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Mots clés : Simulation quantique, Systèmes fortement corrélés, Atomes froids, Matériaux, Chimie 

Résumé : La simulation quantique fait entrevoir la 

promesse d’améliorer les simulations atomiques utilisées à 

EDF pour anticiper le vieillissement des matériaux 

d’intérêts. Un simulateur en particulier semble 

particulièrement adapté pour modéliser des électrons en 

interaction : les atomes de Rydberg. Le premier travail de 

cette thèse est de concevoir un algorithme variationnel 

implémentable sur un simulateur à atomes de Rydberg 

pour la chimie. Cet algorithme est spécialement conçu 

pour cette plateforme et optimisé par des outils théoriques 

récents. Nous comparons nos résultats numériques, 

obtenus avec une émulation d’une vraie expérience, avec 

d’autres approches et montrons que notre méthode est 

plus efficace. Enfin, nous montrons qu’en limitant le 

nombre de mesures pour que l’expérience soit réalisable 

sur une vraie architecture, nous pouvons atteindre l’énergie 

fondamentale des molécules H2, LiH et BeH2 avec 5% 

d’erreur. 

Pour un deuxième algorithme, nous avons utilisé la méthode 

des spins “esclaves” afin d’implémenter la physique du 

modèle de Fermi-Hubbard 2D sur un simulateur à atomes de 

Rydberg. L’idée est de découpler les degrés de liberté de 

charges et des spins “esclaves” à l’aide d’un champ moyen 

pour obtenir deux Hamiltoniens auto-cohérents : un 

résolvable classiquement et un Hamiltonien d’Ising qui peut 

être reproduit sur un simulateur quantique. Nous montrons 

numériquement que nous pouvons retrouver une transition 

de Mott du modèle initial avec cette méthode même en 

émulant le bruit d’une vraie expérience et nous montrons que 

nous pouvons aussi retrouver la dynamique des électrons 

hors équilibre dans ce même paradigme avec de bons 

résultats. Les deux algorithmes peuvent potentiellement être 

améliorés théoriquement jusqu’à atteindre des matériaux 

d’intérêts, mais ils sont aussi implémentables sur les 

architectures existantes aujourd’hui, pour atteindre un 

potentiel avantage quantique. 

 

 

Title : Quantum simulation for strongly interacting fermions with neutral atoms array: towards the simulation of 
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Abstract : Quantum simulation holds the promise of 

improving the atomic simulations used at EDF to anticipate 

the ageing of materials of interest. One simulator in 

particular seems well suited to modeling interacting 

electrons: the Rydberg atoms. The first task of this thesis is 

to design a variational algorithm that can be implemented 

on a Rydberg atom simulator for chemistry. This algorithm 

is specially designed for this platform and optimized by 

recent theoretical tools. We compare our numerical results, 

obtained with an emulation of a real experiment, with 

other approaches and show that our method is more 

efficient. Finally, we show that by limiting the number of 

measurements to make the experiment feasible on a real 

architecture, we can reach the fundamental energy of H2, 

LiH and BeH2 molecules with 5% error. 

For a second algorithm, we used the "slave" spin method 

to implement the physics of the Fermi-Hubbard 2D model 

on a Rydberg atom simulator. The idea is to decouple the 

degrees of freedom of charges and "slave" spins using a 

mean field to obtain two self-consistent Hamiltonians: a 

classically solvable one and an Ising Hamiltonian that can 

be reproduced on a real machine. We show numerically 

that we can recover a Mott transition from the initial model 

with this method even when emulating the noise of a real 

experiment, and we show that we can also recover the 

dynamics of non-equilibrium electrons in this same 

paradigm with good results. Both algorithms can possibly 

be improved theoretically until they reach materials of 

interest, but they can also be implemented on today's 

existing architectures, to achieve a potential quantum 

advantage.  
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Chapter 1

General introduction

1.1 Industrial material aging context
The energy industry faces major challenges today with the threat of global warming, growth of raw
material prices and political instabilities. Regarding this context, it is crucial for industries like
Electricité de France EDF to deliver a sustainable source of electricity. In France, this electric power
is mainly provided by nuclear energy (63% of the total production in 2022 1). This proportion
dropped in 2022 due to the discovery of stress corrosion in Nuclear Power Plant (NPP). Global
warming is expected to have a huge impact on our society (IPCC, 2022); therefore, reaching a
zero carbon emission energy industry in 2050 is a major goal. From this standpoint, extending
the lifetime of the nuclear power plant over 60 years (Long Term Operation-LTO) has been raised
to be an important step 2. All currently operating NPPs in France use the pressurized water
reactor technology (PWR). One reactor is made of a pressure vessel containing the core internals
supporting the fuel assemblies in which the fissile materials are, Fig. 1.1.

When operating, internal structures undergo harsh stresses: temperature locally up to 350◦C,
mechanical constraints, intense neutron irradiation up to 120 dpa (displacement per atom), corro-
sion. The combination of these factors induces creep, a potential risk of swelling (for which VVER
or austenitic materials such as fuel cladding are concerned) but no evidence of this phenomena
have been found in PWR reactors today, and thus changes the properties of materials inside the
vessels. It has been shown that irradiation increases the formation of cracks in PWR components
such as bolts (Christiaen, 2018). These phenomena are known as the Irradiation Assisted Stress
Corrosion Cracking (IASCC). To anticipate materials aging of NPPs, it is needed to understand
these phenomena at the atomic scale, where the formation of defects appears. Several works have
been done to study defects evolution in austenitic steels (Paré, 2022) with ab initio method such
as the Density Functional Theory (DFT) (Piochaud et al., 2014) or Monte-Carlo algorithms (ki-
netic Monte-Carlo or rate theory) (Fokt, 2021) with encouraging results. Nevertheless, simulating
complex phenomena where quantum correlations are important, such as para-magnetism, is still
difficult with these tools. Austenitic steels are in the para-magnetic phase in power plants condi-
tions of temperature and pressure, and it is well known that magnetic phases play an important
role in energies of mitigation and defects (Alling et al., 2010; Ekholm et al., 2010). Therefore,
being able to simulate accurately strong quantum correlations could help, in fine, to increase NPP
lifetime. Indeed, DFT is in a framework multiscale modelling approach and output data of atomic
scale simulation can be used as input data of macroscopic scale simulations.

In addition, the aging of lithium-ion batteries is also a major issue to renew the car fleet or for
1RTE bilan électrique 2022 https://assets.rte-france.com/prod/public/2023-02/Bilan-electrique-2022-synthese.

pdf
2RTE futures energétiques 2050 https://assets.rte-france.com/prod/public/2021-12/

Futurs-Energetiques-2050-principaux-resultats.pdf
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Figure 1.1: View of a vessel in PWR.

static energy storage, which is crucial to reduce greenhouse gas emissions. Oxides are very difficult
to simulate because most of these materials have strong-correlated electrons that state-of-the-art
methods struggle to design (Birkl et al., 2017). We are surrounded by batteries in our everyday
life, and understanding how batteries age is decisive if an all electrical world is considered. An-
other field where simulations are important is solar cells. The difficulty is to reliably simulate
excited states to understand the efficiency degradation. Ab initio methods reach their limits when
it comes to study excited states of a material. The energy industry therefore needs new methods
of simulation to understand how materials of interest age and to be able to avoid enormous costs
like changing vessel interns after a cracking or an explosion of a battery following a great loss of
the capacity. First principles computations have encountered great successes (Domain & Becquart,
2001; Piochaud et al., 2014; Zhang et al., 2011) but they are limited in great significance area and
need to be improved or replaced because of quantum correlations being too important.

1.2 Quantum computing context
In 1982, the physicist Richard Feynman proposed to simulate quantum phenomena with a quantum
computer (Feynman, 1982). This is the birth of quantum computing. The principle is to manipulate
qubits, instead of classical bits, which lie in vectorial space. Thanks to the superposition of
quantum states, it is possible to manipulate the coefficients a and b in a state a |0⟩ + b |1⟩ where
|a|2 + |b|2 = 1. We are not dealing only with the bit 0 or 1 but with both at the same time.
In 1994, Peter Shor proposed an algorithm based on quantum computing and Quantum Fourier
Transform (QFT) to factor any integer N in a polynomial time (Shor, 1994), threatening to break
public-key cryptography schemes. In other words, if a quantum computer with enough noiseless
qubits is built, it could break most of the internet security and the world internet network would
be endangered. Thenceforth, a race for the universal quantum computer has begun and is still
ongoing today. The number of applications is great: cryptography, optimization, differential partial
equations, combinatorial problems and of course materials and chemistry. Several technologies are
being tested with their own pros and cons all over the world (examples in Fig. 1.2). Researchers
also focus on designing original quantum algorithms because it is impossible to convert a classical
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Figure 1.2: Overview of quantum computers builders in the world with the three main qubit
carriers: the atoms, the electrons and the photons (figure taken from (Ezratty, 2022)).

algorithm into a quantum algorithm (Montanaro, 2016). Nevertheless, quantum computing is still
a promise as no real quantum advantage has been shown up to date. Nowadays, we are in the
Noisy Intermediate Scale Quantum Computer (NISQ) era, (Preskill, 2018) where noisy quantum
simulators with a few qubits are available. Therefore, original algorithms considering noise have
to be designed and a great amount of effort is put in the emulation of quantum computing. This
means that High Performance Computing (HPCs) are used to numerically simulate the behavior of
a quantum computer, considering noise and limitations. This very important step in the creation
of an algorithm allows testing it with a few qubits to anticipate and to mitigate the effect of noise.
Moreover, quantum algorithms are often in two parts:

• A quantum part which is supposed to be solved by a real quantum computer.

• A classical part that is tackled by a classical quantum computer.

The two parts are self-correlated and aim at minimizing an energy and finding the groundstate
energy of a system through the variational principle, for instance.

The work presented in this manuscript lies between the energy industry challenges described
above and the breakthroughs in quantum computing. We show how we can study strong-correlated
electrons on realistic quantum simulators, having in mind the issue of aging materials for energy
industry.

1.3 EDF projects
My PhD is part of a quantum project and contributing to a material modelling project:

• a multiscale modelling approach to understand and anticipate defects and develop aging
models of materials in PWR (ULTIMATE project);

• a quantum project (SI quantique) which aims at studying potential applications of quantum
computing for EDF.
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Figure 1.3: Multiscale modelling applied in the PERFECT project to the pressure vessel steels.
Taken from (Becquart & Domain, 2011).

1.3.1 Multiscale modelling
Ab initio atomic simulations are a part of a wide modelling program at EDF, starting from sim-
ulating neutron irradiation to finite elements method. The idea of this multiscale modelling is
to use data and results of atomic scale simulation to help modelling higher orders of magnitude
problems, and so on until the macroscopic scale is reached. This encompasses simulating the en-
ergy distribution of the Primary Knocked-on Atoms (PKA) from the neutron spectrum, ab initio
methods such as DFT, Molecular Dynamics to characterize elementary mechanisms at the atomic
scale and also to simulate displacement cascades and dislocation-defect interactions, Monte-Carlo
and rate theory to simulate microstructure evolution under irradiation, Dislocation Dynamics for
plasticity modelling and so on (Adjanor et al., 2010; Becquart & Domain, 2011).

A schematic representation of multiscale modelling is shown in Fig. 1.3.
Therefore, quantum computing could help to improve results of all the loop of multiscale mod-

elling by enhancing DFT materials modelling.

1.3.2 The quantum project
The Research and Development section of EDF is the biggest in Europe. Several crucial issues are
studied there to deliver sustainable source of electricity in France (and other countries) and at the
same time, keeping a balance in economy. Quantum computing holds the promise to solve numbers
of relatable problems. The advent of QC could change everything in computing and simulation,
and there is no mapping between classical simulations and the quantum world: one has to rewrite
all algorithms to benefit QC. That was the starting point of the quantum project at EDF in 2018:
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being active in this field and starting to design our own algorithms for our own use case. Several
sector and direct applications have been identified such as partial differential equation (with the
HHL algorithm see Sec. 2.5.1), post-quantum cryptography (Shor algorithm Sec. 2.5.1) the smart
charging optimization problem (Dalyac et al., 2021) and, of course, material simulation. All use
case can be seen in Tab. 1.1. The quantum group at EDF collaborated with a wide variety of
actors from French start-ups to IBM in the United States of America.

R&D sectors Direct application

Production

Materials simulation (internals, batteries)
Probabilistic Safety Assessment studies

Partial differential equations
Quantum metrology networks

Network Optimal power flow

Energy management Optimisation/smart charging
Machine learning

Information Technologies Post-quantum cryptography

Table 1.1: Sectors and direct applications of quantum computing for EDF

1.4 Contributions of this work
The contributions of this work are the following:

First, I present the first hybrid digital-analog variational algorithm on the Rydberg Quantum
Processor (RQP), a NISQ device, which aims at finding the groundstate of molecules. This al-
gorithm encompasses all specificities from the device. I show a numerical implementation of this
algorithm and prove that it can be run on an actual device in a reasonable amount of time. The
efficiency of this algorithm is shown on molecules H2, LiH and BeH2. All steps of the algorithm are
discussed. The transformation from a molecular algorithm to a qubits algorithm, the state prepa-
ration, the measurement process with the derandomization method are studied (Michel, Grijalva,
et al., 2023). We propose a roadmap for bigger molecules and an experimental implementation.
This work results from a strong collaboration with the start-up PASQAL.

Secondly, I introduce a new hybrid algorithm to observe the Mott transition on 2D-Hubbard
model on a RQP. The slave-spin method is used to transfer the complexity of the strongly-correlated
electrons of Hubbard model on Ising-like Hamiltonian coupled to a free electron’s system via a
mean-field mapping. We study the feasibility of this algorithm on an experimental device by
exploring the impact of all sources of error known up to date. I show that the Mott transition can
be observed on a RQP. I also demonstrate that we can observe the effect of a quantum quench on
the quasi-particle weight of the system on RQP. This algorithm is the first step toward simulation
of bulk materials on a noisy quantum simulator. This work results from a strong collaboration
with the EVIDEN/ATOS company.

1.5 Manuscript organization
This work is structured as follows:

In chapter 2, I give an overview of state-of-the-art methods to simulate electrons and magnetism
"classically". Successes and limitations of these tools are presented. Then, after an introduction of
theoretical quantum principles, I present some of the most recent NISQ quantum algorithms and
their applications with a focus on methods to simulate fermionic systems.
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In chapter 3, I present the Rydberg platform, the physics behind it and how to perform quan-
tum computing with it. The digital and the analog approaches are presented.

In chapter 4, I give the method and results of a digital-analog quantum eigensolver designed
for the RQP. After a presentation of the molecular to qubits Hamiltonian mapping, we present an
analog simulation implementation to find the groundstate of the H2 molecule, which is inspired
from the Unitary coupled-cluster ansatz. Finally, I present the protocol for bigger molecules and
the results we obtain numerically.

In chapter 5, I introduce the slave-spin method and I show how it can be employed to pre-
dict the Mott metallic-insulator transition and the out of equilibrium behavior in the 2D-Hubbard
model on a RQP. All the protocol and theory behind the algorithm are described. The numerical
simulation of a realistic implementation on a noisy quantum simulator is shown and discussed.

Chapter 6 presents the conclusion and outlook of this work.
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Chapter 2

Simulating correlated matter: from
classical to quantum

2.1 Forewords
The famous citation of Richard Feynman "Nature isn’t classical, dammit, and if you want to make
a simulation of nature, you’d better make it quantum mechanical, and by golly it’s a wonderful
problem, because it doesn’t look so easy" reminds us that simulating nature with a quantum
computer seems to be a good idea but most importantly, it is not straightforward. Indeed, there
are ≈ 1023 interacting electrons in all pieces (≈ 1 cm3) of all the matter surrounding us. Even
if only one-half spin degree of freedom is considered, it means that ≈ 210

23

states are allowed for
a small piece of matter, which is more than the number of particles in the universe. Therefore,
in front of this unreachable complexity, humans had to be creative. The first step is attributable
to Erwin Schrödinger and Werner Heisenberg who first described the behavior of non-relativist
quantum particles with the Schrödinger equation (and matrix calculation):

iℏ
∂ψ(t, r⃗)

∂t
= − ℏ2

2m
∆ψ(t, r⃗) + V (t, r⃗)ψ(t, r⃗) (2.1)

with ℏ the Planck constant divided by 2π, ψ(t, r⃗) the wavefunction of the particle, m its mass,
and V (t, r⃗) all external potentials the particle undergoes. This equation combined with periodic
boundaries condition (PBC) has led to the first quantum revolution with the band theory (Kittel &
Holcomb, 1967) which is at the heart of all today’s electronic devices. Nevertheless, approximations
can not stand when considering certain class of materials. For instance, complex alloys can not
be described with this theory. With the democratization of computers, the idea of solving the
Schrödinger equation with an algorithm to describe and understand complex phenomena has been
more and more studied. Indeed, as Richard Feynman said, the world is quantum and if we want to
improve our lives and our society, the quantum world has to reveal all its secrets. Since particles
are in interaction and the complexity of materials is huge, approximations have to be made to hope
for an advancement. In this section, I review some of the most ubiquitous methods to simulate
strongly correlated electrons and spins. They all consider approximations, but they have allowed to
understand a large part of complex materials. These methods are used today at EDF for instance
to improve and anticipate material aging. I discuss successes but also limitations of these methods.
These limitations can be really bounding in some fields where quantum correlations are very strong
(Abrikosov et al., 2016; Ho et al., 2018). Quantum computing (QC) holds the promise to solve
really hard materials’ problem unreachable today. In the second part of this chapter, I give an
overview of the theoretical bases of QC and how to simulate interacting electrons on a quantum
computer. The last part of this bibliography is dedicated to modern methods to perform quantum
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computing on NISQ device and how to simulate fermionic problems on them.

2.2 Ab initio or first principles methods
The challenge of simulating materials relies on solving the Schrödinger equation (Eq. 2.1). It is
only possible in specific cases (the harmonic oscillator for instance with Ĥ = P̂ 2

2m + 1
2kX̂

2). In
general, approximations are necessary to reach observable values. In this section, I describe the
Hartree-Fock method and the Density Functional Theory (DFT), electronic structure-calculation
methods widely used all around the world and state-of-the-art methods in a large part of chemistry
and material simulation at the atomic level.

The Born-Oppenheimer approximation

Let us consider a periodic material. It is composed of electrons and nuclei in interactions. The
Hamiltonian of such a system can be written:

Hmat =

M∑

k=1

∇2
ˆ⃗
Rk

−
N∑

i=1

∇2
r⃗i +

1

2

N∑

i1 ̸=i2=1

e2

|r⃗i1 − r⃗i2 |
+

1

2

M∑

k1 ̸=k2=1

Zk1Zk2

|R⃗k1 − R⃗k2 |
−

N∑

i

M∑

k

Zke

|r⃗i − R⃗k|
(2.2)

with M and N being the number of nucleus and electrons respectively, R⃗k and r⃗i the coordinates
in 3D-space of nucleus and electrons respectively. e is the electric charge and Zk the number of
protons inside the nucleus. The first two terms are the kinetic energy of protons and electrons,
and the other terms are the Coulomb interaction energy. The first approximation to simplify this
equation was proposed by Max Born and Robert Oppenheimer in 1927. It relies on the ratio of
mass between nucleus and electrons being equal to ≈ 2000. It is therefore possible to consider that
electrons see the nucleus moving adiabatically. The kinetic energy of the nucleus is then neglected,
and the Coulomb interaction between protons is a constant. From electron’s point of view, they
undergo the following Hamiltonian:

He = E + U + V (2.3)

where E is the kinetic energy of electrons, U is the interaction between electrons and V the
interaction of electrons with the stationary external potential (protons interaction). The purpose
now is to find the groundstate of such a Hamiltonian for a well-defined V . It can actually be solved
for small systems in small basis set but obviously, trying to solve this equation with the vectorstate
|ψ0⟩ for a material is out of reach for classical computer and will always be.

2.2.1 Hartree-Fock method
The Hartree-Fock (HF) method (Echenique & Alonso, 2007) is based on finding a good approxi-
mation of the wave-function of the system to compute the ground state energy. The method often
assumes that the N-body wave-function describing the ground state of a system is what we called
a Slater determinant:

Ψ(r1, r2, . . . , rN ) =
1√
N !

∣∣∣∣∣∣∣∣∣

ψ1(r1) ψ2(r1) . . . ψN (r1)
ψ1(r2) ψ2(r2) . . . ψN (r2)

...
...

. . .
...

ψ1(rN ) ψ2(rN ) . . . ψN (rN )

∣∣∣∣∣∣∣∣∣
(2.4)

with orthogonality relations:

δi,j =

∫
ψ†
i (x)ψj(x)dx (2.5)
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where x = (r, σ). The next approximation is to find how to express these spatial-spin wave-
functions. In general, linear combinations of Gaussian functions (STO-nG) are chosen as basis set.
This leads to good approximations without too much complexity (Stewart, 2003). The variational
principle is then used to solve the HF equations.

This principle states that all approximations of ground state will lead to an energy greater or
equal to the exact ground state energy. The Rayleigh Ritz wave-function variational principle can
be expressed as:

E0 = min
|ψ⟩

⟨Ψ|He |Ψ⟩ (2.6)

where ⟨ψ|ψ⟩ = 1.
The HF method is at the center of many quantum chemistry numerical simulations today

(Helgaker et al., 2001).

2.2.2 Fundamentals of density functional theory
Finding a good wave-function for the system can be complicated and can lead to huge approx-
imations. Another approach is to focus on the one-particle density of the system. Indeed, this
observable gives a lot of information of the system and can be easier to compute than the wave-
function. This is the very first step of the Density Functional Theory (DFT).

The variational theorem can be reformulated in terms of one-electron density defined as:

n(r) = N

∫
· · ·
∫

| |ψ(x0x1 . . .xN )⟩ |2dx0dx1 . . . dxN . (2.7)

Indeed, the Hohenberg-Kohn theorem states that:

• the external potential is a unique functional of the electronic density up to a constant; 1

• the functional that gives the energy of the system gives the ground state energy if and only
if the density is the ground-state density.

This is the foundation of the density functional theory. If we define the universal density functional,

F [n] = ⟨ψ[n]|E + U |ψ[n]⟩ , (2.8)

The variational principle can be written:

E0 = min
n

(
F [n] +

∫
V (r)n(r)dr

)
. (2.9)

The final step is to map this interacting functional of energy onto N non-interacting one-
electron systems with an effective external potential Veff(r) generating the same density n(r) as
the real system. The state of such a system can be described as a Slater determinant of one-
body wave functions ϕi(r). Therefore, for the free-electrons (or Kohn-Sham) system, the den-
sity is n(r) =

∑
i |ϕi(r)|2 where i browses all occupied orbitals and the ground-state energy is

E0 = min
ϕ

(
⟨ϕ|T0 |ϕ⟩ + ⟨ϕ|Veff |ϕ⟩

)
With T0 the kinetic energy of the free-electrons system. By

1Proof: let’s consider two external potentials V1(r) and V2(r) such as V1(r) ̸= V2(r)+cst. The two corresponding
Hamiltonians H1(V1) and H2(V2) have therefore different groundstates |ψ1⟩ and |ψ2⟩ and groundstate energies E1

and E2 but let’s suppose the same one-electron density n(r). We have E1 = ⟨ψ1|H1 |ψ1⟩ = ⟨ψ1|H2+V1−V2 |ψ1⟩ >
E2 + ⟨ψ1|V1 − V2 |ψ1⟩ = E2 +

∫
(V1(r) − V2(r))n(r)dr and E2 = ⟨ψ2|H2 |ψ2⟩ = ⟨ψ2|H1 + V2 − V1 |ψ2⟩ > E1 +∫

(V2(r)− V1(r))n(r)dr. This leads to E1 + E2 > E1 + E2 which is absurd. So, the one-electron density has to be
different for the two Hamiltonians.

15



Figure 2.1: Self-consistency loop to solve Kohn-Sham equations.

decomposing F [n] as ⟨ϕ|T0 |ϕ⟩ + EHxc[n] with EHxc[n] =
1
2

∫ ∫ n(r1)n(r2)
|r1−r2| dr1r2 + Exc[n], one can

obtain:
E[n] = T0[n] +

1

2

∫ ∫
n(r1)n(r2)
|r1 − r2|

dr1r2 + Exc[n] +

∫
V (r)n(r)dr (2.10)

with T0[n] =
∑
i

∫
ϕ∗i (r)(

−∇2

2 )ϕi(r)dr. As a result, Veff(r) = V (r) +
∫ n(r’)

|r’−r|dr
′ + δExc[n]

δn(r) .
We obtain the Kohn-Sham equations:

(
− 1

2
∇2 + V (r) +

∫
n(r’)
|r’ − r|dr

′ +
δExc[n]

δn(r)

)
ϕi(r) = ϵiϕi(r). (2.11)

This equation can be solved by a self-consistent loop described in Fig. 2.1. One starts from a first
guess for the density n0(r). From this density, one can calculate Veff(r) and solve the Kohn-Sham
equation, Eq. 2.11. We then recover nk(r) from wave-functions ϕi(r) and we compare it to the
previous density nk−1(r). The loop goes on until self-consistency is reached. Everything in the
DFT is exact except that Exc and δExc[n]

δn(r) are unknown and must be approximated. I will give a
few examples of common approximations used in this theory.

2.2.3 The Local Density Approximation (LDA)
A strong but simple approximation is to consider that Exc depends on the density the same way
as an electron gas:

Exc[n] =

∫
ϵxc(n(r))n(r)dr (2.12)

and
δExc[n]

δn(r)
= ϵxc + n(r)

δϵLDA
xc (n(r))
δn(r)

(2.13)

where ϵxc is the exchange-correlation term of a uniform electron gas of density n(r). This approx-
imation relies on empirical results and on powerful transferability and universality properties of
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interaction, leading to successful results during the last decades. It is easy to consider spinfull
model with the Local Spin Density Approximations where densities of spins up n↑(r) and spins
down n↓(r) are added in the term:

ELSDA
xc [n↑, n↓] =

∫
εXC(n↑, n↓)n(r) dr (2.14)

2.2.4 The generalized-gradient approximation (GGA)
Another approach consists in considering gradients ∇n(r), ∇2n(r) and so on, of the density.
whereas results can be worse than LDA in some cases (like describing gas-phase reaction bar-
riers), it is used to describe metals and molecule–metal surface reactions (Gerrits et al., 2020;
Lazzeri et al., 2008). In certain cases, LDA can have better results than GGA (Barrera et al.,
2005).

2.2.5 The LDA + U method
The LDA method is blind to the orbital dependency of the Coulomb and exchange interaction. In
(Anisimov et al., 1997), the authors proposed to add an interaction term, for localized electrons,
driven by an interaction U just as proposed by P.W Anderson (Anderson, 1961). This method
gives a correct description of the Mott insulators (see Sec. 2.3.2) and oxides such as NiO (Anisimov
et al., 1997; Bengone et al., 2000) and UO2 (Dorado et al., 2013; Shi et al., 2010; Yu et al., 2009)
which are materials of interest for EDF.

2.2.6 Hybrid/metaGGA approach
metaGGA methods includes a part in the exchange-correlation function which depends on the
kinetic energy, and higher order of gradients of the density. In addition, one, can mix a Hartree-
Fock (HF) and a Kohn-Sham exchange to obtain better results (Toulouse & Adamo, 2002).

2.2.7 Beyond DFT
In many DFT works, paramagnetic phases are modeled as non-magnetic which can lead to erro-
neous conclusions (Abrikosov et al., 2016). A realistic treatment of magnetism in materials can be
crucial to perform a predictive description of some properties, like defect’s energies in austenitic
steels. Two orthogonal pictures were first proposed to simulate magnetism:

• the itinerant model,

• the local magnetic moment model.

The first one is based on the band theory of electrons whereas the latter assumes localized electrons
on atoms which carry therefore a local moment. The answer lies in mixing these two approaches
(Abrikosov et al., 2016). For instance, the spin dynamics is based on the equivalence between
a strongly interacted system with onsite interactions and an electron living in a system with
fluctuating charge and spin fields. For instance, the Disordered Local Moment (DLM) model
considers that the full electrons model does not cover its phase space in time. Indeed, each of the
spins can flip after a time denotes the spin-flip time and points in more or less random direction.
An example of magnetic interactions for this type of model is the longitudinal spin-fluctuation
Hamiltonian Hlsf :

Hlsf = NJ (0)(M) +
∑

i

J (1)(M,Mi)−
∑

i,j ̸=i
Ji,j(M,Mi,Mj))MiMj (2.15)
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with Mi being the magnetization vector and Mi its norm, J (0)(M) is the energy of the magneti-
cally disordered system where the mean value of the local magnetic moment is M = 1/N

∑
iMi.

J (1)(M,Mi) is the energy needed to alter the value of the spin i into Mi from the imposed average
value M . Finally, Ji,j is the interaction energy between two spins where all other local moments
are disordered.

Many other approaches exist, (Abrikosov et al., 2016), and choosing the good magnetic model
strongly depends on the problem.

2.2.8 Successes and limitations
The potency of the DFT relies on its simplicity and its polynomial complexity. When it first came
out, the method exceeded all previous methods in terms of efficiency and duration of computation.
Despite being quite simple, the LDA approximations have shown his efficiency and has confirmed
a lot of experimental results (Burke, 2012). Several improvements have been done such as Den-
sity Functional Perturbation Theory (DFPT) to study phonons in crystals and periodic materials
(Baroni et al., 2001). However, several complex systems remain unreachable for DFT.

• In practice, computing excited energies is still difficult with this method as it relies on vari-
ational principle which is efficient to find the ground state. Therefore, computing gap in
semiconductor or photovoltaic materials are still out of reach (Burke, 2012).

• In batteries, complex phenomena can happen, especially for oxides (for instance Li-ion bat-
teries or NiO materials (Rohrbach & Hafner, 2005)) and ab initio simulations struggle to
recover good results corresponding to experimental data (Birkl et al., 2017; Y. Ma, 2018).
Simple and empirical approximations of the exchange-correlation terms are not enough to
encompass all phenomena observed experimentally, especially when electrons tend to be de-
localized (Burke, 2012).

• In magnetic materials, spins have a quantum behavior and the simulation of a paramagnetic
material suffers from too many approximations (Abrikosov et al., 2016). An example is
the austenitic steel in nuclear power plant: it has been shown (Piochaud et al., 2014) that
simulating paramagnetism with DFT (and molecular dynamics as DFT works at 0 K) leads
to find the antiferromagnetic phase the most stable one to study defects, whereas it is known
the paramagnetic phase is the most stable. In that specific case, one must go further to
properly study magnetic phases in materials.

2.3 Quantum approaches

2.3.1 The Hubbard model
Starting from first principles methods is not the only way to describe the quantum world. Another
approach to study strongly correlated electrons system is to describe it with quantum mechanics
formalism. By considering second quantization (Coleman, 2015), one can express states and ob-
servables in the Fock state, which is much more convenient when the number of particle is big (such
as in materials). Electrons are described by quantum mechanics and then tend to be delocalized
to minimize their energy (wave behavior) but as charged particles, they repel one another and
thus try to be as localized as possible in order to avoid paying this potential energy price. The
minimal way of describing this strive is the famous example of the toy model called “the Hubbard
model”. The system is simple: we consider fermions (or bosons) on a lattice where particles have
a probability to jump on nearest-neighbors sites (tight-binding) and interact locally when they see
each other on the same site (Arovas et al., 2022):
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HHubbard =
∑

i,j,σ

ti,jd
†
iσdjσ + U

∑

i

ni,↑ni,↓

+ µ
∑

i

(ni,↑ + ni,↓)
(2.16)

where ti,j is the hopping term between sites i and j, d†i,σ (di,σ) the fermionic creation (annihila-
tion) operator following anticommutation rule {d†i,σ, dj,σ′} = δi,j,σ,σ′ , ni,σ = d†i,σdi,σ, U the onsite
interaction (describing the Coulomb interaction) and µ the chemical potential. This is the single-
band Hubbard model (only one orbital per site). This model in 2 dimensions is conjectured to
be describing (reasonably) high-temperature superconductors (Anderson, 1987). The doping and
several orbital cases are still active fields of research in 2D and 3D. Solving this model could lead
to major discoveries and breakthroughs in fields of experimental and theoretical physics (“The
Hubbard model at half a century”, 2013).

