f(e)t

Step 2. The proof of the following lemma is postponed to Section 2.7.1. To simplify notation,
we introduce g(¢) = 1 —f(e).

Lemma 2.4.3. Assume thatlim._.oe "?f(e) = 0. Let f: T — R and g: [0,00) — R be Lipschitz-
continuous and bounded and assume that ®: [0,00)?> x T — [0,00) is measurable and satisfies
(2.4.4). We have

[e )

i -1 | —1+1/y
l{I})F(l_I/Y) F(E)—/O dtE Tg(s)tl{fa(enﬂ}fonormy(Tg(eJt)g(Tg(s)t t)
xexp{— Z <I>(g‘ls/t,E‘Y/(Y—l)T;(L)tu(Tg),normy(Ts))} =0.
s<f(e)t

Since (T, 0 < s < t) is a Poisson point process, it follows from the definition of Té( ¢ that

(Ts, 0 < s <f(e)t) isindependent of Té ©r Thus, denoting by (T’s, s = 0) a Poisson point process
|

with intensity N which is independent of T s

of Té( ¢); and making the change of variable u = g(¢), we have

recalling that 74 is a measurable function

lin(l)‘l“(l—lly)_lF(e)—g(e)_lf duE[Y:(w)]| =0, (2.4.8)
£— 0

where

1 1 -
Ye(u) = T_l{ru>1}f°”°rmy (Tb)g(g(e) lTqu/Yu)

u
T,

x E (2.4.9)

exp{_ 2 cp(e-lg(s)s/u,s—Y’W‘“r;lu(TD»”°me(Tls))}
s<fle)gle)'u

Step 3. For fixed A > 0, we have

E exp{_ 2 <I>(e‘lg(e)s/u,e‘V’(Y‘”A‘lu(T's%”Ormy(T;))H

s<fe)ge)u
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Chapter 2. Zooming in at the root of the stable tree

fe)ge) ' u B o
= exp{_f dsNg [1 _e—CD(e lg(e)s/u,e "D} 1U,normy(fj"))]
0

E*lf(g)/lflJrl/yu B
= exp { ~g(e) ™! f drNg |1 @A oy )| } :
0

where we made the change of variable r = e 'g(e)A~'*!/Y s and used Lemma 2.4.1 with a =
eA VY (Notice that normy (97) has the same distribution under aNg for every a > 0). Thus,
we deduce that a.s. for every u >0

limE
e—0

exp { - Y o g@s/ue 0 Vg (T, normy (T))) }
ssfe)gle)tu

TL]
-1 ( )/171+1/y
= limexp { —g(e)! fg e udrNB [1 _ e—q)(/ll_”yr/u,U,normy(f'T))] }
e—0 0 =1,

=expy-— OodrNB 1— e ®(A T r/uonormy (7))
0 [A=T1,

exp {‘ > (v, s, u(T), normy (Tg))}

$=0

=E

TL].

Step 4. We deduce that a.s. for every u >0

1 _
lim Y, (1) = — 17,513 f onormy (Tb) g (Tup'l/yu)
e—0 Ty

x [E

exp{— Y @ (" s/u,p(T}), norm, (T;))} TL] . (2.4.10)

$=0

since |Ye ()| < || f|| o | €]l oo T2 Lir.>1; Where the right-hand side is integrable with respect to
1(0,00) () du ® P thanks to (2.3.13), it follows by dominated convergence that

(e}

tig [~ due 1o @1 = [ duk | D10 fonormy (Th) g (1274
e—0 0 € 0 Tu Tu Y u u
x eXp{— 2.0 (Tf[”ys/ u, u(T%), normy (T’S))H . (2411
§=0

Step 5. Using Theorem 2.3.2 and Lemma 2.3.5-(i) again, we get that

lim F(¢g) :1"(1—1/)/)[ duE
e—0 0

L _
- 17,1 f onorm, (Tb)g(‘rulﬂlyu)
u

o] X 0 st norm, (1)

§=0

=F(1—1/y)N[ 1“””[ p(dx) f onormy (9) g (o™ Y H(x))
g

1
o
x exp{— Z 0] (UI_I/YS/H(x)yﬂ(T,s)» normsy (T/s))}]

$=0
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2.4. Zooming in at the root of the stable tree

~NO [L_ u(dx) f(T)g(H(x)) exp {— 3 @ (s/H(0), u(T), normy (TL)) H

520

)

=NO [ FTIgHU)) exp {— 2, ©(s/H(U), u(TY), normy (T/s))}

$=0

where, with a slight abuse of notation, we denote by (T’s, s = 0) a Poisson point process
with intensity Ng under N, independent of (9, H(U)). Since H(U) and (T’s, s = 0) are
independent, this concludes the proof. O

As a consequence of Theorem 2.4.2, the next result gives the asymptotic behavior of the total
mass of the subtrees grafted near the root of the stable tree.

Corollary 2.4.4. Let I be the normalized stable tree with branching mechanism (1) = AV
wherey € (1,2]. Conditionally on 5, let U be I -valued random variable with distribution u
under NV, Assume thatlim,_o e~ "?f(e) = 0 andlim,_.o e~ §(€) = co. Define a process S¢ by

S8 = Z eV Vg, r>o.
hi<etAf(e) H(U)

Then we have the following convergence in distribution

(7, HW), (S5, £ 0)) " (77, HW), (S,, £ = 0)) (2.4.12)

e—0

in the space T x R x D[0,00), where S is a stable subordinator with Laplace exponent ¢ given by
(2.3.10), independent of (9, H(U)).

Proof. We adapt the arguments of [140, Chapter VII, Section 7.2], see also Theorem 3.1 and
Corollary 3.4 in [150]. Since the process S has no fixed points of discontinuity, it is enough to
show that the convergence (2.4.12) holds in T x R x D[0, r] for every r > 0.

Fix r > 0 and let 6 > 0. Define

Si'(s = Z E_y/(y_l)o-l'l{gfy/(yfl)o-i>§}, t=0.
hi<etAf(e) H(U)

Recall that for a metric space X, we denote by .4, (X) the space of point measures on X
equipped with the topology of vague convergence. It is known (see [140, p. 215]) that the
restriction mapping

m— Mmj[0,00)x (§,00)

is a.s. continuous from .4 ,,([0,00)2) to .4 ([0,00) x (§,00)) with respect to the distribution of
the Poisson random measure } >0 6, (7)) Furthermore, the summation mapping

m-—»([ xm(ds,dx),0<t<r
[0,£]x (6,00)
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Chapter 2. Zooming in at the root of the stable tree

is a.s. continuous from .4, ([0, 00) x (§,00)) to DI0, r] with respect to the same distribution. We
deduce from Theorem 2.4.2- (i) and the continuous mapping theorem the following conver-
gence in distribution

@

(77, 7@, (559, 0= £ <)) <2 - (J H(U), (Z U1 ryse), 0= £ r)) (2.4.13)

S<t

in T xR x D[0, r], where (T%, s = 0) is a Poisson point process with intensity Ng, independent
of (7, H(U)).

Furthermore, since ¥ ,<, u(T%) is NU-a.s. finite, it is clear by the dominated convergence
theorem that ND-a.s.

lim sup = hm Z wu(T! JiuTn=ey =

—'0 I<r

PTQIEDITQIS) T AN

S<t S<t

Since uniform convergence on [0, T] implies convergence for the Skorokhod J1 topology, we
deduce that

(37,H(U), (Z WOy rsep 0 IS r)) ;i)o» (T, HWU),(S;,0<t<r1)), (2.4.14)
s<t -

where S; = Y <, u(T)) is a stable subordinator with Laplace exponent ¢, independent of
(T, HU)).

Finally, we shall prove that for every n > 0

lim limsupN® §¢— 520

6—0 e—0

sup
0<t<T

> n] =0. (2.4.15)

Let f: [0,00) — [0,00) be Lipschitz-continuous such that x1j5;(x) < f(x) < x1p25)(x). We
have

5
sup |S7-S% Z g Vb Uzl{g Y=g, <5}
O<t<r h,-ser/\f(s)H(U)
< Y fE V).
hi<ernf(e)H(U)
It follows that
limsupN® | sup |S¢-59°| =7 <limsupN® fle7 " Vo) zn
£—0 o<t<r =0 ]’l,‘SEV/\f(E)H(U)

<NDIY f(uT)=n

S<r

<N® [Z (T gr<26y 21|

S<r

(2.4.16)
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2.4. Zooming in at the root of the stable tree

where in the second inequality we used the Portmanteau theorem together with the following
convergence in distribution

FE V) LD 5 r(ucTy),

hi<er Af(e) H(U) =0 7

which holds thanks to Theorem 2.4.2-(i) applied with ®(h,a, T) = 1y;<1 f(a). But, by the
dominated convergence theorem, we have that NV -a.s.

lim ) (Tl <as) = 0.
—0s<r

Together with (2.4.16), this implies (2.4.15).

Putting together (2.4.13)—(2.4.15), it follows from the second converging together theorem, see
e.g. [38, Theorem 3.2], that

(7, HU), (S5, 0<t=<7)) D, (T HW), (S, 0= t=1)

e—0

in T xR x D[0, r]. This finishes the proof. O

Remark 2.4.5. Let us comment on the connection between Theorem 2.4.2 and the small
time asymptotics of the fragmentation at height of the stable tree F~, see [32, Section 4]
for the Brownian case y = 2 and [124] for the case y € (1,2). We briefly recall its definition.
Consider the normalized stable tree 9~ and denote by (f/'], jeJj t) the connected components
of the set {x € 9 : H(x) > t} obtained from 9 by removing vertices located at height < .
Then F~ (1) = (F; (¢),F, (1),...) is defined as the decreasing sequence of masses (1(J7), j € J;).
In [80, Section 5.1], Haas obtains the following functional convergence in distribution as a
consequence of a more general result

eV~ Ff (e, (F; (e), F; (€9),...)) ﬂo» (S,FD), (2.4.17)

where the convergence holds with respect to the Skorokhod J1 topology. Here F1I is a fragmen-
tation process with immigration and S is a stable subordinator with index 1 — 1/y representing
the total mass of immigrants.

At least heuristically, this can be recovered from Theorem 2.4.2. Let U € 9 be a leaf chosen
uniformly at random. It is not difficult to see that for 0 < ¢ < H(U), with high probability as € —
0, the biggest fragment at time £7 is the one containing U. Thus we get 1 — F| (€£) = Y5, <¢1 0
and

(F; (e0),F; (e0),..) = (T, by < )}

is the decreasing rearrangement of the masses of 971.2”_]” for the subtrees grafted at height

h; < et. Here we denote by T=" = T\ T<" = {x € T: H(x) = r} the set of vertices of T above
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Chapter 2. Zooming in at the root of the stable tree

height r. To recover (2.4.17), we may prove the joint convergence of

-y/(y-1 ;.
Y ¢ oi, Yy & I , (2.4.18)
(hiSEAI\EH(U) hi<e H(U) (l{hisn}g Y=g, ),tzo)

then argue that the convergence of the point measure in (2.4.18) implies that of the re-
arranged atoms. Notice that we may obtain the convergence of the first coordinate in
(2.4.18) using Theorem 2.4.2-(ii), similarly to how we proved Corollary 2.4.4 using Theorem
2.4.2-(i). For the convergence of the second coordinate, the idea is to consider ®(h,a, T) =
F((l{hst} au(Tz’fl“/Y(‘_h)), t= O)), where F: D[0,00) — [0,00) is Lipschitz-continuous with
compact support. However, ® is not Lipschitz-continuous with respect to a so our result does
not apply directly. Similarly, to get the convergence of the dust, notice that

T = Y g,
hi<et

Thus the idea is to apply Theorem 2.4.2-(ii) with ®(h, a, T) = 1<y ap(T<%"""=1) which
again does not satisfy the assumptions.

2.5 Asymptotic behavior of Z, s in the case f/a' ™'Y — ¢ € [0,00)

We start by showing that if U € J is a leaf chosen uniformly at random, Z,, p(U) defined in
(2.1.1) converges in disrtibution after proper rescaling.

Proposition 2.5.1. Assume that @ — oo, =0 and pla'™'"Y — c € [0,00). Let T be the normal-
ized stable tree with branching mechanism v (1) = AY wherey € (1,2]. Conditionally on I, let
U be a T -valued random variable with disribution u under NV Then we have the following
convergence in distribution

o0
(7 HWy, ' 7y 2, (1)) 2 (9,H(U), f e‘sf‘”"’dt). (2.5.1)

where (Sy, t = 0) is a stable subordinator with Laplace exponent ¢ given by (2.3.10), independent
of (7, H(U)).

Proof. Set
e=¢(@):=a® V0 (2.5.2)

with é € (0,1/3) so that e — 0 as @ — oco. Define
eHU)
Iy = al—l/yf e—a(l—Ur,U)—ﬁ"/den (2.5.3)
0

Lemma 2.5.2. We have the following convergence in NV -probability

lim (al‘”yh‘ﬁza,ﬁ(w - Ia) - 0.

a—oo
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2.5. Asymptotic behavior of Z, s in the case $/a!™1/Y — c € [0,00)

The proofis postponed to Section 2.7.2. Using this together with Slutsky’s theorem, it is clear
that the proof of (2.5.1) reduces to showing the following convergence in distribution

(T ,HU), I) % (F,H(U),fo e_S’_C”hdt). (2.5.4)

Making the change of variable ¢ = a'~!/ r, notice that

a " e HU)
Iy :f exp{-a(l-0q 1, y)—Ba 7 e/p} dt, (2.5.5)
0

Let A > 0. Notice that, applying Corollary 2.4.4, we get the following convergence in distribu-
tion

(LO/—rH(U)’( Z aUZ,OStSA
hisa Y tae HU)

a(&» (T HU),(S;,0<t<A4),  (2.5.6)
—00

where S is a subordinator with Laplace exponent ¢, independent of (9, H(U)). Moreover, on
the event Q := {a 1Y A < e H(U)}, we have for every t € [0, A]

Z o;= Z o;= 1 _Ua‘1+1/7t,U‘ (257)

hisa 117 ae H(U) hisa~1*lrg

Since a!~1Ye — oo, it is clear that limy oo NV [Q] = 1. Thus, it follows from (2.5.6) and (2.5.7)
that
(7, HU), (a(1- 0410107, y), 0 < t < A)) a—(d)—» (T, HWU), (S, 0= t< A)).
—00

Now a simple application of the continuous mapping theorem gives

A
(ﬂ“,H(U),[ exp{-a(l-0oq 1, y)—pa 1 t/h} dt)
0

(d) A -Sy—ctlh
—»(9,H(U),f e ¢ dt). (2.5.8)
0

a—o0

On the other hand, applying (2.3.22) with f(T) = e"*""#") and g(r) = 1{,5 411117 4}, We get

al"reH(U)
N© f exp{-a(1-041n,y) - Ba 7 e/p} dr

A

HU)
<o VTND [f exp{—a(l —Ur,U)} dr
a

-1+1/y A
1-1/y 1

o«
yI'(Q1—=1/y) Jo

1 Ly Y\ ) ro1-1
= 1-< YN YH(U) = A] dy.
}fl“(l—l/y)fo y ( a) e [y (U) = A dy.

A -0 e N [(ax)VY HU) = A] dx
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By the dominated convergence theorem, we have

a—oo

al2 -1/
lim f y 7 (1 - Z) TeryND [y'""VYHWU) = A] dy
0 a
(e o]
:f y e YN [y VY H(U) = A] dy.
0

Moreover, we have

a -1/
f y U (1=2) e N [ W) = A] dy
al2 a

@ -1/y
< e—a/2[ -1/y 1-— Z d
a/2y ( a’) Y

1
_ a1—1/ye—a/zf 1= T dy,
1/2

where the last term converges to 0 as @ — co. We deduce that

limsupN®

a—o00 A

aenwy -1ty
exp{-a(l—og411r,y) - Pa t/h} dr

1 oo =1y »—ywn@ 1,,1-1/
< — N YHU) = Al dy,
Ym_lmfo y e ly (U) = A] dy

and, thanks to the dominated convergence theorem,

lim limsupN®

—00 a—o0

1-1/
a YeH(U)eX ~ ~ ~ 141y B
p{-a(l-04141v,y) - Ba t/h}de| =0.  (2.5.9)

A

Combining (2.5.8) and (2.5.9) and applying [38, Theorem 3.2], (2.5.4) readily follows. This
finishes the proof. O

The next lemma, whose proof is postponed to Section 2.7.3, states that taking a leaf uniformly
at random or taking the average over all leaves yields the same limiting behavior for Z, g(x).
Recall from (2.1.1) the definition of Z, g.

Lemma 2.5.3. Under the assumptions of Theorem 2.5.1, we have the convergence in N -

probability
lim a' ™Y 7P (Zy p(U) ~Zg p) = 0. (2.5.10)

a—o0

Combining Proposition 2.5.1 and Lemma 2.5.3, we get the following result using Slutsky’s
theorem.

Theorem 2.5.4. Assume that @ — oo, =0 and p/a'™'"Y — c € [0,00). Let T~ be the stable tree
with branching mechanism vy (1) = AY wherey € (1,2]. ConditionallyonJ, let U be aJ -valued
random variable with distribution u under NV . Then we have the following convergence in
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distribution

(77 HW), & 67 2, (1), 0" VP2, )

o0 o0
@ (3‘, H(U),f e_S’_””’dt,f e_S‘_””’dt), (2.5.11)
a—0o0 0 0

where S is a stable subordinator with Laplace exponent ¢ given by (2.3.10), independent of
(T, HU)).

2.6 Asymptotic behavior of Z, s in the case f/a' ™'Y — oo

We treat the case B/a'~!"Y — oco. Intuitively, this assumption guarantees that f)g , dominates
o}, thus we get a different asymptotic behavior and there is no longer a subordinator in the
limit.

Theorem 2.6.1. Assume that § — oo, @ =0 and a'~VY/p — 0. Let I be the stable tree with
branching mechanism w (1) = AY wherey € (1,2]. Then we have the following convergence in
N -probability
lim BhPZ,p5=. (2.6.1)
p—o0

Furthermore, ifa' =Y/ BP — 0 for some p € (0,1), then the convergence holds NV -almost surely.
Proof. We start by assuming that @ — oo and a'~!/7/8 — 0 (the case a bounded from above is

covered by the second part of the theorem). Setting & = (' =Y )~1/2, it is straightforward to
check that € — 0, Be — co and a' Ve — 0. Write

4 .
By PZop=Ep+ ) Fj 2.6.2)
i-1
where
1 H(X) a brx ﬁ
Fg Zﬂf 1{H(x)<?_s}ﬂ(dx)f Ur,x( : ) dr,
T 0 b
2 H(X) a brx ﬁ
Fg :ﬁf l{H(x)zze}.U(dX)f Ur,x(—’) dr,
g € h
b

£
Fg= ﬁf I{H(x)ZZE}H(dJC)f ol
T 0

(5] =15 )
(1 - %)ﬁ —e_ﬁ”h] dr,

€
Eg= ﬁf l{H(x)ZZE}#(dx)fo ot e Prihdr.
T

£
Fg :ﬁf l{H(x)zze},u(dx)f ol
T 0

We shall prove that limﬁ_,oo FE =0in NW -probability for every i € {1,2,3,4}.
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Chapter 2. Zooming in at the root of the stable tree

Let p € (1,2). Using that o, < 1 and h,x < b and applying the Markov inequality, it is clear
that
Fy< Zﬁsf 11100 <26y p(dx) < 21“’/35“'7/ H(x)™P u(dx).
T T

Since the last integral has a finite first moment by Lemma 2.3.9 and S&!*? — 0, we deduce that

NO-as. limg_. Fé =0.

Next, using (2.2.5), we get

2 HOO ()P
FﬁzﬁL_l{H(x)EZE}u(dx)/; Ur,x( f) ) dr

e\h H(x)
<p (1 — E) fg_u(dx)fo oy .dr. (2.6.3)

By [7, Corollary 6.6], we have

N(l)

a0 [ odr] = — gy I 1-11y)
(x)f o r]= Bla+1-1/y,1-1 s
fg” o 0 IT—1/7)] L

where B is the beta function. Using that B(x,1-1/y) ~I'(1— lly)x_“”” as x — oo, we deduce

that
H(x)
supN® al_m’f p(dx)f oy dr| <oo. (2.6.4)
a=0 g 0
On the other hand, let 6 > 1. Since the function x — x!*%e* is bounded on [0, 00), it follows
that 5 Lo
€ +
ILU 1--| < 2 e Pelb < Cb— (2.6.5)
al-1y ) al-1r ﬁ681+6a1—1/y

for some constant C > 0. Notice that f¢!*9a!~1/Y — oo since 8 > 1. Thus the right-hand side
of (2.6.5) goes to 0 almost surely. Now putting together (2.6.3), (2.6.4) and (2.6.5), we deduce

that limg_., Fé =0 in N""-probability.