The ratio U/t controls the importance of interaction energy over kinetic energy. If U/t → 0,
this means that we are dealing with free electrons and the Hamiltonian can be diagonalized in
the Fourier space by setting c†k,σ =

∑
i e
i.k.Ric†i,σ such that HHubbard =

∑
k ϵkc

†
kck. The many-

body ground state is a Slater determinant made up of these modes of energy < ϵf (Fermi energy)
propagating with the dispersion relation ϵ(k). On the other hand, if U/t → ∞, the Hamiltonian
is diagonal in the real space and eigenstates are of the form

∣∣n(0,σ), . . . , n(i,σ), . . . , n(N,σ)

〉
where

ni,σ = 0 or 1. In the case of half-filling, each site is populated with one particle and the first excited
state (so one site double-occupied) costs an energy of U . We can therefore observe two regimes:
one where electrons can move freely such as in a metal and the other where the kinetic energy is
negligible, and the system is an insulator. This describes what we call the Mott physics.

2.3.2 The Mott physics: starting point of highly correlated electrons
Back in the early 1900s, band’s theory was one of the greatest breakthroughs discovered thanks
to the quantum theory. It is the starting point of transistors discovery which has led to the huge
establishment of computers in our lives (for instance the one on which I am typing these lines) and
the Moore’s law (Moore, 2006). Still, while band theory provided a good classification for many
solids at the time, Verwey and de Boer (Verwey & de Boer, 1936) discovered in 1936 that some
materials such a nickel oxide (NiO), an oxide with 3D valence electrons, were very poor conductors.
From this postulate, Mott and Peierls (Mott & Peierls, 1937) proposed in 1937 to hypothesize that
in these materials, “the electrostatic interaction between the electrons prevents them from moving
at all”, explaining their insulating behavior. Mott’s paper was the opening remark of the field of
strongly correlated materials.

2.3.3 The Dynamical Mean-Field Theory (DMFT)
The mean-field approximation Let’s consider the toy model of statistical physics, the Ising
model:

HIsing = J
∑

i,j

σiσj + h
∑

j

σj (2.17)

with σ = {−1;+1} and z the coordination number of the lattice. This model is exactly solvable in
1D and 2D (Onsager, 1944). Nevertheless, a first approach to solve such a model is the single-site
Mean-Field (MF) method (Weiss, 1907). This means that we only consider one site interacting
with a MF obtained by a self-consistent loop. Mathematically, σiσj ≈ ⟨σi⟩σj + ⟨σj⟩σi − ⟨σi⟩⟨σj⟩.
We can define m = ⟨σ⟩ and as a result, Eq. 2.17 can be written (neglecting constant terms):

HIsing ≈ (mJz + h)
∑

i

σi. (2.18)
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heff = mJz + h is called the Weiss field and must be found by the self-consistency condition
m = tanh(βmJz+ h). m is the relevant degree of freedom, as known as the order parameter. The
dynamical mean-field theory is based on the same reasoning. In this section, I describe the basis
of the DMFT following (Georges, 2004).

The Green function Treating interacting particles is very hard, and the complexity of such a
system grows exponentially with the number of particle (or size of the system in the Fock space).
We therefore need some general way of examining the change of the system in response to external
effects (potential, temperature. . . ) even though we can not diagonalize the Hamiltonian. One of
the mathematical tools often used in many-body physics is the Green’s function. It is defined as:

G(r, r′, t− t′) = −i ⟨ϕ|Tdi,σ(r, t)d†j,σ′(r′, t′) |ϕ⟩ (2.19)

where |ϕ⟩ is the many-body groundstate and r, t are space coordinates, time coordinates respec-
tively. T is the ordering operator, such as:

Tdi,σ(r, t)d
†
j,σ′(r′, t′) = di,σ(r, t)d

†
j,σ′(r′, t′) (t > t′)

Tdi,σ(r, t)d
†
j,σ′(r′, t′) = ±d†j,σ′(r′, t′)di,σ(r, t) (t < t′).

(2.20)

In the case of periodic system, G only depends on (r − r′). In the Hubbard model, fermionic
operators only depends on time and site number. We can define the local Green’s function at a
given lattice site:

Gσ(τ − τ ′) = −⟨Tdi,σ(τ)di,σ′(τ ′) |ϕ⟩ (2.21)

where τ is the imaginary time defined as τ = −it. In the classical mean-field theory, the local
magnetization mi is represented as a single spin on site i coupled to an effective Weiss field heff .
The reasoning is rigorously analog in the DMFT (Georges, 2004). Let’s consider the Hamiltonian
of an Anderson impurity model, HAnd = Hatom +Hbath +Hcoupling in which:

Hatom = Unc↑n
c
↓ − µ(nc↑ + nc↓)

Hbath =
∑

l,σ

ϵla
†
l,σal,σ

Hcoupling =
∑

l,σ

Vl(a
†
l,σcσ + c†σal,σ).

(2.22)

with µ the chemical potential of the impurity/atom. This Hamiltonian is describing free fermions
(a bath described by the a†l ’s) coupled (via the interaction Vl) to a single-site (the “impurity”). The
idea is to consider that the Green’s function of this model coincides with the local Green’s function
of the lattice Hubbard model under consideration. The parameters Vl and ϵl are only taken into
account in the hybridization function

∆(iωn) =
∑

l

|Vl|2
iωn − ϵl

. (2.23)

The Weiss dynamical field (as known as the self-energy of the impurity model) of this method is
then defined as:

∑̂
imp

(iωn) = Ĝ−1
0,imp − Ĝ−1

imp(iωn)

= iωn + µ−∆(iωn)− Ĝ−1
imp(iωn)

(2.24)

with G0 being the Green’s function of the impurity model when U = 0 and G the interacting Green’s
function. Let’s now consider the Green’s function of the original lattice model (the Hubbard model):

Ĝ(k, iωn) =
1

iωn + µ− ϵk − ∑̂(k, iωn)
. (2.25)
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Figure 2.2: The DMFT loop (inspire from (Ayral, 2015))

The approximation relies now on considering that the lattice self-energy coincides with the impurity.
This means that: ∑̂

i,i
≈
∑̂

imp
,
∑̂

i ̸=j
≈ 0. (2.26)

As a result, we obtain the self-consistency relation:

∑

k

1

∆(iωn) + Ĝ(iωn)−1 − ϵk
= Ĝ(iωn). (2.27)

A schematic representation of DMFT loops is shown in Fig. 2.2. The DMFT is exact in the limit
of infinite coordination lattices. This is also true for the mean-field in classical mechanics. It is
also true in the extreme cases U = 0 and ti,j = 0. The DMFT has encountered many successes in
the calculation of Mott transition (see (Georges et al., 1996) for more details).

2.3.4 Extensions of these methods
The major weakness of the DMFT is the lack of correlations due to considering a single site.
The Cluster DMFT (CDMFT) has been developed to consider a cluster of sites coupled to a
bath resulting in a better comprehension of Mott transitions(“Chapter 3 Dynamical, extended
dynamical, and cluster dynamical mean-field theories”, 2008; Park et al., 2008). In addition, the
DFT and DMFT can be combined (Biermann et al., 2005; Haule & Birol, 2015; Lechermann, 2018;
Park et al., 2014; Paul & Birol, 2019; J.-H. Sim et al., 2023) which enables an efficient calculation
of the total energy of realistic correlated electron systems (see Fig. 2.3).

2.3.5 Quantum Monte Carlo
To end this section, I will talk a bit about Quantum Monte Carlo (QMC) methods. This ap-
proach aims at solving complex many-body problems by estimating explicitly the groundstate
wave-function of the system. To this aim, a stochastic numerical integration is performed with
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Figure 2.3: Double loop in the DFT+DMFT method. Taken from (Lechermann, 2018).

the famous Metropolis algorithm (Metropolis et al., 2004; Wessel, 2013). These algorithms have a
polynomial complexity (O(N3) − O(N4)) and are widely used to solve and simulate spins model
(Sandvik & Kurkijärvi, 1991; Stapmanns et al., 2018). Some works also study materials (Esler
et al., 2012; Wagner, 2007). A mix between Ab initio approaches and QMC is possible (Wagner,
2014). However, the famous sign problem arises for fermionic systems (Pan & Meng, 2022) but
also for frustrated spin systems (Alet et al., 2016; Henelius & Sandvik, 2000). QMC approaches
are methods used for decades with a lot of successes but some strong limitations exist.

2.3.6 Conclusion
In this section, I have briefly described first principles methods, Green function methods and
quantum Monte-Carlo approaches to many-body systems. These approaches are at the center of
modern numerical methods to understand properties of materials at the atomic scale. During the
last decades, these methods have contributed to understand and design complex phenomena in
materials in academic and industry research. Investigations on improving them are still ongoing.
Nevertheless, describing correlations in strong correlated systems seems to be out of reach without
approximations. A spark in the dark has appeared with the promise of quantum computing.

2.4 Overview of quantum computing
Whether quantum theory is exact or holds hidden variables has been a thorny debate among
physicists in the early 1900s. Albert Einstein said that “gods don’t play dice” and there was room
for doubt. Nevertheless, the quantum theory was confirmed with many experiments during all
the century until the final hit, the Aspect’s experiment that has violated Bell’s inequalities in
1982 (Aspect et al., 1982). Since this major breakthrough awarded by the Nobel Prize in 2022,
researchers and industrials invest a huge amount of money and energy to build what we call a
quantum computer. In this section, I describe the foundation of quantum computing principles
and some advanced methods to use it. I also describe the impact of this research and the promise
of quantum computing for materials and chemistry, which could change our society.

In "classical" computing, the smallest unit of information is stored in Bits "0" or "1". Thanks
to transistors and their reduced size (≈ few nm), it is possible to apply millions of operations per
second in modern computers, such as the ’AND’ or the ’XOR’ operators. In the quantum world,
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the information is stored in vector states. The combination of such states allows performing this
kind of operation to bits ’0’ and ’1’ at the same time. We are not dealing with bits anymore,
but with qubits. These two states are distinguishable, and we will use the Dirac notation in the

following |0⟩ =

(
1
0

)
and |1⟩ =

(
0
1

)
(equivalent to |↑⟩ and |↓⟩ or |g⟩ and |r⟩ in our notations).

These states can be created via photons, excited states in atoms or superconducting devices. One
of the main properties of these states is their dynamical behavior, being driven by the Schrödinger
equation. It is then possible to apply unitary operators to evolve the system through time. We
have therefore access to a new algebraic set of "quantum gates" replacing the "classical gates" of
qubit. In the following, ℏ = 1. Most of this section is inspired from (Nielsen & Chuang, 2011).

2.4.1 Basis
Let’s start with a pure state. One can write the state of a qubit as:

|ψ⟩ = a |0⟩+ b |1⟩ (2.28)

where a and b are complex coefficients and |a|2+ |b|2 = 1. A qubit is always written in the z basis.
A qubit can evolve under the application of operators. A very important set of such operators are
the Pauli matrices,

I =

(
1 0
0 1

)
, Sx =

(
0 1
1 0

)
, Sy =

(
0 −i
i 0

)
, Sz =

(
1 0
0 −1

)
. (2.29)

It is a basis for the 2× 2 Hermitian matrices real vector. This means that any hermitian operator
U (U† = U) is a linear combination of these 4 matrices. They are also unitary (U†U = I). Usually,
a qubit is represented on a Bloch sphere, Fig. 2.4. Indeed, in the z basis, any state can be written
cos
(
θ
2

)
|0⟩z + eiϕ sin

(
θ
2

)
|1⟩z with ϕ ∈ [0, 2π] and θ ∈ [0, π] up to a global phase. As an example,

|0⟩x (the eigenstate of Sx with the corresponding eigenvalue 1) can be read on the Bloch sphere

cos
(π
4

)
|0⟩+ e0 sin

(π
4

)
|1⟩ = 1√

2
(|0⟩+ |1⟩) = |0⟩x (2.30)

but also |1⟩y (the eigenstate of Sy with the corresponding eigenvalue −1)

cos
(π
4

)
|0⟩+ e−i

π
2 sin

(π
4

)
|1⟩ = 1√

2
(|0⟩ − i |1⟩) = |1⟩y . (2.31)

2.4.2 Many qubits system and entangled states
Considering only one qubit is not very useful but it is possible to deal with several qubits (let’s
note N qubits) by considering the tensor product of states. For instance, if we suppose that a
system A is in the state ψA = aA |0⟩+ bA |1⟩ and a system B is in the state ψB = aB |0⟩+ bB |1⟩,
we can describe the full system AB by the separable state

|ψA⟩ ⊗ |ψB⟩ = aAaB |00⟩+ aAbB |01⟩+ bAaB |10⟩+ bAbB |11⟩ . (2.32)

Separable means that the state of the whole system can be written as a tensor product of the state
of the two sub-systems. One can generalize with |Ψ⟩tot =

⊗N
i=1 |ψ⟩i but also for any operator

Ôtot =
⊗N

i=1 Ôi. What makes quantum physics distinct from other physics fields is the strange
property of entanglement. If we go back to the two qubits system, it can be, for instance, in what
are called Bell states:

|00⟩+ |11⟩√
2

or
|01⟩+ |10⟩√

2
. (2.33)
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Figure 2.4: The Bloch sphere is a graphical tool to represent a qubit. A state ψ lies on the surface
of the sphere and can entirely be described by the two angles θ and ϕ.

These states can not be written as a tensor product |ψA⟩
⊗ |ψB⟩. In addition, performing a

measurement on one system imposes the state of the other system instantly. This counter-intuitive
concept is described by Albert Einstein as “a spooky action at a distance” and is at the center of
the promises of quantum computing. One can remark that the amount of information to store to
be able to fully describe a quantum state grows exponentially (2N ) with the number of qubit.

2.4.3 Density matrix and mixed states
The most general way of representing the state of a quantum system is with the density matrix
representation:

ρ =
∑

i

pi |ψ⟩i ⟨ψ|i . (2.34)

In this representation, we consider a statistical ensemble of Ns system, each one being in a pure
state |ψ⟩i. pi is the probability of finding the quantum system in a pure state |ψi⟩ and

∑
i pi = 1.

This state is called a mixed state. Using density matrices and mixed states is useful when the
state prepared is not fully known. For instance, if we consider two ensembles of one qubit with one
ensemble in the state |0⟩ and the other in the state |1⟩, the corresponding density matrix will be:

ρ =

(
1
2 0
0 1

2

)
. (2.35)

The state described here is a fully mixed state. Non-zero off-diagonal elements in the density
matrix identify the presence of quantum coherence in a system. One interesting value to compute
is the purity of the system, i.e P = Tr(ρ2). If P = 1 the system is in a pure state and, on
the other hand, if P = 1

2N
, we have a fully mixed state. The density matrix representation is

very useful to describe open system, as it is very difficult to know the state of the whole system:
(system

⊗
environment).
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|0⟩ U0

|0⟩
U1,2

|0⟩

Figure 2.5: Example of a quantum circuit with three qubits. The initial state is |000⟩

2.4.4 Close system and quantum logic operators
For a closed system, the evolution of a quantum state is driven by the Schrödinger equation, leading
to:

iℏ
∂ |ψ(τ)⟩
∂τ

= H(τ) |ψ(τ)⟩ (2.36)

where H(τ) is the time dependent Hamiltonian of the system. A direct consequence is the unitary
nature of any evolution operator acting on a close system (a unitary operator means U†U = I).
Therefore, only unitary operators can be used to evolve a quantum state. This can be interpreted
as the norm preservation of a quantum state. To know the state after the time-evolution, one must
measure the state (so the operator Sz in the z basis) several times. Indeed, if the system is in the
state |0⟩+|1⟩√

2
, performing on measurement of Sz one time will give −1 with probability |a|2 = 1/2

and 1 with probability |b|2 = 1/2. One has to perform many measurement repetitions to obtain
these probabilities. The mean value of Sz is obtained by probability of mean value − N0

Nm
+ N1

Nm

and a standard-deviation proportional to 1/
√
Nm where N0 is the number of 1 obtained after

measurement, N1 is the number of −1 obtained after measurement and Nm = N0+N1 is the total
number of measurements. This is a direct consequence of the quantum projection principle (or
collapse of the wave-function), and it is called the quantum projection noise as it brings errors to
the computation of an observable (this will be called shot noise in the following).

The quantum computing is based on applying unitary operators or quantum logical gates
(abbreviated as gates) on the system, just as in classical computing. The procedure to perform
quantum computing is the following:

• start with a register of N qubits in a well-known initial state;

• a quantum circuit which carries all time-ordered gates to apply to the register is defined;

• at the end of the quantum circuit, a measurement is performed to obtain a set of N classical
bits (due to the quantum projection noise).

An example of a quantum circuit is shown in Fig. 2.5. A quantum circuit allows manipulating
2N coefficients, whereas only N bits are controlled at a time in classical computing. Single qubit

operators U =

(
U11 U12

U21 U22

)
are then 2 × 2 unitary matrices. It changes coefficient a and b in

|ψ⟩ = a |0⟩+ b |1⟩ into a′ and b′ such as:

U |ψ⟩ =
(
U11 U12

U21 U22

)(
a
b

)
=

(
a′

b′

)
, |a′|2 + |b′|2 = 1 (2.37)

This means that any quantum evolution on a quantum circuit is reversible (contrary to classical
circuit). More generally, applying a unitary matrix to a qubit is like moving the quantum state
on the surface of the Bloch sphere. One performs rotations in all directions while conserving the
norm. Thus, any arbitrary single qubit unitary operator can be written in the form:

U = eiαRn(θ) (2.38)
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Figure 2.6: Graphical, a representation of a CNOT gate in a quantum circuit

with Rn(θ) = exp(−iθ(n · S)/2) = cos θ2I − i sin θ
2 (nxS

x + nyS
y + nzS

z) and α a real number
∈ [0, 2π]. Here, n = (nx, ny, nz) is a real unit vector in three dimensions and S = (Sx, Sy, Sz).
Some very useful gates can be pointed out, such as the Hadamard gates (denoted H) or the phase
shift gate (denoted Rϕ):

H =
1√
2

(
1 1
1 −1

)
= ie−i

π
2 (Sx−Sz)/

√
2, Rϕ =

(
1 0
0 eiϕ

)
= ei

ϕ
2 e−iϕS

z

(2.39)

Still, considering only one-qubit operators is not very useful as we can not create entangled states.
Two-qubit gates can do the job. The idea is to make two qubits interact. For instance, the CNOT
gate considers two input qubits: one is the control qubit and the other is the target qubit such as
if the control qubit is in the state |1⟩, the other qubit "flips" |0⟩ → |1⟩ and |1⟩ → |0⟩, otherwise it
remains the same. The matrix representation of the CNOT gate is

CNOT =




1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


 (2.40)

and it is graphically represented in Fig. 2.6. Combining 1-qubit and 2-qubit gates can bring
entanglement in the system. For instance, if the target qubit is in state |0⟩ and the control qubit
is in state |1⟩ at the start of the circuit, applying a Hadamard gate to the control qubit and then
a CNOT creates a Bell state for the target qubit |00⟩−|11⟩√

2
. Some other 2-qubit gates are widely

used, such as the SWAP gate

SWAP =




1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


 . (2.41)

We can also think of N-qubit gates, but they are very difficult to implement in practice. Hopefully,
universal quantum gates sets exist, which means that only with specific finite size sets of 1-qubit
and 2-qubit gates, one can approximately reproduce any unitary operation. The error on the
approximation reduces to 0 when the number of gates is infinite. For example, the rotation operator
Rn(θ), the phase shift gate Rϕ and the CNOT gate are commonly used to form a universal quantum
gate set.

The quantum computing is then based on the evolution through time of a state of a closed
system thanks to 1-qubit and 2-qubits unitary operators. In practice, two very different approaches
exist (Georgescu et al., 2014): the digital and the analog approaches.

2.4.5 Digital approach
Following the fact that any unitary operator can be (approximately) decomposed in product of 1-
qubit and 2-qubit gates, it is possible to emulate the evolution of any Hamiltonian with a quantum
circuit. This is the Digital Quantum Simulation (DQS). In the following, this Hamiltonian is
called the target Hamiltonian. In quantum computing, the ansatz is a way to prepare a specified
quantum state with a circuit. It encompasses the initial state preparation, but also the circuit
itself. The purpose of a good ansatz is to reach the desire quantum state with the fewer gates or
measurements as possible.
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Preparing the initial state of an ansatz can be very difficult if some specific properties are
needed. In the case of fermionic computation, it can be very useful to start with a state that
respects antisymmetries in the quantum state. Usually, the state |0⟩

⊗
N is the easiest to prepare

as it is the native state of the device, and it has been proven that one can prepare a fermionic
state with all possible permutations with polynomial resources (Abrams & Lloyd, 1997). Ancilla
qubit can also be useful to prepare the initial state (H. Wang et al., 2011). An ancilla qubit is a
qubit acting in the circuit but which is not a qubit describing the original problem. It is added to
the quantum circuit only to help the algorithm to run faster. It does not contain properties of the
wanted state, but it helps in the quantum computation.

DQS is not easy because sometimes the number of gates needed grows exponentially with the
size of the system but for most Hamiltonians with local terms, this number grows in a polynomial
way (Nielsen & Chuang, 2011). Let us consider that the target Hamiltonian is a sum of constant
local interaction terms H =

∑
lHl. Therefore, mimicking the evolution of H in time means that

the circuit must be as close as possible of U(t) = e−i
∑

lHlt. Two cases are possible:

• Either, for all indices l and l′, [Hl, Hl′ ] = 0 and U =
∏
l e

−iHlt and the decomposition in
gates is direct.

• Either, and that is the vast majority of cases, [Hl, Hl′ ] ̸= 0 and one need to use the Trotter
decomposition.

The idea is to cut the total time of evolution in infinitesimal slices, such as U(t) ≈ (e−i
∑

lHl∆t)
t

∆t .
Therefore, we obtain (Nielsen & Chuang, 2011)

U(t) ≈
∏

Nt=
t

∆t

(
∏

l

e−iHl∆t)Nt +O((∆t)2) (2.42)

and when ∆t → 0 we recover a product of local terms. Similarly, one can decompose ei(A+B)∆t,
where [A,B] ̸= 0, into:

ei(A+B)∆t = eiA∆t/2eiB∆teiA∆t/2 +O((∆t)3). (2.43)

In some cases, the goal is to reach a specific state with specific properties instead of mimicking the
evolution of a specific Hamiltonian. The Shor algorithm (Shor, 1994) is a perfect example of this.
Details about this algorithm will be provided in Sec.2.5. For this type of algorithm, the QFT is
very useful. The idea is the same as for the classical discrete Fourier transform, where we take a
vector of complex numbers (x0, x1, . . . , xN−1) as inputs, and it outputs the transformed data as a
vector of complex numbers (y0, y1, . . . , yN−1) defined as:

yk =
1√
N

N−1∑

j=0

xje
2iπjk/N (2.44)

The QFT is exactly the same transformation applying on an orthonormal basis. We define states
|0⟩ , . . . , |n− 1⟩ with |0⟩ = |0⟩

⊗
N
, |1⟩ = |0⟩

⊗
(N−1)⊗ |1⟩ , . . . , |n− 1⟩ = |1⟩

⊗
N and n = 2N .

Considering a state |ψ⟩ =∑n−1
j=0 αj |j⟩ The QFT is the defined as:

|ψ⟩ →
n−1∑

k=0

βk |k⟩

βk =
1√
n

n−1∑

j=0

e2iπjk/nαj |j⟩ .
(2.45)

The digital approach is based on the fact that "anything" can be simulated with only a universal set
of gates. The gates are applied with in an ordered-time sequence. The last step is the measurement
of the state at the output of the circuit.
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As described in previous sections (Sec. 2.4.4), measuring a quantum state means getting the
eigenvalue λk of a hermitian operator Ô (measurement tool) corresponding to the eigenstate |k⟩
with the probability | ⟨ψ|k⟩ |2 where |ψ⟩ is the state just before the measurement. If |ψ⟩ is not
an eigenstate of Ô but a linear combination of its eigenstates, Nm measurements are needed to
reconstruct statistically the value of ⟨Ô⟩ with an error of ≈ 1/

√
Nm. In general, Quantum State

Tomography (QST) can be used to characterize a quantum state but it requires resources that
grow exponentially with the size of the system, making it inefficient for large quantum systems
(D’Ariano et al., 2003). The measurement can also be performed in the quantum circuit and not
only at the end, that the case for protective measurements (Choi et al., 2020), to perform Quantum
Error Correction (QEC). The QEC for digital quantum computing is out of the scope of this thesis
but it is a crucial part of digital quantum computating today (Roffe, 2019).

The measurement procedure is therefore a major step of quantum computing, and a good
measurement procedure is needed to reduce the cost of computation.

In practice, we do not have access to perfect qubits but to what is called physical qubits
i.e. qubits with errors. In classical computing, the system is repeated a great amount of time
in parallel to avoid errors but in the quantum world, the no-cloning theorem (Wootters & Zurek,
1982) prevents this method. Two types of error can appear in qubits:

• the bit-flip error |0⟩ → |1⟩ and |1⟩ → |0⟩

• the phase-flip error |0⟩+|1⟩√
2

→ |0⟩−|1⟩√
2

and |0⟩−|1⟩√
2

→ |0⟩+|1⟩√
2

.

A contrario, logical qubits are noiseless qubits and can be directly used for computation. QEC
allows to count the number of effective logical qubits that are available for an algorithm from the
number of physical qubits available in the device. Another source of error is the gate fidelity and
most importantly the fidelity of entangling gates. The fidelity F of a gate is a number between 0
and 1 which measures the capacity of an experimental gate to reproduce the theoretical expected
state. If the fidelity is F = 0, it always reproduces an orthogonal state whereas if F = 1 (impossible
in practice), it reproduces exactly the target state at each application.

2.4.6 Analog approach
That being said, a "perfect" quantum computer or simulator (without noise or with very efficient
QEC) does not exist today and the number of qubits or gates is limited. As an example, the Shor
algorithm would need several thousands logical qubits which means millions of physical qubits...
which is far from being reached. John Preskill (Preskill, 2018) has defined this era as the Noisy
Intermediate Scale Quantum (NISQ) era where only few number of noisy qubits are available
and, unfortunately, DQS boils down to the number of logical qubits and the fidelity of gates.
Nevertheless, some quantum devices can simulate quantum mechanics by quantum means. This
means that the intrinsic physics of the device follows a quantum behavior and, therefore, can mimic
another system of interest. The Hamiltonian of the system is called the resource Hamiltonian and
the Hamiltonian to mimic is still the target Hamiltonian. Here, the challenge is to map the resource
Hamiltonian onto the target Hamiltonian. It is not always possible, and in most cases, only a
partial mapping can be done with, for instance, symmetries in common. An important advantage
of Analog Quantum Simulation (AQS) is the fidelity of the simulation of the resource Hamiltonian.
Usually, this type of device can control more qubits with a better fidelity than for digital quantum
computing. In addition, even in the presence of noise, one can recover physical properties of interest.
For instance, when looking at a quantum phase transition, the qualitative behavior with not all
quantitative quantities can be enough. At first glance, AQS seems simpler than DQS, but it comes
with major inconveniences. First, the mapping between the resource and the target Hamiltonian
is not always direct. For instance, qubits are not fermions and therefore looking at properties of a
fermionic system with a driven qubits Hamiltonian needs several steps. Second, AQS is way less
flexible than DQS and not anything can be simulated. In most cases, states reached by AQS are
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Figure 2.7: Quantum phase transition observed on trapped-ions device with Analog Quantum
Simulation. (a) is the order parameter of the phase transition and (b) is the second-order Rényi
entanglement entropy. Experimental data are represented by circles, and solid lines are theoretical
results from exact diagonalization. The error bars are standard errors of the mean ⟨Ô⟩ and S(2)

AB =
tr(ρ2A) (with the A–B bipartition shown in the inset), respectively. Taken from (Kokail et al., 2019)

not known and problems which are hard to describe with a physical Hamiltonian (such as the Shor
algorithm) can not be solved with analog simulators. An example of the success of AQS has been
done on trapped-ions simulator (Kokail et al., 2019). They have investigated the physics of the
Schwinger model — a toy problem for lattice quantum electrodynamics by leveraging the similarity
between the symmetries of a 20-ions quantum simulator and those of the Schwinger model. The
resource Hamiltonian is the ’XY’ Hamiltonian

HR =

N−1∑

i=1

N∑

j=i+1

Ji,j(S
+
i S

−
j + S−

i S
+
j ) +B

N∑

i=1

Szi (2.46)

with Ji,j the long-range antiferromagnetic interaction term. This term is controllable and Ji,j ≈
J0/|i − j|α with 0 < α < 3. B is an effective, uniform magnetic field. S+

i = (Sxi + iSyi )/2 and
S−
i = (S+

i )
† = (Sxi − iSyi )/2. On the other hand, the target Hamiltonian (Schwinger model) is

HT = w

N−1∑

j=1

(S+
j S

−
j+1 + S−

j+1S
+
j ) +

m

2

N∑

j=1

(−1)jSzj + g

N∑

j=1

L2
j (2.47)

where Lj depends on Sz. The crucial point, here, is the shared symmetries of the two Hamiltonians:
in both cases, [H,Sztot] = 0. This helps to reduce the complexity of the "quantum circuit" and the
number of parameters in the quantum computation (see Sec. 4.4.1). The result is the observation
of a quantum phase transition up to 20 qubits despite all the noise and errors in the system
(Fig. 2.7) with a divergent derivative for one observable and a divergence for the other. Because
of the finite size system, these divergences do not go to infinity. Nevertheless, the behavior of the
target Hamiltonian is reproduced at least qualitatively.
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2.4.7 Conclusion
Quantum computing can be performed in two different ways:

• A digital approach with the possibility to simulate any Hamiltonian at a cost of a high
number of gates and qubits needed to reach an advantage.

• An analog approach leading to simulate with a better precision specific Hamiltonian feasible
in practice.

The promises could be world changing or at least improve drastically the search of solutions for
certain classes of problems and, hence, overcome classical limitations. Despite many public and
private investments, it is far from a forgone conclusion that quantum computing will be inevitable
one day because of noise and errors. A new field has therefore emerged: the hybrid algorithms. The
quantum algorithms are divided in two parts: one quantum part where the quantum simulator or
computer solves a very specific quantum problem and one classical part which helps the quantum
part to reach his target. More globally, many hybrid and fully quantum algorithms are developed
today to mitigate errors and being implemented on today’s devices. In the next section, I will
present some of these methods with their success and also the improvements needed to reach the
famous "quantum supremacy" or, more realistically, "quantum advantage".

2.5 Methods
In this section, I describe some of state-of-the-art methods of quantum computing. I also depict
the slave-spin theory and how to implement it on a Rydberg Quantum Processor (RQP) leading
to an hybrid quantum-classical algorithm.