Let x € 9. Recall from (2.2.5) and (2.2.6) that ., < h —r for every r € [0, H(x)] and that the
equality holds for r € [0, H(x A x*)]. Therefore, we get

£

3
IFﬁI = ﬁf L{H(x)>2¢, Hxnx*)<e) (dx) Ory
g H(xAx*)

€ P
= ﬁ[ l{H(x)EZE,H(x/\x*)<g}H(dx) (1 — _) dr
T H(xAx*) h

€
pS ,Bfg_ LH@) =26, Hxnx*)<e #(dx) [H( e Privgr

XAX*)
- []f e PHOAT ().
T

Since H(x A x*) > 0 for u-a.e. x € 7, a simple application of the dominated convergence

theorem gives that NV-a.s. limg_.o Fg =0.
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2.6. Asymptotic behavior of Z, s in the case f/a' /Y — co

Furthermore, using the inequality |e? — e?| < |b— ale” for a < b together with the fact that
j:y— —(y+log(l-y))/y?is increasing on [0, 1), we get for r € [0, €]

oo soove-)

: =[G i)

b

sﬁ‘%ﬂog

Therefore, we deduce that

£ 2
|Fg| Sj(%)[oj_l{H(x)zzs}#(dx)fo (%) e Prihdr < Cj(%)e,

where we used that y — y?e~Y is bounded on [0,00) by some constant C < co for the second
inequality. Since lim_¢ j(y) = 1/2, we get ND-a.s. limg_o, Fg = 0. We deduce the following
convergence in N -probability

4

lim )" Fj=0. (2.6.6)

B—ooi5
Notice that

€
Eﬁ < ﬁf LiH(x)=26) ,u(dx)fo e Privdr = h (1 - e_ﬁglb) Lig(=2¢ p(dx) < b (2.6.7)
g

g

On the other hand, using that o, = 0. for every x € 9 such that H(x) = 2¢ and every
r €10, €], we get

Eﬁ > h (]_ — e_ﬁE/h)L_ ]-{H()C)EZE}O-g,xH(dx)' (268)

We now shall prove the following convergence in N -probability

lim I{H(x)zgg}agxu(dx) =1. (2.6.9)

p—ooJg

Using Lemma 2.3.5-(i) and Bismut’s decomposition (2.3.12), we have

N [f L{H(0=2¢)0¢ 5 p(dX)
T

(Zeree)® )

1
:F(I—I/Y)N |:—1{0—>1}/ 1{0-—1+1/)/H(x)22£}
g T

1 Sssifw a
—1 H/y} 1- . (2.6.10)

o)
:1“(1—1/7)[0 dzE S, {S,>1,t22£8t S;

Recall that S is a stable subordinator with index 1 — 1/y. Thus the process T defined by

1
Tr = Esal—l/yr, Vr=0
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is distributed as S. Applying this, we get that

as(es; ) @ at (e M) = s(esi T ). (2.6.11)

al-lrg

Now notice that
1-1/y _ 1-1/y 7-1-1/y (d) 1-1/y o1-1/y
SaH,” =€a T, = ea S; .

. _ . N 1-1/

Since ea'~1/Y — 0, this clearly implies that €S, |,/
a e
1-1/y
al-lrt

— 0 in probability. As S is a.s. continu-
ous at 0, we deduce that S (58 ) — 0 in probability. Thus, it follows from (2.6.11) that

aS (881_1/1/) — 0 in probability for every ¢ > 0 and

alog(l—

In particular, this implies the following convergence in probability for every ¢ >0

1, ) Sesyr L,
S, {sere2es T T, g, e

Since we have the inequality

1 1 1 85817”7 - 1 1
S, {seuez2es T T, =5, seu

where the right-hand side is integrable with respect to 1(g,c0) (£) dt ® P thanks to (2.3.13), the

dominated convergence theorem yields
¢ 00 1 1
- dtE|—1 =
) ] fo [St {S‘>”] ra-1/y)

[Fae
0

Together with (2.6.10) and the fact that

S

1 1 1 ESi_l/Y
S, {S,>1,t2258§’“y} S,

f L0260, p(dX) < 1,
T

this proves (2.6.9).

Finally, since B¢ — oo, it is clear that (1 — e Pelby h almost surely. In conjunction with
(2.6.9), this gives the following convergence in NV -probability

b (1 - e_ﬁg/h)f L{H(x)226)0¢ » p(dX) — b.
T
Thus, using this together (2.6.7) and (2.6.8) yields lim f—oco Ep = hin N -probability. It follows

from (2.6.2) and (2.6.6) that liml@_,Oo ﬁh_ﬂZa, B= hin N -probability. This proves the first part
of the theorem.
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2.6. Asymptotic behavior of Z, s in the case f/a' /Y — co

Next, we treat the case a'!~1/7/pP — 0 for some p € (0,1). The proof is similar and we only
highlight the differences. Notice that there exists p,q € (0,1) and 0 € (0,y/(y — 1)) such that
(1+p)g>1and g0 > py/(y—1). Taking € = 9, it is straighforward to check that ¢ — 0, fe —

00, ,BE“” — 0and ae? — 0. As in the first part, we have that ND.as. limﬁ_,oo Fé + FE + Fg =0.

Furthermore, using that o, < 1, it follows from (2.6.3) that
2 )P / 1-a;
Pbsﬁb—a)hsﬁeﬁﬁh:ﬁaﬁ b,

This proves that NV-a.s. limg_.o, Fé =0.
Now we shall prove that NW.as. p(dx)-as.

lim I{H(x)zgg}a'gx =1. (2.6.12)
p—o0
Using the same computation as in (2.6.10), we have the following identity in distribution

(Lr=202,, £€>0) under NV

_ a

) S (881 I/Y) 0o 1

= 1{t22881_1,y} l_S—[ ,€>0 underf0 dt[E[S_tl{s’>H.]' (2.6.13)
Since 0 < y/(y—1), [29, Chapter III, Theorem 9] guarantees that P-a.s. limsup,_,, r=9s,=0. By
composition, it follows that P-a.s. for every ¢ > 0, lim,_oe~?$ (881_1/)/) =0. Thus we deduce
that 1-1/ 1-1/ 1-1/

S(esi™) S(esi™) e 0Ss(es; )
alog|l-——|~—-a———=-ag" ———=—0
St St St

since ae? — 0. This proves that the process in the right-hand side of (2.6.13) goes to 1 P-a.s. as
€ — 0, thus (2.6.12) follows.

Thanks to (2.6.12), since o x < 1, a simple application of the dominated convergence theorem
gives that NW-a.s.

lim I{H(x)zgg}agxu(dx) =1.
B—oodg

This, together with the estimates (2.6.7) and (2.6.8) yields the NV -a.s. convergence limg_.o, Eg =
h which concludes the proof of the second part of the theorem. O
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Chapter 2. Zooming in at the root of the stable tree

2.7 Technical lemmas

2.7.1 ProofofLemma 2.4.3

Recall that g(€) = 1 —f(¢). Using the expression of F(¢) from (2.4.7), we write

[e.0]

F(l—l/y)_lF(s)—f dtE
0

—1+1/yt)

|
Toor — L, ,>13f enormy (Tg(S)t)g(Tg(S)t

4 oo i
xexp{— Z (I)(E s/t e V01 g(lg)tu(Ts),normy(Ts))H Z; A dt[E[Né(t)], (2.7.1)

s<f(e)t

where
Ng(t) = Tltl{rpl} {fo norm, (Tlt) — fonorm, (Té(g )}g (T;Hl/V t)

xexp{— Y QD(e_ls/t,e"”(’"”r;lu(—rs),normY(Ts))},

s<f(e)t
1 —1+1/ ~1+41/
NZ () = T—tl{rtﬂ}fonormy (Té(m) {g(rt t+ Yt) —g(rg(;)rt Yt)}
x exp{— > (D(E_ls/t,g_y/(y_l)rglu(Ts),normy (Ts))},
s<f(e)t

1 —_
3 3 | 1+1/y
N; (1) = T—tl{r,>1}f° normy (Tg(e)t) g(Tg(E)t t)

X

exp { - Y (e s/t eV V(T ), normy (T)) }

s<fle)t

—exp{— > @(6 sit,e V=g [p(Ts),normy(Ts))H

s<f(e)t

1 1 _
4 _ | 1+1/y
Ne (1) = {;1m>u ey l{rm>1}}f ©normy (Tgmr) & (Tgwn t)

xexp{— Y (D(e s/t e V0r=Dg ,u(Ts) normY(Ts))}

s<f(e)t

Recall from (2.1.3) the definition of norm, and notice that since the total mass of Ti isty, we

have normy(T ) = RY(TI, T;HI/Y). It follows that

NSO = £, Nl i e (normy (T4 norm, (T4, )

< ”f”L”g”oo (r,>1} [dGHP(Ry(Tl 1+1/Y) (Té;(g)p ;1+1/y))

1+1/y | 1+1/y
+ donp (RY (Tg(e)t’rf )’RV (Tg(e)t’rg(e)t m

where || f||, denotes the Lipschitz constant of f. Notice that, by construction, the tree T} is
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2.7. Technical lemmas

obtained from T é (e): Py adding to the root a branch [0, f(€) #) onto which we graft T, at height

0 < s<f(e)t. Itis clear that the added part has mass ¥ ;<) 4(Ts) = Sf(e)¢— and height at most
maxs<je)r H(Ts) + f(€) t. Thus, by definition (2.1.2) of the mapping R,, we deduce that

de (Ry (Ti’ _L_;1+1/y) »Ry (Té(s)t""';Hl/Y))

<t S5+, Y ( max bh(T) +f(e) t). 2.7.2)
s<f(e)t
Moreover, using Lemma 2.2.2 and again the definition of Ry, we get

l —1+1/y | -1+1/y
dep (RY (Tg<e>r’ e ) Ry (Tg<s)r*Tg(e>t ))

<> (T;(lg;—tll?’ _ T;HW) 0 (Té(g)t) + (Tg(lg)t - T;l) u (Té(m) . (2.7.3)

From (2.7.2) and (2.7.3), we deduce that

IN O] o |Sree-+ max DT +feer
—1+1/ —1+1/ - -
+2(Tg(£)+t Y—T[ " Y)h(Té(e)t)+(Tg(15)t—rt1)p(Té(E)[)].

Therefore it follows that for every ¢ > 0 P-a.s.

lim N} (¢) = 0. (2.7.4)
e—0
Furthermore, it is clear that
) -1+1/y -1+1/y
INZO] = [ floo Dl t7e T =,
Thus, we have for every ¢ > 0 P-a.s.
lim N%(t) = 0. (2.7.5)
E—

Since

1
[Ne (0 + NE@O] =4[ f oo I8 lloo 7~ Lirion
t

where the right-hand side is integrable with respect to 1y ) (#) dt ® P thanks to (2.3.13), it
follows from (2.7.4) and (2.7.5) that

lim [ deE [N+ N2(p)] =o0. (2.7.6)

e—0Jo
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Chapter 2. Zooming in at the root of the stable tree

Using the inequality |e? — e?| <1 A |b— a] for a < b <0, we have

|N2(9)] = ||f||oo||g||oo—1 Loy |1a Y |@(e s/t 0 Ve u(T ), normy, (T)
T
t s<f(e)r

-0 (e_ls/ t, s_yl(y_l)rgé)tp(Ts), normy (Ts))

2 u(Ts))

)

-y/(y=-1)|.-1_ -1
1nCe |Tt Tae)r

1
<[ flloo 8lloo 7 Lir>n

s<fle)t
2
1 —yitr—1) Tt~ Tg(e)r
=l gl =Lizs [ 1A CETY p(T=Taor) ) (2.7.7)
T TiTg(e)t
Since 7 is a stable subordinator with index 1 — 1/, we get that
vl y—1 2@ _—yiy-1.2 @ _-1¢.2\Y/ -1 _2 ()
e )(Tt_Tg(f)t) = ey )Tf(e)z = (e7f(e)7) Tt 0
as £ 1§()2 — 0. We deduce the following convergence in P-probability
2
1 Tr—T
lim —1{-[[>1} 1A C&'_Y/(Y_Dm =0.
e=0T; TiTy(e)t
Thanks to (2.3.13), it follows from the dominated convergence theorem that
2
oo 1 T;—T
lim | dtE|—1;,51(1A CE_Y/(Y_DM =0.
e=0Jo Tt TtTgle)r
Together with (2.7.7), this gives
o0
lim | dtE[N2(]=0. (2.7.8)
e—=0Jo
Finally, notice that
oo oo 1 T;—T
4 t— bgle)t
’ [T aeino)| <1l [ are [T—tl fnoretent * oy |- 279)
Thanks to (2.3.13) and the dominated convergence theorem, it is clear that
oo
l{% A dtE T_tl{Tg(E)tSI<T'} =0 (2.7.10)

as the process 7 is a.s. continuous at ¢. On the other hand, using the inequality

Tr—Tgle)t

(T T ) T (T Ted)
{Toei>1} = T 1+q {rae>1}

TiTgler T
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2.7. Technical lemmas

- (Tt—Tg(e)t)q
1+q {Tger>1}

Tg(e)t

where g € (0,1—1/y), we get that

| ace| Ty < [
0 TtTye)t 0

(Tt - Tg(e)t)q 1
1+q {Ta@e>1}
gle)e

b 1
— q
_fo dt[E[Tf(e)t] E [T1+q I{Tg(s)t>1}]

gleye

f(g)qj//()’—l) 1
g L1
Tr

I G o B R
- 1+gy/(y-1) T 1+q | _-1+1y rr
9(5) 7, 9

oo
E [Ti’] f drr9'r-DE
0

= —g(£)1+qy/(}'—1)

f(g)qr/r=D

q -1-g+1/y
- g(€)1+qy/()f—1) E [Tl ] E [Tl

) (2.7.11)

where we used that 7, — 74, is independent of 74, and is distributed as 7y for the first
equality and that 7, @ tY'0=D1, for the second. Thanks to (2.3.11), we have E [Ti]] < oo and
E [TIH“Y_q] < 0o. Thus, it follows from (2.7.11) that

Tr—Tge)r

o0
lim dtE
e—0Jo

1 =0. 2.7.12
T(Tg(e)r fror>1} ( )

Combining (2.7.9), (2.7.10) and (2.7.12), we deduce that

lim | dtE[|N; ()] =0. (2.7.13)
0

e—0
It follows from (2.7.1), (2.7.6), (2.7.8) and (2.7.13) that

o0
limF(l—l/y)_lF(s)—f dtE
e—0 0

1 ! -1 ~1+1/y
Ty(e)e Lrqoro1/ o R (Tg(ew Tg(e)t) § (Tg(en t)

xexp{— Y <1>(e_ls/t,s_yl(y_l)rgé)tu(Ts),R(TS,M(TS)‘I))} =0.

s<f(e)t

2.7.2 Proofof Lemma 2.5.2

Recall from (2.5.3) the definition of I,. Write al‘”?’h‘ﬁZa,ﬁ(U) -1, = ‘1.1:1 Ji, where

1 1-1/yp.—p H) B
- - a
Jo=a""Th f Oryby gy dn
eH(U)
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Chapter 2. Zooming in at the root of the stable tree

L peHW) bru\P \P
J2=al wfo U?,U{( % ) —(1—6) dr,
eH(U) p
fgzal_””fo U%U{(l—%) —e_ﬁ”h}dr,

4 1-1/ HO)
Jo=a 7:£; {Ggll_

»

e_"‘(l_‘”v‘f)}e_‘ﬁ”h dr.

We shall prove that for every 1 < i <4, limg_q J;, = 0 in N -probability.

We start by showing that NV-a.s. u(dx)-a.s.

H(x)
lim al‘”Yf o%.dr=0. (2.7.14)
€

a—o0 H(x) ’

Recall from (2.3.9) the definition of S. Using Lemma 2.3.5-(i) and Bismut’s decomposition
(2.3.12), we have

ra-1/y)~'nw

a—oo

1 ar\1-1/y HW o, \a
—1{a>1},Lt(xET: limsup(—) f ( r'x) dr>0)
o a—oo 0O eH(x)\ O

o1y 1O
p(xef’/_: limsup a Yf a‘r’fxdr>0)
eH(x)

=N

o0 1 a 1—1/Y t Sr a
:f drE —I{T[>1};limsup(—) f (1——) dr>0]. (2.7.15)
0 Tl’ a—o00 Tt £t Tt
Let ¢t > 0. It is clear that
t Sr a t
f(l——) drsf e /T qr < tem®Set/Te, (2.7.16)
et Ty et

According to [29, Chapter III, Theorem 11], we have that P-a.s.

.. Ser
liminf—f" =y—1>0,
o nen T

where h(r) = r7/@-D log(|logr|)_1/(y_l). As a consequence, there exist a positive random
variable p = p(w) and a constant ¢ > 0 such that P-a.s. S;; = ch(et) for every € € (0,p). We

deduce that for every ¢ > 0, P-a.s.
limsupa'V/Te %S/ < limsupal—ll}/e—cah(gt)/r,
@—00 a—o00
. — _opY!r-1 g0 -1
=limsup al~Vre—ct a’log(llog(en)) ™"/, _ 0,
a—o0

where in the second to last equality we used (2.5.2). In conjunction with (2.7.15) and (2.7.16),
this yields (2.7.14).
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Letn > 0. Using that .y <, we have

limsupN® [J} > 5] < limsupN®

T,

. [HO)
al™! Yf o%,dr>n
&

a—oo a—oo H(U)
6)) -1y [
=limsupN ,u(xeg“: a 7[ a‘,’fxdr>n) ,
a—o0 €H(x)

where the last term vanishes thanks to (2.7.14) and the dominated convergence theorem. This
gives that limy_o, JL = 0in NV-probability.

Under N, let x* be the unique leaf realizing the total height, that is the unique x € 9~ such
that H(x) = b. Then NW.a.s. we have H(U A x*) > 0 and, thanks to (2.2.6), bru =bh—rforevery
r € [0,e H(U)] if € > 0 is small enough (more precisely for e < H(U A x*)/ H(U)). In particular,
this implies that ND.as. limg_o ]i =0.

Next, we have

eH(U)
THE al_m’f oy dr
0

i e

eH(U)
Sal_””ﬁf oLy log(1—£)+£
0 b/ b

- (eHWU)) [eHD r _
<a () [ atuipetar

e Privar

where we used that |e? — e?| < |b — ale? for a < b for the second inequality, that the function
jiy— —(y+logl- y))/y2 is increasing on [0,1) for the third and the fact that H(U) < §
and B/ al™1"7 is bounded by some constant C > 0 for the last. Using (2.5.2), notice that
321117 = gB-DA-1/Y) _, g a5 § < 1/3. Since limy .o j(y) = 1/2, we deduce that NW.as.
limg—oo /3 =0.

Finally, we have

eH(U)
|10g (OV,U) +1- UT,U| e_a(l_gr,u) dr

4 2—-1/
U< a2 f
0

eH(U)
<j(1-0enw,v) “z_wf (1-0,p)* e *0-70) gr
0

< CH(U)j (1 - O-EH(U),U) (X_I/YE,

where we used that |e” — e?| < |b— ale? for a < b for the first inequality, that the function

2.,—x

j: x— —(x+log(1-x))/x?isincreasing on [0, 1) for the second and that the function x — x%e~
is bounded on [0, co) for the last. Since limy_.¢ j(x) =1/2, limg o0y, v =1 and a e -0,

we deduce that NV-a.s. limg_.oo ]3 =0.
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Chapter 2. Zooming in at the root of the stable tree

2.7.3 Proofof Lemma 2.5.3

It is enough to show that for every Lipschitz-continuous and bounded function f: [0,00) — R

lim N U u(dx)f(al‘”yh‘ﬁ (Za,p(x) —Za,ﬁ))] = f(0).
o g

Let e = ¢~ DUI-1/Y) with § € (0,1/2). For every x € I such that H(x) = ¢, set

&€
Z;,ﬁ(x):f 0¥ bhedr and Z, 5= fl{H(x)ze}Z;yﬁ(x)/J(dx).

Let x* € 9 be the unique leaf realizing the height, that is H(x*) = . Using that h = H(x A x*)
and that Z{ ﬁ(x) =Z ﬁ(x*) ife < H(x A x*), write

4 .
L_,Lt(dx)f(ocl_l/yh_'6 (Za,ﬁ(x)_za,ﬁ)):ZAfx"‘Bm

i=1
where
:L_u(dx)l{H(xAx*)<s}f(al_wh_ﬁ (Za,ﬁ(x)_z‘*’ﬁ))’
:f B0 prgen ez { £ (@707 (Zapl0) - Zaﬁ)
T
(@ (28 0~ Zag)).
:L_/J(dx)l{H(x/\x*Ps{ (al I/Yh ﬁ(ZE () = ))
_f(al—l/Yh—ﬁ(Zg (x) —Z¢, ))},
A= —u(fxed: Hunx) <ef) f(1paqat 828,00 - 25, ),
Ba= f (V=g @™ 070 (25 5 - 25, ).

Thanks to the dominated convergence theorem, we have

: (1) 1 4 : (1)
lim NU{AL + A3 <2 f], lim N [ fg A0 {p s <el

=0. (2.7.17)

Next, notice that

NG = [ £] N

al~trph fg_ (dX) L H(xax*)=e) (Za,ﬁ(x) - Z;’ﬁ(x))

H(x)
<, NP al_llyL_p(dx)l{H(x)ze}fe a‘;fxdr], (2.7.18)
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where we used that H(x A x*) < H(x) and b, < b for the second inequality. Now similarly to
(2.7.14), we have NM-a.s. u(dx)-a.s.