2.5.1 The quantum phase algorithm
In many quantum problems, the goal is to find the eigenstates of an operator U . When N is too
big, classical computer struggles to diagonalize a 2N × 2N matrix. The quantum phase algorithm
proposes to overcome this. The first thing to notice is that an eigenvector of a unitary operator
is only defined by its phase as its modulus square is 1. If λ is an eigenvalue corresponding to
the eigenstate |ψ⟩ of a unitary operator, ⟨ψ|U†U |ψ⟩ = ⟨ψ|ψ⟩λ∗λ = |λ|2 and because U†U = I,
|λ|2 = 1. Therefore, any eigenstate is of the form λ = e2iπϕ with ϕ ∈ [0, 1]. As ϕ ∈ [0, 1], one
can write it in binary notation ϕ = 0.ϕ1ϕ2 . . . ϕN = ϕ1 × 2−1 + ϕ2 × 2−2 + . . . ϕN × 2−N . Let’s
consider the circuit, Fig. 2.8. After the Hadamard gate, the state is (|0⟩ |ψ⟩ + |1⟩ |ψ⟩)/

√
2. Then

the CU2j gate is applied: this means that if the control qubit is |1⟩, the gate U2j , with j an integer,
is applied to |ψ⟩, otherwise it is not. The power of 2j will be explained later. Here, j = 0 and
hence, the state at the end of the circuit is (|0⟩ |ψ⟩+ e2iπϕ |1⟩ |ψ⟩)/

√
2.

|0⟩ H

|ψ⟩ U20

Figure 2.8: Quantum circuit for the quantum phase estimation at first order.

Let’s now consider Fig. 2.10. It is straightforward to see that U2 |ψ⟩ = e2π(2ϕ) and more
generally, U2j |ψ⟩ = e2π(2

jϕ). In addition, ϕ = 0.ϕ1ϕ2 = ϕ1 × 2−1 + ϕ2 × 2−2, 2ϕ = ϕ1.ϕ2
and therefore, ei2π(2ϕ) = ei2π(ϕ1)ei2π(0.ϕ2) = ei2π(0.ϕ2) because ϕ1 is an integer. More gener-
ally, ei2π(2

jϕ) = ei2π0.ϕj+1ϕj+2.... Going back to the case j = 1, the output state is
(
(|0⟩ +
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e2iπ0.ϕ1ϕ2 |1⟩ (|0⟩ + e2iπ0.ϕ2 |1⟩) |ψ⟩
)
/2 if ϕ = 0.ϕ1ϕ2 is assumed. For an arbitrary n, the output

state is
1√
2n

∑

k∈{0,1}n

e2iπ(ϕ×k) |k⟩ |ψ⟩ (2.48)

with k a binary number. The final step is to consider the inverse Fourier transform (QFT−1) in
the canonical basis |x⟩ , x ∈ {0, 1}n. The QFT is defined as

|x⟩ → |xQTF⟩ =
1√
2n

∑

k∈{0,1}n

e2iπ(x×k)/2
n |k⟩ (2.49)

and looks very much like Eq. 2.48. Finally, applying the inverse Fourier transform leads to the state
|ϕ⟩ = |ϕn⟩ |ϕn−1⟩ . . . |ϕ1⟩ which can be directly measured (ignoring the state |ψ⟩ which remains the
same). Thanks to this method, one can estimate the n first digits of the phase and therefore the
eigenvalue of any unitary operator. A strong asset of this method is the state |ψ⟩ can be unknown.
Indeed, one can decompose the state |ψ⟩ in the basis of eigenvalue of U and thus recover the result
described above for all eigenstates.

|0⟩ H

|0⟩ H

|ψ⟩ U20 U21

Figure 2.9: Quantum circuit for the quantum phase estimation at second order.

. . .

. . .

...
...

...
...

...

. . .

. . .

|0⟩ H

QFT−1

|0⟩ H

...

|0⟩ H

|ψ⟩ U20 U21 U2j

Figure 2.10: Complete quantum circuit for the quantum phase estimation.

This algorithm and the QFT are at the heart of several algorithms which are candidate to
show quantum supremacy : the Shor algorithm to decompose any number into prime numbers
(Shor, 1994) with polynomial resources, the HHL (stands for Harrow, Hassidim and Lloyd, the
authors of the original article) (Harrow et al., 2009) algorithm which solves linear equations with
a complexity of O(log(N)) where N is the number of variables in the system and the Grover
algorithm (Grover, 1996) for unstructured search that finds with high probability the unique input
to a black box function that produces a particular output value. For instance, consider a function
f{0, 1, . . . , N − 1} → {0, 1} and you want to find out the relation between inputs and outputs of
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the function. Classically, the fastest way to do so is to test all possibilities, which means O(N)
measurement. The Groover algorithm proposes to find the solution with a probability higher than
1/2 with only O(

√
N) measurements.

Despite being very promising, these algorithms need a lot of qubits and high fidelity gates that
are not accessible today, and we do not know when they will be. The challenge is very hard and
it is a long journey before being able to show a quantum advantage over classical algorithms but
the reward would be to crack most communication encryption of our modern world, so maybe it is
worth it. But it remains a bet. Only the number 15 was decomposed into prime numbers thanks
to the Shor algorithm (Monz et al., 2016). Because no one wants to wait several decades, some
other methods have been explored.

2.5.2 The Variational Quantum Algorithm (VQA)
As described in Sec. 2.2, computing the groundstate of strongly-correlated many-body Hamiltoni-
ans would help researchers but also companies in energy, chemistry, health, drugs and therefore
change the society. The good news is that, it often relies on finding the groundstate of such a
Hamiltonian. In all minds, quantum computing aims at exceeding classical computing. However,
classical algorithms benefit from several decades of development, and they are far from being obso-
lete. The idea to combine both quantum and classical worlds was first proposed by Alberto Peruzzo
et al. in (Peruzzo et al., 2013). Such an algorithm which combines quantum and classical realms is
called a hybrid quantum-classical algorithm. More specifically, one specific algorithm is well suited
to find the groundstate of an operator: the Variational Quantum Algorithm (VQA). The principle
is to prepare a state with a gate-parametrized quantum circuit. This means that parameters can
be manually adjusted in gates of the circuit (such as angle θ in rotation matrix Rn(θ)) to change
the output as a function of parameters. The aim is to be able to span the most of Hilbert space
possible with the different parameters. One starts with an input state and a unitary parametrized
gate (called Parametrized Quantum Circuit PQC) U(θ) is applied to it. The state is measured at
the end of the circuit, and the target operator (often the target Hamiltonian, noted as HT in the
following) is measured in this state by statistical repetition of the measurement. When the goal
of VQA is to find the lower eigen value of an operator, it is often called the Variatonal Quantum
Eigensolver (VQE). The key point is that now a classical optimizer looks for the parameters to
minimize the measured value. Then the computation is done again with the new parameters and
the loop goes on until a criterion is reached. At the end, the energy measured in the state obtained
should be close to the real ground state energy of the target operator. A graphical example of the
VQA algorithm is shown in Fig. 2.11. In the following, I describe each step of this algorithm and
how to leverage them to increase the performance of VQA.

One of the main advantages of VQA methods is that they provide a general framework that
can be used to solve a wide array of problems. Indeed, the basic elements are always the same,
whereas the structure can be different from a problem to another. VQA algorithm is an active
field of research (Bharti et al., 2022; Y. Cao et al., 2019; Cerezo, Arrasmith, Babbush, Benjamin,
Endo, et al., 2021; McArdle et al., 2020; McClean et al., 2016) and have been performed on a lot
of architectures (Colless et al., 2018; Kandala et al., 2017; Nam et al., 2020; O’Malley et al., 2016;
Peruzzo et al., 2013). It is at the center of quantum computing today and the most promising way
to show a quantum advantage in the next few years.

The first step of VQA is to encode our problem as a cost function to minimize C. This cost
function is usually the mean value of a Hamiltonian:

⟨ψinit|U(θ)†HTU(θ) |ψinit⟩ = ⟨HT⟩θ (2.50)

where |ψinit⟩ is the initial state and U(θ) the PQC describing the circuit. Other cost functions can
be chosen, such as the Gibbs objective function (L. Li et al., 2020)

G = −ln⟨e−ηHT⟩ (2.51)
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Precision reached
Return 

Optimizer

New 
parameters

Parametrized quantum circuit

Figure 2.11: The Variational Quantum Algorithms loop. An initial state is prepared as an input.
Then time-ordered parametrized (the parameters are regrouped in a vector θ) gates are applied
to this state. The output is a vector state depending on parameters. This state is measure to
obtain a bitstring and the target Hamiltonian is measured in this bitstring state. This procedure
is repeated N times to estimate the mean value E(θtot) = ⟨HT⟩. Then a classical optimizer
looks for new parameters to minimize this mean value. The procedure is done again with the
new parameters. These loops are performed until a criteria is reached on the value of ⟨Htarget⟩ is
reached or a fixed number of loops is exceeded. The final value of ⟨HT⟩ is expected to be very
close to the real ground-state energy.

where the parameter η has to be tuned. But in the end, when η is small, it reduces to the problem
Eq. 2.50. Another target of VQA can be a specific state, |Ψ⟩ and then this algorithm is used to
test the fidelity of a circuit. The cost function is then

⟨ψinit|U(θ)† |Ψ⟩ ⟨Ψ|U(θ) |ψinit⟩ = | ⟨Ψ|U(θ) |ψinit⟩ |2. (2.52)

That is the case in (Barison et al., 2021; Cerezo, Sone, et al., 2021; Havlíček et al., 2019) for
specific problems. However, one needs to know the target state to use this cost function, and it is
often not the case in materials where the groundstate is obviously not known. The main goal of
VQA is to find the set of parameters θ to reach:

minθ(C(θ)) (2.53)

and therefore the ground-state energy of the target Hamiltonian through the variational principle
(see 2.6) in the specific case of a VQE algorithm for instance.

One has to ensure that the target Hamiltonian can be measured in the computational basis,
i.e. it is a sum of Pauli strings

HT =

NS∑

s=1

cs

( N⊗

j=1

S
(s)
j

)
(2.54)

withNS the number of Pauli strings andN the number of qubits. Sj are the Pauli matrices. IfHT is
expressed this way, the measurement in the computational basis is straightforward. Unfortunately,
the original problem is not always described with qubits and therefore, one must find a way to
map the initial Hilbert space into the qubit Hilbert space. Depending on the problem considered,
this step can be easy or can need a mapping (see Sec. 4.3.1). Then an expectation value of HT is

33



the sum of expectation values of Pauli operators

⟨HT⟩θ =
NS∑

s=1

cs

(
⟨
N⊗

j=1

S
(s)
j ⟩θ

)
. (2.55)

The next essential building block is of course the quantum circuit or the ansatz. The common
definition of all VQA algorithm is the state obtained at the end of the circuit:

|ψ(θ)⟩ = U(θ) |ψinit⟩ (2.56)

where |ψinit⟩ is the initial state of the circuit. The initial state preparation strongly relies on the
problem and the circuit. A good start offers better performance with for instance an initial state
that follows problem symmetries or is easy to prepare on the quantum hardware. The choice of
U(θ) will greatly impact the success of the VQA. From the perspective of the problem, the ansatz
influences both the convergence speed and the closeness of the final state to a state that optimally
solves the problem. On the other hand, one can have to take into account the hardware on which
the VQA is performed: gates, parameters, errors, and even the method (digital or analog) can
differ a lot between architectures. For instance, some entangling gates such as CNOT can have
a great fidelity in some hardwares, but it would be better to choose the SWAP gate on another
ones. In practice, most of the ansatz developed can be classified as problem-inspired or hardware
efficient, depending on their structure and application.

Problem-inspired ansatz The idea here is to draw from the target Hamiltonian to get
the circuit. One example is the Trotter decomposition, Eq. 2.42. Chemists have developed their
own ansatz way before the advent of the VQA. It is called the Unitary coupled cluster ansatz
(Bartlett et al., 1989) and will be developer deeper in Sec. 2.6 and Sec. 4. In a simpler manner,
the variational Hamiltonian ansatz aims at reducing the number of parameters and accelerate the
convergence (McClean et al., 2016; Wecker et al., 2015) by considering terms of the fermionic target
Hamiltonian itself. For this purpose, we consider that HT =

∑
lHl and the ansatz is then

U =
∏

l=1

eiθlHl . (2.57)

A very promising algorithm of the NISQ era is the Quantum Approximate Optimization Algorithm
(QAOA) (Farhi et al., 2014). It aims at approximate solutions to combinatorial optimization
problems. The cost function is designed to encode a combinatorial problem by means of bit strings
that form the computational basis. A key point of this algorithm is a theoretical guarantee of
convergence when the depth of the quantum circuit increases. It consists of applying p times
two layers of non commutating operators C (the operator of the cost function) and M the mixing
operator. Mathematically, the prepared wave function is of the form (taking notations from (Dalyac
et al., 2021)):

|Zγ,β⟩ = e−iβpMe−iγpC . . . e−iβ0Me−iγ0C |ψinit⟩ . (2.58)

(γ, β) are sets of parameters to optimize and p is called the QAOA level or depth. The performance
of the QAOA algorithm improves with this value in a perfect case (in the absence of noise). For
satisfying constraints of the original problem or experimental device limitations, penalties can be
added to the cost function. Nevertheless, it is often not sufficient and thinking on how to encode the
constraints directly in the ansatz seems to be the most promising way (Nguyen et al., 2023). This
approach was implemented on a quantum emulator considering Rydberg atoms device on Maximum
Independent Set (MIS) and max-k-cut problems with promising results (Dalyac et al., 2021). The
two problems are drawn from the rapidly growing sector of smart-charging of electrical vehicles,
in which EDF is strongly involved. The QAOA method can be compared with a Trotterisation
of the annealing method (see 2.5.3). One can generalize this method with layers of two unitary
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operators U(γ) (phase-separation) and V (β) (mixing) which do not necessarily emerge from the
time evolution of a specific Hamiltonian. This is called the Quantum Alternating Operator Ansatz
(Hadfield et al., 2020) (also QAOA in the literature). Following (Bharti et al., 2022), we will
abbreviate this ansatz as QuAltOA. In my work, I have tested this ansatz for chemistry problems
with Rydberg atoms device and compared it with a new hardware-efficient digital-analog ansatz
and I have shown that in this case, hardware-ansatz is more efficient.

Hardware-efficient ansatz Problem-inspired ansatz seems great theoretically with good sym-
metries between the problem and the unitary operator, reduced parameters number, better effi-
ciency... But when it comes to implement it on a real quantum computer, reality is catching up
to us. Indeed, each architecture can implement gates with more or less efficiency (some gates are
impossible to implement on some devices) and errors, decoherence, limited fidelity impose to use
hardware-efficient circuits. That is hardware-efficient ansatz. Even if the circuit is not well suited
for the original problem, choosing gates that can be well implemented on a specific device can lead
to better results than with a problem-inspired device. The first example of this is in (Kandala
et al., 2017) where IBM chose to build a parametrized circuit with specific gates that can be well
implemented on a superconductor device. Back then, it was one of the most impressive results
of quantum computing for chemistry and spin system. Often, hardware efficient ansatz relies on
only one or two entangling gates and just a few single-qubit gates. For the specific case of super-
conducting qubit, the lack of connectivity between qubits leads to choose specific gates that are
not linked with the original problem. All the difficulty of studying VQA in The NISQ era is to
balance the two ansatz. As explained in the previous section, it is possible to map a circuit with
specific gates into another circuit with another gates, with the same results. Most of the studies
take the problem-inspired ansatz and implement it with a hardware efficient circuit (Hempel et al.,
2018; Nam et al., 2020). In addition, one can choose a specific architecture to solve a problem as
symmetries of implementable gates match with symmetries of the problem (Kokail et al., 2019).
In fact, it seems that choosing the architecture with respect to problem symmetries to reduce the
complexity and length of the circuit is one of the major challenges of the NISQ era (and maybe
beyond).

Classical optimization The quantum part of VQA is very important and challenging, but the
optimization of parameters is also an active field of research. Thus far, the effect of noise and errors
have only been considered for the quantum part, but the impact on the optimizer is huge. Even
natural laws of physics themselves limit the efficiency of the optimization: one have to perform
many measurements to obtain the mean value of an observable with a great precision. Thus, a good
optimizer should try to minimize the number of measurements or function evaluations. Last but
not least, it should be resilient to noisy values coming from limited fidelity, quantum decoherence
and so on. In other words, the perfect optimizer should converge toward the minimum value of
an observable with only few noisy sets of data which is not an easy task. Therefore, choosing
a good optimizer is crucial (Lavrijsen et al., 2020). The first idea is to use gradient descent
algorithm, which is a local based research algorithm. It is based on the postulate that one can
have access to the derivative of the cost function ∂C(θ)

∂θi
. This value indicates the direction in which

the objective function shows the greatest change (Piskor et al., 2022). More sophisticated or free-
gradient algorithms have been tried such as the genetic algorithm (Michel, Grijalva, et al., 2023;
Wakaura et al., 2021) which is a global optimizer (it aims at finding a global minimum) at a cost
of more function evaluations. Finding the good optimizer for different problems is still an active
field of research (Bonet-Monroig et al., 2023; Gacon et al., 2021) that I will not develop here, but
useful insights can be found in (Bharti et al., 2022; Cerezo, Arrasmith, Babbush, Benjamin, Endo,
et al., 2021; Wecker et al., 2015).
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Measurements Once the state is obtained at the output of the circuit, one must measure the
state in the most efficient way to facilitate the work of the quantum optimizer and reduced the
number of total measurements. The most direct approach is to decompose the output state in the
basis of the target operator O. To proceed, a unitary operation can be applied to project the state
into the diagonal basis of the observable. Let’s consider an example: we have a state |ψ(θ)⟩z of N
qubits at the output of the circuit, diagonal in the z basis, and we want to know the mean value
of the operator

⊗N
Y . One needs to perform a rotation at the end of the circuit to project the

state in the y basis:

Y = R†
x(π/2)ZRx(π/2) (2.59)

and
⟨Y ⟩ = ⟨ψ(θ)|R†

x(π/2)ZRx(π/2) |ψ(θ)⟩ . (2.60)

Therefore, the rotation Rx(π/2) must be applied to all qubits at the end of the circuit. This ex-

ample is quite simple, but let’s now consider a general target HamiltonianHT =
∑NS

s=1 cs

(⊗N
j=1 S

(s)
j

)

where S can be either Sz, Sx or Sy. For each Pauli string, a specific tensor product of rotations is
needed. This means that the number of gates to apply to each qubit is proportional to the number
of different Pauli strings in the Hamiltonian. In many-body and chemistry target Hamiltonian, the
number of terms can grow rapidly and therefore the number of measurement can become consid-
erable (keeping in mind that for each Pauli strings, Ns measurements are needed to have an error
of 1/

√
Ns on the mean value). For one Pauli string, the number of measurement samples needed

to estimate
⊗N

j Sj with an additive error of at most ϵ with a failure probability of at most δ is
bounded by Hoeffding’s inequality (H.-Y. Huang et al., 2019)

Ns ≥
2

ϵ2
log(

2

δ
). (2.61)

The first idea is to group Pauli strings that can be measured simultaneously to minimize the
number of measurements (Kandala et al., 2017; McClean et al., 2016) but this can be a NP-hard
problem.

One of the most powerful methods is the classical shadow method with randomized (H.-Y.
Huang et al., 2020) and derandomized (H.-Y. Huang et al., 2021) measurement (details about this
method is shown in 4.4.3).

One advantage of VQA algorithm is the possibility to implement it with AQS (Kokail et al.,
2019; Michel, Grijalva, et al., 2023) and DQS (Kandala et al., 2017; Nam et al., 2020).

Limitations and challenges VQA algorithm offers a good alternative to full quantum algo-
rithm and many promising results have yet been shown theoretically and experimentally in this
paradigm. Yet, theoretical limitations (so not considering device limitations and errors) have been
demonstrated recently. The first one is the Barren Plateau (BP) (McClean et al., 2018). In this
article, it has been shown that the expectation value of the gradient of the cost function decays
exponentially to zero as a function of the number of qubits. This is true for Randomized Parame-
terized Quantum Circuit (RPQC) but also for a wide class of reasonable parameterized quantum
circuits. As a result, the parameters landscape is essentially flat. Hence, in a BP, one needs an ex-
ponentially large precision to resolve against finite sampling noise and determine a cost-minimizing
direction. This phenomenon is true for free-gradient methods (Arrasmith et al., 2021) and of course
gradient-based methods. Even noise has been shown to be a source of BP regardless of the ansatz
employed (S. Wang et al., 2021). This could annihilate any hope on the much anticipated quantum
advantage, and methods to overcome this issue have to be found.

Other challenges remain, such as the expressibility of the ansatz (the capability of the parametrized
quantum gates to explore all vector states of the Hilbert space) or the reachability (whether it is
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easy to find a quantum state that minimize the cost function). Even the effects of noise are still
studied today (Fontana et al., 2022; Gentini et al., 2020; Kübler et al., 2020).

VQA algorithms pave the way to reach a quantum advantage. Combining High-performance
computing (HPC) and Quantum Processor Unit (QPU) is a hot topic, and this could help to
overcome difficulties described above. One can also think of parallelization of quantum device, just
as the start-up Welinq proposes (Welinq, 2022).

Many challenges remain but in the NISQ era, variational algorithms seem to be the most
promising way to show that quantum computing can surpass most advanced classical methods in
specific problems.

2.5.3 Quantum Annealing
Another possible approach with NISQ is the Quantum Annealing (QA) (Apolloni et al., 1990;
Finnila et al., 1994; Kadowaki & Nishimori, 1998). The idea is to use quantum fluctuation to
reach a specific state of a Hamiltonian. In practice, the Adiabatic Theorem (AT) is often used
(Albash & Lidar, 2018). Starting from a well-known eigenstate of a realizable Hamiltonian H0,
one can slowly tune the parameters of the device to reach a more complicated Hamiltonian (the
target Hamiltonian HT). The adiabatic theorem stipulates that the state of the system at the
end of annealing is (approximately) the corresponding eigenstate of the target Hamiltonian (the
eigenstate with the same level of excited energy). For instance, if the system is in the groundstate
of H0 at the beginning, it will be in the groundstate of HT at the end. If it starts in the first
excited state of H0, it will end in the first excited state of HT and so on for all eigenstates to the
most excited state. Mathematically, a time-dependent parameter s(t) is slowly tuned from 0 to 1

H(s) = s(t)HT + (1− s(t))H0 (2.62)

where s(t = 0) = 0 and s(t = Tfinal) = 1 and Tfinal is the final time of the procedure. QA has
been performed with DQS on the D-Wave machine (Kairys et al., 2020). It attempts to solve
problems in a particular form called Quadratic Unconstrained Binary Optimization (QUBO) with
the Ising Hamiltonian (Lucas, 2014). However, no quantum advantage or speed-up over classical
simulations have yet been found (Amin, 2015; Cho, 2014). AT is well suited for AQS if the problem
can be translated into finding the groundstate of the resource Hamiltonian. A recent success of
quantum annealing is with Rydberg Quantum Processor where an anti-ferromagnetic has been
built up to 196 spins (or qubits) (Scholl et al., 2021) by dynamically tuning the parameters of
the Hamiltonian quasi-adiabatically whereas numerical simulations struggle at calculating ground
state of a quantum Ising Hamiltonian for more than 32 spins.

The adiabatic theorem is not really flexible in terms of problems that can be tackled, but if
a solvable problem with this method is found, it can provide good results and a potential path
towards a quantum advantage (see Sec. 5).

Conclusion on methods We have seen the limitations of full-quantum algorithm such as QPE
on today’s device. Reaching a quantum advantage with the Shor algorithm is only conceivable in a
distant future, hence, many other tools have been developed to run algorithms on NISQ computers.
One of them are hybrid algorithms, which combine a quantum part with few gates and qubits and
a classical part helping the quantum part to reach its target. Despite having theoretical challenges
that remain, hybrid algorithms are the most promising way to solve real-world problems. Materials
and chemistry simulation could help to find room temperature superconductor, new drugs, new
materials are to anticipate materials aging. In the next section, I present modern methods to apply
quantum computing to solve many-body physics problems.
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2.6 Quantum computing for chemistry and many-body physics

2.6.1 From qubits to fermions
In atoms, electrons are assumed to be in a fixed potential created by nucleus (Born-Oppenheimer
approximation). Therefore, we can describe them with a kinetic potential and the Coulomb inter-
action between electrons. In the second quantization, the electronic Hamiltonian is used to rewrite
Eq. 2.2 as:

H =
∑

p,q

hpqa
†
paq +

1

2

∑

p,q,r,s

hpqrsa
†
pa

†
qaras. (2.63)

where the coefficients hpq and hpqrs encode the spatial and spin configuration of each of the electrons
and depend on the inter-nuclear and inter-electron distances R, r:

hpq =

∫
dxϕ∗p(x)

(
−∇2

2
−
∑

i

Zi
|Ri − r|

)
ϕq(x)

hpqrs =

∫
dx1dx2

ϕ∗p(x1)ϕ
∗
q(x2)ϕr(x1)ϕs(x2)

|r1 − r2|
.

(2.64)

Next, we map the fermionic a† operators acting on Fock states of n orbitals to a Hilbert space of
operators acting on spin states of N qubits. This corresponds to the quantum processors’ effective
interaction Hamiltonians, quantum gates and measurement basis. In my work, I have studied
VQA algorithms applied to electrons system and so on, fermions. As it is well-known, fermions
follow the Pauli principle and fermionic wave-functions have to be antisymmetrized to respect this
fundamental principle. Qubits (or spin) do not have the same statistics, and the corresponding
states are not naturally antisymmetrized. Hopefully, several methods have been developed to map
qubits to fermions and vice versa. Here, I describe the ones I have used during my PhD: the
Jordan-Wigner transform (Jordan & Wigner, 1928) and the Bravyi-Kitaev transform (Bravyi &
Kitaev, 2002). Let’s consider a many-body electrons system. The annihilation c and creation c†

operators follow an anticommutation rule {ci, c†j} = δi,j . The system’s Hamiltonian is written
with this type of operator. For Pauli operators {Si, Sj} = 2δi,jI where i and j ∈ {0, x, y, z} and,
therefore, it is not easy to describe the target Hamiltonian in terms of Pauli operators. To alleviate
this issue, Pascual Jordan and Eugene Wigner proposed the following transformation (Seeley et al.,
2012)

c†1 = (S−)⊗ I ⊗ I · · · ⊗ I

c†2 = σz ⊗ (S−)⊗ I ⊗ I · · · ⊗ I

...

c†n = σz ⊗ σz ⊗ · · · ⊗ σz ⊗ (S−).

(2.65)

where S− = Sx+iSy

2 and S−†
= S+ = Sx−iSy

2 . Therefore, the relations

{ci, c†j} = δi,j , {ci, cj} = 0, {c†i , c†j} = 0 (2.66)

are well fulfilled. The main advantage of this mapping is its simplicity, but as a result, any fermionic
operator becomes a Pauli string of N Pauli matrices, and we lost locality properties of the original
Hamiltonian. It is therefore really hard to emulate such a Hamiltonian asHT ̸=∑lHl. In addition,
this transformation needs O(N) operations on qubits to perform one fermionic operation. In JW
transform, the occupation stays local but parity of the wave-function is delocalized.

The parity mapping is the exact inverse (Seeley et al., 2012). In this mapping, the parity
is stored locally. The idea is to consider the occupation number basis state (fermionic state)
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|fn, fn−1, . . . , f0⟩ (in the following, all sums of binary variables are taken modulo 2) and apply the
transformation:

pi =
∑

j

[πn]i,jfj (2.67)

where n is the number of orbitals and πn is upper triangular matrix:

[πn]i,j = 1 if i < j , [πn]i,j = 0 otherwise. (2.68)

Unlike the JW transform, one can not represent the creation and annihilation operators of a
particle in an orbital j simply by applying S±

j because one qubit does not store the occupation of
an orbital. It is needed to look at qubit (j − 1). If the qubit (j − 1) is in the state |0⟩, then it
represents accurately the occupation orbital j and then one needs to apply S+ to the parity basis
to simulate a† one the fermionic basis. On the other hand, if the qubit (j − 1) is in the state |1⟩,
the qubit j inverts parity and the operator S+ needs to be applied. The same reasoning applied
for the annihilation operator. The equivalent of S± in the parity basis is:

P±
j = S±

j ⊗ |0⟩ ⟨0|j−1 − S∓
j ⊗ |1⟩ ⟨1|j−1 =

1

2
(Sxj ⊗ Zj−1 ∓ iSyj ) (2.69)

Furthermore, creating or annihilating a particle in orbital j implies a change in the parity data
and we must update the cumulative sums for all k > j by applying the operator Sx. It corresponds
to add 1 to all qubits k > j modulo 2.

At the end of the day, the creation and annihilation operators in the parity mapping are written:

a† = Sxn ⊗ Sxn−1 ⊗ · · · ⊗ Sxj+1 ⊗ P+
j

a = Sxn ⊗ Sxn−1 ⊗ · · · ⊗ Sxj+1 ⊗ P−
j .

(2.70)

As it is clearly seen, we just replaced the loss of locality with matrices Z in the JW transform with
the loss of locality with matrices X in the parity basis. Thus, the total operation to apply on each
qubit is still O(N).

In the middle of both transforms, there is the Bravyi-Kitaev mapping (BK) (Bravyi & Kitaev,
2002). The idea is to store the parity and occupation non-locally. A qubit j stores the occupation
only if j is even. If j is odd, the corresponding qubit holds a partial sum of the occupation
set of orbitals less than index j. The transformation is quite complicated and I refer to (Seeley
et al., 2012) for more details. What is important is the BK transform only needs O(log2(N))
transformation to go from fermions to qubits and therefore is the simplest transform from a digital
circuit complexity point of view.

2.6.2 Unitary coupled cluster ansatz
The simplest approximation for a complete basis of Fock space for fermions is the set of Slater
Determinants (Eq. 2.4). In other words, we approximate the eigenstates of the target Hamiltonian
to be of the form:

|ψ⟩ =
∏

j

(a†j)
γj |00 . . . 0⟩ (2.71)

where γj = 0, 1 and a†j creates a particle in the orbital j. The corresponding state with the JW
transform is

|ψ⟩JW =
∏

j

(Sxj )
γj |00 . . . 0⟩ (2.72)

Usually, the method to generate Slater determinants is the Thouless algorithm (Thouless, 1960).
Starting from a Slater determinant |ψ0⟩ one can generate an ensemble of new determinants given
by (GOOGLE AI QUANTUM AND COLLABORATORS et al., 2020):

|ψ(Z)⟩ = ei
∑

i,j Zi,ja
†
iaj |ψ0⟩ (2.73)
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where Z is hermitian. In VQA algorithms (GOOGLE AI QUANTUM AND COLLABORATORS
et al., 2020), this matrix is optimized with a PQC to minimize ⟨ψZ |HT |ψZ⟩.

Thus far, we did not take into account correlations which are at the heart of the goal of quantum
computing. Starting from the Thouless algorithm, one can extend it to gradually insert excitation
into the system. This is the Unitary Coupled Cluster (UCC) ansatz.

It is constructed from a parametrized cluster operator T (θ) which is a sum of particle-hole
excitations of different orders:

T (θ) = T 1(θ) + T 2(θ) + . . .

T 1(θ) =
∑

i,j

θi,ja
†
iaj

T 2(θ) =
∑

i,jkl

θi,jkla
†
ia

†
jakal.

(2.74)

The sum is truncated due to the decrease impact of higher order terms.
The anstaz of the PQC is then:

|ψ(θ)⟩ = e(T (θ)−T †(θ)) |ψinit⟩ . (2.75)

UCCSD refers to the truncation after the double excitation and UCCSDT to the truncation
after the triple excitation. The next step is transforming the operators T into qubits operators
with methods describe in Sec. 2.6.1. Finally, the Trotter decomposition can be used to decompose
eT (θ)−T †(θ) into a sequence of gates. This method is very well suited for DQS.

This method is quite old and has been proposed decades ago (Helgaker et al., 2000) and has
been consequently widely applied. A good summary of implementations of the UCC ansatz can
be found in (Anand et al., 2022). These problems often concern small molecules, as this method
is still benchmarked on NISQ computers.

Thus far, we only discussed the quantum part of the algorithm and how to leverage it for molec-
ular and fermionic many-body problems but the problem can be directly simplified with chemistry
and theoretical simplifications. For instance, molecular wave-functions in Eq. 2.64 have to be cho-
sen. They often constructed from linear combinations of atomic orbitals, themselves considered as
linear combination of Gaussian functions (STO-NG) basis. The more common ones are the STO-
3G (for three gaussians) or STO-6G (for six gaussians) (Hehre et al., 2003). Therefore, choosing
3 or 6 functions can reduce or increase the complexity of the target Hamiltonian and thus, the
efficiency of the VQA algorithm. But in the other hand, choosing a more accurate representation
of orbitals leads to a better description of correlations in molecules or materials. The difficulty
lies in finding the balance between chemical accuracy and VQA efficiency. In addition, some low
energy orbitals can be considered as "frozen" whereas high energy orbitals can be considered as
unoccupied just as in (Hempel et al., 2018) where they only focused on a subspace of the orbitals
in the lithium molecule. With all these approximations, they reduced the target Hamiltonian from
12 qubits and 200 Pauli strings to an effective Hamiltonian of only 3 qubits and 13 Pauli strings.

In conclusion, efforts have to be done in optimizing the quantum algorithm but also in the
chemistry side where approximations are really important to simplify the problem.

2.7 Conclusion
Simulating matters at atomic scale is at the center of much research since the advent of computing.
It enables to anticipate the behavior of complex system and even creating new materials. Several
methods (DFT, DMFT, QMC) have encountered great successes and are used all around the
world for fundamental physics or applications. Recently, a new approach has emerged to help or
even surpass these "classical" approaches: the quantum computing. Many methods theoretically
exist to provide a quantum advantage on a quantum computer. Yet, noiseless computers with
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thousands of logical qubits and high fidelity gates do not exist and it is not even sure they will one
day. What do exist today are NISQ device, with experimental proofs of their utility. Therefore,
hybrid methods such as VQA have been developed to show a quantum advantage on these devices.
There have been some successes but also failures with the discovery of Barren Plateau for instance.
Today, a real quantum advantage on important problems for the society has not been found. The
field of quantum computing is an experimental and theoretical exploration where industrial giants
are involved with the promise to revolutionize the world and many architectures have their pros
and cons. Among this emulation, one technology has proven a quantum advantage in theoretical
physics problems: the neutral atoms (or Rydberg Quantum Processor RQP) (Browaeys & Lahaye,
2020). Groundbreaking results have emerged from this technology, considering digital (Cong et al.,
2022; Evered et al., 2023; Kalinowski et al., 2023) or analog (Chen et al., 2023; Scholl et al., 2022;
Scholl et al., 2021) quantum computing. RQP is one of the best candidates to simulate many-body
physics. Regarding the goal of my PhD to perform quantum simulation of fermionic many-body
physics, it has appeared to me that RQP is an excellent candidate to get closer to a quantum
advantage in this field and, most importantly, being able to implement my algorithms on a real
device soon.
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Chapter 3

Quantum simulation with Rydberg
atoms

3.1 Forewords
In this chapter, I give an overview of the experimental apparatus of the Rydberg Quantum Pro-
cessor (RQP) (first section) and the protocol to perform digital and analog quantum computing
(second section). Most of the contents of are adapted from (Browaeys & Lahaye, 2020; Henriet
et al., 2020; Scholl, 2021).

3.2 Neutral atom arrays

Figure 3.1: (a) Schematic representation of the main hardware components constituting the RQP.
In red, the trapping laser is modulated by the Spatial Light Modulator (SLM) to produce micro-
traps i.e. optical tweezers with the geometry desired (see inset). In purple, the moving tweezers
allow reorganizing the atoms after the first fluorescence picture. They are controlled by a 2D
acousto-optic laser beam deflector (AOD). In green, the fluorescence light is captured by a camera
to obtain a bitstring. (b) Picture of the heart of experimental apparatus. The register is prepared
at the center of the photography. Taken from (Henriet et al., 2020).
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Figure 3.2: The Rydberg blockade and computation cycle (a) The two chosen electronic states of
atoms are coupled via the Rabi frequency Ω. (b) Two atoms separated by a distance R < Rb are
only coupled to the state |+⟩ = (|rg⟩+ |gr⟩)/

√
2 and not |rr⟩. If the distance is greater than Rb,

the state |rr⟩ is accessible. (c) Graphical representation of Rydberg blockade. A regular array with
spacing a is created with the SLM, each of the atoms prevent the atoms in the circle of radius Rb
from its center to be in the state |r⟩ with it. (d) Temporal sequence of one computational cycle.
The register is initialized with atoms trapped in a tweezer with a probability 1/2. The atoms are
then rearranged in the desired geometry. The quantum processing can now start and the cycle
end with a picture of atoms: the register readout. All the process has to be done again for each
measurement. The three first figures are inspired from Fig. B1 of (Browaeys & Lahaye, 2020) and
the last figure is inspired from Fig. 5B of (Henriet et al., 2020).

3.2.1 Initial state preparation
Quantum computing is by definition the manipulation of individual quantum objects (qubits)
by experimental techniques. Quantum objects can take various forms such as gazes, dots, ions,
photons, Josephson junctions and atoms. Until the end of the 1900s, controlling qubits with enough
precision to entangle and apply logic operations on them was still a theoretical idea. Today, many
platforms are able to control up to several hundreds of qubit at the same time and thus, give a
hope to simulate quantum systems better than classical methods. RQP is based on ensembles of
individual atoms trapped in optical lattices. In this section, I give an overview of breakthrough
methods which have led to being able to manipulates hundreds of neutral atoms individually and
make them interact.

RQP is fully controlled by light, from the state preparation and the set-up of the register to
the quantum processing part and finally to readout the register. Each step needs different type of
lights with different wavelengths and power. At the same time, electronic components and software
stack monitor steps like rearranging atom tweezers or tune the magnitude of lasers achieving desired
Hamiltonian. The first step to generate arrays of neutral atoms is to prepare a diluted atomic vapor
inside an ultra-high vacuum system (to isolate atoms from the environment). To do so, one gram
of solid rubidium (Rb) is heated up in an oven to transform it into a vapor. Contrary to other
architectures such as superconductors, the device operates at room-temperature, leveraging the
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Figure 3.3: Examples of geometry in 2D and 3D experimentally feasible. Taken from (Barredo
et al., 2018).

complications of a cooling system. At the output of the oven, atoms are slowed down to reach
≈ 10 m/s. The atoms of gas are then trapped inside a 3D magneto-optical trap (3D MOT). These
atoms are the reservoir to a second trapping laser system which isolates each individual atoms,
the so-called optical tweezers (Schlosser et al., 2001). Two very useful characteristics of optical
tweezer can be pointed out: at first, each tweezer contains at most 1 atom. This is ensured by
the very fast light-assisted collision which happens if two atoms are in the trap. The number of
tweezers and their arrangement in the 2D or 3D space is controlled by a Spatial Light Modulator
(SLM) (Nogrette et al., 2014) which is a "mask" that modulates the phase of the light into a
desired intensity pattern (see Fig. 3.3). A strong asset of RQP is to fully control the geometry of
the array and therefore connectivity between atoms (more details in the next section, Sec. 3.2.2).
Nevertheless, the occupation of a trap is not deterministic: this means that a trap is filled with one
atom with a probability of p ∼ 0.5. To palliate this issue, a picture of atoms is taken by looking at
their fluorescence and tweezers are moved one by one to arrange atoms in the desired way. This
procedure has a success rate of 99% and takes few tens of milliseconds. This is enabled by an
algorithm calculating the optimal moves for each tweezer from the first picture. After all of this,
the register is ready for the quantum processing. A schematic representation of the experimental
apparatus is shown in Fig. 3.1 with also a picture of the heart of the device.

3.2.2 Generating spin-spin interactions
In this subsection, I describe the physics behind the QRP and the tunable Hamiltonians that
can be simulated thanks to this physics. In order to perform quantum computing, atoms have to
interact. To this aim, two electronic states are chosen to be the qubit |0⟩ and |1⟩: the groundstate
and a high excited state of the atoms. A key asset of Rydberg atoms for quantum computing is
the Rydberg blockade (Saffman et al., 2010).The strong van der Waals interactions between two
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atoms in the Rydberg state can be used to prevent simultaneous excitations of two atoms. In an
isolated atom, a laser field is coupling the ground state and the Rydberg state of an atom with a
Rabi frequency, Ω Fig. 3.2(a). In the case of two atoms separated by a distance R, they undergo a
van der Waals interaction for the state |rr⟩ and therefore there is a shift in energy by the quantity
C6/R

6 to reach this state. Thus, one can define the blockade radius defined by:

Rb = (C6/ℏΩ)1/6. (3.1)

If the blockade condition is fulfilled ℏΩ ≪ C6/R
6 i.e. R ≪ Rb, the state |rr⟩ is non-resonant

and the two atoms evolve from the state |gg⟩ to the state |+⟩ = (|rg⟩+ |gr⟩)/
√
2 with a coupling√

2Ω Fig. 3.2(b). More precisely, it will oscillate between these two states at a frequency of
√
2Ω,

this is a Rabi oscillation. Depending on the geometry, it is possible to bring N atoms to a fully
entangled state

∑N
i=1 |gg . . . ri . . . g⟩ /

√
N . If the system size is bigger than the Rydberg radius,

some atoms can be excited and some not, leading to complex many-body states interesting for
quantum simulation. Mathematically, the Rydberg blockade is written:

∑

i,j

C6

R6
ninj (3.2)

where ni = (1+Zi)/2. There is a second way to make atom interact. To do, two Rydberg states are
chosen to be state |g⟩ and |r⟩. These two states are dipole-coupled and separated by a transition
of typically 10 GHz. The dipole-dipole interaction leads to a coherent exchange between the two
Rydberg states. Contrary to van der Waals interaction, this scales like C3/R

3 (Barredo et al.,
2015; Orioli et al., 2018). In addition, C3 ∝ 1 − 3 cos2 θ where θ is the angle of the separation
between the two atoms. Physically, the atoms reproduce a "XY" interaction, which is described
by: ∑

i,j

C3

R3
i,j

(S+
i S

−
j + S−

i S
+
j ) = 2

∑

i,j

C3

R3
i,j

(Sxi S
x
j + Syi S

y
j ) (3.3)

These two interactions (van der Waals and dipole-dipole) are the building blocks of quantum
computing with RQP. Indeed, they depend on the distance between atoms, and they can bring
entanglement in the system. As a result, depending on the geometry we choose, one can generate
very complex many-body states. More details about Hamiltonian one can generate with this device
will be given in Sec. 3.3.2.

The quantum processing is quite quick (< 100 µs) compared to the whole process which lasts
around 200 ms. After having done the quantum process, one needs to extract information on the
system with a measurement.

3.2.3 Register readout
The last part of a quantum algorithm is the measurement of the system state. As we have seen
before, it is crucial to optimize this step because it is the moment we extract the information
from all the quantum processing sequence. In the RQP, it is quite "easy" because it only involves
taking a final fluorescence image. Indeed, atoms in the state |g⟩ will appear dark in the image,
whereas atoms in the excited Rydberg state |r⟩ will appear bright (see Fig.3.2(d)). The efficiency
of this method is of 98.6% or more as reported in (Fuhrmanek et al., 2011). One obtains a bit
string from the readout register. After the measurement, all the process of register preparation,
quantum processing and register readout has to be done again to obtain another bit string. As
the total process takes ≈ 200 − 300 ms, the device rate is of 2 − 3 Hz and one can obtain several
hundred measurements in a few minutes. In the next section, we see how one can perform quantum
simulation and computing with this device and the possible applications.

45



3.3 Quantum simulation
The quantum processing part is the one which changes depending on the problems and the algo-
rithm we implement. In this section, I will describe how to perform digital and analog quantum
simulation on a RQP and the possibilities the platform can offer in these two paradigms.

3.3.1 Digital quantum simulation
DQS needs a great quantum coherence to work, i.e. with the minimum of interaction with the
environment. In addition, it has to be possible to perform at least single-qubit rotations and CNOT
gates to be able to generate a universal gate set (Nielsen & Chuang, 2011). Hopefully, RQP is able
to perform these gates.

The first point is ensured by taken qubit |0⟩ and |1⟩ as the two hyperfine groundstates F = 1
and F = 2 of the rubidium atom. Indeed, they both have a very long lifetime (several years) and it
therefore avoids quantum decoherence. This means that Rydberg states |r⟩ are only intermediate
states to perform gates, whereas they are used for the Rydberg blockade effect. Arbitrary rotation
around the Bloch sphere can be performed by driving the qubit transition with a control field
(Bluvstein et al., 2021; Yavuz et al., 2006). The laser-atoms interaction is characterized by the
Rabi frequency Ω, the detuning δ and its phase ϕ. I will not go into experimental details, but these
parameters are driven to perform rotations around (x, y, z) axis with angles (τΩcosϕ, τΩsinϕ, τδ)
with τ the duration of the controlled sequence. Thus, any rotation around the Bloch sphere can
be performed by controlling these four parameters. For instance, a pulse of area equal to π where
δ = 0 will lead to a change |0⟩ → |1⟩. The same pulse on |1⟩ will lead to |0⟩ (the phase here is not
important). This is the NOT gate:

NOT =

(
0 1
1 0

)
(3.4)

It corresponds to half a Rabi oscillation and will also be called a π pulse. The Hadamard gate is
performed by a π pulse but where δ = Ω and the phase ϕ = 0. The fidelity of single-qubit gates is
more than 99.5%.

In order to perform a CNOT gate, one must decompose it into tensor products of Hadamard
and CZ gates (Fig. 3.4) because CZ gates are implementable with a specific sequence.

CNOT

qc

CZ =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1




qt H H

Figure 3.4: Decomposition of the CNOT gate into tensor product of Hadamard and CZ gates.

We consider two atoms in the state |0⟩ or |1⟩. We consider that the state |1⟩ is coupled with
the state |r⟩ whereas the state |0⟩ is not. Finally, they are separated by a distance such that the
Rydberg blockade condition is fulfilled. The protocol is then the following:

• A π pulse is applied to the control atom with a controlled phase.
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• Then, a 2π pulse is applied to the target atom.

• Finally, a π pule is applied on the control atom again.

Therefore, if the state is |00⟩, these states are off-resonant and the state remains the same.
If the state is |10⟩ or |01⟩, only the qubit in the state |1⟩ will undergo a 2π pulse with a phase

eiπ = −1. If the state is |11⟩, the first pulse will bring the control atom to the state |r⟩ and because
of the Rydberg blockade, the state |r⟩ is off resonant for the target atom, and it stays in the state
|1⟩ after the 2π pulse. Finally, the last π pulse swaps the state of the control atom to |0⟩ again.
The whole state picks up a factor eiπ = −1.

Finally, we have applied the gate:



−1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1


 = eiπCZ (3.5)

which is the CZ gate up to a phase. We will call this method the H− CZCNOT method following
(Isenhower et al., 2010) Other protocols can be used to generate a CNOT gate (Isenhower et al.,
2010). For a long time, the measured fidelity of the CNOT gate built this way was the major issue
(94.1% in 2018 (Levine et al., 2018)) but recently, the Lukin’s group has shown a fidelity of 99.5%
on up to 60 atoms in parallel, surpassing the surface code threshold for error correction (Evered
et al., 2023) (see also Fig. 3.5). Theoretically, achieving error correction is also at the center of
interest for gates with RQP (Jandura et al., 2023; S. Ma et al., 2023). The high connectivity of
Rydberg atoms and the growing fidelity of entangling gates pave the way toward digital quantum
computing on a Rydberg device.

Figure 3.5: Fidelity of Bell’s state as a function of number of CZ gates. Error bars represent 68%
confidence intervals. Taken from (Evered et al., 2023).

3.3.2 Analog quantum simulation
Neutral atoms arrays are mostly known for their results as analog quantum processor. Actually, it is
possible to implement the Ising model by combining the van der Waals interaction and the tunable
parameters: the Rabi frequency and the detuning. The resulting time-dependent Hamiltonian
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realized is (following the notation of (Henriet et al., 2020)):

HRydberg =
∑

i ̸=j

C6

|ri − rj |6
ninj +

ℏΩ(τ)
2

∑

i

Sxi − ℏδ(τ)
∑

i

ni (3.6)

with τ the time. In practice, the Rabi frequency and the detuning are driven by a magnetic field
(Ω is proportional to the transverse component whereas δ depends on the longitudinal component).
The Ising Hamiltonian is the "toy" model to study magnetism and can help to tackle many problems
from condensed matter, materials, chemistry to optimization problems for instance (Lucas, 2014).
Recently, a "quantum advantage" of many-body problems has been demonstrated with the Ising
model. An antiferromagnetic state is constructed from a parameters sequence with more than
200 spins/qubits (Scholl et al., 2021) (See Fig. 3.6). Moreover, different phases of matter have
been explored in (Ebadi et al., 2021) with this Hamiltonian on 256-atom programmable quantum
simulator.

Figure 3.6: (a) Phase diagram of the Rabi frequency and the detuning to reach an antiferromag-
netic state superposition. (b) State histogram for an 8 × 8 array at the end of the procedure.
Antiferromagnetic states have a probability to be measured of 2.5% among more than 109 states
possible. Taken from (Scholl et al., 2021).

In addition, one can use the dipole-dipole interaction to implement the "XY" Hamiltonian
(following notation of (Henriet et al., 2020)):

H =
ℏ
2
Ω
∑

j

Sxj − ℏ
2
δ
∑

j

Szj + 2
∑

i ̸=j

C3

r3i,j
(Sxi S

x
j + Syi S

y
j ). (3.7)

This Hamiltonian is another "simple" model to study magnetism in systems such that frustrated
quantum magnets (Balents, 2010) or topological materials (de Léséleuc et al., 2019). In both cases,
many applications are possible in the field of materials or chemistry but also in optimization,
machine learning and so on. In addition, combining cleverly the capacity to drive the parameters
and choose the geometry can lead to create effective XXZ models (Signoles et al., 2021) or non-spin
conserving terms (Whitlock et al., 2017).

48



AQS is a strong asset of the RQP with results showing a "quantum advantage" over classical
simulation for a specific theoretical physics problem (Nielsen & Chuang, 2011; Scholl, 2021). The
Rabi frequency and the detuning being driven through time, it is possible to implement VQA
with AQS where Ω, δ and τ are the parameters (see Sec. 4 for an example). Eventually, if the
problem can be mapped into finding the groundstate of exactly Eq. 3.6 or Eq. 3.7, one can directly
use the adiabatic theorem. Starting from a state which is the known ground state of a realizable
Hamiltonian (for instance, the groundstate of Eq. 3.6 for Ω = 0 and δ ≪ −|C6|/R6, the groundstate
is |00 . . . 0⟩ meaning that all atoms are in their electronic groundstate), one can tune the parameters
slowly to reach (approximately) the many-body groundstate of the Ising Hamiltonian with the
desired parameters. The same protocol applied for the XY Hamiltonian. This method is more
efficient than VQA because measurements do not have to be repeated to feed a classical optimizer,
the measurements are directly useful to get the groundstate.

3.4 Conclusion
RQP is based on a well established technology allowing to perform digital and analog quantum
simulation. The whole process of quantum computing is enabled and fully optimized by light
control, electronic components and software stacks. The Hamiltonians and gates implementable
benefits from the good coherence time of Rydberg states (in the order of a hundred of microseconds)
and the wide space of the parameters Ω and δ can explore. The device rate is between 2 − 3 Hz
(sometime it can go to 5 Hz): it means that one can obtain "only" 2 − 3 bitstrings per second.
The information is important if one wants to design an algorithm which can be experimentally
implementable and only needs to run during a few days. RQP is a NISQ device and, therefore,
is limited by several sources of noise. During my PhD, I tried to take into account all advantages
but also limitations of the device to extract the full potential of it. For instance, in Chap. 4, the
total number of measurements or shots is the criteria to stop the variational procedure whereas
in Chap. 5, most source of noise are described and implemented to test the robustness of the
algorithm.
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Chapter 4

Digital-analog variational quantum
eigensolver for chemistry

4.1 Forewords
This chapter contains exactly my first publication available on arxiv and published in Physical
Review A (Michel, Grijalva, et al., 2023). It is the result of the first half of my PhD work.
It has resulted from a strong collaboration with the start-up PASQAL and all simulations are
performed with the python library pulser (Silvério et al., 2022). In this chapter, I propose a new
digital-analog variational algorithm to find groundstate of molecules on a Rydberg atom device
and show numerically the result on H2, LiH and BeH2 molecules. To this aim, we take into
account characteristics of the platform to optimize the VQA algorithm and increase its efficiency.
We propose a complete protocol from the register preparation to a measurement method. The
stopping criteria of the algorithm is the number of measurements to fulfill feasible experiment
today.

4.2 Introduction
Quantum simulation holds the promises to solve outstanding questions in many-body physics, in
particular finding the ground state of strongly interacting quantum systems (Georgescu et al., 2014;
McClean et al., 2016). The determination of the ground state energies of complex molecules, one
of the main tasks in quantum chemistry, is therefore an example of application where quantum
simulation could be of interest. Along this line, proof-of-principle demonstrations were obtained
using photons (Lanyon et al., 2010; Peruzzo et al., 2013), ions (Hempel et al., 2018; Shen et al.,
2017) or quantum circuits (Kandala et al., 2017). The last two examples used a hybrid approach
where a classical computer optimizes in an iterative way the results obtained by a quantum device
that was operating in a digital mode, i.e. as a series of one and two-qubit gates.

Rydberg quantum simulators are another example of promising quantum simulation platforms,
thanks to their potential for scaling the number of qubits and their programmability (Browaeys
& Lahaye, 2020). They rely on individual atoms trapped in arrays of optical tweezers that can
interact when promoted to Rydberg states. The platform naturally implements spin Hamiltonians.
Analog quantum simulation with hundreds of atoms has now been achieved (Chen et al., 2023;
Ebadi et al., 2022; Scholl et al., 2021).

One appealing feature of this platform is the ability to place the atoms in arbitrary position in
two and three dimensions, thus allowing large flexibility in their connectivity. Another feature is
their ability to prepare different initial product states as heuristic trials before the unitary evolution
(whether it is by a set of digital gates or the action of an analog Hamiltonian evolution). However,
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this freedom in register preparation has a significant time cost that adds to the repetition clock
rate (Henriet et al., 2020).
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Figure 4.1: Digital-Analog VQE on Rydberg atoms studied in this paper. The computer icons
indicate where classical processing enhances and informs the cycle. First, a target molecular
Hamiltonian HT is passed to computer (a). This computer extracts a subset of terms that define a
target interaction matrix V T. Computer (b) then optimizes atom positions (with interaction matrix
V R) to approximate V T. With a chosen register, computer (a) tests virtually some product states
that can be experimentally implemented, warm-starting the algorithm. Meanwhile, computer
(c) takes the Pauli strings {P̂ (s)} that constitute HT and outputs a derandomized set of Pauli
measurement basis {R̂(P̂ (m))} that will be used at the end of the circuit where the prepared state
is measured in the Z-axis. A parameterized pulse acts on the initial state, and the readout data is
used by computer (d) to estimate the expectation value of the target Hamiltonian ⟨HT⟩. Finally,
computer (d) calculates new pulse parameters to update the quantum evolution. When a desired
precision or some stopping criteria is reached, the best energy value is returned.

Neutral atom devices are naturally suited for analog quantum algorithms, where the analog
blocks are represented by control pulses that drive the system (or subsets of it). Given a prepared
state, the parameterized pulses can be adjusted to variationally improve on a given score of the
state. Methods for the optimization of parameters have been the subject of intense exploration in
recent years (Banchi & Crooks, 2021; Barkoutsos et al., 2020; Cerezo, Sone, et al., 2021; Cerezo
et al., 2020; Gacon et al., 2021; McClean et al., 2016, 2018; Meitei et al., 2021; Piskor et al., 2022;
Wakaura et al., 2021; Wecker et al., 2015). Additionally, the information and “cost functions” from
the prepared quantum system are obtained by repeatedly measuring the state in the computational
basis, which constitutes an operational overhead. Recent results (Dalyac et al., 2020; Ebadi et al.,
2022; Elben et al., 2019; H.-Y. Huang et al., 2021; Kokail et al., 2019; Nam et al., 2020) on
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protocols for the estimation of quantum observables are available and have helped to establish
efficient measurement procedures based on generalized random measurements and a series of post-
processing steps that are performed on a classical computer and that alleviate the measurement
overhead. The types of randomized measurements that we shall describe in this paper require local
rotations on the qubits of the register, thus constituting another “digital” layer, from a quantum
circuit perspective. In fact, digital-analog algorithms (Parra-Rodriguez et al., 2020), benefit from
the fact that analog operations can be performed with much higher fidelities than when using
digital gates, while local single-qubit gates can be added explicitly in crucial steps of the process
(state preparation and measurement).

In this paper, we explore the implementation of a digital-analog VQE algorithm in a Rydberg
quantum simulator. We account for typical constraints of the platform: the local action is re-
strained to the initial state preparation and measurement, with Hamiltonian time-evolution acting
on the entire system as a “global” gate. We study numerically this version of a VQE for the H2
molecule using common ansatze, followed by a more efficient protocol for larger molecules. We
discuss the embedding of the Hamiltonian in the atom register, the way in which the optimiza-
tion of the pulse sequence can be performed and the necessity of including an efficient estimation
of energies (namely, we explore the effect of a derandomization estimation (H.-Y. Huang et al.,
2021)) at each iteration step. We apply this numerically to the examples of LiH and BeH2. The
manuscript is organized as follows: In section II we recall how the Variational Quantum Eigen-
solver (VQE) estimates the energy of the ground state of a molecular-based Hamiltonian. We then
describe the basic ingredients of Rydberg Atom Quantum Processors and the Hamiltonians that
they implement. We end the section by explaining the optimization cycle of variational quantum
algorithms on these devices. In section III we describe the strategies for implementation of the
VQE, going from a direct application of a Unitary Couple Cluster Ansatz, to the Quantum Alter-
nating Operator ansatz and finally to a more hardware-oriented approach that combines elements
of register preparation, pulse optimization and observable estimation. This is followed in section
IV by numerical results of the error in energy obtained as a function of the number of repeti-
tions of the experiment, an informative measure of the performance of hybrid classical-quantum
implementations.

4.3 Analog Variational Quantum Eigensolver with Rydberg
atoms

The Variational Quantum Eigensolver (or VQE) is a hybrid quantum-classical algorithm designed
to find the lowest eigenvalue of a given Hamiltonian (Fedorov et al., 2022). We describe below
the origin of the Hamiltonians that we consider and how VQE can be studied with a Rydberg
Quantum Processor.

4.3.1 Hamiltonians from Quantum Computational Chemistry
We first recall the method used to express the electronic Hamiltonian as a spin model (see
e.g. (Hempel et al., 2018)). We start from the Born-Oppenheimer approximation of the Hamilto-
nian of the system, which considers the nuclei of the molecules as classical point charges:

H = −
∑

i

∇2
i

2
−
∑

i,I

ZI
|ri −RI |

+
1

2

∑

i̸=j

1

|ri − rj |
(4.1)

(in atomic units) where ∇i is the kinetic energy term for the i-th electron, ZI is the charge of the
I-th nucleus, and r, R denote the distance of the i-th electron and the I-th nucleus with respect
to the center of mass, respectively. We aim to obtain the ground state energy of (4.1).
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One needs to define a basis set in which to represent the electronic wavefunctions. We shall
concentrate on the Slater-type orbital approximation for the basis set, with three Gaussian func-
tions, STO-3G. This minimal basis set {ϕi(xi)} (where xi = (ri, σi) encodes the i-th electron’s
spatial and spin coordinates) includes the necessary orbitals to represent the valence shell of an
atom. Moreover, the wavefunctions need to be anti-symmetric under the exchange of electrons.
This can be achieved through second quantization, where one defines anticommuting fermionic
creation/annihilation operators {a†p}, {ap} and rewrites the initial Slater determinant form of the
wavefunction as |Ψ⟩ =∏p(a

†
p)
ϕp |vacuum⟩, representing the occupation of each molecular orbital.

The fermionic operators are used to rewrite (4.1) as:

H =
∑

p,q

hpqa
†
paq +

1

2

∑

p,q,r,s

hpqrsa
†
pa

†
qasar. (4.2)

where the coefficients hpq and hpqrs encode the spatial and spin configuration of each of the electrons
and depend on the inter-nuclear and inter-electron distances R, r:

hpq =

∫
dxϕ∗p(x)

(
−∇2

2
−
∑

i

Zi
|Ri − r|

)
ϕq(x)

hpqrs =

∫
dx1dx2

ϕ∗p(x1)ϕ
∗
q(x2)ϕr(x1)ϕs(x2)

|r1 − r2|
.

(4.3)

Next, we map the fermionic operators acting on Fock states of n orbitals to a Hilbert space of
operators acting on spin states of N qubits. This corresponds to the quantum processors’ effective
interaction Hamiltonians, quantum gates and measurement basis. Useful maps of this kind include
the Jordan-Wigner (JW) (Jordan & Wigner, 1928) or the Bravyi-Kitaev (BK) (Bravyi & Kitaev,
2002) transformations. The obtained Hamiltonian is a sum of tensor products of single-qubit Pauli
matrices:

HT =

S∑

s=1

cs

( N⊗

j=1

S
(s)
j

)
(4.4)

where Sj ∈ {1, Sz, Sy, Sz}, S is the number of Pauli strings in the Hamiltonian and N the number
of qubits.

4.3.2 Rydberg Atom Quantum Processor
Rydberg atom arrays are now well-established quantum simulation platforms (Browaeys & Lahaye,
2020; Henriet et al., 2020). Briefly, atoms are trapped in optical tweezers, each containing exactly
one atom. The tweezers may be arranged in any 1D, 2D or 3D geometrical configurations. The
register can be rebuilt after each computational cycle. To perform quantum processing, we use the
fact that the platform implements spin-like Hamiltonians, where the interactions originate from
strong dipole-dipole couplings between atoms laser-excited to Rydberg states.

Depending on the choice of atomic levels, the atoms experience different effective interactions.
In the case of the Ising mode, |0⟩ is a “ground” state prepared by optical pumping (Browaeys &
Lahaye, 2020) and |1⟩ is a Rydberg state of the atom. The Hamiltonian term for this interaction
is:

HIsing =
∑

i>j

C6

r6i,j
ninj , (4.5)

with n̂i = |1⟩i⟨1| = (1i + Szi )/2 the projector on the Rydberg state and ri,j the distance between
atoms. Here and below, Sxi , S

y
i and Szi indicate the local Pauli operators.
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If instead the two states chosen are two dipole-coupled Rydberg states (for example |0⟩ = |nS⟩
and |1⟩ = |nP ⟩ for large n), the interaction is resonant and realizes a so-called “XY” or “flip-flop”
term:

HXY =
∑

i ̸=j

C3

r3i,j
(Sxi S

x
j + Syi S

y
j ), (4.6)

where C3 depends on the chosen Rydberg orbitals and their orientation with respect to the inter-
atomic axis. It corresponds to a coherent exchange of neighboring spin states |10⟩ to |01⟩.