H(x)
lim al_l/yl{H(x)zg}[ ol dr=0. (2.7.19)
€

a—o0

Furthermore, applying Corollary 2.3.7, we have

H(x) 2
sup aZ—?_/YN(l) f H(dx) (I{H(X)ZE}_[ U%xdr)
a=0 g €
H(x) 2
<sup a2 v ND f w(dx) (f o‘r’fxdr) < 0.
a=0 g 0

We deduce that the family

1-1/ A
(a B Yl{H(x)zs}f U‘r’fxdr: OJEO)
€

is uniformly integrable under the measure NV [dT] ¢(dx). In conjunction with (2.7.19), this
gives

lim N

a—0o0

H(x)
aH/YL_ I{H(x)zg}p(dx)f a;fxdr] =0, (2.7.20)
&

which, thanks to (2.7.18), implies that

lim NV [jA2]] = 0. (2.7.21)
a—o0

We have

NOIA < AN |70 [ p @0t s (Zap =2 )

L

< FI N [a V7P (25— 2 )

[ H(x)
< DN [ [ e ae |
T €

a
ar’xdr]

H(x)
+| £ NP al_llyfg_l{H(x)q}p(dx)fo af_xdr], (2.7.22)

where we used that by, , < b for the last inequality. Let p € (1,2) and notice that e *Pa! =1V — 0.
Using that 0, x < 1 together with the Markov inequality, we get

N

1-1/ e a @
a YL I{H(x)<g}u(dx)f0 O'r’xdr] <N

<eltP -1y O

5‘11_1/7/[ LiH(x)<e p(dX)
g

[ H(x)™P u(dx)
T
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By Lemma 2.3.9, the last term is finite. This, in conjunction with (2.7.20) and (2.7.22), implies
that
lim NP3 =0. (2.7.23)
a—0o0

It remains to show that lim,_. N [Bq] = f(0), which is equivalent to the following conver-
gence in N -probability

. 1-1/yp—B £ *\ _ g€ _
lim 1 a1 7P( 28y - 28 ) =o. (2.7.24)

Again using that Z;yﬁ(x) = Zé,ﬁ(x*) ife < H(x A x*), we write

1jpoeyaV7p7P (Zéﬁ(x*) —z;,ﬁ) =B+ B2,

where
Bé =gy P (l{hzg}Zé_ﬁ(x*)—/ /J(dx)l{H(x/\x*)zs}Z;'ﬁ(x*)),
T

Bi = al—l/Yh_ﬁ (f H(dx)l{H(x/\x*)zg}Z;ﬁ(x) - l{hzg}Z;ﬁ) .
g

Recall that e = a®~Y0~1/") _, 0 as @ — co. Fix 1 > 0 and let @y > 0 be large enough so that for
every a = ag

N

f,u(dx)l{H(x/\x*kE} =1.
g

Then we have for every @ = ap and C >0

N(l) [al—l/)’h_ﬁz;’ﬁ(x*)l{bzg} > C]

<N®

(1
fg—”(dx)l{al“”hﬂZ;,ﬁ(x)EC,H(x/\x*)ze} +N [Lﬂ(dx)l{H(xAX*)<s}

2-2/y
C2
a,2—2/y

@

a
<

N® +1

_ﬁ £ 2
f H(AX) L {H(xnx)ze} (h Zayﬁ (x))
g

H(x) 2
L_,u(dx) (fo U‘;fxdr)

M
<—+7 (2.7.25)
CZ

+1

for some constant M > 0, where we used that Z{iﬁ(x*) = Z{iﬁ(x) for every x € 9 such that
H(x A x*) = € for the first inequality, the Markov inequality for the second and Corollary 2.3.7
for the last. Thus, we get that the family (l{hzg}al‘l/yf)‘ﬁZ;ﬁ(x*): a = ay, B = 0) is tight.
Since NM-a.s.

lim | wp(dx)liguax)<e =0,

a—0 Jg
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we deduce the following convergence in N -probability

lim Bé = li_rgOl{hzg}al_“)’h_ﬁzéﬁ(x*)f w(dx) L H(xaxt)<e) = 0.
g

a—00 a

Furthermore, we have
NO[B2[] = a' Y NW f H(dx)I{H(x)zg,H(x/\x*)<8}b_ﬁZ;’ﬁ(x)
a

H(x)
< 7VYND fyﬂ(dx)(l{H(xAx*Ks}f a’,’.fxdr)
0

[ H(x) 2
< al—l/)’N(l) f ,u(dx) (/ O_(rx,xdr)
T 0

1/2

1/2 . 1/2
N f 1(dX) L Hxnx)<e)
g

<CNW U (X)L (xnx)<e}
g
for some constant C > 0, where we used the Cauchy-Schwarz inequality for the second in-

equality and Corollary 2.3.7 for the last. It follows from the dominated convergence theorem
that limg_—o, NV [IBé [l = 0. This finishes the proof of (2.7.24).
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8] Conditioning (sub)critical Lévy trees
by their maximal degree

This chapter is based on the preprint [6].

We study the maximal degree of (sub)critical Lévy trees which arise as the scaling limits of
Bienaymé-Galton-Watson trees. We determine the genealogical structure of large nodes and
establish a Poissonian decomposition of the tree along those nodes. Furthermore, we make
sense of the distribution of the Lévy tree conditioned to have a fixed maximal degree. In the
case where the Lévy measure is diffuse, we show that the maximal degree is realized by a unique
node whose height is exponentially distributed and we also prove that the conditioned Lévy
tree can be obtained by grafting a Lévy forest on an independent size-biased Lévy tree with a
degree constraint at a uniformly chosen leaf. Finally, we show that the Lévy tree conditioned
on having large maximal degree converges locally to an immortal tree (which is the continuous
analogue of the Kesten tree) in the critical case and to a condensation tree in the subcritical
case. Our results are formulated in terms of the exploration process which allows to drop the
Grey condition.

3.1 Introduction and main results

Lévy trees are random metric spaces that encode the genealogical structure of continuous-
state branching processes (CB processes for short). As such, they arise as the scaling limits of
Bienaymé-Galton-Watson trees. Lévy trees were introduced by Le Gall and Le Jan [119] and
Duquesne and Le Gall [57] in order to generalize Aldous’ Brownian tree [16]. They also appear
as scaling limits of various models of trees and graphs, see e.g. Haas and Miermont [82], and
are naturally related to fragmentation processes, see Miermont [124, 125], Haas and Miermont
[81], Abraham and Delmas [1].

In the present paper, we study the maximal degree of a general Lévy tree. More precisely,
we first establish a Poissonian decomposition of the Lévy tree along large nodes. Then, we
make sense of the distribution of the Lévy tree conditioned to have a fixed maximal degree. In
the case where the Lévy measure is diffuse, we show that the maximal degree is realized by
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a unique node, and we describe how to reconstruct the tree by grafting a Lévy forest on an
independent size-biased Lévy tree (with a restriction on the maximal degree) at a uniform
leaf. Finally, we investigate the asymptotic behavior of the Lévy tree conditioned to have large
maximal degree.

These questions arise naturally in the study of random trees and have been thoroughly in-
vestigated in the case of Bienaymé-Galton-Watson trees. The first results in this direction
were obtained by Jonsson and Stefansson [98] who showed that a condensation phenomenon
appears for a certain class of subcritical Bienaymé-Galton-Watson trees conditioned to have
a large size, in the sense that with high probability there exists a unique node with degree
proportional to the size. Furthermore, the tree converges locally to a condensation tree con-
sisting of a finite spine with random geometric length onto which independent and identically
distributed Bienaymé-Galton-Watson trees are grafted. This was later generalized by Janson
[94], with further results by Kortchemski [111], Abraham and Delmas [4], Stufler [146]. On
the other hand, He [85] shows that Bienaymé-Galton-Watson trees conditioned on having
large maximal degree converge locally to Kesten’s tree (which consists of an infinite spine onto
which independent and identically distributed Bienaymé-Galton-Watson trees are grafted) in
the critical case and to a condensation tree in the subcritical case.

In the continuum setting, Bertoin [34] determined the distribution of the maximal degree of a
stable Lévy tree (his result is formulated in terms of Lévy processes). Using the formalism of
CB processes, He and Li [88] treated the case of a general branching mechanism (in fact their
result is more general as they considered CB processes with immigration). In [87], they also
studied the local limit of a CB process conditioned to have large maximal degree (i.e. large
maximal jump). In the critical case, they showed that it converges locally to a CB process with
immigration. Later , He [86] extended the local convergence result to the whole genealogy:
more precisely, he showed that a critical Lévy tree conditioned on having large maximal
degree converges locally to an immortal tree (which is the continuous counterpart of Kesten’s
tree, consisting of an infinite spine onto which trees are grafted according to a Poisson point
process). We improve these results by considering the density version of the conditioning
instead of the tail version: more explicitly, we study the asymptotic behavior of critical Lévy
trees conditioned to have maximal degree equal to (and not larger than) a given value. Density
versions are finer than their tail counterparts and are usually more difficult to prove.

The existing litterature in the subcritical case is less developped. He and Li [87] showed
that a subcritical CB process conditioned to have large maximal degree converges locally
to a CB process with immigration which is killed (i.e. sent to infinity) at an independent
exponential time, thus underlining a condensation phenomenon. We improve this result in
several directions. Again we consider the density version of the conditioning instead of the tail
version. We also extend the convergence result to the whole genealogical structure instead of
the population size at a given time: this gives more information and, as an example, allows us
to see that only one large node emerges. Finally, we are also able to describe precisely what
happens above the condensation node.
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For the sake of clarity, we shall formulate our results in terms of Lévy trees in the introduc-
tion. This requires an additional assumption on the branching mechanism, namely the Grey
condition (see below), in order to have a nice topology on the set of trees. Indeed, this condi-
tion ensures that the Lévy tree is a compact real tree. However, it is superfluous and will be
dropped in the rest of the paper where we will deal with the exploration process instead. Let
us mention that a forthcoming work by Duquesne and Winkel [61] should allow us to use the
formalism of real trees even for a general branching mechanism not necessarily satisfying the
Grey condition.

Before stating our main results, we need to recall some definitions and to set notations.

3.1.1 Real trees

We recall the formalism of real trees, see [69]. A quadruple (7,d, ®, 1) is called a real tree
if (T, d) is a metric space equipped with a distinguished vertex ¢ € T called the root and a
nonnegative finite measure p on T and if the following two properties hold for every x, y € T:

(i) (Unique geodesics). There exists a unique isometric map fy y: [0,d(x, y)] — T such that
fry(0)=xand fy y(d(x,y) = y.

(ii) (Loop-free). If ¢ is a continuous injective map from [0, 1] into T such that ¢(0) = x and
®(1) = y, then we have ¢([0,1]) = fy, ([0, d(x, )]).

For every vertex x € T, we define its height by H(x) = d(®, x). The height of the tree is defined
by h(T) = sup,r H(x). Note that if (T, d) is compact, then h(T) < oco.

We will denote by T the set of (isometry classes of) compact real trees. Let us mention that
it can be equipped with the Gromov-Hausdorff-Prokhorov distance which makes it a Polish
space, see e.g. [13].

We will also need the set T* of (isometry classes of) compact real trees that are marked, i.e.
equipped with a distinguished vertex in addition to the root @. Again, T* can be made into
a Polish space when equipped with a marked variant of the Gromov-Hausdorff-Prokhorov
distance.

3.1.2 Local convergence of real trees

We will make use of the notion of local convergence for locally compact real trees which we
now recall. For every h > 0, define the restriction mapping on the set of (isometry classes of)
real trees by:

(T, d, @, 1) = (T", dpnn, @, ) where T" = {x e T: H(x) < h}.
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In other words, r;,(T) is the real tree obtained from T by removing all nodes whose height is
larger than £, equipped with the same metric and measure restricted to 7". Recall that the
Hopf-Rinow theorem implies that if T is a locally compact real tree, the closed ball rj,(T) is
compact. We say that a sequence T, of locally compact trees converges locally to a locally
compact tree T if for every & > 0, the sequence rj(T;,) converges for the Gromov-Hausdorff-
Prokhorov distance to r,(T).

3.1.3 Grafting procedure

Given areal tree T € T and a finite or countable family ((x;, T;), i € I) of elements of T x T, we
denote by
T ®ier (x3, T3)

the real tree obtained by grafting T; on T at the node x;. For a precise definition, we refer the
reader to [3, Section 2.4].

3.1.4 Lévytrees

Let v be a branching mechanism given by:

W) = ad+ pA? +[

(e‘“ -1 +/1r) n(dn), 3.1.1)
(0,00)

where a, = 0 and 7 is a o-finite measure on (0,00) such that [, . (r A7) 7(dr) < co. The
branching mechanism v is said to be critical (resp. subcritical) if @ = 0 (resp. a > 0). In what
follows, we assume that 7 # 0 as otherwise all branching points of the Lévy tree will be binary.
Whenever we are dealing with Lévy trees, we always assume that the Grey condition holds:

© dA

which is equivalent to the compactness of the Lévy tree. In the rest of the paper, this condition
will be relaxed to:

B>0 or f ra(dr) =oo. (3.1.3)
(0,1)

We will consider a Lévy tree 9~ under its excursion measure which is denoted by N¥. Here
we briefly recall some results on Lévy trees but we refer the reader to Duquesne and Le Gall
[57, 58] for a complete presentation on the subject. One can define a o-finite measure N¥ on
the space T, called the excursion measure of the Lévy tree, with the following properties.

(i) Mass measure. For N¥-almost every 9, the mass measure y is supported on the set of
leaves Lf(97) := {x € I : I \ {x} is connected}. Furthermore, the total mass o := u(9)
satisfies:

NV [1—e“”] —y (). (3.1.4)
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(i)

(iif)

(iv)

Local times. For N¥ -almost every 9, there exists a process (L%, a > 0) with values in the
space of finite measures on g which is cadlag for the weak topology and such that

w(dx) :f da L%(dx). (3.1.5)
0

For every a = 0, the measure L? is supported on 9 (a) := {x € I : H(x) = a} the set of
nodes at height a. Furthermore, the real-valued process (L% := (L%,1), a = 0) is a ¢-CB
process under its canonical measure.

Branching property. For every a = 0, let (7, i € I;) be the subtrees of I originating
from level a. Then, under N¥ and conditionally on r,(9) := {x € I : H(x) < a}, the
measure }_;c; 04 is a Poisson point measure with intensity L NV

Branching points. For N¥-almost every 7, the branching points of I are either binary
or of infinite degree. The set of binary branching points is empty if § = 0 and is a
countable dense subset of 5~ if § > 0. The set

Broo(9) :={x€ 9 : 9 \{x} has infinitely many connected components}

of infinite branching points is nonempty with N¥-positive measure if and only if 7z # 0.
If (1,1) = oo, the set Bro(J) is countable and dense in J for N¥-almost every J .
Furthermore, the set {H(x), x € Broo(9)} coincides with the set of discontinuity times
of the mapping a — L?. For every such discontinuity time a, there is a unique x, €
Broo(9)NJ (a) and A, > 0 such that

LY=L + A0,

For convenience, we define A, for every a = 0 by setting A, = 0if L% = L*". In particular,
we have L% = LY~ + A,, that is A, is exactly the size of the jump of the associated CB
process at time a. We will call A, the degree (or the mass) of the node x,. This is an
abuse of language since a node x, € Bro,(9") has infinite degree by definition.

3.1.5 Main results

We denote by A the maximal degree of the Lévy tree I~ under NV

A =supAg,. (3.1.6)

a=0

The first result of this paper gives the joint distribution of the maximal degree A and the total

mass o under N¥. The distribution of the maximal degree was already obtained by Bertoin

[34, Lemma 1] in the stable Lévy case then by He and Li [88] in the general case.

For the sake of notational simplicity, if v is a measure on R we will write v(a, b) (resp. v[a, b))
instead of v((a, b)) (resp. v([a, b))). We will also write v(a) for v({a}). Denote by 7: Ry — (0,00]
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the tail of the Lévy measure 7:
w(0) =n(d,00), V=0, (3.1.7)

and define the Laplace exponent 4 for every 6 > 0 by:

ws(A) = (a+f rn(dr))/l+ﬁﬂtz+f (e_’lr—1+/lr) (dr)
(o9 (

(6,00) 0,0]

:1//()1)+f (l—e_’”) w(dr). (3.1.8)
(6,00)

Observe that, in terms of the associated Lévy process, this corresponds to removing all jumps
with size larger than §. If the Lévy measure 7 is finite, we also define:

wo(A) =

a+f rn(dr)))Hﬁ/lZ. (3.1.9)
(0,00)
Proposition 3.1.1. For every$ >0 and A =0, we have:

NY [1- e ey | = 95! (76) + D). (3.1.10)
Furthermore, if the Lévy measure 7 is finite, we have:

NV [1—e‘“1mzo}] =ygl(m 1)+ A). 3.1.11)

The proofis given in Section 3.3.

Remark 3.1.2. Let us make a connection with He and Li [87]. Recall that under N¥ the process
(L, a = 0) is distributed as a y-CB process under its canonical measure and that the maximal
degree A of the Lévy tree corresponds to the maximal jump of the associated CB process.
In particular, taking A = 0 in (3.1.10) gives the distribution of the maximal jump of a ¢-CB
process, which was already obtained by He and Li, see [87, Corollary 4.2]. In fact, their result is
much more general (see [87, Theorem 4.1]) since they consider a CB process with immigration
and in this context, they compute the distribution of the local maximal jump which in terms
of the Lévy tree corresponds to the maximal degree up to a fixed level . However, they do not
give the joint distribution of A and o, which in terms of the CB process corresponds to the

(o0]
azf Lida.
0

Next, we give a decomposition of the Lévy tree along the large nodes. More precisely, we

total mass:

identify the distribution of the pruned Lévy tree obtained by removing all nodes with degree
larger than 6 (and the subtrees above them). This is again a Lévy tree with branching mecha-
nism 5 under its excursion measure. Furthermore, one can recover the Lévy tree from the
pruned one by grafting Lévy forests at uniformly chosen leaves in a Poissonian manner. Before
stating the result, we first need to introduce some notations. For every r > 0, denote by Py
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the distribution of the random real tree I~ = {@} ®;e; J; obtained by gluing together at their
root the atoms (J7, i € I) of a T-valued Poisson point measure with intensity r N¥ [dJ]. This
should be interpreted as the distribution of a Lévy forest with initial degree r > 0. Furthermore,
for every 6 > 0 such that 7(0) > 0, set:

1
v %
(dI) = — n(dr)P; (d9)
Q5 7(6) (6,00) r
which is the distribution of a Lévy forest with random initial degree with distribution =
conditioned on being larger than 6.

Theorem 3.1.3. Let§ = 0 such that 71(5) < co. Under N¥s and conditionally on (3,9, d, u), let
((x1,97), i € I) be the atoms of a Poisson point measureonJ” x T with intensity it (0) u(dx) @g(dg—l).
Then, under N¥¢, the random tree I~ ®;c1 (x;,9;) has distribution NV .

Figure 3.1 — Decomposition of the Lévy tree 9~ along the nodes with degree larger than 6
(left) and the associated discrete forest (right). In blue: the pruned subtree 4 , in red: the
first-generation nodes with degree larger than 6.

See Theorem 3.4.1 for a more precise statement. In particular, the pruned Lévy tree 5° which
is obtained from 9~ by removing all nodes with degree larger than 6 is again a Lévy tree with
branching mechanism 5. Thanks to this decomposition, we prove in Proposition 3.4.6 that
the discrete forest formed by nodes with degree larger than 6 is a Bienaymé-Galton-Watson
forest and we specify its initial distribution and its offspring distribution, see Figure 3.1.

Remark 3.1.4. Theorem 3.1.3 is a special case of the main result in [8]. In that paper, the
authors study a pruning procedure on the Lévy tree defined as follows: they add some marks
on the skeleton of the tree according to a Poisson point measure with intensity @; A (where
A is the length measure on 9~ which is the equivalent of the Lebesgue measure) and add
some other marks on the infinite branching points x, with probability p(A,) where p is a
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nonnegative measurable function satisfying:

f rp(r)n(dr) <oo.
(0,00)

Then they show that the subtree 9 %'’ containing the root obtained from 9~ by removing
all the marks is again a Lévy tree and identify its branching mechanism. Furthermore, they
determine the distribution of the subtrees above the marks conditionally on %07, It is
obvious that the tree 7 coincides with 97 where a; = 0 and p = 1(5,). Since p satisfies
the integrability assumption above (as f(l,oo) r(dr) < o0), their result applies and gives the
joint distribution of the pruned tree 9° and the subtrees originating from the nodes with
degree larger than 6. However, the proof is much simpler in our particular setting.

One of our main results is the next theorem giving a decomposition of the Lévy tree at its
largest nodes. Under NV, denote by My the random variable defined by:

_e - 1(8)eONVA>8]
a(6) ©

, where g(d)=

This should be interpreted as Ms = o if g(d) =0 (i.e. if  is not an atom of 7).

Theorem 3.1.5. There exists a regular conditional probabilityN¥ [-|A = 6] for § > 0 such that
7[0,00) > 0, which is given by, for every measurable and bounded F: T — R:

1 oo 9(5)k

NY[F(T)IA=6]=
el ! NY[Mslia<yl j=o (k+1)!

k+1
x NV f [T udx) Py dTiIA <O FT @5 (61, T lasy |, (B.1.12)

i=1

whereNY [Ms1r<5] < co. In particular, if§ > 0 is not an atom of the Lévy measure 7, we have:

1

NY[F(T)A=6]= ——— NV fu(dx) PY AT IA<O)F(T ®(x,T)jacs|. (3.1.13)
NY[o1ip<s]
Furthermore, if (m,1) = co, then N¥ -a.e. A > 0, and if (71,1) < oo, then we have:
NY[F(T)1ia=0)] = NYO[F(T)e” ™1, (3.1.14)

The proofis given in Section 3.5. Some comments are in order.