In addition, we can include time-dependent terms on the Hamiltonian, by means of a laser
pulse (Ising mode) or a microwave field (XY mode) targeting the transition between the ground
and excited states. This is represented by the following “drive” terms:

Hdrive =
ℏ
2

N∑

i=1

Ωi(t)S
x
i − ℏ

N∑

i=1

δi(t)ni . (4.7)

Here, Ω(t) is Rabi frequency and δ(t) the detuning of the field with respect to the resonant transition
frequency. The addressing can be either global or local. In the procedure used in this work, the
local addressing is restricted to the initial state preparation and the register readout stages.

4.3.3 Variational Algorithms on a Rydberg atoms device
In the analog VQE algorithm, we seek to estimate the energy of the ground state of a qubit Hamilto-
nian called the target Hamiltonian, HT, by using an iterative method. The resource Hamiltonian
is the one realized by the hardware, and can be configured with different types of interactions
(Hinter) (4.5, 4.6) and driving fields (Hdrive):

HR = Hinter +Hdrive. (4.8)

Experimentally, the transition from the ground to the excited state is typically generated by a two-
photon process, from which an approximate two level system is extracted, driven by an effective
Rabi frequency Ω and detuning δ during the quantum processing stage. We use their values as
parameters in our analog presentation of a VQE algorithm: The first step is to prepare the register
of N atoms with a geometry that determines the interaction terms Hinter and then to initialize
the system in a state |ψ0⟩. Then, a pulse sequence is applied to evolve the system under the
resource Hamiltonian HR(Ω(t), δ(t)) whose corresponding time-ordered unitary evolution operator
is U(t) = T exp

(
− i
∫ t
0
HR(Ω(τ), δ(τ))dτ

)
. The final prepared state is:

|ψ(Ω, δ, t)⟩ = U(t) |ψ0⟩ . (4.9)

The energy of a prepared state will be calculated with respect to the target Hamiltonian:

E(Ω, δ, t) = ⟨ψ(Ω, δ, t)|HT |ψ(Ω, δ, t)⟩ . (4.10)

After each cycle, a classical optimizer adjusts the parameters Ω → Ω′, δ → δ′ and t → t′ and we
repeat the evolution of the initial quantum state |ψ0⟩ with the new parameter set U(Ω′, δ′, t′). We
aim to obtain for each iteration E(Ω′, δ′, t′) ≤ E(Ω, δ, t) 1. After several iterations of this loop,
the variational scheme attempts to prepare a state whose energy is a good approximation of the
ground state energy of HT (McClean et al., 2016).

1This classical optimization problem can be addressed for example by obtaining the gradient of the energy
function.
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4.4 Description of the Protocols
In this section, we describe two analog variational quantum algorithms for the estimation of the
ground state energy and apply them to quantum chemistry problems. The protocols differ mainly
by the choice of ansatz: one is the Unitary Coupled Cluster (UCC) ansatz (Bartlett et al., 1989),
while the other is an adaptation of a hardware-efficient ansatz (Kandala et al., 2017), based on
repeating alternating values of amplitude, frequency or phase of the applied pulses. We verify
numerically the performance of these two types of ansatz in a Rydberg-based Quantum Processor
(QP). Next we discuss a protocol for larger molecules tailored after the hardware capabilities. We
begin by considering the prototypical example of the H2 molecule.

4.4.1 UCC ansatz on an analog quantum processor: application on H2

Numerous implementations of the VQE algorithm rely on the use of digital gates. Recent experi-
mental implementations for the H2, LiH and BeH2 molecules have been realized in (Hempel et al.,
2018; Kandala et al., 2017), with superconducting and trapped ions devices respectively. For the
analog version of this algorithm on H2, we consider the target Hamiltonian and the ansatz as in
(Hempel et al., 2018). The Jordan-Wigner and Bravyi-Kitaev transformations lead to two different
spin Hamiltonians of this molecule:

HJW = c01 + c1(S
z
0 + Sz1 ) + c2(S

z
2 + Sz3 )+
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z
3S

z
2 + c4S

z
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z
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z
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z
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z
1 )+
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z
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z
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z
0 ) + c7(S
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Sy3S
x
2S

x
1S

y
0 − Sx3S

x
2S

y
1S

y
0 + Sy3S

y
2S

x
1S

x
0 )

(4.11)

and
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z
0 + f2S

z
1 + f3S

z
2 + f4S

z
1S

z
0+

f5S
z
2S

z
0 + f6S

z
3S

z
1 + f7S

x
2S

z
1S

x
0 + f8S

y
2S

z
1S

y
0+

f9S
z
2S

z
1S

z
0 + f10S

z
3S

z
2S

z
0 + f11S

z
3S

z
2S

z
1+

f12S
z
3S

x
2S

z
1S

x
0 + f13S

z
3S

y
2S

z
1S

y
0 + f14S

z
3S

z
2S

z
1S

z
0

(4.12)

where the coefficients {ci} and {fj} are calculated from (4.3). Since in (4.12) qubits 1 and 3 are
only affected by the operators 1 and Z one can actually work with the following two-qubit effective
Hamiltonian (O’Malley et al., 2016):

H
(eff)
BK =g01 + g1S

z
0 + g2S

z
1 + g3S

z
0S

z
1+

g4S
x
0S

x
1 + g5S

y
0S

y
1 .

(4.13)

Usually, a good ansatz |ψ(θ)⟩ = U(θ)|ψ0⟩ requires a balance between hardware constraints and
symmetries in target Hamiltonian. However, using the ‘knobs’ available on the hardware is often
not efficient, and one thus needs additional guidance to reach the states we are looking for in a
potentially very large Hilbert space. In this sense, the well-established Unitary Coupled Cluster
(UCC) ansatz allows one to perform an unitary operation while keeping advantages of coupled
cluster ansatz from chemistry (Helgaker et al., 2000).

In most cases, implementing the UCC ansatz in a quantum processor requires constructing a
digital quantum circuit with full local addressing. An example where global addressing is sufficient
is the H2 molecule. The initial guess of the molecular wave function is a product state obtained
from the classical Hartree-Fock calculation performed to determine the coefficients {ci} and {fj}.
Considering only relevant single and double excitations in the unitary coupled-cluster operator
(UCC-SD) yields the following one-parameter unitary:

UUCC-SD(θ) = eθ(c
†
2c

†
3c1c0−c

†
0c

†
1c3c2) (4.14)
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where the minimal set of orbitals are represented by the fermionic annihilation and creation op-
erators c, c† (Hempel et al., 2018). A Jordan-Wigner transformation on these operators leads
to the UCC ansatz |ψ(θ)⟩ = exp(−iθSx3Sx2Sx1Sy0 ) |0011⟩, where |0011⟩ is the Hartree-Fock state.
In the case of the (effective) Bravyi-Kitaev transform (4.13), we obtain the simpler UCC ansatz
|ψ(θ)⟩ = exp(−iθSx1Sy0 ) |01⟩.

Since the evolution Hamiltonian commutes with the XY Hamiltonian (4.6), one can use the
latter ansatz and attempt to drive the Rydberg QP in the XY mode, using Ω = 0 and non-zero
local detunings, leaving the rest of the parameters to be set by variational optimization:

|ψ(δ0, δ1, t)⟩ = exp
(
− it(δ0S

z
0 + δ1S

z
1 +HXY)

)
|01⟩

= a(δ0, δ1, t) |01⟩+ b(δ0, δ1, t) |10⟩ ,
(4.15)

which coincides with the subspace reached with the UCC ansatz:

exp(−iθSx1Sy0 ) |01⟩ = a(θ) |01⟩+ b(θ) |10⟩ . (4.16)

A numerical implementation of this protocol is shown in Fig. 4.2, where the classical optimiza-
tion was performed with a differential evolution algorithm (Storn & Price, 1997). We observe that
the ground-state energy can be obtained with an error smaller than 5% using less than 36500 shots
for each point.

Such examples of a UCC ansatz implementable with an analog approach, often rely on finding
symmetries between target and resource Hamiltonians (Kokail et al., 2019). Nevertheless, this kind
of protocol remains impractical for larger molecules because of the increasingly higher number of
qubits and Pauli strings in the Hamiltonian. In order to use the analog approach for larger
encodings, we explore other approaches below.

4.4.2 Alternating pulses
We now describe an alternating operator approach, based on the QAOA algorithm (Farhi et al.,
2014). Let |ψ0⟩ be the state composed of all qubits in the ground state. The whole sequence is com-
posed by alternating constant (global) pulses, corresponding to two non-commuting Hamiltonians
Ha, Hb:

Ha =
ℏ
2

N∑

i=1

(
ΩSxi − δSzi

)
+Hinter (4.17)

Hb =
ℏ
2

N∑

i=1

ΩSxi +Hinter. (4.18)

These Hamiltonians define evolution operators Ua(t) and Ub(t), during a certain time t (see (4.9)).
The ansatz of L layers is written as:

|ψ(ta, tb)⟩ =
L∏

ℓ=1

Ua(t
ℓ
a)Ub(t

ℓ
b) |ψ0⟩ , (4.19)

where the arrays of parameters tk = (t1k, . . . , t
ℓ
k, . . . , t

L
k ), k ∈ {a, b}, fix the duration of each pulse in

the layer, as described in (Dalyac et al., 2021). As another example, a different choice of parameters
was used in (Ebadi et al., 2022), considering a single Hamiltonian:

H =
ℏ
2

N∑

i=1

(
Ω(t)eiϕ(t) |0⟩i ⟨1|+ h.c.

)
+Hinter (4.20)
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Figure 4.2: Numerical implementation of an analog VQE algorithm using a UCC ansatz. (a) A
zoom on the smallest inter-atomic distance (0.2 Å) shows the evolution of the optimization with
respect to the number of shots. The differential evolution was set to perform at most 4 iterations
(red squares). The red scale shows the errorbar over 20 realizations. It takes approximately 3.5
hours of runtime for a QP operating at 3 Hz to achieve ϵ = 10% (light grey scale) of error and 4
hours to achieve ϵ = 5% (dark grey scale). (b) Relative error in percentage (red circles) between
the mean VQE result and the numerically computed lowest eigenvalue of the target Hamiltonian
(in STO-3G basis) over 10 realizations (gray crosses). The expected error is below ε = 5% (grey
area). The inset depicts the same result on an energy scale and compares it with the exact solution
(green squares). The result is drawn as a function of hydrogen inter-atomic distance.
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with different time t = (t1, . . . , tℓ, . . . , tL) and phase ϕ = (ϕ1, . . . , ϕℓ, . . . , ϕL) arrays defining L
segments of the pulse. The corresponding ansatz is then:

|ψ(t,ϕ)⟩ =
L∏

ℓ=1

U(tℓ, ϕℓ) |ψ0⟩ . (4.21)

The two approaches can be implemented in existing experimental setups, especially when the target
Hamiltonian is equal to the resource Hamiltonian (such as the case of the Maximal Independent
Set problem with Unit Disks, which is native to the Rydberg atoms setting). However, these
methods struggle to minimize the molecular target Hamiltonian energies within a limited number
of iterations and measurement repetitions. The alternating pulse ansatz assumes an initial register
configuration and initial guesses for the durations of the pulses in each layer, two tasks that are the
subject of active research. The expectation is that a properly chosen register and an optimized pulse
will drive the system to a low-energy state. In Fig. 4.3, we compare numerically the performance
of the two alternating pulse ansatze discussed above ((Dalyac et al., 2021), (Ebadi et al., 2022)).
We also included the procedure described in Sec. 4.4.3, which addresses the embedding of the
problem in the register and an estimation protocol for the observables. Comparing the required
number of shots for these approaches highlights the necessity of including an efficient estimation
protocol for the observables.

4.4.3 Optimized Register and Iteratively Parameterized Pulses
In this section, we present a more refined approach to deal with larger systems, aiming at exploiting
the capabilities already available in Rydberg simulators. To exemplify the procedure, we consider
in the following the Ising mode with the resource Hamiltonian (4.5).

Atom register and initial state

Even though we only consider global pulses for the processing stage, there still remains freedom
in the choice of the positions of the atoms. This determines the strength of pairwise interactions
and defines a connectivity graph whose edges correspond to the atoms that experience a blockade
effect (Henriet et al., 2020) (a different graph structure can be defined for the XY mode (4.6)).

In order to find suitable atomic positions, the coordinates are optimized in the plane so that
the associated interaction energy matrix resembles as much as possible the information contained
in the target Hamiltonian. Since the latter contains general Pauli strings, we consider a subset
of terms whose coefficients can be expressed in terms of the coordinates of the atoms2. A simple
choice consists in selecting the terms that can be directly compared with the Ising-like interaction
of the atoms: Let the matrix V T be given by the positive coefficients of the terms with only two Z
operators in the molecular target Hamiltonian and V R (our “register” matrix) the resulting values
of interaction strength C6/r

6
i,j for each pair i, j of atom positions in the register. This defines a

score function
∑
i,j(V

T
i,j − V R

i,j)
2 that we minimize numerically by varying the atom coordinates.

The set of atomic positions that arises from this minimization will be our optimized register. Its
geometry will be used to simulate the target Hamiltonian, but has no intrinsic chemical meaning.
The information that is taken from the Hamiltonian can be chosen from other subsets of the Pauli
strings (e.g. terms with 3 or more Z operators) and different interpretations of how the coefficients
constitute a register matrix. A different resource Hamiltonian, such as one with XY interactions,
would imply a different choice of subset. In Fig. 4.4, we summarize graphically the procedure for
the case of the H2 molecule with the Jordan-Wigner transformation. It turns out that we obtain
at a geometry very similar to the one heuristically picked for the alternating pulse ansatz.

2A broader series of techniques for embedding the problem information into the atom register has been considered
in (Coelho et al., 2022; Leclerc et al., 2022)
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Figure 4.3: Evolution of the ground-state energy as a function of the accumulated number of shots
for the H2 molecule at a fixed inter-nuclear distance. We have averaged numerically 200 realizations
of VQE with 3 and 8 layers using the two alternating pulse ansatz, (Dalyac et al., 2021) (straight
line), and (Ebadi et al., 2022) (dashed line). In the alternating operator approach, each Pauli
string mean value is performed with 1000 shots, which for the H2 Hamiltonian represents 1.5×104

shots before obtaining the first energy data point. Achieving energy errors below 5% (gray area)
requires at least O(106) shots in total. For the optimized procedure (adding more control over
atom positions, pulse shaping and derandomization estimation), the same energy error typically
requires O(105) shots.

Optimization of the parameterized pulse sequence

We constructed a variation of the so-called ctrl-VQE protocol (Meitei et al., 2021) for the case of
a global pulse on the register, in which the number of parameters increases at every optimization
iteration, while the total time ttot remains fixed:

Consider a set of Rabi frequencies {Ωi}Ki=1 and detunings {δi}Ki=1 defined discretely over a set
of time labels 0 < t1 < . . . < tK = ttot. Then, at iteration k, a new time label 0 < tk < ttot is
generated at random, lying between two previous time labels, ti−1 < tk < ti. To avoid labels too
close to each other, we will accept tk if the intervals |ti−1 − tk|, |tk − ti| are large enough compared
to the response time of the waveform generator of the machine (in the order of a few ns). The
corresponding Rabi frequency Ωi and detuning δi from the parent interval [ti−1, ti] are then split
into two independent parameters Ω′

i,Ω
′
k and δ′i, δ′k whose initial values are set equal to their parent

parameters (see Fig. 4.5). Finally, the new set of parameters {Ω1, . . . ,Ω
′
i,Ω

′
k, . . . ,ΩK} (likewise

for {δi}Ki=1) is optimized starting from the previous iteration values. This algorithm acts therefore
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Figure 4.4: Protocol to optimize the positions of the atoms in a register based on a target Hamilto-
nian. Blue: we begin with a register of randomly placed atoms and all the Ising interaction terms
are entered in a N ×N matrix. Yellow: all positive coefficients before the Pauli strings with only
two Z operators in the target Hamiltonian are combined in another (target) matrix N ×N . The
coordinates of the atoms are optimized to minimize the distance between the two matrices. We
then obtain a new register on which we will apply the VQE sequence.
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as a pulse shaping process. From time ti−1 to ti the acting Hamiltonian is:

Hi =
ℏ
2

(
Ωi

N∑

j=1

Sxj − δi

N∑

j=1

Szj

)
+Hinter (4.22)

and our ansatz, for K iterations, becomes:

|ψ(Ω, δ)⟩ = T
K∏

i=1

exp
[
− i

∫ ti+1

ti

Hi(τ)dτ
]
|ψ0⟩ (4.23)

Note that while the interval involves a constant Hamiltonian, we include a time-dependent
integration at each interval, to indicate that the waveforms that compose the pulse can be adapted
to hardware conditions (e.g. by being interpolated, or by adapting the shape with an envelope
function).

Energy estimation by derandomization

In our algorithm implementation, we take as a figure of performance of the variational optimization
run the total number of shots required to achieve a given error threshold ε for the energy. A
bounded number of processing cycles is required to remain within a realistic time lapse for the
entire implementation process. Rather than measuring several times each of the Pauli observables
in the Hamiltonian, we use an estimation protocol (derandomization (H.-Y. Huang et al., 2021))
based on fixing local Pauli measurements from an originally random set. This allows to efficiently
predict the energy of the prepared state |ψ⟩, ⟨HT(ψ)⟩, at each loop of the optimization of the
parameters.

More specifically, the derandomization algorithm starts with an initial measurement set of M
random Pauli strings {S(m)}Mm=1. A greedy algorithm improves the overall expected performance
of the measurement set, effectively “derandomizing” the operators of each random Pauli string in
sequence. The improvement is quantified by the average of the confidence bound, which ensures
that the empirical average 3 ωp corresponding to the p-th term of HT is within a desired accuracy
|ωs − ⟨S(p)⟩|/|⟨S(p)⟩| < ϵ and with a high probability. The total energy is finally estimated as
⟨HT(ψ)⟩ ≈

∑P
p=1 ωp.

While the pulses that prepare the state are global, the measurement itself requires the im-
plementation of local rotations on the qubits. This can be achieved experimentally by using a
toolbox such as the one described in (Notarnicola et al., 2021), thus emphasizing the digital-analog
interplay that is now within reach for next-generation neutral atom devices.

4.5 Numerical Results

4.5.1 Application on LiH and BeH2 molecules
We have applied the method described in section 4.4.3 to the LiH and BeH2 molecules. Using
the Qiskit (Qiskit contributors, 2023) framework combined with Pyquante (Muller, 2022), we

3A Pauli string A hits B, if by changing some operators in A to 1, we form B (for example ZX1 hits 1X1 and
Z11). The empirical average is obtained using those Pauli measurement basis {S(m)} that hit an observable S(p),
with the relevant measured bits expressed as ±:

ωs =
1

Nh

M∑
m:

S(m)hits S(p)

(
N∏

j:S
(p)
j ̸=1

b
(m)
j

)
,

where Nh counts how many Pauli strings in the set {S(m)} hit S(p), and b(m) = b
(m)
1 · · ·b(m)

N is the bitstring
measured with the basis S(m)
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tk

Figure 4.5: Iterative splitting and optimization of the pulse parameters: (a) Choose at random a
time tk, which will fall in the interval (ti−1, ti), and accept it if |ti−1 − tk| and |tk − ti| conform to
the device response time. Split the corresponding Ωi into two parameters Ω′

i,Ω
′
k with initial value

equal to Ωi. Do the same to the set {δi}. (b) Optimize the new set of parameters to lower the
energy of the prepared state (4.10).

calculate the one and two-body integrals of (4.3), encoding the problem into 6 qubits using the
Bravyi-Kitaev method. The Hamiltonians contain 118 and 165 Pauli strings respectively. To
design the pulse sequence and include realistic device constraints into the simulations we used the
open source package Pulser (Silvério et al., 2022). The Powell algorithm (Powell, 1964) was used
for the classical optimization of the pulse values with 20 function evaluations for each iteration.
The two initial Rabi frequency and detuning are chosen randomly in the interval [0, 2 × 2π]MHz
for each optimization procedure. During the optimization, Rabi frequencies are bounded to this
interval to remain within experimentally accessible values (Scholl et al., 2021), while the interval
for the detuning was taken as [−2 × 2π, 2 × 2π]MHz. We ran the algorithm five times for four
different inter-nuclear distances R yielding the results shown in Fig. 4.6. The algorithm converges
with small errors in most cases, but we notice the impact of the initial parameters on the obtained
energies. For instance at R = 1.5 Å for the BeH2 molecule, the obtained energy values are up to
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0.4 Hartree apart.
To optimize the register geometry, we took the coordinates as parameters, starting from ran-

dom positions and minimized the score function described in Sec. 4.4.3. We optimized the atom
register based on the Nelder-Mead method (Nelder & Mead, 1965), with a few thousands function
evaluations, and we also compared to several heuristic choices obtained by a term-by-term com-
parison with the interaction matrix (a well-performing choice of positions is shown for LiH in Fig.
4.6)

We define our error as
ε = |Eexact − Eestimated|/|Eexact|, (4.24)

where Eexact = ⟨HT⟩ is the exact diagonalization solution with respect to the target Hamiltonian
and Eestimated is the energy calculated with the optimized geometry, the optimized pulse sequence,
and the derandomization estimation. The optimized configurations, together with optimized pulse
parameters and energies estimated at each iteration with derandomized measurements give rise to
energy errors typically below the ε = 5% threshold in less than 350000 shots.

The implementation of the derandomization algorithm allows us to choose the number of mea-
surements that we wish to take (our budget), for a given target accuracy of estimation, which we
set to correspond to our ε = 5% benchmark. The resulting “derandomized” Pauli measurements in-
cluded typically close to 20 different Pauli strings, calculated from the minimization of the average
confidence bound that ensures an empirical average within the chosen ε. Since some derandomized
Pauli strings have more operators in common with the terms in the target Hamiltonian (they “hit”
more target observables), we adjusted the measurement repetitions to be spent proportionally more
in them, which improved statistics. We also verified that the obtained accuracy improves upon
increasing the allowed number of shots, although we don’t expect a full convergence, given the
incomplete information used to define HT.

4.5.2 Roadmap for more complex molecules
We discuss in this section some observations about the presented protocol for larger molecules
and more complex basis sets, where the number of terms in the Hamiltonian and the required
qubits to encode it grows quickly. Currently available neutral-atom devices can load hundreds
of traps (Schymik et al., 2022), but the available space on the register will eventually become a
resource limitation. In Fig. 4.7 we show the register optimization results for H2O and CH4 in
different basis sets, where thousands of terms would need to be measured. Our simple restriction
to Z-terms captures limited features of the Hamiltonian, mostly concentrating atoms where the
largest values need to be reproduced. In fact, as the system size grows, we observe that most
of the atoms in the register act as a “background” for these clusters. Choosing different terms
from the Target Hamiltonian will bring forward other features, highlighting the opportunities of
using learning methods to find more performing atom positions. We have not addressed here the
possibilities offered by three-dimensional registers (Barredo et al., 2018), which allow for more
complex embeddings and have been already studied for graph-combinatorial problems (Dalyac &
Henriet, 2022), although they can be straightforwardly included in the protocol.

Two aspects of the optimization that rely on classical computation can be further refined: the
choice of initial state and the selection of parameters: initializing the optimization with a product
state from a Hartree-Fock state approximation can help exploring a lower energy set of output
states. In Fig. 4.8 we have scanned through all product states of an 8-qubit system to select
those who benefit the most from the first step of the pulse-optimization protocol presented above.
The best choice of initial product state can then be used for the Rydberg QP implementation4.
Comparing the energy ⟨ψ0|U(θ)†HTU(θ)|ψ0⟩ of a candidate initial product state |ψ0⟩ evolving
under a constant pulse parameterized by θ can be performed for example using tensor-network
techniques over an HPC backend (Bidzhiev et al., 2023; Rudolph et al., 2022). On the other hand,

4Preparing the initial product state requires for example masking atoms with the help of a spatial light modulator.
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the number of parameters can be chosen at will, and do not depend on the number of qubits.
More advanced control techniques can be applied here, and there is large choice of techniques and
numerical tools in the subject of quantum optimal control. We recall that the optimization of the
pulse sequence is not dependent on the embedding itself – it is a global property of the system
evolution, where nearby atoms constitute blockade regions that characterize the final state.

4.6 Discussion
In this work, we have numerically studied a digital-analog quantum algorithm in the context of
quantum chemistry using an ideal Rydberg quantum processor as a hardware. We have considered
small molecules with resource Hamiltonians of two qubits for the H2 molecule and six qubits for
the LiH and BeH2 molecules to demonstrate the applicability of our methods. Our purpose was
to describe the construction of such an algorithm, discussing the cost of each stage in terms of the
number of measurement repetitions. Our numerical results should be viewed as a first benchmark
and should trigger further explorations. Besides, it provides a roadmap for the improvement of
Rydberg quantum processor, in particular in terms of cycle time.

By considering the symmetries of H2 Hamiltonian, we show how the UCC method efficiently
and accurately approximates the ground state energy. However, finding a two-body Hamiltonian
which commutes with a more general molecular target Hamiltonian is a hard problem. We therefore
proposed another protocol for larger molecules: we optimized the geometries of the atomic array,
pulse sequences and included an estimation method (derandomization) for the energy measurement.
We targeted 5% of accuracy compared to the exact diagonalization method for Hamiltonian with
6 qubits and more than a hundred Pauli strings.

We observed that the geometry of the array has a significant impact on the result: In the case
of LiH, where the target matrix V T does not provide much information due to the few terms with
only two Z operators, the optimized positions underperform with respect to a careful choice of
positions, although scaling the heuristics that gives rise to such a geometry for molecules with
large number of qubits in their encoding is impractical. This calls for the design of more advanced
embedding algorithms. Indeed, for the case of BeH2, the register optimization achieves rather
small energy errors, especially for larger distances.

Previous studies (Wecker et al., 2015) have quantified the demanding resource requirements for
practical VQE applications. After several iterations of pulse optimization with energy estimation
via derandomization, the error on the average energy of the final prepared state descends to ε < 5%,
and expected to be obtained within a day of measurement in a typical current-day Rydberg QP.

In the numerical implementation we have used out-of-the-box optimizers with limitations for
the numerical task at hand. Other possibilities include the use of an interpolated waveform for
each set of parameters and shaping the pulse using bayesian optimization routines as explored in
(Coelho et al., 2022) for the study of combinatorial graph problems. Note that experimentally, one
could clone several times the atom layout in spatially separated regions of the register (at least
for a small number of qubits), multiplying the obtained number of bitstrings. To achieve close to
1% relative error, we expect that at least a week of Rydberg QP runtime would be necessary (see
extrapolation shown in Fig. 4.6). The capacity of a circuit ansatz to construct a desired quantum
state while keeping a small depth and number of parameters is studied by its expressibility (Holmes
et al., 2022; S. Sim et al., 2019). In the case of analog systems, this is an emerging topic of research
(Tangpanitanon et al., 2020), with the goal of ensuring that a given ansatz could potentially lead
to a good approximation of the ground state and achieve chemical accuracy.

The impact of experimental errors in a real-life implementation will also lead to performance
reductions. SPAM (State Preparation And Measurement) errors are typically the largest source of
discrepancy for the neutral atom devices (de Léséleuc et al., 2018), but the energy errors observed
in numerical simulations remain low as long as the failure rates are small, given that the variational
nature of the algorithm shows robustness to several types of errors (Henriet, 2020). Recently (Guo
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et al., 2022), VQE was experimentally implemented in a superconducting quantum processor for
H2, LiH and F2 with 4, 6 and 12 qubits, respectively, using the UCC ansatz and a different flavor
of measurement protocol (Wu et al., 2023). The readouts went through an error mitigation post-
processing routine, which showed that these techniques can greatly compensate the noise effects
from their quantum processor, with an error reduction of up to two orders of magnitude and leading
to chemical accuracy in some circumstances. We expect that such mitigation can be added to the
protocols considered in this paper and will help experimental implementations in Rydberg QP.

To tackle quantum simulation algorithms for energy estimation, more developments in both
quantum and classical parts of the hybrid algorithm are needed. Reaching chemical accuracy for
molecules with a few tens of qubits remains an open challenge that can now begin to be explored
in experimental devices. This will provide evidence to generate new and fundamental insights to
understand under what conditions a computational advantage can be achieved.
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Figure 4.6: Numerical results of the VQE algorithm with our digital-analog protocol (a) for BeH2

at an intermolecular distance of 0.5 Å where we increased the number of shots beyond 1 day of
experiment and observed the expected improvement over several days of calculations. The light
grey shade and the dark grey shade indicate respectively ε = 10% and ε = 5% error benchmark.
The red line shows the improvement mean value over 100 run. (b) Result of BeH2 molecule with an
encoding of 6 qubits and 165 Pauli strings and (c) result of LiH molecule result with an encoding
of 6 qubits and 118 Pauli strings. The insets show the register geometry at specific inter-nuclear
distances. For the case of LiH a single heuristic choice was used, while for BeH2 an optimized
geometry was prepared at each inter-nuclear distance, minimizing the distance between selected
terms of the target Hamiltonian and the interaction energies of the atoms in the register (see
Sec. 4.4.3). Blue squares: mean value for several simulations. Green line: result from exact
diagonalization. The gray shade indicates an ε = 5% error benchmark. The total number of
shots for each optimization result (red crosses) is set to 350000, corresponding roughly to a day of
processing in a Rydberg QP.
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Figure 4.7: Example embeddings for the H2O and CH4 molecules. Using a Jordan-Wigner en-
coding, for two different basis, our H2O Hamiltonian (left column) consisted of 14 qubits and
2110 terms (STO-3G basis), of which 595 were chosen as features for the reference Hamiltonian.
Choosing a 6-31G* basis gives 36 qubits, with 83003 terms and 5594 of them relevant. For CH4

(right column), the STO-3G basis gives 18 atoms and 6892 Pauli terms, of which 1359 terms were
used for the embedding. The 6-31G* basis requires 44 qubits, 297075 terms and we have picked
an embedding with 11772 terms.
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Figure 4.8: Relative error ε after the first step of the pulse optimization 4.4.3, using different initial
product states. While the default |ψ0⟩ = |0⟩⊗N (black line) barely improves its ε by the optimiza-
tion step, other product states (blue, dashed line and red, dashed-dotted line) achieve a very low
error. We have used an 10-qubit Jordan-Wigner encoding of the LiH Molecular Hamiltonian under
the STO-3G basis (276 terms), and averaged several instances for each product state.
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Chapter 5

Using Rydberg platform to simulate
strong fermionic correlations in the
2D-Hubbard model

5.1 Forewords
This chapter is a mix of the main text and the supplementary material of a preprint (Michel,
Henriet, et al., 2023) submitted to a peer-reviewed journal. It is the result of a collaboration with
ATOS/EVIDEN.

5.2 Introduction
Decades of theoretical efforts have led to tremendous progress in the understanding of the exotic
phases of strongly correlated electron systems. For instance, lots is known about the physics
of their minimal model, the Hubbard model (LeBlanc et al., 2015; Schäfer et al., 2021). Yet, the
exponential difficulty of the underlying many-body problem still poses formidable challenges in low-
temperature, doped phases relevant to cuprate superconductors, in multi-orbital settings relevant,
for instance, to iron-based superconductors (Si et al., 2016) and the recent Moiré superconductors
(Andrei et al., 2021), or in out-of-equilibrium situations like sudden quenches that lead to a fast
growth of entanglement.

Quantum processors, i.e., controllable, synthetic quantum many-body systems (Ayral et al.,
2023), are promising to solve these outstanding challenges (Feynman, 1982). Ultracold fermionic
atoms trapped in optical lattices were already implemented more than a decade ago (Boll et al.,
2016; Cheuk et al., 2016; Esslinger, 2010; Hart et al., 2015; Jördens et al., 2008; Mazurenko et al.,
2017; Schneider et al., 2008; Schneider et al., 2012; Schreiber et al., 2015; Tarruell & Sanchez-
Palencia, 2018) as the most direct, or "analog", quantum processors of fermions. They allowed
to observe signatures of, for instance, Mott physics, while operating—so far—at temperatures too
high to gain insights into pseudogap or superconducting phases.

In contrast, universal "digital" quantum processors rely on quantum bits encoded on two-level
or "spin-1/2" systems, and operate logic gates on them. They in principle enable the simulation
of the second-quantized fermionic problems explored in materials science (Bauer et al., 2020) or
chemistry (Y. Cao et al., 2019).

Yet, early attempts are facing the physical limitations of these processors in terms of the number
of qubits and number of gates that can be reliably executed before decoherence sets in. Fermionic
systems are particularly demanding due to the loss of locality of the Hamiltonian (Bravyi & Kitaev,
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2002; Jordan & Wigner, 1928) or the need for auxiliary qubits (Derby & Klassen, 2020; Setia et al.,
2019; Verstraete & Cirac, 2005) that come with translating to a qubit language. Both constraints
generically lead to longer quantum programs, and hence an increased sensitivity to imperfections.
To alleviate those issues, hybrid quantum-classical methods (Bharti et al., 2022; Endo et al., 2021)
such as the Variational Quantum Eigensolver (VQE, (Peruzzo et al., 2013)) were proposed, with
many developments but without clear-cut advantage so far.

Despite remarkable recent progress towards large-size digital quantum processors, "analog"
quantum processors remain a serious alternative to explore fermionic problems. Beyond the afore-
mentioned ultracold atoms, platforms include systems of trapped ions and cold Rydberg atoms.
The lesser degree of control of these machines—with a fixed, specific "resource" Hamiltonian that
does not necessarily match the "target" Hamiltonian of interest — is compensated by the large
number of particles that can be controlled, with now up to a few hundreds of particles (Chen
et al., 2023; Ebadi et al., 2021; Scholl et al., 2021). In addition, the parameters of the resource
Hamiltonian are usually precisely controlled in time (Bloch et al., 2008; Bluvstein et al., 2021;
Browaeys & Lahaye, 2020; Glaetzle et al., 2015; González-Cuadra et al., 2023; Scholl et al., 2021).
This has enabled the use of analog quantum processors to study many-body problems in several
recent works (Argüello-Luengo et al., 2019; Bloch et al., 2008; González-Cuadra et al., 2023; Kokail
et al., 2019; Michel, Grijalva, et al., 2023). For instance, (Kokail et al., 2019) have investigated the
physics of the Schwinger model—a toy problem for lattice quantum electrodynamics—by leveraging
the similarity between the symmetries of a 20-ion quantum simulator and those of the Schwinger
model. In general, however, such a similarity between target and resource Hamiltonians is rare. In
particular, the question of how to tackle a fermionic many-body problem with a spin-based, analog
simulator is an open problem.

In this Letter, we propose a method to address this problem using a specific processor, namely an
analogue Rydberg quantum processors (Browaeys & Lahaye, 2020; Henriet et al., 2020). By using
a self-consistent mapping between the fermionic problem and a "slave-spin" model, we circumvent
the nonlocality issues related to fermion-to-spin transformations. We show that the method allows
one to compute key properties of the Hubbard model in and out of equilibrium. We show, through
realistic numerical simulations, that it does so even in the presence of hardware imperfections like
decoherence, readout error and shot noise coming from the finite number of repetitions of the
experiment.

5.3 Problem reduction through the slave-spin method.
As a proof of concept, we tackle the single-band, half-filled Fermi-Hubbard model on a square
lattice. Its Hamiltonian:

HHubbard =
∑

i,j,σ

ti,jd
†
iσdjσ +

U

2

∑

i

(ndi − 1)2 (5.1)

contains creation (resp. annihilation) operators d†iσ (resp. diσ) that create (resp. annihilate) an
electron of spin σ on lattice site i, with a hopping amplitude ti,j between two sites (we will focus
on nearest-neighbor hopping only, ti,j = −tδ⟨i,j⟩) and an on-site interaction U . (The chemical
potential was set to µ = U/2 to enforce half-filling.)

This prototypical model of strongly-correlated electrons is generically hard to solve on classical
computers, especially in out-of-equilibrium phases where the most advanced methods are usually
limited to short-time dynamics. Instead of directly tackling this fermionic model, we resort to a kind
of separation of variables that singles out two important degrees of freedom of the model, namely
spin and charge. Technically, this is achieved by resorting to a "slave-particle" method known as
Z2 slave-spin theory (de’Medici et al., 2014; Rüegg et al., 2010). We replace the fermionic operator
d†iσ by the product of a pseudo-fermion operator f†iσ and an auxiliary spin field Szi (Sa=x,y,zi denote
the Pauli spin operators), namely d†iσ = Szi f

†
iσ. The ensuing enlargement of the Hilbert space
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Figure 5.1: Slave spin mapping. The Hubbard Hamiltonian (top) is mapped to two self-consistently
determined simpler problems: an efficiently solvable free fermionic Hamiltonian with a renormalized
hopping (bottom left, Hf(Q) in the text), and a transverse field Ising Hamiltonian (bottom right,
Hs(J) in the text), which we tackle using a quantum Rydberg processor.

is compensated for by imposing constraints Sx
i +1
2 = (nfi − 1)2 on each site. In the particle-hole

symmetric case studied here, these constraints will be fulfilled automatically (Schiró & Fabrizio,
2011).

We then perform a mean-field decoupling of the pseudo-fermion and spin degrees of freedom
Szi S

z
j f

†
i,σfj,σ ≈ ⟨Szi Szj ⟩f†i,σfj,σ + Szi S

z
j ⟨f†i,σfj,σ⟩ − ⟨Szi Szj ⟩⟨f†i,σfj,σ⟩. We obtain a sum of two self-

consistent Hamiltonians H ≈ Hf +Hs:

Hf =
∑

i,j,σ

Qi,jf
†
i,σfj,σ (5.2a)

Hs =
∑

i,j

Ji,jS
z
i S

z
j +

U

4

∑

i

Sxi , (5.2b)

with Qi,j = ti,j⟨Szi Szj ⟩ and Ji,j =
∑
σ ti,j⟨f

†
i,σfj,σ⟩.

Solving the Hubbard model within slave spin theory amounts to solving these two self-consistently
defined problems. This is done in an iterative fashion, as illustrated in Fig. 5.1: starting from an
initial guess for the renormalized hopping Q to initiate the self-consistent computation, (i) the
correlation function ⟨f†i,σfj,σ⟩ of the pseudo-fermion problem, needed to define the spin interaction
Ji,j , can be computed efficiently on a classical computer using a Bogoliubov transformation (see
Suppl. Mat 5.4.1 for more details), (ii) the spin problem, on the other hand, is harder to tackle on
classical computers. We thus set out to compute its spin-spin correlation function with a quantum
processor. Since Hs is of infinite size, we first reduce it to a finite-size problem by using a cluster
mean-field approximation, as done in e.g. (Hassan & de’Medici, 2010): we solve

HC
s =

∑

i,j∈C
Ji,jS

z
i S

z
j +

U

4

∑

i∈C
Sxi +

∑

i∈C
hiS

z
i , (5.3)

where C denotes the set of N cluster sites and hi = 2ziJm is the self-consistent mean field that
mimics the influence of the infinite lattice. Here, zi is the number of neighbors of site i outside the
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Figure 5.2: Mott transition observed with the slave-spin method on a realistic numerical simulation
of Rydberg atoms device. The characteristics of the device considered are tmax = 4µs, γ = 0.02
MHz, Ns = 150, ϵ = ϵ′ = 3% and k = 5. The error bar is calculated from the errors of ϵ and Ns.

cluster, J = 1
Np

∑
⟨i,j⟩∈C Ji,j is the average nearest-neighbor coupling (Np is the number of nearest-

neighbor links inside the cluster) and m = 1
N

∑
i∈C⟨Szi ⟩ is the average magnetization. This model

needs to be solved iteratively by starting from a guess for the mean field m. For a given value of this
mean field, the finite spin problem defined by HC

s is solved using a quantum algorithm (described
below). This yields the correlation function ⟨Szi Szj ⟩ and closes the self-consistent loop, which
runs until convergence. At convergence, we can extract useful observables of the original Hubbard
model. For instance, the quasiparticle weight Z of the original model, which measures the quantum
coherence of the fermionic excitations, can be obtained via the spin model’s magnetization: Z = m2

(we also have access to site-resolved magnetizations ⟨Szi ⟩ and hence site-resolved quasiparticle
weights).

5.3.1 Details of the main equations
We choose the most simple form of slave spins, introduced in (Rüegg et al., 2010). We recall its
main steps below. We replace the fermionic operator d† by the tensor product of a pseudo fermion
operator (that follows the same anticommutation rules as d†) and an auxiliary spin field

d†iσ = Szi f
†
iσ, (5.4)

where Szi is the Pauli-Z operator at site i (later Sai , with a ∈ {x, y, z}, will denote the Pauli
spin operators), and f†iσ and fiσ denote fermionic operators called pseudo-fermions. The d and f
operators obey fermionic anticommutation relations due to the spin commutation relations.

By substituting, in HHubbard, the original fermionic operators by new spin and pseudo fermion
degrees of freedom, we effectively enlarge the Hilbert space where the new Hamiltonian, H ′

Hubbard,
acts. In practice, we want to map the original problem HHubbard to a Hilbert space of same size
by looking at a restriction of the new Hamiltonian, H ′

Hubbard, on a restricted portion of the new
Hilbert state, which is called the physical subspace. This is achieved by imposing a constraint: on
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each site i, we impose the relation (Rüegg et al., 2010):
(
nfi↑ + nfi↓ − 1

)2
=
Sxi + 1

2
(5.5)

to hold for the "physical states". Among the eight possible local states, only four states (i.e. the
same number of original local states) verify this constraint:

∣∣ndi = 0
〉
=
∣∣∣Sx = 1, nfi = 0

〉
, (5.6a)

∣∣ndi,σ = 1
〉
=
∣∣∣Sx = −1, nfi,σ = 1

〉
, σ =↑, ↓ (5.6b)

∣∣ndi = 2
〉
=
∣∣∣Sx = 1, nfi = 2

〉
. (5.6c)

Assuming this constraint is satisfied in the physical subspace, we can transform the original Hub-
bard Hamiltonian, expressed as

HHubbard =
∑

i,j,σ

ti,jd
†
iσdjσ +

U

2

∑

i

(ndi − 1)2

+

(
µ− U

2

)∑

i

ndi ,

(5.7)

to the following transformed Hamiltonian:

H ′
Hubbard =

∑

i,j,σ

ti,jS
z
i S

z
j f

†
i,σfj,σ +

U

2

∑

i

(
Sxi + 1

2

)

+

(
µ− U

2

)∑

i

(nfi,↑ + nfi,↓),

(5.8)

via substitution of equality (5.5) in the interaction term of (5.7). It is straightforward to see that
ndi = nfi considering (5.6). At this point, no approximations have been made.

The next step is then to decouple fermions and spins with a mean-field approach

Szi S
z
j f

†
i,σfj,σ ≈⟨Szi Szj ⟩f†i,σfj,σ + Szi S

z
j ⟨f†i,σfj,σ⟩−

⟨Szi Szj ⟩⟨f†i,σfj,σ⟩.
(5.9)

Therefore, Eq. (5.8) can be expressed as a sum of two Hamiltonians (neglecting constant terms
and considering half-filling) H ′

Hubbard = Hs +Hf with Hs =
∑
i,j ti,j⟨f

†
i,σfj,σ⟩Szi Szj + U

4

∑
i S

x
i , an

Ising-like transverse-field Hamiltonian (TFIM) and Hf =
∑
i,j,σ ti,j⟨Szi Szj ⟩f

†
i,σfi,σ describing the

free renormalized electrons. The correlators ⟨f†i,σfj,σ⟩ and ⟨Szi Szj ⟩ are obtained via auto-coherent
loops until convergence is reached.

5.3.2 Fulfillment of the constraint
When performing loops described above, one must ensure that the constraint Eq. 5.5 is imposed
on each site. In practice, the mean-field simplification leads to

⟨(nfi,↑ + ni,↓ − 1)2⟩f =
〈
Sxi + 1

2

〉

s

. (5.10)

This equality can be enforced on all sites by using a Lagrange multiplier λi: one adds a term
Hλ =

∑
i λi((ni − 1)2 − Sx

i +1
2 ) to Hs +Hf and optimizes the corresponding cost function.

In particle-hole symmetric cases (which includes our setting, namely the single-orbital, half-
filled Hubbard model on a square—i.e bipartite—lattice), λi should be zero to respect the symmetry
of the energy spectrum around 0 (Schiró & Fabrizio, 2011; W.-W. Yang et al., 2019).
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5.3.3 Variants: Towards a multiorbital case
The Z2 slave spin theory used here is one among others.

Another related slave-spin approach (de’Medici et al., 2005; Hassan & de’Medici, 2010) consists
in enlarging the Hilbert space with the spin operator Szi,σ such as

d†i,σ = f†i,σS
z
i,σ (5.11)

In this method, the physical states are
∣∣ndi,σ = 1

〉
⇔
∣∣∣nfi,σ = 1, Szi,σ = 1

〉
and

∣∣ndi,σ = 0
〉
⇔∣∣∣nfi,σ = 0, Szi,σ = −1

〉
. The constraint to be satisfied to only span physical states is then ni,σ =

Szi,σ + 1
2 .

While this method lends itself quite naturally to multiorbital models (see e.g (de’Medici et al.,
2005)), the additional σ dependency of the slave-spin operators (compared to the Z2 slave spins
considered in our work) leads to an effective model which is more difficult to relate to existing
experimental platforms.

5.4 Solution of the two coupled subproblems
In this section, we show how we solve numerically Eq. (5.2a) and Eq. (5.2b) to obtain matrices J
and Q. For Hs, we describe the embedding of the cluster mean-field theory.

5.4.1 Solving the fermionic Hamiltonian Hf for J: Bogoliubov method
To compute Ji,j , we need to compute the one-particle density matrix

Gσi,j =f ⟨ψ0| f†i,σfj,σ |ψ0⟩f . (5.12)

Hf can be rewritten as a matrix product:

Hf = F †QF (5.13)

with F † = (f†1,↓, f
†
1,↑, f

†
2,↓, . . . ) and Q a Hermitian, N ×N , matrix. Q can be diagonalized numer-

ically: Q = LDL†, with D = diag{λ1, λ2, . . . , λN}. If the number of sites is even, the trace of D
vanishes and we obtain as many λi < 0 as λi > 0. It leads to define C† = F †L ⇐⇒ C = L†F
and a diagonal form of Hf is obtained

Hf =
∑

i,σ

λic
†
i,σci,σ. (5.14)

The ground-state energy of this Hamiltonian is the sum of negative λi and the groundstate is
then a Slater determinant |0101 . . . 01⟩C in the c basis with 1 corresponding to negative energies
and 0 otherwise. To go back in the f basis, one can use the L matrices:

Gσi,j = ⟨ψ0|
∑

k,k′,σ

L†
k,iLj,k′c

†
k,σck′,σ |ψ0⟩ (5.15)

=
∑

k,k′,σ

δk,k′L
†
k,iLj,k′⟨c

†
k,σck′,σ⟩ (5.16)

=
∑

k,σ

L∗
i,knk,σL

t
k,j . (5.17)

with nk,σ equal to 1 for k indices where λk < 0. Numerically, it means that only matrices L and
eigenvalues λi are needed to compute J . This part can be dealt with a classical quantum computer
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Figure 5.3: Schematic representation of the cluster geometry for (a) N = 4 sites and (b) 12 sites.
The dashed black lines represent the interaction with the surrounding mean-field whereas the full
black line show the interactions within the cluster. In the twelve sites lattice, the two sites inside
the cluster do not interact with the mean-field.

as it has a polynomial complexity. Going into the thermodynamic limit makes it easier as the
system is really translation invariant and the Hamiltonian is then diagonal in the Fourier space. In
our work, we choose to solve Hf considering boundaries to show the effect of a finite-size system on
the method. Further developments could be done to simplify this step and consider an infinite-size
system.

5.4.2 Solving the spin Hamiltonian via a cluster mean-field approach
We now focus on the computation of Qi,j . It requires the computations of the spin-spin correlation
function ⟨Szi Szj ⟩.

We consider a cluster of Nx columns and Ny rows (see Fig. 5.3 for an example) surrounded by
a mean field. The number of sites in the cluster is then N = Nx ×Ny.

The cluster mean-field approximation leads to

Szi S
z
j ≈ ⟨Szi ⟩Szj + ⟨Szj ⟩Szi − ⟨Szi ⟩⟨Szj ⟩, (5.18)

where i (j) is inside the cluster at the border of it and j (i) is not. The mean-field parameter
⟨Szi ⟩ is the same for all sites in the thermodynamic limit. As we consider finite-size systems, we
numerically compute

m =
1

N

N∑

i=1

⟨Szi ⟩. (5.19)

This mean magnetization will be the one outside the cluster following a self-consistent loop.
Therefore,

∑
i,j Ji,jS

z
i S

z
j =

∑
i,j Ji,j(mS

z
j +mSzi ) = m

∑
i,j Ji,j(S

z
j + Szi ), neglecting constant

terms. However, the matrix element Ji,j is not known for a site i inside the cluster and a site j
outside of it. In the thermodynamic limit, all Ji,j are equals as it is the one-particle density matrix
of a free fermionic system. We can thus take the mean value of all Ji,j for nearest neighbors inside
the cluster to guess the interaction between sites inside and outside the cluster. Let’s then define

J =
1

Np

∑

⟨i,j⟩
Ji,j (5.20)
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Figure 5.4: Impact of imposed number of loops k in the slave-spin mean-field theory for a cluster
of N = 4 sites. The resolution method is annealing and all sources of error are neglected.

where the sum goes all over nearest neighbors in the cluster and Np is the number of such pairs.
In the square lattice, each site has 4 nearest neighbors. We can define a number zi which is the
number of neighbors outside the cluster for site i. For example, this number is equal to 0 for a site
which has 4 neighbors inside the cluster.

Finally we obtain a mean-field term
∑

i∈C
hiS

z
i = 2Jm

∑

i∈C
ziS

z
i (5.21)

and we obtain Eq. (5.3).

5.4.3 Convergence of the self-consistent loop
The self-consistent procedure to solve the inner loop is first to guess an initial value for the mag-
netization m0, then to solve Eq. (5.3) and calculate m = 1

N

∑N
i ⟨Szi ⟩ in the groundstate obtained.

The loop goes on until a convergence criteria is reached. In our simulation, two criteria are used:
the number of inner loop and outer loop can be narrowed by a number k (so the total number of
loop allowed is k × k). The second criteria is the norm of the difference between Q at step l − 1
and Q at step l for the outer loop and the norm of the difference between m at step l − 1 and m
at step l for the inner loop. We choose a value η such as the loop stop if one of the two norm is
lower than η. in our simulation we choose η = 0.01. The evolution of Z as a function of iterations
is shown in Fig. 5.5 for a cluster of N = 6 sites, k = 10 and η = 10−6. Different initial guess for
m are tested and they all converge toward the same value which states for the robustness of the
method. The convergence takes more time close to the transition value. The impact of the number
of loops k imposed is shown in Fig. 5.4.

5.5 Quantum algorithm for the spin Hamiltonian.
Let us turn to the solution of the (cluster) spin problem, HC

s . It is nothing but the transverse-field
Ising model, which has recently been claimed to be a potential candidate problem for reaching
quantum advantage using gate-based quantum processors (Kim et al., 2023). As it turns out, its
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Figure 5.5: Evolution of Z as a function of loop iterations for a 6 sites embedding. (a) Mott
transition for a 3 × 3 cluster where three points are highlighted. The convergence of these points
((b) U/t = 2.0, (b) U/t = 16.0 and (d) U/t = 24.0) during the slave-spin mean-field procedure
is shown for different initial guess of the mean field m (0.1, 0.5 and 0.9). The solving method is
annealing where all source of noise are neglected. The number of allowed iteration is increased to
100 but the x-axis are limited to convergence in the three panels for sake of clarity and the error
accepted is η = 10−5.
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form is very similar to the Hamiltonian realized experimentally by Rydberg atoms trapped with
optical tweezers (Browaeys & Lahaye, 2020):

HRydberg =
∑

i ̸=j

C6

|ri − rj |6
n̂in̂j +

ℏΩ(τ)
2

∑

i

Ŝxi − ℏδ(τ)
∑

i

n̂i, (5.22)

where Ω(τ) and δ(τ) are the time-dependent Rabi and detuning drives, and C6 the magnitude
of the interatomic van der Waals interactions; n̂i = (I + Szi )/2. The main difference between
HRydberg and HC

s is the sign of the interaction: it is positive for Rydberg atoms, negative (since
usually ti,j < 0) for the slave spin problem. We can nevertheless make use of the Rydberg platform:
instead of looking for its ground state, we are going to be looking for its most excited state, which
we attain using an annealing procedure: we start from drive parameters Ω(τ = 0) = 0 and a large
negative δ(τ = 0) so that the system’s native initial state |ψstart⟩ = |g⟩⊗N is the most excited
state of the initial Hamiltonian. We then, over a long enough annealing time, linearly ramp the
Rabi and detuning drives to reach the final values ℏΩ(τmax) =

U
2 , ℏδi(τmax) =

∑
j ̸=i

C6

r6i,j
+ 4Jmzi.

Provided we can, in addition, optimize the atom positions in such a way that C6

r6i,j
≈ −4Ji,j (details

about this optimization are in Sec. 5.6.1), the final Hamiltonian will be −HC
s . Hence, following

the adiabatic theorem (applied to the most excited state), the procedure should (approximately)
bring the system to the most excited state of −HC

s and hence the ground state of HC
s . We can

finally measure the spin-spin correlation function on this state.

5.6 Solving the spin model with a Rydberg platform: details
In order to solve Eq. (5.3), we propose to use the Ising Hamiltonian Eq. (5.22) generated by
Rydberg atoms device.

As discussed in the main text, this is achieved via an annealing procedure whose final Hamil-
tonian is supposed to be as close as possible to the Hamiltonian whose ground state correlations
functions we want to compute.

In this section, we discuss in more detail the annealing procedure and the deviations from the
ideal case that we take into account.

5.6.1 Optimization of the geometry
The Hamiltonian we are considering, Eq. (5.3), displays a self-consistently determined spin coupling
matrix Ji,j , while the Hamiltonian that is controlled in the experiment displays a van der Waals
interaction term

∑
j ̸=i

C6

r6i,j
. This section explains how we optimize the atom positions to make

both couplings match as much as possible.
Our goal is to minimize the cost function

D =

√√√√∑

i,j

(
C6

|ri,j |6
+ 4Ji,j

)2

. (5.23)

We use the conjugate gradient descent algorithm from the scipy library (Virtanen et al., 2020)
with the following initial guess for the geometry: we place the atoms on a square lattice where the
distance between nearest-neighbor atoms is rinit = maxi,j( C6

|4Ji,j | )
1
6 .

The evolution of D as a function of the number of sites in the cluster is shown Fig. 5.6. The
optimization of the positions does not lead to a vanishing D. In practice, the gradient descent
algorithm can be trapped in numerous local minima, leading to a poor approximation of −4Ji,j by
the interaction matrix element. In addition, difficulties can arise directly from the symmetries of
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Figure 5.6: Optimization of geometry for an implementation on real device.(a) Mean value of the
cost function D (Eq. 5.23) for different cluster size at U = 13.1 MHz. The error bar shows the
standard deviation over all D values encountered during loops. (b) Initial position of the atoms
before optimization for a N = 12 sites cluster in the last outer loop of the slave-spin mean-field
method at U = 13.1 MHz. (c) Position of atoms after the optimization of the geometry to minimize
D.

the initial cluster guess. For instance, in the case of a 2 × 2 cluster, if distance between nearest-
neighbors is called a, the distance between next nearest neighbors is always a/

√
2 whereas it should

be 0 for our model since Ji,j = 0 for next nearest neighbors. Therefore, in most cases, D is not
exactly zero and finding the best geometry is not an easy task.

Despite these imperfections, it seems that the impact of considering an imperfect optimization
of the geometry (leading to a nonzero D) does not lead to significant changes. In Fig. 5.8, we show
the outcome of the equilibrium and out-of-equilibrium computations with a "perfect geometry"
(assuming the coupling is actually Ji,j) and an imperfect geometry. For the Mott transition,
differences can be seen to be negligible for N = 4 cluster sites. For the dynamical behavior, we can
observe a change in amplitude but the frequency remains the same as for the slave-spin mean-field
interactions. To illustrate the outcome of the optimization procedure, we also show an example of
initial and optimized position for N = 12 cluster sites in Fig. 5.6. One can observe that the final
pattern is slightly distorted compared to the translation-invariant initial pattern. This is due to
the fact that the couplings at the edges of the cluster differ from the ones in the "bulk" of the
cluster to account for the cluster’s environment. As the cluster size grows, these edge effects will
have less and less influence, and the optimization will become easier and easier.

Thus, we can conclude that the geometry optimization yields reasonably faithful interactions.
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are neglected.

5.6.2 Details of the annealing schedule

Once the geometry is found, the atoms are prepared in the state |ψstart⟩ = |g⟩
⊗
N . The following

Hamiltonian is the one applied at τ = 0

Hstart =
∑

i ̸=j

C6

|ri − rj |6
n̂in̂j − ℏδstart

∑

i

ni (5.24)

where δstart is set to −5 MHz so that |ψstart⟩ is the most excited state of (5.24). The Rabi
frequency and the detuning are then driven during a time τmax to reach the Hamiltonian −HC

s A
global addressing is performed for the Rabi frequency and for the detuning.

Following the procedure described in the main text, the Rabi frequency starts at 0 MHz and
is driven linearly to U

2 (ℏΩ(τmax) =
U
2 ). Similarly, the detunings are all prepared at a value δstart

and are driven separately to values ℏδi(τmax) =
∑
j ̸=i

C6

r6i,j
+ 4Jmzi.

The effect of annealing time is shown in Fig. 5.7. Starting from τmax = 3 µs, the impact seems
to be insignificant. In our simulations, we choose τmax = 4µs to ensure a good convergence.

To perform the study of the dynamics in the Hubbard model, we need to quench the value of
the Rabi term. In practice, the quench is not instantaneous. In Fig. 5.9, we investigate the effect
of the finite switch-on time τramp on the Rabi and detuning. We see that this time impacts the
frequency of the signal for τramp ≥ 0.3µs. At the actual device specifications τramp ≈ 0.05µs, the
effects are negligible.

5.6.3 Experimental imperfections
The algorithm described in the main text is designed to work on actual neutral atoms devices. As
they are NISQ computer, it is necessary to evaluate effects of noise and limitations on the results
of the method. In the following, methods to emulate noise are described and implemented in our
code.

All numerical simulations are performed with the library QuTiP (Johansson et al., 2013) (exact
diagonalization) and the Quantum Learning Machine. The SPAM error is implemented with a code
from Pulser (Silvério et al., 2022).
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We consider Uf = 13 MHz. All other sources of error are neglected.

81



Dephasing noise

Decoherence during the annealing procedure is described via the Lindblad master equation (fol-
lowing (Lienhard et al., 2018)):

dρ

dτ
= −i[H(τ), ρ]− 1

2

N∑

i=1

γi

[{
L†
iLi, ρ

}
− 2LiρL

†
i

]
(5.25)

where ρ is the density matrix describing the mixed state of the system and H(τ) is the resource
Hamiltonian at a time τ during the annealing. The jump operators Li corresponding to dephasing
are equal to ni. We choose to simplify the problem by taking a single dephasing parameter γi = γ.

The effect of this noise is shown as a function of dephasing parameters in Fig. 5.10. For the
quench dynamics, the dephasing damps the oscillations but do not change the frequency. We can
see this behavior on the Mott transition where it is shifted for small values of U/t for larger γ.
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Figure 5.10: Effect of dephasing noise on the result of for a cluster of N = 4 sites. Left: Impact
one the Mott phase transition. All other sources of noise are neglected. Right: Impact on the
quench dynamic for Uf = 13 MHz. The color code is the same as for the top panel.

Sampling and measurement error

We simulate the sampling of states as in Rydberg atoms device by picking randomly Ns times a
bitstring with a probability equal to the probability to measure this bitstring in the z-basis on the
device. The impact of such a procedure is shown Fig. 5.12 at equilibrium and out of equilibrium.
The impact is negligible starting from Ns ≈ 100. We model the readout error by a probability (in
%) of error ϵ of detecting an atom in a state |r⟩ instead of its real state |g⟩ and ϵ′ of not detecting
an excited atom. Experimentally, these values are around 2 ∼ 3% (de Léséleuc et al., 2018). We
choose ϵ = ϵ′ = 3% for both values in the main text. The impact of such error for ϵ = ϵ′ is shown
in Fig. 5.11. Until ϵ ≈ 5%, the behavior of the system remains the same.

5.7 Results at equilibrium
We implemented this self-consistent procedure with a realistic numerical simulation of the annealing
algorithm used to solve the spin problem with Rydberg atoms. We repeated the computation for
several values of the local Hubbard interaction U to obtain the evolution of the quasiparticle weight
Z as a function of U , as shown in Fig. 5.2, for cluster sizes, and hence number of atoms, of 4,
6, 8 and 12. The major experimental limitations were considered in order to account for the
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Figure 5.12: Impact of different sampling rate Ns on measured states for a cluster of N = 4 sites.
Left: at equilibrium and right: out of equilibrium (Uf = 13 MHz). All other sources of error are
neglected.

true potential of current devices: dephasing noise, shot noise, measurement error, global detuning,
finite annealing times τmax and imperfect positioning of the atoms to reproduce the right magnetic
coupling (see Sec. 5.6 for more details). Despite these limitations, leading to few points being
far from the noiseless result due to error repetitions within all loops, the quasiparticle weight we
obtain (solid lines) is fairly close to the one obtained with a perfect solution of the spin model
(dashed lines). The Rydberg platform can thus be used to get a reasonable estimate of the Mott
transition, i.e the value Uc when Z vanishes and the systems turns Mott insulating. While for the
half-filled, single-band model studied in this proof-of-concept example, classical methods can be
implemented to efficiently solve the spin model (see e.g (Schuler et al., 2016)), other regimes are
less readily amenable to a controlled classical computation: doped regimes, multi-orbital models,
and dynamical regimes. We investigate the latter regime in the next paragraph.
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Figure 5.13: Dynamical response of the quasiparticle weight after an interaction quench. N = 12
spin cluster. Time evolution of Z for (a) Uf = 2 MHz and (b) Uf = 25 MHz. The red line shows the
noiseless annealing solution and the blue line a realistic numerical simulation on Rydberg atoms
device (γ = 0.02 MHz, ϵ = ϵ′ = 3%, Ns = 150 shots, realistic Ising interactions and a global
detuning are imposed). (c) Fourier transform amplitude |Z(f)| for several Uf . The vertical black
line shows the equilibrium critical value Uc as computed from Fig. 5.2. (d) Impact of the hopping
terms t on the damping of the response of Z after a quench (Uf = 13 ≈ Uc). The blue, orange and
green lines represent the result for t = 0.125, 0.25 and 0.5 MHz, respectively.
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5.8 Dynamics of the Hubbard model with the slave-spin method
We thus turn to a dynamical setting to emphasize the potential advantage brought by the use of
quantum processors when used within this slave-spin framework. Starting from a noninteracting
ground state (U = 0), we suddenly switch on the value of the local interaction to a final value Uf .
Our goal is to validate that the method solved with a physically realizable quantum processor can
recover the phenomenology observed in previous experimental and theoretical studies of quenched
Hubbard systems (Eckstein et al., 2009; Greiner et al., 2002; Iyer et al., 2014; Kollath et al., 2007;
Lacki & Heyl, 2019; Riegger et al., 2015; Schachenmayer et al., 2011; Schiró & Fabrizio, 2011; Will
et al., 2015; W.-W. Yang et al., 2019), to wit: collapse and revival oscillations of various observables
in the Uf ≫ Uc regime, with a 2π/Uf period, and a damping that increases with bandwidth. In
the Uf ≪ Uc regime, overdamped oscillations have been observed (see (Eckstein et al., 2009) for
instance).