(i) Recall that the distribution of A is given in Proposition 3.1.1. Together with the distribu-
tion of 9~ conditionally on A = §, we can recover the unconditional distribution of the
Lévy tree via the disintegration formula:

NY[F(9)] :NW[F(FT)I{A:O}]"‘[ N"[A € dSINY[F(T)IA = 6],

0,00)
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where the first term on the right-hand side vanishes if 7 is infinite.

(ii) Assume thaté > 0is not an atom of 7. Then, conditionally on A = §, the Lévy tree can be
constructed as follows: take I~ with distribution N¥ [O’I{Asg}]_l N¥[-;01a<s;], choose
a leaf uniformly at random in J~ (i.e. according to its normalized mass measure 6~ fi)
and on this leaf graft an independent Lévy forest with initial degree 6 conditioned to
have maximal degree A < 6. In fact, since 4 is not an atom, this random forest will have
no other nodes with degree 6 besides the root. This entails that, conditionally on A =9,
there is a unique node realizing the maximum degree.

(iii) The situation is different when § > 0 is an atom of z. In that case, conditionally on
A =6, the number of first-generation nodes realizing the maximal degree has a Poisson
distribution. More precisely, conditionally on A = §, the Lévy tree can be constructed as
follows: take 9~ with distribution NY[Ms1ia<s)) ' NY[Ms1ia<5 dT], and, conditionally
ond , graft a Poisson point measure with intensity g(9) fi(dx) Pg/ (d97|A < 6) conditioned
on containing at least one point.

As a consequence, we show in Proposition 3.5.11 that if the Lévy measure r is diffuse, then
NY-a.e. there is a unique node X, with degree A. Denote by Hy = H(X}) its height. Then we
give a decomposition of the Lévy tree conditioned on A = 6 and Hx = h, see Theorem 3.6.3.

Finally, we turn to the behavior of a Lévy tree conditioned to have a large maximal degree.
Other conditionings have been considered in the past. Duquesne [56] (this is also related to
Williams’ decomposition, see [2]) proved that a (sub)critical Lévy tree conditioned on having a
large height converges locally to the immortal tree (which consists of an infinite spine onto
which trees are grafted according to a Poisson point process). Later, He [86] proved the same
convergence for a critical Lévy tree conditioned on having a large maximal degree A > § or
alarge width. In fact, his result is more general as it allows to condition by any measurable
function of the tree satisfying a natural monotonicity property.

Here we treat both the critical and the subcritical cases and we consider the density version
A =4. Similarly to the discrete case, two drastically different types of limiting behavior appear.
In the subcritical case, there is a condensation phenomenon where a node with infinite degree
emerges at a finite exponentially distributed height. Denote by X, the lowest node with degree
A and let & A+ be the forest above X,, seen as a point measure on R, x T. To be more precise,
the forest #{ =¥ ;¢; 0 (¢, ;) is obtained by decomposing the path of the exploration process
(or the height process) into excursions away from 0, with each excursion arriving at local time
¢; and coding a tree ;. Finally, let 7" be the pruned Lévy tree, that is the Lévy tree I~ after
removing X, and &, . We refer the reader to Theorem 3.7.5 and Theorem 3.8.2 for a precise
statement.

Theorem 3.1.6. Assume that vy is subcritical and that the Lévy measure nt is unbounded. Let
F: T* — R be continuous and bounded, ®: R, x T — R, be continuous with bounded support
and let As be equal to any one of the following events: {A = 6}, {A > 0}, {F~ has exactly one node
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with degree larger than 6} or {J~ has exactly one first-generation node with degree larger than
0}. We have:

lim NY [F(7, Xa)e™%3 @] 45] = anN¥

f F(T,x)u(dx)
T

exp{—f d[Nw[l—e_q)w'm]}
0
(3.1.15)

In particular, conditionally on Ags, the height H(Xa) of Xa converges to an exponential distribu-
tion with mean 1/ «.

The last result should be interpreted as local convergence in distribution to a “condensation
tree” described as follows: start with a size-biased Lévy tree " with distribution aN¥ [¢dJ],
choose a leaf uniformly at random in 9~ and on this leaf graft an independent Lévy forest with
infinite degree (i.e. a Poisson point measure on R, x T with intensity d¢ N¥[dJ]). However, the
limiting object is a (random) real tree which is not locally compact and the way to circumvent
this difficulty is by considering the subtree above the condensation node as a point measure

instead.

In the critical case, it should be no surprise that the density version A = § gives rise to the
same limiting behavior as the tail version A > §, namely local convergence to the immortal
tree. Intuitively, this means that the condensation node goes to infinity and thus becomes
invisible to local convergence. Before stating the result, let us define the immortal tree. Let
Y ier0(s,,7;) be a Poisson point measure on R, x T with intensity

ds(Z,BN"’[dﬂ‘]+ f radn P, da)|.
0

The immortal Lévy tree o with branching mechanism v is the real tree obtained by grafting
the point measure ) ;c; 6 (s, 7;) on an infinite branch. More formally, set:

T =R, ®ics (5,97), (3.1.16)

where R, is considered as a real tree rooted at 0 and equipped with the Euclidean distance and
the zero measure. In particular, thanks to [58, Theorem 4.5], we have the following identity
which is simply a restatement of Lemma 3.2 in [56] in terms of trees:

E [F(rh(g*o‘,f))] N [L,’; Forn@)|, vh>o. 3.1.17)

Theorem 3.1.7. Assume that v is critical and that it is unbounded. Either let As = {A = 6} and
assume that the additional assumption

) 7(6)
lim - =0
6—o00 NW[O'I{A<5}]7T(5) f[5,oo) ra(dr)

(3.1.18)

holds, or let As be equal to any of the following events: {A > 8}, {F~ has exactly one node with
degree larger than 6} or {9 has exactly one first-generation node with degree larger than 6}.
Then, conditionally on As, the Lévy tree I~ converges in distribution locally to the immortal
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Lévy tree I, i.e. we have:

Jim NY [F(rp,(9))|As] = E [F(rh(ﬂ;f))] . (3.1.19)

We refer to Theorem 3.7.8 and Theorem 3.8.4 for a precise statement. The assumption (3.1.18)
is a technical condition which guarantees a fast decay for the size of the atoms of z. Observe
that we have lims_..o N¥ [01{a<s] = N¥[0] which is infinite since v is critical. Also notice that
(3.1.18) is automatically satisfied if the Lévy measure 7 is diffuse.

It is worth noting that in the critical case, conditioning by the different events As yields the
same limiting behavior even though in general they are not equivalent in N¥ -measure. In the
stable (critical) case (A1) = AY with y € (1,2), these quantities can be computed explicitly, see
Proposition 3.9.2. In that case, we also show in Proposition 3.9.4 that, conditionally on A > §,
the distribution of the Bienaymé-Galton-Watson forest of nodes with degree larger than ¢ is
independent of 6.

The rest of the paper is organized as follows. In Section 3.2, we set notation and we introduce
the main object we will be dealing with, namely the exploration process. We compute the
distribution of the maximal degree in Section 3.3, then we give a Poissonian decomposition
of the exploration process along the large nodes and study their structure in Section 3.4. In
Section 3.5 (resp. Section 3.6), we make sense of the exploration process conditioned to have a
fixed maximal degree (resp. a fixed maximal degree at a given height). Sections 3.7 and 3.8
deal with the local convergence of the exploration process conditioned to have large maximal
degree. Finally, Section 3.9 is devoted to the study of the stable case ¢(1) = A7.

3.2 The exploration process and the Lévy tree

In this section, we will recall the construction of the exploration process introduced in [119]
and later developped in [57].

3.2.1 Notation

If E is a Polish space, let 8. (E) be the set of real-valued and nonnegative measurable functions
defined on E endowed with its Borel o-field. For any measure v on E and any function
f € B.(E), we write (v, f) = [ f(x) v(dx). We also denote by supp(v) the closed support of
the measure v in E.

We denote by .#(E) the set of finite measures on E endowed with the topology of weak
convergence. For every v € #¢(R.), we set:

H(v) =supsupp(v), 3.2.1)
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with the convention that H(0) = 0. Moreover, we let
A(v) =supi{v(x): x =0} (3.2.2)

be the largest atomic mass of v. We say that v is diffuse if it has no atoms and set A(v) = 0 by
convention.

Denote by
2D = DR+, M5 R4)) (3.2.3)

the set of .4 (R, )-valued cadlag functions equipped with the Skorokhod J;-topology. For a
function = (u;, t=0) € P, let

Alp) = sug Alger) (3.2.4)
t=

be the largest atom of the entire path of u.

3.2.2 The underlying Lévy process and the height process

We consider a (sub)critical branching mechanism of the form

YA =al+ /3/12 +f (e_/lr -1+ Ar)n(dr), VA=0, (3.2.5)
(0,00)

where ¢, f = 0 and r # 0 is a o-finite measure on (0, c0) satisfying f(o,oo) (rar?)a(dr) < oco. We
consider a spectrally positive Lévy process X = (X;, £ = 0) with Laplace exponent v starting
from 0. Namely, we have:

E [e_”‘] =eYW  vrA1=o0.

We assume that X is of infinite variation a.s. which is equivalent to the following condition:
>0 or f ra(dr) =oo. (3.2.6)
(0,1)

Duquesne and Le Gall [57] proved that there exists a process H = (Hy, t = 0) called the y-height
process such that for every ¢ = 0, we have the following convergence in probability:
t

e
Ht:hlgllélfg ) 1{I§<XS<I§+£} dS, (3.2.7)

where, for every 0 < s < t, I} = infs<,<; X, is the past infimum. They also proved a Ray-Knight
theorem for H which shows that the y-height process H describes the genealogy of the y-CB
process, see [57, Theorem 1.4.1].
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3.2.3 The exploration process

Although the height process is not Markov in general, it is a simple function of a measure-
valued Markov process, the so-called exploration process that we now introduce. The explo-
ration process p = (py, t = 0) is the ./%f(R+)-Valued process defined as follows:

pe(dr) =Bl py(Ndr+ Y (I} —Xs-)8p,(dr). (3.2.8)
0<s<t,
X, <I}

In particular, the total mass of p; is {p;, 1) = X; — I;.

We will sometimes refer to ¢ = 0 as a node in reference to the corresponding real tree when it is
well defined (see Section 3.2.9). For s, t = 0, we say that s is an ancestor of f and we write s < ¢
if s< tand Hs =infs<,<; H,. The set

{s=0: s<x1} (3.2.9)

is called the ancestral line of . We say that ¢ = 0 is a first-generation node with property
Ac MfRy)if pr € Aand ps ¢ Afor every (strict) ancestor s of ¢. For example, we will say that
t is a first-generation node with mass larger than 6 > 0 if A(p;) > 6 and A(p;) < ¢ for every
s twiths#f. Given0 < f; <--- < 1, there exists a unique s = 0 such that r < ¢; for every
l<i=<nifandonlyif r < s. We write s = f; A--- A f,; and call it the most recent common
ancestor (MRCA for short) of 11,..., t;.

One can recover the heigth process from the exploration process as follows. Denote by
AX; = X; — X;— the jump of the process X at time .

Proposition 3.2.1. Almost surely for every t > 0, we have:

(1) H(py) = Hy,
(ii) pr=01ifandonlyif H, =0,
(iii) if p; # 0, thensupp(p;) = [0, Hyl,
(iv) Pr=pr-+ AXt(SHt.
In the definition of the exploration process, since X starts from 0, we have py = 0. In order
to state the Markov property of p, we have to define the process p starting from any initial
measure v € ./ ¢([R.). To that end, for every a € [0, (v, 1}], we define the erased measure k,v

by:
kavI0, 7] =v[0,r]A(Vv,1)—a), Vr=0.

If a > (v,1), we set k,v = 0. In words, the measure k,v is obtained from v by erasing a
mass a backward starting from H(v). For u € .4 ¢(R,) with bounded support, we define the
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

concatenation [y, v] € 4 (R,) of the measures y,v by:
<[H)V]rf>:<Hyf>+<v;f(H(H)+)); Vf6%+([R+)-

Finally, we set pj = v and
py =lk_g,v,p:l, Yit>0.

We say that p” = (p}, t = 0) is the exploration process started at v and we write P, for its
distribution.

Proposition 3.2.2. Foranyv € 4 (R.), the process p* = (py, t = 0) is a cadlag strong Markov
process in Mg [R.).

3.2.4 The excursion measure of the exploration process

Let us introduce the excursion measure N¥. Denote by I = (I;, t = 0) the infimum process of
X:
I, = inf X,. (3.2.10)
O<s<t

Standard results (see e.g. [29]) entail that X — I is a strong Markov process with values in R,
and that the point 0 is regular. Furthermore, —I is a local time at 0 for X — I. We denote by NV
the associated excursion measure of the process X — I away from 0. It is not difficult to see
from (3.2.7) that H; (and thus also p;) only depends on the excursion of X — I above 0 which
straddles time t. It follows that the excursion measure of p away from 0 is the “distribution” of
p under N¥. We still denote it by N¥ and we let

o=inf{t>0: p, =0} (3.2.11)

be the lifetime of p under N¥ (this coincides with the lifetime of X — I under N¥). In particular,
the following holds for every A > 0:

1
V|1 _a=A0| — 41 {4 -Ao| _
N[1-e]=y~' () and NY[oe 7] =IO (3.2.12)
where 1! is the inverse function of v. By letting A — 0 we obtain:
1
N¥[o] = —, (3.2.13)
a

with the convention that 1/0 = co. Let us recall Bismut’s decomposition for the exploration
process. Let J, be the random element in .4¢(R,) defined by J,(dr) = 19 q)(r) dU;, where U
is a subordinator with Laplace exponent
A (o9}
o) = # —a=pA +f (1 - e‘“)ﬁ(r) dr, (3.2.14)
0

where the tail 7 of the Lévy measure 7 is defined in (3.1.7).
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3.2. The exploration process and the Lévy tree

Proposition 3.2.3. Forevery F € B, (4 (R+)), we have:

NV

g (e 9]
f F(py) dt] :f dae ““E[F(J,)]. (3.2.15)
0 0

3.2.5 Local times of the height process

Although the height process H is not Markov in general, one can show that its local time
process exists under P or N¥. More precisely, for every a > 0, there exists a continuous
nondecreasing process (L, s = 0) which can be characterized via the approximation:

lin%NV/ =0, Vth=0.
e—

1 ¢ a
- lig—e<H,<a) dr— Ly
€Jo

1 {sup H>h} SUp
O=s<t

Moreover, N¥-a.e. the support of the measure L%(ds) := d;,L¢ is contained in {s = 0: H; = a}
and we have the occupation time formula f;° da L%(ds) = 1 4] (s) ds. Furthermore, the process
(LZ, a=0) is a ¢-CB process under its canonical measure.

Let us recall the excursion decomposition of the exploration process above level i > 0. Set
t/ =inf{t >0: [ 1z <pydr > s} and define the truncated exploration process by:

rn(p) = (o0, $ = 0). (3.2.16)

Denote by &}, the o-field generated by the process rj,(p). Let («;, B;), i € I, denote the excur-
sion intervals of H above level h. For every i € I, we define the measure-valued process p’
by:

L ) =f( =) paes(dr) 05 < fy-a
a,oo,

and p! =0if s=0or s> f; —a;. Finally, let ¢; = LZi be the local time at level # at the beginning
of the excursion p’.

Proposition 3.2.4. UnderNY, conditionally on &y, the random measure ;e 6. pi) is a Pois-
son point measure with intensity 1 (0,11 (¢)d¢NY[dp].

3.2.6 The dual process

We shall need the .4 (R.)-valued process n = (1);, t = 0) defined by:

n:dr) =Bl py(Ndr+ Y (Xs—I;)6p,(dr). (3.2.17)
0<s<t,
X, <I}

The process 7 is the dual process of p under N¥ thanks to the following time-reversal property.

Proposition 3.2.5. The processes ((p,1;), t = 0) and (N—s5)—» P—s5)-), t = 0) have the same
distribution under NV

161



Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

3.2.7 Grafting procedure

We now explain how to insert a finite collection of measured-valued processes into a measure-
valued process. Let u = (u(#), 0 < t <o) be a 4 (R4)-valued function with lifetime o € (0,00]
such that u(#) has bounded support for every ¢ € [0,0) and let Z?Ll 5(51‘#1‘) be a finite point
measure on R, x 2 where the s; are arranged in increasing order and each y; has a finite
lifetime . Set sy = ¢ = 0 and
i
=Y o vizl
k=1

Define a measure-valued process fi by:

2 u(t—2;) ifsi 1+Zi1st<(sino)+Ziy,
'LL =
(uisy), pui(t—s;—2;-1)] ifsj+Zj1<t<s;+Z;ands;<o.

Observe that the (s;, i;) such that s; = o do not play a role in this construction and that ji has

lifetime
o+ Y "
i:s;<o
We denote this grafting procedure by:
N _ o~
H®;2, (8i, i) = fi. (3.2.18)

In words, this is the process obtained from pu by inserting the measure-valued process y; into
pattime s; <o.

3.2.8 A Poissonian decomposition of the exploration process

Letv € 4 [Ry). We write [P’L”’* for the distribution of the exploration process p starting at v
and killed when it first reaches 0. Let us introduce two probability measures on & that will play
amajor role in the rest of the paper. For every r > 0, we will write [P’}” for IP%:. This should be
interpreted as the distribution of the exploration processes with initial mass r. Furthermore,
for every 6 > 0 such that 7(6) > 0, set:

1
v _ v
@6 (dp) = 70) f(é,oo)n(dr) P (dp), (3.2.19)

which is the distribution of the exploration process starting from a random initial mass with
distribution 7 conditioned on being larger than 6.

We decompose the path of p under PY"* according to excursions of the total mass of p above
its minimum. Let (a;, B;i), i € I denote the excursion intervals of the process X — I away from 0
under PY"*. Define the measure-valued process p’ by Pai+sinp; = k-1, v, p .

Lemma 3.2.6. The random measure}_;c; 0 is under Pf'* a Poisson point measure with

_Iaivpi)
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3.2. The exploration process and the Lévy tree

intensity 1jo,(v,1y (W) duN¥[dp]. In particular, under P!, it is a Poisson point measure with
intensity 1o ) (1) duNY [dp].

Using this decomposition, we can give another useful interpretation of the measure [P;’/ . Let
p be the exploration process starting from 0 and let (L(s), s = 0) be its local time process at 0.

Then the process (ﬁ(tr), t = 0) defined by:

ﬁ(tr) = (r—L?)+50+pt1{L?sr} (3.2.20)

has distribution P} .

In the next lemma, we identify the distribution of the exploration process above level H(v)
starting from v. For a measure v € .#¢(R,) and a positive real a > 0, define 6,(v) as the
measure v shifted by a. More formally, define a measure 8,(v) on R, by setting:

(0a), f) :[[ )f(x—a)V(dx),

forevery fe B.(Ry)ifa< H(v)and O,(v) =0ifa> H(v).

Lemma3.2.7. Letv € 4 ¢R) such thatv(H(v)) > 0. UnderIPﬂ/’*, theprocess p = (Opn) (pr), t =

0) stopped at the first time it hits 0 has distribution IP’:f/( Hw-

Proof. We shall use the Poisson decomposition of Lemma 3.2.6. Using its notations, we
have p(ianp; = k-1, v,pi] where Y ;¢ 5(,1%4),‘) is a Poisson point measure with intensity
1j0,(v,1y) (1) duNY [dp]. Thus, the exploration process above level H(v) stopped at the first time
it hits 0 satisfies:

O (P(+annp) = VIHO) +1a,)80 + p}

if =1y, = p(H(v)) and it is zero if -1, > v(H(v)). Applying Lemma 3.2.6 again, it is easy to
see that this is also the Poisson decomposition of p under [P:f’( Hevy- This proves the desired
result. o

3.2.9 The Lévy tree

Recall that the Grey condition

© da
f m<oo (3.2.21)

is equivalent to the almost sure extinction of the 1-CB process in finite time. If it holds, then
the height process H admits a continuous version and one can use the coding of real trees
by continuous excursions (see e.g. [69]) in order to define the Lévy tree 9 as the tree coded
by the height process H under its excursion measure N¥. Then the Grey condition implies
that J is a compact real tree. In the rest of the paper we forego this assumption, but we still
interpret the results in terms of trees as they are easier to understand.
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

3.3 Distribution of the maximal degree

Under N¥, denote by A = A(p) the largest atomic mass of the exploration process. Thanks
to [58, Theorem 4.6], if (;r,1) < oo then the set of discontinuity times of p is N¥-a.e. finite
(and possibly empty). On the other hand, if (i, 1) = co then it is countable and dense in [0, o].
In particular, in that case we have that N¥-a.e. A > 0. The main result of this section is the
following proposition giving the joint distribution of the lifetime o and the maximal degree A
under N¥. Recall from (3.1.7) and (3.1.8) the definitions of 7 and s, and define:

/1+,B7L2+f

(e‘“ ~1 +/1r) adr).  (33.1)
(0,9)

Ys-(A) =limys_ (1) = (a +f ra(dr)
€10 [6,00)

Proposition 3.3.1. Forevery$ >0 and A =0, we have:

N [1-e M 1acp| = 5! (36) + 1), (3.3.2)
NY [1- e Ly | = 95 (716,000 + . (3.3.3)
In particular, we have:
NY[A >8] =y (7)), (3.3.4)
NY[A = 8] =y, (n]5,00)). (3.3.5)
Furthermore, if (m,1) < co, then we have:
N [1-e M1 | = wyt (1) + A). (3.3.6)

Proof. We only prove (3.3.2), the proof of (3.3.3) being similar. Fix § >0 and let A,z = 0. Let
A={veH¢R,): vhasan atom with mass > 6}.

We shall compute
v, @) =NV [1 —eMonfy diLyp e ] . (3.3.7)

We have:
o o
U(/l,’u) = NU/ [f dt(/’t_i_ul{pteA})e—/l(O’—t)_uft dSI{pSEA}]
0

=NV

g [
f dt(A+plyp e a) Ep " €741 dﬂ{psm}]],
0

where we applied the Markov property for the last equality. We shall use Lemma 3.2.6 to
compute the last expectation.

For a measure v € .4 (R.), denote by H'(v) the first atom of v with mass larger than 4:
H'(v) =inf{x = 0: v(x) > 6},
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3.3. Distribution of the maximal degree

with the convention that inf@ = +oo.

Suppose that v € A. Recall from Section 3.2.8 the excursion decomposition of the exploration
process above the minimum of its total mass under Py, "*. Notice that if — I, < v ([H'(v), HV)]) -
5, then p(q,+ap, € A for every s = 0. On the other hand, if —Io, > v([H'(v), H(v)]) — §, then
Pa;+s)np; € Aif and only if pi e A. It follows that

[Eyy* e—AU—uﬂJH dsliyen ]

. Bi—a;
exp{—Z(/lgl +pf0 dSl{paiHeA})}

iel

_E¥*
=E,

{v,1) o
= exp {_f duNY¥ [1 _ e_(/1+“1{u<v|H’(v),H(v)]—6})U_Hl{u>le/(v),H(v)]—6} Jo dslgpen ] }
0
=exp{— (VIH' ), HM1=8)y ' (A +w) — (vio, H ")) +8) v(A, w} .
Now suppose that v ¢ A. Then PY"*-a.s. we have the equality {0(q;+5)rp; € A} = {pé € Al It

follows that
£V [eanfufo dSl{PsEA}] = exp{—(v, Dv(A, w}.

We deduce that v(A, p) is equal to

(A+uNY

g
fo dtLyp,eayxp {=(ps L Hy, Hil = 8) ™ (A+ ) = (p110, H +6) v(/l,#)}]
g
+/1N”’[f0 dtl{pz*EA}eXp{_<pt»1)l}(/'[,’u)}], (3.3.8)

where H} = H'(py).

Thanks to Proposition 3.2.3, for every 8, w = 0 we have:

NV

o o0
f dt1p,ca exp{-0p.[0, H}) —wpt[H;,Ht]}] =/ dae % f(a,0,w), (3.3.9)
0 0

where we set
f(a,0,0):=E [ 1.e A}e—efa[o,H'ua))—wJa[H'Ua).Hua)l] _

Recall that J,(dr) = 1} 4 (r) dU, where U is a subordinator with Laplace exponent ¢ defined
in (3.2.14). Denote by T be the time of the first jump of U exceeding 6:

T :=inf{r >0: AU, > 6} (3.3.10)
Then it is clear that H(J;) = a, H (J4) = T and {J, € A} = {T < a}. Thus, we get:

f(a,0,0)=E [1{Tsa}e—HUT——wAUT_(U(Ua_UT)]

-F [1{T<a}e—9UT,—wAUT—<p(w)(a— T)] ,
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

where we used the strong Markov property at time T for the last equality.

Set 5
[e.0]
S =f a(r)dr and ¢@s(A) = /3/1+f 1- e_’”)ﬁ(r)dr. (3.3.11D
6 0
Using basic results on Poisson point processes, we have that T is exponentially distributed
with mean 1/ss5, AUt has distribution sgl 1(5,00)(x)7(x) dx and is independent of T, and the

process (U, 0 < r < T) is distributed as (V;,, 0 < r < T), where V is a subordinator with Laplace
exponent ¢s, independent of (T, AU7). Therefore, it follows that

a (o]
f(a,0,w) :f dte‘sﬁf—%(ﬁ)t—w(w)(“")f dx7(x)e” ",
0 5

We deduce from (3.3.9) that

NY UO dt 1y, exp{-0p:((0, H)) - wp:([Hy, Ht])}]
B 1
(@t @) (s5+a+@s0)

f dxa(x)e”®*. (3.3.12)
8
Similar arguments yield

7 o0
NY [fo drly, e a exp{—@(m,l)}] :fo dae_aa[El:l{jagA}e_9<]a'l>:|

0o
Zj(; dae_““[E[l{T>a}e_0U“]

1

= . 3.3.13
Sss+a+@s0) ( )
It follows from (3.3.8), (3.3.12) and (3.3.13) that
A+ w)ed @ A+m-vA,m) o B
v(A, W) = ( I L2 f dxsi(x)e ¥ AHux
(a+@oy tA+wW)(ss+a+@sovA, 1) Js
A
+ - (3.3.14
Ss+a+@sov(A, ) ( :
From (3.3.7), it is clear by monotone convergence that v(A, u) 1 v(A) as u 1 co, where
v(A):=NY [1-e Y 1g|.
Furthermore, thanks to a Tauberian theorem, we have as y — oo:
o B Z(5)e~ 0V (A+w)
f eV X5 () d ~ ”()el— (3.3.15)
B YA+ )
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3.4. Degree decomposition of the Lévy tree

Thus, letting i — oo in (3.3.14) and using that ¢~ (x) (@ + @ oy~ (x)) = x for every x > 0, we
get:
= —-0v(A)
v(A) = (6)e +A '
Sss+a+@sov(d)

(3.3.16)

Notice that for every x > 0, we have:
S5+ a+@g(x) :a+<p(x)+f e a(r)dr
5

1

== + 1-e) n(dr) - (5) 1—e‘x5)
X(W(X) f(&,oo)( e ) midr) ~ ( )
1

S _ = 1— —-x0
~ (vo(x) - 7(6) (1-¢7)),

where we used (3.2.14) and Fubini’s theorem for the second equality and the definition of 5
for the last. Thus (3.3.16) becomes

wsov(d) =7(6) + A

This yields (3.3.2). Then (3.3.6) follows by letting § — 0. O
As a consequence, the following corollary states that the distribution of A under N¥ on (0, 00)
and the Lévy measure 7 have the same support and the same atoms.
Corollary 3.3.2. The measuresNY[A € -]|0,00) and 7 have the same support. Furthermore, for
every >0, NY[A = 6] > 0 ifand only if § is an atom of the Lévy measure 1.
Proof. This is clear from (3.3.4) and (3.3.5). O
Remark 3.3.3. More precisely, if § > 0 is an atom of 7, we have:

NY[A =61 = y5! (n16,00) -5 (7(H)). (3.3.17)
Furthermore, if (7, 1) < oo, then we have:

NY[A> 0] =y ({7, 1)) > 0. (3.3.18)

3.4 Degree decomposition of the Lévy tree

In this section, we give a decomposition of the Lévy tree along the large nodes. More precisely,
we identify the distribution of the pruned Lévy tree obtained by removing large nodes. Fur-
thermore, we show that the initial Lévy tree can be recovered in distribution from the pruned
one by grafting Lévy forests in a Poissonian manner. We apply this decomposition to describe
the structure of the discrete tree formed by large nodes.
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3.4.1 APoissonian decomposition of the Lévy tree

The main result of this section is the following Poissonian decomposition along the nodes
with mass larger than 6. Recall from (3.2.18) the definition of the grafting procedure ®.

Theorem 3.4.1. The following holds:

(i) Letd =0 such that i (6) < co. UnderN"e, let ((s;, p;), i € I) be the atoms of a Poisson point
measure with intensity 7(6) ds Qg(dﬁ), independent of p. Then, under N¥s, the process
0 ®icy (i, p;) has distribution NV .

(ii) Let§ > 0. Under N+, let ((Si,pi), i€ I) be the atoms of a Poisson point measure with
intensity

ds f ndr P (dp).
[6,00)

Then, under NVo-, the process p ®;c; (i, p;) has distribution NV

Remark 3.4.2. As mentioned in the introduction, the above theorem is a special case of the
main result in [8] where the number of marks is finite. This greatly simplifies the proof which
is why we choose include it. Observe however that the decomposition in [8] is proved under
P and that an additional argument is needed to show that it still holds under the excursion
measures, see the end of the proof below.

Proof. We only prove the first part, the second one being similar. Notice that the statement
is trivial if 77(6) = 0 since in that case we have ¥ s = ¥ and the intensity of the Poisson point
measure is 0. Thus we may assume that () € (0,00). We shall start by proving the identity
under P using a coupling argument. Let X% = (Xf, t = 0) be a Lévy process with Laplace
exponent ¥s and let e = (e, t = 0) be an independent Poisson point process on R, with
intensity 1> 7(dr). Define the process X = (X, £ = 0) by:

X, =X0+Y e, Vt=0.

S<t

Then the process X is also a Lévy process with Laplace transform ws(A) + f(&oo) G
1) n(dr) = w(A). In words, the process XY is obtained from X by removing jumps of size
larger than o.

Denote by p (resp. p5) the exploration process associated with X (resp. X‘S). Let Ts :=inf{r >
0: A(p;) > 6} be the first time p contains an atom with mass larger than §. It is clear from
the definition that the process p jumps exactly when X does, so that Ts = inf{t > 0: AX; > 6}.
Therefore, we have that X; = Xf for t < Ts, which implies that p; = p? for t < Ty.

Now, from the construction of X, we get that T5 = inf{t > 0: e; > 8}, that is Ty is the first time
that the Poisson point process e enters in (§,00). Therefore the random time T is exponentially
distributed with mean 1/7(6) and the jump A X7, = e, has distribution 1,55 7(dr)/7(6) and
is independent of T. Furthermore, the pair (75, AX7,) is independent of X9,
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3.4. Degree decomposition of the Lévy tree

Recall from (3.2.9) the definition of the ancestral line of ¢ € [0,0]. Let Ay = sup,,AX; =
sup,<;A(ps) be the maximal degree of the ancestral line of ¢. For every 7 > 0, let

t
A(l') ::f I{ASS(S} ds (341)
0

be the Lebesgue measure of the set of individuals prior to ¢ whose lineage does not contain
any node with mass larger than §. Let C; :=inf{s = 0: A; > t} be the right-continuous inverse
of A and define the pruned exploration process p = (p; = pc,, t = 0). In other words, we
remove from the tree all the individuals above a node with mass larger than 6 and the pruned
exploration process p codes the remaining tree.

Next, let us consider excursions of p above nodes of mass larger than 6. Let Td(l) = Ts be the
first time p contains an atom with mass larger than 6 and L((sl) =Ls =inf{t > Ts: H; < Hry}
be the first time that atom is erased. Define recursively the stopping times T ék) = inf{r >
L((Sk_l) : A(py) > 6} the k-th time p contains a (first-generation) node with mass larger than §
and Lgc) = inf{r > T(;k) t Hy < HTék]} the first time that node is erased. Finally, let p(k) be the

path of the exploration process above level H,« between times T, ;k) and L((Sk), defined by:
6

(k) _ (k) (k)
P; _HHTék)(pHT(;k))’ V0 < ISL6 _T(S .

Notice that by construction, we have:

p=p@, (AT, p®).

Using the strong Markov property under P at time T5 and Lemma 3.2.7, we get that, condition-
ally on A(p1;) (which is equal to AXr;), the process p(l) has distribution IPZIXT .
9

But the random time T is exponentially distributed with mean 1/7(6), the jump A X7, has dis-
tribution 15 o) (r) 7(dr)/7 () and they are independent. We deduce that p'! is independent of
Ts and has distribution @g’j. Furthermore, (T5, AX7,) is generated by the Poisson point process
e while p is generated by X°. These being independent, we deduce that  is independent
of (T5,AXt,), and thus of (A(T,") = T5,pV). Iterating this argument and using the strong
Markov property, we get that the random measure

[e.°]
kX::l 5(A(T§k))yp(k))

is a Poisson point measure with intensity 77 (6) ds @g (dp) and is independent of p.

It remains to show that g is distributed as p°. Recall that g, = pc,. From this, it is clear
that the two processes are equal to p before time Ts. Furthermore, at time Ts we have

PT; = PTs— = PLs = p‘;é. Now applying the strong Markov property to p at Ls gives that, condi-
tionally on p 7, the process (0,+1;, £ = 0) has distribution IPﬁT&. As a consequence, condition-
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ally on g7, the process (0; = Pr+15-T;» A(Té”) <t< A(Téz))) is distributed as (p‘f, S1=t<8y),
where 0 < S; < Sy <... are the ordered atoms of a Poisson point process on R, with intensity
#(8) ds, independent of p°. Iterating this argument, we deduce that 5 and p® have the same
distribution. This proves the Poisson decomposition under P. Therefore, the same decomposi-
tion holds under the excursion measures up to a normalizing constant: there exists a constant
¢ > 0 such that, under N¥¢, the process p ®;¢; (s;, 0;) has distribution ¢N¥, where the random
measure Y ey 5(si,pi) is under N¥? a Poisson point measure with intensity 77 (5) ds @g (dp). Let
{ =Card{i € I: s; <o}. Then, under N¥¢ and conditionally on p, the random variable { has
Poisson distribution with parameter 7(d)o. It follows that

NY4 (¢ > 1) =NV [NY? [¢ > 1]p] | =NV [1-e707| =y (2(8)) =NV [A > 6],

where in the last equality we used Proposition 3.3.1. This gives ¢ = 1 and the result readily
follows. O

The following corollary is an immediate consequence of the Poissonian decomposition from
Theorem 3.4.1.

Corollary 3.4.3. Letd >0 and let F € 98.(2). We have:

NY [F(p)1jazey] = NV° [P(p)e‘ﬁ@“] , (3.4.2)

NY [F(p)1ja<sy] = NV*- [F(p)e‘”[5’°°)“] (3.4.3)
Furthermore, if (m,1) < co, then we have:

NY [F(p)1(a=0y] = N¥° [F(p)e™ V7], (3.4.4)

The Poissonian decomposition of Theorem 3.4.1 also holds for forests.

Proposition 3.4.4. Let § > 0 such that 7(6) < co and let r > 0. Under Pﬁ” ° (resp. @ga ), let
((s,-,p,-), i€ I) be the atoms of a Poisson point measure with intensity 7 () ds@g’/(dﬁ). Then,
under®!’ (resp. @? ), the process p ®;cy (i, p;) has distribution Pﬁ” (resp. Qg ).

3.4.2 Structure of nodes with mass larger than 6

Here, we give a description of the structure of nodes with mass larger than § under N¥. Let us
start by determining the distribution of the height of MRCA (see Section 3.2.3 for the definition)
of the set of nodes with mass larger than 6.

Proposition 3.4.5. UnderNY, conditionally on A > &, the height of the MRCA of the set of nodes
with mass larger than 6 is exponentially distributed with mean 1/ 1//3 (NY[A > 8)).

Notice that, as § — oo, w5 (N¥[A > §]) converges to a which is positive in the subcritical case
and 0 in the critical case (this implies that the height of the MRCA goes to infinity).
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3.4. Degree decomposition of the Lévy tree

Proof. Under N¥¢, denote by 7, < 7, <... the jump times of a standard Poisson process with
intensity 77(6). Denote by M =sup{i = 1: 7; < o} the number of marks which arrive during the
lifetime o and set:

inflHg: 11 <s<tpy} ifM=1,

00 if M =0.

It is clear from Theorem 3.4.1 that, under N, the height of the MRCA of the set of nodes with
mass larger than § is distributed as J under N¥?, with the convention that this height is equal
to oo if there are no such nodes. Thus, we need to determine the distribution of J under N¥¢
and conditionally on M = 1.

Notice that, on the event {M = 2}, J agrees with the random variable K defined in [57, p.96].
Proposition 3.2.3 therein gives:

7(0)

Vs = [y (NY TNVIA ST
N (D=3 |M 2 1] = |5 (NY[A > 6]) NY[A > 6]

0 !
f fl@e@WsN"18>0D 44 (3.4.5)
0

where we used that 15 (NY[A > 6]) = 7(5) by (3.3.4).

Next, notice that under N¥¢, conditionally on p, M has Poisson distribution with parameter
7(6)o. Furthermore, conditionally on p and on M =1, 1; is uniformly distributed on [0, o].
Thus, by conditioning on p, we get:

NYo [f(N1m=1y] = A(S)NY? f F(H)e T®0 dt]
1Jo

=7(5) NVe faf(Ht)e—ﬁ((S)te—ﬁ(é)(U—t)dt]
LJO

o
_ - —7A@E) Voot [ ,—7(©6)
=A(5)NY fo f(H)e ™OTES? [e” U]dt],

where we used the Markov property of the exploration process under N¥¢ for the last equality.
Thanks to Lemma 3.2.6, for every v € .#¢(R+) we have:

EVo [e—ﬁ(é)a] = e V5 AW _ o=NVIA>61(v,1)
where we used (3.3.4) for the last equality.
Therefore, we get:
NY¥s [f(])l{M:I}] =7(6) NY¥s fog f(Ht)e—fr(ﬁ)te—<Pt,1)NW[A>5] dt]

= 7(6) NYs fg f(Ht)e—ﬁ(5)(U—f)e—(ﬂz,1>N"’[A>5] dt]
0

=(6)NY? fg f(Ht)e_<Pt+77t,1>Nw[A>5] dt] ,
0
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

where we used the time-reversal property of the exploration process for the second equality
and the Markov property for the last. By [57, Proposition 3.1.3], we deduce that

NVe [f(])l{le}] — ﬁ(é‘)f f(a)e*wg(NW[AxS])a da.
0
Thanks to Theorem 3.4.1, it is clear that N¥9[M = 1] = N¥[A > §]. It follows that

= (5 . ,
NV [f(DY =y |M = 1] = %fo f(a)e_W5(NW[A>6])a da.

In conjunction with (3.4.5), this yields:
o0 !
NYs [f(])|M > 1] — w%(NUf A > 5})[ f(a)e—lllé(N"’[Ax?])a da.
0

This shows that, under N¥¢ and conditionally on M > 1, J is exponentially distributed with
mean 1/ (NY[A > 4]) and the proof is now complete. O

Let ts be the (random) discrete forest spanned by nodes with mass larger than §. More
explicitly, t5 starts with Zg individuals, where Zg is the number of first-generation nodes of
p with mass larger than 6 (that is nodes of p with mass larger than ¢ having no ancestors
with mass larger than §). Then, each node v of t gets & children, where &2 is the number
of first-generation descendants with mass larger than ¢ of the corresponding node in p.
Finally, denote by W? the total population of t5 or equivalently the total number of nodes
of p with mass larger than 6. We shall identify the distribution of ts. Given two N-valued
random variables Zj and ¢, we call a (7, ¢)-Bienaymé-Galton-Watson forest a collection of 7,
independent Bienaymé-Galton-Watson trees with offspring distribution (the law of) ¢.

Under N¥s (resp. under Qg‘;), letY ;c;0 (s1,07) be a Poisson point measure with intensity 7(5) ds
@g (dp) independent of p and let

(=Card{ieI: s; <a} (3.4.6)

be the number of points arriving during the lifetime o. Basic properties of Poisson point
measures imply that, under N¥¢ (resp. under @ga) and conditionally on p, the random variable
( has Poisson distribution with parameter 7(6)o.

Proposition 3.4.6. Let § > 0 such that 7(5) > 0. Under N¥, the random forest ts is a (25,55) -
Bienaymé-Galton-Watson forest, where Z(‘)S is distributed as { under NV and &° is distributed as
C under @g‘s. Their Laplace transforms are given by, for every A > 0:

N [1-e7% ) =y5! (1 -eha0), (3.4.7)
P N —ry;! ((-e ()
N [e ] el 7(dr). (3.4.8)
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3.4. Degree decomposition of the Lévy tree

Proof. That ts is under N¥ a Bienaymé-Galton-Watson forest with the mentioned distribution
is an immediate consequence of the Poissonian decompositions given in Thereom 3.4.1 and
Proposition 3.4.4. Let us compute the Laplace transforms.

Recall that, under N¥¢ and conditionally on p, { has Poisson distribution with parameter
7(6)o. Using this, we have:

NY [1 _ e—/IZ(‘f] —NVs [1 _ e—/l(] —NVs [1 _ e—(l-e—m(a)a] —y;l ((1 _ e—A)ﬁ(m)_ (3.4.9)

This proves (3.4.7). Similarly, since under @ga and conditionally on p, { has Poisson distribu-
tion with parameter 7(6)o, a similar computation yields:

NV [e—/uf&] _ @ga(e—ac) _ @g(s (e—(l—e*)ﬁ(é)a) _ n(dr)pY? (e—(l—e’l)ﬁ(ma).

7(0) J(5,00)

But, using the Poisson decomposition of Lemma 3.2.6, we get that:
Py (e™*) = exp{-rN¥s [1—e ]} =¥ @, vx=0, (3.4.10)

and (3.4.8) readily follows. O

We end this section with the following result on the criticality of the random forest t;.

Proposition 3.4.7. Let 5 > 0 such that (5) > 0. The mean of & is given by:

f(ﬁm) ra(dr)
a+ f(a,oo) ra(dr)

NY (0] = (3.4.11)

In particular, under NV, the Bienaymé-Galton-Watson forest ts is critical (resp. subcritical) if y
is critical (resp. subcritical).