5.8.1 Dynamics in slave-spin theory
In this subsection, we review how the slave-spin formalism extends to the time-dependent case.

After the introduction of the slave variables, we are considering the Hamiltonian:

H ′
Hubbard =

∑

i,j

Szi S
z
j f

†
i fj +

U

4

∑

i

Sxi (5.26)

(Eq. (5.8) at half-filling and neglecting the constants). At the mean-field level, the time-dependent
solution of the Schrödinger equation is of the form |Ψ(τ)⟩ = |Φf(τ)⟩ |Ψs(τ)⟩ with |Φf(τ)⟩ (the time
will be defined as τ to avoid confusion with the hopping) governed by a Schrödinger evolution with
time-dependent Hamiltonians:

Hf(t) =
∑

i,j

ti,j⟨Szi Szj ⟩(τ)f†i fj

Hs(τ) =
∑

i,j

ti,jS
z
i S

z
j ⟨f†i fj⟩(τ) +

U

4

∑

i

Sxi .
(5.27)

The initial state is of the form |Ψ(τ = 0)⟩ = |Φf(τ = 0)⟩ |ψs(τ = 0)⟩ with |Φf(τ = 0)⟩ (respectively
|Φf(τ = 0)⟩) the ground states of Hf(τ < 0) (respectively Hs(τ < 0)) found with the mean-field
slave-spin procedure. To solve these coupled equations, we a priori need to compute correlators
⟨Szi Szj ⟩(τ) and ⟨f†i fj⟩(τ) and use them ton construct Hf(τ) and Hs(τ). We should then evolve the
wavefunctions to obtain correlators for a time τ + dτ and so on.

In fact, as stated in (Schiró & Fabrizio, 2011), the dynamics of the pseudo-fermions is trivial
if our system is translation invariant (i.e ti,j = ti−j). In this case, indeed, ⟨Szi Szj ⟩(τ) = gi−j(τ).
Thus,

Hf(τ) =
∑

i,j

ti−jgi−j(τ)f
†
i fj . (5.28)

This Hamiltonian is then diagonal in the Fourier space

Hf(τ) =
∑

k

ϵk(τ)f
†
kfk, (5.29)

with ϵk(τ) the Fourier transform of ti−jgi−j(τ), and nk = f†kfk, with fk ∝∑i e
ikRifi. We denote

as |Φα⟩ the Fock states of the system associated with the transformed operators, fk. They are the
eigenstates of Hf(τ) at any time τ .
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The initial state |Φα0
⟩ is the ground state of the system. Let’s consider the time evolution of

an arbitrary state |Φf(τ)⟩, we can decompose |Φf(τ)⟩ =
∑
α cα(τ) |Φα⟩. Therefore,

∑

α

i∂tcα(τ) |Φα⟩ =
∑

α

cα(τ)Hf(τ) |Φα⟩

=
∑

α

cα(τ)Eα(τ) |Φα⟩
(5.30)

One can project onto ⟨Φα(τ)|:
i∂tcα(τ) = cα(τ)Eα(τ). (5.31)

Thus, cα(τ) = cα(τ = 0)e−i
∫ t
0
Eα(τ ′)dτ ′

.
Therefore, starting from the groundstate, for α ̸= α0, cα(τ) = 0 and cα0

(τ) = e−iϕ(t). At the
end of the day,

|Φf(τ)⟩ = e−iϕ(τ) |Φf(τ = 0)⟩ (5.32)

and the renormalized fermionic system remains in the groundstate up to global phase, meaning
that ⟨f†i fj⟩(τ) = ⟨f†i fj⟩0 is independent of time. This enables us to only consider the correlator
⟨Szi Szj ⟩(τ) during the quench.

5.8.2 Frequency dependency on eigenenergies
The link between eigenenergies of H(Uf) and the frequency of oscillations can be derived: the
initial state is |ψs(τ < 0)⟩, the groundstate of Hs(U = 0). We can decompose it in the basis of
H(Uf) eigenstates: |ψs(τ < 0)⟩ =

∑
k ak |Ek⟩ where |Ek⟩ are eigenstates of H(Uf) corresponding

to an eigenenergy Ek. Let’s now consider the value of an observable Ô through time. We obtain:

⟨Ô⟩(τ) = ⟨ψs(τ < 0)| eiH(Uf )τ Ôe−iH(Uf )τ |ψs(τ < 0)⟩
=
∑

k,k′

a∗kak′ ⟨Ek| eiH(Uf )τ Ôe−iH(Uf )τ |Ek′⟩

=
∑

k,k′

a∗kak′e
i(Ek−Ek′ )τ ⟨Ek| Ô |Ek′⟩

(5.33)

Therefore, frequencies of oscillations of any observable only depend on differences between eigenen-
ergies of H(Uf).

5.8.3 Dynamics and constraint fulfillment

In the Z2 slave-spin theory, one can define the projector Qi =
(
Sx
i +1
2 −(ni−1)2

)2
=

1+Sx
i e

iπni

2 such
that Qi |Ψ⟩ = 0 iff |Ψ⟩ respects the constraint Eq. (5.6). Using the fact that [H ′

Hubbard,
∏
iQi] = 0,

the constraint is fulfilled during the quench dynamics because
∏
iQi |Ψ(τ = 0)⟩ = 0 (see (Rüegg

et al., 2010; Schiró & Fabrizio, 2011) for more details).

5.8.4 Results out of equilibrium
Here, we look for this phenomenology in the time evolution of the quasiparticle weight Z. Within
slave-spin applied to the single-site Hubbard model at half-filling, interaction quenches are partic-
ularly simple to implement: translation invariance on the lattice makes the dynamics of pseudo-
fermions trivial when starting from an eigenstate (Schiró & Fabrizio, 2011). Thus, only the dy-
namics of the spin model are of interest: the procedure boils down to quenching the value of the
transverse field in Eq. (5.3) from 0 to Uf/4. On our target Rydberg platform, this means switching
the Rabi frequency from zero up to the desired value to obtain Uf . In practice, the switch-on
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time is not instantaneous but very fast (about 50 ns to switch from 0 MHz to Uf = 2 MHz). One
can directly measure ⟨Szi ⟩ on the device for different evolution times. The main limiting factor is
thus the measurement rate, in addition to the aforementioned sources of noise. In Fig. 5.13, we
show the oscillations we observe numerically for a cluster of 12 sites, with and without noise. The
upper panels present the oscillation of Z as function of time after a quench to Uf = 13 MHz (a)
and to Uf = 25 MHz (b). From Fig. 5.2, we know that the phase transition for such a cluster is
Uc ≈ 13.5. In the case of Uf = 25 MHz (Uf ≫ Uc), we clearly observe the damped oscillations,
whether in the noiseless or the noisy setting. Because of dephasing noise of the experiment, the
agreement between the noiseless and noisy curve becomes worse with time. However, during the
first µs of observations, we recover the perfect signal and the estimation of the oscillation frequency
is possible (insets in (a) and (b)). For Uf = 13 MHz (Uf ≈ Uc), we see that Z quickly reaches
a value ≈ 0.1 (slightly higher than the Z obtained for this value of U at equilibrium), around
which it oscillates. Panel (c) exhibits the Fourier transform of Z(τ) for various Uf for the exact
slave-spin method (namely with an exact solution of the spin model). For Uf < Uc, components
at ω = Uf/2 can be identified along with other contributions, while for Uf > Uc, ω = Uf end up
dominating the spectrum. This is expected from the physics of the Mott transition in the Hubbard
model: above the transition, the single-particle spectrum displays a Mott gap of Uf , while below it
excitations between the quasiparticle band and the emerging Hubbard bands (with energy Uf/2),
and within the quasiparticle band, are possible. Finally, panel (d) confirms the expected increase
of the damping of oscillations with the hopping strength t.

5.9 Conclusion
In this work, we introduced a hybrid quantum-classical method to study the equilibrium and
dynamics of a prototypical model for strongly correlated fermions, the Hubbard model. Our method
makes use of a spin-based quantum processor but does not suffer from the usual overheads of
translating fermionic problems to spin problems, namely long quantum evolutions (due to nonlocal
spin terms) or auxiliary quantum degrees of freedom. This is made possible by the use of an
existing advanced mapping, the slave-spin method, that turns the difficult fermionic problem at
hand into a free, and thus efficiently tractable, fermion problem that is self-consistently coupled to
an interacting, yet local spin problem. This locality makes this spin problem well suited for current
quantum processors based on spins (aka qubits).

Here, to solve the spin problem, we turned to an analog quantum processor made of Rydberg
atoms, as opposed to a gate-based quantum processor. Despite being a priori restricted—because
of the limited number of knobs in the Hamiltonian—in the class of the problems that it can
deal with, the Rydberg platform is particularly well suited for the spin problem at hand because
its Hamiltonian can be made to almost exactly coincide with the effective spin Hamiltonian to
be solved. Moreover, its analog character allows one to circumvent the usual issues associated
with gate-based algorithms, like trotterization when performing time evolution, or the variational
aspects inherent to many NISQ algorithms like VQE or its temporal counterparts. Finally, the
number of Rydberg atoms that can be controlled in current experiments allow to tackle problem
sizes that are very hard to reach using classical methods.

This proposal calls for many further investigations. An important step is an experimental
validation with larger atom numbers than the 12 atoms we simulated here. Other future im-
provements involve the slave-spin method itself: doped regimes (relevant to cuprate materials),
multiorbital models (relevant to iron-based superconductors, where orbital-selective effects may
appear (de’Medici et al., 2005)) pose various technical difficulties that warrant further theoretical
developments. In particular, the fulfillment of the constraint to ensure the states remain in the
physical subspace becomes more difficult in these regimes than in the half-filled, single-band case
that we studied here. Going beyond the mean-field decoupling of the pseudo-fermion and spin
variables is also another interesting avenue.
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Chapter 6

Summary and outlook

Quantum simulation is a potential very strong tool to solve plenty of problems. One of the most
promising field is the simulation of materials and many-body systems. Indeed, quantum simulator
are often using many-body system to perform computation and the first idea that comes to mind
is to map real-life materials problem onto the many-body system of the simulator. The digital
approach, despite being very flexible and promising for all types of problems, is still limited to
small number of noisy qubit and the gates fidelity has not reached yet the famous three "9"
(99.9%) when several gates are piled up. For all these reasons, I choose to develop analog quantum
algorithm during my thesis having in mind an experimental realization during or soon after my
PhD.

The Rydberg platform offers a way to simulate many-body physics up to hundreds of spins
with a great fidelity. The two Hamiltonian one can implement on it are at the center of the study
of magnetism and spin dynamics. It is therefore a logical choice to develop quantum algorithm on
this platform for simulating materials and electronic systems of interest.

Quantum chemistry During the course of my PhD, I have strongly collaborated with the com-
pany PASQAL. From this collaboration we have proposed a new hybrid algorithm which combines
a digital and an analog approach. This algorithm has been numerically tested on the H2,LiH and
BeH2 molecules. For the H2 molecule, we are using the "XY" interaction of the neutral atoms as it
shares common symmetries with the molecular Hamiltonian. This leads to obtain the groundstate
of the molecule with a great precision. For the two other molecules, the geometry of the atom
array is optimized with respect to selected features of the molecular Hamiltonian transformed into
a qubit Hamiltonian with a qubit-fermion mapping. The pulse sequence is designed to have a con-
stant duration and to increase the number of parameters. This leads to enhance the expressibility
of the quantum "circuit" during the whole procedure and at the same time, avoid the impact of
the choice of the initial parameters. Each step of the variational procedure performs a derandom-
ization energy estimation. This method allows to reduce drastically the number of measurement
needed to estimate the energy of an Hamiltonian. We show that one can estimate the groundstate
energy of the molecules for several molecular inter-atomic distances to a few percent points of error
(≈ 5%).

Simulating strong fermionic correlations in the 2D-Hubbard model The second half of
my PhD was dedicated to develop an new hybrid algorithm to simulate a Fermi-Hubbard model
at and out of equilibrium on a RQP. This work is the result of a strong collaboration with the
company EVIDEN/ATOS and PASQAL. The algorithm is based on the slave-spin approach: a
condensed-matter method to map the complexity of the Fermi-Hubbard model into an Ising-like
model. To this aim, the original problem Hilbert space is enlarged by adding a "slave" spin to
each site of the model. In order to restrain the problem to the physical space, a constraint on the
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occupation and slave-spin values on each site has to be fulfilled. The crucial part is now to perform
a mean-field approximation to decouple fermionic and slave spin degrees of freedom. This leads to
approximate the original Hamiltonian as a sum of a free-fermions Hamiltonian and an Ising-like
Hamiltonian. This two Hamiltonian are self-correlated. We choose to solve this model on a square
bipartite lattice to elude the constraint. The free-fermions system can be solved classically with
a polynomial complexity. The Ising-like Hamiltonian is solved by a cluster mean-field approach.
Spin-spin correlators are computed to obtain a new kinetic term for the fermionic Hamiltonian.
Fermionic correlators are then computed to obtain the new spin interaction term of the Ising
Hamiltonian. The self-correlated loop goes on until convergence.

This method is used to compute numerically the Mott transition of the Hubbard model at
equilibrium. We show that we can simulate the Ising-like Hamiltonian on RQP to calculate the
correlators and one can recover the Mott transition even if a noisy experimental implementation
is considered. The dynamical behavior of the Hubbard model can also be studied in the slave-
spin paradigm. The observation of out-of-equilibrium Fermi-Hubbard behavior is very difficult
classically and being able to do it on a RQP could be a proof of a quantum advantage.

Perspectives Our work paves the way of quantum computing for electronic structure simulation
with a quantum simulator. The two proposed hybrid algorithms are implementable on a NISQ
computer, the RQP, and therefore can be run on real device really soon. This work is one of the
first step toward simulation of fermionic many-body problems on analog quantum simulators made
of arrays of neutral atoms.

Experimentally, both algorithms developed in this manuscript could be implemented on real
device today. The digital-analog eigensolver for chemistry is bounded by the number of measure-
ments and therefore sticks to the constraint of a RQP. The next step could be to anticipate and
mitigate well known errors (de Léséleuc et al., 2018) of the architecture to ensure the success of
an experimental implementation. In addition, more complex molecules could be treated with the
hundreds of atoms available on today’s devices. The slave-spin method should be run experimen-
tally really soon and I look forward the result as it could bring a potential quantum advantage in
this field. I show in appendix B that this method can be implemented for a triangular lattice if
the constraint is fulfilled and the half-filling condition is imposed. In addition, it is possible to add
orbitals to site (see Sec. 5.3.3) and hence, distinguish sites by the number of orbitals and obtain
"effective" atoms. One can therefore think of placing several multiorbitals 2D layers in parallel and
as a result, modelling an effective 3D material. This could be a way to simulate paramagnetism in
austenitic steel for instance.

On the theoretical side, improving the efficiency of the digital-analog variational eigensolver
for chemistry could lead to being able to reach the ground-state energy of any Hamiltonian which
can be described as sum of Pauli strings. Therefore, one can think of time-dependent Hamiltonian
for instance and solve it with this method at each time step. This is a path toward simulating
chemical reaction in oxides or in PV. A lot of work can still be done with the slave-spin approach
in understanding more deeply the involvement of performing a mean-field approximation between
electrons and slave spins degrees of freedom. The constraint is also a major point to ensure the
theoretical validity of the method and further studies could be done to generalize its fulfillment on
every lattices.

Beyond that, it is far from a forgone conclusion that QC will replace actual "classical" simulation
methods of electronic structures which benefit from dozen of years of studies and improvements.
Therefore, a smart use of QC could be to improve this classical method in terms of precision and/or
computing capacity. For instance, QC results for small or medium systems with only few dozens
qubits could be use as input parameters of a DFT computation, provided that "good" physical
quantities can be extracted from the quantum simulation. Another approach would be to compute
a large part of the system’s Hamiltonian with DFT and add corrections with QC which simulates
a small part of the systems with more correlations. This embedding approach is an active field of
research (C. Cao et al., 2023; B. Huang et al., 2022; W. Li et al., 2022; Rossmannek et al., 2023;
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Tilly et al., 2021; Vorwerk et al., 2022; H. Wang et al., 2011) and results of the work presented
here could be a first step to improve ab initio simulations in chemistry and materials. Finally, QC
could help directly classical simulations by computing directly Green’s function (Endo et al., 2020)
in DMFT or encoding the occupation number in orbitals in DFT (Senjean et al., 2023).
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Appendix A

LiH and BeH2 Hamiltonians

In this section, examples of complete Hamiltonians of molecules LiH (for an inter-atomic distance
of 1.5 Å) and BeH2 (for an inter-atomic distance of 1.17 Å) obtained with the method described
in Chap. 4 Sec. 4.3.1 are shown.

HLiH =−0.19975+ 0.05393Z0−0.12836Z1−0.31773Z0Z1−0.31773Z3 + 0.0605Z1Z3

+ 0.11409Z0Z1Z3 + 0.05362Z4 + 0.11434Z2Z4−0.03787Z2Z3Z4 + 0.05362Z1Z2Z3Z4

+ 0.0836Z0Z1Z2Z3Z4−0.03787Z5 + 0.05666Z1Z5 + 0.11434Z0Z1Z5 + 0.0836Z3Z5

+ 0.05666Z2Z3Z5−0.12836Z4Z5 + 0.0847Z1Z4Z5 + 0.0605Z0Z1Z4Z5 + 0.05393Z3Z4Z5

+ 0.12357Z2Z3Z4Z5 + 0.01522X1−0.01522Z0X1 + 0.01089X1Z3−0.01089Z0X1Z3

+ 0.00436X1Z2Z3Z4−0.00436Z0X1Z2Z3Z4 + 0.01273X1Z5−0.01273Z0X1Z5−0.00901X1Z4Z5

+ 0.00901Z0X1Z4Z5 + 0.00448X0X2−0.00479X0Z1X2−0.03512X0Z1X2Z3−0.03512Y0Y2Z4

−0.00479Y0Y2Z3Z4 + 0.00448Y0Z1Y2Z3Z4−0.03306X0Z1X2Z5 + 0.00237Y0Y2Z3Z5 + 0.00237X0Z1X2Z4Z5

−0.03306Y0Y2Z3Z4Z5 − (4× 10−5)X0X1X2−0.00277Y0Y1X2 + 0.01054X0X1X2Z3 + 0.01054X0Y1Y2Z4

+ 0.00277Y0X1Y2Z3Z4 − (4× 10−5)X0Y1Y2Z3Z4 + 0.01173X0X1X2Z5−0.00154X0Y1Y2Z3Z5

−0.00154X0X1X2Z4Z5 + 0.01173X0Y1Y2Z3Z4Z5 + 0.01522X3X4−0.00901Z1X3X4 + 0.01089Z0Z1X3X4

+ 0.00436Y3Y4−0.01273Z2Y3Y4 + 0.00436X3X4Z5−0.01273Z2X3X4Z5 + 0.01522Y3Y4Z5−0.00901Z1Y3Y4Z5

+ 0.01089Z0Z1Y3Y4Z5 + 0.00658X1X3X4−0.00658Z0X1X3X4 + 0.00658X1Y3Y4Z5−0.00658Z0X1Y3Y4Z5

−0.00776X0Z1X2X3X4 + 0.00776Y0Y2Y3Y4 + 0.00776Y0Y2X3X4Z5−0.00776X0Z1X2Y3Y4Z5

+ 0.00211X0X1X2X3X4−0.00211X0Y1Y2Y3Y4−0.00211X0Y1Y2X3X4Z5 + 0.00211X0X1X2Y3Y4Z5

+ 0.00004X5 +−0.00154Z1X5 + 0.01054Z0Z1X5 + 0.00277Z3X5−0.01173Z2Z3X5 + 0.00004Z4X5

+ 0.00154Z1Z4X5 +−0.01054Z0Z1Z4X5−0.00277Z3Z4X5 + 0.01173Z2Z3Z4X5

+ 0.00211X1X5−0.00211Z0X1X5 +−0.00211X1Z4X5 + 0.00211Z0X1Z4X5−0.00837X0Z1X2X5

+ 0.00837Y0Y2Z3X5 + 0.00837X0Z1X2Z4X5

−0.00837Y0Y2Z3Z4X5 + 0.00303X0X1X2X5−0.00303X0Y1Y2Z3X5−0.00303X0X1X2Z4X5

+ 0.00303X0Y1Y2Z3Z4X5 + 0.00448X3X4X5 + 0.03306Z2X3X4X5−0.00479Y3Y4X5 + 0.00237Z1Y3Y4X5

−0.03512Z0Z1Y3Y4X5 + 0.00448Y3X4Y5 + 0.03306Z2Y3X4Y5 + 0.00479X3Y4Y5−0.00237Z1X3Y4Y5

+ 0.03512Z0Z1X3Y4Y5−0.00776X1Y3Y4X5 + 0.00776Z0X1Y3Y4X5 + 0.00776X1X3Y4Y5−0.00776Z0X1X3Y4Y5

−0.03074Y0Y2X3X4X5 + 0.03074X0Z1X2Y3Y4X5−0.03074Y0Y2Y3X4Y5−0.03074X0Z1X2X3Y4Y5

+ 0.00837X0Y1Y2X3X4X5−0.00837X0X1X2Y3Y4X5 + 0.00837X0Y1Y2Y3X4Y5 + 0.00837X0X1X2X3Y4Y5
(A.1)
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HBeH2 =−1.90305−0.48894Z0 + 0.14357Z1−0.18803Z0Z1 + 0.12314Z2 + 0.18326Z0Z2

+ 0.10964Z1Z2 + 0.18222Z0Z1Z2−0.48894Z3 + 0.1288Z0Z3 + 0.1136Z0Z1Z3

+ 0.11249Z2Z3 + 0.11746Z1Z2Z3 + 0.14357Z4−0.18803Z3Z4 + 0.1136Z0Z3Z4

+ 0.10602Z0Z1Z3Z4 + 0.10306Z2Z3Z4 + 0.10577Z1Z2Z3Z4 + 0.12314Z5 + 0.11249Z0Z5

+ 0.10306Z0Z1Z5 + 0.10451Z2Z5 + 0.10785Z1Z2Z5 + 0.18326Z3Z5 + 0.10964Z4Z5

+ 0.11746Z0Z4Z5 + 0.10577Z0Z1Z4Z5 + 0.10785Z2Z4Z5 + 0.11352Z1Z2Z4Z5 + 0.18222Z3Z4Z5

−0.00743X0X1−0.00229Y0Y1−0.00229X0X1Z2−0.00743Y0Y1Z2−0.00711Y0Y1Z3

−0.00711X0X1Z2Z3−0.00875Y0Y1Z3Z4−0.00875X0X1Z2Z3Z4−0.00352Y0Y1Z5−0.00352X0X1Z2Z5

−0.0072Y0Y1Z4Z5−0.0072X0X1Z2Z4Z5−0.04165X0X2 + 0.03769X0Z1X2−0.00396Y0Y2

+ 0.00839X1X2−0.01015Z0X1X2−0.01015Y1Y2 + 0.00839Z0Y1Y2 + 0.01355Z0X1X2Z3

+ 0.01355Y1Y2Z3 + 0.01082Z0X1X2Z3Z4 + 0.01082Y1Y2Z3Z4 + 0.00854Z0X1X2Z5 + 0.00854Y1Y2Z5

+ 0.01408Z0X1X2Z4Z5 + 0.01408Y1Y2Z4Z5 + 0.03611X0X3−0.03611X0Z1X3−0.03611X0X3Z4

+ 0.03611X0Z1X3Z4−0.02498X1X3 + 0.02498Z0X1Z2X3 + 0.02498X1X3Z4−0.02498Z0X1Z2X3Z4

−0.03615X2X3 + 0.03615Z1X2X3 + 0.03615X2X3Z4−0.03615Z1X2X3Z4−0.01573X0X1X2X3

−0.01573Y0X1Y2X3 + 0.01573X0X1X2X3Z4 + 0.01573Y0X1Y2X3Z4−0.02498X0X4 + 0.02498X0Z1X4

+ 0.02498X0Z3X4Z5−0.02498X0Z1Z3X4Z5 + 0.02085X1X4−0.02085Z0X1Z2X4−0.02085X1Z3X4Z5

+ 0.02085Z0X1Z2Z3X4Z5 + 0.02464X2X4−0.02464Z1X2X4−0.02464X2Z3X4Z5 + 0.02464Z1X2Z3X4Z5

+ 0.01532X0X1X2X4 + 0.01532Y0X1Y2X4−0.01532X0X1X2Z3X4Z5−0.01532Y0X1Y2Z3X4Z5

−0.00743X3X4−0.00229Y3Y4−0.00711Z0Y3Y4−0.00875Z0Z1Y3Y4−0.00352Z2Y3Y4−0.0072Z1Z2Y3Y4

−0.00229X3X4Z5−0.00711Z0X3X4Z5−0.00875Z0Z1X3X4Z5−0.00352Z2X3X4Z5−0.0072Z1Z2X3X4Z5

−0.00743Y3Y4Z5 + 0.01972Y0Y1Y3Y4 + 0.01972X0X1Z2Y3Y4 + 0.01972Y0Y1X3X4Z5 + 0.01972X0X1Z2X3X4Z5

−0.0173Z0X1X2Y3Y4−0.0173Y1Y2Y3Y4−0.0173Z0X1X2X3X4Z5−0.0173Y1Y2X3X4Z5−0.03615X0X5

+ 0.03615X0Z1X5 + 0.03615X0Z4X5−0.03615X0Z1Z4X5 + 0.02464X1X5−0.02464Z0X1Z2X5

−0.02464X1Z4X5 + 0.02464Z0X1Z2Z4X5 + 0.04177X2X5−0.04177Z1X2X5−0.04177X2Z4X5

+ 0.04177Z1X2Z4X5 + 0.01232X0X1X2X5 + 0.01232Y0X1Y2X5−0.01232X0X1X2Z4X5−0.01232Y0X1Y2Z4X5

−0.04165X3X5 + 0.03769X3Z4X5−0.00396Y3Y5 + 0.00839X4X5−0.01015Z3X4X5

+ 0.01355Z0Z3X4X5 + 0.01082Z0Z1Z3X4X5 + 0.00854Z2Z3X4X5 + 0.01408Z1Z2Z3X4X5−0.01015Y4Y5

+ 0.01355Z0Y4Y5 + 0.01082Z0Z1Y4Y5 + 0.00854Z2Y4Y5 + 0.01408Z1Z2Y4Y5 + 0.00839Z3Y4Y5

−0.0173Y0Y1Z3X4X5−0.0173X0X1Z2Z3X4X5−0.0173Y0Y1Y4Y5−0.0173X0X1Z2Y4Y5

+ 0.01858Z0X1X2Z3X4X5 + 0.01858Y1Y2Z3X4X5 + 0.01858Z0X1X2Y4Y5 + 0.01858Y1Y2Y4Y5

−0.01573X0X3X4X5 + 0.01573X0Z1X3X4X5−0.01573X0Y3X4Y5 + 0.01573X0Z1Y3X4Y5

+ 0.01532X1X3X4X5−0.01532Z0X1Z2X3X4X5

+ 0.01532X1Y3X4Y5−0.01532Z0X1Z2Y3X4Y5 + 0.01232X2X3X4X5−0.01232Z1X2X3X4X5

+ 0.01232X2Y3X4Y5−0.01232Z1X2Y3X4Y5 + 0.01415X0X1X2X3X4X5 + 0.01415Y0X1Y2X3X4X5

+ 0.01415X0X1X2Y3X4Y5 + 0.01415Y0X1Y2Y3X4Y5
(A.2)
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Appendix B

Slave-spin theory for the Mott
transition in the triangular lattice

B.1 Forewords
In the main chapter (Chap. 5), we focus on the square lattice because of it is a bipartite lattice
and therefore the constraint of the slave-spin method is useless. In addition, it is the most studied
lattice. At first, we did not focus on this lattice but on the triangular lattice, (111) plane of
the crystal structure of face-centered cubic materials like iron. The two main differences are the
condition for half-filling and the constraint fulfillment. In order to keep the system at half-filling,
we use an optimizer to find the good chemical potential for every values of U/t. Yet, the constraint
in never satisfied in the following. Despite this strong approximation, I think it is interesting to
see the result as the geometry is totally different and the cluster mean-field is not defined in the
same way. The simulation are performed for cluster of 6 and 10 sites.

The out of equilibrium case is not studied here. The content of this chapter is extracted from
a first version of the article on the Slave-Spin theory.

B.2 Solving the spin Hamiltonian HS for Q: cluster mean-
field

We now focus on the computation of Qi,j . It requires the computations the spin-spin correlation
function ⟨Szi Szj ⟩. Many strategies are available. Most authors (de’Medici et al., 2005; Rüegg et al.,
2010) handle HS at the single-site mean-field level. This yields local observables, but neglects
important spatial correlation effects, thereby limiting the scope of the method. In particular,
spatial (or orbital) resolution in quasi-particle weights is a key factor to investigate e.g hot and
cold spots observed in angle-resolved photoemission spectroscopy (Brown et al., 2020; Damascelli
et al., 2003; Hashimoto et al., 2014).

One must thus go beyond single-site mean-field. A straightforward approach would be to
directly diagonalize a finite-site version of HS and compute the finite-size ground-state. However,
finite-size effects would prevent us from observing the phase transition we are looking for, namely
the transition from a Fermi liquid to a Mott insulator.

We thus tackle HS (Eq. (5.2b)) with a cluster mean-field approach, as done in e.g (Hassan &
de’Medici, 2010). Finite-size effects are thus reduced thanks to the influence of a self-consistent
mean field m = ⟨Sz⟩ at the boundary of the cluster, at the same numerical price as the exact diago-
nalization (except the procedure needs to be repeated in a self-consistent fashion until convergence
of the mean field).
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The cluster mean-field approximation leads to

Szi S
z
j ≈ ⟨Szi ⟩Szj + ⟨Szj ⟩Szi − ⟨Szi ⟩⟨Szj ⟩, (B.1)

where i (j) is inside the cluster and j (i) is not. The mean-field parameter ⟨Sz⟩ is the same for all
sites in the thermodynamic limit. As we consider finite-size systems, we numerically compute

m =
1

Na

Na∑

i

⟨Szi ⟩ (B.2)

With Na being the number of sites. Eq. (5.2b) can be rewritten as

H
(C)
S (J,m) = HS(J) +

∑

i∈C

hiS
z
i (B.3)

where C is the cluster and hi =
∑
jmJi,j

The shape of the cluster and the mean field are illustrated in Fig. B.1 for clusters of size 6 and
10.

For instance, for the 6-site cluster, sites 0, 3 and 5 have 2 nearest-neighbor whereas sites 1, 2
and 4 are connected to 4 sites respectively. If we consider a hopping term of value −1 for connected
sites and 0 for the others, the matrix t can be written:

t = −




0 1 1 0 0 0
1 0 1 1 1 0
1 1 0 0 1 1
0 1 0 0 1 0
0 1 1 1 0 1
0 0 1 0 1 0




(B.4)

This embedding will be the one studied in the rest of the article.
The self-consistent procedure to solve for the approximate ground state of HS, |ψ0⟩C , and hence

Qi,j , is illustrated in Fig. 5.1. The solution of the cluster Hamiltonian for a fixed mean field h,
H

(C)
S , is described in section B.3.1.