Proof. Thanks to Proposition 3.4.6, we have:

NI = QY O =AY @) = [ xdnpl (o)

(6,00)

But the Poissonian decomposition of P,? gives:

r

pYe = rN¥[g] = ,
r (@) =rNTlol A+ [(5.0027(d2)

where we used (3.2.13) for the second equality. This yields (3.4.11). O
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

3.5 Conditioningon A =6

The goal of this section is to make sense of the conditional measure N¥[-|A = §]. For every
6 >0, we set:
w(©6) =NY[01acs] and w4 (8) =N¥[o1lja<g]- 3.5.1)

Notice that if § > 0 is not an atom of the Lévy measure 7, then we have w(d) = w(d) by
Lemma 3.3.2. Furthermore, thanks to Corollary 3.4.3, (3.2.12) and (3.3.5), we have:

1 1
w(8) =NV~ |ge 107 | = = . 3.5.2
©) [ ] Vs oyl (mld,00) Y5 (NV[A=0]) 952
Similarly, we have:
- 1 1
w, (5) =N¥o |ge 0 | = = - 3.5.3
+0) [ ] Yoy (1(8)  Ys(NV[A>6]) 359
For 6 > 0, denote by Pg’ the probability measure on the space R, x 2 defined by:
v_ L [ [°
FdP; =——N [ F(s,p)ds1 , (3.5.4)
A+x@ ) w(6) 0 P {A<d}
for every F € %, (R, x 2). Similarly, we set:
v U owl [’
FdP;, = N f F(s,p)dslip<s |- (3.5.5)
f[mx@ o+~ Wi (0) [ o TP s
Observe that Png =limg_g+ Pgﬂ in the sense of weak convergence of measures.
For every §,¢ > 0, let
Ese=10—-e<A<8+e 20 =1 (3.5.6)

be the event that the maximal degree is between § — € and § + ¢ and there is a unique first-
generation node with mass larger than 6 —e. The next lemma states that, under the assumption
that 6 is not an atom of the Lévy measure 7, the two events Es . and {6 —€ <A <0 + ¢} are
equivalent in N¥-measure as € — 0. Recall that 7 is a measure on (0,00) and as such, its
support supp () does not contain 0.

Lemma 3.5.1. Assume that 0 € supp(n) is not an atom of the Lévy measure t and that (6) > 0.
We haveN¥[6 —e <A <5 +¢€] ~NY[Es ] ase — 0.

Proof. We start by observing that, thanks to the Poissonian decomposition of Py given in
Lemma 3.2.6, we have:
ifr<§,

0
14 —
P (A<d) = {e—rN‘V[Aa?] . (3.5.7)

174



3.5. Conditioningon A =§

Similarly, we have:

VA<s) - 0 ifr <9,
R P L 528
We deduce that
Q) (A<8+8) == n(dr) P (A<b+¢e)
€ (6 —¢) (6—€,6+¢€)
_ ! e TNVIA0+El gy, (3.5.9)
(6 —¢€) J5-¢0+e)
Since 7(d) = 0 and () > 0, this implies that
lim Qg (A<&+ée)=0. (3.5.10)
E—

Under NY4+ and conditionally on p, let { be a Poisson random variable with parameter
#(6 — €)o and let ((s;,p;), i = 1) be independent with distribution o~11(g4(s) ds@g_e (dp),
independent of {. Thanks to Theorem 3.4.1, we have:

NY[Esel =NV [( =1, A(p1) <O +¢]
=NV*<[7(5 —£)oe "0 7QY (A<b+e)
=R -w,0-e)Qy (A<S+¢), (3.5.11)

where we used (3.5.3) for the last equality. Similarly, we have:

NY[6—-e<A<b+e]l=NY"<[{=1;Vi<{, A(p;) <6 +¢]
=NV [{ = 1;Q) (A<5+8)]
— NVo-e [e—ﬁ(5—£)a (eﬁ(ﬁ—f)oQg{(A<5+£) _ 1)] .

Therefore, using the inequality e* — 1 — x < x?e*/2 and the fact that the function x — xe™* is
bounded on R, by some constant C > 0, we deduce that

0<NY[6-e<A<b+e]—NY[Es]
1

_ v
< ﬁ(5—€)2 NVo-e aZe—n(é—E)U@g,g(AZ(?H) @g_g(A < §+£)2

o

Qy (A<b+e)?

QY (A=6+¢)

B Cio-e) Q5 (A<d+e)
200+ [i5-e,00) T TAD) QY _(Az5+e)

QY (A<8+e)?

QY (Az5+e)

=

DO

(6 — e)N¥Ye¢[g]

<Cs
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

for £ > 0 small enough and some constant Cs which is independent of &, where we used
(3.2.13) for the equality.

Furthermore, it is clear from (3.5.3) that
A6 —ws6—€) =76 —e)NY[0ljacs-e] = T(6/2)NY [011a<5/2],

for £ > 0 small enough. In particular, it follows from (3.5.11) that there exists a constant Cj >0
such that

NVIO-e<A<8+el-NViEpel _ Qy (A<b+e)

0< =Ls »
NV [Eg ] QY (A=6+¢)

where the right-hand side goes to 0 as € — 0 thanks to (3.5.10). This concludes the proof. O

As a consequence, since E5 . {0 —€ < A <0 + ¢}, conditioning on either event is equivalent as
& — 0. We choose to work with the former as computations will be simpler. We shall next give
a description of the exploration process conditioned on Ej ..

Let
Ts =inf{r > 0: A(p;) >0} (3.5.12)

be the first time that the exploration process contains an atom with mass larger than 6 and let
Ls=inf{t > T5: H(py) < H(p1y)} (3.5.13)

be the first time that node is erased. We split the path of the exploration process into two parts:
pa'_ is the pruned exploration process (that is the exploration process minus the first node
with mass larger than 0):

if t < T,
pom =P ° (3.5.14)

Pt-Ts+Ls if t = Ty,

and p®* is the path of the exploration process above the unique first-generation node with
mass larger than 6:
pf’+ ZHHT6 (p(t+T5),\L5), Vt=0. (3.5.15)

Notice that pg'+ is a multiple of the Dirac measure at 0.
Lemma3.5.2. Let F,G e B, (R x2D). Foreveryd,e >0 such that (0 — €) > 0, we have:

Nl// F(T6_£’p5—f,—)G(p6—E,+)

_E(5,5]=f[R x@FdP%_gHXQZ_E(G(p)|A<5+£). (3.5.16)

Proof. By Theorem 3.4.1, we have
W 0—€,— 0—€,+ _ NWs-e o—-¢
NY [F(Ts_p, 0°57)Glp )156,8] = N [ F(U, )Gy api-<vel |
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3.5. Conditioningon A =§

where, under N¥é, conditionally on p, U is uniformly distributed on [0, 0], { is a Poisson ran-
dom variable with parameter (5 — €)o, p® ¢ has distribution @g_g and they are independent.
We deduce that

N [E(Tse, 0757160 51, |

— NVo-e QZ_E(G(P)I{A<6+£})-

B o
ﬁ(5—£)e_”(5_5)0f F(s,p)ds
0

Together with Corollary 3.4.3, (3.5.4) and (3.5.11), this yields the desired result. O

We now turn to the study of the asymptotic behavior of the measures appearing in the right-
hand side of (3.5.16). Recall that the total variation distance of two probability measures P, Q
on some measurable space (E, &) is given by:

drv(P, Q) =sup{|P(A) - Q(A)|: Aeé&l.

Lemma 3.5.3. Assume that d > 0 is not an atom of the Lévy measure n. Then, the mapping
r— Plfﬁr is continuous at § in total variation distance and P};’Jr = Pg.

Proof. Thanks to Corollary 3.3.2, we have N¥[A = §] = 0. Then the result readily follows from
the definition of the measure PY, . O

Recall that the space .#¢(R;) is equipped with the topology of weak convergence which
makes it a Polish space, see [40, Section 8.3]. It can be metrized by the so-called bounded
Lipschitz distance defined for every u, v € .4 ¢(R,) by dpy(u, v) = sup [{y, f) — (v, f}|, where the
supremum is taken over all Lipschitz-continuous and bounded functions f: R; — R such that

sup| f(x)l +supw <1.
x=0 X2y lx—yl

Recall that & is the space of cadlag .4 (R+)-valued functions defined on R, equipped with

the Skorokhod J;-topology and let ds be the Skorokhod distance associated with the distance
dpr. on /¢ (R,). Denote by %, the subset of 2 consisting of excursions:

Do ={u=(uy, t=20)€D: o(u) <oo, u; #0, V0 <t <o () and pg - = 0if o(u) >0},
(3.5.17)
where o(u) =inf{t > 0: u(t+-) =0} is the lifetime of y. Notice that if ;€ 9y such that o(u) =0
then necessarily u = 0. Observe that the mapping u — o(u) is measurable with respect to
the Skorokhod topology since o(u) = inf{f € Q@ N (0,00): u; =0} and u — y; is measurable. We
equip 9, with the following distance:

do(p,v) =ds(,v) +lo(w) —aW)|.
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

Lemma3.5.4. Letv e D and s> 0. The mapping it — v ® (s, 1) is continuous from (9, dy) to
(@, ds).

Proof. Denote by A the set of all continuous functions A1: R, — R that are (strictly) increasing,
with 1(0) = 0 and lim;_.., A(f) = co. Let u,, be a sequence in 9, converging to u with respect
to the distance dj. By definition of the Skorokhod topology (see e.g. Jacod and Shiryaev [92,
Chapter VI]), this means that there exists a sequence A, € A of time changes such that

r}i_{rgolon—al =0, nlim sup|A,(f)—t/=0 and nlim supdgr, (Un o An(2), u(1)) =0,

T teR, TN
for every N = 1, where we set 0, = o (u,) and o = o ().

Letk,=v® (s, up) and x =v® (s, u). Our goal is to show that x,, converges to x with respect
to the Skorokhod topology. To this end, let £, > 0 be a sequence converging to 0 such that
ep>Au(0)—0, and let /1,, € A be atime change such that ;ln(t) =tift<s, /1”(34— H=s+A,(0)
ift<o, in(s+a+ H)=s+o,+tift=¢, and ;ln([s+a,s+0+£n]) =[s+A,(0),s+0,+E,]
Notice thatif t € [s+ 0,s+ 0 + £,], we have:

|An(0) = 1] < 1An(0) =0 —€pl +10, + €n— 01 < 1An(0) — Ol + 10, — O] + 2€,.
It follows that

sup|/1n(t)—t|s sup |/~ln(t)—t|+ sup |/1n(t)—t|+ sup Mn(t)—t|

teR, S<I<S+0 StO<It<s+o+g, t=s+o+¢,

<sup|A,(t)—tl+|A,(0) —0ol+ 2|0, -0l +2¢p,,
<o

where the right-hand side goes to 0 as n — oco.

In order to show that x,, converges to x in &, it is enough to check that

lim supdpy. (k0 An(8),x()) =0, VN=1.

N=00 <N
If t < s, we have KHO/in(t) =x(t)=v(t). If t <o and 1,(t) < o0,, we have:
KnoAn(s+ 1) =kn(s+An(0) = [V(), unodn(®)] and x(s+1) = [v(s), u(D)].

It follows that
dpr (Kno An(s+0),k(s+ 1)) < dpr(tn 0 A (1), ().

On the other hand, if t < o and A,,(t) > 0, we have:
Knodn(s+ ) =v(s+A,(t)—0y,) and «(s+1) = [v(s), u(t)].
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3.5. Conditioningon A =§

In that case, we get:

dir, (Kn o An(s+1),k(s+ 1) < dpL (V(s+ A () — ), v($)) + dpr, (v(S), [V($), u(D)])
< dpr, (V(s+ A, (1) —0y),v(s)) +(u(),1).

Ifte[s+0,s+0+¢€,], thenk, oA, (1) is of the form v(u) with u € [s, s+€,] or [(v(s), Ln(w)] with
ue [A,(0),0,]. We deduce that

dpr (knoAn(), k()< sup dp(v(w),v(t—0)+ sup  dgr(V(s), un(W)],v(t-0))

SSUSS+E, Ap(O)su<o,

<3 sup dpL(v(w),v(s)+ sup (un(w),1).

SSU<s+ey, Ap(0)su<o,

Finally, if t = €,,, then we have x, ojtn(s+ o+t)=«x(s+0+1t) =v(t). We deduce that

supdpy (kn o An(8),x(1))
t<N

< supdgpr (n o An (1), u(0)) + sup dgr. (v(u),v(s)) (3.5.18)

t<N ssu<s+(A,(0)—0,)+

+3 sup dpL(v(w),v(s)+ sup (u(u), 1)+ sup (upodn(w),1).

SSU=S+E, u<o,A,(u)>o0, o<usN

Observe that
sup (uw),1)= sup  (u(w),1)—0,

uso,Ap(u)>o, Al (o) <uso
since /1;1 (0,) — o and since p is left-continuous at o and p(o) = 0. Furthermore, using that

p(u) =0 for u = o, we have:

sup (UpoAu(u),1)< sup dgr(pnoAn(w), pu(u)) — 0.

o<usN o<usN

Since v is right-continuous at s, we deduce that the right-hand side of (3.5.18) converges to 0,
which concludes the proof. O

Lemma 3.5.5. Foreveryd € supp(r), the measure @Z_e(-IA < 0 +¢) converges weakly to [P’;”(-IA <
6) as e — 0 on the space (D, dy).

Remark 3.5.6. Notice that if § = infsupp(n) is positive, then the measure 7 is necessarily finite
and we have:
P/ (A<8) 2P (A=0)=e N0 5 ¢,

This implies that the conditional measure Pg/ (dplA < 0) is well defined.

Proof. Itis enough to show that for every Lipschitz-continuous and bounded function F: 2y —
R, the following convergence holds:

l%@g_g (F(o)|A<b+¢€) =P (F(p)|A<d).
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

Fix such a function F. From the definition of @gj_f, we have:

1
(0 —¢€) (6-¢€,6+¢€)

Q) . (FOliacsrey) = 2 dr)PY (F(0)1acsrey)-

In conjunction with (3.5.9), this gives:

QY (F(p|a<d+e)
~ 1
) f(6—s,5+£) e "N A=0+el 7 (dr)

f 7(dr) Pg/ (F(p)Lia<s+e}) -
(6—€,0+¢€)

Now it is not difficult to show that, as € — 0, we have:
f e TNA+E ) ~ (6 —£,6 +£)e 0N 18>0,
(6—€,0+¢)

Thus, as € — 0, we have:

4
eONV[A>5]

Qy (F(p)|Aa<b+e) ~ 7 dr) Py (F(p)Lia<s+e)) -

(6 —¢€,06+€) Jo-e06+e)
Thanks to (3.5.8), we have IP;// (A<0) = e ONVIA>0] Thus, in order to prove the result, it is
enough to show that

1

lim——— dr)PY (F(p)1 =PY (F(0)1r<s1). 3.5.19
TG —e.0+0) (5—5,5+e)n( NEr (Fioliacora) =Py (Fp)Liaso) ( )

Write:

1

_ dr) P/ (F(p)1 —PY (F(p)1a<
6 —-¢6+e) (5—5,6+s)n( NPy (F(o)Lia<osa) =5 (F(P)Liaso)

1
=— dr) |PY (F(p)1 -PY (F(p)1
(b —¢,6+¢) (5—5,6+£)n( r)[ g ( 2 {A<6+g}) 5( 2 {A<6+E})]
+P:5V (F(p) 1s<n<ste))-

By dominated convergence, it is clear that the second term on the right-hand side converges
to 0.

For the first term, one can couple the measures P! and Pg’ in the following way. Let p be the
exploration process with branching mechanism 1 starting from 0 and let (L?, ¢ > 0) be its local
time process at 0. Then the process 5 defined in (3.2.20) has distribution P’ while 5 has
distribution I]J’g/. It follows that

P (F(0)liaco+e)) — Py (F(0)1ja<s+e))
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3.5. Conditioningon A =§

— ~(1) _ ~(5)

_'[E[F(P )l{supL(t)S,A(pt)<5+g} F(p )l{supL?<§A(pt)<6+g}’

<CP| sup A(p)=6+e|+CE[1ndo(p",p®)]. (3.5.20)
6<Li=r

Using the Poissonian decomposition from Lemma 3.2.6, we have for r € (6,6 + €):

P( sup A(Pt)25+8)slp( sup A(pt)zé):[@( sup A(pi)za)zl_e—fN‘”lﬂzfsl'
6<L=r 6<Li<b+e 6<—1Iq;<6+¢

(3.5.21)
Next, by definition of dy we have that dy(p”,5?) = |o(p") — o (p)| + ds(p"”, ). We
introduce the right-continuous inverse S of the local time process at 0 given by:

S, =inf{t>0: L9>r}, Vr>0.

It is well known that the process S is a subordinator. Then the process 5 has lifetime S,.

Furthermore, we have:

ds(p",p®) < supdp (5", p).

t=0

For LY < §, the processes £ and 5 differ only by their masses at 0 so that dBL(ﬁ(tr), ﬁ(t‘s)) <
r — & < €. On the other hand, for L? >, we have ﬁ(‘s) =0 so that

dpr(8,69) =6V, 1) = r =LY + (o, Y <+ (o, 1),

where we recall from Section 3.2.3 that (p;, 1) = X; — I;, where X is the underlying Lévy process
and [ is its running infimum. It follows that

do(P",p®) < Sse—Ss+e+ sup (X,—1)), (3.5.22)

6<Ll<b+e
where the right-hand side converges to 0 a.s. as € — 0.

Combining (3.5.20)-(3.5.22), we deduce that

= Ci (),

[FD;V (F(P)I{A<5+s}) _Pg/ (F(P)I{A<6+e})

for every r € (9,6 + €), where C; (¢) does not depend on r and goes to 0 as € — 0. Similarly, for
every r € (6 —€,0), we have:

PY (F(P)liacs+er) =Py (F(0)ljacsse) | < Cale).

Finally, we deduce that

1

_ m(dr)
w6 —€,0+¢) Js-¢6+e)

PY (F(0)lia<s+er) —PY (F(0)liacsse) | < C1(e) + Ca(e).
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

Letting € — 0 proves (3.5.19) and the proofis complete. O

We are now in a position to prove the main result of this section which gives a description of
the Lévy tree conditioned on having maximal degree 4. For every atom 6 > 0 of 7, we set:

g(6) =) PY (A < 6) = m(&)e N8>0, (3.5.23)

where the last equality is due to (3.5.8). Under N¥, denote by M the random variable defined
by:
89(5)0 -1

9@

This should be interpreted as Ms = o if § is not an atom of 7.

Ms =

For every atom 6 > 0 of the Lévy measure , we define a probability measure Pg’a on the space
9 as follows. Take p with distribution N¥ [Ms1ia<s]1 ' N¥[Ms1ia<s dpl, and, conditionally
on p, let ((si, pi), i€ I) be the atoms of a Poisson point measure with intensity g(6)1o,41(s) ds
ng (dp|A < d) conditioned on containing at least one point. Then Pg'a is defined as the
distribution of the process p ®;ey (i, pi).

Theorem 3.5.7. There exists a regular conditional probabilityN¥ [-|A = 6] for § > 0 such that
7[0,00) > 0, which is given by, for every F € 8. (2):

1 oo g(é‘)k
NY[Mslia<sy] j=p (kK + 1)!

NY[F(p)|A=6]=

k+1
x N¥ f [T 10,0150 ds; P;//(dpilA <0)F(p @f;’ll (si,pi))Lia<sy |- (3.5.24)

i=1

In particular, if 6 > 0 is not an atom of the Lévy measure t, we have:

NY[F(p)|[A=6] = f , P} (ds,dp) f@ PY (dpIA < 8)F(p® (s, p)). (3.5.25)
If6 > 0 is an atom of 7, we have:
NY[F(p)|A = 5] = f@ PY?(dp) F(p). (3.5.26)

Remark 3.5.8. Let Es be the event that the maximal degree is § and there is a unique first-
generation node with mass . We have:

NY [F(p)|Es] :fR @P?(ds, dp)f@u»;”(dﬁm <8F(F® (s, D). (3.5.27)
When § is an atom of 7, this can be proved by taking k = 0 in (3.5.24). Indeed, we have:

1

NY [F(p)1g,|A=6] = NY[M;s1ia<t]

NY [ f 1j0,01(5)dsPY (dPIA < 8)F(p® (5,0)) |,
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3.5. Conditioningon A =§

and the result follows by conditionning. When ¢ is not an atom of 7, this follows from Theorem
3.5.7 together with the fact that, conditionally on A = §, there is a unique node with mass 6
(see Corollary 3.5.9 below). In other words, conditioning the exploration process by Es when &
is an atom of x yields the same distribution as conditioning by A = § when ¢ is not an atom of
7.

Proof. Assume that § € supp(n) is an atom of 7. Then the event {A = §} has positive NV -
measure (see Corollary 3.3.2) and it follows from Theorem 3.4.1 that p conditioned on A =
has distribution Pg"a.

Assume then that § € supp () isnotan atom of 7 and let F: &2 — R be continuous and bounded.
Applying Lemma 3.5.1 and using the fact Es . c {§ —e <A <6 + ¢}, we have as € — 0:

NY[F(p)I6 —e<A< 6+l ~NY[F(p)|Es ]
But, thanks to Lemma 3.5.2, we have:

NY [F(0)|Es¢] = NY [F(p? ™6~ @ (T_e, p° )| Es )

= fR gpg_m(ds,dp) f@ QY (dpIA<8+e)F(p® (s, p)). (3.5.28)

Recall from Lemma 3.5.4 that for every fixed (v, s) € 2 x (0,00), the mapping p— v® (s, ) is
continuous from % to 9. Together with Lemma 3.5.3 and Lemma 3.5.5, this gives:

lin%N‘V [F(p)l6-—e<A<b+¢] =/
£E—

R, x

P! (ds,dp) f PY(dpIA < B)F(H @ (s, p)).
2 2

A standard result on measure differentiation, see e.g. [68, Theorem 1.30], yields the desired
result. =

Corollary 3.5.9. Assume that 6 > 0 is not an atom of the Lévy measure n. Then, under N¥ and
conditionally on A = 9§, there is a unique node with massé.

Proof. Notice that Pg-a.s. A(p) < 6 by definition. Thus, thanks to Theorem 3.5.7, it is enough
to show that P;’/(-IA < 0)-a.s. there is a unique node with mass 6. We shall use the Poissonian
decomposition from Lemma 3.2.6. Let ¥;¢; 6 ¢, ,i) be a point measure with distribution PY,
that is a Poisson point measure with intensity 1 5(¢) d¢ NY[dp]. Then it suffices to check that,
conditionally on sup;.; A(p?) < §, it holds that sup;.; A(p’) < 8.

Since N¥ [A > §/2] < oo, only finitely many p’ are such that A(p?) > 5/2. We deduce that

P(supA(pi) < 5) =p (supA(p") <6,A(p") #6foralliel|.

iel iel
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

Thanks to Corollary 3.3.2, we have N¥ [A = §] = 0, which implies that A(p’) # 6 forall i € I
almost surely. Therefore we get:

P (supA(pi) < 6) =P (sup A(p) < 6) .
iel iel

This proves the result. O

As an application of Theorem 3.5.7, we can compute the joint distribution of the degree A of
the exploration process when the Lévy measure 7 is diffuse and the height Hx of the (unique)
node with mass A. We start by determining the distribution of H(p) under Pg (ds,dp). Recall
from (3.5.1) the definition of w.

Lemma 3.5.10. Under Pg/(ds, dp) (resp. Png (ds,dp)), the random variable H(p;) is exponen-
tially distributed with mean w(6) (resp. w+(9)).

Proof. We only prove the result under PY, the other being similar. By definition, we have:

1 o
1 Pw(ds,d )=—NW f 1 ds1
fmx@ {Hpo>h} s p w©) A {Hy>h} {A<6}
1 _l6.00) o
= _w(6) NWG— e 70,00, U\/O 1{H_;>h}] ,

where we used Corollary 3.4.3 for the last equality.

Thanks to Bismut’s decomposition, see e.g. [3, Theorem 2.1], we have for every A > 0:

NYo-

o
e_’l"fﬂ I{H_Y>h} ds

:f dtexp{—t
h

=f drexp{—t[wg_(onzﬁu/;mnf r(l—e_r%l(’”)n(dr)]}
h 0,6)

o0
:f dre Vs-oVs-
h

) (3.5.29)
! -1 A)
Vs oyl

W (0)+2BNYo-[1-e ] +f radrPY(1-e9)
(0,6)

}

Applying this to A = 7[§,00) and using (3.5.2), it follows that

f 1i51(py>ny Py (ds,dp) = o hw®)
R, x2
This proves the result. )
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3.6. Conditioningon A =6 and Hy = h

Let
Ta=inf{tr=0: A(p;) = A} (3.5.30)

be the first time that p contains an atom with mass A and let Hx = H(pT,) be the value of the
height process at that time. We shall determine the joint distribution of (A, Hp) assuming that
the Lévy measure 7 is diffuse.

Proposition 3.5.11. Assume that the Lévy measure 1 is diffuse. Then, NV -a.e. there is a unique
node with mass A. Furthermore, for every d, h > 0, we have:

NY[A>6,Hy> h] = f e MW NV A e dr. (3.5.31)
(6,00)

In other words, under NV and conditionally on A = §, Hy is exponentially distributed with
mean w(9).

Question 3.5.12. If § is an atom of 7z, what is the distribution of the height of the MRCA of the
nodes with mass exactly § under N¥, conditionally on A = §?

Proof. The first part follows from Corollary 3.5.9. Then, using Theorem 3.5.7, we have:

NY[A > 8, Ha > h] :f NY[Ha > h|A =r] NY[A edr].

(6,00)

Now under N¥[-|A = r], H, is distributed as Hy; = H(p,) under PY (ds,dp). Lemma 3.5.10
allows to conclude. O

3.6 Conditioningon A=06and Hy=h

In this section, we assume that the Lévy measure 7 is diffuse. Recall then from Proposition
3.5.11 that there is a unique node with mass A and H, is its height. The goal of this section is
to make sense of the conditional measure N¥ [-|A = 6, Hxy = h]. Let

Fre={0-e<A<8+¢6 70 =1, h—e<H(pr, ) <h+e} (3.6.1)

be the event that the maximal degree is between § — € and 6 + ¢, there is a unique first-
generation node with mass larger than ¢ — € and its height is between i — e and h + €. Recall
from (3.5.1) the definition of w.

Lemma 3.6.1. Assume that the Lévy measure 7 is diffuse. For every § € supp(r) such that
7(6) >0 and h >0, we have as € — 0:

NY[§—e<A<b+eh—e<Hy<h+e]l ~NY[Fs,]
~2eQ) (A<8+e)m(@B)e WO, (3.6.2)
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

Proof. By Proposition 3.5.11, we have:

h+e
NY[A e dr] w(r)_lf e Wi gy,

N‘”[6—5<A<6+£,h—e<HA<h+e]:f
h—¢

(6—€,0+¢€)

A straightforward application of the dominated convergence theorem gives:

NY[6—e<A<b+eh—e<Hr<h+el ~2£f NY[Aedr]w(r) e MW,
6—¢,0+¢)

Since 7 is diffuse, observe that N¥ [015=,;] = 0 for every r > 0 thanks to Corollary 3.3.2. This
implies that w is continuous and we deduce that

NY[6—e<A<b+eh—e<Hyr<h+el~2eNV[6—e<A<b+elw@d) e VWO,

But Lemma 3.5.1 gives:
N[ —e<A<b+el ~NY[Esl.

Moreover, thanks to (3.5.11) and the continuity of w, we have:
NY([Es el =76 -)w@ -e)Qy (A<+8) ~AB)wB)Qy (A<b+e).
We deduce that

NV[6-c<A<d+e,h—e<Hy<h+el~26Q) (A<b+e)7(B)e V0.

On the other hand, thanks to Theorem 3.4.1, we have:

~ o
NY (Es ] = N+ | 7(5 — e)e 70-9 fo Lh-e<t,<hse ds| Q) (A< 8 +e). (3.6.3)
Using Bismut’s decomposition as in (3.5.29) , we get:
_ o h+e
NVoe | g 0-8)0 f Lih—e<H.<htel ds] = f e wO-8 qs L oge MWO) (3.6.4)
0 h—¢

where again we used the continuity of w. It follows that

NY[Fsel ~2eQp (A<5+e)7(d)e @,

For every 6, h > 0, denote by Pg , the probability measure on the space R, x 2 defined by:

1 o
Fdp¥Y =— NV f F(s,0) L"(ds) 1 a<s) |, (3.6.5)
fuqa+x@ ST NVILE 1pcg)] 0 P (<ol
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3.6. Conditioningon A =6 and Hy = h

for every F € B, (R, x 9). Since we are assuming that the Lévy measure r is diffuse, we may
replace the event {A < 6} by {A =< ¢} thanks to Corollary 3.3.2. Thus, using Corollary 3.4.3, [58,
Theorem 4.5] and (3.5.3), we have:

NY (L) Lincpy] = NY7 Lo O] = o VG (420D - o=l (3.6.6)
In particular, the following identity relating the measures Pg and Pg , holds:
L[ —hiwe) pv v
mfo dhe P&h(ds,dp) =P (ds,dp),

where we used that 1j9,)(s)ds = f;'daL?(ds), see Section 3.2.5. The next lemma gives an
approximation of the measure Pg .

Lemma 3.6.2. Let F: Ry x 2 — R be measurable and bounded. We have for every b, h > 0:

=N¥

.1 g
lim — NY [/0 F(s,0) {p—e<H,<h+e; AdSLia<s ¢

o
lim, fo F(s,0) L"ds)1jacsy|. (3.6.7)

Proof. Recall from Section 3.2.5 that the measure L? is supported on the set {s € [0,0]: H; = a}.
Thus, we have:

1 h+e

1 o g
—f F($,0)Y{p-e<H,<h+eyds = — daf F(s,p) L4(ds). (3.6.8)
2e Jo 2€ Jh-¢ 0

Furthermore, & is a jump time for the local time process a — L% if and only if it is a jump time
for the total mass process a — LZ. But, under NY, the process (L%, a=0)is aw-CB process. In
particular, it has no fixed jump times. As a result, N¥-a.e. the mapping a — L is continuous
at h. We deduce that the following convergence holds N¥-a.e.:

o

.1 v
lim— | F(s,0)Yn-e<H<h+e; ASLia<s-e} = f F(s,0) L (d$) 1ja<s)-
e—=02¢€ Jo 0

Next, using (3.6.8), we have:

IFlloo (7€
2¢ h—¢

lip<g—e < Ly da,

1 g
— U F($,0)in—e<H,<h+e; ds
2¢ |Jo

where the last term converges N¥-a.e. to || Fllo, L thanks to the continuity of a — L% at h.
Furthermore, by [58, Eq. (12)] we have the convergence:

1 " h+e 4 wirh
im —N L;da|=N"[L;].
il;‘lll(l) 2€ ]I\l—g o O [ U]
Thus, the generalized dominated convergence theorem yields (3.6.7). O
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

The main result of this section is the following description of the exploration process condi-
tioned on having maximal degree § at height A.

Theorem 3.6.3. Assume that the Lévy measuren is diffuse. There exists a conditional probability
measureNY [-|A = 8, Hy = h] for § € supp(r). Furthermore, for every F € $..(2), we have:

NmenAzaﬂgzm:ﬁé@P%ﬂhﬂ@l?%@ﬂAs&F@@@pn. (3.6.9)

Assuming the Grey condition, this can be interpreted as follows in terms of trees. Under
NY, conditionally on A = §, Hy is exponentially distributed with mean w(5). Moreover,
conditionally on A = § and Hj = h, the Lévy tree can be constructed as follows: start with
" with distribution N¥ (L 1ia<s)] "INV [L 1,025,dT ], choose a leaf uniformly at random in
T at height £ (i.e. according to the probability measure L" (dx)/ Lg) and on this leaf graft an
independent Lévy forest with initial mass 6 conditioned to have degree < . Notice that this
result generalizes Theorem 3.5.7 when the Lévy measure 7 is diffuse. In particular, one can
recover the latter simply by integrating with respect to A.

Proof. Let d € supp(r) and h > 0. Thanks to Lemma 3.6.1, we have as € — 0:

NY[F(p)|6-e<A<b+e,h—e<Hpy<h+e] ~NY[F(p)|Fs]. (3.6.10)

Recall from (3.5.14) and (3.5.15) the definitions of p‘s‘g" and p5‘£’+. Using the Poissonian
decomposition from Theorem 3.4.1 and Corollary 3.4.3, we have:

NY [F()1g;, ] =NY [F (0757 @ (Tpe, 0"~ 1, |

= Nu/ﬁ—e

76— s)e_ﬁw_gwf 100,01()ds Q) (Lia<s+e) AD)F(p ® (5, ) Lin—e<H,<hse)

=76 -e)N¥

[ 10019145 Q (1 <501 AIF (P (5D Uin-exrnec, a0

By conditioning, it follows from (3.6.3) that

1
NV [f(;T 1{h75<HS<h+s} ds I{Asﬁfe}]

NY [F(p)|Fs,e] =

x N [f 1ip,51(s) ds@g_g(dﬁlA <6+e)F(p® (s, p))l{h—e<Hs<h+£,A55—£} . (3.6.11)

Therefore, using Lemma 3.6.2, Lemma 3.5.4 and Lemma 3.5.5, we deduce that

lin(l)N”’[F(p)|6—e<A<6+e,h—e<HA<h+£]
E—

_AM@Fm%ﬁXW#GWNAsm,(&&u)
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and the result readily follows by using [68, Theorem 1.30]. O

3.7 Local limit of the Lévy tree conditioned on large maximal de-
gree
In this section, we shall investigate the behavior of the exploration process conditionally on

A =6 as § — co. We start with the subcritical case. Then recall from (3.2.13) that N¥[o] =
a~! < co. We define a probability measure P!, on the space R, x 2 by setting:

o
f FdPY, = aN¥ f F(s,p) ds], 3.7.1)
R, x2 0
for every F € B, (R, x 9).
Lemma 3.7.1. Assume thaty is subcritical. The probability measure Pg converges to PY in

total variation distance on the space R, x 9 asd — oo.

Proof. Let F: R; x 2 be measurable and bounded. We have:

’Nw _NY < IFllooNY [01(a5))-

g g
fo F(s,p)ds1ia<s fo F(s,p)ds

Since v is subcritical, we have N¥ [¢] < oo and the right-hand side converges to 0 as § — oco.
This proves the result. O

For every measure-valued process p = (ir, t = 0) € 2, we define the measure-valued process
Ry(u) obtained from p by removing any atoms at 0:

Ro(1) ¢ =ty — p(0)6p. (3.7.2)

Denote by P¥ the distribution of the exploration process p with branching mechanism
starting from 0.

Lemma 3.7.2. Assume thaty is subcritical and that nt is unbounded. Under I]J’g/(-IA <0), the
process Ry(p) converges in distribution toP¥ in the space (2, ds) as 5 — oo.

Proof. Recall from (3.5.8) that P} (A < §) = e"*N"4>0]_ince  is subcritical, by [87, Proposi-
tion 3.8], we have as § — oo: )

NY[A > 6] ~ %6)- (3.7.3)
But §72(6) < [(5 o) 7 7(dr) and the last term goes to 0 as § — oo. It follows that lims_.o, 6 NV [A >
6] =0and

fim P (A<6)=1. (3.7.4)
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

Thus, it suffices to show that for every continuous and bounded function F: & — R, the
following convergence holds:

lim B (Fo Ry(p)) = P (F(p)). (3.7.5)

Let p be the exploration process with branching mechanism v starting from 0, that is p has
distribution P¥. Then, the process §® defined in (3.2.20) has distribution [P’g/. Notice that we
have R, (ﬁ(‘”) r=p:l (LO=r}» which implies that

ds(Ro(5®), p) < supdgL(Ro(5) 1, ps) = sup(py, 1).
=0 L%>6

Recall that {(p;,1) = X; — I;. Since the Lévy measure r satisfies the integrability assumption
f(o_oo)(r A r&)yz(dr) < oo, the process X does not drift to oo; see e.g. [29, Chapter VII]. This
implies that the following convergence holds a.s.:

lim sup (X;—I;) =0.

5_’°°L?>6

Therefore, the process Ry(5?) converges a.s. to p for the Skorokhod topology. This proves
(3.7.5) and the proof is complete. O

Remark 3.7.3. It should be clear from (3.2.20) that the mass ﬁé‘s) (0) of the atom at 0 goes to
oo as § — oo. This corresponds to the condensation phenomenon: a node with infinite mass
appears at the limit. By introducing the operator Ry, we remove this mass which allows us to
study the limiting behavior above the condensation node.

Similarly to what was done in Section 3.5 (see (3.5.14) and (3.5.15)), we split the path of the
exploration process into two parts around the first node with mass A: p~ is the pruned
exploration process (that is the exploration process minus the first node with mass A) and
A+
P

is equal to A times the Dirac measure at 0. Let

is the path of the exploration process above the first node with mass A. Notice that p§’+

Es={A=6,A(p™") <5} (3.7.6)

be the event that the maximal degree is equal to § and there is a unique first-generation node
with mass 6. Recall from (3.5.23) the definition of g.

Lemma 3.7.4. Assume thaty is subcritical and that the set of atoms of the Lévy measure i is
unbounded. The following holds as 6 — oo along the set of atoms of m:

NY[A =6] ~NY[Es] ~ %‘S)- (3.7.7)
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3.7. Local limit of the Lévy tree conditioned on large maximal degree

Proof. Under N¥¢- and conditionally on p, let Zf.\i 10(s:,0,) be a Poisson point measure with
intensity ds ;5 ., 7(dr) P/ (dp). Thanks to Theorem 3.4.1, we have:

NY[Es] =NY> [N=1,A(p1) <6].

But, under N¥?¢- and conditionally on p, N has Poisson distribution with parameter 7[8,00)0,
p1 has distribution 7[8,00) 7! f[&oo) n(dr)PY (dp) and they are independent. It follows that

NY[Es] = N¥e-

ge o) f ndr Py (A<6)
[6,00)

— Nl[/g, [O.e—ﬂ[(s,OO)Un.(é‘)e—5Nu/[A>6]

=g w(d), (3.7.8)

where we used (3.5.8) for the second equality and (3.5.2) for the last.

Recall from (3.5.1) the definition of w. Since  is subcritical, it follows from (3.2.13) that
limg_.oo w(8) = a~ L. This proves that

0
NY[Es] ~ %'

A similar computation yields:

NY[A=6]=NY>"[N=1,A(p;)<6,V1<i<N]|
— Nu/5_ [e—n[6,oo)a (eg(ﬁ)a _ 1)]

=N | (297 - 1) 1acy] (3.7.9)

where we used Corollary 3.4.3 for the last equality.

Observe that since 7(1,00) < oo, 7(d) (and thus also g(§)) converges to 0 as § — co. It is clear
that

lim ——1 =o0.

T

Furthermore, since  is subcritical, there exists A > 0 such that N¥ [Uelo‘f] < 00. Thus, using
Taylor’s inequality, we have for § > 0 large enough:

69(5)0' —-1

g(0)o
9(6)

/’L()U
)

Lia<sy =0e =oe

Thanks to the dominated convergence theorem, we deduce that

NY[A = 4] 1
lim ———— = lim — NY [[e?@7 —1]1 NVl ol
6-c0 9(%) 500 g(0) [(e ) {A<6}) lol=«a
This finishes the proof. -
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The first main result of this section concerns the limit of the subcritical Lévy tree conditioned
on having a large maximal degree. Then there is a condensation phenomenon: the limit
consists of a size-biased Lévy tree onto which one grafts — at a uniformly chosen leaf — an
independent Lévy forest with infinite mass. In particular, the height of the condensation
node is exponentially distributed. Recall from (3.5.30) that T, is the first time that the explo-
ration process contains an atom with mass A. Recall also that p®~ denotes the path of the
exploration process after removing the first node with mass A while p®* denotes the path
of the exploration process above that node. Finally, recall that P¥ is the distribution of the
exploration process with branching mechanism v starting from 0.

Theorem 3.7.5. Assume that vy is subcritical and that it is unbounded. Let F: R, x 9 — R and
G: 2 — R be continuous and bounded. We have:

611m NY [F(Ta, p>7)GoRy(p™ M)A =5] = aN¥ U F(s,p) ds] PY(G(p)). (3.7.10)
—00 0

Proof. When 6 — oo along the set of non-atoms {6 > 0: 7(6) = 0}, the convergence is a direct
consequence of Theorem 3.5.7, Lemma 3.7.1 and Lemma 3.7.2.

Now assume that 6 > 0 is an atom of #. Thanks to Lemma 3.7.4 and since the inclusion
Es < {A =6} holds, it is enough to show that the result holds when conditionning by Es. But,
thanks to Remark 3.5.8, we have:

NY [F(Ta, p®7)Go Ry(p™ )| Es] =f

R, x

@F(s,ﬁ) P! (ds,dp) Py (Go Ry(p)|A < 6).

The result readily follows from Lemma 3.7.1 and Lemma 3.7.2. O

Next, we consider the critical case. Recall from (3.5.1) the definition of w. The next lemma is a
key ingredient in the proof of the local convergence of the critical Lévy tree.

Lemma 3.7.6. Assume thaty is critical and that the Lévy measure it is unbounded. For every
h >0, we have

!
(SILI&WNW [0F(rn(p)1jacs)] =NV [LgF(rh(p))] . 3.7.11)

Proof. We shall use the decomposition of the exploration process above level £, see Section
3.2.5. Let (pi, i € I be the excursions of the exploration process above level h. For every
i€lylet ol (resp. A be the lifetime (resp. the maximal degree) of pi . Similarly, denote by o,
(resp. Ay) the lifetime (resp. the maximal degree) of r;,(p). Thanks to Proposition 3.2.4, we
have:

F(rp(p));Ap <8, A" <8, Vi€ I

NY [0F(rn(p)laca] =N ||op+ Y o

iEIh

=NY¥ op+ Y oA <8, Viel,

iEIh

F(rp(p)1ia,<s NY En
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3.7. Local limit of the Lévy tree conditioned on large maximal degree

Thanks to the Mecke formula for Poisson random measures, see e.g. [115, Chapter 4, Theorem

4.1], we get:
NY [op+ Y o'sA" <8, Viel|&, | = (Uh +LgNU/[Ul{A<§}])e—LgNV’[Azﬁ]'
iEIh
We deduce that

1

oV [P acg] =N |[Fn(oN 1,61 (L + w®) oy | e oN18201] - 3.7.12)

Notice that w(6) — oo as § — oo since v is critical. Furthermore, it is clear that o, = foh L4da.
Now letting § — oo in (3.6.6) gives that N¥[L%] = 1. It follows that N¥[0},] = h < co. Thus, the
dominated convergence theorem applies and we obtain the desired result by letting 6 — oo in
(3.7.12). O

Recall from Theorem 3.5.7 that when the Lévy measure 7 has an atom 6 > 0, the exploration
process conditioned on A = ¢ has a random number of first-generation nodes with mass 6.
The next lemma gives a sufficient condition for there to be exactly one with high probability
as 0 — oo. Recall from (3.5.1) the definition of w. Recall also from (3.7.6) that E5 denotes the
event that the maximal degree is equal to 4 and there is a unique first-generation node with
mass d.