B.3 Self-consistent outer cycle
We are now ready to describe the outer self-consistent loop. It is illustrated in Fig. 5.1.

In the regime of cluster mean-field theory, there is a difference between the quasi-particle weight
Z and the effective mass renormalization m

m∗ . across the Mott insulator phase, Z vanishes to 0
beside g = m

m∗ stays finite (Florens & Georges, 2004; Hassan & de’Medici, 2010; Rüegg et al.,
2010). They are the order parameters of the Fermi-liquid/Mott insulator phase transition. The
final output of our method is then the quasi-particle weight defined as

Z = h2 = ⟨Sz⟩2. (B.5)

It is the order parameter for the phase transition : it is ̸= 0 before transition and should be = 0
after the phase transition. The effective mass

g =
m

m∗ = ⟨Szi Szi+1⟩ (B.6)

on the other hand, does not reach 0 after the transition. These definitions are true (i.e do not
depend on the site we choose) if we consider a system with an infinite number of size. Numerically,
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Figure B.1: Cluster mean field and parameterized geometry of Rydberg atoms.(a) Geometry of
a 6-site cluster. After the slave spin mean field approach combined with the cluster mean field
approach, all spins Szi are immersed in a mean-field bath hi and undergo a transverse field ∝ U .
(b) Optimization of the geometry with parameters α and β to fulfill Eq.(B.12). (c-d) Same as
(a-b), for a 10-site cluster.

these values are computed as mean values over all spins:

Z = h2 =
( 1

Na

Na∑

i

⟨Szi ⟩
)2

(B.7a)

g =
1

(Na − 1)

Na−1∑

i

⟨Szi Szi+1⟩. (B.7b)

In the following, the whole procedure to find these two values is named SSMF-CMFT for Slave
Spin Mean Field - Cluster Mean Field Theory.

B.3.1 Solving the embedded model
For a given value of the mean field h, we now need to compute ⟨Szi Szj ⟩ and ⟨Szi ⟩ with ⟨. . . ⟩ =

S ⟨ψ0| . . . |ψ0⟩S to obtain g, Q and Z at the end of the loop. It is possible to compute these values
without knowing the exact groundstate of the system but in our case, considering an implementa-
tion on a Rydberg quantum processor, it is simpler to get the groundstate of H(C)

S (J, h).
Exact diagonalization of the cluster Hamiltonian Eq. (B.3) is possible only for a few sites

because of the exponential size of the corresponding Hilbert space. We therefore turn to our
Rydberg platform, characterized by the Hamiltonian given in Eq. (3.6), to find the solution to our
spin model Eq. (B.3).
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Figure B.2: Quasiparticle weight and mass renormalization as a function of U/t with the SSMF-
CMFT method. Systems plotted here 10 sites triangular lattices. H

(C)
S (J, h) is solved by exact

diagonalization method.

These two Hamiltonians have a major difference: while the Rydberg Hamiltonian has an anti-
ferromagnetic interaction, the auxiliary spin Hamiltonian has a ferromagnetic interaction as long
as ti,j > 0. We can nevertheless make use of the Rydberg platform: instead of looking for its
ground state, we are going to be looking for its most excited state.

To this aim, we resort to an annealing procedure. The atomic register is prepared in a state

|ψstart⟩ = |g⟩⊗Na (B.8)

where Na is the number of atoms.
The adiabatic theorem states that a physical system remains in its instantaneous eigenstate if

the Hamiltonian is driven slowly enough compare to the inverse square gap between the eigenvalue
and the rest of the Hamiltonian’s spectrum. In particular, this is true for the most excited state.
We can rewrite (B.3) as:

Htarget =
∑

i,j,σ

(−Ji,j)Szi Szj −
∑

i∈C
hiS

z
i −

U

4

∑

i

Sxi (B.9)

that is the target Hamiltonian. The first step is to calculate which experimental values should
be obtained to go from Eq. (3.6) to Eq. (B.9). The Rabi frequency, detuning and the interaction
matrix of the atoms have to fulfil the following relations at the end of the annealing procedure:

Ω(tmax) =
U

2
, (B.10)

δi(tmax) =
1

2

∑

j ̸=i

C6

r6i,j
+ 2h

∑

j ̸=i
Ji,j , (B.11)

C6

r6i,j
= −4Ji,j . (B.12)
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In our embedding, sites can be described in two categories: those which have two nearest neighbours
and those which have four nearest neighbours. It leads to a matrix Ji,j of the form




0. a a 0. 0. 0.
a 0. b a b 0.
a b 0. 0. b a
0. a 0. 0. a 0.
0. b b a 0. a
0. 0. a 0. a 0.



. (B.13)

It means that only two parameters are needed to satisfy Eq. (B.12). The parameters α and β
described in Fig. B.1 are then optimized in each outer loop of the algorithm (Fig. 5.1). The
optimization of the geometry starts with an initial guess for parameters α and β. Then, a Nelder-
Mead algorithm is used to minimize the value

∑

i,j

∣∣∣∣∣
C6

r6i,j
+ 4Ji,j

∣∣∣∣∣ (B.14)

It usually takes less than 50 steps to find the final parameters with very good results (see Sec.B.5.2).
In the following, we describe the experimental procedure to solve (B.3). First, the atoms are
prepared in the state (B.8) and in the optimised geometry. The following Hamiltonian is the one
applied at t = 0

Hstart =
∑

i ̸=j

C6

|ri − rj |6
n̂in̂j − ℏδstart

∑

i

ni (B.15)

where δstart is set so that |ψstart⟩ is the most excited state of Eq. (B.15). The Rabi frequency
and the detuning are then driven during a time tmax to reach the Hamiltonian Eq. (B.9). A
global addressing is performed for the Rabi frequency whereas a local one is used for the detuning.
Following Eq. (B.10), the Rabi frequency starts at 0 MHz and is driven linearly to U

2 . Similarly, the
detunings are all prepared at a value δstart and are driven separately to values Eq. (B.11). h ∈ [0, 1]
and Eq. (B.12) ensures that δi(tmax) is always positive. Observables (Q, Z, g) are measured with
a sample of shots obtained from the state of the atoms.

B.4 Discussion on units
Experimentally, the Rydberg states used impose a van der Waals coefficient C6

h = 1947.103

MHz.µm6 (Scholl et al., 2021). This leads to fix all parameters in our protocol. The Rabi fre-
quency (Eq. (B.10)) can be driven up to a maximal value of Ω

2π ≈ 2.5 MHz. Therefore, considering
U ∈ [0, 5] is tailored to our device. In addition, It is guessed that the phase transition is for
U
t ∈ [10, 15] (see Sec. B.5.1). We consider then t = 1

3 such as all the interval is span. This yields to
value distance between atoms ≈ 11µm for the closest ones and ≈ 23µm for unintended interactions.
Interaction values are then between 10−2 MHz and ≈ 0.8 MHz. Frequencies of local detuning are
then imposed by Eq. (B.11). It is important to note that for h values close to 1 (i.e. U

t ≪ Uc

t ),
all δi(tmax) are expected to reach 0 MHz1. In our numerical simulation, optimization of geometry
provides us δi(tmax) ≈ 10−2MHz. For values of U

t at the phase transition and after, h ≈ 0 and
δi(tmax) = −2

∑
j ̸=i Ji,j ≈ 0.8 MHz.

1We aim at C6

r6i,j
= −4Ji,j . If we consider this perfectly fulfilled, we can replace in Eq. (B.11) and we obtain

δi(tmax) =
1
2
(−4

∑
i̸=j Ji,j) + 2× 1×

∑
j ̸=i Ji,j = −2

∑
j ̸=i Ji,j + 2

∑
j ̸=i Ji,j = 0
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Numerical tools

All numerical simulations are performed with the library qutip (Johansson et al., 2013) (exact
diagonalization) and Quantum Learning Machine. The SPAM error is implemented with a code
from Pulser (Silvério et al., 2022).

During the SSMF-CMFT procedure, the vector state obtained for each diagonalization of
Eq. (B.3) is sampled to measure Q and Z. Sampling the vector state above 100 samples al-
lows to see the Mott transition. If the maximum number of iterations is set to 5 for the SSMF
loop and the CMFT loop, the maximal number of shots is 100 × 25 = 2500. The working rate of
the device is ≈ 5 Hz. It means it would take 500 s to perform one complete run for a given U .

B.5 Results

B.5.1 Exact diagonalization method
This method is performed in Fig. B.4. The Mott transition appears for U/t ≈ 11.3. The Mott
insulating phase occurs between 10.5 and 16.2 for other numerical methods like DMFT-exact
diagonalization (Ut = 15, 8 sites), exact diagonalization on 12 sites (Ut = 12) and CDMFT (Ut =
10.5) (Hassan & de’Medici, 2010): the difference lies in the number of sites taken in the cluster
and the choice of gauge considered in the slave-spin theory (de’Medici et al., 2005).

B.5.2 Impact of experimental parameters
The evolution of h during the SSMF-CMFT procedure is shown Fig. B.3. Different starting points
h0 are tested. If h0 = 0 or h0 = 1, the value of h stays constant, it is therefore needed to
choose h0 ∈]0, 1[. In this interval, h always converges towards the same value. Far from the phase
transition, the convergence is relatively quick (less than 35 iterations in total). Near the phase
transition, the convergence takes a lot more time as h2 = Z is an order parameter, but it finally
reaches the same value regardless of initial guess for h0. The same protocol can be applied to check
the evolution of Q during loops. The initial guess for Q is always t in all results.

Optimized geometry

The result of the optimization of atomic positions is shown Fig. B.4 (6 sites). The difference in Z
values is under 0.1%. The norm of the difference Eq. (B.14) after optimization is ∼ 0.18 for each
value of U

t .

Dephasing noise

The time of annealing is tmax = 5 µs and the exact state vector is considered to measure Z.
The dephasing effect is shown in Fig. B.5. We can notice that for small γ (0.01 and 0.3 MHz),
the phase transition is still present but with smaller values of U

t . For larger values, the phase
transition disappears. Experimentally, γ is measured around 0.02 MHz. We will use this value in
our simulations.

Measurement error

We show the effect of these errors in Fig. B.6. The trivial groundstate of Eq. (5.3) when U = 0 is
Eq. (B.8). Therefore, a finite ϵ will have an impact on the measurement of this state.
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Figure B.3: Evolution of Z as a function of loop iterations for a 6 sites embedding. Different
starting point h0 (0.1, 0.5 and 0.9) are considered for each value of U/t (clockwise starting from
upper left: U/t = 2.2, U/t = 11.0, U/t = 20.0 and U/t = 12.76). The solving method is exact
diagonalization. The number of allowed iteration is increased to 2500 and the error accepted is
η = 10−3.

Shot noise

The effect of shot noise is shown in Fig. B.7. We clearly see that increasing the number of shot
increases the precision of the result. In order to fit with experimental limitations and stay in the
phase transition regime, we will impose nshot = 150 for numerical simulations.

B.6 Discussion

B.6.1 Convergence of the method
Different initial guess of h (0.1, 0.5 and 0.9) for this method are tested in Fig. B.3. For U ≪ Uc,
U ≈ Uc and U ≫ Uc, the convergent point is the same for all initial value, which confirms that this
method is quite unrelated to the choice of the initial value of the mean field. In addition, when
U ≈ Uc, it takes more iteration steps to converge, which is normal close to the phase transition.

B.6.2 Experimental feasibility
The method proposed in this study offers several advantages with regard to experimental feasibil-
ity. First, it avoids non-local terms that occurs when usual method of solving fermionic systems are
used (Jordan-Wigner or Bravyi-Kitaev for instance). This leads to a relatively simple experimental
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Figure B.4: Impact of considering a realistic geometry. Comparison of Z values between method
with the real matrix J and the optimized one for 6 sites. In both cases, exact diagonalization
method is performed to obtain the groundstate of H(C)
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Figure B.6: Impact of measurement error. The top panel shows the effect of ϵ and the bottom
panel shows the effect of ϵ′. The number of shots considered for each measurement is 1000. The
time of annealing is 4 µs.

setup where only annealing is performed. The scalability of annealing seems better compare to
Variational Quantum Eigensolver algorithms for instance, where the number of parameters, the
number of loop and the intractability of calculations increases with the system size (Cerezo, Arra-
smith, Babbush, Benjamin, Endo, et al., 2021; Fedorov et al., 2022). Finding the good optimizer in
the classical part of this kind of algorithm is still an active field of research. In the work presented
here, annealing only needs a global detuning and Rabi frequency, which suits well with experimen-
tal device. The low number of loop needed (set to a maximum value of 25) leads to a short number
of realizations. In addition, the classical part of the method only involves diagonalization of a free
fermion system being scalable and easy to tract. For the quantum part of the algorithm, it solves
the two-dimensional transverse-field Ising model that exhibits several interesting properties as it is
equivalent with the anisotropic limit of the three-dimensional lattice Ising model (Blöte & Deng,
2002; du Croo de Jongh & van Leeuwen, 1998). In addition, The quantum phase transition of the
2D Ising transverse system is not quite well understood (Balducci et al., 2023; Hashizume et al.,
2022; Schmitt et al., 2022) and some very recent works show a first-order phase transition for the
first excited state of this model (Y.-T. Yang & Luo, 2023). For all these reasons, Rydberg atoms
can help to solve actual issues in the 2D ferromagnetic transverse Ising model and thus gained
a good understanding of the 2D Hubbard model through SSMF. Yet, the results above focus on
the application of the slave-spin method applied to the half-filled, single-site Hubbard model and
one should not expect them to prove any quantum advantage with respect to classical methods.
Indeed, in this parameters regime, classical methods like diagrammatic Monte-Carlo are efficient
in the absence of a sign problem and can essentially reach the exact solution in the thermodynamic
limit (Schuler et al., 2016). This therefore constitutes the short-term quantitative target for the
Rydberg platform, provided a sufficient quality can be attained.
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Figure B.7: Impact of considering a realistic geometry. Comparison of Z values between method
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method is performed to obtain the groundstate of H(C)

S

118



0 20
Distance (µm)

10−2

100

C
zz

(a) (b)

U/t = 11.0 6 sites

U/t = 11.0 10 sites

10 15
U/t

5

6

C
or

re
la

ti
on

le
n

gt
h

(µ
m

)

6 sites

10 sites

10−1 100

|U − Uc|/t

5.5

6.0

6.5

C
or

re
la

ti
on

le
n

gt
h

(µ
m

)

10 sites

6 sites

(c) (d)

U < Uc
U > Uc

10 20
U/t

0

5

C
or

re
la

ti
on

le
n

gt
h

(µ
m

)

γ =0.001 MHz

γ =0.01 MHz

γ =0.1 MHz

γ =0.5 MHz

Figure B.8: Correlations Czz(l) and correlation length of spins in the final state for a triangular
lattice. (a) correlations Czz vs. distance between atoms for an exact diagonalization method with
an optimized geometry. values are shown for several values of U/t and a system with 6 sites (circle
dashed lines) and 10 sites (dotted square lines). (b) Correlation lenghts vs. U/t for 6 sites (circle
green line) and 10 sites (circle red line). The exact diagonalization method is used to solve the Ising
Hamiltonian with an optimized geometry. (c) Correlation length for 6 sites vs. U/t for different
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Appendix C

Discussion on the correlation length
of the system

C.1 Forewords
Achieving a quantum advantage strongly relies being able to simulate strongly interacting state in
the quantum simulator. This means that these states can not be reached by simulating small parts
separately but the whole system is needed (all qubits are entangled). A good quantity to check if
our system is interacting strongly is the correlation length. It describes the distance at which two
spins interact in average. If the correlation length is small one spin "only sees" its nearest-neigbor
and its state only depends of them. On the other hand, if the correlation length is very large, two
very distant spins interact and it means that the state is very difficult to reach classically.

I propose therefore a little study of correlation length in the Ising with and without slave-spin
theory and I focus on the difference between the ferrromagnetic model and the antiferromagnetic
model.

C.2 correlation length with the slave-spin method implemented
in a RQP

A concrete quantitative yardstick for telling if our problem generates strongly interacting states,
is the correlation length ξ than can be achieved in the ground states prepared on the Rydberg
platform. Essentially, the size of the problem that is effectively handled by the quantum processor
is of order O(ξ2) (for a 2D geometry), say N (Q)

c = πξ2/4 for concreteness. If one denotes by N (C)
c

the number of spins that can be successfully handled by a classical algorithm (for solving HS), it
means one needs ξ = (4N

(C)
c /π)1/2 to reach quantum advantage. Let us assess ξ for the platform

under consideration. For this, we focus on the spin-spin correlation length, defined as

Czz(l) = ⟨Sx0Sxl ⟩ − ⟨Sx0 ⟩⟨Sxl ⟩ ∝ e−l/ξ. (C.1)

Correlation length and Czz(l) obtained with the SSMF-CMFT method for a triangular lattice (
the results shown in this appendix) are shown in Fig. B.8. A maximum value of the correlation
length is observed for different values of U/t which confirms the emergence of a phase transition.
The dephasing noise has a strong impact on the value of the phase transition as notices in Fig. B.5.
The phase transition value is shifted to small U/t values as the dephasing noise is increase. For
very high values of γ, correlations become very close to 0. It appears that the correlation length
is smaller than the minimum distance between atoms (l ≈ 7 µm< 11 µm).
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This result seems to be well known for the 2D-ferromagnetic Ising system with a transverse
field (Rader & Läuchli, 2018), especially when the longitudinal field is non null.

In order to confirm this result for a square lattice, I have run simulation on the Ising transverse
field model on a square lattice with a simple cluster mean-field approach.

The considered Hamiltonian is:

H =
∑

⟨i,j⟩
Ji,jS

z
i S

z
j +m

∑

i

Szi + U
∑

i

Szi (C.2)

with Ji,j = −1 for the ferromagnetic phase and Ji,j = 1 for the antiferromagnetic phase and
m = 1/N

∑
i⟨Szi ⟩. The lattice spacing (and the distance) is set to one between nearest neighbors.

Therefore, the distance between points is the Euclidean distance
√
|xi − xj |2 + |yi − yj |2 where

(xi, yi) and (xj , yj) are the coordinates of the spins i and j respectively (see Fig. C.1 and Fig. C.2).
The cluster mean-field resolution starts with a first guess of m and the groundstate is calculated
with an exact diagonalization method. Then m is calculated with the system in this groundstate
and the loop goes on until convergence. The last groundstate computed is the one used to calculate
all correlators and then, ξ.

The computed values are shown in fig. C.1 for the ferromagnetic phase and in Fig. C.2 for
the antiferromagnetic phase. In the case of ferromagnetic interactions, the correlation length goes
to only one neighbor, in accordance with our result with the slave-spin theory whereas in the
antiferromagnetic cases, the correlation length is more than 12 times the distance between atoms
in accordance with experimental results (Scholl et al., 2021). In both cases, a phase transition
is clearly seen as ∆Z/∆U diverges in both cases. The difference between this two transitions
seems to not be clearly understood in the literature. The resolution of such a system with a
cluster mean-field approach deserves more research for the slave-spin method to be more deeply
understood.
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Figure C.1: Correlations and phase transition for the ferromagnetic Ising transverse field model.(a)
A square lattice of 3× 3 spins is used. (b) Correlation length as a function of U . The unit is the
lattice spacing. The correlation length has a pic at 1.1. (c) Evolution of Z = ⟨Sz⟩2 as a function
of U . (d) Variation of Z with regard to variation U as a function of U .
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Figure C.2: Correlations and phase transition for the antiferromagnetic Ising transverse field
model.(a) A square lattice of 3 × 3 spins is used. (b) Correlation length as a function of U . The
unit is the lattice spacing. The correlation length has a pic at 12.5. (c) Evolution of Z = ⟨Sz⟩2 as
a function of U . (d) Variation of Z with regard to variation of U as a function of U .

123



Appendix D

Quasi-particle weight oscillations

D.1 Forewords
In this appendix, I show the data I have obtained with the slave spin method for a quench 0 → Uf

(see Chapter 5) and how we can extract information from it even when a noisy numerical simulation
is considered.

D.2 Data of the signal
Quasi-particle response for different Uf is shown in Fig. D.1. The mean value of the oscillation
converges to 0 when Uf increases.

D.3 Fourier transform
The frequency of the oscillations of the quasi-particle weight obtained with the slave-spin method
is computed from the Fourier transform of the signal. The signal is a list of points (Z(τk)) taken
during a time τmax. The library NUMPY is used to perform the Fourier transform of the signal
version. The result is shown in Fig. D.2. One can clearly the shift in frequency as Uf increases. In
addition we see two pics at a frequency Uf and Uf/2 as explained in chapter 5.

D.4 Effect of noise
The effect of noise is shown in Fig. D.3. When Uf ≪ Uc, the oscillations are to small and the noise
interferes with the signal. However, when Uf ≥ Uc, the Fourier transform can clearly be recovered
even in the presence of noise.
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Figure D.1: Response of the quasi-particle weight after a quench 0 → Uf .

125



20 40
Frequency (MHz)

0.000

0.005

0.010

|Z
(f

)|

Uf = 3

20 40
Frequency (MHz)

0.000

0.025

0.050

0.075

|Z
(f

)| Uf = 13

20 40
Frequency (MHz)

0.000

0.025

0.050

0.075

|Z
(f

)|

Uf = 21

20 40
Frequency (MHz)

0.000

0.025

0.050

0.075
|Z

(f
)|

Uf = 29

Figure D.2: Fourier transform of the response of the quasi-particle weight after a quench.
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a noiseless (pink) or a noisy numerical simulation (blue).
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Appendix E

Résumé en français

EDF a pour objectif de délivrer une énergie électrique, stable et à bas prix quels que soient les défis
sociétaux, politiques ou scientifiques rencontrés. Pour ce faire, il est apparu nécessaire, dans le
projet de créer un réseau énergétique totalement décarboné d’ici 2050, d’augmenter la durée de vie
des centrales nucléaires actuelles (à réacteur à eau pressurisée) au-delà de 60 ans. Une très bonne
compréhension du vieillissement des matériaux (batteries, panneaux photovoltaïques, matériaux
de structure dans les centrales nucléaires) devient alors primordiale pour anticiper l’apparition de
défauts, de gonflement ou de corrosion sous contrainte par exemple dans les différents éléments
de la centrale. Comme il est très difficile d’observer directement le vieillissement des matériaux
dans un milieu fortement irradié, être capable de simuler numériquement ou expérimentalement
correctement les matériaux d’intérêts dans les conditions réelles est la voie prise aujourd’hui à
EDF. À cet effet, plusieurs méthodes de simulation numérique à l’échelle atomique sont utilisées et
développées au sein d’EDF comme la théorie de la fonctionnelle de densité, la dynamique molécu-
laire, le Monte-Carlo cinétique ou la dynamique d’amas avec un certain succès. Ces simulations
font partie d’un plus grand ensemble de simulations multi-échelles pour comprendre les mécanismes
de vieillissement des matériaux. Néanmoins, certains états physiques de ces matériaux peuvent
être très difficiles à simuler : paramagnétisme, électrons fortement corrélés, états excités. Des
améliorations de modélisation et la levée de certains verrous sont par conséquents nécessaires.

Dans le même temps, la recherche sur le calcul et la simulation quantique a connu un très grand
essor ces dernières années, que ce soit dans la recherche publique ou dans le cadre d’investissements
privés. Le calcul quantique pourrait être une "révolution" dans les années à venir en surpassant
largement les capacités de calcul des méthodes dites "classiques" pour des problèmes ciblés tels que
: des problèmes d’optimisation, d’équation aux dérivées partielles, de cryptographie et évidemment
de simulation de matériaux. Une technologie en particulier semble être adaptée à la simulation de
corps en interaction : les atomes neutres (ou atomes de Rydberg). En effet, cette technologie permet
d’implémenter nativement des Hamiltoniens de spins, générant ainsi des états fortement corrélés et
exotiques de la matière. Ce concept de simulation quantique fut introduit par le physicien Richard
Feynman et propose de simuler des systèmes d’intérêts, par exemple des électrons en interaction,
à l’aide de systèmes artificiels contrôlables comme les atomes de Rydberg. Cela est maintenant
permis grâce aux développements expérimentaux et théoriques importants de ces dernières années.
Cependant, les algorithmes quantiques pour simuler la matière sont encore en développement et
les simulateurs actuels, bien que très bien contrôlés, sont encore bruités et ne possèdent pas de
qubits parfaits. Il est alors nécessaire de tester numériquement les nouveaux algorithmes sur un
petit nombre de qubits dans les conditions les plus proches d’une expérience afin de les optimiser
en vue d’une implémentation sur un simulateur réel.

Ma thèse s’inscrit à la fois dans la problématique de simulation de matériaux d’EDF et dans la
recherche et l’algorithmie en simulation quantique.

Dans ce manuscrit, après l’introduction, je décris dans le chapitre 1 les méthodes numériques
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actuelles, dites de premier principe ou ab initio, pour la simulation de matériaux à l’échelle atom-
ique. Je présente leurs succès, mais aussi leurs limitations ainsi que les méthodes classiques qui
proviennent de la théorie quantique. Ces méthodes sont très répandues dans le monde académique,
mais aussi industriel, et ont permis beaucoup d’avancées dans la compréhension des phénomènes
quantiques au sein des matériaux. Enfin, je donne un aperçu de la théorie sur laquelle est basée
la simulation quantique et les méthodes qui permettent de passer d’un problème électronique à un
problème décrit par des qubits. Dans le chapitre 3, je présente la plateforme de Rydberg et les
applications possibles de cette plateforme pour la simulation et le calcul quantique ainsi que les
récents résultats très encourageants obtenus. Dans le chapitre 4, je montre les résultats numériques
d’un nouvel algorithme variationnel pour la chimie implémentable sur les atomes de Rydberg. En-
fin, dans le chapitre 5, j’implémente numériquement un algorithme basé sur la méthode slave-spin
pour simuler le comportement d’un modèle de Fermi-Hubbard à l’équilibre et hors équilibre. Cet
algorithme est aussi conçu pour les atomes de Rydberg.

Chapitre 2 Simuler la matière corrélée : du classique au quantique
Ce chapitre décrit les méthodes "classiques" actuelles pour simuler numériquement la matière

ainsi que les bases théoriques pour le calcul quantique.
Tout d’abord, je présente la méthode Hartree-Fock puis la théorie de la fonctionnel de la densité

(DFT) qui a pour but de résoudre l’équation de Schrödinger à l’aide de la densité d’état électronique
du système plutôt que la fonction d’onde au prix d’approximations pour le terme d’échanges et de
corrélations. Plusieurs approximations existent (approches locales, à gradients) et toutes possèdent
leurs avantages et inconvénients. Je présente des développements récents permettant d’étendre la
DFT, notamment sur la simulation du magnétisme. J’aborde ensuite les approches se basant sur
le formalisme de la physique quantique avec notamment la théorie du champ moyen dynamique
(DMFT) après avoir décrit la fonction de Green. Cette méthode permet de décrire un système
de Fermi-Hubbard et notamment le phénomène de transition de Mott avec une bonne précision.
Je décris aussi brièvement la méthode DFT+DMFT et la méthode de Monte-Carlo quantique. Je
finis ce chapitre en donnant les bases théoriques au calcul quantique et aux différentes approches
possibles (digitales ou analogues). J’expose la méthode d’estimation de phase et les méthodes
variationnelles. Un approfondissement est proposé pour appliquer ces méthodes aux fermions en
interaction.

Chapitre 3 : Simulation quantique avec les atomes de Rydberg
Ce chapitre me permet de décrire le fonctionnement expérimental de ce simulateur quantique.

La première étape est la préparation des atomes froids sous forme de matrices d’atomes contrôlées
par des lasers. La géométrie des atomes peut être totalement contrôlée pour réaliser n’importe
quel type de réseaux 2D et 3D. Des états électroniques de Rydberg de ces atomes sont contrôlés à
l’aide de laser, et permettent de considérer les atomes comme des qubits ou des spins. Ces spins
effectifs interagissent soit par interaction d’Ising, soit par une interaction XY en fonction des états
de Rydberg choisis.

Enfin, l’état du système est mesuré grâce à la fluorescence des atomes. Cette architecture
permet de faire de la simulation digitale et analogue jusqu’à plus de 200 qubits avec des résultats
récents très prometteurs.

Chapitre 4 : Algorithme quantique variationnel analogue-digital pour la chimie
Dans ce chapitre, je décris, implémente et montre le résultat d’un algorithme que nous avons

conçu pendant ma thèse, pour trouver l’énergie de l’état fondamental de molécules (H2, LiH et
BeH2) avec les atomes neutres. Après avoir expliqué comment j’ai transformé les Hamiltoniens
moléculaires en Hamiltonien de qubits, je présente comment optimiser la géométrie des atomes de
Rydberg en fonction de l’Hamiltonien cible, les séquences de pulses optimisées qui sont implémen-
tées ainsi que la méthode de mesure qui utilise la "derandomization". Je compare les résultats de
ma méthode avec la méthode naïve d’opérateurs alternatifs et je montre que j’obtiens de meilleurs
résultats plus rapidement (avec moins de mesures). Je montre que l’énergie fondamentale peut
être retrouvée avec 5% d’erreur lorsque nous imposons un certain nombre de mesures (le critère
d’arrêt de l’agorithme variationnel) et donnons des pistes pour améliorer la méthode. Ce travail a
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été publié dans Physical review A.
Chapitre 5 : Utilisation de la plateforme de Rydberg pour simuler de la physique

d’électrons fortement corrélés dans le modèle de Hubbard 2D
Résoudre le modèle de Hubbard pourrait mener à l’explication de beaucoup de probléma-

tiques de matière condensée (par exemple, il devrait aider à décrire les supraconducteurs haute-
température). Cependant, il est très difficile à résoudre classiquement avec certains types de dopage
ou de modèles multi-orbitaux. Dans cette étude, nous proposons une méthode pour simuler le com-
portement d’un modèle de Hubbard 2D sur une plateforme de Rydberg. L’idée est d’utiliser la
méthode des spins "esclaves" et d’un découplage des degrés de liberté avec une approche de champ
moyen. En effet, les spins esclaves ajoutent artificiellement un degré de liberté aux fermions
présents dans le système tout en restant dans un espace d’états physiques si une contrainte sur les
opérateurs est appliquée. Un découplage en champ moyen est ensuite appliqué de façon à décor-
réler les degrés de liberté de charge (et de spin) de fermions et des spins esclaves. On obtient ainsi
deux Hamiltoniens auto-cohérents :

• un Hamiltonien de fermions libres,

• un Hamiltonien d’Ising en champ transverse.

La résolution de ces Hamiltoniens est réalisable avec une boucle auto-cohérente où résoudre l’un des
deux permet de résoudre l’autre. L’idée majeure de cette approche est qu’il est possible de résoudre
classiquement l’Hamiltonien de fermions libres alors que toute la complexité du modèle de départ
à été transférée dans l’Hamiltonien d’Ising, qui est implémentable directement sur la plateforme de
Rydberg. Il s’agit d’un algorithme hybride mais non variationnel. Je teste cette méthode sur un
réseau carré à demi-remplissage et je montre que l’on peut retrouver une transition de Mott dans
le cas théorique, mais aussi en considérant une émulation d’expérience sur une vraie architecture.
Plusieurs sources de bruits possibles sont considérées (bruit de shot, déphasage, temps d’annealing,
géométrie des atomes). De plus, la dynamique des électrons est étudiée dans ce paradigme avec
des résultats correspondant aux résultats théoriques et numériques de la littérature.

Cet algorithme peut être implémenté sur les simulateurs actuels avec un possible avantage
quantique pour la dynamique des électrons, très difficile à simuler avec les méthodes numériques
et théoriques actuelles.
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