Lemma 3.7.7. Assume thaty is critical and that the Lévy measure 1 is unbounded. Further-

more, assume that
7(6)

I W ENB) iy T 3.7.19)
We have as 6 — oo along the set of atoms of i:
NY[A = 6] ~NY[Es] = g(6) w(9). (3.7.14)
Proof. Recall from (3.7.8) and (3.7.9) that
NY[Es] = g(@®)w(6) and NY[A=58]=N" (87 -1)1j55)].
Using Taylor’s inequality, we deduce that
NA=0] i) (3.7.15)

NY[Es] ~— w()’
where we set w; () = NY [0e®©@71,,_4,].

Using (3.5.2) and the inequality e™* = 1 — x for every x = 0, we have:
w(6) = NV [Ue—n[a,oo)a] > NVe- [0(1 _n(8)a)e T®7]
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

But thanks to Corollary 3.4.3, observe that
w (8) = N¥o- [Ue(g(a)—n[a,oo))a] <NV [Ue—ﬁ(é)a] ,

where we used that g(6) < n(9) for the inequality. Furthermore, using that the function
x+— xe~ ¥ isbounded on R, by some constant M > 0, we have:

_ M M
ng, 2 _—-a0)o < Nt[/g, — .
[o%e 0] < 70 TG [y ra@n)

We deduce that
M (5)

7(8) fig 00y T (dr)

w() = wy(0) -

It follows from (3.7.15) that

- NY[A = 8] M (0)

1+ — ,
NV[Es] w(O)7(8) Ji5o0) T 7(dr)

and the result readily follows by using (3.7.13). O

In the critical case, the Lévy tree conditioned on having a large maximal degree converges
locally to the immortal Lévy tree. Intuitively, the condensation node goes to infinity and thus
becomes invisible to local convergence.

Theorem 3.7.8. Assume that is critical and that nt is unbounded. Furthermore, assume that
(3.7.13) holds. Let F: 2 — R be continuous and bounded. For every h > 0, we have:

lim NY [F(ry(p)|A=06] =N [LZ} F(ry (p))] . (3.7.16)

Proof. First assume that § > 0 is not an atom of 7. Thanks to Theorem 3.5.7, conditionally
on A =9, p is distributed as p ® (s, §), where (s, p) has distribution Pg, 0 has distribution
P;VHA < 0) and they are independent.

Next, assume that § > 0 is an atom of 7. Recall that E5 denotes the event that A = § and there
is a unique first-generation node with mass §. Thanks to Lemma 3.7.7, since Es < {A = 6},
the two conditionings are equivalent and it is enough to show that the result holds when
conditioning on Es. But Remark 3.5.8 gives that, conditionally on Ej, p is again distributed as
p® (s, ).

Thus, in all cases, it is enough to show that

Jim | Pj(ds,dp) f@ PY (dpIA < O)F(r(p® (s,9) =NV | LI F(ru(p))].

Now, Lemma 3.5.10 gives that the height H(p) at which p is grafted is exponentially distributed
with mean w(d). Since v is critical, it holds that lims_.o, w(§) = co. Thus, we deduce that
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3.8. Other conditionings of large maximal degree

H(ps) > h with high probability as § — co under Pg(ds, dp), i.e. we have:

. 4 ~ _

(SILIIJO oo P (ds,dp)Lip(s,)<n) = 0.
Furthermore, on the event {H(g;) > h}, itholds that r, (6 ® (s, §)) = r;(p), and the proofreduces
to showing the following convergence:

Jim | @Pg(ds,dﬁ)F(rh(ﬁ))zN”’ [LZF(rh(p))]. (3.7.17)

Recalling from (3.5.4) the definition of PY, Lemma 3.7.6 yields (3.7.17) and the proof is com-
plete. O

We end this section with the following result dealing with the asymptotic behavior of the
exploration process conditioned on having a large maximal degree at a fixed height . Notice
that this conditioning does not allow the condensation node to escape to infinity (even in the
critical case as opposed to the conditioning of large maximal degree) and forces condensation
to occur at a finite height. The limit consists of a Lévy tree biased by the population size at level
h onto which one grafts — at a leaf chosen uniformly at random at height /2 — an independent
Lévy forest with infinite mass.

Theorem 3.7.9. Assume that v is (sub)critical and that n is unbounded and diffuse. Let
F:R. x9 —>RandG: 2 — R be continuous and bounded. We have:

o
Jim NY [F(Ta, 0> )G )IA =8, Hy = h] = e®" NV U F(s,p) Lh(ds)] PY(G(p)). (3.7.18)
—00 0

Proof. Letting § — oo in (3.6.6), we have that limg_. ., N¥ [Lf,l Liacsy] = e~ %", Furthermore, the
dominated convergence theorem yields:

6—00

g
lim N¥ [[0 F(s,p) LMds) Lia<sy

=NV [fUF(s,p)Lh(ds)].
0

This proves that the following convergence holds:

o
lim FdPgh = eI NV [/ F(s,0)L"(ds)|.
6—00 R, x2 ! 0
The result is then a direct consequence of Theorem 3.6.3 and Lemma 3.7.2. O

3.8 Other conditionings of large maximal degree

In this section, we look at other conditionings of large maximal degree. Recall from Section
3.4.2 that Zg denotes the number of first-generation nodes with mass larger than ¢ while
W? denotes the total number of nodes with mass larger than §. Specifically, we study the

195



Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

conditionings A > § (which is equal to Z% = 1 or W% > 1), Z(‘f =1and W0 = 1. We shall see
that, in the subcritical and critical cases, all three give rise to the same asymptotic behavior as
conditioning by A = 6.

Notice that {W5 =1} (resp. {Zg = 1}) is the event that p contains exactly one node (resp. one
first-generation node) with mass larger than 4. To begin, we compute the measure of these
two events. In the subcritical case, they are equivalent in N¥ -measure to {A > §}. However, this
is no longer the case for critical branching mechanisms, see Proposition 3.9.2 for the (critical)
stable case.

Proposition 3.8.1. We have:

()
N"[Z, =1] —wg(N"”[A>§])’ (3.8.1)
1

- ~rNYIA>0) 7). 3.8.2
W NVIA > 01 Jooo) ) 3:82)

NY[W2=1]=

In particular, assuming that v is subcritical and that i is unbounded, we have as 6 — oo:

NY[Z0 =1] ~NY[W? = 1] ~NY [A > 6] ~%5)- (3.8.3)

Since we have the inclusions {W?° = 1} ¢ {Zg =1} c {A > §}, Proposition 3.8.1 entails that, in the
subcritical case, the three conditionings are equivalent as § — oo. In particular, conditionally
on A > §, there is exactly one node with mass larger than § with probability tending to 1 as
0 — oo.

Proof. Notice that {W? = 1} is the event that p contains only one first-generation node with
mass larger than 4 and that this node has no descendants with mass larger than §. Thus, using
the Poissonian decomposition of Theorem 3.4.1, we get N”’[Zg =1]=N¥[{ =1] and

NW[W5:1] =N¥ [(=1]Q) (A <) (3.8.4)

Recall that under N¥¢ and conditionally on p, { has Poisson distribution with parameter 7 (5)o.
Thus we have

7(0) 7(6)

NYo [( =1] =NY? |7(8)oe 77| = = ,
[( ] m(0)oe w%ow(gl(ﬁ(a)) w%(Nu/[A>5])

(3.8.5)

where we used (3.3.4) for the last equality. This proves (3.8.1).
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3.8. Other conditionings of large maximal degree

Moreover, using the Poissonian decomposition of Proposition 3.4.4 together with the fact that,
under @gé and conditionally on p, ¢ has Poisson distribution with parameter 77 (6)o, we get:

-n(d)o 1 -n(0)o
Qy(A<8)=Q € =0)=Q5 ™ =25 (Mn(dr)n»}“(e ©9),

Thus, it follows from (3.4.10) and (3.3.4) that

1 -
Qlasd)=—=| eV T gy = e "N A>0 7 (dr). (3.8.6)

7(6) J(6,00) 7(6) J(6,00)
Finally, combining (3.8.4), (3.8.5) and (3.8.6), we deduce (3.8.2).
Now assume that v is subcritical and that 7 is unbounded. Recall from (3.7.3) that

NW[A >8] ~ @
a

On the other hand, differentiating (3.1.8), we get:

Y5 (NYI[A > 6]) =y (NV[A > 6]) +f(5 ) re N8>0l (g,

Since f(l o) r(dr) < oo, the dominated convergence theorem shows that the last integral
converges to 0 as § — oo. It follows that

6lirn Ys(NY[A>6]) =y (0) = a. (3.8.7)

In particular, we get that N“’[Z(‘f =1] ~a '7(5).
Furthermore, we have:

1
0<l-— e "NIAO pdr) = ——
7(6) Ji6,00) 7(0) J(5,00)

- NY[A > 6]
- a®) (6,00)

(1 - e_’NW[A>5]) w(dr)
ra(dr).
The dominated convergence theorem gives limg_. o, f(&oo) ra(dr) =0. Since limg_. .o N¥ [A >

S1/7(8) = a~ !, we deduce that

1
— e TNVl dp) = 1.

lim
5—00 7(6) J(5,00)

Together with (3.8.2) and (3.8.7), this yields N¥ [W? = 1] ~ a~'7(8). This concludes the proof.
O

In the subcritical case, the three conditionings A > 6, Zg =1and W° =1 are equivalent as
6 — oo and thus they yield the same asymptotic behavior: a condensation phenomenon
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

occurs at the limit just like in Theorem 3.7.5 where we condition by A = §. Recall from (3.5.30)
that T} is the first time that the exploration process contains an atom with mass A. Recall also
from Section 3.7 that p®~ denotes the path of the exploration process after removing the first
node with A while p®* denotes the path of the exploration process above that node.

Theorem 3.8.2. Assume thaty is subcritical and that it is unbounded. Let F: Ry x 9 — R and
G: 2 — R be continuous and bounded and let As be equal to {A > 6}, {Z(‘)s =1} or (W% =1}. We
have:

lim NY [F(Ta, p*7)Go Ry (p™")|As] = aN¥ UO F(s,p) dS] PY(G(p)). (3.8.8)

d—00

Proof. As the three events are equivalent it is enough to show the result for A5 = {A > d}.
Disintegrating with respect to A, we have:

NY [F(Ta, 0> 7)Go (p™)|A > 5]

1
= NY[A e drINY [F(Ta, 0 7)GoRy(p>H)|A=r].
NVIA 58] Jso [A€drINY [F(Tp, p™ 7 )GoRy(p™")|A=r]
The conclusion follows from Theorem 3.7.5. O

Recall from (3.5.12) that Ty is the first time p contains a node with mass larger than 6. Also
recall from (3.5.14) and (3.5.15) that p5'_ denotes the path of the exploration process after
removing the first node with mass larger than § while p%* denotes the path of the explo-
ration process above that node. We shall determine the joint distribution of (T3, p‘s", p5'+)
conditionally on Zg =1and W? = 1. Recall from (3.5.1) the definition of w;.

Lemma 3.8.3. Assume thaty is (sub)critical and let F € B, (R4 x D) and G € $.(D). We have:

NY | F(T5,077)G(p") NY

z5=1|= QY (G(p)), (3.8.9)

g
fo F(s,p)dslia<s

w, (0)
1

v 6,— 6,+
NY | F(T5,077)G(p") =

W5=1]= NV UO F(s,p)ds1in<s) | QY (G(p)|A<8). (3.8.10)

Proof. We only prove the first identity, the second one being similar. Theorem 3.4.1 gives:
NY | F(T5, 0% )G(0" ) oy | =NV [FU, 9 GF )1 gy

where under N¥¢ and conditionally on p, p® has distribution @g’, U is uniformly distributed on
[0,0], ¢ has Poisson distribution with parameter 77(6)o and they are independent. Therefore,
conditioning on p in the last term, we get:

NY [ F(T5,p° )G ) oy | = HONYE Q5 (G(p)

B g
e—n(5)a/ F(S, p) dS
0

= (6)NV [ fo F(s,p)ds1iazs | Q4 (G(p)),
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3.9. Stable case

where we used Corollary 3.4.3 for the last equality. This in conjunction with (3.8.1) and (3.5.3)
yields the desired result. O

In the critical case, the three conditionings A > 4, Zg =1and W9 =1 are not equivalent but
they still yield the same asymptotic behavior: local convergence to the immortal Lévy tree just
like in Theorem 3.7.8 where we condition by A = §.

Theorem 3.8.4. Assume that is critical and that it is unbounded. Let F: 2 — R be continuous
and bounded and let As be equal to {A > 6}, {Z(;s =1} or {W° = 1}.We have

lim NV [F(r(p)] 45] =NV [Lf;F(rh(p))]. 3.8.11)

Proof. Since the conditioning by A > ¢ was already treated in [86], we only consider the other
two. The proof uses similar arguments to that of Theorem 3.7.8 and we only give a sketch. By
Lemma 3.8.3, under N¥ and conditionally on Zg =1, p is distributed as p ® (s, p), where (s, p)

has distribution )

N
w4 (0)

E[F(s,p)] = v [fo F(s,p)dslia<sy |,

0 has distribution Qg/ and they are independent. But Lemma 3.5.10 gives that the height H(g;)
is exponentially distributed with mean w. (9). Since v is critical, this last quantity goes to co
as 6 — oo. In particular, it holds that H(p) > h with high probability as § — oco. Furthermore,
on the event {H(p;) > h}, we have that

rr(p ® (s,0)) = rp(p). (3.8.12)

As a consequence, in order to show the result, it is enough to prove that

1
: (s _NV|[7h
Jim NV [0 P (o) L iacsr ] = NY LG Flrn(on|
This last convergence holds by adapting the proof of Lemma 3.7.6. Finally, when conditioning
on W? =1, the only change is that p has distribution @g(-IA < 6) but this does not contribute
to the limit because of (3.8.12). This completes the proof. O

3.9 Stable case

We consider the stable case (1) = AY with vy € (1,2). Notice that the branching mechanism is
critical with @ = § = 0 and the Lévy measure 7 is given by:

-1
a(dr) = ayr_l_ydr, where a, = z:g—;
-Y

Then we have:

7(6) =m(,00) = %6_7’. (3.9.1)
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

Furthermore, the Grey condition (3.2.21) is satisfied and we can speak of the Lévy tree I, see
Section 3.2.9.

We recall the scaling property of the stable tree. For every y € (1,2), define the mapping
Ry: T x(0,00) — T by:

R,(T,®,d,1),a) = (T,@,ad,a” " V), vTeT. (3.9.2)

In words, the real tree R, ((T, @, d, u), a) is obtained from (T, @, d, u) by multiplying the metric
by a and the measure by a'/"~1. The choice of the exponent is justified by the following
identity: for every a > 0,

@

Ry(J,a) under N 9 under a7 VNV, (3.9.3)

Using this, one can define a regular conditional probability measure N¥[-|o = a] such that
NY[-|lo = al-a.s. 0 = a and

NY[dT] = NY[dT |o = al. (3.9.4)

1 foo da
yra-1/y)Jo al*llr

Furthermore, under N¥[-|o = al, 9 is distributed as Ry (T, a'~V7yunder NY[-|o = 1]. We shall
now establish the scaling property of the degree.

Proposition 3.9.1. Letw (1) = AY withy € (1,2). Then, under NV [-|A = 6], the stable tree T is
distributed as Ry (J,671) under NV[-|A = 1].

Proof. Thanks to [58, Theorem 4.7], we can write the degree of the stable tree I as

AT = sup [lim((y - 1)) V" Vg (x,6)],
xeg \E—0

where ng (x,€) is the number of subtrees originating from x with height greater than €. In
particular, it is straightforward to check that ARy (T, @) = a'’ "=V A(9). Then the conclusion
readily follows from (3.9.3). O

Denote by I'(s, y) the upper incomplete gamma function:
oo
I(s,y)= [ ' le'dt, VseR,y>0.
¥y

Then the Laplace exponent v is given by:

% d
ws(A) =AY + ayfﬁ (1-e N rli?’ =AY (1-a,T(~y,A8) +y La,67. (3.9.5)
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3.9. Stable case

We will aslo need its derivative:
W5 = A"y +a, T (1 -7, A0)).

Proposition 3.9.2. In the stable casey(A) = AY, we have:

NY[A>68]=c,67", (3.9.6)
C
NY[Z8=1]= ?Yecva‘l, (3.9.7)
YC)/+1
NV (WP =1]= (cy—#ecv)a‘l, (3.9.8)
Y

where ¢y € (0,00) is such thatT'(-y, ¢y) = a;l.

Proof. Thanks to (3.3.4), we have w5(N¥[A > §]) = 7(5). Together with (3.9.5), this implies that
SNY[A > 6] is solution to I'(—y, x) = a}jl. This proves (3.9.6).

To prove the remaining two identities, notice that

_ a
Ys(NY[A > 6)) =y, 6 ) =) ' (y+ a4, T —y,¢))) = C—ye_cyél_y,
Y

where we used the identity I'(s + 1, x) = sI'(s, x) + x°e™* together with the definition of ¢,
for the last equality. The result readily follows from Proposition 3.8.1 by a straightforward
computation. O

Lemma 3.9.3. For every A = 0, there exists a constant ¢, (A) € (0,00) such that

_ Cy(/l) )

5 (3.9.9)

;' (A-eH70)

Moreover, cy(A) is the unique positive solution to x¥ (a,I'(~y,x) —1) = y‘laye"l.

PTOO’. Fix A =0 and let
ul(x) = XY(l—Ll I(—y X)) + y‘la e_k Vx=0
Y Y y Y ) = V.

Using the estimate I'(—y, x) ~y~'x" as x — 0, elementary analysis gives that u;} has a unique
root which we denote by cy(/l). Thanks to (3.9.5), we get:

Y56 ey M) =1-e My a6,
and the conclusion readily follows from (3.9.1). O
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

In the stable case, we can make explicit the distribution of the Bienaymé-Galton-Watson forest
ts.

Proposition 3.9.4. Under NV, conditionally on A > &, the random forest ts consisting of nodes
with mass larger than 6 is a critical (Z, 5, ¢ %) -Bienaymé-Galton-Watson forest, where

A>6] = CY—(/U and NY [e_’l‘r§|A>6] —e M4 lcy(l). (3.9.10)

1)
NV [1 —e M
Cy ay

In particular, conditionally on A > §, the distribution of ts is independent of 6.

Proof. Under N¥s and conditionally on 9, let { be a Poisson random variable with parameter
7(6)o. Notice that conditionally on A > §, Zg is distributed as { under N¥¢ conditionally on
{ = 1. Thus we have:

NV [0 —e ™)Ly ] N2 [1-e"%]

NP1 =1 (3.9.11)

NY [1 _e M

A>5]:

Since N¥¢[( = 1] = N¥[A > §] thanks to Theorem 3.4.1, it follows from (3.4.7) that

-1 A=
vl Az _¥5 (A-eha®)
N [1 e A>5] TR SO
Combining (3.9.6) and (3.9.9), we deduce that
c, (A
N"’[l—e‘“rf A>5]= A
Cy

Next, thanks to Theorem 3.4.1, it is easy to see than under N¥, the random variables 55 and
Liassp =1 1Z0=1) Are independent. It follows from (3.4.8) and Lemma 3.9.3 that

NY [e_Mﬁ|A > 6] =NV [e_’w&] e+ alcy(it).
Y
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3.9. Stable case

Index of notation
Spaces
My (E) space of finite measures on E
9 space of cadlag functions from R, to .#¢(R)
Do space of cadlag excursions from R, to .#¢([R)
Random variables
o exploration process
¢ dual process
H; height process
o lifetime of the exploration process
L (ds) local time at level h
A maximal degree of the exploration process
Ts first time the exploration process contains a node with mass larger than
p5’_ path of the exploration process after removing the first node with mass
larger than &
%+ path of the exploration process above the first node with mass larger than §
ts discrete tree consisting of nodes with mass larger than
w?o number of nodes with mass larger §
Zg number of first-generation nodes with mass larger than
Ta first time the exploration process contains a node with mass A
Hpa height of the first node with mass A
ot path of the exploration process after removing the first node with mass A
A+ path of the exploration process above the first node with mass A
Measures
PY distribution of the exploration process starting from 0
NY excursion measure of the exploration process
Pf’* distribution of the exploration process starting at v and killed when it first
reaches 0
Py distribution of the exploration process with initial degree r
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Chapter 3. Conditioning (sub)critical Lévy trees by their maximal degree

QY distribution of the exploration process with random initial degree, (3.2.19)

0

Pg/ distribution of a marked exploration process with degree restriction, (3.5.4)

Pg b distribution of a marked (at level h) exploration process with degree restric-
tion, (3.6.5)

Functions

7(6) tail of the Lévy measure 7

w(d) NY[011a<5)]

w, (6) NY[o1(a<s))

9(6) ”(é)e—ﬁNW[A>6]
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